p'I'Ep Prog. Theor. Exp. Phys. 2024 053A05 (18 pages)
DOI: 10.1093/ptep/ptac067

Shadow Hamiltonians of Structure-Preserving
Integrators for Nambu Mechanics

Atsushi Horikoshi*

Department of Natural Sciences, Tokyo City University, Tamazutsumi, Setagaya-ku, Tokyo 158-8557,
Japan
*Email: horikosi@tcu.ac.jp

Received March 18, 2024; Revised April 22, 2024; Accepted April 30, 2024; Published May 14, 2024

Symplectic integrators are widely implemented numerical integrators for Hamiltonian me-
chanics, which preserve the Hamiltonian structure (symplecticity) of the system. Although
the symplectic integrator does not conserve the energy of the system, it is well known
that there exists a conserving modified Hamiltonian, called the shadow Hamiltonian. For
the Nambu mechanics, which is a kind of generalized Hamiltonian mechanics, we can
also construct structure-preserving integrators by the same procedure used to construct
the symplectic integrators. In the structure-preserving integrator, however, the existence of
shadow Hamiltonians is nontrivial. This is because the Nambu mechanics is driven by mul-
tiple Hamiltonians and it is nontrivial whether the time evolution by the integrator can
be cast into the Nambu mechanical time evolution driven by multiple shadow Hamiltoni-
ans. In this paper we present a general procedure to calculate the shadow Hamiltonians
of structure-preserving integrators for Nambu mechanics, and give an example where the
shadow Hamiltonians exist. This is the first attempt to determine the concrete forms of
the shadow Hamiltonians for a Nambu mechanical system. We show that the fundamental
identity, which corresponds to the Jacobi identity in Hamiltonian mechanics, plays an im-
portant role in calculating the shadow Hamiltonians using the Baker—Campbell-Hausdorff
formula. It turns out that the resulting shadow Hamiltonians have indefinite forms depend-
ing on how the fundamental identities are used. This is not a technical artifact, because the
exact shadow Hamiltonians obtained independently have the same indefiniteness.

Subject Index A00, A20

1. Introduction

In 1973, Nambu proposed a generalized Hamiltonian mechanics, now called the Nambu me-
chanics [1]. He extended the phase space spanned by the canonical doublet (¢, p) to one spanned
by a multiplet (x, x3...., Xy), where N > 3, and using the Liouville theorem as a guiding princi-
ple, he generalized the Hamiltonian H to multiple Hamiltonians (Hy, H>,..., Hy _ 1), the Pois-
son bracket to the Nambu bracket, and the Hamilton equations to the Nambu equations. It
was later found that the Jacobi identity for the Poisson bracket should be generalized to the
fundamental identity for the Nambu bracket [2,3].

As an example of the Nambu mechanics, Nambu showed that the Euler equations for the
free rigid body can be derived from the Nambu equations [1]. We can find some interesting
applications of the Nambu mechanics, e.g. in fluid mechanics [4,5], string/M-theory [6,7], and
dynamical systems [8—10]. However, applications have been limited to some particular systems
so far, because the systems described by the Nambu mechanics should have multiple conserved
quantities as the Hamiltonians. Recently we have proposed a novel approach to the Nambu
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mechanics, the hidden Nambu formalism, and revealed that the Nambu mechanical structures
are hidden in any Hamiltonian systems [11]. For example, a Hamiltonian system of (g, p) with
a Hamiltonian H can be described by the N = 3 Nambu system of (x;, x2, x3) = (¢, p, ¢°)
with the Hamiltonians Hy = H and H, = x3 — x%. Here the second Hamiltonian H, works as
a constraint between variables. This formalism allows us to investigate the properties of the
Nambu mechanics in various systems including semiclassical systems [12—14].

As for numerical integration algorithms for solving ordinary differential equations, a number
of structure-preserving integrators have been proposed over the decades [15]. For Hamiltonian
systems, the symplectic integrators are well known, which are numerical integration algorithms
that preserve the Hamiltonian structure of the systems. The symplectic integrator can be con-
structed by splitting the Hamiltonian H into some pieces and composing the time evolution
operators associated with those pieces. Therefore, the symplectic integrator does not conserve
the energy, i.e. the original Hamiltonian H. However, it is also well known that the symplec-
tic integrator conserves a modified Hamiltonian, called the shadow Hamiltonian Hg, which is
slightly different from the original Hamiltonian [15,16]. The shadow Hamiltonians are in gen-
eral calculated order by order using the Baker—Campbell-Hausdorff (BCH) formula and the
Jacobi identity. For the harmonic oscillator, some exact expressions of the shadow Hamiltoni-
ans have been found by calculations without the BCH formula [17,18]. Since the existence of
the shadow Hamiltonian guarantees that the error of the original Hamiltonian does not grow
secularly, symplectic integrators have been used for long-time simulations of various Hamil-
tonian systems [15,16,19]. Symplectic integrators with various degrees of precision have been
proposed, and one can choose the integrators appropriate for the purpose (for the Python pack-
age, see, e.g. Ref. [20]).

On the other hand, for the Nambu systems, we can also construct structure-preserving in-
tegrators by the splitting and composing procedure used to construct symplectic integrators
for Hamiltonian systems [21]. Here we refer to those integrators not as symplectic integrators,
but using the more general name, because the Nambu systems do not have symplecticity. Sim-
ilarly to the symplectic integrators, the structure-preserving integrator preserves the Nambu
mechanical structure of the system but does not conserve the original Hamiltonians. However,
in contrast to the symplectic integrators, it is nontrivial whether the shadow Hamiltonians exist
in the structure-preserving integrator. This is because it is nontrivial that the time evolution by
the structure-preserving integrator can be described by a time evolution operator associated
with the shadow Hamiltonians. Indeed, it has been suggested in Ref. [21] that in the Nambu
system corresponding to the Euler equations for the free rigid body, there are no shadow Hamil-
tonians of the structure-preserving integrator constructed by splitting all the Hamiltonians.

