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Abstract

We introduce a benchmark to evaluate the capability of Al to solve problems in theoretical physics
(TP), focusing on high-energy theory and cosmology. The first iteration of our benchmark consists
of 57 problems of varying difficulty, from undergraduate to research level. These problems are
novel in the sense that they do not come from public problem collections. We evaluate our data set
on various open and closed language models, including 03-mini, o1, DeepSeek-R1, GPT-40 and
versions of Llama and Qwen. While we find impressive progress in model performance with the
most recent models, our research-level difficulty problems are mostly unsolved. We address
challenges of auto-verifiability and grading, and discuss common failure modes. While currently
state-of-the art models are still of limited use for researchers, our results show that Al assisted TP
research may become possible in the near future. We discuss the main obstacles towards this goal
and possible strategies to overcome them. The public problems and solutions, results for various
models, and updates to the data set and score distribution, are available on the website of the
dataset tpbench.org.
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1. Introduction

Automated mathematical reasoning at research level with Al in theoretical physics (TP) may now be within
reach. Novel large language model (LLM)-based Al systems, powered by improved Al reasoning techniques
at training and inference time, are potentially powerful tools for the TP community. If substantial parts of the
theoretical research process could be performed by Al this would allow to significantly accelerate progress in
TP. If Al could act as a fast, reliable and skilled research assistant that can perform theoretical calculations
and solve mathematical problems, human researchers could cover substantially more theoretical ground,
evaluate more ideas for their promise, and thus make more theoretical discoveries. Even without
super-human intelligence, an Al ‘craftsman’ would allow humans to outsource tedious calculation work and
to focus more on creative aspects of the theoretical research process.

Recent advancements in LLMs have allowed models to solve progressively more difficult tasks that
require abstract mathematical reasoning. While high-school level math competition benchmarks like MATH
[1] are almost saturated by current models, the focus has recently turned to graduate level and research level
mathematics. A main data set in this domain, the recently introduced FrontierMath [2], which contains
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research level difficulty problems, is still mostly unsolved by frontier models. In TP, which also requires
extensive abstract mathematical reasoning, there has been comparatively less work than in mathematics.
Existing benchmarks which include physics such as JEEBench [3], OlympiadBench [4] and PhysicsQA [5],
cover mostly high-school-level problems from college entrance exams or competitions. There is little existing
work on mathematical reasoning for TP at graduate or research level. An exception is [6], where the authors
evaluate the performance of LLMs for symbolic calculations in quantum many-body physics, however in the
narrow context of a specific physical setting. Very recently, the Humanity's Last Exam dataset [7] (HLE)
appeared as a multi-domain benchmark that includes problems from TP. We provide a more complete list of
available data sets in section 5.1.

In the present work, we build a data set to test TP reasoning skill over a broad range of difficulty. We aim
to answer the following questions:

e How good is the current state-of-the-art Al for problem-solving in TP? Are existing models useful for
research-level reasoning?

o What are the most common failure modes? For example, are models performing correct reasoning but fail
mostly at algebra (at which LLMs are known to perform poorly)?

To answer these questions, we created a new benchmark data set TPBench of TP problems of varying degree
of difficulty, from advanced undergraduate to research level. Our problems are novel, in the sense that they
do not come from public problem collections (see section 2.5 for detailed comments). For graduate level and
research problems we focus in particular on problems from high-energy physics and cosmology. An
important property of our data set is that it provides a continuum of problem difficulty, from easy to research
level, which few mathematical data sets do. This allows us to compare the performance of different models
over a wide spectrum of difficulty. We invite the reader to skip ahead to appendix C to get an impression of
the difficulty of these problems. Before discussing our data set in detail, we begin with some general remarks
about reasoning for TP and its relation to AI models.

Differences between reasoning in math and TP. Because TP is extremely broad and math is arguably even
broader, any summary discussion of the differences between mathematical and physics reasoning is unlikely
to be accurate in many examples in a generic comparison set. Nevertheless, in terms of modern graduate
level and higher physics and mathematics comparisons, several aspects typically stand out.

e Mathematical reasoning tends to focus on establishing exact broad statements constructed within a rigid
logical framework, while TP reasoning mostly deals with approximate narrower statements constructed
within a logical framework in which some of the less quantitatively relevant details are left unspecified but
‘most likely’ can be filled in such that the statements can be made arbitrarily precisely if desired®. This
difference naturally stems from the different approximate goals of each discipline: a commonly accepted
goal of TP is to model nature while a commonly accepted goal of mathematics to construct nontrivial,
beautiful true statements connecting surprisingly disparate ideas [15]. The emphasis on rigidity is what
naturally leads to the format of theorems and proofs in mathematics while the emphasis on quantitative
modeling has allowed the Standard Model of particle physics to make successful predictions despite the
evolving nature of its underlying mathematical structure.

o TP reasoning primarily relies on techniques of direct computations, while mathematical reasoning tends
to use more often indirect techniques such as contradiction and induction. More explicitly, TP computa-
tions often utilize algorithmic methods in calculus, linear algebra, complex analysis, differential equations,
differential geometry, and group representation theory.

o TP reasoning often focuses on derivations of formulas whose parametric dependences as well as the overall
normalization are implicitly defined in a narrow domain of physical relevance. For example, if one writes
down a quantum field theory (QFT) Lagrangian and computes observables, the coupling constants with
conventional normalization cannot be a large number such as 1000 since such theories are expected to have
the field degrees of freedom reorganize into a different effective theory. However, the exact parametric range
of validity for the coupling constant is left implicit. This is in contrast with much of mathematical reasoning,
where parametric ranges are precisely defined. This makes TP reasoning quite efficient at the expense of
imprecision in the domain of validity.

6 Certain corners of TP such as formal general relativity and string theory come very close to the reasoning style of mathematics (e.g.
[8—14]). This will not be treated here, and this in some sense is covered by the LLM literature dealing with mathematics.
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o TP typically focuses on approximations whose quantitative uncertainties are often left unspecified. For
example, one of the most popular computational techniques in TP is perturbation theory, a type of asymp-
totic expansion, which often has a zero radius of convergence, and because there is often no exact compu-
tation to compare to, there is no rigorous quantitative estimate of uncertainties in most cases. One typic-
ally understands the estimate of the uncertainty to be the next order contribution in perturbation theory.
Researchers also implicitly understand that there are non-perturbative contributions such as instantons
which have an exact representation of zero in perturbation theory that can become important in certain
instances.

These properties make TP an exciting testbed for Al reasoning models, which has not been extensively
explored, perhaps because models were not powerful enough to do so, until very recently.

Generating novel research ideas/problems in TP. Novel research in TP, as in all fields of science, is usually
incremental, and novel research ideas are combinations or further developments of prior work. For example,
once a novel method has been invented, it can often be applied to many different problems. Indeed, Feynman
advised to keep a list of favorite problems, and to check whether any newly learned technique could be useful
for one of these problems [16]. Experienced researchers have an advantage over students at generating
interesting research because their knowledge base is much larger and more interconnected. Indeed, what
makes a research level question different from a classroom question is often the novelty and connection with
existing knowledge and not the reasoning difficulty. It seems very plausible that machine learning models,
with their ability to ingest vast amounts of knowledge during training or inference, could be particularly
strong at finding promising combinations of novel results and techniques. A recent study in NLP research
[17] found that LLM research ideas are rated more novel (but slightly less feasible) by human experts than
human expert ideas. Experienced researchers are also able to judge whether a mathematical result is
interesting or surprising and deserves further investigation. Such ‘theoretical taste’ may be beyond existing
Al models. With our data set, we are not currently aiming to test these aspects of theoretical research.

Reasoning abilities required to solve research problems in TP. Researchers (consciously or unconsciously)
have a number of techniques or heuristics to solve theoretical problems. A famous collection of problem
solving techniques and advise is George Polya’s book How to solve it [18] which lists about 50 heuristics with
suitable examples in mathematics. Techniques include decomposing the problem, finding a related problem,
generalization, and many less obvious ones. Most researchers have a more limited toolkit than Polya and
many novel papers are somewhat straight forward combinations of reasoning steps contained in previous
works. A main difficulty in this case is to understand this prior work and be able to recall and connect it
when needed. Of course, insights are also often re-discovered independently. When solving a hard problem,
researchers may try many different paths or heuristics, jump back and forth in their reasoning chain, analyze
examples, answer subquestions, clear up their misunderstandings, read related literature, etc. In principle,
given a large enough context window for prior thoughts and unlimited inference time, LLMs may be able to
perform such very long thought processes, but currently available models (with a public reasoning chain) do
not show very deep thought processes in our experience.

Technical (calculation) abilities required to solve research problems in TP. Once a mathematical reasoning
step has been proposed, it needs to be executed correctly. This step is in principle straightforward but
error-prone for most humans. For example, one may decide to Taylor expand an expression to third order,
perform a Gaussian integral, re-arrange terms, or even just multiply numbers. LLMs are well known to
perform poorly at such tasks, but this problem can in principle be fixed by using computer algebra systems, if
they can work with the required mathematical objects (which however is often not the case in TP).

Observations from our evaluation. We list some observations from our experiments, which we discuss in
more details in the following sections.

e Progress has been very rapid with the most recent models. When we initiated this project, GPT-40 [19]
(released on May 2024) was state-of-the-art and unable to solve almost any TP problem beyond undergradu-
ate level. When the o1-preview model [20] (released on Sep 2024) appeared, it could solve many easy gradu-
ate level problems, but rarely any harder ones. The 03-mini series [21] (released on January 2025), is able to
solve about half of our advanced graduate level problems and even a few research problems. Nevertheless,
as we will see, research problems involving long mathematical arguments are generally unsolved.

e Symbolic calculation mistakes. Existing models are known to perform poorly at mathematical calcula-
tions (see e.g. [22]), which could be performed correctly with a computer algebra system such as SymPy
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or Mathematica. Such wrong intermediate results then lead to incorrect followup reasoning. It should be
noted that humans tend to make similar mistakes in calculations, but are often able to spot them on revis-
iting. We made an initial attempt to encourage symbolic verification with python, which we describe in
section 3.3, but found that it barely improved results. Better symbolic tool integration would be very bene-
ficial for TP reasoning.

o Logical mistakes and lack of information about uncertainty. LLMs are generally poor at self-correcting [23]
and typically cannot provide very useful information of where they are uncertain [24]. Many techniques have
been proposed to mark mistakes (such as asking a different model to verify) [25-28], and for mathematical
reasoning it would be particularly important to improve and include them. For lengthy reasoning chains,
logical errors are a significant problem because human experts often need to perform solutions in detail
themselves before being able to spot errors. Humans are often aware where in a derivation they are uncertain
and can ask for help, or investigate further themselves.

The paper is organized as follows. In section 2 we discuss the properties of our data set, including the origin
of problems and our approach to verification and grading. In section 3 we benchmark popular closed source
and open source models on this data set. In section 4 we analyze the output of these models in more detail,
and categorize their failure modes. In section 5 we discuss related work. Finally in section 6 we discuss future
directions to improve Al-based reasoning in TP.

2. Properties of TPBench

2.1. Overview

We have curated a dataset of problems and associated solutions in main areas of TP. For research level
problems we currently focus on high-energy theory and cosmology, the main expertise of the authors.
Problems in our collection should have the following properties (similar to FrontierMath [2]):

o The problem is well-posed and the solution to the problem is unambiguous. An expert in the field, after
reading the solution, should not have any objections.

e The problem is original. The solution to the problem cannot be easily found in the existing literature.

e The answer should be auto-verifiable. This is easily achieved for numerical answers or simple algebraic
expressions, but more difficult for tensor expressions. We discuss this property further below.

e It should not be possible to guess the answer or remember it from the literature, despite a wrong reasoning
chain.

It is hard to strictly enforce all these conditions in TP, as we discuss further below. Problem originality and
the possibility to guess the answer can be judged differently by different researchers. For this reason we also
provide metadata for each problem individually. We point out potential shortcomings in instances where we
are aware of them. We include problems of varying degrees of difficulty, from undergraduate to graduate and
to research problems. Naturally, research problems are more difficult to create, especially when requiring the
answers to be novel and unpublished. Furthermore, more difficult problems are often more novel than easier
problems (since the space of possible problems grows rapidly with their complexity). We discuss the aspect of
novelty of our problems in more detail below, as well as individually in the problem metadata. We also make
sure that our problems do not contain steps where a human would need a calculator to solve them (e.g. no
floating point operations).

We now discuss the attributes of our data set in more detail, including their statistical distribution. We
aim to enlarge and diversify the data set further in the future. We also provide ten sample problems in
appendix C and we encourage the reader to browse the problems to get an impression of the whole data set.

2.2. Problem statistics

The dataset is categorized into five difficulty levels: 1—easy undergrad, 2—undergrad, 3—easy grad, 4—grad,
and 5—research. This classification ensures that the dataset can accommodate a wide range of use cases, from
introductory studies to cutting-edge research challenges. The distribution of problems across these difficulty
levels is detailed in table 1. For difficulty level 1-4 this means that the problem could appear in a homework
problem or exam for students. For level 5, this problem could appear as a nontrivial step in a publication:

i.e. our research level problems are sub-problems that would constitute a part of a publication, and are not by
themselves large enough to constitute an entire publication. Solving level 4 and 5 problems would make
models useful for theoretical research, but would not mean that models could write their own publishable
papers (by a significant margin). Indeed, one of the most important steps in TP research is establishing why a
particular question is important and organizing a string of level 5 type of steps to answer that question.
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Table 1. Distribution of problems by difficulty level.

