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Phinomenologie von sterilen Neutrinos an verschiedenen Skalen

Sterile Neutrinos sind eine sehr einfache Erweiterung des Standardmodells der Teilchen-
physik und fiihren dennoch zu Verédnderungen in vielen physikalischen Beobach-
tungsgrofen. Da sie durch ihre Mischung mit den aktiven Neutrinos mit den anderen
Teilchen des Standardmodells wechselwirken, beeinflussen sie Prozesse der schwachen
Wechselwirkung. Die Art der Verdnderungen hangt von der Masse der sterilen Neu-
trinos ab und von ihrer Mischung mit den aktiven Neutrinos. Zwei Massenskalen wer-
den in dieser Arbeit aufgegriffen: Fiir ein sehr leichtes steriles Neutrino, welches mit
den aktiven Neutrinos oszilliert, wird untersucht, ob diese Oszillation durch Wechsel-
wirkungen mit Materie verstarkt werden kann. Wenn die Mischung von den aktiven
und dem sterilen Neutrino grof} ist, kann der Flu} atmosphérischer aktiver Neutrinos
um bis zu 80% verringert werden, wenn sie die Erde durchqueren. Der zweite Teil
dieser Arbeit befasst sich mit indirekten Effekten schwerer steriler Neutrinos auf elek-
troschwache Beobachtungsgrofien. Wenn sowohl Korrekturen nullter als auch erster
Ordnung einbezogen werden, kénnen sich die Beitrége der sterilen Neutrinos in einigen
Parametern aufheben. Dadurch werden grofiere Mischungsparameter erlaubt, die dann
zu in Zukunft messbaren Effekten in anderen Prozessen fiihren kénnen.

Phenomenology of sterile Neutrinos at different Scales

Sterile neutrinos are one of the most simple extensions of the Standard Model (SM),
but they can still have a rich variety of phenomenological implications on physical
observables. As they interact with other SM particles through their mixing with the
active neutrinos, they modify processes of the weak interaction. The signatures of
the sterile neutrinos depend on their masses and their mixing to the active neutrinos.
Two mass scales are picked up in this thesis: First, a very light sterile neutrino that
oscillates with the active neutrinos is considered and it will be analyzed, whether the
oscillations can be resonantly enhanced when interacting with a matter background.
For a large active—sterile mixing the deficit in the atmospheric active neutrino flux
after crossing the Earth could be up to 80%. In the second part indirect effects of
heavy sterile neutrinos on electroweak observables are examined. When tree-level and
one-loop effects are taken into account, a cancellation of the contributions of the sterile
neutrinos can be present in some observables. Therefore, a larger active—sterile mixing
is allowed that can then lead to sizeable influence on other processes, which can be
detected in the near future.
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CHAPTER 1

Outline

In the course of time, many descriptions of the laws of nature have been thought up and
discarded again. While some new theories just took the old ideas a few steps further,
others led to an entire new understanding of nature, changing the philosophical view on
its relations. General relativity, for example, redefined the understanding of space and
time, revising them from being mathematical concepts to being physical objects that are
influenced by the existence of matter. The basis of quantum mechanics, contradicting
the idea of determinism in the range of its validity, was even rejected by some great

minds for its philosophical implications.

These two theories, both revolutionary in their underlying assumptions, are the fun-
damentals of today’s physics. While general relativity describes the dynamics at large
scales, e.g. the evolution of galaxies, quantum mechanics was extended to quantum field
theory, describing mainly the physics at small scales. It is the basis of the Standard
Model (SM) of particle physics, one of the most successful theories so far. Numerous
experiments have been built in the last decades to test the SM, having reached an impres-
sive precision. Although there are hints for physics beyond the SM, most new theories

only extend the SM by new particles of new symmetry groups.

The most firmly established phenomenon in particle physics, which is clearly in need of

physics beyond the SM, is the oscillation of neutrinos. As will be explained in chapter 2,
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neutrinos must thus have tiny, but nonvanishing masses. In the SM, however, neutri-
nos are massless by construction. This motivates the introduction of so-called sterile
neutrinos, as this is the straightforward way to generate neutrino masses. These sterile
states are singlets under the SM gauge group and in the most general case Majorana
particles, meaning they are their own antiparticles. But they can actually have a rich
phenomenology. Via the Yukawa coupling — the coupling of the Higgs field to fermions
— they interact with the SM neutrinos. When the electroweak symmetry is broken and
the Higgs field acquires a vacuum expectation value, this leads to a mixing of the sterile

with the SM neutrinos. Through the mixing they then also couple to other SM particles.

Other hints to physics beyond the SM come for example from large scale observations,
from the dynamics of galaxies and stars. The incompatibilities with theory could most
easily be explained by the existence of one or more particles that do not interact elec-
tromagnetically, being therefore called “Dark Matter”. On the other hand, the SM also
fails to explain the baryon asymmetry of the universe, i.e. the fact that the universe is

made up of particles and not antiparticles.

Sterile neutrinos could also solve these other two problems. They could be a warm
dark matter candidate and heavy sterile neutrinos could provide a mechanism causing
a lepton asymmetry in the universe (called leptogenesis), which is then transferred to

baryons via sphaleron processes.

In this work the phenomenology of sterile neutrinos at different mass scales will be
discussed. The motivation for the introduction of sterile neutrinos will be revisited in
more detail in chapter 2. Chapter 3 is devoted to the possibilities of observing sterile
neutrinos in different processes and phenomena. These may vary depending on the
mass of the sterile neutrino. Some processes are only sensitive to light, others to heavy
sterile neutrinos, since the contribution of the sterile states can change depending on
their mass. In chapters 4 and 5 two mass scales are taken up. First, one very light
sterile neutrino with a mass at the eV scale is treated. This neutrino can oscillate with
the SM neutrinos and it will be analyzed whether the oscillation could be enhanced by
matter effects, thus facilitating their detection. The calculation will be done especially
for the oscillation of electron neutrinos to sterile neutrinos, as there are some hints to
the disappearance of electron (anti)neutrinos into a sterile state coming from reactor
experiments with electron antineutrinos and calibrations of detectors with radioactive
sources. Chapter 5 will turn to a discussion of heavy sterile neutrinos, whose masses are
above the Z boson mass. These neutrinos are not produced via weak interactions at tree-
level and leave a trace just by the non-unitarity of this effective theory. Since they may

however propagate in loops, they contribute to the oblique correction parameters. These



two indirect effects — the non-unitarity and the loop contributions — are summarized
in corrections to electroweak precision observables. This analysis is motivated by e.g.
the NuTeV anomaly, where the ratios of neutral to charged current cross-sections in
(anti)neutrinonucleon scattering were smaller than predicted and the measurement of
the Z decay width into invisible particles resulting in a number of neutrino species
slightly smaller than three. It will be examined, whether the agreement of the data
with the theoretical predictions can be improved by the introduction of heavy sterile
neutrinos as an addition to the SM. In chapter 6 the results will be summarized and an

outlook to future prospects of these topics is given.



CHAPTER 2

An Introduction to Sterile Neutrinos

Sterile neutrinos have been introduced as an extension of the Standard Model (SM) in
order to describe neutrino masses. Hints for the existence of neutrino masses have been
found only recently, so that in the formulation of the SM neutrinos are purely left-handed
and one cannot write down a mass term in the Lagrangian; neutrinos are thus massless.
In the following, the experimental evidence for massive neutrinos will be discussed and

mass terms in the Lagrangian introduced using sterile neutrinos.

Neutrino masses are so far only observed via neutrino oscillations. Oscillations can
occur when the mass eigenstates (propagating states) differ from the flavor eigenstates
(being the interacting states), disproving the hypothesis that neutrinos are massless.
First hints came from the Homestake experiment [1], which was taking data from 1970
to 1994, observing the electron neutrino flux from the Sun. The measured flux was
about 1/3 of the flux predicted by the Standard Solar Model; oscillations would give an
explanation of this deficit, as the electron neutrinos that are produced in the Sun could
oscillate to other flavors and would thus be missed by the detector, which was sensitive to
electron neutrinos only. The SNO experiment (Sudbury Neutrino Observatory, see [2])
measured the neutrino flux via neutral current interactions (being thus sensitive to all
three neutrino flavors) and ultimately confirmed the hypothesis of oscillating neutrinos

in 2001. How the observation of neutrino oscillations necessarily leads to the fact that



they are massive, will now be explained in more detail.

Neutrinos are produced via a charged or neutral current interactions as flavor eigen-
states, but they propagate as mass eigenstates. For massless particles these states coin-
cide, otherwise one can write the flavor eigenstate « as a superposition of mass eigen-
states i and vice versa. The matrix transforming from flavor (o = e, u, 7) to mass basis
(1 = 1,2,3) of neutrinos is the so called PMNS matrix U}, (namend after Pontecorvo,

Maki, Nakagawa and Sakata). It is unitary in case of only three mass eigenstates v;:

Va) = ZUP*|1/Z>. (2.1)

If at a time ¢ = 0 the initial state |v,) is produced, the evolution over a time interval ¢

is given by

() =Y e PPRUL ) (2.2)
i
where the propagation of the mass eigenstates can be described by a plane wave (see
for example [3] or [4]). E; and p; are energy and momentum of the respective mass
eigenstate.
As neutrino masses are tiny (they have escaped direct detection so far), their velocity
is approximately the speed of light, meaning E; > m,; (and one can identify distance

travelled with time x = ¢ in natural units), so the momentum can be expanded to

2
= \/E? M 2,
i T (2.3)

If assuming that the neutrino mass eigenstates have the same energy F, one can calculate
the probability P to find the neutrino that had flavor @ at = = 0 (¢ = 0) to be of flavor
B at length © = L (time ¢t = T') using the orthogonality of the mass eigenstates:

2

P(vo — vg,T) = [(v|v( (2.4)

ZUBZUO’f* ~i%E

The probability is therefore a function of the mass squared differences Am?j = ml2 — m?,

meaning that if an oscillation of two eigenstates is observed, one of them has to have a
nonzero mass. Thereby the mass splitting of the different states can be measured; the
current best fit values from solar and atmospheric neutrinos are (PDG [5])

|Am2| = (7.587922) x 10~ %eV?, (2.5)

—0.26



6 2 An Introduction to Sterile Neutrinos

|AmZ,, | = (2.351012) x 10 %eV?2. (2.6)

a —0.09

By convention the mass eigenstate v is defined to consist mostly of the flavor com-
ponent v, and the solar mass squared difference Amg, is identified with Am3,. This
makes Am3; > 0, as the interaction of the neutrinos with matter in the Sun has to be
resonant (see introduction to the MSW — the Mikheyev—Smirnov-Wolfenstein — effect
in section 3.1). The sign of the atmospheric mass squared difference Am?2, = depends on
which mass eigenstate is the lightest, mq or mg3. The case of mi; < mgy < mg is called
normal hierarchy (NH) and makes Am?2,, = Am3; > 0. In the inverted hierarchy (IH)

ms < my < mg and Am2, = AmZ, < 0.

The observation of neutrino oscillations imply at least two massive neutrinos. This
motivates the introduction of sterile neutrinos vg, extending the particle content of
the SM to create neutrino masses analogously to the other fermion masses in the SM.
The right-handed neutrinos vg are called sterile as they cannot interact with other
SM particles via gauge interactions: They are electrically neutral (no electromagnetic
interactions), not strongly charged (no strong interactions) and do also not interact via
weak interactions with W= or Z bosons. The left-handed neutrinos of the SM are then
referred to as active neutrinos. In the SM, fermion mass terms arise from the coupling
of a left-handed SU(2)r-doublet with a Higgs SU(2)r-doublet ® and a right-handed
SU(2)-singlet, where the neutral component of the Higgs boson acquires a vacuum
expectation value (VEV) v after electroweak symmetry breaking. In order to formulate
such a mass term for neutrinos, one needs right-handed singlets vg. To satisfy the
observed mass squared differences there must be at least two such states, but there

could be more, say nr. The Dirac mass term in the Lagrangian then becomes

NG

where a is the index of the right-handed singlets vr,, a = 1,2,...,ng, Ly are the left-

Lpirac = ~YabPRa® Ly + h.C. = —Yap—= VRaVp + hec. (2.7)

handed lepton doublets, b = e, u, 7, and ¥y, are the Yukawa couplings, forming an
np X 3 matrix. In the broken phase the neutral component of the Higgs doublet acquires

a vacuum expectation value (VEV) v and the second expression is valid.

When only this neutrino mass term is present in the Lagrangian, the neutrinos are

Dirac particles like the other fermions of the SM.

But as the right-handed neutrinos vg are not charged under a symmetry, one can also



write dOWn additional mass terms
Majorana 2 RabVRa VRb -C.y ( : )

where C' is the charge conjugation operator. Mpg, can be taken as diagonal, since
the states v do not couple to any SM gauge bosons, so any rotations among the vp,
necessary for a diagonalization of Mg merely results in a redefinition of y,,. For nonzero
Mg, the right-handed neutrinos are Majorana particles, which means that they are their
own antiparticles, i.e. the mass eigenstates are self-conjugate fields. For charged SM
particles such mass terms would violate charge conservation and are thus forbidden. To
introduce a similar mass term for the left-handed neutrinos, which are also electrically
neutral, one would need an additional Higgs triplet A to conserve isospin, as vy, is part
of the lepton doublet L. The neutral component of the Higgs triplet acquires a VEV v,

analogous to the Higgs doublet. The mass term in the Lagrangian would be
1 T -1, 1 T ~—1
Liriplet = _§fabLa C Him ALy + h.c. = —§fava vi,C vy + hee., (2.9)

where f,; is the symmetric Yukawa coupling matrix to the triplet A and 75 the second
Pauli matrix acting on the SU(2) indices. Note that in this case one would not need
to introduce right-handed neutrinos, the active neutrinos become massive by their in-
teraction with the triplet. Such models (so-called type II seesaw, see next section) are

experimentally very restricted, as the well measured parameter

Mgy

=W 2.10
M2 cos?(Ow) (2.10)

p
which is equal to one in the SM at tree level, is modified. This restricts the new VEV
vp. There arise also additional couplings between the Higgs doublet and triplet, see for

example [6] or [7] for an overview about the model and experimental bounds.

The right-handed neutrino fields are not charged under SM interactions and can there-
fore interact only via mixing to the active neutrinos and with the Higgs. The mass eigen-
states (which are the propagating states) are again connected to the flavor eigenstates
by a unitary mixing matrix U. The entries of the (3 + ng) x (3 + ng) matrix depend
on the Dirac and Majorana mass terms and their size will determine the mixing of the
neutrino states. The upper left 3 x 3 part of U is again the PMNS matrix, which then is
non-unitary. The size of the entries describing the active-sterile mixing will fix the pos-
sibility of producing a sterile state in an interaction and the percentage of non-unitarity

of the PMNS matrix. Many experiments have restricted the active-sterile mixing for
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different mass ranges of the sterile neutrinos, see chapter 3.
In order to study the neutrino mass eigenstates theoretically, one can redefine the
fields

vM=vp+ S, (2.11)

NY =vp+vg, (2.12)

where the upper index M refers to Majorana fermions, as these fields are invariant under
charge conjugation, i.e. (¥)¢ = v*. Note that ¥ and N are vectors of length 3 and
ng respectively. The three contributions from Zpirac, Lirajorana, and ZLipipier can be

combined to obtain

1w om M, m% v
gmass:_i(’/ , N ) mp Mp av | (2.13)

The mass matrices My, and mp are generated by spontaneous symmetry breaking:

MLab = fab v, (214)
v

Mp., = Yab * E,

where v ~ 246 GeV is the Standard Model Higgs VEV and the triplet VEV v is
restricted by experiments to be below ~ GeV (see again [6] or [7]). The indices are

dropped in the following. The symmetric matrix

M, = <ML m%) (2.16)

mp Mg

is called the neutrino mass matrix, the entries My, mp and Mg being matrices them-
selves. Note that in this notation (where the neutrinos are written as Majorana fields)
the kinetic term acquires an additional factor 1/2:

Lhin = 5 (Mg + NMigN™M) . (2.17)

1
2
The matrix U that diagonalises M, gives the mass eigenstates v; (i = 1,...,3 + ng)

M — T v, U (2.18)
3+ngr

3
vt = U+ Y UieN}M. (2.19)
b=1 c=4
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Here the indices of N were renumerated, so that those in U are continuous.

Experiments show that active neutrino masses are tiny. They are still escaping direct
detection, apart from knowing the mass squared differences from neutrino oscillation
measurements. The Troitsk and the Mainz experiments only give upper bounds of
about 2 eV on the neutrino mass, using beta decay of tritium to measure the effective
mass of the electron antineutrino (see [8] and [9]). New experiments are being built
to improve these results; the Katrin experiment should be able to measure an effective
electron antineutrino mass of about 0.2 eV (see [10] for a rough overview over Katrin,
or [11] for a general summary of new experiments).

Compared to the other particles of the SM, the mass of the neutrinos is very small:
In case of pure Dirac masses the Yukawa coupling would have to be of the order of
y ~ 10712, whereas the electron, the next heaviest SM particle, has a coupling of 1076,
This is somewhat unnatural; the right-handed neutrinos however allow for an elegant

mechanism to suppress the masses of the active neutrinos: the seesaw mechanism.

2.1 Generation of small Neutrino Masses — the Seesaw

Mechanism

The seesaw mechanism is mainly categorized in type I and II depending on the presence
of the Majorana mass term of the left-handed neutrinos, thus of the existence of a Higgs
triplet. In the type I seesaw there is no triplet and the left-handed Majorana mass
vanishes, Mj = 0. There are in general ng sterile neutrinos, mixing with the active
ones via the Dirac mass term mp and having a Majorana mass Mp. The type II seesaw
includes the Higgs triplet and thus gives the full neutrino mass matrix M, that was
developed above. (This scenario is also called type I+II, then type II refers to the
presence of the triplet term only.) The type I seesaw mechanism was first introduced by
Minkowski [12] in 1977 and in [13], [14] and [15] in 1979. The seesaw II was motivated
by Grand Unified Theories (GUTSs), see [16], [17] and [18].}

If Mg is much larger than mp (meaning the eigenvalues of these matrices), the neu-
trino mass matrix M, can be block-diagonalised, expanding in a series of My Ymp.

There are 3+ ng mass eigenstates v; (i = 1,...,3 4+ npg) that contain parts of all flavor
eigenstates (o = e, p, 7, 81, 82, ..., Snp): Vi = »., Uk Vo, where v, . are the active
neutrinos and vs;, = N, are the sterile neutrinos. The matrix M, , being the mass matrix
in the flavor basis, can now be block-diagonalised so that there are three light states v;gn¢,

containing almost only the active states, and ng heavy states vjeqyy, containing almost

!GUTs usually contain a left-right symmetry and therefore My and Mg are created by Higgs VEVs.
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only the sterile states (compare [19]).2 The matrix that block-diagonalises M,, is called

W:
M .
o) = | M) (2.20)
NM Vheavy

M T My; 0
WT< L mD)W:( tight ) (2.21)

mp MR 0 Mheavy

where W is unitary and Mjighs (Mheavy) is a 3 X 3 (ng X ng) matrix which is in general
not diagonal. The condition of the off-diagonal submatrices on the right hand side of
equation (2.21) being zero leads to 3 - ni degrees of freedom of W. One can therefore

make the ansatz

(2.22)

— V1= BBf B
B _Bt Vi-BB)’

where B is a 3 X np matrix, being a function of M, mp and Mpg. The square root of

the matrices has to be interpreted as a power series®

1 1
V1—-BBt=1- §BBT - gBBTBBT - (2.23)

Putting the ansatz into equation 2.21, the vanishing off-diagonals give an equation
for B that can be solved by expanding in orders of m;%l, where mp is the scale of the

eigenvalues of Mp.
B:Bl+B2+B3—|—..., (224)

where B; oc my". At first order

B~ (Mg'mp)'. (2.25)

The masses of the light neutrinos are given by

Miigny ~ My —mpMpg'mp, (2.26)

2Note that the active-sterile mixing has to be small, it is constrained by experiments, as mentioned
before (see chapter 3).
3This is possible, since the eigenvalues of B are small, see later in the text.



