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COMPACTIFIED IMAGINARY LIOUVILLE THEORY

COLIN GUILLARMOU, ANTTI KUPIAINEN, AND REMI RHODES

ABSTRACT. On a given Riemann surface, we construct a path integral based on the
Liouville action functional with imaginary parameters. The construction relies on the
compactified Gaussian Free Field (GFF), which we perturb with a curvature term and
an exponential potential. In physics this path integral is conjectured to describe the
scaling limit of critical loop models such as Potts and O(n) models. The potential term
is defined by means of imaginary Gaussian Multiplicative Chaos theory. The curvature
term involves integrated 1-forms, which are multivalued on the manifold, and requires
adelicate regularisation in order to preserve diffeomorphism invariance. We prove that
the probabilistic path integral satisfies the axioms of Conformal Field Theory (CFT)
including Segal’s gluing axioms and we construct the correlation functions for this CFT,
involving electro-magnetic operators. This CFT has several conjectural exotic features:
most importantly, it should be non-unitary with the structure of a logarithmic CFT. Our
motivation is thus to provide a concrete setup for the mathematical study of logarithmic
CFTs.
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1. INTRODUCTION

1.1. Background: QFT and CFT. Quantum field theory (QFT) is one of the success
stories of 20th century physics. Providing the basic theoretical framework for both
high-energy and condensed matter physics, it has met overwhelming experimental
success in both domains. QFT has also had a profound impact on nearly all areas of
mathematics, ranging from analysis and geometry to topology and algebra. QFT was
originally introduced for the purpose of extending the quantum formalism to the de-
scription of the electro-magnetic field and its interaction with charged matter, and was
later extended to nuclear forces. Mathematically, quantum fields are defined as maps
from the physical Minkowski space-time R%3 to operators acting on a Hilbert space.
When setting up axiomatic schemes to describe QFTs, it was observed that the formal-
ism could be analytically continued in the time variable to imaginary time, making
the quantum fields random fields. These random fields are defined as maps from the
Euclidean space time R* to random variables defined on some underlying probability
space. Such random fields have been used in statistical physics to model thermal fluc-
tuations of quantities such as the density of a fluid or the microscopic magnetisation
of a metal in three or fewer dimensions. Thus, QFT provided a common formalism for
both subjects.

High-energy physics QFTs have the property of becoming asymptotically scale-
invariant at small spatial scales. In turn, statistical physics systems have scale invari-
ance at large scales when the temperature parameter takes the critical value at which
a second-order phase transition occurs, as in the case of magnetism. These limits
are described by scale-invariant QFTs, which, in most known cases, possess an even
stronger symmetry: conformal invariance. Such QFTs are called conformal field the-
ories (CFTs). Renormalisation group theory, developed by Ken Wilson and others,
provides a dynamical systems picture of the ‘space of all QFTS’, where dynamics are
generated by a one-parameter group of scale transformations, with CFTs given by its
fixed points. This naturally led to the quest to find all CFTs. Such a project is believed
to be feasible because CFTs are thought to have a rigid structure constrained by the
concept of conformal bootstrap [25,61]. In an axiomatic formulation, a CFT is charac-
terised by a set of random fields V(x), where x belongs to the space (-time) manifold X
and a is an index labelling the different fields. The basic objects of a CFT are the n-point
correlation functions (H:lzl Vo, (x;)), where (—) denotes the probabilistic expectation.
In short, the conformal bootstrap hypothesis states that an n-point function for n > 3
is explicitly given in terms of (n — 1)-point functions and 3-point functions, and there-
fore, by induction, in terms of 3-point functions. Conformal symmetry fixes the spatial
dependence of the latter, meaning they are determined up to constants C(ca;, at,, ot3),
called the structure constants of the CFT. Furthermore, consistency of the inductive
scheme imposes strong constraints on these structure constants, opening the door to
finding solutions either analytically or numerically.

The two-dimensional case is particularly suitable for mathematical study, as com-
plex analysis comes into play here. Furthermore, the conformal symmetry extends to
an infinite-dimensional symmetry algebra known as the Virasoro algebra, which is a
central extension of the Witt algebra of vector fields on the circle. In their pioneer-
ing work, Belavin, Polyakov and Zamolodchikov (BPZ84) used the bootstrap method
coupled with Virasoro algebra symmetry to solve significant two-dimensional CFTs by
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expressing their correlation functions in terms of special functions arising from rep-
resentation theory. Since then, CFT has also had a deep influence on mathematics,
with applications in modular forms, representation theory of infinite-dimensional Lie
algebras and vertex algebras, Monstrous Moonshine, geometric Langlands theory, and
knot theory, to name a few.

The rigorous foundation of CFT also triggered interest among mathematicians. Sev-
eral axiomatic setups have been proposed, each of them relying mainly on one of the
various aspects of CFT. Kac’s treatment of CFTs [39] as vertex algebras grew out of their
representation-theoretical structure, whereas Frenkel and Ben-Zvi [27] formalised CFT
within the context of algebraic geometry. This was further expanded by Beilinson and
Drinfeld [B]. The lecture notes [2§] emphasised the probabilistic approach based on
the Feynman path integral, which is closer in spirit to statistical physics. Segal [68]
proposed an axiomatic definition of CFT inspired by the path integral approach, de-
signed to capture geometrically the conformal bootstrap for CFT. Despite the various
axiomatic definitions of CFTs, finding concrete examples that obey any given set of ax-
ioms has proven challenging and remains a rare occurrence in mathematics. For along
time, the preferential approach has mostly been algebraic but, even though advances
have been made, even the most basic examples of CFT, the minimal models, are still
not fully constructed mathematically (see [30] for recent advances in the context of
Vertex Operator Algebras, in particular concerning their chiral part).

1.2. Liouville CFT. More recently, the probabilistic formulation has resulted in the
first proof of the conformal bootstrap in a non-trivial CFT, specifically the Liouville
CFT [31,32]. The approach taken in that work is a probabilistic formulation of the
favoured approach to QFT among physicists: Feynman’s path integral. In thisapproach
one starts from an action functional S(¢, g) defined on some space of functions ¢ :
¥ — M where, in the 2d CFT case, X is a compact Riemann surface equipped with a
Riemannian metric g and M is a manifold. The probabilistic expectation is formally
given by the path integral

(1.1) (F) = f F($)e S8 Dg,
¢:2-M

where the integration is over some space of maps ¢ and D¢ denotes a formal Lebesgue
measure on that space. In order to define such path integrals, one first needs to intro-
duce a regularised expression, e.g. by replacing ¥ with a finite grid and the integral
with a standard finite-dimensional integral, and then study the limit as the grid’s mesh
size € tends to zero. In this process, it is usually found that the parameters of S need to
be made dependent on the mesh size ¢, i.e. renormalised. In the case of the Liouville
CFT, S is the Liouville functional that appears in uniformisation theory of Riemann
surfaces. Here M = R and

5.8 = 3z [ (14603 + QK+ ) g
z

where y > 0,4 € R, and Q = )Z/ are parameters, and v, and K, are respectively

the volume form and the scalar curvature in the metric g. The minimiser ¢,, of this
action functional is such that the metric e”®m g has constant negative curvature (for the
genus of T greater than one). The path integral corresponding to this action functional
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was constructed in [I7,34]. The renormalisation needed here is the replacement of
2

at
er?® dv, by the Gaussian Multiplicative Chaos measure lim,_, ¢ 2 er$e dv, where ¢ is
a mollification at scale ¢ > 0 of ¢. Furthermore, the Q parameter is renormalised to

Q= 2y g The path integral construction was later shown to satisfy Segal’s axioms

for CgT and obey the conformal bootstrap [31,32]. The Liouville CFT is an essential
building block in string theory and its connection to statistical physics is via the KPZ
conjecture [43], which relates a statistical physics model on a random lattice to the
same model on a non-random lattice coupled with Liouville CFT.

1.3. Compactified imaginary Liouville CFT. Whereas the connection of Liouville
CFT to statistical physics is indirect, an imaginary version of Liouville CFT is expected
in physics to describe a major class of two dimensional statistical physics models, the
so-called loop models. This CFT is formulated in terms of an action functional

12 SL609) = g [ (4413 + 10K, + )
)

where ¢ € C and Q, 8 € R. The manifold M where ¢ takes values is taken to be the
circle Ty := R/(27RZ) of radius R. If the parameters ¢ and Q are set to 0 then the path
integral corresponding to the action ([[.2) gives rise to the compactified Gaussian Free
Field (or compactified GFF for short, see [28, Lecture 1.4] or [21, subsections 6.3.5
and 10.4.1] for physics references, or [20, subsection 2.1.3] in mathematics), a CFT
with central charge 1, where the central charge is the number multiplying the central
element in the Virasoro algebra. The case u = 0 goes in physics under the name of
Coulomb gas, in which case the parameters Q, R are constrained by the relation QR €
Z and the so-called background charge (the curvature term in the action) shifts the
central charge of the compactified GFF to the value ¢y, = 1 — 6Q2.

When u # 0, the exponential term gives rise to a non-trivial interacting CFT pro-
vided the value of Q is fixed to

g 2

The radius R is a free parameter of our model up to the fact that it obeys the constraint
R € %Z. Yet the algebraic structure of this CFT depends strongly on the following

alternative:

11 . 11
EZ N 62 #{0} or (irrational) EZ N GZ = {0}.

The first situation is called rational case (or non-generic in physics) and in that case
we impose R € éZ N éZ with R > 0. This forces the central charge to be of the

(1.4) either (rational)

2
formep =1— 62=2" for some (relatively prime) integers p, q.! The second situation
is called non-rational case (or generic in physics) in which case only the constraint
R e %Z remains.

In this paper we give a probabilistic construction of the path integral (.1 corre-
sponding to the action functional (I.Z). We prove that the resulting theory satisfies
Segal’s axioms of conformal field theory in the rational case. The irrational case will

I This matches the possible set of central charges for minimal models.
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appear in a follow up paper. We also give an explicit integral representation for the
structure constants (i.e. 3 point correlation functions) of this CFT in terms of twisted
generalization of the famous Dotsenko-Fateev integrals [19]. These results provide
the foundation for proving conformal bootstrap for the theory to be discussed in later
works. Let us now briefly discuss the mathematical and physical motivations for study-
ing this theory.

