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1 Introduction

Random Matrix Theory (RMT) is a mathematical framework that studies the properties
of matrices whose entries are random variables. It is a ubiquitous topic in mathematics
and quantum physics [1-3]. RMT has significant implications across various fields, ranging
from statistics, number theory, and combinatorics to characterizing the dynamics of chaotic
quantum many-body systems and thermalization [4], quantum information [5], the foundations
of statistical mechanics [6, 7], and providing toy models for the black hole information
problem [8, 9].

A random quantum state is a state that is sampled according to some random distribution,
typically the uniform (Haar) distribution on the space of pure states or the space of density
matrices for mixed states. One of the main structures studied in the realm of random states
is the quantum entanglement structure. The entanglement structure of random states was
initially explored in the work of Page [10], where the average von Neumann entanglement
entropy of random pure states distributed according to the Haar measure was considered. For
the bipartite system AU A, and a large Hilbert space H = Ha @ H i, Page’s formula gives

S ~ min (logda,logdz) +--- . (1.1)

Here, d4 and dj represent the dimensions of H4 and H j, respectively. The average en-
tanglement entropy of a subsystem, up to subleading corrections, is maximal. This implies
that the bipartite entanglement entropy of typical states is nearly maximal. When plotted
against the subsystem’s size, the average entanglement entropy forms a Page curve. The Page
curve describes how the entanglement entropy of Hawking radiation evolves over time as a
black hole evaporates. Initially, it increases but eventually decreases as the black hole loses
information, providing insights into how information might be recovered from black holes.
Page’s formula provides a qualitative description for the behavior of typical Hamiltonians or
states generated by sufficiently chaotic dynamics. It is believed that these systems can be
well described by random states. For a detailed review, refer to [4, 11].

Another quantum information- theoretic quantity that can be useful in this context is
the relative entropy. Relative entropy is a measure of distinguishability for quantum states



and is essential in quantum information theory [12] and quantum statistical mechanics [13].
Relative entropy has favorable properties, like monotonicity and positivity. These properties,
make the relative entropy a valuable tool in various areas of physics, including quantum
field theory [14-17], conformal field theory [18-21], boundary conformal field theory [22]
holography [23-26], quantum gravity [27-31], and random states [32, 33].

The relative entropy between two density matrices p and o is defined as

D(pllo) = Tr [p (log p — log o)) . (1.2)

Here, D(p||lc) = 0 if and only if p = ¢. Importantly, the relative entropy is monotonic
under quantum operations [35]

DN (p)IIN(2)) < D(pllo), (1.3)

where N represents any completely-positive trace-preserving map. A significant quantum
operation is the partial trace, and monotonicity in this context implies that density matrices
become less distinguishable as more information about them is discarded. In this context,
the author [32] calculates the relative entropy for Haar random states using a large-N
diagrammatic technique,

_ da dz da
D(palloa) =1+ 2, " (dA 1> log <1 dA> : (1.4)

The relative entropy increases monotonically with d4/d ; and reaches a value of 3/2 when
da = dj. This behavior, as expected, demonstrates the monotonicity of relative entropy
under the partial trace.

Quantum chaos and thermalization are intriguing concepts in quantum physics that relate
to distinguishability, randomness in states, and the behavior of quantum systems as they
evolve over time. Random states are typical states in high-dimensional Hilbert spaces and play
a crucial role in understanding the behavior of thermalized quantum systems. As quantum
systems evolve chaotically, their states become increasingly random, resembling thermal
states. Relative entropy is a useful tool for tracking the loss of information in quantum
chaotic systems. As a chaotic system evolves, information about its initial state becomes
scrambled and lost, making the state more random and more similar to a thermal state.
Random states, being effectively indistinguishable from thermal states, have low relative
entropy with respect to the thermal state. In the presence of symmetry, it is interesting
to explore the distinguishability within each symmetry sector. In the next section, we will
address the interplay between symmetry and entanglement.

1.1 Symmetry-resolved relative entropy

Entanglement and symmetry are two pillars of modern physics. One interesting problem in
this context involves understanding the relationship between entanglement and symmetry.
The presence of symmetry can impact the distribution of entanglement. It’s important
to explore how entanglement is distributed within the symmetry sectors of a theory. One
of the main tools used to study this is the symmetry-resolved entanglement entropy [36],



which determines the contribution of each symmetry sector associated with a given global
symmetry to the total entanglement entropy.

