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In this project, our foremost intention is to analyze the angle of deflection of photon by NED black holes with
many horizons in the context of non-linear electrodynamics. For the accomplishment of our intention at first we
manipulated the optical metric of the desired black holes for the calculation of Gaussian curvature. After that,
the angle of deflection in leading orders is attained from the desired black holes in weak field limit by using the
famous Gauss-Bonnet theorem. Moreover, we evince the effect of plasma medium on the angle of deflection.
At last, the graphical impact of the angle of deflection for NED black holes with many horizons is examined
with respect to black hole charge and impact parameter in both the plasma and non plasma medium. In addition,
we discuss the rigorous bound for grey body factor of the desired black hole and also observer its graphical
behavior.
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I. INTRODUCTION

As stated by the theory of general relativity (GR), the fundamental of the gravitational lensing (GL) is the deflection of photon
by the gravitational field (GF) in the weak field approximation [1, 2]. Initial test of GR as soon as 1921, was the gravitational
deflection of photon due to the Sun [3, 4]. GL is a user-oriented method and in this process gravity deflects light. It is very
accommodating and obliging for the acknowledgment of the dark matter, the mystifying indiscernible substance that evidently
constitute five-sixths of all matter in the universe. As early as 2015, the discovery of gravitational waves by LIGO proclaimed
that the theoretical predictions and the observational phenomena were well suited with each other [5]. GL has procured a great
attention in different space times and it has been performed by the exertion of different techniques [6]-[10]. GL has turned out
to be a well-build method in examining numerous astrophysical objects. In the past, GL was utilize to probe super massive
black hole co evolution. In the beginning , the black holes (BHs) were known as collapsar” (short for collapsed star) the term
originated from stellar collapse, later on John Wheeler in 1967 introduced the term BH. An important conjecture given by GR in
1915 was the light must be reflected by the gravitational lens placed in between light source S and an observer O as the photon
proceeds to an observer and this process was given the name of GL, after sometime the theory was verified with the help of
experiments [11, 12]. A BH is a region of spacetime having such a strong gravity that it is impossible for the electromagnetic
radiations like light and even for the the particles to escape from it. Across the event horizon the gravity remains constant.
According to GR prediction an adequate compact mass can deform spacetime for the formation of BH. Owning to the property
that BH reflects no light it behaves as an ideal black body .

Non linear electrodynamics (NLE) theory was initially presented by Max Born [14]. Later on the theory was extended with the
cooperation of Leopard Infield [15] to the theory known as Born-Infield theory (BIT). After half century BIT was reestablished
as string theory [16]. Space time singularities causes numerous problems in GR. As a consequence, BH contain singularities and
horizon. In order to overcome these problems from the BH different techniques are applied such as gravity modification, NLE
etc. By using NLE there is a gate way to get rid of these singularities computing the regular BH solution [17]-[20].

Main aim in this paper is to work out the deflection angle of BH with many horizons [21]. To find the angle of deflection
Gauss Bonnet Theorem (GBT) will be applied on the desired BH. Currently, Gibbon and Werner (GW) come upon with the
new process known as GBT to calculate the angle of deflection of photon [22]. Moreover, it was also proclaimed by them that
this process provides an exact result for Schwarzschild BH spacetime in the weak limit approximation (WLA). Afterwards, it
has been demonstrated that GBT has produce fruitful results for computing the angle of deflection of various BHs [23]-[71].
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Additionally, let us discuss the GBT in few words. In this theorem, the topological surfaces are connected. In the initial step,
Euler characteristic and Riemannian metric is utilized and the surface domain can be selected in order to obtain the Gaussian
curvature. The expression for GBT is given as [22]

ZR BZR

Here K represents the optical Gaussian curvature. Optical surface is represented by dS . Here the the photon ray bounded the
domain except the lens. Here it is expected that the light source S and the observer O both are at a coordinate distance from
the focal point. Gaussian optical curvature that has been calculated is used to determine the angle of deflection in the weak field
limit approximation that can be expressed as follow [22]
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v is representing the angle of deflection. To obtain the v we integrate the Gaussian optical curvature for the infinite surface
(Bgr). Authors examined the influence of plasma medium on GL [72] and the influence of plasma medium on the shadows
of wormholes WHS and BHs was also deliberated by him [73]-[76]. Moreover, Turimov et al. studied the conduct of GL in
plasma medium [77]. Furthermore, the influence of the plasma medium on GL and also the shadows of BH were probed by
Chakrabatry et al. and by Atamurotov et al. [78, 79]. In addition, Hensh et al. computed the GL of Kehagias-Stefsos dense
particles under the influence of plasma [80].