2.1 Generation of small Neutrino Masses — the Seesaw Mechanism 11

while the the first order contribution to the heavy states vanishes and at zero order

Mheavy = MR . (227)

Note that the PMNS matrix is equal to the upper left part of W times the matrix
that diagonalises Mi;gnt, say Ujigns: UgghtMlightUlight = Ml%ght' The PMNS matrix is
then given by

1
UPMNS =V 1-— BBTUlight ~ (1 — §BBT> Ulight . (2.28)

Since Ujjgpe is a unitary matrix one can interpret BB as the unitarity violating part
of the PMNS matrix. The non-unitarity of the PMNS matrix is therefore small in the

seesaw mechanism, B is at first order given by Bf ~ M I Ymp.

Since

vM = 1— BBTVZZ‘ght + BVheavy

the active-sterile mixing is proportional to B, so to M}glm D-

The necessary condition for this block-diagonalisation is that m;zl is small. When
assuming My = 0, so no triplet Higgs in the theory, the (active) neutrino masses are
given by Mjigns ~ —mjl;M n Ymp. Supposing for example, that the Yukawa couplings
of the neutrinos are of order one (so the scale of mp is about 102> GeV), and the scale
of Mp were at 10'® GeV, the active neutrinos had masses of ~ 1072 eV. The Yukawa

couplings could also be smaller, then the scale of Mz becomes lower in this scenario.

In summary one can state that in the seesaw mechanism, the possibly high scale of
the right-handed neutrino Majorana mass gives a reason for the smallness of the active

neutrino masses.

So far an overview over the contribution of sterile neutrinos to the mechanism of mass
generation for the neutrinos was given. But the existence of sterile neutrinos would
also manifest in the modification of the weak interactions. The weak neutral current

interaction with some fermion W; is given by the Lagrangian:

|
gNe___ 9§ —(f—f )\IIZ“ h.c. 2.29
T COS(@W) f’7u2 Cyy —Cx5 f + h.c., ( )

where g is the weak coupling constant and 6y the Weinberg angle. The vector and axial

couplings ¢y and c4 are determined by the third component of the isospin Ig and the
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charge Q7 of the fermion:

o, =1 —2sin*(6w) Q’ (2.30)
=1 (2.31)

For neutrinos (cy = ¢4 = 1/2) one gets:

NC g — 1—15
& = ————VyY W Z* + h.c. 2.32
int 2COS(9W‘)V # < > v ¢ ( 3 )

The charged current interaction is given by

9 L= 9 ; 1= -
"%2150 = _%Vo/)’u (T) eaWJr‘u — Eea’)’u (T) VaW ﬂ’ (233)
and changing to the mass basis gives:
3+ng g 1 ~
* — — )5
%Jr\z[tc = Z mUaiW'M ( 5 > Uajvi ZF + h.c., (2.34)
i,j=1
3+ng g 1— ~ 1_ N
Ll == G (U;iiﬂm <T5> LW 4+ Loy < 5 5> Ume“> . (2.35)
i=1

The coupling of the (mainly sterile) states v;, where i = 4, ..., 3+ ng, depends thus on
the mixing elements U,; and on the kinematics of the interaction, which are determined
by its mass.

The goal of this thesis is to explain how the phenomenology of sterile neutrinos varies
on different scales. The possibility of detecting these neutrinos depends on their mix-
ing to the active neutrinos (which can couple via the SM interactions), but also the
sterile mass scale plays an important role. The experimental signatures differ strongly

depending on whether the sterile states can be produced in an interaction or not.

For very small masses sterile neutrinos can oscillate with the active ones. This will be
discussed in section 3.1. Many experiments have been built to measure these oscillations

and there have even been indications for the existence of a light sterile neutrino.

In case the sterile states are too heavy and they can not produced in the observed
processes, so-called non-unitarity effects appear: the mixing matrix of the three active
neutrinos is not unitary in the presence of sterile neutrinos. The impact of these effects

depends on the mixing of the sterile neutrinos to the active ones, see section 3.2.

Already the oscillations between the active neutrinos induce flavor violating decays, for
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example . — e~y, but the branching ratios are tiny and a detection almost impossible.
Sterile neutrinos could enhance this ratio, depending on their masses and mixing. This
will be analyzed in section 3.3.

A process that could determine the nature of neutrinos, i.e. whether they are Dirac
or Majorana particles, is the neutrinoless double-beta decay. If this decay should be
observed, lepton number is violated (by two units here) and neutrinos are of Majorana
type. The process also induces an effective mass for the neutrinos, independent of the
mechanism it is caused by*, though this mass might be very small (Schechter-Valle-
theorem [20]). The contribution of sterile neutrinos depends on their mass and mixing
to the active neutrinos and on whether their mass is smaller or bigger than the energy
scale of the process, see section 3.4.

Sterile neutrinos can also be produced in colliders, although they typically have only
small interactions with matter, producing certain signatures when they decay. Sec-
tion 3.5 will explain the collider signatures.

Finally, sterile neutrinos can propagate in loops, contributing to the self energies of
the gauge bosons. This is expressed through the oblique correction parameters .S, T and
U, see section 3.6.

A subject that will not be touched in this work is the role of sterile neutrinos in
cosmology and astrophysics. A keV sterile neutrino could, for example, be a warm
dark matter candidate, but the mixing has to be very small, so that the life time is
bigger than the age of the universe (see e.g. [21]). Also, heavier sterile neutrinos can
cause leptogenesis (lepton-antilepton asymmetry), which can then transfer to baryons via
sphaleron processes and account for the matter—antimatter asymmetry in the universe.
Models combining sterile neutrinos as dark matter and for leptogenesis are for example
the vMSM ([22], [23]) or a model by Bezrukov, Kartavtsev and Lindner [24].

Light sterile neutrinos are also constrained by cosmology, as they contribute as radi-
ation to the cosmic microwave background (CMB). Assuming a specific model (e.g. the
cosmological Standard Model ACDM) one can constrain the number of light neutrinos
and their total mass (for an overview see [25]). As these bounds can only be obtained
when assuming a model, they are not as stringend as direct searches.

Although the role of sterile neutrinos in cosmology is a very interesting topic for itself,
it is beyond the scope of this work and will not be considered in detail. The following
chapter will give an overview on the above mentioned signatures of sterile neutrinos at

different scales.

4The neutrinoless double beta decay could be caused by the mechanism that generates neutrino masses,
but it could also be independent new physics.



CHAPTER 3

Signatures of Sterile Neutrinos at different Scales

The sections of this chapter will provide the basic principles that will be used in the

main parts of this work.

3.1 Neutrino Oscillations

Sterile neutrinos can oscillate with the active ones, when they have small masses. This
phenomenon is restrained by the necessary coherence: the neutrino mass eigenstates have
to be coherently produced and detected and also their propagation has to be coherent.
For the production and detection this means that the intrinsic quantum mechanical
energy uncertainty op has to be big compared to the energy difference of the mass
eigenstates AF;;:

Am?

If this is not fulfilled, the different mass eigenstates can be identified and the oscillation
is averaged out. Since the quantum mechanical energy uncertainty is determined by
Heisenberg’s uncertainty principle, the production and detection processes have to be

well localized.
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The different mass eigenstates propagate as wave packets with different group veloc-
ities and thus for long distances (long times) become separated and the interference is

destroyed. For ultrarelativistic neutrinos one can approximate

Am2
2E2

Lo, ® ;}—9 , (3.2)
E

where L is the travelled distance, o, the spacial width of the neutrino wave packets and

vy their group velocity.

This gives an upper bound on the mass squared difference for the oscillating neutrinos,
which depends on the production and detection setup and the travelled distance. The
second condition (coherent propagation) is usually satisfied unless the neutrinos are of
astrophysical origin (meaning e.g. from supernova; the distances then become huge). As
the (mostly active) neutrino masses are so small, in their case also the first condition
is always fulfilled, but for sterile neutrinos it depends on the mass squared difference
and on the experimental setup. The coherence conditions have been carefully examined

in [26], where a proper quantum mechanical approach is used.

In order to observe neutrino oscillations with a sterile neutrino, its mass must therefore
be in the eV range. There actually have been some hints to a sterile neutrino at a mass
of about one to two eV, but they are controversial and should be taken with great
care. These experiments will be discussed later in the section 3.1.2. First the formalism
of neutrino oscillations is introduced in more detail, then the experimental evidence is

summarized and finally oscillations in matter are discussed.

Neutrino oscillations were already mentioned in the beginning of this work, as os-
cillations between the active neutrinos led to the conclusion that neutrinos have to be
massive. In the following the theoretical background will be developed in more detail,

including also sterile neutrinos.

3.1.1 Theory of Neutrino Oscillations

In the introduction the general formula for the probability of a neutrino produced as
flavor v at ¢ = 0 to be detected as flavor § at ¢t = T' was derived (equation (2.4)):

2
P* —z—L

P(va —vg,T) = [(v|v( (3.3)
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where UT is the PMNS mixing matrix. One can further develop this equation to clarify

the dependencies of the oscillations:

P*TTP TP TTP %\ i 2 Am?jL
P(vo — vg, L) = bag — 4> R(ULULULUET) sin

o~ AE
1>)
Am2.L
+2Z%(U§i*U§U§jUgj*)81n< o ) . (3.4)
>]

Depending on L/FE, the ratio of the baseline of the experiment and the energy of the

2
ij
at certain L/FE, one can approximate this formula by a two flavor oscillation, when the

neutrinos, one can thus investigate different mass squared differences Amgz.. Usually,

other mass squared differences are either small or big enough.
The former expression can also be derived from the Schrédinger equation, a notation
that will be useful when considering neutrino oscillations in matter. The evolution of

the neutrinos is determined by

i%u =Hv, (3.5)

where v = (ve, v, v,)" and the Hamiltonian contains the energies of the flavor states

which can be rotated by the mixing matrix from the mass eigenbasis:

2
Ey 0 0 P+t 0 0
2
H=U"|0 E 0 |UT=U 0 p+2 0 Urt. (3.6)
2
0 0 Ej 0 0 p+5p

The neutrinos are ultrarelativistic, therefore one can approximate the energy by F; ~
p+ 5, assuming all neutrino states to have the same momentum p and energy E. A term
proportional to the unit matrix in the Hamiltonian can be absorbed into a redefinition of
an overall phase of the neutrino states, which can be dropped because it is not physical.

Use this to substract p - 1:

L0
2F )
H=U"|[o0o 22 o |U"". (3.7)
0o m

The evolution of the state v can be expressed through the so-called S-matrix:

V(x) = S(CE, Cﬂo)V(xo) ’ (38)
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. d
’L%S(Cﬂ,gﬂo) :H'S(CC,CC(]), (39)

where the evolution of S is determined by the evolution of v, see equation (3.5). Solving

equation (3.9) with the initial condition S(xg,z¢) = 1 gives

2
¢~ 38 (@=w0) 0 0
. 2
S(z,x9) = e @=20) — yP 0 ¢~ 52 (3—20) 0 Urt. (3.10)
2
0 0 e~i28 (#=20)

The oscillation probabilities are now given by the entries of the S-matrix. Setting (as

before) g = 0 and = = L, this leads to the probability
P(vo — vg, L) = [Spa(L

ZUﬁZUg* ik

as above. The S-matrix formalism will become especially useful later on to study the

, (3.11)

propagation in matter.

The PMNS mixing matrix is usually written in terms of mixing angles ¢;; and phases

0 and aqpo:
1 0 0 Cc13 0 813671'5 C12 s19 0 1 0 0
jo
U = 0 C23 593 0 1 0 —s12 c12 0 0 e 0
- ag
0 —893 (€23 —813616 0 C13 0 0 1 0 0 e
(3.12)
€12€13 S12€13 s1ze” % 10 0
= | —5s12¢23 — C12523513€"°  C12C23 — S12523513€" $93C13 0 €' 0 )
. - _ i6 0 0 i%2
512523 — €12€23513€ €12523 — S12€23513€ €23C13 e
(3.13)
with ¢;; = cos(f;;) and sine respectively. The phase ¢ is the so-called Dirac phase,

it is the only physical phase in case neutrinos are Dirac particles and the only phase
observable in neutrino oscillations (although not conclusively determined yet). oo are
Majorana phases, which are physical if neutrinos are Majorana particles. As it is still
not known whether neutrinos are Majorana or Dirac type, the Majorana phases are

undetermined, too.

Many experiments have measured the values of the mixing angles and the mass squared
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Parameter ‘ best-fit (+10)
Am? (7.587922) x 10~PeV?

—0.26

|AmZ,,| | (2.357012) x 10~%eV?

—0.09

sin?(f12) | 0.312+0:018

—0.015

sin?(fa3) | 0.421008

—0.03

sin?(f13) | 0.0251 & 0.0034

Table 3.1: Neutrino oscillation parameters, global best fit values from the PDG [5].

differences from neutrino oscillations in different setups. Table 3.1 quotes the global best
fit values from the Particle Data Group (PDG [5]).

The formula for the oscillation probability derived above describes neutrino oscilla-
tions, when only the three active neutrinos oscillate. In case there was an additional
heavy sterile state (that does not oscillate because of the large mass squared difference),
the PMNS matrix would be non-unitary. But the oscillation formula would essentially
stay the same, apart from an overall normalization factor. This leads to a so called
zero-distance effect, as even P(v, — v3,7T) at T' = 0 could be nonzero (see section 3.2).

When the sterile neutrino is however light enough to oscillate with the active neutrinos,
new mass squared differences and mixing angles appear. The oscillation probability now
includes the sterile state s (a, 3 = e,u,7,s) and the mixing matrix is no longer the
PMNS, but the full 4 x 4 matrix U that diagonalises the 4 x 4 mass matrix M,z:

2

P(vy — v3,T) = (3.14)

—_g 1
§ UgiUle 2et
=1

This would introduce three additional mixing angles #;4 and mass squared differences
Amii (1 = 1,2,3), two additional Dirac and one Majorana phase. There could also be
more light sterile neutrinos, then there are even more new parameters. More than two
light additional neutrinos would be disfavored by cosmology, which restricts the effective
number of light! neutrinos Neg to about 3 to 5 (see e.g. [25]).

There have been by now a number of experiments that see hints for an oscillation with
a mass squared difference in the eV range, which cannot be due to an active neutrino.
These must therefore be taken as hints for the existence of (at least one) light sterile
neutrino that oscillates with the active neutrinos. In the following, the experimental

evidence will be summarized.

For masses m, > 10 eV, this bound is not valid.
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Figure 3.1: Combined analysis of the parameter space of LSND and KARMEN
(from [25]).

3.1.2 Experimental Hints

As there are many experiments that have investigated the parameter space of a possi-
ble sterile neutrino oscillating with the active ones, this will be only a short overview.
There are several experiments that have seen signs of an oscillation with a mass squared
difference that is too big to fit into the three flavor oscillation scheme. Among these are
LSND (Liquid Scintillator Neutrino Detector), MiniBooNE (Mini Booster Neutrino Ex-
periment), experiments with radioactive sources and short-baseline reactor experiments.
KARMEN (Karlsruhe Rutherford Medium Energy Neutrino experiment) and MINOS
(Main Injector Neutrino Oscillation Search), on the other hand, observe no oscillation in
that mass region. There is some tension between the results, which becomes clear when
a global fit to all data is performed. KARMEN and LSND will be treated in one para-
graph, as the experiments are similar, then the other experiments that were mentioned

above are summarized and finally a global fit is discussed.

LSND and KARMEN

The LSND experiment [27] uses pion decay to produce mainly muon antineutrinos via
t —uty, = ut— et vy, and investigates v, — v, oscillations. KARMEN [28]
also looks for 7, — 7, oscillations, but their baseline is slightly different, 30 m for LSND,
17.7 m for KARMEN. As the neutrino energies of both experiments are similar, the

parameter space is slightly different. LSND obtained a positive signal of oscillations with
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Figure 3.2: MiniBooNE results compared to the former experiments. On the left the neu-
trino mode, on the right the antineutrino mode, where the first seems to be inconsistent
with LSND data (taken from [32]).

over 30 evidence [29], while KARMEN has seen no oscillations. A combined analysis
has been done in [30], the results are shown in figure 3.1.
KARMEN does not exclude the whole parameter space of the LSND best fit, but at

large mass squared differences Am? the results are contradictory.

MiniBooNE

The MiniBooNE experiment [31] uses either a 7+ and Kt or 7~ and K~ beam. They
search for v, — v, or alternatively for ¥, — .. The baseline is 541 m, but since the
neutrino energies are also larger than at LSND, approximately the same mass range can
be tested. Furthermore since the energies are different, MiniBooNE is an independent
cross-check of LSND.

They observed only an excess at low energies, at high energies the measurement was
consistent with the assumption of no oscillation in both the neutrino and antineutrino
mode. The excess at low energies differed: in the antineutrino mode the results are
consistent with LSND, which can be seen in figure 3.2. In the neutrino mode however

the magnitude of the excess is consistent with LSND, but the shape suggests a more
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Figure 3.3: x? analysis of the event deficit in the two Gallium detectors. Best fit values
correspond to sin?(26) = 0.50, Am? = 2.24 eV? (from [33]).

complicated picture than simple two neutrino oscillations. A difference in the neutrino
and antineutrino mode might be explained by oscillation structures that can include
CP violation; in order to get CP violation there have to be at least two relevant mass

squared differences, i.e. two sterile neutrinos.

The Gallium Anomaly

The two detectors GALLEX (Gallium Experiment) and SAGE (Soviet-American Gal-
lium Experiment) were built to measure solar neutrinos and have been calibrated by
radioactive sources (°'Cr and 37Ar) that were placed inside the detectors. The electron
neutrinos were detected by the decay v, +"' Ga — "'Ge+e~. The activity of the source
was known very precisely and both experiments observed less events than expected. The
detection cross section has been calculated in two different ways with a similar outcome:

the measured rates have a deficit compared to the expected ones of about 3¢.2

2 An important remark to make here is that when the detectors were used to measure the solar neutrino
parameters, their results were compatible with a number of other experiments.
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Figure 3.4: Flux of antineutrinos: former results compared to new analyses (from [34]).
The black curve is the former result, the colored curves are new analyses (see references
in [34]).

This electron neutrino disappearance could again be explained by an oscillation with
a mass squared difference of a few eV2. The fit (done in [33]) is shown in figure 3.3.
The best fit values correspond to sin?(26) = 0.50, Am? = 2.24 eV? and the oscillation

hypothesis is clearly favored compared to no oscillation at about 3o.

The Reactor Anomaly

Nuclear reactors are an excellent source for electron antineutrinos with energies of a few
MeV. Various experiments have measured the rate of antineutrino events at different
reactors, they all agree quite well. There have also been analyses of the neutrino spectra
leading to the expected flux, which were consistent with the measurements.

However, the expected energy spectrum of the neutrinos has been reevaluated recently
(see e.g. [34]). The fission products have to be known very precisely: their (-decay
spectra have been calculated and were then converted to v, spectra. Compared to the
old spectra (that were compatible with the measurements) the new predicted neutrino
flux is about 3% higher (see figure 3.4). The main excess is at high energies and one has
to note that especially the high energy part of the spectrum is difficult to estimate.

A 3% deficit in the antineutrino flux could point to an oscillation with a Am? again
in the eV? range. The x? analysis is shown in figure 3.5, it includes the two source
experiments GALLEX and SAGE. The no oscillation hypothesis is disfavored at almost
4o. If an L/ E-dependence would be observed, this would be a clear signal for oscillations.
The Nucifer experiment [35] is being constructed very close to a reactor in order to

measure a possible effect of the shorter baseline.
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Figure 3.5: x? analysis of the reactor anomaly with the assumption of one sterile neutrino
(from [25]).

MINQOS

The MINOS experiment [36] has two detectors, one is 1.04 km and the other 735 km
away from the beam target. They can measure the neutrino flux in NC events and since
sterile neutrinos do not interact via NC, but all active neutrinos do, an oscillation of
active neutrinos to a sterile state would manifest as an energy dependent decrease of the

flux.

The data are compatible with the usual three neutrino picture. For a mass region of
0.3eV? < Am?2; < 2.5 eV2 MINOS excludes a sterile neutrino at 90% confidence level

(but these limit were obtained assuming a certain model, see [25]).