More generally, in the presence of a global symmetry, the density matrix p of the total
system commutes with a conserved charge Q, 2 Q] = 0. By tracing over the degrees of
freedom of the subsystem A, we find that [p4, Q Al = 0, where Q4 is the total charge in the
A subsystem. This means that the reduced density matrix p4 can be decomposed into block
diagonal form associated with each charge sector,

pa =P P(Qa)pa(Qa), (1.5)
Q
and the charged partition function becomes
) ™ da i
Zu(Qa) = Tl = | =2 (a)e 9, (1.6)
—Tr

)
where Z,(«) is the so-called charged moment. HE4Q denotes the projection into the subspace

of states of region A with charge Q 4. Symmetry-resolved Rényi entropies are defined as,

1 Zn(QA)
Sn = lo [ y 1.7
and symmetry-resolved entanglement entropy is obtained as,
S(Qa) = lim Sn(Qa). (1.8)

Probability is then recovered as P(Q4) = Z1(Q4). Regarding the decomposition of the
reduced density matrix (1.5), the total entanglement entropy can be divided into two terms,

Se =) P(Qa)S(Qa) =Y P(Qa)log(P(Q4))
Qa Qa
=S¢+ 9™, (1.9)

S¢ represents the configurational entropy [37], which is defined as the weighted sum of the
entropies in each sector. On the other hand, S™, known as the number entropy [37-40],
quantifies the entropy caused by the fluctuations of charge within subsystem A.

Over the past few years, this subject has been the focus of intense research activity,
including studies on topics such as 1+41-dimensional conformal field theories [36, 41-48].
Additionally see [49-59] for further references. One main feature emerging from the literature
is that, due to conformal invariance, the entanglement entropy is equally distributed among
different sectors. Strictly speaking, at the leading order, the symmetry-resolved entanglement
entropy is independent of the charge sector.

Similar to symmetry-resolved entanglement entropy, the concept of symmetry-resolved
relative entropy (SRRE) can be defined [60, 61]. Symmetry-resolved relative entropy provides
measures of the distinguishability of two states within the same symmetry sector. For
two reduced density matrices, denoted as p and o, the symmetry-resolved relative entropy
corresponds to each sector () defined as

D(p(Q)llo(Q)) := Tr[p(Q) (log p(Q) — log a(Q))] - (1.10)



The symmetry-resolved relative entropies satisfy the sum rule,

Dipl) = 2 PAQDAQIo(@) + L (@ )1o8 (1.11)

where PP(Q) = tr (pHQ) and P7(Q) = tr (O’HQ). From a replica perspective, the symmetry-
resolved relative entropy can be obtained as the replica limit n — 1 of the n-th Rényi
entropy of the sector @,

O.n—l
D(Q)|I7(@)) = —0n g (T‘” (eQ) m) . (1.12)

trp™(Q)

The interesting question that motivated this work is: what is the thermalization process
in individual system charge sectors? Quantum thermalization in isolated many-body systems
with global symmetry, and the charged black hole information problem, motivate us to study
the relative entropy of symmetric random quantum states. A more fundamental quantity
in this context is the symmetry-resolved relative entropy. It not only encodes information
about the interplay between symmetry and entanglement, but also provides the statistical
distance between two states in a given symmetry sector. In this work, we investigate the
symmetry-resolved relative entropy in the Haar-random states with a U(1) symmetry. Since
X is a Gaussian random variable, all of its moments can be decomposed in terms of its
second moment. Using the large-N diagrammatic techniques, we derive explicit analytic
formulas for the corresponding symmetry-resolved Page curves and symmetry-resolved relative
entropy. This paper is organized as follows: in section 2, we introduce the U(1) symmetric
random states and evaluate the symmetry-resolved Page curve. In section 3, we evaluate the
symmetry-resolved relative entropy for the U(1) symmetric random states. A summary of
the results and further directions for research are included in section 4.