In 1974, Stephen Hawking showed that a BH can emitted quantum radiations, and these radiations are known as hawking
radiations (HR)[81]. This fact was derived after studying the quantum field theory (QFT) in a BH. From QFT there is a possibility
of creation and inhalations of particle. If the pair production occurs near the BH horizon, one of particle from pair production
falling in, with the other moving away from the BH, an observer from outside see this particle as HR [82]. A BH curves a space-
time around it and according to GR, this space time act as a gravitational potential under which particle move. Some of them
are reflected back into BH and other are transmitted by BH [83]-[88]. Therefore, the HR observed by the observer from outside
of BH is different from the spreading by gravitational potential. This difference is called gray body factor (GBF) [89]. There
have been a number of studies devoted to calculate GBF such as WKB approximation method [89]-[93]. Another fascinating
methods are to bound the GBF from below [94]-[102]

The project is structured in the following manner. We started by the brief review of the basics of the desired spacetime on
which we will work. After that, optical geometry and the optical curvature will be calculated. Next section will be devoted for
the calculation of angle of deflection of the desired black hole in weak field limit by using GBT. After that, we plot the graphs
and examine the graphical behavior of the calculated angle of deflection in detail without plasma medium. The next section
contains the calculations of the angle of deflection of photon for plasma medium. Sec. 5 is basically for the determination of
the graphical impact for plasma medium on the desired BH. Moreover we worked out the equation for the lower bound of GBF
of the BH and also study its graphical conduct. The last section is the conversation regarding to the conclusions got from the
current work and the outcomes obtained from the graphical analysis.

II. NED BLACK HOLES WITH MANY HORIZONS
We begin this section with the brief review of the BHs in gravity. An action of gravity coupled with NLE can be represented
as [104]

1

[=10— [ dav=g(R+ H(p)). (1)

where
p=F,F", F,, =V,A, —V,A,.

Here, Ricci scalar is described by R, A,,, describes the Maxwell field, and g is for gravity. H () is defined as function of ¢.
The NED black holes with static and spherically spacetime has the following form [21],

ds* = —Z(r)dt* + drt +r2dQ3 ()
B Z(r) .
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Z(r) is defined as follow,
4
Z(r)=1- e s dQ3 = db? + sin? 0d¢?,

here M represents the BH mass, BH charge is represented by () and a5 indicates the coupling constant. Now inserting the value
of Z(r) in Eq.(2) we obtained following expression

2M 2 9 4 2M 2
g = — (12 @ 2007 b () 2M @
T r2 516 r 72
2a,Q*\ 2, 2102 | 2. 21,2
=6 dr® + r°df° + r*sin” 0d¢”. 3)

For static and spherically spacetime we bound ourselves to the equatorial plane (6 = 7). We should impose the condition ds?=0
to acquire BH optical metric

g2 dr? n r2d¢? @
TR s A Y A
The Gaussian curvature can be calculated by using the following expression
Rrr
K== 5)

At the end after simplifying we compute the Gaussian optical curvature of the optical metric for the given BH that is expressed
as

—2M  3Q%  42a,Q* 3M? 6MQ?
o Q* | 420:Q'  3M?  6MQ

r3 ré 5r8 ré 7o
T6MaQ*  20Q* 36Q%as
B 579 76 510 ©

and so, it can be rewritten in leading order terms as

_-2M L 3Q7 | 420Q" | M 6MQ? | 20"
3 r 5r8 r 75 76

K

III. CALCULATION OF WEAK DEFLECTION ANGLE OF NED BLACK HOLES WITH MANY HORIZONS BY
GAUSS-BONNET THEOREM

According to GBT theory the topology of the region (Bg) and the intrinsic geometry of the spacetime are linked having
boundary 0B . Now, by the use of GBT we can compute the angle of deflection of the NED black holes with many horizons as
follows [22]:

/ ICdSJrj{ kdt + " ¢; = 2nX(Br), 7
Br OBRr j

Optical Gaussian Curvature is represented by K and k is termed as geodesic curvature declared as k = cZ(Vaﬁ, #4) in a manner
that d(¥,) = 1. If v supposed to be a smooth curve then + is a unit speed vector. The corresponding exterior angle is €; at the
jth vertex. When it is assumed that R — oo, then the respective jump angles are taken as /2. Thus we obtained (0s + 0o — )
that is the total sum of the respective angles consistent to the light source S and the observer O. If the B is non singular (that
the domain is regular) then the Euler characteristic is X (Br) = 1. Hence the GBT can be rewritten as

