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Abstract: Quantum groups occupy a significant position in both mathematics and physics, contribut-
ing to progress in these fields. It is interesting to obtain new quantum groups by the quantization
of Lie bialgebras. In this paper, the quantization of the rank two Heisenberg—Virasoro algebra
by Drinfel’d twists is presented, Lie bialgebra structures of which have been investigated by the
authors recently.
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1. Introduction

Quantum groups were first independently introduced by Drinfel’d [1,2] and Jimbo [3]
around 1985 with the aim of constructing solutions to the quantum Yang-Baxter equations.
They have been identified by Drinfel’d and Jimbo with a certain class of Hopf algebras.
In Hopf algebra or quantum group theory, there exist two conventional approaches for
generating new bialgebras from existing ones. One approach involves twisting the product
by a 2-cocycle while maintaining the coproduct unchanged. Alternatively, one can twist
the coproduct utilizing a Drinfel’d twist element while preserving the product. The process
of quantizing Lie bialgebras serves as a crucial approach in generating new quantum
groups (cf. [2,4], etc.). Since quantum groups have been discovered to possess numerous
applications across diverse fields, encompassing statistical physics, symplectic geometry,
knot theory, and even modular representations of reductive algebraic groups, quantiza-
tions of Lie bialgebras have received considerable attention in many studies (e.g., [5-22]).
In [5], the infinite dimensional Witt algebra with characteristic 0 was explicitly quantized
through the utilization of the twist initially discovered by Giaquinto and Zhang in [6].
Afterwards, quantizations of the generalized Witt algebra with characteristic 0 were pro-
vided in [7], whereas its Lie bialgebra structures were determined in [8]. The quantizations
of generalized Kac-Moody algebras were obtained by Etingof and Kazhdan (see [9,10]).
The quantizations of generalized Virasoro-like-type, Block-type, W-algebra W(2, 2) and
Schroding-Virasoro algebra were given in [11-14], while Lie bialgebra structures of these
algebras were considered in [15-18], respectively. Recently, the authors proved in [23] that
every Lie bialgebra structure on the rank two Heisenberg—Virasoro algebra is triangular
coboundary. However its quantum group structure is not known, which is what our paper
shall focus on.

The rank two Heisenberg—Virasoro algebra L is an infinite-dimensional Lie algebra
with a C-basis {ts, E, |« € Z*\ {0} } and the following Lie brackets:

[t Eg] = det (5) barpy [Ea Eg] = det(i) Evep, [for 1] =0, 1)
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where & = (a1, a3), B = (B1, B2) € Z*\ {0}, det(i) = Brag — w1y, and 0 = (0, 0).

In [24], the derivations, automorphism group, and central extension of L were thoroughly
investigated. Furthermore, the irreducibility of universal Whittaker modules related to L
was conclusively determined in [25]. Lastly, authors in [26] delved into the Verma module
structure associated with L, offering a comprehensive characterization.

We present two degree derivations Dj and Dy on L, i.e,,

[Dl’, i’a] = D(l't,x, [Di/ E,X] = Dél'Ea, [Dl,DZ} = 0, fori = 1, 2. (2)

And subsequently, we arrive at our Lie algebra L=L® CD; & CD,. For convenience,
we still refer to it as the rank two Heisenberg—Virasoro algebra. In the present paper, we
shall consider the quantization of the rank two Heisenberg—Virasoro algebra L. We use
the general quantization method by Drinfel’d twists (cf. [6,27]) to quantize explicitly the
Lie algebra L. Actually, the entirety of this process relies solely on the construction of
Drinfel’d twists. The main results of this article are Theorems 1 and 2, which provide the
quantizations of the rank two Heisenberg—Virasoro algebra L. Our findings have broadened
the category of illustrative instances related to non-commutative and non-cocommutative
Hopf algebras.

In this paper, we use the notations N, Z., Z and C to represent the sets of nonnegative
integers, positive integers, integers, and complex numbers, respectively.

2. Preliminaries

In this section, we first revisit several fundamental definitions and outcomes pertaining
to quantization techniques, which will be used in subsequent discussions.
Let A denote a unitary algebra over C. For an arbitrary element x of A, A € C, n € N, define

3= (x+A)(x+A+1) - (x+F A+ —1) (3)

A= A FA=T) (A =+ 1) (4)
where x79> = x&o} = 1. For convenience, we use x<"> and x/"| to represent x5">
and x([Jn], respectively.

The following result and definition belongs to [2,5,6].

Lemma 1 ([5,6]). Let x be an arbitrary element of the unitary algebra A over C. For given A, p € C
and m, n, | € Z, the following equations hold.