1.4. Logarithmic CFT. There are two major differences between the action func-
tional (I.2) and that of Liouville CFT. In the latter, one takes i € R and the field ¢ takes
values in R in contrast to the circle in (.Z). These two changes have a drastic effect on
the algebraic, geometric and probabilistic aspect of this CFT. First it is a non-unitary
(i.e. non-reflection positive) CFT. This means its Hamiltonian, obtained as a generator
of dilations in a canonical Hilbert space of the theory which we construct in this paper,
is not self-adjoint. Second and most importantly, it gives rise to a logarithmic CFT,
topic which has been under active research in physics [24,26,35,48,52,57%,60,62,64,66]
and in mathematics [6,47,51]. Concretely, this means that the Hamiltonian should be
diagonalizable in Jordan blocks. Important questions in this context are the classi-
fication of the reducible but indecomposable representations of the Virasoro algebra
and the structure of the conformal bootstrap, for which the holomorphic factorization
is no more expected, at least under its standard form. Third, we prove that this CFT
possesses non-scalar primary fields, namely they possess a spin. Fourth it is non-
rational and non-diagonal: its spectrum is countable and different representations
of the Virasoro algebra are involved in the chiral and anti-chiral parts entering the cor-
relation functions. Hence our path integral provides the foundations to the mathemat-
ical study of all these concepts. The aspects related to the spectrum of this model and
the associated representation of the Virasoro algebra involved here are not discussed
in our paper but are the subject of forthcoming works.

Beyond the CFT aspects, we also expect this CFT will have a strong interplay with
Schramm Loewner Evolution and Conformal Loop Ensembles. Indeed, this was advo-
cated first in physics (see for instance [37] or the review [65]) and a similar interplay
occurred recently in the case of the Liouville CFT, in which case these two objects
were bridged by the mating-of-trees formalism® [21]. This has led to mutual better un-
derstanding of these objects [, 2, 4] as well as unexpected results for various statistical
physics models [3,58] and the same is expected in case of the CFT studied in this paper.

1.5. Physics: From loop models to the Coulomb gas and imaginary Liouville
theory. In the approach of [J], the critical exponents of a statistical physics model
were related to the representation theory of the Virasoro algebra of the CFT conjectured
to describe its scaling limit. Progress in the physical understanding of two-dimensional
critical phenomena has therefore been obtained on the one hand by algebraically clas-
sifying CFTs and on the other hand by associating them with putative scaling limits of
concrete lattice models [g,[13]. It has been known since the 70’s that the critical points
of many models of statistical physics can be described in terms of the GFF, dubbed the
Coulomb gas representation (see [[13,[18,56] for instance). This picture turned out to
be particularly suited to describing the scaling limit of so called loop models. These

2A framework to study the coupling between SLE or CLE and Liouville CFT in terms of more classical
probabilistic objects such as Brownian motion, Levy process, and Bessel process.
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are models for a random ensemble of loops (closed paths) on a two dimensional lat-
tice and they could be mapped to models of fluctuating surfaces described by a height
function h mapping the lattice points to Z or R, the basic idea being to think of loops
as contour lines of the random surface. The scaling limit of 4 was then argued to be
related to GFF. The variance of the GFF (here rescaled to the parameter § in ([.2)) was
then fixed by a priori knowledge of an exact value of some critical exponent, see [[13]
for instance.

However, for the full description of the loop models, the naive GFF theory needs to
be modified in several ways: first the Gaussian height function has to be taken peri-
odic, i.e. to take values on a circle instead of the real line, giving rise this way to the
compactified GFF described before. Secondly, to obtain the expected central charge
¢ of the CFT one needs to include the curvature term in ([[.2) which shifts ¢ from the
GFF value ¢ = 1to ¢ = 1 — 6Q?. Finally, later on, it was argued in [38, 44, 468 (see
also the review paper [b5] or some criticism in [29]) that the action should also include
the Liouville potential ¢#? and requiring it to be a marginal perturbation (and thus
potentially giving rise to a CFT with the same c) then fixes the value of 8 in terms of
Q as prescribed by ([.3). This is how physicists ended up with the path integral ([[.1])
with action functional ([.7) to describe the long-distance properties of self-avoiding
loop models. For instance, the critical g-state Potts model on a connected planar graph
G = (V,E) where V is a set of vertices and E the set of edges has the following loop gas
representation of its partition function [[7]

7 = q\Vl/Z Z x|E’\qé’(E')/2’

where the sum runs over subgraphs (V,E") C (V,E) and ¢(E’) being the number of
loops in the loop configurations on the medial graph. Here x > 0, and q'/? appears
as a formal parameter and can thus be assigned complex values. At the critical point
X = X., the conjectural relation with the path integral is

q'? = =2 cos(nf?/4)

for 0 < B < 2, with corresponding central charge c = 1 — 6(§ - %)2. A similar

correspondence exists with the O(n)-model, see [[4, 29, 65].2 These conjectures are
important but still far from being understood in mathematics. Let us stress that in the
different context of the dimer model, yet of the same flavour, there has been a long
series of works studying the convergence towards the compactified GFF, see [L0-12,
20, 41,42]. We will not develop any further this aspect in the paper. Our main goal is
here to construct mathematically the path integral (L.1)), (I.2) and establish the basic
CFT axioms.

Let us close this introduction by stressing that one important byproduct of our work
is a mathematical construction of the Coulomb gas and we feel that some foundational
aspects of this fundamental model have been a bit overlooked in the physics litera-
ture, which has some impact on the conclusions drawn for the path integral (L.1)). Our
concerns come from two modifications needed to define the curvature term: one is

3See also [AF] for multicomponent compactified bosons with Kac-Moody symmetry.
4 A further orbifold of our path integral might be involved: this question is under investigation in physics
but the mathematical construction of the path integral is quite similar.
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topological and the other one comes from the windings of the electro-magnetic opera-
tors. The topological modification for the curvature was already considered in [69] but
to our knowledge the other problem has not been addressed before. However, even in
[69], the main properties of the modification are not addressed in detail and it turns
out that the resulting path integral is not diffeomorphism invariant unless R € 1z

In the case of the Coulomb gas (hence with no potential), this condition is always as-
sumed in physics (like in [69]). In the case of the imaginary Liouville path integral,

the presence of the potential forces R € 17. 1f we further impose R € éZ, we end up
considering the rational case. Yet, in physics, the path integral is also considered in the
irrational case, i.e. R & éZ, and then the path integral violates the most basic require-

ment (diffeomorphism invariance) of a Quantum Field Theory. We haven’t found any
reference to this fact in the literature except for a remark by A.B. Zamolodchikov in [[70]
for a somewhat related model (Generalized Minimal Models), quoting: “It remains a
question if such infinite algebra is consistent with general requirements of quantum
field theory. In particular, the construction of a modular invariant partition function
of Generalized Minimal Models obviously encounters severe problems.”

2. OUTLINE AND MAIN RESULTS

Because the construction of the path integral requires some geometric background,
we sketch here the construction, as a guideline for the paper. First we discuss infor-
mally some aspects of the construction at a general level but we will then give two
concrete examples with simple topologies to introduce pedagogically two important
notions of the construction: the defect graph and the topological instantons.

To make sense of the measure ([[.1]) with action (.2), it is first necessary to under-
stand the path integral for the compactified GFF (i.e. with Q = u = 0 in ([.7)). For
this, one observes that the differential d¢ of a (say smooth) map ¢ : T — Ty defines
a real valued closed 1-form w on X, with periods fy w € 27RZ if y is any closed curve
on X. The Hodge decomposition then allows to uniquely decompose w = wj + df,
where f : £ — R is a function and w,, is a harmonic 1-form (the De Rham cohomol-
ogy group is represented by harmonic 1-forms). In other words the Ty valued map ¢
can be viewed as a sum of f and a multivalued harmonic function fyxo,x w = L (wp)

on X where 7,  is a path from x, to x. This decomposition is orthogonal in the space
Q!(2) of real valued 1-forms on X equipped with the inner product

(2.1) (w, ")y = /coA ',
b

where * is the Hodge operator, in such a way that

fldgblgdvg:f|df|§dvg+fwhA*wh.
> > >

Therefore the formal measure in ([.1)) for the compactified GFF can be understood as
the measure

1 1 1
22) e wklENapy _ o EIENap £ o mam EON R g0 % de,

where du(wy,) is the counting measure on the De Rham cohomology group (isomor-
phic to 7?8 where g is the genus of X), dc is the Lebesgue measure on R/27RZ (c plays
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L 2
the role of the zero mode) and the formal measure e 4= f14flg Ve y f is interpreted in

our work as the distribution law of the usual Gaussian Free Field on Z. The functional
F(¢) in (L.T) then has to be well chosen so that the result does not depend on the ambi-
guity related to the fact that I, (wj,) is multivalued on Z (see Section ff). This aspect is
quite subtle and it manifests, for instance, as soon as one wishes to make sense of the
curvature term in ([.2). We expand this point a bit further now.

There are actually two main difficulties with the curvature term, which we explain
in che rational case. First, since the zero mode c lives in R/27RZ, in order to have
i~ Jfs $Kq

elar dvg univalued, we need to have 42 J5 2mRKg dv, € 27Z. By Gauss-Bonnet
T

i J5 Kgdvy = 2 — 2g so this forces 2Q to be an integer multiple of 1/RE The same
argument holds for the Liouville potential and this forces § to be an integer multiple of
1/R. Second, and more subtly, the curvature term contains ¢ = ¢ + f + I (wj) which
is a multivalued function on X. Therefore the integral f; $K, dv, does not make sense
unambiguously; even worse, if we define the primitive on the universal cover, and then
descend it on a fundamental domain, the quantity /5 ¢K, dv; will depend on the choice
of the fundamental domain. Concretely, this means that a naive definition of the cur-
vature term produces a theory that is not diffeomorphism invariant. A considerable
part of our work consists in regularising this integral via a family of branch cuts c on
and in proving that the result does not depend on the choice of the branch cuts. These
branch cuts are chosen to be a symplectic basis of the first homology group. The result
is that a change of o modifies the regularised curvature integral by an integer multiple
of 27zR and thus one has to impose QR € Z. Together with SR € Z and the expression
for Q given by ([.3) we end up with the condition for the rational case written in ([L.4).