In this paper we present a general procedure to calculate the shadow Hamiltonians of
structure-preserving integrators for Nambu mechanics. As an example where the shadow
Hamiltonians exist, we study a simple N = 3 Nambu system, a harmonic oscillator described by
three variables (x1, X2, X3) = (¢, p, ¢°), which is given by the hidden Nambu formalism [11,12].
We calculate the shadow Hamiltonians for this model using the BCH formula and the funda-
mental identity, and also we seek to find their exact expressions referring to the exact shadow
Hamiltonian of the symplectic integrator [17,18].

The outline of the paper is as follows. In Sect. 2 we give a slightly lengthy review of the
symplectic integrators and related issues to emphasize the similarities and differences between
the symplectic integrators and the structure-preserving integrators presented later. In Sect. 3
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we review the Nambu mechanics and present a harmonic oscillator system described by three
variables (x1, x2, x3) = (¢, p, ¢*) as an example of an N = 3 Nambu system. In Sect. 4 we
present in a general form how to construct the structure-preserving integrators for the Nambu
mechanics and how to calculate the shadow Hamiltonians. In Sect. 5, using the N = 3 harmonic
oscillator as an example, we show the details of the derivations of the shadow Hamiltonians
with some numerical results. Conclusions are given in the last section.

2. Hamiltonian mechanics

2.1.  Hamilton equation

Consider a one degree of freedom Hamiltonian system consisting of a set of canonical vari-
ables: x = (x1, x2) = ' (¢, p). Let H(xy, x;) be the Hamiltonian of the system, then Hamilton’s
equation of motion can be written as

df
=t (M)

for any function f(x1, x;). Here

d(4,B) 04 0B

d(x1, x2) éija_xigj

is the Poisson bracket and €, is the 2D Levi-Civita symbol.
For a variable transformation x — y, the equation of motion written in the new variable y

has the same form as in Eq. (1) if the transformation satisfies the condition

{4, B} = 2

_Ekl_]. = €jj. (3)

This is called the symplectic condition. The time evolution along the exact solution of the
Hamilton equation (1) satisfies this condition. Under the exact short time evolution x(¢)—x(¢ +
h), where h is a small time step, the infinitesimal phase space volume is conserved: dx;(¢ +
h)dx,(t + h) = dx(¢)dx,(t). This is the Liouville theorem, which follows from the property that
the velocity field x = dx/dt is divergence-free, div x = 0. The Liouville theorem can also be
derived from the symplectic condition (3).

2.2.  Symplectic integrators

Among various numerical integration schemes for Hamiltonian systems, the symplectic inte-
grators are the ones that preserve the symplecticity of the system [15,16]. We define the Liouville
operator Xy as

dH 0
Xy = €jj——, 4
" ejaxjaxi ()

and write the Hamilton equation (1) as df/dt = Xyf, then the short time evolution of f(¢) can
be formally written as

[t +h) = f(). (%)
In the case that the Hamiltonian is separable, H(x1, x;) = T(x») + V(x), the Liouville operator
Xy can be split into Xy = X7 + Xy, and each short time evolution can be evaluated as

T
X2 X2
wxy [ X1} X1
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Since these are exact expressions, each dynamics is symplectic.

Composing exact solutions (6)—(7), we can define various symplectic integrators for Xp. For
example, the well-known position Verlet integrator can be constructed by composing three ex-
act solutions,

OIVT = o347 IV o3 X7 (8)
Since symplecticity is preserved in each time evolution, this is a symplectic integrator. Using
the Trotter formula [16], the precision of this integrator can be evaluated as

N = 3 Y X 4 O(?), )

That is, the position Verlet integrator is a second-order symplectic integrator. This integrator
also has the important property of time-reversal symmetry: ®7)7 o ®/V7 = 1. In the same
way, we can construct another well-known second-order symplectic integrator, the velocity Ver-
let integrator: &, 7" = e Xv o hXr o o3 %V

2.3.  Shadow Hamiltonian

Although the symplectic integrator does not conserve the energy (the original Hamiltonian
H), it is known to conserve a quantity close to the original Hamiltonian. This means that the
product of exponentials can be represented by an effective Liouville operator X (taking the

position Verlet integrator (8) as an example),

i n
et — o2 X1 Xy o3 AT (10)

and there exists a modified Hamiltonian, called the shadow Hamiltonian Hg, such that X ¢ can
be written as
0Hgs 0

Xetr = XHS = Ei_/ga-
] 1

(11

The functional form of X, can be obtained using the BCH formula [15]. For example, applying
the second-order BCH formula to Eq. (10) yields

2

Xeer = X7+ Xy — /21—4([XT, (X7, Xv]l = 2[Xy, [Xy, XT]]> + O(h"), (12)

where [X, Y] = XY — YXis the commutator. The commutator of two Liouville operators can
be expressed in terms of a single Liouville operator,

[X4, Xplf = Xulf, BY — Xp{f, A} = {{f, B}, 4} — {{ [, 4}, B}
={/. (B, A}} = Xz [ (13)

Here we used the Jacobi identity: {{f, B}, 4} = {{f, A}, B} + {f, {B, A}} or {{f, A}, B} = {{f,
B}, A} + {f, {4, B}}. With either identity, we obtain the same result (13). Using Eq. (13) for
the BCH formula (12) and identifying Xerr = Xp, we obtain the shadow Hamiltonian Hyg for
the position Verlet integrator (8),

e A
He=H — ﬁ({{V, TV, T} — 2({T. V), V}) + 0. (14)

Although the original Hamiltonian H is not conserved in the time evolution by the position
Verlet integrator ®/ 7, the shadow Hamiltonian H is conserved.

