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CHAPTER I
Introduction: why Quantum Computation?

Quantum Computation aims at understanding how quantum systems process information and
perform computations. It essentially combines the laws of Quantum Mechanics and the theory
of computational complexity. Since the celebrated Shor’s algorithm [Shor94], it is commonly
believed that quantum laws can be used to design so-called “quantum computers” that would
outperform classical computers. However the understanding of the theory of Quantum Com-
putation is far from being complete. Many points remain to be addressed, both in terms of
experimental possibilities and theoretical implications. Since the theory of Quantum Computa-
tion impacts many fields of research, a deeper knowledge of it would have huge consequences.

The notion of Quantum Computation was born essentially with Feynman in 1982 [Feyn-
man82]. He raised the idea of simulating physics using machines of a different kind: quantum
computers. However Feynman was mostly interested in the field that is known today as quantum
simulation: using a well-controlled physical system to reproduce the behavior of another one.
Quantum Computation itself was formally defined a few years later by Deutsch [Deutsch85].
He defined quantum computers as the generalization of classical Turing machines. This formal
definition paved the way towards the inclusion of Quantum Computation within the standard
computational complexity theory.

The situation changed drastically in the 90s when the first theoretical and experimental
results appeared. On the theoretical side the most famous quantum algorithms were designed
in [Shor94,Grover96] and strong links between classical and quantum complexity classes were
revealed in [Bennett97]. The first experimental implementations of quantum logic gates were
realized with ions [Monroe95]. These seminal results essentially proved two things: first that
the theory of Quantum Computation was a promising research field with deep ramifications in
the standard information theory. Second, that quantum computers were not solely a creation
of the mind: small scale devices could be realized soon; besides, were a large universal quantum
computer ever built it would have huge practical consequences.

Nowadays the situation is even richer with many fields of research impacted by Quantum
Computation. Practically of course most expectations rely on the realization of a large quantum
computer operating on several millions of qubits. Such a quantum computer would endanger
many cryptography protocols. A lot of classical communication schemes would not be secure
anymore. This is perhaps the most famous application for a quantum computer, though prob-
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2 CHAPTER I. INTRODUCTION: WHY QUANTUM COMPUTATION?

ably not the most interesting. Indeed, following Feynman’s original idea, a quantum computer
could be used to model other quantum systems within unusual conditions, e.g.: complex chem-
ical reactions, protein spatial conformation or even the behavior of atoms and particles in the
Large Hadron Collider. These achievements would have huge consequences, deepening the un-
derstanding of many systems while opening up new industrial applications. However, the quest
for the quantum computer is far from being the only reason to study Quantum Computation.

Building a quantum computer means manipulating quantum systems with a very high degree
of control. In order to do so many physical phenomena are discovered and consequently studied.
Along the way technologies are pushed forward, ranging from silicon devices to Bose-Einstein
Condensates.

Building a quantum computer also means entangling and creating quantum superpositions
of a lot of qubits—of the order of a million. Such a large number of qubits certainly corresponds
to the intuition of what a macroscopic object is. Thus a quantum algorithm directly challenges
the frontiers of Quantum Mechanics and the boundary between microscopic and macroscopic
systems. In a nutshell, if Quantum Mechanics is to be overrun by a deeper physical theory,
trying to build a quantum computer might very well be the best way to discover it. The interest
of computer scientists and other information theorists has led to a complete overhaul and a new
formulation of Quantum Mechanics (e.g. in [Hardy01]).

Theoretically speaking, studying Quantum Computation and quantum information process-
ing in general may help in solving some very important and fundamental questions.

Perhaps the most obvious one is linked to the theory of computational complexity. Since the
links between quantum and classical complexity classes are so strong, Quantum Computation is
a promising avenue to tackle the celebrated P vs NP problem, one of the Millenium problems.1

In addition to granting a million dollars, this problem is considered by many to be one of the
most important theoretical questions ever raised, for showing P=NP would guarantee that a
computer could solve all the other six Millenium problems—and many more.

The field of Quantum Computation can also be used to understand the features of Quan-
tum Mechanics as a physical theory. It has been known for quite some time that nonlinear
variants of Schrödinger equation would yield unphysical predictions such as faster-than-light
signaling [Gisin89]. However since the works of [Abrams98] there is also computer science-based
evidence: they essentially showed that the computational power of such nonlinear and deter-
ministic generalizations of the Schrödinger equation would be unrealistic. The same kind of
evidence can be pushed forward against modifications of the Born’s rule involving other norms
than the modulus squared of the quantum amplitudes like in [Aaronson05b]. On the other hand,
hidden-variable interpretations of Quantum Mechanics raise much more refined discussions, like
in Chapter 16 of [Aaronson04]. Quantum Computation is thus a powerful theoretical tool to
address the limits of Quantum Mechanics.

Quantum Computation also impacts other fields of research. It merges with general relativ-
ity within the black hole information paradox, which is essentially the destruction of quantum
information by black holes. It even infiltrates biology for the distinction between classical and

1For instance see the description of the problem and its context by S. Cook at http://www.claymath.org/
sites/default/files/pvsnp.pdf and the Clay Mathematics Institute web page at http://www.claymath.org/
millennium-problems/p-vs-np-problem.

http://www.claymath.org/sites/default/files/pvsnp.pdf
http://www.claymath.org/sites/default/files/pvsnp.pdf
http://www.claymath.org/millennium-problems/p-vs-np-problem
http://www.claymath.org/millennium-problems/p-vs-np-problem
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quantum information processing may reveal that quantum phenomena do occur in biological
systems.

To summarize, Quantum Computation challenges our intuitions about the physical world and
offers promising and diverse applications as well. It provides a new understanding of perhaps
the most important physical theory: the quantum theory, and as such impacts many fields of
knowledge.

Outline of the thesis

The first chapter consists in an introduction to some elementary notions of Quantum Mechanics.
We describe the basic tools required in Quantum Computation such as qubits. We also address
the Continuous Variable formalism which will be of great importance in this thesis.

The second chapter is devoted to the study of some theoretical aspects of Quantum Computa-
tion. We define quantum complexity classes and provide the mathematical structure underlying
Quantum Computation. We tackle the Continuous Variables approach to Quantum Compu-
tation and especially to a subuniversal model known as Instantaneous Quantum Computing—
see [Douce16]. We also discuss some peculiar features of exotic quantum information encod-
ings [Douce14].

The third chapter deals with some experimental proposals related to quantum information
processing. The first half corresponds to the study of photon pairs. We address the ques-
tions of the engineering of exotic quantum states using Spontaneous Parametric Down Conver-
sion [Boucher15] and of their measurement based on a generalization of the Hong-Ou-Mandel
effect [Douce13]. The second half aims at using superconducting qubits to manipulate and mea-
sure well-isolated quantum systems like a single Nitrogen-Vacancy center [Douce15] and a qubit
in the Ultra Strong Coupling Regime [Felicetti15].
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CHAPTER II
Quantum physics for Quantum Computation

In this chapter we recall a few basic principles of Quantum Mechanics, starting from the very
fundamental postulates. We develop some of the tools that we will be using later in the the-
sis. First we introduce the 2-dimensional systems known as qubits, defining the Bloch sphere
representation and some elements of group theory. Then we address the Continuous Variables
formalism based on the quantum harmonic oscillator. The second section also includes a brief
review of the most common Continuous Variables states and Continuous Variables gates. It ends
up with a discussion on the Wigner function and the homodyne detection.

II.1 Background notions of Quantum Mechanics

II.1.1 First principles of Quantum Mechanics

Let us start by recalling the postulates of non-relativistic Quantum Mechanics (thereafter QM)
as they can be found in physics textbooks like [Basdevant09]. The first one deals with the so-
called wavefunction: a closed physical system is entirely described by its wavefunction, a unit
vector |ψ〉 in a Hilbert space H.

The second postulate is the ultimate symbol of QM, the Schrödinger equation [Schrödinger26].
The time evolution of the wavefunction is determined by a self-adjoint operator H known as the
hamiltonian according to the following differential equation:

i~
∂ |ψ〉
∂t

= H |ψ〉 , (II.1.1)

where ~ is Planck’s constant and will be set to 1 in the following.
The third postulate links the wavefunction to experimental observations. The Born’s rule

states that the probability of measuring a system described by the wavefunction |ψ〉 in a given
state |i〉 is

P (|i〉) = | 〈i|ψ〉|2. (II.1.2)

After the measurement the wavefunction collapses to |i〉.

Because of the recent interest of computer scientists in QM, other approaches have emerged
to formalize QM from different standpoints. For instance see the developments in [Hardy01,

5



6 CHAPTER II. QUANTUM PHYSICS FOR QUANTUM COMPUTATION

Aaronson13b]. Basically their goal is to point out the differences between classical probability
theory and QM.

Following [Aaronson13b], QM—more specifically the axioms that define QM—naturally arise
when trying to generalize probability distributions to vectors of complex amplitudes. Consider
a discrete set of N events, e.g. the different outcomes of a computation. Then classically one
would assign to each of them a positive real number—its probability. The sum of all of them
should then add up to 1 to correspond to a true probability. Formally, the following constraints
are obeyed:

(p1, ..., pN ) ∈ (R+)N and
∑

pi = 1. (II.1.3)

Suppose now that instead of taking the sum of all numbers one takes the sum of their squared
modulus to be equal to 1. The constraint now reads:

∑
|pi|2 = 1. (II.1.4)

With each event i is now associated a number pi which is not necessarily positive or real anymore.
The Born’s rule then follows from the need to recover positive real numbers to define empirical
probabilities. The probability of observing the event i is given by the modulus squared of the
corresponding amplitude |pi|2. A vector of complex amplitudes can only evolve according to
operations that will preserve Equation (II.1.4). These are precisely unitary transformations,
which is equivalent to the Schrödinger equation once formally integrated.

To summarize, the QM description of physical systems can be seen as the following procedure:
assign to a physical system a (possibly infinite dimensional) vector of complex numbers. This
vector may evolve according to unitary transformations, which correspond to the dynamics of
the physical system. The measurement outcomes then follow a probability distribution given by
the modulus squared of the vector components.

The reason we wished to describe the details of this approach is because it actually matches
the kind of reasoning that can be found in the theory of Quantum Computation (thereafter QC).
Chapter III precisely fits in this picture: QM is seen as the set of rules to play games actually
corresponding to computations. This approach may also help in understanding the limits of QM.
Indeed the theory of QC can be used to address various interpretations of QM and underline
their differences (see e.g. Chapter 16 of [Aaronson04]).

II.1.2 Main features of qubits

Qubits and the Bloch sphere — Qubit is the generic name given to physical systems
described by a 2-dimensional wavefunction. Since they are the cornerstone of the theory of QC,
it is important to recall some of their most important practical features.

A 2-dimensional wavefunction is entirely characterized by 2 real parameters—in fact two
angles. It is conveniently described by the celebrated Bloch sphere, shown in Figure II.1. A
pure state |ψ〉 is thus a point on the sphere specified by the spherical coordinates (θ, φ) with
0 ≤ θ ≤ π and 0 ≤ φ ≤ 2π. The coordinates define the following wavefunction:

|ψ〉 = cos

(
θ

2

)
|0〉+ eiφ sin

(
θ

2

)
|1〉 . (II.1.5)
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Figure II.1: Bloch sphere representation of qubits. The pure quantum state associated with
spherical coordinates (θ, φ) is |ψ〉 = cos

(
θ
2

)
|0〉+ eiφ sin

(
θ
2

)
|1〉 . The vectors associated with the

Cartesian system are precisely the eigenstates of the Pauli matrices σx, σy and σz with eigenvalue
1.

The transformations of qubits are 2 × 2 unitary matrices. These matrices themselves can be
associated with rotations in a 3-dimensional space. The generators of the rotations are the Pauli
matrices:1

σx =

(
0 1

1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0

0 −1

)
. (II.1.6)

The Pauli matrices possess the very peculiar feature of being both Hermitian and unitary. Con-
sequently, they can be regarded either as observables to be measured on quantum states or as
evolutions to be applied to them.

A very useful operation is given by the self-adjoint Hadamard gate H defined as:

H =
1√
2

(
1 1

1 −1

)
. (II.1.7)

It is a combination of two rotations: one of π/2 about the Y axis followed by another of π about
the X axis. So H is unitary and obeys the relation: H2 = 1. In terms of basis states:

|0〉 7→ 1√
2

(|0〉+ |1〉) and |1〉 7→ 1√
2

(|0〉 − |1〉) . (II.1.8)

1In the context of computational theory they are often denoted simply with a letter: X ≡ σx and so on. In
chapter III we will use the computer science convention while in chapter IV we will use σx,y,z.
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It also links the σx and σz Pauli matrices according to:

σz = HσxH. (II.1.9)

Important matrices groups — The group formalism in general is a powerful tool in QC.
It includes for instance the stabilizer formalism [Hostens05].

Amongst the matrices groups, a very important one in the context of QC is the Pauli group,
that is the group generated by the Pauli matrices. It contains 16 elements: the identity, the
Pauli matrices σx, σy and σz and the product of these with −1 and ±i. It is also defined for n
qubits and its elements are then tensor products of elements of the Pauli group acting on each
qubit. In general it consists in 4 · 4n elements.

The Clifford group on n qubits is then defined as the normalizer of the Pauli group in U(2n).
It is made of the 2n × 2n unitary matrices that leave the Pauli group fixed under conjugation.
In other words gates in the Clifford group map elements of the Pauli group to other elements of
the Pauli group. The importance of the Clifford group relies on the Heisenberg picture for QM.
Recall that in the Heisenberg picture, the operators evolve in time and not the quantum states.
So for a given Hermitian operator A, the evolution determined by the unitary operator U reads
in the Heisenberg picture:

A 7−→ U †AU. (II.1.10)

In case A is an element of the Pauli group, the Clifford group naturally arises as a specific class
of evolutions U by keeping U †AU in the Pauli group. Indeed in QC, the measurements are
modeled by Pauli matrices. It means that the measurements in a QC are modeled by elements
of the Pauli group, which makes the Clifford group a fundamental concept in the theory of QC.
In particular it led to one of the most important results in QC, the Gottesman-Knill theorem
(section III.1.1.2 and [Gottesman98]).

II.2 Specificities of Infinite dimensional Hilbert spaces

A large part of this thesis is devoted to the study of physical systems described by infinite
dimensional Hilbert spaces. This kind of physical systems are characterized by Continuous
Variables (thereafter CV) quantum that we will properly define. As such the following section
introduces the basic tools to deal with these notions.

II.2.1 Bosonic systems

II.2.1.1 The quantum harmonic oscillator

The quantization of the harmonic oscillator is the standard example shown in nearly all QM
textbooks. It is fairly simple to manipulate and an analytical solution can be derived. It provides
a clear formalism to establish a set of rules to be used later on.

We start with the classical Hamiltonian of a particle of mass m in a harmonic potential:

Hcl =
p2

2m
+

1

2
mω2q2. (II.2.1)
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The standard quantization procedure turns the conjugate variables2 q and p into operators acting
on the Hilbert space L2(R), q̂ and p̂. They are defined as follows, for ψ ∈ L2(R):

q̂(ψ)(q) = qψ(q),

p̂(ψ)(q) = −i d

dq
ψ(q). (II.2.2)

which implies that [q̂, p̂] = i. After renormalization of the operators q̂ 7→ q̂
√
mω and p̂ 7→

p̂/
√
mω, the Hamiltonian reads:

H =
ω

2

(
q̂2 + p̂2

)
. (II.2.3)

In order to diagonalize this Hamiltonian we introduce the celebrated annihilation and creation
operators â and â† defined as:

â =
1√
2

(q̂ + ip̂) and â† =
1√
2

(q̂ − ip̂) . (II.2.4)

They satisfy the canonical bosonic commutation relation

[â, â†] = 1. (II.2.5)

Using this relation the Hamiltonian becomes:

H = ω

(
â†â+

1

2

)
, (II.2.6)

so the eigenstates of n̂ = â†â are also the eigenstates of the Hamiltonian. These eigenstates
constitute the Fock basis {|n〉}n∈N.

The main point we want to make here is that such a harmonic oscillator defines a quantum
mode—or qumode—that we can use for QC. From now on, all infinite dimensional Hilbert
spaces will be implicitly associated with a given qumode—unless otherwise stated. The quantum
harmonic oscillator provides the mathematical structure for the manipulation of CV quantum
states.

II.2.1.2 Continuous Variable states and transformations

Position and momentum representation — The wavefunction |ψ〉 of a system described
by a harmonic oscillator can be evidently expanded on the Fock states basis. However this
representation may not be the most convenient one. A very common and intuitive description of
CV wavefunctions relies on the position (momentum) eigenstates basis {|q〉q}q∈R ({|p〉p}p∈R).3
These states are defined by the following relations:

q̂ |q〉 = q |q〉 and p̂ |p〉 = p |p〉 . (II.2.7)

These states are non normalizable and do not belong to the Hilbert space L2(R). They are
orthogonal and have to be understood in terms of distributions. Indeed they obey:

〈s| s′〉 = δ(s− s′), (II.2.8)
2Conjugate in the sense of Hamilton, i.e. satisfying dq/dt = ∂H/∂p and dp/dt = −∂H/∂q.
3The subscript specifies the basis. It may be omitted if the context is unambiguous.
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where δ stands for the Dirac distribution. Additionally, they constitute conjugate bases and
thus are related by Fourier transform:

|q〉 =
1√
2π

∫ ∞

−∞
dp e−iqp |p〉 ,

|p〉 =
1√
2π

∫ ∞

−∞
dq e+iqp |q〉 . (II.2.9)

Most importantly, even though they do not belong to the wavefunction Hilbert space, wavefunc-
tions can still be expanded in the position/momentum basis—also called the position/momentum
representation of wavefunctions. This property follows from the completeness relation:

∫ ∞

−∞
dq |q〉 〈q| =

∫ ∞

−∞
dp |p〉 〈p| = 1. (II.2.10)

Given an arbitrary CV quantum state |ψ〉, its position representation ψ(q) reads:

ψ(q) = 〈q|ψ〉. (II.2.11)

It is related to the momentum representation ϕ(p) by a Fourier transform, denoted by a tilde:

ϕ(p) = 〈p|ψ〉 = ψ̃(p). (II.2.12)

In the case of the electromagnetic field, the position and momentum operators correspond to
the quadrature operators. We may use this terminology in other contexts as well.

A little zoology of CV states... — We will now give an introduction to the CV quantum
states that will later play a role in the thesis. For a similar introduction see also [Weedbrook09].

First and foremost let us describe the most classical of them: quasi-classical states, or co-
herent states [Glauber63]. They are eigenstates of the annihilation operator â and characterized
by a single complex number α according to the definition:

â |α〉 = α |α〉 . (II.2.13)

In the position basis a coherent state reads:

|α〉 = π−1/4

∫
dq exp

(
−(q − Re(α))2

2
+ iqIm(α)

)
|q〉 . (II.2.14)

The average photon number of a coherent state |α〉 is given by |α|2, while the standard deviation
is |α|. Consequently, for large values of |α|, the relative variance and thus the quantum fluctu-
ations get negligible. The quantum field can then be replaced by a classical field of amplitude
α.

The quasi-classical states also saturate the Heisenberg inequality, satisfying ∆q̂ = ∆p̂ =

1/
√

2, so that ∆q̂∆p̂ = 1/2. The quadrature fluctuations of coherent states is also known as
the shot noise. They are very easy to produce experimentally, corresponding for instance to the
light produced by a single-mode laser source [Aspect10]. They can be used for Quantum Key
Distribution protocols such as [Leverrier09].
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A simple generalization of the coherent states consists in adding some kind of anisotropy
between the q̂ and p̂ quadratures: squeezed states are characterized by a reduced variance in one
quadrature and a corresponding increase in the orthogonal quadrature so that the Heisenberg in-
equality remains saturated ∆q̂∆p̂ = 1/2. Technically, a squeezed state |α, ξ〉 verifies [Lvovsky15]:

(â cosh ξ + â† sinh ξ) |α, ξ〉 = α |α, ξ〉 , (II.2.15)

for α and ξ complex and positive real numbers respectively. For such a state the quadrature
variances read:

∆q̂2 =
1

2
e2ξ,

∆p̂2 =
1

2
e−2ξ. (II.2.16)

If ξ > 0, the p̂ quadrature is said to be squeezed and the q̂ antisqueezed. Throughout the
manuscript we will actually refer to the squeezing parameter as σ2 = e−2ξ. Hence from now on
squeezed states will be denoted |α, σ〉. A special case will be particularly useful to us later in
this thesis: momentum squeezed states |p0, σ〉. For such states the momentum variance is small.
The wavefunction is given by:

|p0, σ〉 = π−1/4σ−1/2

∫
dp e−

(p−p0)2

2σ2 |p〉 , (II.2.17)

for p0 real and σ2/2 = ∆p̂2 = e−2ξ/2. Practically, the squeezing is commonly expressed in terms
of decibels (dB) according to the transformation −10 log10(2∆p̂2) dB. In the limit of σ → 0,
corresponding to infinite squeezing in the momentum quadrature, it yields:

|p0, σ〉 → |p0〉 , (II.2.18)

which makes momentum squeezed states good approximations to momentum eigenstates. It also
explains why the latter are also called infinitely squeezed states. With squeezed states the noise in
one quadrature is reduced below the classical shot noise limit. Consequently they are very useful
for quantum metrology, as exemplified by the gravitational waves experiments [Schnabel10,
LIGO13].

Coherent states and squeezed states are called Gaussian states because they are character-
ized by Gaussian wavefunctions. Apart from the aforementioned examples they can be used in
a large variety of quantum information tasks reviewed in [Weedbrook12].

We will now focus on the so-called non-Gaussian states, i.e. CV quantum states that cannot
be described by a Gaussian wavefunction. The first example deals with Fock states or number
states defined as eigenstates of the number operator n̂ = â†â:

n̂ |n〉 = n |n〉 , (II.2.19)

for n positive integer. These states are actually not very common in practice because of the
experimental difficulty of producing them. The single photon states though would provide a
useful tool in quantum information tasks like quantum communication [Kimble08] or quantum
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computation [Aaronson11]—see also section IV.1.

Another paradigm of non-Gaussian CV quantum states corresponds to the Schrödinger’s cat
states. These states in general consist in the coherent superposition of two coherent states like:

|cat〉 ∝ |α〉+ |−α〉 . (II.2.20)

These states are supposed to capture the paradoxical though experiment designed by Erwin
Schrödinger in 1935 [Schrödinger35]: a quantum superposition of two macroscopic classical
objects modeled here by quasi-classical coherent states of supposedly large values of α. In
addition to their link to some of the most fundamental aspects of QM, Schrödinger’s cat states
may provide significant gain in quantum metrology [Nemoto03] and quantum computing via the
so-called cat code [Gilchrist04].

... and CV transformations — The dichotomy shown above between Gaussian and non-
Gaussian CV states maps to the unitary evolutions as well: a quantum operation is Gaussian
when it transforms Gaussian states into Gaussian states.

The simplest CV transformations are the displacement gates. They are Gaussian and they
generate the so-called Weyl-Heisenberg group, which is a generalization of the Pauli group. They
read:

X(s) = exp (−isp̂) and Z(t) = exp (itq̂). (II.2.21)

X(s) shifts the CV states by an amount s in the q direction while Z(t) does it by t in the p
direction. So on the position/momentum eigenstates they act as follows:

X(s) |q〉q = |q + s〉q and Z(t) |p〉p = |p+ t〉p . (II.2.22)

We will see later in section III.1.2.2 how to link these states with the Pauli matrices X and Z
defined for qubits.

In analogy with the squeezed states, squeeze gates can be defined as follows:

S(ξeiθ) = exp

(
iξeiθ

q̂p̂+ p̂q̂

2

)
, (II.2.23)

where ξ ≥ 0 is the squeezing parameter as defined above and θ ∈ [0, 2π[ specifies the squeezing
direction. In particular, θ = 0 corresponds to squeezed in the p̂ quadrature. Indeed in the
Heisenberg picture the squeeze gate maps the annihilation operator to:

S(ξ)†âS(ξ) = â cosh ξ + â† sinh ξ, (II.2.24)

recovering Equation (II.2.15) defining momentum-squeezed states.

To conclude with the single mode Gaussian operations, the Fourier transform is defined as:

F = exp
(
i
π

2

(
q̂2 + p̂2

))
. (II.2.25)
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The Fourier transform can be thought of as a rotation from one quadrature to the other in phase
space. More specifically the action of F on the quadrature operators is:

F †q̂F = −p̂ and F †p̂F = q̂, (II.2.26)

and on the position/momentum eigenstates:

F |q〉q = |q〉p and F |p〉p = |−p〉q . (II.2.27)

In some cases like in section III.1.2.2 the Fourier transform corresponds to the CV version of
the Hadamard gate.

We will also be relying on a specific two-mode gate, the CV controlled-z CZ gate:

CZ = exp (iq̂1 ⊗ q̂2), (II.2.28)

for two modes labeled 1 and 2. It amounts to a displacement of the mode 2 controlled by the
value of the position operator on mode 1—and reciprocally since it is symmetric in the exchange
of 1 and 2:

CZ |q〉q |p〉p = |q〉q |p+ q〉p and CZ |p〉p |q〉q = |p+ q〉p |q〉q . (II.2.29)

The CZ is a simple way to generate entanglement between two CV quantum states. Up to local
transformations it is equivalent to sending the two modes on a balanced beamsplitter.

II.2.2 The Wigner function

There is a whole family of distributions meant to describe CV quantum states, but we will
restrict to only one of them: the Wigner function [Wigner32]. It is one of the most common
and successful representation of CV quantum states. The Wigner function is a quasiprobability
distribution characterizing a given wavefunction |ψ〉—or density matrix. It is defined relative
to a phase space, i.e. to a pair of conjugate variables q̂ and p̂. The Wigner function associated
with the wavefunction |ψ〉 is, at the phase space point (q, p):4

Wψ(q, p) =
1

π

∫ ∞

−∞
ds 〈q − s|ψ〉〈ψ |q + s〉 e−2ips. (II.2.30)

The Wigner function is real and is equivalently defined in the momentum eigenstates basis:

Wψ(q, p) =
1

π

∫ ∞

−∞
dt 〈p− t|ψ〉〈ψ |p+ t〉 e2iqt. (II.2.31)

This formalism provides an intuitive representation of CV quantum states. The Wigner function
is the quantum analogue of the phase space formalism in classical mechanics and resembles a
classical probability distribution. Indeed it obeys a normalization condition:

∫∫ ∞

−∞
dqdpWψ(q, p) = 1, (II.2.32)

4There exist other ways to introduce the Wigner function, see e.g. [Leonhardt97].



14 CHAPTER II. QUANTUM PHYSICS FOR QUANTUM COMPUTATION

and the marginals give the probability distribution for the conjugate variable:

∫ ∞

−∞
dpWψ(q, p) = |ψ(q)|2 and

∫ ∞

−∞
dqWψ(q, p) = |ψ(p)|2. (II.2.33)

However, the Wigner function can also be negative. Hence it cannot be regarded as a true prob-
ability distribution. Interestingly, the negativity of the Wigner function may be used to set some
kind of boundaries between classical and quantum states [Zurek03]. The negative regions are
precisely what prevent the Wigner function from being regarded as a true probability distribu-
tion in phase space. It is not possible to explain these regions based on a “classical” description
of the corresponding physical system hence they are the signature of quantum effects. This idea
has been extended to the framework of QC in [Mari12]: they showed that Quantum Compu-
tations based solely on everywhere positive Wigner functions could be efficiently simulated by
classical computers.

The Wigner functions of some of the previously mentioned CV quantum states are plotted
in Figure II.2. Notice the negative regions for the Schrödinger cat and single photon states
II.2c and II.2d. These states indeed can only emerge from a quantum description of a harmonic
oscillator. Though squeezed states also bear the signature of a quantum behavior by beating
the shot noise limit in one quadrature their Wigner functions II.2b remain everywhere positive.

(a) (b)

(c) (d)

Figure II.2: Some examples of Wigner functions. (a) is the vacuum state, i.e. a coherent state
with α = 0; (b) is a momentum squeezed vacuum state of momentum variance ∆p̂2 = 1/12,
corresponding to approximately 7.8 dB of squeezing; (c) is a Schrödinger cat state of the form
|α〉+ |−α〉, with α = 2.5; and (d) is a single photon Fock state. Notice in particular the negative
regions for the last two states.
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II.2.3 Homodyne detection

The most common Gaussian measurement in CV quantum information is homodyne detection,
consisting of the measurement of a quadrature (q̂ or p̂) of a bosonic mode. It is eventually
modeled as a projection on the infinitely squeezed quadrature basis |p〉 〈p|. More precisely it
works as follows [Braunstein05].

The idea is to mix on a 50/50 beamsplitter (BS) the state to be measured with a local
oscillator, i.e. a coherent state with a large photon number and a well-defined phase (see
Figure II.3). The two output modes of the BS—denoted 1 and 2—are sent to detectors that
basically measure the photon number, or the field intensity: Î1,2 = â†1,2â1,2. In terms of the
initial input modes we have:

â1,2 =
1√
2

(âin ± âLO), (II.2.34)

where âin and âLO are annihilation operators of the target state and the local oscillator, respec-
tively. If the local oscillator field is intense enough, the operator can be described by its classical
complex amplitude αLO as explained in section II.2.1.2. So the photocurrent at the detectors
reads:

Î1,2 =
1

2
(â†in ± α∗LO)(âin ± αLO) =

1

2
(â†inâin + |αLO|2 ± â†inαLO ± âinα

∗
LO). (II.2.35)

Then subtracting signal 2 to signal 1 yields:

Î1 − Î2 = |αLO|
(
â†ine

iφLO + âine
−iφLO

)
, (II.2.36)

where we introduced the phase φLO of the local oscillator. We recognize directly that the signal
is proportional to a quadrature operator of the target mode defined by its angle φLO with respect
to q̂. In particular, setting φLO = 0 measures q̂ and φLO = π/2, p̂.

BS �

Î1

Î2

↵LO

âin

Figure II.3: Scheme of a homodyne detection. αLO stands for the classical amplitude associated
with the laser beam. The detectors measure the light intensity and output the difference of the
two signals, which turns out to be proportional to a quadrature of the target input mode âin.
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Homodyne detection is a very mature technique with high resolution and detection efficiency.
Though as we said earlier, momentum and position eigenstates are unphysical because they
correspond to infinite energy states. So modeling homodyne detection as the projection on such
states is fundamentally incorrect as well as practically inaccurate. In section III.2.3 we will be
considering finite resolution homodyne detection like modeled in Figure II.4.

ppk = 2⌘k

2⌘

pk�1 pk+1

Figure II.4: Modeling of a finite resolution homodyne detection. It consists in discretizing the
real axis according to the operator p̂η of Equation (II.2.37). With each bin is associated a
projector P̂k.

Instead of an infinitely squeezed state, the associated projection operator will correspond
to a window of length η. As a result the set of possible outcomes is discretized. We define a
finitely-resolved p̂η operator as

p̂η =
∞∑

k=−∞
pk

∫ ∞

−∞
dpχηk(p)|p〉〈p| ≡

∞∑

k=−∞
pkP̂k (II.2.37)

with χηk(p) = 1 for p ∈ [pk − η, pk + η], pk = 2ηk and where 2η is the resolution, associated
e.g. with the width of the detector pixels. It is easy to check that this is still a projective
measurement, since we have

∑∞
k=−∞ P̂k = 1, and P̂kP̂k′ = δk,k′ . Graphically it would correspond

to a discretization of the real axis like shown in Figure II.4.