2 Symmetric random pure states

In this section, we will study an ensemble of Haar random pure states with a U(1) charge
and generator Q based on the diagrammatic approach [32-34]. Given a global symmetry,
the Hilbert space can be decomposed as:

"= P HQ). (2.1)
Q=0

where H(Q) denotes the eigenspace of the charge operator 0 corresponding to the eigenvalue
Q. The total charge @ of the whole system has an additive property and can be written as
the sum of the charges ¢ of its constituent subsystems. Therefore, for the bipartite system,
AA, a projector with a given charge @ for the whole system can be written in terms of the
projectors of its constituents A and A subsystems as follows:

A(Q) _ (a4) o 11(@
9= Y mrerny. (2.2)
qA+qz= Q



As a result, the Hilbert space H(Q) can be decomposed as
Q
H(Q) = P Hala) @H (2, (2.3)
q=0

where H 4(q) represents the eigenspace of the charge operator Q A with an eigenvalue ¢, and
H 7(g) denotes the eigenspace of the charge operator Q 4 with an eigenvalue ¢ = Q —¢. In the
upcoming discussion, we will utilize the random matrix formalism and large- N diagrammatic
techniques [32-34] adapted for symmetric random states to derive symmetry-resolved Page
curves and symmetry-resolved relative entropy for this class of random states.

Let’s begin with a symmetric Haar random pure state ]\I/(Q)> with a definite charge @
on a bipartite Hilbert space H(Q), i.e., [I(@) |@(@)) = 5o | U@,

da(a),dz(q) -
@)= 3T X[ lig) 4 ® lag)s, (2.4)
qJ:éO;Q
where {|ig) ,} and {|ag) 5} are orthonormal bases for the sub-Hilbert spaces Ha(¢) and H 5(q)
with dimensions d4(q) and d3(q), respectively. We will assume that these sub-Hilbert spaces
are independently large. The dimension of H(Q) is d(Q) = dimH(Q) = >, da(q)d4(q)-

The coefficients Xi(qq:gz;’s are independent complex Gaussian random variables within the
symmetry sector. Their joint probability distribution is defined as’

PHX"DY) = 2(Q) " exp [~da(q)d(g) Tr (X @D X @0T)] (2.5)
where Z(Q) is the normalization factor. X (@:9) represents the rectangular matrix whose
elements are Xff”g?j in the basis {|iq) ,} and {|ag) 5}

It is worth noting that the joint probability P(X) (eq. 2.5) is not the only joint probability
that is compatible with the Haar measure. In fact, there exist multiple joint distributions
that align with the uniform Haar distribution. An arbitrary random state can be represented
in a fixed basis as shown in eq. (2.4). In this representation, the set of coefficients X, can
be viewed as rows (or columns) of a unitary random matrix X that is distributed according
to the Haar measure. The choice of distribution for these coefficients depends on the specific
ensemble under consideration. If the joint probability distribution P(X) remains invariant
under the transformation X — UXU ™!, where U is a unitary matrix, then P(X) can be
expressed as a function of the traces of powers of X. A common choice is:

P(X) x exp(—tr V (X)), (2.6)

where V(X)) is an even-degree polynomial with a positive leading coefficient to ensure proper
normalization and convergence [1].

The additivity of the symmetry charge implies that any reduced density matrix pa
obtained from a symmetric pure state |¥(?)) through partial tracing, p4 = Tr; |¥(@)) (T(@)|,

In general, we define the ensemble of random states |¥(?) drawn out of the uniform Haar distribution
over the set of all states in H(Q). Within this subspace, we randomly select random pure states using a
distribution of complex Gaussian random variables.



is also symmetric and can be expressed as shown in equation (1.5). The random reduced
density matrix on H4(q) is therefore given by

X (@0 x (2.9t
C Tr(X @) X (@)t

pa(q) (2.7)
The reduced density matrix p(q) is a square matrix of size d4(q) X d4(g). The denominator
is included to ensure the normalization condition Tr(pa(q)) = 1.

In the limit of a large Hilbert space dimension, where d4(q) and d 5(¢) tend to infinity

while maintaining a fixed ratio Kk = gj_ Eg’ the denominator becomes sharply peaked around

unity, satisfying
Tr(X(q,ti)X(qyli)T) — 146 (2.8)

This approximation arises from a crucial point: the normalization factor Tr(X (49 X (2:@1) in
eq. (2.7) is a random variable whose fluctuations around its mean value 1 is negligible to the
leading order in 1/(da(q)d 5(q)) [34, 62]. Therefore, to the leading order, the denominator
can be replaced by its mean value,

Tr(X (@D X @Dy 5 1 (2.9)
leading to the approximation
palq) ~ XD x @D, (2.10)

This results in the Wishart ensemble’s definition on each symmetry sector, establishing a direct
connection between the symmetry-resolved reduced density matrix and the Wishart ensemble.