// /cds+7{ kdt + ¢; = 27X (Bg), ()
BR 86R
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here, €; = 7 manifest that vz and the total jump angle is a geodesic as the euler characteristic number is 1 symbolized by X

Now geodesic curvature is k(Cr) =| V¢, Cr | is to be calculated. We can evaluate the radial part of the geodesic curvature as
follow:

(Ve Cr)" = ChouCh + 17, (Ch)%. 9)

For large R, Cr := r(¢) = R = const. where R represents the distance from the coordinate origin. In the last equation Iy
gives the connections related to the optical geometry. From the above equation that first term vanishes as topological effect is
not involved and the second term k(Cr) =| V, Cr | will be calculated by the use of unit speed condition.

: 1
(Ver CR)" = - (10)

k(Cr) — R~! because there is no topological effect. By availing the advantage of the optical metric dt?> = go,dz*dx?, it can
be stated that dt = Rdi. Hence, we can write that

k(Cp)dt = %Rdw. (11)

All the above outcomes after combining showed the following result

Y+
/ icds+7{ kdt:// ICdS—i—/ di). (12)
Br OBRr Seo 0

For getting the deflection angle in the weak deflection region at Oth order the light ray obeys a straight line approximation and is
expressed as 7(t) = b/ sin¢.The angle of deflection of photon takes the following form [22]:

v = —/ / KA/ detgdrdi, (13)
0 Jb/siny

v/detg can be expressed as follow

2 4
ety = v = M 3@ 3aQ7, (14)
T

272 576

By manipulating the above relation and inserting the values of Gaussian curvature Eq. (9) into Eq. (13), angle of deflection
can be stated as:

_AM 3Q%r | 15Q't  8MQ?  TQYayr | 12MQ*

L AM 15
TR T T T et T 3 1665 500 (15

IV. GRAPHICAL INFLUENCE OF ANGLE OF DEFLECTION ~ ON NED BLACK HOLES WITH MANY HORIZONS

In this portion, graphical behaviour of the deflection angle v on NED black holes with many horizons is studied. The physical
significance of these plots is also demonstrated to study the impact of various parameters on the deflection angle by giving
variations to BH charge, impact parameter and coupling constant.
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Figure 2: v vs b.
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Figure 3: v vs Q.

A. Angle of Deflection ~ vs impact parameter b

* Fig 1 represents the behavior of v versus b by fixing M and then by fixing () and varying a respectively. The domain of
the impact parameter is takentobe 0 < b < 5

1. In the left plot, it can be perceived that attained angle is constantly uniform for small variations of a.

2. In the right plot, it can be seen that attained angle in case of variations of « is initially decreasing but as we variate
the coupling constant it starts decreasing negatively when we selecta > 2.

* Fig 2 presents the behavior of v versus b by fixing a. It demonstrates « conduct for varying () and then changing the
values of M respectively.

1. The left graph evince that the angle of deflection in case of small variations of () is decreasing uniformly.

2. The right graph shows that angle of deflection in case of small variations of M is gradually increasing .

B. Deflection angle v vs BH charge ()

* Fig 3 shows the behaviour of y versus () by fixing a and varying b. It also exhibit the conduct of by fixing b and varying
a respectively.

1. In the left graph, it can be observed that angle of deflection is exponentially decreasing by giving large variation to
b. v is rapidly declining for the variation 4 < b < 5.

2. In the right graph, we examined that attained angle v decreases when we variate the coupling constant.

V. EFFECT OF PLASMA ON WEAK DEFLECTION ANGLE ~ OF NED BLACK HOLES WITH MANY HORIZONS

The section is organized basically to illustrate the impact of the angle of deflection by NED BH in plasma medium. For this
desire we consider the NED BH in plasma having refractive index [103],

2
2 We (’I")
=1- . 16
SN 1o
The corresponding refractive index is as follow
w?
n(r) =41 ——-Z(r). (17
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Here, w, represents the electron plasma frequency and w, represents photon frequency respectively. where the corresponding
metric function is expressed as