CHAPTER III
Theoretical aspects of Quantum Computation

This Chapter is devoted to the theory of computational complexity in relation with Quantum
Mechanics. It starts with a formal and rigorous definition of Quantum Computation and gives
an overview of some of the associated complexity classes. The case of Continuous Variables
is also addressed and discussed in details. In particular we describe the computational model
known as Measurement Based Quantum Computation and the formalism provided by GKP
states. Then it deals with Sub-universal models of Quantum Computation and in particular the
Instantaneous Quantum Computing example, both in Discrete and Continuous Variables. The
latter is tackled in [Douce16], which is the result of a fascinating collaboration with computer
scientists. Eventually Grover’s algorithm is presented in detail to introduce an original encoding
possessing some advantages both for the quantum search problem and a quantum communication
problem [Douce14].

III.1 Introduction to Universal Quantum Computing

III.1.1 Discrete Variables

This section aims at providing a sound introduction to the fundamental concepts underlying the
theory of Quantum Computation (QC). Although a computer scientist textbook like [Watrous09,
Nielsen11] would provide more details, we believe the approach taken here will highlight some
of the most striking results, both from a practical and conceptual standpoint. Alternative and
less orthodox introductions can be also be found in [Gottesman98,Aaronson13b]. Eventually,
we stress that for most results stated here the proofs will not be addressed, and we instead refer
to the aforementioned references.

III.1.1.1 Definition

A word on the theory of classical computer science — Let us consider first the standard
circuit model. This model is pretty much physics-independent and very intuitive: one is given
boxes that perform (logical) operations or gates on specific items which encode information.
The question is: what can you get when combining these boxes in the most general fashion, for
a given number of items n?

17
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In classical computing, the boxes are made of standard boolean operations like AND, OR,
XOR (exclusive OR), NOT, CNOT (controlled-NOT) for instance. Naturally the underlying
items are the famous bits, that can take two values 0 and 1. In the end, the answer is the
computation of functions defined over sets of bits f : {0, 1}n → {0, 1}m.

In this thesis we are concerned with the notion of time complexity of decision problems. A
decision problem is basically a question admitting a Yes/No answer. In the following the ‘size’
of the question, or basically the number of bits involved in the computation, will be denoted as
n. The idea is to sort decision problems according to the time required to solve them in the
worst case scenario. For instance, the class P corresponds to decision problems for which an
answer can be given in time polynomial in n;1 in NP lie the problems which positive answers
can be verified in time polynomial in n.2 From the very definition the following inclusion holds:

P ⊆ NP, (III.1.1)

and it is believed that P 6= NP. More precisely, the inclusion notation stands for: every decision
problem that is in P is also in NP.

From these two classes on, a so-called Polynomial Hierarchy (PH) has been built up. It con-
sists in classes of decision problems which seemingly require more and more resources to solve. At
level 0 is the class P and at level 1 is the class NP. There is a countable number of levels, denoted
∆k for k ∈ N, and it is widely assumed in the computer science community that each of them is
strictly contained in its followers. We will specifically rely on this assumption in section III.2.3.2.

Finally we will also discuss two probabilistic classes: BPP, for Bounded Probabilistic Polyno-
mial time, and PP, for Probabilistic Polynomial time. Intuitively BPP corresponds to the ‘easy’
problems for classical computers: it requires that given a yes answer the outcome of the compu-
tation is yes at least 2/3 of the time; and given a no answer the outcome of the computation is no
at least 2/3 of the time.3 The class PP is defined similarly, except the expected probability is now
unbounded: it is only required that the outcome gives the right answer strictly more than half of
the time. Perhaps surprisingly, PP contains many more problems than BPP. In fact, the whole
PH is actually contained in PP [Toda89] (up to a technical detail that will not really matter here).

A pedagogical introduction to some of these notions can be found in [Farhi16] and a more
complete and in-depth discussion in [Arora09].

Universal Quantum Computation — In Quantum Mechanics (QM), the underlying ob-
jects carrying information are the analogues of the classical bits: the qubits. As we saw in
Chapter II their evolution is formally governed by unitary matrices. Hence the goal of QC is
merely to implement arbitrary unitary matrices acting on n qubits, U ∈ U(2n). This is the very
definition of universal QC:

A Universal Quantum Computer is able to approximate to arbitrary precision any unitary
matrix acting on a 2n-dimensional Hilbert space.

1P stands for Polynomial time.
2NP stands for Nondeterministic Polynomial time.
3The exact value is irrelevant as long as it is strictly larger than 1/2.
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So far we have allowed any boxes to be used or operations to be performed. A legitimate question
would be to ask whether they are all equivalent in terms of computing boolean functions and
approximating unitary matrices, and it turns out that they are not. There exist finite sets of
carefully chosen classical gates that can be used indeed to implement any boolean function. One
of these sets is made of a single operation, the Toffoli gate or CCNOT.4 Equivalently, for QC
there exist finite sets of unitary transformations which are proven to be sufficient to approximate
to arbitrary precision any unitary matrix. Identifying such sets and discussing the cost of the
approximations is the topic of the following sections.

III.1.1.2 Quantum circuits

The definition we gave in the last section is highly unpractical. A unitary matrix in a 2n-
dimensional Hilbert space is characterized by a set of roughly 4n complex numbers. An algo-
rithm cannot consist in specifying the value of all these numbers but should rather look like a
recipe based on simpler ingredients—like in classical computing. Fortunately, a couple of results
show that such decomposition is indeed possible. We refer to [Nielsen11] for the proofs of the
statements presented in this section.

The Solovay-Kitaev Theorem — The first result is a theorem known as the Solovay-Kitaev
Theorem (see also [Dawson06]). We will state it here in a simpler form so that its importance
to our topic appears clearly, skipping also a couple of technical details.

Solovay-Kitaev Theorem: Let G a finite subset of SU(2) and U ∈ SU(2). If the group
generated by G is dense in SU(2), then for any ε > 0 it is possible to approximate U to precision
ε using O

(
log4(1/ε)

)
gates from G.

Basically the idea of the theorem is that if one is able to approximate any unitary of SU(2),
then one is actually able to do it fast, i.e. with only a polylogarithmic overhead. An important
consequence of this theorem is that QC is actually meaningful as a theoretical framework.
Practically, it renders possible to define quantum complexity classes, in the same fashion as
classical complexity classes. This will be discussed and formalized in section III.1.1.3.

Universal sets and the Gottesman-Knill Theorem — The second important milestone
concerns the structure of 2n × 2n unitary matrices. It can be shown that such matrices can
actually be obtained by concatenating only single qubit rotations and a two-qubit gate like
CNOT or CZ . In other words, any unitary matrix may be expressed exactly as a (huge) product
of CNOT gates in between single qubit rotations. This decomposition however still leaves a
continuum of gates to be specified: all the single qubit rotations.

The gain is that now the problem has been reduced from finding a dense subset of SU(2n) to
identifying a dense and finite subset of SU(2), which is much simpler. Then the Solovay-Kitaev
Theorem will ensure that such subset will be good enough: instead of single qubit rotations we
will end up with sequences made of gates from the dense subset of SU(2). Without detailing

4This gate is defined in Equation (III.1.3) and will be useful when comparing classical computing to QC later
on.
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the construction, we will mention two examples of so-called universal sets:5

{P =

(
1 0

0 ei
π
4

)
, H =

1√
2

(
1 1

1 −1

)
, CZ =




1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 −1


}, (III.1.2)

where P is called the π/8 gate, H the Hadamard gate and CZ the controlled-Z gate. These
gates have a pretty intuitive meaning: P is chosen specifically to generate non trivial phases, the
Hadamard gate creates superposition and CZ entanglement. A less intuitive but conceptually
very interesting universal set is given by the following two operations:

{T =




1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1

0 0 0 0 0 0 1 0




, H =
1√
2

(
1 1

1 −1

)
}, (III.1.3)

where T is called the Toffoli gate. T is actually a fully classical gate because its matrix repre-
sentation is the direct translation of its truth table in boolean logic.

Overall, quantum circuits are realized by concatenating a given number of these gates, {T,H}
or {P,CZ , H}, the exact sequence being specified by the algorithm. We can already draw a very
important conclusion from here: classical computing is a subset of QC! Indeed the Toffoli gate is
universal for classical computation and, together with the Hadamard gate, for QC as well [Shi03].
So whatever classical algorithm, once written in terms of the Toffoli gate it can obviously run
on a quantum computer.

On the other hand, the celebrated Gottesman-Knill theorem [Gottesman98] puts some limits
on the power of QC. They show that a whole class of quantum algorithms could be efficiently
simulated on a classical machine. For instance, all the unitary evolutions generated by a set
consisting only of P 2, H and CZ can be efficiently simulated by a classical computer. More
generally, the Clifford group is defined as the normalizer of the Pauli group in U(2n)—see also
section II.1.2. Then the theorem states the following:

Gottesman-Knill Theorem: A Quantum Computer based only on: (i) qubits initialized
in a Pauli eigenstate, (ii) Clifford group operations and (iii) Pauli measurements, can be effi-
ciently simulated by a classical computer.

Consequently, a QC to be interesting has to break at least one of the three assumptions
leading to the theorem. The standard strategy is to provide a non-Clifford operation, like the π/8
rotation or the Toffoli gate. As we will see later, another paradigm for QC, namely Measurement
Based Quantum Computing, relies on non-Pauli measurements. Eventually, one may also think
of initializing some of the qubits in non trivial states known as magic states [Bravyi05].

5By convention the basis is sorted in increasing binary order.
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III.1.1.3 Quantum Complexity Classes

We now have everything we need to approximate any 2n × 2n unitary matrix. A quantum
algorithm thus consists in specifying what gates from the universal set should be applied and
in which order. But similarly to the classical case, a natural question arises: how many gates
are required for a particular computation? This is precisely the problem tackled by quantum
complexity classes. The approach taken in this section will be somewhat informal and more
involved definitions can be found in [Watrous09]. Figure III.1 shows the complexity classes
defined in this section and the relationships between them (very much inspired by the Complexity
Zoo6).

BPP

BQP

PostBQP

PostBPP

PP=

Figure III.1: Complexity classes discussed in this section and the inclusion relationships (black
line, inclusion from bottom to top). For a more in-depth discussion on the kind of problems
(sampling, searching, decision) see also [Aaronson13a]).

Bounded Quantum Polynomial time — Let us first define perhaps the most important
quantum complexity class: BQP. It is the direct translation to the quantum realm of the classical
BPP–for Bounded Probabilistic Polynomial time—class which contains the “easy” problems for
classical computers.

BQP is the class of problems that can be solved using at most a polynomial number of gates,
with at most 1/3 probability of error.

Intuitively, it is the class we refer to when we talk about problems efficiently solved by a
universal QC. BQP is the direct translation to the quantum realm of the standard classical
complexity class BPP, which contains all the “easy” problems for classical computers. Note that
we don’t have to specify which gates the definition is based upon, as long as they constitute a
universal set: thanks to the Solovay-Kitaev theorem, using one universal set or another merely
results in a polylogarithmic overhead, hence still dominated by a polynomial function. More
formally:

BQP is the class of problems for which there exists a polynomially long (in the size of the
input or equivalently in the number of qubits, n) quantum circuit such that:

6https://complexityzoo.uwaterloo.ca/Complexity_Zoo

https://complexityzoo.uwaterloo.ca/Complexity_Zoo
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• If the answer is yes, then the first qubit has at least 2/3 probability7 of being measured 1.

• If the answer is no then the first qubit has at most 1/3 probability of being measured 1.

One may wonder if it is meaningful to define such a class BQP. It can actually be shown that most
2n×2n unitary matrices can only be implemented very inefficiently. More specifically they would
require Ω(2n log(1/ε)/ log(n)) operations to approximate within error ε—again see [Nielsen11]
for a proper derivation of this statement. Overall the problem of implementing a 2n×2n unitary
matrix is not in BQP in general! So what would a quantum computer be good for in practice?
Basically implementing all the evolutions that belong to BQP and thus solving the problems
they can be related to.

We saw earlier that QC subsumed classical computing. In terms of complexity classes, it is
summarized by the following statement:

BPP ⊆ BQP, (III.1.4)

where BPP stands for the classical analog of BQP and was introduced in section III.1.1.1. We
will see in section III.3.1.1 a problem lying in BQP but for which no efficient classical algorithm
is known, hinting towards a strict inclusion in Equation (III.1.4)

Postselection — Later in the chapter we will be relying upon another quantum complexity
class called PostBQP. The idea behind this name is fairly simple: what happens if, during a
polynomial time computation, one is allowed to abort and start all over again for free when-
ever the result on a specific conditioning qubit (or subset of qubits) is not satisfying. Though
it may seem like what experimentalists do all the time in their labs, this postselection pro-
cedure, which is actually not specific to QC at all, is highly unrealistic and brings in a lot of
power to the model [Aaronson05b]. But let us give a more formal definition of the class PostBQP.

PostBQP is the class of problems solvable by a BQP machine such that:

• If the answer is yes, then the second qubit has at least 2/3 probability of being measured
1, conditioned on the first qubit having been measured 1.

• If the answer is no then the second qubit has at most 1/3 probability of being measured
1, conditioned on the first qubit having been measured 1.

• On any input, the first qubit has a nonzero probability of being measured 1.8

Denoting qo (resp. qc) the output (resp. post-selected) qubit, the relevant mathematical object
is the conditional probability which reads by definition:

P (qo = 1/qc = 1) =
P (qo = 1 ∧ qc = 1)

P (qc = 1)
. (III.1.5)

Intuitively, the power of PostBQP relies upon the denominator P (qc = 1): since it can be arbi-
trarily low, it may compensate for very unlikely events corresponding to the solution. Actually,
the definition we’ve given should be refined to account for this idea, see section III.2.3.

7The exact value of the bound is actually irrelevant as long as it is strictly larger than 1/2. The same remark
holds if the answer is no and the probability upper bounded by a constant strictly lower than 1/2.

8This condition can actually be refined to an n-dependent probability, see section III.2.3.2.
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Now what is the relationship between PostBQP and classical computing? Naively, if we
consider quantum circuits made only of Toffoli and CNOT gates and still allow for postselection,
we get the following result that will be of importance in section III.2.2:

PostBPP ⊆ PostBQP, (III.1.6)

which is also represented in Figure III.1. Actually, a much more precise characterization of
PostBQP has been given in [Aaronson05b]. This characterization is based on non trivial classical
complexity theory and formally reads:

PostBQP = PP, (III.1.7)

where PP was defined earlier in section III.1.1.1. This result will be used in section III.2.3.

Error-correcting codes — So far we have been considering only perfect operations in order
to define the complexity classes. However all this work would be in vain if the slightest error
rate could ruin it. Error-correcting codes make sure the complexity classes have real-world
implications.

The need for error-correction is quite obvious even for classical computation. Suppose an
algorithm makes use of p(n) gates, with p(n) a polynomial function of n, and the expected
accuracy for the whole algorithm is ε. Then each gate needs accuracy ε/p(n), and such scaling
can be very detrimental for large computations. The idea behind error-correction is to maintain
a constant error probability at the output through a clever encoding of the logical information
within the hardware. Such encoding will basically amount to adding redundancy so that the
original computation can be recovered even after performing noisy operations.

Quantum error-correcting codes follow the same path, except that the hardware is now made
of qubits. A clear introduction can be found in [Gottesman10]. Famous quantum error-correcting
codes are, e.g. the Shor code [Shor95] and the surface code [Fowler12]. The details will not be
presented in this manuscript. Nevertheless, let us recall a fundamental theoretical result, the
threshold theorem, which states the following [Nielsen11]:

Threshold Theorem: A quantum circuit containing p(n) gates may be simulated with
probability of error at most ε using O(p(n) · polylog (p(n)/ε)) gates on a hardware whose com-
ponents fail with probability at most pf , provided pf is below some constant threshold pf < pth,
and given reasonable assumptions about the noise in the underlying hardware.

In other words, the threshold theorem provides a rigorous framework to the intuitive idea
that adding more resources to a computation makes it more robust. It is indeed really powerful,
proving that exponential precision at the output can be reached for a constant error rate of the
individual operations and only a polynomial overhead. We will see later in section III.2.3.2 how
this will come into play in our work.

III.1.2 Continuous Variables

The field of Continuous Variables (CV) QC relies upon a looser formalism than the Discrete
Variables (DV) world. However from an experimental standpoint they provide some key advan-
tages. First and foremost physicists have managed to generate very large entangled states in
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CV (see for instance [Yokoyama13,Chen14a,Roslund14]), by far surpassing their qubit counter-
parts [Monz11]. Then since CV are based upon the theory of the quantum harmonic oscillator
(see section II.2.1.1) they are also relatively easily manipulated theoretically and may fit better
the kind of problems that could be solved by a quantum computer.

In this section we will try to present and understand some of the problems specific to CV,
and propose a way out exploiting the advantages of these that we will use in section III.2.3.

III.1.2.1 Adapting the DV definition of Universal QC to CV

Definition — The original case for CV QC was made by Lloyd and Braunstein in [Lloyd99].
Rather than considering unitary operators over infinite dimensional Hilbert spaces, which would
require an infinite number of parameters to define, they consider a physics inspired subclass of
those: unitary operators that correspond to Hamiltonian evolutions where the Hamiltonian is a
polynomial function of the creation and annihilation operators. Then:

A Universal Quantum Computer in Continuous Variables is able to approximate to arbitrary
precision any Hamiltonian evolution which is a polynomial function of the creation and

annihilation operators.

Later in this thesis when we mention universal CV QC we will be referring to this definition.
As we saw before a QC should be defined from a small gate set in order to design algorithms
and to derive a complexity theoretic framework. The basic procedure to obtain such universal
gate set is detailed in [Lloyd99,Braunstein05] and an overview is given in the following.

The whole construction relies on the following equality, for HA and HB arbitrary Hamilto-
nians and δt a real number:

eiHAδteiHBδte−iHAδte−iHBδt = e(HAHB−HBHA)δt2 +O(δt3). (III.1.8)

In other words, applying Hamiltonians HA and HB as specified above is equivalent to applying
the Hamiltonian i[HA, HB] in the small time limit. More generally, a given set of Hamiltonians
can generate any evolution within the algebra spanned by commutation. This property allows
to identify several classes of Hamiltonians (see also section II.2.1.2):

• linear Hamiltonians like q̂ and p̂; they correspond to quadrature displacements in the case
of the electromagnetic field;

• quadratic Hamiltonians like q̂2 and p̂2; specific cases of this class of Hamiltonians are
squeeze operators q̂p̂ + p̂q̂ and the Fourier transform π

2 (q̂2 + p̂2) that rotates from one
quadrature to the other;

• entangling Hamiltonians, for instance q̂iq̂j for two modes i and j;

• a higher order Hamiltonian like the cubic gate q̂3 or the Kerr Hamiltonian (q̂2 + p̂2)2.

The first four evolutions are called Gaussian evolutions because they preserve Gaussian states
(see also section II.2.1.1). They are sufficient for certain quantum information tasks like CV
Quantum Key Distribution [Grosshans02,Grosshans03]. Generating higher-order hamiltonians
though requires being able to implement at least one polynomial of degree greater or equal than
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3. The experimental difficulty in implementing such evolution is one of the main obstacles facing
CV QC.

So far we have intentionally eluded that defining unitary evolutions based on Hamiltonians
leaves one degree of freedom: the interaction time. In principle it is a real number. As such it
cannot be used in the standard digital information theory. For all practical purposes it is likely
that experiments will impose their own constraints on interactions times and thus recover some
kind of discreteness. But from a purely theoretical standpoint it is not entirely satisfying, and
we will see later how to circumvent this conceptual barrier.

It is also time now to tackle a second drawback related to CV: what should be the analogue
of qubits? Originally the idea was to use squeezed states. For infinitely squeezed momentum
states for instance we have

p̂ |s〉p = s |s〉p ,

which suggests that in a Heisenberg representation engineering a given evolution of the p̂ oper-
ator would imply computing directly with real numbers. This statement itself, although very
promising in terms of sole computational power, is not satisfying in practice. For even with clas-
sical computation, so-called analog computers were made obsolete by digital computing. Thus
the idealized picture we have depicted has to break at some point.

Indeed in QM infinitely squeezed states correspond to infinite energy states, hence such states
cannot exist. So people have assumed that finite squeezing, as well as all the other noise sources
in physical systems, would somehow discretize the theory and bring it back to the nice digital
domain of information theory [Lloyd99].

Finally, the Gottesman-Knill theorem of section III.1.1.2 was extended to CV in [Bartlett02].
Once again it gives a set of sufficient conditions for efficient simulation of quantum evolutions
by classical computers. Any quantum process that (i) starts with independant Gaussian states,
(ii) performs only transformations corresponding to hamiltonians that are at most quadratic in
the quadrature operators, and (ii) involves only measurements of said quadrature operators can
be simulated efficiently on a classical computer. So the higher-order evolution mentioned above
is of great importance when planning to use CV for QC.

Despite all these fundamental obstacles however, people are still very much interested in CV
QC. The reason will become clear in the following.

Measurement Based Quantum Computing — To summarize what has been said above,
CV QC is kind of an ill-defined concept, or to say the least requires much more work than
DV QC. So why should anyone bother with such formalism? As already mentioned, the main
reason comes from experimentalist labs, where physicist managed to generate very large squeezed
entangled states. For more details on these we refer to [Yokoyama13, Chen14a, Roslund14].
Additionally, there exists a computational model, known as the Measurement Based Quantum
Computation (MBQC), in which the CV case is actually pretty promising. This model was
originally designed in the DV regime [Raussendorf01] and later extended to CV [Zhang06]. The
key point is that it naturally fits the experimental capabilities of CV.
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Both in DV and CV, MBQC begins with the generation of a large entangled state. Then a
specific computation is performed by locally measuring the qubits or the qumodes. The precise
recipe for CV was shown in [Gu09]. They explicitly describe measurement protocols aiming at
implementing CV operations on squeezed states. At the beginning is a graph state—also called
cluster state, i.e. a set of squeezed states entangled according to a specific pattern—the graph.
Vertices of the graph correspond to squeezed vacuum states (see section II.2.1.2) while the edges
define the entanglement through the CZ = eiq̂iq̂j gate.9 An example of graph state is presented
in Figure III.2.

CZ

⇠

Figure III.2: Graph state corresponding to a 2-dimensional square graph. Vertices are momen-
tum squeezed states of squeezing parameter ξ. Edges represent the application of a CZ gate on
the two associated vertices.

Once the graph state has been produced, the algorithm specifies a sequence of measurements
to perform. A striking result of [Gu09] is that all Gaussian operations can be realized through
homodyne detection! Let us see how it goes in an ideal case: we have a CV state |ψ〉 =∫

dq ψ(q) |q〉q corresponding to the computational state entangled with an infinitely squeezed
momentum state |0〉p. The global state reads:

CZ |ψ〉 |0〉p =

∫
dq ψ(q) |q〉q |q〉p . (III.1.9)

Measurement of p̂ on the first register, with associated result m, yields:

|ψmout〉 =

∫
dq ψ(q)e−iqm |q〉p = e−imp̂F |ψ〉 . (III.1.10)

9Generalizations of cluster states may consider weighted edges, where the entanglement is generated by a
parameter-dependent gate eisq̂iq̂j [Menicucci11].



III.1. INTRODUCTION TO UNIVERSAL QUANTUM COMPUTING 27

In other words, this simple procedure applies a Fourier transform to the input state modulo
an additional known displacement. A convenient feature of this small circuit is that any gate
that depends only on the q̂ operator commutes with CZ . So applying such an evolution Dq̂ to
the state |ψ〉 can be postponed right before the measurement, or equivalently be absorbed by
measuring in a rotated basis D†q̂p̂Dq̂ – see Figure III.3.

Dq̂ |ψ〉 • p̂ m

|0〉p • X(m)FDq̂ |ψ〉
⇐⇒ |ψ〉 • D†q̂p̂Dq̂ m

|0〉p • X(m)FDq̂ |ψ〉
Figure III.3: Implementation in an MBQC fashion of Dq̂, an arbitrary unitary evolution diagonal
in q̂. |0〉p is an infinitely momentum squeezed state. Left : the gate is applied directly on the
quantum state |ψ〉 before teleporting it. Right : the gate is applied by measuring the state |ψ〉
in a different basis.

This simple picture illustrates the principles of MBQC. Two features emerge: firstly, homo-
dyne detection allows to implement Gaussian operations by simply rotating the phase of the
local oscillator. Secondly, the additional displacement needs not be corrected for said Gaussian
operations: it is sufficient to keep track of it and postpone to classical postprocessing. For higher
order polynomial functions however, one has to come up with another measurement procedure
which will actively depend on previous measurement results. Several proposals can be found in
the literature, essentially based on photon number resolving detectors [Gottesman01] or photon
addition/subtraction [Marek11,Marshall15].

So far we have seen how graph states would enable quantum information processing were they
made of infinitely squeezed states. Considering finite squeezing effects will obviously introduce
noise to the picture. More precisely, let us see how the protocol described in Figure III.3 is
affected. The initial state is now (omitting normalization constants):

CZ |ψ〉 |ξ〉p =

∫
dqdt e

− (t−q)2

2ξ2 ψ(q) |q〉q |t〉p . (III.1.11)

Then the output state after the measurement yielding outcome m is:

|ψmout〉 =

∫
dq e

− (t−q)2

2ξ2 ψ(q)e−iqm |t〉p = (Gξ) ∗ (e−imp̂F |ψ〉), (III.1.12)

which corresponds to the original outcome of Equation (III.1.10) convolved with a Gaussian
function Gξ of variance given by the squeezing of the ancillary mode ξ2. The specific case where
|ψ〉 is also a Gaussian wavefunction is even more intuitive: the squeezing will get degraded in one
of the quadratures at every measurement by adding the variances together. A deeper analysis
can be found in [Alexander14].

Summary and conclusion — In a nutshell, an MBQC consists in: (i) initializing a data
quantum state, (ii) entangle it with a large cluster state, (iii) teleporting via successive mea-
surements the data quantum state along the cluster according to a pattern in one-to-one cor-
respondence with the computation. MBQC provides almost all the tools to match the original
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definition of CV QC, whilst taking full profit of the experimental advantages of CV. However a
couple of caveats remain to be dealt with.

It is possible to define a unit of continuous information, the “nat”, where 1 nat = log2 e bits.
[Lloyd99] then defines the “qunat” for bipartite state as the von Neumann entropy of a reduced
state: for a pure state CV |ψ〉12, the continuous quantum information is S(ρ) = −Tr(ρ1 ln ρ1).
However this picture has not been much used to our knowledge. Like in classical information,
many reasons lean towards using discrete information carriers. Experimentally, every appara-
tus possess a finite resolution, so it would be hopeless to run real numbers-based algorithms.
Theoretically, what we can say is that there exists a classical computational theory using real
numbers, very different from the digital one. It is largely ignored by the theorists because of
the sensibility to noise: the equivalent of the Threshold Theorem of section III.1.1.3 cannot
exist for real number based computations. Indeed the Threshold Theorem is what prevents QC
from falling into the same claws (see also [Aaronson05a, Nielsen11] for a deeper discussion on
this matter). Accordingly, a QC based on real numbers would not remain under the range of
application of the Theorem, and thus its susceptibility to noise could not be compensated for.

Furthermore, because of the finite squeezing of the cluster state, noise is added at every
measurement, or equivalently at every computation step. It means that after a few operations,
no matter how complex the quantum state encoding the information was, it is brought back to a
coherent state (or close to), which doesn’t help much with anything regarding the computation.
More precisely, it was shown in [Mari12] that it is classically efficient to simulate any CV QC
with positive Wigner function all along. In other words, negativity of the Wigner function is the
very resource to be protected during a computation, though a few teleportations along a cluster
would annihilate it.

Thus solutions must be found to circumvent the aforementioned obstacles. We will go
through one of them in the following.

III.1.2.2 Discretizing the information

There exist several discretization protocols, that often focus on a particular context for informa-
tion processing. For instance we may cite the KLM scheme [Knill01] or the one from [Ralph03].
In the following we will be concerned with one of the most successful for QC, namely the GKP
encoding [Gottesman01]. Let us now see how it goes.

Definition — The starting point relies on the definition of qubits as continuous wavefunctions
made of an infinite number of Dirac peaks, see Figure III.4. Mathematically they read in the
position representation10 (as non-normalizable states):

|0L〉 =
∑

n

|2n√π〉q ,

|1L〉 =
∑

n

|(2n+ 1)
√
π〉q . (III.1.13)

10Here we only consider the specific case where the distance between two consecutive peaks in the position
representation is 2

√
π. This choice makes the calculations simpler when dealing with the Fourier transform and

the momentum representation.
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Figure III.4: Left : Wavefunction of perfect GKP states in position representation. The upper
(lower) figure, in blue (red), corresponds to |0L〉 (|1L〉). Arrows stand for Dirac peaks. Right :
Same objects in momentum space.

The main feature of these states is that they allow for a direct equivalence between universal
sets cast in CV and DV. More precisely we have the following links:

X ←→ exp
(
−i√πp̂

)
,

Z ←→ exp
(
i
√
πq̂
)
,

H ←→ exp
(
i
π

2
(q̂2 + p̂2)

)
= F. (III.1.14)

For two modes, labeled 1 and 2, we also have:

CZ ←→ exp (iq̂1q̂2). (III.1.15)

To sum up, GKP states realize a one-to-one correspondence between simple qubit operations and
Gaussian transformations. More formally, the Clifford group defined in section II.1.2 is mapped
to Gaussian transformations. Apart from the obvious simplicity in the resulting formalism, such
correspondence provides convenient tools to tackle error-correction as defined in section III.1.1.3.
Since error-correcting codes are based on Pauli group operations, a QC in CV based on GKP
states would only require simple Gaussian operations in order to add a layer of DV error-
correction on top of the CV computation. This feature is probably the most appealing and the
main reason of the (theoretical) success of the GKP formalism.

Finally reaching universal QC requires to break one of the assumptions leading to the
Gottesman-Knill theorem presented in section III.1.1.2. The equivalent of the π/8 gate P in the
GKP basis reads [Gottesman01]:

PGKP = exp

{
i
π

4

(
2

(
q̂√
π

)3

+

(
q̂√
π

)2

− 2

(
q̂√
π

))}
. (III.1.16)
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Of course, realistic logical qubit states will be normalizable finitely squeezed states, rather
than non-normalizable infinitely squeezed states. The Dirac peaks will be replaced by normalized
Gaussians of width ∆, while the infinite sum itself will become a Gaussian envelope function of
width δ−1 (see Figure III.5). Overall, the realistic states wavefunctions read:

〈q |0̃L〉 = N0

∑

n

exp

(
−(2n)2πδ2

2

)
exp

(
−(q − 2n

√
π)2

2∆2

)
,

〈q |1̃L〉 = N1

∑

n

exp

(
−(2n+ 1)2πδ2

2

)
exp

(
−(q − (2n+ 1)

√
π)

2

2∆2

)
, (III.1.17)

where N0 and N1 are normalization constants. The states characterized by these wavefunctions
will be called Gaussian GKP states in the following.