Concerning the Liouville potential term, the construction involves some technology
related to the renormalisation of imaginary Gaussian Multiplicative Chaos (GMC for
short), in particular some tools developed in [49,50], and is restricted to 0 < ,82 < 2.
The full picture of this path integral is expected to cover the values 0 < 82 < 4; this is
an important future direction of development. The construction for 0 < 8 < 2 in the
rational case of the path integral and the correlation functions is carried out in Section
B. We give now more details in two simple cases.

2.1. Construction on the Riemann sphere. Now we explain the construction on
the simplest possible topology, the Riemann sphere, because the compactified GFF
then coincides with the standard GFF. We first give the construction of the path integral
without electro-magnetic operators. Consider a smooth Riemannian metric g on the
Riemann sphere €, with volume form Vg and scalar curvature K. The GFF in the
metric g is denoted by X, (see Section [ for details). We consider § such that B <2

and Q = § — %, and then we pick R > O with R € éZn %Z.
The construction involves imaginary GMC, namely the limit
g
Mp(Xg,dx) = l_l_l)l(l) € 2 ePXge(¥) dy,

where X, . is a reasonable regularisation of the GFF at scale ¢ in the metric g. The
convergence is non-trivial for 82 € (0, 2) and the limit is a distribution of order 2 with

5 Actually, this point could be circumvented by adding artificial (electric) operators as is usually done in
the physics literature, leading to the possibility to consider the irrational case.
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exponential moments. More generally, we will consider imaginary GMC Mg(¢,, dx)
where we replace the GFF X, by a more general functional of the GFF, denoted by ¢,
and called the Liouville field, which will be made precise depending on the context. The
definition of the path integral is then (up to some metric dependent terms encoded in
the constant C(g), the precise meaning of which we skip for now)

(2.3) <F>C,g = C(g) E[F(qbg)e_ﬁ Je Kgdg dVg_ﬂM§(¢g,C)] de

R/27RZ
for all reasonable test functions F, periodic with period 27RZ in the variable ¢, and
here the Liouville field is ¢ = ¢ + X,. Note the integration dc of the constant mode
c of the field ¢, over the circle of radius R. Also, the curvature term perfectly makes
sense here because, at this stage, the Liouville field is a well-defined distribution on (&
and can be integrated over C.

2.1.1. Electric operators. Next we introduce electric operators: given a point x € € on
the sphere and a weight « € R~1Z, they are formally defined by

a? |
Vig,0)(%) = lirr(} € 2 el%Pge(X)
€—

The condition « € R~!Z makes sure that the electric operator, seen as a function
of ¢, is well-defined on the circle. Products of such operators for distinct points x =
(x1,...,%,) € C" with respective weights « = (ay,...,a,) € (R™12)" will be de-
noted by Vig 0y(X) = H;L=1 V(aj,o)(xj). Correlation functions for electric operators are
formally given by evaluating the path integral above with F(¢g) = V(4 0)(X), namely
(Va,0)(X))¢,g- Of course, the limit € — 0 is ill-defined because, making sense only as a
distribution, the GFF cannot be evaluated pointwise. To remedy this, the usual trick
is to apply the Girsanov transform; special care has to be taken here because of the
imaginary weights so that rigorously implementing the Girsanov transform has to go
through analytic continuation arguments (see Section p.2). The outcome is that the
path integral with electric operators is (again, up to explicit trivial factors Cg o)

] . _iQ . —uME ®

(24) <F‘/(“,0)(X)>C,g — Cg,x,a f elC Zj=1 aj E[F(¢g)e an Je Kgdpg dvg MMﬁ(¢g,C):| dC,
R/27RZ

where the Liouville field is now ¢g =c+Xg +uy, and the function

n
U (x) = Z ia;Gy(x, X))
j=1

(with G, the Green function on C in the metric g) stands for the shift resulting from
the Girsanov transform. Observe that this shift creates singularities in the potential
Mg(gbg, %), which can be formally written as e’ /. e P L Ce(xx; )Mﬁ(Xg, dx). Well-
posedness and existence of exponential moments of this random variable are part of
our work.

2.1.2. Magnetic operators. The next step is to introduce the magnetic operators. A
magnetic operator creates a magnetic charge m € Z at its insertion point z. Its ef-
fect in the loop model is to create a discontinuity 2zRm in the height field ¢ along a
line emanating from z. Here, this has the effect to make the Liouville field ¢, acquire a
winding 2zzRm around the point z. The discontinuity curve has to end at the location
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of another magnetic charge and if we consider distinct points z = (zy,...,z,) € C"
with respective magnetic charges m = (m,,...,m,) € Z" we must impose the neu-
trality condition ), m; = 0. To construct these operators, we consider a closed 1-form
Vzm ON C\ {z} (with {z} := UJ’?:l{zj}) such that v, 1, is of the form m;R d6 in local radial
19 near the point z;, for j = 1,...,n. Such a 1-form exists if and
only if the charges satisfy Z?ﬂ m; = 0. Also, note that the choice of this closed 1-form
is not unique but the path integral we will construct will not depend on this choice.
Then we want to offset the GFF with a primitive of this 1-form, namely we want to
consider the path integral (2.4) where the Liouville field is now

coordinates z — zj=re

$g =+ Xy +uy + Ly (Vym),

and Iy (Vym) = fx); V,,m 18 a primitive of the 1-form v, ,, with base point x,. The point
is that v, 5,, is not exact (and C \ {z} is of course not simply connected if n > 1) so
that the primitive is multivalued on € \ {z}: it has a monodromy 27zm R when turning
once around a given point z;. The first important remark is that any function of the

K
form ' =m) for k € 7, is unambiguously defined as a smooth function on C \ {z}.
In particular, since 8 is an integer multiple of 1/R, the potential term in (2.4) is well-
defined as it reads

eiﬁc f e—ﬁ Z] O{ng(x,Xj)eiﬁIxo (Vz,m)(x)Mﬁ(Xg’ dx)
(o

Also, and at the level of electric operators, offsetting the field by I, (v, m) produces
a further factor of the form H;lzl 1% Txo Vzm)(x)). again, the conditions a; € R™'Z
make this product unambiguously defined. Actually the main problem comes from
the curvature term in (2.4): the monodromy of the field ¢, makes this term being ill-
defined and depending on the choice of the primitive. It must be regularised. For this,
we first introduce a system of branch cuts for I (v,y,), which we call defect graph.
It consists in a family of smooth simple curves (§,),=1,...,n—1, Which do not intersect
except eventually at their endpoints. Each arc &, : [0,1] — C is a smooth oriented
curve parametrised by arclength with endpoints &,(0) = z; and &,(1) = zj for j # j'.
We must further impose a direction along which the arcs reach the endpoints. So we
fix a family of unit tangent vectors v; € T, ZJ.C (j = 1,...,n) and we further require
these arcs to obey: if §,(a) = z; with a € {0, 1}, then £;(a) is positively colinear to v;.
Finally, consider the oriented graph with vertices {z} and edges (z;, zj) when there is

an arc connecting z; to z;. This graph must be connected and without cycle. What we
call defect graph is the set D := UZ; &,([0,1]), see Figure [Il.

The defect graph is a proper branch cut for v, ;,, in the sense that this 1-form is exact
on the complement C \ 2. Therefore it admits an unambiguously defined primitive

denoted by Ifo (Vz.m)- Then we introduce the regularised curvature term as

reg reg
f Kog dvg = / Ky(c+ Xg + u,) dvg + f I, (VK g AV,
C C C

where

reg n
(2.5) / Lo (Vm)Kg dvg == f Iy (Vym)Kg dvg =2 > x(&,) | kg dt,
¢ ¢ p=1 &
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FIGURE 1. A defect graph with 4 points

where kg denotes the geodesic curvature of an oriented curve, d€g the Riemannian
measure on £, induced by g and x(§,,) are coefficients that have explicit expressions in
terms of the magnetic charges; their value is actually imposed by an argument relying
on the Gauss-Bonnet theorem (see Subsection f.2). The definition of the path integral
with both electric and magnetic operators is then

(2.6) <FV(ot,0)(X)V(O,m)(V)>C,g = Cg,x,z,ot,m
Q reg

. 1 i A
x f elC Z;L:l Dle[e—;<ng,Vz,m>2F(¢g)e—H Je ~ Kgpg dVg—HM[%(d’g,C)] de
R/2wRZ

with ¢, = ¢ + Xy + Uy + Ly(Vym) and v = (21, 01),...,(2y,0,)) € (TC)", and

Cg x2,am 1S @ constant encoding trivial factors (in particular it contains the product

H:.lzl el%Txo (Vam)(*1))  \What is non-trivial is to show that this regularised curvature
does not depend on the choice of the defect graph: this is proved in Subsection {.2
using Gauss-Bonnet.

Electro-magnetic operators, denoted by V{, m)(V), are then defined by merging both
electric and magnetic operators, namely by taking the limit x — z in (R.6). Yet, this
limit is ill-defined because of the windings around the points z. This is why we must
further impose the direction along which each x; reaches z;, and we require this limit
to be taken in the direction vj, in which case we prove that the limit makes sense and
defines this way correlation functions of electro-magnetic operators (Vg m)(V))s,g- Fur-
thermore, we obtain an explicit description how these correlation functions are affected
by a change of the choice of the unit vectors v;, which translates the notion of spin for
primary fields in the physics literature.

2.2. Other topologies. Now we sketch the construction for more complex topologies,
and we focus here on the case of complex tori. As soon as the genus of the surface is
non-zero, the compactified GFF integration measure (£.2) has a so called instanton
component corresponding to the summation over the De Rham cohomology. Con-
cretely, the torus T? = C/(Z + tZ) with modulus 7 = 7; + it, € C (with 7, > 0) hasa
basis of homology given by the cycles a(t) = t and b(t) = tr for t € [0,1]. A dual basis
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T=>

(A) Torus with its two homology cycles

a a
21
b b V1
’ F/Zz\VZ ’
N V3 o
a a

(B) Planar representation of T;. On the right-side, the torus T,
with a defect graph.