The asymptotic behavior of the reduced density matrix (2.10) is essential for simplifying
calculations in large-dimensional Hilbert spaces, where fluctuations become negligible. In this
limit, the eigenvalues of the reduced density matrix are approximated by the eigenvalues of
the Wishart matrix. However, fluctuations in the denominator lead to corrections of the form
(1/da(g)d ). The impact of the normalization factor in eq. (2.7) is discussed in [34, 62],
revealing that higher-order corrections to the entanglement negativity spectrum and two-point
correlator deviate from those predicted by the Gaussian Unitary Ensemble (GUE).

In a diagrammatic language for random states the representation of the matrix element
of the pure state density matrix p = |U(@) (U(@)] associated with the symmetry sector
is as follows:

da(q),dz(9)

_ (0,9) - (a.0)*
[p]iqaévjqﬂé - Z Xiqvazinq/ﬁq/
i7j7a7/6
Q+q:Q7q/+q/=Q
da(9),di(0) i 0q Batdar
> ! A (2.11)

’L"j7a7/8
q+3=Q.,¢'+7'=Q

The left and right pairs of lines represent the bra and ket states, respectively. The solid
and dashed lines correspond to subsystems A and A, respectively. To the leading order in



(1/da(q)djg)), the reduced density matrix in the sector given by ¢ is obtained by taking
the partial trace over H ;(q)

pa(q) ~ Z ZXiq,aq qu,aq lig) (Jal, (2.12)

Z'q7jq g
with § = Q —q. In diagrammatic formalism, by definition, matrix manipulations are performed
at the bottom edge of the diagram, while ensemble averaging is done at the top of the diagram

with appropriate propagators carrying weight. For instance, the matrix elements of the
density matrix pa(q) are

dﬁ(‘j) ( _) ( _) iq Qg Qg jq
9,9 q,9)* [ __ I I
[pA(q)]injq = Z Xiqyati qu,aq b eTTmm ‘ : (2]‘3)
Oéq:l
and the propagators are represented as
dqq'Ogq' 5iqjq/ 50«16@/

da(q)d4(q)

These renormalization factors ensure that p4(q) has a unit trace on average. Then, take

v \ e <XKQ7(§)X(qlvq/)*> =

1q,0q qu 7/Bq/

(2.14)

the trace of the density matrix pa(q) as follows:

(Trpa(q)) = =da(q) dz(q) dA(q)ldg((j) =1, (2.15)

The quantum numbers for each symmetry sector are explicitly displayed on the lines. Each
closed loop, whether solid or dashed, contributes a factor equal to the dimension of the
corresponding sector. It’s important to note that, according to the diagrammatic rules for
averaging, we must sum over all possible contractions of the bras and kets. Furthermore, for
every insertion of the density matrix, we incorporate a factor of (da(q)d4(q))* .

2.1 Symmetry-resolved Page’s curve

To compute the ensemble average of the symmetry-resolved relative entropy, we first need to
compute the ensemble average of the symmetry-resolved Rényi entropy. This can be done by
representing the symmetry-resolved Rényi entropy diagrammatically as shown below:

tr[pZ]ZILiiiw—JL,,JL.“JL,,J‘. (216)

Ensemble averaging involves summing all possible contractions of the same type of bra and
kets with each other. We assume that the dimensions of the sub-Hilbert spaces are large,
with da(q),d ;(q) x N — oo, but their relative sizes, da(q)/d 5(¢), are finite. In this limit,
the dominant leading diagrams that maximize the number of loops are planar diagrams.
In the double-line notation, these diagrams correspond to the standard large-N topological
expansion. In the context of enumerative combinatorics and probability theory, planar
diagrams correspond to non-crossing permutations. As an example, for n = 2, we have

Te(pa(@)® = | Lt (2.17)




The ensemble average is calculated by summing the two possible contractions:

Trpa(q)? =

(2.18)

(2.19)

Similarly, the higher moments can be computed by contracting various bras and kets of the
same type with each other. In general, the sum runs over all possible contractions, so the
moments can be expressed as a sum over the permutation group

GOL @ 2= (da(g)T ) (d4(2)°, (2.20)
TESK

where C(-) represents the number of cycles in the given permutation and 7 denotes the

cyclic permutation. Each permutation corresponds to a diagram, with the cycle structure
determining which bra is contracted with which ket.