4/18
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2.4. Example: Harmonic oscillator
We show an example of a harmonic oscillator,
) | Mo’

1
H(xi, x) = 2 + 1 (15)

This Hamiltonian is separable, H(x, x2) = T(x2) + V(x;1), where T'(x;) = (1/2m)x3 and
V(xi) = (mw?/ 2)x%, and the Liouville operator Xy can be split into Xz = X7 + Xy, where
XT = lXQi, XV = —ma)le— (16)
m " 0Xx 0X>
Here we consider the position Verlet integrator (8). Using the BCH formula (12), the shadow
Hamiltonian (14) can be evaluated as

Hs=H — th x5+ —h2 + O(h*). (17)

On the other hand, it can be shown by explicit calculatlon that the position Verlet integrator
conserves the following quantity [18]:

>
H.=H — —hx3. (18)
8m
Although H. is conserved, it is NOT the shadow Hamiltonian. That is, the Liouville operator

associated with H.,
1 w’h? d )
Xy =—(1-—)xo— — ma?x— 19
A m( 4 >x28 X1 xlaxz (19)

is not the effective operator Xcgr. The exact shadow Hamiltonian H in the case of the harmonic
oscillator has been derived by some authors [17,18],

Xetr = Xng = F(wh)Xu,, (20)
H{ = F(oh)H,, (21)
where the factor F(x) is given by

(n!)? 2 2 arcsin(3)
F(x) = Z =L (22)

(2n + 1)' wJ1— YT?
=1+ 1x2 + Lx“ + 0(x%) (23)

6 30 ’

for 0 < |x] < 2.

3. Nambu mechanics

3.1. Nambu equation

Nambu generalized the Hamiltonian mechanics by generalizing the canonical doublet ¢ and p
to an N-plet, where N > 3 [1]. Here we consider an N = 3 system: x =  (x}, X2, x3). Nambu
then generalized Hamilton’s equation of motion (1) to the Nambu equation,

d
dj; {f, H, G}. (24)
Here H and G are Hamiltonians, and {x, *, %} is the Nambu bracket,
A, B A 9B
{4,B,C} = H4EC) _ = €ijk 9495 o€ (25)
a(x1, x2, X3) Bxl 0X; Xy’

where € 1s the 3D Levi-Civita symbol. Nambu mechanics is an N-variable dynamics driven by
N — 1 Hamiltonians, and those Hamiltonians are conserved.

5/18

¥20z aunr 20 uo Jesn 1gINT Ag £80€29//S0VES0/S/¥202/8101e/de1d/woo dno-olwepede//:sdjy wolj pspeojumoq



PTEP 2024, 053A05 A. Horikoshi

For a variable transformation x — y, the equation of motion written in the new variable y
has the same form as in Eq. (24) if the transformation satisfies the condition
IV _ g, 26)
0Xx; 0X,, 0X,
This is similar to the symplectic condition (3), but not the same as it. The time evolution along
the exact solution of the Nambu equation (24) satisfies this condition (26). As with the Hamilto-
nian mechanics, the Nambu mechanics is divergence-free, div x = 0, and therefore the Liouville
theorem also holds in the Nambu mechanics.

€lmn

3.2.  Example: N = 3 harmonic oscillator

The systems described by the Nambu mechanics have been known only in limited examples,
such as the Euler equations for the free rigid body [1]. In 2013 we proposed the hidden Nambu
formalism and showed that systems extended to include composite variables can be described
by the Nambu mechanics [11,12]. As an example, here we consider a harmonic oscillator (15)
with N = 3 variables, one of them being a composite variable,

X|1=¢q, Xo=p, X3= qz. (27)
Defining two Hamiltonians as
1 mw?
H(x1, X2, X3) = %)é + =, (28)
G(x1, x2,x3) = X3 — X1, (29)
the Nambu equations (24) read,
d 1 d d 2
Exl = %xz, Exg = —mw’x, Ex3 = Exlxz. (30)

These are consistent with the Hamilton equations for ¢, p, and ¢*. The second Hamiltonian G
works as a constraint between variables, G = x3 — x% = Const. If we take the initial condition
x3(0) = x3(0) as satisfying the relation (27), then the constraint becomes G = 0.

4. Numerical integrators for Nambu mechanics
4.1. Structure-preserving integrators
In the Nambu mechanics, the condition in Eq. (26) holds instead of the symplectic condition
(3). In this paper we refer to the integrators that satisfy the condition in Eq. (26) as structure-
preserving integrators. To see how to construct the structure-preserving integrators, we consider
here an N = 3 Nambu mechanical system. The extension to the NV > 4 system is straightforward.
We define the generalized Liouville operator X, ¢ as

Xne = éfjk%}ig—j{%i- (31)
Then the Nambu equation (24) can be written as df/dt = Xy ¢ f and the short time evolution
of f(¢) can be formally expressed as

f(t+h) = e £(1). (32)

We assume that two Hamiltonians H and G are separable,

'In Ref. [21] Modin has considered an N = 3 Nambu system with separable Hamiltonians and presented
three types of integrators: one obtained by splitting H, one by splitting G, and one by splitting H and G.
In the present paper, we consider only the integrators obtained by splitting all Hamiltonians H and G. If

6/18
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H(x1, x2, x3) = Hi(x1) + Ha(x2) + H3(x3), (33)

G(x1, X2, x3) = G1(x1) + G2(x2) + G3(x3). (34)
Since Xu, 6, = Xu,.6, = Xu,.6, = 0, the Liouville operator Xy, ¢ can be split into
Xu.6 = Xn.6, + Xu 6, + X6, + X6, + X6, + Xy 6, (35)