Difficulty level Number of problems Percentage
1—Easy undergrad 8 14.0%
2—Undergrad 13 22.8%
3—Easy grad 11 19.3%
4—CGrad/easy research 14 24.6%
5—Research 11 19.3%

Table 2. Distribution of problems by domain. The ‘Other’ category includes astrophysics, electromagnetism, quantum mechanics,
statistical mechanics, and classical mechanics. Many problems are in between areas. For example some Cosmology problems could also
be classified as High Energy Theory.

Domain Number of problems  Percentage
Cosmology 19 33.3%
High energy theory 18 31.6%
General relativity 4 7.0%
Other 16 28.1%

Future iterations of this data set could include more open-ended research problems, more reminiscent of a
research publication.

The problems in the dataset span specialized domains, including cosmology, high energy theory, and
general relativity. The less difficult problems span a wide area including astrophysics, electromagnetism,
quantum mechanics, statistical mechanics, and classical mechanics. This domain-specific focus ensures the
dataset’s relevance to theoretical research related to the fundamental laws of nature, while the less difficult
problems allow us to establish as a baseline what a successful Al performance looks like. Table 2 provides an
overview of the distribution of problems by domain. In the future, we aim to include problems from other
domains of TP, such as condensed matter theory.

The dataset includes problems from various sources, in particular unpublished research, private
coursework, and recently published research papers. Almost half of the problems are novel (e.g. most of the
level 3, 4, and 5 problems), having been created specifically for this dataset, while others draw on
course-related material of the authors. A small number of problems have been taken from very recent
publications (e.g. [29]).

2.3. Auto-verification of solutions
To automate the evaluation pipeline, we developed a system inspired by how coding competitions validate
their results. We introduced the requirement that the final answer to each problem be provided as a Python
callable with the specified signature. We then developed a simple automatic (not LLM-based) grading agent
that, given the model’s answer and the correct solution, extracts the code, creates, and executes a
consistency-check script. This approach allows for efficient evaluation of algebraic answers and automatically
ensures that equivalent correct answers are classified as such. Additionally, it is flexible enough to verify
answers involving a variety of special functions or answers that involve several outputs. In some problems,
the natural system of units (¢ = /i = 1) is specified in the prompt, while in other cases we pass constants of
nature as function arguments to be unit agnostic. Alternatively, we could have adopted other automatic
verification strategies. We could have provided numerical test cases in the prompt, but this would have led to
lengthy problem statements, floating point operations, and much less flexibility. Another option is to
consider multiple-choice answers, but this would make it easier to guess the answer without detailed
understanding. Yet another possibility is to use another LLM as a grading agent and instruct it to compare
the given solution to the true one. However we found that this approach is very error prone and LLMs are
often not able to check mathematical equivalence of expressions (see below).

Our proposed scheme gives the flexibility to check the variety of classes of answers exactly. The
verification process consists of three components:

1. Code extraction: The system extracts Python functions from both the model’s solution and the expert

solution.

2. Test case execution: Both functions are executed with identical test inputs across multiple parameter
combinations.

3. Output comparison: Results are compared numerically with appropriate tolerances for floating-point
arithmetic.
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Each problem in our dataset is accompanied by a comprehensive set of test cases, carefully designed to
probe both the physical validity and mathematical correctness of solutions. These test cases span different
parameter ranges (e.g. negative or complex arguments where appropriate), to ensure thorough verification.

To illustrate this approach, consider the following undergraduate-level example:

Problem statement: A photon with the energy E scatters on an electron at rest at angle 6 in the electron’s
reference frame. Find the angular frequency w of the scattered photon.

Answer requirements: Provide the answer in the form of a verbatim function with the following

signature:

#let ¢ be the speed of light, m_e - electron mass, h_bar - reduced Planck constant

def omega_scattered(E: float, m_e:float, theta:float, c:float, h_bar:float) -> float:
pass

Model answer:

1
+ -1 (1—cosb)

W = 7
E

import math
def omega_scattered(E: float, m_e:float, theta:float, c:float, h_bar:float) -> float:
return 1/(h_bar/E + h_bar/(m_ex*c#**2)*(1-math.cos(theta)))

This example demonstrates several key aspects of our auto-verification approach. First, the problem
statement is clear and unambiguous, requiring a specific physical quantity (w) to be calculated. Second, the
answer requirements explicitly specify the expected format of the solution, including the function signature
and parameter types. This standardization enables automated testing across different parameter regimes.
Third, the model answer provides both the analytical expression and its implementation in Python code,
allowing for direct numerical verification.

Furthermore, our verification system incorporates several safeguards to ensure reliable evaluation:

e Timeout mechanisms: Each function execution is limited to a maximum runtime of 30s. This pre-
vents infinite loops based on the model’s incorrect reasoning while allowing sufficient time for complex
calculations.

e Error handling: The system catches and classifies runtime exceptions, including syntax errors and memory
issues. Invalid solutions are automatically flagged incorrect.

o Parameter space coverage: Test cases are generated to cover different regimes of the parameter space while
maintaining numerical stability.

While our verification system works well for many problems, certain TP problems present challenges:

e Tensor expressions: Problems involving abstract tensor expressions (e.g. R, =dw,” +w,* Aw,", L=
€uvpoF*YFPY, or V,,T" =0) often have multiple equivalent representations due to symmetries. For
instance, the Riemann tensor R, exhibits several symmetries including certain index permutations and
the Bianchi identity.

o Differential expressions: Verification of expressions involving derivatives, especially of fields, presents spe-
cial challenges. Derivative expressions must satisfy constraints such as the product rule, chain rule, metric
compatibility, and recognize the group representation of the field the derivative acts on: e.g. D, ¢ has a dif-
ferent elementary calculus expression than D,,7) even for the same gauge group and symbol D,, if ¢ and ¢
have different representations of the group. Indeed in situations where the intermediate result is a differen-
tial equation in a system with gauge invariances, knowing whether the two sets of differential equations (here
the differential equation itself being the solution to the physics related problem) are physically equivalent
can become nontrivial.

o Integral expressions: Integral expressions would be even more difficult to check numerically than differ-
ential expressions. Furthermore, they have many of the same challenges for verification as the differential
expressions in terms of equivalence classes, as can be seen in the expression [ M d(HAB) = /. o H A B.For
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the typical case of vanishing fields at infinity, there are also equivalences up to total derivative terms: e.g.
[1d6 A6 +dC) = [ dixy/=g0,60" 6.

e Manifolds: Furthermore, in cases where the solution to the problem is a manifold (often expressed as a met-
ric), there is an infinite number of different equivalent algebraic expressions depending upon the coordinates
used. An example of this can be seen in asking for a non-compact, static, spherically symmetric, asymptot-
ically flat vacuum solution to the Einstein equations which has a Komar mass of M. A more abstract related
situation of difficult-to-identify equivalence class is when two quantum field theories can be mapped to
one another by integrating in and out different degrees of freedom (which abstractly covers the situation of
renormalization group equivalence as well).

Although this list is common for TP problems in the literature, it can be extended depending on the classes of
mathematical objects that need to be covered. The obvious common theme is the wealth of equivalence
classes that the verification system needs to be aware of if it were to be generally applicable.

In our current data set, we only include problems where the above issues do not occur, i.e. where the final
answer is an algebraic expression without tensors, derivatives, integrals, or manifolds. Of course, these
objects do occur in the solution, but not in the final answer. In the future, it would be interesting to develop
auto-verifiers for expressions involving these more general mathematical objects listed above. We have
reserved a number of such problems for future iterations of the dataset that would be useful for testing
dedicated more general verification codes.

2.4. Al-based holistic grading of the entire solution

In addition to auto-verification, we also employ Al-based grading. In this process, the grader model has
access to both the expert-labeled solution and the LLM-generated solutions from a separate model, and is
tasked with assigning grades (A—D). This approach mirrors how a human teaching assistant grades
homework, where partial credit is given for correct reasoning steps, even if the final solution is incorrect.
Moreover, holistic grading can identify instances where a solution arrives at the correct answer using
incorrect reasoning, which occurs in a small number of our problems. While holistic grading is conceptually
preferred, we observe significant disagreement between different grader models as well as humans.

2.5. Novelty and difficulty of our problems
Most of the problems presented here are constructed based on those given in standard courses as well as
unpublished research related notes. For example, the solution to the research-level problem ‘One pole
problem’ (see appendix C.1), without steps explained, is given in a footnote of [30]. Most of the research level
problems would be readily doable by a good TP graduate student, and some of these are not much different
from hard problems in graduate courses whose problems and solutions can be found publicly. However, we
have made significant efforts to construct or modify problem statements so that the answers cannot be found
by web search. Most of the research-level problems use typical or not-too-atypical notation to simulate a
research setting, although this may facilitate literature recall (rather than reasoning) by the model.

The difficulty of a problem can vary along different axes, i.e. problems may be easy or hard for different
reasons. We aimed to provide a sampling of this space:

e Some of the problems are difficult for a human researcher because they may not know that a similar problem
has already been solved in the literature. Indeed, almost all solution techniques used in literature evolve
over time incrementally as people build upon results of previous related computations. This gives LLMs an
advantage for many problems, especially if the problem statement makes it clear what literature knowledge
is required (which we try to avoid). Fortunately, publications often omit minor reasoning steps, and asking
the model for detailed mathematical derivation can thus reveal such literature memory. For examples of
models solving difficult problems by using ‘superhuman literature knowledge’ see section 4.6. Indeed, a key
challenge in constructing this data set was to avoid this phenomenon as much as possible, to reveal true
reasoning.

o Another obvious often encountered difficulty in research is simply the accuracy of routine calculus/algebraic
manipulations. The probability of errors increases with the number of steps needed to reach the answer as
well as the number of variables that are involved. LLMs are not currently performing very well with such
long calculations.

e More truly physical setting (e.g. experimental setting) related TP problems contain larger number of
seemingly-disorganized set of variables, in contrast with more formal setting TP problems that contain a

7 An interesting followup study would be to vary variable naming and other notation to evaluate this point.
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well-organized set of variables (typically using group theoretic structure). Some of our problems have been
designed specifically to test whether the Al can reason using a seemingly-disorganized set of variables.

e Some of the problems have been given with a great deal of contextual information (such as the ‘One pole
problem’ in appendix C.1), but others require a much more contextual interpretation (e.g. appendix C.2). In
some sense, such ‘less specific’ problems are similar in difficulty as the problems requiring literature recall.
If the LLM pattern matches the words in the problem to solution patterns in the literature, the LLM can be
deemed to have understood the context.

e The ‘One pole problem’ in appendix C.1) also tests diagrammatic reasoning skills which are slightly more
abstract than Feynman rules. This is part of a small number of problems in our data set where humans
would use the help of diagrams to reason through them, and their expert solutions sometimes contain dia-
grams, usually in the TikZ LaTeX format. More generally, graphical languages such as TikZ (particularly
with its Feynman diagrammatic extension TikZ-Feynman [31] and other such extensions) might be a good
language with which to develop an LLM’s graphical reasoning skills because of its efficiency in capturing the
mathematical content of the diagrams.

2.6. Public and private data set and data leakage concerns

We make 10 of our problems and solutions public (see appendix C and tpbench.org), two for each difficulty

level, such that they can be used to understand the data set, develop inference algorithms and examine failure
modes. Naturally these problems will be part of future training data. To deal with this challenge, we also keep
a large part of our data set private, currently about 50 problems. If you would like to evaluate your model on
our private data set, please contact the authors directly.

Guaranteeing that private data does not end up in future training data is challenging. OpenAl, which we
have used extensively, adds user interface chats to its training data but does not add API calls.
Correspondingly, we have generally used API calls for querying problem solutions. However, in early phases
of this projects, some problems were run in the user interface. In future iterations of this project, we will
emphasize data leakage control further, especially for research level problems. We note that a small number
of research problems is sufficient to evaluate significant model progress, as long as for these problems data set
leakage control and originality of the problem are flawless. For our current problem set, we only enforce that
problems (and especially solutions) do not appear publicly accessible online. Furthermore, we took
particular care that expert solutions to problems were never passed to the ChatGPT user interface, where
they could be added to future training data.

3. Model performance evaluation

In this section, we evaluate the performance of several leading models on our dataset, TPBench, across five
different difficulty levels, ranging from undergraduate to research-level problems. Closed-source models
include OpenAl GPT-40, 01, and 03-mini [19-21]. Open-source models which we were able to run locally
on our hardware include small and intermediate sized Llama 3.1, Qwen 2.5, and Qwen-QwQ, which is an
experimental LLM that focused on advancing reasoning developed by the Qwen Team [32-34]. We also
include the recent open-source reasoning model DeepSeek (DS) R1 [35] and its base-model DS V3 [36]
which we ran on Together AI API. Finally, we tried to solve a subset of our research problems with
OpenAT’s Deep Research, including the problem in appendix C.1, primarily to spot solutions that could be
found online. Deep Research was not able to solve any of these research problems. We believe our subset of
models is representative of the spectrum of current LLM capabilities.