For example for n = 2, in eq. (2.18), the first diagram depicts the identity permutation,
where each bra is contracted with its corresponding ket. In contrast, the second diagram
illustrates the swap permutation, where the bra from the first density matrix is contracted
with the ket from the second density matrix, and vice versa. In this case, the number of
loops is C(n™1 o 7) =2 and C(r) = 2. These two permutations represent all the elements
of the symmetric group So.

Similarly, we can consider the case for n = 3. In eq. (2.19) the allowed permutations are
denoted Within each diagram, we count the number of loops with each loop contributing a
factor of the Hilbert space dimension. Once again, the first diagram represents the identity
permutation where each bra is contracted with its corresponding ket. In the second diagram,
the bra of the first density matrix is contracted with the ket of the second and vice versa,
while the third bra is contracted with its corresponding ket. The coefficient, 3, denotes the
number of permutations which yield the same diagram. In the third diagram, the contraction
is as follows: the bra of the first density matrix is contracted with the ket from the second
density matrix, the bra of the second density matrix is contracted with the ket from the third
density matrix, and finally, the bra of the third density matrix is contracted with the ket of
the first density matrix. In this case, the number of loops is C(n~1o7) =3 and C(7) = 1.
These permutations belong to the symmetric group Ss.

When the sub-Hilbert spaces are large, the contributions from non-crossing permutations
become dominant. In other words, these transformations maximize the expression C(n~! o



7) + C(7). For non-crossing permutatlons we have C(n~! o 7) + C(7) = n + 1. The number
of such permutations with C(n~! o 7) = k is given by the Narayana number [63, 64].

1(n n
w20 -

Thus, the sum in equation (2.20) can be re-expressed as:

Tr(pal@)" = 7 ZNnk (da(g)*(d4(q)" "
= (da(q))" "oy (1 —n,—n;2; ngg;) , (2.22)

where oF) is a hypergeometric function. This expression gives the the symmetry-resolved
Page’s curve [65-67).

da(q)
2d4(q)’

This expression characterizes the ensemble average of bipartite symmetry-resolved entan-

Sa(q) = logda(q) — (2.23)

glement entropies for ensembles of Haar-random pure states with a U(1)-symmetry. This
result can be interpreted in the context of the information paradox in charged black holes [68]
or thermalization in each symmetry sector.

3 Symmetry-resolved relative entropy of random states

By using a replica trick (1.12), we can compute the symmetry-resolved relative entropy.
In the case of relative entropy, we have two distinct symmetry-resolved density matrices,
pa(q) and o4(q), associated with the symmetry sector q. These matrices must be averaged
separately within the ensemble. To avoid confusion, we use black and red colors to represent
pa(q) and o4(q), respectively.

To calculate the symmetry-resolved relative entropy, we need to determine the diagram
that represents the overlap between symmetry-resolved density matrices raised to arbitrary
powers. For example, when considering two density matrices we will have diagrams like:

Tr(palg)oale) = |- L)' - (3.1)

There is only one term for the ensemble averaging process, as the black and red lines are
averaged separately.

Tr(pa(q)oa(q)) =

The above expression yields d;ll(q). For higher powers of ¢4, we have the following diagram:

a _ 9 _ g 4
Tr(pa(q) (0a(g)" ™) = |c-Toi Lo 7 geop (3.3)




Due to the presence of only one copy of pa, and the disallowance of contracting the black
and red indices during ensemble averaging, we need to contract the first density matrix with
itself. As a result, the summation runs only over a subgroup of permutations that stabilize
the first element (black lines) and permute the red lines, denoted as 1 x S,_;. This can
be inferred from the following diagram:

N . i 9 -
i LqJL---JL?J‘ N S T S SV (3.4)

The ensemble average for higher powers of 04 can be expressed as a sum over the broken
permutation group, 7 € 1 X S,_1.