<mn> _ o<m> . <n> mtn] __[m]_[n] m] _ _<m>
X) =X X Xy =Xl XA T Xt ()

yr Dl cns _ (A—p) _A-p@A 1) Amp-ld D)o

1! A TP [
ey min! ) I

(D" i _ (A=p+l=1\ _(A=p)A—p+1)--(A—p+l-1)
;l il 4 o = ! = I

(7)

m-n=

Definition 1 ([2]). Let (W, o, T, Ay, €0, So) be a Hopf algebra over a commutative ring. § is called
a Drinfel’d twist on W, if it is an invertible element of W ® W such that

F©1) (A @1d)(3) = (12 F)(Id© Ao)(3) (®)

(e®Id)(F) =121 = (Id®¢y)(F) 9)

The well-known results mentioned below come from [2,4,27].
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Lemma 2 ([2,4,27]). Let (W, 0, T, Ao, €0, So) be a Hopf algebra over a commutative ring, § a
Drinfel’d twist of W. Then

(1)  f=0c(Id® So)(F) is an invertible element of W @ W with f~! = ¢(Sp @ 1d) ().

(2) the algebra (W, o, T, A, €, S) is a new Hopf algebra, that is referred to as the twisting
of W by the Drinfel’d twist §, if we remains the counit unchanged (i.e., ¢ = €o) and de-
fineA: W—=WW,S: W—W by

A(h) = FDo(h)F 1, S(h) = f So(h)f ', Vh e W. (10)

3. The Main Results

Let (A(L), o, T, Ao, €0, So) denote the standard Hopf algebra, which is characterized by
the specified definitions of the coproduct, the antipode, and the counit, as outlined below.

Ao(ty) =t @1 +1®1t,, Ag(Ex) =Ex ®1+1®Ey, Ag(D;) =D;®1+1®D;, (11)

So(ta) = —ta, So(Ex) = —Ea, So(D;) = —Dj, eo(ta) = €0(Ex) = €0(D;) =0, (12)

fora € Z2\ {0},i =1, 2.

Let (L) [x] denote an associative algebra over C, where 2(L) [x] consists of formal
power series with coefficients belonging to 2(L). Then, the Hopf algebra structure of
(L) [x] is naturally induced from (2A(L), o, T, Ag, €9, So). For convenience, we also denote
it by (Ql(i) [[x]], o, T, Mo, €o, So).

The key findings of this paper are summarized in the following two theorems, which
give the quantizations of 2(L) by the Drinfel’d twist § defined in (21).

Theorem 1. Let L be the rank two Heisenberg—Virasoro algebra. For any a = (a1, az) €
72\ {0}, E € L, we choose H = %(le + 12D7) with p := nyaq+ipag # 0and 1, 72 € Cto
satisfy [H, Ey| = Ea. Then there exists a non-commutative and non-cocommutative Hopf algebra
structure (A(L) [x], o, T, A, &, S) on A(L) [x] over C [x] with A(L) [x]/x2A(L) [x] = A(L),
which preserves the product and counit of (L) [x], while the deformed coproduct and antipode are
defined as follows.

1
A(Eg) = Eg @ (1 — Exx)F + ¥ (=1)°bsH=> @(1 — Eax) "Egysa®,
s=0
ﬁ (o)
Altg) =tg® (1= Exx)# + ¥ (=1)°bs HS> (1 — Eax) “tgie®,
5=0
A(Dj) =Dj®1+1®D; +a;H<"> @ (1 — Eax) 'Eqx,

_n
S(Ep) = —(1— Eex) H ¥ biEp o H7 5,
s=0

o
S(t‘B) = —(1 — Eax) H ) bsfﬁ+S“H1<S>xs,
s=0

S(D;) = ajH(1 — Eqx)~ ' (Eqx — E3x?) — D;

where j =1, 2, forany B = (B1, B2) € Z*\ {0}, we denote 17 = 111 + 112B2, bs = %(ﬁlaz — Boay)’,
by = 1.

For the sake of simplicity, we adopt the same notations as those utilized in Theorem 1
for the subsequent theorem.

Theorem 2. Let L be the rank two Heisenberg—Virasoro algebra. For any & = (a1, az) €
7\ {0}, t, € L, we choose H = %(le + 112Dy) with y := a1 +1pay # 0and ny, 7, € Cto
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satisfy [H, ty] = to. Then there exists another non-commutative and non-cocommutative Hopf alge-
bra structure (A(L) [x], o, T, A, &, S) on A(L) [x] over C [x] with A(L) [x]/xA(L) [x] = A(L),
which preserves the product and counit of A(L) [x], while the deformed coproduct and antipode are
defined as follows.