We provide the prompts for inference in the appendix B. The complete model answers from all models,
for the public problems, can be found on the tpbench.org website. The evaluation considers two grading
schemes: answer-only and holistic.

o Answer-only (auto-verified) evaluation. In the answer-only evaluation, models are tasked with producing
a final answer to the problem, where correctness is assessed based on whether the model’s answer matches
the expected correct solution. This evaluation process is fully automated as decribed in section 2.3, with the
correctness of the answer validated through numeric verification by the program.

o Holistic AI-based grading. In the holistic grading approach, we assess the reasoning process and the steps
taken by the models. A separate LLM is provided with the problem statement, the expert solution, and the
model’s solution. It then evaluates the model’s answer on a grading scale ranging from A to D. This grading
scale accounts not only for the correctness of the final answer but also for the quality of reasoning, interme-
diate steps, and overall approach. Holistic grading is more lenient with minor errors or missing intermediate
steps, and it provides partial credit for well-reasoned solutions even if the final answer is incorrect.
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Table 3. Fraction of problems solved for each difficulty for each model.

1-Easy undergrad 2-Undergrad 3-Easy grad 4-Grad 5-Research
Model avg@5  best@5 avg@5  best@5  avg@5  best@5  avg@5  best@5  avg@5  best@5
GPT-40 0.75(0.12) 0.88 0.86(0.17) 1.00 0.25(0.16) 0.45 0.09(0.13) 0.29 0.00(0.00) 0.00
ol (high) 0.85(0.05) 0.88 0.97(0.04) 1.00 0.76(0.24) 1.00 0.34(0.13) 0.50 0.18(0.07) 0.27

03-mini (high) 0.97 (0.05) 1.00 1.00(0.00) 1.00 0.87(0.13) 1.00 0.57(0.09) 0.64 0.15(0.12) 0.27
DeepSeek-R1 ~ 0.95(0.06) 1.00 0.98(0.03) 1.00 0.76(0.23) 0.91 0.49(0.20) 0.64 0.07(0.08) 0.18
DeepSeek-V3  0.72(0.15) 0.88 0.80(0.23) 1.00 0.29(0.29) 0.64 0.11(0.06) 0.21 0.00(0.00) 0.00
Llama-3.1-8B  0.30 (0.06) 0.38 0.18(0.20) 0.46 0.02(0.04) 0.09 0.00 (0.00) 0.00 0.00 (0.00) 0.00
Llama-3.1-70B 0.45 (0.36) 0.88 0.52(0.22) 0.77 0.11(0.11) 0.27 0.04(0.06) 0.14 0.00 (0.00) 0.00
Qwen2.5-7B  0.10(0.11) 0.25 0.40(0.21) 0.62 0.04 (0.07) 0.18 0.00 (0.00) 0.00 0.00 (0.00) 0.00
Qwen2.5-72B  0.60 (0.11) 0.75 0.42(0.23) 0.77 0.24(0.16) 0.36 0.04 (0.06) 0.14 0.00 (0.00) 0.00
QwQ-32B 0.62 (0.21) 0.75 0.60(0.27) 0.92 0.07(0.15) 0.36 0.01 (0.03) 0.07 0.00 (0.00) 0.00

Note: The number in the bracket is the average of model attempts’ standard deviation per problems.

These two choices on their own are imperfect. The first one might consider a solution as correct which has
two or more self-annihilating mistakes, or a solution that arrived at the correct answer with inconsistent or
false reasoning. If the task is to evaluate the reasoning in challenging problem-solving, the binary grading
system might not be representative to a satisfactory level. The second has the disadvantage of being somewhat
arbitrary on assignments of grades for partial correctness. Our core results will use answer-only solutions.

3.1. Results for auto-verified solutions

We begin by discussing the answer-only results, which are the key empirical results of this paper. Our results
are obtained using zero-shot reasoning where the model is given the problem statement and expected to
reason through it without any prior examples. In fact, few-shot learning can degrade general performance in
reasoning models [35]. We have experimented with prompt optimization, but found no significant
differences (see appendix B for our prompts).

Table 3 presents the performance of each model across various difficulty levels, ranging from easy
undergraduate problems (Level 1) to research-level problems (Level 5). The table reports the percentage of
problems solved by each model. The columns labeled ‘avg@5’ represent the average score across five
attempts, while the ‘best@5 columns correspond to the average score of the best attempt out of five attempts.
We visualize the ‘average of five’ solution percentage in figure 1(strong models) and figure 2. Finally, for our
public problems, the individual results of models are given in appendix C. For example, we include one level
5 research problem that top models can solve and one that they cannot.

For the top models, o1, 03-mini and DS R1, undergraduate problems (levels 1 and 2) are now essentially
solved, with performance of 95% to 100% for the 0X models. For easy graduate problems (level 3), the
performance is around 80%. For our level 4 graduate problems, some of which could appear in research
investigations, the best models o1 and 03-mini solve around 50%, with 03-mini slightly beating o1. Research
problems are mostly unsolved at this stage with a score around 15%. o1 slightly beats 03-mini here, which
may be due to it having a larger literature knowledge to draw on.

Among mid-range models, GPT-40 and DS-V3 perform similary. They are between one and two levels of
difficulty less powerful than the top models. Midrange models are essentially unable to solve problems above
easy graduate level. Finally, lower parameter public models, which have the advantage that researchers can
run them on invididual GPUs, cannot solve problems above undergraduate level. We also provide further
model evaluation statistics of the data set on the website, including a unified model score over all difficulties.

3.2. Results for holistic AI-based grading

Table 4 presents the results for the holistic Al-based grading, which involves assigning letter grades (A to D)
based on the quality of reasoning and correctness of the solution. This grading is not limited to the final
answer but considers the overall approach taken by the model in solving the problem. We have used GPT-40
as a grader, as a currently mid-range model. We chose this model for cost efficiency reasons, and in the future
we intend to use the most powerful model as a grader. The model was provided the grading prompt
(appendix B), the expert solution, and the model solution to grade, similar to the way a human teaching
assistant would work.

The models’ performances are shown across the five difficulty levels. The letter grades represent the
models’ ability to produce correct solutions while demonstrating sound reasoning. An ‘A’ indicates an
excellent solution with minimal to no errors, a ‘B’ suggests a good solution with minor mistakes, ‘C’ indicates
a solution with significant flaws, and ‘D’ represents a fundamentally incorrect solution.
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Figure 1. Accuracy of SOTA models by difficulty level.
Note: ‘high’ in brackets indicates reasoning effort.
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Figure 2. Accuracy of common open-source models by difficulty level.

In principle, the holistic grading system provides insights into the models’ reasoning capabilities beyond
just final correctness. However, we find some difficulties with holistic grading as we now describe. This is
consistent with results showing that LLM-as-a-judge approaches have considerable bias [37].

Table 5 and the corresponding bar chart in figure 3 summarize how the automatically verified results
(Correct vs. Incorrect) align with the letter grades (A, B, C, D) assigned by the Al-based holistic grading. For
A-graded solutions, a large fraction (80.1%) aligns with the auto-grader’s correct verification. By contrast, B-
and C-graded solutions show substantially lower correctness rates (16.3% and 4.9% respectively). In the D
category, an overwhelming 99.5% fail the auto-grader’s check, indicating that both holistic assessment and
numeric verification typically reject these solutions.

Opverall, there is a strong correlation between higher letter grades and positive verification outcomes,
which validates that the Al-based grading system’s assessed quality generally corresponds to the auto-grader’s
numeric correctness checks. At the same time, deviations exist in each category. For example, nearly 20% of
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Table 4. Letter grade received for different models.
1-Easy undergrad 2-Undergrad 3-Easy grad 4-Grad 5-Research
Model A B C D A B C¢C D A B C D A B C D A B C D
GPT-40 28 0 11 1 50 6 8 1 20 4 29 2 8 5 51 6 1 4 50 0
ol (high) 36 0 0 60 5 0 0 48 3 4 0 41 4 22 3 23 9 23 0
03-mini (high) 39 0 1 0 60 5 0 0 49 3 3 0 51 1 18 0 36 3 16 0
DeepSeek-R1 31 2 0 58 6 1 0 41 2 10 2 25 3 23 19 6 0 206 23
DeepSeek-V3 26 0 12 2 50 6 9 0 15 7 29 4 11 6 47 6 0 0 49 6
Llama-3.1-8B 1 1 15 13 4 7 25 29 0 1 13 41 0 0 15 55 0 0 8 47
Llama-3.1-70B 19 0 17 4 31 1 29 4 5 6 36 8 2 3 50 15 0 0 44 11
Qwen2.5-7B 3 2 24 11 22 4 25 14 31 22 29 0 1 34 3 0 0 32 23
Qwen2.5-72B 25 0 13 2 35 5 23 2 11 5 30 9 8 2 47 13 1 1 46 7
QwQ-32B 25 3 11 1 38 9 18 0O 11 1 33 10 2 2 49 17 1 1 37 16

Note: the number of attempts per each level equals 5 shots times the number of problems in the level (see table 1).

Table 5. Grade verification results. Percentages in parentheses indicate the distribution of verification outcomes within each grade
category.

Grade Correct Incorrect Total
A 880 (82.2%) 190 (17.8%) 1070
B 61 (43.6%) 79 (56.4%) 140
C 74 (6.4%) 1075 (93.6%) 1149
D 5 (1.0%) 486 (99.0%) 491
Total 972 (34.1%) 1878 (65.9%) 2850

Note: The total number 2850 results from 5 attempts for each of the 57
problems in the data set across 10 models.

Grade-Verification Correlation
1200
Correct
» 1000 - W Incorrect

2

g 800
<

s 600
[
2

= 400
>
b=

200

[ ]
0
A B C D
Grade
Figure 3. Stacked bar chart showing the number of solutions verified as correct (green) versus incorrect (red) across each letter
grade.

A-graded solutions fail the numeric check, often because the AI holistic grader failed to correctly determine
whether two answer expressions are equivalent. This is typically due to the expressions being overly complex.
Conversely, a small fraction of lower-graded (C or D) responses may be mathematically correct in final form,
yet insufficiently justified in intermediate steps, causing the holistic grader to assign a low grade despite
correct numerical output.

Our findings illustrate that automatic verification and holistic Al-based grading are generally consistent:
higher-quality solutions are confirmed as correct more frequently, while lower-quality solutions often fail
numeric checks. Our current GPT-40 grader however has significant shortcomings. By cross-checking the
grader with human grading, we find that LLM grading works reasonably well when grading solutions of low
difficulty 1 to 2, but is not reliable at level 4 or 5. It seems likely that 40 is not strong enough to understand
the logic of these higher difficulty problem solutions. Even when the grading model is as strong as the solver
model, the success of holistic grading could be limited: LLMs are generally not very good at correcting their
own results, as has been studied for example in [23]. In the present work, we thus focus on the auto-verifier
results, and leave detailed exploration of holistic grading to future work.
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3.3. Augmenting inference with python to reduce algebraic mistakes

We experimented with instructing models to break down calculations into smaller steps and verify these with
python. Using a code interpreter was previously found to be beneficial in reducing algebraic mistakes in
calculations (e.g. [38]) Our approach was based on the MathChat [39] framework and prompt tuning. We
instructed the model to write python (particularly SymPy) code for each calculation step and verify its result
using this code. In a few cases, for low difficulty problems, our approach was able to spot and correct
mistakes. However, more often the approach disrupted the reasoning chain and led to worse results. For
complicated problems, models struggled to identify steps that can be checked with SymPy. We note that our
problems do not include floating point calculations, where verification would be straightforward, but require
more complicated algebraic operations. Recently, the FrontierMath paper [2] included a set of prompts to
encourage LLMs to verify with python, but noted that advanced models barely made use of this possibility.
While human theorists do sometimes check their results with computer algebra systems, especially
Mathematica, this process is not straightforward, and there is likely limited existing training data for this
approach. We aim to experiment with few-shot inference or fine-tuning in the future, showing the model
handcrafted examples of SymPy or Mathematica verification in the prompt. Since our current
MathChat-based results are not stable we chose to defer this direction to future work®.

4. Failure mode analysis

We now discuss common classes of mistakes. We present a few examples highlighting the various types of
errors that the LLMs make while attempting to solve problems in TP. We broadly classify these errors into
four classes as shown below. Our examples mostly draw from GPT-40 and o1 model results.

4.1. Background knowledge of the model

Background knowledge is a strength of LLMs. Problem authors were impressed by models’ ability to recall
relevant mathematical definitions that were not included in the problem but are known to practicing
researchers. This ability makes it much easier in principle to solve problems than with a computer algebra
system like Mathematica. For example, consider the level 5 cosmology problem from appendix C.2:

User:

In cosmology, large-scale cosmological dark-matter halo fields are biased tracers of the underlying
Gaussian matter density d,,. Assume we have a sample d,,. We simulate a halo number density field by
taking n(x) = nmax(0, 1 + bd,,(x)), where bare number density 7 and bare bias b are specified con-
stants. What is the bias of the sampled halo field? Derive an equation to evaluate the bias which depends
on the bare bias and the variance in each pixel.

While well-defined for a cosmologist, the problem does not define the mathematical quantities in detail,
and would be hard to interpret by a non-cosmologist. Advanced models correctly recalled the required
definitions and generally set up the problem correctly.

However, while LLMs generally recall key definitions of various sub-fields of TP, they frequently
encounter difficulties in accurately recalling more detailed mathematical information, as illustrated by the
following two examples.

In one of the solutions to an undergraduate QM problem, the QwQ model incorrectly retrieves
information about the Clebsch—-Gordan coefficients. Specifically, it claims

From standard tables or textbooks, the Clebsch—-Gordan coefficients are:

(1 my 1 mylj m)

2 1
1 -1)=4/=z|1 =110 =101 —1).
1-n=y/2n -110)+y Fo1 -

The correct value of these coefficients are F1/v/2 for [l —110) and [101 — 1) states respectively.