-4 Π -2 Π 0 2 Π 4 Π

q

YHqL

Figure III.5: Wavefunction in position representation of GKP |0̃L〉 state in continuous blue (|1̃L〉
in dashed red) with δ = ∆ = 0.25 from Equation (III.1.17). The momentum representation can
be deduced from Figure III.4 through the same procedure.

Noise reduction — A natural question now arises: what happens to the aforementioned
properties of the perfect GKP states? When noise such as the Gaussian wavefunctions of Fig-
ure III.5 is taken into account, do GKP states retain their features?

Counterintuitively maybe GKP states are robust against such Gaussian noise. The basic
idea can be found in [Gottesman01] and was afterwards refined in [Glancy06]. Since we will
need to derive the same kind of results later in this chapter—more precisely in section III.2.3,
it may be interesting to dive a bit deeper in the details of the noise reduction procedure. It is
important to keep in mind that the errors mentioned here are unrelated to the one introduced
in section III.1.1.3. Here the concern is with the noise in the wavefunction while in the qubit
case the errors were unwanted operations at the logical level. Indeed we will see later how the
two can be connected.
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In general, any superoperator E acting on density matrices may be expanded as [Glancy06]:

Eρ =

∫
dudvdu′dv′F (u, v, u′, v′)e−iup̂e−ivq̂ρeiv

′q̂eiu
′p̂, (III.1.18)

where the F function characterizes the noise distribution. This expansion can actually be refined
to describe pure imperfect GKP states, with Gaussian noise:

|0̃L〉 =

∫
dudv G∆(u)Gδ(v)e−iup̂e−ivq̂ |0L〉 ,

|1̃L〉 =

∫
dudv G∆(u)Gδ(v)e−iup̂e−ivq̂ |1L〉 , (III.1.19)

where G∆(x) is a Gaussian function of mean 0 and variance ∆2. This system is equivalent to the
definition given in Equation (III.1.17). In other words, Gaussian noise can be expressed in terms
of small displacements of the unphysical GKP states and actually the latter were specifically
designed to correct for such displacement errors.

The noise reduction itself doesn’t concern with the type of noise—the specific Gaussian case
will be discussed in the next section. The basic idea again combines an MBQC picture with
the expansion of Equation (III.1.19). Figure III.6 shows the circuit corresponding to the noise
reduction scheme studied in the following.

|ψ̃〉 • X (−s mod [
√
π])

|0̃L〉 • p̂ s

(a)

|ψ〉 e−iu1p̂1e−iv1q̂1 • X(v2 − u1)

|0L〉 e−iu2p̂2e−iv2q̂2 • p̂ M
√
π + u1 − v2

(b)

Figure III.6: Top: Procedure to reduce the noise in the q̂ quadrature. |0̃L〉 is a Gaussian GKP
state and |ψ̃〉 is a noisy GKP-encoded CV state. X(m) is a displacement operatorX(m) = e−imp̂.
Bottom: Modeling the noise in the noise reduction protocol. |0L〉 is a perfect GKP state and
|ψ〉 is a perfect GKP-encoded CV state.

The specific feature of the circuit presented in Figure III.6b is that it would act trivially
on perfect GKP states. Basically the CZ gate precisely entangles the states according to the
noisy displacements that we wish to correct for. The measurement in p̂ provides the information
about these displacements: the value of u1 ‘hidden’ by the additional real number v2. Displacing
back the output state by an amount given by the outcome ensures that u1 is corrected while
introducing an error determined by v2. The details of the calculations will be analyzed in the
following.
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We will assume the data qubit |ψ〉 is initialized in the |0L〉 state. Since the calculations
can be reproduced similarly for a |1L〉 input state, by linearity it will also cover arbitrary input
states. We will study first the circuit presented in Figure III.6b before extending the result to
the general case including arbitrary noise models. After measuring the p̂ quadrature producing
outcome s, the quantum state reads:

p 〈s|CZe−iu1p̂1e−iv1q̂1e−iu2p̂2e−iv2q̂2 |0L〉 |0L〉

=

∫
dq1 |q1〉q 〈q1| 〈s|CZe−iu1p̂1e−iv1q̂1e−iu2p̂2e−iv2q̂2 |0L, 0L〉

=

∫
dq1 |q1〉q 〈q1 − u1|〈s− q1 + v2|0L, 0L〉e−iv1(q1−u1)e−iu2(s−q1)

= e−iu2(s−u1)

∫
dq1 |q1 + u1〉q 〈q1|〈s− q1 − u1 + v2|0L, 0L〉e−i(v1−u2)q1 .

(III.1.20)

In the momentum representation like in Figure III.4, |0L〉 is made of Dirac peaks at every integer
multiple of

√
π. Hence the inner product 〈s− q1 − u1 + v2|0L〉 is non vanishing only if

s− q1 − u1 + v2 = l
√
π (III.1.21)

for some integer l. Additionally, since q1 itself must be an even integer multiple of
√
π because

of the other braket 〈q1| 0L〉—this time in the position representation, the very outcome of the
homodyne detection will take the value

s = M
√
π + u1 − v2, (III.1.22)

where M is a random integer—or more precisely a random even integer subtracted to a random
integer. Injecting this Equation back into Equation (III.1.20) and then expanding the |0L〉
according to Equation (III.1.13) yields:

e−iu2(M
√
π−v2)

∫
dq1 |q1 + u1〉q 〈q1|〈M

√
π − q1|0L, 0L〉e−i(v1−u2)q1 (III.1.23)

=
∑

m,m′

e−iu2(M
√
π−v2)

∫
dq1 |q1 + u1〉 δ(q1 − 2m

√
π)δ(q1 + (m′ − l)√π)e−i(v1−u2)q1 .

This expression can be dealt with once noticing that

δ(q1 − 2m
√
π)δ(q1 − (l −m′)√π) = δ2m,l−m′δ(q1 − 2m

√
π).

Then the sum over m and the integral over q1 collapse and what remains is:
∑

m

e−iu2(M
√
π−v2) |2m√π + u1〉 e−i(v1−u2)2m

√
π = e−iu2(M

√
π−v2)e−iu1p̂1e−i(v1−u2)q̂1 |0L〉 .

(III.1.24)
Eventually, a displacement in the q̂ quadrature needs to be applied to the output state, of an
amount given by:

s mod
[√
π
]

= u1 − v2. (III.1.25)
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The operation thus defined is X(v2 − u1) = exp(−i(v2 − u1)p̂1). After the displacement the
corrected state |ψc〉 reads:

|ψc〉 = e−iu2(M
√
π−v2)e−iv2p̂1e−i(v1−u2)q̂1 |0L〉 . (III.1.26)

Now the shift in the q̂ quadrature is entirely determined by the value of v2 which itself comes
from the GKP ancilla. On the other hand, the shift in the p̂ quadrature v1 − u2 is related to
both the qubit’s and the ancilla’s noise. Overall, the error-correction protocol described here
enables to replace the noise in one quadrature of a data qubit by the noise coming from a brand
new ancilla while the noise in the orthogonal quadrature is augmented by this protocol.

The procedure fails whenever taking the outcome modulo
√
π falls in another

√
π-long win-

dow, i.e. if |u1 − v2| >
√
π/2. Then the correcting displacement would leave an additional

exp (±i√πp̂) corresponding to a logical bit flip of the output state. Hence the protocol trans-
lates a physical noise corresponding to unwanted displacements acting on the wavefunction into
a logical error probability that may result in a bit flip. The error probability of this protocol
can be derived based upon a specific noise model by computing P (|u1− v2|) ≤

√
π/2. Modeling

noise with Gaussian distributions then may help to obtain even stronger result, as we will see
in the following.

Eventually, this protocol alone is not enough to deal with the noise in GKP states. Since
it replaces the noise in one quadrature, it must be performed a second time to deal with the
orthogonal quadrature. More precisely, after the first round of the protocol a standard CV
teleportation must be realized to implement a Fourier transform and thus rotate the state to the
orthogonal quadrature. Then the protocol is repeated and replaces the noise in the orthogonal
quadrature.

To summarize, the circuit shown in Figure III.6 ensures that the noise blurring the CV
quantum state and step-by-step destroying the quantum information encoded therein can be
kept at a fixed level. This level is given by the noise present in the ‘fresh’ GKP ancilla. This
protocol will be further discussed in section III.2.3.2.

III.1.2.3 Conclusion: a fault tolerant model for CV

Fault-tolerant CV MBQC — It is time now to conclude on what has been discussed so far.
To do so we will follow the lines of [Menicucci14]. In a nutshell, this paper shows how to define
properly a CV hardware model matching the requirements of the BQP class. It uses essentially
the ingredients previously discussed: (i) an MBQC picture to take profit of the experimental
advantages of CV and the nice formalism derived accordingly; (ii) GKP states to encode and
process discrete information and to correct for the noise coming from teleporting a quantum
state along a cluster.

In connection with our own work, the main point of interest is the treatment of the tele-
portation noise in the cluster. The idea is to model noise through Gaussian wavefunctions: for
the squeezed states of the cluster obviously and for the noise in the GKP states like in Fig-
ure III.5. This picture permits a simple understanding of a teleportation chain along a cluster
as adding variances together: the variance of the momentum squeezed states composing the
cluster is added alternately to the position and momentum quadrature variances of the data



34 CHAPTER III. THEORETICAL ASPECTS OF QUANTUM COMPUTATION

GKP state. The effect is a broadening of the peaks and a narrowing of the envelope of the GKP
wavefunction—eventually turning it into a coherent state.

Correcting for these unwanted effects relies on the noise reduction procedure studied in sec-
tion III.1.2.2 and shown in Figure III.6. In short, the procedure consists in nondestructively
measuring the noise in the data qubit using an ancilla. The measurement projects the error in
the data qubit onto a specific value, which is given by the outcome of the homodyne detection
up to an additional noise coming from the noise distribution in the ancilla. The final displace-
ment corrects for the error in the data qubit and introduces the noise coming from the ancilla.
Eventually, the noise in the data qubit is replaced by the noise from the ancilla.

More precisely the idea of [Menicucci14] is to apply this procedure to the specific Gaussian
case, i.e. to GKP states with Gaussian noise as defined in Equation (III.1.17). The quantum
states are then characterized by two parameters: the variances ∆ and δ of the two Gaussian
distributions corresponding respectively to the shape of peaks and of the envelope in the wave-
function shown in Figure III.5. Hence GKP state with Gaussian noise of variances can be
described as the following matrix G:

G =

(
∆ 0

0 δ

)
. (III.1.27)

Denoting ∆a and δa the variances of the Gaussian distributions of the ancilla GKP states, the
noise reduction protocol maps the matrix G to:

G 7−→
(
δa 0

0 δ + ∆a

)
. (III.1.28)

The key point is that in Equation (III.1.28) the variance ∆ has vanished. It implies that however
high ∆ may have been, the noise is now entirely determined by the value of δ which comes from
a new ancilla—at least for one of the quadratures. Repeating the protocol after a standard
quantum state teleportation, corresponding to a Fourier transform, would enable to correct the
noise in the other quadrature. Consequently, after two rounds of noise reduction, the original
variances ∆ and δ will be replaced by brand new values thus effectively resetting the noise to a
well-controlled level. The original discussion of this feature can be found in the supplementary
material of [Menicucci14].

Let us analyse now the small cluster of Figure III.7. It consists in two four nodes chains,
followed by two steps of error-correction and connected in a two-dimensional fashion. Single-
mode Gaussian evolutions can be implemented using four quadrature measurements [Ukai10]
and the links between the two chains enable to implement a CZ gate on the two modes [Gu09].
Hence the small cluster can be used to implement arbitrary Clifford operations on the GKP
qubit space. Then the CV noise reduction procedure is realized thanks to additional GKP |0L〉
states, following the proof described in the previous section.

The goal of this correction procedure is to translate the CV noise into a discrete bit flip error
probability. The latter will then be tackled according to the threshold theorem of section III.1.1.3
by adding a layer of qubit error-correcting codes. Overall, the previously endlessly decreasing
quality of CV quantum states is now kept constant by using additional GKP ancillary states
and adding redundancy in the form of a qubit error-correcting code.
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|0̃Li
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|0̃Li

Figure III.7: Implementation of an arbitrary two-qubit gate on the initial state |ψ1, ψ2〉, with
error-correction. Blue colors refer to the standard cluster state formalism, where nodes are ξ
momentum squeezed states and links CZ gates. Red nodes correspond to qubit states encoded
in the GKP basis.

However, the procedure of Figure III.7 is actually limited to Clifford operations in the GKP
basis. Then to overcome the Gottesman-Knill theorem one needs to introduce a non-Clifford
resource or operation in the picture. In the case of GKP-encoded computations, non-Clifford is
equivalent to non-Gaussian operations. Since the latter are so difficult to implement, proposals to
use magic states for GKP-encoded computations are currently the most studied [Gottesman01,
Menicucci14].

To summarize, we have seen how to derive a consistent and realistic framework for CV QC.
It is based on a GKP-encoding and an MBQC processing of the information to reach universal
QC and fault-tolerance. We will use and refine this later on in section III.2.3.

Remark — The discussion provided in this section is essentially based upon the results
of [Menicucci14] extending to the Gaussian case the noise reduction protocol of [Glancy06].
The protocol is reproduced in the previous section III.1.2.2. We wish to point out however that
in the current state of our understanding we cannot guarantee that going directly from Equa-
tion (III.1.26) to Equation (III.1.28) does account for all the phenomena occurring. We will not
enter any details here, but work is currently ongoing in our group in order to reach conclusive
results about it.
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III.2 Sub-Universal models

III.2.1 The quest for the “quantum supremacy”

It will be a surprise to nobody to state that a universal QC is still pretty far from being avail-
able. Experimentally, many people now believe that this is only a matter of technology. Hence
several industries have invested non-negligible amount of money into the field, with the explicit
goal of building the first prototypes of universal QC. On the theoretical side the situation is
more controversial. Some argue that a fundamental barrier will prevent a QC from ever working
at the large scale level. At the very least, it is fair to say that no one understands precisely
the reasons why QC should outperform classical machines. However, this context gave birth a
couple of years ago to a very promising field of research: the sub-universal models for QC.

Theoretically, the reasoning behind sub-universal models is inspired by the proverb “if you
can’t solve something difficult, try something simpler”. Even though considerable progress has
been made since the early days of QC, the understanding of the power of QC is definitely not
complete. Concerning some of the most recent results, we may cite the work of [Howard14]
which suggests a strong relationship between quantum speedups and the quantum property
of contextuality or [VandenNest13] which discards many entanglement measures. Step-by-step
reducing the “quantumness” may help in identifying the very source of quantum speedups.

Experimentally as well things have changed. Even if building a QC was now only a matter
of engineering, not many labs could compete anyway with the biggest industries of the field.
However they may be the first to provide evidence of quantum speedups. Consider the following
scenario: someone comes up with a very specific and somehow useless problem that would take a
couple of days to solve on a classical machine but only a few hours on a quantum experiment in a
lab. Would you regard it as quantum speedup? The answer is likely to be an enthusiastic ‘Yes!’.
Such an achievement would settle the “quantum supremacy” [Preskill12], showing in practice
that quantum devices outperform classical computers.

The concept of sub-universal models was born in the late 2000’s and have now flourished. We
may think of BosonSampling, both on the theoretical [Aaronson11,Lund14] and experimen-
tal [Tillmann13,Broome13,Spring13,Spagnolo14] sides, the theoretical analysis of Instantaneous
Quantum Polytime [Shepherd09,Bremner16]—that we study in more details in the next section –
or more recent work [Farhi16,Liu16]. This list is clearly not exhaustive and merely reflects our
own knowledge of the field.

III.2.2 Example: Instantaneous Quantum Computation

IQP—for Instantaneous Quantum Polytime—is one of the most successful, theoretically speak-
ing, sub-universal models. It was defined in two seminal papers [Shepherd09,Bremner10]11. We
see two main reasons for its success.

The first one, which we will elaborate upon when addressing CV in section III.2.3, concerns
the link between IQP and the MBQC model of computation defined in section III.1.2. It makes

11The name Instantaneous Quantum Computation comes from the first paper and it remained even though it
does not match with the acronym.
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IQP circuits experimentally friendly, though not as appealing as BosonSampling.
The second and most important one is the theoretical result of [Shepherd09], further general-

ized in [Hangleiter16]. They showed that it is a possible to certify that a quantum computer did
implement an IQP circuit. It is one of the few models of QC for which a certification protocol has
been designed. By comparison, concerning BosonSampling there is only the result of [Aaron-
son14b] which provides a protocol to distinguish a boson sampler from uniformly distributed
random numbers. In the light of the “quantum supremacy”, it means that IQP is perhaps the
most promising candidate, relying on relatively easy implementation perspectives and a solid
theoretical ground.

Definition — An IQP circuit on n qubits is a quantum circuit with the following structure:
the unitary evolution is diagonal in the X-basis, the input state is |0〉 . . . |0〉 and the output is
the result of a Z-basis measurement on a specified set of qubits.

Alternatively, the model can be described by exchanging the roles of the X and Z, like
shown in Figure III.8. Since the evolution is diagonal, there is no temporal odering and it can
be decomposed in any way. In general it reads:

DZ(n) =
∏

z∈Zn2

exp


iθ(z, n)

n⊗

j=1

Zzj


 , (III.2.1)

for an input state |+〉⊗n and measurements in the {|±〉} basis. A uniformity condition must
also be imposed, to ensure that the construction of the circuit itself is not too involved. We will
choose the convention used in [Hoban14]: for all z ∈ Zn2 and angle θz there exists an efficient
classical algorithm that outputs a description of θz polynomial in n.

In the following we will sketch the proof derived in [Bremner10]: they show that if a classical
algorithm for IQP existed, then it would imply a collapse of the Polynomial Hierarchy (defined
in section III.1.1.1) to the third level. In computer science, this kind of conclusion is often taken
as evidence against the original statement.

|+〉

DZ(n)

X

|+〉 X

... / / ...
|+〉 X

Figure III.8: Representation of a general IQP circuit on n qubits. |+〉 is the X eigenstate
associated with eigenvalue +1 and the measurements are performed in the {|±〉} basis. We
denote for clarity DZ(n) =

∏
z∈Zn2 exp

(
iθ(z, n)

⊗n
j=1 Z

zj
)
, where we made the n dependence

explicit.

IQP should be hard for classical computers — The proof contains essentially two steps.
The first point concerns postselection. It is very easy to show that if one is allowed to postselect
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on some specific outcomes of an IQP circuit, one is then able to implement the Hadamard gate
within the IQP paradigm. This is proven in Figure III.9, which summarizes the effect of the
so-called Hadamard gadget. On the other hand, the remaining gates required in DV to complete
a universal set for quantum computation are already included in IQP—see Equation (III.1.2)
in Section III.1.1. So in the end one realizes that a properly chosen postselected IQP circuit
is actually as powerful as the most general postselected quantum circuit. Mathematically, we
formalize this remark as:

PostBQP ⊆ PostIQP. (III.2.2)

Since the reverse inclusion is trivial, it can be concluded that

PostIQP = PostBQP. (III.2.3)

|ψ〉 • 〈+|
|+〉 • H |ψ〉

Figure III.9: Implementation of the Hadamard gadget in a postselected IQP circuit, where 〈+|
means postselecting on this specific state.

The second step is basically a matter of point of view. An IQP circuit can be regarded as a
black box that outputs bit strings according to an unknown probability distribution. Keeping
this picture in mind it is fairly easy to understand what classical simulation of IQP means: a
black box made of classical circuits that outputs bit strings according to a multiplicatively close
probability distribution.12 But now suppose you have such a classical black box. It is obvious
that one can as well postselect on the values obtained on a particular subset of indices of the
classical output bit strings. Formally:

If IQP ⊆ BPP then PostIQP ⊆ PostBPP, (III.2.4)

where for clarity we use the notation IQP ⊆ BPP to signify that the output probability distribu-
tions generated by IQP circuits could be efficiently classically simulated to within multiplicative
error. Indeed here it corresponds to a sampling and not a decision problem. For a more advanced
discussion see [Aaronson13a].

Altogether and using Equation (III.1.6), the following implication is shown:

If IQP ⊆ BPP then

PostBPP = PostIQP = PostBQP. (III.2.5)

In a nutshell, it means the following: if classical computers are able to simulate the IQP class
of quantum circuits, then postselection renders them as powerful as post-selected quantum
circuits. This in turn leads to a so-called collapse of the Polynomial Hierarchy (PH, discussed
in section III.1.1.1) because of previous results from complexity theory, namely:

12A probability distribution on {0, 1}n P approximates multiplicatively another one Q with error c if for all
x ∈ {0, 1}n, |P (x)−Q(x)| < cP (x). This feature is discussed in more details in section III.2.3.2.
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• PostBQP = PP [Aaronson05b], where PP stands for the classical Probabilistic Polyno-
mial time computational class (see also section III.1.1.1); this result is precisely what was
referred to when claiming in section III.1.1.3 that PostBQP was very powerful. Loosely
speaking, the whole PH is contained in PP [Toda89] and thus in PostBQP.

• PostBPP is in the PH, more precisely is contained in its first level ∆3 [Han97].

Bringing the results altogether provides strong evidence for the hardness of the IQP class:

If IQP ⊆ BPP, then the PH collapses to its third level: PH = ∆3.

Although it would not seem that bold to a physicist, there is no doubt a computer scientist will
find this implication particularly shocking [Aaronson11]. In any case, such collapses are often
taken as proofs against the original assumptions. In other words, it is “shown” that IQP cannot
be efficiently simulated by classical computers.

We must also point out that this is not the only proof of hardness for IQP. It has actually
been refined to account for additive approximations of the quantum IQP circuit by classical
computers [Bremner16].

III.2.3 Extending IQP to Continuous Variables

III.2.3.1 Motivation and definition

As we said earlier in section III.1.2, CV provide a practical advantage over DV QC through the
generation of large entangled squeezed states. The size of these states, if properly exploited,
could readily show possible speedups with respect to classical computing. Several proposals
of sub-universal models have already been designed based on CV, e.g. [Lund14]. We will now
focus on translating IQP to CV. This model of computation seems particularly promising since
the DV version can be nicely interpreted in terms of MBQC [Hoban14], which is the natural
framework for CV QC. Theoretically speaking, this result is essentially the first proof concerning
the impossibility of simulating efficiently purely CV QC on classical computers. Consequently
it opens up a new range of experimental applications.

By analogy with the DV case, we can attempt to define an IQP circuit in CV on n qumodes
as a quantum circuit with the following structure: the input states are momentum squeezed
vacuum states, the evolution is determined by a polynomial function of the q̂ operators only and
the output is the result of homodyne detection in the p̂ quadrature (see Figure III.10).

|0〉p
Dq̂

p̂

... / / ...
|0〉p p̂

Figure III.10: First attempt at defining IQP circuits in CV. |0〉p are infinitely squeezed vacuum
states. The gate Dq̂ is of the form of Equation (III.2.6). p̂ corresponds to homodyne detections
of the p̂ quadrature.
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In general, the evolution reads:

Dq̂ = exp


i

∑

k1,...,kn

αk1,...,kn(n)q̂k1
1 . . . q̂knn


 (III.2.6)

where the α’s are real coefficients which may depend on n. There must only be a polynomial
number of these polynomials which are non-zero, and each of them must be efficiently described
by a classical computer.

This is of course an idealized picture in which we allowed for infinitely squeezed input states.
Hence the definition needs to be refined and the input states must consist in finitely squeezed
states. Additionally, we impose another constraint, this time on the measurements: homodyne
detection is assumed to possess a finite resolution, as explained in section II.2.3. It translates
into the modified momentum operator already introduced in section II.2.3:

p̂η =

∞∑

k=−∞
pk

∫ ∞

−∞
dpχηk(p)|p〉〈p| =

∞∑

k=−∞
pkP̂k (III.2.7)

with χηk(p) = 1 for p ∈ [pk − η, pk + η], pk = 2ηk and where 2η is the resolution. Since the set
of possible outcomes is now discrete, the associated probability distribution is discrete. Thus it
enables us to map the original definition of postselection with qubits (see section III.1.1.3) to
our model. This point will be discussed more accurately in section III.2.3.2.

As discussed in section III.1.2, a consistent picture for CV QC makes use of GKP states
to encode quantum information. Consequently we suppose that ancillary GKP states are also
available at the input. This choice for information encoding also enables us to consider the gate
set

{
Z = eiq̂

√
π, CZ = eiq̂1q̂2 , PGKP

}
, where PGKP was defined in Equation (III.1.16). All the

gates depend only on the q̂ operator. They are all of the form of Equation (III.2.6) hence belong
to the model described above. We note, as this will become important for the following, that
adding the Fourier transform F to this gate set would make it universal for QC.

Taking into accounts these constraints, the refined definition of the model for IQP in CV
that we propose is represented in Figure III.11. We call CVrIQP the class of circuits defined
in this section13 and PostCVrIQP the class composed of postselected CVrIQP circuits. We now
address the question of the complexity of CVrIQP circuits with respect to classical computing.

|σ〉p
Dq̂

p̂η

... / / ...
|σ〉p p̂η

Figure III.11: Representation of a general CVrIQP circuit. The gate Dq̂ is of the form of Equa-
tion (III.2.6). Now |σ〉p are momentum squeezed vacuum states of squeezing parameter σ. p̂η is
the finite resolution homodyne detection that follows Equation (III.2.7).

13where the ‘r’ stands for ‘realistic’.
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III.2.3.2 Proof

To prove that CVrIQP circuits should be intractable for classical computers, we follow the ideas
developed for the DV case in [Bremner10] and recalled in section III.2.2. Specifically we prove
the following, which implies just as before a collapse of the PH to its third level:

If CVrIQP ⊆ BPP then

PostBPP = PostCVrIQP = PostBQP, (III.2.8)

where we also use the notation CVrIQP ⊆ BPP meaning that the output probability distributions
generated by CVrIQP circuits could be efficiently classically simulated to within multiplicative
error. As a result of (III.2.8) and the subsequent collapse of the PH, we manage to show that
CVrIQP circuits cannot be simulated efficiently by classical computers.

In order to derive the result (III.2.8), we need three ingredients that we summarize here
before presenting the details.

(i) First we show that postselection allows for the implementation of a universal gate set.
This procedure is somehow the translation to CV of the Hadamard gadget presented for the
DV case in section III.2.2. It relies on the finite resolution of the homodyne detection to define
properly the postselection.

(ii) Then we prove that in addition to being universal, PostCVrIQP circuits are fault tolerant.
It requires us to update the fault tolerance proof of sections III.1.2.2 and III.1.2.3. To do so we
need to tackle the noise reduction of GKP states taking into account finite resolution detections.

(iii) Eventually we discuss the meaning of postselection and simulation of GKP-encoded
computations and relate them to the squeezing parameters of the model. We analyse the behavior
of conditioning probabilities for PostBQP circuits in general.

(i) Reaching a universal gate set — As we said earlier when defining CVrIQP circuits,
the information is encoded within GKP states. Consequently, three of the gates composing a
universal set are already present in the model: Z, CZ and PGKP. Only the Fourier transform,
the analogue of the Hadamard gate for GKP states, is missing. We will now see how to retrieve
it using a postselection procedure very much similar to the one described in the DV case in
section III.2.2.

We first consider a small circuit where an intermediate state of the computation |ψ〉 is entan-
gled with a squeezed state by means of a CZ interaction. For infinite squeezing it would corre-
spond to Figure III.12a. Notice that an additional unwanted displacement X(m) = exp (−imp̂)
remains. In MBQC it is usually corrected for by displacing the state back implementing X(−m).
However in CVrIQP circuits such displacements based upon the p̂ operator are forbidden by the
model. To circumvent this issue, we could think of selecting the outcome m = 0. However, m is
continuously distributed over the real axis hence the probability associated with the eventm = 0

vanishes. This postselection makes sense though when taking into account finite resolution for
the homodyne detection like with Equation (III.2.7). This way we recover a discrete probability
distribution associated with the possible outcomes pk of the homodyne detection hence thus
enabling postselection.

The realistic circuit is reproduced in Figure III.12b. By convention the first (resp. second)
ket in the tensorial product refers to the upper (resp. lower) arm. In a realistic implementation,
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finite squeezing and finite resolution would alter the output state. The following is to devoted
to calculating precisely the output state.

|ψ〉 • p̂ m

|0〉p • X(m)F |ψ〉
(a)

|ψ〉 • p̂η 0

|σ〉p • |ψ0
out〉

(b)

Figure III.12: Left : Ideal realization of a Fourier transform. |0〉p in an infinitely momentum
squeezed state and X(m) = exp (−imp̂). Right : Realistic implementation of the Fourier trans-
form via postselection on the 0 outcome. |σ〉p is a momentum squeezed vacuum state typically
belonging to a cluster state. The operator p̂η models the finite resolution homodyne detection
like in Equation (III.2.7). |ψ0

out〉 is computed in Equation (III.2.12).

We recall that we start from:

|ψ〉 ⊗ |σ〉p =

∫
dq ψ(q) |q〉q ⊗

1

σ
√

2π

∫
dt e−

t2

2σ2 |t〉p . (III.2.9)

Step by step we have first the ĈZ gate:

|ψ1,2〉 ≡ ĈZ |ψ〉 ⊗ |σ〉p =
1

σ
√

2π

∫
dqdt e−

t2

2σ2 ψ(q) |q〉q |q + t〉p

=
1

σ
√

2π

∫
dqdt e−

(t−q)2

2σ2 ψ(q) |q〉q |t〉p . (III.2.10)

Then the measurement on the upper arm yields the following unnormalized state:

ρ̂k,unnorm = Tr1
[
P̂k ⊗ I2 |ψ1,2〉 〈ψ1,2| P̂k ⊗ I2

]
=

∫ pk+η

pk−η
ds p1〈s |ψ1,2〉 〈ψ1,2| s〉p1 (III.2.11)

=
η

π3/2σ

∫
dqdtdq′dt′e−

(t−q)2

2σ2 e−
(t′−q′)2

2σ2 ψ(q)ψ∗(q′) sinc (η(q − q′))eipk(q−q′) |t〉p 〈t|′p

We remark that the same expression is obtained if the homodyne detectors are perfectly resolved,
and a discretization is performed after measurement by binning the measurement outcomes.
Thus we wish to insist that we end up with a mixed state.

This state then has to be normalized by the probability of getting the outcome corresponding
to the projection operator above. What really matters to us is ρ̂0,unnorm corresponding to
the outcome pk = 0, because it is indeed the one postselected state that corresponds to the
implementation of the Fourier transform. For this specific outcome we have:

ρ̂0,unnorm =
η

π3/2σ

∫
dqdtdq′dt′e−

(t−q)2

2σ2 e−
(t′−q′)2

2σ2 ψ(q)ψ∗(q′) sinc (η(q − q′)) |t〉p 〈t|′p . (III.2.12)

Notice that in the limit of perfect resolution η → 0 (upon normalization) we obtain the state
that corresponds to the MBQC implementation of the Fourier transform with a finitely squeezed
ancillary state. As can be seen in Equation (III.2.12), finite squeezing then means convoluting
the state with a Gaussian in the momentum representation, or equivalently multiplication with
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a Gaussian in the position representation [Alexander14]. The limit η → 0 also implies that a
pure state is recovered at the output of the protocol.