FIGURE 2. Homology cycles and defect graph on the torus

of cohomology is given by w; = dx — —dy and w, = —dy For k = (ky,k,) € 7% we
T2

set w = kyjw; + k,w,. Then, the path 1ntegral basically corresponds to (.3) with the

Liouville field given (for I o (@)(X) = fxO wy multivalued) by

$g = ¢+ Xy + L (wy),

and a further summation over k € Z2. Again, the problem here is that the curvature
term is ill-definedf as there is an arbitrary choice to be made for the primitive I, o (@1)s
which is multivalued on Z, and the resulting integral f; K¢, (cwy) dvg does depend on
this choice. So the curvature term has to be regularised: the cycles a, b are chosen as
branch cuts and then the 1-form wy is exact on £\ (aUb). One then needs to introduce
counterterms in a way similar to (2.3) to finally get the path integral

1
(Flrpg = Clg) Y, ¢ axlE

kez2

2.7
« f Efe” e e g 3o 5 i Kt Ve KM g
/2TRZ
On general Riemann surfaces, a considerable part of our work consists in proving that
the path integral does not depend on these branch cuts, with the invariance under dif-
feomorphisms as a consequence. One can then define electro-magnetic operators on T
as was done for the Riemann sphere, introducing further branch cuts for the magnetic
operators (see Figure fJ). This concludes our short overview of the construction.

2.3. Main results. Let us expand now in further details the properties of this CFT.
First we stress that the correlation functions of interest are expectation values of the
electro-magnetic fields, the construction of which is summarized above. In the
Coulomb gas picture, an electric operator with weight a = ;7 creates an electric charge

6Note that we do not assume the curvature is uniformised with Ky =0.
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e € Z at the insertion point x € Z. A magnetic operator in turn creates a magnetic
charge m € Z at its insertion point z. Electro-magnetic operators V, ,,(z, v) mix the
two effects. They are the primary fields of the CILT; they are not scalar when m # 0 as
they possess a spin, details can be found in Section p.2.

In CFTs, the 3 point correlation functions on the Riemann sphere, or structure con-
stants, play a special role as building blocks of the conformal bootstrap formulae. In
Section [] we compute the three-point functions of the electro-magnetic operators and
show them to be given by a generalization of the well known Dotsenko-Fateev inte-
grals. In the case when the magnetic charges are set to 0, these integrals are given by
the imaginary DOZZ formula [[/(], whereas the presence of magnetic charges make
these structure constants appear as a square root of products of imaginary DOZZ coef-
ficients, see Section [7.

Finally we complete the CFT axioms by establishing Segal’s gluing axioms [6§] for
the path integral. Segal’s axioms were designed to capture the conformal bootstrap
approach to CFTs using a geometrical perspective (for a nice introduction to mathe-
maticians see [28]). They are related to the Operator Product Expansion and are fun-
damental to obtain a consistent CFT on all closed surfaces. To prove these axioms, we
define the path integral on surfaces with boundaries and construct associated opera-
tors on a Hilbert (called amplitudes), and we show that these operators compose under
gluing of surfaces. This part uses our previous work [31] but we stress that there are
many non-trivial new aspects due to the topological terms in the path integral defini-
tion due to the fact that we work with the compactified boson. We believe that even
for the compactified free field, our gluing results are new.

Our results depend on the alternative (1.4). Theorem R.I summarizes the main re-
sults of this paper for the correlation functions of the electro-magnetic operators in the
rational case (see ([[.4)); we refer to Theorem and to Propositions and for
more detailed statements. It is also possible, with the techniques of this paper, to define
correlation functions in the case where the central charge is irrational. The invariance
by diffeomorphisms is not as general as in the rational case, so it is not completely clear
how that fits in the full CFT picture. On the other hand the spectral analysis and rep-
resentation theory for this model is possible and seems very interesting. This will be
studied elsewhere.

In the rational case, some elementary algebra shows that there exist p, q coprime

integers such that 32/4 = 2 Furthermore, %Z N éZ = @Z if p, q are odd, or %Z N
q

1
—7 = Z if p or q is even. The central charge becomes
2 \ Pq porq g

(p—q)?
2.8 e =1-—62—9
(2.8) IL P

Theorem 2.1. Let f?/4 = £ where p,q € N are coprime and let the compactification
q

radius R = g\/ﬁ with k € N* if p,q are odd, or k € 2N* if p or q is even. Let (%, g) be a
closed Riemannian surface and v = ((z1,01)s - .-, (2, Uy)) € (TE)". Assume the electric
charges satisfy o == ej/R > Q, with e; € Z, and that the magnetic charges m; € Z satisfy
Z;=1 m; = 0. Then the following hold true:



584 C. GUILLARMOU, A. KUPIAINEN, AND R. RHODES

(i) The correlation functions (Vigm)(V))s,g exist as limits of regularised objects and
do not depend on the choice of the cohomology basis nor on the magnetic discontinuity
curves.

(i) (Viaym)(V))3,g satisfy the axioms of a Conformal Field Theory with central charge
(B.9) and conformal weights A, ,, and spin S, ,, given by

2R2

Agm = 2R(ﬁ - Q)+ ——, Syum=em—QRm,

in the sense that they transform in a covariant way under the action of diffeomorphisms
g — P*g, see (6.21)), Weyl scaling g — ePg, p € C*®(2), see (b.19), and rotations of the
vectors v; — Ojv;, O; € SO(2), see (6.22).

(iii) (Via,m)(V))s, ¢ satisfy the gluing axioms of Segal for conformal field theory under
cutting of the surface along analytically parametrised simple curves, see Proposition
and B.14.

A 2
(iv) If (e, e,) is the canonical basis of R> = TC and g, = dz|
1,€2 8o

max (|z|,1)*
metric on the Riemann sphere, then the 3-point function on the Riemann sphere is given

by

the choice of

<V(oc1,m1)<0’ el)V(ocz m2)<1’ el)V(oc3 m3)(°°’ e)e .80 —

2R —)’ 1_[)6Al Al(1 —x))%2(1 - x))* H Ixj — x;[F* dx; ... dx,
! j<j’ ’

where
ﬁ b J 2 bl j 2 .
When m; = 0, this can also be written as
<V(oc1,0)(0a el)V(az,O)(l’ el)V(a3,0)(°°a el))é,go

20-%; ¢4
=27R(—u) P CDOZZ(“l,az’as)

and in general

<V(O(1,m1)(0 el)V(o(Z,mz)(lv el)V(oc3,m3)(°°’ el))é,go

2(2Q-3 )

= 4m*R*uk CDOZZ(cx1 + mR, o, + myR, a3 + m3R)

x C}?OZZ(OCI — mR, @, — myR, a3 — m3R),
where CEOZZ(-, -, -) is the imaginary DOZZ constant of (.10).

Remarks.

(1) Segal’s axioms give access to the spectrum of the CFT by considering the gener-
ator of the semigroup of annuli (see [68] or [31] in the case of Liouville theory) i.e. the
Hamiltonian operator of the CFT. This operator is not self-adjoint but it has discrete
spectrum and non-trivial Jordan blocks. This will be studied in a forthcoming work.

(2) It may be instructive to write our conformal weights in terms of the usual Kac
table parametrisation. The conformal weight and spin are then characterised by a pair
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(h,h) such thath + h = 2A, ,, and S, = h — h. Here we get

1,e 2 Q? _ 1,e 2 Q2
=-(=+mR-Q) - = d =-(= —mR-0Q) - =.
h 4(R +mR - Q) 2 an 4(R mR — Q) 2
. . 1,2 B\ Q2
In the Kac notations, one introduces the number h, ; = Z(rE - s;) - forr,s €

R and one has to determine for which pairs (r,s) and (,s’) the relation (h,h) =
(hys, hy ) holds. Here, this is equivalent to finding all the pairs (r,s) and (r',s") that
can be written as

B B

e 2 e , 2
1—Q+mR—Q—r3—s§ and I_Q_mR_Q_r[_S_SE’

for e, m € Z. Some algebra then gives the condition that any r, 7', s, s’ satisfying

! ! 2
r-;r’s-;s EEZ and r—r' €kpZ, s—s €kqz

can be written as desired.

One can then use this information to compare with the set of conformal weights of
other CFTs. If we impose the field to be diagonal (or spinless), meaning h, s = hy o,
we find that eitherr = r',s = §' € %Z orr =—r € %Z and s = —s' € %pZ. In
particular, taking k = 2, we find that all the diagonal fields have conformal weights
corresponding to the degenerate representations of the Virasoro algebra.

If p = 2 then the central charge of our construction coincides with that of the (2, q)-
minimal models [J] and the set of its spectral weights thus contains the weights of the
degenerate Virasoro representations for k = 2. It has been argued in physics by [40]
that the A-series minimal model CFT with the same central charge can be recovered
from this compactified imaginary Liouville theory by a so-called BRST reduction, pro-
viding this way a path integral construction of the minimal models. This question,
raised to us by N. Seiberg, was the original motivation for this work, and we plan to
understand this aspect in future work.

(3) Our construction works also in the irrational case under the condition that Zj a;

€ y()Q + %Z. When we work on the torus or the sphere without magnetic field,
the correlation functions satisfy the same invariance properties as in the rational case.
On the other hand, for higher genus or in the case with magnetic fields, the diffeo-
morphism invariance does not seem to hold in general. This will be studied in a sep-
arate work and it is not clear it produces a CFT with all the required axioms in the
general geometric case.

(4) Thereisanimportant open question in physics to construct a CFT dubbed Time-
like Liouville Theory or Imaginary Liouville Theory [B6, 63, 67, 70]. This is a non-
compact CFT with continuous spectrum and structure constants given by the imag-
inary DOZZ formula. Even though there may be some links with such a CFT, our path
integral does not coincide with it (among other reasons, it has discrete spectrum). We
choose to call our path integral CILT because our construction is based on the Liou-
ville action with imaginary parameters, yet on the compactified boson so that it is not
mistaken with the putative Timelike Liouville Theory.



586 C. GUILLARMOU, A. KUPIAINEN, AND R. RHODES

3. GEOMETRIC PRELIMINARIES

Notations. We shall denote 1(t) = 9d,u(t) the derivative of C! curves u : [0,1] —
> with values in a surface. If (%, g) is a closed, or compact with boundary, oriented
Riemannian surface, we denote (f, f'), = / ff'dv, the I* pairing with respect to the
Riemannian measure vy, we denote (u, f) the distributional pairing if u € D'(Z) is a
distribution and f € CZ(X°, R) compactly supported in the interior Z° of X, with the
convention that if u € C*(X) then (u, f) = (u, f),.