1
Z(r)

ds? = —Z(r)dt* + dr® + r?dQ;3 (18)

and

As the source and observer both are in the tropical plane having(¢ = 7). For null geodesics we implement that ds?=0. As
before the corresponding optical metric yields that

dr? r2dd?
d2: optdwdy:2 19
g gzy xz xz n ZQ(T) + Z(T) 9 ( )
The determinant (gggt), of the above optical metric will be as follow:
2 2 2 2 4 2
opt We We Q We a?Q We
\/gﬂc’z :T(l— wgo)+M(3_ wgo)_g(g_ wgo)_ 575 (3_ wgo) (20)
By using Eq. (19),we can determine the following three non-zero christofell symbols
w2Z _ w2z, Z'w?
F80:(1+w2 )|:Z/Z 1(17 2 )2w2:|’
2 2 17—1 2 102
1 wiZ | _4 w2 747 wiZ Z'w
My =1+ 250 - 7 - Zo—q - o) - 2
and
Zuw? Zw? r2z’ Zw? 127 7'w?
0 _ e e e e
i, =0+ go)[—vﬂZ(l— wgo)+ 5 (1- oJgo)JrT oL ]
Gaussian optical curvature can be evaluated by utilizing the above Christoffel symbols and the expression for K can be written
as follow
Ry (g0
K= M, 1)
det(gzy )

with the help of Eq. (21) in the weak field approximation Gaussian curvature can be stated as:

2M  3Q% 6MQ? 2Q4+42Q4a2 76Q*May  w? (_BM

K= -+

73 rd b 76 5r8 579 w2, r3

2 26 M Q2 10Q*% 2304 M 4 24Q* M
5Q°  26MQ*  10Q' 23Q'M | 78Q'a; 324Q'Maz) o)
rd rd r6 r7 5r8 579

By utilizing GBT angle of deflection can be computed and compared with the obtained expression of angle of deflection for
non-plasma. We use the fact the light beams follows a straight line approximation and compute the angle of deflection for
plasma case utilize the condition at Oth order r =

siny *
™ R
7= - lim - Kds 23)

By making use of Eq. (12) and after simplification the angle of deflection of the desired BH for plasma case can be takes the
form;

_4AM 3m@*  8MQ*  15Q'm  12MQ* TQ'may | w? <2M

b 4b2 363 64b% 5b° 1665 w2 \ b
mQ* | 2MQ*  3mQ' 2Q'M 3Q4a27r> 24)
202 b3 16b4 3b° 816

w?

It is obvious from the above equation that if we take
removed.

—5 = 0 then it reduces to the equation 30 and the effect of plasma is
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VI. GRAPHICAL ANALYSIS FOR PLASMA MEDIUM

The main motive of the section is to analyze the impact of plasma on the angle of deflection ~. The physical consequences of
the plots are also reviewed in order to investigate the influence of plasma. Moreover, here we make a supposition i-e ~==10" !
and vary the impact parameter b, mass M of the BH, coupling constant a; and BH charge () to examine the conduct of v by
plotting the graphs.
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Figure 3: v vs Q.
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A. Deflection angle v vs Impact parameter b

« fig 1 exhibits the behavior of v versus b by fixing ) and M and varying a respectively.

1. The left graph demonstrate the phase of v versus b. The angle of deflection is declining for small values of a.

2. The right graph exhibits that the obtained angle  for fixed M and small variations of a is constantly uniform.

* Fig 2 shows the behavior of « versus b by fixing a and varying (). It also shows the conduct of - by fixing a and giving
variation to M respectively .

1. It can be examined that in the left graph the angle of deflection has small variations of () is decreasing uniformly.

2. It can be examined that in the right graph the achieved angle for small variations of M with a = 5 is gradually
increasing.

B. Deflection angle v vs BH charge ()
* Fig 3 shows the behavior of ~ versus () by fixing b and by varying a. It also shows  conduct by fixing a and varying b
respectively .

1. In the left graph, it can be analyzed that angle of deflection for small variations of a decreases.

2. In the right graph, it can be examined that angle of deflection is declining exponentially for small variations of b.

VII. COMPUTATION OF GREYBODY FACTOR OF 3
HORIZON BH

The NED black hole with many horizons can be stated as,

2

ds? = —Z(r)di? + T

20702 1 o2 742
70 + 7r%(df” + sin” 0d¢*),

where the metric function is defined as

The horizons of the metric Z(r) are calculated numerically [21]. After the calculations, ry = 1.67 is the outer horizons of the
NED black hole.
The Schrodinger like equation can be written as
d2+2v()¢ 0 (25)
— +w =V(r =
dr?

and here dr, = %dr and V(r) in the above equation is expressed as

2(0,2(1) | p2(0)

V(r)= (26)

The bound of GBF is expressed as

o 1 [T V()
TZ sech (2&) /T+ T’I‘)dr* (27)