We now evaluate the probability of getting outcome 0 within a window function of width 2η,
yielding the conditional state in Equation (III.2.12). More precisely, we consider the expectation
value of the following operator:

P̂0 =

∫ η

−η
ds |s〉p 〈s| (III.2.13)

taken in the state after the ĈZ gate given in Equation (III.2.10). The calculation reads:

Prob[k = 0] = 〈ψ1,2| P̂0 ⊗ I2 |ψ1,2〉

=
1

σ
√
π

∫
dqdq′dtdt′ds e−

(t−q)2

2σ2 e−
(t′−q′)2

2σ2 ψ∗(q′)ψ(q)δ(t− t′)q〈q′|s〉pp〈s|q〉q

=
1

2σπ3/2

∫
dqdq′dtds e−

(t−q)2

2σ2 e−
(t−q′)2

2σ2 ψ∗(q′)ψ(q)eis(q−q
′)

=
1

2π

∫
dqdq′ds e−

(q−q′)2

4σ2 ψ∗(q′)ψ(q)eis(q−q
′)

=
2ησ√
π

∫
dqdq′

1

2σ
√
π
e−

(q−q′)2

4σ2 ψ∗(q′)ψ(q) sinc (η(q − q′)). (III.2.14)

When considering the small η regime, the output state can be expanded as follows:

ρ̂0 = |ψ0〉 〈ψ0|+ η2ρerr,1 + η4ρerr,2 + . . . , (III.2.15)

where
|ψ0〉 ∝

∫
dqdt e−

(t−q)2

2σ2 ψ(q) |t〉p (III.2.16)

is the pure state that would be obtained with infinite resolution. The remaining terms in the
expansion correspond to an error occurring in the protocol and will be dealt with as explained
in the following.

We have derived the equivalent of the Hadamard gadget for our CVrIQP circuits giving
PostCVrIQP circuits the power of universal QC. We now have to show that the additional noise
can be properly dealt with in order to keep the model consistent.

(ii) Fault tolerant Quantum Computation — In our model, we have been considering
finite resolution homodyne detection. This additional feature requires us to update the fault
tolerance proof from [Menicucci14] reproduced in section III.1.2.3. First we need to show how
the noise reduction procedure of section III.1.2.2 behaves when the resolution of the homodyne
detection is finite. The corresponding circuit is shown in Figure III.13.

The first part is actually similar to what was done in the noise reduction protocol of sec-
tion III.1.2.2. To simplify the calculations, we assume that the data qubit is in the state |+L〉.
By linearity the results obtained for this specific case can be extended to an arbitrary input state
since the calculations for a |−L〉 input state would be similar. We derive the bipartite quantum
state |ψt〉 right before the measurement takes place:

|ψt〉 =

∫
dq1dp2 |q1〉 〈q1| |p2〉 〈p2|CZe−iu1p̂1e−iv1q̂1e−iu2p̂2e−iv2q̂2 |+L〉 |0L〉 ,

=

∫
dq1dp2 |q1〉 |p2〉 e−i(v1−u2)q1ei(u1v1−u2p2)〈q1 − u1|+L〉〈p2 − q1 + v2 |0L〉 . (III.2.17)
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|ψ〉 e−iu1p̂1e−iv1q̂1 • X(pk mod [
√
π])

|0L〉 e−iu2p̂2e−iv2q̂2 • p̂η pk

Figure III.13: Modeling the noise in the error-correction protocol. |0L〉 is a perfect GKP state
and |ψ〉 is a perfect GKP-encoded CV state. The displacements model the noise in realistic
GKP states according to Equation (III.1.19). p̂η is the operator associated with finite resolution
homodyne detection introduced in Equation (III.2.7) yielding outcome pk.

Recall that in the position representation |+L〉 is made of an infinite sum of Dirac peaks at
every integer multiple of

√
π. The same remark applies to the state |0L〉 in the momentum

representation. So the two inner products actually read:

〈q1 − u1|+L〉 =
∑

l

δ(q1 − u1 − l
√
π), (III.2.18)

〈p2 − q1 + v2 |0L〉 =
∑

l̃

δ(p2 − q1 + v2 − l̃
√
π). (III.2.19)

Taking both constraints into account and using the change of variable l′ = l + l̃ yields:

|ψt〉 = eiu1v1e−iu2p̂2e−i(v1−u2)q̂1
∑

l,l′

|l√π + u1〉q |l′
√
π + u1 − v2〉p . (III.2.20)

This equation highlights the fact that the measurement of the momentum quadrature in the
ancillary mode provides the information on u1, hidden by the random variable v2 and up to a
random shift l′

√
π.

We assume that the bins of the finite resolution homodyne detection are smaller than
√
π.

When being measured, the quantum state will collapse onto one of the peaks characterized by
the integer M . The associated outcome pk is thus determined as in Figure III.14:

pk = M
√
π + u1 − v2 + λ∗, (III.2.21)

with −η ≤ λ∗ ≤ η.
We insist that exactly like in the infinite resolution case of section III.1.2.2 the outcome of

the homodyne detection provides the information about u1, the displacement error in the data
qubit, ‘hidden’ by the error in the ancilla v2 and the error coming from the finite resolution λ∗.
Thus the noise reduction procedure with and without finite resolution work identically. Let us
now see the details.

The homodyne detection corresponds to the following projector (in terms of momentum
eigenstates):

P̂k =

∫ η

−η
dλ |pk + λ〉 〈pk + λ| , (III.2.22)

where pk is given by Equation (III.2.21). Since the quantum state before the measurement is
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ppk = 2⌘k

2⌘

pk�1 pk+1

M
p
⇡ + u1 � v2

�⇤

Figure III.14: Measurement of the ancillary mode with finite resolution homodyne detection. pk
is the classical outcome which expression is given in Equation (III.2.21). λ∗ corresponds to the
error made in the measurement because of the finite resolution.

described by Equation (III.2.20) we have, denoting |ψa〉 the state after the measurement:

|ψa〉 =

∫ η

−η
dλ 〈pk + λ| eiu1v1e−iu2p̂2e−i(v1−u2)q̂1

∑

l,l′

|l√π + u1〉q |l′
√
π + u1 − v2〉p , (III.2.23)

= eiu1v1e−i(v1−u2)q̂1
∑

l,l′

|l√π + u1〉q
∫ η

−η
dλ e−iu2(pk+λ) 〈pk + λ| l′√π + u1 − v2〉p.

We can single out the inner product, for a given λ:

〈pk + λ| l′√π + u1 − v2〉p = 〈M√π + u1 − v2 + λ∗ + λ| l′√π + u1 − v2〉p. (III.2.24)

Recall that we assume η � √π. Since λ∗ + λ < 2η, the inner product actually yields:

〈pk + λ| l′√π + u1 − v2〉p = δM,l′δ(λ
∗ + λ), (III.2.25)

where δM,l′ is the Kronecker delta. Injecting this equation back into Equation (III.2.23) we have:

|ψa〉 = eiu1v1e−iu2(M
√
π+u1−v2)e−i(v1−u2)q̂1

∑

l

|l√π + u1〉q ,

= eiu1v1e−iu2(M
√
π+u1−v2)e−i(v1−u2)q̂1e−iu1p̂1 |+L〉 . (III.2.26)

Then the procedure is the same as in the infinite resolution scenario and consists in displacing
the output state back of an amount given by

pk mod
[√
π
]

= u1 − v2 + λ∗. (III.2.27)

After applying this displacement the final corrected state |ψc〉 reads:

|ψc〉 = e−iu2(M
√
π−v2)e−i(v2−λ∗)p̂1e−i(v1−u2)q̂1 |+L〉 . (III.2.28)

We recover an expression which is extremely close to the one corresponding to infinite resolution
measurements and derived in Equation (III.1.26). The only difference lies in the additional shift
by λ∗ in Equation (III.2.28) which would precisely vanish when taking the limit η → 0.
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The conclusion to draw from this procedure is unchanged: the displacement error in the data
qubit is replaced by a displacement determined by the ancilla and the finite resolution. Since the
finite resolution shift only appears when displacing back the state, it will correspond to slightly
shifting the GKP state with respect to the origin. However, η being small—and in particular
η � √π—makes this residual shift negligible.

It will nevertheless impact the success rate of the procedure. Indeed, as we explained in
section III.1.2.2 when addressing the infinite resolution scenario, the procedure succeeds if taking
the outcome modulo

√
π does not result in an

√
π error. Here it translates into:

|u1 − v2 + λ∗| <
√
π

2
. (III.2.29)

Since λ∗ < η, we have the following inequality:

|u1 − v2| <
√
π

2
− η. (III.2.30)

which sets a tighter bound upon the distributions of u1 and v2 according to the quality of the
homodyne detection.

Then we may extend the result as was done in [Menicucci14] (see also section III.1.2.3).
The noise reduction procedure, even with finite resolution, replaces the noise in one of the
quadratures of the data qubit by the noise coming from a GKP ancilla. Hence whatever noise
distribution was involved in the wavefunction of the data qubit—for instance of the form of
Equation (III.2.12), it will be replaced by a Gaussian function which variance is given by the
quality of the GKP ancilla (and corresponding to the distribution of v2). As a consequence of
the finite resolution, the resulting Gaussian function will be shifted by an amount given by λ∗

which does not prevent from using the matrix formalism of section III.1.2.3.
Any BQP circuit can then be mapped onto a CV framework. The input qubits are encoded

in GKP states. The logical gates are implemented using an MBQC picture. The squeezing in
the Gaussian GKP states is preserved using the noise reduction procedure.

Eventually we reach the following conclusion: the noise reduction procedure, even with finite
resolution homodyne detections, enables to reset the noise in the GKP states at the cost of a bit
flip error probability. Since the latter can be dealt with using a DV error-correcting code, the
model of CV MBQC with Gaussian GKP states is shown to be fault tolerant even using finitely
resolved detectors.

(iii) Classical simulation and postselection — We now have a global procedure to map
any BQP circuit onto a PostCVrIQP circuit, ensuring a fixed probability of error ε. The following
point we need to address is thus the postselection and the link with the class PostBQP.

Recall that the class PostBQP relies on the ability to condition a computation on having
obtained a given outcome on a specific qubit, say + on the first qubit. If the answer of the
decision problem is associated with the outcome of the measurement on the second qubit m2,
the PostBQP computation is defined by the following condition probability:

P (m2/+1) =
P (m2 & +1)

P (+1)
. (III.2.31)



III.2. SUB-UNIVERSAL MODELS 47

Mapping PostBQP onto a PostCVrIQP circuit implies being able to approximate the probability
P (m2/+1) with a PostCVrIQP circuit. In order to do so, we need to ensure in particular that
the probability associated with the conditioning event P (+1) is approximated multiplicatively
by the simulation on the PostCVrIQPcircuit. Denoting Ps the approximate probability obtained
on the PostCVrIQP circuit, we want

|P (+1)− Ps| < cP (+1), (III.2.32)

or equivalently:
1

c′
P (+1) < Ps < c′P (+1), (III.2.33)

with 1 ≤ c′ <
√

2 [Bremner10]. Realistic GKP states like |±̃L〉, characterized by Gaussian
distributions, are not orthogonal. So projective measurements like homodyne detection cannot
perfectly distinguish between the two. The idea when performing a homodyne detection on
a GKP state is to bin the real axis, using

√
π-long windows centered at integers multiple of√

π. In order to simplify the calculations, we additionally assume that the resolution η defined
previously matches the

√
π binning. In other words:

√
π

η
∈ N. (III.2.34)

Every peak of the |+̃L〉 state (|−̃L〉 state) is centered on an even (odd) bin, so that an outcome
belonging to an even (odd) bin is associated with the |+̃L〉 state (|−̃L〉). Doing so, the proba-
bility Pe of wrongly associating an outcome with a state is given by summing the contributions
from the tails of all the Gaussians, yielding an approximate upper bound as a function of the
squeezing [Gottesman01]:

Pe <
2∆

π
e−

π
4∆2 , (III.2.35)

where ∆ is the width of the Gaussian functions characterizing the GKP wavefunction in both
quadratures (see also Equation (III.1.17)). Overall we require that the error probability Pe is
upper bounded by a fraction of the target probability P (+1):

Pe <
1

10
P (+1). (III.2.36)

This condition is equivalent to Equation (III.2.33).

We now want to be more specific about the success probability P (+1). The Solovay-Kitaev
theorem (see section III.1.1.2) actually sets a lower bound on the acceptable probabilities: it
lets us approximate any desired unitary within exponentially small error for only a polynomial
increase in the circuit size. In other words, for an exponentially unlikely probability, the theorem
still ensures that arbitrary universal gate sets can be used for polynomially long computations
like BQP circuits—since a polynomial overhead remains in the BQP class. And indeed the
class PostBQP is based upon BQP circuits. Thus it is well-defined only if the relevant output
probabilities are at worst exponentially unlikely:

P (+1) &
1

2n
. (III.2.37)
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It has been shown in [Kuperberg15] that this condition was fulfilled whenever “reasonable”
universal gate sets were considered, like the ones mentioned in section III.1.1.2.

Additionally, suppose now that there is a polynomial p(n) such that P (+1) ≥ 1/p(n). In
that case P (+1) is polynomially unlikely. Then running the BQP circuit p(n) more times would
still correspond to a polynomial time computation and remain in BQP. On the other hand, such
redundancy would enable recording enough statistics to simulate the quantum postselection
through classical postprocessing. Hence conditioning on an event which probability scales as
1/p(n) does not give any power to the postselection. So P (+1) has to be worse than polynomially
unlikely.

Following the discussion in [Aaronson14a], the definition of the class PostBQP could be
refined to account for this feature: the conditioning probability P (+1) scales as the inverse of
an exponential function,

P (+1) ∼ 1

2n
, (III.2.38)

up to some scaling factor irrelevant in terms of computational classes.

Eventually, since the PostCVrIQP circuits described in the previous section rely on the Thresh-
old Theorem of section III.1.1.3, we should also take into account the final error probability ε
guaranteed by the theorem. It states that exponential precision can be reached at the cost of
a polynomial overhead. Since exponential approximation is precisely what we need considering
Equation (III.2.38), the DV error-correcting codes mentioned previously will be sufficient.

Overall, a scaling law for the squeezing of the GKP states and the cluster state can be derived
based on Equations (III.2.35), (III.2.36) and (III.2.38). Together they yield an approximate
expression for the squeezing as a function of the input size n:

2∆

π
e−

π
4∆2 <

1

10

1

2n
. (III.2.39)

Since this expression is analytically intractable, we may derive a looser bound which will give
an idea of the general behavior based upon the following constraint:

2

π
e−

π
4∆2 <

1

10

1

2n
. (III.2.40)

We call ξ = −10 log10(2∆2) the squeezing in decibels. We have then:

ξ > 10 log(n ln 2− ln
π

20
) + 10 log

2

π
, (III.2.41)

which means a logarithmic increase of the squeezing as a function of the computation’s length.
Interestingly, it seems necessary to assume a specific scaling of the input squeezing of the CV
states with the size of the circuit. This requirement corroborates the emerging role of energy as
an essential parameter entering the definition of CV computational classes, as much as time and
space usually are—see also the discussions stressing the importance of establishing a scaling law
for the squeezing parameter in [Ukai11,Liu16].

Altogether, the three paragraphs (i), (ii) and (iii) complete the demonstration concerning
CVrIQP circuits. Namely that if CVrIQP circuits could be approximated multiplicatively by a
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classical computer, then the PH would collapse to the third level, scenario which is believed to
be impossible.

III.2.3.3 Conclusion

We have shown how to map the subuniversal model known as Instantaneous Quantum Com-
puting to a CV formalism. It renders possible to envision CV within in a new paradigm and
to take full advantage of the current experimental capabilities of CV quantum systems. In par-
ticular, the strength of CVrIQP circuits is that they rely solely on homodyne detection for the
measurements.

Even though CV QC as we defined it is based on a GKP encoding of quantum information,
it remains unclear whether such states would be necessary to prove quantum supremacy. At
least theoretically speaking, the generation of GKP states can itself be included as a subroutine
of a CV QC. It would be interesting to formalize this idea and derive a computational model
that does not rely on the creation of those states which would hinder practical implementations.

Nevertheless, the use of a non-Gaussian resource remains mandatory otherwise the compu-
tation could be simulated efficiently on a classical computer. Quantifying the amount of said
non-Gaussian resource required to observe a quantum speedup appears as a natural question in
order to provide a clear road map for future experiments. As we said above, we suspect that the
non-Gaussian resource does not necessarily have to take the form of GKP states and it might
be realized through simpler protocols like photon subtraction.

Similarly with the DV model of IQP, we would like to design a certification protocol enabling
to verify that a machine did run a CVrIQP program. Together with the quantification of non-
Gaussian resources, it would yield a solid ground for further research on CV QC and especially
in terms of quantum supremacy.

Lastly, in [Bremner16] they managed to establish a link between the DV model of IQP and
the Ising model describing spin-spin interactions. In the CV case, the definition of CVrIQP
is related to the Hamiltonian of coupled bosonic systems. CVrIQP circuits could simulate the
behavior of such systems, thereby providing the answer to interesting problems as well as refining
the features of the complexity class CVrIQP.

III.3 Quantum algorithms

III.3.1 The spearheads of quantum algorithms

III.3.1.1 Shor’s algorithm

Even though Shor’s algorithm itself is not the subject of our studies, it would have been difficult
to write an essay on QC without at least mentioning its contribution to the field. It is probably
the most famous quantum algorithm [Shor94,Shor99] and has driven a lot of interest to the field.
It basically describes how to factor large integers in quantum polynomial time.14

Why should efficient factoring be interesting at all? Because it is believed that no such
fast algorithm could ever exist for classical computers. And this belief led people to design

14It also computes discrete logarithms but it is not as appealing to a broad audience or funding agencies as
factoring integers.
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cryptography protocols based on the impossibility to factor large integers efficiently, the most
widely used being the RSA protocol [Rivest78]. In terms of complexity classes as defined in
section III.1.1.3

Factoring ∈ BQP, 15

and it is believed that
Factoring /∈ BPP.

III.3.1.2 Grover’s algorithm

Introduction and definition of the problem — Grover’s algorithm [Grover96] is probably
the second most famous quantum algorithm. It is the main tool upon which quantum search
algorithms are built. Even though it only provides a quadratic speedup over classical algorithms,
some may say that it is the most important result for all practical purposes. The goal of the
algorithm is to solve the following problem, sometimes caricatured as “searching for a needle in
a haystack”:

Suppose you are searching a space of 2n possible solutions for a single valid one. Suppose
that all you can do, given a candidate solution, is feed it to a ‘black box’ that tells you whether
that solution is correct or not. Then how many times do you need to query the black box to
find the valid solution?

Classical vs Quantum — It is fairly simple to estimate the classical complexity: since there
is no structure to exploit nor clever method to apply, the complexity is the worst case scenario in
which the valid solution is the last one tried. Mathematically, the classical complexity is O(2n).

Quantumly on the other hand a better scaling can be reached using the following approach.
To begin with, what could possibly mean to have a black box able to identify the correct solution?
There are several ways to define it, more or less all equivalent to the following one: let On a
unitary matrix—called the oracle—acting on n qubits and suppose there exists a secret integer
x ∈ [0, 2n−1] such that On |x〉 = − |x〉 but On |y〉 = |y〉 whenever y 6= x.16 The original question
now amounts to computing the number of queries to On to find x. The method in itself has
been generalized ever since and is known as amplitude amplification [Brassard97,Grover98].

To begin with, the initial state is the coherent superposition of all basis states which can be
obtained by applying Hadamard gates on all qubits initialized in |0〉:

|ψin〉 =
1√
2n

2n−1∑

i=0

|i〉 = H⊗n |0〉⊗n , (III.3.1)

where H is the Hadamard gate. The algorithm consists in repeating the following sequence:

1. Apply the oracle On;
15Technically BQP is a class of decision problems which means that the quantum computer should answer

Yes-No questions. But Factoring can be turned into a decision problem by asking “is there a factor less than
F?”.

16Integers are encoded onto qubits using their binary decompositions and mapping every bit to a qubit; thus
n qubits can encode up to 2n integers just like standard bits.
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2. Apply a Hadamard gate to every qubit, H⊗n;

3. Perform a phase shift on the |0〉 state, 1− 2 |0〉 〈0|;

4. Again apply a Hadamard gate to every qubit, H⊗n.

Alternatively, combining operations 2-4 yields:

H⊗n(1− 2 |0〉 〈0|)H⊗n = 1− 2 |ψin〉 〈ψin| , (III.3.2)

where |ψin〉 comes from Equation (III.3.1). 1− 2 |ψin〉 〈ψin| will be denoted G in the following.
The effect of this sequence is conveniently expressed in a two dimensional subspace made of the
valid solution |x〉 and the coherent superposition of all others |x⊥〉 = 1/

√
2n − 1

∑
y 6=x |y〉. In

this basis the initial state reads:

|ψin〉 = sin θ |x〉+ cos θ |x⊥〉 , (III.3.3)

with sin θ = 1/
√

2n. In this geometrical picture, the application of GOn is the composition of
two reflections as Figure III.15 shows: first a reflection about the vector |x⊥〉 then a reflection
about |ψin〉. Overall it yields (up to an irrelevant global phase):

GOn |ψin〉 = sin
3θ

2
|x〉+ cos

3θ

2
|x⊥〉 . (III.3.4)

Hence after k iterations:

(GOn)k |ψin〉 = sin
2k + 1

2
θ |x〉+ cos

2k + 1

2
θ |x⊥〉 . (III.3.5)

Grover’s problem now amounts to finding the lowest k such that sin 2k+1
2 θ gets the closest to 1,

or (2k + 1)θ/2 ' π/2. Since a good approximation to θ is θ/2 ≈ 1/
√

2n, we have in the end an
approximation to k:

k ≈ π

4

√
2n, (III.3.6)

which is sufficient to show that the overall complexity of Grover’s algorithm is O(
√

2n), providing
a quadratic gain over its classical counterpart.

The algorithm can be easily generalized to a multiple solutions scenario. Denoting M the
number of valid solutions we get an overall complexity of O(

√
2n/M). In section III.3.3 we will

actually study a protocol based on a particular scenario discussed in the next section.

One out of four case — The specific scenario in which the number of valid solutions is
exactly a quarter of the total number of possible answers is especially simple. In this case, the
initial state can be decomposed as follows:

|ψin〉 =
1

2
|sol〉+

√
3

2
|sol⊥〉 , (III.3.7)

where |sol〉 (|sol⊥〉) is the coherent superposition of all (in)valid solutions. Understanding the
effects of a sequence of the algorithm is then fairly straightforward:

On |ψin〉 = −1

2
|sol〉+

√
3

2
|sol⊥〉 , (III.3.8)
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|x?i

|xi

| ini

On| ini

GOn| ini

✓

✓/2

✓/2

Figure III.15: Action of the first iteration of the algorithm. Each iteration is made of a reflection
about |x⊥〉 followed by a rotation about |ψin〉. Hence the computational state is brought closer
and closer to the valid solution |x〉.

and

GOn |ψin〉 = G

(
−1

2
|sol〉+

√
3

2
|sol⊥〉

)

=

(
−1

2
|sol〉+

√
3

2
|sol⊥〉

)
− 2

(
1

4
|sol〉+

√
3

4
|sol⊥〉

)
. (III.3.9)

In the end the sequence produces the target state:

GOn |ψin〉 = |sol〉 . (III.3.10)

Since the state |sol〉 was defined as the superposition of all valid solutions, a projective measure-
ment will collapse it on one of them.

In other words, one iteration of Grover’s algorithm is sufficient to obtain a valid solution
whenever the number of valid solution is equal to a quarter of the size of the list. This intriguing
property will be exploited in section III.3.3

Conclusion — Even though a quadratic speedup might seem disappointing compared to what
Shor’s algorithm have to offer, search algorithms are much more important in computer science.
For this reason Grover’s algorithm would have huge practical consequences.

We wish to point out that Grover’s algorithm is optimal, in the sense that no quantum
algorithms could ever hope to beat Grover’s scaling and its quadratic speedup over classical
algorithms. For the proper derivation of this result refer to [Bennett97]. Interestingly enough,
the optimality was proven even before Grover designed his algorithm. Informally, we could say
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that the optimality of Grover’s algorithm disproves all arguments like: “Quantum computers
could outperform classical ones because they can try every possible solution in parallel and then
pick up the right one”. If there is no structure to exploit cleverly, quantum computers can only
be quadratically better than classical computers.

Furthermore, subsequent formal generalizations of Grover’s algorithm have been studied from
a complexity theoretic standpoint to tackle the links between classical and quantum complexity.
See for instance [Aaronson07], where they use a so-called quantum oracle to separate between
possible generalizations of the classical complexity class NP. A more advanced discussion on
quantum search algorithms can also be found in [Nielsen11]. Finally, in [Aaronson13a] a connec-
tion is drawn between search problems and sampling problems, in which the goal is to sample
numbers from a given probability distribution.

III.3.2 Example of a quantum communication protocol: quantum finger-
printing

Many protocols now exist in the realm of quantum information. The one we want to study
now is the so-called quantum fingerprinting [Buhrman01]. It fits in the quantum communication
framework (see [Yao93] for the seminal paper and [Buhrman10] for a review), which conceptually
is a bit different than QC. The idea is still to solve a given problem but the context is split
between several parties (usually Alice and Bob) and the resource corresponds to the amount of
bits (for classical complexity) or qubits (for quantum complexity) exchanged by the parties.

In quantum fingerprinting, the goal is to solve the Equality problem, defined as follows:
Alice and Bob receive inputs x ∈ {0, 1}n and y ∈ {0, 1}n, respectively, and are not allowed to
communicate directly. They rather send a (quantum) message to a referee Charlie whose goal
is to determine whether x = y with an arbitrarily small probability of error. The protocol is
summarized in Figure III.16. Obviously the protocol requires at most O(n) bits, if Alice and
Bob merely send x and y respectively. However, they can instead send fingerprints of x and y
in such a way that the cost drops down to O(

√
n). We refer to [Ambainis96] for the details and

to [Newman96] for the optimality proof, in the sense that the length of the fingerprints must
scale at least as Ω(

√
n). Using quantum fingerprints the cost can be reduced even lower as we

will see.
In a nutshell, the idea is to combine classical encodings and quantum superpositions. First

we have to assume a result from classical information theory: for fixed c > 1 and 0 < δ < 1,
there exists a function E : {0, 1}n → {0, 1}m, where m = cn, such that the distance17 between
two codewords E(x) and E(y) is at least (1− δ)m for every pair (x, y). In other words, one can
cleverly expand the workspace so that the original items somehow become very different from
each other. The codewords can be further exploited by defining the quantum states:

|lx〉 =
1√
m

m−1∑

i=0

|i〉 |Ei(x)〉 , (III.3.11)

where Ei(x) denotes the ith bit of E(x). Note that the number of qubits used to encode such a
state is log(m) + 1 to be compared to n qubits in a standard encoding. Furthermore, since two

17The distance here is the Hamming distance between two bit-strings, that is the number of positions where
the bits are different.
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x 2 {0, 1}n y 2 {0, 1}n

Alice Bob

Charlie

1 if x = y

0 if x 6= y

Figure III.16: The Equality scenario. Alice and Bob may send bits (o r qubits), called
(quantum) fingerprints, to Charlie. These are the only resources taken into account to derive
the problem’s complexity. A small error probability is tolerated on Charlie’s side.

distinct code words can be equal in at most δm positions, for any x 6= y the following inequality
holds: 〈lx|ly〉 ≤ δ. Geometrically, the codewords correspond to 2n almost orthogonal quantum
states in a 2m dimensional Hilbert space, each pair of them having an inner product with an
absolute value at most δ.

Alice and Bob will thus send the quantum fingerprints |lx〉 and |ly〉 to Charlie, whose goal is
now to determine whether 〈lx|ly〉 = 1 or 〈lx|ly〉 ≤ δ. This can be done using the circuit shown
in Figure III.17. The output state of such circuit, before the measurement, is

1

2
|0〉 (|lx〉 |ly〉+ |ly〉 |lx〉) +

1

2
|1〉 (|lx〉 |ly〉 − |ly〉 |lx〉) . (III.3.12)

Then trivially the probability of getting 1 after measuring the first qubit is 0 if x = y. On
the other hand, if x 6= y this probability is at least (1 − δ2)/2, and can be made exponentially
small by repeating the protocol. Overall the quantum complexity of the Equality problem is
O(log n) with exponential precision, which yields an exponential gain over the classical bound.18

One may think that such an exponential gain could be easily applied to other communication
schemes. More generally: since qubits are defined through complex numbers, k classical bits
are needed to describe a qubit to a precision exponential in k; and the dimension of the Hilbert
space associated with an n-qubit state is exponential in n. This may lead to believe that every
quantum communication scheme is exponentially better than its classical counterpart! There is
a catch though, formalized by the celebrated Holevo’s bound [Holevo73]. In essence, Holevo’s
theorem proves that n qubits can only encode n bits of information, if this information is to be
accessed and retrieved reliably.

18The quantum bound derived here is also optimal.



III.3. QUANTUM ALGORITHMS 55

|0〉 H • H

|lx〉
SWAP

|ly〉

Figure III.17: Quantum circuit to test if 〈lx|ly〉 = 1 or 〈lx|ly〉 ≤ δ. The SWAP gate exchanges
states |lx〉 and |ly〉 iif the control qubit is in |1〉. The measurement is performed in the compu-
tational basis {|0/1〉}.

III.3.3 Combining quantum fingerprinting and Grover’s algorithm

In this section we show how to use quantum fingerprints in Grover search problem. Although
quantum fingerprints have been mostly considered in communication schemes [Massar05,Gavin-
sky13,Arrazola14], the result presented here provides a new paradigm and opens up a new range
of application.

The protocol — Let us start with a slightly adapted version of the classical encoding function
defined in the previous section. Setting c > 1 and 0 < δ < 1, there exists a function E : {0, 1}n →
{0, 1}2m, where m = cn/2, such that the distance between two codewords E(x) and E(y) is at
least (1− δ)2m for every pair (x, y). Then we define the quantum codeword:

|hx〉 =
1√
m

m−1∑

i=0

|i〉 |E2i(x), E2i+1(x)〉 . (III.3.13)

The codeword is now encoded on log(m) + 2 qubits. Two distinct codewords can be equal in at
most δ2m positions, or equivalently in at most δm pairs of bits. For any x 6= y we have

〈hx|hy〉 =
1

m

m−1∑

i=0

〈E2i(x)|E2i(y)〉 〈E2i+1(x)|E2i+1(y)〉

so we recover
〈hx|hy〉 ≤ δ. (III.3.14)

Thus the quantum codewords defined here fulfill the same property of the ones of Equation (III.3.11),
that is being almost orthogonal. Consequently they will trigger the same speedup over the classi-
cal protocol with respect to the Equality communication problem. We stress that the quantum
codewords correspond to n bits integers encoded on log(m) + 2 qubits.

