Holomorphic Yukawa Couplings
in Heterotic String Theory

Stefan Ionut Blesneag
Wadham College
University of Oxford

A thesis submitted for the degree of
Doctor of Philosophy

Trinity 2021



Holomorphic Yukawa Couplings
in Heterotic String Theory

Stefan Ionut Blesneag

Wadham College
University of Oxford

A thesis submitted for the degree of
Doctor of Philosophy

Trinity 2021

This thesis is concerned with heterotic Eg X Fg string models that can produce quasi-
realistic N = 1 supersymmetric extensions of the Standard Model in the low-energy
limit. We start rather generally by deriving the four-dimensional spectrum and La-
grangian terms from the ten-dimensional theory, through a process of compactifica-
tion over six-dimensional Calabi-Yau manifolds, upon which holomorphic poly-stable
vector bundles are defined. We then specialise to a class of heterotic string models
for which the vector bundle is split into a sum of line bundles and the Calabi-Yau
manifold is defined as a complete intersection in projective ambient spaces.

We develop a method for calculating holomorphic Yukawa couplings for such mod-
els, by relating bundle-valued forms on the Calabi-Yau manifold to their ambient space
counterparts, so that the relevant integrals can be evaluated over projective spaces.
The method is applicable for any of the 7890 CICY manifolds known in the litera-
ture, and we show that it can be related to earlier algebraic techniques to compute
holomorphic Yukawa couplings. We provide explicit calculations of the holomorphic
Yukawa couplings for models compactified on the tetra-quadric and on a co-dimension
two CICY. A vanishing theorem is formulated, showing that in some cases, topology
rather than symmetry is reponsible for the absence of certain trilinear couplings. In
addition, some Yukawa matrices are found to be dependent on the complex structure
moduli and their rank is reduced in certain regions of the moduli space.

In the final part, we focus on a method to evaluate the matter field Kahler potential
without knowing the Ricci-flat Calabi-Yau metric. This is possible for large internal
gauge fluxes, for which the normalisation integral localises around a point on the
compactification manifold. We illustrate the procedure on CICYs embedded in the

ambient space P! x P3, and express our result in terms of globally defined moduli.
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Introduction

The search for a fundamental theory beyond the Standard Model of elementary par-
ticles has produced an impressive number of predictions and hypotheses. Perhaps
the most important ones are supersymmetry, a symmetry which relates bosons and
fermions, and grand unification, which implies the convergence of the three gauge cou-
plings of the Standard Model into a single value at high energies, Mgyt ~ 10! GeV.
The next step towards creating a Theory of Everything is to incorporate gravity in
a quantum framework that is free of ultraviolet divergences and to propose a unified
description of the four fundamental interactions. To date, string theory is the most
successful attempt towards realising these goals.

In superstring theory, point-like particles are superseded by vibrating strings and
the space-time is predicted to be ten-dimensional, with the six extra spatial dimen-
sions remaining unobserved, given the scales currently probed. Furthermore, the
cancellation of ten-dimensional gauge and gravitational anomalies is possible only for
two select gauge groups — SO(32) and Eg X Eg — as it was originally demonstrated
by Michael Green and John H. Schwarz in 1984 [1]. Their discovery led to the de-
velopment, in the following year, by David Gross, Jeffrey Harvey, Emil Martinec and
Ryan Rohm [2-4] of the heterotic Eg x Fg string theory, which is phenomenologically
one of the most promising superstring theories. In the low energy limit, this theory
can give rise to N = 1 supersymmetric models of chiral particles, for which the gauge
group is embedded into one Fg factor, while the other Fjy is interpreted as the “hid-

den sector”, where supersymmetry can be spontaneously broken. The goal of string



phenomenology is to investigate under which circumstances the precise configuration
of the Standard Model is obtained, so that string theory can be connected to measur-
able physics and the realm of falsifiable predictions. This could solve many problems
that the Standard Model itself seems to present. For example, seemingly arbitrary
features such as the number of particle families and the hierarchy of particle masses
may arise from the underlying structure of the ten-dimensional theory.

In this thesis, we will pursue Eg x FEg heterotic string model building by com-
pactifying on Calabi-Yau manifolds [5-8]. The motivation for compactifying on such
spaces is that we want to preserve N = 1 supersymmetry at low energies, so that
the Higgs mass can be stabilised!. To be precise, we only want N = 1 and not ex-
tended N > 2 supersymmetry in 4d, because those extended theories cannot produce
chiral fermions. In the simplest case where the NS flux is set to zero, the Calabi-
Yau manifolds turn out to be the only class of compact manifolds that satisfy the
Killing spinor equations in the low energy limit, thus ensuring N = 1 supersymmetry.
Heterotic Calabi-Yau compactification models are well-known in the literature and
have been shown to produce the spectrum of the Minimal Supersymmetric Standard
Model (MSSM) [14-24]. In recent years, a sizeable database of phenomenologically
viable models has been produced through an algorithmic scan over large classes of
compactifications [25-27]. Given that compactifications with the correct spectrum
can now be readily engineered, one of the most pressing problems is the calculation
of Yukawa couplings for such models.

As known from the Standard Model, Yukawa couplings describe interactions be-
tween fermions and the Higgs field, thus generating quark and lepton masses when
the electroweak symmetry is spontaneously broken. Understanding these couplings
as structurally connected to the geometry of the extra dimensions could prove that
the masses we encounter in particle physics are not arbitrary, but rather reflect the
inner geometry of the Universe. Unfortunately, the calculation of Yukawa couplings
for geometric compactifications of the heterotic string is not straightforward, even at
the perturbative level, and relatively few techniques and results are known [28-36].
The task of computing the physical Yukawa couplings for such models can be split
up into two steps: the calculation of the holomorphic Yukawa couplings, that is, the
couplings in the superpotential, and the calculation of the matter field Kahler poten-

tial. The former relates to a holomorphic quantity and can, therefore, to some extent

!Even though supersymmetry has not been detected at LHC scales, so that the supersymmetric
solution to the hierarchy problem is not completely natural anymore, it still helps bridging much of
the hierarchy between the Planck and the electroweak scale.



be carried out algebraically, as explained in Refs. [29, 35]. However, the matter field
Kahler potential is non-holomorphic and its algebraic calculation does not seem to be
possible — rather, it is likely that methods of differential geometry have to be used.?
At present the matter field Kéahler potential has not been worked out explicitly for
any case other than the standard embedding model (where it can be expressed in
terms of the Kdhler and complex structure moduli space metrics).

The purpose of this thesis is to expand the knowledge that we have about holomor-
phic Yukawa couplings in heterotic string theory, by proposing a method to compute
these couplings for a specific class of string models, namely for line bundle models
on Complete Intersection Calabi-Yau (CICY) manifolds. The method is presented in
Chapters 3 and 4 in a generalised form and then applied to specific examples. As
a secondary objective, we also develop in Chapter 5 a method for calculating the
matter field Kahler potential in a very restricted scenario, where sufficiently large
flux can lead to localisation of the matter field wave function. It still remains to
be seen whether such an approach can meet all the phenomenological requirements.
Nevertheless, we hope that our techniques will eventually lead to a framework where
physical Yukawa couplings are reliably extracted from various geometrical models.

The structure of the thesis is as follows. In Chapter 2, we lay down the background
material, starting with some relevant concepts from the Standard Model and the
physics that is expected beyond it (supersymmetry, grand unification). Later on, we
present the Fg X Fg heterotic string theory and the mathematical apparatus that
is used for compactification. The chapter then explains how to recover the four-
dimensional spectrum and Lagrangian terms from the ten-dimensional theory, in order
to enable a comparison with the observable physics.

In Chapter 3, we develop techniques, based on differential geometry, to compute
holomorphic Yukawa couplings for heterotic line bundle models on Calabi-Yau man-
ifolds defined as hypersurfaces in products of projective spaces. Our methods are
based on constructing the required bundle-valued forms explicitly and evaluating the
relevant integrals over the projective ambient space. It is shown that the rank of the
Yukawa matrix can decrease at specific loci in complex structure moduli space. In
particular, we compute the up Yukawa coupling and the singlet-Higgs-lepton trilinear
coupling in the heterotic standard model described in Ref. [40].

In Chapter 4, we generalise the results of Chapter 3, by applying similar techniques

to higher co-dimension Complete Intersection Calabi-Yau manifolds. A vanishing

2See Refs. [85-87] for recent progress in this direction.



theorem, which we prove, implies that certain Yukawa couplings allowed by low-
energy symmetries are zero due to topological reasons. To illustrate our methods, we
calculate Yukawa couplings for SU(5)-based standard models on a co-dimension two
complete intersection manifold.

In Chapter 5, we propose an analytic method to calculate the matter field Kahler
metric for line bundles models with large internal gauge flux. In this case, the integrals
involved in the calculation localise around certain points on the compactification
manifold and, hence, can be evaluated approximately without precise knowledge of
the Ricci-flat Calabi-Yau metric. In a final step, we show how this local result can
be expressed in terms of the global moduli of the Calabi-Yau manifold. The method
is illustrated for the family of Calabi-Yau hypersurfaces embedded in P! x P* and we
obtain an explicit result for the matter field Kéhler metric in this case.

The work presented in this thesis is drawn from three research papers. More

precisely, Chapter 3 is based on

e S. Blesneag, E. I. Buchbinder, P. Candelas and A. Lukas, Holomorphic Yukawa
Couplings in Heterotic String Theory, JHEP 1601 (2016) 152. [120]

Chapter 4 is based on

e S. Blesneag, E. I. Buchbinder and A. Lukas, Holomorphic Yukawa Couplings
for Complete Intersection Calabi-Yau Manifolds, JHEP 1701 (2017) 119. [121]

Chapter 5 is based on

e S. Blesneag, E. I. Buchbinder, A. Constantin, A. Lukas, E. Palti, Matter Field
Kahler Metric in Heterotic String Theory from Localisation, JHEP 1804 (2018)
139. [122]

The Appendices A, B, C, D are also based on materials from the above-mentioned

research papers and contain more technical background to support the calculations.



A String Theory Odyssey

The purpose of this chapter is to provide an overview of the background that is re-
quired for computing Yukawa couplings in heterotic string theory. We start with
the Standard Model and what motivated physicists to search for a theory beyond it,
then we continue with a review of supersymmetry and grand unification, culminating
in the Fg x FEg heterotic string theory and its ten-dimensional N = 1 supergravity
limit. At that stage, it will become evident that several tools from topology and
complex geometry are needed. Therefore, we will provide a summary of the math-
ematics that is used throughout the thesis. Finally, the last part of the chapter is
dedicated to the process of compactification, in an attempt to reconnect the high-
energy ten-dimensional theory back to the four-dimensional physics from which we
started. However, the search for the correct model is not free of phenomenological
problems, the most obvious one being the presence of gauge-neutral moduli scalars
in the spectrum of compactification. Such fields cause vacuum degeneracy, so they
need to be stabilised (see, for example, Refs. [47, 48]). Moreover, correlating physical
parameters to quantities from the 10d theory is particularly difficult, given that the
latter depend on the unknown geometry of the extra dimensions. As it turns out,
information about the spectrum and the holomorphic Yukawa couplings can be ex-
tracted from less specific, quasi-topological properties of the internal manifold, while
still leaving field normalisation unresolved. Proving this will become our main goal
by the end of the chapter.



2.1 Yukawa Couplings in the Standard Model

Formulated in the early 1970s as a quantum field theory with symmetry group
Gsy = SU(3) x SU(2);, x U(1)y, the Standard Model has proven to be extremely
successful for describing particle physics at energies up to the TeV scale. Its remark-
able performance, demonstrated through decades of experimental testing, lies in its
ability to accurately predict the interactions of all known elementary particles under
three of the four fundamental forces — strong, weak and electromagnetic. More pre-
cisely, the SU(3) part of the gauge group describes Quantum Chromodynamics, or
the theory of the strong interaction, while the SU(2), x U(1)y part is responsible
for the electroweak theory. In the Standard Model, these interactions are realised
through the exchange of 12 vector bosons (8 gluons and 4 electroweak gauge bosons),

which are in the adjoint representation of their corresponding gauge groups
GLM’S = (87 1)07 W172’3 = (17 3)07 B = (17 1)07 (21)

where the notation (a, b). corresponds to (SU(3),SU(2)) representations with sub-
script for the U(1) charge. Matter is described by three generations of Weyl fermions

(quarks and leptons), each carrying a representation of Ggy

Ii— (”ZL> S (L,2) 1 ¢ = (ch) = (L,1)1, (2.2)

where generation number is labeled by ¢ = 1,2,3 and, by convention, charge con-
jugation is applied on right-hand components in order to represent everything as
left-handed. From these expressions one can see that the left- and right-hand Weyl
fermions transform differently under the electroweak gauge group, which means that
the Standard Model is a chiral theory. The Lagrangian used to encode all the infor-

mation about the dynamics of the particles contains the following kinetic terms

1 1 1
Lo = = 3T (GG = ST W W] = S F P+
3
+iy _ [QDQ + 7 Pu’ +d'Pd' + L'PL' + & Pe'] | (2.3)

=1

where G,,,,, W, and F),, are the field strengths of the three gauge fields and ) = 5D,

is the Dirac operator. As a consequence of gauge invariance, no explicit mass terms



such as meLwR or m3, WHW, are permitted, so the only way fermions and gauge
bosons can acquire mass is through the spontaneous breaking of the electroweak
symmetry. This is realised through the Higgs mechanism, with the introduction of
a scalar Higgs field H = (H°, H~)", which is a (1,2)_;, representation of Gsy and
has the potential energy

V(H)=—p?’H'H + \(H'H)?. (2.4)

Because of its non-vanishing vacuum expectation value (H) = (v/v/2,0)7, the Higgs
field breaks SU(2), x U(1)y — U(1)em at a scale of around v = p/v/A = 246 GeV,
such that the well-known electric charge is given by the combination Qe =15+ Y,
where T35 = £1/2 is the weak isospin of SU(2),, and Y is the weak hypercharge. The
kinetic term of the Higgs, D" H' D, H, is responsible for electroweak boson mass terms
in the effective Lagrangian (three massive bosons W*, Z and one massless photon).
More explicitly, the three would-be Goldstone bosons of the spontaneously broken
SU(2), x U(1)y symmetry are “eaten up” or absorbed to become the longitudinal
components of the three massive gauge bosons. On the other hand, fermions acquire

mass from interactions with the Higgs, described by the Yukawa terms
LM =YIQu;H, + Y, Qdjeqy H' + Y7 Liejeq H® + h.c. (2.5)

where “h.c.” stands for “Hermitian conjugate”, a,b = 1,2 label the SU(2); com-
ponents and €4, is the Levi-Civita tensor (see also Ref. [49]). As one can see from
this formula, the Yukawa couplings Yﬁi’e dictate the structure of fermionic mass ma-
trices m? = Y;j v/v/2 in the low energy limit. These matrices are expected to be
non-diagonal, since weak interaction eigenstates act as a mixture of mass eigenstates
both in the quark and lepton sector. For quarks, the mixing is realised through the
unitary CKM (Cabibbo — Kobayashi — Maskawa) matrix, which is parametrised by
three angles and one CP violation phase. In the case of the leptons, a similar PMNS
(Pontecorvo-Maki-Nakagawa—Sakata) matrix is introduced, however it is important
to note that in this case, the Standard Model has to be extended to include mecha-
nisms that explain neutrino mass, usually by assuming the existence of heavy sterile
right-handed neutrinos, N*. In the Minimally Extended Standard Model for exam-
ple, the N generate effective 5-dimensional Weinberg operators y>?LHHL/My, due
to neutrino Yukawa interactions y* LiNjP_[ , thus inducing small Majorana neutrino
masses m,, ~ y*v?/My, where My > v is the mass scale of the N*. This is just one

of the many possible realisations of the so-called “seesaw mechanism”.



Finally, one remarkable feature of the Standard Model is the automatic cancel-
lation of gauge anomalies. These anomalies, which are violations of gauge symme-
tries under quantum corrections, could in principle arise from triangle loops of chiral
fermions contributing to triple gauge-boson vertices. For example, for the [U(1)y]?
coupling, the anomaly is proportional to Tr(Y?), while for the non-abelian [SU(n)]?
coupling it is proportional to Tr(7,{Ty, T.}), where the T, are the generators of SU(n).
Further anomalies arising from U(1)y[SU(n)]? triangles are written as summations
Tr(Y)r over the left-hand fermions (n = 2) and Tr(Y'), over the quarks (n = 3),
while mixed anomalies, which involve both gauge and gravitational interactions, have
a total factor of Tr(Y'). It can be shown that the structure of the Standard Model,

as described by (2.2), ensures that all these anomalies are canceled.

2.2 Beyond the Standard Model

Despite its experimental success, the Standard Model cannot be the complete descrip-
tion of our Universe because of various compelling reasons. First of all, it neglects
gravity, thus acting as an effective theory at energies much lower than the Planck scale.
The established theory of gravity, General Relativity, is in fact incompatible with the
quantum framework of the Standard Model and is proven to be non-renormalisable.
Moreover, the Standard Model fails to provide an explanation for the existence of
dark matter and dark energy, which constitute about 22% and 74% of the Universe.
It fails to explain why the cosmological constant is so small (A ~ 107'2eV*) compared
to the quantum field theory estimation which is 120 orders of magnitude higher.

Another factor that makes the Standard Model seem incomplete is the fact that its
dynamics depends on 19 free parameters (the three gauge couplings, the nine quark
and lepton masses, not including neutrinos, the three CKM mixing angles, the CKM
CP-violating phase ¢, the CP-violating strong-interaction parameter dqcp, the Higgs
vev v and the Higgs self-coupling \), all of which have to be derived from experiment,
without any theoretical insight into their origin. If one were to accomodate neutrino
oscillations, the resulting model would require nine additional parameters (masses,
mixing angles and CP-violating phases), thus complicating the problem even further
[50]. Overall, one does not know why the U(1)y charges take the values that they do,
or why there are precisely three generations of quarks and leptons.

Further problems come from what is called “naturalness” or the idea that physical
parameters should naturally be of the same order, otherwise a reasonable explanation

has to be given for their hierarchy. For example, the large discrepancy between the



weak force and gravity constitutes the principal hierarchy problem of the SM. It is
unknown why the electroweak scale My, ~ 10? GeV is so many orders of magnitude
smaller than the Planck scale Mp ~ 102 GeV. Given the fact that the Higgs mass
can receive quantum loop corrections which are proportional to the cut-off scale, so
that Am?% = O(A2, ), one would expect my to be much closer to Mp, unless an
underlying mechanism ensures that the sum of all these corrections vanishes. It is
also unclear why the strong CP-violating angle 0qcp is so small compared to the
CKM CP-violating phase. Experimental limits of the neutron electric dipole moment
set |Aqop| < 10719 which constitutes the strong CP problem. Last but not least, it
is a mystery why the SM particles seem to obey a hierarchical pattern, with masses
varying from around 1 eV for the neutrinos and 0.5 MeV for the electron to 173 GeV
for the top quark.

As a consequence of these unanswered questions, physicists are searching for ex-

tensions of the Standard Model at higher, yet unexplored energies.

2.2.1 Supersymmetry and the MSSM

Supersymmetry (SUSY) is the only possible non-trivial’ extension of the Poincaré
algebra of special relativity, as it is inferred from the Haag-V.opuszanski-Sohnius gen-
eralisation [51] of the Coleman-Mandula no-go theorem [52]. As such, supersymmetry
looks promising as a possible symmetry of nature. Being a graded-Lie algebra, it is re-
alised through the introduction of N spinorial generators Q4, A = 1,..., N, and their
Hermitian conjugates Q4, which satisfy certain anti-commutation relations. However,
in all future discussions, we will only consider the simple case, N = 1, for which the

algebra is given by

{Qm@d} = QUZQPW {Qm Qﬂ} =0, {@dvaﬁ} =0, (26)

where P, is the generator of spacetime translations and «, & = 1, 2 are spinor indices.
In the framework of supersymmetry, every particle has a superpartner whose spin
differs by half an integer, so that a fermion is transformed into a boson and vice versa,

through the action of the supersymmetric generator. Schematically,

56 ~ e, 5 ~ €0, (2.7)

for a boson field ¢ and a fermion field ¢, where ¢* is an infinitesimal, anticommuting,

constant spinor, parametrising the transformation. Particles which are superpartners

!By non-trivial we mean an extension that is not simply a direct product between the Poincaré
group and an internal group.



of each other are grouped together into supermultiplets (irreducible representations
of the SUSY algebra) and have the same mass, although after supersymmetry is bro-
ken, some of them can become significantly heavier, thus explaining why they are
not observed. There are different types of supermultiplets: those with spin (1/2,0)
are called chiral multiplets, because they contain chiral fermions and their superpart-
ners, while those with spin (1,1/2) are called vector multiplets, containing vector
bosons and their superpartners. Any given supermultiplet can be written as a super-
field, i.e. a function of the spacetime coordinates x* and some fermionic dimensions
{6%, 6%}, 412 called Grassmann numbers. Together, the coordinates (z*,6%, §%)
parametrise the eight-dimensional superspace. With these notations, the action gov-
erning the dynamics of n chiral superfields ® = (¢/,¢!), I =1,...,n,inadd N =1
SUSY theory, is generally expressed as

S = / d'r / PPOPOK (DT, 1T + ( / d'x / d*OW (®1) +h.c.) : (2.8)

where W is the superpotential — a holomorphic function providing Yukawa and mass

terms
W = A\ ® @77 + M ;0707 (2.9)

while K is the Kahler potential, a general real function, which gives rise to kinetic
terms of the form G ;0"¢™0,¢” and iGy ' Py, where Gp; = %ﬁ%. It is im-
portant to note here that the Yukawa couplings A\;;x of the superpotential and the
physical Yukawa couplings Y;;x of Eq. (2.5) can be identified only if the kinetic
terms are brought to a canonical form, through an appropriate field redefinition,
®! — & = U’ ;@7 where U’ is a unitary matrix. Otherwise, if for example lack of
knowledge about GG;; prevents such a redefinition to be applied, A\j;x are to be re-
ferred to as holomorphic Yukawa couplings, to distinguish them from Y7 ;. Return-
ing to the supersymmetric action, the term corresponding to vector supermultiplets

reads
S = / d'z / A0 fup(PHYW WP + h.c., (2.10)

where W* is the “field strength” chiral superfield and f,, is the holomorphic gauge
kinetic function, with indices a,b running over the adjoint representations of gauge

groups in the theory.

One of the main benefits of supersymmetry is that it solves the fine-tuning prob-

lem of the Higgs mass, by canceling UV divergences pair by pair, since bosonic and
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fermionic superpartners contribute with opposite signs. It is for this reason that the
study of supersymmetry is so relevant for the Standard Model. Naturally preserving
the electroweak scale at 10> GeV means that SUSY has to be encountered at ener-
gies of several TeV [53]. The simplest extension, involving the smallest field content,
is called the Minimal Supersymmetric Standard Model (MSSM). In this model, ev-
ery SM particle is interpreted to be an element of an N = 1 supermultiplet along
with its yet undiscovered partner, so that Q?, u’, d* are redefined to represent quark-
squark pairs, L? and e’ denote lepton-slepton pairs, while G, W and B are the gauge
boson-gaugino pairs. The fermionic partner of the Higgs, the higgsino, would up-
set the anomaly cancellation conditions Tr(Y"), Tr(Y?) = 0 and it is for this reason
that supersymmetry has not one, but two Higgs supermultiplets H, = (H, , H®) and
H, = (HY, H; ), with opposite hypercharges that cancel the anomalies. The MSSM

superpotential containing the Yukawa couplings and the Higgs mass term reads
W =Y 9Qu;H, + Y, Qid;jHy+ Y Lie; Hy + puH,Hy. (2.11)

It can be shown that the holomorphicity prevents the superpotential from being renor-
malised at any order in perturbation theory [54][55]. This is because all perturbative
corrections are real (non-holomorphic), therefore they cannot modify a holomorphic
quantity such as W. Another consequence of the holomorphicity of W is that Yukawa
terms involving the conjugate of the Higgs field are no longer permitted, as they were
in Eq. (2.5), therefore the introduction of two Higgs superfields H, and Hj is nec-
essary to ensure all matter fields receive a mass [56]. As for the mass parameter
responsible for electroweak symmetry breaking, it leads to a naturalness problem (the
“p-problem”), when one tries to understand why p < Mp. In principle, the MSSM

superpotential could also include other renormalisable terms of the form
Wy = 89" LiLjex + 8" LiQydy, + 5" wid;dy. + o' LH,, (2.12)

where «, 3, 8 and " are the couplings of the interactions, however these terms
would violate lepton and baryon number, thus allowing fast proton decay, so they
should be ruled out. One way of doing this is by imposing a discrete global symmetry
R = (—1)3B=1)+2s which is known as R-parity, where s is the spin of the particle
and B and L are baryon and lepton numbers. For SM particles R = 1, while for their
superpartners R = —1. As R-parity is conserved, this would mean that the lightest
superpartner (LSP) is a stable particle and in fact it is considered a candidate for
dark matter. Typically the LSP is deemed to be the neutralino, a linear combination

of the neutral electroweak gauginos and the neutral higgsinos.
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On a final note, if supersymmetry is indeed a symmetry of nature it is clear that
it must be broken at a certain energy scale Msysy, given that none of the predicted
superpartners have been observed. In general, SUSY breaking translates into the
requirement that certain auxiliary fields F; = —9W/0¢' and D?, associated to chiral
and vector supermultiplets respectively, acquire non-zero vacuum expectation values

(F}), (D) # 0. This is equivalent to saying that the potential energy
1
V= P+ (D) (2.13)

is non-zero. In the MSSM however, supersymmetry cannot be broken spontaneously,
otherwise the cancellation of quadratic divergences would not occur. Instead, one
has to break supersymmetry “softly”, by introducing explicit SUSY-breaking terms
in the Lagrangian. Such terms, like the scalar mass term mégﬁ*gb, the gaugino mass
term MM\ and the bilinear and trilinear scalar couplings b ¢;¢; and a'*¢;¢;¢, are
believed to be the effective result of an underlying SUSY breaking mechanism that
occurs in a hidden sector and is communicated to the MSSM via some messenger
fields. One can think of the hidden sector as a collection of singlets under Ggy
which interact with the SM particles very weakly, for example through gravity. In
string theory, a common interpretation is that the hidden and visible sectors are
geometrically separated — they live on different branes separated by extra dimensions
and the messenger fields propagate between them, in the bulk [57]. In any case,
the great inconvenience of the soft SUSY breaking is that it introduces 105 new free
parameters (masses, phases, mixing angles) in addition to those already found in the
Standard Model. This degree of arbitrariness in the Lagrangian makes the MSSM

seem like an incomplete description of particle physics.

2.2.2 Grand Unified Theories

Another natural way to extend the Standard Model is to presume that the non-
semisimple gauge group Gsy is embedded into a larger simple group Ggur, so that
the three gauge couplings g, g2 and g3, corresponding to U(1)y, SU(2), and SU(3)
respectively, must equate a single coupling ggur of a Grand Unified Theory (GUT).
This unification is motivated by the observation that gauge couplings evolve with
respect to energy scale, according to a set of equations called “the renormalisation
group”. For example, g3 is shown to decrease as the energy scale increases, while
g1 gets significantly larger. At around 10 — 10'® GeV, the three gauge couplings

reach very similar values, although they are not precisely equal. Equality is however
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acquired in the MSSM, which is one of the reasons why we will consider only super-
symmetric versions of Grand Unified Theories, despite the fact that originally they
were not built with supersymmetry in mind. Another reason why SUSY GUTs are
favoured is because they can be embedded in superstring theories, thus paving the
way for higher energy exploration. The phenomenological interpretation of a Grand
Unified Theory is that Gqyr is the underlying symmetry of nature, while the Stan-
dard Model is the effective theory resulting after Ggyr has been broken at a certain
high-energy scale. As such, all GUTs provide an explanation for the values of the
U(1)y charges, by embedding the hypercharge in a simple group. For example, the
well-known condition @Qproton + Qelectron = 0 follows from the fact that quarks and
leptons are combined in the same GUT multiplets, and the GUT group generators
are traceless [59].

Since the maximum number of commuting generators (i.e. the rank) of Ggyy is 4, it
is required that rank(Ggyr) > 4. For SU(n), the rank is n— 1, therefore the smallest
simple group that can contain Ggyy is SU(5). In this GUT model, discovered by Georgi
and Glashow [58], each generation of SM particles fits into a 5 & 10 representation of
SU(5), in the following way

5— (571)1/3@ (1,2>_1/27 10 — (372)1/6@ (g,l)_z/g@ (171)1, (214)

where 5 is the anti-fundamental representation of SU(5) and 10 is the antisymmetric
compontent of the 5 ® 5 matrix. Comparing this to Eq. (2.2) shows that 5' con-
tains {d’, L'} and 10° contains {Q’, u’,e'}, for i = 1,2,3. The interaction of these
matter fields is mediated by n? — 1 = 24 gauge fields, transforming in the adjoint
representation of SU(5), for which the SM decomposition reads

24 — (8, ].)0 D (1, 3)0, @(1, 1)0 D (3, 2)—5/6 D (g, 2)5/67 (215)

where the first three terms are recognisable as the 12 SM gauge fields in Eq. (2.1), and
the last two terms are 12 new bosons denoted by {X*,Y*},53. These new bosons
can mediate transitions between quarks and leptons, thus violating lepton and baryon
number as well as enabling proton decay modes such as p — m%e™ [60]. Consequently,
when SU(5) is broken, the X and Y bosons must acquire a mass of at least 10'® GeV
according to current experimental limits, a condition which is met by the SUSY ver-
sion of the SU(5) GUT, but not by the minimal non-supersymmetric model [61]. The
symmetry breaking mechanism is achieved by a GUT-Higgs scalar field Ha4 in the ad-
joint representation 24, having a non-vanishing vev (Hay) = vo4 diag(2, 2,2, —3, —3),

which is proportional to the hypercharge generator and commutes with Ggy. The
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masses of the X and Y bosons are then given by M3y ~ g&upvs,. On the other
hand, the SM Higgs doublet belongs to a 55 representation of SU(5), along with
three other states which form the colour-triplet Higgs T". Since the triplet can also
mediate proton decay, this time through the mode p — 7K™, it must receive a heavy
mass of at least 10'® GeV [62]. The manner in which H and T acquire masses so
different in orders of magnitude (mg/mr ~ O(10713)) is referred to as the double-
triplet splitting problem. In the supersymmetric GUT, two Higgs doublets H; and
H, are needed, which can sit in 55 and 5y respectively, giving rise to the following

types of Yukawa couplings
Wyl = Y&, ]  Hy + Y] @@L HE. (2.16)

Here, each term is to be interpreted as a singlet, through an appropriate contraction of
SU(5) indices: €apeac PGPS HE and PPz, Hg,. Also, note that in the SU(5) theory,
Y, and Y] are equal at the GUT scale, thus exemplifying Yukawa coupling unification.

Looking further, one can seek GUT groups with rank larger than 4. For rank = 5,
the only simple groups in which Ggy can be embedded are SU(6) and SO(10), while
for rank = 6, they are SU(7) and Es. We will only discuss the SO(10) and Eg GUT
models, since the SU(6) and SU(7) cases are simply extensions of the SU(5) theory

and they add no interesting new features. The relevant chain of embeddings reads
Gsm C SU(5) C 50(10) C Eg, (2.17)

but in later chapters we will see that Eg can be embedded further in larger groups
such as E7; and Ejg, the latter being particularly significant because of the Eg x FEjg
heterotic string theory. One must stress however that F; and Eg do not qualify as
4d GUT groups, because they have no complex representations and therefore the
theories would not be chiral.

In the SO(10) GUT, one spinor representation 16 of SO(10) contains all the fif-
teen particles of an SM family and an additional unknown particle, interpreted to
be the right-handed neutrino. More explicitly, if we decompose 16 = 5 @ 10 & 1
under the SU(5) subgroup, we recognise the previously discussed 5 & 10 repre-
sentation in SU(5) plus the extra singlet 1. The adjoint representation 45 con-
tains the 12 SM gauge bosons and 33 extra gauge bosons with weak and colour
charges. Unlike SU(5), the SO(10) group can be broken down to Ggy either di-
rectly or through various intermediate steps, for example via the maximal subgroup
decomposition: SO(10) — SU(5) x U(1) — Gsw, or via the Pati-Salam model [63]:
SO(10) — SU(4) x SU(2) x SU(2)g — Gsm. Through their non-vanishing vevs,
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the scalar fields of the Higgs sector are the ones dictating which symmetry-breaking
scenario occurs. For a direct decomposition, a 144y scalar multiplet is needed; for in-
termediate routes, combinations of scalars such as 45y /545 /210y (rank-preserving)
and 164 /126y (rank-reducing) are introduced instead. The sheer complexity of the
Higgs sector is often regarded as a problem of GUTs that have large unification groups.
As for the MSSM Higgs doublets H, and H,, they are contained in one fundamental
representation 10 of SO(10), which decomposes as 55 @55 under SU(5). The only

permitted Yukawa term reads
WootO) — yii gl @) Hyo, (2.18)

such that all Yukawa coupling constants are unified at the SO(10) GUT scale.

Finally, in the Eg GUT, the 15 + 1 matter fields of one SM generation are fitted
inside the fundamental representation 27. The remaining 11 states correspond to
unknown heavy particles (non-chiral quarks and leptons), thus making the Eg theory
very cumbersome from a phenomenological perspective. Usually, the MSSM Higgs
doublets also descend from one family 27 multiplet, while the other two 27s contain
pairs of Higgs which are inert and do not get a vev [65]. Well-known breaking patterns
are Eg — SO(10) x U(1) with branching 27 — 16, ® 10_5 ® 14 and Eg — SU(3). x
SU(3);, x SU(3)g (trinification model) with branching 27 — (3,3,1) & (3,1,3) &
(1,3,3). Again, the symmetry breaking is realised by scalar fields which must be
added to the theory. The Yukawa coupling is of the form

WEe =Y, &) Har. (2.19)

Overall, Grand Unified Theories have an equal share of strengths and weaknesses.
On the one hand, gauge coupling unification and the explanation for the values of hy-
percharges are extremely valuable features. On the other hand, no reason is given for
the existence of three generations and many new Higgs particles have to be introduced
by hand in order to explain symmetry breaking. Moreover, the double-triplet split-
ting problem has to be solved through mechanisms which avoid severe fine-tuning,
but add new representations to the model. Examples of such mechanisms are the
Dimopoulos-Wilczek (missing vev) mechanism in SO(10) and the missing partner
model in SU(5) [66, 67]. Last but not least, important predictions of GUTs such as

proton decay and magnetic monopoles have not yet been confirmed by experiment.
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2.2.3 Supergravity

Supergravity is an extension of supersymmetry, designed to include the principles of
General Relativity. In order to make this possible, supersymmetry has to become
local, with a spacetime-dependent spinor €(z) parametrising the infinitesimal SUSY

transformation. The key ingredient of supergravity is the graviton h,,, a massless

2
spin-2 elementary particle which couples to the stress-energy tensor, thus mediating
gravitational interactions. Its fermionic, spin-3/2 partner, the gravitino ¢, equipped
both with a spinor index a and a spacetime index p, is the gauge field of local su-
persymmetry and becomes massive when SUSY is broken, by absorbing the emerging
goldstino in the so-called super-Higgs mechanism. There are two ways in which the
graviton can be related to the metric g, either through an infinitesimal expansion
Guv = Nuw + hy, around the flat metric 7, or through the vielbein formalism. As is
well-known from General Relativity, the metric (and implicitly the graviton) has to
satisfy the Einstein’s field equations, which, in a vacuum, correspond to minimising

the Einstein-Hilbert action

1
167TGN

SEH =

/ d*z/—gR, (2.20)

where G is Newton’s constant.

As for the chiral and vector multiplets of the theory, they are taken into account
when the superpotential W, the Kahler potential K and the field strength superfield
W are included in the total action, so that, for example, Eq. (2.11) is reinterpreted

in the context of supergravity. Of particular interest is the scalar potential

~ — 1
V=K (K”DIWDjVV - 3|W|2> + 50, (2.21)
ow 0K
Where D[W = W + WW

which is expressed in terms of the auxiliary fields F; = e%/2D;W and D*. As in the
global SUSY case, supersymmetry is spontaneously broken when at least one auxil-
iary field has a non-zero vev, however this time V' is no longer positive semidefinite,
therefore solutions with V' = 0 that approximate our Universe can in principle be
consistent with broken supersymmetry.

Another feature of supergravity is that it can be formulated in more than four
dimensions, in a way that mimics the Kaluza-Klein theory, the primary motivation
being the unification of gravity with the other three forces of nature. Being non-

renormalisable however, supergravity has to be interpreted as the low-energy limit of
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a higher structure. In particular, superstring theories lead to effective supergravity
theories in 10d, as we will see in later chapters. For this reason, it is useful to establish
a specific string model before returning to supergravity and its implications to the

phenomenology of particle physics.

2.3 String Theory

String Theory is the leading candidate for a quantum theory that unifies all inter-
actions of nature, including gravity. In the framework of string theory, elementary
particles are interpreted to be one-dimensional objects called strings, which appear
to be point-like only at energies much lower than the string scale M. These objects
can be either open or closed and sweep a two-dimensional surface, called worldsheet,
that is parametrised by a space coordinate ¢ and a time coordinate 7. As strings
vibrate, each vibrational mode is identified with a fundamental particle, whose mass
and quantum numbers are determined by the equations of the string. Overall, the
infinite number of oscillation modes gives rise to an infinite tower of particles, but
only the zero modes, i.e the massless particles are observable at energies way below
M. In particular, the zero-mode spectrum of a closed string always includes the
graviton, which means that gravity is automatically incorporated. Unlike supergrav-
ity however, string theory is UV-complete, since there is a UV /IR correspondence
between strings at high and low energies, thus allowing all UV divergences to be rein-
terpreted as IR divergences. Moreover, the Lagrangian of string theory only contains
one free parameter o’ (historically called Regge slope), which defines the string length
l, = v/ and the string scale M, = 1/\/&.

The first attempt to build a string model was the bosonic string theory, only
consistent in D = 26 dimensions, the reason being conformal anomaly cancellation.
Because its spectrum only contains bosons and because of the presence of tachyons
(particles with negative mass squared), it was clear from the start that this theory
could not represent a description of our Universe. Further development led to the
appearance of superstring theory, where both bosons and fermions are present and
where the dimension of the spacetime is restricted to D = 10. No tachyons are present
in superstring theory and the spectrum of excitations is governed by supersymmetry.
Phenomenologically, this makes superstring theory a possible extension of physics at
higher energies. After the first string revolution in 1984, five different superstring
theories were developed, namely Type I, Type ITA, Type IIB, heterotic SO(32) and
heterotic Fg x Eg. Type I is based on both open and closed strings, while the other
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four only contain closed strings. During the second string revolution (1994), it was
proved that these theories may be the lower limits of an underlying 11-dimensional
theory, called the M-theory (see Figure 2.1). Moreover, the five superstring theories
are connected by dualities: for example, Type ITA and Type IIB are T-dual, and
so are heterotic SO(32) and heterotic Eg x Es. There is also an S-duality between
heterotic SO(32) and Type I. We will further discuss in more detail what a heterotic
string theory is, since they are the class of string models on which this thesis is based.
The reason why they are so important in this context is because they connect with
particle physics naturally. One Eg factor of the gauge group Eg x Fg contains all the
GUT groups in (2.17). By comparison, IIB has no gauge symmetry and ITA has only
U(1) gauge symmetry, thus making them more problematic from a phenomenological

perspective, unless D-branes are introduced.

11d Supergravity

Het Es x Ey Type IIA

T-duality T-duality

Het SO(32) Type 1IB

S-duality

Type I

Figure 2.1: The various types of superstring theories arising as lower limits of the
M-theory. [69]

2.3.1 Heterotic string theory

The heterotic string theory is one of the most promising candidates for a unified theory
of physics. It was first introduced in 1985 as a theory of closed strings with decoupled
left- and right-moving modes, where the left sector is defined in 26 dimensions as a
bosonic string theory with spacetime coordinates { X} (0 + 7)}i—o. .25, while the right
sector is defined in 10 dimensions as a superstring theory, with bosonic and fermionic
coordinates denoted as { X4 (o —7) }izo,.o and {¢% (0 — 7) }izo.... 0 Tespectively, where
7 and o are worldsheet coordinates of the string. The extra 16 degrees of freedom

in the left sector are regarded as dimensions of an internal compact space, namely
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a maximal 16d torus T'¢ with critical radius R = v/o/. It is useful to re-label these
parameters as {X’(c + 7)}7=10.. 25, and separate them from the rest of the bosonic
left-movers {X} (o + 7)}i=o...0, which are to be combined with their right-moving
counterparts in order to form the physical spacetime coordinates of the string in 10

dimensions
X'o,7)=Xi(o+7)+ Xg(o— 7). (2.22)

In conformity with Ref. [2], the worldsheet action which characterises the dynamics

of the heterotic string can be written as

Ao

7r 1 . . _. .
S = —/dT/ do [0.X"0°X" + 0 X100 X" + VRT 0ty (2.23)
0

where I'* (o = 0,1) are the two-dimensional Dirac matrices satisfying {I'®, T’} =
2P,

Under the light-cone quantisation, which is introduced to remove all negative-norm
states, the coordinates X* = (X% + X?)/v/2 and 95 = (9% £ 9%)/v/2 are gauge-
fixed. This has the apparent effect of breaking manifest SO(1,9) Lorentz symmetry
down to the rotational subgroup SO(8) of the transverse coordinates {X‘};—; g and
{¢%}iz1,. 8. Furthermore, under an alternative formulation of heterotic string theory,
known as the fermionic construction, the extra 16 degrees of freedom { X 1 }r=10,. 25 are
redefined as 32 left-moving spin-1/2 Majorana fermions {A\}4—; _ 32, whose action

according to Ref. [70] is of the form
S ~ / BPo TN, (2.24)

Through this formulation, the entire action of the string acquires a global SO(32) sym-
metry: fermions A\ transform in the fundamental representation, while coordinates
X', 1% are singlets. For this reason, left-movers can be specified as SO(8) x SO(32)
multiplets, while right movers, which are only affected by the SO(8) rotation, are
labeled by their SO(8) quantum numbers. It is intuitive to assume that the global
SO(32) symmetry descends locally to a gauge symmetry. In fact, it can be shown
that heterotic string theories possess either gauge group SO(32) or Eg x Fg, depend-
ing on the choice of GSO projection. The GSO projection is essential for realising
space-time supersymmetry, because it truncates the spectrum on every mass level, so
that the bosonic and fermionic degrees of freedom become equal. In particular, the
tachyonic ground state of the bosonic sector is completely eliminated. Since we will

solely focus on the Eg x Eg theory, the GSO projection involves splitting the fermions
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A into two groups and imposing a separate projection condition on each set, so that
bosonic states A*\Z form the adjoint representation (248,1) & (1,248) of Eg x Eg.
As for the other heterotic string theory, it is often disregarded by phenomenology,
because the adjoint of SO(32) does not contain the spinor representation of SO(10),
therefore the connection to SUSY GUTs is harder to realise.