Forj=1,m=-1:

8 We note that in followup work, we were able to leverage symbolic verification to improve model performance by employing an agent
framework and parallel test-time scaling [40], however only for a limited set of mathematical operations.

13



10P Publishing

Mach. Learn.: Sci. Technol. 6 (2025) 030505 D J H Chung et al

In the following snippet, generated from a model answer, the GPT-40 model incorrectly identifies the
standard eigenstates of a particle in a 1-D infinite potential well (|x| < L/2) from existing results’

2
Yy (x) = \/Zsin(mLx) forn=1,2,3,...

and

2 nmwx
Y, (x) = \/:cos (T) forn=2,4,6,....

4.2. Algebraic mistakes
A major challenge for models is to perform correct algebraic calculations. Consider the following relatively
easy math problem that appears as an individual step in one of our problem solutions.

User:
Determine the leading real term of the expression

272 5
—1
F(k)=—1+ <59f5k +iak + 1) exp (6ak(85ak—|—6i))

forreal a,k € Rand k < 1.

Expert solution:
The correct series expansion up to leading real and imaginary terms is

793kt

~ diak. ]
k< 180 e ()

We attempted this problem multiple times with o1 and 03-mini. In most of its responses, the LLMs did
not expand the exponential term beyond the second order in k, falsely assuming that the leading real term
must be proportional to k. In its best attempt, it expands up to quartic order in k, but fails to accurately
combine the various terms to compute the coefficient of k*. This is a good example of the promise of
combining with computer algebra systems. If we add the prompt ‘Write and execute SymPy code to evaluate
the expression.” models can generate Python code that calculates the correct expression. We have therefore
tried to encourage python usage as discussed in section 3.3, however with limited initial success.

Algebraic mistakes are numerous, and often occur even in very simple calculations. Models often simply
forget mathematical terms in an expression from one calculation step to the next. For example, the following
is an arithmetic evaluation by GPT-4o0, in which it spuriously drops a factor of the imaginary number i:

- =

V2E = iw (0 —iw) E=w (0 +iw)E.

Similar cases of forgotten i factors, minus signs or constants occur frequently in many problem solution
attempts.
Mathematical identities are also often applied incorrectly. For example, in the following case GPT-4o fails

to implement the vector triple product ((Ei xb)xt=(a-d)b—(b- E')Ei) correctly and writes

9 The correct set of eigenvalues are

2 nmx 2 nmx
x) =4/ —sin( — forn=2,4,6,..., x) = 7cos(—> forn=1,3,5,....
() \/: ( L ) ¥n(®) \/: L
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More powerful reasoning models tend to make less frequent ‘simple’ math mistakes such as the following:

03-mini: After performing the n—integrals (using the standard ie—prescription so that

0 ) 1 0 ) 1
d 1K77:7’ d J_Kn:_77
[oom=g [ -

where the second integral erroneously contains a negative sign. It would be interesting to compare model
performance on a set of automatically generated simple calculations typical for TP.

4.3. Logical mistakes

We frequently observed that LLMs struggle to accurately account for the validity and applicability of
advanced mathematical concepts, such as incorrectly applying theorems, misinterpreting definitions, or
failing to recognize the limitations of certain mathematical techniques. Consider the following mathematical
problem, which we will use to discuss logical errors made by the 0X series models in their attempted solution.

User:
By Taylor expanding the integrand, find a b cubic polynomial approximation to the integral

% B3/2 + x3/2 dx,

[(b):/bl ﬁ Werfc(%) exp(i)

that achieves a 90% or better accuracy when b lies in the interval [0, 1].

Expert solution:

First, we note that the integrand remains finite in the limit x — 0, as the singular term proportional to
1/x cancels out. To assess the validity of a series expansion, we estimate the radius of convergence near
the boundary points x =0 and x = 1. This analysis shows that the integrand is convergent within the
interval [0, 1] when expanded about x = 1. Consequently, we perform a Taylor expansion around x = 1
retaining terms up to (x — 1)

£ T (1) (e

x x3/2 +x5/2
217 51
+ < ST erfc(1)> (x*-1).

8

Integrating over the interval [b, 1], we obtain the approximate solution:

1(b) ~ (b* — 1) (17671' erfc(1) — 7;{?) + (B 1) (27ﬁ . erfc(1)>

16 8 16
+(b-1) (?Zm erfc(1) — 41?) .

In the limit b — 0, our approximate expression evaluates to
1(0) ~ 1.546 33,

which achieves approximately 93.6% accuracy compared to the numerical result 1.652 21. We note that
this integral cannot be evaluated exactly using Mathematica or Maple software.

When the above problem was given to the o1 and 03-mini models, they demonstrated the following
logical errors in their reasoning:

1. The model begins by identifying that the integrand is finite at x = 0. However, it fails to recognize that the
radius of convergence for the integrand around x = 0 is 0. This oversight leads to an improper application
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of approximations beyond the valid domain. Subsequently, the model factorizes the integral as

1= [ ) dx= / ) de / ') .

Assuming b < 1, the model proceeds to perform a Taylor expansion of the integrand around x =0 and
evaluates the second integral |, Ob f(x) dx up to cubic order in b. However, the Taylor expansion is only valid
within the radius of convergence, and this restriction is not respected, rendering the approximation
potentially invalid.

2. To estimate the constant value of the first integral fol f(x) dx, the model imposes the boundary condition
at b= 1, equating

/Olf(x) dx= lim/obf(x) dx.

b—1

The model substitutes the cubic-order Taylor expansion solution for fob f(x) dx derived in the previous
step into the right-hand side of this equation. This substitution constitutes a significant logical error in its
reasoning, as the cubic-order approximation was determined only for b < 1, a fact that the model
seemed to know but failed to implement. Extending this local approximation to b = 1, far beyond its
domain of validity, leads to an erroneous evaluation of fol f(x) dx.

Interestingly, the 03-mini model demonstrates two critical flaws: it not only arrives at logically
inconsistent conclusions but occasionally also confidently hallucinates the claim I(0) = /2, failing to
furnish a coherent proof despite repeated prompting.

In a different problem involving particle physics, the GPT-40 model was asked to determine the effective
mass of a spin 1/2 particle with action

S= /d“xtﬁ (iaw“aﬂ —c— 1\275) .

The models did not understand and failed to reason out that the parameter ¢ alone does not define the
physical mass. The pseudoscalar «>-term must be included, corresponding to a chiral contribution to the
mass.

For a much more basic example of failed logic, consider an example from QwQ. In one of our
undergraduate Electrodynamics problems it produced the following expression followed by a faulty and
rather incomplete reasoning:

(Ex 2) — bE.

But E x 2 is perpendicular to both E and 2, which suggests that E must be perpendicular to 2 for this
equation to hold.

We found that advanced reasoning models such as 03-mini generally do not make such easy mistakes on
undergraduate level physics problems. However, for difficult problems, they often oversimplify the problem
due to a lack of detailed understanding. For instance, while solving the Level-5 problem detailed in
appendix C.1, 03-mini and other advanced reasoning models approximate scale factor a(n) by expanding it
linearly around the transition point, 7., not realizing that the pole is far from the transition point and thus
one needs to apply a(n) ~ n?. For further details, we refer the readers to the expert solution detailed in
appendix C.1.

4.4. Hallucinations

Lastly, we present two instances where the LLM models generated new rules to obtain solutions that match
with existing results in the literature. The following expression generated by GPT-4o represents an
arithmetical hallucination error:
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The model performed the above arithmetic steps since it needed to determine the imaginary component
of k. With this goal in mind, it carried out the above ‘illogical’ mathematical step inventing new arithmetic
rules to justify its approach to obtaining the imaginary component from a wrong answer.

Another example, from our problems, of o1 hallucinating non-existent rules to justify its approach is the
following excerpt from its solution:

We can write

T=Tr[y" p1v" p2(1+5) (1 —s)].

Note that

(I1+75)(1—7s5)=0.

Therefore, to avoid vanishing of the trace, we need to consider that the 5 matrices need to be kept
separate. Instead, we should expand the trace without combining the projectors.

There is no such mathematical rule that an apparent zero can (must) be avoided by separating the terms
and adding them later. The LLM invented this ‘rule’ since it was working with incorrect expressions to
nevertheless arrive at a correct solution, which in this case it was able to guess or recall (in only one of several
attempts).

4.5. Performance of pre-o-series models

In our experience, models that are not explicitly trained for reasoning (i.e. before the oX series) can be used
to assist researchers that reason through a simple problem, but with significant shortcomings. Consider the
following easy mathematical subproblem that appeared in one of our recent works [29] in the context of
cosmology, which we show here in simplified notation.

User:

Assume a, b, and c are vectors, and N is a symmetric positive-definite matrix. Let x and y be real
numbers. I want to minimize a’ Na under the constraints a'b = x and a' ¢ = y. Solve this for a, if
possible.

Expert solution:
We minimize a " Na subject to the constraintsa'b = xand a’ ¢ = y. The Lagrangian £ for this optim-
ization problem is defined as:

L(a,\p)=a"Na+A(a'b—x)+p(a’c—y).
Taking the gradient of £ with respect to a and setting it to zero yields:
VaL=2Na+ b+ puc=0
which we can solve for a as:

a= —%N*I (Ab + pc). (2)

The constraint equations are:

a'b=x and a'c=y.
Plugging the solution for a into the constraint equations gives

b'N"'b b'N"'c| [A]  [-2x
IN"'b IN“Ic| |u] |-
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which is of form

«f]--f]

The above linear system is solved by (assuming the inverse exists, e.g. the two bias vectors are not co-

linear):
Al 1 'N-'¢ —b'NI¢] [-2x
p|  det(M) |[-¢"N"'b  b'N"'b | [—2y|°
We then substitute the solution for A and p back into a using equation (2).

That is a typical problem that GPT-40 and Llama-3 generally solve correctly, with correct mathematical
derivation, although sometimes with a wrong numerical factor. It seems certain that this problem was in the
training data of the model. Nevertheless, it is already time-saving for researchers to get answers to similar
problems without manual labor. In particular for matrix algebra problems, existing computer algebra
systems are not very strong or user friendly in our experience. However, the fact that models are very error
prone limits their usefulness significantly. If every step needs to be checked in detail, the time saving can be
minimal, or a wrong result can even confuse the user. Of course, human solutions can also have this
property, depending on the skill and carefulness of the researcher.

4.6. Performance of 01, 03-mini, and DS reasoning models

From evaluating the output solutions generated by advanced LLM models such as o1, 03-mini and DS, we
observe that these models exhibit significantly stronger reasoning capabilities compared to other LLMs tested
in our study. Notably, these models can perform more difficult algebraic manipulations, identify different
components of a problem, and connect them with established concepts in the literature. This ability allows
them to make meaningful progress in research-level problems, including those from topics such as QFT and
String theory, by pinpointing key aspects of the question and recalling relevant background knowledge.

However, these models still struggle with detailed and systematic logical reasoning. When tasked with
solving our Level-4 and Level-5 problems, these models often perform well in the initial phase of problem
solving, demonstrating promising insights. Yet, for problems requiring extensive calculations combined with
step-by-step logical rigor (e.g. loop integrals in QFT, tensor manipulations in general relativity) and
systematic justfication of the assumptions, their performance deteriorates significantly. Our analysis of
multiple solutions suggests that when intermediate steps become too complex, the models (including DS)
often resort to literature memory from pre-training rather than performing detailed calculations. Rather
than explicitly detailing intermediate steps, the models often present only their final answer, recalling related
literature knowledge without references or resorting to vague assertions such as ‘after a lengthy (but
straightforward) calculation’ or ‘a short calculation shows’. While the full CoT of the o-series models is not
public, we have no evidence that the models genuinely perform relevant calculations internally in these
cases.

As an illustrative example, when asked to compute the one loop anomalous magnetic moment of a
fermion (e.g. [41]) including a contribution from a heavy scalar coupling, the model resorted to recalling
existing solutions seen during pre-training rather than explicitly solving. However, it failed to recognize that
the Yukawa interaction Lagrangian provided in our problem statement contained an additional factor of
1/ V2, which may deviate from the conventions in the literature. Consequently, its final answer overlooked
this crucial modification. In a similar manner, when presented with the task of solving the Level-4 problem
in appendix C.4, all advanced models (0X, DS-R1) initiate their response by articulating their interpretation
of the problem statement and correctly identifying its connection to the standard supersymmetric
transformations within the free Wess—Zumino model, as extensively documented in the literature.
Subsequently, these models produce their final solution from memory. However, a consistent error emerges
across all responses: the absence of the critical ‘negative sign’ as seen in the solution given in
equation (108).

03-mini: The well-known and consistent choice is

577¢7 = ﬁna gom
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with the Hermitian conjugate
(6,9)" = V2ma €.

This is verified by checking that the variations of all terms in £ under the full set of SUSY transforma-
tions (including the ones for € and F) cancel (up to a total derivative).

While this might appear to be a minor discrepancy, it originates from a fundamental aspect of the
problem. Specifically, the sign convention utilized in our given problem statement likely differed from the
convention commonly adopted in the literature (for instance refer to section 5.2 in [42]) used within the
models’ training samples, thereby necessitating a corresponding modification in the final transformation
rule. This seemingly subtle yet conceptually significant detail indicates a potential cognitive limitation in
these AI models, reflecting an over-reliance on memorized patterns rather than a systematic, first-principles
approach, as well as a failure to validate the appropriateness of the retrieved solution within the context of
the specific problem statement.