Let us now focus on Grover search problem. Suppose there exists an oracle Qn—a quantum
oracle actually [Aaronson07]—able to identify the quantum codeword |hx〉 for a specific n bits
integer x. More precisely Qn |hx〉 = − |hx〉 but Qn |g〉 = |g〉 whenever 〈g |hx〉 = 0. Then we
can go through Grover’s algorithm and first create a superposition of all possible states made of
log(m) + 2 qubits. They correspond to all the basis states of a Hilbert space of dimension 4m:

|ψin〉 =
1√
4m

4m−1∑

i=0

|i〉 .
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We can actually write this sum in a way that fits our codeword formalism much better:

|ψin〉 =
1√
m

m−1∑

i=0

|i〉 × 1

2

3∑

j=0

|j〉 . (III.3.15)

Identifying |hx〉 within |ψin〉 we get eventually:

|ψin〉 =
1

2
|hx〉+

√
3

2
|h⊥x 〉 , (III.3.16)

where we denote as |h⊥x 〉 the superposition of all basis states orthogonal to |hx〉. Now it is
straightforward to apply Grover’s algorithm: we are back to the specific scenario of searching a
valid solution out of four possible answers. One iteration of Grover’s algorithm then yields the
target state with certainty.

Eventually, we can estimate the cost of retrieving the original bit string x from its encoding
|hx〉. Every measurement performed on |hx〉 gives the information on a pair of bits at a random
position in the string. x is found when the pairs all positions have been recovered. Since at
every measurement all positions are equiprobable, the problem amounts to the so-called ‘coupon
collector’s problem’ [Blom94]: the goal is to identify all elements of a list of size m, each element
being equally likely, with replacement. Thus we would need to repeat the measurement procedure
Θ(m logm) times or equivalently to prepare Θ(m logm) copies of |hx〉.

Discussion — The algorithm designed here may seem to violate the optimal bound of Grover’s
algorithm. Indeed it is able to find an n-bits integer x with only O(n log n) calls to the oracle.19

However, the oracle Qn used in this scenario does not obey the hypotheses of the Grover search
problem: it is a purely quantum oracle like defined in [Aaronson07]. To see the distinction more
precisely, recall that the (classical) oracle in Grover’s algorithm is defined as follows:

On |x〉 = − |x〉 and On |y〉 = |y〉 whenever y 6= x.

This quantum evolution can actually be obtained out of a classical operation as shown in [Nielsen11].
Suppose there is a function f : {0, 1}n → {0, 1} which precisely identifies x according to:

f(x) = 1 and f(y) = 0 whenever y 6= x.

Then using techniques of reversible computation, a reversible circuit can be designed which takes
(y, q) to (y, q ⊕ f(y)), where y ∈ {0, 1}n and q ∈ {0, 1}. Since this circuit is reversible, it can
be immediately translated into a quantum circuit Uf that takes |y〉 |q〉 to |y〉 |q ⊕ f(y)〉. Now
applying Uf to the input state |y〉 |−〉 yields:

Uf

(
|y〉 |0〉 − |1〉√

2

)
= |y〉 |f(y)〉 − |1⊕ f(y)〉√

2
. (III.3.17)

Using the definition of f , it reads:
{
Uf |x〉 |−〉 = − |x〉 |−〉
Uf |y〉 |−〉 = |y〉 |−〉 , (III.3.18)

19Since m = cn/2, we have Θ(m logm) = Θ(n logn).
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which matches precisely the definition of the oracle On. So the oracle is the direct translation
of a classical circuit with the same complexity as the original boolean function f .

This feature is not preserved by the oracle Qn used in our protocol. Qn cannot be seen
as the quantum version of the classical implementation of such f . Consequently, it would be
interesting to understand precisely the cost of implementing such oracle and compare it to other
approaches to quantum oracles like the ones proposed in [Kashefi02].

On the other hand, the encoding and thus the oracle have a straightforward physical inter-
pretation in terms of spin-orbit coupling. For instance in [Khoury11] they show how to take
advantage of the orbital angular momentum and polarization degrees of freedom of a photon pair,
thereby providing the kind of quantum superpositions required in our protocol. Alternatively,
quantum random walks [Aharonov93] on photonic chips also entangle two degrees of freedom:
the path taken by the photons and their polarizations [Pathak07,Motes16]. Investigating further
in these directions might provide both a better understanding of the problem and experimental
implementations of the encoding.
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CHAPTER IV
Experimental perspectives

Quantum computation and information protocols may rely on very different physical systems,
each possessing its own sets of drawbacks and advantages. This chapter will focus on three of
them corresponding to the three sections. The first section deals with photon pairs, and af-
ter a general introduction to the quantum theory of free radiation refers in particular to the
articles [Douce13, Boucher15]. The goal is to study a Spontaneous Parametric Down Conver-
sion protocol to engineer and measure highly non-classical biphoton quantum states. The second
section is related to superconducting circuits and artificial atoms and their use for quantum in-
formation processing. We first give an overview of the standard quantization procedures. We
then describe how to use superconducting circuits to manipulate quantum states: we tackle the
coupling between a flux qubit and a single Nitrogen Vacancy center [Douce15]. Lastly we show
how to address a system in the so-called Ultra Strong Coupling regime using an additional stan-
dard superconducting qubit [Felicetti15].

IV.1 Photon pairs

IV.1.1 Some protocols based on photon pairs

The short survey presented in this section is definitely not exhaustive. The idea is merely to
take a step back and think of why we should indeed be interested in studying photon pairs.

Foundations of Quantum Mechanics — The importance of single photons states for QM
cannot be exaggerated. In some sense one could say they constituted the very birth of quantiza-
tion (at least of the word ‘quantum’) through the theory of the photoelectric effect [Einstein05].
Photons were of a precious help when the founding fathers imagined their gendanken experi-
ments.

Since photons in free space are quite robust with respect to decoherence, photon pairs con-
stitute a privileged platform to study entanglement. They have had a prominent role starting
from the Einstein-Podolski-Rosen (EPR) paper [Einstein35] (in particular see its reformulation
by David Bohm [Bohm89]). The EPR experiment essentially consists in sending two entan-
gled particles far apart from each other and subsequently measuring them independently. This

59
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thought experiment led John Bell to derive his most important theorem [Bell64] that sets bound-
aries on what local and realistic physical theories predict in this scenario. The first violation
of this theorem by QM was indeed based on photon pairs [Aspect81]. Some of the most recent
loophole-free Bell tests also rely on propagating photons [Giustina15,Shalm15].

In the following we will discuss a fundamental effect in quantum optics: the Hong-Ou-Mandel
effect [Hong87]. Essentially based on photon pairs, it reveals the quantum nature of light since
the effect cannot be explained by a classical description of the experiment.

Quantum information processing using photons — What can photons be used for in
the framework of QC? Probably not much regarding computation itself, because they cannot
interact directly with each other: two-photons interactions are weak or probabilistic and not
satisfactory from an algorithmic point of view. There exist proposals though, relying for instance
on the transverse spatial degrees of freedom of photons [Tasca11] which could take advantage
of the large variety of readily available optical devices and the simplicity of implementing single
mode transformations. Furthermore, in the current quest for the Quantum Supremacy—see
section III.2.1, they may very well be the most promising tool thanks to the BosonSampling
problem [Aaronson11] and the recent development of photonic chips.

In BosonSampling, the goal is to mix n bosons within m > n modes of a linear optics
network with number resolving detectors at the output of each mode. Then the statistics of the
detector clicks is recorded. The corresponding probability distribution has been shown to be
intractable for a classical machine. This problem was designed specifically in purpose of using
single photons. And indeed the first experiments implementing a proof-of-principle Boson-
Sampling were based on single photons, e.g. [Tillmann13, Broome13, Spring13, Spagnolo14].
However, the experimental advantages of photon pairs were highlighted in a slightly adapted
version of BosonSampling [Lund14]. In this newer formulation, the single photons entering
the optical network actually arise from randomly produced photon pairs.

If photon pairs may not be used for QC itself, they may constitute an important piece
of quantum communication networks. This idea was developed in [Kimble08], where quan-
tum channels based on photon pairs teleport the quantum information over large distances—
see [Bouwmeester97] for the first experimental quantum teleportation using photon pairs. Quan-
tum communications are naturally linked to Quantum Key Distribution: QM allows to safely
share secure secret keys—safer than classical schemes. Among the many protocols designed,
the E91 [Ekert91] is directly based on Bohm’s version of the EPR thought experiments hence
making use of entangled photon pairs.

IV.1.2 The quantum theory of light

IV.1.2.1 Quantization of the electromagnetic field in vacuum

This section introduces the basics of quantum optics. For more details we refer to textbooks like,
e.g. [Aspect10,Cohen-Tannoudji96,Mandel95]. Our goal is to briefly recall how the electromag-
netic field, once dealt with in the quantum regime, provides the basic tools required for quantum
information processing as defined in chapter II: in a nutshell, a quantum harmonic oscillator.
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The method presented here, largely inspired by [Aspect10], will display several analogies with
the procedure used to quantize electronic circuits studied in section IV.2.

Maxwell’s equations — The starting point to understand the electromagnetic field in vac-
uum is the set of Maxwell’s equations:

∇ ·E(r, t) = 0,

∇ ·B(r, t) = 0,

∇×E(r, t) = − ∂

∂t
B(r, t),

∇×B(r, t) =
1

c2

∂

∂t
E(r, t). (IV.1.1)

The goal now is to identify decoupled pairs of conjugate variables in order to apply the results
coming from the quantum harmonic oscillator introduced in section II.2.1.1. To do so, the system
of interest is assumed to be the vacuum, contained in a cube of side length L. In such a finite
volume V = L3, with any function E(r, t) can be associated Fourier components according to:

Ẽn(t) =
1

V

∫

V
d3rE(r, t)e−ikn·r, (IV.1.2)

where kn is a three dimensional vector such that (kn)x,y,z = nx,y,z2π/L for three integers nx,y,z.
By definition the reciprocal relation reads:

E(r, t) =
∑

n

Ẽn(t)eikn·r. (IV.1.3)

The advantage of moving to Fourier space is that differential equations turn into algebraic
relations. For instance the first equation of (IV.1.1) implies that the Fourier components of the
electric field are orthogonal to the wavevector kn. Hence Equation (IV.1.3) can be recast as
follows:

E(r, t) =
∑

l

εlẼl(t)e
ikl·r, (IV.1.4)

where l = (nx, ny, nz, s) and s = 1, 2 accounts for the two polarization directions defined for
every n by the orthogonality conditions: εn,s · kn = 0 and ε1 · ε2 = 0.

Now the point is to work with the electric field E(r, t) and the vector potential A(r, t) in
the Coulomb gauge, i.e. satisfying

∇ ·A(r, t) = 0. (IV.1.5)

With the Coulomb gauge the vector potential is related to the electric and magnetic fields by
the relations:

E(r, t) = − ∂

∂t
A(r, t),

B(r, t) = ∇×A(r, t). (IV.1.6)

The Coulomb gauge is similar to the first of Maxwell’s equations (IV.1.1). So the Fourier
components of A(r, t) belong to the plane orthogonal to the associated wavevector kn. The
expansion reads:

A(r, t) =
∑

l

εlÃl(t)e
ikl·r. (IV.1.7)
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Then writing the Maxwell’s equations in terms of Fourier components of the electric field and
vector potential yields the following dynamical system:

d

dt
Ãl(t) = −Ẽl(t),

d

dt
Ẽl(t) = ω2

l Ãl(t), (IV.1.8)

with ωl = c|kl|. Since the electric field and vector potentials are real the Fourier components
must also satisfy Ã−l = Ã∗l and Ẽ−l = Ẽ∗l . Hence the system above doesn’t actually mean
that the variables are decoupled between different values of l. In order to obtain a collection of
independent variables one must introduce the so-called normal variables αl.

Normal modes — The normal variables are defined as:

αl(t) =
1

2El
(ωlÃl(t)− iẼl(t)), (IV.1.9)

where El =
√
ωl/2ε0L3.1 Overall, the electric field now reads:

E(r, t) =
∑

l

εlEl(iαl(t)eikl·r − iαl(t)∗e−ikl·r), (IV.1.10)

and similarly for the vector potential and the magnetic field:

A(r, t) =
∑

l

εl
El
ωl

(αl(t)e
ikl·r + αl(t)

∗e−ikl·r),

B(r, t) =
∑

l

(kl × εl)
El
ωl

(iαl(t)e
ikl·r − iαl(t)∗e−ikl·r). (IV.1.11)

The system (IV.1.8) actually implies that the αl’s are solutions of the differential equation:

d

dt
αl + iωlαl = 0. (IV.1.12)

Denoting αl(t) = αle
iφe−iωlt a solution of the differential equation above, one recognizes that

the expansion (IV.1.10) indeed corresponds to a superposition of monochromatic plane waves
with associated wavevectors kl and polarizations εl. Every index l labels a plane wave called a
normal mode in this context.

It should be noticed that the plane wave basis is not the only one possible. In fact, any
set of functions (ul(r))l solutions of the Maxwell’s equations and satisfying the orthogonality
condition ∫

V
d3r ul(r)u∗l′(r) = δl,l′ (IV.1.13)

is acceptable.

1Actually the exact expression for El is fixed a posteriori by the canonical relations that need to be imposed.
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Quantization procedure — The Hamiltonian of the system can be as well expressed in the
basis of the normal modes. The energy of the electromagnetic field reads:

H =
ε0

2

∫

V
d3r

(
E(r, t)2 + c2B(r, t)2

)
. (IV.1.14)

Using Equations (IV.1.10) and (IV.1.11) yields:

H =
∑

l

ωl|αl|2. (IV.1.15)

The normal variable αl can actually be split into its real and imaginary parts. Up to a rescaling,
it defines two conjugate variables

ql =
√

2 Reαl,

pl =
√

2 Imαl, (IV.1.16)

that satisfy the Hamilton equations

dql
dt

=
∂H

∂pl
,

dpl
dt

= −∂H
∂ql

. (IV.1.17)

Using the variables ql and pl, the Hamiltonian reads:

H =
∑

l

ωl
2

(q2
l + p2

l ), (IV.1.18)

which is precisely a collection of decoupled harmonic oscillator as defined in Equation (II.2.3).
Thus the conjugate variables can be quantized as was explained in section II.2.1.1, that is
using annihilation (creation) operators â(†)

l . The vector potential and fields themselves are now
Hermitian operators:

Ê(r, t) =
∑

l

εlEl(iâleikl·r − iâ†l e−ikl·r),

Â(r, t) =
∑

l

εl
El
ωl

(âle
ikl·r + â†l e

−ikl·r),

B̂(r, t) =
∑

l

(kl × εl)
El
ωl

(iâle
ikl·r − iâ†l e−ikl·r). (IV.1.19)

In this particular scenario, each harmonic oscillator is defined according to the normal mode ex-
pansion introduced above. It means that each harmonic oscillator is associated with a monochro-
matic plane wave of frequency ωl, wavevector kl and polarization εl, and so are the quantized
harmonic oscillators. Consequently, the creation operator â†l creates a photon of frequency ωl,
wavevector kl and polarization εl.
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IV.1.2.2 A non-linear process: Spontaneous Parametric Down Conversion

Spontaneous Parametric Down Conversion (SPDC) is a second order non-linear process that
generates a two waves (signal and idler) out of an intense pump laser beam. The reader may
find a detailed analysis of SPDC in [Hong85,Walborn10] and more generally on nonlinear op-
tics e.g. in [Aspect10, Boyd08]. In this section we first describe and model by a Hamilto-
nian the specific setup used by the DON team from the Laboratoire MPQ (references and
details in [Orieux11, Orieux13, Eckstein14, Boucher16]) and upon which our collaboration was
based [Douce13,Boucher15]. This collaboration led to very interesting discussions bridging the
gap between theory and experiments. The analysis presented here will thus try to make it appear
clearly.

More specifically, our goal is to derive the output photon pair (or biphoton) wavefunction.
We wish to identify precisely the parameters of the pump beam impacting it. The biphoton
wavefunction will be used and discussed in sections IV.1.3.1 and IV.1.3.2.

Description of the system — The source is a ridge waveguide consisting of an Aluminum
Gallium Arsenide (AlGaAs) heterostructure (see Figure IV.1a). It is transversally pumped
and potentially has a great versatility in the control of the biphoton frequency correlations
[Eckstein14].

The device imposes the generation of counter-propagating photons (see also the analysis
in [Booth02]). The parametric photons will be created in the guided modes of the sample,
propagating along the z direction. We use the convention that the signal (resp. idler) beam
propagates positively (resp. negatively) along the z direction. The length L of the waveguide
being much larger than the wavelengths in the range we consider, we have a continuum of
wavectors ks,i in the propagation directions. The waveguides are designed to be monomode in
the transverse (x, y) plane, the mode being determined by solving the Maxwell’s equations for
the heterostructure. In the propagation direction, the signal and idler photons will be described
by plane waves. So the signal and idler beams are fully characterized by their frequencies ωs
and ωi. Taking into account the refractive index the following relations are verified:

ks,i =
ωs,i
c
ns,i, (IV.1.20)

where ns,i is the refractive index seen by the signal and idler photons and c the speed of light
in vacuum. We wish to point out that a priori ns 6= ni.

The pump beam is described by a wave with a well-defined propagation direction impinging
on the waveguide with a small incidence angle θ. The projection of its wavevector on the z axis
will be denoted kp and its frequency ωp. They obey:

kp =
ωp
c

sin θ. (IV.1.21)

So the pump mode is characterized by its frequency ωp and its transverse profile ϕ(z).
Though interesting polarization effects occur in this system [Orieux13], we will not discuss

them in the following and basically neglect the polarization degree of freedom all along. The
device is schematically represented in Figure IV.1b. We will assume the waveguide to be de-
scribed as a one-dimensional medium. Indeed the field distributions in the x and y directions
only impact the coupling strength and not the output biphoton wavefunction which is precisely
what matters to us [Boucher14].
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âp

z

âi âs
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Figure IV.1: (a) AlGaAs waveguide grown from a GaAs substrate. The pump beam impinges on
top of the waveguide with an angle θ and generates photons propagating in opposite directions.
The core (in orange) is embedded within two Bragg mirrors to create a microcavity for the
pump beam and to act as cladding layers for the signal and idler fields. The Figure comes
from [Boucher16]. (b) One dimensional modeling of the device.

The non-linear Hamiltonian — The hamiltonian describes the three-wave mixing within
the waveguide, modeled by a one-dimensional region −L/2 ≤ z ≤ L/2. The most convenient
way to describe the interaction involves the quantized electric field operators defined in sec-
tion IV.1.2.1. We will be interested in the interaction between three fields: the pump beam and
the signal and idler fields. The interaction hamiltonian is thus proportional to:

HNL(t) ∝
∫ L

2

−L
2

dz Ês(t, z)Êi(t, z)Êp(t, z). (IV.1.22)

Following section IV.1.2.1, the fields can be expanded in terms of creation and annihilation
operators. To simplify the notations the parameters defining the creation and annihilation
operators will be implicit: â†p |vac〉 = |ωp〉 and a†s,i |vac〉 = |ωs,i〉.

We wish to point out that external assumptions concerning conservation laws need not be
made: energy conservation will become clear after time integration and momentum conservation
indeed depends on the crystal geometry and pump spatial profile—the so-called phase matching
condition. For clarity however, only the terms that will correspond later to resonant interactions
will be kept in (IV.1.22), namely consisting in the destruction of a pump photon and creation
of signal and idler photons (ωp ≈ ωs + ωi). In terms of creation and annihilation operators the
hamiltonian reads:

HNL(t) = γ

∫ L
2

−L
2

dz

∫
dωsdωidωp ϕ(z)â†se

i(ωst−ksz)â†ie
i(ωit+kiz)âpe

−i(ωpt−kpz) + h.c. (IV.1.23)

where the γ coefficient characterizes the coupling strength, assumed to be both frequency and
position independent. Since γ only impacts the photon pairs generation rate and not their
wavefunctions, we will not discuss its features. We refer instead to [Boucher14, Boucher16] in
which the derivation of γ is addressed explicitly. Recall that ϕ(z) characterizes the spatial
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distribution of the input pump beam. From this Hamiltonian the time evolution is determined
by the operator:

U(τ) = T̂ exp

(
−i
∫ τ

0
dtHNL(t)

)
, (IV.1.24)

for an interaction starting at time t = 0 and with T̂ the time-ordering operator. The total
interaction time is denoted as τ . If the coupling is low enough a perturbative approach is valid.
Physically, it means that the probability of creating a photon pair per unit time (or per pump
pulse) is low. At first order the evolution operator reads:

U(τ) = 1− i
∫ τ

0
dtHNL(t). (IV.1.25)

The interaction is thus governed by the time integral. Injecting Equation (IV.1.23) yields:

− i
∫ τ

0
dtHNL(t) = −iγ

∫ τ

0
dt

∫ L
2

−L
2

dz

∫
dωsdωidωp ϕ(z) ei∆kze−i∆ωτ â†sâ

†
i âp + h.c. (IV.1.26)

where we defined ∆k = kp − ks + ki and ∆ω = ωp − ωs − ωi. If the interval between two down-
conversions is large compared to the detection resolving time [Walborn10], the interaction time
τ can be extended to infinity. Then the temporal integration turns into a Dirac delta function
according to

∫
dτ e−i∆ωτ = 2π · δ(∆ω). Essentially it recovers the energy conservation implying

∆ω = 0. Denoting

f−(∆k) =

∫ L/2

−L/2
dzϕ(z) ei∆kz, (IV.1.27)

the interaction is eventually determined by the following evolution, where the parameters defin-
ing the bosonic operators are explicitly shown:

− i
∫ τ

0
dtHNL(t) = −i2πγ

∫
dωsdωi f−(∆k)â†s(ωs)â

†
i (ωi)âp(ωs + ωi) + h.c. (IV.1.28)

This equation already provides an analytical expression for the output biphoton wavefunction
that depends on the pump properties via f−(∆k) and the conservation of energy ∆ω = 0.
Denoting f+(ωp) the spectral distribution of the pump, the initial quantum state |ψin〉 reads:

|ψin〉 =

∫
dωp f+(ωp) |ωp〉 |0s〉 |0i〉 , (IV.1.29)

where |0s,i〉 stands for the vacuum state in the signal and idler modes. Applying the evolution
given by Equation (IV.1.28) yields an output (non normalized) biphoton state |ψout〉:

|ψout〉 ∝
∫

dωsdωif+(ωs + ωi)f−(∆k) |ωs, ωi〉 , (IV.1.30)

with ∆k = kp− ks + ki. The analysis can now be refined to characterize f−(∆k) more precisely.

The degeneracy angle — The output state depends on the phase mismatch ∆k through
the function f−(∆k). This function is crucial in the description of the biphoton wavefunction.
Using Equations (IV.1.20) and (IV.1.21), the phase mismatch can be recast as follows:

∆k = kp − ks + ki

=
sin θ − ns

c
ωs +

sin θ + ni
c

ωi. (IV.1.31)
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This equation defines the so-called degeneracy angle θdeg:

θdeg = arcsin

(
ns − ni

2

)
. (IV.1.32)

Typically |θdeg| . 0.5◦ for the specific device discussed here [Orieux13]. Then for θ = θdeg the
phase mismatch reads:

∆k =
ns + ni

2c
(ωi − ωs). (IV.1.33)

In the following, 2c/(ns+ni) will be denoted as v̄g, the average group velocity, and assumed to be
frequency independent. Now when the degeneracy condition is realized f−(∆k) reads—actually
a rescaled f−:

f−(ωs − ωi) =

∫ L
2

−L
2

dz ϕ(z) e
−iωs−ωi

v̄g
z
. (IV.1.34)

If the pump beam is fully contained within the waveguide in the z direction, then the integral
above can be formally extended to infinity. Hence:

f−(ωs − ωi) = ϕ̃

(
ωs − ωi
v̄g

)
, (IV.1.35)

where ϕ̃ is the Fourier transform of the spatial profile ϕ.

The biphoton state — Now we may finally compute the wavefunction of the output photon
pairs. For a pump beam of spectrum given by f+(ωp) and transverse spatial distribution ϕ(z),
that impinges on the waveguide at θdeg, Equation (IV.1.28) immediately yields the biphoton
state |ψout〉 in the low coupling regime:

|ψout〉 = χΓ

∫
dωsdωi f+(ωs + ωi)f−(ωs − ωi) |ωs, ωi〉 , (IV.1.36)

where χΓ is a normalization constant and f−(ωs − ωi) = ϕ̃
(
ωs−ωi
v̄g

)
.

Such a two-photon state should bear the signature of entanglement since it cannot in general
be decomposed into a product of wavefunctions associated with only one photon: it is not
possible to find two functions gs and gi satisfying

f+(ωs + ωi)f−(ωs − ωi) = gs(ωs)gi(ωi). (IV.1.37)

However the wavefunction of Equation (IV.1.36) does provide some form of separability involving
the collective variables ωs ± ωi. This peculiar feature will be addressed in more details in
section IV.1.3.1.

IV.1.3 Measuring and tailoring biphotonic states through Spontaneous Para-
metric Down Conversion

IV.1.3.1 Direct measurement of the biphoton Wigner function

In this section, we show that the biphoton Wigner function can be measured directly using a
generalization of the Hong-Ou-Mandel (HOM) interferometer [Hong87]. We investigate how to
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characterize biphoton states and study in particular a specific class of bipartite wavefunctions
naturally provided by SPDC-based photon pair sources. We detail how to detect the biphoton
Wigner distribution in the whole phase space and consequently obtain a full characterization
of this kind of two-photon quantum states. Furthermore, we show that HOM interference can
be used as an entanglement witness. For an introduction to the CV formalism and the Wigner
function see section II.2.

The Hong-Ou-Mandel experiment — Let us first recall the basics of the HOM interfer-
ometer, shown in Figure IV.2a. Each photon of a pair created from SPDC is sent through one of
the two arms of an interferometer. They are then recombined on a 50/50 beam splitter (BS) and
detected by detectors A and/or B. The relative delay between the two arms can be adjusted at
will. When the photons are indistinguishable and reach the BS simultaneously, they bunch up
and follow the same path. Coincidence detections in detectors A and B are thus less likely, and
the so-called “Hong-Ou-Mandel dip” is observed (see Figure IV.2b).

The HOM effect has no classical counterpart. It is the signature of destructive interferences
between fully indistinguishable particles. This experiment is one of the most fundamental evi-
dence of the quantum nature of light and reveals the bosonic behavior of photons. It has also
become a useful tool in characterizing photon pair sources [Autebert15b] or in metrology [Basiri-
Esfahani15].

3 Le dispositif expérimental

3.1 L’expérience d’Hong-Ou-Mandel

Dans cette partie on rappellera les idées principales de l’expérience d’Hong, Ou et Mandel
[3] (notée expérience HOM par la suite), décrite ici en faisant appel au formalisme des variables
continues.
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Measurement of Subpicosecond Time Intervals between Two Photons by Interference
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A fourth-order interference technique has been used to measure the time intervals between two pho-
tons, and by implication the length of the photon wave packet, produced in the process of parametric
down-conversion. The width of the time-interval distribution, which is largely determined by an interfer-
ence filter, is found to be about 100 fs, with an accuracy that could, in principle, be less than 1 fs.

PACS numbers: 42.50.8s, 42.65.Re

The usual way to determine the duration of a short
pulse of light is to superpose two similar pulses and to
measure the overlap with a device having a nonlinear
response. ' The latter might, for example, make use of
the process of harmonic generation in a nonlinear medi-
um. Indeed, such a technique was recently used to
determine the coherence length of the light generated in
the process of parametric down-conversion. The coher-
ence time was found to be of subpicosecond duration, as
predicted theoretically. It is, however, in the nature of
the technique that it requires very intense light pulses
and would be of no use for the measurement of single
photons. On the other hand, if we are dealing with two
photons and wish to determine the time interval between
them, which has a dispersion governed by the length of
the photon wave packet, we are usually limited by the
resolving time of the photodetector to intervals of. order
100 ps or longer.
We wish to report an experiment in which the time in-

terval between signal and idler photons, and by implica-
tion the length of a subpicosecond photon wave packet,
produced in parametric down-conversion was measured.
The technique is based on the interference of two two-
photon probability amplitudes in two-photon detection,
and is easily able to measure a time interval of 50 fs,
with an accuracy that could be 1 fs or better.
An outline of the experiment is shown in Fig. 1. A

coherent beam of light of frequency mo from an argon-
ion laser oscillating on the 351.1-nm line falls on an 8-
cm-long nonlinear crystal of potassium dihydrogen phos-
phate, where some of the incident photons split into two
lower-frequency signal and idler photons of frequencies
co~ and m2, such that

COO =CO i + C02.

Pinhole

'v

M2
D2

Amp.
8c
Disc.

Counter

phasized that the signal and idler photon s have no
definite phase, and are therefore mutually incoherent, in
the sense that they exhibit no second-order interference
when brought together at detector D1 or D2. However,
fourth-order interference eff'ects occur, as demonstrated
by the coincidence counting rate between D 1 and D2.
The experiment has some similarities to another, recently
reported, two-photon interference experiment in which
fringes were observed and measured, but without the use
of a beam splitter.
Although the sum frequency co &

+ m2 is very well
defined in the experiment, the individual down-shifted
frequencies coi, co2 have large uncertainties, that, in prac-
tice, are largely determined by the pass bands of the in-
terference filters IF inserted in the down-shifted beams,
as shown in Fig. 1. These pass bands are of order
5x10' Hz, corresponding to a coherence time for each
photon of order 100 fs. Needless to say, the two-photon
probability amplitudes at the detectors D1,D2 are ex-
pected to interfere only if they overlap to this accuracy
or better. We start by examining how this interference
arises.
Let us label the field modes on the input sides of the

beam splitter by 01,02 and on the output sides by 1,2
and suppose first that the light is monochromatic. If we
take the state at the input resulting from one degenerate
down-conversion to be the two-photon Fock state

~ tot, 102), then one can show from general arguments
that the state on the output side of the beam splitter is

The two signal and idler photons are directed by mirrors
Ml and M2 to pass through a beam splitter BS as
shown, and the superposed beams interfere and are
detected by photodetectors D1 and D2. We measure the
rate at which photons are detected in coincidence, when
the beam splitter is displaced from its symmetry position
by various small distances ~c6'z. It should be em-
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Coincidence
Counter

Counter

FIG. 1. Outline of the experimental setup.
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Figure 3.1 – Schéma de l’expérience HOM, tiré de [3].

Le schéma de l’expérience est présenté en figure 3.1. Formellement, il s’agit simplement de faire
converger deux photons, un dans chaque bras, sur une lame séparatrice. On a donc un état initial
qui s’écrit en seconde quantification |1, 1i = a†b† |0i, sachant que l’action U de la lame séparatrice
dans la base {a†, b†} s’écrit :

U =
1p
2

 
1 1

1 �1

!
(3.1.1)

L’opérateur a† (resp. b†) correspond à la création d’un photon dans le bras A (resp. B). Il faut
cependant souligner que le bras et la direction du vecteur d’onde sont les seuls paramètres qui varient
entre les modes a et b. Tous les autres (distributions temporelle, spatiale, etc...) sont parfaitement
identiques.

7

(a) Scheme of the HOM interferometer. The position
of the BS is adjustable to tune the relative delay.