Now, in order to build the massless spectrum of the Fg x Eg theory, the left-moving
and right-moving modes of zero mass have to be paired, so that their tensor product
is interpreted as a physical state. The massless states of the right-moving sector are
the vector 8, and the spinor 8 representations of SO(8), while in the left-moving
sector, we encounter a vector (8y,1) and a tensor (1, Adjp,, p,) representation of
SO(8) x (Eg x Eg). The combination of the two sectors gives the following spectrum

of particles

(8y,1) x (8y +8) =(1,1) + (28,1) + (35,1) + (56,1) + (8',1), (2.25)
(1’ AdngXEg) X (SV + 8) = (8V7 AdngXEg) + (8’ AdngXEg)? (226)

which are to be interpreted in the next section as the gravity multiplet {¢, B, g, ¥, A\}
and the Fg x Fg gauge multiplet { A% x®} of an effective N = 1 supergravity theory.

2.4 The 10d Heterotic N =1 Supergravity

In the low energy limit, where string excitations are much smaller than M, the
heterotic string theory is described by a 10-dimensional N = 1 supergravity, which is
coupled to a 10-dimensional Fg X FEg super-Yang-Mills theory. The field content of
this theory is given by a gravity multiplet, which contains the metric gy, the NS two-
form By, and the dilaton ¢, as well as their fermionic superpartners, the gravitino
Yy and the dilatino A, and an Eg x Eg gauge multiplet, consisting of the vector
potential A%, and its superpartner, the gaugino x®. The field strength associated to
the gauge field is defined as F' = dA + A A A, while the spin connection w gives rise
to the curvature tensor R = dw + w A w. With these notations, using Refs. [9], [70]
and [84], the bosonic part of the 10d supergravity action is written up to first order
in o as
1

T 22

S

/alwx\/—ge%5 (R + 4(0¢)* — %HQ - %TrFQ) ) (2.27)

/

with H = dB — %(wYM —wy),
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where k is the ten-dimensional gravitational coupling constant, while wyy and wy, are
the gauge and gravitational Chern-Simons forms, respectively. In a similar way, the
fermionic terms of the action are given by Eq. (2.93), however due to supersymmetry,
they can be omitted.

Before moving on with our discussion, a close examination of anomalies is in
order. Since heterotic string theories are chiral, gauge and gravitational anomalies
are expected to arise from hexagon loops of chiral fermions. These anomalies are
analogous to the triangle diagrams in the Standard Model and their external fields
are combinations of gauge bosons and gravitons. Mathematically, the 10d anomaly
is represented by a 12-form polynomial, which factorises into a 4-form and an 8-
form term for specific gauge groups such as Eg x Fg and SO(32). In fact, those two
groups are the only viable gauge groups for a consistent 10d super-Yang-Mills and
supergravity theory primarily because of this factorisation, since anomalies of this
form are reducible and can be canceled out completely [71]. This is realised through
the famous Green-Schwarz mechanism, by introducing counter-terms corresponding
to tree-level exchanges of a two-form B between external fields (see Fig. 2.2). Here,
B is known to be the anti-symmetric component of the gravity multiplet, and H is
its field strength. It is important to note that the Chern-Simons forms wyy and wy,
are added to the expression of H in order for the Green-Schwarz mechanism to take

place. By definition, the Chern-Simons forms are expressed as
2 2
wym = Tr (AAdA+§AAAAA) , wr, = Tr (w/\dw—l—gw/\w/\w) (2.28)

and satisfy dwyy = Tr(F A F) and dwy, = Tr(R A R). Because of this, the field
strength H must obey the modified Bianchi identity
O[/

H
d 4

(Te(RAR) — Te(F A F)). (2.29)

With this setup, one can finally build an anomaly-free particle model.

In order for supersymmetry to be realised, it is required that the variation of all
fields under the SUSY transformation is zero. More exactly, suppose e(x), a spinor
of SO(1,9), is the parameter of local N = 1 supersymmetry with corresponding
supercharge ). Then the operator () must annihilate the vacuum state |0), so that
(0.2) = (0] [€Q, @] |0) = 0 for any field ®. If, ® is bosonic, the equation is trivial,
because the supersymmetric variation of a bosonic field is equal to a sum of fermionic
fields, whose vevs always vanish, otherwise they would violate Lorentz invariance.

Therefore, one only needs to ensure that the variation (§.®) vanishes in the case
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Figure 2.2: Diagram depiction of the Green-Schwarz mechanism. Anomalies arising
from chiral fermion loops are canceled by the tree-level exchange of a 2-form B.

where @ is fermionic. Following [9], the supersymmetry variations of the fermionic

fields (the gravitino, the dilatino and the gaugino) are given by

1 1
1) = —Djye+
P D WP

/
Sy* = _£@_¢/2FMNF]‘(/1NE 4 (Fermi)?, (2.30)
K

1
I\ == 5 (000 e+

e ? (D NP9 — 953 T7?9) eHypg + (Fermi)?,

1
—¢P MNP 2
e T eH + (Fermi)~.
or MNP+ ( )
Therefore, the Killing spinor equations are obtained by imposing (d15), (dx*), (0A) =
0.

2.4.1 The compactification ansatz

In the remainder of this section, we discuss, in a somewhat informal manner, the
preliminary mathematical conditions for a realistic heterotic string model. More
technical details regarding the mathematics used here are provided in Section 2.5.
The goal of constructing 10d heterotic string theories is to connect them to ob-
servable 4d physics and, in particular, to N = 1 SUSY extensions of the Standard
Model. This is done by compactifying the six extra dimensions at a compactification
scale M, = 1/I., large enough to escape detection (with I, being the typical length of
the curled up dimensions). The simplest ansatz is to assume that the 10d background
is a direct product My x X, where M, is a 4d maximally symmetric space (Minkowski,

de Sitter or anti-de Sitter), as suggested by current cosmological models?, and X is

2Experimental evidence indicates that the Universe is de Sitter, however the cosmological constant
is so small, compared to the string scale M, that string compactifications with Minkowski space
are a good approximation. In addition, string models with AdS vacuum are also compatible with
observation, provided that the vacuum is uplifted via the KKLT mechanism.
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a 6d compact manifold with tangent bundle TX. To avoid confusion, the 10d co-
ordinates will be labeled as {#},/_¢ o, the 4d external coordinates as {z*},-0, 3
and the 6d internal coordinates as {y™ },,—4...o. With these notations, every field can
be decomposed explicitly into external and internal components. For example, the
background metric (i.e. the vev of gpny) becomes block diagonal

ds® = g, datdr” + g% dy™dy™, (2.31)

mn

as the Lorentz group SO(1,9) breaks down to SO(1,3) x SO(6). Any non-diagonal
perturbation dg,,, is forbidden to acquire a vev, since it transforms as a vector under
SO(1,3) and would therefore violate Lorentz invariance. In more general cases, warp
factors A(y™) are introduced by fluxes to modify the 4d metric to e?4®g,,,. Although
useful in the context of moduli-stabilisation, such factors will not be considered here.

In addition to specifying a spacetime ansatz, one needs to break the gauge group
Es x Eg down to the gauge group Hyg of a 4d theory. This is achieved by turning
on background values for the internal components of gauge fields A%, which are
interpreted as connections of a vector bundle V' — X, with structure group G C Eg.
The effect is that one Ejy factor splits as G x Hyg, provided that Hy, is the commutant
of G in Eg. The other Ejy is considered to be in the “hidden sector”, which couples
only gravitationally to the physical theory and therefore its effects are negligible. If
V — X is the hidden sector vector bundle, with structure group in Eg, then the
complete Ey x Eg bundle over X is given by V & V. In most calculations however,
we will assume V to be trivial.

The choice of internal manifold X and vector bundle V' is not arbitrary. As argued
in Section 2.2.1, preserving N = 1 SUSY in 4d is important for phenomenology and
therefore certain restrictions have to be imposed. Supersymmetry is needed at low
energies in order to stabilise the Higgs mass and we only want N = 1, rather than

N > 2 supersymmetry, because the theory has to contain chiral fermions.

2.4.2 Conditions for 4d N =1 supersymmetry

Finding the conditions for 4d N = 1 SUSY amounts to applying the compactification
ansatz My x X to the Killing spinor equations in (2.30). One looks for a solution
which preserves precisely 1/4 of the original 16 supercharges. In order to simplify
the discussion, we will assume that the vev of the dilaton ¢ is a constant and the
vev of the field strength H vanishes. Under these assumptions, the equation for the

dilatino is automatically satisfied. However, the equations corresponding to the other
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two fermionic fields, the gravitino and the gaugino, are non-trivial and can be recast

in the following form

(Sethar) = Vare = 0 (2.32)
(5x®) =T F® ¢ =0, (2.33)

Here, the SUSY parameter € is a 16 Majorana-Weyl spinor of SO(1,9), which breaks
into (2,4) @ (2,4) under SO(1,3) x SO(6). It is convenient to express € as n ® &,
where 7 is the external spinor 2 and £ is the internal spinor 4. The requirement of
(2.32) that e is covariantly constant means that both V,n and V,,§ must vanish.

Using the relation

1
[vlm VV] n= ZRuupa/ypana (234)

and the fact that, for a maximally symmetric space, the Riemann curvature tensor is

R
R'u,z/pcr = E (gupgua - g/ufgl/p> ) (235>

one can see that the only way for V,n to be zero is when the 4d manifold M, is flat
(Minkowski)?.

In a similar way, the condition V,,& =0 implies that R,,,p,I""?¢ must vanish, but
without a maximally symmetric restriction, the internal manifold X is not required
to be flat, only Ricci-flat, i.e. R,,, = 0. In addition to that, the holonomy group of
X has to ensure that the spinor ¢ stays invariant under parallel transport. The most
general holonomy of a 6d manifold is SO(6) ~ SU(4), however in our case it has to be
a subgroup Hol(X) C SU(4) such that every element U € Hol(X) satisfies U{ = €.
One can easily see that the largest subgroup with this property is SU(3), as £ can be
rotated to take the form (0,0,0,&)7, so that SU(3) transformations acting on the
first three components leave £ as a singlet. In fact, SU(3) and discrete subgroups of
SU(3), which will not be considered here?, are the only viable picks, because smaller
subgroups of SU(4) would allow too many supercharges in the 4d theory. Therefore,
in addition to being Ricci-flat, X must have precisely SU(3) holonomy. Finding
manifolds with such properties is in principle not an easy task. Luckily, a conjecture
by Eugenio Calabi [73, 74], followed by a proof by Shing-Tung Yau [75] led to the

following theorem

3To our knowledge, no dS vacuum was ever achieved in heterotic models. On the other hand,
up-lifting to dS is claimed to be done in KKLT IIB models using anti-D3-branes. [72]

4For simplicity of the model, we assume the holonomy group of X is SU(3), however in orbifold
constructions, a discrete subgroup of SU(3) can be considered.
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Theorem 1 (Yau’s theorem). A compact, 2n-dimensional Kahler manifold with van-
1shing first Chern class admits a unique Ricci-flat Kdhler metric, for each given Kahler

class.

Here, Kéhler means complex manifold with holonomy U(n) and the first Chern class

c1(TX) is a topological invariant given by the cohomology class [R] of the Ricci form

a1 (TX) = %[R] = 0. (2.36)

Such a manifold is called Calabi-Yau (CY) and its holonomy group is proven to be
contained in SU(n). This is because Kéhler manifolds already have reduced anomaly
U(n) ~ SU(n) x U(1). The U(1) factor, generated by the Ricci tensor, then vanishes
if the Ricci-flat condition is imposed. In Section 2.5.3, we will study the properties of
Calabi-Yau manifolds in more detail, in particular the Calabi-Yau threefolds, which
have SU(3) holonomy and are therefore suitable for compactification.

The other condition for unbroken supersymmetry, (2.33), can be recast in complex

coordinates in the form of the Hermitian Yang-Mills equations

9" F 5 =0, Fy=Fz=0. (2.37)

!

The second equation, F,;, = F; = 0, can be satisfied for a suitable connection A,
if the vector bundle V' is holomorphic (i.e. the transition functions are holomorphic
maps). According to the Donaldson-Uhlenbeck-Yau (DUY) theorem [76, 77], there
exists a connection for which g“EFaT7 = 0 also holds true, if V' is poly-stable and has
vanishing slope. Mathematically, the notion of stability is introduced by defining the

slope of a bundle V' as

1

W) = 55 /X (VYA T A, (2.38)

where J is the Kéahler form on X and ¢; (V) and rk(V') are the first Chern class and the
rank of the bundle. Then V' is called stable if the slope satisfies u(F') < p(V), for all
sub-sheafs F' C V with rank 0 < rk(F') < rk(V'), and poly-stable if it is decomposable
as a direct sum of stable bundles V' = @;_, U;, with slopes p(U;) = p(V).

As for the zero-slope condition, it is automatically satisfied if we assume that

i

27

(V) [TrF] =0, (2.39)

which is equivalent to saying that the structure group of V' is special unitary. This is

needed to ensure that the structure group of V' embeds into Eg, and in addition to
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that, special unitary groups such as SU(5), SU(4) and SU(3) give rise to the GUT
groups SU(5), SO(10) and Ejg respectively, in the 4d theory. In general however,
U(n) vector bundles with ¢1(V') # 0 can also lead to phenomenologically interesting
compactifications [78], although they will not be the subject of this thesis.

In conclusion, in order for N = 1 supersymmetry to be preserved at lower energies,
the 4d space must be flat, the internal manifold must be Calabi-Yau and the vector

bundle must be holomorphic and poly-stable.

2.4.3 Conditions for anomaly cancellation

The background geometry is further constrained by the anomaly cancellation condi-
tion. Since the left-hand side of (2.29) is exact, Tr(R A R) and Tr(F A F') must be in

the same cohomology class, thus leading to a topological identity

between the tangent bundle of X and the Eg x Eg gauge bundle (here chy denotes the
second Chern character). In certain theories, the vacuum is altered by the presence

of b-branes, so the anomaly condition becomes

cha(TX) — chy(V) — chy(V) = W, (2.41)

with W being the homology class of the two-cycles (curves) in X, around which the 5-
branes wrap. Preservation of supersymmetry requires these cycles to be holomorphic,
and consequently W to be effective, i.e. an element of the Mori cone { . a;[C;], where
C; C X are holomorphic curve representatives, and a; € R*}. Provided that the left-
hand side of (2.41) is effective, one can construct anomaly-free models by wrapping
5-branes on the relevant cycles. If we assume V is trivial and use ¢;(TX) = ¢, (V) = 0,

we obtain
(TX) — (V) =W, (2.42)

for W € Hy(X,7Z), an effective class.

2.5 Mathematical Ingredients for Compactification

In order to have a proper understanding of Calabi-Yau manifolds and holomorphic
vector bundles (the main ingredients of compactification), one needs to be familiarised

with concepts from complex geometry and Hodge theory. In this section we will briefly
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discuss these topics and then proceed to describe a particular class of CY manifolds

that is used in this thesis, namely the Complete Intersection Calabi Yau manifolds
(CICYs).

2.5.1 Complex manifolds

Definition 2.5.1. An n-dimensional complex manifold M is a 2n-dimensional real

manifold that resembles the complex flat space C™ locally.

In order to satisfy this, M must be equipped with an atlas of charts (U,, ¢,), where
{U,} are open subsets that cover M, and every map ¢, : U, — C" must be a
homeomorphism. Moreover, for any two given subsets U, and Us that satisty U, N
Us # 0, the associated transition map ¥, = g0 ¢, ", Vsa : 0a(UaNUp) — d5(Us N
Us) must be holomorphic. This is to ensure that the tangent space can be complexified
with respect to some projection operators, such that T,M = T,M*@®T,M~ and every
vector field is decomposable into a holomorphic and an anti-holomorphic component.
It has been shown that

Theorem 2. An even-dimensional real manifold is complez if and only if it is endowed
with a globally defined almost complex structure 1,°, satisfying 1,°I,° = —0¢, and the

Niejenhuis tensor Nog© = L1, — Lo 114 vanishes.
[a 0] [a £0] ;

This makes it possible for local complex coordinates z* and z% to be introduced, so
that on every patch, one has I,> = i6,%, I? = —id;? and I,> = I* = 0. Any complex
manifold admits a metric of the form ds? = gagdz“dzg, which is called hermitian. It

can be used to define the fundamental 2-form
J = igzdz® A dz, (2.43)
by lowering one index of the complex structure, i.e. J ;= 1,9 .

Definition 2.5.2. A Kahler manifold is a complex manifold with hermitian metric,

for which the form J is closed.

In this case, J is called a Kahler form. The restriction dJ = 0 ensures that the only

c
ab’

holomorphicity under parallel transport, so the holonomy group is U(n). Another

non-zero coefficients of the Levi-Civita connection are I'¢, and I'°;, thus preserving

important feature of Kahler geometry is that on every patch U,, we can define a

real-valued function K,, known as the Kahler potential, which specifies the metric
9a5 = OOl (2:44)
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The Kahler potential is not unique and, on the intersection of patches, two Kahler
potentials are related by K,(z,Z) = Kz(2,2) + fap(2) + faﬂ(i), where f and f are
a holomorphic and an anti-holomorphic function. Further properties stem from the
computation of curvature tensors and, in particular, the Ricci form R = iR ;dz* A
dz® = i00log(g'/?), which is closed, globally defined and determines the first Chern
class. We conclude our discussion of Kéhler manifolds with a short look on complex

projective spaces.

Example 2.5.1. As a subclass of compact Kéahler manifolds, complex projective
spaces CPP" or, shortly, P will be the building blocks for our Calabi-Yau mani-
folds. These spaces are obtained by identifying points in C"*! \ {0} according to
the equivalence relation (zo, ..., x,) ~ A(zq, ..., ), for A € C*, so that every element
(o : ... : x,) € P corresponds to a line through the origin. The numbers z,, are called
homogeneous coordinates on P™. On each open patch U, = {(zo : ... : @,)|za # 0},
we can define new parameters §& = x,/7, (4 # «), which map U, to C" and are
called inhomogeneous coordinates. The transition functions on U, N Ug overlaps are
simply multiplications by z,/xs so they are holomorphic. In line with (2.44), the
Fubini-Study Kahler potential is introduced on every patch U,

v — - a|2
Ko = —Inkia,  where o = z% €22, (2.45)
I_L:

which allows one to calculate the metric and the Kéhler form J = i00K,. In particu-
lar, the Ricci tensor R = —(n+ 1)J shows that projective spaces are not Calabi-Yau,
even though many well-known Calabi-Yau manifolds are submanifolds of projective

spaces.

2.5.2 Hodge theory

Hodge theory is an area of algebraic geometry that studies cohomology groups. The
reason why it is important to compactification is that there is a correlation between
the topology of the internal manifold and the low-energy spectrum of particles. In this
chapter we will analyse the most basic types of cohomologies: de Rham and Dolbeault.
Section 2.5.5 will introduce vector bundle cohomologies, which are more elaborate.
We start by defining QP(M), as the set of all p-forms that live on a Riemannian n-
dimensional manifold M, and we assume that M is compact and without a boundary.
The exterior derivative is an operator d : QP(M) — QPT(M), so that

1 , , ,
d(,up = ﬁaiowil...ipdxzo /\ dmll /\ /\ dl’z”, wp E QP<M) (246)
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A p—form w, is called closed if dw, = 0 and exact if w, = dv,_1, for some v,_; €
QP~Y(M). Since d* = 0, all exact forms are also closed, while closed forms are not

necessarily exact (although on local patches, they can be expressed as w, = dv,_1).

Definition 2.5.3. Let ZP be the set of closed p-forms on M, and BP the set of
exact p-forms on M. Then the quotient HP(M) = ZP/BP is called the pth de Rham

cohomology group.

The elements of HP(M) are cohomology classes |w,|, obtained through setting the
equivalence relation w, ~ w, 4+ dv,_1, and w, is called the representative of the class.
The dimension of HP(M) is a topological invariant, referred to as the Betti number
b,. It is useful to define the Hodge star operator x : QP(M) — Q" P(M)

*(dz"™ A .. A da'P) = r\/%eil“'i”ipﬂmindxip“ A ANdz'™, (2.47)

in order to introduce the inner product on p-forms

<a,5)_/ aA+B, where a,f € Q(M), (2.48)
M

as well as the adjoint exterior derivative d' : QP(M) — QP~1(M), dT = (=1)""+FLudx,
for which (o, dB,_1) = (d'ay, 8,-1), and the Laplace operator A = dd' + d'd.

Definition 2.5.4. A form v, is said to be harmonic if A~, = 0.

Using the inner product, one can prove that on a compact manifold without a bound-
ary, 7, is harmonic if and only if dy, = d'y, = 0. Moreover, the Hodge decom-
position theorem states that for any p-form w,, there is a unique decomposition
wp, = Y, + da,_1 + d'B,.1, where 7, is the corresponding harmonic p-form. The
consequence of this is that every cohomology class contains precisely one harmonic
representative. The Betti number b, is therefore identical with the number of linearly
independent harmonic p-forms on M. In particular, if v, is harmonic, then v, is also
harmonic, which means that H?(M) and H" P(M) are isomorphic and b, = b,,—, (the

Poincaré duality).

Moving on to complex manifolds, we define M as an n-dimensional compact com-
plex manifold and QP¢(M) as the space of (p, q)-forms on M. The exterior derivative
can be split into d = 9 + 0, where 9 and 0 are called Dolbeault operators, acting
separately as 0 : QP4(M) — QPTL9(M) and 0 : QP9(M) — QP9+L(M). They satisfy
9% = 9% = 0. As before, a (p,q)-form w,, is d-closed if Jw,, = 0 and d-exact if

=0 Pp,q—1
Wp,qg = OVpq—1 for some v, .1 € QPI71(M).
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Definition 2.5.5. The (p,¢)th Dolbeault cohomology is defined as the quotient
HE(M) = Z59(M)/B5? (M), where Z5%(M) and B2?(M) are the sets of d-closed

and J-exact (p, ¢)-forms, respectively.

The dimension of HZ?(M) is called the Hodge number h”?. On complex manifolds

with hermitian metric, an inner product between (p, ¢)-forms is introduced
(o, B) = /M@ A%, where «a, 3 € QP4(M) and *8 = 3, (2.49)
which allows one to define adjoint operators 9t, 0f and Laplace operators
Ay = 00" +0'0, Ay = 00" +0'0. (2.50)

A (p, q)-form 7, , is said to be d-harmonic, if it is annihilated by the Laplacian Ag.
One can prove that this is equivalent to 571,761 = 0 and 5T7p7q = 0. Moreover, O-
harmonic forms are in one-to-one correspondence with the cohomology classes of
HEY(M), due to the unique Dolbeault decomposition wy,g = 7,4 + g1+ 0" Bp g
for any form w,,, where v, , is 0-harmonic. This is in analogy with the de Rham
case, although in general the de Rham and Dolbeault cohomologies are not related:
de Rham is purely topological, while Dolbeault depends on the specific choice of
complex structure. Only on compact Kahler manifolds is there an explicit relation,

namely through the identity A = 2Aj5, which ensures that
H'(M)= @ HYI(M), b= > WP (2.51)
ptq=r ptq=r

In this case, the Dolbeault cohomology is considered quasi-topological, because it
only depends on complex structure and not on the choice of Kéhler metric [9] [79].

The corresponding Hodge numbers are constrained to satisfy
hP? = h?P (Hodge symmetry), hP? = 7P (Serre duality). (2.52)

Now, on a compact Kéhler manifold, the Kahler form (2.43) is not just closed, but
can be chosen to be co-closed (and therefore harmonic), so it can be expanded in a

basis of harmonic (1, 1)-forms {w;} as

hl,l

J=Y tw, (2.53)
=1

where the parameters t* give the Kahler cone, i.e. the set of possible Kahler forms

on M. Such parameters are constrained by the requirement that f yJ" >0, since J"
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is proportional to the volume element, and also by fCl J>0,..., an_l Jt >0,
where C; is an i-cycle. It is often possible and convenient to choose a basis {w;}, such
that the Kahler cone is t* > 0. On a final note, the Ricci form is also closed, but
not necessarily harmonic, and it defines the cohomology class ¢;(T'M) € H g’l(M ). If
c1(T'M) is trivial (i.e. R is exact), the compact Kéahler manifold is called Calabi-Yau.

2.5.3 Calabi-Yau manifolds

As mentioned before, a Calabi-Yau n-fold is an n-dimensional compact Kéahler man-
ifold with vanishing first Chern class (2.36). On such a manifold, Theorem 1 (Yau’s
Theorem) guarantees the existence of a unique Ricci-flat metric. Moreover, the metric
has special holonomy group SU(n), which means that the manifold admits covariantly
constant spinors &, € of opposite chirality. Simple examples of Calabi-Yau n-folds in-
clude the complex elliptic curve, i.e. the two-torus 7% (n = 1) and the K3 surfaces
(n = 2). However, in conformity with our compactification ansatz in Section 2.4.2,
we require that X is a Calabi-Yau threefold. Moreover, X must have precisely SU(3)
holonomy and not a subgroup thereof, so trivial cases such as 7% or T2 x K3 are

excluded.

Theorem 3. A compact Kahler threefold is Calabi-Yau if and only if it admits a

nowhere vanishing holomorphic (3,0)-form €.

More explicitly, a holomorphic (3,0)-form can be written as Qupr = f(2)€mn, on
every patch, where €,,,, is the Levi-Civita symbol and f(z) is a nowhere vanishing
holomorphic function. This ensures that the Ricci form is exact, so the first Chern
class vanishes. Conversely, for any Calabi-Yau manifold, one can construct a nowhere

vanishing (3, 0)-form €, using the covariantly constant spinor £ and the y-matrices

an'r’ - fT'Ymn'rg- (254)

It can be proven that 2 is harmonic and (up to a constant) unique. The corresponding
cohomology class [€] is therefore the only element in H3%(X), so h*° = 1. In addition

to that, the uniqueness of €2 sets a duality
hO = p0B7a, hP0 = p3P0, (2.55)

because for any given class [a] € H%?(X), there exists a unique class [5] € H*?79(X),
such that [, Q Ao A = 1. The rules listed in (2.52), together with the fact that
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h%Y =1 for a connected manifold, and h®' = 0 for strictly SU(3) holonomy,” show
that the only unconstrained Hodge numbers remain h'' and h%!'. This information

is best encoded by the Hodge diamond diagram

h9:0 1
hl,O hO,l 0 0
hQ,O hl,l ]7,0’2 0 hl’l 0
R3O REL Rl R0 = 1 p3l p2lo1 . (2.56)
h3,1 h2,2 h1,3 0 hl’l 0
h32  p23 0 0
B3 1

Additionally, one can introduce the Euler number, which simplifies to

26:(—1)%,, =2 (M — B2, (2.57)

p=0

X

Being Kéhler, Calabi-Yau manifolds admit a metric ds? = ¢,,zd2™dz" with a corre-
sponding Kahler form J = ig,zdz™ A dz" that is closed and expanded in a basis of
harmonic (1, 1)-forms {w;} as in (2.53). Integrating J A JAJ over X gives the volume
V of the manifold

/ JNJTNJ = digpt'tith = 6V, (2.58)
X
where d;j;, are the intersection numbers
dijk = / w; N\ Wi N\ Wg. (259)
X

It is obvious from (2.53) that the choice of Kahler form is determined by h!' real
parameters t'. In a similar way, the complex structure is specified by h*! complex
parameters z%, as seen by expanding the (2,1)-form I,z = QunsI® in a basis of
harmonic forms. Consequently, the Hodge numbers h'! and h*! describe the topology
of the manifold in two separate ways: h'! counts the independent size deformations
that keep the complex structure invariant, while h*! counts deformations of shape. An

important observation, which led to the concept of mirror symmetry, was that Calabi-
Yau manifolds come in pairs (X, X), satisfying H"'(X) ~ H*>'(X) and H*>'(X) ~

®The reason behind this is that spinors on a CY manifold correspond to (0, k)-forms, for k =
0, ..., 3, due to Dirac matrices acting like creation and annihilation operators: {y",~7"} = {y™,7"} =
0 and {y™,4™} = 2¢g™™. In particular, the states v"¢ and y™y™¢ get multiplied to (0,1) and (0, 2)-
forms respectively, and as they are not allowed to transform trivially under SU(3), the restriction
h%! = h%2 = ( has to be imposed.
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HY'(X). The type ITA string theory compactified on X was proven to be dual to
the type IIB string theory compactified on X. In the case of heterotic string theory

however, mirror symmetry is not so well understood.

2.5.4 Complete Intersection Calabi-Yau manifolds

One reliable method of constructing Calabi-Yau Manifolds is by embedding them in
a product of projective spaces A = P" x ... x P"" referred to as the ambient space.
The reason why complex projective spaces are used instead of C" is because none
of the Kahler submanifolds of C™ are compact, while all analytic submanifolds of P"
are guaranteed to be Kédhler and compact [10]. A Complete Intersection Calabi-Yau
Manifold (CICY) X is defined as the intersection of K hypersurfaces {M;},—1 _k,

X =Mn..N Mg, (2.60)

where each M; is the zero locus of a polynomial p;, with variables in the ambient
space A. In order for the intersection to be called complete, it is necessary that the
K-form

is nowhere vanishing on X, to ensure that X does not possess any singularities.
Additionally, this imposes that the dimension of the CICY is equal to the dimension
of the ambient space minus the number of polynomials. In the case where X is a

threefold, this means
» ni— K =3 (2.62)
i=1

Now, suppose the homogenous coordinates of each projective space P are written as
x0) = (x(()i) : xﬁ“ D xs)), so that A has projective coordinates (x), ..., x(™)). Every
polynomial p; defined on A is characterised by a multi-degree vector q; = (q}, nqit),
where q;- specifies the degree in the x* coordinate. It is useful to represent the

corresponding CICY through the following configuration matrix

hl’l,h2’1
P g g - gk
pre q2 q2 q2
. o , (2.63)
Prelat et dik]
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where the condition Zle qj- = n; + 1 needs to be imposed for every ¢ = 1,...,m, in
order for ¢;(TX) to vanish. There is a finite number (7890, to be precise) of possible
CICY configurations, as originally established in Refs. [10] and [12]. Out of those,
we are only interested in the favourable configurations, for which the Kahler form J
descends directly from the Kéhler forms J; of the projective spaces P™ fori =1, ...,m.
These CICYs have h''' = m and their Kéahler cone (2.53) and intersection numbers
(2.59) are simply obtained by setting the basis of (1, 1)-forms {w;} to be w; = J;|x. It

is for this reason that favourable CICYs are preferred. Well-known examples include

the quintic the bicubic the tetraquadric
4,68
IP)l
2,83
41 211,101 P2 |3 Pl |2 (2.64)
[]P) ‘ 5]7200 ) ]P)2 3 ) IEDI 2 ’
—162
P2
—128

In particular, the tetraquadric manifold will constitute the focus of Chapter 3.

2.5.5 Holomorphic vector bundles and their cohomologies

We conclude our review of mathematical concepts with a short discussion of holo-

morphic vector bundles. More useful information can be found in Appendix A.

Definition 2.5.6. A vector bundle F over an n-dimensional complex manifold M is
called holomorphic if it is endowed with a holomorphic projection 7 : E — M and

the local trivialisation maps ¢, : 7 1(U,) — U, x C" are biholomorphic.

An equivalent statement is that on every overlap U, NUz # (), the transition function
tag = @a© qbgl, tap 1 UoNUz — GL(r,C) is holomorphic. At every point p € M, the
fiber E, = 7~ !(p) is an r-dimensional complex vector space, thus giving the rank r
of the vector bundle. In particular, a vector bundle of rank 1 is called a line bundle.
Moreover, for each vector bundle F/, one can define the dual bundle E* over M, whose
fiber EJ is the set of linear maps [ : £, — C.

A local section is a map o : U, — E that satisfies m o 0 = idy;. It can be
expanded as 0 = Y, o's; with respect to a local frame of r linearly independent
sections (si,...,s,) that span the fiber E, at every point p € U,. In a similar way,
bundle-valued (p, ¢)-forms are written as a = Y ;_, o' ® s;, where o € QP9(M). The
space of these (p, ¢)-forms is denoted AP4(E).
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Example 2.5.2. Obvious examples of holomorphic vector bundles are the holomor-
phic tangent bundle 75%°M and its dual, the holomorphic cotangent bundle 17 M,
whose sections are expanded by {0;} and {dz;} respectively, for i = 1, ..., n. Since their
relation to the anti-holomorphic bundles T%'M and T, M is isomorphic, through
charge conjugation, it is customary to work only with 71°M and T7 oM and simply
refer to them as TM and T*M. In general, the set of (p, ¢)-forms QP¢(M) represents
the space of sections of the bundle APTT M @ AT M.

In analogy to Section 2.5.2, the operator 0 : QP¢(M) — QPT1(M) can be gen-
eralised to act on E-valued forms as 0y : APY(E) — AP9HY(E), such that locally
Opo = >y 0o’ ® s;. Essentially, the procedures of Hodge theory are repeated to
reveal that dg-harmonic forms are in one-to-one correspondence with cohomology

classes of

Ker (0p : APY(E) — AP4H(E))
Im (0p : AP1-1(E) — AP4(E))

where HP4(M, E) =~ HY(M, E @ NPTy (M).

On a Calabi-Yau threefold X with poly-stable vector bundle V', several simplifica-
tions occur. Firstly, the fact that TX ~ A?T*X (due to the uniqueness of ), implies
that HY(X,TX) ~ H*'(X) and HY(X,T*X) ~ H"“'(X). Secondly, because the
canonical bundle Ky = /\3T1*’ 0X 1is trivial, the following version of the Serre duality

holds

H™(M,E) = (2.65)

HY(X,V)~H"9(X,V*). (2.66)
Finally, the index of V' is given by the Hirzebruch-Riemann—Roch theorem

ind(V zi 1)9he(X, V) / Td(X)/\ch(V):% / (V) (2.67)

q=0

where Td(X) and ch(V') are topological invariants of V' and X, known as the Todd
class and the Chern character respectively, while c3(V') is the third Chern class of
V. In particular, for a stable SU(r) bundle, h°(X, V) = h3(X,V) = 0, so ind(V) =
—hN (X, V) + WX, V™).

Definition 2.5.7. Let us assume X is a Complete Intersection Calabi-Yau manifold

embedded in an ambient space A. Then the normal bundle N on A is the quotient
Nax =TAlx/TX, (2.68)
where T'A|x is the restriction of the tangent bundle T4 on X.
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The rank of N is precisely K, the co-dimension of X. If we denote by ¢ the natural

injection of T'X into T'A|x, one can construct a short exact sequence
0 — TX — TAlx ~® Nax — 0, (2.69)

where p = (p1,...,pr) is the K-tuple of defining polynomials. In general, it is con-
venient to build short exact sequences of vector bundles, because they induce long
exact sequences in cohomology, from which the cohomology groups can be calculated.
More precisely, if A, B, C' are three vector bundles on an n-dimensional base space

M, satisfying
0—A-LB-L0—0, (2.70)
then the corresponding relation between cohomology groups is

0 — HO(M, A) L5 HO(M, B) -%» H (M, C) -2

— H\(M, A) -5 HY(M, B) -2 H' (M, C) 2

—s H"(M, A) L5 H™(M, B) %5 H™(M,C) — 0, (2.71)

where §; are the coboundary maps.® Of particular importance is the Koszul sequence,
which relates a vector bundle V on the ambient space A to its restriction V = V|x
on the Calabi-Yau manifold, using the dual to the normal bundle N'*,

00— AN QY — .. — NN QY =NV -—V-—V-—0 (272

This sequence is short exact only if K = 1, but even for higher co-dimensions we can
split (2.72) into short exact pieces in order to express cohomology groups H(X,V)
in terms of ambient space cohomologies.

In this thesis we will make a major simplification, by assuming models in which
the vector bundle on X is a Whitney sum of line bundles, i.e. V = @_, L;. Such
vector bundles have structure group S(U(1)"), rather than SU(r), and are motivated
by the fact that cohomologies of line bundles are much easier to calculate. Moreover,
line bundles are automatically stable,” so V is poly-stable, provided that the slope of
each line bundle is p(L;) = p(V) = 0. For these reasons, it is proper to discuss here

the line bundles that will serve as building blocks for our model.

5More information about the coboundary map can be found in Appendix B.
"By the definition of stability in Section 2.4.2, all line bundles are trivially stable because they
have no proper subsheaf.
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Example 2.5.3. The tautological (or universal) line bundle on P" is defined as a
sub-bundle of P* x C"™! for which the fiber at every point (x¢ : ... : ¥,) € P" is the
line through the origin {(Axy, ..., \x,,), A € C*} or, more formally written,

Opn(—1) = {(I,v) € P" x C""v € I}. (2.73)

Its dual, the hyperplane line bundle Opx (1) is a sub-bundle of P" x (C"*1)*, whose fiber
at every point is the space of linear functionals Y ;" ; Az’ € C (hence it is a bundle of
hyperplanes). More line bundles can be defined on P" as tensor products Opn (k) =
Opn (1)®* and Opn(—k) = Opa(—1)%% for k € Z. They are used to build line bundles
on the ambient space O 4(k) = Opni (k1) ® ... ® Opnm (ky, ), where k = (ky, ..., k), and
through restriction, line bundles on the Calabi-Yau manifold Ox (k) = O4(k)|x.

In particular, the cohomology groups of line bundles on A are related via the Kiinneth

formula to cohomology groups of line bundles on individual projective spaces

HYA 04k)= € H"P",0(k)) x .. x H"(@" O(ky)).  (2.74)
q+...+qm=q
In future chapters we will learn how exactly to calculate these cohomologies and how
to use the Koszul sequence (2.72) in order to determine H?(X, Ox(k)).

2.6 Dimensional Reduction of the 10d Theory

Now that we have the mathematical tools to proceed with the compactification, our
goal is to dimensionally reduce the heterotic 10d theory down to 4d. There are
several steps that need to be taken. The first is the dimensional reduction of the
gravitational sector, namely the dilaton, B-field and Einstein-Hilbert terms of the
bosonic action (2.27). Next in line is the dimensional reduction of the matter sector,
or the o/-dependent part, with the emergence of 4d matter multiplets in the resulting
GUT group representations. In passing, we will also discuss what happens with
the fermionic action and how to obtain holomorphic Yukawa couplings from the 10d
theory. In the last part of this section, we will specify how to further break the GUT
group down to the SM group via Wilson lines, as this is the final stage through which
the heterotic string theory is connected to particle physics.
Most of the results in this chapter are well-known in the literature ([9],[13],[70],[114]),

however some of them, such as Eqs. (2.89)—(2.92), are based on original work. A more

detailed description of these original formulae will be provided later, in Section 5.1.
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2.6.1 Dimensional reduction of the bosonic gravity sector

At the first stage of compactification, we can neglect all O(«/) contributions to the
10d bosonic action, in order to focus on the gravity sector. We start by expanding

the bosonic fields of the gravity multiplet according to the compactification ansatz.

Expanding the dilaton Under the assumption that 10d fields are perturbations
around the My x X vacuum, any scalar field ¢(z™) can be expanded in terms of
the external and the internal coordinates as ¢(x,y) ~ ¢(x)d(y), where x and y are
short-hand notations for x# and y™. The solution to the equation of motion A¢ = 0
implies that ¢(y) is a constant, which can be taken to be 1, therefore the 10d dilaton
is trivially expanded as ¢(z,y) = ¢(x). Of particular significance is the background

value of the dilaton, which determines the string coupling constant via g, = e!?’.