We define the following three Liouville operators such that Xy ¢ = X7 + X» + X3,

8H2 8G3 3H3 an 0
X = X X 2 == - P 36
1 H,Gy + AHy, G, (sz 0x3  Ox3 dxp ) 0x; (0
0H;9G,  0H G5\ 9
2 3,61+ AH,.G (8X3 X1 ax; dx3 ) 9x2 7
0H, 0G» 0H, G, d
Yooy L x _ _ = 38
3 Hy,G, H, G (ax1 axZ 8X2 8X1> 8X3 ( )
Each Liouville operator gives the exact short time evolution as follows:
A, 3Gy 0H; 0G
X1 x1+h(a_x22ﬁ_fx;3_)fzz>
o[ | = - , (39)
X3) X3
X1 X1
X OH; 3G o, 3G
x| = X2+h<rgﬁ_ﬁﬁ) ' (“40)
X3) X3
(v o
th3 X2 — X2 . (41)
AH 9G, _ 0, 3G
Vo) oo (5 g5)

In each time evolution, the condition (26) is satisfied and the Liouville theorem holds.
Composing exact solutions (39)—(41), we can define various integrators for Xy . For exam-
ple, by composing five exact solutions symmetrically, we can construct an integrator,

ﬁXl

@122 _

X o 03% 6 o3 1. 42)

h
0e1%2 o M5 g g2

Since the condition (26) is satisfied by each step, the integrator ®}**! keeps the condition (26).
Therefore, CID}Z2321 is a structure-preserving integrator. This is a second-order integrator because
its precision can be evaluated using the Trotter formula [16],

by, by, b
M6 = 2N oM 03 X202 X0 L (1), (43)

This integrator also has the time-reversal symmetry: ®'22! o ®]232! = 1. We can construct a
total of 3! = 6 types of second-order structure-preserving integrators by composing five exact
solutions symmetrically.

we split only one Hamiltonian (e.g. /7) and not the other one (G), the resulting integrator is equivalent

to the integrator for a noncanonical Hamiltonian system % =J ,%% where the Poisson matrix J is
S OXOAj

defined by using G: J;; = ei‘,-kg'—g(. For the noncanonical Hamiltonian system, the shadow Hamiltonian

can be calculated using the same procedure as for Hamiltonian systems.
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4.2.  Shadow Hamiltonians
The product of exponentials can be represented by an effective Liouville operator X.i. For the
integrator ®)>1,

)i )/ J/ h
et — g1 X1p3 X233 X003 X1 (44)

The shadow Hamiltonians Hg and Gg are defined as

0Hs 0Gs 0
Xor = X, = Uk Xy Ax "
eff Hg,Gg El]k axj 3xk 8xi ( )

To derive the shadow Hamiltonians, let us write X in the form of Eq. (45). First of all, using
the BCH formula [15], X can be written as

hz
Xt = Xin.g — 5 (X0, (X0, ] + (X0, (X0, X]] + (X0, [Xa, Xs])

= 2[X, [X2, X1]] + [X2, [ X2, XG]] + [X2, [X0, XG]]
— 2[X;, [X3, X1]] = 2[XG, [ X5, Xo]] + 3[XG, [X, Xz]]) + O(h™). (46)

Replacing X, X>, and X3 by the sum of the original Liouville operators (36)—(38) and using
the notation X;; = X4, g,, Eq. (46) can be expressed as

h2
Xett = X6 — ﬁ([Xzs, [X23, X31]] + [X23, [X23, X13]] + [X23, [X32, X31]] + [X23, [X32, X13]]

+ [X32, [Xo3, X31]] + [X32, [Xo3, Xis]] + [X32, [X32, X31]] + [X32, [X32, Xi3]]
+ [X23, [Xo3, Xio]] + [X23, [Xo3, Xo1]] + [X23, [X32, Xio]] + [X23, [X32, Xoi]]
+ [X32, [Xo3, Xio]] + [X32, [Xo3, Xo1]] + [X32, [X32, Xio]] + [X32, [X32, Xoi]]
+ [X23, [X31, Xio]] + [X23, [X31, Xo1]] + [Xo3, [Xi3, Xio]] + [X23, [X13, Xoi]]
+ [X32, [X31, Xio]] + [X32, [X31, Xo1]] + [X32, [Xi3, Xio]] + [X32, [X13, Xoi]]
— 2[ X1, [X31, X3]] = 2[ X1, [XG1, X3l — 2[ XG0, [Xi3, Xos]] — 2[ XG0, [Xis, X32]]
— 2[X3, [X31, Xo3]] = 2[X13, [X51, X3o]] — 2[ X0, [ X3, Xos]] — 2[ X3, [X13, X32]]
+ [X31, [X51, Xio]] + [X31, [XG1, Xo1]] + [X31, [Xis, Xio]] + [X31, [Xi3, Xoi]]

+ [Xi3, [X51, Xio]] + [Xi3, [XG1, Xo1]] + [X3, [Xis, Xio]] + [Xi3, [Xi3, Xoi]]

+ [X31, [X23, Xio]] + [X31, [X23, Xo1]] + [X51, [Xa2, Xio]] + [X31, [X32, Xo1]]

+ [Xi3, [X23, Xio]] + [X13, [Xo3, Xoi]] + [Xi3, [Xa2, Xio]] 4 [ X3, [X32, X21]]

— 2[X12, [X12, X3]] = 2[X12, [X12, X32]] — 2[ X012, [X21, Xo3]] — 2[X12, [X21, X32]]
— 2[X01, [Xi2, Xo3]] — 2[X01, [ X2, X2]] — 2[Xa1, [Xo1, Xo3]] — 2[ X2, [X21, X32]]
— 2[X12, [X12, X311 = 2[ 1- [ [ ]
]