Après l’action de U ⌦ U on obtient ainsi l’état :

|1, 1i 7! 1

2
(a† + b†)(a† � b†) |0i

=
1

2
((a†)2 � (b†)2) |0i

Soit, de manière un peu plus lisible :

|1, 1i 7! 1p
2
(|2, 0i � |0, 2i) (3.1.2)

Ce phénomène est appelé groupement de photons, et conduit donc à une chute brutale de la proba-
bilité de détection des photons en coïncidence. Expérimentalement, la figure 3.2 tirée de [3] illustre
très clairement ce résultat.
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FIG. 2. The measured number of coincidences as a function
of beam-splitter displacement c Bi, superimposed on the solid
theoretical curve derived from Eq. (11) with R/T =0.95,
Aco =3 x 10 ' rad s '. For the dashed curve the factor
2RT/(R +T ) in Eq. (11) was multiplied by 0.9. The verti-
cal error bars correspond to one standard deviation, whereas
horizontal error bars are based on estimates of the measure-
ment accuracy.

time spread of the photoelectric pulses and the slewing of
the discriminator pulses, a range of time intervals cen-
tered on zero delay was obtained with a spread of several
nanoseconds. For the purpose of the measurement, pulse
pairs received within a 7.5-ns interval were treated as
"coincident. " Pulse pairs received within an interval of
35 to 80 ns were regarded as accidentals, and when
scaled by the factor 7.5/45 provided a measure of the
number of accidental coincidences that occur within any
7.5-ns interval.
The results of the experiment are presented in Fig. 2,

which is a plot of the number of observed photon coin-
cidences, after subtraction of accidentals, as a function
of the displacement of the beam splitter. It will be seen
that for a certain symmetric position of the beam spli-
tter, the two-photon coincidence rate falls to a few per-
cent of its value in the wings, by virtue of the destructive
interference of the two two-photon probability ampli-
tudes. The width of the dip in the coincidence rate pro-
vides a measure of the length of the photon wave packet.
It is found to be about 16 pm at half height, correspond-
ing to a time of about 50 fs, which should really be dou-
bled to allow for the greater movement of the mirror im-
age. This time is about what is expected from the
passband of the interference filters.
Direct measurements of the beam-splitter reAectivity

and transmissivity show that R/T = 0.95, which makes
the combination 2RT/(R +T ) =0.999, and implies
that iV, should fall close to zero when 6~=0. That it
does not fall quite that far is probably due to a slight
lack of overlap of the signal and idler fields admitted by
the two pinholes, causing less than perfect destructive in-
terference. The solid curve in Fig. 2 is based on Eq. (11)
with R/T=0. 95 and Ato=3x10' rad/s =5x10' Hz,
if we identify c6'i with the beam-splitter displacement
(x —302.5) in micrometers. For the dashed curve the
factor 2RT/(R + T ) was multiplied by 0.9 to allow for
less than perfect overlap of the signal and idler photons.
It will be seen that, except for the minimum, Eq. (11) is
obeyed quite well, corresponding to a coherence time of
about 100 fs.
We have therefore succeeded in measuring sub-

picosecond time intervals between two photons, and by
implication the length of the photon wave packet, by
a fourth-order interference technique. Unlike second-
order interference, this method does not require that
path differences be kept constant to within a fraction of a
wavelength. The method is applicable to other situations
in which pairs of single photons are produced, but be-
comes less e%cient for more intense pulses of light, be-
cause the "visibility" of the interference is then reduced
and cannot exceed 50% at high intensities. In principle,
the resolution could be better than 1 pm in length or 1 fs
in time.
This work was supported by the National Science

Foundation and by the U.S. 0%ce of Naval Research.
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Figure 3.2 – Résultats des mesures (avec barres d’erreur) de l’expérience HOM. La position de la
lame séparatrice correspond au facteur c �⌧ . La ligne continue correspond à la courbe théorique, les
tirets prennent en compte un facteur 0.9 de perturbation de la visibilité.

Il paraît néanmoins nécessaire de préciser certains points. L’état initial doit en réalité être décrit
ici en variables continues, l’état à deux photons possédant une certaine distribution spectrale et donc
temporelle. Une étude détaillée de cette distribution permet de remonter au profil donné figure 3.2.
On ne s’attardera pas davantage sur ce calcul, étant donné que nous le reprendrons plus tard dans
ce rapport.

De plus, la variation de la position de la lame séparatrice est utilisée en fait pour appliquer un
retard relatif d’un bras par rapport à l’autre. Ceci permet d’assurer que les deux photons, décrits
dans cette expérience HOM dans la base des modes de fréquence bien définie {|!i}, présentent bien
un recouvrement parfait de leur distribution temporelle.

8

(b) Coincidence probability as a function
of the relative time delay between the two
arms. The drop in coincidence counts con-
stitutes the celebrated “Hong-Ou-Mandel
dip”.

Figure IV.2: Summary of the HOM experiment. Both figures are taken from the original paper
[Hong87].

Generalization of the experiment — The idea of our result is illustrated in Figure IV.3.
The two parties of a CV bipartite quantum state undergo displacements in conjugate variables.
Then the two arms recombine on a balanced BS and the coincidence probability is recorded.
This probability can be related directly to the Wigner distribution of the global wavefunction,
as we will show in the following.

The results will be derived using the frequency and time variables to describe the physical
systems. The notations ωs and ωi refer to the calculations characterizing the SPDC process of
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section IV.1.2.2. However, we stress that the results are actually more general. They could apply
to the field quadratures or to the transverse spatial degrees of freedom of photons [Howell04] as
well.

BS

A

B

µ

2�

Figure IV.3: Scheme of the generalized HOM interferometer. µ and 2δ are the magnitudes of
the displacements applied to each party on conjugate variables.

We start a from a CV description of the two-photon state as

|ψ〉 =

∫∫
dωsdωiF (ωs, ωi) |ωs, ωi〉 , (IV.1.38)

where ωs (ωi) is associated with the photon propagating in the upper (lower) path of Figure IV.3.
Then a displacement in ωs of magnitude µ is to be applied on the initial state |ψ〉 in the upper
path. Additionally a phase shift of amplitude 2δ is performed on the lower path photon. We
recall that such a phase shift corresponds to a displacement in the conjugate variable after
Fourier transform. In this case it merely amounts to a time delay, like in the original HOM
experiment. After these transformations the state impinging on the BS is:

|ψµ,δ〉 =

∫∫
dωsdωiF (ωs, ωi)e

−2iωiδ |ωs − µ, ωi〉 . (IV.1.39)

After the BS, the two-photon state is given by

|ψBS〉 =
1

2

∫∫
dωsdωi F (ωs, ωi)e

−2iωiδ (|ωs − µ〉A |ωi〉B − |ωs − µ〉B |ωi〉A
+ |ωs − µ〉B |ωi〉B − |ωs − µ〉A |ωi〉A) ,

and performing a change of variables yields

|ψBS〉 =
1

2

∫∫
dωsdωi F (ωs + µ, ωi)e

−2iωiδ

(|ωs〉A |ωi〉B − |ωs〉B |ωi〉A + |ωs〉B |ωi〉B − |ωs〉A |ωi〉A) . (IV.1.40)

We will now focus on the coincidence detections only, i.e. consider only states corresponding
to the two photons exiting in different paths, A and B. Thus we want to express the quantum
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state in terms of two orthogonal contributions: a bunching part where the two photons reach
the same detector and a coincidence part. This can be done as follows:

|ψBS〉 =
1

2

∫∫
dωsdωiF (ωs + µ, ωi)e

−iωiδ (|ωs〉B |ωi〉B − |ωs〉A |ωi〉A)

−
(
F (ωs + µ, ωi)e

−iωiδ − F (ωi + µ, ωs)e
−iωsδ

)
|ωs〉A |ωi〉B (IV.1.41)

with the first line of the right hand side corresponding to bunching and the second to anti-
bunching photons. The coincidence probability I(µ, δ) thus reads

I(µ, δ) =
1

2
− 1

2
Re

[∫∫
F (ωi + µ, ωs)F

∗(ωs + µ, ωi)e
−2i (ωs−ωi) δdωsdωi

]
. (IV.1.42)

Discussion — Equation (IV.1.42) can be further simplified under some additional assump-
tions. First we are going to study the behavior of the coincidence probability for a separable
input state. A pure separable state would satisfy:

F (ωs, ωi) = f1(ωs)f2(ωi) (IV.1.43)

Then one can easily see that introducing this condition into Equation (IV.1.42) yields:

I(µ, δ) =
1

2
− 1

2

∣∣∣∣
∫

dω f2(ω)f1(ω + µ)e−2iωδ

∣∣∣∣
2

(IV.1.44)

so that a separable state has a higher probability of bunching, I(µ, δ) ≤ 1/2. By itself this
condition thus constitutes an entanglement witness: if one measures a peak in the coincidence
counts, corresponding by definition to a parameters regime where I(µ, δ) > 1/2, then one may
conclude that the two photons are entangled. This was actually performed in [Eckstein08]: they
assessed the photon pairs entanglement through a standard HOM experiment.

Now we will make a different assumption directly inspired by SPDC experiments. We recall
(see section IV.1.2.2) that a general feature of SPDC based photon pairs is to present some kind
of separability in the following form:

F (ωs, ωi) = f−(ω−)f+(ω+), (IV.1.45)

with ω± = (ωs ± ωi)/
√

2. Going back to Equation (IV.1.42) we get:

I(µ, δ) =
1

2
− π

2
W−(µ, δ) (IV.1.46)

where W−(µ, δ) = 1/π
∫

dω f∗−(µ + ω)f−(µ − ω)e−2iωδ is the Wigner distribution associated
with the function f−. Thus, the coincidence probability in this generalized version of the HOM
experiment reveals the Wigner function at phase space point (µ, δ). Recall from section II.2.2
that for a bipartite system the Wigner function should be parametrized by four parameters.
However we note that the Wigner function appearing in (IV.1.46) is only a two-dimensional
Wigner function. This is due to the coincidence detection following the BS, which addresses
only the {ω−, t−} variables. In general it should yield the Wigner function of a mixed state. As
a consequence of the form of state (IV.1.45), the four dimensional phase space associated with



IV.1. PHOTON PAIRS 71

the two particles system is mapped to a product of two dimensional spaces corresponding to the
collective conjugate variables {ω±, t±}. So in the end we recover the Wigner function of a pure
state which actually corresponds to collective variables.

We want to make an additional remark specific to the case where the variables considered
are the transverse position and momentum of a photon. It is then possible to apply a sign to
change to such a variable: a mirror for instance maps p 7→ −p. Inserting such transformation
within the interferometer would enable the coincidence probability to depend on the f+ part
of the biphoton wavefunction. It implies that an additional mirror inserted (or not) within the
interferometer of Figure IV.3 allows for a full characterization of the biphoton wavefunction via
the reconstruction of the associated Wigner functions.

In conclusion, we have shown that the standard HOM experiment actually corresponds to
a cut of the Wigner function associated with a collective degree of freedom. The dip usually
observed—e.g. in [Hong87]—is the signature of a Gaussian wavefunction characterizing said
degree of freedom. The interferometer can be further generalized to move along the whole phase
space, leading to the complete reconstruction of the Wigner function.

IV.1.3.2 Toolbox for continuous-variable entanglement production and measure-
ment of biphoton states

In this section, we provide a toolbox to exploit the capabilities of SPDC to create, measure and
identify entanglement in the frequency degree of freedom of a photon pair. Our strategy is based
on the combination of pump spatial engineering with the possibility of characterizing a Wigner
function of the photon pair using the Hong-Ou-Mandel (HOM) type experiment [Douce13] de-
scribed previously. The idea is to change the spatial properties of the pump beam to modify
the phase matching condition and consequently generate non-trivial quantum states. The work
presented here is the (second) outcome of a fruitful collaboration with an experimental team of
the lab [Boucher15].

State engineering — We recall, see Section IV.1.2.2, the expression of the biphoton state
generated by the SPDC source, for a pump beam characterized by a spectral distribution f+(ωp)

and a momentum profile f−(kp):

|Ψ〉 = χΓ

∫
dωsdωif+(ωs + ωi)f−(ωs − ωi) |ωs, ωi〉 , (IV.1.47)

where χΓ is a normalization constant.
We start by considering the situation depicted in Figure IV.4a where a gaussian pump beam

with waist wp impinges upon the source at an angle θ and position z0. The field distribution
along the axis z is

ϕ(z) ∝ e−(z−z0)2 cos2 θ/w2
pei(k sin θ−kdeg)z

and therefore f− reads:

f−(ω−) ∝ eiω−t
(0)
− e−

(
ω−−ω(0)

−

)2

∆ω2 , (IV.1.48)
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with t(0)
− = z0/v̄g, ∆ω = v̄g/2wp and ω

(0)
− = (k sin θ−kdeg)v̄g ≈ δθv̄g ωp/c 2. A simple integration

yields the associated Wigner function

W−(ω−, t−) ∝ exp

(
−2

(ω− − ω(0)
− )

∆ω2

)
exp

(
−2

(t− − t(0)
− )

∆t2

)
, (IV.1.49)

with ∆t = 2/∆ω = wp/c. Figure IV.4a shows the experimental configuration for a pump
impinging at the degeneracy angle θdeg at z0 = 0 with waist wp = 200µm � L = 2 mm,
central wavelength λp = 775 nm and pulse duration τp = 3.2 ps 3 and Figure IV.4b represent
the associated biphoton Wigner function. The state is thus characterized by a Gaussian Wigner
function. It is centered at (ω

(0)
− , t

(0)
− ), which is fully determined by the incidence angle and the

position of the spot. The width is given by the pump waist. In other words, the properties of
the pump translate into the characteristics of the Gaussian Wigner function associated with the
biphoton wavefunction. This is precisely what we want to use in the following.
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Figure IV.4: (a) Counter-propagating phase-matching scheme implemented in a semiconductor
microcavity waveguide. The characteristics of the pump pulses allow to tune the time-energy
properties of the biphoton. (b) Corresponding Wigner function for wp = 200µm, λp = 775 nm,
τp = 3.2 ps and θ = θdeg. The frequency axis is given in units of Λ = 8πc

ω2
p

Ω.

This simple example actually contains all the tools we need to get to more interesting quan-
tum states. Indeed suppose now that the input light is made of two identical beams impinging
at za and zb. Each of them will define its own Gaussian wavefunction centered respectively at
ta,b− = za,b/v̄g. Thus the output state will be a superposition of two coherent states displaced

2The transverse size of the pump beam will change with the incidence angle. However the range of angles
considered here is small enough to approximate sin θ → θ and cos θ → 1

3This choice of parameters correspond to typical experimental conditions for the device illustrating our method.
In particular, the generation of frequency uncorrelated biphoton states is achievable by modifying the size pump
beam so that f+ and f− have similar widths. Note that the technique remains valid for other pumping regime
since the pulse duration only impacts the positively correlated part f+ of the biphoton wavefunction.
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along the t− axis. In the limit |za − zb| � 2wp such states are almost orthogonal, meaning the
two Gaussian peaks do not overlap significantly. Then they represent a superposition of two
distinct quasi-classical states (Schrödinger cat-like states). An analog superposition is obtained
along axis ω− by using 2 different angles of incidence θa and θb, impinging at the same point z0.
Quasi-orthogonality is obtained for |θa − θb| � c

2ωpwp
.

We can combine these Schrödinger cat-like states altogether implementing both configura-
tions as mentioned above. As an illustration, we choose a compass state (see Figure IV.5), a
superposition of four coherent states presenting interesting applications in quantum metrology,
as pointed out in [Zurek01]. In order to obtain such state, a set of 4 different pump beam con-
figurations is required: 2 pairs of beams impinging at 2 different points separated by a distance
∆z, each pair consisting in 2 beams tilted symmetrically with respect to the degeneracy angle
as shown in Figure IV.5a. It yields the following biphoton wavefunction:

f−(ω−) ∝
(
eiω−t

a
− + eiω−t

b
−
)(

e−
(ω−−ωa−)

2

∆ω2 + e−
(ω−−ωb−)

2

∆ω2

)
, (IV.1.50)

where ωa,b− ≈ (θa,b − θdeg)v̄g ωp/c. With this wavefunction is associated the highly non classical
Wigner function of Figure IV.5b. It should be thought of as the coherent superposition of
four macroscopically distinct situations. They correspond to the four pumping configurations of
Figure IV.5a and are mathematically associated with the four parameters ta,b− and ωa,b− .
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Figure IV.5: (a) Pump illumination scheme to generate a compass state: two pairs of beams
impinge onto the waveguide at two spots, za and zb, equidistant from the center of the source,
each pair consisting of two beams tilted symmetrically with respect to the degeneracy angle
θa,b = θdeg ± δθ. (b) Corresponding Wigner function for wp = 200µm, λp = 775 nm and
τp = 3.2 ps. We set |za − zb| = 1 mm and δθ = 9.37′. The frequency axis is given in units
Λ = 8πc

ω2
p

Ω.

Characterization of the biphoton state — We now discuss how pump engineering can also
be used to characterize arbitrary CV states using the direct measurement of the Wigner function
in all points of phase space. In the previous section IV.1.3.1, we showed how a generalization
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of the HOM experiment leads to the direct measurement the Wigner function in the (ω−, t−)

phase space. Such generalization consists of considering displacements in the frequency degree
of freedom of the photons, in addition to time displacements. Of course, displacing either one
of these parameters modifies the distinguishability between the photons in each arm of the
HOM interferometer, as depicted in Figure IV.6. Time displacements can be realized relatively
straightforwardly by simply modifying the optical path in each arm of the HOM interferometer.
However, the frequency displacements required to reconstruct the Wigner function using our
experimental parameters are too large compared to the performances of currently available
optical modulators [Olislager12]. Pump engineering provides an alternative solution to realize
both time and frequency displacements, dramatically simplifying the direct measurement of the
Wigner function and the CV state characterization.

⌧ ⌦

⌦

⌧

BS BS

source source

A AB B

pump

signal idler

pump

signal idler

Figure IV.6: Two possible strategies to realize the modified HOM experiment leading to the
measurement of the Wigner function. Left : displacements in time and frequency are realized
in each arm of the interferometer after the production of the photon pair. Right : in a com-
pletely analogous set-up, displacements in time and frequency are realized by pump engineering.
While modifying the incidence angle of the pump beam, and consequently, the phase match-
ing condition, corresponds to displacements in frequency, modifying the pump’s incidence spot
corresponds to displacements in time.

As discussed previously, modification of the pump beam’s incidence angle corresponds to
displacing the central frequency of the symmetric part of the wave function associated to the
photon pairs, while modification on the incidence point corresponds to time displacements. Using
these ingredients, one can devise a procedure for the complete Wigner function measurement as
follows: in a first step, an initial state is engineered. Such state is the one to be characterized.
Running the HOM experiment with no frequency or time displacement leads directly to the
value of W−(0, 0), the Wigner function at the origin [Douce13]. Then, tilting the incident pump
beams by a given amount, and repeating the same HOM experiment is equivalent to displacing in
frequency the original state and measuring its Wigner function, leading to the value ofW−(Ω, 0).
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Analogously, displacing the pump beam in the z axis and repeating the HOM strategy leads to
the value of W−(0, τ). It is clear that, by combining different tilting angles and displacements,
one can obtain an arbitrary point of the Wigner function and reconstruct W−(Ω, τ) for all the
values of Ω and τ . In order to characterize the quantum state, the magnitude of the displacements
in both axis of phase space should cover the region where |f−(ω−)|2 has a significant value. This
corresponds to realizing the pump’s angular displacements in an interval ∆θ ≈ θa − θb = 18.7′,
while its impinging position is displaced of ∆z ≈ za − zb = 1 mm (see Figure IV.6). Notice
that, as shown in [Ou88], the proposed strategy presents the advantage of not being limited by
the detector’s response time for measuring highly oscillating fringes or phase space structures
associated with sub-Planck scales [Zurek01]. The resolution required for displacements along the
z-axis is easily achieved; as far as the angular displacement is concerned, since ∆θ is of the order
of 2.7 mrad, a resolution of 100µrad is sufficient to resolve the fringes. This is also achievable
with thermal stabilization and stable mechanical mountings.

One may argue that modifying the pump, in reality, modifies the state to be measured in-
stead of the measuring apparatus that is probing different points of the phase space; but this
is common practice in quantum measurement strategies, where the modification of the settings
of the measurement apparatus is formally equivalent to that of the state-to-be-measured. This
equivalency has been previously used, for instance in the context of cavity quantum electrody-
namics in [Deleglise08]. There, the Wigner function is directly measured using a Rydberg atom
interacting dispersively for a fixed time interval with the field of a high quality microwave cavity.
The set-up is kept the same for all points of phase space and the quantum state of the field in
the cavity to be measured is displaced, and consequently modified, through the application of
a coherent field. In the present case, changing the pump spatial configuration is equivalent to
displacing the state to be measured.

In [Tischler15] they actually implemented the protocol presented in section IV.1.3.1. They
used a monochromatic pump to generate pairs of photons through SPDC before sending them to
a BS and detecting coincidences. Following our work, in order to fully characterize the spectral
wavefunction of the biphoton they would need to implement frequency displacements. Instead,
they modify the pump frequency and the temperature of the crystal to circumvent this difficulty.
It provides a different and promising technique to perform the frequency displacements required
in the interferometer of Figure IV.3 than the one introduced in relation with the experimental
setup of the DON team presented in the previous section.

IV.1.3.3 Conclusion and perspectives

We have shown how to engineer biphoton states in SPDC with readily available techniques.
Together with the generalization of the HOM effect provided earlier, it constitutes a nice toolbox
to explore fundamental features of QM.

Hopefully this work will be continued in the group. A nice follow-up would be to reinterpret
some of the HOM effects-based experiments, e.g. [Ou88,Walborn03,Karimi14], with this new
understanding coming from the Wigner function. In another direction, it should be possible to
go further in terms of quantum state engineering. In fact new developments have recently been
implemented yielding even more intriguing wavefunctions [Autebert15a]. They may be turned
into the generation of the high quality GKP states which were discussed in section III.1.2.2.
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IV.2 Quantum information processing with superconducting cir-
cuits

This section is devoted to the field of circuit Quantum ElectroDynamics (QED). It is a fast
growing field with many applications. First we describe the basic ingredients involved in the
quantization of electronic circuits. Then we focus on how to take advantage of superconducting
circuits to manipulate quantum systems which are not easily accessible to an experimentalist:
a single electronic spin in diamond and a qubit in the Ultra Strong Coupling regime with the
electromagnetic field. In both cases we will need to design original strategies to circumvent the
obstacles preventing the standard approaches from being efficient.

The hybrid approach explored here is a promising direction for future architectures in the
field of QC. It could enable taking advantage of different physical systems, each having its
specificities.

IV.2.1 Introduction to the quantum theory of circuits

This section briefly recalls some of the basic results related to circuit QED. It first presents some
potential applications for circuit QED. Then the second part deals with the linear elements and
introduce the quantization of transmission lines and microwave cavities. The last part tackles
the non linear element known as the Josephson Junction.

IV.2.1.1 Some applications of circuit Quantum Electrodynamcis

To summarize what has been shown in the previous section, we could say that circuit QED is the
equivalent of quantum optics in the GHz domain. And indeed in the early days of circuit QED
most experiments aimed at reproducing the results previously obtained in optical experiments
(for instance the Hong-Ou-Mandel effect discussed previously [Lang13]). Nowadays circuit QED
provides a versatile platform with many applications.

In the recent years circuit QED experiments have been pioneers with respect to several
physical phenomena, including for instance—but not restricted to: the first observation of the
dynamical Casimir effect [Wilson11], so that they now constitute a privileged system to ad-
dress some of its features [Felicetti14b, Sabín15]; performing continuous measurement to mon-
itor quantum trajectories [Campagne-Ibarcq14, Campagne-Ibarcq16] and implement feedback
control [deLange14]; the first experiments reaching the Ultra Strong Coupling regime of light
matter interaction (that will be discussed in the next section IV.2.3) [Niemczyk10,Forn-Díaz10].

Furthermore, circuit QED might very well be the most promising technology on the way
towards a universal QC. At least some people do think so, according to the recent investments
made by companies like IBM and Google into this very field of research (in particular see the most
recent paper by Google Inc. based on D-Wave’s machine [Denchev16]). Experiments have been
improving fast, enabling now the implementation of a high fidelityToffoli gate [Fedorov12] and the
realization of small quantum circuits of extremely good quality [Barends14,Chen14b,Chow14].
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IV.2.1.2 Quantization of electronic circuits

The simplest circuit-based harmonic oscillator — The standard though very useful
example to illustrate the quantization procedure with circuits deals with the LC circuit: a loop
made of an inductor of inductance L and a capacitor of capacitance C as shown Figure IV.7a.

It is well-known from classical physics that this system behaves as a harmonic oscillator.
Introducing the capacitor charge q and its conjugate variable the flux through the inductor Φ,
the classical Hamiltonian reads:

Hcl =
Φ2

2L
+
q2

2C
. (IV.2.1)

The constitutive equations of the components correspond to the Hamilton equations:

q

C
= ∂qHcl = ∂tΦ and

Φ

L
= ∂ΦHcl = −∂tq (IV.2.2)

Up to a rescaling of the conjugate variables, the Hamiltonian (IV.2.1) defines a classical harmonic
oscillator. It can be quantized following the procedure detailed in section II.2.1.1. In the end it
can be diagonalized in the excitation number basis

H = ω(a†a+
1

2
), (IV.2.3)

where ω = 1/
√
LC is the mode frequency and a(†) the annihilation (creation) operator.

Though the Hamiltonian formalism is convenient because of the direct analogy with quantum
mechanics, the Lagrangian is usually preferred in the context of electronic circuits: indeed
it enables to define the conjugate variables that will be used for the quantization procedure
itself [Bishop10]. In this case the Lagrangian reads:

L = C
Φ̇2

2
− Φ2

2L
, (IV.2.4)

with the momentum conjugate to the flux δL/δΦ̇ = CΦ̇ = q. The part played by the Lagrangian
will become clear in the following.

Before moving on to more interesting configurations, we want to point out that we have
considered so far q and Φ as continuously distributed over the real axis. However, the charge
is actually discrete: it corresponds to a given number of electrons. Such discreteness will be-
come relevant later on when considering the low excitation regime in Josephson Junctions (sec-
tion IV.2.1.3).

Transmission lines and cavities — We now have at hand everything we need to define
microwave cavities for circuits. The basic idea to do so actually comes from classical physics
and what is known as the telegraph model [Jeltsema09]. Many reviews and textbooks explain
the details of this derivation, see for instance [Blais04, Schoelkopf08]. Here we will merely give
a flavor of it and provide a couple of simple ideas to understand the big picture.

The telegraph model relies on the description of a transmission line given in Figure IV.7b.
The idea is to define it as the continuous limit of a chain of LC oscillators. It is characterized by
a capacitance and an inductance per unit length c and l. A cavity is then obtained by embedding
such transmission line in between two additional capacitors. In particular it will impose specific
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boundary conditions like vanishing current at the boundaries. Within this configuration we will
start from the Lagrangian to define normal modes and the associated conjugate variables, then
derive a Hamiltonian corresponding to a collection of decoupled harmonic oscillator. Only then
the quantization procedure will be applied.

As a chain of inductors and capacitors, following Figure IV.7b, the Lagrangian reads:

L =
∑

i

(cdx)
Φ̇2
i

2
− (Φi+1 − Φi)

2

2(ldx)
. (IV.2.5)

Taking the continuum limit yields:

L =

∫ D

0
dx c

Φ̇2

2
− (∂xΦ)2

2l
. (IV.2.6)

where D denotes the length of the cavity. The momentum conjugate to the flux Φ(x) is simply
the charge density q(x, t):

q(x, t) =
δL
δΦ̇

= cΦ̇ (IV.2.7)

and so the Hamiltonian is given by:

H =

∫ D

0
dx

q2

2c
+

(∂xΦ)2

2l
. (IV.2.8)

Then the Euler-Lagrange equation is simply the wave equation with velocity v = 1/
√
lc:

v2∂xxΦ− Φ̈ = 0. (IV.2.9)

In order to solve this equation a specific form of the eigenfunctions will be assumed:

Φ(x, t) = e−iωtφn(x). (IV.2.10)

Injecting this form in the Euler-Lagrange equation yields a standard differential equation:

−∂xxφ =
(ω
v

)2
φ. (IV.2.11)

In the following we will assume zero-current boundary conditions, corresponding to the case of
open-circuit at the boundaries. This condition implies that the eigenfunctions have vanishing
derivative at x = 0, D. Additionally, the finite length of the cavity ensures that there is a
countable number of solutions. They are of the form:

φn(x) =

√
2

D
cos(

nπ

D
x). (IV.2.12)

These eigenfunctions correspond to the spatial normal modes of the cavity. They form an
orthonormal set: ∫ D

0
φnφm = δn,m, (IV.2.13)

hence they can be used to diagonalize the Hamiltonian. Their derivatives also are orthogonal
and verify: ∫ D

0
∂xφn∂xφm =

n2π2

D
δn,m. (IV.2.14)
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Without loss of generality, the field can be expanded over the spatial normal modes as follows:

Φ(x, t) =
∑

n

θn(t)φn(x), (IV.2.15)

where the θn’s are arbitrary functions of time.
Introducing the form of the flux (IV.2.15) within the Hamiltonian (IV.2.8), and using the

relations derived in Equations (IV.2.13) and (IV.2.14), it yields, after spatial integration:

H =
∑

n

(cθ̇n)2

2c
+
n2π2

2lD2
θ2
n, (IV.2.16)

with cθ̇n the momentum conjugate to θn. Then a set of independent harmonic oscillators can be
identified and quantized as in section II.2.1.1. Denoting â(†)

n the annihilation (creation) operator
of mode n associated with frequency ωn = nπv/D, the Hamiltonian reads eventually

H =
∑

n

ωn(â†nân +
1

2
). (IV.2.17)

To summarize, like with the free electromagnetic field the idea is first to decouple the variables
by introducing normal modes. These modes then can be quantized using the formalism of the
quantum harmonic oscillator. The derivation presented here correspond to the simplest model of
a transmission line, with zero-current boundary conditions describing the cavity mirrors. More
complex architectures or boundary conditions would yield different normal modes. Typically
cavities for circuit QED deal with the GHz domain of the electromagnetic field.

C L

(a)

· · ·· · ·

ldxldxldx

cdx cdx cdx

(b)

Figure IV.7: (a) Standard LC circuit. (b) Telegraph model of the transmission line. The
building blocks are defined through linear capacitance and inductance c and l.

IV.2.1.3 Josephson Junctions and artificial atoms

The interested reader will find in-depth reviews on artificial atoms in circuit QED in [Makhlin01,
Blais04, Devoret04, You11]. The following will provide the basic tools to understand the phe-
nomena related to Josephson Junctions and the link with qubits.
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Hamiltonian of the Josephson Junction — The Josephson Junction (JJ, Figure IV.8a)
will provide the anharmonicity required to isolate finite dimensional systems in circuit QED.
For this reason JJs are often called artificial atoms. In a nutshell, a JJ is made of an insulating
layer inserted in between two superconducting electrodes. The Cooper pairs in the electrodes
can then tunnel through the layer. We consider a low energy regime where the Cooper pairs un-
balance between the two electrodes is small. Additionally, as a first approximation the Coulomb
interaction will be neglected, thereby assuming no interactions between the Cooper pairs of an
electrode. Consequently, the system is fully described by the difference of Cooper pairs between
the two electrodes, the pairs being independent from one another.