Expanding the B field For the case of the B field, it is again necessary to analyse
the equations of motion. In order for B to be physical, it must be invariant under a
gauge transformation 6 B = dA which decouples the time-like modes of B (these modes
are responsible for negative norm states). The usual gauge choice, d'B = 0, together
with the equation d'dB = 0, derived from the minimisation of action,® show that
AB =0, i.e. B is harmonic. Now, on a vacuum space M, x X, the Laplacian splits
into A = Ay + Ax, which means that massless fields? of the 4d theory correspond to
zero modes of the Laplace operator A x, and therefore to harmonic forms representing
classes in HP4(X). Applying what we learned about cohomology groups of Calabi-

Yau manifolds, the expansion of B reads

B(w,y) = B(x) + ) _7'(@)wily), (2.75)

i=1
where B(z) is the rank-2 tensor field in the 4d theory, {7%} is a set of h'! scalar fields,
known as moduli, and {w;} is a basis of harmonic (1, 1)-forms. In particular, B(z)
has a single degree of freedom and is a pseudoscalar, so it can be dualised to a 4d

real scalar field v(z)

dB = *4dry. (2.76)
$Writing the action of B as an inner product (H,H) = [ H A+H, where H = dB + O(c’) is the

field strength, and then imposing 6(H, H) < for small variations of B leads to the result dfdB = 0.

9In the equation AyB + Ax B = 0, Ax B has the role of a mass-squared term for the effective 4d
field, however non-zero eigenvalues of A x are too large to be measured, as they are proportional to
1/12 > 1, where [.. is the typical length scale of the internal manifold. It is for this reason that only
massless fields are relevant at low energy.
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Expanding the metric Following [13], the internal manifold remains Ricci-flat

upon dg deformations of the metric, provided that the Lichnerowicz equation is sat-
isfied
VFVF(;QAB + 2RACBD(SQCD =0. (2.77)

Hence the solution is of the form dg = dgmndy™dy™ + 0 ¢mdy™dy"™ + c.c., where

hll
5gmﬁ = Z tz wzmn (278)
h21
S G = — HQH?Q quz ) papgr(y (2.79)

are expansions in bases of harmonic (1, 1)-forms {w;} and harmonic (2, 1)-forms {p,},
respectively. The 4d real scalar fields #* are called Kihler moduli and parametrise size
deformations, while the 4d complex scalar fields z* are the complex structure moduli
parametrising deformations of shape.

It is now possible to apply the field expansions (2.75), (2.78) and (2.79) to the 10d
action (2.27), but while doing so, we want to remove the exponential prefactor e=2¢
from the Ricci scalar term. This involves moving from the string frame of tree-level
string interactions to the Einstein frame through a Weyl rescaling of the external

metric
G = € Gy - (2.80)

Under this transformation, the 4d bosonic action at zeroth order (o’ ~ 0) reads

So = o 2 dzy/— (R— (519)° 8“5@5— QGZ-j@“TiayTj—2Gab8“zaaﬂib>,(2.81)
where
[ PPN
Gii=— | w AN*xw;, G,;=2%X"_" 2.82
J 4y XWj ab fX QAQ ( )
are the Kahler and complex structure moduli space metrics respectively, and
S =e 2 iy, T =t +ir’ (2.83)

are defined as 4d complex moduli fields, together with 2. In total, the gravity sector
contains Al 4+ h%! + 1 such fields, sitting in N = 1 chiral supermultiplets. It is also

useful to introduce Kéahler potentials

KD — _p (%/ JAJA J) , K© = _In (z/ Q Aﬁ) : (2.84)
3 X X
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from which the moduli space metrics can be derived, using G;; = 0,0, K (/) and
Gap = 030, K“®. Finally, note that in the expression (2.81), sy is assumed to be the
4d gravitational coupling, so that k% = 87Gy, where Gy is Newton’s constant. The
relation between 2 and its 10d counterpart x? ~ ¢2I% is given by x? = K3V, where
V is the volume of the compact manifold. Interestingly, this also relates the string
length and the Planck length via lp ~ g2/ V'V, showing that lp < I for adequate
values of g; and V. With these observations, we conclude our discussion of the gravity

sector.

2.6.2 Dimensional reduction of the bosonic matter sector

Compactifying the o/-dependent part of the bosonic action (2.27) involves expanding
the gauge field as A = A© + AM where A is the non-zero vacuum expectation
value on X and AW is an infinitesimal fluctuation. Being in the adjoint representation
248 of Eg, AM must split as

248 — |(Adjg, 1) @ (1, Adj,) @ @(Rg,RH)]GXH (2.85)
under the symmetry breaking Fs — G x H, where G is the group structure of the
holomorphic vector bundle V' and H is the effective 4d GUT group. In particular,
the piece transforming in the adjoint of H is interpreted to be the 4d gauge boson

A(z) = A, (x)dz*, while for the other components the ansatz is
1 . Py A .
AR ry = Cl@)vim(y)dy™ + D (2) pin (y)dy™, (2.86)

where CT and D” are matter fields in the representations Ry and Ry respectively,
while v; € H'(X,Vg,) and op € H'(X,Vy_) are harmonic (0,1)-forms on the
bundles Vr, and Vg ., associated to representation Rg of G. This is in line with
the requirement that A®) is harmonic, which comes from the Yang-Mills condition
da* F =0 and the gauge choice dg * AY) = 0, with d4 being the covariant derivative
on the bundle. With the ansatz (2.86) and redefining F' as the 4d field strength of
A(z), the Yang—Mills action becomes'

SYM =

d*zy/=g | =Re(f) TrF? + 2G;;D,C'D"C” + 2.87
2 2 ’

where f = S is the gauge kinetic function, G is the matter field Kahler metric

1
6 (6 -
Grj=— d y\/ ¢ O gOm Y T = v V[ A*yry, (2.88)
100ne notices that representations (Rg, Ry ) and (R, Ry) are both present in the decomposition
of 248 and the relation A (;_2 ) AE;Q); Rap) is implied by complex conjugation.
H El
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and by the ellipsis we indicate that further kinetic terms must be added, one for
each type of Ry-multiplets in the decomposition (2.85). The number of families in a
representation Ry is given by ng,, = h'(X, V), while the number of anti-families is
ng,, = h'(X,Vj,). This means that the net number ng,, —nz, of Ry-multiplets is a
topological invariant of the bundle, namely the index ind(Vg,), as defined in (2.67).
In the particular case of the representation (Adjs,1)gxm, the resulting 4d scalars
are uncharged under the GUT group H, so they are called vector bundle moduli.
As the corresponding bundle for Adjs is V ® V*, the number of bundle moduli is
ny = hY(X,V ®V*). For the other representations of G, Vz, descends from the
principal bundle V', either as V itself, if R4 is the fundamental representation, or as
the dual V* or the wedge products A%V, A2V*. Quoting [35], the main results for
vector bundles with structure groups G = SU(3), SU(4) and SU(5) are presented
in Table 2.1. All three cases lead to a corresponding GUT that was discussed in
Section 2.2.2. Finally, the coefficient in front of the Yang-Mills action (2.87) can be
identified with the GUT coupling 1/, thus giving a proportionality of the form
Jaurt ~ gslg / V'V between gaut and the parameters of the 10d theory.

’ Es—-GxH ‘ Decomposition of 248 ‘ Spectrum ‘
nar = ht(V)
SU(3) x Eg (8,1)® (1,78) ® (3,27) @ (3,27) ngz = h'(V*)
n1=h'(V@V*)
nie = ht(V)
nig = h'(V*)
SU(4) x SO(10) | (15,1) & (1,45) & (4,16) @ (4,16) ¢ (6,10) nio = h*(A%V)
n1=h'(Ve@V*)
nio = ht(V*)
nig = h*(V)
SU(5) x SU(5) | (24,1) @ (1,24) @ (5,10) @ (5,10) & (10,5) & (10,5) | ng = h'(A*V*)
ns = ht(A2V)
ny =ht VeV

Table 2.1: Different symmetry breaking scenarios for the Eg gauge group, as dictated
by the choice of a vector bundle V' with structure group G = SU(3), SU(4) or SU(5).
The resulting spectrum of particles (matter fields and bundle moduli) is determined
by the cohomology groups of the bundle.

As a side note, one of the original methods of heterotic compactification was the
standard embedding, through which the vector bundle V' is chosen to be identical
with the holomorphic tangent bundle T'X, so that the anomaly cancellation condi-
tion (2.42) is automatically satisfied. Since the holonomy of X is SU(3), the spin
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connection is embedded in the gauge group Eg as the gauge connection of an SU(3)
subgroup. Thus, the standard embedding is a case of SU(3) x Eg compactification
and has a net number of families |ngy — nss| = [A*1(X) — A (X)| = |x|/2. Despite
its computational triumphs (4d physical Yukawa couplings, in particular), the model
is too restrictive, therefore we look for models with a more general embedding.

To conclude this section, the compactification of the o'-dependent part of the
bosonic action does not only give rise to matter field kinetic terms. There are also
several cross-terms arising from the |H|? action. This is seen by expanding B in terms
of the moduli 7% as in (2.75) and the Chern-Simons form wyy in terms of the matter
fields C! to obtain

! 1 i
Scross terms = % /d4.’17\/ —9g (QAiIJaHTlCID,uCJ + C-C-> s (289)
Ry
where A;7; is a coupling
1 _
Nirg= = | (xxw;) Avr A (HDy), (2.90)
2V Jx

and H is the Hermitian structure on the bundle. It is important to note that in the
presence of matter fields, the moduli fields in Eq. (2.83) get modified to an expression

of the form
T' =t +ir' +d T},0C7, (2.91)

for certain coefficients I'} ;. Using this and the Kahler potential to compute the terms
Kiz:0MT'D,C7 | one identifies

Nirg = —iaGU

Z‘ —_——

1 »»8G1J
R — vy
oti L 4G oti

(2.92)

where G% is the inverse Kahler moduli metric and Gy is the matter field metric.'!

2.6.3 Dimensional reduction of the fermionic sector

Due to supersymmetry, all the fermionic fields in the 4d theory are expected to be
the superpartners of the bosonic fields derived in Sections 2.6.1 and 2.6.2. For this

reason, compactifying the fermionic sector may seem redundant and is mainly useful

1Tt is easy to see that Gy is indeed t-moduli dependent, by expressing it as

Gry=—— / JAJAvrA(HDy), where J=tw;, V= —dyptitit*.
w [y 6
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as a consistency check. As a reminder, the 10d fermions are the spin-3/2 gravitino
s, the spin-1/2 dilatino A and the spin-1/2 gaugino x, which transforms in the

adjoint representation of Fg. They have the following kinetic terms

B 1
 9K2

_ 1_ !
St d0z/—ge2? [wMFMNPDNibP + EAFMDM)\ + C%Tlr(XI‘MDMx) , (2.93)

where all I'V’s are 10d I'-matrices and their antisymmetrised product is given by

FN1N2--~Nn — 1 F[N1FN2_._FNTJ . (294)

n!

Constructing the Clifford algebra in various dimensions is thoroughly discussed in

sources like Ref. [84] (Appendix B). For our particular case,
M=4"®1, ™ =7"®9", M=9"®9", (295

where y# are the standard Dirac matrices in 4d, 4% is their corresponding chirality

operator, and 4™, 4™ are internal manifold gamma-matrices satisfying

{y" " =2"", {r"r =" =0 (2.96)

Spinors are defined in D dimensions as 2P/2

-dimensional representations of the
Lorentz group SO(1,D — 1), by taking generators o™~ = L[I'™ TV]. If D is even,
a Dirac spinor can be split into two irreducible Weyl representations and if a con-
straint U1 = W7C' can be applied, where C' is the charge conjugation matrix, then the
spinor V¥ is said to be Majorana. In 10d, the Majorana-Weyl spinor 16 of SO(1,9)

decomposes under SO(1,9) — SO(1,3) x SO(6) as
16 — (2,4) @ (2/,4), (2.97)

from which one can see that the compactification ansatz My x X renders ¥ (z,y) =
V() @ UX(y) + ¥(x) @ UX(y) for any spinor field U. The representation 4 of
SO(6) is further split into 1 @& 3 under the reduced SU(3) holonomy, so in general

UX can be expanded as

U (y) = a(y) + bm(y)Y™¢, (2.98)

where a is a smooth function and b is a (0, 1)-form, both being defined on X or a
bundle thereof, depending on the gauge representation of U~ while 4™ and 4™ act
as raising and lowering operators, and &, € are the covariantly constant spinors of

opposite chirality, satisfying v™¢ = 0 and 7€ = 0 (see Ref. [44]).
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In terms of the equations of motion, the gravitino, being a vector-spinor field,'?
respects the Rarita-Schwinger equation I'MY? Dy1)p = 0, while the dilatino and the
gaugino satisfy Dirac equations P\ = 0 and [Py = 0 respectively, where the 10d Dirac
operator 1) is '™ D, and the covariant derivative D) is defined with respect to the
spin connection and (in the case of the gaugino) the background gauge fields. Now,
the Dirac operator splits as I) = D, + )y, when acting on the (2,4) component
of 16, and as 1) = P} + P\, when acting on (2,4). Therefore, 4d massless left-
handed fermions correspond to zero modes of IDy, while 4d massless right-handed
fermions correspond to zero modes of ZD; The net chirality is given by the index
ind()y) = dimker)y — dim kerlD;, which was shown to be a topological invariant

of the manifold via the Atiyah-Singer index theorem,

~

ind(By, V) = / A(X) A ch(V), (2.99)
X

where A(X ) is the A-roof genus, a topological quantity of X isomorphically related to
the Todd class Td(X), so that on an almost complex manifold Td(X) = e (X)/24(X)
[81]. This identifies ind()) x, V') with the index of the Hirzebruch-Riemann—Roch the-
orem (2.67) that was used to describe the bosonic spectrum, thus equating the number
of bosonic and fermionic degrees of freedom. For example, 4d matter fermions C’
(the superpartners of bosonic matter fields C7) arise from the dimensional reduction
of 10d gauginos, having a number of Ry-multiplets that is equal to ind(Dy, Vz,),
where representations R and Ry are defined as in (2.85). The Adj, component of
x(z) corresponds to the 4d gaugino and together with the gauge field A, (z), it forms
the vector supermultiplet. On the other hand, the 10d dilatino only gives rise to a
4d Weyl spinor (the 4d dilatino), which is the superpartner of the modulus field S.

Altogether, the explicit decompositions for the gaugino and the dilatino read®®

XRera) = C1(@) @ vim(y)y™€ + DF (2) @ Tpm(y)7"E, (2.100)
Mz, y) = M2) @ €+ Mz) ® &, (2.101)

where we used the same notations as in (2.86).
The compactification of the gravitino is roughly similar, although more elaborate.

The components 1, with an external index, transform as a vector-spinor of SO(1, 3)

12Note that unlike spinors, vector-spinor fields have 2[P/ 2}_I(D —3) components in D dimensions,
if they are massless.

13Note that the Majorana condition XI )C is satisfied if X(ReRu) 18 similarly

=y _
Rc:Ru) X(Rg,RH

expanded in terms of DP and C7.
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and a spinor of SO(6), but only w;‘;d ® ¢ is massless, where wﬁd is interpreted as the
massless 4d gravitino. The internal component 1,,, = ¥4 @1~ however transforms as
a spinor of SO(1, 3) and a vector-spinor of SO(6), and its 4d massless fields correspond
to solutions of the Dirac equation D x¢X = 0, thus giving (see for example Ref. [82])

Ym = T" ® (wi)mm?"€ + 2 ® (Pa)mmpS ™V E, (2.102)

€212
where T(z) and 3%(z) are Weyl fermions that carry no gauge charges, while w; €
H“'(X) and p, € H*'(X) are the same bases of harmonic forms that we used in
Eqs. (2.78)-(2.79). Thus, 7% and 2* are indeed the superpartners of moduli fields 7"
and z%, with which they form chiral multiplets. All in all, the N = 1 spectrum in the

low-energy theory is summarised in Table 2.2

Multiplet Hgur rep. | Field content | Number
gravitational 1 (Gpws Yuu) 1

vector Adjy (A, x) 1

linear 1 (S, A) 1

Kihler moduli 1 (T%, T AUY(X)
complex structure moduli | 1 (2, 2%) h*(X)
matter chiral R (c,ch ind(Vz,)

Table 2.2: The 4d N = 1 supermultiplets obtained in heterotic compactification.

Using the ansétze (2.100)—(2.102) and after performing a Weyl rescaling of the 4d
metric, as well as other rescalings such as A\ — €2\ and y — e~ %, the 4d fermionic

action is brought to the form
1

i — o _

Sy = —— [ d*a/=g|ie"" ), 5\D b, + —Re(f)Tr(xa" D ———— "D, \
f /@21/ T g{ze ¥, 03Dy, + 5 e(f)Tr(xo MX)+(S+S)2 " D A\ +
+ G, T'5" D, TV + G35 D, + o/G1,C'5D,C7 |, (2.103)

with the metrics Gy, G5 and Gy defined as in (2.82) and (2.88)."

2.6.4 Holomorphic Yukawa couplings and other interaction
terms

As we saw in Section 2.1, Yukawa interactions occur when two fermions are coupled

to a scalar field, or in our notation, when C!C’C¥ terms are present in the 4d

141n the last stage of compactification, we assumed ¢ is normalised and we used the identities
ETymyTE = 29™™ and 1My PAIE = 49T gl
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action. Such terms are obtained from the 10d gaugino kinetic term Tr(}T'™ Dy,),
namely from its Y7y A,,x part, by expressing the covariant derivative as Dy x® =
Orx® + [ A%, x¢ (where f%, are the structure constants of Fg), and extracting the
fields C' and C7 as low-energy massless modes of x and A,,, respectively. Now, the
manner in which x and 4,, are decomposed is described by representations (R, RY;)
of G x H, where the index ¢ = 1, 2, 3 refers to each of the three fields involved in the
coupling and Rf, ® R ® R, forms a singlet under G. With the expansion of y and
Az into bases of harmonic (0, 1)-forms v;; € H'(X, Vri,), as in (2.86) and (2.100),

and using the definition (2.54) of €2, one obtains the compactified formula
Syuk ~ / )\[JKC({CE]C?{(, where /\[JK = / QAN Vil VAN VS,J A V;?C,,Kfabca (2104)
My X

with bundle indices a,b,c running over the dimension of each representation RY,.
Overall, the structure constants f,,. ensure that A;;x is invariant under G. The
implications of Eq. (2.104) are profound. Since A;;x is a quasi-topological quantity,
it can be evaluated without knowledge of the internal metric g,,7 or the connections
on the bundle. However, one has to know the specific values of harmonic forms
v;.1, which is in general not easily achievable. By contrast, the matter field Kéhler
metric Gy depends on gz, as seen from Eq. (2.88), so without a precise geometrical
description of X, the fields cannot be canonically normalised. In the next chapter,
we will continue the discussion on holomorphic Yukawa couplings in more depth, as
they are the main focus of this thesis.

Having established the holomorphic Yukawa couplings, the superpotential and the
matter field Kahler potential are given by W = A%?C{ C/CF and K (m) — G%C{ cy,
respectively (where by C! we now refer to chiral superfields), and one can see that

W is in agreement with the Gukov-Vafa-Witten expression
W:/Q/\H. (2.105)
X

Finally, the heterotic compactification is not complete without dimensional reduction

of the 10d interaction terms
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wherein the first component is responsible for the 4d gravitino mass term

S~ | 05" PW (2.107)

My

while other components of the action give gravitino-fermion interactions and D-terms.

2.6.5 Moduli stabilisation

As stated at the beginning of this chapter, the presence of moduli fields in the low-
energy spectrum is one of the most pressing problems of string compactification.
From a phenomenological standpoint, the moduli affect the predictivity of the theory,
because they have no potential, so their vevs can vary continuously and arbitrarily, as
time-dependent parameters. Moreover, moduli fields can mediate certain long-range
forces, for which there is no experimental evidence. For these reasons, moduli must
be lifted from the low-energy spectrum.

In the context of heterotic compactification, solutions to the moduli problem have
been given in Refs. [47, 48], where all geometrical moduli are stabilised, with the
exception of one linear combination. The guiding idea is that the Hermitian Yang-
Mills equations (2.37) constrain the moduli space by requiring certain F- and D-terms
in the effective 4d potential to vanish. Such terms explicitly descend from the 10d
action, namely from a component of it that reads'®
OZ/

Spart, = —%Z /dwx\/—_g (‘%Tr(gmnan)2 + Tr(gmmngmnFm)) - (2.108)
Whenever a deformation of complex structure fails to preserve F),, = Fmn = 0, at
least one F-term becomes non-zero, thus signaling that the modulus of the defor-
mation should not belong to the low-energy theory. Similarly, the failure of metric
deformations to satisfy ¢™"F,,; = 0 is correlated to non-vanishing D-terms, which
stabilise Kahler moduli. In general, supersymmetric and non-supersymmetric regions
of the Kéhler cone are separated by “walls of stability”, on which the bundle V' must
split into direct sums of smaller components, in order to preserve supersymmetry.
These regions in particular provide important applications for model building and
moduli stabilisation. Other stabilisation techniques involve non-perturbative effects
such as gaugino condensation and membrane instantons. In the end, a viable the-
ory would have to ensure stabilisation of all moduli, including the remaining linear
combination and the A'(V ® V*) bundle moduli.

5Here, Spart. can be obtained by using the integrability condition on the modified Bianchi iden-
tity (2.29) and then substituting the result into the o’-dependent part of the action.
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As a work on string phenomenology, this thesis is concerned to some extent with
the problem of moduli stabilisation, however instead of addressing the problem ex-
plicitly, we focus on the dependence of Yukawa couplings to moduli. In certain cases,
the Yukawa couplings vanish and this behavior is independent of moduli. When they
do not vanish, the Yukawa couplings are expressed as functions of moduli, which can
be combined with results from moduli stabilisation. It is also possible to reverse the
logic. One might figure out for which moduli values reasonable Yukawa couplings are
obtained, and these are the values at which the moduli need to be stabilised. For
example, light Higgs usually only occurs for special complex structure choices, which

can be inferred from our results.

2.6.6 Wilson lines

The problem of descending from a GUT group Hgyt down to the Standard Model is
resolved in heterotic string theory by turning on Wilson lines. By definition, Wilson
lines are configurations of internal gauge fields with vanishing field strength, but non-
vanishing parallel transport around non-contractible loops. For example, if v is a
homotopically non-trivial loop in the fundamental group 71(X), then the Wilson line

induces a homomorphism ¢ : 71 (X) — Hgyr through the path-ordered exponential

U, = Pexp (j{ Amdym> : (2.109)
¥

thus embedding gauge-invariant observables into the GUT group. At low energies,
Hgur is broken by the vevs (A,,) down to the subgroup commuting with the image of
. The advantage of using Wilson lines compared to conventional symmetry breaking
is that no additional Higgs bosons are introduced, instead the necessary ingredients
are already found in the topology of the internal manifold.

The issue however is that the CICYs we defined so far in Section 2.5.4 are simply
connected, i.e. they have a vanishing fundamental group. Nevertheless, given a
simply-connected manifold X, it is possible to construct a non-simply connected space
by dividing X by a freely acting'® discrete symmetry I'. In this case, the fundamental
group of X/T"is I and the application of the Lefschetz fixed point theorem ensures
that X/T is indeed a Calabi-Yau manifold.!” If |T| is the order of the discrete group,
then the Euler number of X/T" is x(X)/|T'|, and similarly, the index of the bundle

16The action of T is called free if it has no fixed points in X.
1"More precisely, for any element g € T, the induced map ¢* on cohomology preserves the holo-
morphic (3,0)-form €, due to the Lefschetz fixed point theorem Y°°_ (=1)9Tr (g*| sa.0 =0.
p ) ) p q=0 9 |H (X)
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V — X/TI descending from V is given by ind(V')/|T'|. This means that for a realistic

GUT model with three generations of particles, the requirement is that
lind(V)| = 3|T"|, (2.110)

where we employ here the data from Table 2.1 and use the fact that for an SU(5)
bundle, ind(A?V) = ind(V). Altogether, the topological constraints for the vector

bundle V' are summarised in Table 2.3. In the next chapter we will show how these

Physical requirement | Topological constraint
GUT group a(V)=0

Anomaly cancellation | co(TX) — (V) >0
Supersymmetry V' is poly-stable
Three generations lind(V')| = 3|T|

Table 2.3: Phenomenological constraints for a holomorphic vector bundle V' on a
Calabi-Yau threefold X, in the context of heterotic compactification.

conditions are implemented if V' is a direct sum of line bundles. By concluding this

review, we can now proceed to the main topic of the thesis.
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Yukawa Couplings in the Heterotic
Tetra-quadric Model

In the last sections of Chapter 2, we checked that heterotic Calabi-Yau compactifi-
cations can indeed produce terms which are identifiable with the standard N = 1
supergravity action in four dimensions [56]. This was mainly provided by Egs. (2.81),
(2.87) and (2.103), with the proviso that moduli fields describing the size and shape of
extra dimensions have to be stabilised. The natural step forward would be to search
for realistic models with the correct spectrum of particles and physical Yukawa cou-
plings matching experimental observation.

Over the past two decades, string model building based on heterotic Calabi-Yau
compactifications has seen considerable progress [14-24] and large classes of models
with the MSSM spectrum can now be constructed using algorithmic approaches [25—
27]. The other problem however, involving the calculation of Yukawa couplings for
such models, has remained largely unaddressed, both in terms of general techniques
and actual specific results. In this chapter, we will attempt to make some progress
in this direction and develop new methods, mainly based on differential geometry, to
calculate holomorphic Yukawa couplings for heterotic line bundle models.

Calculating the physical Yukawa couplings of a supersymmetric string compact-
ification comes in two parts: the calculation of the holomorphic Yukawa couplings,
that is, the couplings in the superpotential, and the calculation of the matter field

Kéhler metric, in order to work out the field normalisation. The holomorphic Yukawa
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couplings are quasi-topological — they do not depend on the Calabi-Yau metric or the
Hermitian Yang-Mills connection on the bundle — and they can, therefore, in prin-
ciple, be calculated with algebraic methods. The situation is very different for the
Kahler metric which does depend on the metric and the bundle connection. It is un-
likely that an algebraic method for its calculation can be found and, hence, methods
of differential geometry will be required.

At present, a full calculation of the physical (perturbative) Yukawa couplings is
only understood for heterotic Calabi-Yau models with standard embedding. In this
case, the holomorphic Yukawa couplings for the (1, 1) matter fields are given by the
Calabi-Yau triple intersection numbers [28], while the holomorphic (2, 1) Yukawa cou-
plings have been worked out in Ref. [29]. The matter field Kéhler metrics are identified
with the corresponding moduli space metrics (2.82), as explained in Ref. [13]. Fur-
ther, in Ref. [29], the relation between the analytic calculation of (2, 1) holomorphic
Yukawa couplings and the algebraic approach has been worked out in detail.

Much less is known for heterotic Calabi-Yau models with general vector bundles.
An algebraic approach for the calculation of holomorphic Yukawa couplings for such
“non-standard embedding” models has been outlined and applied to examples in
Ref. [35]. However, the matter field Kéhler metric has not been computed for any
non-standard embedding model on a Calabi-Yau manifold and no clear method for
its computation has been formulated.

The purpose of this chapter is two-fold. First, we would like to develop explicit
methods based on differential geometry to compute the holomorphic Yukawa cou-
plings for heterotic models with non-standard embedding. Secondly, we would like to
understand how these methods relate to the algebraic ones pioneered in Ref. [29] and
further developed in Ref. [35]. Apart from occasional remarks, we will not be con-
cerned with the matter field Kéhler metric until Chapter 5. For ease of terminology,
the term “Yukawa couplings” will refer to the holomorphic Yukawa couplings in the
remainder of the thesis.

The present work will be carried out within the context of heterotic line bun-
dle models [25-27], perhaps the simplest class of heterotic Calabi-Yau models with
non-standard embedding. For those models, the gauge bundle has an Abelian struc-
ture group G = S(U(1)") and is realised by a sum of line bundles, a feature which
makes explicit calculations of bundle properties significantly more accessible. Fur-
thermore, we will work within perhaps the simplest class of Calabi-Yau manifolds,
namely complete intersections in products of projective spaces [10, 37, 38] (CICYs).

More specifically, we focus on hyper-surfaces in products of projective spaces and the
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tetra-quadric in the ambient space A = P! x P! x P! x P! in particular. On the one
hand, the simplicity of the set-up facilitates developing new and explicit methods to
calculate Yukawa couplings. On the other hand, it is known [25, 26] that this class
contains interesting models with a low-energy MSSM spectrum, so that we will be
able to apply our methods to quasi-realistic examples.

Picking a vector bundle with Abelian structure group means that the low energy
theory is governed by the gauge group H = Hgyur x S(U(1)"), commuting with
G. One could naively ask whether such a model is anomaly-free, given that the
extra U(1) bosons could in principle contribute to anomalous triangle loops. The
answer however is that such anomalies are canceled by the 4d version of the Green-
Schwarz mechanism, which ensures that the extra U(1) bosons acquire Stiickelberg
masses close in magnitude to the compactification scale. Thus, in the 4d theory,
the additional U(1) symmetries are to be interpreted as global and, in fact, their
presence may be rather beneficial for phenomenology. In conjunction with topology,
these global symmetries could potentially explain the structure of Yukawa matrices
and why certain terms, such as (2.12), that trigger fast proton decay, are forbidden.

The plan of this chapter is as follows. In the next section, we will lay the ground
by reviewing some of the basics, including the general structure of heterotic Yukawa
couplings, heterotic line bundle models and complete intersection Calabi-Yau mani-
folds. Since our main focus will be on the tetra-quadric Calabi-Yau manifold, we need
to understand in some detail the differential geometry of P! and line bundles thereon.
This will be developed in Section 3.2. General results for Yukawa couplings on the
tetra-quadric and some toy examples are given in Section 3.3. Section 3.4 presents a
complete calculation of the Yukawa couplings for a quasi-realistic model [25, 26, 39—
42] with MSSM spectrum on the tetra-quadric. We conclude in Section 3.5.

Some related matters and technical issues have been deferred to the Appendices.

3.1 Yukawa couplings in line bundle models

3.1.1 General properties of Yukawa couplings in heterotic
Calabi—Yau compactifications

We start with an overview of holomorphic Yukawa couplings in the context of the
Es x Eg heterotic string theory on a Calabi—Yau manifold (see, for example, Ref. [9]).
As seen in Section 2.6, the matter fields originate from the Eg x Eg gauge fields A
and the associated gauginos. Here we focus on one Eg factor (“the visible sector”)

and assume that the Calabi-Yau manifold X carries a principal bundle with structure
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group G embedded into Eg. The (visible) low-energy gauge group H is then the
commutant of G within Fg and the types of matter multiplets can be read off from
the branching

248 — | (Adj, 1) & (1, Adjyy) & P (Re, Ray)| (3.1)

GxH

of the 248 adjoint representation of Eg under G x H. Specifically, for the above
branching, the low-energy theory can contain matter multiplets transforming as rep-
resentations Ry under H. These multiplets descend from harmonic bundle valued
(0,1)-forms v € HY(X, V), where V is a vector bundle associated to the principal bun-
dle via the G representations Rg. Consider three representations (R%, R%;), where
i = 1,2,3, which appear in the decomposition (3.1), such that R}, ® R% ® R con-
tains a singlet. The three associated vector bundles are denoted as V; with harmonic
bundle-valued (0,1)-forms v; € H'(X,V;). Then, the associated holomorphic Yukawa

couplings can be computed from
)\(Vl,VQ,Vg) —/ Q/\Vl/\l/g/\yg y (32)
b's

where Q is the holomorphic (3,0) form on X and an appropriate contraction over
the bundle indices in v; onto the singlet direction is implied. Let us introduce sets of
basis forms, v; r, where I = 1,..., h'(X,V;), for the cohomologies H*(X, V;) and define
Agx = MV, v2,5,V3 k). The four-dimensional N = 1 chiral superfields associated
to v;r are denoted C/ and these fields transform as R% under the gauge group H.

The superpotential for these fields can be written as
W = \yCiCyCE (3.3)

Here, we are mainly interested in the phenomenologically promising structure groups

G = SU(3), SU(4), SU(5) (and their maximal rank sub-groups), which lead to
the low-energy gauge groups H = Fg, SO(10), SU(5) (times possible U(1) factors),

respectively. For these three groups, the decomposition (3.1) takes the form

248 — [(8,1) @ (1,78) & (3,27) & (3,27)] g3 s, 3.4)
248 — [(15,1) ® (1,45) ® (4,16) ® (4,16) & (6 10)}SU(4)XSO(10) (3.5)
248 — [(24,1) @ (1,24) & (5,10) & (5,10) & (10,5) & (10,5)] gy ) . spr5)  (3-6)

For G = SU(3) we have matter multiplets in representations 27, 27 and 1 of the
low-energy gauge group H = FEg and possible Yukawa couplings of type 272, ﬁ?’,
127% and 127",
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For G = SU(4), the families come in 16 representations and the anti-families in
16 representations of H = SO(10). Higgs multiplets reside in 10 representations and
bundle moduli in singlets, 1. Possible Yukawa couplings are of type 10162, 10 EQ,
11616 and 1107

Finally, for G = SU(5) and low-energy gauge group H = SU(5) we have families
in 5@ 10, anti-families in 5@ 10 and bundle moduli singlets, 1. Allowed Yukawa cou-
plings include the up-type Yukawa couplings 5 102, the down-type Yukawa couplings
5510 as well as the singlet couplings 155, 110 10.

While Eq. (3.2) has been, initially, written down in terms of the harmonic repre-
sentatives v; of the cohomologies H*(X, V), it is important to note that the expression
is, in fact, independent of the choice of representatives. To see this, perform the trans-
formation' v; — v; + 5@- on Eq. (3.2), where &; are sections of V;. Then, integrating
by parts and using dv; = 0, 02 = 0 and 0% = 0, it follows immediately that

Avy + 551, Vo + 552, V3 + 553) = ANv1, 10, 13) . (3.7)

This quasi-topological property of the holomorphic Yukawa couplings means that they
can, in principle, be computed purely algebraically, as has been noted in Refs. [29, 35].
To recall how this works we focus on the case G = SU(3) and low-energy gauge
group H = FEg. The families in 27 descend from bundle-valued (0,1)-forms v, u, p €
H'(X,V), where V is the associated vector bundle in the fundamental representation,
3, of SU(3). Since ¢;(V) = 0 it follows that A*V = Ox and we have a map

HY X, V) x HY(X,V) x H(X,V) — H*(X,\*V) ~ H}(X,0x) ~C.  (3.8)

More explicitly, this can be expressed by the cup product

vVARNp =TV, 1 p) 2, (3.9)

where 7(v, i, p) is a complex number and Q is the unique harmonic representative
of the cohomology group H3(X,Ox). Inserting into Eq. (3.2), it follows that the

complex number 7(v, i, p) is proportional to the Yukawa couplings via

A, v, p) = 7(v, 1,y p) /X QANQ . (3.10)

This means that the 273 Yukawa couplings, up to an overall constant, can be com-
puted algebraically, by performing a (cup) product between three cohomology rep-
resentatives. Similar arguments can be made for the other Yukawa couplings in the

SU(3) case and indeed for other bundle structure groups G.

'Here and in the following, we will often denote the derivative Op on differential forms taking
values in the vector bundle E simply by 0 to avoid cluttering the notation.
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Such an algebraic calculation has been carried out for certain examples in Refs. [29,
35]. While it is elegant and avoids the evaluation of integrals, it also has a number
of drawbacks. As a practical matter, the relevant cohomologies are not always di-
rectly known, but are merely represented by certain isomorphic cohomologies. In this
case, it is not always obvious how the cup product should be carried out. Perhaps
more significantly, computing the physical (rather than just the holomorphic) Yukawa
couplings also requires knowledge of the matter field Kahler metric (2.88) which is

proportional to the inner product

(v,w) = /XVA*EW (3.11)

between two harmonic (0, 1)-forms v, w representing cohomologies in H*(X, V). Un-
like the holomorphic Yukawa couplings, this expression is not independent of the
choice of representatives due to the presence of the complex conjugation, as can be
seen by performing a transformation v — v + da, w — w + 9B. It needs to be
computed with the harmonic (0, 1)-forms and requires knowledge of the Ricci-flat
Calabi-Yau metric. Consequently, a full calculation of the physical Yukawa couplings
will have to rely on differential geometry. One purpose of this thesis is to develop such
differential geometry methods, for the immediate purpose of calculating the holomor-
phic Yukawa couplings, but in view of a full calculation of the physical couplings in
the future.

3.1.2 A review of line bundle models

Perhaps the simplest heterotic compactifications for which to calculate Yukawa cou-
plings, apart from models with standard embedding, are line bundle models. In the
remainder of the thesis, we will focus on calculating holomorphic Yukawa couplings
for such line bundle models and, in the present sub-section, we begin by reviewing
their general structure, following Refs. [25, 26].

Heterotic line bundle models rely on a gauge bundle with (visible) Abelian struc-

ture group G = S(U(1)"), which can be described by a line bundle sum
V=L, with ¢(V)=0, (3.12)
a=1
where L, — X are line bundles over the Calabi-Yau manifold X. Here, the condition

c1(V) = 0 ensures that the structure group of V' is indeed special unitary, rather than

merely unitary.
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As every heterotic model, line bundle models need to satisfy two basic consistency
conditions. Firstly, the bundle V' needs to be supersymmetric, which is equivalent to

requiring vanishing slopes

W(Ly) = /Xcl(La) ANTAJT=0 (3.13)

for all line bundles L,, where J is the Kahler form of the Calabi-Yau manifold X.
The slope-zero conditions are constraints in Kahler moduli space which have to be
solved simultaneously for all line bundles in order for the bundle V' to preserve super-
symmetry. Secondly, we need to be able to satisfy the heterotic anomaly condition

which is guaranteed if we require that
a(TX)— (V) >0, (3.14)

or, equivalently, that co(TX) — (V) is in the Mori cone of X. In this case, the
anomaly condition can always be satisfied by adding five-branes to the model (al-
though other completions involving a non-trivial hidden bundle or a combination of

hidden bundle and five-branes are usually possible).

Of particular interest are line bundle sums with rank n = 3,4,5 for which the as-
sociated (visible) low-energy gauge groups are H = Eg x S(U(1)3), H = SO(10) x
S(U(1)*) and SU(5) x S(U(1)®), respectively. For the non-Abelian part of these
gauge groups, the multiplet structure of the low-energy theory can be read off from
Egs. (3.4)—(3.6). In addition, multiplets carry charges under the Abelian part, S(U(1)"),
of the gauge group. It is convenient to describe these charges by an integer vector
qa=(q1,42,-..,q). Since we would like to label representations of S(U(1)"), rather
than of U(1)", two such vectors q and q have to be identified if q—q = Z(1,1,...,1).
This charge vector will be attached as a subscript to the representation of the non-
Abelian part. The number of each type of multiplet equals the dimension of the
cohomology H'(X, K) for a certain line bundle K, which is either one of the line
bundles L, or a tensor product thereof. The precise list of multiplets for the three
cases n = 3,4, 5, together with the associated line bundles K is provided in Tables 3.1,
3.2 and 3.3.  As is clear from the tables, all relevant S(U(1)™) charges can be ex-
pressed easily in terms of the n-dimensional standard unit vectors e,. Frequently, in
order to simplify the notation for multiplets, we will replace the subscripts e, simply
by a. For example, in the SO(10) x S(U(1)?*) case, the multiplet 16, becomes 16,
or the multiplet 10¢,e, becomes 10, .

For all three cases, the low-energy spectrum contains fields 1,; which are singlets

under the non-Abelian part of the gauge group, but are charged under S(U(1)").
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multiplet | indices line bundle K | interpretation
27, a=1,2,3 L, families/Higgs
27 ., a=1,2,3 L mirror-families/Higgs
le, e, a,b=1,2,3,a#b| L, ®L; bundle moduli

Table 3.1: Multiplets and associated line bundles for bundle structure group G =
S(U(1)3) and low-energy gauge group H = Eg x S(U(1)3).

multiplet | indices line bundle K | interpretation
16, a=1,2,3,4 L, families

16_,, a=1,2,3,4 L mirror-families
10¢, te, a=1,2,3,4,a<b L, ® Ly Higgs

le,—c, a,b=1,2,3,4, a#b | L, ® L bundle moduli

Table 3.2: Multiplets and associated line bundles for bundle structure group G =
S(U(1)*) and low-energy gauge group H = SO(10) x S(U(1)%).

These fields should be interpreted as bundle moduli which parametrise deformations
away from a line bundle sum to bundles with non-Abelian structure group. For
many models of interest these bundle moduli are present in the low-energy spectrum
and, in such cases, the Abelian bundle is embedded in a moduli space of generi-
cally non-Abelian bundles. Much can be learned about non-Abelian bundles by such
deformations away from the Abelian locus. This is one of the reasons why study-
ing Yukawa couplings for line bundle models can yield insights into the structure of
Yukawa couplings for non-Abelian bundles. Another reason is more technical. In
practice, non-Abelian bundles are often constructed from line bundles, for example
via extension or monad sequences, and, hence, some of the methods developed for

line bundles will be useful to tackle the non-Abelian case.