As another example of literature memory, one of the problems in TPBench involves solving a nonlinear
differential equation in a manner similar to how Chandrasekhar presents the Kerr solution in [43]. The
number of steps to reach the answer is long and complicated. Such (complicated) recall problems are
expected to be solvable by an AI due to its vast knowledge of the literature. Indeed, on one of the attempts,
the AI can recognize the literature and write an answer to this problem, but even in that instance, it does not
reason through the problem but just states:

03-mini: In fact, after a (lengthy) calculation one finds that the only solution (consistent with the field
equations and the asymptotic condition) is

. T2—|-C2M2
VAW

These inconsistencies suggest that models’ solutions often fluctuate based on how their internal sampling
mechanism recalls (pre-)training data, rather than adhering to a logically coherent problem-solving strategy.
This underscores a fundamental issue: unlike a proficient researcher who would maintain logical consistency
across different attempts, these models exhibit uncertainty in their outputs, lacking a clear measure of
confidence in their solutions. Such limitations and the opaque structure of the training and inference process
(especially of closed-source models) present obstacles to their applicability in research settings. It appears
that successfully solved high-difficulty problems often benefit from the very deep and interconnected
literature memory of these models, in addition with their ability to translate this knowledge to the problem
setting. While this ability is useful for research, it may not be sufficient to create novel TP results without
human assistance. In summary, current model performance perhaps resembles a student with superhuman
literature knowledge but low intellectual rigor and technical expertise.

5. Related work

Despite significant advances in the mathematical reasoning capabilities of LLMs, accurately solving
reasoning problems in specialized domains, such as TP remains a persistent challenge. In math reasoning, the
landscape of existing benchmarks has been instrumental for the evaluation of LLM reasoning capabilities
and the development of more robust and interpretable reasoning strategies. We review related benchmarks in
section 5.1 as well as common strategies for eliciting more accurate reasoning from LLMs in section 5.2.

5.1. Mathematical reasoning benchmarks

Recent progress in LLMs has enabled these models to tackle increasingly complex tasks that demand
high-level abstract mathematical reasoning. A significant body of work has focused on datasets for
mathematical reasoning at the middle-school (e.g. [44]), high-school (e.g. [1]), or undergraduate level (e.g.
[45]), which often cover arithmetic, geometry, or math word problems. Other benchmarks are focused on
theorem proving [46—48]. For example, the recently introduced PutnamBench [46] provides a collection of
formalized theorems from the Putnam competition, while MiniF2F [47] and FIMO [48] offer datasets of
formalized proof problems drawn from competitions like the IMO, AIME, and AMC. In addition, ProofNet
[49] comprises both natural language and formalized theorem statements and proofs at the undergraduate
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level. Complementary to these are natural language datasets that feature problems of varying difficulty

[1, 44], as well as benchmarks like GPQA diamond [50], which are designed to be hard. Even more recently,
the HLE dataset [7] is an industry-curated, multi-domain benchmark that includes very challenging
problems, among them some from TP. However, problems in HLE are constrained to numerical answers or
multiple choice formats, there is no spectrum of difficulty, and it is not specifically designed to probe
reasoning capabilities in TP.

While lower difficulty math benchmarks such as MATH [1] have nearly been mastered by current LLMs,
the FrontierMath [2] dataset, which includes research-level problems curated by working mathematicians,
remain largely unsolved. FrontierMath spans a range of difficulties from high-school to research level and
features properties like auto-verifiability and rich metadata, design principles we have also incorporated into
TPBench. However, Glazer et al [2] provide limited information about the difficulty distribution and the
specifics of the problems that have been solved by advanced models.

In the realm of physics, which also demands extensive abstract mathematical reasoning, the focus has
been predominantly on high-school level challenges as seen in datasets such as JEEBench [3],
OlympiadBench [4], and PhysicsQA [5]. Beyond undergraduate-level problems, very little work has
addressed mathematical reasoning for TP. One notable exception is [6], which examines symbolic
calculations, albeit within the narrow context of a specific class of quantum many-body physics problems.

Our new dataset, TPBench addresses the gap in TP reasoning benchmarks beyond the undergraduate
level. TPBench encompasses problems ranging from undergraduate to research level, with research problems
reflecting challenges typical of those found in TP publications (rather than representing entire publications
in themselves). Importantly, TPBench is designed to be independent of industry control, ensuring that the
TP research community has access to a reasoning benchmark that is not susceptible to data leakage from
future training data. We look forward to sharing this dataset with collaborators under appropriate data
leakage controls.

5.2. Reasoning capabilities of LLMs

Despite the remarkable fluency of LLMs in generating human-like text, their capacity to perform reliable
multi-step reasoning remains a challenge [51]. Many LLMs still struggle with complex arithmetic and logical
inference tasks. In this section, we review state-of-the-art methods, spanning both training-time and
inference-time techniques that have been developed to boost the reasoning capabilities of LLMs.

Training-time methods for improved reasoning. Training-time methods encompass all strategies where
pre-trained language models are fine-tuned or otherwise modified to improve their reasoning capabilities.
The most popular approaches in this category rely on either supervised fine tuning [52-54], or
reinforcement learning [35, 52] (or both [35]). In supervised fine-tuning [55-58], high-quality reasoning
chains are curated and used to fine-tune models to display more accurate reasoning behavior. Chen et al [59]
demonstrate that self-play fine-tuning can improve model reasoning.

Inference-time methods for improved reasoning. Test-time methods aim at improving reasoning
capabilities by either designing prompts that elicit good reasoning behavior or by building reasoning systems
which prompt the LLM over and over to arrive at a solution in a systematic way. The most popular strategy
for prompting LLMs to reason is chain-of-thought [60], where the prompt includes instructions to ‘think
step-by-step’. This is a type of test-time approach [61-63], as it typically leads to longer token sequences
generated by the LLM. The default prompt (see appendix B) we use to evaluate various LLMs on TPBench is
a customized variation of chain-of-though—it includes the tips from Polya’s famous manual ‘How to solve it’
[18] which was originally intended to teach students how to solve mathematical problems. Related advances
include prompting the model to break down the problem into simpler subproblems [64—66], or seeking
abstractions [67]. Other prompting strategies encourage models to self-verify [68, 69], self-improve [59, 70],
or iteratively refine their answer [71, 72].

Other strategies to elicit reasoning behavior involve the generation of multiple reasoning chains which
can then be sampled from (as in best-of-n [73]) or combined via majority voting or by ensuring
self-consistency [74]. Methods that improve reasoning through planning [66, 75-78] roll out multiple
reasoning chains hierarchically and explore the space with Monte-Carlo Tree Search [79]. The success of these
methods depends on how the different reasoning chains are evaluated and can be achieved either through
other language models [76] or through external tools, e.g. [77]. Tool usage in reasoning is explored next.

Verifiers and tool usage. Another avenue for boosting the performance of LLMs is by allowing tool usage
[80, 81] either during the reasoning phase [82], or to verify intermediate reasoning steps [77] and solutions
[22]. Verifiers and tools are compatible both with training-time and test-time methods. Since each of the

20



10P Publishing

Mach. Learn.: Sci. Technol. 6 (2025) 030505 D J H Chung et al

problems in TPBench has an auto-verifier, one could consider giving the LLM under evaluation access to the
auto-verifier to test if, by using it, it can achieve better results.

6. Discussion

We developed the dataset TPBench to test TP reasoning capabilities of Al models. The core of our work is a
set of novel uncontaminated problems, to detect true reasoning rather than memorization. However, as we
discussed, scientific reasoning is always based on existing works and methods, and there is no sharp
transition between true reasoning and memorization (for example of logically equivalent problems, or
logically similar problems with minor modifications). It is clear from our benchmark results that reasoning
models vastly outperform non-reasoning models, and that these models are capable of some degree of
reasoning. We note that our problems were not constructed to match a particular target error rate (03-mini
and DS R1 appeared after most problems were finalized), but rather to reflect real problems encountered by
theoretical physicists at each career level. Our TP reasoning results are consistent with studies from more
general benchmarks, and illustrate the speed of progress in AL The most advanced models are able to solve
some problems at graduate level, but are not yet capable of solving most research level problems. While
advanced models demonstrate remarkable proficiency in algebraic and conceptual problem-solving, they
struggle with structured logical reasoning and transparent step-by-step calculations, particularly in complex,
research-level problems. Their reliance on literature recall without verification or referencing and their lack
of consistency in detailed reasoning remain key limitations in their problem-solving capabilities. We
discussed these shortcomings and summarized common failure modes.

Progress has been rapid, even during the creation of this data set. If models could solve level 5 research
problems consistently, their impact on TP would be substantial. However, even then, AI models could not
perform independent research without further developments. We now discuss some future directions related
to our work, that could make LLMs more powerful for TP research.

Updates to the TPBench data set and score board. We will update the score board for novel SOTA models.
Results will be published on the website of the data set tpbench.org. The website also contains additional
model evaluation metrics, which assign a unified model score over all difficulties. We aim to add more
problems to the data set in the future, both public and private problems. It would be particularly interesting
to design more research problems which are clearly outside of the training data. This could be achieved by
curating research problems specifically from the newest arxiv publications, before the current knowledge
cutoff. We invite interested researchers to contribute new problems and collaborate on future TPBench
updates (see website for details).

Automatic problem scraping from publication archives. To improve inference methods specifically for TP,
for example by reinforcement learning of reasoning chains (e.g. Deepeek R1 [35]), it would be important to
have a large collection of verifiable problems. If problems could be extracted automatically from
publications, perhaps after a training data cutoff, this would allow generation of training data without
human labor at industrial scale. An initial exploration of LLM-based problem extraction from papers has
revealed that this is difficult in TP because calculations are often spread over the paper and it is not clear to
the model what information is needed to state the problem and what the answer is. This is more obvious in
mathematical papers that clearly mark theorems and proofs (e.g. with latex tags), however those are more
difficult to auto-verify. Nevertheless, this is an exciting direction for future work, especially since large
industry labs keep their training data for reasoning models private.

Automatic verification for non-algebraic expressions. We were somewhat constrained in our choice of
problems by the criteria of auto-verifiability. Many TP results can be written in inequivalent ways, and
models are not currently good at judging equivalence of expressions. Large collections of verifiable problems
are also important for reinforcement learning-based training of reasoning models, see e.g. the recent DS R1
[35]. Generating stronger verifiers that work for a wider class of problems is a very interesting direction for
future work, where theoretical and computational physics domain expertise is valuable. Some challenges
were listed in section 2.3. We note that results in TP are often symbolic expressions, which are more suited
for auto-verification than mathematical proofs (which need to be checked by proof assistants).

Improving reasoning methods for TP. We have reviewed methods to improve reasoning capabilities of
LLMs in section 5.2. It is clear from our experiments that a significant gain could be obtained if tools such as
SymPy or Mathematica would be used consistently to check symbolic calculations where this is possible.
Few shot learning or fine-tuning could be used to improve models ability to call symbolic software packages.
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However, many TP calculations require specific packages and do not come with a lot of training data.
Further, the human TP research process involves reading publications, and looking up results or methods
when needed. References are also used to spot mistakes in calculations by comparing to known published
results where possible. While LLMs can parse literature with techniques such as RAG [83], to our knowledge
this has not been demonstrated to lead to performance gains in mathematical reasoning. The fact that
models cannot point to a specific source for mathematical statements lowers their trustworthiness. Finally,
inference methods that provide more information about uncertainty in individual steps would be
particularly beneficial for difficult TP problems. This would pave the way for trustworthy, automated TP
research assistants that reliably solve some aspects of a problem, but then ask for help for the parts they are
uncertain about.

Diagrammatic and spatial reasoning. Theoretical physicists like to reason using spatial diagrams such as
Feynman diagrams or drawing integration contours. In principle, such diagrams can be encoded in some
formal language and multi-modality for spatial reasoning may not be necessary. For example, some of our
problem solutions include Feynman diagrams or integration contours encoded with the TikZ LaTeX library
(e.g. figure 4). For some of our problems humans would have trouble reasoning through them without the
ability to draw on some scratchpad. It would be interesting to see whether multi-modal language and spatial
reasoning models could make models stronger. Visualizing the problem (e.g. ‘running an example in your
head’) is a common strategy and could be particularly powerful for models to develop truly novel ideas.

Training reasoning models on TPBench. While we designed TPBench for the evaluation of the reasoning
capabilities of LLMs, it would also be very interesting to curate a dataset for supervised fine-tuning or for
reinforcement learning purposes. While we expect fine-tuning to increase the TP specific reasoning
capabilities of LLMs, it is equally important to avoid data leakage to avoid problems that are later used for
evaluation to seep into the training data. For this reason we choose not to publish all of our problems in
TPBench at this time. Instead we encourage researchers who wish to have their models evaluated on
TPBench to reach out to us.

Open-ended research problems. If models could solve well-posed problems such as the research problems in
our collection reliably, this would speed up TP research projects considerably. However, a large part of
research consists of arriving at well-posed problems, which are interesting to answer and can be answered. It
could be possible to design more open-ended tasks, where the goal is to ‘derive interesting results’ based on
some set of initial constraints or observations. The Al model could suggest assumptions to include or drop,
design its own problem statements, and attempt to judge the importance of its results (develop ‘theoretical
taste’). It would be exciting and challenging to set up such a more open-ended benchmark.