A(Eg) = Eg® (1 — tx)# +1® Eg — by H<> @ (1 — £x) g0,
Altg) = tg @ (1— Lx) " +1 g,

A(Dj) =D;®1+1® Dj+a;H<> @ (1 — tyx) tyx,

S(Eg) = —(1— tox) ¥ (Eg + bitg  HF 7 x),

S(tg) = —(1— tox) iy,

S(D;) = a;H(1 — tox) ' (tax — £222) - D;,

where j =1, 2, by = Brag — Bany.

4. Proof of the Main Results

The proof of Theorems 1 and 2 shall be divided into a series of lemmas. The formulas
in the following lemma will be used later in the quantizations of the rank two Heisenberg—
Virasoro algebra.

Lemma 3. For any & = (a1, ap) € Z2\ {0}, we choose H = %(le +12D;) and G = E, or
G = ty with y := mag + 1maay # 0and y1, 12 € C such that [H, G] = G. For any
B = (B1, B2) € Z*\ {0}, denote 1y = 171 B1 + 112B2. Then the following equations hold in A(L) for
AE (C/ n, le Z-I-r Y= (71/ ’)/2) € Zz\ {O}

EgHY) = HI"  Eg, t5H)" = HI' 1y, EgHF"™ = H"7Ep, tgHY"™ = H"ts, (19
H Z (

A=
¢'H" = H\" G, G'H™ = H{'7 G, (14)
! I Nl I
DiH}" = H{"'D], DIH;"> = H{"> D], (15)
n
k(n kon—
EgEy = kZ%] (1) (k) (B2 — Ba11) E} “Epiy,s (16)
Egth = thEg —n(B172 — B2v1)th 'tpiy (17)
e =y (~1f (" Kpn—ky 18
p w—kZO(— ) k (B172 — B2am) v tBtky (18)
DjE; = nyjEy + EYDj, Djts, = nyjty + 6D, j=1, 2 (19)

Proof. Forany a = (aq, a2) € Z2\ {0}, we choose y := n1a1 + 12ay # 0 with 177, 175 € C.
Denote H = %(171 Dy 4+ n3D;) and G = E, or G = t,. Then by (2), it is obvious that

[H, G] =G.
For any B = (B1, B2) € Z2\ {0}, we denote 17 = 17181 + 11282. Using (2), we have
Ui Ui
H, Eg| = —Eg, |H, tg] = ~tg,
[H, Egl = Bp, [H, tg] =2 tp
then

_ n _ n
EgH = HEg — ﬁEﬁl tgH = Hig — ﬁtlg.
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Applying (3) and (4), we obtain
1 1
EgH) = Eg(H+)) = (H— L+ \)Eg = H;]_%

t/gH/[\l] = t/g(H—F/\) = (H — % + A)t‘B = H;ll%tﬁl

Ep,

EgH'"” = Eg(H+A) = (H— T +A)Eg = H;E%Eﬁ,

tgHy'” = tg(H+A) = (H—J +A)tp = Hﬁ?ﬁztﬁf

which shows that the case n = 1 of (13) is true. Suppose that (13) is true for n. Using (5), we
can derive

EgHy ™ = EgH)HYL, = HﬁzEﬁHﬂn =H" 1B =H [n—;ﬂ Ep.

n+1 n 1
Y = Y

n=

H@%tﬂHﬁn =H", H olp = Hgnf%”fﬂ/

<n+1> _ <n>pr<l> _ ry<n> <1> _ py<n>g<1> _ g<n+1>
E,BH/\n - EﬁH/\n H/\+n - H/\ilgEﬁH/\Jrn - H/\f% H)L_,.n_gE.B - H,\f% Eﬁ’

<n+l1> __ <n>py<l> _ <n> <1> _ <n>pr<l> _ <n+1>
tlgH/\ —tﬁH/\n H)\-Hl _H)\f%tﬁH)\-Hl _H/\f%H/H-n—%tﬁ_H/\—% f[g.

Thus (13) follows.
From (7), one has

(] _ gylnl (] _ pqlnl
EyH," = H,” Eq, taH," = H) "4,
EtxH/fn> - HfffE“, t“H)fi’l> - H)Tffta.
So (14) holds for I = 1. Suppose (14) holds for [. Then we obtain
I+l g opl gl (1l g1 _ gl 1+1
E;"'H)" = E;E,H," = E,H," |E, = HA7(1+1)E“+ ,
tHY = tot HYY = EWHﬁztfx = Hﬁ(lﬂ)ti‘ﬂ’

Et" HY" = EsE\HR"> = ExH'P Ey = HY"G 4 B,

HILHT> =t HY"> = t, HY' th = Hff(ﬁﬂ)tgjl.
Hence, (14) holds for all /.
(15) follows from [D;, H| =0forj=1, 2.
For (16), we first prove the following equation by induction on #.
BpEy = 1 (0" () By e B (8y) (20)

Because EgE, = EyEg — (E,, Eﬁ], it is clear that (20) is true for n = 1. Suppose that (20) is
true for n, then

[yl
™
==
=
|
M
—
|
—_
—
.
/N
> 3
~
™
<3
a~
—~
)
2u
na]
<
N
—~
[yl
-
Ny
™
<

= §1<71)k{< Z_l >+( Z >}Eg+17k(”dE7)k(Eﬁ)+(*1)n+1(udE7)n+l(Eﬁ)
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Thus, (20) holds for all n. Furthermore, the following equation holds.