[

2[X12, [X12, X13]] — 2[
— 2[X51, [X12, X31]] = 2[ X1, [Xi2, Xis]] — 2[ X001, [Xo1, X51]] — 2[X01, [X21, XG3]]

[

[

2[X12, [Xo1, X51]] — 2[X12, [X21, Xi3]]

+ 3[X12, [X23, X51]] + 3[X12, [Xa3, X13]] + 3[X12, [X32, X31]] + 3[ X2, [X32, Xi3]]
+ 3[Xa1, [X23, X31]] + 3[Xa1, [X23, X13]] + 3[ X2, [X32, X31]] 4 3[Xa1, [X32, X13]]>

+ O(h*). (47)
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In order for Xt to be written in the form of Eq. (45), the second-order correction terms in
Eq. (47) must be represented by a sum of Liouville operators. In the case of symplectic integra-
tors for the Hamiltonian mechanics, we used the Jacobi identity to derive Eq. (13), whereas in
the case of the structure-preserving integrators for Nambu mechanics, we use the fundamen-
tal identity [2,3]. Let us consider how to represent [X4 5, [Xc p, XE r]] by @ sum of Liouville
operators, where 4 ~ F are any Hamiltonians. First, the commutator of X p and Xz ycan be
written as

[Xc.p, Xerlf = Xeolf, E, F} — Xe r{f, C, D}
:{{f’E7F}9C’D}_{{f’C’D}7E’F} (48)

If we use the fundamental identity for the first term in Eq. (48), {{f, E, F}, C, D} = {{f, C, D},
E Fy +{f,{E, C, D}, F} + {f, E, {F, C, D}}, then we obtain

[(Xc.p, Xerlf = <X{E,C,D},F + XE,{F,C,D})f- (49)

On the other hand, if we use the fundamental identity for the second term in Eq. (48), {{f, C,
D}, E, Fy ={{/,E, F}, C,D} + {/,{C, E, F}, D} + {f, C, {D, E, F}}, then we obtain

[Xcp, Xerlf = < — Xic.E.Fy.D — Xc,{D,E,F})f- (50)

That is, the expression of [X¢, p, Xg r] is not unique and depends on which term in Eq. (48) the
fundamental identity is used for. Here we choose the first term in Eq. (48) and proceed with the
expression (49). Then we have

[Xa.8, [Xc.p. Xp pllf = [Xa,5. Xig.c0).F1f + [Xap Xerom)]f, (1)

where
[Xa.8. Xie.coprlf = {f AE. C, D}, F}, 4, By — {{f, 4, B}, {E, C, D}, F}, (52)
[Xa8, Xeqrepl/ ={/f, E,{F.C,D}}, 4, B} = {{f, 4, B}, E, {F, C, D}}. (33)

Here we should make two more choices on the use of the fundamental identity. If we use the
fundamental identities for the first terms in Egs. (52) and (53), we get

(X4, [Xep, Xerllf = (X{{E,C,D},A,B},F + Xe.c.py,(F.4.8 + X(E,4.B).(F.CD} + XE,{{F,C,D},A,B})f-

(54)

There are a total of three two-choices for the use of the fundamental identity, and therefore the
term [X 4. 5, [Xc. p» Xg. 7]]f has 2° = 8 types of expressions. Expressions other than Eq. (54) are
as follows:
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[X4.8, [Xcp, Xe Fllf

= \Xye.c.py,4,8.F + X£,C.D),(F 4,8 — X{4,E.(F.C,D}},B — XA,{B,E,{F,C,D}})f, (55)

— X (e,c.0),F),.B — Xa,B,(E.C.D),F) + X(£,4,B),(F.c.0y + XE, {{FCD}AB}) (56)

o (59

— X{C.E.F}.4,B,D — X(C.E,F}.{D,4,B) — X{C,4,B).{D.E.F} — XC.{{D,E,F}. 4 B})
)1 (9

( X e.c.p).F),B — XaB(E.C.D}.F) — X E(F.c.0).B — Xa,BEF.coy )fs  (57)
< XycE Fy.4.8.0 — X(C.EF).(D.A B + Xia,cD.E.F}).B + XA,(B.C.(D.E.F})

= \Xu,ic.e.F).0).B + Xa,(BiC,E.F).D} — X{C,A,B).{D.E,F} — XC,{{D,E,F},A,B})f, (60)

<X{A (¢.E.F),0),B + Xa(BiC.EF).D) T Xia,c.(D.E.F}).B + X4, BC{DEF}})f (61)

Using some of the expressions given by Egs. (54)—(61), we can represent the second-order cor-
rection terms in Xegr (Eq. (47)) by a sum of Liouville operators.

If the shadow Hamiltonians exist, X should be written as per Eq. (45). In the case of the
symplectic integrator for Hamiltonian mechanics, the effective Liouville operator X can be
written in the form of Eq. (11) and the shadow Hamiltonian Hy is uniquely determined as
in Eq. (14). On the other hand, in the case of the structure-preserving integrator for Nambu
mechanics, it is nontrivial whether X (Eq. (47)) can be written in the form of Eq. (45). It
seems to depend on the model. In the next section, we consider a simple model and try to find
the shadow Hamiltonians.

5. Example: N = 3 harmonic oscillator
Taking the N = 3 harmonic oscillator presented in Sect. 3.2 as an example, let us construct the
structure-preserving integrators and derive the shadow Hamiltonians.