Community efforts by the TP community. With reasoning models being developed primarily by industry,
usually with proprietary and closed data sets, it is important to consider how the open research community
can contribute to Al driven TP reasoning. It now seems possible that Al models will be able to do significant
theoretical research within a few years. The TP community should work towards the goal that such research
remains open and accessible, rather than being performed exclusively at a few select industry labs. While
pre-training may be financially inaccessible to publicly funded research, supervised fine-tuning,
reinforcement learning, and algorithm development require more moderate resources. As an example, the
community could build data sets for both TP reasoning training and benchmarking that are available to both
the community and Al labs (with some data leakage control). These could also include examples of tool
usage such as Mathematica. A large community-curated data set of verifiable TP problems would in
particular allow supervised fine-tuning and Reinforcement Learning specifically for TP. Our data set is a first
step in that direction. We hope that this work will contribute to engaging theoretical physicists in this
exciting research direction.

Data availability statement
Some of the data we use is available here: https://tpbench.org/. The private data set needs to stay private to

avoid leakage into pre-training data of future reasoning models. The data that support the findings of this
study are available upon reasonable request from the authors.
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Appendix A. Summary of problem data

For each problem we collect the following data.

e Problem title: Up to one sentence describing the problem.

e Problem statement: The problem statement in LaTeX.

o Problem solution: The full solution to the problem in LaTeX.

o Public problem: yes/no.

o Auto-verifiable: yes/no. All problems in the data set for this publication are auto-verifiable.

e Auto-verifier instructions: Instructions how to output the solution for the auto-verifier. See section 2.3.

e Domain of TP: e.g. High energy theory.

o Difficulty level: 1-5

e Authors: The contributors of the problem and solution.

e Reviewers: The reviewers of the problem and solution.

o Problem origin and novelty: How closely existing published work contains the solution (only above under-
graduate level).

e Problem ID: Unique problem ID in our catalog.

e Problem version: In some cases there may be errors or ambiguities in a problem. For this case we track a
version number.

e Variation of a different problem: In the future, we aim to provide minor modifications of existing problems
to check stability of the reasoning chain (as opposed to memorization). Standard: No

e Date problem was added to the data set: Allows us to track new problems. Format: 01/31/2025.

e Author comments: Any additional comments the author has about the problem.

Appendix B. Prompts

B.1. Prompts to query problem solutions
We used two different system prompts to initialize the LLMs, as well as a unique user prompt to query
individual solutions.

Simple system prompt
Our simple system prompt only specifies the required output format and encourages complete calculations.

System: You are a mathematical problem-solving assistant specializing in TP.

Input problems will be provided in LaTeX format, and you must provide your solutions in LaTeX
format as well.

Please provide detailed step-by-step solutions and clearly mark your final answer with ‘Final answer:’
at the end.

When writing equations, ensure proper LaTeX formatting including appropriate equation environ-
ments and mathematical notation.

Extended system prompt with CoT advise

Our extended system prompt includes additional problem solving advice inspired by Polya’s book ‘How to
Solve It [18]. We have used this system prompt as our default. However, we did not find a systematic
difference between these prompts as illustrated in table 6 for a subset of problems.
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Table 6. Performance comparison for different system prompts, using the GPT-40 model, on a subset of problems.

etal

A B C D avg@5 best@5
Difficulty level Ext Std Ext Std Ext Std Ext Std Ext Std Ext Std
1-Easy undergrad 20 23 3 1 2 1 0 0 0.72 0.76 0.8 0.8
2-Undergrad 22 17 1 0 2 8 0 0 0.88 0.68 1.0 1.0
3-Easy grad 8 10 3 3 14 12 0 0 0.16 0.24 0.4 0.6

System: You are a mathematical problem-solving assistant specializing in TP.

Input problems will be provided in LaTeX format, and you must provide your solutions in LaTeX
format as well.

Please provide detailed step-by-step solutions and clearly mark your final answer with ‘Final answer:’
at the end.

When writing equations, ensure proper LaTeX formatting including appropriate equation environ-
ments and mathematical notation.

Please follow a structured and logical approach. Here are your key steps for solving any problem:

1. Understand the problem:

- Identify the unknown, the given data, and the conditions.

- Evaluate if the conditions are sufficient, redundant, or contradictory.

- Break down and analyze the different parts of the condition.

2. Devise a plan:

- Explore connections between the data and the unknown.

- If necessary, consider auxiliary problems to bridge gaps.

- Reflect on whether you have encountered similar problems or solutions before.

- Look for related problems, theorems, or methods that might apply.

- Consider simplifying or reformulating the problem to make it more accessible.

- Use definitions and explore analogous, general, or special cases.

3. Carry out the plan:

- Execute your solution step by step, ensuring each step is clear and logically valid.

- Confirm the correctness of each step and justify your reasoning.

For each problem, ensure clarity, logical rigor, and consistency. You may iterate to refine and improve
your solution.

User prompt

User: Problem:
problem[“problem_details”][“Problem Statement”]

IMPORTANT SOLUTION REQUIREMENTS:

1. You MUST FIRST solve this problem using mathematical reasoning and symbolic calculations:
- Use proper mathematical notation and symbols

- Arrive at a final symbolic mathematical expression

2. ONLY AFTER completing the mathematical solution:

- Convert your final mathematical expression into Python code
- The code must satisfy these requirements:
problem[“problem_details”] [ “Answer Requirements”]

Code Format Requirements:

1. Your solution MUST include the final executable Python code as required by the ‘Answer
Requirements’

2. You MUST wrap the final Python code between ™~ “python and ~ ~~ tags

3. Ensure the code is complete and can run independently

4. The code should NOT contain ANY externally defined variables, including physical constants.
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B.2. Prompts to query grading of solutions
System prompt

System: You are a grader for machine learning model solutions of TP problems. I will provide you with
a correct expert solution to the problem for your reference, and a model solution for you to grade.
Grade solutions using A/B/C/D grades where:

A = Excellent: The solution is mathematically equivalent to the expert solution, even if the symbolic
expression differs (e.g. terms are arranged differently). The solution includes all necessary steps and
the reasoning in each step is correct. Different but valid solution methods are acceptable.

B = Good with minor issues: Generally correct solution with small errors such as: arithmetic mis-
takes that do not affect the main approach, missing intermediate steps, or minor notation issues. The
problem was correctly understood and the reasoning of the solution is generally correct.

C = Significant issues but partially correct: Shows basic understanding but has major flaws such as:
incorrect application of formulas, missing crucial steps, or computational errors that lead to wrong
final answer. The approach has some merit despite errors.

D = Incorrect or major issues: Fundamentally flawed approach, completely incorrect calculations, or
missing essential components. Shows little to no understanding of the mathematical concepts involved.
When comparing final answers, verify that the equations or expressions are mathematically equivalent
(e.g.2x+ 2isequivalent to 2(x + 1)). Always format your notes using LaTeX notation for mathematical
expressions. Provide evaluation in compact JSON format with only ‘grade’ and ‘notes’ fields. Format all
mathematical expressions in your notes using LaTeX notation (e.g. $x°28$, $ \frac{1}{2}$, $\sqrt{x}$).

User prompt

User: Compare the following model solution detailed steps with the expert solution, along with the
code verification result which check the equivalence of 2 expression numerically, and evaluate its
correctness.

Expert Solution: {expert_solution}

Model Solution {model_solution}

Code Verification result: {code_verification_result}

Format your response as JSON with the following structure:

{

“grade” “A/B/C/D”,

“notes”: “your notes here with LaTeX math notation”

}

Appendix C. Public problems and solutions

We list ten public sample problems along with their solutions. AT model results for these problems are
available on the dataset website tpbench.org. Table 7 summarizes the performance of different AI models on
these problems, covering a range of topics and difficulty levels from Level 1 (L1) to Level 5 (L5). The scores
indicate the average accuracy of the 5 attempts of each model.

C.1. Level 5—one-pole problem

Problem statement
Consider the conformally coupled scalar field ¢

L= {gﬂ"amam - (mz - éR) qu] 3)

in curved spacetime

where the Ricci scalar is

(4)
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Table 7. Model average scores by problem.

Problem ID Llama-70B GPT-40 R1 ol 03-mini
Boosted parabolic trajectory (L1) 0.60 1.00 1.00 1.00 1.00
Blackbody in d dimensions (L1) 0.20 0.40 1.00 1.00 1.00
A 3-State QM Problem (L2) 0.40 0.80 1.00 1.00 1.00
Dark matter capture as a function of time (L2) 0.60 1.00 1.00 1.00 1.00
Slow-roll inflation (L3) 0.00 0.00 1.00 1.00 1.00
Scalar particle scattering (L3) 0.00 0.40 0.80 0.40 0.40
SHO vacuum entanglement (L4) 0.00 0.00 0.80 0.00 1.00
SUSY-symmetry (L4) 0.00 0.00 0.00 0.00 0.00
Bias of a sampled halo field (L5) 0.00 0.00 0.60 1.00 0.80
One-pole problem (L5) 0.00 0.00 0.00 0.00 0.00

and a satisfies the differential equation

Hj

14 2H;(t—t,) ®)

%lnaz@(te—t)HI—&—@(t—te)

with ¢, a finite positive number, the © function having the steplike behavior

@(tte)_{l t2 1 (6)

0 otherwise '

and ¢ being the comoving proper time related to 7 through

n
t:te-i-/ a(y)dy. (7)

e

The boundary condition for the differential equation (in comoving proper time) is a|,—;, = 4.

In the limit that k/(a.Hj) — oo, using the steepest descent approximation starting from the dominant
pole 77 (with R7) > 0) of the integrand factor w;(n)/ (2wk(n)), compute the Bogoliubov coefficient
magnitude |3(k)| approximated as

> Wi (M) —2i [7 dn’wn(n’
k)| ~ Ay~ =21 [ dn’e(n)
|6 (K)| ‘/_O@ e () (8)

2wy
for particle production where the dispersion relationship given by
wi (n) =k +ma® (1) 9)
with 0 < m < Hj. Use a one pole approximation which dominates in this limit.
Answer requirements

Provide the answer in the form of the verbatim code. Implement the following function.

def abs_beta(k:float, a_e:float, m:float, H_I:float) -> float:
pass

Comments about the problem

This is an example of a difficult problem from QFT in curved spacetime, dealing with gravitational particle
production, that appears out of reach of current models. This is part of a published research work and the
solution, without steps explained, is given in a footnote of [30], but would be difficult to locate (in fact we tried,
without success, with OpenAI’s Deep Research).

Solution
To find the pole of w; (1) /wk(7), we need a(7) from the given differential equation

dlna _
dt

H;
14+ 2H(t— 1)

O(t.—t)H +O(r—1,) (10)
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Integrating from time ¢ = f,, we find

for t > t,. In other words, this scale factor

2/3
3
a = |:1 + EHI(t— te):|

de

D J H Chung et al

(11)

(12)

(13)

(14)

behaves as a typical coherent oscillations spacetime minus the oscillatory effects. Hence, note that for ¢ > .,

the scale factor can be approximated as

a(n) = 51772

for n > n, (where 7, is the corresponding conformal time for #,) where we see by matching

/na(n)dn:tfti

ni

with n; > 7, and ; > t,, we can write

3
—C ~t
367

for times much larger than 7;. This means that at time 7; > 7,, we have
2
H(ni)n?

(where the Hubble expansion rate is H(n) = a’(n)/a?(n)) which gives

aq~

2n?

alm = H(ni)n}

(15)

(16)

(17)

(18)

(19)

for p > n; where the choice of 7); controls the approximation error proportional to positive power of 7, /7;.
Since n; > 1, > 0, we can approximate 77 = 0 to be equivalent to 17 — 7; — —o0. In other words, when we
analytically continue and consider the poles of the integrand, we will consider only the region with fn > 0.

Next, note the pole of

/ 2 2
w m*Oya

2w 4R+ mPa?)
is at 7] defined by
© =~ (i)

which means

2

o ()

_ ,',I'ei(21+1)7r/4 k/a(n;)
! m

N H(mi)n} <k2>1/4
=\ —="—
m

(20)

(21)

(22)

where I is an integer. We see that 17} >> n; for k/a(n.) > k/a(n;) > m. We also see that I € {1,2} have
negative 37 which are in the region that we excised with the  — n; = —oo discussed above. That means we

can consider either / € {3,4}. We will see below that one of these poles is irrelevant.
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Figure 4. The original contour in blue is deformed into the orange contour in the lower half complex plane of 7. The large radius
arcs have vanishing contributions, and one-pole approximation has been taken. The upper green and purple boundaries
correspond to where integrations over any arcs extended beyond this boundary would not converge. The dashed horizontal curve
is parallel to the real axis. The red squiggly line is the branch cut at —57/12.