Accordingly, let us consider the phenomenological Hamiltonian

HT = −1

2
EJ
∑

m∈Z
|m〉 〈m+ 1|+ |m+ 1〉 〈m| , (IV.2.18)

where EJ denotes the Josephson energy and basically corresponds to the tunneling strength and
m ∈ Z labels the Cooper pair unbalance between the two electrodes.

The eigenvectors of HT are plane wave-like states characterized by a continuous parameter
ϕ living on a circle, ϕ ∈ [0, 2π]:

|ϕ〉 =
∑

m∈Z
eimϕ |m〉 . (IV.2.19)

Such an eigenstate is associated with the eigenenergy

HT |ϕ〉 = −EJ cosϕ |ϕ〉 . (IV.2.20)

This cosine term in the Hamiltonian is the signature of JJ elements, bringing non linearities
in the picture and enabling many interesting properties. Based on the Equation (IV.2.18), one
may also define a number operator n̂ as

n̂ =
∑

m∈Z
m |m〉 〈m| . (IV.2.21)

It is actually possible to define number states |n〉 quite differently:

|n〉 =
1

2π

∫ 2π

0
dϕe−inϕ |ϕ〉 . (IV.2.22)

This relation shows that {|n〉}n∈Z and {|ϕ〉}ϕ∈[0,2π] constitute conjugate bases, and thus two
conjugate operators could be associated with these bases: n̂ and ϕ̂. This is actually not true
rigorously speaking, because ϕ̂ is not properly defined: since |ϕ〉 = |ϕ+ 2π〉, only periodic
functions of ϕ̂ are acceptable. But for all practical purposes, thinking of n̂ and ϕ̂ as conjugate
operators will be valid.

For the moment the Coulomb interaction remains neglected and only the purely tunneling
behavior of the Cooper pairs is considered. Suppose now that an external electric field is applied
in order to produce a fixed voltage drop V across the junction. It adds a new term U to the
Hamiltonian:

U = −2eV n̂, (IV.2.23)
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corresponding to the energy acquired by a Cooper pair while tunneling. Then Hamilton’s equa-
tion of motion reads:

dϕ

dt
= −∂H

∂n̂
= 2eV. (IV.2.24)

This relation between the time derivative of the phase and the voltage is precisely what would
be obtained for an inductor. It implies that ϕ is directly proportional to the flux variable defined
for the standard inductor in section IV.2.1.2 [Girvin14]. Following this analogy, the inductance
of a JJ can be defined as:

L(ϕ) =

(
∂H2

∂2ϕ

)−1

, (IV.2.25)

so that in the end:

L(ϕ) =
1

EJ cos ϕ̂
. (IV.2.26)

JJs are sometimes referred to as nonlinear inductors, a consequence of the two features men-
tioned above.

However, an accurate description of a JJ requires to take into account another phenomenon
that has been neglected so far: the Coulomb repulsion. Intuitively, a JJ is just a more involved
capacitance so it must behave somehow like it, especially if the tunneling energy is low. More
precisely, the idea is to model a (non dissipative) JJ as a standard capacitance of charging
energy EC in parallel with the cosine contribution derived in Equation (IV.2.20), as shown in
Figure IV.8b. Eventually, the isolated JJ is characterized by the following Hamiltonian:

HJJ = 4EC n̂
2 − EJ cos ϕ̂. (IV.2.27)

Superconductor Superconductor

Insulator

'

Cooper pair

(a)

EC

EJ

(b)

Figure IV.8: (a) Schematic representation of a Josephson Junction. The Cooper pairs can tunnel
from one superconducting electrode to the other through the insulator. Doing so it acquires a
phase ϕ which can be used as a quantum variable. (b) Circuit modeling of a non-dissipative
Josephson Junction. The cross element is described by Equation (IV.2.20).
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From Josephson Junctions to qubits — The guiding principle to devise a two-level system
based on a JJ is easily explained through the so-called Cooper pair box [Bouchiat98,Nakamura99]
in the EJ � EC regime. The Cooper pair box will be discussed briefly in the following because
it contains the guiding principles to design qubits out of JJs. The approximation EJ � EC
ensures that the phase ϕ will be very much localized around ϕ = 0. Under this condition the
cosine may be expanded to yield the following Hamiltonian:

HCPB ≈ 4EC n̂
2 +

1

2
EJ ϕ̂

2, (IV.2.28)

where ϕ̂ and n̂ are now continuously distributed operators, much like the standard position and
momentum operators. The purely tunneling part behaves in this approximation as a standard
linear inductor. The Hamiltonian HCPB is a mere harmonic oscillator, which eigenstates are
given by the evenly spaced in energy Fock states. However the harmonic approximation is bro-
ken when going to higher excitation levels. Tuning the EJ/EC ratio, the anharmonicity provided
by the cosine term can be made strong enough to actually guarantee that the first two levels
can be addressed safely.

This was the simplest picture to obtain a two-level system out of a JJ. Much more in-
volved techniques have been designed, and we wish to discuss one of them because it will
constitute the topic of our work [Douce15] addressed in section IV.2.2: flux qubits [Mooij99,Or-
lando99, Chiorescu03, Bertet05, Forn-Díaz10, Bylander11]. Flux qubits themselves come in dif-
ferent flavours, but the simplest way to represent them is to consider a single JJ in parallel with
an inductance L, like in Figure IV.9. An external flux Φext is applied through the loop by an
auxiliary coil. Formally the corresponding Hamiltonian reads:

Hfq = 4EC n̂
2 +

ϕ̂2

2L
− EJ cos(ϕ̂− Φext). (IV.2.29)

Though no analytical expressions exist for the eigenvalues and the eigenfunctions of the prob-
lem [Devoret04], some general features can be mentioned. Loosely speaking, the potential as a
function of ϕ will be in general a parabola modulated by a cosine, thus creating a double well
potential.

Physically, flux qubits are characterized by a macroscopic permanent current IP typically
of the order of several hundreds of nA. This current flows through the loop of the qubit and
generates therefore a large magnetic dipole. However, flux qubits suffer from a severe limitation:
the large magnetic dipole makes them very sensitive to flux noise which limits their coherence
times. To cope with this problem, one should tune the flux threading the loop Φext precisely
at half a flux quantum (Φext = Φ0/2), the so-called optimal point of the flux qubit [Bertet05].
This condition lifts the degeneracy between the two wells mentioned previously. The two lowest
energy levels are then the symmetric and antisymmetric combinations of the two wavefunctions
localized in each well, and the energy splitting between the two states can be seen as the tunnel
splitting associated with the quantum motion through the potential barrier between the two
wells. At the optimal point the energy doesn’t depend on the flux at first order which increases
the qubit coherence times. Physically, the qubit basis states correspond to the circulating
current flowing either clockwise or anti-clockwise like shown in Figure IV.9. The flux qubit can
also be made of more complicated combinations of JJs to allow for more tunability like shown
in Figure IV.10.
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EC
EJ L�ext

�Ip

+Ip

Figure IV.9: Circuit representation of the simplest flux qubit. The dashed grey line corresponds
to the JJ. Φext is an external flux imposed through the loop by an auxiliary coil. Ip is the
permanent current flowing through the loop in either direction.

IV.2.2 Combining superconducting circuits and Nitrogen Vacancy centers
in diamond

In this section our goal is to show how to take advantage of the experimental capabilities offered
by superconducting circuits to manipulate a single electronic spin in diamond.

IV.2.2.1 Introduction and motivation

Electronic spins in semiconductors such as Nitrogen Vacancy (NV) centers in diamond or im-
purities in silicon are characterized by their low decoherence rates Γs [Bar-Gill13,Saeedi13,Wol-
fowicz13,Muhonen14]. They are a promising platform to store quantum information and realize
quantum memories. However they are hindered by the lack of a reliable way to entangle distant
spins [Bernien13]. Recently, it has been proposed to solve this issue by using a superconducting
circuit as a quantum bus [Marcos10, Twamley10]. This approach would require to reach the
strong coupling regime where the coupling strength g between the spin and the circuit is larger
than their respective decoherence rates (g � {Γs,Γcircuit}). To achieve this goal, the coupling
constant g should be increased by several orders of magnitude compared to the current state of
the art where g is typically of the order of a few Hz [Kubo11,Zhu11].

The coupling constant g can be greatly increased by using flux qubits—introduced in sec-
tion IV.2.1.3—instead of a linear superconducting resonator. Indeed, flux qubits possess a large
magnetic dipole which allows an efficient coupling to spins. Bringing the spin at a distance of
∼ 20 nm from the flux qubit can be achieved by fabricating an ultra-narrow superconducting
wire and aligning it very precisely with the spin (see Fig. IV.10). This would allow increasing
the coupling by several orders of magnitude and reaching a coupling constant g/2π ∼ 100 kHz,
a value much larger than recently reported spin decoherence rates [Bar-Gill13,Muhonen14].

The coupling of a spin—which transition energy ωs is fixed—with a flux qubit is optimal
for ωs = ∆. Unfortunately, reaching this target is a challenging task. The value of ∆ is an
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Figure IV.10: Schematic view of a flux qubit coupled to a single spin. The flux qubit consists
of a superconducting loop with a constriction and intersected by four Josephson junctions (in
red). Three of the junctions are identical while the fourth junction is smaller than others. When
the flux threading the loop Φ is close to half a flux quantum, the system behaves as a two level
system. The Nitrogen Vacancy center represented as a golden arrow is situated in the close
vicinity (r = 15 nm) of the constriction to maximize the coupling between the two systems. The
application of an external magnetic field Bext in the direction of the Nitrogen Vacancy axis lifts
the degeneracy between the mS = ±1 states.

exponential function [Orlando99] of the parameters of the junctions which form the qubit and
it is therefore poorly controlled. It is indeed possible to design a tunable flux qubit by replacing
one of the junctions by a Superconducting QUantum Interference Device (SQUID) [Paauw09].
However, coherence times required for single spin coupling have not been reported so far in this
geometry. Applying an external magnetic field to tune the spin close to ∆ frequency has also
many limitations. The critical field of Aluminium is of the order of 100 G and therefore limits the
tunability of the spin frequency to 100-200 MHz. As a consequence the two resonance frequencies
ωs and ∆ may be highly detuned. Typically, one can expect that (∆ − ωs)/2π ∼ 300 − 500

MHz, prohibiting the use of the direct resonant interaction to entangle the two systems. In
this section, we study a solution enabling us to cope with this issue and couple efficiently both
systems even with such a detuning.

IV.2.2.2 The model

Effective Hamiltonian — We now present our model, starting with the NV center. In its
negatively-charged state, it possesses an electronic ground state with a spin S = 1 which is
described by the following Hamiltonian (neglecting the effect of strain [Neumann09]):

Hs = DS2
z + γeS ·Bext, (IV.2.30)

where S are the dimensionless spin-1 operators, D/(2π) ≈ 2.88 GHz is the zero-field splitting
ground state and the rightmost term is the Zeeman interaction of the electronic spin of gyro-
magnetic ratio |γe|/2π = 28 GHz/T. The quantization z-axis is set in the Nitrogen Vacancy
axis. Bext is an external magnetic field applied to lift the degeneracy of the {mS = ±1} levels.
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For an antiparallel field, the NV center is well described by a two-level system Hamiltonian in
the {mS = 0,mS = +1} basis:

Hs = ωsσ
s
z/2 , (IV.2.31)

where ωs = D + γeB
ext, σ̂sz = |1〉 〈1| − |0〉 〈0| with |0〉 and |1〉 corresponding respectively to

mS = 0 (lower state) and mS = 1.
The flux qubit Hamiltonian can also be described by a two level system [Orlando99]:

Hfq = εσfqx /2 + ∆σfqz /2 , (IV.2.32)

where ε = 2Ip(Φ− Φ0/2)—see also section IV.2.1.3.
The NV center is in a position such that the field from the flux qubit is normal to the

quantization axis of the NV spin ~S. Therefore the Hamiltonian for the two interacting systems
can be written as

H = ωsσ
s
z/2 + εσfqx /2 + ∆σfqz /2 + gσsxσ

fq
x , (IV.2.33)

where the fourth term is the Zeeman interaction of the electronic spin due to the magnetic field
generated by the flux qubit. The coupling constant g is given by g ' γeµ0Ip/(

√
2 · 2πr) where

µ0 is the vacuum permeability and r the distance between the spin and the constriction shown
in Fig. IV.10. By setting r = 15 nm and Ip = 500 nA, we get g/2π ' 100 kHz. In the following,
we will assume that Φ = Φ0/2, in order to benefit from the longest flux-qubit coherence times.

The flux qubit is subjected to an additional microwave magnetic field of frequency ω in a
direction normal to the plane of the persistent currents. The NV spin state has a much smaller
magnetic dipole and therefore we will assume that it is not driven directly by the microwave
field. Thus the Hamiltonian reads:

H = ωsσ
s
z/2 + ∆σfqz /2 + gσsxσ

fq
x + Ωσfqx cos(ωt) (IV.2.34)

where Ω = IPAB0 is the Rabi frequency of the flux qubit of area A and persistent current IP
driven by the classical microwave field B(t) = B0 cos(ωt).

From (IV.2.34) we can move to a frame rotating with the classical field’s frequency ω, which
is set to be the same as the flux qubit transition frequency – namely ω = ∆. This is accomplished
through the unitary operator transformation Us(t) = e−i∆t(σ

s
z+σfqz )/2 Ur(t), connecting the time

evolution operators in the Schrödinger and rotating frame pictures. We define δ = ωs − ω =

ωs − ∆ and the raising/lowering operators in the σz basis, σ± = (σx ± iσy) /2. By setting
Ω ' |δ|, we identify two terms in the resulting Hamiltonian in the rotating frame:

Hr = H0 +Hint, (IV.2.35)

with

H0 =
δ

2
σsz +

Ω

2
σfqx (IV.2.36)

Hint = g(σs+e
i∆t + σs−e

−i∆t)(σfq+ ei∆t + σfq− e
−i∆t).

We can thus consider that the classical drive “dresses” the flux qubit [Solano03,Milman11]. From
now on this representation will be referred to as the laboratory frame. In order to understand
the physical meaning of this time-dependent interaction Hamiltonian, we plotted in Fig. IV.11
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Figure IV.11: Probability of finding the composite system in state |1〉 |1〉 as a function of time
(in units of 2π/g). We numerically solve the Schrödinger equation with Hamiltonians H0 and
Hint from Eq. IV.2.36. We can see the slow dynamics induced by the magnetic coupling while
the inset displays the fast Rabi oscillations occurring with a much shorter time scale. The set
of parameters is ωs = 28800g, ∆ = 25800g and Ω = −δ.

the time evolution of the probability of finding both systems in their excited states |1〉 |1〉. The
figure displays two distinct time scales: the first one is given by the Rabi oscillations of frequency
Ω induced by the classical field. The second one comes from the magnetic coupling between the
flux qubit and the spin. For the numerical simulation we have set ωs = 28800g and ∆ = 25800g

so that δ = 3000g, with Ω = −δ.
We now move to the interaction picture with respect to H0 in order to get an approximate

expression for the interaction Hamiltonian. We have:

HI =
g

2

{
σs+e

i(2∆+δ)t
[
σfqx − eiΩt

(
σfqz − iσfqy

)
/2

+e−iΩt
(
σfqz + iσfqy

)
/2
]

+ σs+e
iδt
[
σfqx − (IV.2.37)

e−iΩt
(
σfqz + iσfqy

)
/2 + eiΩt

(
σfqz − iσfqy

)
/2
]

+ h.c.
}
.

Let us define σ+,x = |+〉 〈−| = (σz − iσy)/2 and σ−,x = |−〉 〈+| = (σz + iσy)/2, where |±〉 =

(|1〉±|0〉)/
√

2. We recall that we focus on the case with Ω ' |δ| in Equation (IV.2.37). Assuming
also the conditions (∆,Ω, δ � g) we can perform the so-called rotating wave approximation and
are led to the effective Hamiltonian:

Heff(t) = ±g
2

(
σs+σ

fq
±,xe

i(Ω±δ)t + σs−σ
fq
∓,xe

−i(Ω±δ)t
)
, (IV.2.38)

The effective Hamiltonian (IV.2.38) describes a closed two qubit system that can be diagonalized
and studied analytically. It can lead to a number of applications that will be further detailed
in the next Sections. We stress that in the case of exact matching condition Ω = ±δ the
effective Hamiltonian becomes time-independent. In the following we set Ω = −δ so that
Heff = g

2

(
σs+σ

fq
+,x + σs−σ

fq
−,x
)
. Adapting the results to Ω = δ is straightforward.

Supposing that the spin-flux qubit bipartite system is initially in a separable pure state, it
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can be written as:

|ψ(0)〉 =
(
cos θ |0〉+ eiϕ sin θ |1〉

) (
cosα |+〉+ eiφ sinα |−〉

)
. (IV.2.39)

In (IV.2.39), we dropped subscripts and used a convention that will be kept the same throughout
this section: the spin’s state is expressed in the basis of σsz eigenstates, |0〉 , |1〉 and the flux qubit
state is expressed in the basis of σfqx eigenstates, |+〉 , |−〉. This basis choice is well adapted
to the coupling induced by (IV.2.38). Moreover, it provides a clear distinction between each
party’s states without using auxiliary labels. The parameters θ and ϕ characterizing the spin’s
state are unknown and cannot be controlled or manipulated without the coupling (IV.2.38).
However, the parameters α and φ can be experimentally controlled and the flux qubit can
be prepared in an arbitrary initial state by combining classical pulses with different phases,
intensity and duration [Chiorescu03]. The time evolution of the initial state (IV.2.39) subjected
to Hamiltonian (IV.2.38) is:

|ψ(t)〉 = cos θ cosα |0,+〉+ ei(φ+ϕ) sin θ sinα |1,−〉

+eiϕ sin θ cosα

(
−i sin

gt

2
|0,−〉+ cos

gt

2
|1,+〉

)

+eiφ cos θ sinα

(
cos

gt

2
|0,−〉 − i sin

gt

2
|1,+〉

)
. (IV.2.40)

In order to test the validity of our model, we compare the time evolution induced by the
effective Hamiltonian (IV.2.38) to the evolution under the action of the exact Hamiltonian in
the interaction picture (IV.2.37). This can be done by comparing the numerical integration
of the Schrödinger equation using (IV.2.37) to the analytical diagonalization of (IV.2.38). We
can study as an example the case where θ = π/2 and α = 0. In this case, the initial state is
|1〉 |+〉 using the basis convention. This state is an eigenstate of the free Hamiltonian H0, so
the interaction Hamiltonian is solely responsible for the dynamics. The time evolution of the
population in |1〉 |+〉 under either Heff or Hint is shown in Figure IV.12, with Ω = −δ (left) and
Ω = −δ + g (right). We can see that indeed, both curves display a very good overlap. Thus
the effective Hamiltonian is a good approximation to the coupling between both systems, even
if the resonance is not perfect, i.e. Ω 6= ±δ, in this case leading to a reduction of the fringes
visibility.

The tuning of the resonance can be done by continuously changing the intensity and phase
of the classical dressing field until coupling between the NV center and the flux qubit is optimal,
as in a “quantum radio”. This point will be further discussed in the section IV.2.2.3.

We should also mention that similar ideas have been proposed to couple superconducting
qubits with widely different frequencies [Rigetti05,Ashhab06].

Decoherence — The dynamics of the coupled spin-flux qubit system will be influenced by
the presence of noise, that creates population losses and dephasing. In order to describe the
proper dynamical equation for the density matrix of the system, we will start from a microscopic
description of the flux qubit-environment interaction and then derive the corresponding Lindblad
equation. Given the typical decay rates of a flux qubit compared to those of a NV center, we will
neglect contributions to decoherence induced by the dephasing of the latter. Our microscopic
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Figure IV.12: Probability of finding the composite system in state |1〉 |+〉 as a function of time
(in units of 2π/g). In dashed blue we show the exact time evolution of population while in
continuous red the one obtained using the effective Hamiltonian (IV.2.38). Left : Case of perfect
resonance, Ω = −δ. Right : Non-resonant coupling δ+ Ω = g. We can see that in both cases the
effective evolution matches the exact one with very good accuracy.

model is thus made of two interactions: a dissipative process conveyed by the qubit σx operator
and a dephasing one due to σz. More precisely we have:

Hdiss =
∑

k

γkσ
fq
x (b̂k + b̂†k) (IV.2.41)

and [Fischer13]
Hdeph =

∑

k

λkσ
fq
z (ĉk + ĉ†k), (IV.2.42)

where the b̂(†)k ’s and ĉ
(†)
k ’s are bosonic annihilation (creation) operators of the modes of the

environment. In our study we will assume the environment is in thermal equilibrium at zero
temperature.

The flux qubit undergoes two independent non-dissipative evolutions: the first is due to the
microwave drive, at frequency Ω, the second to the coupling with the NV center at frequency g/2.
The latter is the one we are interested in while the former is included in the free Hamiltonian
H0. We derive the master equation based on these ingredients in the so-called Born-Markov
approximation [Carmichael99]. The Lindblad equation should model the effect of damping and
dephasing in the basis of the free Hamiltonian eigenstates. Since the free Hamiltonian of the
flux qubit is proportional to σx, the Lindblad operators will be composed of raising/lowering
operators in the Pauli-σx basis. Specifically, we get the following dynamical equation for the
system density matrix in the laboratory frame

dρ

dt
= −i[H0 +Heff , ρ]

+ΓxL[σfqx ]ρ+ Γ−L[σfq−,x]ρ+ Γ+L[σfq+,x]ρ, (IV.2.43)

where L is the Lindblad superoperator L[â]ρ = âρâ† − 1
2(â†âρ+ ρâ†â). Notice that in contrast

with the standard approach the microwave drive rotates the decoherence basis: the ground state
is a thermal distribution in the {|−〉 , |+〉} basis. Even though the environment was assumed to



IV.2. QUANTUM INFORMATION PROCESSING WITH SUPERCONDUCTING
CIRCUITS 89

be at zero temperature, the driving field leads to an effective heating of the bath. Moreover,
the Γi’s decay rates are related to environmental spectral properties and thus to experimentally
accessible quantities [Ithier05]. Let us define T1 as the energy relaxation time and Tν the Rabi
oscillations decoherence time which can be measured through independent experiments. Then
we have:

Γx =
1

4
T−1

1 , Γ− =
1

4
T−1

1 , Γ+ =
1

4
T−1

1 + T−1
ν . (IV.2.44)

One should notice the asymmetry between Γ+ and Γ− that will have peculiar consequences
later on. With the dynamical Equation (IV.2.43) we are able to numerically evaluate the time
evolution of the system, including in our simulations realistic values for T1 and Tν , experimentally
determined e.g. in [Stern14]. There we have T1 = 10 − 20 µs and Tν = 10 − 15 µs. In
Figure IV.13 we show the effect of decoherence on the reduced flux qubit state obtained after
tracing over the spin state. We plot the probability of finding the flux qubit in the excited state,
P1(t) = Trspin (〈1fq| ρ(t) |1fq〉), where Trspin denotes the partial trace over the spin’s degree of
freedom.
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Figure IV.13: Probability of finding the flux qubit in the excited state as a function of time (in
units of 2π/g), for a spin initial state |1〉. Time evolution is computed in the laboratory frame.
The plot is at resonance condition, decoherence is T1 = 20 µs, Tν = 15 µs. Inset: zoom on the
fast Rabi oscillations for very short times.

We will now show how this formalism can be used in fundamental quantum information
protocols.

IV.2.2.3 Applications in quantum information protocols

We will see in the following how a proper choice of the parameters α and φ can lead to a number
of applications relying on the coupling between the two-level systems, such as manipulation and
measurement of the spin’s state.

Detecting spin-qubit coupling — The first step in view of exploring the flux qubit-single
spin coupling is to detect the coupling itself. Here we study a protocol enabling this in presence
of decoherence, which introduces noise and loss of information about the flux qubit’s state.



90 CHAPTER IV. EXPERIMENTAL PERSPECTIVES

We first provide the exact calculation neglecting dissipation and restricting to zero detuning,
i.e. Ω = −δ, focusing on the interaction picture. We define P i1(t) = Trspin(〈1fq| ρi(t) |1fq〉),
where ρi(t) is the density matrix of the whole system computed in the frame rotating with H0.
Based on Eq. IV.2.40 we have:

P i1(t) =
1

2

(
1 + sin 2α cosφ cos

gt

2

)
. (IV.2.45)

We recall that the main goal of the present protocol is to detect the existence of the coupling.
In this regard, the key point of the dynamics of the population P i1(t) is that it does not depend
on the NV center state, which is a priori unknown, but rather on the flux qubit state which is
controllable. This feature will not be preserved when including decoherence to the dynamics.
Hence we can set α = π/4 (i.e. starting with the flux qubit in the excited state |1〉) to get the
highest visibility. In that case P i1(t) reads:

P i1(t) =
1

2

(
1 + cos

gt

2

)
. (IV.2.46)

This equation is valid provided the flux qubit and the spin are in perfect resonance Ω = −δ.
Furthermore, the resonance condition ensures that P i1(t) corresponds to the envelope of the
fast oscillations when moving back to the laboratory frame (see Figure IV.14, top left). Equa-
tion (IV.2.46) corresponds to an oscillation with unit visibility. The fast oscillations at frequency
Ω come from the classical driving field which induces the free Hamiltonian of Equation (IV.2.36).
They are therefore of no interest regarding the coupling with the spin.

In practice, exact resonance must be determined experimentally. In this respect, driving
the flux qubit off-resonance reduces the visibility of the coupling oscillations, as can be seen in
Figure IV.14. So one practical way to find out the resonance is by modifying Ω and searching
for high visibility oscillations. It is possible to gradually vary Ω until the slowly oscillating
terms reach a population inversion dynamics – practically cross the P1 = 1/2 horizontal line,
which uniquely characterizes the resonance condition. Figure IV.14 shows the time evolution of
P1(t), defined in section IV.2.2.2, for different values of the detuning. It is clearly possible to
identify when the resonance condition is matched. Moreover, the amplitude of the oscillations
characterizing the coupling are very sensitive to the detuning – typically for values as low as g/2
– which guarantees the precision of this protocol.

However, decoherence may significantly damp the oscillations and destroy the expected signal
related to the population measurement of state |1〉. Furthermore, as will be shown later, the
dynamics gets to depend on the spin’s initial state. In order to characterize the effects of
decoherence we studied the behavior of P1(t) in the presence of decoherence for different values
of the system coherence times and detuning (see Figure IV.15). We set the initial state of the
spin to the ground state |0〉 and based the numerical analysis on the Lindblad equation derived
in Equation (IV.2.43). It is clear from Figure IV.15 that even when including decoherence, the
coupling of the flux qubit with the spin can be identified through the measurement of oscillations
in the excitation probability of the flux qubit. The sensitivity to the detuning is sustained, which
enables searching for the resonance condition by gradually varying Ω.

One may ask how low the coherence times can be in order to see the slow oscillations due to
the coupling with the spin. The coupling should be strong enough with respect to decoherence
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Figure IV.14: Probability of finding the reduced flux qubit density matrix in the excited state
|1〉 as a function of time (in units of 2π/g). Decoherence here is not taken into account. From
top left and increasing clockwise, values of the detuning are: Ω + δ = 0, g/2, g and 2g.

to allow for the experimental observation of at least one oscillation. In Figure IV.16, we show
the oscillations at resonance condition for decreasing values of T1, while Tν is set to 15 µs.
The initial state is |0s〉 |1fq〉. Surprisingly enough, the figures reveal that the coupling can be
identified for rather low values of T1 such as 2 µs, that is gT1 ' 0.2.

An interesting feature of the coupling also appears when dissipation is considered: depending
on the spin initial state, it can either protect the flux qubit from the effects of decoherence or
enhance them. This effect is illustrated in Figure IV.17 where two different initial states of the
spin are considered, leading to different damping behaviors. This is a consequence of the specific
form of the master equation Equation (IV.2.43), which exhibits an asymmetry between the
dissipation terms corresponding to σ+,x and σ−,x. We could indeed verify that the dependence
on the spin’s initial state vanishes when artificially imposing Γ+ = Γ−.

Spin state initialization — A first application of the coupling described in (IV.2.38), that
is also the first of the DiVincenzo [DiVincenzo00] criteria to define a qubit, is the spin state
initialization. By setting α = 0 in (IV.2.39), we have that the initial state of the hybrid system
is given by

|ψ(0)〉 =
(
cos θ |0〉+ eiϕ sin θ |1〉

)
|+〉 . (IV.2.47)
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Figure IV.15: Probability of finding the reduced flux qubit density matrix in the excited state
|1〉 as a function of time (in units of 2π/g). Decoherence is modeled through T1 = 20 µs, Tν = 15

µs. Black crosses show the envelope of the fast oscillations in the absence of coupling g = 0.
From top left, and increasing clockwise, values of the detuning are : Ω + δ = 0, g/2, g and 2g.

From the time evolution induced by the coupling between the spin and the flux qubit, after
t = π/g, the NV center will be reset to |0〉. From this point on, the NV center can either be
manipulated and set to an arbitrary state, or can be used as a quantum memory, as developed
in the next subsection.

We now analyze the impact of decoherence on the initialization protocol. The results are
shown in the left column of Table IV.1. Even though we consider the NV center itself to be
perfectly isolated from the environment, the purity is reduced by the interaction with the flux
qubit and leads to the preparation of non-pure state instead of the target one |0〉. In Table IV.1
we call fidelity Trflux(〈0s| ρ(π/g) |0s〉), where Trflux denotes the partial trace over the flux qubit’s
degree of freedom. In the presence of high decoherence rates, one way to improve the state
initialization is by repeating the protocol. After a spin-flux qubit interaction time of t = π/g, one
measures the flux qubit state disregarding the results of the measurement. Mathematically, this
measurement projects the flux qubit and destroys entanglement with the spin, which corresponds
to tracing over the measurement eigenbasis. Then one may again prepare the flux qubit in |+〉.
We then let the spin and the flux qubit interact for the same duration. The repetition of
the protocol improves the state initialization procedure, until it reaches an asymptotic value
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Figure IV.16: Probability of finding the reduced flux qubit density matrix in the excited state
|1〉 as a function of time (in units of 2π/g). Tν = 15 µs while T1 is 20, 10, 5 and 2 µs (from
top left, decreasing clockwise). Black crosses show the envelope of the fast oscillations in the
absence of coupling g = 0.

independent of the initial spin state – right column of Table IV.1.
The values of the fidelity between the final reduced density matrix of the spin and the

projector on its ground state – see Table IV.1 – were numerically calculated based on the
dynamical evolution Equation (IV.2.43). In order to compute those values, we repeated the
protocol described in the former paragraph and then averaged the fidelity we obtained over 500
Haar-random initial spin states.

Quantum memory and spin state manipulation — We have shown in section IV.2.2.3
how to initially prepare the spin in state |0〉. From this initialized state, we show now how the
spin can be used as a quantum memory, encoding in a long lifetime quantum system the state
of the flux qubit. We will also see how to adapt this strategy to manipulate the spin’s state,
realizing arbitrary single-qubit rotations.