(ad E)*(Eg) = (B172 — B211) Ep s

Hence, (16) follows. We can similarly obtain (18) by induction. For (17), we have

Egty = tyEp — [ty, Eg]l = tyEg — (B172 — B211)tp++-
So (17) is true for n = 1. Suppose that (17) is true for n, then
Egti*! = 1 Egty —n(Bry2 — Boy1)titpey
=t Eg — (n4+1)(B1y2 — Bav1) i tpiy-
Hence, (17) holds for all n = 1. Noting that
D]-X:'ij—&-XDjforX:E70rX:t7,]’:1, 2,
which imply the case n = 1 of (19). Suppose all equations of (19) hold for n. Then
DiX" = ny X" 4 X"D;X
= (n+1)y; X" 4 X"H1D;.
Thus, (19) follows. [ N
For the rank two Heisenberg—Virasoro algebra L, in order to describe a quantiza-

tion of (L) by a Drinfel’d twist § over 2A(L) [x], we must explicitly construct such a

Drinfel’d twist.
For any & = (a1, ap) € Z*\ {0}, we choose H = %(71D1 +12Dy) and G = E, or

G = ty with y := 301 + 120 # 0 and 73, 172 € C such that [H, G| = G. Forany A € C,

we set L
$ = k;) (;) HY © G'xk, Fy = k;] %Hfb ® Gk, (21)
Uy =0 (So®Id)(Ey), Vy = - (Id® Sy) (). (22)

For convenience, write H¢> = Hs%>, HIKN = HY § = &0, F = F,, U = Up,V = W,
Since So(H;*) = (—1)kH£k])L and So(GF) = (—1)GF, we obtain

o (_1)k © 1
=Yy %H@kak, =Y FHRk]kak, (23)
k=0 : k=0 ""

Lemma 4. Whether G = E, or G = ty, the following equations hold for any A, p € C.
FAE =10 (1— G, ViU, = (1— Gx)~ P,

Therefore the elements §,, Fr, Uy, V), are invertible and 3;1 = F, U/{l =V_y In
particular, Fl=rul=v.

Proof. Using (6) and (21), we deduce

E _ b (_1>kH[k] Gk k = 1H<S> GSxs
SaFp =1 L PR SZ gl ®Gx

k=0 k! -y
@ (-1
=y el HA Hp<s>®Gk+sxk+s
k,s=0 0.
_ )O:o: (_1)1‘ Z (_l)sH[k]H<s> ®Gtxt
it kst K!s! AP
-y (-1)*( f‘_p ) ® Gtxt
t=0

I
—_
X
—~
—_

|
O
=
~—

T

-]
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Using (7), (14) and (23), one has

V/\up — (Z H[k]Gk k) <§ (_1) H[_S]stxS>

k=0 k! =0 s!

S (_1)5 H[k] H[joikck+sxk+s

_kS:0 k!s! A

(—1)5 k] 7 [s] Kets vhos
_ g < /\+p+t 1Y iyt
= (1—Gx)7(/\+p).

Hence, Lemma 4 follows. [

The formula in Lemma 5 will be used to prove that § defined in (21) is a Drinfel’d
twist in Lemma 6.

Lemma 5. For any positive integer n and A € C, one can write

n
Ag(HIM)y = Y (’;) HY B,

k=0

n

In particular, one has Ag(H") = i (k

)Hm o Hin—kl

k=0

Proof. We will use induction on n. Obviously, it is true for n = 1, since Ag(H) =
H®1+1® H. Suppose it holds for n. Then we can deduce

Ao(HI 1) = Ag(HM)Ay(H — 1)

):
[ﬂ (Z )H“‘] ® HI" k][(H—/\—”)®1+1®(H+)‘_n)+n(1®1)]
)

= (3

+nLﬁO< . )H”A@@H[” "q (1o 4+ H Y @1) 4+ (H-A—n) @ HY'

oY @ Hi- kq[(H)\n)®1+1®(H+An)]+X[_”L®(H+An)

1®H[n+l]+H[n+1]®l+nz( > T ®H[n K (H_/\)@)Hgn]
k=1

+XHA®(H+A)+Z< )H[k+1]®H[" "]+2( )(Z) HY o HIH
n—1
+Z( ) a¥ o Hl 1 2k(n) a¥ o HI Y
=1\ K
n
k