The last paragraphs have shown that there is both evidence for and against the ex-
istence of a light sterile neutrino oscillating with the active neutrinos and the results of
different experiments partly contradict each other. The existing evidence is therefore
not compelling, but the hypothesis can also not be excluded so far. This summary has
been very short, for detailed information see the broad overview provided in [25] (and
references therein). The different results can be summarized in one model, performing
a global fit to all data (based here on the work in [37]).
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Figure 3.6: Constraints and allowed regions from the experiments mentioned in the text.
The green dashed line marks the results of the “old” reactor neutrino fluxes, the solid
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completely ruled out (taken from [37]).

Am3,  |Uel |Uual Am3,  |Us| |Uus| 6/ x*/dof
3+2 0.47 0.128 0.165 0.87 0.138 0.148 1.64 110.1/130
1+3+1 0.47 0.129 0.154 0.87 0.142 0.163 0.35 106.1/130

Table 3.2: Parameter values and x? at the global best fit points for 3+2 and 1+3+1
oscillations (Am? in eV?), taken from [37].

Global Fit

In the global fit from Kopp, Maltoni and Schwetz [37] the first analysis includes only
short baseline reactor experiments (thus fitting the reactor anomaly only). They find
that the no oscillation case is disfavored at about 98% in both a 3+1 and 3+2 scenario,
where 34+1 means that there are the three active neutrinos and one heavier sterile state,
in 3+2 there are two heavier steriles. In a second fit the results from LSND [29] and Mini-
BooNE [32] are included, as well as the constraints from KARMEN [30], NOMAD |[38]
and CERN [39].

In the 3+1 scheme, figure 3.6 shows the regions at 90 and 99% confidence level (CL) for
LSND and MiniBooNE combined and the exclusion limits at 99% CL from disappearance
experiments (green line) and appearance experiments (blue line). Except for a spot at

Am? ~ 1 eV? one can find no agreement of the data in this scenario.

Furthermore they analyzed a 342 and 14341 scheme, where in the latter one sterile
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Figure 3.7: Preferred region for the mass squared differences in 342 and 1+3+1 (taken
from [37]).

neutrino is lighter than the active neutrinos and one heavier. The 1+3+1 fit is slightly
better than 342 (see table 3.2), although it is in even more tension with cosmology
than 342, because of the large total neutrino mass (sum of light neutrino masses). Both
improve the results drastically compared to the 3+1 case, which is disfavored at 97% CL

compared to two steriles. The preferred mass-squared differences are shown in figure 3.7.

Overall there remains some tension between the data sets, even though there are many
hints to the existence of one or two light sterile neutrinos. New experiments can hopefully
clear up the view on these signs and maybe proof that there is a sterile neutrino mixing

with the active ones.

Some recent updates have been made since the discussed global fit. The MiniBooNE
collaboration has reanalyzed its data in [40], combining the analysis of the neutrino and
antineutrino appearance data. The former agreement of the antineutrino channel with
the LSND result becomes worse, the best fit regions now overlap only little in a region of
small mass-squared differences below 1 eV2. Moreover, the disagreement of the neutrino
and antineutrino channel almost vanishes and with it the indication for CP violation.
This supported the introduction of two sterile neutrinos, which is now not only in tension

with cosmology, but also no longer preferred by the MiniBooNE measurement.

Another experiment searching for v, — v, oscillations is the ICARUS (Imaging Cosmic
And Rare Underground Signals) experiment. Their recent publication [41] placed strong
bounds on sterile neutrinos with large mixing, excluding the parameters space where

sin?(26) > 1072, see figure 3.8. Note that global fits preferred exactly the parameter
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Figure 3.8: Exclusion limits from ICARUS including the new MiniBooNE analysis, taken
from [41].

space of large mixing. The v, — v, oscillation data seems to become more and more

inconsistent.

3.1.3 MSW Effect

A mechanism one could use to detect a sterile state could be the interaction with mat-
ter, as it can significantly enhance mixing angles. Therefore, the MSW effect will be
explained in the following. In this section it will however be described only for the active
neutrinos, in chapter 4 the equations will be derived in case there is one additional sterile
neutrino. The formalism is introduced here and will be used later.

When neutrinos pass through matter they interact with the neutrons, protons and
electrons of the medium via neutral or charged currents. For neutrino oscillations inco-
herent scattering manifests as a decrease of the flux and can be described by a complex
damping term in the Hamiltonian. As it is proportional to the Fermi constant G, the
contribution is negligible and will not be considered here. But in coherent elastic for-
ward scattering, contributions from different collisions can add up coherently and must
thus be considered although they are also proportional to G (for the original papers

see [42], [43]). While only electron neutrinos can interact via charged currents (CC), as
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matter usually does not contain muons and tauons but electrons, all flavors, v, v, and

vr, interact via neutral currents. The currents lead to interaction Hamiltonians.

For charged current (CC) interactions the Hamiltonian is given by

Hee = %[W(l = el Tl = 5)e] (3.15)
— ST ey (1 — rg)ellPerp(1 — 5wl (3.16)

V2

where from the first to the second line Fierz transformations were applied. The electron

contributions have to be averaged over the matter background:

0 0
(v (1 = y5)e) = (¢ ((1) - (1@) ). (3.17)

These terms give the following contributions:

The first one gives the electron density (e7%) = (efe) = N, , the second term the mean

electron velocity (ey'e) = (v.), which is zero in the rest frame of the considered medium.

OePe

The third term yields the mean helicity (ey%y5e) = ( 7.) » which is negligible for a non-

relativistic medium. The last term gives the polarization of the medium (évy'vse) = (o),

which is also taken to be zero in the following.

As the active neutrinos are left-handed, the projection operator (1 — ;) becomes a

factor 2 and the effective interaction Hamiltonian becomes

Hg% = <HCC> = EeﬂGFNeVe = v.Vocove (318)

& 1.y, (3.19)

with Voo = V2GpN, =~ 7.63-107 eV - ol

where Y, is the number of electrons per nucleon which is about % for media like e.g. the
Farth.

The calculation is analogous for neutral current (NC) interactions and gives:

G
Ve = —7;

where N,, is the neutron density. Contributions from electrons and protons to NC

N, (3.20)

interactions cancel when assuming the medium to be electrically neutral, which is done

in the following. This makes

-0
cm3

Gr

Ve = -5 |-Y, (3.21)

1
Np 5 7.63- 1071eV - |
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g ]1_YV6

=7.63-10 MeV . p[—>=
e p[cmg 5

(3.22)

where Y}, is the number of neutrons per nucleons, which is equal to 1 — Y, since there
are as many electrons as protons, No = IV,,. The matter density p is in grams per cubic
centimeter. p and Y, contain the coordinate dependence of the potential: p = p(x),
Y, = Yi(a).

This section showed that there are various signs of a light sterile neutrino, but they
remain very contradictory and inconclusive. It is therefore an interesting topic to be
further investigated in order to find possibilities to detect such a sterile state. In chapter 4
a possible enhancement (due to the MSW effect) of the oscillation of the electron neutrino
with a sterile state is studied, where the mass of the fourth state is in the eV range.
Atmospheric neutrinos traversing the earth can have the right energies to undergo such

an enhancement and they could be detected at the IceCube experiment.

3.2 Non-Unitarity

In the presence of sterile neutrinos, the mixing matrix of the three light (mainly active)
neutrinos becomes non-unitary. If the sterile neutrinos are very light, they oscillate with
the active neutrinos and the phenomenology changes as described above. But also if
the sterile states are too heavy to oscillate or even be produced in the processes, they
affect the low energy observables. Since the complete theory has to be unitary, the
low energy part becomes non-unitary. This was already shown in section 2.1, where
the non-unitarity caused by the heavy sterile neutrinos in the seesaw mechanism was
calculated (see equation (2.28)). The non-unitarity of the PMNS mixing matrix then
changes the low-scale phenomenology and this effect could be observed in various elec-
troweak processes involving neutrinos. Different experiments, from neutrino oscillations
to electroweak precision measurements, constrain the size of the effect, as no clear sign
has been observed so far that would confirm that the PMNS matrix were non-unitary.
In this section the effects of non-unitarity on electroweak processes will be analyzed,
assuming there are only three light neutrinos and the sterile states are heavy, see [44].
When new physics are introduced at a scale M far beyond the scale that is tested
in experiments, usually meaning M > My, one can treat it as an effective theory at
low energies. This means that parameters in the SM Lagrangian have to be corrected
and higher dimensional, non renormalizable operators are introduced, whose coefficients

are suppressed by the scale of new physics: o« 1/M. In the following, the effects of
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non-unitarity of the PMNS matrix are studied, thus only the corrections of the SM

parameters are considered.

In chapter 2 the Lagrangians for the neutral and charged current interaction were
introduced, including the possible presence of sterile neutrinos, see equations (2.34)
and (2.35). In this section the sterile states should not be considered, but instead an
effective Lagrangian, where the PMNS matrix U” becomes non-unitary. The interaction

Lagrangians then read

3
NC g _
Lt off = — Z Z S eos(B Upi Vi PLU ;v Z4 + hec.

a 4,5=1 (HW)
’ g
=— — 2 Gy, PL(UPTUR v Z* + hec. 3.23
Z.]z::IQCOS(HW)me L( )ijvi Z" + h.c ( )
%ggeﬁ == Z Z % (Uo}ji*DiVMPLgaWJr“ + Zo/)’uPLUoljz‘ViI/Viu) ) (3.24)
a =1

with the projection operator P; = <17%) In the neutral current the PMNS matrix
would cancel out if it were unitary. These modifications in the neutral and charged
current Lagrangians lead to modifications in electroweak processes. To give an example:
For one heavy sterile neutrino s with mixing U; to the mass eigenstates, the non-unitary

contribution to the neutral current is given by

(UPTUP)Z']' = Z U(fi*U(fj = Z U;z‘Uaj - Us*z‘USj

a=e,U,T a=e,lU,T,S

—1-ULU,, (3.25)

where U is the full 4 x 4 unitary mixing matrix (and U” its 3 x 3 upper left corner) and

the indices 7,7 = 1,..., 3 denote only the three light mass eigenstates.

Furthermore, the orthonormality of the flavor eigenstates is modified. The neutrino
states in case of a full theory are normalized and orthogonal to each other in the flavor
and mass basis. When the PMNS matrix U” becomes non-unitary, this is no longer

true. In the mass eigenbasis the states are still orthonormal:
<Vi‘l/j> = 5ij . (326)

The quantum states and fields have to be consistent, therefore the flavor eigenstates
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have the normalization

3

ZUP*M , (3.27)

MIH

Vo) = <(UPUPT aa)

where UPU”1 is not the unit matrix, as U” is assumed to be non-unitary. The flavor

eigenstates are then not orthonormal, but instead fulfill

(UU"T)pa
\/(UPUPT)OM(UPUPT)BK?

(Valvg) = (3.28)

This affects the propagation of the flavor eigenstates and thus the oscillation probabili-
ties. The free propagation of mass eigenstates, meaning in the vacuum, is given by the

Hamiltonian H:

d

ZE‘I/Z‘> = Hly;), (3.29)
and the orthonormality of the mass eigenbasis gives

(vj|H|vi) = 6i; B, (3.30)

with the energy eigenvalues E; of the Hamiltonian. One can then project onto the energy

eigenbasis:
d
i lvi) = > livilHlv) = Eilvi) - (3.31)
J

Since the flavor eigenbasis is not orthonormal, the evolution in this basis becomes

\Va = Hlv,) Z\Vj YV | H V) = Z\/UPUPT T lvg) , (3.32)

where F' is a diagonal matrix with entries E;, the energy of the state v;. Therefore
the state produced as a flavor eigenstate |v,) at ¢ = 0 (L = 0) evolves after a time 7,

corresponding to the length L, to the state

Z UP* iE; L(UP*) fyl
VUPUP) 0a(UPUT T,

vy) . (3.33)

The oscillation probability of the neutrino with flavor o at L = 0 to be found as flavor
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[ at length L is then given by

| Zz U(f@'*eiEiLUl(;* |2

P(vy — VﬁaL) = |<VB|V(L)>|2 = (UPUPT)aa(UPUPT)ﬁB ’

(3.34)

Comparing this result to the one obtained in chapter 2 and section 3.1 respectively (see
for example equation (3.3)) one obtains in the non-unitary case a so-called zero distance
effect. This means that the probability of a transition of flavor « to (3 is nonzero at
L=0:

(UPU"T) gal?

P(va — v, L =0) = (UPUP 1) 0o (UPUP )5

£0. (3.35)

Also, the total probability does not sum up to one.

To correctly analyze oscillation data, also other effects have to be considered. As
the propagation of the neutrinos of a certain flavor changes, the fluxes get modified.
Furthermore, since the production and detection processes are charged or neutral current

interactions, the cross-sections differ also from the unitary ones.

For neutrinos travelling in a medium the interactions with the matter particles get
modified. This leads to a different interaction Hamiltonian. The calculation made in
section 3.1.3 remains valid, only when changing from the flavor to the mass basis the
responsible matrix is the non-unitary PMNS matrix and this again affects the propaga-
tion of the flavor eigenstates, analogously to the vacuum case. The non-unitarity of the

mixing matrix then leads to a non-diagonal effective potential. For details see [44].

The oscillation data can then be reanalyzed under the assumption of a non-unitary
PMNS matrix. One can derive constraints on the unitarity of the mixing matrix and
derive the values of the mixing matrix from the experiments. This has been done in [44],

yielding that U* has to be unitary up to the percent level.

Electroweak decays on the other hand cannot determine the PMNS mixing matrix
elements, as they are not sensitive to single neutrino eigenstates, but rather sums of
products of U”. They can however test the unitarity assumption through the zero
distance effect, since the cross sections of charged and neutral current processes are
modified by (UPU”T),5 or (UPTUT);;. In the following the decays of the W boson will

be treated exemplarily.

The decay width of the W boson into a neutrino and a charged lepton is given by

GrM3
D(W = lova) = > D(W — Lov;) = #(U’)U”)m , (3.36)
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(a) Feynman diagram for p — e~ (b) possible diagram via neutrino mixing

Figure 3.9: Lepton flavor violating decay u — e~y.

where the mixing elements have been absorbed to the definition of the decay width in
the second step. G is the Fermi constant and My, the mass of the W boson. Note that
the Fermi constant is usually measured by the muon decay p — et,v,, and this process
also gets corrected by non-unitarity factors

G

Gr = , 3.37
F \/(UPUPT)ee(UPUPT)MM ( )

G, being the constant measured in the muon decay. The measured decay width of the
W boson into different particles can therefore restrict the values of a combination of
non-unitarity factors.

The existence of heavy sterile neutrinos changes the low energy electroweak observ-
ables, even when they cannot participate in the processes due to their large mass. These
effects can be measured in various experiments, as for example in the LEP ete™ collider
(Large Electron—Positron collider) that was studying weak processes. This can have in-
teresting implications on for example the Z decay width, as its measured values at LEP
differed from the SM values at about 20. This will be treated in chapter 5.

3.3 Lepton Flavor Violation

In the SM, as neutrinos are massless, lepton flavor is conserved. Only in the quark
sector the quarks mix with each other and quark flavor is violated, but the quark-mixing
matrix (CKM matrix) is almost diagonal, so the flavor violation in the SM is small.
Already when considering the existence of active neutrino masses as the beyond SM
concept, lepton flavor violating decays, such as ¢, — {37, are induced by the mixing of
the active neutrinos. The branching ratio however is tiny, as the mass squared differences

are so small and the PMNS matrix is unitary, the amplitudes of the three processes cancel
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out. A calculation of the process u — e~ induced by the three light neutrinos can be
found in [45].

For light sterile neutrinos the same cancellation mechanism applies when their masses
are much smaller than the mass of the mediator, which is the W-boson in this case (see
figure 3.9b). The case for heavier sterile neutrinos will be treated in detail in section 5.4.1.
Their contribution is proportional to the active—sterile mixing and therefore usually tiny
for large masses (it is proportional to the mixing to the fourth power). Only when
cancellations allow for a sizeable mixing, lepton flavor violating decays would become
observable. This could be via a seesaw type II, where the triplet term cancels the

contribution of the heavy sterile neutrinos in the light neutrino mass matrix:
_ T -1
my, = My —mpMp - mp, (3.38)

or in case there is a cancellation of contribution from different heavy sterile neutrinos in

the matrix
my, = —mhHMy mp (3.39)

in a seesaw type L.
A review on the experimental status can be found in [46] or from the PDG [47]. The
most stringend limits exist on the decay u — e<, coming from the MEG collabora-

tion [48], where
B(ut —ety) <24-10712 (3.40)

at 90% confidence level.

3.4 Neutrinoless Double-Beta Decay

The neutrinoless double-beta decay 30y, is a process that is searched for to probe lepton
number violation (AL = 2). The nucleus with mass and charge number (A,Z) decays
into a doubly charged nucleus and two electrons: (A,Z) — (A,Z+2) + 2 e~. For some
elements the simple beta decay is kinematically forbidden, but the double-beta decay
is allowed. Then the process, without the two neutrinos in the final state, could be
observed. The double-beta decay producing two neutrinos (so to say the SM process)
has already been measured, its half-life is about 10?° years, depending on the nucleus.

This is the main background for the process where the two neutrinos are missing in the
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Figure 3.10: Schechter-Valle diagram illustrating the contribution of 33y, decay to the
Majorana mass of the neutrino.

final state (compare [49]).

The rate of this process depends on the mechanism by which it is induced and can be

divided into different parts. The decay rate is given by

F(ﬂﬁ&/) = G:B(Q’ Z)|Mx(A’ Z)n:v|2 > (3'41)

where the z indicates the dependence on the mechanism. 7, depends on the particle
physics parameters which are involved in the decay, M, is the nuclear matrix element,
describing the properties of the nucleus and G,(Q,Z) is the phase space factor. A and
7 are again mass and charge number, ) is the value of energy that is released in the

process. One can calculate these values for different mechanisms.

If neutrinoless double-beta decay is observed, neutrinos have to be Majorana particles,
even though the process might be related to some other new physics beyond the SM
(not a Majorana mass term of the light neutrinos). The Schechter-Valle theorem [20]
states, that by a black-box diagram, (3, decay necessarily leads to a Majorana mass for
neutrinos, though it might be tiny, as it is induced by a four loop process. The diagram

is shown in figure 3.10.

The so-called standard interpretation, the most investigated mechanism, is that 33y,
is caused by three light Majorana neutrinos, which make up the active neutrinos. The
Feynman diagram is shown in figure 3.11. Hereby one neglects possible other contribu-
tions from the physics that generate the light neutrino masses (e.g. heavy right-handed
Majorana neutrinos or a Higgs triplet). It is usually a good approximation, as for exam-
ple the right-handed neutrinos in the seesaw type I are typically very heavy and their
contribution then suppressed (which will be shown in the following). This means that

the masses of the exchanged neutrinos are much smaller than the scale of the momen-
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Figure 3.11: Feynman diagram for 3y, induced by Majorana neutrinos v; with mixing
U,; to the electron neutrino.

tum transfer, which is about 100 MeV. One can then make an approximation in the

amplitude of the process, which is proportional to the propagator:

my 2 2
A Mo e TS (3.42)
@ —m; —my > g
This means that the decay rate becomes (index 3¢ for three light neutrinos)
2
m
e = Gae(@ 2) M P 228 (3.43)

e

where me, is the effective electron neutrino mass, which is defined below. From the
Feynman diagram in figure 3.11, we can read off the full dependence of the amplitude

for the process in the V-A interaction:

+m; m;
Asze Z GF ezfyu g 22 YWwPr = Z G ez 2 QVMPR’YV (3'44)
i=1
~ Z GEU, Z PRy (3.45)

G is the Fermi constant, U; the mixing element of the i-th neutrino of mass m; with
the electron neutrino and ¢ is the average neutrino momentum. PLr= %(1 + 75) are

the left and right projection operators and 7, , the gamma matrices. This leads to an
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effective neutrino mass of

3
§ 2
Ueimi
1=1

(Mee) =

= 'm1|Uel|2 + m2|U62|2€ia1 + ’I’I713|U63|26m{2 s (346)

where a2 are the Majorana phases, compare equation (3.13). Depending on these
phases, the effective mass can therefore cancel to zero. This is only possible in the
normal hierarchy case; in the inverted hierarchy, there is a minimal value, as also in the

quasi-degenerate case, see [49].