5.1.  Structure-preserving integrators
For the N = 3 harmonic oscillator system, two Hamiltonians (28)—(29) are separable,

H(x1, x2, x3) = A(x3) + B(x3), (62)
G(x1, x2, x3) = C(x3) + D(x1), (63)
where
A = 53 Bl = ", (64)
C(x3) = x3, D(x1) = —x7. (65)

Setting Hy =0, H, = A, Hy; = B, G| = D, G, =0, G3 = C, the Liouville operator Xy ¢ can be
split into Xy ¢ = X1 + X2 + X;, where

1 0
Xi=Xyc=—x2—, (66)
m "X
0
X2 XBD = —ma) X1, (67)
3X2
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2 d
X3 = XA,D = —X1X2—. (68)
m 0X3
Here X; and X5 correspond to X7 and Xy in Egs. (16), respectively. Each Liouville operator

gives the exact short time evolution as follows:

X1 X1 + %/’I)Q
Ml x| = X , (69)
X3 X3
X1 X1
M x| = | xo — mo?hx |, (70)
X3 X3
X1 X
I x| = X2 . (71)
X3 X3+ %hxlxz )

Composing five exact solutions symmetrically, we can construct a total of 3! = 6 types of

o . 1232l 13231 31213 523132 H21312
second-order structure-preserving integrators: ®,°“" (Eq. (42)), ®,°", ®;'77, &;°°%, &.7°°7,
and ®;*'% It should be noted here that X; = X7 and X, = Xy, and they do not depend on x;.
That is, the time evolution of x3 is decoupled from the time evolutions of x; and x,, and the

relationship with the symplectic integrator &/ "7

written as follows:
X1 X1 X1 X1
q)llzzm( ) _ <I>,113231< ) _ @,311213( ) _ thTVT< ) (72)
X2 X2 X2 X2

23132 X1 21312 X1 32123 [ X1 vTv [ X1
j, (x2> = ) <x2> =, (x2> =, (x2>- (73)

5.2.  Shadow Hamiltonians

Here we consider the integrator ®,*?!. Using Hy =0, H, = A, Hy = B, G = D, G, = 0, G3
= C and noting that some commutators are zero in the present case, [ X1, [X], X3]] = [X>, [X2,
X3l = [ X3, [ X5, Xq]] = [XG, [XG, Xa]] = [XG, [XG, X2]] = 0, Eq. (47) can be simplified as

h2
eff = AH.G — 5, A,Cs | AA4,Cs ABD A,Cs | AB,Ds AA,D
Xeir = X, 22 (Xac. Xac, Xpoll + [Xac. [Xap, Xanl]

or @7 for the harmonic oscillator can be

— 2Xp, [Xp.0, Xa.cll+ Xz.0, [Xa.c Xaoll) + O, (74)

Then, by using the fundamental identity three times, we have 23 = 8 types of expressions of the
double commutators (54)—(61). For example, for the double commutator [ X4, ¢, [X4. ¢, X3 pl]
in Eq. (74), Egs. (54) and (56) give X’ B— 22 whereas Egs. (55), (57)—(61) give X 2 The other
three double commutators in Eq. (74) also have two different representations. The results can

be summarized as follows:

[XA,C’ [XA,Cv XB,D]] = XB,—%xé or XﬁY2 c’ (75)
m m v2

[Xa.c. [XBD, Xapll = Xy 222 OF X—éxg,p , (76)

[XB,D’ [XB,D» XA,C]] = XB,—szx% or me“x%, C > (77)
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[Xb.0. [Xa.co Xapll = Xyg 2023 O X 25 - (78)

There are various possible representations of X. If we choose
[(Xac. [Xac, Xppll =3Xp 2 0 —2X2 s ¢ (79)
[Xa.c. [Xpp, Xapll = X_ 25 (80)
(X0, [X. Xacll = X2 ¢ » (1)
[Xs.p, [Xac, Xapll =X 025 s (82)

then Eq. (47) can be rewritten as follows:

Xett = Xu6+ Xy 1 g+ X2 + O(hh), (83)

hz 2+mw ]’) 2 G
12m 2
where we used X, _ 20 = 0 and me xf, p = 0. Therefore, if we choose Eqgs. (79)—(82) the ef-
fective Liouville operator for the integrator ®»31;(/) can be written as Xerr = Xp g, With the
shadow Hamiltonians:

Hs=H —h2 —h2 o’ 84
s = H+ o3 4+ T i + OU°) (84)
_ 1 2 4

GS_G+4 Shx 34+ O(h"). (85)
Note that these shadow Hamiltonians are not unique. For example, if we choose
[Xa.c. [Xac. Xppll=Xp_2 a2, (86)
[Xa.c. [ X, Xapll = Xy 2022 5 (87)
[XB.p, [Xp.D: Xa.cll = Xp 24202 (88)
[XB.p, [Xa.c: Xapll = Xy 2022 (89)

and use X A-2 = 0, then we obtain other types of shadow Hamiltonians:

Hs = H + O(h"), (90)
1 R 4
Gs = G+ ' — —=Ixi + O, 1)

We refer to the shadow Hamiltonians calculated using the BCH formula as the BCH shadow
Hamiltonians. Although we could calculate the BCH Hamiltonians here, they have indefinite
expressions.

5.3.  Conserved quantities and exact shadow Hamiltonians

It can be shown by explicit calculation that the structure-preserving integrator ®;**! conserves
the following quantities:
H. =H, 92)
LT
G, =G+ —hx3. (93)

4m?
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Although H. and G, are conserved, they are not the shadow Hamiltonians. That is, the Liouville
operator associated with H. and G.,
Xy g = l (1 — ﬂ) xzi — ma)lei + %xlxzi, (94)
T m 4 X ox, m 0x3
is not the effective Liouville operator Xeg. Since ®}%*! = &IV for the time evolutions of x;
and x; as shown in Eq. (72), the x- and y-derivative terms in the effective Liouville operator X
for )22 must agree with the effective Liouville operator (20) for 777 From this consistency
condition, we have
Xetr = F(wh) X, ., 95)
where the factor F(x) is the same as in Eq. (22). The exact shadow Hamiltonians H§ and G
are given by identifying Xerr = Xp¢, gy However, depending on the way to distribute the factor
F(wh) to H. and G,, the exact shadow Hamiltonians take different forms. In general, we can
define them with a real parameter «,

e o 0(6!)2 ama)4
H¢ = F(wh)*H. = H + ﬁhzxg + Thzxg + O(h*), (96)
1 1 — o)’ I — a)o?
G5 = F(@h)'™“G. = G+ 1™ + %hz)q - %h%& +O(hY). (97