-1
—1exiy x e 4 rZ (
k=1

H* Vo "M 4 (H- )@ HA’”]
k=1

o [n+1] [n+1] n n n [k] [n—k+1]

—1eH" L g ®1+k§1{< - )+ ( : ﬂHAc@HA

okl 41 K] [n-+1—K|
_ kgo( h )H_A®HA .

n—1
+[z ( . )H[k]A@H[” "*”+H[_”]A®(H+A)}

Thus, the lemma follows. [
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The following lemma shows that § defined in (21) is a Drinfel’d twist.
Lemma 6. For H = %(le + 172D7) with & = (ag, ay) € Z?\ {0} and u = gai+mpay #
[ee] — k ~
0(7; € C), =YL %H[k] ® Gkxk is a Drinfel’d twist on (L) [x], i.e., § satisfies the

following equalities, no matter whether G = E, or G = t,

Fe1)(A @1d)(3) = (1©F)(Id © Ag)(F),(e0 @ 1d)(F) =1 @1 = (Id @ &) (F)-

Proof. Using Lemma 5, (5) and (14), one obtains

(F®1) (A @1d)(F)
o0 f— k -
= | X ( kli) HF @ Grhxk @ 1] (A ©1d) [Z G }
=0 : s=0
o (_1\k
_[kgo(k%) H[k}®kak®1 {Z( 1) E( >HHk®H[S t]@Gs ]

ks—=0 k!s! =0
s _ \k+s
_ k ZO ( kllil k+s Lio( i )H[k+t] ® Hs Gk & Gs:|
pl Is! =
and,
(19 8)(1d® 40)(3) )
(e —_ o — n
|5 B 1,) xm®H[m]®G'"] : [z 1 1') x"HI" @ z( 7 >G1®G”l]
m=0 M- mn n=0 M- 1=0
_ I~ (*1') ' xm+n |: i ( 7 )H[n] ® HMG! ® Gm+n—l:| .
m, n=0 m:mn. 1=0

It suffices to establish the validity of the following equality for any fixed p € Z.

oi: kaJrS [ i <i> k] ® HIs—tlGk ® Gs]

k+s=p k!s! t=0
] 1 n n
_ xmtn |: ( )H[n] ® HImG! ® Gm-i—n—l]
m+zn;:p m!n! ,§0 l

Fixing m, n, I such thatm+n = p,0 <[ < n. Setk =1, k+t=n. Thens =p—1,
s — t = m. It is obvious that the coefficients of H") @ HI"/G! @ G?~! in both sides are equal.

The second equality follows from that

(D o ke
1ols ) o HM @ Gkx
k=1

= (eo®1d)(1®1)=1®1,

(eo®Id)(F) = (eo®1d)

and

k
(d®e)(3) =(d@e)|l@l+ ¥ (=1) H[k}®ckxk]

k=1 k!

—(d®e)(1@1)=1®1.

Hence, the lemma is proved. [
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By Lemma 6, we can carry out the process of twisting the standard Hopf structure
(A(L)[x], o, T, Ao, €0, So) by the Drinfel’d twist §.

Lemma 7. If G = E with . = (1, &) € Z*\ {0} and p = a1 + mpap # 0(y; € C), then for
any A € C, B = (B1, B2) € Z2\ {0}, denote 1 = 11181 + 17282, we have the following identities:

(1®Eg)Fy = Y, (—=1)°bsFr4s(HyY™ @ EgrsaX®), (25)
s=0
(1@tg)Fy = Y (—1)°bsFrss (HY® @ tgiea®), (26)
s=0
Egl) = UHQ Y bsEp oo H5 20, tgly = u N ): bstgrsa Hy 3 %%, (27)
s=0 ‘u =0
DUy = —a;H" Uy 1 Eex + UpDj, (Dj@1)Fy = Fy(D; ® 1), (28)
(1@ Dj)Fy = FAp1(Hy '~ @ajEex) + (1@ D)), (29)
Eqly = Uy 1By, tolly = Uy qte, ViHY, = HE V) — HUW,  Eox, (30)

wherej =1, 2,and bs = % (Biaz — Po1)’, s € N.