Here frequency is represented by w and angular momentum is represented by [.
After the substitution of the potential the bound becomes

T = sech? <21 /:(&Z(T) L 1))dr> (28)

N——

W r r2
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later when the integral is solved and the value of r is substituted we obtain,

0.5988021(1 + 1) + 0.358564M — 0.143139Q2 — 0.0094645a5Q*

T > sech2[ 5
w

] (29)

Hence we have worked out the expression for the lower bound of the NED black holes with many horizons,

VIII. GRAPHICAL STUDY OF THE GREY BODY BOUND OF NED BLACK HOLES WITH MANY HORIZONS

This section is basically organized to study the graphical effect of the lower bound on NED black holes with many horizons.
The physical relevance of these figures is also illustrated to analyse the effect of parameters on the rigorous bound by giving
variation to the values of the coupling constant of the BH.

A. Rigorous bound 7} vs omega w

0.6 -
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4 0.0 -~ 4
T T T T Y Y S S S S Y S S S
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.00 0.05 0.10 0.15 0.20 0.25 0.30
w w

Figure 1: T} vs w.

* Fig 1 represents the behavior of T}, w.r.t w when mass M, charge (Q and [ are given a fixed value and changes are made in
a respectively. The domain of the is taken to be 0 < w < 0.30

1. In the first graph, it can be observed that the bound 7} is declining uniformly for large variations of a.

2. In the second graph, it can be seen that attained bound in case of negative variations of a is decreasing uniformly.
Hence in both the cases the grey body bound 75, is declining.

IX. CONCLUSION

In the present work, we immensely investigated the angle of deflection v for NED BH for plasma and non plasma medium.
For this, we initially consider the light ray on the equatorial plane. Afterthat, we apply the theorem proposed by GW known as
GBT (a new geometric technique), by using straight line approximation to obtain the angle of deflection for the desired BH. By
the integration of a a domain area outside the impact parameter b the deflection angle  of light has been attained from where it
depicts that GL has both the global and topological influence and is a well built technique to analyze the major singularities of
BH. We concluded that the obtained angle ~ of deflection decreases for increasing the impact parameter b. Hence, the computed
deflection angle (30) is as follow

_AM 3Q%m | 15Q'w  8MQ*  TQYaym  16MQ*

b 42 64b% 303 1665  5b° (30

From the above mentioned equation we can be stated that the attained angle is based on mass, BH charge, coupling constant and
on impact parameter. Also, it is clear that for the selection of a=0 in above mentioned equation, the calculated deflection angle
~ diminish into Schwarzschild deflection angle only to the first order term. The graphical behavior of achieved angle has also
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been probed by the desired BH . Moreover, by the consideration of homogenous plasma medium the angle of deflection of light
has also been computed by desired BH for plasma case. Deflection angle of light for plasma case can be stated as:

€

_4AM 3rQ? B SMQ? 15Q%r  12MQ* B TQ*7as  w? (2]\/[

b 42 33 64b4 5b5 1665 w2 \ b
Q%  2MQ? B 3rQ* B 20 M - 3Q%aom 31)
2b2 b3 1664 3b° 8b6

in order to remove the plasma impact we neglect (== — 0), Eq. (31).
reduce into Eq. (30). =
The graphical conduct of the obtained angle has also been demonstrated by giving variation to coupling constant, impact param-
eter, BH charge and to the mass. The consequences achieved from the interpretation of deflection angle stated in the paper are
summed up as follows:

Deflection angle v and Impact parameter:

1. In our analysis the achieved angle is constantly uniform by giving small variations to a and fixed M = 1.

2. It is observed that the achieved angle for both large and small variation of coupling constant a decreases gradually that
exhibit the unstable behavior.

3. It is noticed that the attained angle -y is gradually increasing by giving different variations to BH mass M.
Deflection angle v and Black hole charge:

1. It is examined the attained angle v to be exponentially declining by the small variations to impact parameter.

2. It is also noticed that attained angle ~y to be gradually declining by the small variations to coupling constant.

After that we have obtained the following expression for the bound 7} which exhibit that the bound depends on the mass, charge,
coupling constant, w and 1.

0.598802((1 + 1) + 0.358564M — 0.143139Q2 — 0.0094645a,Q*
2w

T > sech?| ] (32)

Moreover we plot the graphs of T3, w.r.t w.

1. The first graph shows that the bound 7} is declining uniformly for small variations of a.

2. The second graph manifest that attained bound in case of negative variations of a is decreasing smoothly.
It can be concluded that in both the situations the grey body bound 7} is decreasing.
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