Tr(pA(q)(GA(Q))"‘1)=W>< S (@da(@)C N (dg@)°0. (3.5)
TELIXSH_1

To maximize the exponent, we should maximize the number of loops in the diagrams. The
diagrams that maximize the total number of loops are noncrossing ones that only act on the
(n—1) red indices. The number of such non-crossing permutations NCy,_; with C(n~to7) = k
is given by the Narayana number N,_; ;. Therefore, we can rewrite the sum as:

1 n—1

m X kz::l Nn*lvk(dA(Q))k(dA((j))"'i‘l—k’

The above expression can be written as a hypergeometric function

Tr(pa(q)(oalq))nt) =

@@ "R (1-n,2- 02 548 dalq) < (d4()
Tr oa(Q)" ) = d;(2) i
Pl et {(dﬂq))“(dA(q))lel (1-n2-m2 ), da@) > 4@
(3.6)
Taking the n — 1 limit, we find
lim +——log (Tx(pa(a) (7a(a))" ")) (3.7)
_ {1og (da(a) +1+ (7 —1)log (1 - 2(8) . dale) <di(@) 58)
00, dz(q) < dalq)

Therefore, the ensemble average of the symmetry-resolved relative entropy is obtained by?

dale) (4400 da(q) :
L+ gty + (70— )es (1-24) . dale) <da@) (3.9)
. 4a(@) > d5(@)

This formula represents the final result of symmetry-resolved relative entropy for Haar

Y

D(palloa) = {

=y

random states. It shows that quite generally equipartition is broken, i.e. it depends on
the symmetry sector q.

When the ratio da(q)/d;(q) is very small, da(q)/d;(g) < 1, the symmetry-resolved
relative entropy can be approximated as D(palloa) ~ da(q)/d;(g). This approximation

2In general, the ensemble average and logarithm do not commute, so a further replica trick is needed.
However, in the case of large Hilbert space dimensions, these operations approximately commute [32].

— 10 —



suggests that the symmetry-resolved density matrices become almost indistinguishable when
we have limited information about the symmetry sector, as we would expect. The symmetry-
resolved relative entropy increases monotonically as d4(q)/d 5(¢) increases, and it approaches
a value of 3/2 as da(q) approaches d;(g). This behavior reflects the monotonicity of
symmetry-resolved relative entropy under the partial trace.

For da(q) > d5(q), the symmetry-resolved relative entropy becomes infinite. This can be
understood as follows: in general, the quantum relative entropy D(p || o) becomes infinite
when the support of p lies entirely outside the support of o; that is, supp(pa) € supp(ca).
In such cases, the two states p and o are perfectly distinguishable, meaning there exists a
measurement strategy that can identify the state with zero error probability.

In the context of the symmetry-resolved relative entropy of random states, the Wishart
ensemble has a rank of at most min(da(q),d5(g)). When da(q) > d3(q), every reduced state
on Ha(g) in the ensemble will have a deficiency in rank, resulting in da(q) — d5(q) zero
eigenvalues. Consequently, the support of pa(q) will not be contained within the support
of 04(q). This is why the symmetry-resolved relative entropy becomes formally infinite
in this regime.

In the following, we will briefly discuss the implications of eq. (3.9) for quantum hypothesis
testing, which is one of the most fundamental processes in information processing. This
process represents the operational meaning of quantum relative entropy [69, 70]. Given a
quantum state that is either p or o, the goal is to determine which state is present using
quantum measurements. Quantum Stein’s Lemma states that the optimal asymptotic error
rate in distinguishing these states is given by e~P(l?) [69, 70]. When access to a quantum
system is limited to a sub-Hilbert space A, the error rate in hypothesis testing exhibits
distinct behaviors:

e« Majority access: if A spans more than half of the total Hilbert space, the error
probability asymptotically vanishes.

e Minority access: if A spans less than half the total space, the error probability
converges to a finite value, exponentially close to the maximal error rate.

This behavior arises from the interplay between system size and entropy. Larger accessible
subspaces provide more information about the quantum state, reducing uncertainty and
improving distinguishability.