The contribution of sterile neutrinos to the 50y, decay strongly depends on the scale
of their masses. For light sterile neutrinos one can make the same approximation as
before, light meaning mf < ¢?, well below 100 MeV. These just add to the three light
(active) neutrinos that were considered before. For n light neutrinos (3 active and (n—3)

sterile states) this leads to

2
Mee
D = GM(Q,Z)MMM2< m2> , (3.47)
with
(mee) = |Y_UZm, (3.48)
i=1

For heavy sterile states (mf > ¢%) the Feynman diagram for the process is still the
same as in figure 3.11, but since the masses of these neutrinos are much bigger than the

momentum scale, the amplitude becomes inversely proportional to the mass:

Ap x i . (3.49)

mg

The maximal rate for this process can actually be expected for masses at the momentum

scale, so around 100 MeV, since the decay rate is for small masses proportional to m?

2

and for large masses to m™°, meaning that there is a peak where the one approximation

takes over the other. For heavy sterile neutrinos the decay rate becomes proportional to

: (3.50)

where U,; is here the active-sterile mixing, the mixing of the heavy mass eigenstates with

the electron neutrino, which is usually small. This and the dependency on the inverse
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Figure 3.12: Exclusion limit on the mixing |U,,|? of the heavy to the electron neutrino,
my, being its mass, from neutrinoless double-beta decay (dark shaded area). Also plot-
ted are limits from the supernova SN1987A, Big Bang nucleosynthesis and laboratory
searches. Taken from [50].

mass suppresses the contributions at higher sterile masses. The process here is of short
range and therefore sensitive to the form factors (the finite size) of the nucleons.

In [50], an exclusion limit on the mixing of the heavy to the electron neutrino is plotted
against the mass of the heavy state. The peak of the curve excludes mixing down to
|Uei|? ~ 1078, see figure 3.12.

The seesaw type I contributes in two ways to the neutrinoless double-beta decay:
directly through the exchange of heavy right-handed neutrinos and indirectly through
the exchange of the light neutrinos. In case the right-handed neutrinos in the seesaw type
I are also lighter than the momentum scale of 33y, the contributions cancel exactly, as
the sum gives exactly the (M, )e.-entry in the neutrino mass matrix (see equation (2.16)),
which is zero in a seesaw type 1.

For a detailed review on neutrinoless double-beta decay and the contributions from
different beyond the SM processes, see [49].

Most recent limits on the (0, lifetime come from the EXO collaboration [51] and
KamLAND-Zen [52], using 3¢Xe:

T@ﬁ;y(l%xe) >1.6-10% yr  (90% CL, EXO), (3.51)
Tﬁﬁoy(l?’ﬁxe) >5.7-10*" yr  (90% CL, KamLAND-Zen). (3.52)

1/2
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Figure 3.13: Bounds on |Uegy|? = |V.4|? for masses of the heavy neutrino My = my in the
range 10 MeV — 100 GeV from various experiments. Taken from [53].

In the standard interpretation this leads to an effective mass

(Mee) < 0.14—0.38 eV (90% CL, EXO), (3.53)
(Mee) < 0.3—0.6 eV (90% CL, KamLAND-Zen). (3.54)

3.5 Sterile Neutrinos at Colliders

The most stringend bounds on sterile neutrinos at colliders are found for steriles with
masses up to My < 3 GeV, where limits come from the decay of mesons. Also from Z
decay Z — N + v upper limits can be found for My < Myz. The higher the mass of
the sterile state, the shorter its lifetime, therefore the signature reconstruction becomes
more difficult and the bounds weaker. The limits on the mixing elements squared |Uyy|?
go from 107 for small M, to 1072 and 10~! for masses M, < My. See [53] for a detailed
overview and references therein. In figure 3.13 the limits on the mixing of the heavy
neutrino to the electron neutrino are shown as an example.

There are not many experiments that can access higher masses. In the following,
searches at LEP, Tevatron and LHC are discussed, since these searches will become
relevant in section 5.4.2.

As the LEP collided eTe™, whereas Tevatron and LHC are hadron colliders, the de-

tection channels for heavy Majorana neutrinos differ in these cases. At LEP there were
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(a) s-channel (b) t-channel

Figure 3.14: Processes of eTe™ leading to a heavy (mostly sterile) neutrino N in the
final state.

two possible production channels for eTe™ — v, N: via the s-channel, see figure 3.14a,
all mixing parameters U,y (o = e, i, 7) to the fourth, heavy neutrino N could be mea-
sured. The t-channel however is only sensitive to the mixing to the electron neutrino
Uy, see figure 3.14b. The heavy neutrino then decays into a W and a charged lepton or
a Z boson and an active neutrino. Below the Z boson mass the bounds are much more
stringend, but the L3 experiment at LEP also measured at higher energies and placed
limits up to masses of the heavy neutrino of about 200 GeV (see section 5.4.2).

At hadron colliders, the production and detection of heavy Majorana neutrinos can
occur via the two diagrams shown in figure 3.15. Both involve two leptons in the final
state of equal sign and two jets (for oppositely charged leptons the SM background is
significantly higher). In the s-channel the heavy neutrino is produced and subsequently
decays. This is by far the dominant channel. The t-channel is in complete analogy to the
BB, Feynman diagram (compare the previous section 3.4). The theoretical calculation
and the resulting bounds on the mixing elements from searches at Tevatron are discussed
in [53]. For masses above the Z boson mass, the limits will be discussed in more detail

in section 5.4.2, including measurements from LEP and LHC.

3.6 Loop Effects

In section 3.2, indirect effects of new physics at a high scale on low energy observables
were described. The focus was on the non-unitarity of the theory, in this case the non-
unitarity of the PMNS matrix. The so-called oblique corrections also encode indirect
information arising from new physics. The effects can be seen in precision measurements,

especially weak interaction parameters, as these are measured to very high accuracy. For
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Figure 3.15: Feynman diagram for the detection of a heavy sterile neutrino at a hadron
collider.

example the rho parameter satisfies in the SM at tree level the relation

My,

_ 1 3.55
M?2 cos?(Ow) ’ (3:55)

P
of the W and Z boson masses and the Weinberg angle 6yy. Loop corrections from SM
and new particles will alter this relation. Since the SM contribution has been calculated
very precisely, coming mainly from the top quark, new physics can be constrained by a
measurement of this relation. For example, as mentioned in chapter 2, a Higgs triplet
would shift the rho parameter. Such relations, as the one of the rho parameter, can

restrict new physics even if only present in loop diagrams.

When the external particles in the experiments are light and we consider only processes
of the weak interaction, one can neglect the vertex corrections and the box diagrams,
as they are suppressed by an additional factor of m?c /M%, where my is the mass of the
external particle. One can therefore concentrate on the vacuum polarization effects,
the so-called oblique corrections (compare [54]). They can be quantified by the vacuum

polarization tensors that have the form
14 (¢%) = Tlay (¢*)g" + (quqy-terms) (3.56)

where = and y are the in- and outgoing gauge bosons v, W and Z, which can combine
as (vy), (Z7), (ZZ) and (WW), see figure 3.16. The g,q,-terms can be neglected in the
W and Z propagators, also because the external fermions are light and the contraction
with their currents suppress the terms by a factor mfc / M% The q,q,-term of the photon
propagator does not contribute due to the Ward identity (see [55]).



3.6 Loop Effects 41
) Z and W boson self-energies. ) Photon and photon—Z self
energles

Figure 3.16: Self-energy contribution to the Z and W boson and the photon from fermion
loops.

Since SM processes also contribute to the vacuum polarization, one can write
My (¢°) = 117" (¢%) + 01y (%) . (3.57)

where the new physics contribution is denoted as 6Hmy(q2). The Ward identity implies

also that the photon self energies have to vanish at zero momentum:

M7,(0) = 1,5, (0) = 0. (3.58)

In the on-shell scheme the self energies are renormalized by fixing the masses in the
propagator to be the physical masses. This gives (renormalized quantities are denoted
by a hat):

R <ﬂWW(MV2V)) =R (ﬂZZ(M§)> = T, (0) = T, (0) = 0. (3.59)

In the following all self energies are assumed to be real, as resonances and decay width

do not need to be considered in this context.

To parameterize the oblique corrections from the vacuum polarizations discussed
above, three parameters are introduced that are called S, T and U. The correction
residing purely in the electromagnetic sector is omitted, as only weak phenomena are con-

sidered. The parameters are defined in terms of the renormalized quantities as (see [56])

4522 [ - N 5 2 —s2. )
S= M2 1Iz2(0) + 11, (Mz) — THZV(Mz) ) (3.60)
z
I I

M3 My,
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(3.62)

U — 4822 1 Iww(0)  Tizz(0) N ST, (M2) 25Tz, (M3)
& M, M2 & MZ c M2 '

Here, s and ¢ are the sine and cosine of the Weinberg angle, respectively.

Since the relations of the bare and the renormalized quantities are as follows (also
see [56])

Myww (q®) = Tww(q®) — Tww (M) + (¢° — M) [E—ER - le(o)] ; (3.63)

flzale) = Uzzla’) ~Nzz0ti) + (7~ ) [ (S - 1) R-1m,0)] . @)

2
kS C
Mz4(0%) = Tz5(q*) = T12,(0) + ¢* 3R, (3.65)

A~

Hw(QQ) = H'y'y(q2) - QQHIW(O) ) (3.66)

where

_ Tzz(M7)  Tww (M) s T124(0)

R = 3.67
M2 M2, c M2 (3:67)

the parameters S, T and U are related to the bare self energies through the equations

4522 2 2 ¢ — s 2
S = W HZZ(O) - HZZ(MZ) + H’Y’Y(MZ) T o HZ'y(MZ) ) (3'68)
A
I1,7(0 1I 0 1I,.(0
T_ ZZQ( ) WVI;( ) 98 Z“/g ) : (3.69)
M2 My, c Mz
1 (Tyw(0)  Hyw (M2 z7(0) Tizz(M?2
U422 | L WV[;( ) WW(2 w)) _ ZZQ( ) ZZ(2 z) (3.70)
2 M2, M2, M M7
in(M%) _ szZ“/(M%)
& M2 c M3 .

Note that in order to properly renormalize these quantities, a full theory has to be
considered. This means for example that neutrino masses have to be introduced in a
consistent way (in case of a Majorana mass for the left-handed neutrinos the triplet has
to be taken into account, just as the doublet in the case of the Dirac mass). The neutrino
masses then also determine their mixing; masses and mixing can not be considered to
be independent.

The formalism of oblique corrections that was introduced can be applied to all types
of new physics. In particular, it can also account for the radiative correction of heavy

Majorana neutrinos. These can have interesting properties because of their Majorana
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nature. The results of the contribution of heavy Majorana neutrinos to the parameters
S, T and U will be quoted in section 5.1.1.

The last chapter has summarized the properties of sterile neutrinos at different scales.
Light sterile neutrinos are special as they can oscillate with the active neutrinos. But
also many other signatures differ a lot for light and heavy sterile neutrinos: For example
the neutrinoless double-beta decay can be calculated in two different approximations:
For neutrinos lighter or heavier than the momentum scale, which is at about 100 MeV.
Similar for lepton flavor violation. When the mass squared differences of all neutrinos
are very small, the amplitudes of the different diagrams contributing to the decays
cancel out almost completely and lepton flavor violation is suppressed. The signatures
of sterile neutrinos at colliders are better to identify, the smaller the masses are and
can be produced in more processes. Therefore the most stringend bounds on active—
sterile mixing can be placed at lower masses of the sterile states. An effect that is only
relevant for heavy neutrinos is the non-unitarity of the PMNS matrix. If the sterile
states cannot be produced in the considered processes, they nevertheless can be visible
by the non-unitarity of the effective theory that is observed. In the case of neutrinos,
the non-unitarity of the PMNS matrix is the strongest indicator of sterile neutrinos at
a higher scale. Loop effects are also only relevant for heavy sterile neutrinos. They are
an indirect measure of new physics and can be restricted because of the high precision

of the measurements of weak observables.

In the following, the first of the main parts of this work, chapter 4, will examine
the possibility of enhancing the active-sterile mixing in oscillations via the MSW effect.
Oscillations of the electron to the sterile neutrino are considered, since there are some
indications from short-baseline experiments pointing towards the existence of a fourth
neutrino with a mass in the eV range, leading for example to 7, disappearance in reactor
experiments (compare section 3.1.2). An enhanced mixing is obtained for a certain
combination of energy and masses of the neutrinos and a certain baseline and density
of the medium that is crossed. This combination can be found for atmospheric electron
neutrinos traversing the Earth mixing with a sterile neutrino with a mass at about one

to two eV.

In the second part, chapter 5, the effects of heavy sterile neutrinos on low energy
observables is studied. The non-unitarity of the PMNS matrix leads to tree-level effects

and via the vacuum polarization also loop effects are taken into account. Therefore, the
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contribution of heavy sterile Majorana neutrinos to the self energies of the W and Z
bosons have to be calculated. One can then summarize the contributions from tree-level
and loops on electroweak observables and perform a y?-fit to the data to determine the
best fit values for the masses and mixing of the sterile neutrinos. These parameters have
to satisfy the constraints from above mentioned processes, like lepton flavor violating
decays, double-beta decay and collider physics. The measured mass-squared differences
and mixing of the active neutrinos have to be reproduced, too, which is ensured by
using the Casas-Ibarra parameterization (see section 5.5.1). The model could explain
the anomalous invisible decay width of the Z boson measured at LEP and the NuTeV
anomaly, where the ratios of charged to neutral current interactions of (anti)neutrinos

with nucleons were measured and did not agree with the SM predictions.



CHAPTER 4

Matter-enhanced Oscillation v, < v

As seen before in section 3.1.2, there are many hints to the existence of a sterile neutrino
with a mass in the eV range and significant mixing to the active neutrinos. Especially the
reactor neutrino anomaly motivates an oscillation of electron (anti)neutrinos to a sterile
state. We will investigate the possible effects of a sterile neutrino mixing in particular
to the electron neutrino on atmospheric neutrinos traversing the Earth. In this case, the
mixing can be resonantly enhanced by the MSW effect (see section 3.1.3) for neutrino
energies in the TeV range. Such oscillations could be observed by, for example, the

IceCube experiment.

There have been studies about possible detection of enhanced v, « v, oscillation
in IceCube by Smirnov and Razzaque ([57] and [58]). For the detection of oscillations
to a sterile neutrino, the limitations of the IceCube experiment have been analysed to
be in general restricted to systematic uncertainties [59]. In [60] a possible detection
of oscillations with the best fit values from the global fit of Kopp et al. [37], that was

discussed in section 3.1.2, with IceCube data is analysed.

The atmospheric electron neutrino flux after the neutrinos have traversed the Earth
is calculated in the following. The existence of a fourth, sterile neutrino v; with mixing

Ua4 to the active neutrinos is assumed, with a mass in the eV range.
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4.1 Evolution Equation

To understand the evolution of the system of four neutrino flavors a = e, u, 7 and s, its
evolution equation has to be solved. As the sterile neutrino does not interact with the
matter of the Earth, its interaction potential V vanishes. The electron neutrino interacts
via charged and neutral currents and the muon and tau neutrino only through neutral

current interactions. This leads to the following evolution equation

Ve m7 0 0 0 Vecsne 0 0 0 Ve
P 778 O B e m3 02 01ty 0 Ve 0 0 as
dx | v, 2F 0 0 m3 O 0 0 Vnc O v,

Vs 0 0 0 m? 0 0 0 0 Vs

(4.1)

where Voo and Vv, the charged and neutral current potentials, depend on the matter
density and thus on the coordinate x. E is the energy of the neutrinos and m; are
their masses. U describes the mixing between the neutrino flavour eigenstates and is

parametrised by

Ut Ue2 Ues Ues
Uan Uw Uz Un
Ui Urpy Uz Uy
Usi Usz Usz Uy

(4.2)

The energy of the relativistic neutrinos was already approximated by E; ~ p+m?/2E
and the term p- 1 subtracted by absorbing it in an overall phase of the neutrino state (see
section 3.1.1). One can repeat this for the neutral current potential Vyc and subtract

also m? - 1. This gives:

Ve 0 0 0 0 Vee 0 0 0 Ve
0 Amy 0
| _ |y : 2 sl 000 o "
dz | v, 0 0 A g 0 00 0 vy
Ve 0 0 0 A 0 0 0 —Vyc Vs
(4.3)

When solving the evolution equation, the terms including the mass-squared differences,
A4—Z§2L, will enter as phases. At the energies that will be considered (in the TeV range)

and as the travelled distance will be about 103 kilometers (1Im ~ 5/meV), the parameters
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2 2 2
AEEQIL, AEEC”L are much smaller than one and negligible compared to AZE‘“L, as they

will appear as a very small phase shift (Am3, > Am3,, Am3,). Therefore we can

neglect the first two mass differences and set them to zero, thus obtaining a matrix with
2
only the 44-element nonzero, namely A;LE‘“

. One can abbreviate this as:

Am?
A= 4.4
5F (4.4)
By multiplying out this makes:

Ve ’Ue4’2A + Voo Ue4U;4A Ue4U:4A Ue4U;4A Ve

zi V| _ UpnaUgA UualPA - UnUnA UpaUgA Y (4.5)
dz | v, U USA UraUp A |UnaPA UUS A s '

Vs UsaU A UsaUpyA - Uy U7, A |Usa?A — Ve Vs

= H(z)v(z). (4.6)

Note that, as there now is only one mass-squared difference, any phase in the resulting
matrix can be absorbed in a redefinition of the neutrino states, so there is no possiblity
of CP-violation [61].

The second and third columns and lines contain each U,S*) or UT(*) and a factor, so one

can rotate the states v, and v, such that one of the new states decouples.

Define

v, = cos(B)v, +sin(B)vr , (4.7)

= cos(B)v, —sin(B)v, . (4.8)

=~

1%

3~

This is equivalent to a rotation by the matrix V:

1 0 0 0
v 0 cgs(ﬂ) sin(8) 0 (4.9)
0 —sin(fB) cos(B) 0
0 0 0 1
The evolution equation then becomes
’L%I/(Cﬂ) = H(x)v(z) | V- (4.10)
iiul(az) = VH(z)VW (z) = H (z)V (), (4.11)

dx
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where V(z) = V(). (4.12)

As explained above, H(z) has the form:

00 0 O Vee 0 0 0
00 0 O 0O 0 0 0
H=U Ut + (4.13)
00 0 O 0O 0 0 0
000 A 0 0 0 —Vnc

As the multiplication by V corresponds to a rotation in the 23-plane only, it commutes

with the second matrix containing Voo and Ve, so the Hamiltonian becomes

00 0 O Vee 0 0 0
00 0 O 0O 00 0
H = (VU) (VU + (4.14)
00 0 O 0O 0 0 0
00 0 A 0 0 0 —Vnc
One can define a matrix U’ that contains the rotation:
Uel UeQ Ue3 Ue4
n U, Uy Uy
Usl U82 Us3 Us4
with
;/u‘ = U cos(f3) + Uy sin(f), (4.16)
UL = Uyicos(B) — Uy sin(3) . (4.17)
This leads to
UeaPA+ Voo UaUBRA UadUSA  UaUbA
g | UnwUad ULPA ULURA - UULA (4.18)

rUsA rUsA UL PA HULA
UaULA  UaUSRA  UaUSA  |UaPA — Vive

Therefore, in order for v, to decouple from the evolution equation (to obtain only a
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three state system that is easier to solve), one has to set

U,=0 (4.19)
U-

& tan(B) = == (4.20)
Uy

Now, the evolution equation involves only a three-state system:

(v UaaPA + Voo Ual? UaaU,A Ve
i (v | =] vutna  WwuPa ULUna v, (4.21)
Ve UaUsA  UaUSA |UalA = Vie) \vs
Hee Hepw o Hes Ve
= | Hy Hpw Hps||vi]- (4.22)

* *
Hy, HY, Hy) \v

In the framework of coherent elastic forward scattering, this describes the evolution of
the states v, I/L and v, the only approximations being the neglect of the mass-squared
differences Ams1, Ams; and the expansion of the energy.