On the other hand, for the BCH shadow Hamiltonians, we noted that there is arbitrariness due
to the choices for the use of the fundamental identity. Here we represent the effective Liouville
operator (74) as

Xerr = aXer + (1 — o) Xegr (98)
with a real parameter «. Using Egs. (79)—(82) for the first term o X and using Egs. (86)—(89)
for the second term (1 — o) X.fr, the effective Liouville operator can be written as Xerr = Xpg g

with the shadow Hamiltonians:

4
oamew
- Wx

2
— Qw2 2 2 4
Hs = H + o100 + == 1P + O(1), (99)
Gom G+ ey @ Lm@e 2 1 oy (100)
STV T " 2T g 2 6 ol '

If we replace x3 in the third term of Eq. (96) using G¢ = Const, replace x3 in the third term of
Eq. (97) using HS = Const, and neglect the constant terms, then the BCH shadow Hamiltoni-
ans (99)—(100) are consistent with the exact shadow Hamiltonians (96)—(97) up to the second
order of /.

Both of the BCH shadow Hamiltonians and the exact shadow Hamiltonians have indefinite
forms parameterized by «. The parameter « is unphysical and vanishes in the effective Liouville
operator Xer (Eq. (95) or (98)), i.e. the effective dynamics df/dt = X.if does not depend on the
parameter «. This indefiniteness would originate from the multi-Hamiltonian structure of the
Nambu mechanics.

5.4. Summary of the second-order integrators

So far we have considered one of the second-order structure-preserving integrators ®}*2! for
the N = 3 harmonic oscillator described by the three variables (27). We have calculated the
BCH shadow Hamiltonians, and found conserved quantities and the exact shadow Hamiltoni-
ans. Similar analyses can be performed for the other five integrators. In Table 1 we summarize
the results of the conserved quantities H. and G, for six integrators. Note that the conserved
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Table 1. Conserved quantities H, and G, of the second-order integrators for the N = 3 harmonic os-
cillator described by variables (x1, X2, X3) = (¢, p, ¢°). The exact shadow Hamiltonians can be given by
H¢ = F(wh)*H,and G5 = F (wh)' "% G, with a real parameter .

H, G,
@32 H G+ 11X
@321 H G+ hx)
;121 H - 4“’—,,214h2x§ G- ﬁhzxg
21302 H - mt 23 G

A H = g 6

;2123 H+ %hzxf G+ %thxf

0.008 . , . , .

T T T
original Hamiltonian
I conserved quantity - - - - - 1
0.004 |

-0.004

T
1

-0.008 _ . '

Fig. 1. Time evolutions by ®;2!%*: The error in the original Hamiltonian H(r) — H(0) (solid line) and the
error in the conserved quantity H.(¢) — H.(0) (dashed line).

quantities are the same in and ®}32*!. This is because they give the same time evolution,
@22 x(1) = @331 x(¢). For the same reason, the conserved quantities in the integrator ¢213!2
are the same as those in ®7°'*2. The exact shadow Hamiltonians have indefinite expressions,
and they can be given by H% = F(wh)* H, and G¢ = F(wh)' ™G, with a real parameter «.

12321
th

5.5.  Numerical results

Finally we give a numerical demonstration of a second-order integrator constructed in this
work. We present here the results of one of the six integrators, ®;2!2*. The original Hamiltoni-
ans H and G are given in Egs. (28)—(29), the conserved quantities are H. = H + %hzx% and
G.=G+ %thxf, and the exact shadow Hamiltonians can be written as H = F(wh)* H, and
G;=F (wh)' ™G, with a real parameter «. Here we set the parameters m = w = 1 and the
small time step 2 = 0.1. We evolve the harmonic oscillator in time by 7 steps using the integra-
tor ®;*'*} with initial conditions (x;(0), x2(0), x3(0)) = (1, 1, 1), and obtain numerical solutions
x3213(7) = (9;212%)"x(0), where 7 = nh. Then using the solutions x*2'?*() we evaluate the orig-
inal Hamiltonians H(z) and G(¢) and the conserved quantities H.(¢) and G.(z). Figure 1 shows
the error in the original Hamiltonian, H(¢) — H(0), and the error in the conserved quantity,
H (1) — H.(0). Figure 2 also shows the errors in the original Hamiltonian, G(¢) — G(0), and in
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0.008 . , : :

| 4 T
original Hamiltonian
r conserved quantity - - - - -

0.004

-0.004

-0.008 —_ S '

Fig. 2. Time evolutions by ®;*!**: The error in the original Hamiltonian G(¢) — G(0) (solid line) and the
error in the conserved quantity G.(¢) — G.(0) (dashed line).

the conserved quantity, G.(¢) — G.(0). It can be seen that neither H(¢) nor G(¢) is conserved;
however, either of them oscillates with no increase in error. That is, the integrator ®;2'%* gives
stable time evolution and can be used for long-time simulations as can symplectic integrators
for Hamiltonian mechanics.