Proof. For (24), using (13), we can deduce

(Eg@1)F, = z E H*> @ Gkxk= z H<k> Ep ® Gkxk

K=okl 1

7

© 1
= zo k|H<k77 ® Gk | (Epo1)= F/\_E(E}g®1),
Z Z
o 1 o 1
(ts@DE = L GtgH™ ©Gi= © GH 1@ Ghet
[

[e0)

1
= H* @Gk | (ty@1)=F 5 (tg®1).
ol (tp@1)=F 5(ts®1)
H I3
For (25), using (5) and (16), we obtain

(1®Eg)Fy = ¥ %Hfb ® EgGkak
k=0 -

0 k
= k);b%Hfb ® [Z (—1)S< £ )(ﬁll’éz - ﬁ2w1)sE§_sEﬁ+sa]xk

=0

00 k —

= kZO ):0 (k' ,) ka+s> ® (Braz — Boo1) ESEp o
=0 s=

- ZO( 1)° ( y Hﬁ? ® E’;xk> (bsHY®” @ Egysax®)

w
I

18

(_1)SbSFA+s (H)fs> ® Eﬁ+saxs)/

s=0
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where by = %(,310(2 — ﬁ20(1)5, seN.
For (26), using (5) and (18), we can deduce

© 1
1@tk = L HH™ @G
k=0 1+

0 k
=Yy %H}T}D ® {Z (*1)S< IS( >(ﬁ1!¥2 — ﬂzal)sE§75t5+sﬂ:| x*
k=0 1+ s=0
(=17
(k—s)!s!
_1)5
k!s!

Hi*> @ (Bran — ﬁzal)sE{fStﬁsa] xk

=
Il
o

Il
e
[nglkes

W
Il

— c

H > @ (Bra — Baty) EXtpysu xS

Il
e
e

=
Il
=3
@
Il
<)

Il
12

sfe 1
-1y (kZO EHﬁ? ® Efﬁx") (bsHY™ @ tpysax®)

@
1l
o

(=1)°bsFrs (HA<S> ® tﬁ+5«x$) .

Il
e

I
o

For (27), using (5), (13), (14), (16), (18), we obtain

k o (_1\k
CU' b it = 1

Egly :k)ifo HY EgGht

»
l

o
=
|

=

»

)(Bl“z = Bat1) E{ *Epasa | 2F

— )of )k: i(‘g w0 — P )sHlk] Ek—sE o
k=05=0 (k*S)!S! ! 1 7}‘7ﬁ « Bt-su

= ci »)ifo )] bsH[kﬂ],] EfEp ouxtts

2o (-1 L 0] « k
= bHY | H EXEp cux®*
k§05§0 TR N S s
1 1

00 o0 — k
-5 ;0( 1 bsH“‘L EgH[Sl\ y Epratt™

H

tan
=

@ (2 D |

=Y bs H Efx* | H E x5

sgo S k);() k! ,)\,E « 7)\7ﬁ Btsu
I3 I3

— © [s] s = <> o8
= U/\+%s§0 bSH7A7Q E;}+5ax = U/\+Es§0 bsEﬁ+mH7}L+1X ,

and

[kl ko k
H tgG*x
i—o K S kT nF

M

K
;0(*1>5< ]; )(ﬁlfxzfﬁzﬂél)sEﬁ*Sfﬁﬂa x*

(71)k+s

_ syl k— k
k=05=0 m(‘glM Par) H,A,EE“’ TtpraaX

R G D T .
= bsH ESt xkts
k§05§0 k! I

k
00 5] _1 s .
=rb| X ) HY qE{;xk tﬁ+saH[;],\+5x
: -A
I
— 5 Is] _ ® s
- uH 1 sgo betg o HY) x° = uH N Ea botg s HES5 25,
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For (28) and (29), using (5), (15), (19), we obtain

N C DL
DU, = Y - HODEN
I e ) R o ) L
_k§1 (k—1)r-anet +k§0 kAR
T G DA S © (-1F
:—a]HL]AkEWHL)\JlEZ; Lyk=1E,x + ]EOTH%E(’;xk D;

= —D(j [1] UAHE,xx + U)\Dj,
(Di@ R = Z H<k>D ® Ghxk

(1®Dj)F, = z H<k>®DEk k

= 2 H)fk> ® (ka;EX + EED;)x*

© 1
‘Z<—1>
¥
k

(Bt

= Py (HYY @ ajEx) + Fy (1@ Dj).

H* @ ajEfxF+ z H<’<> ® EKDjxk

1 <k-1> k ,k k k .k
G 1) ——HY W HS ®1x]Ex+(Z —H @ Egx )(1®D]-)
e}

1
o o Hy @ E{;lx“) (H{'> ® ajExx) + Fy (1® Dj)

For (30), using (5) and (13), we deduce

k
(¢S] 1 (¢S] _1
E. Uy = kZO ( k') EtxH[,k})\szk = k§0 ( k') H[,k])\,lEIoi+l k= Ur+1Ea,
k
[e] (o] fl
toUy = ;Eo ( k') t,xH[k] Ekxk = ;Eo ( k!) H[_k])\_lt,xE’;xk = Urs1ta,
V/\H[_ll\ — OZO: ]‘Hk]Ek kHH
k= O
- f 1Hk]Hm Ekxk
k=
® 1
z HY(H - A)EE k* o HEE
m ok oy 1 (1] k=1 ik
= H" Z E kgl =1 H,"H,_, Exx

- H[_”AVA - HA]VA_lEax.