We have a system of three coupled differential equations:

. d

Z%I/e = H. .V, + Hw/y}: + Hesvs (4.23)
. d »

’L%I/L = H} ve + Hyyv, + Hysvs (4.24)
i Vs = Hiwe + Hyygvy, + Hysvs . (4.25)

Since matter-enhanced v, < v, oscillations shall be considered here, the energy range
will be the one where the corresponding resonance condition is fulfilled. In this region
the probability of oscillations from muon neutrino (primed) states to electron neutrinos

P(u' — e) is small: The resonance condition for v, « v}, is fulfilled at comparatively

small energies. Its resonance energy is proportional to (|U,4]* — |Ues|?), while v, < v
goes with (|Us|? — |Uea?) and |Uyyl, |Ues| < |Uss|l. The same argument applies for

Vg <> I/L oscillations, where the resonance condition is even only fulfilled for antineutrinos.

So taking into account that at the relevant energies (in the TeV range) the initial

atmospheric muon neutrino flux (v;, = cos(8)v, + sin(B)v;) is much larger than the

electron neutrino flux (see e.g. [62], the factor is about 20) and the original flux of sterile

1

neutrinos is even zero", one can neglect the oscillation of v, s — 1/;'“ but not VL — Ve,s-

Sterile neutrinos are not produced in interactions, only via the oscillations from active neutrinos.
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This means that the evolution of v, becomes independent of v, and v, and can be

solved independently:

d
i@% = U Av, (4.26)
= v(r)= V;Q(O)eﬂ'|lju"l‘2A'm (4.27)

At the same time one can treat the conversion of I/L — Ves @S a source term for Vest
’Li Ve _ H. He Ve 4 fe (428)
dl‘ VS H:g HSS VS fS
77 Heests 77
ok (7)o (P e ) () L e (1) (1)
dz \ o, gy, HeHe [ g, fs

where

fo= folx) = Heu/yL(x)7 (4.30)

fs = fs(x) = H;/SVL(l'), (4.31)

and the tilde marks a phase shift of the states. The Hamiltonian matrix was made

traceless by subtracting the trace (a term proportional to the unit matrix only results

in an overall phase marked by the tilde). In the following the tilde on the states is
neglected, as it is physically irrelevant. For simplicity in notation call

P = el0/2) J§ Heela)+Has (2)d' (4.32)

f, = (/D) Jg Hee(@ )+ Has (a)de" ¢ (4.33)

To solve this system of coupled differential equations it is usefull to introduce the

evolution matrix S(x,zp) of the homogeneous evolution equation (omitting the source

term f(x)).

4.1.1 Evolution Matrix

First some general properties of the evolution matrix are summarised.

One can express the evolution of a state v(x) through a matrix S:

v(z) = S(x,z0)v(xo) . (4.34)
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Then the evolution of v(z),

’L@I/(Cﬂ) = H(z)v(z) (4.35)

determines the evolution of S(x,zg):

’L'%S(CE,$Q) = H(x)S(z,x0) (4.36)
with the initial condition
S(zg, o) =1. (4.37)
As the states are normalised, the evolution matrix (S-matrix) must be unitary

S(x,20)ST(x,20) = ST (2, 20)S (2, 20) = 1. (4.38)

Additionally, it has to fulfill the following properties:

S(z,z9) = S(x,x1)S(x1,29) for any z, (4.39)
S(x,x0) = S (20, 2). (4.40)
Differentiating the equation v(x) = S(x,z¢)r(zo) with respect to zy gives, using

equations (4.36) and (4.35):

i#;ou(:ﬂ) = i#io(b’(x,xo)y(xo)) (4.41)
= { (i%S(m, xo)> + S(x, xo)H(xo)} v(xo) . (4.42)
Since i%l/(ﬁ) = 0, it has to follow
idiS(x, xo) = —S(x,x0)H (z0) . (4.43)
o

4.1.2 Solution of the Evolution Equation

To obtain the evolution of the simplified system of two flavors developed before (compare
equation (4.29)), the inhomogeneous differential equation has to be solved
d -

zay(az) = H(x)v(z) + f(x) (4.44)
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d Ve % Hes Ve ]Ee
e = + . 4.45
do () <H —HH> () (fs .

The homogeneous equation with its solution v

i%yo(x) = H(z)vy(x) (4.46)

is solved by the evolution matrix we introduced above
vo(z) = S(z, z0)vo(20) - (4.47)

The evolution matrix can be obtained by numerical integration of its differential equa-
tion.

Then one has to solve the full equation including the source term:

z%u(x) = H(x)v(z) + f(z). (4.48)

The solution v(x) is a superposition of the solutions of the homogeneous (vy(z)) and the

inhomogeneous equation (v (z))
v(z) =wy(z) +v1(z). (4.49)

This means that a solution of the inhomogeneous equation has to be found

() = Hizh(z) + f(z). (4.50)

One can make the ansatz (taking xzo = 0)

vi(x) = S(z,0)g(x) (4.51)

where S(z,0) is the evolution matrix of the homogeneous equation and the function g(x)

has to be determined in the following. Equation (4.50) gives

i%yl(ﬁﬂ) =i { (%S(x, 0)> -g(z) + S(z,0) - %g(m)} (4.52)

= H(2)S(z,0)g(x) + f(2) (4.53)

6 itg) = 57w0) @) (454
= S(0,2) - f(x). (4.55)
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From the second to the third line the property

’L'%S(CU, xo) = H(x)S(z,x0)

was used and S~ was multiplied from the left.

g(z) then becomes

/ S(0,2) (4.56)
— / See0) S0 (VD) g, (4.57)
0 Sse(oyx/) Sss(owx/) fs(xl)
where
fe — fe( ) — eu’ Vﬂ( )6(2/2) foz/(Hee(y)‘f'Hss(y)—QH#/#/)dy (458)

)

o= Fo@') = Hyps v (0) e/ 5 (ec) s )21, (459)

This gives for 14

vi(x) = S(x,0)g(x) (4.60)
= —15(z, 0)/0 50,2 f(z")dx' (4.61)
—i /0m Sz, ') f(x")dz' . (4.62)

The full solution for the evolution equation then is

v(z) =vo(z) + 11 (z (4.63)

= S(x,0)v —Z/Sazx Ndx' (4.64)

where one can identify v4(0) = v(0), as v1(0) = 0.

Note that when calculating the flux of the electron (or sterile) neutrinos the two parts
of the solution do not add up coherently, as 11 describes the conversion of muon to
electron (sterile) neutrinos and they are not produced coherently. The flux @) of
|2

electron or sterile neutrinos, which is proportional to |v(x)|* is thus:

D (5) < [10(2)e() |* + [v1(2) o) (4.65)
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where the index e indicates to take the first entry of the two-vector, s taking the second:

v = (”) (4.66)

as the first (second) entry corresponds to the electron (sterile) neutrino component of
1 and vyg.

As explained in the beginning, the oscillation of atmospheric neutrinos crossing the
Earth shall be considered here, as these oscillations can be resonantly enhanced and a
deficit of electron neutrinos due to a new mass state that consist mainly of the sterile
state at about one to two eV could be detected. One therefore has to calculate the length
of the trajectories of the neutrinos through the Earth. The geometry of the Earth will
be approximated by dividing it into a core and a mantle with a constant density profile

in each region.

4.2 Solution for a Three-Layer Model of the Earth

4.2.1 Geometry

The density profile of the Earth can be approximated by dividing it into two regions,
a core and a mantle, in which the densities vary only little (see e.g. the PREM Earth
model [63]). Therefore, the neutrino trajectory traverses three layers: mantle, core and
then mantle again (provided the angle ¢ is small enough).

The length of the total passage of the neutrinos through the Earth (L) is given by the
length of a chord, where the angle of the trajectory is parametrized by the Nadir angle
©nN, as shown in figure 4.1. With Rp being the radius of the Earth, this makes:

L =2Rp cos(¢n) - (4.67)

The paths through the different layers for the core (1) and mantle (s) are given by the

law of cosines, compare figure 4.1:

s = Rpcos(pn) — \/(RE cos(pn))? — (RL — R?), (4.68)

| =21/ (Ri cos(on))? — (RE — RY), (4.69)

where R; is the radius of the core. The neutrino-trajectory crosses the three layers, if
the Nadir angle is smaller than ¢y < arcsin(R;/R.). Otherwise, it only crosses the
mantle at a length given by L.
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EARTH

mantle

core

Figure 4.1: Trajectories through mantle (s) and core (I) of the Earth at Nadir angle ¢

4.2.2 Solving the Two-Flavor System for a constant-Density Profile

First, the homogeneous equation for the evolution matrix in matter with constant density
will be solved, meaning one drops the source term in (4.29). Then one can change to

the eigensystem, diagonalising the Hamiltonian
Hee—H
ee ss H
H= 2 “ ) : (4.70)
* Hss—Hee
< H, 5

Assuming H}, = H,s (since only one mass-squared difference is considered, this is al-
ways possible, as there are no physical CP-violating phases) and taking the diagonalising

matrix to be

[ cos(f)  sin(0)
wie) = <— sin(6) COS(H)) . (4.71)

Then, the mixing angle 6 is then given by

2H s

tan(20) = ——
an( ) Hss_Hee’

(4.72)

while the eigenvalues €1 o of the Hamiltonian are

o ==+0, (4.73)
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1
Q= 5\/(H66_H ) +4He23,

(4.74)

-Q 0
WIHW = = H?. (4.75)
0 +0Q

The evolution matrix is then given by (compare equation (3.10) in section 3.1.1):

S —iHY(z—z0) 1171 it emen) ) f
(7, 20) = We wh=w 0 e~ 82 (z—w0) W (4.76)
) 2 (@=20) | 2~ (2—z0) —CpSy (em'(x_m) - e_m'(x_m)) (4.77)
—cose (eiﬂ-(mf:vo) . efiQ-(g:fmo)) Szezﬂ-(xfro) + cze*iﬂ-(mﬁvo)
_ [ ticsy  —isapss (4.78)
—ispeSs  Cp—iC2054) |

with the abbreviations

4.79
4.80
4.81
4.82

cp =cos(f), sg=sin(0),
cop = cos(20), s99 = sin(20),
%:mw,%:mw,

Q- (x—x).

AAA,_\
~_— ~— — ~—

The solution of the inhomogeneous equation was given by (see equation (4.62))

—i /0m S(z, ') f(z")d' (4.83)

where S(z,2') is the S-matrix solving the homogeneous equation obtained above. For
matter of constant density one can also solve the integral in the source term f analytically

(see appendix A).

The three-layer solution of vy and vy is given in the appendix A.

4.2.3 Three-Flavor Solution

In order to quantify the approximation in treating the muon neutrino flux as a source
term and neglecting the contributions from the conversions of electron and sterile neutri-
nos to muon neutrinos, one has to solve the three-flavor system numerically and compare

the outcome graphically.
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é 16 1‘5 2‘0 E[Tev] 0.‘5 1,‘0 1.‘5 (pN

(a) ®. as a function of energy E at Nadir angle (b) ®. as a function of Nadir angle ¢ at energy
on = 0.2 E =8 TeV

Figure 4.2: Electron neutrino flux varying the energy or the Nadir angle. Am3; = 2.5
eV?, Uus = 0.1 and Uy = 0.2, for values of the other parameters used in the calculation,
see table 4.1.

The system of equations (before the two-flavor approximation) is

4 (v UeaPA+ Voo UaUA UeaU A Ve
i@ v, | = U UsHA |UL4|2A UL UsA v, (4.84)
Vs UsaUZ A UaUSA UalPA = Vo) \vs
Hee Hepw o Hes Ve
= | Hy Hpw Hps||vi|- (4.85)

* *
Hi, HY, Hy) \v

In matter with constant density the S-matrix is obtained by diagonalising the Hamil-

tonian (H¢ being diagonal). When W is the matrix diagonalising H:
H=wWHW , (4.86)
then the S-matrix is given by
S(x —xo) = Wi (@)t , (4.87)

As the elements of H depend on the energy and the density of the medium?, the S-
matrix differs for each layer. The electron neutrino flux entering the Earth is normalized
to one and thus the muon neutrino flux becomes 20. The parameter values of the Earth
and the entering neutrino flux are kept constant througout this work, see table 4.1. The

plots are always shown in pairs of two, were the same values of model-parameters (mixing

2The density dependence enters with the potentials Vo and Voo, A carries the energy dependence.
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and mass-squared difference) are used and the flux is plotted against energy and Nadir
angle, as these are the two variables a detector could resolve. As the intention of this
work is to study an enhanced v, — v, transition, only the electron neutrino flux ®. is
considered.

In figure 4.2a the electron neutrino flux is plotted against the energy of the neutrinos in
the TeV range, where the resonance can be expected, at a fixed Nadir angle of oy = 0.2.
In this case, the trajectory crosses the core. One can see a resonant transition, missing
electron neutrinos, at an energy of about 8 TeV. Therefore, in figure 4.2b the electron
neutrino flux is plotted against the Nadir angle at a fixed neutrino energy of 8 TeV. At
wn = 0.58 the trajectory no longer crosses the core of the Earth and the curve changes
drastically. The electron neutrino deficit is much stronger for trajectories crossing the

core, than for the ones that only cross the mantle.

Variable ‘ Value
Am3, | 25/2/1eV?
Uet | 0.2/0.1/0.05

Upt | 0.1/0.15
Urs |0
pm | 452215
pe | 11.52%
Yo | 0.49
Y., | 0.467

Rp | 6371-0.506842- 10 eV

Ry | 3484 -0.506842- 100 eV
v.(0) | 1
vs(0) | O
v,(0) V20

Table 4.1: Values of the parameters used in the simulation of the oscillations for two

and three flavors, index m for mantle, ¢ for core.

4.2.4 Comparing the Two- and Three-Flavor Solutions

To solve the system of differential equations analytically, an approximation had to be
made: The muon neutrino flux was treated as a source term for the electron and sterile
neutrinos and oscillations from electron or sterile neutrinos to muon neutrinos were ne-
glected. This approximation should be valid, as the muon neutrino flux in the TeV range

is much higher than the electron neutrino flux and sterile neutrinos are not produced
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(a) ®. as a function of energy E at Nadir angle (b) ®. as a function of Nadir angle pn at energy
on =0.2, Ups = 0.1 E=8TeV, Uy = 0.1
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(c) ®. as a function of energy E at Nadir angle (d) ®. as a function of Nadir angle ¢y at energy
on = 0.4, Ups = 0.15 E=8TeV, Uy =0.15

Figure 4.3: Electron neutrino flux with Am?%, = 2.5 eV? and Ugq = 0.2. The black
curve is the three-flavor numerical calculation, the blue and red curves are the two-

flavor analytical calculation. (Note that the blue curve almost disappears behind the
black one.)

in the interactions. Then the evolution equation of the muon neutrinos could be solved
separately and one had to solve an inhomogeneous system of two coupled differential
equations, for the electron and sterile neutrinos. Compare section 4.1. To check this ap-
proach the two-flavor solution will be compared to the three-flavor one. The parameter
values are again given in table 4.1. It is to be expected that the approximation is valid
only for small mixing to the fourth neutrino state, as this is the transition that has been
neglected.

Figures 4.3a and 4.3b show that the approximation works very well for a mixing of
the muon neutrino with the fourth mass eigenstate of U,4 = 0.1; the black (three-flavor)
and blue curve (two-flavor) almost coincide. The red curve shows the two flavor ap-
proximation when taking the solution of the homogeneous and inhomogeneous equation
to be coherent. This ansatz is not correct, as already discussed before in section 4.1.2,

which is confirmed by the figure 4.3.
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Figure 4.4: Electron neutrino flux varying the parameter Am?,, which is taken to be 1
and 2 eV? respectively. (Uyq = 0.1 and Upq = 0.2, as before.)

When the mixing becomes larger, U,4 = 0.15, the black and blue curves move apart,
see figures 4.3c and 4.3d. For the approximation to two flavors to be valid, a small

mixing of the muon neutrino with the fourth mass eigenstate has to be assumed.

4.2.5 Parameter Dependence of the Three-Flavor System

To see how the analysis depends on the parameters of the model, its most important
parameters are varied here: the mass-squared difference Am?u and the mixing of the
electron to the fourth mass eigenstate, Ug4. This will be done for the three-flavor system.

Varying the mass-squared difference Am?2; one can see that at higher Am?,; the min-
imum in the electron neutrino flux ®. shifts to higher energies, compare figures 4.2
and 4.4. For Am3, = 1 eV? the minimum is at about 3 TeV, for Am3, = 2 eV? at about
6.5 TeV and for Am3, = 2.5 eV? at about 8 TeV.

Varying the mixing parameter U,4, the deficit in the electron neutrino flux decreases

with a smaller the mixing: In figures 4.2 and 4.5 one can see that for a mixing of
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Figure 4.5: Electron neutrino flux varying the parameter U4, which is taken to be 0.1
and 0.05 respectively. (Uys = 0.1 and Am3, = 2.5 eV?, as before.)

Ueq = 0.05 the minimum is at only about 80% of the incoming electron neutrino flux,
while it went down to 20% for U.y = 0.2. Detecting the sterile neutrino via missing
electron neutrino flux becomes more difficult, the smaller its mixing with the active

neutrinos.

In this chapter the oscillation of the four-flavor system of the three active neutrinos
with one sterile state has been studied. A matter background was parametrized by
the charged and neutral current potentials in the framework of coherent elastic forward
scattering. The system could be simplified to three flavors by rotating the muon and tau
neutrino states. Atmospheric neutrinos were considered to traverse the Earth to enable
a resonant enhancement of the transition of v, — v,. Experiments such as the reactor
anomaly and source experiments have motivated an oscillation of electron to sterile
neutrinos at a mass-squared difference of a few eV2. Therefore this work studies the
possibility of an enhancement of exactly this transition by the interaction of neutrinos

with matter.
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It has been shown that the oscillation of electron to sterile neutrinos can be resonantly
enhanced at neutrino energies of a few TeV, when traversing the Earth. The deficit of
electron neutrinos can be as large as 80% of the original flux for a relatively large mixing
with the fourth neutrino Ug,4 = 0.2. The oscillation is more difficult to observe the
smaller this mixing, but the resonance is only shifted, when a different mass-squared
difference is assumed. The direction to look for the deficit will be at small Nadir angle,
when the trajectory of the neutrinos crosses the highly dense core of the Earth.

At resonably small mixing of the muon neutrino with the fourth state U4 of about 0.1
the three-flavor system can be approximated to a two-flavor system that can be solved
analytically. One can then treat the muon neutrino flux as a source term for the sterile

and electron neutrino.



CHAPTER D

Sterile Neutrinos above the Electroweak Scale

In the sections 3.2 and 3.6 the effects of heavy sterile neutrinos on the weak interactions
were described. Depending on the masses of the sterile neutrinos and their mixing to the
active ones, sterile neutrinos could notably influence electroweak precision measurements
(the parameters of the weak interaction are known to a very high precision). In this
chapter the effect of sterile neutrinos that are heavier than the Z boson on low energy
observables will be calculated. These sterile states cannot be produced in the interaction,
therefore leading to non-unitarity effects. They also alter the self-energies of the W and Z
boson via loop diagrams, which is represented in the oblique corrections. The deviations
from the SM predictions will be calculated in detail for two observables, namely the
invisible decay width of the Z boson and the ratios of neutral to charged current events
for neutrino—nucleon scattering. These observables are chosen because there have been
experiments that found a deviation of the measured values compared to the expectations

from the SM. This could be explained by the existence of heavy sterile neutrinos.

The experiments will now be introduced and the possible contribution of heavy sterile
neutrinos will be calculated later, see sections 5.2 and 5.3. In section 5.1 the arising
corrections to the SM parameters will be introduced, followed by the calculation for
the two observables mentioned above. The constraints from other experiments are then

quoted in section 5.4. The sterile neutrinos generate masses for the active neutrinos,
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and thereby also their mixing, which is observed in neutrino oscillation experiments (see
section 5.5). Finally, in section 5.6, all the contributions are collected, so that a x2-fit
can be performed. It can reveal whether the introduction of heavy sterile neutrinos does

lead to a better explanation of the measured parameters than the SM itself.