It can also be seen from Figs. 1-2 that H, and G, are both conserved. However, note that they
are not the shadow Hamiltonians, but just conserved quantities. To see this point clearly, we
calculate the exact solutions of the Nambu equations with original Hamiltonians, the conserved
quantities, and the exact shadow Hamiltonians, and compare those three solutions with the
numerical solutions computed by the integrator ®;*'**. The Nambu equations with the original
Hamiltonians H and G are given by Eqgs. (30). On the other hand, the Nambu equations with
the conserved quantities H,. and G, as the Hamiltonians are written as

%xl = nquz’ %xz = —mw’d’x, %)@ = %blexz, (101)
where a = /1 — # and b=,/1 — # Then, the Nambu equations with the exact shadow
Hamiltonians Hg and G are given by

d 1 d 5 2 d 2,
Exl = EF(a)h)xz, Exz = —mw’a F(wh)x;, E)@ = %b F(wh)xx;. (102)
We denote the solutions of Egs. (30) by x°(¢), the solutions of Eqgs. (101) by x°(¢), and the

solutions of Egs. (102) by x*(¢z). Here we give only the third components of the solutions,

1 1 1
X5(1) = [ zx1(0)* — =—=—x2(0)* ) cos 2wt + —x1(0)x2(0) sin 2wt
2 2m2w? mw
1 2 2
+x3(0) — 5x1(0)° + 2m2a)2x2(0) : (103)

1 1 1
x5(t) = b*| | =x1(0)* — —x2(0)? ) cos 2@t + —x1(0)x2(0) sin 26t
2 2m2a? mo

F ()~ 3u 07 + x2<0)2}, (104)

2m2?
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T T T T T
L dynamics with original Hamiltonians

3 . I . I . I . I
0 2000 4000 6000 8000 10000

t

Fig. 3. The difference between the two dynamics: x3(#) — x32!23(¢) (solid line). Data are plotted every 100
steps.

3 . , , , . , . 1
L dynamics with conserved quantities
dynamics with shadow Hamiltonians

-3 " 1 ! | " | L 1 1

0 2000 4000 6000 8000 10000
t

Fig. 4. The differences between the two dynamics: x§(r) — x32!*(¢) (solid line) and x5(¢) — x3*'%(2)
(dashed line).

1 1 o1 N
x3(t) = 0| | 5x1(0)* — 55 x2(0)* | cos 2&7 + —x1(0)x2(0) sin 2357
2 2m2e mao

1 1 5
+ 5200) = 53107+ 55—

xz(0)2:| , (105)

where @ = aw and 7 = F(wh)t. Figure 3 shows the difference between the exact solution of
the Nambu mechanics with the original Hamiltonians (103) and the numerical solution given
by the integrator ®;2'%3, x3(z) — x321%(7). Although both of x§(7) and x3*'%(z) are periodic,
the frequencies are slightly different and we can observe a beat over a very long time domain.
Figure 4 shows two more differences, x5(7) — x§2123 () and x5(¢) — x%zm (7). Since a beat is also
observed in the difference x5(r) — x3*1%3(¢), the conserved quantities H. and G, are not the
shadow Hamiltonians to reproduce the time evolution given by the integrator ®;2!%*. On the
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other hand, it can be seen that x5(r) — x3*'*(¢) remains zero all the time, indicating that H
and G work as the shadow Hamiltonians of this integrator.

6. Conclusions and future works

We have presented a general procedure to construct the structure-preserving integrators for
Nambu mechanics and calculate the shadow Hamiltonians. Taking the N = 3 harmonic oscil-
lator as an example, we have shown that the shadow Hamiltonians can be calculated by using
the BCH formula and the fundamental identity, and also the exact expressions of the shadow
Hamiltonians can be found in terms of the consistency with the exact shadow Hamiltonian
of the symplectic integrator. This is the first work to derive the explicit forms of BCH shadow
Hamiltonians and exact shadow Hamiltonians in a Nambu system. However, we have also
found that they both have indefinite expressions. The BCH shadow Hamiltonians are indef-
inite due to the freedom in the choices for the use of the fundamental identity, whereas the
exact shadow Hamiltonians are indefinite due to the way of distribution of the factor F(wh).
Although they are both indefinite, we have confirmed that they are consistent with each other
up to the order A>.

In the present paper, we have focused on second-order structure-preserving integrators and
given a simple example where the shadow Hamiltonians exist. However, it has not been clarified
what kind of Nambu systems and integrators would have shadow Hamiltonians. It would be
interesting to study other Nambu systems and other types of integrators.

In the Hamiltonian mechanics, it has been an important problem to construct symplectic
integrators in nonseparable Hamiltonian systems (see, e.g. Ref. [22]). In the Nambu mechan-
ics, we often see nonseparable Hamiltonian(s) in multiple Hamiltonians. For example, the N
= 3 harmonic oscillator with three composite variables, (x1, x2, x3) = (¢%, p°, gp), is driven by
the Hamiltonians H = ﬁxz + %wle and G = 2x§ — 2x1x7 [12]. And the cyclic Lotka—Volterra
model with three species (x;, X, x3) is driven by the Hamiltonians H = x; + x; + x3 and
G = x1x3x3 [9]. In both systems, the Hamiltonian G is nonseparable. It would be a challeng-
ing work to construct structure-preserving integrators for Nambu systems with nonseparable
Hamiltonian(s).

We have seen that the fundamental identity plays an important role in calculating the shadow
Hamiltonians using the BCH formula. However, it is well known that the fundamental identity
does not hold in many degrees of freedom systems [3,6,13]. Therefore, it would be interesting
to see if shadow Hamiltonians exist in many degrees of freedom Nambu systems.

The integrators we have constructed in the present paper are those with time-reversal symme-
try. It would be important to consider the role of time-reversal symmetry in structure-preserving
integrators for the Nambu mechanics [21].

Finally, it is known that the Nambu mechanics can always be represented in the form of
the noncanonical Hamiltonian mechanics with the noncanonical Poisson bracket defined by
the Nambu bracket [3,13,23]. Therefore, it would also be interesting to study the relationship
between the structure-preserving integrators for Nambu mechanics and the Lie-Poisson inte-
grators for noncanonical Hamiltonian mechanics [10,15,24].
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