So far, we have considered the “upstairs” theory with a GUT-type gauge group.
In order to break this theory to the standard-model group we require a freely-acting
symmetry I' on the Calabi-Yau manifold X. The line bundle sum V' should descend
to the quotient Calabi-Yau X/T", that is, it should have a I'-equivariant structure.
Downstairs, on the manifold X/T", we should include a Wilson line, defined by a
representation W of T' into the (hypercharge direction of the) GUT group. As a
result, each downstairs multiplet, v, acquires an induced I'-representation denoted

Xy Luckily, the resulting downstairs spectrum can be computed in a simple group-
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multiplet | indices line bundle K | interpretation

10,, a=1,2,3,4,5 L, (@, u, e) families

10_, a=1,2,3,4,5 L: (Q, 1, &) mirror-families
Be, te, a,b=1,2,3,4,5,a<b| L, ® L (L, d) families

5 eyo, |a,b=12345 a<b|L:®L (L, d) mirror-families
le,—e, a,b=1,2,3,4,5, a#b | L,® L; bundle moduli

Table 3.3: Multiplets and associated line bundles for bundle structure group G =
S(U(1)%) and low-energy gauge group H = SU(5) x S(U(1)?).

theoretical fashion from the upstairs spectrum. Consider a certain type of upstairs
multiplet with associated line bundle K. By virtue of the I'-equivariant structure
of V, the cohomology H'(X, K), associated to the upstairs multiplet, becomes a

2

[-representation.” To compute the spectrum of a certain type, ¢, of downstairs

multiplet contained in H'(X, K), we should determine the I'-singlet part of
HY(X,K)® Yy - (3.15)

Fortunately, the computation of Yukawa couplings relates to this Wilson line breaking
mechanism in a straightforward way. We can obtain the downstairs (holomorphic)
Yukawa couplings by basically extracting the relevant I'-singlet directions of the up-
stairs Yukawa couplings.

In our later examples, we will consider Wilson line breaking for the gauge group
SU(5). In this case, the Wilson line can be conveniently described in terms of two
one-dimensional [-representations 2, X3, satisfying x3® x5 = 1 and with at least one
of them non-trivial. Such a Wilson line, embedded into the hypercharge direction,
breaks SU(5) to the standard model group. The I'-representations x,, of the various
standard model multiplets, which enter Eq. (3.15), are then explicitly given by

XQ=X2®X3: Xu=X3: Xe=Xo: Xa=X5» XL=X5, Xu=Xs» Xa=Xo-
(3.16)
3.1.3 Holomorphic Yukawa couplings for line bundle models

For heterotic line bundle models, the (0,1)-forms vy, v» and vz, contained in the

general expression (3.2) for the Yukawa couplings, represent the first cohomologies

2In more complicated cases, line bundles might not be equivariant individually, but several line
bundles may form an equivariant block. However, the computation of downstairs cohomology for
such cases proceeds in a similar group-theoretical fashion.
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of certain line bundles, denoted by K;, K, and K3, so that v; € H'(X, K;). The
structure of the integral (3.2) (or, equivalently, four-dimensional gauge symmetry)

means that such a line bundle Yukawa coupling can be non-zero only if
K ® Ky ® K3 = Ox . (3.17)
Provided this is the case, the Yukawa coupling is given by
ANy, v, v3) :/XQ/\Vl/\I/Q/\Vg , (3.18)

an expression similar to Eq. (3.2), but with the (0, 1)-forms »; now taking values in

’ Gauge group H Yukawa coupling ‘ K ‘ K, ‘ K ‘ index constraint

27,27, 27, L, Ly L. a, b, ¢ all different

Eg x S(U(1)?) 27,27,27, L Ly L a, b, c all different
14,527, 27, L,® L Ly L a#b
10,416,164 L, ® Ly L. Ly a,b, c,d all different

SO(10) x S(U(1)%) 10,16, 16, L, ® Ly L L; a#b
1,516, 16, Lo®L; Ly L a#b
5005410 L,®Ly, | L.® Ly L. a,b,c,d, e all different
54,5 10,10, L) ® Ly L, Ly a#b

SU() x S(U(1)) Ea’b id Tje Lo L | L:®L; L a,b,c,d, e all different
5.5 10,10, La® Ly L L a#b
lab5a,cBb.c Lo@Li | L®L: | Ly® L, a#b,a#c,b#£c
1410, 10, Lo® Ly Ly L a#b

Table 3.4: Relation between the line bundles K; which enter the expression (3.18)
for the Yukawa couplings and the line bundles L, which define the vector bundle V'
in Eq. (3.12). Note that K; ® Ky ® K3 = Ox always follows, in some cases due to
¢1(V) =0, which imples L1 ® --- ® L,, = Ox.

the line bundles K;. The precise relation between the line bundles K; and the line
bundles L, in Eq. (3.12) which define the vector bundle V' depends on the low-energy
gauge group and the type of Yukawa coupling under consideration. For the three
gauge groups of interest and the relevant types of Yukawa couplings these relations
are summarised in Table 3.4. From Eq. (3.18) it is clear that the Yukawa couplings can
depend on the complex structure moduli of the Calabi-Yau manifold X. Later, we will
see examples with and without explicit complex structure dependence. Given that
individual line bundles have no moduli, line bundle Yukawa couplings do not depend
on bundle moduli. However, as discussed earlier, line bundle models often reside in

a larger moduli space of non-Abelian bundles and Yukawa couplings on this larger
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moduli space will, in general, display bundle moduli dependence. In this context,
our results for line bundle models can be interpreted as a leading-order expressions
which are exact at the line bundle locus and provide a good approximation for small

deformations away from the line bundle locus.

3.1.4 Projective ambient spaces

So far, our discussion applies to line bundle models on any Calabi-Yau manifold.
In this sub-section and from now on we will specialise to what is perhaps the sim-
plest class of Calabi-Yau manifolds, namely Calabi-Yau hyper-surfaces in products
of projective spaces. Restricting to this class allows us to take the first steps to-
wards evaluating the Yukawa integral (3.18) and, later on, to explicitly construct the
relevant cohomology representatives and compute the integral.

Concretely, we will consider ambient spaces of the form
A=P" xP" x ... x P"™ (3.19)

where ny +ns + ... +n,, = 4. The Calabi-Yau hyper-surface X in A is defined as the
zero-locus of a homogeneous polynomial p with multi-degree (ni+1,no+1, ..., n,+1),
which can be thought of as a section of the normal bundle N' = O4(n; + 1,n9 +
1,...,n,,+1). Examples in this class include the quintic in P4, the bicubic in P? x P2
and the tetra-quadric in P! x P! x P! x P!,

To evaluate the Yukawa couplings for such Calabi-Yau hyper-surfaces, we first
assume that the relevant (0, 1)-forms v; and the (3,0)-form 2 on X can be obtained
as restrictions of ambient space counterparts ; and (). Under this assumption and
by inserting an appropriate delta-function current [29], we can re-write Eq. (3.18) as

the ambient space integral

1 [ .
)\(z/l,ug,yg):—Q—Z_/ QN Dy Ay A 5 A G2 (p)dp A dp. (3.20)
A

Note that this expression contains the imaginary prefactor ¢, which is completely
acceptable for holomorphic Yukawa couplings. One expects the Yukawa couplings
to become real (except for the small CP violating phase in the CKM matrix) only
after field normalisation is performed. The construction of €2 and Q) for Calabi-Yau
hyper-surfaces in products of projective spaces is well known [6, 7, 10, 29] and we will

simply present the result. To this end, we introduce the forms

1 Qn,;
Hi = _eaoal...anixiaodxial N Ndx ™ NS CAY CYARERRAY e (321)

’I’Ll' !
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where ¢ are the homogeneous coordinates on P". With these definitions, the form
Q) satisfies
QAdp=p. (3.22)

Combining this relation with the current identity

1-/1
5% (p)djp = —a<—) 3.23
@pﬁp (3.23)
leads to the following expression
1 _ _ _
/\(l/l,l/Q,Vg) = — - H/\ |:aﬁ1/\ﬁ2/\ﬁ3 —ﬁlA@ﬁgAﬁ3+ﬁ1 /\192/\8193 . (324)
2me J4 p

for the Yukawa couplings. In deriving this expression, we have performed an inte-
gration by parts and ignored the boundary term. This boundary term will be more
closely examined in Appendix D and we will show that it vanishes in all cases of
interest.

To understand the implications of this result we need to analyse the relation
between the ambient space forms 7; and their restrictions, v;, to the Calabi-Yau
manifold X. Let K be any of the line bundles K;, K5, K3 and K its ambient space
counterpart, so that K = K|y. For a given cohomology representative v € H'(X, K),
we would like to construct an ambient space form o with v = 0|x. The line bundles

K and K are related by the Koszul sequence
0—NoK-K-"5K—0, (3.25)

a short exact sequence with p, the defining polynomial of the Calabi-Yau manifold,
and r, the restriction map. This short exact sequence leads to an associated long

exact sequence in cohomology, whose relevant part is given by

— HY AN ®K) 2 HY(AK) - HY(X,K)

O AN ©K) - HYAK) - H2(X,K) — ..., (3.26)

where 0 is the co-boundary map. This sequence allows us to relate the cohomology

H'(X, K) to ambient space cohomologies, namely
HY(X,K) = T(Coker (Hl(A,N* 9 ) B HY(A, /C)))
® & (Ker <H2(A,N* ®K) B H2(A, /C))) . (3.27)

Evidently, H'(X, K) can receive two contributions, one from H'(A, K) (modulo iden-
tifications) and the other from (the kernel in) H?(A, N* ® K). Let us discuss these
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two contributions separately, keeping in mind that the general case is a sum of these.

Type 1: If v descends from H'(A, K), we refer to it as “type 1”7. In this case, we
have a (0,1)-form © € H'(A, K) which, under the map r, restricts to v € H(X, K).

What is more, since I represents an ambient space cohomology it is closed, so
o =0. (3.28)

Type 2: The situation is somewhat more involved if v descends from H?(A,N*®K),
a situation we refer to as “type 2”. In this case, we can start with an ambient space
(0,2)-form @ = §(v) € H*(A, N*®K), which is the image of v under the co-boundary
map. The definition of the co-boundary map from Appendix B tells us that, in this
case, v can be obtained as the restriction to X of an ambient space (0,1)-form &
which is related to @ by

o0 = pl. (3.29)

Unlike in the previous case, the form 7 is no longer closed.

The Yukawa coupling (3.24) involves three (0, 1)-forms, 7, 5 and 75, each of which
can be either of type 1 or type 2 (or a combination of both types), so that a variety
of possibilities ensues. Perhaps the simplest possibility arises when all three forms
are of type 1, so that 99; = 0 for i = 1,2,3. Then, Eq. (3.24) shows that the Yukawa
coupling vanishes,

vy, va,1v3) =0 (3.30)

This vanishing is quasi-topological and related to the cohomology structure for K,
K5 and K3 in the sequence (3.26) — there is no expectation that it can be explained
in terms of a symmetry in the four-dimensional theory. An explicit example of this
case will be presented later.

The next simplest possibility is for two of the forms, say i, and 7, to be of type 1,
so that 00 = O, = 0, while 5 is of type 2, so that 073 = pws for some (0, 2)-form ws.

Inserting into Eq. (3.24), the Yukawa coupling now reduces to the simple expression

1 .
)\(1/1,1/2,V3) = —% /L/\Vl/\Vz/\wg. (331)
A

As we will see, this formula is very useful since it is expressed in terms of ambient
space forms, which can often be readily written down. When more than one of the
forms is of type 2, the general formula (3.24) needs to be used and working out all
the required forms becomes more complicated. We will study examples for all these

cases later on.
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3.2 Line bundle valued harmonic forms

From hereon we will focus on tetra-quadric Calabi-Yau manifolds in the ambient
space A = P! x P! x P! x P!. Besides the general usefulness of working with a
concrete example, the tetra-quadric offers a number of additional advantages. Firstly,
the ambient space consists of P! factors only and is, therefore, particularly simple to
handle. Moreover, it is known [25, 26] that quasi-realistic line bundle standard models
exist on the tetra-quadric, so we will be able to apply our methods for calculating
Yukawa couplings to physically relevant models. However, the methods we develop in
the context of the tetra-quadric can be generalised to other Calabi-Yau hypersurfaces
in products of projective spaces and even to higher co-dimension CICYs, as will be
seen in Chapter 4.

The main purpose of this section is to set out the relevant differential geometry
for P!, find the harmonic bundle-valued forms for all line bundles on P! and apply
the results to the full ambient space A. In particular, we will work out a multiplica-
tion rule for bundle-valued harmonic forms which will be crucial in order to establish
the relation between the algebraic and analytic methods for calculating holomorphic
Yukawa couplings. Since Yukawa couplings depend only on the cohomology classes of
the corresponding forms, we are free to use any non-trivial representatives. For our
calculation, we will rely on forms which are harmonic relative to the Fubini-Study
metric on A. As we will see, these can be explicitly constructed. For easier accessibil-
ity, this chapter is kept somewhat informal. A review of some relevant mathematical
background, mostly following Ref. [43], can be found in Appendix A. The proof of the

multiplication rule for harmonic forms on projective space is contained in Appendix C.

3.2.1 Construction of line bundle valued harmonic forms on
]P>1

We begin by collecting some well-known properties of P!. Homogeneous coordinates
on P! are denoted by 2%, where a = 0, 1, and we introduce the standard open patches
Uy = {[z° : 2| 2* # 0} with affine coordinates z = z'/2° on Ujp) and w = 2%/
on Ugy. The transition function on the overlap is given by w = 1/z. For convenience,
subsequent formulae will usually be written on the patch Uy and in terms of the
coordinate z.
The Kahler potential for the Fubini-Study metric on P! reads
?

R=—logk, k=1+|z?, (3.32)
2m
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with associated Kéhler form and Kahler metric given by

; 1
" d:NdE, g = —id = (3.33)

o2mK2

J =008 =

TK?

Note that the normalisation of £ has been chosen such that prn J=1.
Line bundles on P! are classified by an integer k and are denoted by Op: (k). They
can be explicitly constructed by dualising and taking tensor powers of the universal
bundle Op1(—1). With the above covering of P! and and the fiber coordinate v, the

transition function of Opi (k) can be written as

do1(z,v) = (1/z, 2*v) . (3.34)

This means that a section of Op:1 (k) given by sy on Uy and sy on Uyy) transforms
as 5(0)(2) = 2"s)(1/2).
A hermitian structure H on £ = Op1 (k) can be introduced by

H=r", (3.35)

and the associated Chern connection, V%! = 9 and V''* = 9+ A, with gauge potential
A= H'0H = 0log H and curvature F = dA = 00log H is explicitly specified by

.
A=-"24s, F=_2mikJ. (3.36)
K
The last result for the field strength allows the calculation of the first Chern class of
L, which is given by

(L) = %F — /P (L) = k. (3.37)

Having introduced a hermitian structure and a connection on the line bundles L,
we can now turn to a discussion of their cohomology and their associated harmonic
bundle-valued forms. As explained in Appendix A, a L-valued harmonic form « is

characterised by the equations
Ja=0, OH*«a)=0, (3.38)

where * is the Hodge star on P! with respect to the Fubini-Study metric. The first
of these equations simply asserts the 0-closure of «, which is already sufficient to
obtain representatives for cohomology. However, 0-closed forms which differ by a
0-exact form describe the same cohomology class and such a redundant description

of cohomology is not convenient for our purposes. For this reason, we will solve both
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equations (3.38) and work with the resulting harmonic representatives, which are in
one-to-one correspondence with the relevant cohomology.

The cohomology of £ = Op1(k) is obtained from the Bott formula and we should
distinguish three qualitatively different cases. For £ > 0 only the zeroth cohomology
is non-vanishing, while for & < —2 only the first cohomology is non-vanishing. For
k = —1 the cohomology is entirely trivial. We will now discuss these three cases in

turn and explicitly compute the bundle-valued harmonic forms by solving Eqgs. (3.38).
Case 1) k > 0: In this case, the Bott formula implies that h°(P', £) = k + 1 and

h*(P',L£) = 0. Hence, we are looking for sections or bundle-valued (0, 0)-forms of
L. In this case, the second equation (3.38) is automatically satisfied, while the first

one implies that the section is holomorphic, so & = a(z). For a monomial a = 2!, a

= w=t = 2kwh! with the 2* factor being

transformation to the other patch gives z
the desired transition function. This means that the section is holomorphic in both
patches, only if [ =0, ..., k. This leads to the well-known result that the sections are

given by degree k polynomials, that is,
a = P(k)(z) i (339)

Note that the space of these polynomials is indeed k& + 1-dimensional, as required.

Case 2) k = —1: In this case, all cohomologies of £ vanish and there are no forms

to be determined.

Case 3) k < —2: Now, h'(P', L) = —k — 1 and R°(P!,£) = 0. Hence, we are
looking for harmonic (0, 1)-forms o = f(z,2)dz. Clearly, the first equation (3.38)
is automatically satisfied for such «. Using xdz = —idz and xa = —ia, the second

equation can be written as d(Ha) = 0, which leads to the general solution o =
!

Y

k*g(2)dz, with a general anti-holomorphic function g(z). For a monomial g(z) = 2

this transforms to the other patch as
a = (14 [z])F2dz = —2"(1 + |w|?) o " 2dw . (3.40)

For holomorphy in both patches, we should therefore have [ = 0,..., —k — 2, so g(2)
is a general polynomial of degree —k — 2 in z. It will be convenient to denote such
a polynomial of degree —k — 2 by P, with the understanding that the negative
degree subscript implies a dependence on z, rather than z. With this notation, the
full solution takes the form

a = k" Pyy(2)dz . (3.41)
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Note that the space of degree —k — 2 polynomials has indeed dimension —k — 1, as

required.

3.2.2 Maps between line bundle cohomology on P!

Calculating Yukawa couplings requires performing a wedge product of bundle-valued
forms. It is therefore natural to study how the harmonic forms on P! found in the
previous sub-section multiply. Recall that we have harmonic (0, 0)-forms taking values
in Op1 (k) for £ > 0 and harmonic (0, 1)-forms taking values in Op1 (k) for £ < —2.

Multiplying two harmonic (0, 0)-forms, representing classes in H°(P!, Op: (k)) and
H°(P°, Op: (1)) respectively, is straightforward and it leads to another harmonic (0, 0)-
form which represents a class in H°(P!, Op:i (k +1)).

The only other non-trivial case — the multiplication of a harmonic (0,0)-form
with a harmonic (0, 1)-form — is less straightforward. To be concrete, for £ < —2 and
§ > 0, we consider a harmonic (0,1)-form ag_s5 € H'(P', Op (k — §)) and a degree
§ polynomial p(s), representing a class in H°(P', Op1(8)). The product p(sa—s) is
a (0,1)-form which represent a class in H!'(P', Op:(k)), but is not of the form (3.40)
and, hence, is not harmonic. We would, therefore, like to work out the harmonic
representative, denoted o,y € H'(P', Opi(k)), which is equivalent in cohomology to

this product psyc—s). This means we should solve the equation
P©)0k-5) + 05 = o) | (3.42)

where s is a suitable section of Op:i (k). In general, the section s can be cast into the

form

5= Seam-m—(z, 7)™, (3.43)

m>—k

where S(k+m7_m_2)(z,2) is a polynomial of degree k + m in z and of degree m in
Z. This can be seen by demanding the correct transformation under the transition
function (3.34). It turns out that in order to solve Eq. (3.42), we only require the
single term with m = —k 4+ 6 — 1 in this sum for s. Using this observation and the

general formula (3.41) for harmonic (0, 1)-forms, we insert the following expressions
sy = K- 0Py (2)dz ,  apy = K*Quy(2)dz, s = K" TS 1 msi1)(2, 2) . (3.44)

into Eq. (3.42) to cast it into the more explicit form
PP+ £0:S — (—k+0 —1)28 = K°Q . (3.45)
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Here, for simplicity of notation, we have dropped the subscripts indicating degrees.
Eq. (3.45) determines the polynomials @) and S for given p and P and can be solved
by comparing monomial coefficients. This is relatively easy to do for low degrees and
we will discuss a few explicit examples below. For arbitrary degrees, Eq. (3.45) seems
surprisingly complicated and it is, therefore, remarkable that a closed solution for
() can be written down. To formulate this solution, we introduce the homogeneous
counterparts of the polynomials p, P, @) and S, which we denote as p, P, Q and

0 2! and are obtained from the

S. They depend on the homogeneous coordinates z
original polynomials by replacing z = z'/2° and multiplying with the appropriate
powers of 20 and z°. Then, the polynomial Q which solves Eq. (3.45) can be written
as
O(F,7') = cxss p(0h0, ) PE, 7)), cpgg = DL
’ ’ (0 —k—1)!

Here p(0z0,0z1) denotes the polynomial p with the coordinates replaced by the corre-

(3.46)

sponding partial derivatives. These derivatives act on the polynomial P in the usual
way and thereby lower the degree to the one expected for Q. The proof of Eq. (3.46)
is given in Appendix C. Unfortunately, we are not aware at present of a similar closed

solution for the polynomial S.

While this discussion may have been somewhat technical, the final result is relatively
simple and can be summarised as follows. For k > 0, the harmonic (0, 0)-forms rep-
resenting the cohomology H°(P', Op:(k)) are given by degree k polynomials Py (),
which depend on the coordinate z. For k& < —2, the harmonic (0, 1)-forms represent-
ing the cohomology H!(P', Op: (k)) can be identified with degree —k —2 polynomials,
denoted as Py (Z), which depend on 2. The product of two (0, 0)-forms is simply given
by polynomial multiplication, while the product of a (0,0)-form and a (0, 1)-form is
performed by using the homogeneous versions of these polynomials and converting
the coordinates in the former to partial derivatives which act on the latter. Let us

finish this subsection by illustrating the above discussion with two explicit examples.

Example 1: Consider the case Kk = —3 and 6 = 1, so that the relevant forms and

associated polynomials are explicitly given by

A-9 = “_4P(—4)(5>d5 , Py =a+az+ a7’
acsy = KPQydz, Qi =by+bz, (3.47)
s = H_35(0,75) ; S(0,—5) = Co,0 + Co,1Z + 022’ + o2,

pay = Jfo+ fiz,
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where a;, b;, f; and ¢;; are constants. Inserting these polynomials into Eq. (3.45),
comparing coefficients for same monomials and solving for the b; and ¢; ; in terms of

the a; and f; results in

Qs = % (2a0 fo + arf1 + (arfo + 2a2f1) 2) , (3.48)
Swo,-5 = é (—a2foZ” + (a2 fr — arfo) 22 + (a1 fr — aofo) Z + aof1) . (3.49)

For the algebraic calculation based on Eq. (3.46), we start with the homogeneous

polynomials

]3 = f0$0+f1$1 s }3 = aofg—l—al:fojl—l—aﬂf s g = Co7o.f3+00,11_]3f1+Coygf0f%+00,3d_]? .
(3.50)
Inserting these into Eq. (3.46) gives

((2a0fo + a1f1)Zo + (a1 fo + 2a2f1) Z1) (3.51)

~ 1
9=3

which is indeed the homogeneous version of the polynomial Qs in Eq. (3.48).

Example 2: Let us choose £k = —1 and § = 2. Since there are no harmonic forms

for K = —1, we have @) = 0, while the other forms and polynomials are given by

®(-3) = ’fﬁgp(—:’))(z)d?, P_g =ap+ a1z,

s = ﬁ_25(27_4) s 5(27_4) = Cp,0 + 00712 + 007222 + C1,0% + 0171|Z|2 + C1,22’Z|2 s
PR = Po+Diz+pez’. (3.52)
We note that, from (3.42), we now need to solve the equation pyc(_3) = —0s, which

is similar in structure to Eq. (3.29) that determines the co-boundary map. Indeed,
we will later find the present example useful to explicitly work out a co-boundary
map. Inserting the above polynomials into Eq. (3.45) and comparing coefficients as

before leads to
1 1,1 , 1 o
S(2,-4) = 5(171@0 + P2a1) — PoaoZ — SPo1Z + 5 P2a02 + poay|z|” — 5(]90@0 +prar)z|z]".
(3.53)

3.2.3 Line bundle valued harmonic forms on P! x P! x P! x P!

In this sub-section, we generalise the above results for P! to the ambient space A =

P! x P! x P! x P, On each P!, we introduce homogeneous coordinates (x. x}), where
) )

1771

i =1,...,4and cover each P* with two standard open sets Uj; o) = {[2{ : 2}] |2 # 0}.
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Further, we introduce affine coordinates z; = z; /a? on U, ) and w; = a9 /z} on U q).
On the intersection of Ug; ) and Ug; 1y we have z; = 1/w;. An open cover for the entire
space A is given by the 16 sets Uy o) X - -+ X Ugy,a,). For practical purposes, we will
usually work on the set U gy X -+ X Uy,0) with coordinates zy, ..., 24.
For each P!, we have a Fubini-Study Kéhler potential and Kahler form given by
7 1

; = — log K; i =1 2, = ——=dz NdE 3.54
R 5 logki, & + |z 2#/{?2 z (3.54)

and the Kihler cone of A is parametrised by J = 321, t°.J;, with all £ > 0.

The line bundles on A are obtained as the tensor products
OAk) = Op (k) ® - -+ @ Op1 (k) (3.55)

and are, hence, labeled by a four-dimensional integer vector k = (k' k2 k3 k%).

Straightforwardly generalising Eq. (3.35), we can introduce a Hermitian structure

H=T]]s"" (3.56)

on these line bundles. The gauge field and gauge field strength for the associated

Chern connection
4 4
A=H'9H = Z Ologrk;, F=0A=-2miY k'J (3.57)
lead to the first Chern class
) 4
¢ i
c1(Oa(k) = —F = ; K ;. (3.58)

The cohomology for I = O 4(k) can be obtained by combining the Bott formula for
cohomology on P! with the Kiinneth formula (2.74). If any of the integers k% equals —1
all cohomologies of IC vanish. In all other cases, precisely one cohomology, H?(A, K),
is non-zero, and ¢ equals the number of negative integers k. The dimension of this

non-vanishing cohomology is given by
hAK) = TT +1) ] (K -1). (3.59)
i:k?>0 i:ki<—2

Generalising our results for P!, the harmonic (0, ¢)-forms representing this cohomol-

ogy can be written as
k) = P(k) H /@f’dzi, (3.60)

diki<—2
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where Py is a polynomial of degree k' in z;, provided &’ > 0, and of degree —k" — 2
in z;, if k' < —2. It is also useful to write down a homogeneous version of these forms,
which is given by
any = Pao H o i (3.61)
iki<—2
where

i = [af* + i, Ji = €apri] | (3.62)

)

and ﬁ(k) denotes the homogeneous counterpart of FPy.
We would now like to generalise our rule for the multiplication of forms obtained

on P!. In general, we have a map
HY(A,04(k)) x H?(A, O4(1)) — HTP(A, O4(k +1)) (3.63)

between cohomologies induced by the wedge product and we would like to work out
this map for the above harmonic representatives. For a harmonic (0, ¢)-form o €
H(A,O4(k)) with associated polynomial Py and a harmonic (0, p)-form By with
associated polynomial Ry, the wedge product a ) A B is equivalent in cohomology
to a harmonic (0, ¢ + p)-form, which we denote by a1y € H7P(A, O4(k +1)) with
associated polynomial Q1). In general, the relation between those forms can be

written as
A A By + 05 = Y (3.64)

for a suitable (0,p + g — 1)-form s taking values in O 4(k +1). Our earlier results for
P! show that the polynomial Q1) which determines g1y can be directly obtained
from Py and Ry by the formula

Q = c PR, (3.65)

where, as before, P, R, Q are the homogeneous counterparts of P, R, () and cy is the
appropriate product of numerical factors in Eq. (3.46). The understanding is that
positive degrees in a particular P!, represented by powers of z¢ should be converted
into derivatives 0z: whenever they act on negative degrees in the same P!, represented
by z&'. When both degrees in P and R are positive for a given P!, a simple polynomial
multiplication should be carried out. Finally, for two negative degrees in the same
P!, the resulting Q vanishes (since there will be a term dz‘ A dz’ in the corresponding

wedge product of the forms).

70



3.2.4 Line bundles and cohomology on the tetra-quadric

As the final step in our discussion of line bundles and harmonic forms, we need to
consider line bundles on the tetra-quadric X. Recall that a tetra-quadric resides
in the ambient space A = P! x P! x P! x P! and is defined as the zero locus of a
polynomial p of multi-degree (2,2,2,2), which can be seen as a section of the normal
bundle

N =040q), q9q=1(2,2,2,2). (3.66)

The tetra-quadric has Hodge numbers h'!'(X) = 4 and h*!(X) = 68. Later, we will

use the freely-acting [I' = Zs X Zs symmetry of the tetra-quadric, whose generators

91:<(1)_01>7 92=<(1)(1)>. (3.67)

These matrices act simultaneously on all four pairs of homogeneous coordinates. The
quotient X = X/T" is a Calabi-Yau manifold with Hodge numbers h*!(X) = 4 (since

all four Kéhler forms J; are [-invariant) and h*!(X) = 20 (using divisibility of the

Euler number).

are given by

All line bundles on the tetra-quadric can be obtained as restrictions of line bundles
on A, that is
Ox (k) = Oa(k)|x - (3.68)

As discussed in Section 3.1.4, the Koszul sequence and its associated long exact
sequence provide a close relationship between line bundle cohomology on A and X,
which is summarised by Eq. (3.27). This equation shows that the cohomology of a
line bundle K = Ox (k) depends on the first and second cohomologies of the ambient
space line bundles K = O4(k) and N* @ K = O4(k — q). As discussed earlier, line
bundles on A have at most one non-vanishing cohomology and, hence, K and N* @ K

have at most one non-zero cohomology each. This leads to the following four cases:

1) H* (AL N*®@K) =0 and H*(A,K) =0
In this case, (X, K) is given by (0, 1)-forms o), as in Eq. (3.60), with associ-

ated polynomials P and, in the terminology of Section 3.1.4, the cohomology
representatives are of type 1. If H'(A,N* ® K) is non-trivial we have to com-
pute the co-kernel in Eq. (3.27), which amounts to imposing the identification
]S(k) ~ p(k) +]5Q(k,q) for arbitrary polynomials Q(k,q) of multi-degree k—q. Re-
call that the tilde denotes the homogeneous version of the polynomials and that

coordinates appearing with positive degree have to be converted into derivatives
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whenever they act on negative degree coordinates, as discussed at the end of the
last sub-section. Since the coefficients of p depend on the complex structure,

this identification leads to complex structure dependence of the representatives.

2) HHAN*®K)=0and H'(A,K) =0
In this case, H'(X, K) is represented by (0,2)-forms o _q), with associated

polynomials Py_q), satisfying pox_q) = 9B for a suitable (0, 1)-form Buo.
Using the terminology of Section 3.1.4, this corresponds to type 2 representa-
tives. If H?(A,K) # 0, we have to work out the kernel in Eq. (3.27), which
amounts to imposing the condition ﬁp(k_q) = 0. This leads to explicit complex

structure dependence of the representatives.

3) HY(AN*®K)=0and H2(A,K) =0

This is a combination of the previous two cases, where H!(X, K) is a direct

sum of type 1 and type 2 contributions.

4) HHAN*®K)=0and H'(A,K)=0
In this case, H'(X, K) = 0.

3.3 Yukawa couplings on the tetra-quadric and some
toy examples

We have now collected all relevant technical details on line bundles and harmonic
bundle-valued forms on the tetra-quadric and are ready to apply these to concrete
calculations of Yukawa couplings. To begin, we collect some general statements on
Yukawa couplings on the tetra-quadric — including the precise relation between an
explicit analytic calculation of the integral and a corresponding algebraic calculation
— and then move on to work out Yukawa couplings for a number of toy examples.
In the next section, we compute the Yukawa couplings for a quasi-realistic standard

model on the tetra-quadric.

3.3.1 General properties of Yukawa couplings

As we have discussed earlier, we can distinguish two types of harmonic bundle-valued
(0,1)-forms on the tetra-quadric: forms of type 1, which descend from harmonic
(0, 1)-forms on the ambient space, and forms of type 2, which descend from harmonic

(0,2)-forms on the ambient space. The Yukawa couplings involve three harmonic
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(0, 1)-forms and, as shown in Section 3.1.4, their structure depends on the types of
these (0, 1)-forms.

Let us consider a line bundle model on the tetra-quadric, specified by line bundles
L,, where a = 1,...,n, and a Yukawa coupling with three associated line bundles
K, = Ox(ky), Ky = Ox(ky) and K3 = Ox(ks), which are related to L, as in
Table 3.4. Consider three harmonic (0,1)-forms v; € H'(X,K;). We have seen
that the Yukawa coupling vanishes if these three forms are of type 1. The next
simplest case, when two of the forms, say v; and v, are of type 1 and descend from
ambient space harmonic (0,1)-forms 73 € H' (A, O4(ky)) and 0, € H' (A, O4(ks)),
while v5 is of type 2 and descends from a harmonic ambient space (0,2)-form w3 €

H?(A, O (ks — q)), leads to the particularly simple formula

1
)\(Vl, Vo, l/g) = _2_71'2 d4Z VAN 191 VAN ﬁg VAN (;}3 y (369)
C4

for the Yukawa coupling. This follows from Eq. (3.31), together with Eqgs. (3.21),
which show that the form pu is given by

pw=dxn ANdzy ANdzs ANdzy = d'z . (3.70)

The integral over A can then be thought of as the integral over C*, provided the forms
I, o, w3 transform to the other patches as sections of the appropriate line bundles.
Since 7y and Dy are (0, 1)-forms, the vectors k; and ks should contain precisely one
entry < —2 each, while the vector k3 contains precisely two entries < 0, in line with
w3 being a (0, 2)-form. Further, recall from Table 3.4 that K; ® Ko ® K3 = O4 and,
hence, k; 4+ ko + k3 = 0. This means that the four non-positive entries in these
vectors must all arise in different P! directions. Hence, we can assume, possibly after
re-ordering, that ki < —2, k3 < —2 and k3, k3 < 0, while all other entries are positive.

With these conventions, we can apply Eq. (3.60) to write down the relevant forms as

= KO Payds, iy = KE RagydZ, Gy = 69 2K M _odZAdE . (3.71)

Inserting these forms into Eq. (3.69) leads to the integral

1 _ kl k2 k)3— k‘4—
)\(V17V2, 1/3) = _2_7Ti d4Z d4Z KJ11/{22/£33 2,‘{43 2P(k1)R(k2)T(k3,q) . (372)
C4

There are two ways of evaluating this integral. Firstly, we can explicitly insert the

factors r; = 14|2;|* and the polynomials and simply integrate, using polar coordinates
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in each C plane. All terms with non-matching powers of z; and z; vanish due to the

angular integration. The remaining terms all reduce to the standard integrals

B oo [T d 3.73
/Mp pa = / " P T =D p—g=1 >

where p > ¢ + 2 is a requirement satisfied for all the cases in use. Alternatively,

dzdz = 2mil

p,q >

we can work out the integral (3.72) “algebraically”. To do this, we first note that
the integrand ©; A Dy A w3 represents an element of the one-dimensional cohomology
H*(A,N*). Tt can, therefore, be written as u(P, R, T)xy >ky 2 k3 *K) 2d*Z, where

uw(P,R,T) = PRT (3.74)

is the product of the three associated polynomials (carried out as discussed in Sec-

tion 3.2.3) and simply a complex number. Inserting this into Eq. (3.69) shows that
A<V17V27V3) - 8Z'7T3C,LL(P7 RJ T) ) (375)
where the numerical factor ¢ follows from Eq. (3.46) and is explicitly given by

C=Crl —pl—2 Cik2,—k2—2 Ck3—2,—k3 Cri—2,—ki- (3.76)

In conclusion, up to an overall numerical (and explicitly computed) factor, the Yukawa
couplings are simply given by Eq. (3.74) and can, hence, be obtained by a multipli-
cation of the associated polynomials.

In the general case, the Yukawa couplings are given by the integral (3.24) which
can be written as

1
)\(Vl,VQ,]/g) = —% 4d42/\[(2)1/\&2/\ﬁ3—ﬁl/\cog/\l)3+191/\ﬁ2/\@3], (377)
C

with the (0, 1)-forms ; and the (0, 2)-forms @; in this expression related by
oDy = pl; . (3.78)

If the Yukawa coupling depends on more than one form of type 2, we have to solve
this last equation for some of the 7; in terms of w;. This can be done explicitly for
specific examples, as we will demonstrate later, but as discussed in Section 3.2.2, we

are currently not aware of a general solution.
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3.3.2 An example with vanishing Yukawa couplings

We would like to consider a rank four line bundle sum on the tetra-quadric specified
by the line bundles

Li = Ox(=1,0,0,1), Ly = Ox(0,-2,1,3),

3.79
L3:OX<O,O,17—3), L4:OX<1,2,—2,—1>. ( )

This bundle leads to a four-dimensional theory with gauge group SO(10) x S(U(1)%).
Table 3.2 contains the basic information required to determine the multiplet content

of such a theory, and together with the cohomology results

K (X, L) = (0,8,0,0), & (X,Ls) = (0,4,0,0),
K(X,Li® L) = (0,3,3,0), K(X,Ly®L;) = (0,3,3,0),
K(X,Li®Ly) = (0,0,12,0), #(X,Li®L5) = (0,0,12,0), (3.80)
K(X,Ly®L:) = (0,7,15,0), K (X,Ls®L:) = (0,60,0,0),
K(X,Ly® L) = (0,0,36,0),

we find the upstairs spectrum

8165, 4165, 310,4, 31055, 1215 1, 1215y, T1y_5, 1515 5, 60 1y _4, 36 1,_5.
(3.81)
This spectrum is designed to produce a standard-model with three families upon
dividing by a freely-acting symmetry of order four. Such symmetries are indeed
available for the tetra-quadric however, unfortunately, for group-theoretical reasons
these symmetries cannot break the SO(10) gauge group to the standard model group.
For this reason, the above model should be considered a toy example.
Nevertheless, it is useful to calculate the Yukawa couplings for this model, in
order to gain some experience with our formalism. Specifically, we are interested in
couplings of the type

Ax1019)1657165) . (3.82)

which are allowed by the SO(10) x S(U(1)*) gauge symmetry. Following Table 3.4,

the required harmonic forms are contained in the first cohomologies of the line bundles

Ki=L ®Li=0x(0,2,-2,0), Ky=Ly=0x(0,-2,1,3), Ks=Ls=0x(0,0,1,-3).
(3.83)

These line bundles satisfy H'(X, K;) & H'(A, K;) and H*(A,N*®K;) = 0, where K;

are the corresponding ambient space line bundles with K; = K;|x. This shows (see

Section 3.1.4) that all three harmonic forms which enter the Yukawa integral are of
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type 1. From our general arguments, this means that the Yukawa couplings vanish,
SO

Note that this vanishing is, apparently, not caused by a symmetry in the low-energy
theory, but happens due to quasi-topological reasons related to the cohomology of the
line bundles involved. (However, we do not rule out that a symmetry which explains

this vanishing result may be found.)

3.3.3 An Eg example

For a simple example with gauge group Eg x S(U(1)3?), consider the following choice

of line bundles

Li = K1 = O0x(=2,0,1,0), Ly=K,=0x(0,-2,0,1), L;=Ks;=0x(22,-1,-1).

(3.85)
The above line bundles K; may also arise as appropriate tensor products for other
gauge groups, see Table 3.4, and the subsequent calculation also applies to these
cases. However, for definiteness, we will focus on Eg x S(U(1)?) and the corresponding

multiplets, as summarised in Table 3.1. The cohomology results
h*(Ky) =(0,2,0,0), h*(K3) =1(0,2,0,0), h*(K3)=1(0,4,0,0) (3.86)
show that we have a spectrum
227,227, 427, (3.87)

plus Ejg singlets which are irrelevant to the present discussion. We are interested in
the Yukawa couplings
Ay 270 27 27 () (3.88)

Clearly, the first two line bundles are of type 1 with the corresponding harmonic
(0,1)-forms contained in H'(A,K;) and H'(A, Ks). However, K3 is of type 2 and
the associated harmonic (0, 2)-forms represent the cohomology H?(A,N* ® ). Al-

together, using Eq. (3.60), this means the relevant harmonic forms and polynomials

are
~ _9 _
v =K1 Plao10dz, P20,,0) = Po + 123,
N _92 _
Uy = Ky Qo,-2,01)d%2 , Qo,~2,0,1) = do + ¢174,
A -3 -3 - - _ > > ZaZ
W3 = Kg Ky R(0’07_3,_3)d23 A d2’4 , R(0,07_37_3) =T+ 1123 + 17224 + 1732324,

(3.89)
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where p;, q; and r; are complex coefficients parametrising the various 27 multiplets.
Multiplying the three polynomials and discarding terms with different powers of z;

and z; gives

PQR = poqoro + poqima|za* + pigori|zs|* + pigirs|zs|?|z4|* + non-matching terms .
(3.90)
This can be directly inserted into the integral (3.72) and, together with the standard
integrals (3.73) (specifically, Iog =1, I3g = 1/2, I3; = 1/2), we find

AP, Q,R) = 2im’ (Pogoro + PoqiT2 + P1goT1 + P1gaTs) - (3.91)

Alternatively, we can use the algebraic calculation method based on Eq. (3.74). For
simplicity of notation, we denote the four sets of homogeneous ambient space coor-
dinates by (%) = ((xo, z1), (Y0, y1), (uo, u1), (vo, v1)) from hereon. Then, the homoge-
neous versions of the three polynomials read explicitly

P =poug+piur , Q= quot+qvi, R =rylgly+r1Uots+ralots+r3tuity . (3.92)
Their product is given by
(P, Q,R) = (poOa, + P10a,) (9005, + q10s,) (roligTo + 7100ty + T2Ug01 + 3T V1)
= PoqoTo + PoqiT2 + P1qoT1 + P1G173 , (3.93)

where we have converted the coordinates in P and @ into derivatives, as required
by our general rules. Inserting the correct numerical coefficient from Egs. (3.75)
and (3.76), this indeed coincides with the result (3.91) from direct evaluation of the
integral. If we choose a standard basis where each of the coefficients p;, ¢; and r;

equals one while all others vanish, we can write down the explicit Yukawa matrices

) 1 0 0O ) 01 00
(>\1JK):2”T3<0 01 0)» ()\QJK):QWS(O 00 1). (3.94)

Both matrices have maximal rank and are independent of complex structure.