Equation (8) tells us that

Wi (M) i anten(n’)
_ d k e L e 4N wWi(M
ponl=|[ et
_ /OO d ZWI: ((77)) e*ZifTZ dn'wk(ﬂ/)efﬁfﬁ dr]'wk(n')’
— 00 Wi \N

_ / = g () —2ifran'a(n’)|

—0o0 Zwk(n)

(23)

With the steepest descent technique starting from the pole of w/ /wi, we write after analytically continuing 7

1= [ an 2O et ety
—oo 2wk ()

— ‘eﬂ"ﬁj d”"”k("/)V‘ (24)

where 7] is the pole of w/(n) /wk(n) and v is the part obtained from the steepest descent. The factor in the
integrand of equation (8) is therefore

/
1
dll ~— (25)
2w 4(n—m)

which implies v in equation (24) is
oo
Y / _dn - o= iy /T @ (n—7)*/* (26)
where

C(n)=d(n). (27)

Deforming the integration contour as shown in figure 4 allows us to rewrite this as

y = / LNC_%WV C’ (7) (n—m)*"? (28)
c4(m—1)
where the C is the orange part of the contour in the lower half plane.
To define the contour, one must understand the complex values of C’(7). To this end, let

—iy/C' () =U+iw (29)
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where the imaginary part generically is nonvanishing. The branch points are given by equations (22) which
gives

200 .
C' () = 2°0) zirnn <k/a(n,)> o)
Ni
which says
3/4
Ut iw— 2200) i <k/a(771)>
Vi m
N 3/4
=a*? () zH(ni)eéiwl—l)w("/‘l(?ﬂ)) . o

m

To deform the contour, we need regions where the arcs with large radius does not contribute to the
integral. Note that if we define § = ) — 7j = Re'?, we have

53/ = R3/2130/2 = R3/2 (cossze +isin 329> (32)
making the exponent in v
— %im C'(n)(n— 7])3/2 mR3/2 (U+iw) (605320 +isin 320) (33)
which is damped only if
Ucos(360/2) — Wsin (30/2) < 0. (34)

For the case of equation (21), we need
cos {g (61— 1)} cos (36/2) —sin [% (61— 1)} sin(36/2) <0 (35)

for one choice of I. For the choice of | = 3, we can choose the arc regions to be § € [=2%, =

region to be § € [1X, D] with a branch cut at —57/12.

Choosing I = 3, we find the steepest descent contour shown in orange in figure 4. The left contour is 57 /4
and the right contour is at —m /12, along which

| and another arc

4, . 4 k/a(n)\*
ST 0 ) = Sk )2 (120

gives a damped exponential in equation (26). Hence, the integral is

1 €dR —%mR3/2a3/2(n;) /THL)(M)}M 1 4R —%mR3/2a3/2(77;) THG<W”£I"")>3/4
V= - —e + = —e
4) R 4 / R
1 —m/12 4 .
+ */ idf exp [—im C'(7) (6610)3/2]
4 57 /4 3
i|—m 157 —im
S Pl —— (36)
T4l 12 12 3
where in the first line we have introduced a regulator ¢ — 0.
The final piece in equation (24) is
[= e 2l (n’), (37)
Use the expansion
j= e—2if;; d'r]/o.)k(n'>
— exp (—2i[® +]) (38)
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where @ is real and ] is purely imaginary. We take the path to be along the real axis until = R and then
integrate in the imaginary 7 direction:

RA+HISH
= i%/ dn'wi(n’). (39)
Rn
This gives
2 —T(5/4) (k/a(n))
I VTR G ) (40

Now, note from equation (14), we can compute

1 1 3
= iy | 3 )
1 3
~ 7&13/2 (’r]i) EHIti
1 H,;

~ B () Hn) (1)

where we used equation (10). Equation (24) then becomes

K 4 T (5/4) (k/a.)*?
|5|~§CXP (_3mr(3/4) W) . (42)

C.2. Level 5—bias of a sampled halo field

Problem statement

In cosmology, large-scale cosmological dark-matter halo fields are biased tracers of the underlying Gaussian
matter density d,,. Assume we have a sample §,,. We simulate a halo number density field by taking

n(x) = amax(0, 1+ bd,,(x)), where bare number density # and bare bias b are specified constants. What is
the bias of the sampled halo field? Derive an equation to evaluate the bias which depends on the bare bias
and the variance in each pixel.

Answer requirements
Provide the answer in the form of the verbatim code. Implement the following function.

#let b_in stand for bare bias
def b_eff(sigma: float, b_in:float) -> float:
pass

Comments about the problem

This is an example of a cosmology research problem that is being solved correctly by advanced reasoning models.
This may be because the calculation is similar to existing calculations in the literature. However, this is a genuine
research problem, which we solved independently, for an upcoming cosmology publication. The problem requires
to retrieve some background knowledge, such as the definition of the matter power spectrum in cosmology.

Solution

The solution to this question involves some domain knowledge, parts of which were given in the problem’s
statement, some approximations sourced by the domain knowledge, and some mathematical calculations.
The domain knowledge is very basic and should be known to anyone in the field. Approximations are

intuitive and also, mostly, inspired by the domain knowledge. Following Polya, we can organize it as follows:

Understand the problem. The number density of halos n,(x) is defined as

Nh:/n;, (x)dx (43)
1%
The overdensity is defined as

Sy (x) = o VD (44)
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Linear bias is defined in terms of Fourier-transformed quantities:
On (k) = bop (k). (45)

This is an approximation that holds on sufficiently large scales (small k). d,,(k) and d;,(k) are Gaussian
random fields with zero mean and their variance depends only on the magnitude of the wave-vector k = |k|:

Sm ~ N (0, Py (k) 5 0 ~ N (0, Py (). (46)
The quantity P(k) is called the power spectrum and is defined as
(6(1)6 (k') = (2)* 6° (k+ k') P(K). (47)
It immediately follows that
Py (k) = b Py (K) . (48)
We are given the expression in real space. In real space, the quantity d,,(x) is also a Gaussian random field:
Om (%) ~ N(0,6m) , 01 (x) ~ N(0,8n). (49)
Quantity € is called a two-point (real-space) correlation function and is defined as
(0(x)0(x") =& (x—x"]). (50)

This quantity is sufficiently small when |x — x| >> 1. We are asked to find what is the expression for b in the
equation dy(k) = bd,, (k), given the real-space expression for the number density #;,(x) in terms of real-space
sample of §,,(x).

Devise a plan. The key point to solve this problem should be that real-space correlation function for halos &},
should also be equal to b%£,,. We want to calculate that correlation function. It should be expressed in terms
of (n(x)) and (nj,(x)n,(x’)). We expect to be able to calculate these expectations since they are the
expectations of functions of the Gaussian random variables. We are given the pixel variance o. How does it
connect to the other quantities we know? In principle, that’s also the part of domain knowledge but it also
can be deducted from the definitions already given. A discretized version of the correlation function is

&5 = (80x)- (51)

When i =7, it becomes the pixel variance o. Aside, we could have given instead of o, the quantity Py, (k), that
is a common description of a cosmological dark-matter field. In that case, from the definitions of £(r) and

Py (k), we could have deduced that o = 3", Py (k). Then we pick the ensemble of all the pixels at given
fixed large distance r = |x; — Xj|. The key is to recognize that it is fully described by a correlated bivariate
Gaussian distribution.

(r87) ~ N (0,3) (52)

(o e
s (7 9). -

In general, the integrals from the expectation values are cumbersome, but we should expect some
simplifications from the fact that & is small and we can Taylor-expand the pdf.

with a covariance

Carry out the plan. It’s more convenient to define 6; = 0" /o and £ = ¢ /o2, and ¢,—a correlated bivariate
Gaussian pdf—then

[812-"-8,2—255,5]]

(51‘, Aj) ~ e U9 = (8i75j|é) - (54)

2my/1— &

We note that

— 0Ly, (55)
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The quantity (n) is the actual mean number density:
no=(n)=(n)= /nl‘)c (6, b, 1) ¢ (51‘,51‘\5) do;d; = /”iocgbl (51‘) do;.

Here, ¢;—is a standard normal pdf. It is expected that it is not dependent on the correlation £, but onlyon b
and o, just as the marginal of 2D correlated Gaussian distribution is 1D Gaussian that’s not dependent on the
cross-correlation. To the linear order in &,

b2 (%J’\é) ~ ¢1(x) P () (1 +éxy) . (56)

So that the two-point function neatly factorizes:

(nim;) = / 1 (8, b,71) ' (5,b,71) 2 (5,-,5]«|§) db;ds;
~ [oioon (845 [ m<on (5) a5+.€ [ noon (5) a6 [ o (5) 545
= (n)? 4 £(nd)>. (57)

Substituting the results for (1) and (n;n;) in the equation for £, we can read off the bias:

_ & (no)?

‘2
= i T

(58)
All that is left is to calculate the expectations. One can evaluate for b > 0

(n) = /nﬁocgbl (5,) dé; = /ﬁmax(0,1+bax) o1 (x)dx

n/+oo(1+bcrx)¢1 (x)dxn{q)l <bla> +bod, <blaﬂ (59)

—
For b < 0 it is, however,

1

+l7a
=i [ "= blon 6 (0

— 00

_ 1 1
=n {@1 <|b|0> + |b|logy <|b|0>] . (60)

So we conclude that the latter expression is valid for all b. Similarly, one can show that

(nd) = 1’1/max(07 1+ box)x¢; (x) dx = nbo @, <|bl|0> (61)

where @ (x) = [*__ ¢ (x)dx—normal cdf. Finally, one can get

L ) @
D, (ﬁ) +[blog, (ﬁ)

Note: We also accept solutions as correct if they omit the | | around the bias, since halo bias is usually
positive.

C.3. Level 4—SHO vacuum entanglement

Problem statement
Consider a coupled simple harmonic oscillator governed by the Hamiltonian

H—il Py ) 4 g 63
=25 Um i tg : (63)
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If the ground state is |©2) and the operator p is the vacuum density matrix partially traced over the |w),,
components (satisfying x,|w),, = w|w)y,), i.e.

p= [ ant” [ [ a7 o (01) (9(62) (1), @ ) () (64)
which is an operator acting on a reduced Hilbert space, compute
S=—Try, [plnp)] (65)
which involves the trace over x; states.
Answer requirements

Provide the answer in the form of the verbatim code. Implement the following function

def entropy(k:float,g:float,m:float)->float:
pass

Comments about the problem

This problem, whose solution can be found in [84] (with less detailed reasoning steps), has been rephrased in a
pedagogical manner for graduate-level physics courses. It is a well-known question in quantum entanglement
research, and the best performing LLMs are capable of solving it accurately, perhaps at least partially due to
memorization.

Solution
Diagonalize the original Hamiltonian

k%g =3 X1
_g ke X
H=(x1 x p1 p) 22 (66)
o P
w /) \ P2
One easily finds
ity
X = —+=— 67
1 7 (67)
Y1—)2
2=7 5 (
diagonalizes the Hamiltonian such that in the (y1,y,,q1 = mj1,q2 = my,) basis, it is
% 0 V1
0 54
H=(n 2 a ) ttE Sy (69)
o q
2m 92

The ladder operators are

1 i
a, = — | /mwjy; + ——q; 70
] \/i ( _ﬂ? Vﬁnuﬁcb> ( )
k k+2
wi=— w§:7+ £ (71)
m m
which allows one to rewrite the Hamiltonian as
2 wi +w
2
H= E a}ajwﬂr ! > (72)
j=1
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In this basis, we denote the ground state as
a1]00)7, = 0= a5/00) . (73)

Hence we have found [©2) = [00); . We know that the wave function in the y coordinates is the product of
well known simple harmonic oscillator solutions:

o 1 ~u)*] 1 — ()’
- = 4
<J’1a)’2|00>ny (r b%)l/‘l exp [ 203 (7717%)1/4 exp 2b3 7o

where

by (75)

3
&

making this a convenient basis to work with. Note

71 (lah, ©10,) = [ S b0 (a), @16,
= / dyidyyilyiys) iyl (1a), ©1b).,)
= [ axtantyl (), @ 1)) o1 ) (), 2161,

b
= a\z (|a>xl ® |b>x) (76)

where we used the completeness of the basis, equations (67) and (68), and the usual delta function
normalization of the position basis. This and a similar relation for y, imply

la),, ®|b),, = (77)

This means

5, (00| (1), © W)) = <00

’ 2 ’ 2

X +w X —w

_ 1 exp 7( V2 ) 1 exp 7( V2 ) (78)
(wb})"* | (wr3) 2b3

The partial trace is defined through the following contraction of (2, 2) tensor to a (1, 1) tensor:
p= [ axt” [ @l [ il a7 1) (0005, 5,001) (1), @ s ()

] [
/dxll//dxll/dw|x1”>x1x1<x1/|( 172 €XP V2 exp V2

b 2by (nb3)"/* 2b;
x{+w X —w
1 *( V2 ) 1 ’( V2 )
e T ey T | 7
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Integrate over w, we find

/dx”/dx 1] Vs 3 x1|( b;)l/z (Wb;)l/z exp {—%(WI +w,) ([xlf]2+[xl’/}z)}

2
Ver  Jer 2
V2T exp (\/J1 - \/:%) (x1 +x{")
mlwi + w,] 8L (wiler%)
. 1 1
/ & / i T (7
NG m(wy —wi)* 2x/x] —m [8w1wz + (w1 — wz)z] ([xll]z + [xl”]z) (80)
ex 80
mw; + ws)] P 8(wy +wy)
Next, to identify the matrix, use
m(wy —w) 2x/x] —m [&dlwz + (w1 — wz)z} ([x”z + [xlu]z)
8(0)1 erz)
1 2 1112 (Wz_wl)z 7
=Ty ([xl] + [xy] ) 72#961361 (81)
v = 8wiw; + (W —w,)’ (82)
1 my
A __m 83
2b2 8(&)1 +OJ2) ( )
b - w1 +UJ2 (84)

m [8w1w2 + (wy — w2)2

to write

, 1 1
/dx /dx |x X1 % xl‘( b%)l/Z (ﬂ'b%)l/z
V2 1 —w)’
x 7ﬁ]eXp { 202 ([xl]z + [xf/]z)} eXp (Wx{x{/> . (85)

m[w1 =+ Wy

Change basis to energy with a new effective frequency

(86)

p=>_ W Wpln)(nl (87)

1

/dx”/dxl V‘xl x1x1 xl| >( bZ)I/Z( b%)l/z
o 2
e[ (1 )| e (“"J‘”) (59)

mlw; 4w,

where

1 7("12)2 x!
()= —— e g, () (39)
\/ nlbs/m2n bs

are the well known oscillator wave functions and bs still has to be chosen. One can show by carrying out the
integrals that the matrix is diagonalized if
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b

(1 _ [(Wz’;bfl)z}Z) 1/4

1
= /2 1/4°
ﬂwl/ Wz/

by =

(90)

This gives
(v|pln) = Xnyn

where

n—1
2
/727_‘_ 1 1 b2 (sz;;l)

Y 0 1/zm“ 212
Vit ) e | ]

Ap =

(wr—w))?