3.1. Closed surfaces. Let X be an oriented compact surface of genus g and let g be a
smooth Riemannian metric. The metric g induces a conformal class [g] := {e¥g| ¢ €
C*(%)}, which is equivalent to a complex structure, i.e. a field J € C*(XZ; End(T%))
of endomorphisms of the tangent bundle such that J> = —Id. There are local charts
wj : Uj — D such that w; o wi ! are holomorphic functions and (coj‘l)* g = efildz|? on
D, where z = x+iy is the usual complex coordinate on C and p; € C*(D). The complex
structure in the holomorphic charts w; is given by Jo, = 9, and Jd,, = —9,.. The Hodge
operator x : T*X — T*Z is the dual to J, it satisfies *dx = dy and *dy = —dx in local
holomorphic charts. The pair (%, J) (or equivalently (Z, [g])) is called a closed Riemann
surface. The orientation is given by any non-vanishing 2-form wy € C®(Z; A2T*X) so
that (w; ") wy = e/i dx A dy in D for some function f;.
The Gauss-Bonnet formula reads

(3.1 ng dvy = 47 x(Z),
b)

where y(Z) = (2 — 2g) is the Euler characteristic, K, the scalar curvature of g and dv,
the Riemannian measure. The uniformisation theorem says that in the conformal class
of g, there exists a metric g, = efog of scalar curvature K; = —2ifg > 2, K, = 0
ifg = 1orKg = 2ifg = 0. It is unique if g > 2. For a metric § = efg, one has the
relation
Kg = e7P(Agp + Ky),

where A, = d*d is the non-negative Laplacian (here d is exterior derivative and d* its
Iz, Vg) adjoint). Let us recall a result of Aubin [5] on prescribing the curvature.

Lemma 3.1 (Aubin). Let (%, g) be a closed Riemannian surface with genus g > 2. Let
f € C*®(Z) be a non-positive function such that [;, f dvg < 0. Then there exists a confor-
mal metric § := ePg for some p € C*(Z) such that K; = f.

3.2. Surfaces with analytic parametrised boundary. Let T = {¢® € C | 6 €
[0,27]} be the unit circle. A compact Riemann surface T with parametrised analytic
boundary 0% = |_|§-’=16 ;Z is a compact oriented surface with smooth boundary with a
family of charts w; : U; — w;(U;) C Cfor j = 1,..., j, and smooth diffeomorphisms
§j : T — 9;Z where
« U;U; is an open covering of X with U; N 9;Z # @ if and only if j € [1,b]
« there exists § < 1 such that for all j > b we have w;(U;) = D, and for all j < b
we have w;(U;) = As :={z € C | |z| € (§,1]} and w;(9;Z) =T,
. wp o coj‘l are holomorphic maps in the interior of the domain w;(U; N Uy),
« wjo{; : T — Tis real analytic, i.e. it extends holomorphically in a neighbor-
hood of T.
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The charts induce a complex structure J as for the closed case. A Riemannian metric g
is compatible with J if (coj‘l)*g = ePi|dz|? for some smooth function pj on w;(U;). The
boundary circles d;% inherit an orientation from the orientation of Z, simply by taking
the 1-form —ngz(iva)z) where i, is the interior product with non-vanishing interior
pointing vector field v to X and gz d;Z — X is the natural inclusion. In the chart
given by the annulus A, the orientation is then given by dé (i.e. the counterclockwise
orientation) on the unit circle parametrised by (eie)se[o,zﬂ]. We say that the boundary
9;% is outgoing if the orientation ({;).(d6) is the orientation of 9;% induced by that
of £ (we also say that the orientation of 9;Z is positive) otherwise the parametrised
boundary 0, is called incoming. We define ¢; € {+1} with¢; = —1if 9;% outgoing and
¢j = 1ifd;Zisincoming. Composing ¢; by the inversion o(z) := 1/z reverses orientation
and transforms an outgoing boundary into an incoming one and conversely. Notice
that there is § < 1 such that ¢; is holomorphic from an annular neighborhood A of
T (resp. Az' := 67'As) to a neighborhood UJ’ of 9;% if wj o {j|y preserves orientation,
i.e. 9, is outgoing (resp. reverses orientation, i.e. 9; is incoming). Up to adding UJ’
to the set of charts and replacing U; by Uunx for j = 1,...,b, the new set of charts
(U}, ), (U}, w;)) with ] == oI+ o ¢ ! produces the same complex structure on £
as the original one, and the parametrisation of the boundary component ;% is given by
(wj’-)‘1 |t. Without loss of generality, we can and will thus assume from now that, when
choosing our set of charts (Uj, w;) above, the boundary parametrisations for j = 1,..., b
are given by

wil(e®) ifg=-1

wil(e™®) ifg =1

The metric g is said admissible if it is compatible with the complex structure and for
(Uj,coj)withj =1,...,b, we have

(wj')*g = |dzI?/|zI%,

gj T — 6JZ, §j(ei6) =

on w;(Uj). In that case the boundary is geodesic for g, with length 27, and the metric
g has curvature K, = 0 near 9Z.

3.3. Gluing and cutting surfaces. Let X be a Riemann surface, not necessarily con-
nected, with b parametrised analytic boundary connected components §; : T — 0,Z.
Let w; : U; — As be the charts near 9;Z with CUj_ll‘[T = {; as above. If 9;% is outgoing
and 9, X is incoming, we can glue 9;% to 9; X to obtain a new Riemann surface =# with
(b—2)-boundary components: this is done by identifying ¢;(e’®) ~ ¢, (e®). A neighbor-
hood in £# of the identified circle 9;Z ~ 92 is given by (U; U Uy)/ ~ where ~ means
the identification 9 X~ 0rZ, and

1 -1
m (S Aa
produces a chart. If 6;% and 0, Z belong to different connected components of Z, bo(Z)
= by(X) — 1if by denotes the 0-th Betti number; otherwise bo(Z#) = bo(Z). If T is
equipped with an admissible metric, then g induces a smooth metric on the glued Rie-
mann surface =# compatible with the complex structure.

Conversely, starting from a Riemann surface (Z,J) with b > 0 boundary circles
0,%,...,0pZ and choosing an analytic embedded circle € in the interior X° of X and a

wik :z€ U wj(z) EAs, z€ U
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chartw : V — {|z| € [6,6!]} C C for some § < 1 with w(€) = T, there is a natural
Riemann surface %, obtained by compactifying =, := X \ € into a Riemann surface
with b + 2 boundary circles by adding two copies 6b+1§@ = C, ab+2§@ = Cof Cto
T using the chart w on respectively w~!({|z| < 1}) and w~({|z| > 1}) (one outgoing,
one incoming). Using the gluing procedure of ahHE@ with ab+2§@ inZe just described
above using the parametrisations ¢; := w™!|; and ¢, := w™!|;, we recover (Z,J).

3.4. Determinant of Laplacians. For a Riemannian metric g on a connected ori-
ented compact surface %, the non-negative Laplacian A, = d*d has discrete spectrum
Sp(Ag) = (4))jen, With 4o = 0 and 4; — +oo and we shall denote e; the associated
orthonormalised eigenfunctions. We can define the determinant of A, by

det'(A) = exp(=35$(5)ls=0):

where ¢(s) = Zj:l /1]-‘3 is the spectral zeta function of A,, which admits a meromor-
phic continuation from Re(s) > 1 to s € C and is holomorphic at s = 0 (the series con-
verges for Re(s) > 1 due to Weyl’s law). We recall that if ¢ = e¥g for some ¢ € C*(Z),
one has the so-called Polyakov formula (see [59, eq. (1.13)])

det'(Ag)  det'(dg) 1

(3.2) log ) = log ) - n

f (Idel2 + 2K, g)dv,,
x

where K is the scalar curvature of g as above.

When (Z, g) is a connected oriented compact surface ¥ with boundary, the Lapla-
cian A, with Dirichlet boundary conditions has discrete spec,trum (4j,p)j>1 and the
determinant is defined in a similar way as det(Agp) = ¢~$e0©® \where $g,p is the
spectral zeta function of A, with Dirichlet boundary conditions defined for Re(s) > 1
by {g.p(s) = Z;ozl A} p- The function ¢, p(s) admits a meromorphic extensiontos € C
and is holomorphic at s = 0.

3.5. Green’s function and resolvent of Laplacian. Each compact Riemannian sur-
face (Z, ) has a (non-negative) Laplace operator A,. The Green function G, on a sur-
face X without boundary is defined to be the integral kernel of the resolvent operator
R, : I*(Z) - I*(Z) satisfying AgR, = 27(Id — TI), Ry = Rg and Ryl = 0, where II,
is the orthogonal projection in I*(Z, dvg) on ker A, (the constants). By integral kernel,
we mean that for each f € I*(Z, dv,)

Ref () = [ Gyl x vy,
z

The Laplacian Ag has an orthonormal basis of real valued eigenfunctions (¢;)jen, in
I*(%, dv,) with associated eigenvalues 4; > 0; we set 1 = 0 and e, = (V,())~"/2. The
Green function then admits the following Mercer’s representation in L2(Z X Z, dvg ®
dv,)

g

(3.3) Gy(x,x') = 271'2 /%ej(x)ej(x’).
j=1 7

Similarly, on a surface with smooth boundary X, we will consider the Green function
with Dirichlet boundary conditions G, , associated to the Laplacian A, with Dirichlet
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condition on d%. In this case, the associated resolvent operator

Rypf(x) = f G p (6 X' )f (2 )dvg(x')
x
solves AgR, p = 27ld.

3.6. First homology group and symplectic basis on closed surfaces. Let X be a
closed oriented surface of genus g. We denote by #(Z) the first homology group of
T with value in Z. It is an abelian group isomorphic to 723, which can be obtained as
the abelianization of the fundamental group 7;(Z, x,) for some fixed x, € X. Recall
that elements in 7;(Z, x,) are equivalence classes of closed C! curves on the surfaces
(equivalence been given by homotopy fixing x,), and for a closed curve c on Z, we
denote by [c] its class in F;(Z).