This scenario can be adjusted to the case where there is global symmetry by implicating
it to symmetry sectors and giving operational meaning to symmetry-resolved relative entropy.
Let’s consider a state on H 4(q), which could be either p(q) or o(q), and we want to determine
which state we have been given. The refined quantum Stein’s lemma?® for each symmetry sector
tells us that determining which state we have is given by e~ P((@7(@)  Therefore, eq. (3.9)
indicates that if we only have partial information about the state in each sector (access to
sub-sector H 4(q)), for a measure one set of quantum states on each symmetry sector, the error
will either vanish if the sub-sector H 4(q) is larger than half the total sector Ha(q) @ H 5(q), or

3Here, we refer to the application of the quantum Stein’s lemma in the symmetry sector as a refined version
of the quantum Stein’s lemma.

— 11 —



it will be finite and exponentially close (in the entropy) to the maximal error rate if H4(q) is
smaller than half the total sector size. The lemma defines the optimal asymptotic error rate.

4 Conclusion

In this manuscript, we have utilized a large- N diagrammatic technique to calculate symmetry-
resolved relative entropies, which serve as a measure of distinguishability within a given
symmetry sector. Our focus has been on U(1) symmetric random states drawn from the
Wishart ensemble. By using the replica trick formalism, we have obtained the symmetry-
resolved Page’s curve and symmetry-resolved relative entropies. These results deepen our
understanding of the properties of these random states.

In general, we have found that relative entropies violate entanglement equipartition in
the symmetry resolution for Haar-random states. Our results have shown that within each
symmetry sector, in the Abelian case, the symmetry-resolved relative entropy monotonically
increases with d4(q)/d 5(¢) and reaches a value of 3/2 when d4(q) = d;(g). This behavior
demonstrates the monotonicity of symmetry-resolved relative entropy under the partial
trace. Moreover, we found that when da(q) > d ;(¢), the symmetry-resolved relative entropy
becomes formally infinite. This can be understood as follows.

For da(q) < dz(q), the symmetry-resolved reduced density matrices have full rank,
matching the rank of the Wishart ensemble, resulting in a finite symmetry-resolved relative
entropy. On the other hand, the symmetry-resolved relative entropy becomes infinite when
da(q) > dz(q) due to a rank deficiency in the entanglement spectrum. In this case, within
the Wishart ensemble, there are a finite number of states that are inaccessible to either
pa(q) or o4(q) due to a rank deficiency (zero eigenvalues) leading to different supports.
Consequently, this results in an infinite symmetry-resolved relative entropy. For instance,
if da(q) = d;(q) + 1, it indicates that there is a single zero eigenvalue in the spectrum of
the reduced density matrix. This suggests that a state is inaccessible to either p4(q) or
c4(q), leading to different supports for the density matrices and resulting in an infinite
symmetry-resolved relative entropy.

For instance, in the context of an evaporating black hole, the authors [71] utilized
asymmetry tools [72] to examine how asymmetry evolves in the emitted radiation. They
found that the emitted radiation remains symmetric until the Page time, even in the absence
of any inherent symmetry. However, shortly after this threshold, the radiation undergoes
symmetry breaking. This phenomenon can be understood within the framework of the
symmetry sector. Before the Page time, the radiation exhibits symmetry, which leads to a
finite symmetry-resolved relative entropy. After the Page time, global symmetry is broken,
and symmetric states are no longer present. This shift is evidenced by the infinite violation of
the symmetry-resolved relative entropy due to a rank deficiency in the entanglement spectrum.

The infinity of relative entropy for random states has also been observed in the work [32]
as well as in the context of holography and JT gravity [73]. In JT gravity, there is a finite
number of states accessible, resulting in a rank deficiency (zero eigenvalues) after the Page
time and an infinite relative entropy as discussed in the work [73]. Moreover, the abrupt shift
in the radiation from a symmetric to a nonsymmetric state has been observed in ref. [74]
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within the framework of a particular gravity theory, utilizing the replica wormhole formalism.
It is valuable to investigate these works through the lens of symmetry-resolved relative entropy.

It would be interesting to generalize our formalism to non-abelian random states [75], the
asymmetric case [72] for random states [71] or compute the Symmetry-resolved sandwiched
Rényi relative entropies [76] for random states. We will go back to these problems in the
near future.
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