We start with the quantum memory protocol. If the initial spin state is |0〉, we have that
θ = 0 in (IV.2.39) and the flux qubit is prepared in an arbitrary state that should be perfectly
transferred to the spin.

|ψ(0)〉 = |0〉
(

cosα |+〉+ eiφ sinα |−〉
)
. (IV.2.48)
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Figure IV.17: Probability of finding the reduced flux qubit density matrix in the excited state
|1〉 as a function of time (in units of 2π/g). Decoherence is modeled through T1 = 20 µs, Tν = 15

µs. Black crosses show the envelope of the fast oscillations in the absence of coupling g = 0.
Left : spin initial state is |0〉. Right : spin initial state is |1〉.

Typical times Average fidelity Average fidelity
(T1, Tν) (in µs) of the protocol after 5 iterations

(10, 10) 0.92 0.95
(20, 15) 0.96 0.97

Table IV.1: Average fidelities for the initialization protocol. Details on how they were computed
can be found in the main text.

Using (IV.2.40), we see that after a time t = π/g with the initial condition (IV.2.48), the SC
quantum state will be completely transferred to the spin state. Thus, the latter can play the role
of a quantum memory, since it has a longer coherence time than the flux qubit. Figure IV.18
shows the fidelity of the final spin state after this protocol with respect to the initial flux qubit
state when decoherence is also considered. The computed fidelity does not depend on the phase
φ, because the decoherence process itself is φ-independent. The maximum fidelity is obtained
for α = 0, that is for an initial state |0〉 |+〉 which is an eigenstate of the coupling Hamiltonian
of eigenvalue 0. The minimum is for α = π/2 which implies a complete excitation transfer and
is therefore the most likely to be impacted by decoherence.

The strategy above enables the spin state manipulation as well. Suppose that one wants to
apply a given rotation to an arbitrary spin state, that can be expressed as in (IV.2.47). Any
rotation can be associated with the following transformation of the basis states of the NV center:

|0〉 = |0̃〉 → cosβ |0〉+ eiχ sinβ |1〉
|1〉 = |1̃〉 → cosβ |1〉 − e−iχ sinβ |0〉 . (IV.2.49)

This transformation can be achieved by the following protocol: in a first step, the NV center
state is reinitialized, as described in section IV.2.2.3. Thus, the state of the final coupled system
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Figure IV.18: (Color online) Fidelity of the NV center reduced density matrix after the protocol
with the initial flux qubit state (a) as a function of α and φ (b) as a function of α only. (a)
shows that the fidelity of the protocol is actually φ-independent. Values of decoherence for the
two plots in (b) are the same as in Table IV.1.

composed by the spin and flux qubit is given by:

|ψi〉 = |0〉
(
cos θ |+〉+ eiϕ sin θ |−〉

)
, (IV.2.50)

i.e. the state of the spin is completely transferred to the flux qubit. After state transfer, the
coupling between the spin and the flux qubit can be stopped by turning off the intense dressing
classical pulse. The flux qubit can then be manipulated by another classical field as follows:

|+〉 → cosβ |+〉+ eiχ sinβ |−〉
|−〉 → cosβ |−〉 − e−iχ sinβ |+〉 . (IV.2.51)

Finally, the dressing microwave field can be turned on, coupling again the spin to the flux qubit.
After t = π/g, we obtain the final state:

|ψr〉 = cos θ |0̃〉+ eiϕ sin θ |1̃〉 , (IV.2.52)

which corresponds exactly to the realization of an arbitrary rotation to the initial state (IV.2.47).

NV center state tomography — The previously discussed strategies can also be used for
realizing the full spin state tomography. Since we have shown that it is possible to transfer the
(unknown) state of the NV-center to the flux qubit, one can, after this operation, simply realize
the full tomography of the flux qubit.

Suppose now the initial state is such that α = 0 and φ = 0, so the flux qubit is in |+〉. Then
for a pulse duration t = π/g, the state becomes, according to Equation (IV.2.40):

|ψ(t)〉 = |0〉
(
cos θ |+〉+ ieiϕ sin θ |−〉

)
(IV.2.53)

The unknown state of the NV-center has been transferred to the accessible flux qubit. Full
tomography of the latter yields perfect knowledge about the initial state of the NV-center.

We have also studied the fidelity of this protocol in presence of decoherence, finding that it
displays the same behavior as the one of the initialization protocol.



96 CHAPTER IV. EXPERIMENTAL PERSPECTIVES

IV.2.2.4 Conclusions

We have shown that a hybrid system, composed of a directly inaccessible spin and a supercon-
ducting flux qubit can be effectively coupled by driving the flux qubit with an intense classical
microwave field even in the limit where both two–level systems have far off resonant charac-
teristic frequencies. The coupling is created by the dressing of the flux qubit by the classical
field. Such dressing leads to the possibility of tuning the dressed eigenvalues to the frequency
difference between the two quantum devices, a process that can be described by an effective
Hamiltonian. The possibility of coupling such devices, that present complementary advantages
with respect to quantum information processing, leads to a number of applications, discussed
in the present paper. We have developed protocols to manipulate the spin state, use it as a
quantum memory and realize its full tomography. In all protocols, a detailed study of the effects
of decoherence in the dressed system was included, establishing limits on the expected fidelities
according to decoherence rates compatible to the state of the art. Our results serve as a roadmap
to promising experiments using hybrid quantum devices. An interesting perspective is to study
how the flux qubit can serve as a data bus, intermediating the coupling between the spin and
the quantum field of a resonator. In particular it may be possible to reach an effective Ultra
Strong Coupling regime describing the light matter interaction. This regime is the topic of the
next section.

IV.2.3 Parity-dependent state engineering and tomography of the Quantum
Rabi Model

In this section we use a superconducting qubit to address another superconducting system: a
qubit coupled to a cavity mode in a regime known as the Ultra Strong Coupling regime.

IV.2.3.1 Introduction to the Quantum Rabi Model

Overview and motivations — The fast-growing interest in the Ultra Strong Coupling (USC)
regime is motivated by theoretical predictions of novel fundamental properties [Emary04,De Lib-
erato09,Ashhab10,Ridolfo12,Felicetti14a], and by potential applications in quantum computing
tasks [Nataf11,Romero12,Kyaw15]. Nowadays, quantum technologies featuring the USC regime
have been able to characterize this coupling regime by means of transmission or reflection spec-
troscopy measurements of optical/microwave signals [Niemczyk10,Forn-Díaz10]. However, state
reconstruction in the USC regime of the Quantum Rabi Model (QRM) [Rabi36, Braak11], as
well as quantum information applications, are hindered by the lack of in situ switchability and
control of the cavity-qubit coupling strength. Here, we propose the use of an ancillary qubit as
a tool for state generation, spectroscopy, and state reconstruction of USC polariton states.

The QRM describes the dipolar coupling of a two-level system and a single-mode cavity field.
It is a standard Hamiltonian coming from the field of quantum optics. It is characterized by the
following Hamiltonian

HT = ωrâ
†â+

ω

2
σz + gσx

(
â† + â

)
, (IV.2.54)

where â†(â) represents the creation (annihilation) operator of the cavity field, while σx and
σz are Pauli operators defined in the qubit Hilbert space. We denote, in Equation (IV.2.54),
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the cavity mode frequency ωr, the qubit frequency spacing ω and the interaction strength g.
Assuming that the coupling g overcomes the losses in the system, two regimes can be identified
depending on the ratio g/ωr: the Strong Coupling (SC) regime for g/ωr � 1 and the USC
regime for 0.1 . g/ωr . 1.

In the so-called SC regime, the Hamiltonian of Equation (IV.2.54) reduces to the celebrated
Jaynes-Cummings model [Jaynes63]. This reduction is usually referred to as the Rotating Wave
Approximation (RWA). The interesting feature of this regime is that the conservation of the
excitation number N̂ = a†a + σz makes the model analytically solvable, using for instance the
dressed atom formalism [Cohen-Tannoudji04]. This regime is commonly used in quantum optics,
where the optical frequencies are so large that the light-matter coupling cannot escape the range
of validity of the RWA.

On the contrary, in the USC regime, the field and the qubit merge into collective bound
states, called polaritons, that feature a discrete symmetry Z2, see Figure IV.19. This symmetry
is characterized by the parity operator Π̂T = −σz eiπâ†â, such that Π̂T |ψj〉 = ±|ψj〉 with
j = 0, . . . ,∞. Here, we denote |ψj〉 the polariton eigenstates. Furthermore, this parity symmetry
makes the model solvable [Braak11], and approximations exist in limiting cases, as is the case
of the perturbative USC regime [Irish07] and the deep strong coupling regime [Casanova10,
De Liberato14].

Figure IV.19: Energy levels of the Quantum Rabi Model as a function of the dimensionless
parameter g/ωr. Parameter values are expressed in units of ωr and we consider a detuned
system qubit ω/ωr = 0.8. Energies are rescaled in order to set the ground level to zero. The
parity of the corresponding eigenstates is identified, blue continuous line for odd and red dashed
lines for even states.

Photon number distribution — An interesting feature of the QRM eigenstates concerns the
cavity field photon number distribution. It can be shown that even the ground state exhibits
a non trivial field component, contrarily to the intuition coming from the Jaynes-Cummings



98 CHAPTER IV. EXPERIMENTAL PERSPECTIVES

12
34

56
78

910

1 2 3 4 5 6 7 8 9 10

0

1

2

3
 

< i || j >
 0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

12
34

56
78

910

1 2 3 4 5 6 7 8 9 10

0

1

2

3
 

< i || j >
 

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

Figure IV.20: Absolute values of the elements of the matrix elements kij = 〈ψi| a |ψj〉. The left
box corresponds to the strong coupling regime (g/ωr = 0.03), while the right box corresponds
to the USC regime (g/ωr = 0.6), i.e. the quantum Rabi model. The diagonal terms vanish in
both cases, as shown in the text.

model [Jaynes63].
A consequence of this peculiar distribution, which will turn out to be of importance to our

study later on, is the behavior of the matrix elements kij ≡ 〈ψi| â |ψj〉. Let us first consider
the action of the creation operator on an arbitrary eigenstate of the QRM |ψj〉. From its very
definition, the creation operator creates one excitation inside the cavity, thus bringing |ψj〉 to a
vector of opposite parity. In other words, â† |ψj〉 belongs to a subspace orthogonal to the one in
which lies |ψj〉. Mathematically we have the following relation:

〈ψj | â† |ψi〉 = 0, (IV.2.55)

for any i such that the parity of Π̂ |ψj〉 = Π̂ |ψi〉 is the same. This demonstration naturally
extends to the annihilation operator a. As a specific case, we have:

〈ψj | â(†) |ψj〉 = 0. (IV.2.56)

On the other hand, because of the strong light matter coupling, many Fock states will be
populated when considering eigenstates of the QRM. It implies that for eigenstates of opposite
parity kij is a priori non zero. For instance, as a first order approximation when 0.8 . g/ωr,
the ground and first excited states read: |ψ1,2〉 ≈ (|−α〉 |+〉 ∓ |α〉 |−〉)/

√
2 [Kyaw15]. Numerical

values of the coefficients kij are displayed in Figure IV.20. It clearly shows that in the Jaynes-
Cummings regime g/ωr = 0.03 for every line i only one j is non zero. It illustrates the dressed
atom formalism, associating Fock states with the eigenstates of the field. However in the USC
regime g/ωr = 0.6 many more matrix elements are non zero, providing the signature of a much
more involved photon number distribution.

IV.2.3.2 The Quantum Rabi Model and an ancillary qubit

We study how to design a spectroscopy protocol able to identify the parity of each USC energy
level, allowing us to check distinctive features of the USC spectrum in a realistic experiment.
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From our analysis, it emerges that USC polaritons populating the system substantially modify
the light-matter interaction of the ancillary qubit, leading to a counter-intuitive breakdown of
the Jaynes-Cummings model even for small interaction strengths. Finally, we take into account
realistic parameters of current implementations of circuit QED in the USC regime, where the
present model may be realized with state-of-the-art technology.

The system is composed of a single-mode quantum resonator coupled to two qubits as il-
lustrated in Figure IV.21. One of them (hereafter the target qubit) interacts with the cavity
mode in the USC regime, forming polariton states, while the coupling strength of the other qubit
(hereafter the ancilla qubit) with the cavity is in the SC regime.

Figure IV.21: Sketch of a hypothetical quantum-optical implementation of the proposed system.
A single-mode quantum optical cavity interacts with a qubit (in red) of frequency ω in the
ultrastrong coupling regime. The coupling g is of the same order as the qubit and resonator
frequencies. Another qubit (in blue) can be used as an ancillary system in order to measure and
manipulate USC polariton states.

We consider the QRM in the USC regime plus an ancillary qubit interacting with the cavity
field,

H = HT +HA , HA =
ωa
2
σaz + gaσ

a
x

(
â† + â

)
, (IV.2.57)

where HT is the QRM Hamiltonian defined in Equation (IV.2.54) and σa± =
(
σax ± i σay)

/
2 is

the raising (lowering) operator of the ancillary qubit. We set the ancilla-cavity field interaction
ga to be in the SC regime. On the other hand, we assume that the frequency ωa can be tuned in
real time, a requirement that can be fulfilled in superconducting circuits [Koch07,Srinivasan11].
ωa will be the only free parameter in the model. The spectrum of the full Hamiltonian (IV.2.57)
is shown in Figure IV.22a (Figure IV.22b) as a function of the ancilla frequency for g/ωr = 0.3

(g/ωr = 0.6), corresponding to the vertical lines displayed in Figure IV.19. The global system
spectrum and eigenstates, associated with HamiltonianH in Equation (IV.2.57), present a couple
of features that we will be discussing in the following.

First and most importantly, except for some specific values of ωa, the ancilla qubit and the
polariton are in a separable state. Intuitively, the coupling between the field and the target
qubit is so strong compared to the coupling with the ancilla that the latter can be neglected
when regarding the static properties of the system. Numerically, Figure IV.23 shows the purity
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(a) The USC qubit coupling is g/ωr = 0.3. (b) The USC qubit coupling is g/ωr = 0.6.

Figure IV.22: Energy levels of the full model of Equation (IV.2.57) as a function of the ancilla
frequency ωa. For both figures, the USC qubit frequency is ω/ωr = 0.8 and the ancilla-field
cavity interaction strength is ga/ωr = 0.02. Energies are rescaled in order to set the ground
level to zero. The global parity of the corresponding eigenstates is identified, blue continuous
line for odd and red dashed lines for even states.

P = Tr
{
ρ2
a

}
computed for the ground and first excited states. We define the ancilla reduced

density matrix as ρa = Trpolariton {ρ}, where the partial trace runs over the USC system degrees
of freedom. If P = 1, the ancilla and the polariton are in a separable state, which is indeed the
case except for small regions corresponding to resonances. Moreover, Equation (IV.2.56) proves
that when the ancilla and the polariton are in a separable state, the only contribution from the
ancilla to the eigenenergies comes from its free Hamiltonian (ωa/2)σaz . This feature explains the
splitting of the energy levels of the polariton—corresponding to σaz = ±1—and the linear scaling
with ωa/ωr that can be observed in Figures IV.22a and IV.22b.

Secondly, the system still preserves the Z2 symmetry with the global parity operator Π̂ =

σaz ⊗ σz eiπâ
†â. In other words, [H, Π̂] = 0. This property implies that eigenstates of H possess

a well-defined parity. Notice that eigenstates with global parity +1(−1) are represented by
dashed-red (continuous-blue) lines in Figures IV.22a and IV.22b. Accordingly, eigenstates of
opposite parity are not coupled to each other, as revealed by the intersections between the
corresponding energy levels. On the other hand, avoided crossings can be spotted, indicating
a coupling between different eigenstates of the same parity. Combining this observation with
the purity study of Figure IV.23 shows that the eigenstates combine into maximally entangled
states corresponding to dips of the purity down to 1/2.

We will now show how to derive an effective Hamiltonian that will help us understand the
dynamical properties of the system.
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Figure IV.23: Purity P of the reduced density matrix of the ancillary qubit for different global
system eigenstates, as a function of the ancillary frequency. For the ground state |ψ0〉, P is
always one.

Analytical Study — We write the full Hamiltonian of Equation (IV.2.57) in the polariton
eigenbasis. It reads:

H =
∑

j

εj |ψj〉 〈ψj |+
ωa
2
σaz + gaσ

a
x

∑

i,j

kij |ψi〉 〈ψj |+ k∗ji |ψi〉 〈ψj | , (IV.2.58)

where εj is the energy associated with eigenstate |ψj〉 and kij = 〈ψi|â |ψj〉. Since the |ψj〉’s
are labeled in increasing energy, and given Equation (IV.2.56), the ancilla-field interaction part
(denoted HI) can actually be sorted and then reads:

HI = gaσ
a
x

∑

i>j

(kij + k∗ji) |ψi〉 〈ψj |+ (kji + k∗ij) |ψj〉 〈ψi| . (IV.2.59)

This interaction Hamiltonian can be seen the following way: one term raises the energy of the
polariton, |ψi〉 〈ψj |, and its hermitian conjugate lowers it. Now we will assume that the spectrum
of the QRM is non-linear enough so that we are able to isolate one particular transition frequency
εij = εi − εj > 0. We stress that if |ψi〉 and |ψj〉 are of the same parity then the kij coefficients
vanish and the interaction is trivial.

In any case, we can perform a new Rotating Wave Approximation (RWA) when bringing
the frequency of the ancilla close to resonance with εij . More precisely, we move HI to the
interaction picture:

H̃I(t) = ga(σ
a
+e

iωat + σa−e
−iωat)

(
(kij + k∗ji) |ψi〉 〈ψj | eiεijt + (kji + k∗ij) |ψj〉 〈ψi| e−iεijt

)

(IV.2.60)
In this expression we can identify two oscillating frequencies: ωa + εij and ωa − εij ≡ δ, with
δ � εij . In this context we perform the standard RWA, neglecting the quickly oscillating terms.
The interaction picture Hamiltonian reads:

H̃I(t) = ga

(
(kij + k∗ji)σ

a
− |ψi〉 〈ψj | e−iδt + (kji + k∗ij)σ

a
+ |ψj〉 〈ψi| eiδt

)
(IV.2.61)

thus yielding a Jaynes-Cummings-like Hamiltonian. This approximate expression can be seen
as a starting point from which the exact dynamics can be understood. Interestingly enough,
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the coupling now happens directly between the ancilla qubit and the polariton state. It induces
coherent excitation transfer between the ancilla qubit and the polariton system. Notice that the
matrix element kij is non-vanishing only for transitions that link states of opposite parity in the
polaritonic system.

IV.2.3.3 Spectroscopy and state engineering

We now show how to use the system introduced before to perform spectroscopy of and engi-
neer the polariton state. Based on the approximate interaction Hamiltonian derived in Equa-
tion (IV.2.61), the idea is actually fairly simple: we have coupled through a standard excitation
exchange Hamiltonian an easy-to-manipulate system (the ancilla) and the target polariton. Thus
we can use the well-known Rabi oscillations to address the polariton state by dealing only with
the ancilla.

Numerical analysis — To check the validity of our analytical treatment, we simulate the real-
time dynamics of the full model. We take into account decoherence effects by means of second-
order time-convolutionless projection operator method [Breuer06], which correctly describes the
dissipative dynamics in the USC regime. In this simulation we have considered zero-temperature
thermal baths and noises acting on the X̂ quadrature of the field and transversal noise (σx) for
both two-level systems. Realistic parameters for superconducting circuits have been considered.

First we want to check that the approximate analytical approach that led us to Equa-
tion (IV.2.61) is accurate enough. To do so we plot in Figure IV.24 a Rabi oscillation between
the states |e〉 |ψ0〉 and |g〉 |ψ1〉, where we denoted with |g〉 (resp. |e〉) the ground (resp. excited)
state of the ancillary qubit (continuous green line). It shows perfect agreement with the dynam-
ics that would be induced by the approximate Hamiltonian of Equation (IV.2.61). We stress
that the so-called counter-rotating terms ga

(
σa+â

† + σa−â
)
of the ancilla-cavity coupling play an

important role in the total system dynamics. Indeed if we were to arbitrarily remove them from
the first Hamiltonian Equation (IV.2.57) then the dynamics would be described by the dashed
black line of Figure IV.24, characterized by a significantly greater time period. Those terms
contribute to Equation (IV.2.61) with the coefficients kij and k∗ji, given that we fixed εi > εj .
Notice that, if the system qubit were removed, or if it were interacting in the SC regime, the
effect of counter-rotating terms of the ancilla-cavity interaction would be negligible for such
small values of the ratio ga/ω. In fact, the presence of a qubit in the USC regime modifies the
mode structure of the cavity field in such a way that the coefficients kij can be non-vanishing
also for ωi > ωj—see Figure IV.20. The simple Rabi oscillations plotted in Figure IV.24 reveal
the importance of the changes in the cavity field shape in the USC regime and constitute by
themselves a signature of this regime.

Spectroscopy of the QRM — The ancilla qubit polarization can be measured by detuning
ωa out of resonance, with respect to the USC system, and in resonance with an idle cavity
for readout [Gambetta07, Lupascu07]. This enables us to design a spectroscopy protocol for
the USC system, which identifies the parity of each energy level. Such a protocol consists in
keeping track of the expectation value 〈σaz 〉 during the time-evolution, after initializing the USC
system in its ground level and the ancilla in its excited state |φe

0〉 = |ψ0〉 |e〉. Notice that the
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Figure IV.24: Rabi oscillation between the first excited states and comparison of full model
(green continuous line) to the dynamics obtained when removing counter-rotating terms from
the ancilla-cavity interaction (black dashed line). System parameters are ω/ωr = 0.8, g/ωr = 0.6

and ga/ωr = 0.02. For this case, the transition matrix elements turn out to be k1,2 ' 0.82 and
k∗2,1 ' 0.15. Decay rates are γ/ωr = 10−3 for the target qubit, γr/ωr = 10−4 for the cavity and
γa/ωr = 10−4 for the ancilla.

ground and first-excited states of the QRM Hamiltonian have even and odd parity, respectively.
The initialization can be realized when the ancilla is far off-resonance, then its frequency can
be suddenly switched [Srinivasan11] to be within the relevant frequency range. As the ancilla
frequency becomes closer to a given transition of the USC system, the amplitude of the excitation
transfer increases, granted that the process preserves the global parity. Thus, sampling the
ancilla dynamics for different values of ωa, we can deduce the USC system eigenvalues belonging
to a specific parity subspace (continuous blue line in Figure IV.25a and Figure IV.25b).

We now estimate the time required to perform a spectroscopy protocol in a realistic exper-
iment. The right order of magnitude for the experimental ω2 spacing required is given by the
full width at half maximum (FWHM) of those peaks. In our case, the FWHM is of the order of
0.1ωr. Besides, we scan with ωr a frequency interval of approximate length 2ωr. Considering 5
points per peak, we obtain an upper bound on the number of points we want to measure of 100.
This value could be further reduced performing a more clever analysis of the spectrum. Every
point actually corresponds to computing the visibility4 of Rabi oscillations at a given ancilla
frequency. This can be done by measuring the ancilla until half a period, in other words by
monitoring the ancilla for a time Thalf ≈ 50/ωr (see Figure IV.24). This monitoring requires
to measure σaz roughly 50 times, every measurement being of a duration at most Thalf . For a
standard cavity in circuit QED, we have ωr ≈ 2π × 5 GHz, which gives approximately 100 ns
to recover the visibility at a given frequency ω2. Going from one point to another means tuning
the ancillary qubit frequency. This can be done in a few nanoseconds [Srinivasan11], hence it is
negligible compared to the computation of a single point. In the end, summing 100 ns for 100
values of ω2, the whole spectroscopy duration is of the order of 10 µs.

In the same way, we can obtain the level structure of the even subspace (red dashed line
in Figure IV.25a and Figure IV.25b by repeating the protocol with the odd initial state |φo

0〉 =

|ψ1〉 |e〉, i.e., both the ancilla and the USC system in their first-excited state. The total system
4We define the visibility as half the difference between the maximum and the minimum values reached by 〈σaz 〉

during its time-evolution.
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(a) (b)

Figure IV.25: (a), (b) Numerical simulation of the spectroscopy protocol. Visibility of the ancilla
population oscillations as a function of frequency ωa. Physical parameters correspond to the
vertical cuts in Figure IV.19. For both (a) and (b), the system qubit frequency is ω/ωr = 0.8

and the ancilla-field cavity coupling is ga/ωr = 0.02. The USC system coupling is g/ωr = 0.3

for (a) and g/ωr = 0.6 for (b). The parity of each energy level is identified, blue continuous line
for odd and red-dashed lines for even states. Decay rates are γ/ωr = 10−3 for the system qubit,
γr/ωr = 10−4 for the cavity and γa/ωr = 10−4 for the ancilla.

can be initialized in such a state via state-transfer process (see below) plus a spin-flip operation
on the ancilla qubit. The proposed spectroscopic protocol allows us to obtain the parity structure
of the USC system in a direct way. Hence, one could check the eigenstate-parity inversion (see
Figure IV.19), which is specific to the QRM and represents a distinctive signature of the USC
regime. Higher energy levels can be obtained in a similar way with a multi-step procedure.
Notice that the widths of the resonance peaks in Figure IV.25 are proportional to the matrix
elements kij , hence they contain information about the eigenstates of the USC system.

Tomography and state engineering — So far we have considered the ancilla qubit dynam-
ics as a tool to investigate the spectral structure of the USC system. Let us now focus on how
this ancilla can be used as a tool to fully measure the USC, granted that a limited number of its
eigenstates can be excited. Tomography of the ancillary qubit [Steffen06] enables us to recover
all the coefficients of the USC density matrix. The protocol to be followed consists in initializing
the ancilla in a proper state, implementing a selective state transfer between the USC system
and the ancilla, and performing tomography of the latter. After the initialization of the ancilla,
the global density matrix reads ρ =

∑
i,j ρij |ψi〉 〈ψj | ⊗ |g〉 〈g|. For opposite parity eigenstates

|ψn〉 and |ψm〉, implementing the state transfer process |ψn〉 |g〉 ↔ |ψm〉 |e〉, and tracing over the
USC system degrees of freedom, we obtain the ancillary qubit density matrix

ρa = ρ0 |g〉 〈g|+ ρnn |e〉 〈e|+ ρnm |e〉 〈g|+ ρmn |g〉 〈e| , (IV.2.62)

where ρ0 =
∑

i 6=n ρnn. Hence, performing tomography over the ancilla yields the value of the
population in state |ψn〉 and the coherence coefficients with |ψm〉.

In order to infer the coherences between USC system states of identical parity, a slightly
different procedure must be used. In this case, a two-step state transfer process can be imple-
mented, making use of a third level of opposite parity to mediate the interaction. Then, iterating
the protocol for all couples of relevant eigenstates, the complete density matrix of the USC sys-
tem state can be reconstructed. Moreover, this procedure can be performed in a reverse way in
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order to prepare the USC system in nontrivial superpositions of its eigenstates. For instance a
logical qubit can be encoded in the ancilla state and then transferred to the polariton, where
the computational benefits of the USC coupling can be exploited [Nataf11,Romero12].

IV.2.3.4 Summary and conclusion

In conclusion, we have analyzed the interaction between an ancillary qubit and an ultrastrongly
coupled qubit-cavity system. We have designed a spectroscopy protocol able to detect parity-
inversion of eigenstates, a signature of the USC regime in the QRM, requiring control over a
single ancillary qubit and tunability of its effective frequency. Moreover, we show that the same
ancilla may be used as a tool to engineer the dynamics of arbitrary USC system states. The
proposed method overcomes the lack of decoupling mechanisms in the USC regime, requiring
minimal external resources. Our results pave the way to novel applications of the USC regime
of the QRM in quantum technologies and quantum information processing.
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CHAPTER V
Conclusion

The theory of Quantum Computation is a fast growing field. It has spread into many dif-
ferent topics and the applications are numerous, both theoretically and experimentally. This
manuscript has tackled essentially two aspects of the field.

In Chapter III, we have studied Quantum Computation in relation with the theory of com-
putational complexity. The underlying idea is to consider Quantum Mechanics in terms of the
computational power it provides. The theory of Quantum Computation may impact both the
standard classical complexity theory and the foundations of Quantum Mechanics. Our first
contribution in section III.2.3 essentially follows the lines of Subuniversal models of Quantum
Computation. Such models are a lot simpler than universal quantum computers though they
still enable a quantum speedup over classical machines. By adapting the IQP model to Continu-
ous Variables, we have paved the way towards new experimental perspectives potentially able to
demonstrate quantum supremacy. Additionally, we have pushed forward the understanding of
Quantum Computation using Continuous Variables. Secondly, in section III.3.3 we have taken
a hybrid approach combining a quantum communication problem with the celebrated Grover’s
algorithm. Such hybrid approaches are very promising in terms of large scale implementation of
quantum communication networks.

This work offers many perspectives:

• the first step should be to design a verification protocol for the CVrIQP model. A verifica-
tion protocol would be able to confirm whether a machine pretending to work according to
the CVrIQP prescriptions does so. This is one of the major advantages of the qubit-based
model of IQP.

• by analogy with the Discrete Variables IQP and the Ising model, it would be very interesting
to link CVrIQP to famous bosonic models. This would provide great applications for CVrIQP
circuits.

• finally, both CVrIQP and the formalism described in section III.3.3 can be naturally re-
lated to existing physical systems. Deepening the analysis may lead to designing proof-of-
principle experiments.
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In Chapter IV, we have explored several physical systems in the light of quantum information
processing. Since Quantum Computation relies on the abstract Hilbert space formalism, the
physical systems used as hardware can be anything. Each of them then possesses its own
set of drawbacks and advantages. First we have analysed a versatile photon pair source. We
have shown that such sources could enable the generation and measurement of exotic quantum
states like Schrödinger cat states. Doing so we have generalized the Hong-Ou-Mandel effect
to arbitrary pairs of conjugate variables and linked it to the Wigner function description of
Continuous Variables quantum states. In the following it would be very instructive to apply this
result to the famous Hong-Ou-Mandel experiments and propose a new interpretation of these
based on the Wigner function. The photon pair source itself is being continuously enhanced by
our collaborators in the experimental team, providing new tools to be investigated theoretically.
In particular, their latest results suggest to address the first experimental generation of high
quality GKP states.

Then we have studied superconducting circuits in order to manipulate and measure other
physical systems: a single Nitrogen Vacancy center in diamond in section IV.2.2; and a polariton
resulting from a superconducting qubit coupled to a microwave cavity mode in the Ultra Strong
Coupling regime in section IV.2.3. Both potentially offer great advantages in terms of quantum
information processing, though they are hindered by the lack of experimental accessibility. We
have shown that coupling them to superconducting qubits and transmission lines could provide
the tools required to implement quantum computation protocols. Overall, the design of hybrid
systems such as the ones considered here is a very promising research field: it could enable
to combine the advantages of different physical systems while circumventing their usual draw-
backs. The experimental realization of these ideas is an interesting direction for future work.
Extending these results to many polaritons or many independent Nitrogen Vacancy centers, all
being addressed through superconducting circuits, could also provide new platforms for quantum
computers, illustrating the importance of hybrid systems.
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