Therefore, Lemma 7 is proved. U

The proof of the first principal result in this paper is as follows.
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Proof of Theorem 1. For any Eg, tg with p = (B1, p2) € Z*\ {0} and D; € Lj=1,2by
Lemmas 2 and 4 and (24)-(26), (28) and (29), we obtain

A(Eg) = FAo(Eg)T ' =F(Eg@1)F 1+ F(1 @ Eg)F !

=J(Eg@1)F+F(1® Ep)F

=§F y(Ep®1) +3 EO (=1)°bsEs (H<S> @ Ep o)
z o

1
= (1@(1—@@#)(@@1)

ng

(- 1% (1@(1—Ea x)~ )(H<S>®Eﬁ+sax5)

1
—Ep@ (1 Ex)H + L (- 1)°b (H<5> ® (1 — Eqx)” SEﬁJrS,XxS),

S

Altg) = FMo(tp)F ' =F(tp @ DT 1+ 31 @ t5)F

=§(tg@1)F+§(1®tp)F

=§F (o) +5L (-
. -

1)°bs s (HS> @ tg50X°)

1
_ (1 ® (1= Eqx) V) UEDESWEI (1 ®(1— Eax)*s> (H<> @ b 50x°)

B

—t5® (1— Ex)! + ¥ (—1)°bs (H<5> ®(1— E,xx)_stmsaxs),
s=0

A(D;) =FAo(D)F 1 =F(D;®1)F ' +F(1eD)F !
=3(Dj®1)F+3(1® D;)F
=FF(D;j®1)+F[F(H"” @ajEux) + F(1® Dj)]
=D;®1+1@Dj+a;H> @ (1— Eyx) 'Eux,

where17 = mPB1 +mPo, 4 = a1 + oo #0 (171 S C), bs = l,(ﬁlaz — ‘32061) s € N,] =1, 2.
By Lemma 4, (27) and (30), we deduce

S(Eﬁ) = fSO(Eﬁ)f_l — 7VEﬁu: 7Vu1,] ZobsE‘B+saHl<s>xs
L=

4
Ui

—(1— Equx) # ZO bsEﬁ+saH1<s>xsr
s=|

S(tﬁ) = fSO(t/g)f*1 — —Vtﬁu: _Vun Eobstﬁ+sle1<S>xs
L=

1
T o©
—(1—Eux) H EO bstp s HE*™ 25,
s=|
S(D;) = fSo(Dj)f ' = ~VDjU= —V(—a;HUU Egx + UD))
= [X](HV — HV,lEax)UlEax — D],
= a;H(1 — Eqx) " 'Eax — ajHV_1UE22? — D;
= D(jH(l — E‘Xx)_l(E,xx . E§x2) . Dj‘

Therefore we complete the proof of Theorem 1. [
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Lemma 8. If G = t, witha = (a1, ap) € Z2\ {0} and p = a1 + naa# 0 (1;
any A € C, B = (B1, B2) € Z>\ {0}, denote 17 = 17181 + 1722, one has

(Eg®1)Fy = FA*%’ (Eg®1), (tg®@1)F\ = FAf% (tg®1),
(18 Eg)Fy = FA(1@ Eg) — biFaan (HY' @ tgrax), (1@ 45)Fn = FA(1@ tp),

EﬁUA = UA+%E5 + bluM%tﬁHHf}fx, tﬁuA = LIH%tﬁ,
DUy = —a;H"\ Uy 1tex + UADj, (Dj @ 1)Fy = Fy(Dj @ 1),
(1@ Dj)Fy = Fap1(Hy'” @ wjtex) + FA(1® D)),

Eqly = Uy 1B, tolly = Upte, ViHY, = HY vy — BV St
where j =1, 2, and by = Bray — Boay.

€ C), then for

(31)
(32)

(33)
(34)
(35)

(36)

Proof. (31), (34)—(36) can be derived in a manner analogous to those presented in Lemma 7.

The first equation of (32) is a consequence of the following equation.

(1® Eg)Fy = 2 ;H<k> ® Egtkxk

© 1
_ k207H<k> ® [tkEﬁ _ ('31“2 _,520‘1) 1tﬁ+a] k
o 1 [}
Y —H> ot k) 1®Eg) — ¥ 7
(k o k! (1) k:l(k !
® 1
F (1®E/5) Z ijk+1> ®(ﬁ1az—ﬁ2a1)t§t5+axk+1

H<k> X (,B]lXZ - ﬁzle) f‘3+ax

=F(1®Eg) — < Y SH ot k) (Hi™> @ bitgiqx)
= FA(l ® EIS) - blp/\+1 (H/\<1> ® tﬁ+,,¢x).

where b; = B1ap — Boay. For the latter part of (32), one has

(1tg)Fy = z k'H<k>®tﬁtf§xk = (20 o
:FA(1®tﬁ).