3.3.4 An example with complex structure dependence

We would like to discuss the Yukawa couplings related to the three line bundles
Ky =0x(0,-2,1,1), Ky=0x(-4,0,1,1), K3=0x(4,2,-2,-2), (3.95)
with cohomologies
h* (K1) = (0,4,0,0), h*(K3)=(0,12,0,0), hA*(K3)=(0,12,0,0). (3.96)
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It will be convenient to think about this situation as arising from an SU(5) x S(U(1)?)
model, defined by five line bundles L,, with K7 = L1 ® Ly and Ky = L3 ® L4 and
K3 = Ls. Then, using the correspondence from Table 3.4, the SU(5) x S(U(1)%)
spectrum related to Ky, Ky and K3 is

45,5, 12554, 12105. (3.97)

We will later introduce a Zy X Zo Wilson line to break to the standard model group,

in which case, as we will see, the above spectrum reduces to

Hyo, 3dss, 3Qs. (3.98)

We are interested in computing the d-quark Yukawa couplings

AShHiodd QK (3.99)

However, for now, we construct the relevant bundle-valued forms in the upstairs
theory, and restrict to the Zs x Zs-quotient later. The line bundles K; and K, are
both of type 1, with H'(X, K;) =2 H(X,K;) and H'(X, K5) = H'(X, K,), while K3
is of type 2 and

HY (X, K3) = Ker(H*(A,N* @ K3) & H*(A,K3)) . (3.100)

Hence, following Eq. (3.61), the relevant ambient space forms and polynomials can

be written in terms of homogeneous coordinates as

459 — 1= UEQQ(O,—2,1,1)[L2, Q¢ Span(ugvg, g1, Uivg, Urv1) ,

12534 — p = af4R(_4,07171)ﬁ1 , Re Span(z3, ZoZ1, T3) Span(ug, u; ) Span(vg, v1) ,

12105 — @3 = 0320725004 afiz A fla, S € Span(a2, xox1, 23) Span(u?, tyi;, u3)
Span(a?, o, )

(3.101)
where by Span() we mean the ideal generated by polynomials, with complex number
coefficients. The polynomial S lies in a 27-dimensional space which, in line with

Eq. (3.100), is mapped into the 15-dimensional space

Span(xé, l‘g‘rlw m%x%, on:{)’ lel) Span(y(%7 Yo, y%) : (3'102)

We have to ensure that S resides in the kernel of this map, which amounts to imposing
the condition
pS=0. (3.103)

This leads to a 12-dimensional space, as expected.
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These results are quite complicated due to the large number of multiplets. To
simplify matters, it is useful to quotient by the freely-acting I' = Zy X Zy symmetry
with generators (3.67). Representations of this symmetry are denoted by a pair of
charges, (q1,q2), where ¢; € {0,1}. We choose a trivial equivariant structure for all
line bundles and, following the discussion around Eq. (3.16), a Wilson line specified

by x2 = (1,1), x3 = (0,0) with associated multiplet charges

xe=x2=(11), xa=x3=00,0), xo=x2®x3=(1,1). (3.104)

Taking into account that the differentials p; carry charge (1,1) under the Zy X Zo
symmetry, this choice means we should project onto the (0,0) states for Q, and the

(1,1) states for R and S. This leads to to the explicit Zy X Zy-equivariant polynomials

Q = wuovg+ uyvy,

po_ - — - - -2 -9

R = a3 (upvoZoT1 — ua1ToZ1) + a1 (g1 Ty — u1voT7) + ag (u1voTg — upv1Ty)

5 2-2- — 2-2- 2-2- - 2-2- — —9-9 _9-9

S = by (xfuivevy — xugvovy) + by (x{UgDev1 — x7UTVeV1) + bg (Tox1UGUT — Tox1UTTG) +

bs (2201107 — 221Ugtiy U2) + by (22Tt V2 — 230107 + bs (T2 U025 — 2071 UDT) .

(3.105)

Hence, we are left with a single Higgs multiplet, H;, three d-quarks, d§74, with
parameters a = (a;) and six left-handed quarks @7 with parameters b = (b;). In

terms of these parameters, the Yukawa couplings are given by
1(Q, R, S) = QRS =8 (ay (b1 + b3) + az (ba + bs) + azbs) . (3.106)

However, for the “physical” result we still have to find the kernel (3.100), that is,
compute the vectors b which satisfy Eq. (3.103). To this end, we write down the
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most general tetra-quadric polynomial consistent with the I' = Zy X Zo symmetry.

P = Cruguivgvi1zoT19oy1 + Co(uizor1yoy1vg + ugvizeT1yoys) +
Cs(uamoz1yoy1vs + uivizoz1yoys) + Cra(uourviyoy1zs + uouiviziyoy:) +

013(U%’00U1yoy195% + U%“O?flﬁyoyl) + Cm(uﬁvovlyoylxé + Ufﬂovll’%yoyl) +

2 2 2 2 2.2 .2 2 2.2 2 2
Cs(uourv5Yoth g + uourviz1yoyr) + Cra(ujviziyg + ugvorayr) +

Co(uguiziyg + uivgagyy) + Cro(uourvouraiyy + ugurvovizgys) +

Cu (uivgatys + ugvizgy) + Cs(ugvgatys + uiviagyr) +

Cs (uguvizoz1yh + uotvgzor1y;) + Ca(uivoviTom1yg + ugvoviToz1y7) +
Cr(ugvovizoz1yg + uivovizoz1y;) + Co(uot vgzoT1yg + Uourvi Tox1y7) +
Crz(uiviagys + ugviatyr) + Coo(ugviziys + uivgaty?) +
Cho(uourvov1xdyy + upurvoviaztyy) + Crs(uiviadys + ugviatyy) +

Con (ugup gy + uivizyyy) (3.107)

The dimension of the complex structure moduli space for X = X/(Zy x Z,) is given
by h2’1()~( ) = 20. The 21 coefficients C; in the above polynomial provide projective
(local) coordinates on this moduli space. Using this polynomial, Eq. (3.103) is solved

by vectors b satisfying

Cis Cis Cisa Cis 0 0
2 2 2

Mb—0, M—| S @ G G o Cp -Gy | (3108)
% % % % Cia —Cs O — Gy

The matrix M has indeed a (generically) three-dimensional kernel, but its basis vec-
tors vy, where I = 1,2, 3, are very complicated functions of the complex structure

moduli. In principle, this basis can be computed, and b can then be written as
b=> B, (3.109)
I

where the three 8y now parametrise the three left-handed quark families. Inserting
this result into Eq. (3.106) gives the desired result for the Yukawa couplings, and it
can be shown that the rank of the Yukawa matrix )\%) is three at generic loci in the
complex structure moduli space.

In order to obtain a more explicit result, we restrict to a five-dimensional sub-locus

of our 20-dimensional complex structure moduli space, described by polynomials of
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the form

2 2 2 2 2 2
Ps = CruoUiVot1ZoT1YoY1 + C2(UgUov1gYoyr + UTVoV1TYoY1 + UoU1VGT1ToYy +

2 2 2 2 2 2 2 2
UpU1 VI T1Z0Yp + UpU1VaT1ToY] + UpUIV] T1T0Y] + UgUoV1Z7YoY1 +

2 2 2.9 2 9 2.9 2 9 2.9 9 9 2.9 2 9
UTVOUL T YoY1) + 05(“0%%3/0 T UpVy T Yy + UTVITYT + “1”0%3/1) +

04(U8U§I0$1y0y1 - U%U(%xo%lyoyl + Uouwwwgyg - uOumvox?yS -
UL VL VT HY; + UoUr V1V YT — UGUTZoZ YY1 + UV ToT Yot ) +
cs(uivgeoys + uiviatys + ugviagy; + ugviaty?) + co(ugugToys +
utviToys + uTupatys + ugviatys + uivgrgyr + uguirgy; +

UGUOTTYT + UTVITYY) - (3.110)

In fact, this polynomial is the most general consistent with the freely-acting Z, x Z4
symmetry of the tetra-quadric, which contains the Zy X Zs symmetry used previously

as a sub-group. The equation psS = 0 for the kernel now reads

Co 0 0 Co 0 0
Mb=0, M=| 0 ¢ ¢ 0 0 25 —2c5 | . (3.111)
0 Cy Co 0 203 - 205 0

Generically, the dimension of this kernel is three and a basis can be readily found as

%<_6270707C27070)T7 (3 112)
V3 = % (07 —C2, C2, 07 07 O)T :

vy = % (0,2(c3 —¢5),0,0,—co, 02)T, vy =

Inserting these vectors into Eq. (3.109) and (3.106) and choosing a standard basis for

the coefficients a and 3 then gives the Yukawa couplings

0 —C9 Co
M) —imde | 2e5—2¢5 o —c |, (3.113)
—C2 0 0

where ¢ is the numerical factor from Eq. (3.75). Evidently, the generic rank of this
matrix is two. This shows that the rank of the Yukawa matrix can vary in com-
plex structure moduli space and can reduce at specific loci. In the present case, it
is generically of rank three in the 20-dimensional complex structure moduli space
described by the polynomials (3.107). On the five-dimensional sub-locus, described
by the polynomials (3.110), the rank reduces to two.

If we specialise further to the four-dimensional locus where ¢, = 0, the rank of

(3.113) reduces to one. It turns out that the tetra-quadric (3.110) remains generically
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smooth on this sub-locus. However, we have to be careful since the rank of the matrix
M in Eq. (3.111) also depends on the complex structure. In fact, for ¢co = 0 the rank
of M reduces to two so that the dimension of the kernel increases from three to four.
Hence, on this sub-locus the spectrum in the low-energy theory enhances from three
left-handed quark multiplets to four (plus one mirror left-handed quark multiplet,
since the index remains unchanged). A basis of the kernel is then given by v; = e;/8,
where I = 1,...,4, and e; are the six-dimensional standard unit vectors. From
Eq. (3.109) and (3.106), this leads to the Yukawa couplings

A = imde (3.114)

o O =
oS = O
o O =
o = O

Hence, after properly including the additional multiplet, the rank of the Yukawa

matrix remains two.

3.4 Yukawa couplings in a quasi-realistic model on
the tetra-quadric

In the previous section, we have applied our methods to a number of toy examples and
we have seen cases with vanishing and non-vanishing Yukawa couplings, both with
and without complex-structure dependence. We would now like to calculate Yukawa
couplings in a quasi-realistic model on the tetra-quadric, that is, a model with gauge
group SU(3) x SU(2) x U(1) (plus additional U(1) symmetries which are Green-
Schwarz anomalous or can be spontaneously broken) and the exact MSSM spectrum
(plus moduli fields uncharged under the standard model group, including bundle
moduli singlets). This model appears in the standard model data base [25, 26] and
has been further analysed in Refs. [39-42]. We begin by reviewing the basic structure
of this model and then calculate the two types of non-vanishing Yukawa couplings
which arise, that is, the standard up-quark Yukawa couplings and the singlet Yukawa

couplings of the form SLH, with bundle moduli singlets S.

3.4.1 The model

The upstairs model is based on a rank five line bundle sum, V = @221 L,, on the

tetra-quadric, with the five line bundles explicitly given by

Ly = O0x(=1,0,0,1), Ly=0x(-1,-3,2,2), Ls=0x(0,1,—1,0),

3.115
Li=0x(1,1,-1,—1), Ls=0x(1,1,0,-2). (3:115)
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Hence, the low-energy GUT group is SU(5) x S(U(1)?). The non-zero cohomologies
of line bundles appearing in V', A’V and V ® V* are

B (X, Ly) = (0,8,0,0), K& (X,Ls) = (0,4,0,0),
R(X,Ly® L) = (0,4,0,0), & (X,Ly®L;) = (0,3,3,0),
(X, Ly®Ls) = (0,8,0,0), I(X,Li®L;) = (0,0,12,0), (3.116)
(X, Li®L:) = (0,0,12,0), I (X,Ly®L3;) = (0,20,0,0),
(X, Lo®L}) = (0,12,0,0), A (X,L3®L:) = (0,0,4,0).

Following Table 3.3, these cohomologies give rise to the GUT spectrum

810, 4105, 4554, 3555, 8545, 3555, 12151, 12155, 20193, 12154, 4153 .
(3.117)
At the GUT level, the only superpotential terms allowed by the gauge symmetry are

W = Aryic5521057105) + py 1805555 (3.118)

where the indices I, J, K ... run over various ranges, as indicated by the multiplicities
in the spectrum (3.117), and A;;x and prjx are the couplings we would like to
calculate.

Evidently, the above GUT model has 12 families of quarks and leptons, three
vector-like 57-5" pairs, which can account for the Higgs multiplets, and a spectrum
of bundle moduli singlets. This is a promising upstairs spectrum which may lead to a
downstairs standard model upon dividing by a freely-acting symmetry of order four.
Indeed, this can be accomplished using the Zs X Zs symmetry with generators (3.67),
a choice of Wilson line specified by x, = (0,1) and x3 = (0,0) and a trivial equivariant
structure for all line bundles. The relevant GUT multiplets branch as 10 — (Q, u, e),

— (d, L), 57 & (T, H) and 57 — (T, H) (where T and T are the Higgs triplets,
to be projected out). From Eq. (3.16), these standard model multiplets carry the

Wilson line charges

XQ:X2®X3:(071)7 XU:X?‘):(O?O)u X6:X%:(070)7
Xz =x2=(0,1), xr=x5=1(0,0),  xp=x3=1(0,0).
Applying the rule (3.15) for this choice of charges then leads to the downstairs spec-

trum

Q(Qa%@)% (Q7u76)57 (dv L)2,47 2(d> L)4,5, H2,5, Fz@ 312,1, 315,1, 512,3, 312,4, 155,
(3.120)
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a perfect MSSM spectrum plus additional bundle moduli singlets. Ordering the
quarks as (Q)) = (Q),Q32,Qs) and (u'")) = (ud,u2, us), the downstairs analogue
of the superpotential (3.118) can be written as

W =\ HysuD QWY + pr 1 | LY Hy s (3.121)

)

The up-Yukawa matrix A is further constrained by the S(U(1)°?) symmetry and

must be of the form

AW = (3.122)

Q O O
o O
o o Q

/ /

oy

However, it is not yet clear that the entries a, b, a’, b’ of this matrix are non-zero
and that the rank of the up-Yukawa matrix is indeed two, as the pattern of (3.122)
suggests. This is the question we will answer in the next sub-section. The 3 x 2
singlet coupling matrix p is unconstrained by gauge symmetry and evidently plays an
important role for the existence of a massless Higgs doublet pair, away from the line

bundle locus. More precisely, if
(prs15)) (3.123)

is non-zero, then the Higgs pair (where a combination of the lepton multiplets plays
the role of the down Higgs) receives a large mass and disappears from the spectrum.
At the line bundle locus, we have <1§IZ> = 0, and the Higgs pair is massless, consistent
with the result of our cohomology calculation. However, once we move away from
the line bundle locus such that <1éli) # 0,° the Higgs pair may become massive,
depending on the structure of the couplings p;;. In fact, in Ref. [40] we have verified
— by performing a cohomology calculation for the associated non-Abelian bundles —
that the Higgs pair does indeed become massive for generic complex structure, once
(152} # 0. This suggests that at least some of the singlet couplings p;; are non-

zero, generically. Below, we will confirm this expectation by explicitly calculating the

couplings py.

3.4.2 Up Yukawa coupling

To calculate the up Yukawa couplings, we begin with the upstairs GUT model and

focus on the first term in the superpotential (3.118). The line bundles and ambient

3Note that we can turn on all the available singlets except 1%2 and keep the Higgs pair massless.

As was shown in Ref. [40], this deformation leads to a standard model with global B — L symmetry.
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space harmonic forms (see Eq. (3.61)) for these multiplets are

3 55{5 — Ky=L;®L;, = 03_2@(0,2,—2,0)% ;

410, — Ky = L5, Uy = U4_2R(1,1,0,72)ﬁ4a (3124)
8105 — Kz= Lo, w=07"05"S( 3500 A fl2 ,

with associated polynomials

Q = i+ qyoyr + ¢t (3.125)
R = roxoyo + r1x1yo + raToys + rsTay (3.126)
S = soZoiy + s1ZoYolh + S2Zololi + S3Tols + saTro + SsTAYGT +

seT1YoYi + STT1Y; (3.127)

and coefficients ¢y, r; and s; parametrising the multiplets. Evidently, K; and K, are
of type 1, while K3 is of type 2, so we can proceed with the algebraic calculation
explained in Section 3.3.1. Converting everything to holomorphic coordinates for

simplicity of notation, we have

w(@,R,S) = (qoajo + q10y,0y, + qﬁ;) (10020 Oyy + 17102, Oyy + 1720500y, + 7305,0y,)
(sozoys + s1Z0Yayr + Saoyoyi + SsToy; + Saz1yy + SsT1YGYL +
S6T1YoY; + 87901yf)
= 2[3qoroso + 3qoT184 + qoT2s1 + Qor3ss + q1ros1 + 1185+
17252 + 17356 + Q2T0S2 + GaT1S6 + 3qarass + 3qarssy] . (3.128)
Inserting standard choices for the coefficients then leads to the couplings A\;;x in the

superpotential (3.118). In particular, we see that these couplings are just numbers,

that is, they are independent of complex structure.

For a simpler and physically more meaningful result, we should consider the down-
stairs theory. This means we have to extract, from the above polynomials Q, R and
S, the Zy x Zy equivariant parts. Remembering that the differentials ; carry charge

(1,1) under Zy X Zso, while the o; are invariant, this leads to

H : Qn =y, (3.129)
Qs Ro, = yor1 + y10, (3.130)
us Ru5 = Yox1 — Y120, (3.131)

5 S, = —oyy + 11y}, —Toyoyt + Ty (3.132)
uS : Su, = Toyp + 1S, 2oyoy? + 1Y . (3.133)
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To carry out the algebraic calculation, we first note that

i3
M@, R, S) = ﬂu(Q,R, S) (3.134)

where the additional factor of 1/4 relative to Eq. (3.75) accounts for the fact that we
are integrating over the upstairs manifold X, while the actual calculation should be
carried out on the quotient X/I". We find

_ —Toys + 1Y} 0
(s, Q5) = (9y00y0) (Do, — Dy 0yo) [ 00T ) (3.135)
—ZToYolY] + T191Yp 4

and

_ roys + 213 0
N(H7 uy, QS) = (ayoam) (ayoam + ayla:co) 0o 2 i 9 = . (3'136)
ToYoyi + T191Y;5 4

Combining these results leads to the up Yukawa matrix

00

0 1 . (3.137)
1 0

We have, therefore, shown that the up Yukawa matrix has indeed rank 2, as suggested
by the general structure (3.122). In addition, we see that these Yukawa couplings
are independent of complex structure. This happens because the cohomologies of
the above line bundles K; have a simple representation in terms of ambient space
cohomologies, without any kernel or co-kernel operations required.

It is interesting to point out that the Yukawa matrix obtained in Eq. (3.137)
does not match its counterpart from particle physics very accurately (for example,
in Eq. (3.137), the charm- and top-quarks seem to have the same mass.) This is
not necessarily an indication that the model has failed as, first of all, the fields are
not normalised, and also non-perturbative effects were not yet taken into account.
Such effects are generated by instantonic strings wrapped around curves and they are
proportional to exp(—n,;T"), where T" are Kahler moduli and n; are positive integers
parametrising the curve. The very small but non-zero mass of the up-quark could
be obtained from such non-perturbative effects. Similarly, these effects could explain

the great disparity between the masses of the charm-quark and top-quark.
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3.4.3 Singlet-Higgs-lepton coupling

To calculate the singlet Yukawa coupling, we start with the upstairs theory as before
and focus on the second term in the superpotential (3.118). The relevant line bundles

and forms are

12 ]-2,4 — Kl = LQ & LZ, @1 = HI4HE6Q(_47_671’1)d51 A dZQ ,
8 g4,5 — KQ = L4 & L5 y (:()2 = H§3HZ5R(070,_3’_5)d23 A d24 s (3138)

4 555 — Kg = L; X Lg , ﬁg = H;25(0’27_2’0)d§3 .

There are two additional complications, compared to the previous calculation, evident

from this list of forms. First of all, the singlet space is defined as the kernel
Ker <H2(A,/\/'* ® K1) B H2(A, IC1)> (3.139)

of a map between a 60 and a 48-dimensional space. These dimensions are quite large,
but we will improve on this shortly by taking the Zs x Zs quotient. At any rate, we
should impose the constraint §Q = 0 on the polynomials @ in order to work out this
kernel, and this will lead to complex structure dependence.

Secondly, two line bundles, K; and K, are of type 2, which means that we will
have to work with the more general Eq. (3.77) for the Yukawa couplings. Given the
differentials dz; which appear in (3.138), only the term proportional to Wy Ay AD3 can
contribute to the integral (3.77). This means we need to determine the (0, 1)-forms
vy satisfying

Oy = ply . (3.140)

To do this, we write down the two relevant polynomials
R0,-3-5 =To+ 712, P=po+pzs+p2;, (3.141)

with the z3-dependence made explicit and apply the result (3.53), which reads

1 1 o 1 1 _
R = _5(291?"0 +par1) + poroZs + 52907"123% ~ 5P2T0%s — pari|zsl® + 5(]907’0 +pir1)zslzsl”
(3.142)
Then, the desired (0, 1)-form 2, can be written as
Dy = ki3 2k, "RdZy . (3.143)

Using these results for the forms in the basic formula (3.77) for the Yukawa couplings,

we find . ORS
A = [ = _d*2diz. 3.144
(v1, v, v5) 271 Jou KIKSKAKS as ( )
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To simplify the calculation, we descend to the downstairs theory and divide by the

Zs X Zo with generators (3.67). The polynomials @, R and S then simplify to

> 52 5 52 5252 52 5252 4 32
Q = ay (232122 + 2421;:2) + as (z1z2 + 2324;:2) + ay (23242122 + z2) +

a7 (2325 + 2471 2%0) + a6 (2425 + 2371 %2) + anz (2125 + 2324721 %2) +
12 (23242153 + 2152) + as (2’32%23 + 2422) + as (2’45%53 + 2322) +

as (2% + 232’45%) + ag (232423 + 2%) + ajo (232123 + 2421) +

ai (24212;1 + 2321> +a (5%53 + Z3Z4) + ag (23242%53 + 1) s (3145)
R — b1 (22 - 5324) + b() (]. - 2322) 5 (3146)

We still have to impose the condition p@Q) = 0, which reduces the 15 parameters
a = (ar) down to a generic number of three, corresponding to the three singlets 1 4.
The two coefficients b = (g, b1) parametrize the leptons Ly 5, while S = 25 represents
the Higgs Hos. From Eq. (3.142) and using the five-parameters Z, x Zj-invariant
family of tetra-quadrics (3.110), in order to make the calculation manageable, we can

explicitly work out the polynomial R. Then, inserting into Eq. (3.144), gives
;3
i

6480

AMa,b) = (2a14blcl + 9a;9bgcy + 9aq13bgcy — 8asbicy — 8asbicy + 3ajabicy +
3ai3bica — 36a7bgcs — 12a9b1c3 — 12a14bgca + 6aszbicy + 6asbica —
6agbica — 6a7bics + 4daiabica — 36agbgcs — 12a3bic5 — 36asbgcg —
36asbocs — 12agb1ce — 12a7b106) . (3.148)

We still have to impose the kernel condition on the vector a, and as before, we use the

five-parameter family of tetra-quadrics (3.110). This condition can then be written

as Ma = 0, where

M = (3.149)
24cg O 0 0 4c3 4ce 0 0 0 24c5 0O 0 3ca O 0
24c5 0 (1) 0 4cg 4cs 0 () 0 24cg O 0 —3cy4 O 0
24cy 24ce 0 6c2 dce—4cy 4est4cey 6c2 0 24cs —24cq4 12c2 0 3c1 3ca 2¢co

0 24cs 0 0 4cs 4cg 0 0 24cq 0 12¢c2 O 0 —3c4 2co
24c3 0 0 0 4cg 4cs 0 0 0 24c6 0 12¢2 —3c4 O 2co
24cg 24cy 6co 0 dcq+4cs deg—4cy 0 6co —24cy 24c3 0 12¢c2 3cs4 3c1 2¢o

0 24c3 0 6co 4cs 4ce 6c2 0 24cq 0 0 0 0 —3ca 0

0 24ce 0 0 4ce 4cs 0 0 24c3 0 0 0 0 3ca 0

0 0 12¢¢ 12¢¢ 8ca 8ca 12c3 12c5 0 0 0 0 0 0 4ey

0 0 12c5 12c3 0 0 12¢¢ 12¢¢ 0 0 0 0 0 0 —4cy

0 0 12¢¢ 12¢¢ 0 0 12c5 12c3 0 0 0 0 6c2  6c2 4ey

0 0 12c¢3+12¢cq4 12¢4+12¢c5  8ca 8ca  12ce—12c4 12c6—12c¢4 0 0 0 0 6c2 6c2 4ci—4cy
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This matrix has generic rank 12 and, hence, a three-dimensional kernel, spanned by

vector v;. We can write

a=> vy, (3.150)
1

with the three coefficients a; describing the three singlets S’. Unfortunately, even
for our 5-parameter family (3.110) of tetra-quadrics, the v; contain very complicated
functions of the complex structure moduli, which make an analytic calculation im-
practical. Instead, we choose random numerical values for the complex structure
moduli ¢y, ..., cq, calculate a basis of Ker(M) for this choice and then work out the
Yukawa matrix by inserting into Egs. (3.150) and (3.148). In this way, we obtain
an explicit numerical 3 x 2 Yukawa matrix p, valid at this specific point in complex
structure moduli space. This calculation leads to a Yukawa matrix p with rank two,
and this should be considered the generic result in complex structure moduli space.

An analytic calculation can be carried out by restricting to the 4-parameter sub-

family with ¢, = 0. In this case, the kernel basis vectors are

vi= (0,0,—c; (¢34 cse3 — 2¢2) — ¢4 (=3 + (3cq — 2¢6) c3 + ¢5 (5 + 2¢6) + 4 (c5 + 4c))
403 + (2 + 2c604 + c105) €3 — ca05 (05 + 206) + €3 (3es + 4eg) + 1 (2 — 2¢2), 0,0,
—(c3 —c5) (3 4 ezeq + (5 + 2¢6) cq — c1c6) , — (e3 — ¢5) (3 + czcq + (5 + 2¢6) €4 — €166)
0,0,0,0,0,0,3 (c3 — ¢5) (c3 + ¢4 + c5 — 2¢6) (c3 + 5 + 206))T )

vo = (0,0,0,0,0,0,0,0,0,0,0,3 (c5 — ¢5) (¢35 + 4 + 5 — 2¢6) (¢34 ¢5 + 2¢6) ,0,0,0)"

V3 = (0, 07 O, 0, 0, O, 0, 0, O, 07 3 (Cg — 05) (Cg +cq+ 5 — 266) (03 + c5 + 266) s 07 0, O, 0>T .
(3.151)

Inserting these vectors into Eq. (3.150) and then into the general form (3.148) of the

Yukawa couplings leads to

. 3
s
AMa,b) = %albl (c3 — cs5) (40?1 +c(cs+c5— 206)) (c3 4+ c5+ 2¢c6) - (3.152)

For the Yukawa matrix p in the superpotential (3.121), this means

2.71_3 0 (Cg — 05) (4Ci —+ (Cg + c5 — 206)) (03 + c5 + 266> )
P = ﬁ 0 0 . (3. 53)
0 0

The matrix has rank one, which is reduced from the generic value two that we have
found for the five-dimensional family (3.110). Hence, we have found another example
of a Yukawa coupling with rank varying as a function of complex structure. In
addition, our results show that, for generic complex structure, the Higgs pair receives

a mass whenever (1,4) # 0, in agreement with the results in Ref. [40].
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For special sub-loci of our four-parameter family of tetra-quadrics, characterised
by the vanishing of one of the factors in Eq. (3.153), the Yukawa matrix vanishes
entirely. However, as before, we have to be careful, since the kernel of the matrix M
might also change in these case. Let us begin by imposing c3 = c¢5, in addition to
co = 0, on the family of polynomials (3.110). In this case, the dimension of Ker(M)

turns out to be six and a basis is given by

vi = (0,0,0,0,0,0,0,0,0,0,0,1,0,0,0), v, =1(0,0,0,0,0,0,0,0,0,0,1,0,0,0,0)%,
vy = (0,1,0,0,-6,0,0,0,0,1,0,0,0,0,0)", v, =(1,0,0,0,0,-6,0,0,1,0,0,0,0,0,0)T,
vs = (0,0,0,0,0,0,-1,1,0,0,0,0,0,0,0)", v¢=(0,0,—1,1,0,0,0,0,0,0,0,0,0,0,0)T.
(3.154)
Using these six vectors in Eqgs. (3.150) and (3.148) leads to a 6 x 2 Yukawa matrix
which vanishes entirely. Similar results are obtained for other sub-loci of interest. If
42+ ¢y (e3+ 5 — 2¢6) = 0, in addition to ¢y = 0, the dimension of the kernel becomes
four and the 4 x 2 Yukawa matrix vanishes entirely. The same statements hold for
c3 + ¢5 + 2cg = 0. This shows that there are specific loci in complex structure moduli

space where the Higgs pair remains massless, even in the presence of generic bundle
moduli VEVs.

3.5 Final remarks

In this chapter, we have developed methods to calculate holomorphic Yukawa cou-
plings for heterotic line bundle models, focusing on Calabi-Yau manifolds defined as
hypersurfaces in products of projective spaces and the tetra-quadric in P! x P! x P! x P!
in particular. While our approach is based on differential geometry, we also make con-
tact with the algebraic methods in Refs. [29, 35].

We provide explicit rules for writing down the relevant bundle-valued harmonic
forms which enter the Yukawa couplings. These forms can be identified with polyno-
mials of certain multi-degrees which are the key players in the algebraic calculation.
It turns out that these forms can be of different topological types, which we have
referred to as type 1 and type 2 (as well as mixed type). If all three forms involved
in a Yukawa coupling are of type 1, it turns out that the Yukawa coupling vanishes.
This vanishing is topological in nature and is not, apparently, due to a symmetry in
the low-energy theory. Our most explicit results, see for example Eq. (3.69), are for
Yukawa couplings which involve two forms of type 1 and one form of type 2. We also
show how to compute Yukawa couplings which involve more than one form of type 2,

by explicitly working out co-boundary maps.
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The various cases are illustrated with explicit toy examples on the tetra-quadric.
In Section 3.3.2, we have provided an example, based on the gauge group SO(10),
of a 1016 16 Yukawa coupling with topological vanishing, due to all three relevant
forms being of type 1. An example of a complex structure independent 27° Yukawa
coupling for gauge group Eg and a standard pattern of two forms of type 1 and one
form of type 2 has been provided in Section 3.3.3. Finally, Section 3.3.4 contains
an example with gauge group SU(5) which leads to a complex structure dependent
d-quark Yukawa coupling.

In Section 3.4 we have computed all Yukawa couplings allowed by the gauge sym-
metry for a line bundle standard model on the tetra-quadric. The up-quark Yukawa
matrix turns out to be complex structure independent and of rank two, while the sin-
glet coupling to LH is complex structure dependent. The latter involves two forms of
type 2 and requires an explicit calculation of a co-boundary map as well as a kernel
of a map in cohomology.

For two of our examples, we have explicitly calculated the complex structure
dependence of the Yukawa matrix, only for a sub-locus in complex structure moduli
space. To our knowledge, this is the first such calculation for heterotic Calabi-Yau
models with non-standard embedding. The detailed complex structure dependence of
these Yukawa matrices is not necessarily physical since the matter field Kahler metric
will also typically depend on complex structure. However, the rank of the Yukawa
matrices is not affected by the field normalisation and has to be considered a physical
quantity. We have shown that this rank can vary in complex structure moduli space.

Our calculations were applied only to one quasi-realistic tetraquadric model in
the database [25]. An interesting direction for future research would be to calculate
the holomorphic Yukawa couplings for all the other MSSM models, in order to see
how the results vary from model to model. Extending our calculation methods to all
the known models on the tetraquadric would be useful to see a distribution of the
Yukawa couplings among the models.

The results of this chapter are limited to a relatively narrow class of Calabi-Yau
manifolds and bundles with Abelian structure group. However, the methods we have
developed point to and facilitate a number of generalisations. We expect that suitable
generalisations of our approach can be used to calculate Yukawa couplings for more
general classes of Calabi-Yau manifolds, notably higher co-dimension CICYs (as will
be seen in Chapter 4) and hypersurfaces in toric varieties. Non-Abelian bundles

are frequently constructed from line bundles, for example via monad or extension
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sequences. The results for line bundles obtained in this chapter could be useful to
calculate Yukawa couplings for such non-Abelian bundles.

The most pressing problem remains the calculation of the matter field Kéahler
metric which is essential in order to determine the physical Yukawa couplings. While
we have not addressed this problem yet, it is clear that it requires an approach based
on differential geometry. Our hope is that the methods developed in this chapter will

eventually lead to a framework for such a calculation.
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Holomorphic Yukawa Couplings for
Co-dimension k£ > 2 Complete Intersection
Calabi-Yau Manifolds

In Chapter 3, we have presented a new approach to calculating the holomorphic
Yukawa couplings, based entirely on methods of differential geometry. This approach
was developed in the context of the simplest class of Calabi-Yau manifolds — hyper-
surfaces in products of projective spaces and the tetraquadric manifold in a product
of four PVs in particular — and for bundles with Abelian structure groups. In its
original form, as presented in Chapter 3, this method is only applicable to a handful
of Calabi-Yau manifolds. The purpose of this chapter is to present a significant gen-
eralisation to all complete intersection Calabi-Yau manifolds. Hence, we will show
that our approach is not restricted to specific manifolds but can in fact be applied
to large classes, in this case to the almost 8000 CICY manifolds classified in Refs.
[10, 11], as well as to their quotients [88]. We would also like to relate our method
to the earlier algebraic ones [29, 35] and demonstrate that the two approaches are
equivalent. Although, in the present chapter, we will only discuss the holomorphic
Yukawa couplings, we hope that the insight gained in this context will ultimately also
be of use for the calculation of the matter field Kéhler potential and the physical
Yukawa couplings.

As in the co-dimension one case, we start from the general expression of holomor-
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phic Yukawa couplings for a line bundle model on a Calabi-Yau manifold X
/\(l/l,Vg,Vg,) :/ Q/\Vl/\Vg/\Vg. (4].)
b's

Here, © is the holomorphic (3,0)-form on X and v; € H'(X, K;) are closed (0, 1)-
forms, taking values in certain line bundles K; on X, which represent the three types
of matter multiplets involved in the corresponding superpotential term. Consistency
of Eq. (4.1) requires that K; ® Ky ® K3 = Ox , where Oy is the trivial bundle
on X. The ambient space on which the CICY is defined is generally expressed as
A =P" x ... x P" as explained in Section 2.5.4. Provided that the line bundles K;
are obtained as restrictions of ambient space line bundles ; — A to X, we will show
that the (0, 1)-forms v; can be obtained from certain forms on the ambient space A
and that the integral (4.1) can be evaluated explicitly by converting it to an integral
over the ambient space.

More precisely, we find that a closed (0,1)-form v; is, in general, related to an
entire chain of ambient space (0,a)-forms, 7;,, where a = 1,....,k 4+ 1 and k is the
co-dimension of X in A. The integral (4.1) can then be re-written as an integral over
A which, in general, involves all forms 7, ,. For a given v;, the associated chain may
terminate early, in the sense that, for a certain 7;, we have 7; ,, # 0 and 7; , = 0 for
all @ > 7;. In this case we say that v; is of type 7;. One of our most important results

is the vanishing theorem
T+ 1+ 71 <dim(A) = A, 1e,v3) =0. (4.2)

Particularly for high co-dimension and corresponding large ambient space dimension
dim(.A), this statement implies the vanishing of many Yukawa couplings, since cases
with large types 7; are relatively rare. The vanishing due to this theorem can not
be explained by an obvious symmetry of the effective four-dimensional theory and is
topological in nature.

The outline of the chapter is as follows. In Section 4.1, we generalise to co-
dimension two CICYs and in Section 4.2, we deal with the general case of arbitrary
co-dimension. In Section 4.3, our method is illustrated with several explicit examples
and we conclude in Section 4.4. A number of technical issues have been moved
to the appendices. Of particular importance is Appendix C, which explains the
multiplication of harmonic forms on P", the key ingredient required to relate our
approach to the earlier algebraic methods [29, 35] for calculating holomorphic Yukawa

couplings.
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4.1 Yukawa couplings for co-dimension two CICYs

We start by discussing the case of co-dimension two manifolds. This consists of
two main steps: first, showing how (0, 1)-forms on the CICY can be obtained from
ambient space forms and secondly, expressing the Yukawa couplings as integrals over

the ambient space.

4.1.1 Lifting forms to the ambient space

As before, the ambient space A is given by a product of projective spaces
A=P" xP" x ... x P (4.3)

but now we require that n; +...4+n,, = 5. The Calabi-Yau manifold X is given by the
common zero locus of two polynomials p = (py, p2) with multi-degrees q; = (q1, ..., ¢")
and qz = (g4, ..., "), respectively. The Calabi-Yau condition, ¢;(TX) = 0, translates

into
Q; + qg =n, + 1, (4'4)

forall r = 1,...,m. We can also view p as a global, holomorphic section of the normal
bundle of X,
N = Ox(a1) ® Oalqz), (4.5)

which is now a rank-2 vector bundle in A. Naturally, the wedge product A2N =
O4(q1 + qz) is a line bundle.

As in the previous chapter, we would like to understand the relation between
closed line-bundle valued (0, 1)-forms on X and certain forms on the ambient space
A. We start with a line bundle K — X, its ambient space counterpart IC — A such
that K = K|x and a closed K-valued (0, 1)-form v € H'(X, K), which represents any
of the three forms v; entering the integral (4.1) for the holomorphic Yukawa couplings.
The relation between K and K is still described by the Koszul sequence which, due
to X being defined at co-dimension two, is no longer short-exact but given by the

four-term sequence
0— AN @KL N oK K- K —0. (4.6)

As before, the map p = (py, p2) acts by multiplication and r is the restriction map.

The map ¢ is fixed by exactness of the sequence, that is p o ¢ = 0, and by matching
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polynomial degrees. As a result, it is given, up to an overall, irrelevant constant, by

q-<_p2> . (4.7)
b1

In practice, the four-term sequence (4.6) is best dealt with by splitting it up into the
two short exact sequences
0— NN K-S N oK-T5C—0,

g2 r (48)
0—C =K —K-—70

where C is a suitable co-kernel and ¢;, ¢go are maps satisfying g, 0 gy = p. These
quantities are determined by exactness of the above two sequences but will, fortu-
nately, not be required explicitly. The relevant parts of the two long exact sequences

associated to the short exact sequences (4.8) read
— HYA,C) 2 HY(AK) = H'(X,K)
L H2(AC) - HXAK) — ..., (4.9)
and
— HY A NN ©K) L H (AN @K) 25 HY(A,C)
2 H2(A NN @ K) -5 H2(AN* @ K) 25 H2(A,C)
O HYA NN @ K) -5 HY AN ®K) — ... . (4.10)

Our goal is to obtain an expression for H!'(X, K) in terms of ambient space coho-

mologies and from (4.9) we find that
HY(X,K) = r(Coker (Hl(A, C) B HY(A, ;C)))
& 5;1<Ker(H2(A, C) & H(A, IC))) . (4.11)

This expression is analogous to Eq. (3.27) obtained in the co-dimension one case, but
here we still have to work out H'(A,C) and H?(A,C), which are obtained from the
sequence (4.10)

HY(AC) = ¢ <Coker (Hl (A NN © K) S HY(AN* 2 K) ))

® 52_1(Ker (H?(A, NN @ K) S HHAN @K )) (4.12)
HXAC) = g <Coker <H2(A, NN* @ K) S H(AN* @ K) ))

® 551(Ker<H3(A,A2N*®IC) (AN ®K) )) (4.13)
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Substituting Eqs.  (4.12) and (4.13) into Eq. (4.11) gives the desired formula for
H'(X,K) in terms of ambient space cohomology. Despite its apparent complexity,
we will see that it is possible to get to a simple generalisation of the structure derived
in the co-dimension one case.

We begin by observing that H'(X, K) receives contributions from three ambient
space cohomologies, namely from H' (A, K), H*(A,N*®K) and H*(A, A>N*®K) (or,
more accurately, from kernels or quotients within these cohomologies). This means
that a given closed (0, 1)-form v € H*(X, K) descends, in general, from three ambient
space forms, a (0,1)-form 7, a (0,2)-form @ and a (0, 3)-form p. However, a specific
v € H'(X, K) might not receive all three contributions. We call a v € H'(X, K)
“type 17 if the associated @ and p vanish and, hence, if it is determined by the (0, 1)-
form © only. Likewise, v € H'(X, K) is called “type 2” if the associated p vanishes
and it is determined by the (0,2)-form ©. If v € H(X, K) is determined by p, it is
called “type 3”. In general, a v € H'(X, K) is a linear combination of these three
types, but the discussion is much simplified if we focus on each type separately. In
fact, it is always possible to choose a basis of H'(X, K), such that every basis element
has a definite type. Let us now be more precise and discuss each of these three types

in turn.

Type 1: We will refer to v € H'(X, K) as “type 17 if it descends from H'(A, K),
that is, if there is a (0, 1)-form o € H'(A, K) on the ambient space with

=7lx, ve H(X,K),
v=0, ve HY(AK).