The LEP experiment tested the Standard Model with eTe™ collisions, for collected
results see [64]. The Z decay width was thouroughly measured and the decays into
invisible channels determined. The measured ratio of invisible to leptonic decay width
was

Liny
1

— 5.942 + 0.016. (5.1)

The SM prediction for the ratio of the partial decay width into neutrinos and charged

leptons is (for one neutrino species)

PVV
( > =1.9912 +0.0012, (5.2)
Lu /) sm

where My, = 91.1875 GeV and the error comes from the uncertainties in the top mass
my = 174.3 £5.1 GeV and the Higgs mass: 100 GeV < mpy < 1000 GeV. This gives the

number of neutrino species (being the ratio of these two values)
N, = 2.9841 + 0.0083, (5.3)

which is two sigma below the SM expected value of 3.

Introducing sterile neutrinos with masses higher than the one of the Z boson can
effectively reduce the value of neutrino species in the invisible Z decay width, as will
be demonstrated below. Since the mixing of active and sterile neutrinos also affects the
coupling of the W and Z bosons, sterile neutrinos also affect the NuTeV experiment and

could possibly explain the so called NuTeV anomaly.

In the NuTeV experiment [65] the ratios of NC to CC cross sections have been mea-
sured for neutrino and antineutrino scattering on nucleons, where NV denotes the nucleons

and X the scattering products:

v == ——— = '4
_ o(WN - X -
R = 2L L= (g} 4171 (5.5)

~ (PN — ITX)
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where

vN — [TX 1
po CWN = I7X) L (5.6)

o(vN —-1=X) 2
As the measurements were carried out with muon neutrinos, CC events were distin-
guished from NC events by their length: Muons are produced in CC events and thus

create much longer tracks. The ratios of short to long events were measured to be

RY,, = 0.3916 = 0.0007 , (5.7)
RY,, = 0.4050 = 0.0016 . (5.8)

When fitting the isoscalar combinations of effective! neutral current quark couplings
giﬂR to R” and R”, (g57)? is 3 sigma below the SM prediction:

(9512 = 0.30005 £ 0.00137, (g5h%,, = 0.3042, (5.9)
(991)?% = 0.03076 =+ 0.00110, (955)%,, = 0.0301. (5.10)

This discrepancy arises because both ratios R and R” were smaller than expected,
meaning the NC events seemed suppressed compared to CC events.

A sterile neutrino that mixes with the active ones by € would lead to a suppression of
(1 — €2) in the Zyy; coupling and only of (1 — €2/2) in Wiy, which would explain the
suppression of the ratios.

The effect of sterile neutrinos on the phenomenology of the two experiments will be

described in more detail in sections 5.2 and 5.3.

5.1 Corrections to SM Parameters

The existence of sterile neutrinos affects various electroweak SM observables. When they
involve neutrinos in their measurements, the corrections arise at tree-level, otherwise the
electroweak parameters are only changed through the vacuum polarization effects, mean-
ing the oblique corrections, that change the self-energies of the W and Z bosons. The
model including these heavy sterile neutrinos can be compared to the SM by performing
a x2-fit. Therefore the “SM predictions” have to be calculated. This is done by choosing
well measured input parameters, usually the electromagnetic coupling constant ae,,, the

Fermi constant G, the strong coupling constant «g, the Z boson mass Mz and the

'Effective couplings meaning those who describe the experimentally observed ones, when the neutral
current processes are calculated without electromagnetic radiative corrections.
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Figure 5.1: Feynman diagram of the muon decay

fermion masses my. The parameters that will influence the weak interactions are e,

My and Gp. The first two remain unaltered by the intoduction of sterile neutrinos.

G however is determined from the muon lifetime in the decay p — ever, and will be

corrected by non-unitarity effects, as already mentioned in section 3.2. The process is

shown in figure 5.1. This means that in the model including sterile neutrinos the value

measured in the muon decay G, is different from the Fermi constant G p:

g2 4 ¢2
Gr = G ~Gu |1+ <,
VUPUPT) e (UPUPT) 2

where the parameter ¢, is defined as
e =Uaal, i =Uul®, & =|Unaf.

When there are more sterile neutrinos, say ng, this changes to

nR
Ei = Z ‘Um“Q .
=4

These parameters are a measure of the non-unitarity of the PMNS matrix:

(UPUP o =1 —€2.

The sum of the 2 is defined as

3
=Y 2= Y Ul =) Usf =1-|Uul,
i=1

a:e7/’l’77— a:e7/’l’77—

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)
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where from the second equality on, this is only valid for one sterile neutrino.

All SM parameters that are calculated from Gp then have to be corrected by this

factor coming from the non-unitarity of the PMNS matrix.

The observables of processes with neutrinos also get additional corrections. The in-

visible Z decay width has to be corrected by approximately

2
Pinv ~ (FinU)SM (1 - 552) (516)

and the NuTeV observables, the neutral current quark couplings g% and g%, get addi-

tionally corrected by a factor

g%aR = (g%,R)SM (1- 5;%) ) (5.17)

as will be shown in the sections 5.2 and 5.3.

The contributions of the heavy sterile neutrino(s) to the oblique parameters S, T'
and U are also included in the considered corrections. See the next section 5.1.1 for
results. The relation of the oblique parameters to the electroweak observables can be

found in [66] and one can summarize tree-level and loop corrections to (compare [67]):

r
% =1-0.00215 +0.00937 +0.60¢2 + 0.60 2 , (5.18)
lept|SM
Pinv/rlept o 2 2 2
o/ Tilen = 140.0021 S = 0.00157 — 0.67€% — 0.67¢% — 0.67¢2, (5.19)
inv/ L lept|SM
.92/ plept
sin“(6
_sinOfp) =1+0.0165 —0.011T —0.72e> — 0.72£% (5.20)
[sin®(0,7)] s ’ '
e
92
[ 2]L =1-0.0090 S +0.0227 + 0.41¢2 — 0.59 ¢, (5.21)
grism
2
[ 29]R — 1400315 —0.0067T — 142 — 2.4, (5.22)
9RlSMm
M
W —1-0.00365 4 0.0056 T +0.0042U + 0.11£2 + 0.11%,  (5.23)
[Mw]sm .

where Giefp]f is the lepton effective Weinberg angle, effective meaning that all processes

are calculated without radiative corrections and then fitted to the experimental results.
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(i

v

Figure 5.2: Contribution of neutrinos to the W boson self-energy.

5.1.1 Oblique Corrections from Sterile Majorana Neutrinos

In section 3.6 the oblique corrections were introduced. Their connection to the SM
observables was described in the previous section 5.1. Here, the contribution to the
self energies of the neutrinos and charged leptons are quoted, as well as the resulting
parameters S, T and U. For details on the calculation, see [68].

The W boson self energy, see figure 5.2, is given by

ZZU Uai qM VP(QQam?Vi,mi) _gqu(QQam?\mmi)) :

(5.24)

ey (x,
ww (@:y) = 1672 sin? HW

The functions P and () are defined in appendix B. my;, is the mass of the i-th neutrino
mass eigenstate, m, the mass of the charged lepton £,. ¢ is the external momentum of
the W boson. The g"¢”—term can be neglected, as argued in section 3.6, therefore the

self energy takes the form

HWW = Z Z azQ q m%\f 7m2) : (5'25)

1671'2 sin?(Ay)

The contributions to the Z boson self energy are shown in figure 5.3a. Both the

neutrinos and the charged leptons have to be considered.

2

—e

= Ul UnsUT,Us; m2

227 3on2 cos? (O ) sin? (O ) Zj; i gQ(q mN mN)
+ZZUZLUajUZ%UmmNimNJBO(q ,m?vi,m%vj)

4, o
+[(1 — 2sin?(Byy))? + (2sin? (B )) ZQ ¢, m%,m?)

+4sin’ (Ow) (1 — 2sin® (0w ) Y m?2Bo(q®, m2, m§)> , (5.26)

a
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(a) Z boson self-energies from (b) Photon and photon-Z self
neutrinos and charged leptons.  energies, same as in the SM.

Figure 5.3: Self-energy contribution to Z boson and photon from neutrinos and charged
leptons.

where the first two lines correspond to the neutrino and the second two to the charged

lepton contribution.

Since neutrinos do not contribute to the self energy of the photon and the one of the

photon and Z boson, see figure 5.3b, these are the same as in the SM:

2
Iy (0) = 77 D (Qla* mim2) — mBo(q? m. m2). (527)
(0%

4sin?(Oy) — 1

H =
2:(4) 4 cos (O ) sin(Oy

)HW(Q) : (5.28)

In order to obtain only the beyond the SM contribution to the self energies the SM
parts have to be subtracted. These are obtained by only considering the three massless
SM neutrinos in the finite parts of () and By, thus ensuring that the infinities still cancel
out. Note that the PMNS matrix does then not enter, since mass and flavor bases

coincide.

S, T, U Parameters

From these self energies one can now calculate the oblique correction parameters that are
defined as in section 3.6. The on-shell renormalization scheme is used and the divergences

cancel out (this has been checked), in the 7" parameter with the condition

1> UaimiUj5* =0, (5.29)
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which is equivalent to the vanishing of My = 0 in the neutrino mass matrix for a seesaw

type L

The finite expression for T is

2
= ° YU U Uase
aemT— 327‘1’2 Sil’l2 HWMI%V ;;UZQUO‘]U]BUISZ
1 miy, In(my, /Mg,) — miy, In(m3, /Mg,)
= m2 + m2 -9 J J +
e =
i J
+Y D UL UaiUlUsimn,ma,-
hj a.p
| I, /M) — md, I, (V)
=D mg In(mi/Miy) -
«

a 2

B Z oo 1 md 4+ m? Qmjl\,i ln(m?vi/M%/) —md In(m?2 /MZ,)
i 2 i mN,' - m?x

(5.30)

S and U can be calculated analogously, also yielding lengthy expressions. The result
will not be quoted here, see [68], for the entire expressions. Note that since S and U
are related to the derivatives of the self-energies of the W and Z boson, whereas T is

proportional to their difference, S and U are much smaller than T'.

5.2 Z Pole

In this section the tree-level corrections of heavy sterile neutrinos to the Z decay width,
that was measured at LEP [64], will be calculated. To understand possible implications
of sterile neutrinos on this observable, one has to look at the interaction of the Z boson
with neutrinos.

In the flavor basis, the weak neutral current interaction with the neutrinos is given by
the Lagrangian:

PNC _ 9 (- 7, 5.31
i 2 Gesy e (=) v (5.31)
a=e,u,T

When now transforming from flavor to mass eigenstates the number of sterile neutrinos
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|

Figure 5.4: Decay of Z into two neutrinos.

assumed in this model has to be fixed. Only one sterile state s will be considered at

first, so the following unitarity condition holds:

> UkilUaj =6 (5.32)

a=e,lU,T,S

Writing then v, = ), Uyiv; in the Lagrangian gives

4 4
Do YN UL Uaviy Zy

a=e,u,7 =1 j=1

4 4
o< Y | D Unilaiig V' Vin Zu+ Y UnilUajin ¥'vjn 2y

a=e,u,T =1 1#£j

4
x ZVZL’}/ vi, Z, (1 —=ULUs; —{—ZVZL’)/ vj, 2, (0= U;Us;) (5.33)
i#]

The process to be calculated here is the decay of the Z boson into neutrinos, see
figure 5.4. The decay width into neutrinos (invisible decay width) is proportional to the
amplitude squared of these processes |M|?. Since only the corrections to the SM are
relevant here, one can express the decay width in terms of the amplitudes of the decay in
two light neutrinos (I'g), two heavy neutrinos (I'y) and one light and one heavy neutrino
(T'40) and just consider the extra factors from the mixing of active and sterile neutrinos.

This gives

3
Tino =To Y (1= [Ual?)” + T4 (1 — [Ust?) +roZrU*U
= i#]

3 3
+ 'y Z UZUsal® + Tao Z Uz U1
i=1 =1
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3 3
S (-0 +Z|U*U + T (1= |Usal?)? + 2Ta0 D |ULUl?.
=1 i=1

i
(5.34)
Recall the definition
3
= |UalP = D |Uaal® =1 Ual. (5.35)
=1 a=e,t,T
Use then
Z|Usz|4+Z|U*U Z|USZ|4+Z|U*U |Us4|4—2Z| Ual?  (5.36)
i#j i#j
together with the unitarity condition
4 4 2 4 4
1= Uailei = (Z Uéﬂm‘) = D1Vl 31U
— — — st
= Z’U81’4+Z’U*i(] ’2—1_ ’Us4’4_22’ 54‘2
i#]
=1- ’U84’2 (‘Us4‘2 +2 Z ’Usz’2>
i=1
—1-(1-)1-e+22)=1-(1-¢t)=¢*, (5.37)
and the invisible Z decay width becomes
Dine = To(3 — 26 + ) + Tyet + 2Ty 2(1 — £2). (5.38)

If the fourth (mainly sterile) neutrino is heavier than the Z boson, then the latter
cannot decay into two heavy neutrinos or in a heavy and a light neutrino, meaning I'y
and I'4o are kinematically forbidden and can thus be set to zero, and the decay width

becomes:

Dino = FO(?’ - 262 + 64)

2
~ 30 (1 — 552). (5.39)

The value without any sterile neutrino would be I';,, = 3I'g, the SM value. Note also
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that in case the fourth neutrino is as light as the three (active) ones, then the kinematics
would give I'y = I'yp = I'g and as terms cancel out this also also leads to I';,, = 3.

Adding a heavy sterile state to the theory gives a negative contribution from non-
unitarity effects of the 3x3 PMNS mixing matrix. As said above the LEP experiment [64]
measured the number of active neutrinos to be smaller than three, N, = 2.9841+0.0083,
whereas three would be the SM value. The existence of a sterile neutrino could therefore
be an explanation for this Z pole anomaly. But to reproduce the experimental value,
a large mixing of active and sterile neutrinos is required and one has to take care of
unitarity constraints and masses and mixing of the active neutrinos (to be treated in the
sections 5.4 and 5.5).

To compare the theoretical result to the LEP data one needs the ratio 'y, /T'jepe of
the invisible and the leptonic decay width of the Z boson. In the SM (see also [64]) and

from the LEP experiment one gets

T
2 =5.9736 £ 0.0036, (5.40)
Diept SM
I\
e =5.942 4+ 0.016.. (5.41)
Diept L pp

When a heavy sterile neutrino is present, the invisible Z decay width gets shifted by
(1— %52 + %64), whereas the leptonic decay width stays the same, meaning that the ratio

of the two is shifted by the same factor:

T T, 2 1
inv _ T . <1 B —82 + _€4> ) (542)
Plept LEP Plept SM 3 3

One can now estimate the necessary mixing, which would explain the Z pole anomaly.
It is

3
&= |Uil*= Y |Uaa|* ~0.008. (5.43)
=1

a=e,u,T

As the presence of a sterile neutrino also changes other SM observables, €2 has to be

fitted to several measurements. This makes the above value really just an approximation.

5.3 NuTeV

The NuTeV experiment [65] produces neutrino and antineutrino beams to measure

the (anti)neutrino-nucleon cross sections and extracts the value of the Weinberg an-
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gle sin?(fy). It compares the ratios of neutral to charged current cross sections via the

event rate:
o(vN — vX)
Ve L 44
R o(vN — 1= X)’ (5.44)
. O'(I7N — I7X)
Vi~ 7 4
B = oN = x) (5.45)

The charged and neutral current interactions are described by the Lagrangians:

g _ 1 — 9 7 11—~ _
"%gtc = = \/iVa’Yu < 2 5> eaW—’—M - ﬁga’ﬂ; <T5> VaW ® (546)
jNC:_Lia 1- ozZu 5.47
int 4COS(Gw)V ’YM( 75)1/ ( )

Transforming from flavor to mass eigenstates and having one additional sterile neutrino

gives (constant factors are set aside):

4 4
L o Z UniVVuPrlaW ™ + ZZO/YMPLUM‘V@'W_M, (5.48)
Jj=1 i=1
4 4
i=1 j=1

The experiment uses muon neutrinos, events from electron neutrinos are excluded or
contribute to the experimental error. Therefore, one does not sum over flavors as in the
invisible Z width, but rather has to consider only o = p.

The cross sections are proportional to the corresponding amplitude squared | M |? of the
process. As can be seen from the Lagrangians above, charged current events (indepen-
dent of the mediation via W+ or W ™) get modified by a factor Y, |Uai|?, while the neu-

tral current events contain two neutrinos and thus have a factor of Y, |Uni|> > y |Uajl?

4

IMEc o Y Ul (5.50)
i=1
4 4

MFre o DU U1 (5.51)
i=1 j=1

These factors still only come from converting to mass eigenstates, because of unitarity
they all give unity when omitting the kinematics. But when the sterile neutrino is too

heavy to be produced, the sum goes only from one to three and one can use the unitarity
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condition to write

3
Z Uail® =1 = [Unal? (5.52)

=1
= 0Gc o< (1 —|Uul®) (5.53)
one o (1= |Uul)? = (1 —2|Uul?). (5.54)

To compare the NuTeV results to the SM predictions use the relation of the Weinberg

angle and the cross sections:

L oNe ~ The
= —sin“(Ow) = 5 ——— (5.55)
2 9cc ~ %cc
1 1
= (5 - sin2(6w)> = <§ - sin2(9w)> (1= U - (5.56)
NuTeV SM

In the NuTeV experiment sin?(fy) was determined by Monte Carlo simulations to be

sin® (O ) Nurey = 0.2277 + 0.00135(stat) & 0.00093(syst)

M2 — (175GeV)? My
~0.00022 x ( fop — ) ) 10.00032 x In (ﬂ> :

(50 GeV)? 150 GeV
(5.57)

while the best fit value from other electroweak measurements is ([64], p. 154 and [65],

see references therein)

sin?(0w )other = 0.2227 + 0.0004 . (5.58)

The NuTeV value thus differs from other (neutrino-nucleon excluding) measurements
by about 3. When assuming that the other measurements correspond to the SM value
and only NuTeV sees the influence of a heavy sterile neutrino, one can calculate the
mixing of muon to sterile neutrino that is required to explain the deviation (again only

an estimate):
Uul” =&, = 0.018. (5.59)

Note that later on a correction will be included, where next-to-next-to-leading order

effects in the quark distribution functions are taken into account.
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Figure 5.5: Lepton flavor violating decay u — ey, possible diagram via neutrino mixing,.

5.4 Constraints

5.4.1 Lepton Flavor Violating Decay

One of the most stringend bounds on the mixing of active to sterile neutrinos is the
experimental limit on the branching ratio of the decay u — ey, see section 3.3. It
depends on the product of the mixing parameters of the electron and muon neutrino
to the additional (mostly sterile) mass eigenstates U};U,; and on their masses M;, i =
4,..,N.

The branching ratio of the y — ey decay is given by (see [69], p. 244 ff.):

E(p—ey)  3aem

Blp = ev) = Y(p — evv) 32w 2 (5:60)
al * M22

where §, = 2; UsUui g <M—5V> (5.61)
! —a)da

with g(x) = /0 %[2(1 — )2 —a) +a(l+ ). (5.62)

Since the masses of the active neutrinos are so small, one can approximate their contri-

bution by
M? M} 5 :
Méy ~ 0 = g(MéV> %g(O):g fori=1,2,3. (5.63)

Assuming a fourth neutrino and using the unitarity relation one gets:

4 3
» UUu=0 = > UiUui = —UlUpi . (5.64)
1=1 i=1
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Figure 5.6: Upper limit of |UZ,U,4| as a function of the mass of the fourth neutrino M
in GeV.