For two transverse oriented C! curvesa : T — %, b : T — X on I, the algebraic
intersection number ((a, b) € Z is the number of intersection points p = a(t;) = b(t,)
weighted by +1 (resp. —1) if the orientation of the basis (d(t;), b(t,)) of T,Z at pis
positive (resp. negative) with respect to the orientation of £. This number only depends
on the homology class [a], [b] of a, b, it defines a bilinear skew-symmetric map

This map is a symplectic form and there exists a symplectic basis ([a;], [b;])i=1,;4 Of
H,(Z) represented by closed simple curves (a;, b;); such that

(34) l(al', bj) =d l(al’, ClJ) =0, [(bi, b]) =0.

In fact, we can and will choose a;, b; so that the intersection number «(a;, b)) is also
equal to the geometric intersection number: for example a; intersects b; in a unique
point, etc (see Figure ). A symplectic basis ([a;], [b;])i=1,...,4 of 7, (Z) represented by
simple closed curves (a;, b;); with the property just described will be called a geometric
symplectic basis. See Figure B. If ¢ = Z?=1 ajaj + Bjbjand ¢’ = (};':1 aja; + fibj, we
have

ij»

8
e, ¢ = Z ajf; —aifj = (a, B, BT,
j=1
where J is the canonical symplectic matrix on R?8. We denote by Sp(2g, R) the sym-
plectic group, defined by A € Sp(2g, R) if AJAT = J, and let Sp(2g, Z) := Sp(2g,R) N
GL(2g, Z) the subgroup whose coefficients are integers. Any other basis (a’,b") =
(@,...,ag, b, ... by) (not necessarily symplectic) of 7;(2) is related to (a,b) =
(al,...,ag, by,...,b,) by a matrix A € SL(2g, Z) with integer coefficients and of de-
terminant 1
(a’,b") = A(a, b).

The basis (a’, b") is symplectic if and only if A € Sp(2g, Z). We shall typically use the
notation o = (0, ..., 0y4) for a basis of #(;(Z) and (ay, by, ..., aq, by) when the basis is
a geometric symplectic basis. We refer to [23, Chapter 6.1] for a detailed discussion
on the symplectic structure of #(;(X). It follows from the proof of [23, Theorem 6.4]
that each symplectic basis of #(;(Z) can be realized by a geometric symplectic basis.
Finally, as explained in [23, Section 6.3], if  : £ — X is an orientation preserving
diffeomorphism, it induces an automorphism ¥, : F;(Z) — H;(X) which belongs to
Sp(2g, Z) (as it preserves the intersection form).
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FIGURE 3. A geometric symplectic basis of #(;(Z)

3.7. De Rham first cohomology group on closed Riemann surfaces. We equip
with a complex structure J € End(TZ), i.e. satisfying J> = —Id. Denote by APY :=
APT*Z the bundle of differential p forms. Letd : C®(Z, APZ) - C®(Z, AP*1X) be the
exterior derivative and x : T*X — T*X be the Hodge operator, dual to —J. The Hodge
operator induces a scalar product on the space C®(Z, A'Z) of real valued 1-forms

(w, "), = /w A *w’.
b

The formal adjoint of d : C®(Z) — C®(Z, A'Z) with respect to this scalar product on
1-forms and the Riemannian I? scalar product on functions is given by d* = — % d *.
The first de Rham cohomology space is defined by

.7{1(2) := ker d|cw(Z,AlZ)/ Im dlCoo(Z).

It is isomorphic to the real vector space of real-valued closed and co-closed forms, or
equivalently real harmonic 1-forms,

Harm' () = {w € C®(Z,AlL) | dw = 0,d % w = 0}.
The space F1(Z) is dual to #(;(Z) with the duality map given by

H' )X H(Z) > R, (w,0):= /co

and called the period of w over . If we fix a basis (03, ..., 034) of (;(Z), one can then
find a unique basis (@, ..., @,4) dual to (oy, ..., 054). For R > 0, we define the Z-module
consisting of cohomology classes with periods in 27RZ:

(3.5) FHE(Z) = {w € H(T) | Vo € H,(2),{w, o) € 27RZ}.
The discussion above implies the following:

Lemma 3.2. LetR > O and let ¢ = (0y,...,0,) be a basis of H,(X). Then there ex-
ist 2g independent closed smooth 1-forms wy, ..., w,q forming a basis of H}(Z) dual to
(01, ..., 0yq) in the sense that

. 1
Vl,], ﬁ a CU] = 5”

If wi, ..., w)g is another such family, then for each j = 1,...,2g there exists ; € C*(Z)

!’

such that wj = w;—dg;. Thereis a unique such basis of I} so that in addition d * wj =0
forall j=1,...,2g.
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We deduce that if w; are some closed forms as in Lemma .2, foreach k= (ky, ..., ky,)
€ 7%, the form

29
(36) Wk = Z kJCL)J
j=1

satisfies /,, wy = k;27R and the map k — wy, identifies 7% with H(}(Z).
We pursue with a technical lemma that will be useful later:

Lemma 3.3. Let T be a closed Riemann surface and let o € C*®(Z, A'Y) be a closed
1-form. Then

(dRyd*w, @), = 27]|(1d — ITy )w|3,
whereII; : IA(S,A'S) — Harm'(Z) is the orthogonal projection.

Proof. We observe the following about the Green’s function: G, is the integral kernel
of the operator Ry = 27A; ! satisfying

-1 _
AgAg" =1d — I,

where Tl is the projector on constants with respect to the volume form v,. Let Ag; =
d*d + dd* be the Laplacian on 1-forms and Ry ; be the operator so that

Ag,le,l = Rg,lAg,l = 27T(Id - Hl)’
where IT; is the orthogonal projector on Harm; (Z) = ker d n ker d*|ce(z a1x). Then
Agy dRy = dA,R, = 27rd(Id — ITy) = 27 d,
thus applying R ; on the left,
3.7) 27(Id — 1) dRg = 2w dRy = 27Rg ; d.
This proves that if dw = 0, then
(dRgd*w, w), = (Rg; dd*w, w), = (Rg1Ag 10, ) = 27[[(1 — II)wlf3. O

3.8. Homology and cohomology on surfaces with boundary. Now, let us con-
sider the case of a Riemann surface (Z,J) with boundary (note that J induces an ori-
entation). Assume that there are b boundary connected components 0,Z%, ..., dyZ, ori-
ented positively with respect to the orientation of %, and the genus is denoted by g > 0.

As for closed surfaces, the first homology group H;(X) is represented by oriented
closed curves in X. Itis isomorphic to Z?+~1, The positively oriented boundary circles
¢j = d;Zfor j = 1,...,b are elements in F;(Z) and Z?zl[cj] = [0Z] = 0 is the class
of the boundary, which is trivial. If £#2 = I#Z is the double of  ((Z,J) glued with
(=, —J) along the boundary), the inclusion map of the right copy of £ into £#2 induces
a linear injection

is 1 FG(2) > I6(2)

and the intersection pairing ¢ defined above for closed surfaces also makes sense on
¥ using this injection. The involution 7y exchanging the right copy of X with the left
copy induces a linear map on #(;(Z) fixing the boundary curves [c;]. The group F;(Z)
is generated by ([01], ..., [oy], [c; |, -- -, [ci,_, ]) where o; are simple curves that do not
intersect 0 and iy,...,i,_; € {1,...,b} are distinct. Notice that these cycles o can
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N\

(B) The double =#2 with a choice of geo-

metric symplectic basis. The cycles that are
(A) Surface X with a boundary and a basis part of the cohomology basis on %, com-
of interior cycles pleted to a full cohomology basis in gray.

FIGURE 4. Homology on the doubled surface

also be viewed as element in the relative homology #;(Z, 0%), and we can assume that
[0j] # 0in F(,(Z,0Z). In fact, one can choose (0)); to be (ay, by, ..., ag, by) with

(aj,a;) = 0= ubj,b;), uaj,b;)=3;j,

and that the geometric intersection of these curves is at most one point. In particular,
(iz(a;j), is(bj))j=1,.. 4 is a subset of a geometric symplectic basis in 7, (=%2); see Figure
A. We call such a basis

(3.8) (al,bl,...,ag,bg,cil,...cib_l)

a canonical geometric basis of H(Z). Up to renumbering the boundary components,
we will assume that i; = j.

Elements in the relative homology J(;(Z,0Z) are represented by either oriented
closed curves or oriented curves with endpoints on the boundary dZ. The relative ho-
mology H(,(Z, 0%) also has dimension 2g + b — 1. A basis of cycles of F;(Z, 0%) can be
obtained by taking

(3.9) (@1,by, .+, A, by dy .., dy_1),

where (aj, b;) are chosen inside X° such that the intersection numbers are equal to their
geometric intersection number and are given as in (B.4), and the (d;); are disjoint non-
intersecting oriented simple curves, not intersecting U?zl(al- U b;), with endpoints on
0% and satisfying the following properties:

(1) each oriented arc d; has its initial endpoint on a connected component aijz and
the final endpoint on a different connected component 6fj2 of 0%, and it is tangent
at 6,-}.2 to the inward vector field normal to 6% and at 8 ij to the outward vector field
normal to 0X.

(2) The oriented graph G whose b vertices are 9;%,...,0,% and oriented edges are
dy,...,dy_; must be connected and without cycle, i.e. there is no sequence of edges

(0;,Z,0,%),...,(0}, Z,0j, ., Z) with j; = ji41. See Figure f for an example.
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L NN

(B) A canonical geometric basis of
(A) A canonical geometric basis of F; (%) F(Z,0%)

FIGURE 5. Absolute and relative homology on X

Such a basis (B.9) will be called a canonical geometric basis of F(;(Z, ).
The absolute cohomology H*(Z) of degree k € {0,1,2} is defined by

9‘("(2) := ker d|C§°bS(Z’Ak2)/ Im dlC;‘iJS(Z,Ak_IE)’

where, if v is the interior pointing unit normal vector to the boundary and (55 : 0Z — =
denotes the inclusion map, we define the set of real-valued absolute forms (i, denotes
interior product)

2 (2, AKT) = {u € C®(T, AT) | g (iyu) = 0, 55 (i, du) = 0}.