<

(4.14)

Qi

Type 2: We will refer to v € H'(X, K) as “type 2”7 if it descends from a closed
(0,2)-form & € H?*(A,N* ® K). To understand the relation between v and @, we
need to chase through Eqgs. (4.11) and (4.13). Starting with Eq. (4.11) and setting
4y = 61(v) € H*(A,C), we know from the definition of the co-boundary map 4, (see
Appendix B for a review) that there is a (0, 1)-form 2 € Q!(A, K), such that

o = g7, v="0|x. (4.15)
Further, from Eq. (4.13), there is a @ € H*(A,N* ® K) with
Y =qw. (4.16)
Combining these last two equations, together with g, 0 g; = p then leads to
00 = (ga0 g1)& = piv. (4.17)
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To summarise this discussion, we can write down the following chain of equations

v="r|x, ve H(X,K),
o = p e QY AK), (4.18)
oL =0, OeH (AN ®K),

which describes the relation between v and the (0, 2)-form @ from which it descends.

Type 3: We will refer to v as “type 3” if it descends from a closed (0,3)-form
p € H3 (A, A°N* ® K) and we need to understand the relation between v and p. As
in the case of type 2, we start with Eq. (4.11) and define 4 = 6,(v) € H*(A,C) and
a (0,1)-form o € Q' (A, K), such that

o = g7, v="0|x. (4.19)

From surjectivity of g; in the first sequence (4.8), we can write ¥ = ¢;& for an
w € Q*(A,N* ® K) and combining this with the previous equation leads to

0 = pw (4.20)

as in the type 2 case. However, unlike for the type 2 case, @ is no longer closed and
we need to carry out one more step. To this end, we consider Eq. (4.13) and define
the closed (0, 3)-form p = §3(%) € H*(A, A2N* @ K). Writing out the co-boundary
map 03 (see Appendix B) now leads to

o = qp, 2p=0. (4.21)

Altogether, this gives the following chain of equations

v =blx, ve H'(X, K),

B0 = piv, v e QU AK) .

e e (AK) (4.22)
8% = gp, OePUN®K),

dp=0, peHANN"®K),

which describes the relation between v and the (0, 3)-form p from which it descends.

In fact, the system of equations (4.22) describes the general relationship between
v and the three ambient space forms 7, @ and p. For a given v, solving the equations
(4.22) gives the associated ambient space forms which, in general, are all non-zero.
The three types discussed above arise from Eq. (4.22) as special cases. If 0 = p =0
for a given v, then 1 is closed and v is of type 1. If @ # 0 but p = 0 (and » does not

have a closed part which would correspond to a type 1 component) then @ is closed
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and v is of type 2. Finally, if p # 0 (and 7, @ do not have closed parts which would
correspond to type 1 and type 2 components, respectively) then v is of type 3.

Let us point out that, in general, the set of all forms , @, p is not always identified
with the entire spaces in the second column of (4.22) but, rather, with kernels and
co-kernels of the maps p and ¢ within those spaces. In each particular case, these
kernels and co-kernels can be found from Egs. (4.11), (4.12) and (4.13).

Our goal now is to express the Yukawa couplings (4.1) in terms of the ambient
space forms v, w, p. If v is of a specific type, the highest non-vanishing form which
appears in the Eqgs. (4.22) represents an ambient space cohomology and can be written
down explicitly, following the rules explained in Appendix C. The lower-degree forms
then have to be obtained by solving the Eqgs. (4.22). In this way, all relevant ambient

space forms can be calculated explicitly.

4.1.2 A derivation of Yukawa couplings

We will now derive the formula for the Yukawa couplings (4.1) in terms of ambient
space forms. For each (0,1)-form v; € H'(X, K;) involved, we have an associated
chain of ambient space forms 7;, @; and p;, in line with the Eqgs. (4.22). The forms w;
take values in the rank-2 line bundle sum N* @ IC; = O4(—q1) @ K; ® O4(—q2) ® K;
and we denote the two corresponding components by @f, where a = 1,2. Starting

with Eq. (4.1), we insert two delta-function currents

1

1 1
(2mi)?

D2

) . (4.23)

A(VDVQ?V?)) -

A /1 _
/Q/\l)l/\ﬁg/\ﬁg/\dpl/\g(—>/\dpg/\@(
A p1

which converts the integral to one over the ambient space. Using the standard formula
(see [6, 7, 10, 29])
QAdpy ANdpy = pu, (4.24)

where p has been defined in Eq. (3.21), we obtain

A, va, 1) = /Au/\lﬁl/\ﬁg/\ﬁg/\5<pil> Aé(}%). (4.25)

1
(2m)?
Now we have to integrate by parts twice, ignoring the boundary integrals, which do

not contribute (see Appendix D). After the first integration, we obtain

1 5 - - ~/ 1
>\(V17 V27V3) = —2/ ﬂ/\ [aﬁl/\ﬁz/\ﬁg—ﬁl/\aﬁg/\ﬁ;g—i—ﬁl/\ﬁg/\&ﬁg] /\8(-) . (426)
(2m)? Jap D2
The derivatives of 7; can be evaluated using (4.22). This leads to

5&1 A ﬁg N 193 — ﬁl A 5&2 A\ ﬁg + 191 A\ ﬁg A 5193 = pB = plﬁl +p252 5 (427)
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where B is a vector with components given by
BY= QI N Dy Ay — iy AL A Dy + D Ay A (428)
B2 =02 NDy ANy — g N2 A D3+ 01 Ay AGE. '

Substituting these expressions back into the integral (4.26), we note that the term

p25A2 does not contribute, since pﬁ(p%) ~ p20%(p2)dps = 0 and that we are, hence,
left with
1 A —r1 1 1 .
ANy, Vg, v :—/ A 1/\8(—)2— /—/\8 L 4.29
v ) = | PN ) = G Lo N (4.29)

Using Eqs. (4.22), we obtain that 3" = —p,7), where 7 is given by
B = pLADyADs+ v A Py ADs+ D1 A Dy Ay

I A@F AWy — D1 Awy A3

(4.30)
+ O A AW — T Ay AW
+ PAQIANDZ— O ANDZADs.
Hence, the final expression for the Yukawa coupling is
A P / A (4.31)
Vi, Vo, V3) = —— )
1, V2, V3 (271_)2 A:u m,

with 7 given in (4.30). Eq. (4.31) together with Eq. (4.30) is our main general result
for the co-dimension two case. As we will see in Section 4.3, this result, together with
the expressions for ambient space harmonic forms in Appendix C and Eq. (4.22),
allows for an explicit calculation of the holomorphic Yukawa couplings.

It is worth discussing a number of special cases. If all three forms v; are of type
1, then @w; = p; =0, for i = 1,2,3 and as a result 7 in Eq. (4.30) is zero and, hence,
the Yukawa coupling vanishes. Now suppose two of the forms v;, say v; and 1», are
of type 1, while v3 is of type 2. In this case we have w; = p; = 0 for ¢+ = 1,2 and
p3 = 0, so that 7 = 0 in Eq. (4.30) and the Yukawa coupling still vanishes. These

observations can be summarised by the following

Theorem: Assume that the forms v; which enter the integral (4.1) for the Yukawa

couplings are of type 7;, where ¢ = 1,2, 3. Then
T+ T+ 713 < dim(A) =5 — A, ve,v3) =0. (4.32)

For co-dimension one we have observed that the Yukawa coupling vanishes if all three
forms v; are of type 1. The above vanishing theorem generalises this statement to the

case of co-dimension two.
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There are two special cases for which the expression (4.31) simplifies considerably.
Firstly, assume that the types of the (0, 1)-forms v; are given by (71,72, 73) = (1, 1, 3).
Then we have from Egs. (4.31) and (4.30)

A, 1, 13) = / ANy NP3, (4.33)
A

1
(2m)?
and all three bundle-valued forms in the integrand represent ambient space cohomolo-

gies. The other simple case arises for types (71,7, 73) = (1,2,2), where Eq. (4.31)

becomes .
)\(Vl,VQ,I/;g) = W/A,u/\ﬁl/\d)g/\dj;g, (434)

with an anti-symmetric contraction of the bundle indices for w; understood. Again,
all three forms in the integrand represent ambient space cohomologies.
We will now proceed to arbitrary co-dimension and show that analogous state-

ments can be obtained in the general case.

4.2 Generalisations to higher co-dimensions

4.2.1 Lifting forms to the ambient space

We will now tackle the case of arbitrary co-dimension starting, as before, with the
problem of writing closed line bundle-valued (0, 1)-forms on the Calabi-Yau manifold
in terms of ambient space forms. Our ambient space remains the product of projective
spaces

A=P" xP" x ... x P, (4.35)

where now ny+...4+n,, = 3+k, and k is the co-dimension. The CICY manifold X C A
is defined as the common zero locus of k£ homogeneous polynomials p, with multi-
degrees q, = (q!,...,q™), where a = 1,.... k. The Calabi-Yau condition, ¢;(TX) = 0
now reads

k
ddi=n.+1, (4.36)

a=1

for all » = 1,...,m. As before, we combine these polynomials into the row vector

p = (p1, ..., Pr), which can be viewed as a section of the line bundle sum
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The relation between a line bundle K — X and its ambient space counterpart £ — A
(such that K = K|x ) is again governed by the Koszul sequence

0— AN QK ANV o2 BN oKL K —0, (4.38)

which now consists of k£ 4+ 2 terms and contains maps ¢, satisfying ¢, o ¢,.+1 = 0 for
all a = 0,...,k — 1. As previously, qo = r is the restriction map, ¢; = p is the map
acting by multiplication with the polynomial vector p and the higher maps ¢, for
a > 1 are the obvious tensor maps induced by p. An (a + 1)-form © taking values in
A*N* ® K has components 7% with completely anti-symmetrised upper indices,

and the action of ¢, on this form can be explicitly written as
<qaﬁ)b1,...,ba_1 — pbﬁblmba_lb- (439)

Splitting (4.38) up into k short exact sequences and chasing through the associated
long exact sequences shows that H'(X, K) can now receive contributions from the
k+1 ambient space cohomologies H(A, K), H*(A,N*®K), ..., H* (A, A*IN*QK),
HM YA AN @ K). A closed K-valued (0,1)-form v € HY(X, K) is, therefore, re-
lated to a chain of k 4+ 1 ambient space (0, a)-forms 7, where a = 1,...,k + 1. The
precise relationship between v and 7, can be derived by a straightforward general-
isation of the co-dimension two case discussed in the previous section. The result

18

v = bix, v e H'Y(X,K),
on = qin, nooe QYAK),
Oy = qobs, b € BUANQK),
(4.40)
O = qulisr, o € QA ANTINT®K),
Oy = 0, D € HY(A AN ®K).

Note that, just like in the co-dimension two case, the forms 7, should be thought
of as elements of certain kernels and co-kernels of the maps g, within the spaces on
the right-hand side of Eq. (4.40). For a given v € H'(X, K), the associated chain of
ambient space forms is obtained by solving the above equations and, in general, this
leads to k + 1 non-trivial forms 7,. However, as before, it is useful to introduce the
type 7 of v, which can now take the values 7 € {1,....,k + 1}. We say that v is of
type 7 if . # 0, 7, = 0 for all @ > 7 and all 7, for a < 7 do not contain any 0-closed
parts. In this case, v descends, via the Egs. (4.40), from the O-closed (0, 7)-form 7,
which defines an element of H™ (A, AT'N* @ K).
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4.2.2 The structure of Yukawa couplings and a vanishing the-
orem

Each of the three forms v; € H'(X, K;) involved in the Yukawa coupling has, from
Eq. (4.40) an associated chain of ambient space forms which we denote by 7; ., where
a=1,....k 4+ 1. To derive the general expression for the Yukawa couplings we start
with (4.1), insert k& delta-function currents and use the standard formula (see [6, 7,
10, 29])

QAdpy A ... Ndpy = 11, (4.41)

where p has been defined in Eq. (3.21). This leads to

1 \k [ 4 /1 =71
)\(Vl,VQ,Vg) == (-—) / Q/\ﬁm/\ﬁg’l/\ﬁgvl/\dpl/\3<—) /\/\dp;ﬂ\@(—)
2mi A p1 Pk
Ch /1 /1
ok A Dy A Dar A D /\8(—)/\.../\8(—), 4.42
(27T)kk!€b1.‘.bk /AM ISR RARDORWARZEN o, P ( )

where Cj, = (—1)*(k+1D/2 4k " is a phase factor. Integrating the first O operator by parts
(ignoring the boundary terms, whose vanishing can be shown in the same way as in
Appendix D) and using Eqs. (4.39), (4.40), this turns into

Ch

A, 1, 103) = Webl...bk

/ 12 N (ﬁf}Q A ﬁ271 VAN 19371 — ﬁl,l A 193712 VAN ﬁ371—|—
A
. . b =/ 1 /1
+ iy A Doy ADEL) A a(—> A A a(—> . (4.43)
' Dby Dby,
Here, the relation

pzﬁ(pib) =0 (4.44)

has led to the insertion of 52’1 from Eq. (4.39), so that we remain with a sum over by, as
indicated above (while the resulting factor p,, from Eq. (4.39) cancels against 1/py, ).
We can now continue integrating by parts until all factors of the form d(1/p,) are
used up. Each of these factors leads to a partial differentiation of all forms ﬁlb Z"'ba‘l
which appear in the integral, effectively replacing them by the forms ﬁ; la'ﬂ“’lb, which
are found one step lower down in the chain (4.40). Since there are k such partial
integrations to be performed, starting with three (0, 1)-forms, the end result is a sum
which contains all products of three forms whose degree sums up to dim(A) =3+ k.
This leads to
k+1

C . . .
ANy, 1o, 1) = (2;)1@ Z (—1)3(“1’“2’“3)/ PN Dy gy AN Dogy A U3y, (4.45)
A

a1,a2,a3=1
a1+az+az=dim(A)
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where s (ay,as,a3) = (a1 + 1)as + ajasz + azaz determines the relative signs of the
terms and Cy = (—1)F*+D/2(_1)[(E+D/2k i5 another phase. In this formula, the
bundle indices have been suppressed so the wedge product should be understood as
including an appropriate tensoring of the bundle directions to form a singlet, via anti-
symmetrisation by €, . The anti-symmetrisation is achieved by summing in every
case as many terms with permuted indices as required for complete anti-symmetry,
each with a factor 1 or —1 and no additional overall normalisation. This means
that, for example, D15 A Do A D31 = €400 A D5 A D31, while D13 A Doy A D3y =
Lepua 5™ Aoy Ay,

Eq. (4.45) is our main general result for the holomorphic Yukawa couplings. All
the ambient space forms 7, can be constructed explicitly, starting with Appendix
C in order to write down (harmonic) representatives for ambient space cohomology
for the highest degree non-trivial forms in the chain (4.40) and then solving these
equations to find all associated lower-degree forms. With these forms inserted, the
integral (4.45) can be carried out explicitly, as we will demonstrate for the examples
in Section 4.3.

As before, it is useful to discuss some special cases. First assume, that the (0, 1)-
forms v; are of type 7;, so that 7;, = 0 for all @ > 7;. If the 7; sum up to less than
the ambient space dimension dim(.A), then all terms in Eq. (4.45) vanish due to the
summation constraint. As a result, the Yukawa coupling vanishes. Let us formulate

this concisely:

Theorem: Assume that the forms v; which enter the integral (4.1) for the Yukawa

couplings are of type 7;, where ¢ = 1,2, 3. Then

T+ 7o + 73 < dim(A) = Ay, v,13) =0. (4.46)

This is the general version of the vanishing theorem we have already seen for co-
dimensions one and two in previous sections. As we have discussed, the type 7 of
a form v € HY(X, K) is determined by the cohomology H™ (A, A" *N* @ K), from
which it descends via successive co-boundary maps. As a rule of thumb, large 7’s
are relatively rare since they require many non-trivial co-boundary maps and coho-
mologies. Consequently, for a large ambient space dimension dim(.A), the condition
in (4.46) is frequently satisfied and many Yukawa couplings vanish. We stress again
that vanishing due to (4.46) appears to be topological in nature, that is, these cou-
plings vanish despite being allowed by the obvious symmetries of the four-dimensional

effective theory.
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Another special case of interest is for types 7; satisfying 71 + 75 + 73 = dim(A). In

this case, only one term in (4.45) contributes and the integral simplifies to
1
(2m)*

where we have dropped an overall phase factor. Note that, unlike in the general case

/\(1/1, Vo, 1/3) ~ / 1% N 19177—1 VAN ﬁgﬂ—z AN ﬁgﬂ—g s (447)
A

(4.45), all three forms 7, ,, in the integrand are closed and represent ambient space
cohomologies in H™ (A, A" *N* @ K). They can, therefore, be directly constructed
from the rules given in Appendix C, without any need to solve Eqgs. (4.40).

4.3 Examples

In this section, we will illustrate our general statements for models on a certain co-
dimension two CICY and show that the relevant ambient space integrals can, in
fact, be carried out explicitly. We begin by introducing the specific CICY and its
properties, then move on to describing line bundles and line bundle-valued forms
before we derive two more specific formulae for the Yukawa couplings for types
(11,72, 73) = (1,1,3) and (7,72, 73) = (1,2,2), respectively. These results are then
applied to three examples, each defined by a certain line bundle sum on the relevant

CICY.

4.3.1 A co-dimension two CICY and its properties

Our chosen CICY is a co-dimensional two manifold in the ambient space A = P! x P! x
P! x P! x P!, whose homogeneous coordinates we either denote by x = (z¢), where i =
1,....,5and a = 0,1 or, more explicitly, by x = ((xq, 1), (Y0, ¥1), (uo, u1), (vo, v1), (Wo, w1)).
We also introduce affine coordinates z; = z} /2 on the coordinate patch of A where
all 29 # 0. The CICY is defined as the common zero locus in A of two homogeneous
polynomials p = (py, p2) with multi-degrees ¢q; = (0,1,1,1,1) and q» = (2,1,1,1,1),

respectively. This information is often summarised by the configuration matrix

5,45
P |0 2
P! |11
X=|P | 11 (4.48)
P11
P! |11
—80

whose columns are given by q; and qs. Attached as a superscript are the Hodge
numbers A1 (X), h?1(X) and as a subscript the Euler number, 7(X). In the standard
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list of Refs. [10, 11], this manifold carries the number 7487.! The defining polynomials

p = (p1,p2) can also be viewed as a section of the line bundle sum
N = Oula1) ® Oalaz). (4.49)
For later reference, we also define q = q; + q2 = (2,2, 2,2,2) and note that
NN = 04(q). (4.50)

In order to reduce the size of the problem, it will frequently be useful to work on
a discrete quotient of the above manifold. In fact, X has a freely-acting symmetry

I' = Zy x Zy whose generators act on the homogeneous coordinates as

Y(g1) = 15 (é _01> ; Y(g2) = 15 <(1) (1]) ; (4.51)

while the action on the defining polynomials is

p(gl) = diag(lv _1) ) p(92) = diag(L _1) : (452)

The quotient X = X /T is a Calabi-Yau manifold with Euler number 7(X) = n(X)/|I'| =

—20 and Hodge numbers h'!'(X) = 5, h*!(X) = 15.

4.3.2 Line bundles and line bundle-valued harmonic forms

The CICY defined by (4.48) is favourable, by which we mean that the entire second
cohomology of X descends from the ambient space. This implies that every line bundle
L — X can be obtained as a restriction L = L|x of an ambient space line bundle
L = O4(1), where 1 = (I}, ...,1%). In order to compute Yukawa integrals, we need to
understand the cohomology of such ambient space line bundles and write down explicit
differential forms representing these cohomologies. Since we are dealing with products
of P! factors, results from Chapter 3 can be imported, however a generalisation to
arbitrary P" factors is found in Appendix C.

As before, the cohomology dimensions for a line bundle £ = O4(1) is obtained
by combining Bott’s formula for line bundle cohomology on P! and the Kiinneth

formula. Firstly, all cohomologies of £ vanish if at least one of the integers I* equals

!The reason why CICY 7487 was chosen is the large number of line bundle GUT models that
can be built on this manifold. Twenty-four of those models, which are listed in Ref. [25], were
investigated during the development of this chapter. They all have a SU(5) x S(U(1)%) gauge group
and produce the Standard Model with three families upon dividing by the freely acting symmetry
T.
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—1. If all I # —1, then there is precisely one non-vanishing cohomology HY(A, L),
and ¢ equals the number of integers I with I* < —2. The dimension of this one

non-vanishing cohomology is given by

WA L) = [Te+1 J] ~r'-1). (4.53)

>0 <2

The L-valued (0, ¢)-forms representing H(.A, £) can be written down as

am =Py [ #id=, (4.54)
ili<—2

where x; = 1+ |z|* and Py is a polynomial of degree I’ in z;, if I* > 0, and of
degree —I' — 2 in z;, if I' < —2. In fact, the above forms are harmonic (relative
to the Fubini-Study metric) and are, hence, in one-to-one correspondence with the
elements of HY(A, £). In particular, note that the number of arbitrary coefficients in

the polynomial Py equals the dimension (4.53) of the cohomology group.
The above differential forms have been written down in affine coordinates z;. A

useful equivalent version in terms of homogeneous coordinates is given by

ag =Py ] oldm, (4.55)

3:1<—2

where 15(1) is the homogeneous counterpart of Py and

0; = |I?|2 + |.I’,H2, Mi = Eaﬂxiaxﬁ (456)

i "

The Yukawa couplings involve wedge products of differential forms and we should,
therefore, understand what happens if we form wedge products of the above forms. To
be specific, let us consider a form oy with associated polynomial ]5(1), representing
the cohomology HP(A,O4(1)) and a form fm) with associated polynomial Q(m),
representing the cohomology H?(A, O4(m)). It is clear that o) A Bum) is 0-closed
and represents an element of HP*7( A, O4(1+ m)), however, this will, in general not
be the harmonic representative. We can ask how this harmonic representative, which
we denote by 7(11m) With associated polynomial R(1+m), can be obtained from o)
and Sm). Fortunately, there is a simple answer which can be expressed in terms of
the associated polynomials 15(1), Q(m) and R(l—l—m)- For a product of P! spaces this
has been derived in Chapter 3. In Appendix C, we explain how harmonic forms on a
single P™ are multiplied. These results can be easily applied to a product of projective

spaces with arbitrary dimensions and lead to

Raym) = amPnyQm) » (4.57)
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where ¢, is @ numerical coefficient explicitly given by

—l—m-1)!
Clm = H Cli’mi H ijJj y Clom = g (4.58)

—{—=1)!
<2 jmi<—2 (=1 =1t

The polynomial multiplication on the RHS of Eq. (4.57) is understood with a replace-
ment of coordinates by associated partial derivatives whenever positive degrees meet
negative degrees. More specifically, whenever coordinates x in ﬁ(l) act on coordinates
T2 in Q(m), the former should be replaced by 9/97¢.

In the following, we would like to further evaluate the Yukawa couplings for our
example manifold and certain specific types. We will work within our familiar setting,
that is, we have three line bundles K; = Ox (k;) on X underlying the expression for the
Yukawa couplings. These line bundles descend from their ambient space counterparts
Ki = O4(k;) and have to satisfy the condition

K1®K2®K3:OX - k1+k2+k3:0 (459)

We would like to calculate the Yukawa couplings for three K;-valued (0,1)-forms
v; € HY(X, K;). From the Eqgs. (4.22) each of these comes with a chain of ambient
space forms, namely the (0, 1)-forms 7;, the (0,2)-forms @; and the (0, 3)-forms p;
which enter the general formula (4.31) for the Yukawa couplings. In the following,

we focus on certain cases where the v; have specific types 7;.

4.3.3 Yukawa couplings of type (1,1, 3)

We now assume that two of the forms v;, say v; and v, for definiteness, are of type 1,
while v is of type 3. Note that this saturates the bound in Eq. (4.32) and constitutes
one of the two simplest cases for co-dimension two to which the vanishing theorem
does not apply (the other one being discussed in the next sub-section). In this case,
the Yukawa couplings are given by Eq. (4.33), which only involves the ambient space
forms 0, € HY (A, K1), 0o € HY(A,Ky) and p3 € H3 (A, A°N* @ K3) .

Following the rules for cohomology explained in the last sub-section, in order
for H'(A, K;) and H'(A, K5) to be non-trivial, we require that k; and ky each have
precisely one entry less than or equal to —2 and all other entries positive. Further, for
H3(A, N°N* @ K3) = H*(A, O4(ks — q)) to be non-trivial, the vector ks is required
to have precisely three entries less than or equal to 0 and the others greater than
or equal to 2. Due to Eq. (4.59), these non-positive entries must arise in different
components of the three vectors. Without restricting generality, we can, therefore,

assume that k1 < —2, with all other components of k; being greater than or equal to
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0, k2 < —2 with all other components of ky greater than or equal to 0, k3 < 0, k3 < 0,
k3 <0, while k! > 2, k2 > 2. Using these conventions, we can specialise Eq. (4.54)

to find the following explicit expressions for the relevant ambient space forms

N Kkl — N k2 _
= k' Puyydzy Uy = Ky’ Qkq)dZ2

k3—2 ki-—2 k: -2 (4'60)
p3 = /€3 /ﬁl4 3 R(k3 q) ng VAN d—4 A d25

Inserting the forms into Eq. 4.33 leads to

k2 k3—2 ki k
vy, va, 1) = / d°z d°z /{1 Ko’ K3 s P(kl)Q(k2)R(k3_q). (4.61)
C5

(2m)?

By inserting expressions for the polynomials, this integral splits up into products of
integrals over P! and can be worked explicitly. Alternatively, we can proceed by notic-
ing that the integrand 2y A 05 A p3 represents a cohomology class in H?(A, O4(—q)),

which is one-dimensional. Its harmonic representative has the form
(P, Q, R)ky iy k3 iy hs d°Z (4.62)
where
u(P.Q,R) = PQR (4.63)

must be a number, since h3(A, O4(—q)) = 1. This number is obtained from poly-
nomial multiplication as discussed in the previous sub-section and c is a constant
obtained from (4.58),

C = Cpl k12 Ck2,—k2—2 Ck3—2,—k3 Ckd—2,—kt Ckj—2,—k3
1 1 1 1 1 (4.64)
(—ki=1)! (—k3-1)! (—k34+1)! (—k5+1)! (—K3+1)!
Together with the basic identity
/ —dz \NdZ = 2mi, (4.65)
this leads to the final expression
A1, va,vs) = Sir’e u(P, Q. R),  p(P,Q,R) = PQR. (4.66)

This equation represents our final result for the Yukawa couplings in this case and it
allows for an “algebraic” calculation by multiplying together the polynomials P, Q
and R. Note that, given the rules for converting coordinates into partial derivatives
in these polynomials, as discussed in the last sub-section, this must always result in

a number, that is, the partial derivatives remove all remaining coordinates.
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4.3.4 Yukawa couplings of type (1,2,2)

The other simple case which avoids the vanishing theorem (4.32) arises if one of the
forms, say vq, is of type 1, while 15 and 15 are of type 2. This case can be dealt with
in complete analogy with the (1,1,3) case in the previous sub-section. The relevant
formula for the Yukawa couplings in this case is Eq. (4.34), which only involves the
ambient space forms 71 € H' (A, K;), @9 € H* (A, N*®K,) and w3 € H*(A,N*QK3).

In order to construct these forms, it is again useful to fix our conventions. Since
we require that H'(A, K1) be non-trivial, we need precisely one component in k;
less than or equal to —2 (and all others non-negative) and we choose k} < —2. The
two (0, 2)-forms @y, w3 need to originate from different line bundles in the rank two
bundle N* tensored with Ky and K3, or else the Yukawa coupling would vanish, so
we assume that &y € H2(A, O4(—q1) @ Ko) and w3 € H*(A, O4(—q2) ® K3). Hence
we need precisely two entries in ko — q; and in k3 — qs to be less than or equal to
—2 (with all other entries non-negative). Due to Eq. (4.59), all negative entries have
to arise in different components. Hence, we can choose k3 — ¢? < —2, k3 — ¢3 < -2,
ks —qs < —2 and k) — ¢5 < —2, with all the other entries non-negative. Applying

these conventions to Eq. (4.54) results in

A Kl _
v = K{'Pyydzy,

~ k3—ai k3—q} ~ -

Wo = Ky Ky Qke—qdZ2 NdZs, (4.67)
~ ki—qs k3—q3 —

w3 = Ky Kg® P Rg—qq)dZs N dZs .

Inserting these forms into Eq. (4.34), the integral can be carried out as in the previous

subsection and results in the same formula
My, v, v3) = 8ime u(P,Q, R) , 1w(P,Q,R) = PQR, (4.68)
but with the constant ¢ now given by
€= Ok, —ki -2 CR3—a},~k3+a?—2 Chi—aq} —F3+a—2 Cki—af,—ki+as—2 Ch3—a3,—k5+a5—2

_ 1 1 1 1 1
(—kI-D (—k2+¢2—1)! (—k3+g3—1)! (—k3+qg3—1)! (—k3+g5—-1)!

(4.69)

4.3.5 An example with vanishing Yukawa couplings

We consider a rank five line bundle sum on the CICY (4.48) specified by the following

line bundles:
L1 :OX<1,O,—2,071), LQZOX(L—2,O,]_,O), LgZOX(O,l,O,O,—].)7 (4 70)
Li=0x(0,0,1,-1,0), Ls=0x(-2,1,1,0,0). '
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This model leads to a four-dimensional theory with gauge group SU(5) x S(U(1)%).

The non-vanishing cohomologies of these line bundles and their tensor products are

h*(X, L1) = (0,4,0,0), h*(X, L) = ( )
h*(X, Ls) — (0,4,0,0),  h*(X,L1®Ls) = (0,4,0,0),
WX, Ly @ Ls) = (0,4,0,0),  h*(X,Lo®Ls) = (0,4,0,0),
W (X, L@ L) = (0,1,1,0),  h*(X,Li®L;) = (0,4,4,0),
WX, L@ L) = (0,16,0,0), A*(X,L,®L;) = (0,16,0,0),
( ) = ( ) ( ) = ( )
( ) = ( ).

0,4,0,0),

(4.71)

h*(X, Ly ® L 0,1,1,0), h*(X, Ls ® L 0,4,0,0),
h*(X,Ls ® L 0,4,0,0

These results imply the following upstairs spectrum

410y, 410y, 4 105,
45,5, 4513, 45,4, 5Y,, 51, (4.72)
4119, 4191, 4113, 12114, 12153, 4 154, 134, 143, 4 153, 4 15,.

Here, the bold-face numbers denote SU(5) representations and the subscripts indicate
under which of the five U(1) symmetries a multiplet is charged. This spectrum con-
sists of 12 families in 5@ 10, one 5-5 pair of Higgs multiplets and a number of SU(5)
singlets. Upon dividing by the freely-acting symmetry I' = Zy x Zy in Eq. (4.51),
one obtains the standard model spectrum with three families. It is important to
remember, however, that only couplings which respect the S(U(1)°) symmetry are
allowed in the four-dimensional theory. One such allowed coupling is described by

the following superpotential term

W = Arsx5i3551 105 (4.73)
In order to compute this coupling, we write down the relevant line bundles and
bundle-valued forms which are given by

4513 — Ky =L ®Ly =0x(1,1,-2,0,0), i = 0372]5(1,1,72,0,0)61% € H'(AKy),
4554 = Ky=Ly® Ly =0x(1,-2,1,0,0), = UEQQ(1,—2,1,0,0)dﬂ2 € HY(A,K,), (4.74)
4105 — K3 = Ly = Ox(—2,1,1,0,0), 3 =07 R_a1100din € HY(AK3),

with explicit polynomials

P = PoZoYo + D1ToY1 + P2T1Yo + P3T1Y1 5
Q = (oToUo + ¢1ToU1 + G2T1Upg + 3T U7, (4.75)
R = ToYolo + T1YoUr + Toy1Uo + r3Y1UL .
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Evidently, from Eq. (4.74), all three forms v; are of type 7, = 1 and, hence, the
Yukawa couplings Arjx in Eq. (4.73) are all zero as a consequence of the vanishing
theorem (4.32).

4.3.6 An example with Yukawa couplings of type (1,1, 3)

A line bundle model on the CICY (4.48) which realises Yukawa couplings of type
(11, T2, 73) = (1,1, 3) is defined by the five line bundles

Ly =0x(1,-2,0,0,1), Ls=0x(0,1,0,1,-2), L3=0x(0,0,1,-2,1),

Ly =0x(0,0,-1,0,1), Ls=0x(-1,1,0,1,-1).

As before, the four-dimensional gauge group is SU(5) x S(U(1)®) and the non-trivial

(4.76)

cohomologies of the above line bundles and their tensor product
h*(X, L) = (0,4,0,0), h*(X,Ly) = (0,4,0,0),
h*(X, L3) = (0,4,0,0), h*(X,L; ® L3) (0,4,0,0),
h*(X, Ly ® L3) (0,1,1,0),  h*(X, Ly ® Ly) (0,1,1,0),
h*(X,Ly® Ls) = (0,8,0,0), h*(X,Ls®Ly) = (0,3,3,0), (4.77)
h*(X,L; ® L) = (0,4,0,0), h*(X,L, ® L) (0,8,0,0)
h*(X, Ly ® L}) (0,9,9,0), h*(X,Ly® L}) (0,16,0,0
h*(X,Ls® L}) (0,3,3,0), h*(X,Ls® L) (0,12,0,0
h*(X,Ls® L3) = (0,4,0,0)
lead to the following spectrum:
4104, 4 104, 4 103,
45,5, 5l s, B 5l 85,5 354, 35, (4.78)
4114, 8115, 9133, 9139, 16 154, 3 134, 3 143, 12 135, 4 154.

),
)

)

This spectrum contains 12 families 5 & 10, five 5-5 Higgs pairs and SU(5)-singlet
multiplets and gives rise to a three-family standard model after a suitable quotient

with the symmetry (4.51). We are interested in the superpotential terms

W = ArsxBaa 100755 (4.79)

which are allowed by all gauge symmetries of the model. The relevant harmonic forms

are given by

38y, = K1 = Ly® Ly = 0x(0,0,0,-2,2), &1 = 05 2P0, 22)dfis,

410, —» K, = L; = Ox(1,-2,0,0,1), Dy = 052Q1,—200.1)dfiz

8 Bys5 — K3 =Ly ® Ly = Ox(—1,2,0,2,-3), p3=07°03°05 R(_30_20_5di Adfis A dfis,
(4.80)
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where 0y € HY (A, K,), 0o € HY(A, Ky) and p3 € H3(A, A>’N*®K3). The polynomials
P, Q, R can be explicitly written as

P = Pows + prwows + pawi,
Q = (oToWo + q1T1Wo + G2ToW1 + q3T1 W1 , (4.81)
R = roToWd + rToWw, + roToWoll? + ryTo + '

TAT Wy + TsTIWaW] + r6T1Wols + T7T, W05 .
Note that the coefficients p; , ¢; and rx in these polynomials parametrise the various

families. Using these polynomials we can compute the upstairs Yukawa couplings
from Eq. (4.66), which leads to

M(pa Q> R) = 6poqoro + 6poqiTa + 2poqar1 + 2pogsrs + 2p1gori + 2p1qars +
2p1GaT2 + 2p1q3Te + 2p2qor2 + 2p2qiTe + 6paqors + Gpagsrr . (4.82)

The Yukawa couplings A x in Eq. (4.79) can be easily obtained from this expression
by choosing a basis for the coefficients, for example by setting each of the coefficients
P, 47, "k to one and the others to zero. It is however more interesting to see what
happens in the downstairs theory, obtained from the present SU(5) GUT theory by
a quotient with the I' = Zy X Zs symmetry (4.51). The GUT multiplets branch as
10 — (Q,u,e), 5 — (d, L), 5% — (T, H) into standard model multiplets, where T
is the Higgs triplet which has to be projected out. On the quotient manifold X,
we introduce a Wilson line in the standard hypercharge direction in order to break
SU(5) to the standard model group. Such a Wilson line can be described by two
[-representations x», x3 which we choose as x2 = (1,1) and y3 = (0,0). This induces
the multiplet charges

Xd:X;;: (070)7 XH:XZZ (171)7 XQ = X2® X3 = (171)‘ (483)

In order to determine the polynomials corresponding to the downstairs spectrum, one
has to keep in mind that every differential dfi; has charge (1,1) under I'. Moreover,
for the (0, 3)-form ps, there is an additional (1, 1) charge flip due to the fact that the
bundle A2AN* @ K3 transforms non-trivially under I' from Eq.(4.52). Matching these
charges up with the Wilson line charges (4.83), the representatives of the downstairs

spectrum become

Hs, : P e Span(w? + w?),
Ql . Q € Span(mowo + ZEl’w1> s (484)

d2,5 : Re Span(%@g@% + flwlw% s fowg + flw?) .
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Using Eq. (4.66) the Yukawa couplings in )\KH3,4Q1dg§) become proportional to
W(Hy s Or, ds) = (02, 4 62 YOm0y + 0,0 ) TT0T1 T PTG ) (1)

3,4, 1, 425 4 wo w1 oY wo T1 - w1 Tomg + flw? 3 ’ ’
where we have converted the homogeneous coordinates into derivatives and introduced

an additional factor 1/4, to account for the fact that the integral is carried out on

the quotient manifold. The numerical coefficient ¢ in Eq. (4.64) is given by

1 1 1
Cc = C(,270)0(7270)0(,573)0(7472)0(7775) =1-1-—--—=" - - (486)

4.3.7 An example with Yukawa couplings of type (1,2,2)
This example on the CICY (4.48) is defined by the five line bundles

Ly =0x(1,-2,0,0,1), Ls=0x(0,1,-2,0,1), L3=0x(0,0,1,1,-2),

(4.87)
L4:OX<OaO717_170)a LBZOX(_1717()’O70)7

The non-vanishing cohomologies of these line bundles and their tensor products

h*(X, L) = (0,4,0,0),  h*(X, L) = (0,4,0,0),
h*(X, Ls) = (0,4,0,0),  h*X,Li®Ls) = (0,4,0,0),
h*(X,Li® Ly) = (0,4,0,0),  h*(X,Ly® L) = (0,1,1,0),
W (X,Ly®Ly) = (0,1,1,0),  Ah*(X,Ly® Ly) = (0,3,3,0),
h*(X,Ly® Ls) = (0,4,0,0),  h*(X,Li®L;) = (0,12,0,0), (4.88)
h(X,Ly® L7) = (0,12,0,0), h*(X,Li®L;) = (0,4,0,0),
R (X, Ly ® LE) = (0,12,0,0), h*(X,Ly®L;) = (0,9,9,0),
W (X, Ly® L) = (0,16,0,0), h*(X,La® L) = (0,4,0,0),
W (X, Ly® LY) = (0,3,3,0),  h*X,Ly®L:) = (0,4,0,0)

lead to the upstairs spectrum

4104, 4 109, 4 103,

45,3, 45,4, 54, 5, BY. 5T 3B, 351, 45;;

12 119, 12 155, 4 114, 12 115, 9103, 9139, 16 194, 4 195, 3 134, 3 143, 4 155.
(4.89)

As before, this spectrum with 12 families in 5 @ 10, five 5-5 Higgs pairs and SU (5)-

singlets leads to a three-family standard model after the quotient by I' = Zy X Zo.

We are interested in the following superpotential term:

W = Aryx103 )55 (4.90)
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The associated harmonic forms

410, - K1 =Ly = Ox(o, ]., —2, O, 1) s = US_QP(O’L_Q’OJ)dﬂg R

4 5174 — KQ = L1 X L4 == Ox<1, —27 1, —17 1) 5 (,:)2 == 0'2_30'4_2Q(17_3’0’_2,0)dﬂ2 A d/j,4 N (491)
4 g375 — Ky =L3® Ls = OX(_1> 11,1, _2) , Wy = 0.1_30-5_3R(*3,0,0,0773)dﬁ1 A dﬂf’) )

where 0y € HY(A, K1), &2 € H*(A,N* @ Ky) and w3 € H*(A,N* ® K3) contain the

polynomials

pP= PoYoWo + P1y1Wo + P2Yow + P3yi1ws ,
Q = qQToTo + T Yy + ©T0Y; + G, (4.92)

R = rgTTo + T W + 9Ty + 13T, -
From Eq. (4.68), this leads to upstairs Yukawa couplings

PJ(]S, Q R) = PoqoTo + Poq1T1 + P1q2T0 + P1q3r1 +
P2qoT2 + P2q173 + P3qaro + P3qsrs . (4.93)

Under the standard model group, the relevant part of the upstairs spectrum branches
as 105 — (Q,u,€)2, 514 — (d, L)14, 535 — (T, H)35. We choose the same Wilson
line, x2 = (1,1) and x3 = (0,0), as in Section 4.3.6, which then leads to the same
multiplet charges as in Eq. (4.83). Once again, we have to keep in mind that the
differentials dfi; carry charge (1,1) under I'. Moreover, we have to remember from
Eq. (4.52) that forms which arise from O4(—q2) ® K; transform with an additional
overall ['-charge (1, 1), while forms from O 4(—q;) ® K; do not. With these rules, the

polynomials corresponding to the downstairs spectrum turn out to be

Q2 : P c Span(yowo + y1wy ),

diy @ Q € Span(zoy, + 17,) , (4.94)
H3?5 . R S Span(fowo —f-flml) .