2 2l
_ ’/T\/E 1 1 (Wz *CUI) 8wiwr+(wy —wy)? (91)

2for el @) () (ol (B 40) 1

bZ
where we used

p sl /on

3/2
e

_ m(w;, —w)* V27 (92)

1 1 3/2
4(W1 +LU2) (bj + b?)

b\ 1 1
b - mwll/ZWZI/Z 4 w1 twy

m8wiws+ (w1 —w2)?]

my =

_ 1 8wiws + (wy —wy)”
wPwy? 4wt w)

(93)

Simplify:

(wr — wl)z

N — 41/(,01(,02 < )"
n= 2 1/2 1)2
\/80.)10.)2 + (wl _WZ)Z +4W;/2w21/2 (Wl +OJ2) 8wiwy + (w1 —WZ) +w; W, 4(0.)1 +u)2)
__ W l (w1 —w2)” 1 (94)
(Vo +van)” [ (ver + vin)'

Since we want to evaluate

—Tr[plnp] = =0, Intrp"| = (95)

we compute

Intrp” =1In i)\f
j=0
—in | 3 [ [ o) ]
7| (Ve ve) [(Ver + V)
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+1In [(WI_WZ) 4]
7 L(Ver+ V)

=nln l4 lewzz‘| —In <1 _ [W}] > . (96)
(V& + @) (Vo + @)

Hence, we arrive at

S—— ln[ /Wi 1_[&%%)4}1"[(&%%)4]
)

:—ln( VCIL) )-( (wr —e)’ >ln< (w — )" 4> (97)
(Vor+ve)' ) \ayow: (Vo +ve)' )\ (Ver+ )

wlzwk WZ:Mkng. (98)
m m

where

C.4. Level 4—SUSY-symmetry
Problem statement
Consider the theory

L=i£"0,£+ 0| — |F|* (99)

where £ is a 2-component Weyl spinor while ¢ and F are complex scalar fields. Suppose you want to make
the following infinitesimal transformation a symmetry of this theory:

Ona =1V204471% 040 + V211 F (100)

_ . t
onés = {1\f2cfgdn L@+ \/57751:}
=-iv2 (ﬁ%gg) O+ V21 F
- —ix/in%gﬁ.aﬂqh V2i4F (101)

Sy F =1v20,6"** 0, = iV2115" 0,€ (102)

§,F =~V (750,6)'
= -iv2(9,8)" (") ()"
= —iv29,£a"n (103)

along with 4, ¢ and (9, qb)T where 7 is a spacetime-independent infinitesimal fermionic parameter inducing

the transformation. Find the transformation rule ,,¢ and ((5n¢)T for the action associated with £ to remain
invariant.

Answer requirements
Provide the answer in the form of the verbatim code. Implement the following function

from math import sqrt
def find_delta_phi(eta:float, xi:float, bar_eta:float, bar_xi:float) -> Tuple[float, float]:

nwn

Returns the SUSY transformation rules for phi and its Hermitian conjugate:
a tuple (delta_phi, delta_phi_dagger)

nwnn

pass
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Comments about the problem

This problem is situated in advanced QFT within the framework of supersymmetry (SUSY). It involves analyzing
how bosonic and fermionic fields transform under an infinitesimal SUSY transformation and requires knowledge
and careful application of Grassmann variables and the associated algebra. Such topics are typically encountered
in advanced graduate-level physics courses. Note that the Hermiticity of o/ matrix convention as well as the
metric convention of (1,—1,—1,—1) is implicit in the statement of the problem (the latter inherent in the kinetic
minus the potential form of the Lagrangian).

Solution
Denoting the variation (d,, o) as 9y, we write

8L = 10,6618, +1E6"D,,0,€ + 00O b + 0,606, — 6, FF — O, F
—i[~iV2n0" 030+ M2TF| 60,6 + €0, V2071050 + V2nF|

+ 0.0, 00" 6+ 0,60 8,6 — [~iv/20, €| F— F[iv2mo+TE (104)

Integrating by parts, we find (denoting with equality an equivalence up to total derivative terms)

6L = V21n0P 055", + 0,.E5" [ﬂaﬁﬁagqb — VanF
+ 0,8, 00" S + 0, 0" 5,6 + iV 20 E5F . (105)
Integrate by parts the first two terms to eliminate the the o matrices using the identity 6#c” + 6" o# = 2¢gH":
5pL = V2 (n0,00"& + 0"€70,d) + 0,,6,00" b + 0, pO* 5,y (106)

again denoting with equality an equivalence up to total derivative terms, and we are using the standard
notation né = n“¢, and £4,7% = £7. To make the remainder cancel, we solve

V210,,$0"€ + 8,004 5,6 =0 (107)

yielding

Sy = —V2mE,  (5,0)" = —V2€7 | (108)

C.5. Level 3—slow-roll inflation
Problem statement
For the action

S= /dta3 (1) {;¢2 — Voexp

@) -

where g and V| are constants, derive and solve (integrate) the equation of motion for the field ¢ assuming
slow-roll inflation and initial condition ¢(t = 0) = ¢.

Answer requirements
Provide the answer in the form of the verbatim code. Implement the following function

import numpy as np
def phi(q: float, M_p: float, phi_O: float, V_0: float, t: np.ndarray)->np.ndarray:
pass

Comments about the problem

This problem lies in the field of cosmology, particularly in inflationary cosmology, and involves studying the
dynamics of a scalar field (inflaton) driving the accelerated expansion of the early Universe, before the ‘hot Big
Bang’. It is typically encountered in specialized graduate-level courses in cosmology and requires familiarity with
field theory in an expanding spacetime.
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Solution
The equation of motion is

é+3Hd— \/g (1\/11p> Voexp

For the slow-roll inflation, the following must hold:

)]

b < 3Ho.

3Ho 2( L y,e
= — —_— X
g \Mp) P

Slow-roll approximation also implies

Hence, we have

so we need to solve the following ODE:

. Voexp[ \/?( )} d¢ \/E<Z\/1[)V0€XP
do

3MZ dr
1/ ¢ _ zt
e |y ()| =y

Performing the integration and solving for ¢ () we get

(oo 5y ) oo 3 o)) =
b= fMpln{exp[\/:<$>]+A/;q\/?t}.

C.6. Level 3—scalar particle scattering
Problem statement
Consider

: m? A
{Z{ 0u) (0" 1) — 2'@@}—40;%3}

i=1

D J H Chung et al

(110)

(111)

(112)

(113)

(114)

(115)

(116)

(117)

(118)

What is the differential cross section 32 for ¢, (kl)qSl( ) — ¢z( o (—k ) in the CM frame accurate to

O()\?)? Express your final answer in terms of Mandelstam variables.
Answer requirements
Provide the answer in the form of the verbatim code. Implement the following function.

def dsigma_domega(lam: float, s_m: float, p_m: float, u_m: float,
ml: float, m2: float) -> float:
pass

Comments about the problem

This is a question from QFT. It involves calculating the differential cross section for a process where two ¢y
particles annihilate into two ¢, particles. Such problems are typically encountered in graduate-level particle
physics courses and require familiarity with perturbative field theory and the use of Mandelstam variables to

express scattering amplitudes.
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Solution
The amplitude for this process is

IM=—4i" = —i) (119)

In the CM frame, energy conservation gives

2\/|E1|2+mf:2\/\1?{|2+m§ (120)
A standard formula for differential cross section gives
do 1 K
0 = 2 71"/\/”2
dQ ) 64misk

A2 K2+ (- m3)
o 64m2s kl

(121)

Since in the CM frame, we know

1
_ (2 a2
ki = NE s> —4mjs (122)

d 2 1 22
(") = 2V Ve g (- md)

dQ ) 6472\ 4s /& — dm?s

N2 —damds+4s(md —m3)

 64nls \/$? —dm?s

(123)

The final result is

do N s—4m] (124)
dQ /) oy 64ms /s —am? |

C.7. Level 2—dark matter capture as a function of time

Problem statement

Suppose C is the capture rate of dark matter in an astrophysical body. Let C4 be the dark matter annihilation
rate per effective volume. Then an approximate Boltzmann equation governing the number N of dark matter
particles in the astrophysical body is

dN
—— = C—CuN%.
dr A

If initially, N(0) = 0, what is N(¢) as a function of time?

Answer requirements
Provide the answer in the form of the verbatim code. Implement the following function.

def answer(C: float, C_A: float, t: float) -> float:
pass

Comments about the problem

This problem mainly belongs to astrophysics, specifically involving dark matter dynamics in celestial bodies. It is
typically encountered in advanced undergraduate or graduate-level courses and requires knowledge of differential
equations and kinetic theory. This type of analysis is also important for understanding dark matter detection and
its astrophysical implications.
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Solution
We can integrate by quadrature.

/ N, (125)
C—CuN*
We can express the integrand as a sum of two fractions:
1 1 1
C—CaN>  \/C—/C4N/C+/CaN
1 1 1
_ { " } . (126)
2V/C VC—VCN  VC+ /TN
Integrating, we find
1
K= In (VC~/GiN) + ——1n (VC+ CN)}
2\FC L/ )T VG A
1 VC+VCN
- In (127)
2\/CiC \VC—C4N
where K is an integration constant. Setting the boundary condition N =0 at t =0, we find
K=0.
We find the solution
24/ CCyt
C (e — 1)
N=YC | (128)
A /CA (ez CCAI_|_ 1)

Note that it is easy to check that it reaches the obvious steady state in the limit t — co.

C.8. Level 2—a 3-state QM problem
Problem statement

E, 0 A
The Hamiltonian of a three-level system is givenas H=| 0 E, 0 | where A is real. The state of the
A 0 E,
1
system at time ¢ = 0 is (in this basis) ¥ (t = 0) = % 1 | What is the expectation value of the energy at
0

time #?¢

Answer requirements
Provide the answer in the form of verbatim code. Implement the following function

def expectation_value(A: float, E_a:float, E_b:float, t:float) -> float:
pass

Comments about the problem

This problem belongs to quantum mechanics, focusing on multi-level quantum systems found in areas like
quantum optics or molecular physics. It is typically encountered in advanced undergraduate or early
graduate-level courses and requires knowledge of linear algebra, time evolution, and the calculation of
expectation values in quantum mechanics.

Solution

The eigenstates are easily found to be \[(1 0,£1)" and (0, 1,0)T with corresponding energies E, & A, Ej. Let
us denote them as |1), |2) and |3). Given state 1) is decomposed as 3 (|1) + |2)) + % |3), the expectation of
energy stays constant:

(E, +A)+(EQ—A))+%E;,: %(Ea—i-Eb) . (129)

1
4

(E) =
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C.9. Level 1—blackbody in d dimensions

Problem statement

Assume we live in a 441 dimensional spacetime. How does the total energy density of a black body scale with
temperature T. Find the exponent 7 in the expression u oc T".

Answer requirements
Provide the answer in the form of verbatim code. Implement the following function

def answer () -> float:
pass

Comments about the problem
This problem lies in the realm of statistical mechanics and thermodynamics applied to higher-dimensional
spacetimes, a topic typically encountered at the undergraduate level in TP.

Solution
The density of states scales as k°~!dk in D spatial dimensions giving TP+ scaling for the total energy density.

Hence, [ 5]

C.10. Level 1—boosted parabolic trajectory

Problem statement

Consider a situation where a space-probe very briefly fires its rockets while passing a planet of mass M at
periapsis, its nearest point to the planet. Suppose that the probe is on a parabolic trajectory and at periapsis,
when travelling at velocity v, it results in a boost of dv. What will be its speed once it escapes the planet’s
gravitational field only in terms of v, and 6?

Answer requirements
Provide the answer in the form of verbatim code. Implement the following function

def speed(v_e: float, delta_v:float) -> float:
pass

Comments about the problem
This problem is part of orbital mechanics, typically covered at the undergraduate or advanced high school level in
physics. It involves principle of energy conservation in Newtonian gravity.

Solution
Conservation of energy gives 1m(ve + 6v)* — ’”r—ﬁ;[G = 1mv2 . We also know that 1m(ve)? — ’”r—A;[G =E=0 for

the parabolic trajectory. We can solve for ve: ve = % Then we can substitute it in the first equation
and get:
2
Voo = by 14 22 | (130)
ov
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