The space F*(Z) is isomorphic to the real vector space of real-valued absolute closed
and co-closed forms

Harm*(Z) := {u € C®(Z, AKZ) | du = 0, d % u = 0, i (i,u) = O}.
The relative cohomology F*(Z, 9%) of degree k € {0, 1,2} is defined by
HK(Z,0%) = ker d|ce (x,akz)/ Im dlcs: (5 k-15),
where

© (2, AFT) = {u € C®(Z, AT) | (hzu = 0}.

rel

The space H*(Z,dZ) is isomorphic to the real vector space of real-valued closed and
co-closed relative forms

Harm"(Z,9%) := {u € C*(Z, A*T) | du = 0, d % u = 0, tizu = 0},
The Poincaré duality says that the Hodge star operator
E Harml(E) - Harml(E, 0%)

is an isomorphism.
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Using the double #2 of T obtained by gluing T with itself at the boundary and the
natural involution 75 on %2, one has that (2, 0%) ~ {u € #'(Z*?) | tfu = —u} and
HY(Z) ~ {u € H(Z#?) | thu = u}. We recover that

4g + 2b — 2 = dim #(1(Z#2) = dim H1(Z) + dim (2, 0%) = 2dim FL(Z)
and there are 2g + b — 1 independent forms in F1(Z) (resp. F1(Z,d%)). The duality
between F1(Z) and 7, (Z) is given by the pairing

(3.10) HU(Z) X H(Z) - R, (u,0):= fu.

The fact that 23;1[01‘] = 0 in #(;(X) becomes simply Stokes formula: for any closed

1-form w on X
b
Z/a}=f cu:/da):O.
j=1 Cj ox z

As in (B.5) we define for R > 0
HE(Z) ={w € HYZ) | Vo € F,(T),{w, o) € 2nRZ}.

For the relative homology #; (Z, d%), the relative condition ensures that the integral
of a closed 1-form on a curve o representing an element [o] € F;(Z, 0Z) only depends
on the homotopy class of o if the homotopy is such that the endpoints of the family of
curves stay on dZ. The relative homology #(;(Z, 6Z) is dual to F1(Z, dZ) by the pairing

(3.11) HU(Z,08) X H,(Z,08) » R, (u,0) = f u

and we define
HE(Z,0%) = {w € F(Z,0%) | Vo € F,(Z,0%),{w, o) € 2nRZ}.
The duality isomorphisms (B:10) and (B.11]) imply the following:

Lemma 3.4.
(1) Fix a basis of (). Let w;,w, € Cgy (T, A'T) such that [ w, = [, w, forall o
in the basis of 7(,(X). Then thereis f € C*(Z) with 9,,f |55 = 0 such that
w, = w, +df.

(2) Fixa basis of 7,(Z,0%). Let w1, w, € C(Z, A'Z) such that Sy w1 = [, forall
o in the basis of 7(1(Z, 0%). Then there is f € C®(Z) with f|ss = 0 such that

CUl = CUZ + df

Now, we will construct particular bases of F(}(Z, 9Z), which have the nice property
of being compactly supported. This will be particularly useful for gluing Segal’s ampli-
tudes later.

Lemma 3.5. Let R > 0 and let  be an oriented compact surface with genus g and b
boundary connected components 6,%, ..., 0yZ and gy, ..., Oz 451 be a basis of 3, (Z, 0Z).
Then there is a basis wf,..., wgg +6-1 Of H}(Z,0%) made of closed forms that are com-

pactly supported inside the interior Z° of £ and dual to 0y, ..., 04451 in the sense that
1 (4
ok ¥ =0k

9k
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Moreover, cugg +j = dfj for some smooth function f; on X that is locally constant in a
neighborhood of 0Z.

Proof. Let us start with a basis wi, ..., w§g+b_l of #(1(2, d%), dual to the basis oy, ...,
O2g+6—1 Of F1(Z, 0Z) in the sense above. Since (3zw; = 0, we see that fa,~>: w;j = 0 for
all i, j. In particular, in a collar neighborhood U; of 9;Z, we can define for z; € 9,2

f@=[ o

Zi,2
which is a well-defined smooth function in Uj; if a,, , C U; is a smooth curve with

initial endpoint z; and final endpoint z. Notice also that f;;[5,x = 0. Let ; € C®(%)

with support in U; and equal to 1 near 9;%. Then cojc = cojr - 2?21 d(x;fi;) belongs to
FC(Z,9%) and is compactly supported inside =°, and it provides a basis of 7(}(Z, %)
since the integrals of cojc- on the cycles forming a basis of #(;(Z, 9%) are equal to the
integrals of @ on these cycles. The fact that cu§g +j = dfj for some f; can be checked
by writing f;(x) = focxo,x wgg 4+ for some x, € 9% where ay , is a smooth curve with
endpoint at x, and x (depending smoothly on x), and noticing that the result does not
depend on the curve by our assumptions on wj, ;. It is also locally constant near 0%

since wgg +j is compactly supported in X°. O
Lemma 3.6. Let R > 0 and let T be an oriented compact surface with genus g and b
boundary connected components 0,Z, ..., 0y %, oriented positively with respect to Z, let c;
be the cycle corresponding to 0;%. Let (0})j=1,... 24 be independent cycles of F(,(Z) so that
((6))j<2g> (€i)i<p—1) form a basis of 3, (Z). Then there are b — 1 independent closed forms
w3,...,wf in H}(Z) such that

1 1
V€=2,...,B,—f wh = -1, Vie[z,b],—f ws = 8pi,
27R o3 27R oz

Vj=1,...,26, V¢ = 2,...,0, / w? = 0.
9j
Moreover, wj can be chosen so that w3 |y, = 0 for some open neighborhood U; of 0,2 if i &
{¢,1}, while in U, and Uj, there are biholomorphisms i, : {z € C | |z| € (§,1]} = U,
andy, : {z € C||z| € (6,1]} — U, forsomed < 1suchthat,(T) = 0,%, ,(T) = 6,2
and if z = re'® are radial coordinates
Yyw3 =RdO, yPjwi =-—Rd6.
Proof. Let us take ,,...,w, € F(Z) such that (2zR)~! Je, we = 8y, fori € [2,b] and
fo,j w, = 0forall j < 2g. We necessarily have (27R)! fcl w, = —1since Z?:l ¢; =0in
F,(Z). With the arguments of Lemma B.5, we can replace w, by w), := w, _Zigé{l,é'} dfy;
for some f,; € C*(X) supported in U; so that supp(w),) N §;= = @ fori ¢ {¢,1}
Now, in Uy, we see that wj, — R(,),d6 integrates to 0 on ¢, = 9,%. Therefore there is
fee € C*(U,) with compact support in U, such that w, = R(¥,),d6 + df,, in U,. The

same argument shows that there is f,; € C*(Uy) with compact support in Uy such
that w, = —R(¥y),d6 + df,, in Uy, and we can just choose

b
W} = wp — Z dfei
i=1



596 C. GUILLARMOU, A. KUPIAINEN, AND R. RHODES
which satisfies the desired properties. O

3.9. Gluing of surfaces and homology/cohomology. Consider two surfaces %;, %,
with parametrised boundary ¢§; = ({j1,...,$,) for i = 1,2 where §;; © T — 9;%; by
identifying 0,Z; ~ 0,Z, using the parametrisations of the boundary. We can construct
a basis of homology on the glued surface X := Z;#X, from bases of relative/absolute
homology/cohomology on Z;.

Lemma 3.7. Fori = 1,2, let Z; be two oriented surfaces with genus g; and b; boundary
connected components parametrised by §; = ($jy, -, §ip, ) With §j; © T — 9;%; all oriented
positively. Let T be the oriented surface obtained by gluing X, to X, using the identifica-
tions ,Z, ~ —0,Z, given by ¢;,(e!®) = &, (e~0). The surface T has genus g, + g, and
b, + b, — 2 boundary connected components.

(1) Leto; := S;UD,; be a canonical geometric basis of the relative homology F(,(Z;, 0%;)
as described in (B.9) fori = 1,2, with

S = (ailabil’---’aigi’bigi)’ D; = (djy, - ’dibi—l)

and where d;; are chosen so that the endpoint of d,; on 3,%, coincides with the endpoint
of dy; on 0,%,. Let

D := d21 - dll C 5{1(2, 52), Dl == (diz, ’dibi—l) C %1(2, 52),

where we identify cycles in Z; with their image in ¥ induced by the inclusion ; — X. Then
the set

(312) o:=D U SI U SZ U Bl U D2 C .‘7{1(2, 62)

(B) A canonical geometric basis of (%, 6%)

FIGURE 6. Gluing relative homology bases on £ = X, #Z,
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forms a canonical geometric basis of (X, 9%). See Figure . We say that o is the gluing
of the relative homology bases o and o, and we use the notation

g = o #0o;.

(2) Let o; = S; U C; be a canonical geometric basis of the absolute homology H,(%;)
as described in (B.§) fori = 1,2, with

Si = (i, bi, -5 aigp big),  Ci = (ciz - Cip) C FH(E)
and ¢;j = 0;Z; the positively oriented boundary cycles associated t0 8,%;, ..., 0y, 1 Z;. Let
Ci = (Cizs--- Cigp—1)) € H1(Z),

where we identify cycles in X; with their image in ¥ induced by the inclusion ¥; — X. Then
the set

(3.13) o:=5US,UC UG C H (D)

is a canonical geometric basis of H,(Z). See Figure [l We say that o is the gluing of the
absolute homology bases oy and o, and we use the notation

o = o1 #0,.

i,c

(3) Fori=1,2, letw} ,...,co;’gci%i_l € J(h(%;, 0%;) be the compactly supported basis
from Lemma B.3 associated to S; U D;, with wlzgcl +j being the form dual to d;; for j =
1,...,b; — 1. Let co%’a,...,cufl,’a € HA(Z,) and wi?, ...,cui’za_1 € F(H(Z,) be the closed

1
forms from Lemma B.] chosen such that,

. 1 l,a 1 1,a
V],€ (S [2,61], _/ w: = —1, D w;: = jg,
27R e J 27R e J
. 1 2, 1 2,
V],€E[1,b2—1],ﬁf wjaz—l, ﬁ Cdja: je-
C2b, C2¢

Then coil’c,...,coiz’gieri_l C HE(E,0%) fori = 1,2, and 3*,..., w5t | C HE(S,), can
all be considered as smooth closed forms on Z, extending them by 0 outside Z; and Z,
respectively — recall that co?’a = 0 near 6, %, for j > 1. The forms

1, 2, .
@} =15, 0" + g5, 07" for j € [2,b]

are also smooth and closed on X. The set

1c Le 2c 2¢c la la 2a 2,a
(3.14) W15 ey g Y 5 een s W, WY, T, W5, W)y

is a basis of 7(}(X), dual to (B13). The set

(3 15) 1,c 1,c 2,Cc 2,C 2,C 2,C
. C()l geeey w231+b1—1’ Cc)l geeey wzgz, CUZ92+2, ceey w2g2+52_1

is a basis of F(}(Z, %), dual to (B12).
Proof. Part (1) is a straightforward exercise of topology using Mayer-Vietoris. For (2),

first consider the relative cohomology case. It is readily checked that the forms cu}’C
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have vanishing integrals on all cycles of (B.12) except

1 1,c 1 1,c P
7R Wy 41 =1, 271'_Rf Wogy+j = 1ifje[2,b; —1],
di1—dy dyj
1 2,¢ _ Y 1 LC _ q:f
H'/d.z.w232+j_la if j € [2,b, — 1], 7R UHCUJ' =1if j € [1,2¢;],
J ij

where (01, ..., 0izq,) = (@1, bi1s .-+ > Ag;» big;). This shows that (B.13) is a dual basis to
EID.