Then, from Eq. (4.68), the downstairs Yukawa coupling for Q2 d; 4Hj 5 is proportional

to
1 _ B - 1
p(Qa, d1 4, Has) = 1 (85,00 + 05, 0m,) (UoO=, + 1105, (ToWo + T1701 ) = 3 (4.95)
with the constant ¢ given by
1 1 1 1
Cc = C(_270)C(_472)C(_371)C(_472)C(_573) =1- 5 . 5 . 5 . E . (496)
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4.4 Final remarks

In the previous chapter, methods to calculate the holomorphic Yukawa couplings
have been developed for line bundle models on certain special Calabi-Yau manifolds,
with a focus on the tetra-quadric Calabi-Yau manifolds defined in the ambient space
P! x P! x P! x P!, This chapter generalises these methods to all CICY manifolds, and,
hence, demonstrates that they are applicable to large classes of Calabi-Yau manifolds.

Our methods rely on the presence of an ambient space A, presently a product of
projective spaces, although generalisations are likely possible, into which the Calabi-
Yau manifold X is embedded at co-dimension k. Likewise, the three line bundles
K; — X associated to a Yukawa coupling should be restrictions of ambient space
line bundles K; — A. We have shown that, in this situation, the three K;-valued
(0,1)-forms v; € H'(X, K;) which enter the expression for the holomorphic Yukawa
couplings can each be related to a chains ;, of (0,a) ambient space forms, where
a=1,...k+ 1. Moreover, from Eq. (4.45), the Yukawa couplings can be written in
terms of these ambient space forms 7; ,.

We say that a form v; is of type 7; € {1, ..., k+1}, if it originates from the ambient
space (0, 7;)-form ©; ., € H (A, A" *N* ® K;). This means that the associated chain
of ambient space forms breaks down at a = 7;, that is, if 7;, = 0 for a > 7;. One
of our main results is a vanishing theorem which states that the Yukawa coupling
between three forms v; vanishes if their associated types satisfy 7 + 7+ 75 < dim(.A).
Especially for large ambient space dimension dim(.A), this implies the vanishing of
many Yukawa couplings, since large types 7; tend to be rare. This vanishing is not
explained by one of the obvious four-dimensional symmetries and, therefore, appears
to be topological in nature.

The nature of this vanishing statement is somewhat puzzling in that it relates a
physical property — the vanishing of Yukawa couplings — to conditions on unphysical
quantities, essentially properties of the ambient space A, which is auxiliary and car-
ries no physical relevance. We do not currently know if the vanishing statement is
restricted to Calabi-Yau manifolds which can be embedded into an ambient space in
this way or if it extends to all Calabi-Yau manifolds. In the latter case, there should
be an “intrinsic” formulation of this statement which only refers to properties of the
Calabi-Yau manifold.

We have illustrated our methods by computing certain holomorphic Yukawa cou-

plings for three different line bundle standard models on a co-dimension two CICY.
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The most pressing issue is, of course, the calculation of the matter field Kahler po-

tential and, hence, of the physical Yukawa couplings.
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Matter Field Kahler Metric from
Localisation

The computation of physical Yukawa couplings from string theory is notoriously diffi-
cult, mainly because methods to compute the matter field Kahler metric are lacking.
In this chapter we report some progress in this direction. We outline a method to cal-
culate the matter field Kéhler metric in the context of Calabi-Yau compactifications
of the heterotic string with Abelian internal gauge fluxes.

So far, the only class of heterotic Calabi-Yau models where an analytic expression
for the matter field Kahler metric is known is for models with standard embedding of
the spin connection into the gauge connection. In this case, the matter field Kahler
metrics for the (1,1) and (2,1) matter fields are essentially given by the metrics on
the corresponding moduli spaces [13, 29]. Recently, Candelas, de la Ossa and McOrist
[86] (see also Ref. [87]) have proposed an «o'-correction of the heterotic moduli space
metric, which includes bundle moduli. This information may be used to infer the
Kahler metric of matter fields that arise from bundle moduli. However, we will not
pursue this method here, since our main interest is not in bundle moduli but in the
gauge matter fields which can account for the physical particles.

There are two other avenues for calculating the matter field Kéhler metric, sug-
gested by results in the literature. The first one relies on Donaldson’s numerical
algorithm to determine the Ricci-flat Calabi-Yau metric [96-98] and subsequent work

applying this algorithm to various explicit examples and to the numerical calculation
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of the Hermitian Yang-Mills connection on vector bundles [99-106]. At present, this
approach has not been pushed as far as numerically calculating physical Yukawa cou-
plings. However, it appears that this is possible in principle and, while constituting
a very significant computational challenge, would be very worthwhile carrying out.
A disadvantage of this method is that it will only provide the Yukawa couplings at
specific points in moduli space and that extracting information about their moduli
dependence will be quite difficult.

In this chapter, we will focus on a different approach, based on localisation due
to flux, which can lead to analytic results for the matter field Kéhler metric. This
method is motivated by work in F-theory [107-110], where the localisation of matter
fields on the intersection curves of D7-branes and Yukawa couplings on intersections
of such curves facilitates local computations of the Yukawa couplings which do not
require knowledge of the Ricci-flat Calabi-Yau metric. It is not immediately obvious
whether and how this approach might transfer to the heterotic case, since heterotic
compactifications lack the intuitive local picture, related to intersecting D-brane mod-
els, which is available in F-theory. In this chapter, we will show, using methods from
differential geometry developed in previous chapters (see also [95]), that localisation
of wave functions can nevertheless arise in heterotic models. The underlying mech-
anism is, in fact, similar to the one employed in F-theory. Sufficiently large flux —
in the heterotic case, Fg x Fg gauge flux — leads to a localisation of wave functions
which allows calculating their normalisation locally, without recourse to the Ricci-flat
Calabi-Yau metric.

To carry this out explicitly we will proceed in three steps. First, we derive the
general formula for the matter field Kahler metric for heterotic Calabi-Yau compact-
ifications, as hinted in Section 2.6.2. This formula, which provides the matter field
Kéhler metric in terms of an integral over harmonic bundle valued forms is not, in
itself, new (see, for example, Ref. [112]). Our rederivation serves two purposes. First,
we would like to fix conventions and factors as this will be required for an accurate cal-
culation of the physical Yukawa couplings and, secondly, we will show explicitly how
this formula for the matter field Kahler metric is consistent with four-dimensional
N = 1 supergravity. We observe that this consistency already determines the de-
pendence of the matter field Kahler metric on the T-moduli, a result which, to our
knowledge, has not been pointed out in the literature so far.

The second step is to show how (Abelian) Eg x Eg gauge flux can lead to a
localisation of the matter field wave functions around certain points of the Calabi-Yau

manifold. We will first demonstrate this for toy examples based on line bundles on P!,
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as well as on products of projective spaces and then show that the effect generalises
to Calabi-Yau manifolds. As a result, we obtain local matter field wave functions on
Calabi-Yau manifolds and explicit results for their normalisation integrals.

The final step is to express these results in terms of the global moduli of the Calabi-
Yau manifold. We show that this can indeed be accomplished by relating global to
local quantities on the Calabi-Yau manifold and by using information from four-
dimensional N = 1 supersymmetry. In this way, we can obtain explicit results for the
matter field Kahler metric as a function of the Calabi-Yau moduli and this is carried
out for the Calabi-Yau hyper-surface in P! x P3. We believe this is the first time such
a result for the matter field Kahler metric as a function of the properly defined moduli
has been obtained in any geometrical string compactification, including F-theory.

The plan of the chapter is as follows. In the next section, we sketch the super-
gravity calculation which leads to the general formula for the matter field Kéahler
metric and we discuss the implications from four-dimensional N = 1 supersymme-
try. In Section 5.2, we show how gauge flux leads to the localisation of matter field
wave functions, starting with toy examples on P! and then generalising to products
of projective spaces. Section 5.3 contains the local calculation of the wave function
normalisation on a patch of the Calabi-Yau manifold. In Section 5.4, we express this
result in terms of the properly defined moduli by relating global and local quantities
and we obtain an explicit result for the matter field Kahler metric on Calabi-Yau

hyper-surfaces in P! x P3. We conclude in Section 5.5.

5.1 The matter field Kahler metric in heterotic
compactifications

Our first step is to derive a general formula for the matter field Kahler metric, in
terms of the underlying geometrical data of the Calabi-Yau manifold and the gauge
bundle. The basic structure of this formula is well-known for some time, see, for
example Ref. [112], and our re-derivation here serves two purposes. Firstly, we would
like to fix notations and conventions so that our result is accurate, as is required
for a detailed calculation of Yukawa couplings. Secondly, we would like to explore
the constraints on the matter field Kahler metric which arise from four-dimensional
N = 1 supergravity.

The starting point is the ten-dimensional N = 1 supergravity coupled to a ten-
dimensional Eg x Eg super Yang-Mills theory. To first order in o and at the two-

derivative level, the bosonic part of the action is given by Eq. (2.27). As in Section 2.4,
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we consider the reduction of this action on a Calabi-Yau three-folds X, with Ricci-flat
metric ¢® and a holomorphic bundle V' — X with a connection A© that satisfies
the Hermitian Yang-Mills equations (2.37). Let us introduce the Kéhler form J on
X, related to the Ricci-flat metric ¢® on X by gf,?)ﬁ = —iJym, and a basis {J;} of

harmonic (1, 1)-forms, where i = 1,..., A% (X). The reader is reminded that J and

the NS two-form B can be expanded as
J=tJ; B=BW 47, (5.1)

where ¢ are the Kihler moduli, 7 are their axionic partners and B® is the four-
dimensional two-form, dual to a scalar ¢. In addition, we have the zero mode ¢*
of the ten-dimensional dilaton ¢, as well as the complex structure moduli 2%, where
a=1,..,h*(X). In the absence of matter fields, these bosonic fields fit into four-

dimensional N = 1 chiral multiplets as
S=e2V 1ig,  Ti=t+irt, Z%=:" (5.2)
Also, it is important to notice that the Calabi-Yau volume is given by
V= /Xd% g = éIC, K = dipt't't",  dij, = /XJZ-/\ i A Ty, (5.3)

where d;;j, are the triple intersection numbers of X, thus giving the following expres-

sion for the Kahler moduli space metric

2 - JC.
e (-1, ot

9i=~2ar00 " =5 %k T3

where ]Cz = dzjkt]tk and ICZ']‘ = dijktk.
Next, we obtain matter fields C! by expanding the gauge field around the vacuum.

The result is imported from Eq. (2.86) in a simplified form
A=A® L oly;, (5.5)

where v; are harmonic one-forms which take values in the bundle V. It is important
to emphasise that the correct matter field metric has to be computed relative to
harmonic forms v; and this is, in fact, how the dependence on the Ricci-flat metric
and the Hermitian Yang-Mills connection comes about. The fields C7 each form the
bosonic part of an N = 1 chiral supermultiplet. It is known that the definition of the
T" superfields in Eq. (5.2) has to be adjusted in the presence of these matter fields.

In the universal case with only one T-modulus and one matter field C, the required
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correction to Eq. (5.2) has been found to be proportional to |C| (see, for example,
Ref. [83]). For our general case, we therefore start by modifying the definition of the
T-moduli in Eq. (5.2) by writing

T =t +ir" +d T JC'IC (5.6)

where T ; is a set of (potentially moduli-dependent) coefficients to be determined.’
To our knowledge, no general expression for I ; has been obtained in the literature
so far.

The kinetic terms of the above superfields derive from a Kéhler potential of the

general form
K=-In(S+8)+ Ke — In (dijp(T" + TH(T! +TH)T" +T%) + o/G1,C'C7, (5.7)

where K is the Kéhler potential for the complex structure moduli Z® whose explicit
form is well-known but is not relevant to our present discussion and Gy is the (moduli-
dependent) matter field Kéhler metric we would like to determine. The general task
is now to compute the kinetic terms which result from this Kahler potential, insert
the definitions of S in Eq. (5.2) and of T% in Eq. (5.6) and compare the result with
what has been obtained from the reduction of the ten-dimensional action (2.27). This
comparison should lead to explicit expressions for Gr; and ' ;.

A quick look at the Kéhler potential (5.7) shows that achieving this match is by no
means a trivial matter. The matter field Kahler metric G;; depends on the T-moduli
and, hence, the kinetic terms from (5.7) can be expected to include cross-terms of the
form 9"t'9,C". However, such cross-terms can clearly not arise from the dimensional
reduction of the 10-dimensional action (2.27) and, hence, there must be non-trivial
cancellations which involve the derivatives of Gr; and T'% ;- We find that this issue can
be resolved and indeed a complete match between the reduced ten-dimensional action
(2.27) and the four-dimensional Kéahler potential (5.7) can be achieved provided the

following three requirements are satisfied.

e The coefficients T}, which appear in the definition (5.6) of the 7" superfields

are given by

= ——g” Sy (5.8)

J

where G¥ is the inverse of the Kéhler moduli space metric G;;.

!The dilaton superfield S receives a similar correction in the presence of matter fields [83], but
this arises at one-loop level and will not be of relevance here.
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e The matter field Kéhler metric is given by

1
Gry=— [ vin*xv(vy), 5.9
=gy [V v(v) (5.9)
where %y refers to a Hodge dual combined with a complex conjugation and an

action of the hermitian bundle metric on V.

e Since the Hodge dual on a Calabi-Yau manifold acting on a (1,0)-form p can
be carried out as xp = —%.J A J A p, the result (5.9) for the matter field Kéhler

metric can be re-written as

3it't!
Gy = _WAULM Nijry = /X Ji Ny Nvr AN (Hg) (5.10)

where H is the hermitian bundle metric on V' . The final requirement for a match
between the dimensionally reduced ten-dimensional and the four-dimensional
theory (5.7) can then be stated by saying that the above integrals A;;;; do not
explicitly depend on the Kahler moduli #.

The above result means that the Kéahler moduli dependence of the matter field metric
is completely determined as indicated in the first equation (5.10), while the remaining
integrals A;;r; are ti-independent but can still be functions of the complex structure
moduli. To our knowledge this is a new result which is of considerable relevance for
the structure of the matter field Kéhler metric and the physical Yukawa couplings.
Note that the ¢* dependence of Gr; in Eq. (5.10) is homogeneous of degree —1, as
expected on general grounds.

It is worth noting that the K&hler potential (5.7) with the matter field Kéhler
metric as given in Eq. (5.10) can, alternatively, also be written in the form

K =—In(S+85)+ Kes = In (digp(T* + T* = ') TV + T7 —47)(T* + TF = 7¥))

v =2a/T%,CIC7

(5.11)

provided that terms of higher than quadratic order in the matter field C! are ne-
glected. This can be seen by expanding the logarithm in Eq. (5.11) to leading order
in 7" and by using 24T ; = Gy,. (The latter identity follows from Qij% = t!, the
fact that G; is homogeneous of degree —1 in ¢ and the result (5.8) for I'};). This
form of the Kahler potential, together with the definition (5.6) of the fields 7%, means
that, in terms of the underlying geometrical Kahler moduli ¢, the dependence on
the matter fields C cancels. Indeed, inserting the definition (5.6) of the 7% moduli
into Eq. (5.11) turns the last logarithm into —In (8/C). That this part of the Kéhler

potential can be written as the negative logarithm of the Calabi-Yau volume is in fact

expected and provides a check of our calculation.
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5.2 Localisation of matter field wave functions on
projective spaces

As a warm-up, we first discuss wave function normalisation on P" and products of
projective spaces, beginning with the simplest case of P'. (For a related discussion,
in the context of F-theory, see Ref. [111].) In doing so we have two basic motivations
in mind. First, considering projective space and P! in particular provides us with a
toy model for the actual Calabi-Yau case which we will tackle later. From this point
of view, the following discussion will provide some intuition as to when wave function
localisation occurs and when it leads to a good approximation for the normalisation
integrals. On the other hand, projective spaces and their products provide the am-
bient spaces for the Calabi-Yau manifolds of interest and, hence, this chapter will be

setting up some of the requisite notation and results we will be using later.

5.2.1 Wave functions on P!

Homogeneous coordinates on P! are denoted by zg, x1, the affine coordinates on the
patch {xg # 0} by 2 = z;/zo and we also define k = 1 + |z|2. For simplicity, we
will write all quantities in terms of the affine coordinate z and we will ensure they
are globally well-defined by demanding the correct transformation property under the
transition z — 1/z. In terms of z, the standard Fubini-Study Ké&hler potential and
Kéhler form can be written as

i

Kziln/@, J = 00K =

s 2T K2

dz NdzZ. (5.12)

Here, J has the standard normalisation, that is, fpl J = 1. The associated Fubini-
Study metric is Kéhler-Einstein and, hence, the closest analogue of a Ricci-flat Calabi-
Yau metric we can hope for on P*.

We are interested in line bundles L = Op1 (k) on P! with first Chern class ¢;(L) =
kJ on which we introduce a hermitian structure with the bundle metric and the

associated (Chern) connection and field strength given by
_ Lz _
H=r" — A=0mHA=-""d2, F=dA=00Wml=—2rikJ. (5.13)
K

The analogue of the harmonic forms vy in Eq. (5.5) associated to matter fields are

harmonic L-valued «, that is, forms satisfying the equations

Jda =10, O(H*a)=0, (5.14)



where the Hodge star is taken with respect to the Fubini-Study metric. We would

like to compute their normalisation integrals

(o, B) = /P 0 Ax(HF), (5.15)

the analogue of the matter field Kéhler metric (5.9). These harmonic forms are in
one-to-one correspondence with the bundle cohomologies HP(P!, L) and, depending

on the value of k, we should distinguish three cases.

e k > 0: In this case, the only non-vanishing cohomology of L is h°(P, L) = k+1,
so that the relevant harmonic forms o« are L-valued zero forms. The relevant

solutions to Eqs. (5.14) are explicitly given by the degree k polynomials in z.

e k = —1: In this case, all cohomologies of L vanish so there are no harmonic

forms.

e k& < —2: In this case, the only non-vanishing cohomology of L is h*(P!,L) =
—k — 1 and the corresponding L-valued (0, 1)-forms which solve Egs. (5.14) can
be written as o = k*h(Z)dz, where h is a polynomial of degree —k — 2 in z. In

the following, it is useful to work with the monomial basis
o, = KFZ1dz q=0,...,—k—2 (5.16)
for these forms.

Given that the forms v; which appear in the actual reduction (5.5) are (0, 1)-forms
the most relevant case is the last one for £k < —2. In this case, inserting the forms
(5.16) into the the normalisation integral (5.15) leads to

2mq!
(=k—=1)..(-k—1—gq)

(0, o) = —@'/ 297 kFdz N dz = dqp - (5.17)
C
In physical terminology, the integer k£ quantifies the flux and the integer ¢ labels
the families of matter fields. It is clear that the above integrals receive their main
contribution from a patch near the affine origin z ~ 0, provided that the flux |k| is
sufficiently large and the family number ¢ is sufficiently small. In this case, it seems
that the above integrals can be approximately evaluated locally near z ~ 0, by using
the flat metric instead of the Fubini-Study metric as well as the corresponding flat
counterparts of the bundle metric and the harmonic forms. Formally, these flat space

quantities can be obtained from the exact ones by setting x to one in the expression
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(5.12) for the Kahler form and by the replacement «* — e**I” in the other quantities.

That is, we use the replacements

J= —dendz— —dzNdz, H=rF*— ek
2mK? 27 (5.18)
o, = kFZldz — ek‘ZPEqu,
to work out the local version of the normalisation integrals, which leads to
. q=p k‘z|2d d_ 27Tq‘
<Cl/q,O{p>10C = —1 CZ e ZNAZ = m qp - (519)

For the ratio of local to exact normalisation this implies

<CYq, CYq>10c - (—k’ — 1)(—k — 1= q) B q2
(g, ) (—k — 1)a+1 =1-0 (—k‘ — 1> : (5.20)

Hence, as long as the flux |k| is sufficiently large and the family number satisfies ¢* <
|k|, the local versions of these integrals do indeed provide a good approximation. The
above ratio expressing the accuracy of the local correction can be roughly evaluated
2
T
then the ratio is 0.9 and the error is 10%. If |k| = 101 and ¢ = 2, then the ratio is

close to 0.96 and the error is approximately 4% .

by computing the coefficient of the (9( ) term. For example, if |k| = 11 and ¢ = 1,

It is worth noting that a transformation z — 1/z to the other standard coordinate
patch of P! transforms the monomial basis forms «, into forms of the same type but
with the family number changing as ¢ — (—k — 1) — ¢. This means that families with
a large family number ¢ close to —k — 1 in the patch {xy # 0} acquire a small family
number when transformed to the patch {x; # 0} and, hence, localise at the affine
origin of this patch, that is near z = oo. From this point of view it is not surprising
that families with large ¢ in the patch {zo # 0} cannot be dealt with by a local
calculation near z ~ 0. Instead, for such modes, we can carry out a local calculation

analogous to the above one but near the affine origin of the patch {z; # 0}.

In summary, the harmonic bundle valued (0,1)-forms for L = Opi(k), where
k < —2, are given by «a, as in Eq. (5.16). For sufficiently large flux |k|, the modes
with small family number ¢ localise near the affine origin of the patch {zy # 0}, that
is at z ~ 0 and their normalisation can be obtained from a local calculation near this
point. The modes with large family number ¢ localise near the affine origin of the
other patch {z; # 0}, that is, near z = oo and their normalisation can be obtained

by a similar local calculation around this point.
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5.2.2 Wave functions on products of projective spaces

The previous discussion for line bundles on P! can be straightforwardly generalised
to line bundles on arbitrary products of projective spaces. For the sake of keeping
notation simple, we will now illustrate this for the case of A = P! xP? which is, in fact,
the ambient space of the Calabi-Yau manifold on which we focus later. The situation
for general products of projective spaces is easily inferred from this discussion.
Homogeneous coordinates on A = P! x P? are denoted by xy, x; for the P!
factor and by 4o, y1, ¥2, y3 for P3. The associated affine coordinates on the patch
{zo # 0,90 # 0} are 2y = z1/xg and 2441 = Ya/Yo for a = 1,2,3, and we define
ki =1+ |zn]* and Ky =1 + 2222 |2o|%. The Fubini-Study Kéhler forms for the two

projective factors are?

jl = L@Elnfil le VAN d_l y
2 27T

. i (5.21)
Jy = %68 Inky = 2 Za 8=2 o (K20ap — Zazp)dza N dZg,
and, more generally, we can introduce the Kéahler forms
J =ty +ta s, (5.22)

with Kéahler parameters ¢; > 0, to > 0 on A. Line bundles L= O k1, ko) with first
Chern class cl(f)) = k1J1 + koJs can be equipped with the hermitian bundle metric

A

H = K k1/€2 k2 = F = galnﬁ = —27Ti(/€1j1 + k2j2) . (523)

Specifically, we are interested in those line bundles L with a non-vanishing first coho-
mology which are precisely those with k& < —2 and ks > 0. In these cases (see also
Eq. (C.8)),

(ko +3)(ka +2)(ka + 1)

YA, Oq(k1, ko)) = (=K1 — 1) s , (5.24)
and a basis for the associated harmonic L-valued (0, 1)-forms is provided by
= gzl 2,804z, (5.25)

where q = (41, G2, q3,Gs) is a positive integer vector which labels the families and
whose entries are constrained by ¢; = 0, ..., —k; —2 and o+ ¢3+ ¢4 < ky. Given these

quantities, the integrand of the normalisation integral is proportional to

Dy A *(HDg) ~ kM k" H | 24| 2. (5.26)

2As in Chapters 3 and 4, we will denote quantities defined on the “ambient space” A by a hat,
in order to distinguish them from their Calabi-Yau counterparts to be introduced later.
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Hence, provided the fluxes |k;| and ko are sufficiently large and the family numbers ¢,
sufficiently small, we expect localisation on a patch U around the affine origin z, ~ 0.
In this case, we can again work with the flat limit where the above quantities turn
into , _
~ ) S 1 4 —
J = —dz Ndzy, Jo = — > _odz, NdZ,,
2 o =2 (5.27)

H — e RlafP—ke 3o |2l , Vg — ek1|zl‘22‘1§1z32z§3zg4d21 )
A few general conclusions can be drawn from this. First, localisation near a point
in A does require all fluxes |k;| to be large. If one of the fluxes is not large then
localisation will happen near a higher-dimensional variety in A. For example, if |k |
is not large then the wave function will localise near P! times a point in P2. We note
that such a partial localisation may actually be sufficient when we come to discuss
Calabi-Yau manifolds embedded in A. For example, localisation near a curve in A will
typically lead to localisation near a point on a Calabi-Yau hyper-surface embedded in
A. Secondly, provided all |k;| are indeed large, localisation on U near the affine origin
Zo =~ 0, for a = 1,2,3,4, requires all g, to be sufficiently small. If a certain ¢, is
large, localisation may still arise near another point in A. For example, if ¢; is large

while the other ¢, are small, then localisation occurs near z; = 00, 2o = 23 = z4 = 0.

5.3 A local Calabi-Yau calculation

So far, we have approached the problem of computing wave function normalisations
on Calabi-Yau manifolds from the viewpoint of the prospective ambient embedding
spaces. In this section, we will take the complementary point of view and carry out
a local calculation on a Calabi-Yau manifold. In the next section, we will show how
to connect this local Calabi-Yau calculation with the ambient space point of view in
order to obtain results as functions of globally defined moduli.

We start with a Calabi-Yau three-fold X and a line bundle L — X with a non-
vanishing first cohomology and associated L-valued harmonic (0, 1)-forms. Our goal
is to determine the normalisation of these harmonic forms by a local calculation,
assuming, at this stage, that localisation indeed occurs. To do this, we focus on a
patch U C X with local complex coordinates Z,, where a = 1, 2, 3, chosen such that
the Kéhler form J, associated to the Ricci-flat Calabi-Yau metric, is locally on U well
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approximated by?
;B
— N Bz, NdZ, 2
J %;ﬁ A (5.28)

where the 3, are positive constants. (It is, of course, possible to set §, equal to one
by further coordinate re-definitions but, for later purposes, we find it useful to keep
these explicitly.) On U, we can approximate the hermitian bundle metric H and the
associated field strength F' of L by

3
H=e Zem el o F_3omH = ZKadZa NdZ,, (5.29)
a=1
where K, are constants which will ultimately become functions of the Calabi-Yau
moduli. The Hermitian Yang-Mills equation, J A J A F = 0, should be satisfied
locally which leads to

INITINF & [iaKs+ BifsKs + 883K = 0. (5.30)

The resulting equation for the K, will translate into a constraint on the Calabi-Yau
moduli in a way that will become more explicit later. For now we should note that
it implies not all K, can have the same sign (given that the (3, need to be positive).
Consider harmonic (0,1)-forms v € H'(X,L). On U, they are approximated by

(0, 1)-forms v, which must satisfy the local version of the harmonic equations
=0, JANTIANI(Hv)=0. (5.31)

In analogy with the projective case, specifically Eq. (5.27), we assume that K; < 0
and Ky, K3 > 0. Whether these sign choices are actually realised cannot be checked
locally but requires making contact with the global picture — we will come back to
this later. If they are, potentially localising solutions to these equations are of the
form v = XA P(Z,, Z,, Z3)dZ,, where P is an arbitrary function of the variables
indicated. Localisation of these solution still depends on the precise form of the
function P, which cannot be determined from a local calculation. We will return to
this issue in the next section when we discuss the relation to the global picture. For
now, we take a practical approach and work with a monomial basis of solutions given
by

vy = eMIAF Z0 72 707, (5.32)

3We will denote local quantities, defined on the patch U, by script symbols.
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where q = (q1, ¢2,q3) is a vector with non-negative integers. The normalisation of

these monomial solutions can be explicitly computed and is given by

7
Myp = <’/q>Vp>loc = / Vq /\*(/Hﬁp) = §5q7p/ T NT Nvg A (/Hﬁq)
U U

. 3
~ #52535%1"[ /C AZy N dZ,) Z, |20 e~V KallZal (5.33)
a=1

After performing the integration, we find for the locally-computed normalisation

3

Map = (Vg Vp)oe = 27B2Bs0q,p | [ ¢a! [Kal ™" (5.34)
a=1

The appearance of the exponential in each of the integrals in the second line indicates
that there is indeed a chance for localisation to occur. However, the validity and
practical usefulness of this result depends on a number of factors which are impossible
to determine in the local picture. First of all, we should indeed have K; < 0 and
Ky, K3 > 0 for localisation to happen, but these conditions can only be verified by
relating to the global picture. Secondly, families are defined as cohomology classes in
H'Y(X, L) and at this stage it is not clear precisely how these relate to the monomial
basis forms (5.32). The above calculation shows that the smaller the integers in
q = (q1, g2, q3) the better the localisation and this ties in with the result on projective
spaces in the previous section. Finding the relation between the elements of H'(X, L)
and the local basis forms 14 is, therefore, crucial in deciding the validity and accuracy
of the approximation for the physical families. Finally, we would like to express the
local result (5.34) in terms of the properly defined global Calabi-Yau moduli. We will
now address these issues by relating the above local calculation to the full Calabi-Yau

manifold.

5.4 Relating local and global quantities

We will start by relating the local quantities which have entered the previous calcu-
lation to global quantities on the Calabi-Yau manifold, starting with the Kahler form
and the connection on the bundle and then proceeding to bundle-valued forms. This
will allows us to express the result (5.34) for the wave function normalisation in terms

of properly defined moduli.
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5.4.1 Kahler form and connection

We begin, somewhat generally, with a Calabi-Yau three-fold X, a basis {J;} of its

second cohomology, where i = 1, ..., h1}(X), and Kahler forms
J=> 1, (5.35)

with the Kahler moduli t = (¢) restricted to the Kéhler cone. Further, we assume
that all the forms J;, and, hence, J are chosen to be harmonic relative to the Ricci-flat
metric on X specified by the Kéhler class [J]. Note that, despite what Eq. (5.35)
might seem to suggest, the harmonic forms J; are typically ¢*-dependent — all we know
is that their cohomology classes [J;] do not change with the Kéhler class, so they are
allowed to vary by exact forms.

On a small patch U C X, we would like to introduce the forms J;, where i =
1,..,hM(X), and

J = tT, (5.36)

which are local (1, 1)-forms with constant coefficients which approximate their global
counterparts J; and J on U. How are these global and local forms related? We first
note that the top forms J A J A J and J; A J A J are harmonic and must therefore be

proportional
JNINT=c(t)JNTNJ, (5.37)

where ¢;(t) are functions of the Kéahler moduli but independent of the coordinates
of X. By inserting Eq. (5.35) and integrating over X we can easily compute these

constants as
i) = == (5.38)

where the quantities IC and /C; were defined in and around Eq. (5.3). On the other

hand, the relation (5.37) holds point-wise and, hence, has a local counterpart
TNINT =ci(t) TNTNT, (5.39)

which must involve the same constants ¢;(t). Inserting flat forms into Eq. (5.39)
then allows us to determine the ¢;(t) in terms of the parameters in these forms and
equating these expressions to the global result (5.38) leads to constraints on the local

forms J;.
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This global-local correspondence has an immediate implication for bundles on X
and their local counterparts on U. Consider a line bundle L — X with first Chern
class ¢1(L) = Y, k' J; and field strength F' = —2mi Y, k*J;. Then, for the local version
F = —=2mi Yy, k'T; of the field strength we find, using Eqs. (5.38) and (5.39), that

k'K,
K

FANTNT ==2mi 2T ANTNT (5.40)

and, hence, that the local version of the Hermitian Yang-Mills equation is satisfied as
long as the slope u(L) = k'K; of L vanishes.

To work out the above global-local correspondence more explicitly, we consider a
case with two Kihler moduli, so A (X) = 2. In this case, we can choose complex
coordinates z,, where a = 1,2, 3, on the patch U C X such that

i
T o

o
o

T = zi S5 (Naty + ta)dza A dZ, |
T

a1 Aadza N dZ, T2 S dza NdZ,,

T
(5.41)

where the A\, are constants. (More specifically, starting with two arbitrary (1, 1)-forms
J1 and J, with constant coefficients, by standard linear algebra, we can always diag-
onalise [J, into “unit matrix form” and then further diagonalise 7; without affecting

Jo.) Inserting the above forms into Eq. (5.39) gives

(t) = >0 Ma Hb;éa()\btl +t9) (t) = > Hb¢a(Abt1 +t5)
TSR YT BIL O )

(5.42)

and equating these results to the global ones in Eq. (5.38) imposes constraints on
the unknown local coefficients A\,. However, it is not obvious that the A\, are Kéhler
moduli independent, particularly since the forms J; do, in general, depend on Kahler
moduli. In the following, we will assume that this is indeed the case, although we do
not, at present, have a clear-cut proof. There are two pieces of evidence which support
this assumption. First, it is not obvious that equating (5.42) with (5.38) allows for
a solution with constant A, (valid for all t) but we find that, in all cases which we
have checked, that it does. Secondly, it is hard to see how a local calculation of the
integrals in Eq. (5.10) can lead to Kéhler moduli independent results for A;;;, as four-
dimensional supersymmetry demands, if the )\, are t*-dependent. In the following,

we will proceed on the assumption that the )\, are indeed t*-independent.
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5.4.2 An example

To complete the above calculation we should consider a specific Calabi-Yau manifold.
As before, we focus on the ambient space A = P! x P3, discussed in Section 5.2.2,
and use the same notation for coordinates, Kéahler forms and Kéahler potentials as
introduced there. The Calabi-Yau hyper-surfaces X C A we would like to consider
are then defined as the zero loci of bi-degree (2, 4) polynomials p, that is sections of the
bundle N = O 4(2,4). This manifold has Hodge numbers h''(X) = 2, h*1(X) = 86
and Euler number n(X) = —168. Its second cohomology is spanned by the restrictions
j2| x, where i = 1, 2, of the two ambient space Kéahler forms and, relative to this basis,
the second Chern class of the tangent bundle is ¢o(T'X) = (24,44). The Kéhler class

on X can be parametrised by the restricted ambient space Kahler forms
Jlx =tidi]x + talalx (5.43)

where t1,t5 > 0 are the two Kahler parameters. Of course neither of these forms is
harmonic relative to the Ricci-flat metric on X associated to the class [.J|x] (as they
are obtained by restricting the ambient space Fubini-Study Kéhler forms) but there
exist forms J; and J in the same cohomology classes which are. In other words, J
and J; are the harmonic forms introduced in Eq. (5.35) and we demand that their
cohomology classes satisfy [J] = [J|x], [i] = [Jilx].

The non-vanishing triple intersection numbers of this manifold are given by
d122 - 4, d222 =2 = IC - dijktitjtk - 2t%(6t1 -+ tg) . (544)

Inserting these results into Eq. (5.38) we find

2 4t1 + 19
t) = —— )= —+ "%
ai(t) 6ty + 1y e2(t) t2(6t1 + ts)

and equating these expressions to the local results (5.42) leads to the solution

(5.45)

M =6, do=2X=0, (5.46)

which is unique, up to permutations of the coordinates z,. This means, from Eqs. (5.41),

the local forms J; and J can (after another coordinate re-scaling z; — 21/v/6) be

written as
T = ~dzy Ndz | (5.47)
2

Al

Jo = QL (édzl ANdzy +dzg NdzZy + dzg N dfg) ) (548)
T
; 1

J = 2i (tldzl A dZ + <6dzl A dzy + dz A dZs + dzs A dzs)) . (5.49)
T
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We note that J is of the form (5.28) used in our local calculation and we can match
expressions by setting z, = Z, and

1
Bi=1t+ 6t2 ; B2 =3 =ts. (5.50)

Another interesting observation is that these forms satisfy

1

%A%Ajk:_@

3
diji |\ dza A dZ,, (5.51)
a=1
where d;;;, are the intersection numbers (5.44) of the manifold in question, that is,
our local forms “intersect” on the global intersection numbers. They also relate in an
interesting way to the ambient space Kéhler forms J;. So far, we have considered an
arbitrary patch U on X, but from now on let us focus on a specific choice, starting
with the ambient space patch U C A near the affine origin z, ~ 0. This patch is
of obvious interest since we know from the ambient space discussion in Section 5.2.2
that some wave functions localise on it. If it is sufficiently small, the defining equation

of the Calabi-Yau manifold on U can be approximated by

4

P=po+ Y Pata+O(), (5.52)
a=1

where pg and p, are some of the parameters in p. It is possible, by linear transfor-
mations of the homogeneous coordinates on P! and P3, to eliminate the py term and,
in the following, we assume that this has been done. Then, the Calabi-Yau manifold
X = {p = 0} intersects the patch U at the affine origin and near it X is approximately
given by the hyper-plane equation 23:1 Paza = 0. By a further linear re-definition
of coordinates on the P factor of the ambient space, this equation can be brought

into the simpler form
2y = azi, (5.53)

where a is a constant. If we restrict the flat versions of the ambient space Kéahler
forms, as given in Eq. (5.27), to U using Eq. (5.53), we find that

Jilv = J;, (5.54)

provided we set a = 1/ v/6. This means on the patch U we understand the rela-
tion between ambient space Kéhler forms ji, local Kahler forms J; and their global

counterparts J; on X.
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We can now extend this correspondence to (line) bundles and their connections.
As in Section 5.2.2, we consider line bundles L=0 A(k1, ko) and we restrict these
to line bundles L = Ox(ky,ky) := L|x on the Calabi-Yau manifold X. (Of course,
the line bundle L should be thought of as merely part of the full vector bundle of
the compactification in question.) The hermitian bundle metric H for L was given
in Eq. (5.23) and its local approximation on U in Eq. (5.27). If we restrict this local
bundle metric on U to U, using the defining equation (5.53) with a = 1/4/6, we find

H = Hl|y = exp (—(ky + ka/6)|21|% — k| 20| — ka|25]?)
[} (5.55)
F=00InH = —2mi(k1 Ty + ko Ja) .

We note that this expression of H is of the general form (5.29) used in the local
calculation, provided we set z, = Z, and identify

1
Kl :k1+6k2, KQ :Kg :lfg. (556)

From the discussion around Eq. (5.40) we also conclude that the Hermitian Yang-
Mills equation is locally satisfied for F, provided that the slope u(L) = d;jpk‘t/tF =
2t9(2k1ty + ko(4t; + t2)) vanishes. As usual, this is the case on a certain sub-locus of

Kahler moduli space, provided that k; and ky have opposite signs.

5.4.3 Wave functions and the matter field Kahler metric

As the last step, we should work out the global-local correspondence for wave func-
tions. As in Section 5.2.2, we consider line bundles L = O(ky, ko) with &y < =2
and ko > 0 with a non-zero first cohomology H'(A, f/), whose dimension is given in
Eq. (5.24) and with harmonic basis forms 7y introduced in Eq. (5.25). These line
bundles restrict to line bundle L = Ox (ky, k) := [:\ x on the Calabi-Yau manifold X

with a non-vanishing first cohomology (see, for example, Ref. [95])

HY(A, L)

H(X,L)= (A, e f/)) .

(5.57)

Explicit representatives for this cohomology can be obtained by restrictions g|x,
although these forms are not necessarily harmonic with respect to any particular
metric. (Also, they have to be suitably identified due to the quotient in Eq. (5.57).
As long as ke < 4, the cohomology in the denominator of Eq. (5.57) vanishes, so
that the quotient is trivial and the restrictions Ug|x form a basis of H'(X, L) as

stands.) Finally, we have the monomial basis v of locally harmonic forms defined in
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Eq. (5.32). In summary, we are dealing with three sets of basis forms and their linear

combinations, namely

b — okilz1?541 42 43 44 J5 NN Ao

D = eflalzli 2,8 00 g7 v(a) =) 4%,

~ o Jkilz 250 92,93 04 g5 N -

o= MEPEIER Az (&) = Y, daa (5.59)
_ Kila|?5 92 93 .

Vg = efulnlzi 2,807, v(a) =, dqVq -

To be clear, hatted wave functions 7y are defined on the ambient space A, wave
functions 74 refer to their restrictions to the Calabi-Yau patch U and the v, are the
harmonic wave functions on the patch U.

Recall that we need K; < 0 as a necessary condition for the harmonic solutions

V4 to have a finite norm and, by virtue of the identification (5.56), this translates into

k
Ki<0 & —k> EQ (5.59)

Hence, for this particular example, the condition K; < 0 is not moduli-dependent
and can be satisfied by a suitable choice of line bundle.

We would like to determine the relation between the above three types of forms, or,
equivalently, the relation between the coefficients a, a and a, given that 7(a) = v(a)|y
are related by restriction and that 7(a) and v(a) are in the same cohomology class,
so must differ by a d-exact L-valued (0, 1)-form.