Therefore
3 M42
0y =2( > Uil | 9(0) + 20U Uug (M—2>
i—1 ud
M? 5
ot U Miy o) 5.65
() o

This gives the limit for |UZU,4| when there is only a fourth neutrino. In case there

should be more the product is replaced by the sum over all products:

M? 9 N M? 5!
5, =2UNU 4 ) _Z - 2§ UU,,; - M 2 ‘
e4" p4 <g ( A [2 > 3> g el W (9 ( A {2 > 3> (5 66)

The MEG collaboration [48] has determined the most recent upper bound on the

branching ratio of y — e~ to be
B(ut —ety) <24-10712, (5.67)
at 90% confidence level. This results in an upper limit for U} U4 of about
Us4Upal = 61077, (5.68)
where

My = 80.399 GeV | (5.69)
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(a) ete™ s-channel (b) eTe™ t-channel (c¢) Channel in hadron collider.

Figure 5.7: Feynman diagrams for the detection of heavy sterile neutrinos in colliders.
(a,b): Processes of eTe™ leading to a heavy (mostly sterile) neutrino N in the final state.
(c): Feynman diagram for the detection of a heavy sterile neutrino at the LHC.

My < 1TeV. (5.70)

In Figure 5.6 the limit of |U},U,4| has been plotted against the mass of the fourth

neutrino My. It converges for large masses to about |UU,4| < 6-1075.

5.4.2 Direct Collider Searches

Since sterile neutrinos with masses of order of the Z boson mass are considered here, there
are not many bounds from collider searches. Measurements for masses My 2 My come
from the L3 experiment at LEP [70]. The heavy (mostly sterile) neutrino is produced

Via

ete” — vuN. (5.71)
Active neutrino of any flavor a@ = e, u, 7 can be produced via the s-channel, but in the
t-channel there are only electron neutrinos, see figures 5.7a and 5.7b and section 3.5.
As the t-channel dominates, limits on |Ug4| are much stronger than on the other mixing
parameters and the production cross section via the s-channel even lies beneath LEP
sensitivity. Thus, only |Ues| will be considered in the following.

Figure 5.8 shows the plot from the L3 experiment with upper limits for the mixing of
the electron to a fourth (mostly sterile) neutrino. It varies from about 1073 at masses
My ~ 100 GeV to about 10~2 around My ~ 160 GeV.

The most recent limits from collider searches on the mixing parameter of muon and
electron neutrino, Ugy and Uy, assuming no specific model (mixing and mass of the

fourth neutrino are free parameters), are from the CMS collaboration at the LHC [71].
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Figure 5.8: Upper bound of |Ue|?> = |U|?) as a function of the mass of the fourth
neutrino My = my in GeV as measured in L3 in the LEP experiment. Taken from [70].

The leading order Feynman diagram is shown in figure 5.7¢, the charge conjugate process
contributes also (compare section 3.5). The event contains two equally charged leptons

wor e (T leptons are very difficult to reconstruct) and two jets in the final state.

The limits on Uey and U,y are calculated under the assumption that the other two
mixing elements are zero. In other words, U,4 is always assumed to vanish. Figure 5.9
shows the plot from CMS.

In the region concerning this model here, at masses above the Z boson mass, the limit
is [Ues|? £1072 — 107! and |Uus|? < 41072 L3 imposed the best limits for Uy and
the only limits on U,4 come from CMS.

5.4.3 Lepton Universality

In the Standard Model the weak force is universal, meaning that the coupling constant
g is the same for all particles. In some beyond SM scenarios, for example when adding
sterile neutrinos that mix differently with the different active neutrinos, this relation

gets modified and the coupling becomes flavor dependent.

g
Lo == J_gu< 25>£w””+ha (5.72)

l=e,u,T
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the CSM collaboration at LHC, taken from [71].

Processes

‘ Constraints

W —er,
W — puw,
W — 10,

(9u/9¢)w = 0.999 + 0.011
(97/ge)w = 1.029 + 0.014

W —eveyy,
T — €eUels
T — WU,V

(9u/9¢)= = 0.9999 + 0.0021
(97/ge)ry = 1.0004 £ 0.0022

= Wy
T — el
T — T Vs

(9u/ge)= = 1.0021 + 0.0016
(9r/9u)mr = 1.0030 £ 0.0034

K — vy,
T— Ku,

Table 5.1: Limits on lepton non-universality from different decays, determined from the

(9-/9) 1cr = 0.979 £ 0.017

ratios of the respective decay widths.
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2 ~

2 =0 &5~ 0
—-0.02 < & < 024 -024 < & < 002
—0.086 < ¢ < 0.0036 —0.0036 < 2-¢2 < 0.086
0076 < e —ef < 00128 -0.0128 < £ < 0.076

Table 5.2: Limits on the mixing parameters from lepton universality bounds.

The measurements of the decay widths constrain these scenarios. The lepton universality
constraints are summarized in table 5.1, which are taken from [67].

Combining these constraints gives for the three ratios

0088 < % <101, 09982 < T <1043, 0962 < T < 1.0064.  (5.73)

Ge Ge Iu

The ratios of the flavor dependent coupling constants are related to the mixing param-

eters e, as follows:

52 _ 82 52 o 52 2 2
Io _ 14 e £ 9r _ 14 T, 97 _ 4% (5.74)
Je 2 9u 2 e 2
This gives
024 < el-e < 0.02, (5.75)
—0.0036 < &2—¢2 < 0.086, (5.76)
—0.076 < e —e2 < 0.0128. (5.77)

As has been argued in section 5.4.1, the product of |UZU,4| has to be very small to
satisfy the limit from the lepton flavor violating decay u — e~. Therefore either &2
or 5;% have to be tiny and one can distinguish two scenarios: e, ~ 0 or ¢, ~ 0. The

respective bounds on the remaining parameters are shown in table 5.2.

5.4.4 Non-Unitarity

In a theory with additional sterile neutrinos the mixing matrix of the active neutrinos,
the PMNS matrix, becomes non-unitary. One can constrain the non-unitarity from
measurements of oscillations of the active neutrinos. This was done in [44]. But as it
turns out these constraints are much less stringent than the lepton universality bounds
presented above (which can also be translated to bounds on non-unitarity, but this is of

no need here). These bounds are therefore not considered here.
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5.4.5 Neutrinoless Double-Beta Decay

Sterile neutrinos contribute to neutrinoless double-beta decay in two ways: Directly via
the exchange of the sterile neutrinos and indirectly by giving a Majorana mass to the
active neutrinos and those are then the mediator of the decay. This has been shown in
section 3.4.

The indirect contribution will be treated first. When considering the masses and
mixing of the active neutrinos listed in the next section 5.5, one can estimate the corre-

sponding contribution to the effective mass with the equation (3.46):

(Mee) =

3
2
Z Ueimi
i=1

The masses are taken to be the same as in table 5.4 and the mixing as in table 5.3. Thus,

= 'm1|Ue1|2 + m2|U62|2€ia1 + m3|U63|26ia2 . (578)

three different cases are treated, the normal and inverse hierarchy (NH, IH), each with
the lowest mass set to zero, and the degenerate case (DC), where all masses are at about
0.1 eV. One can estimate the largest possible contribution of each case, by assuming

that the Majorana phases vanish, a; = ag = 0. The values are

(mYXHymax — 0,003 eV, (5.79)

(mihymax — 0 048 eV | (5.80)

mPCYmaX — 0.100eV . 5.81
ee

Since the sensitivity of experiments now is at about 0.38 eV (EXO conservative bound,
see section 3.4), the contributions in the normal and inverse hierarchy cases can be ne-
glected. The maximal contribution in the degenerate case could be important, depending
on the direct contribution of the sterile neutrinos. One can also estimate the minimal
contribution to be (m2C)MM & cos(2613) - my &~ 0.04eV (compare [49]). The Majorana
phases could also lead to a cancellation, making the active neutrino contribution in the
degenerate case negligible, too.
For heavy sterile neutrinos, meaning with masses well above the momentum scale of
about 100 MeV, the decay rate becomes proportional to
U2
Iy, ‘; Hez

2
)

(5.82)

where m; are their masses and U,; their mixing to the electron neutrino (compare also

section 3.4). Because of the large mass of the mediator, the process is of short range and
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Figure 5.10: Bound on the mixing of one heavy sterile neutrino to the electron neutrino
from neutrinoless double-beta decay. Taken from [74].

therefore becomes sensitive to the finite size of the nucleons. The nuclear form factors

in this case become very sensitive to the mass of the sterile neutrinos, see e.g. [72].

In a seesaw type I, for a mass range of about 100 GeV to 1 TeV, one can nevertheless

approximate the direct contribution of the heavy sterile neutrinos to the effective mass:

[(Mee)| ~

2
9 m
Z(UPD\/WVR*)ei ’ m_(glf(A’mZ) > (583)
1 7

where the active sterile mixing is parameterized in the Casas-Ibarra form, see sec-
tion 5.5.1: U” is the PMNS matrix, D jm; a 3 x 3 matrix with the square roots of
the light neutrino masses on the diagonal. R contains parameters of the Dirac mass ma-
trix. m, is here a mass-parameter that has a value of about 0.9 GeV. f(A, m;) depends

on the mass number of the element and has a weak dependence on the mass m;. It can
be approximated by f(A,m;) < 0.08. For details see [73].

To illustrate the bound from neutrinoless double-beta decay on the mixing of the
heavy sterile neutrinos to the electron neutrino, a plot for the case of a single sterile

neutrino is shown in figure 5.10 (from [74]).
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5.5 Masses and Mixing Angles of the Active Neutrinos

In order to obtain a consistent model in the y2-fit it has to be assured that the model
satisfies the bounds on active neutrino masses and reproduces their mass-squared differ-
ences and their mixing (the PMNS matrix).

As was mentioned in chapter 2 the light neutrino mass eigenstates can be normal
ordered my < mgy < mg or inverse ordered ms < my < mg (also called normal or inverse

hierarchy):

(NH) mq1 = mpin = m, mg = /m? + Am%D and ms = vVm? + Amgpm
(IH) mg = mypin, = m, my = \/mQ + Amgy,, — AmZ, and my = \/m? + Amg,,,.

In the normal hierarchy, the atmospheric mass-squared difference corresponds to

Am3,, while in the inverse hierarchy it is Am3, (and negative). The best fit values
can also differ slightly. For the x2-fit the masses and mixing of the active neutrinos

from [75] were used, they are quoted in table 5.3.

Parameter ‘ Value
Am3, 7.50 - 107 %eV?
Am?, (NH) | 2.47-1073eV?
Am2, (IH) | —2.43-1073eV?
sin?(612) | 0.30
sin?(fa3) | 0.41
sin?(613) | 0.023
Sop 240°

Table 5.3: Values of the parameters used in the x2-fit, taken from [75].

The PMNS matrix U” is defined as in equation 3.12, with the angles as in table 5.3

this gives (the Majorana phases are neglected):

0.844 0.515 —0.076 + 0.1311%
U" = | —-0.379 + 0.067i  0.708 + 0.041; 0.591 . (5.84)
0.363 + 0.090¢  —0.479 + 0.055¢ 0.793

In the y?-fit, three scenarios will be considered: The normal and inverse hierarchy
(NH and IH) where the smallest mass is set to zero and the so-called degenerate case
(DC), where all masses are of the same order, thus a lot bigger than the mass-squared
differences (the value for the mass in the degenerate case is taken from the PDG [5]).

The resulting values for the masses are listed in table 5.4
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H my [eV] ‘ ma [eV] ‘ ms [eV]
NH 0 0.00866 | 0.0497
IH 0.0485 0.0493 0
DC 0.1 0.1004 | 0.11210

Table 5.4: Masses of the light neutrinos in the normal and inverse hierarchy (with the
smallest mass set to zero) and in the degenerate, also normal ordered, case. All values

are in eV.

The active neutrino masses will be generated in a seesaw type I scenario, where three
heavy right handed neutrinos are assumed. The right handed neutrinos have to be
heavier than the Z boson, thus have masses > 102 GeV. The specific values of the
masses will be determined in the y2-fit. Note that the activesterile mixing will be
quite large compared to “natural” seesaw expectation. When calculating the tree-level
contribution of the sterile neutrinos to the Z decay width and the neutral to charged
current event-ratios, a leading order expansion in the mixing was made. For example,

the sum over all active-sterile mixing parameters in the Z decay width was about

3
2= |Uil* = D |Uasl* = 0.008. (5.85)
=1

a=e,u,T

This was calculated for one sterile neutrino, for more than one it has to be summed
over their contributions. One can now estimate the contribution that a 10> GeV heavy
sterile neutrino with this mixing makes to the light neutrino masses via the seesaw type
I. When the mixing to, say, the first mass eigenstate m1 is taken to be |Ug|? =~ 0.002,
this corresponds in the seesaw to (mp/Mg)?. Since Mg is at least 10> GeV and the

light neutrino masses are given by mj ~ m% /Mp this gives:

m2

my 2 —2 - Mp ~0.003-10* GeV ~ 0.3 GeV. (5.86)
Mp

This means that in order to reproduce the measured parameters of the active neutrinos,
there must be a huge cancellation between the contributions of the different sterile states.

The model is thus very fine-tuned.

To ensure that the given parameters are met when performing the fit, the Casas-Ibarra

parameterization is used. It will be explained in the following.
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5.5.1 Casas-lbarra Parameterization

A useful parameterization, first introduced in [76], isolates the remaining degrees of
freedom, when fixing the PMNS matrix of the active neutrinos and their masses, as well
as the masses of the sterile neutrinos in a seesaw type I scenario. These are parameters

in the Dirac mass matrix.

The Dirac mass term comes from the Yukawa coupling y (L{¢)vr), where L is the
lepton doublet, (¢) the VEV of the neutral component of the Higgs field and vg the

right-handed neutrino. The Dirac mass matrix is then given by

mp = y(¢) .

Note that y is a matrix, whereas (¢) is a scalar. In the seesaw type I mechanism one can
integrate out the heavy sterile states and get the light neutrino mass matrix (compare
chapter 2)

Miigne = mbhMztmp = y" Mgty - (¢)? . (5.87)

One can choose a basis where Mg is diagonal, Mg = Dy,,. U is taken to be the matrix
diagonalising Mj;gn U TMll-ght(A] = D,,, (the diagonal matrices are indicated by D, the
index marks the diagonal elements). From the seesaw formula one gets the connection
of U to the PMNS matrix?:

~ 1 “
Upuns =V 1—BBU~ (1- §BBT) U. (5.88)

This means that at first order U can be approximated to be the PMNS matrix. The

equation for the neutrino masses becomes
_ /T, T rrnN2 YT T 2
D, = Uy Dy -1yU(d)” = Uy D\/@D@yU<¢> ) (5.89)

where D \/F is a diagonal matrix with the elements 1/,/Mpg,.

R

By multiplying with D s from left and right one obtains:

T

2Compare here section 2.1, equation (2.28). Note that the notation is slightly different: U= Utight
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So one can write D \/Fy(}' D \/—<¢> = R, where R is an orthogonal matrix, R R = 1
R

m;l

and then the general form of the Yukawa matrix is:
y={()"'D g=RD U (5.91)

The Yukawa couplings thus depend on the low energy parameters contained in m,, and
U, on the masses of the right handed neutrinos in Mz and on the complex parameters
defining R. There are three complex parameters, when the number of sterile neutrinos
is taken to be three. R is then a 3 x 3 matrix. When a different number of right handed
neutrinos is assumed, this changes the number of complex parameters in R and R is
then not a square matrix.

In the x2-fit the number of right handed neutrinos is taken to be three. The orthogonal
matrix R is defined as a rotation around three complex angles ¢; = z; + i Z;, where
7=1,2,3. R then reads

R = Ry(01)R2(02)R3(03) , (5.92)
where
1 0 0 cos(fy) 0 —sin(6s)
Ry =0 cos(f;) —sin(f;) |, Rg= 0 1 0 ;
0 sin(f;) cos(6) sin(f3) 0  cos(62)

cos(f3) —sin(f3) 0O
Rz = | sin(f3) cos(f3) O] . (5.93)
0 0 1

Since the relevant parameters in this model are the values of the active-sterile mixing,
the form of the Casas-Ibarra parameterization will be changed. The active-sterile mixing

B is in the seesaw type I at first order given as
B = (Mg'mp)'. (5.94)

In the above notation the Dirac matrix is

mp =iD ;=RD U, (5.95)
where the formula for the light masses was changed to its correct form Mj;gp; = —mIT)M R Ymp

by introducing the factor i. By multiplying from the left with M}gl, assuming it to be
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diagonal, thus equal to D,,-1, the active-sterile mixing is obtained:
R

_ rt
Dyggimp =iD R U (5.96)
_ T 7 Ty T 7y*
&  B=(Dymp)l =—i0Dy,, RID" . (5.97)

/ 1
MR

When the masses of the neutrinos are real, one can drop the complex conjugation.

5.6 y>-Fit

The model that includes sterile neutrinos will be compared to the SM by performing a
x2-fit to measured observables. A y2-fit compares the predictions of a theory T}(Z), that
vary with some parameters x;(i = 1,...,p) — &, to the observed values in experiments
DZ'Z

X2(&) = ENJ (LW)Z , (5.98)

P
i=1 v

where o; is the error of the experimental values. The number of obervables that are fitted
is N. Then the best fit is found by minimizing x?(Z) for the theoretical parameters x;.

When the theoretical predictions have errors !, the formula changes to

. D; — T;(7))?
Y2 (%) = Z; ﬁ . (5.99)
This is valid when neglecting off-diagonal elements in the covariance matrix that are
describing the correlations of the errors.

A 2 distribution is obtained (assuming no open theoretical parameters x;), when the
theoretical predictions T; are the mean values of a Gaussian distribution, o; their errors
and D; random variables that are normally distributed. Then one gets a x? distribution
with N degrees of freedom (d.o.f.) and its value should be

(xX*)~N. (5.100)

When considering a theory depending on the parameters z;, the minimal y? should
follow a x? distribution with (N — p) d.o.f., where N is the number of observables and p
the number of parameters. Note that the central limit theorem states that for a sufficient

amount of observables N, the y? analysis is also valid even if the data is not normally
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Parameter H exp. values SM pred.
Diept [MeV] || 83.984 + 0.086 84.005 4+ 0.015
Linv/Tlept 5.942 £ 0.016 5.9721 4+ 0.0002
sin?(feg)'°Pt || 0.2324 +0.0012 | 0.23150 £ 0.0001
g7 0.3026 4+ 0.0012 | 0.3040 4+ 0.0002
g% 0.033 £ 0.001 0.0300 % 0.0002
My [GeV] || 80.385 4+ 0.015 80.359 £+ 0.011

Table 5.5: Experimental values and SM predictions used for the x2-fit.

distributed.

In the model considered here, the masses of the sterile neutrinos and their mixing to
the active neutrinos are the open theoretical parameters. Note, however, that masses
and mixing are not independent. The Casas-Ibarra parameterization separates the low-
energy from the high-energy parameters. When fixing the low-energy observables (active
neutrino masses and mixing), only the three masses of the sterile neutrinos and three
complex parameters are open in the fit. This would mean there are nine theoretical
parameters. In the corrections of the SM (section 5.1) it becomes however apparent,
that with S, T', U and ¢., ¢, and &, only six independent parameters enter the fit. Of
these, S and U tend to be so small that they effectively do not change the observables
and one can thus count four effective physical parameters in the considered theory: e,
eus € and T'. Since six observables are fitted (see table 5.5), this leads to an effective
number of d.o.f of 6 — 4 = 2.

The best fits x2,; are compared to the SM, where the X?S A 1s obtained by setting the
active—sterile mixing parameters to zero. The active neutrinos then become massless.
The number of d.o.f. of the SM fit is here equal to the number of observables, thus being
six. The improvement of the fit including the sterile neutrinos compared to the SM is

quantified by the change Ax? per degree of freedom. This should be bigger than one.
The SM values are taken from the Gfitter group [77] and from the fit of the PDG [5].

They use as input values the electromagnetic coupling constant ae,,, the Fermi constant
G, the strong coupling constant «, the Z boson mass Mz and the fermion masses my,
compare [78]. Apart from the Fermi constant G, these quantities remain unaltered by
the existence of additional sterile neutrinos, as they are measured in processes where no

neutrinos appear.

The measured values are taken from the PDG [5], except for g; and ggr, where the
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NuTeV values [65] are used, which have been corrected in the form suggested in [79]3.
For the Weinberg angle on the other hand* a value is chosen that was measured in
hadronic processes, so that it should not be influenced by the introduction of the sterile

neutrinos.