For (33), using (5), (13), (14) and (17), one obtains

H%> @tk k) (1®1tp)

I G R G Lk
EgU, —IEO o EpH jtex —}EO a H o EEBt“x
I3
k
=0 k! 7/\777 atp T 142 201 ﬁ+a
e (_1)k [k] g ko k o (_1)k I
:kgo 0 H N ﬁtmx E'Bikgl (k—l)'H N ﬁ(‘glazfﬁzal) t,BthXx
# z
—U +Ei— ¥y (—)! pleH] hp ki
BRUYE A go k! _A— (,51112—/52041) praX
. 14
1) ( 1)k+1 ] a
=U Bt X HY gt Y
I3
=U pEg+bu pHY ¢
/\+% B 1 A+g ,/\,ﬁ B+aX
K
= UA+EEI3 + bluAJrzt‘BJraHf_l;x,
K Iz
= (D", pi = (<) g
ot :kgo TtﬁHi/\t}DiXk:k);o k! H,Afltﬁt]t;xk
I3

= (1"
k=0 k! 7/\71
j

xkig =U 4t
«tTp PR/

k
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Thus, Lemma 8 is proved. [
The proof of the second principal result in this paper is presented as follows.

Proof of Theorem 2. For any Eg, t3 with g € Z*\ {0} and D; € L,j=1, 2,by Lemmas2,
4 and 8, we deduce

A(Eg) =FMo(Ep)F ' =F(Eg@1)F+F(1® Eg)F
=FF_ 4 (Eg®1) +F[F(1® Eg) — b1y (H<> @ g 4x)]

e t,xx)%] (Es®1) + (12 1)(1® Ep)
—b1[16 (1= tox) | (HY @ tg0x)

= Ep@ (1— tx)F +10 Eg— biH<'> ® (1 — ux) g,
Altg) =8Mo(te)§ ' =§(t @ 1)F+F(1@1tg)F

=3E_y(tp01) +FF(1@tg)=tg® (1 tex)F +16 ts,
A(D;j) =30o(Dj)F ' =F(Dj©1)F+F(1® D))F

=3F(D;®1) +§[F (H1” ®@ajtyx) + F(1® D;)]

=D;®1+1®Dj+a;H> @ (1 - tex) ' tax,

S(Eﬁ) = fSO(Eﬂ) -1 _ —VEﬁU: _V(uﬂEﬁ +blu’7tﬂ+g¢H1<1>x>
H U

=—(1—tyx) ¥ (Eﬁ + bltﬁ+“Hl<l>x),
_1
S(t) = fSoltp)f ™ = —Vigl= —VUytg = —(1— tux) "y,

S(D;) = fSo(Dj)f ' = ~VDjU= —V(—a;HNU;tyx + UD))
= lX]'(HV — HV _qtyx)Uptex — D]-
= oc]-H(l — t,xx)_lt,xx — oc]-H(l — tax)_1E§x2 _D.

]
=ua;H(1— tax) " (bax — £232) — Dj,

where j =1, 2, by = B1ap — Boay. Therefore, Theorem 2 is proved. [

5. Conclusions

Heisenberg—Virasoro and in general Virasoro algebras are useful in Conformal Field
Theory (CFT). In [28], the authors shows this clearly by applying these algebras to CFT.
The papers by O. B. Fournier and P. Mathieu on and around the subject are useful to see
the consequences, notably the Virasoro characters (cf. [29-31] and other similar papers).
Heisenberg-Virasoro algebras and in general Virasoro algebras also have many applications
in Quantum Mechanics and Quantum Field Theory (QFT) (cf. [32-35], etc.). Furthermore,
Heisenberg-Virasoro algebras and in general Virasoro algebras hold a profound connection
with Vertex operator algebras (VOA) (cf. [36,37], etc.). The exploration of vertex operator
algebras in relation to Virasoro algebras serves as the algebraic cornerstone for investigating
minimal models in CFT.

Quantum groups play important roles in many fields such as mathematics and physics.
It is an important and interesting approach to construct new quantum groups through the
quantization of Lie bialgebras. In this paper, the explicit formulas of the quantization of the
rank two Heisenberg-Virasoro algebra L by Drinfel’d twists (see Theorems 1 and 2) are
presented, Lie bialgebra structures of which were considered by the authors in a recent
paper [23]. Tt is found that the quantization of L is not unique since there are two types of
Drinfel’d twists (see Lemma 6). Our results broaden the scope of examples encompassed
by non-commutative and non-cocommutative Hopf algebras.
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