The first of these correspondences, between a and a, is easy to establish. Given
the relation is by restriction, there is a matrix S such that a = Sa, and using the

approximate defining equation (5.53), we find that
Sap = 04,5612 (5.60)
To establish the correspondence between a and a, we first define the matrix 7 by
(v, 7p) = (MT)qp (5.61)

where M is the local normalisation matrix computed in Eq. (5.34). Since v(a) and
p(a) differ by an exact form, we know that (v(a),v(b)) = a'Mb and (v(a), 7(b)) =
al M7Tb must be equal to each other and, since this holds for all a, it follows that

b=7Tb. (5.62)

The explicit form of the matrix 7, from its definition (5.61), is

pul|ky 7Pt
; g 5 =~ = 5 ~ P e
q,p q1,P1—P47q2,P2~q3,P3 q1!|K1|,q171

(5.63)
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As discussed earlier, the families correspond to cohomology classes in H'(X, L) and,
in view of Eq. (5.57) and subject to possible identifications, it makes sense to label
families by the hatted basis 74 on the ambient space. For simplicity of notation, we
write the hatted indices as I = q from now on. We also recall from Section 5.2.2
that these indices are non-negative and further constrained by I =0, ..., —k; — 2 and
Iy + I3 + Iy < ko. With this notation, the matter field Kahler metric is given by the

general expression
1
GLJ —- W(STTTMTS)LJ . (564)

Inserting the above results for & and T as well as the local normalisation matrix
(5.34), we find explicitly

Gry = = (5.65)

where the constants N j are given by

N, TNV I ey + kg /6|1 a1 gla/2HTa/241
B 2([1 — [4)!‘k1‘11+J1+2k§2+13+2

O(Iy — 14)01,—1,,5,- 7,015,750 15,55-(5.66)

For the lowest mode, I = 0, this number specialises to

k1 + k2 /6]

=3
Moo =37 g

(5.67)

A few remarks about this result are in order. First, we note that the Kahler moduli
dependence in Eq. (5.65) is in line with the result (5.10) from dimensional reduc-
tion, as homogeneity of degree —1 is expected. What is surprising however is that
Eq. (5.64), involving V, a cubic function of Kéhler moduli, reduces to Eq. (5.65), an
inverse linear function of Kahler moduli. This cancellation may just be a property of
our particular example, stemming from the fact that the parameters 3; in Eq. (5.50)
are proportional to the factors in IC in Eq. (5.44), which comes out of the global-local
matching. Typically, one would expect quadratic over cubic functions of the Kéhler
moduli.

In general, the matter field Kahler metric is also a function of complex structure
moduli. For our example, this dependence has dropped out completely, that is, the
quantities Ny y are constants. This feature results from our linearised local approx-
imation (5.53) of the Calabi-Yau manifold, where all remaining complex structure
parameters can be absorbed into coordinate re-definitions. We do expect complex

structure dependence to appear at the next order, that is, if we approximate the
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defining equation locally by a quadric in affine coordinates. Also, our result (5.65)
has an implicit complex structure dependence, in that its validity depends on the
choice of complex structure. Whether neglecting the quadratic and higher terms in 2
in Eq. (5.52) does indeed provide a good approximation depends, among other things,
on the choice of coefficient in the defining equation p, that is, on the choice of complex
structure. Another feature of our result (5.65) is that it is diagonal in family space
and, formally, this happens because the matrices M, S and T are all diagonal. We
have seen in Section 5.3 that this is a general feature of the matrix M. However, S
and 7 do not need to be diagonal in general. In our example, this happens due to
the simple form (5.53) of the local Calabi-Yau defining equation and the resulting
diagonal form of the local Kahler form J in Eq. (5.49). Finally, we remind the reader
that the result (5.65) can only be trusted if the line bundle L = Ox(ky, k2) satisfies
the condition (5.59), if the flux parameters |k;| are sufficiently large and if the family

numbers I are sufficiently small, in line with our discussion in Section 5.2.

5.5 Final remarks

In this chapter, we have reported progress on computing the matter field Kahler metric
in heterotic Calabi-Yau compactifications. Three main results have been obtained.
First, by dimensional reduction we have derived a general formula (5.10) for the
matter field Kahler metric and we have argued that constraints from four-dimensional
supersymmetry already fully determine the Kéhler moduli dependence of this metric.

Secondly, provided large flux leads to localisation of the matter field wave function,
we have shown how the matter field Kahler metric can be obtained from a local
computation on the Calabi-Yau manifold, leading to the general result (5.34). This
result, while quite general, is unfortunately of limited use, mainly since it is not
expressed in terms of the global moduli of the Calabi-Yau manifold. This makes it
difficult to identify the conditions for its validity and it falls short of the ultimate
goal of obtaining the matter field Kéahler metric as a function of the properly defined
moduli superfields.

We have attempted to address these problems by working out a global-local rela-
tionship and by expressing the local result in terms of global quantities. This has been
explicitly carried out for the example of Calabi-Yau hyper-surfaces X in the ambient
space P! x P3, but the method can be applied to other Calabi-Yau hyper-surfaces
(and, possibly complete intersections) as well. Our main result in this context is

the Kéhler metric for matter fields from line bundles L = Ox (k1 k2) on X given
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in Egs. (5.65), (5.66), and is expressed as a function of the proper four-dimensional
moduli fields. We have also stated the conditions for this result to be trustworthy,
namely the constraint (5.59) on the line bundle L as well as large fluxes |k;| and small
family numbers.

The global-local relationship established in this way points to two problems of
localised calculations both of which are intuitively plausible. First, the large flux
values demanded by localisation typically also lead to large numbers of families. For
this reason, there is a tension between localisation and the phenomenological re-
quirement of three families. Secondly, large flux typically leads to a “large” second
Chern class c3(V') of the vector bundle, which might violate the anomaly constraint
c2(V) < ¢o(TX). Hence, there is also a tension between localisation and consistency
of the models. It remains to be seen and is a matter of ongoing research whether
consistent three-family models with localisation of all relevant matter fields can be
constructed. It is likely that some of our methods can be applied to F-theory and
be used to express local F-theory results in terms of global moduli of the underlying
four-fold. It would be interesting to carry this out explicitly and check if the ten-
sion between localisation on the one hand and the phenomenological requirement of
three families and cancelation of anomalies on the other hand persists in the F-theory

context.
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Conclusion

The purpose of this thesis was to expand the area of string phenomenology by propos-
ing methods to calculate holomorphic Yukawa couplings for a specific class of Eg x Fg
heterotic models, namely for line bundle models on Complete Intersection Calabi-Yau
manifolds. In addition, we identified a method to evaluate the matter field Kahler
metric for models where sufficiently large gauge fluxes permit the localisation of mat-
ter fields around certain points. Both the holomorphic Yukawa couplings and the
matter field Kéhler metric are required to compute the physical Yukawa couplings of
a given heterotic model, so that it can be eventually compared to measurable physics.

The line bundle models that we considered give rise to the correct MSSM spec-
trum, with some additional gauge-neutral bundle moduli. They were borrowed from
a rich database of quasi-realistic models, that was generated several years before this
thesis, through an automated scan [25-27]. At various energy levels, we wanted the
Standard Model, the MSSM and a SUSY GUT to be naturally embedded in the string
model, and similarly, General Relativity and N = 1 supergravity to be low-energy
limits of the gravity sector. For this reason, we compactified the Eg x Eg string theory
over a Calabi-Yau manifold X with holomorphic poly-stable vector bundle V', and
we ensured that the resulting 4d action matched the standard N = 1 supergravity
action in Ref. [56] (plus some kinetic terms for the moduli).

From this point forward, we evaluated the holomorphic Yukawa coupling, using
the simplifications that our class of models provided. We started with the well-known

integral f + 2 A v Avy A v and expressed line bundle-valued (0, 1)-forms v; in terms
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of projective ambient space (0, a)-forms 7, ,, where a = 1, ...,k + 1 and k is the co-
dimension of X. By defining the type of a form v; as the number 7; for which 7; ., # 0
and 7, , = 0, for all a > 7;, we were able to formulate a vanishing theorem, Eq. (4.46),
according to which the holomorphic Yukawa couplings are zero if 71 4+ 75+ 73 is smaller
than the ambient space dimension. In the non-vanishing case, the Yukawa couplings
are calculated as ambient space integrals over products of forms 7;, and we have
showed that the result can also be obtained algebraically, in a way that relates our
method to Refs. [29, 35]. Explicit results were obtained for line-bundle models on the
tetra-quadric (Chapter 3) and on a co-dimension two CICY (Chapter 4), although
the method is general enough to be applied to any CICY in the database.

Altogether, our computational techniques have revealed some interesting phe-
nomenological features. For example, topological constraints such as theorem (4.46)
give a condition for the vanishing of Yukawa couplings that is not based on symmetry
(only topological reasoning is involved). This has been expected since the early days
of heterotic model building (see, for example, Ref. [9]), and can provide an expla-
nation for the relatively light masses of the electron and first-generation quarks. In
some examples discussed in Chapter 3, it was found that the holomorphic Yukawa
couplings depend explicitly on the complex structure moduli and their rank is reduced
for certain regions of the moduli space. Such a dependence can be used to fine-tune
the model according to observation. In addition, global U(1) symmetries arising from
the line bundle sum construction can motivate why certain proton decay operators are
forbidden in the MSSM or various Grand Unified models. The same symmetry crite-
ria can also be applied perturbatively to models with non-Abelian bundle structure
group that are obtained through smooth deformations from the Abelian locus.

In Chapter 5, our computation of the matter field Kahler metric was supported
by the observation that for large gauge flux, the integral [ « V1 N xyvy is localised
on a patch U, so that precise knowledge of the Calabi-Yau metric is not needed.
The computation was performed locally and then re-expressed in terms of the global
moduli of the Calabi-Yau manifold, via a global-local relationship. It has to be noted
however that the requirement of a large gauge flux may often be in conflict with the
anomaly cancellation condition co(V') < ¢o(TX) or the phenomenological requirement
for three families. It constitutes an object of future research to establish whether a
consistent and realistic model can be built using the localisation method.

Finally, despite the progress reported in this thesis, a lot of problems in string
phenomenology still remain unresolved. Ideally, we would have liked to construct a

method to evaluate the matter field Kéhler metric for general line bundle models,
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and not only for models with large flux. It is uncertain however whether this goal
is achievable, given that the knowledge of the specific Calabi-Yau metric is lacking.
An alternative research avenue would be to compactify on other classes of Calabi-
Yau manifolds, such as hypersurfaces in toric varieties, for which similar methods for
calculating Yukawa couplings could be constructed. In addition, one could investigate
how to apply these methods to vector bundles with non-Abelian structure group,
and in particular to monad bundles, which are built from sums of line bundles [21,
22]. In the end, a complete string model has to also contain mechanisms for moduli
stabilisation and soft supersymmetry breaking. It is only when these problems are

solved that the model can be proposed as “realistic”.

142



Bundles on Kahler manifolds

In this appendix, we review some standard mathematics for Kdhler manifolds and
holomorphic vector bundles thereon, which we rely on in the main part of the text.
The exposition mainly follows Refs. [43], and more details can also be found in
Refs. [44, 45].

Let M be a Kahler manifold of dimension n and £ — M be a rank r holomorphic
vector bundle over M with fibres E,, where z € M. The space of E-valued (p, q) forms
on M is denoted by AP4(E). The usual operator 9 : AP4 — AP9+L for differential

forms can be generalised to E-valued forms
Op : APYE) — APT(E) (A.1)

mapping bundle-valued (p, ¢)-forms to bundle-valued (p, ¢ + 1)-forms. Explicitly, this
operator is defined as follows. For a local holomorphic trivialisation s = (s, S, ..., S,)
of E we can write a vector bundle-valued (p, ¢)-form o € APY(E)asa =Y., a'®s;,

where of € AP are regular (p, q)-forms. Then O acts as
Opa = Z Ja' ® s; . (A.2)
i=1
Since the transition functions are holomorphic, this definition is independent of the

chosen trivialisation, as it should be. It is straightforward to show from this definition
that 02 = 0 and that the Leibniz rule

Op(fa) = 9(f) Ao+ fop(a) (A.3)
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holds (here, f is a differentiable function on M).

A Hermitian structure on £ (which can also be de defined more generally over complex
vector bundles) is defined by providing a Hermitian scalar product h, on each fibre
E,.. Let 0 and p be two sections of E which, for the aforementioned trivialisation of
E, are expanded as 0 = Y, o's; and p =Y, p's;. Then, the Hermitian structure,

acting on ¢ and p, can be written out as
h(o,p) = Hyo'p =0 "Hp, H; = h(s;,s;). (A.4)

In other words, locally, we can think of the Hermitian structure as being described

by Hermitian r x r matrices H. For a different local trivialisation s’ = (s, s5, ..., s})

) r

related to the original one by s, = o ;8j, it follows that H transforms as
H =¢"H¢. (A.5)

The Hermitian structure h can also be viewed as an isomorphism between the vector
bundle E and its dual E*, so h : E = E*. This isomorphism can be written more
explicitly by introducing a “dual” trivialisation s, = (sl,...,s") of the dual bundle
E*, defined by the relations s (s;) = 5; If we further denote the inverse map of i by
h* : E* = E then we have

h(Sl) = Hji81 s h*(Si) = HjiSj s Hinjk = 52 . (AG)

A Hermitian structure allows one to define a generalisation of the Hodge dual oper-
ation *g : APY(E) — A"P"9(E*) to vector bundle-valued forms by setting

*pla®s) =*(a)® h(s), (A7)

where * is the regular Hodge star operation on forms. It follows that xgokxp = (—1)P14,
in analogy with corresponding rule for the regular Hodge star. Using this generalised

Hodge dual, one can define the scalar product

(a,8) = /M o A %5 (8) (AS)

on AP4(E). The adjoint operator 9}, : AP4(E) — AP9~Y(E) of dp relative to this
scalar product satisfies

(5]5&7 6) = (a7 5}_«7&) 5 (AQ)

and takes the form
52‘ == _;E @) éE* o} ‘;E s (A].O)
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as can be seen explicitly from Egs. (A.7), (A.8) and (A.9). Furthermore, one can

define the generalised Laplacian
Ap = 0.0 + 00, (A.11)

which is self-adjoint under the above scalar product. Bundle-valued forms o €
AP1(E) satisfying Aga = 0 are called harmonic with respect to the Hermitian struc-
ture h. For a compact manifold, the harmonic forms « are precisely the closed and

co-closed forms, so the forms satisfying
dpa =0, dLa=0. (A.12)

These forms are in one-to-one correspondence with the cohomology groups H?4(M, E)
HY(M, EQAPQy,). Finally, there is a generalisation of the Hodge decomposition which
states that every form o € AP9(E) can be written as a unique sum o = n+5EB—|—5er’y,

where 7) is harmonic.

A connection, V, on E is a map V : A°(E) — A'(F) which satisfies the Leibniz rule

V(fo)=d(f)® o+ fV(o) (A.13)
for local sections ¢ and local functions f. Writing o = Y_;_, o's; in terms of a local
trivialisation s = (s1,...,s,) we have

V(U) = (dO’i—l-AijUj)@Si, V(Sj) :Aijsi, <A14)

where A is the gauge field. In short, locally, the connection can be written as V =

d 4+ A, with the gauge field transforming as
A =¢ ' Ap+ ¢ tdo (A.15)

under a change of trivialisation, s; = ¢’.s;. The curvature Fy € A*(End(FE)) is

defined by Fy = V o V. For a given trivialisation, its local form is
Fg=dA+ANA. (A.16)

A connection is called compatible with the holomorphic structure if V%' = 0 and it is
called Hermitian if it satisfies d(h(o, p)) = h(V (o), p)+h(o, V(p)) for any two sections
o and p. For a holomorphic vector bundle, there exists a unique Hermitian connection
compatible with the holomorphic structure which is called the Chern connection. In

a local frame, the gauge field associated to the Chern connection is given by
A=H1'0H. (A.17)
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For a holomorphic change of the trivialisation, s; = <bjisj, it is straightforward to
verify that Eq. (A.17) is consistent with the transformation laws (A.5) and (A.15).
It can be shown, using Eq. (A.16), that the curvature of the Chern connection is a

(1,1)-form and, locally, is explicitly given by

Fy =0(H '0H). (A.18)

In the main part of the thesis, we are calculating certain bundle-valued harmonic
forms and it is, therefore, important to re-write the defining Eqgs. (A.12) for such
forms in a simple and explicit way. As before, we introduce local trivialisations
s=(s1,...,5) and 5, = (si,...,s}) on E and E*, satisfying s.(s;) = ¢;. We start

with two (p, ¢)-forms o = a's; and 3 = f3;s%. taking values in E and E*, respectively.
Then from the definition (A.2) of 0z, we have

Op(a) = (0a) ®s;, 0p-(B) = (0B) ® s'. (A.19)
For the generalised Hodge star operation (A.7), we get

*p(a) = (xa') @ h(s;) = Hji(xa') @ s,  *p-(B) = (x5;) @ h*(sL) = H'(x5;) @ s; .
(A.20)

Combining these equations, we obtain
Oha=—% (050 + HYOH;) x o' @ sp = — (050 + AF) x o' @ s, (A.21)

where A is the Chern connection (A.17). Hence, 9}, corresponds to the dual of the
V10 part of the Chern connection. From the above argument, we conclude that
a harmonic bundle-valued form «, written as a = (at,...,a")T relative to a local

frame, is characterised by

Jda=0, (0+A)ra=0, (A.22)

where A is the gauge field associated to the Chern connection on the bundle. Using
the explicit expression (A.17) for the Chern connection, these equations can be cast

into the somewhat more convenient form
da=0, IHxa)=0, (A.23)

with the Hermitian structure H on the bundle.
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The coboundary map

It is well-known that for every short exact sequence of sheaves there is an associated
long exact sequence in sheaf cohomology. A crucial ingredient in this correspondence
is the co-boundary map whose construction can be found in standard textbooks, see
for example [45], page 40. Since the co-boundary map plays an important role for
our discussion in the main part of the thesis, we now briefly review its construction.

We start with the short exact sequence
0—A-SBL0—0 (B.1)

of sheaves A, B, C and sheave morphisms f, g, satisfying f o g = 0. The associated

long exact sequence in cohomology has the form

— H'(A) % H(B) L H(C)
2 HTYA) L BH(B) L BN — L (B.2)
where f and g are the induced maps in cohomology and ¢ is the co-boundary map
which needs to be constructed. To be in line with the main part of the thesis, we will
use the language appropriate for vector bundles, rather than more general sheaves,
from now on.

To derive &, we start with a differential (0,i)-form v € H*(C') taking values in C.
Since the map f : B — C'in (B.1) is surjective it follows that v can always be written
as v = f(v) for some form v € Q'(B). However, if H'(A) # 0, the induced map
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f: H(B) — H'(C) is not surjective, which implies that the form 2 is not necessarily
closed. Now we consider 90 € Q+1(B). We get

fov) =0(f(#)) =0ov =0, (B.3)
where we have used the fact that the map f is holomorphic. This implies that 07 is
in the kernel of f and, by the exactness of the sequence (B.2), it is in the image of
g. That is, there exists an element & € Q"1(A) such that g = d9. Moreover, since
g0& = 0g& = 0?0 = 0 and g is injective, we have 0o = 0. Hence, & represents an

element of H"(A) and we can define the co-boundary map by
(v)=w. (B.4)

In summary, the main features of the short exact sequence (B.1) and its long exact
counterpart (B.2) that we will require are as follows. For a (0,7)-form v € H'(C) and
its image @ = d(v) € H'(A) under the co-boundary map, there exists a (0, 7)—form
v € Q(B) such that

v=f©), 00r=go. (B.5)
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Harmonic line bundle-valued forms on P"

One of the main ingredients of our calculation of Yukawa couplings is the explicit
construction of bundle-valued forms, representing line bundle cohomologies on the
ambient space. Since the ambient spaces under consideration are products of projec-
tive spaces, it is sufficient to discuss a single projective space P".

We begin by setting up and reviewing standard facts about projective space in-
cluding the Fubini-Study metric. One way to obtain a one-to-one correspondence
between cohomology and forms is to focus on harmonic forms and we will do this
relative to the Fubini-Study metric. Line bundles, their Chern connections and coho-
mology are the subject of the next two parts of the appendix. Most of this material
can be found in standard textbooks, such as Refs. [43, 45, 46]. Finally, we explain

how harmonic line-bundle valued forms are related under multiplication.

C.1 Basics of projective space

As explained in Section 2.5.1, the complex projective space P" is the set of complex
lines through the origin in C***. We denote coordinates on C"*!' by z,, where
a = 0,1,....,n. The element of P" given by the line through the origin and a point
(0, x1, ..., xy) (With at least one x, # 0) is denoted by (zo : 21 : ... : x,) € P
The standard open patches on P" are U, = {(zo : 21 : ... 1 @,)|za # 0}, where
a=0,...,n+ 1, with associated charts (U, ¢,) and maps ¢, : U, — C™ defined by

Galmo:ay:ixy) = (65,E7, ..., /;", &) Here, & = x,/x, are the coordinates on
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C™ and it is understood that & = 1 is discarded. For an overlap U, N Us # 0, the
transition functions ¢g, = ¢g 0 ¢, : C* — C" takes the form Sl 55 = i—;fﬁ‘.
On each patch U,, the Fubini-Study Kéahler potential can be written as

i - a2
Ko=o-In(ka),  Ka= hRISH (C.1)
pn=0
The associated Fubini-Study Kahler form is given by
J = 00K, (C.2)

as usual and it is easy to check that this definition is independent of o on the overlaps

and, hence, gives a globally defined form on P". The above Kahler form is normalised

such that
/ T, (C.3)

It will frequently be convenient to work on the patch Uy = C" whose coordinates we
also denoted by 2, = x,,/x, where p = 1, ..., n, and we write & = ko = 1+ 3" |2,[*,
C.2 Line bundles on projective space

The k'™ power of the hyperplane bundle on P" is denoted by L = Opn(k). For each

patch U,, a hermitian bundle metric on L is given by
H, =r*. (C.4)

On the patch Uy, we also write H = Hy = s~ . The associated Chern connection

VOl =9 and V0 = 0 + A, is specified by the gauge field
A, = 0lnH, = —kOlnk, = 2mik0K, , (C.5)
whose curvature F, = dA, = —00InH, is explicitly given by
F, = k00Ink, = —2mik00K, = —2mik.J . (C.6)
For the first Chern class of L = Opr(k), this implies

1 (Opn (k) = %F — (.7)

as expected.
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C.3 Line bundle cohomology

The dimension of line bundle cohomology for a line bundle K = Opx (k) is described

by Bott’s formula

|
(n+k).’ for g=0. k>0.
nlk!
hU(P", Opn (k) = (—k—1)! _ N C.8
( pn (K)) ek forg=n, k<—-(n+1). (C.8)
0, otherwise .

This means that line bundles Opn (k) in the “gap” —n + 1 < k < 0 only have trivial
cohomologies, while all other line bundles have precisely one non-trivial cohomology.
For k£ > 0, this non-trivial cohomology is the zeroth cohomology with dimension given
in the first row of Eq. (C.8). For k < (—n — 1), on the other hand, only the highest,
n'™ cohomology is non-trivial with dimension given in the second row of Eq. (C.8).
We would like to represent these cohomologies by line bundle valued (0, ¢)—forms
which are harmonic relative to the Fubini-Study metric. Such forms v, should, on

each patch U, satisfy the equations (see Appendix A for details)

Ovg =0, O(Hyxv,) =0, (C.9)

where H, is the hermitian bundle metric (C.4). To solve these equations, we should

distinguish the different cases displayed in the Bott formula (C.8).

1. K = Opn(k) with & > 0:

In this case, H°(P", Opx(k)) is the only non-zero cohomology, so we are looking

for sections, that is harmonic (0, 0)—forms. On the patch Uy they are given by
V(k) :P(k)(z17"'7zn)7 (C10>

where Py are polynomials of degree k in z,. It is straightforward to check
that these have the correct transition functions upon transformation to another
patch. Note that the dimension of the space of degree k polynomials in n

variables is indeed given by the first line in the Bott formula (C.8), as required.

2. K = Opn(k) with —(n+1) < k < 0:

In this case, all cohomologies vanish and there are no harmonic forms to con-

struct.

151



3. K= Opn(k) with k < —(n+1):

In this case, H"(P", Opn(k)) is the only non-vanishing cohomology, so we are
looking for harmonic (0, n)—forms. It is straightforward to verify that, on the

patch Uy, these can be written as
Uiy = K" Py (21, oo Z0)dZ1 A o N dZy (C.11)

where P are polynomials of degree —k —n — 1 in the n variables Z,. Note
that the dimension of this polynomial space equals the value in the second row
of the Bott formula (C.8), as it should.

For uniformity of notation, in the following P for & > 0 denotes a polynomial of
degree k in z,, while Py, for k < —n — 1 denotes a polynomial of degree —k —n — 1

m z,.

C.4 Multiplication of harmonic forms

Calculating Yukawa couplings requires performing wedge products of harmonic bundle-
valued forms on P" (or on products of projective spaces) and we would like to under-
stand in detail how this works. As we have seen, on P", we have harmonic bundle-
valued (0,0)-forms v = P, which represent the cohomology H(P", Opn(k)) for
k > 0 and harmonic bundle-valued (0,n) forms v, = ﬁkP(z)dEI A ... A dz,, which
represent the cohomology H™(P™, Opn(k)) for k < —n — 1. Performing a wedge prod-
uct between any two of those forms clearly produces a 0-closed form which is a
representative of the appropriate cohomology. If this wedge product is between two
harmonic (0,0)-forms the result is clearly again a harmonic (0,0)-form. However,
the situation is more complicated for a product of a harmonic (0, 0)— form and a har-
monic (0,n)-form. The result is a d—closed (0,n)-form which, however, is generally
not harmonic. An obvious problem is to find the harmonic (0, n)—form in the same
cohomology class as this product.

To discuss this in detail, we start with a harmonic (0, 0)-form ps) representing a

class in H°(P", Opn(8)) and a harmonic (0, n)—form
V(k—5) = /{k‘éP(k_(;)dzl A...NdzZ, (C.l?)

representing a class in H"(P", Opn(k —§)), where k < —n — 1. The product ps)vk—s)
is O-closed, but not generally harmonic, and defines a class in H"(P", Opn (k)), whose

harmonic representative we denote by

Vi = K Qoydzi A ... NdZ,, . (C.13)
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This harmonic representative differs from the original product by an exact piece, so

we have an equation of the form
PV (k—s8) T Os = V(k) (C14)

where s is a section of Opa (k). It turns out, and will be shown below, that the correct

ansatz for s is

s = K" (SWAz A AdZ, — SPdZ AdZs A NdZp+ ..+ (—1)" SN dZ AL AdZ, 1),

(C.15)
where the S are multivariate polynomials of degree §—1 in z; and of degree —k+0—n
in z;. Eq. (C.14) can be solved by inserting the various differential forms including the
most general polynomials of the appropriate degrees and then matching polynomials
coefficients. In this way, given ps) and v(;_s), both s and () can be determined as we
will see below. While this is straightforward in principle, the details are complicated.
However, the main result can be stated in a simple way and we would like to do this

upfront. It turns out that the polynomial Q) which determines v, is given by

(—k —1)!

e L (C.16)

C~2(k) = Cﬁ(é)p(k_a) ,  Where c=

We recall that the tilde denotes the homogenous counterparts of the various polynomi-
als, so all polynomials in the above equation depend on the homogeneous coordinates
x,, where p = 0,1, ...,n. The polynomial “multiplication” on the RHS of this equation
should be carried out by converting the coordinates x,, in p(s) into the partial deriva-
tives 0/07,, which then, in turn, act on p(k_g) which depends on 7,. Note that this
leads to the correct degree required for the polynomial Q(k). This remarkably simple
solution to Eq. (C.14) is the key to converting the calculation of Yukawa couplings
into an “algebraic” calculation. From this result, the wedge products of harmonic
forms which appears in the Yukawa integral can simple be converted into polynomial
multiplication, with the appropriate conversion of coordinates into partial derivatives,
as discussed. Although s is determined by Eq. (C.14), we are unfortunately not aware
of a formula for s as simple as Eq. (C.16).

In order to prove Eq. (C.16), we first note the derivative

9s = k"M (95,80 4+ 05,5%) + 40, 5" dz A A dZ +
(k=0 + 1)KF (2080 + .+ 2,8M) dzi A ... AdZ, . (C.17)
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Inserting this together with Egs. (C.12) and (C.13) into Eq. (C.14) leads to

pP—l—:%Z —k+0—-1) Zzz = KQ. (C.18)

Next, we should write out each of the polynomials explicitly. For each S® we have

S0 — y S A A L (C.19)

{0<ir+...4in<6—-1} {0<j1+...+jn<—k+d—n}

with coefficients cl(l) inr..j, Such that (41, -y in; J1, -+ Jn) Tepresents any index combi-

nation satisfying 0 < iy +...+4, <d—1and 0 < j; +... + j, < —k+ 06 —n. Similarly,

we can expand the other polynomials

Pe) = Z iy 212 (C.20)
0<it+...+in<d
Pl—s) = Z bji .. Z]11' 53% (C.21)
0<j1+... 4+ jn<—k+d—n—1
Quy = Z Gjr..ju ) T (C.22)

0<j1 4.4 jn<—k—n—1

A useful polynomial expansion of Kk = 1 4 z;Z; + ... + 2,2, is given by

! |
K= > : T (C.23)

T —
0§i1+...+z’n§511‘12"'-%'(5 i — oo — ip)!

Now substituting the polynomials from Eq. (C.19)-(C.23) into Eq (C.18), one can
derive the following identity, by extracting the coefficient of the zi...zinZ ! H71 | Zintin

term

o!

i i (0 — i1 — o — i

)'QJljn = ailminbllmln + Z(ls + 1)C’Ef.)..in;l1...ls+1...ln+
' s=1

Z(k’ d+1+1) 1(1 demTyinilydn T

s=1

Zzl +1 11 dp—Lloingly . de—1 041000 (024)

s=1 r=1
T#S

where we have denoted I = i+ j, for all s = 1,...,n. Note, however, that Eq. (C.24)
is true only if all 4, are strictly positive and strictly smaller than 6 — > 4 br. For
s = 0 the c(s) ool

S (5 contains only positive exponents. For iy = § — ZT 25 1., the term c;

term is not present, because the polynomial expansion of

(s)
i1 inilrenls+ 1,00,
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is missing, because it does not respect the summation rule of Eq. (C.19). However,
we can conventionally define all these unwanted ¢t coefficients to be zero, so that
Eq. (C.24) is valid for any i5 > 0.

In order to solve the above set of equations for g;, ;. , it is useful to define the

quantities
g (kA== (i et i) = G+t ) (14 )] Gt )
fotn (—k—n—1—=(1+ ... +7jn)) 1! A

(C.25)

which satisfy the following combinatorial identity

0! (—k+0—1)!

i1 T - — = : C.26
Z 61"'”11!...%!((5—@1—...—zn)! (—k—1)! ( )

0<i1+.. 49, <6

A proof of this identity can be found at the end of this appendix. Next, we multiply
both sides of Eq. (C.24) by f;, ., and then sum over all indices {i1,...,4,} with
0 <iy+..4+1i, <. This trick removes all coefficients ¢*) from our equation, as a

result of the identity

ST B (Z(zs + 1) o Y (BT

0<i1+...+in<d s=1 s=1

YD+ ittt ) =0 (C2)

s=1 r=1

r#s

(v

i1oinsly o ds4 10, 11 the

To see this, consider the weight w of an arbitrary coefficient ¢

above sum, defined as
w=(k—=0+24+1)8i i+1.in + (s +1)Biy 4, + (s +1) Z Biv.ip41.in - (C.28)
r=1
T#S

Starting from the definition of 5 in Eq. (C.25), we notice that

(s + DBiipttin = (b + 1By i1y T # S (C.29)
Therefore, the weight of cgf’%llmls 1., becomes
w=(k=0+Y lL+n+1)8i i1 + (s + 1DBis i, (C30)

r=1

which vanishes. Coming back to Eq. (C.24), we multiply with 3;, ;, and sum over
all {4y,...,3,} with 0 < iy + ... +4, < . This removes ¢ and leads to an equation
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for the coefficients of (), namely

(—k —1)!
Qj1..5n = s Z ﬂil...inail...inbll ..... In - (C-31)
( k+o 1)' 0<i1+..+in <8
We should now compare this result for @), obtained by solving Eq. (C.14), with the
proposed solution (C.16). To this end, we convert all relevant polynomials into their

homogeneous counterparts and also convert the coordinates in ps;) into derivatives.

This leads to
B 0 B i1 o in
D(5) = T — | .. .32
D(s) Z @iy .., (8fo> (8%1) (8@) ) (C.32)

i0+...+in=6

Pi—g) = > by G TT T (C.33)
Jo+etjn=—k+5—n—1

Quy = > Qo TY T T (C.34)

j0+m+jn:_k_n 1

Inserting this into the RHS of Eq. (C.16) gives

-5 § : § : (io +Jjo)!  (in + Jjin)! —j
(5)P(k_5) = jo' j | ailu‘inb(il“r]l (“L_'_Jn)xéox]ll_..xén,
{io+.tin=0} {o+-Ajn=—k—n—1} —- -
i1 in

(C.35)
and inserting the result (C.31) for the coefficients of @) proves Eq. (C.16).

Proof of Eq. (C.26): We start from the n = 1 equation

5
—k 5—2— — 0! —k+0—1)!
P - —j—2).j! 2!(5—2)! (—k —1)!
which can be proven by explicit calculation. It is then useful to write the sum for
n>1as
2‘5:52 ‘Z“”( k+6—n—1-3" 1)L 1! !
= = (—k—n—1=>""_ g9 Al galainl(0 —dp — oo — i)

(C.37)
and to perform the summation step by step, starting from ¢, and ending with il,
while using Eq. (C.36) every time. For in, we use Eq. (C.36) with 6, = § — 3"~} i,
instead of 0 and k, =k+n—14+>_, ! j, instead of k, which leads to
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O—i1—eo—lp_1 (—k‘ + S—m—1— 22:1 ls)l lnl 5'

2.

o (k== 1= 00 Jalinl(6 =i — e —i)!
— (“k+6—n—30 1) o! (k0 =21, 0)! 5!
(<k—n-3 000 (0-Yii) (R =2 )l (Gaer =)

(C.38)

After performing all the sums, we obtain the required result, (C.26).
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The boundary integral

When deriving the Yukawa coupling in the main text, in particular converting Eq. (3.20)
into Eq. (3.24) in Chapter 3 and Eq. (4.25) into Eq. (4.26) in Chapter 4, we have ne-
glected the boundary term which arises from the partial integration. In this appendix,
we show that this boundary term does indeed vanish for the cases discussed.

Before we get to Yukawa couplings, it might be useful to note that this boundary
term can indeed be important for certain integrals of interest. Consider the tetra-
quadric in the ambient space A = P! x P! x P! x P!, with the four ambient space Kéhler
forms ji, where ¢ = 1, 2, 3, 4, normalised as fpl J; = 1 and their restrictions J; = JAZ| X
to the tetra-quadric. An object of interest are the triple-intersection numbers of the

tetra-quadric, for example
X

It is well-known [38] how to compute these intersection numbers by introducing the
two-form p = 22?:1 J; and re-writing the above expression as an ambient space

integral. This leads to
d123:/j1/\j2Aj3/\[L:2. (DQ)
A

This method is applicable since the ambient space version jl A jg A jg of the integrand

is a closed form. However, alternatively, we may proceed to evaluate the integral (D.1)

158



by inserting a d-function, as we did for Eq. (3.20) and, subsequently, using the current
identity (3.23). This leads to

1 s o (1 1 S - (1
d123 = —/ Jl/\Jg/\J;;/\a (—) /\dp = — Jl/\JQ/\Jg/\ <8g4 (—) dZ4) /\dp.
2m J 4 D 2w J 4 D
D.3)
Since the Kahler forms J; are d-closed, integration by parts and neglecting the bound-
ary term leads to dj23 = 0, in contradiction with (D.2). Hence, in this case, the result

comes entirely from the boundary term

1 ... d
dipy = —— TN To ATz AL (D.4)
27TZ ]P’l X[Pl XPIX’M p

where 7, is a contour with |z4] — oco. In this limit, p ~ 22 and p~'dp ~ 2z, dz,
which leads to the correct answer dio3 = 2.

For Yukawa integrals, the integrand is typically not a closed form, so the d-function
current should be used to re-write them as ambient space integrals. As the above

example indicates, we should be careful about the boundary term.

D.1 The co-dimension one case

We start with the ambient space

A=P" X P2 x o x P Y py=4 (D.5)
i=1

and a Calabi-Yau hypersurface X C A defined as the zero locus of a polynomial p
of multi-degree (n; + 1,...,n,, + 1). The relevant integral for the Yukawa couplings,

before the integration by parts, reads!
4 =71
)\(Vl,l/g,l/3): Q/\Vl/\VQ/\I/gN dZ/\Vl/\I/Q/\I/g/\a<—>, (DG)
X C4 p

where z1, ..., z; are affine coordinates on a patch C* of A. Let us introduce the (0, 3)-

form

A=D1 ANy ANy € QP(A,04), (D.7)

which takes values in the trivial bundle. Further, we define the form B by

dé = pf. (D.8)

'In this Appendix we ignore various numeric prefactors since they do not matter for our discussion.
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Note that 3 € HYA,Oq(—ny —1,...,—n,, — 1)) = C and, hence, that £ is uniquely
fixed up to an overall constant and an exact form, both of which are irrelevant for
the present purposes. A harmonic representative for /3 can be written down following
the rules in Appendix C (see also Section 3.2.3 for the case A = P! x P! x P! x P!)
and this leads to

. d*z

B~ = .
n1 Nm+1
RV LR

(D.9)

In order to understand the boundary integral, we need to study the limit when the
modulus of one of the coordinates, say z;, goes to infinity. Let us assume that z; is
an affine coordinate of the first projective factor P™. Then, for large |z;|, we have

N d*z d*z

ﬁ ~ Z?1+1§?1+1 ) pﬁ ~ W . (DlO)

Let us solve Eq. (D.8) for & in this limit. The general solution for & is given by
& = G+ady, where dg is the general solution to the homogeneous equation & = 0 and
& is a partial solution to the inhomogeneous equation (D.8). For a four-dimensional
ambient space of the form (D.5), we have H3(A,O4) = 0, and, hence, d, is exact

and, therefore, irrelevant for the integral. From Eq. (D.10) we conclude that
ad=d ==&, (D.11)

where &' is a (0, 3)-form independent of zy, z; and dz;. Note that & — 0 for large |2].

From Eq. (D.6) we find that the boundary term in the limit |2;| — oo behaves as

/ dizn 2 , (D.12)
C3xm

D lz1]—=o0

where 7, is the circle at infinity in the complex plane parameterised by z;. This

ni1+1
1

contour integral is zero since, generically, p ~ z and & — 0 for large |z1].

D.2 The co-dimension two case

We will now repeat this discussion for a co-dimension two CICY with ambient space
A=P" X P x o x Py =5 (D.13)

The CICY X C A is defined as the common zero locus of a pair of polynomials
p = (p1,p2) with multidegrees q; = (qi,...,¢[") and qo = (g3, ..., ¢5"), satisfying the
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Calabi-Yau condition ¢t +¢4 = n;+1, for alli = 1, ..., m. Introducing affine coordinates

(z1,...,25) on a patch in A, the formula for the Yukawa coupling can be written as
5 =71 71
A~ dz/\aAa(—)Aa(—), (D.14)
Cs Y41 P2

where & is given by (D.7). Using the results from Section 4.1.2; we obtain
96 = pB = p1f* + pa3?
551 = _pQﬁa 532 = plf}a (D15)
0n=0.
From Egs. (D.7), (D.15) it follows that
B e QYA 04(—qn)), 7€ H (A Ou—qy —q)) = H (A NN*) = C. (D.16)

This means that the form 7 is unique up to a multiplicative coefficient and an exact
form, both irrelevant in the present context. As in the previous subsection, we can

use the results from Appendix C to write down the harmonic representative

&z
7~ © . (D.17)

ni1+1 Nm—+1
K1 co Km

To compute the boundary integrals we need to study the behaviour in the limit when
the modulus of one of the affine coordinates, say z;, goes to infinity. Let us assume

that z; is an affine coordinate of the first projective factor P™. In the large |z;| limit

we obtain
. d°z . A’z . d°z (D.18)
n~ ni+1l-ni+1’ b~ T ) ban ~ 1 : .
2y Z1 232 27111+1 231 ngﬁrl

Using Eq. (D.15), we can now obtain the behaviour of 3% and & in the limit of large

|z1]|. Their general solution is given by
B =P34 By,  a=do+a, (D.19)

where Bg, Qg are the general solutions to the corresponding homogeneous equations
and Bf, & are partial solutions to the inhomogeneous equations. For a 5-dimensional
ambient space of the form (D.13), we have H*(A, O4) = 0 and H*(A, O4(—q,)) = 0,

so that &y and Bg are both exact and can be discarded. Solving for Bf and & yields

"1 o "1 dzg/\"'/\d,gg) ’\2 o "2 d§2/\"'/\d25
ﬁ - 61 ~ q} —ny ) B - 61 ~ q% ny

Z1 2 Z1°2

1 ~1 1 ~1

Y

1
a=a =——d, (D.20)
1
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where & is a (0, 3)-form independent of z1, z; and dz.
Now we have all the ingredients to integrate by parts in (D.14). Doing this once
leads to

- =/ 1
A~ / d°z A YA 8(—) + boundary terms. (D.21)
cs D2

We focus on the boundary terms in this expression for |z;| — co and first note that

821<p1>d21 a<plQ) a(zl< )dzlm<p2> (D.22)

where 0; is the Dolbeault operator with the derivative over z; omitted. Then the

boundary term for |z;| — oo turns into

1
/ d’z /\ — AO; ( )
C4xy1 b1 P2

1 1
In the limit of large |z;|, we generically have p; ~ 27'p}, py ~ 2{2p), where p/, p} are

(D.23)

|z1|—00

holomorphic polynomials independent of z;. Inserting this into Eq. (D.23) gives

¥ o1 =71
/ dSZ AN _nOé+1 — AN 81 <—/)
A 1 Pa

This integral is indeed zero, because n; > 0 and & — 0 at infinity.

(D.24)

|z1|—00

Finally, we need to perform the second integration by parts in the first term in

Eq. (D.21). As before, we focus on the boundary term for |z;| — oo, which is given

by
1
/ A’z A ﬁ—
C4xy D2

1=
Z?l“l‘ Z;llp2 |Zl|—>00

dzs N --- N dZ
~/ " i = 0. (D.25)
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