5.7 Summary

The value X% s 1s obtained for negligibly small active-sterile mixing to be
o = 7.5 (5.101)

for six degrees of freedom. It is independent of the mass hierarchy of the light neutrinos.
Since in g% and g%% and Tipy/Tepy the NuTeV anomaly and the smaller than expected
invisible decay width of the Z boson are fitted, the value is quite large.

In the y2-fits including the sterile neutrinos, the different light neutrino mass scenarios

have different impact on the fit parameters.

5.7.1 Normal Mass Hierarchy

In figure 5.11, the fit parameters €2 and ai and 2 and &2, respectively, are shown. The

color denotes the value of y2, but only values for y? < X% s are chosen. The bound from

2
I

mixing of the sterile neutrinos to the electron neutrino is negligible, while in figure 5.11b

the decay p — ey implies that either €2 or €2 must be very tiny. In figure 5.11a, the

this is the case for the mixing to the muon neutrino.

For almost vanishing mixing to the electron neutrino more points in the parameter

space are found. Larger mixing to the active neutrino is favored, resulting in a better

2
i

possible values are only at about 1.2 - 1073, for higher values some or the constraints

fit to the above mentioned anomalies. In the case where €2 is suppressed, the largest
are violated. Note that since the mixing to either the electron or muon neutrino has
to be negligibly small, the effective number of d.o.f. becomes three. The improvement
compared to the SM is then for the best points, with x> ~ 4.5, about one per d.o.f.,
being not significant.

Note that the fit improves very much, wenn the W boson mass is not included, see

figure 5.12. The mean value of x? goes down to less than two and the improvement

3In this work next-to-next-to-leading order effects in the quark distribution functions are taken into
account, where charge and isospin violation are included.

4The Weinberg angle could also represent the NuTeV measurement, but here g7, and gr are chosen and
0w should not be affected by the sterile neutrinos.
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Figure 5.11: Parameters 2 with x? < X%' s for the case of the normal hierarchy of light
neutrino masses. The color denotes the value of y2.

compared to the SM becomes almost two per d.o.f..

5.7.2 Inverse Mass Hierarchy

For the case of the inverse mass hierarchy of the light neutrinos, the case of negligibly
small ai leads to tiny mixings to the electron and tau neutrino as well, thus resulting in
the same fit as for the SM. Figure 5.13a therefore only shows the case of small mixing
to the electron neutrino, 2 ~ 0. The smallest values of y? are ~ 5.5, leading to no

improvement of the fit compared to the SM, as Ayx? per d.o.f. is smaller than one.

This changes again radically, if the mass of the W boson is not included in the fit, see
figure 5.13b. The best values of x? are ~ 1.5, therefore the fit improves compared to the
SM by two per d.o.f..

5.7.3 Degenerate Masses

In the case of degenerate light neutrino masses, there are almost no points for non-

2
I

figure 5.14 shows only €2 and £2. The smallest values of x? are ~ 5, leading to no

negligible mixing of the sterile neutrinos the the muon neutrino, thus &, ~ 0 and
improvement of the fit compared to the SM, as Ax? per d.o.f. is again smaller than one.
The fit does not improve when not including the mass of the W boson and it is therefore

not shown here.
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Figure 5.12: Parameters 2 with x? < X% s for the case of the normal hierarchy of light
neutrino masses. The color denotes the value of x2. The W boson mass is not included
in the fit here.
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Figure 5.13: Parameters £2 and 53 with x? < X% a for the case of the inverse hierarchy
of light neutrino masses. The mixing to the electron neutrino is negligible, €2 ~ 0. The
color denotes the value of x2. In (b) the W boson mass is not included in the fit.
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Figure 5.14: Parameters €2 and &2 with y? < X%’M for the case of degenerate light
neutrino masses. The mixing to the muon neutrino is negligible, ai ~ 0. The color
denotes the value of y2.

5.7.4 Masses of the heavy Neutrinos

In figure 5.15 the distribution of the masses of the heavy neutrinos is shown. The
points are fitted in the case of normal hierarchy of the light neutrino masses and almost
vanishing mixing of the sterile states to the muon neutrino. The masses of the heavy

neutrinos are all in the TeV range, and since M; &~ M3, their medium value is plotted.

5.7.5 Discussion

The mass hierarchy of the light neutrinos seems to have a big impact on the quality
of the fit. While for the inverse hierarchy and a degenerate mass spectrum the fit is
worse compared to the SM, in the case of normal hierarchy it is at least as good as the
SM. When omitting the mass of the W boson in the fit, the inclusion of heavy sterile
neutrinos can lead to an improvement compared to the SM of two per d.o.f..

Note that for all points with x? less than the SM value, the T" parameter is quite
sizeable and negative (between —0.1 and —0.2). In this range, the negative T" parameter
can screen the effect of the active-sterile mixing on parameters such as Gy that are
measured at high precision and therefore constrain the mixing parameters. This interplay
of tree-level and loop effects has already been studied in [67], [80] and [81], where the
tree-level effects were induced by heavy sterile neutrinos, but the contributions to the

S, T, U parameters were assumed to originate from different beyond the SM physics®.

5They actually discussed the possibility of a negative T' parameter coming from a very large Higgs
mass, Mg > 115 GeV. This scenario however is excluded by now.
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Figure 5.15: Masses M, Ms and Mgz of the heavy neutrinos, in the case of normal
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are approximately equal, their medium value is plotted. The color denotes the value of
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Here all effects are induced only by adding sterile neutrinos to the particle content of
the SM.

But the fits show that the large negative T' paramter is in conflict with the experi-
mental measurements of the W boson mass. The fits improve drastically, when My is
omitted. This might motivate for example the introduction of a Higgs triplet, as it can
have a notable effect on the W boson mass and additionally lead to a cancellation of
contributions to the active neutrino masses.

Note also that some of the best fit values have quite a large contribution to neutrinoless
double-beta decay. The resulting effective electron neutrino mass is close to the current
bounds and could be detected in future experiments.

The type I seesaw extension of the SM can only improve the fits compared to the SM
when the experimental value of the W boson mass is omitted. Therefore it should be
investigated how the shift in the W boson mass could be compensated by additional
beyond the SM physics.



CHAPTER 0O

Conclusions

In this work it has been shown that sterile neutrinos can have a wide spectrum of
phenomenological implications on observables in different processes. Although they are
sterile, i.e. singlets under the SM gauge groups, they interact through their mixing
to the active neutrinos. Given the current precision of experiments, the signatures of
sterile neutrinos could be observed, for example in electroweak precision measurements

or oscillation experiments.

The introduction of sterile neutrinos has been motivated by the observation that
neutrinos have tiny, but non-vanishing masses. As verified now in numerous experiments,
neutrinos oscillate into each other and thereby one can measure their mass-squared
differences. In addition to providing the mass term for neutrinos, sterile neutrinos can

have impact on various processes.

Very light sterile neutrinos, with masses at the eV scale, can oscillate with the SM
neutrinos, leading to new oscillation patterns and missing active neutrino flux. There
have even been some (controversial) observations that could be explained by the existence
of a light sterile neutrino. Neutrinoless double-beta decay is a process that can only
occur when lepton number is violated. It is forbidden in the SM and would thus be
a clear signature of beyond the SM physics. Sterile neutrinos can contribute to this

decay in two ways: They have a direct contribution that strongly depends on whether
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their masses are above or below the scale of momentum transfer (which is about 100
MeV). Furthermore, when they are responsible for the light neutrino masses, they have

an indirect contribution through the exchange of light Majorana neutrinos.

Other processes that are forbidden in the SM and could be induced by sterile neutrinos
are decays that violate lepton flavor. The muon decay p — ey has not been observed
so far and thus places strong bounds on the mixing of active and sterile neutrinos. In
colliders, sterile neutrinos can be observed in meson decays, when the masses of the
former are small enough. Up to masses of about 90 GeV they can still be produced via
the decay of W and Z bosons. At higher masses fusion processes and virtual gauge bosons
can produce sterile neutrinos. But the bigger the mass, the more difficult becomes the
observation. Therefore, bounds from collider physics above 150 GeV are not competitive
with indirect measurements. When the mass of a sterile neutrino is so big that it cannot
be produced in interactions, they leave indirect traces. The mixing matrix of the light
neutrinos becomes then non-unitary and electroweak cross-sections can be suppressed.
As virtual particles, the sterile neutrinos can propagate in loops, thus affecting the self-
energies of the W and Z bosons. This is represented by the so-called oblique corrections.
Since the precision in electroweak measurements has become so impressively high, even
these small effects could be detected.

In this thesis, two scales of sterile neutrino masses have been picked up. In chapter 4 a
very light sterile neutrino was considered. When the mass of the sterile state is at a few
eV, oscillation phenomena can be observed, as the state remains coherent with the active
neutrinos. Especially an oscillation of a sterile neutrino and the electron neutrino is
motivated by observations in reactor experiments and in calibrations of detectors, where
a deficit in the electron (anti)neutrino flux compared to (also controversial) theoretical
predictions has been observed. To detect this oscillation, the interaction of neutrinos
with matter could be used. Through the MSW effect, oscillations can be resonantly
enhanced by coherent forward scattering of neutrinos on the particles of the medium.
This effect depends on the baseline of the experiment, the energies of the neutrinos and
the matter density and relative abundance of electrons in the medium. It has been
investigated, whether such an enhancement of v, < v, oscillation could be present for
neutrinos produced in the atmosphere that subsequently cross the Earth. The Earth
has herein been treated as an object with two different density regions, the core and the

mantle.

For quite a sizeable mixing of the electron and sterile neutrino of U.y = 0.2, the
oscillation could be enhanced such that the deficit in the electron neutrino flux is as large

as 80% at a neutrino energy of about 8 TeV and for trajectories that cross the core of the
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earth. For a smaller mixing, the deficit decreases rapidly, for Ueq = 0.05 it is maximally
20% of the original electron neutrino flux. The deficit is however independent of the
mass of the sterile neutrino, the minimum in the flux is only shifted to lower energies

for smaller mass-squared differences.

Since the IceCube detector would be very suitable to look for these oscillations, in
future work one should take into account the energy and angular resolution of the detec-
tor to quantify whether the IceCube experiment could place competitive bounds on the
active—sterile mixing of a light sterile neutrino with the electron neutrino or even detect
the sterile state. This analysis has been done in [57] and [58] for the oscillation of muon

to sterile neutrinos.

In the second part of this work, indirect effects of heavy sterile neutrinos in electroweak
processes were studied. Tree-level effects are induced by the resulting non-unitarity
of the light neutrino (PMNS) mixing matrix, modifying electroweak observables that
are measured in processes including neutrinos. Sterile neutrinos propagating in loops
modify the self-energies of the W and Z boson. These have been calculated for Majorana

neutrinos and the S, T', U parameters have been summarized.

The study of these effects was motivated by the observations of two experiments.
The LEP experiments measured the decay width of the Z boson into invisible particles,
and the extracted number of neutrinos coupling to the Z boson was determined to be
smaller than three by 20. The NuTeV experiment measured the ratios of neutral to
charged current cross sections of (anti)neutrino—nucleon scattering. Since both ratios
were slightly smaller than expected, the extracted Weinberg angle differed from the
value measured in other experiments by 3c. Since sterile neutrinos with masses above
the Z boson mass suppress the coupling of the SM neutrinos to the Z and W boson,

both of these effects could be caused by heavy sterile neutrinos.

To test this hypothesis, the corrections induced by the tree-level and one-loop effects
were summarized and a x?-fit was performed on six electroweak observables. For a
sizeable mixing of active and sterile neutrinos, the fit could be improved by a Ax? of
about two per degree of freedom it the mass of the W boson is not included. In this case,
however, the model becomes very fine-tuned, as the contributions of the sterile neutrinos

to the masses of the light neutrinos had to cancel at many orders of magnitude.

Models with a large mixing of the active neutrinos with heavy sterile neutrinos are in
general strongly constained by their impact on electroweak precision observables, such
as the Fermi constant Gp. But when taking the self-energy corrections into account,
one can see that the tree-level effects could be “screened” by a sizeable negative T

parameter. This has already been investigated in [67], [80] and [81], but they assumed
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that the contributions to the S, T', U parameters came from some other beyond the
SM physics, rather than sterile neutrinos. In the analysis of the corrections from heavy
Majorana neutrinos, certain points in the parameter space of masses and mixing of the
sterile neutrinos were discovered, that led to a sizeable negative T parameter.

In future work it would be interesting to study the effect of a triplet Higgs on the
analysis. It can have notable effects on the mass of the W boson, the parameter that is
limiting the improvement of the y?-fit in the scenario with only heavy sterile neutrinos.
Furthermore it could also lead to cancellations in the contributions to the light neutrino
masses. The model building aspect could also be interesting to explore. If a symmetry
would impose the cancellations in the light neutrino masses and the corrections to quan-
tities like G, but would not affect the invisible decay width and the neutrino—nucleon

cross sections, this could lead to the above described phenomenology.
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APPENDIX A

Three-Layer Calculation for the Two-Flavor Approximation

A.1 Solution of the homogeneous Equation

y=20

EARTH

mantle

core

Figure A.1: Definition of the points y = 0, zg, x1, x2 of the passage through the Earth.
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For the solution of the homogeneous equation
vo(z) = S(x,0)r(0) (A1)

use the multiplicative property of the evolution matrix. The points 0, xg, 1 and x5 are
defined as in Figure A.1. Therefore, for small enough angles ¢y, the neutrinos first pass
through the mantle from 0 to zg, then through the core from x( to z; and then through
the mantle again from z; to x2. The density is taken to be constant in each of these
layers. As the parameters # and ¢ in the S-matrix, see equation 4.78, both depend on
the density, the S-matrix depends on whether the neutrinos move through the core or
the mantle. These two possiblities are indicated by an index S, for the mantle and S,

for the core.

This gives then for y = xo:
vo(x2) = Sp(xe, £1)Sc(x1, 20)Sm(x0,0) - (0). (A.2)
Note that for each constant-density layer the S-matrix
S(xz,z9) = S(x — x0) (A.3)

depends only on the interval  — xg and therefore the evolution of 1y depends only on
the lengths of the passages that we called s = x9 — 21 = g — 0 through the mantle and

[l = x1 — x¢ through the core. With this one can write:
vo(x2) = Sp(8)Sc(1)Sm(s) - v(0). (A.4)

The three-layer solution for the inhomogeneous equation will become more complicated

though, as here we have to integrate over the position y.

A.2 Solution of the inhomogeneous Equation

The solution v (z) of the inhomogeneous equation was given by (equation 4.62)

vi () = —iS(x,0) /O ©5(0,9) F(y)dy (A5)

. /0 " S(a,y) Fw)dy, (A.6)
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where both the S-matrix and the source term f depend on the density of the medium.
One has to be careful about the different densities in mantle and core, therefore the
notation in equation A.5 will be more useful.

Since the S-matrix is multiplicative and the integral adds up over different intervals

one gets for three layers (points 0, zo, #1 and z2 are defined as before):
v1(22) = —iSm (z2, £1)Sc(x1, 20)Sm (0,0 (A7)
{ / Sy 0) four (y)dy + / S (20, 0)S (y, 20) o) dy
/ 51 (20,0 <x1,xo>sm1<y,m1>fm2<y)dy}
= —iSuana)Seloran)Su(e00) - [ S 00 Fullds (A8
— Sy (w2, 21)Se(21, 0) - /w1 S; (y, o) fe(y)dy
»
—iSm(ran) - [ 8, ) Fuao)dy
.
= ez, )i, 0) - | " S0, ) Fr (1) (A.9)
8, (ea.1) - / " Su(wn, ) Folw)dy
.

—2'-/ QSm(mz,y)fmz(y)dy,

where from the first to the second equation all S-matrices that do not depend on y were
pulled out of the integral, which then cancel with their inverse. The source terms f are

for the three layers given by:

Frn1 () = Heprv/ (0) /D2 00w (A.10)
fely) = Hewuu(o)e<i/2>{<H22+H$72HW>-<w0*0>+<H§e+H§s*2Hw>-<y*ro>} (A.11)

Fra(y) = HEM,VL(O)B(Z‘/2){(HQZ+H§'§—2HW/)'(wo+(y—w1))+(H§6+H§s—2Hu/u/)-($1—wo)} (A.12)

The indices m and ¢ denote again the mantle and core regions and indicate those pa-
rameters that depend on the densities. Note that the points g, 1 and x5 depend on
the Nadir angle ¢

These are now the three-layer expressions for the homogenous and inhomogenous term

of the neutrino evolution in the two-flavor case.
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One-Loop Integrals

The dimensionally regularized one-loop integrals for the one- and two-point functions
are quoted here. The metric g, = (+, —, —, —) is used. The dimensions are d = 4 — 2e.
Note the difference between e and . For original references, see [82] (note that the
metric is defined differently) and see [83].

P+q

p
(a) Tadpole diagram (one- (b) Two-point function
point function).

Figure B.1: Loop diagrams for the one- and two-point functions.
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B.1 One-Point Function

The scalar one-point function (see figure B.1a) is defined as
4—d
1
A(m) = r_ /ddpi. (B.1)

12 p? —m? +ie

1 is here the renormalization parameter. In the limit ¢ — 0 this gives

Amn:nﬂ<A—m<%>+1>, (B.2)

where A is defined as

A=t iman (B.3)

€

and C' = 0.577216 is the Euler constant.

B.2 Two-Point Functions

The two-point function is given by the integral

Blg,mi,m) = / dip phg’ + pUah + 2pMq” — g" (peot(p + q)) + gMmime
o (2m)’ (72— m2 + i) ((p+ q)% — m3 + =)

. (B4)

where mq and my are the masses of the particles in the loop, with the respective momenta
p and p + g, see figure B.1b. For simplicity one divides this integral in different parts

and solves them individually.

i 1

B(q,mi,mz) = F ) {(qO‘Bﬁ(q,ml,mg) + BY%(q,m1,m3))- (B.5)
(9pa9vp + 9updav — Guw9ap) + gumimaBo(q, m1, ma)] (B.6)
= %@ [(B1(gq,m1,m2) + Ba1(g, m1,m2))(2¢,qy — 9uwq®)+ (B.7)
Boa(q,m1,m2)(2 — d)guw + guwmimaBo(q, mi,ma)] (B.8)
s 0P a1, m3) + (@ ) + g, )

(B.9)
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where

P(q,m1,m2) = 2B1(q,m1, ma) + 2B21(q,m1,ma), (B.10)
Q(g,m1,m2) = (d — 2)Bas(q, m1,m2) + ¢*[Bi(q, m1,m2) + Bai(g,m1,ms)] . (B.11)

The loop integrals are defined as

4—d
1
B : : - dd , B.12
o) =4 [ B
4—d i
M d p
By (q.ma, .y d , B.13
¢"B1(g,m1,ms) im? / p(p2 —mi +ie)((p + q)? — m3 + ie) ( )
4—d I
H d pp
La' B , , MY B , , = — d :
¢"q"Bai(g,m1,m2) + 9" Baa(g,ma,m2) = / P2 =m3+ie) (o +a)? —mj +ie)
(B.14)
By can be expanded in order of €, using the Feynman parametrization
1 2.2 2 2 .2 2 _
Bo(g,m1,me) = A — / dz In <x ¢ —old m12 my) + my Z€> +0(d—4),
0 iz
(B.15)

where A is defined as before in equation (B.3). In the limit d — 3 this gives the following

identities (omitting imaginary parts):

2
By(¢,0,0) = A —1In <|,Z—2|> +2 (B.16)
m? 1 5

Useful relations between the above introduced quantities are

1

Bi(q,my,mg) = 2_412[14(7711) — A(mg) + (m5 —mi — ¢*)Bo(g, m1, ma)] (B.18)
1

Bsi(q,mi,ma) = 32 [A(ma) — miBo(g, m1,ma)— (B.19)

1
—2(q* + m} — m3)Bi(q,m1,ma) — §(m% +m3—q°/3)| , (B.20)

Bas(q,m1,m2) = = [A(m2) — 2miBy(g, m1, ma)+ (B.21)

| =

+(¢* +mi —m3)Bi(g, m1,ma) +mi +m3 — ¢*/3] . (B.22)
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