Similarly, the forms cuf’a and wf have vanishing integrals on all cycles of (B.12) except
for the following

1 a _ ap s 1 2,a _ ip s _
R | @ =1ifje[2,b], 27‘[’R/ wi” =1ifj€[2,b,—1]
Cc1j C2j

which implies, using the pairing we already did in the relative case, that (B.14) is a dual
basis to (B.13). O

0,%, 0,%,

(A) Homology bases on %, and X,

(B) Homology basis of #;(X)

FIGURE 7. Gluing homology bases on X = X, #%,

Similarly, with the same argument, we can glue two boundary components on a
connected oriented surface.

Lemma 3.8. Let X be an oriented surface with genus g and b boundary connected com-
ponents ¢, : T — 3,% for € € [1,b], all oriented positively. Let # be the oriented surface
obtained by identifying 6;X ~ —3,% in Z via ¢;(e®) = ¢,(e~9), where the minus sign
—08,% denotes 3,% with the reverse orientation. The surface % has genus g+ 1 and b — 2
boundary connected components.
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(1) Let o = S U D be a canonical geometric basis of the relative homology H,(Z, 0X)
as described in (B.9), with

S=(a1,...,ag]_,b1,...,b), D:z(dl""’df)—l)

and where d; is chosen so that the endpoint of d, on 0, coincides with the endpoint of
d, on 0,% after gluing 0, % with 9,%. Let

C = (Cl’ ,Cb) C :7'[1(2)
be the boundary cycles associated to 3;%, ...,0,% and let ¢§ and dff the images of ¢, and
d, in =¥ after gluing; in particular ¢ = —c¥ and d¥ is a closed curve. The set
(3.16) o* = Sudf ucf uuiZidf c 7 (Z,0%)

is a basis of 7 (%, 0z%).
(2) With the same notation as in (1), the set
(3.17) o =Sudfucluublch c 7, (=)
is a canonical geometric basis of 7(;(Z¥).
(3) Let wf,..., w§g+b_1 € F(Z, %) be the compactly supported basis from Lemma
associated to S U D, with w5, , being the form dual to d, for ¢ = 1,...,b — 1. Let
2g+¢ g

wd,...,wd | € H(Z) be the closed forms from Lemma B8, Then the forms % — w4 and
w5441 both induce smooth closed 1-forms we# and wgs on the glued surface =% The set

(3.18) cof,...,cogg, wdﬁ,cocf,wg,...,wg_l
is a basis of 71(Z*), dual to (B.17). The set
(3.19) cof,...,cogg,wdf, cocf,coggﬁ,...,cogg%_l

is a basis of 71(Z#,02%), dual to (B.16).

3.10. Equivariant functions and distributions. Let X be a compact Riemann sur-
face, with or without boundary. We let b > 0 the number of boundary connected
components and g the genus, and 8; = dim #1(Z) the first Betti number (3, = 2g if
0% = @and B, = 2¢ + b — 1if 3X # ). The universal cover 77 : , — X of £ can be
constructed from a fixed base point x, € X as the set of continuous pathsc : [0,1] —» 2
with ¢(0) = x, up to homotopy. It has a distinguished point X, projecting to x, (given
by the curve c(t) = ¢(0) = x,), and we can view the fundamental group 7;(Z, x,) as a
group of deck transformations on fxO.

For each closed 1-form w on Z (possibly with a boundary), we can construct a func-
tion (a primitive) of w on fxO by

(3.20) L@®=[
O‘xo,x

where the integral is along any C! path Oyx - [0,1] — X such that a, ,(0) = x,

ty, x(1) = X = 7(%) and oy, lifts to = = £, as a curve with initial point %, and

endpoint %. Notice that dI, (w) = 7*w, and if w is harmonic on X then I (w) is a

harmonic function on X.

Lemma 3.9. Let w € Hx(Z) be a closed 1-form on T with integrals in 2RZ along the
i

I
homology curves. Then eR "0

@) descends to a well-defined smooth function on X.
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Proof. Forx € fx() and y € m;(Z, xg), one has

Ly (@)(7.x) — I (@)(x) =/ T*w € 27RZ,

Ax,y.x

where a, ), is any Cl(fxO) curve with «(0) = x and a(1) = y and «, , , descends to a

1
closed curve on Z, thus an element in #(;(X). This shows that e®™x0(®) i invariant by
(2, Xp), and thus descends on X as a smooth function. O

We can now define the space of equivariant functions on ¥ = fxoz let T = 711(Z, xq)
be the fundamental group of Z, then we define the Z-module

Cl‘i"(f) ={ueC®X)|Vy el,yu—u e 2nRZ}.

This space of functions can also be defined by the property that ¢'® isa smooth function
that descends on . Now, we observe that each u € Cp° (Z) induces a map

Xu - T = 27RZ, x,(y)=7u—u.

One easily checks that y,,(Id) = 0 and y,,(1172) = xu (1) + xu(72), so that y,, is a group
morphism. Now, each group morphism y : I' — 27RZ is equivalent to an element in
F}(Z). Fixing a basis wy, ..., wg, of I, L(Z) thereisk € 7P1 such that y(y) = fy wy for

ally e Tifwy = Zf;l kjw;. We denote y this morphism associated to wy. Next we
define

CyE)={uec>@)|Vy el ,yu—u=x»}ccrE).

Foru € Cj’("k(f), we see that u — I, (wy) is T-invariant, thus descends to a smooth

function on . We can thus rewrite the affine space C5;, (Z) under the form
C(®) = {7 f + I (@) | f € CX(2)}.
The discussion above shows that
CR(E) = Uy CEL(3).

In particular, if the representatives w, of the cohomology space F(x(Z) are fixed, each
ue C1‘2°(f) can be written in a unique way as u = 7* f + I, (wy) for some f € C®(Z)
and some k € ZA1. We can also consider, for s € R, the Sobolev Z-module

(3.21) HiE)={f € H,.(Z)|Vy €T, y*f — f € 2nRZ},

where Hfoc(f) is the space of distributions that are in the Sobolev space H*(U) on each
relatively compact open set U C Z. As for smooth functions, each u € HE(Z) can be
written as u = 7" f + I (wy) for some f € H*(Z) and some k € 7P, In other words,

we get an identification

7P x HS(Z) » HLZ), (K f)m 7f + L, (wi)-
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3.11. Harmonic 1-forms with poles at prescribed marked points. Let X be a Rie-
mann surface of genus g, with or without boundary. In case there is a boundary,
we denote 9 n2 for j = 1,...,b the oriented boundary connected components, where
¢j = —1if the boundary ;% is outgoing (i.e. positive) and ¢; = 1 if it is incoming. We
write §; = dim F;(Z) the first Betti number. Consider some distinct marked points
z = (zy,...,2,) € L" in the interior of Z, and we denote by {z} = Ujz; the union of
these points as a set in . We attach some winding numbers m := (my,...,m,) € Z"
to these points, these will be called magnetic charges. Denote by Uy, ..., U, neighbor-
hoods of zy,...,z, and biholomorphic maps ¥; : D — Uj such that 1;(0) = z; and
which extends holomorphically in a larger disc § 71D for some 6 < 1. In the disc D, we
can use the variable z = re® and we denote by d@ the 1-form in D \ {0} that is closed
and coclosed in that pointed disk.

Proposition 3.10. Leto = (0y,...,0p,) C H;(Z) be a basis realized by closed curves not
intersecting the disks U; around zj, and such that 0,4,, = 9,2 for ¢ = 1,...,b — 1 and
0, N0 = Pife < 2g. Letk = (ky,...,kp) € Z° and m = (my,...,m,) € Z" and
assume that ZZ=1 Seke + Z;'l=1 mj = 0. Then there exists a smooth real valued closed
I-form on X\ {zy,..., 2y}, denoted by v, , if OX = @, resp. v, mx if 0X # @, such that
to5(iyVzmx) = 0 (with v the interior pointing vector at 0Z) and

¢;(Vz,m|uj) =m;RdO, JX= a9,
¢;(Vz,m,k|Uj) = ijde’ 0 # ]
and such that forall j =1,...,2gand ¢ =1, ..., 5,

ij Vz’m = 0’ az = ga
1
fg-]. Vzmk = 0 and AR ./;952 Vzmk = géké’a X # 0.
If,e @ {2 € C| |2| € (6,1]} = V, is a biholomorphism for some § < 1 and V,
a collar neighborhood of 9,%, the form v, , x can be chosen so as to satisfy in addition
YnioVamk = —k,RAO near T. The form v, ,, satisfies d*v,, € C®(X) N CX (2 \ {z})
when 0% = @ and d* v, x € C*(Z) N CE(Z \ {z}) when 0T # @. Moreover we have, in
the distribution sense,
n
{dvz’m = —27R Z}.zl m;é,, 0% = @,
n
dVymx = —27R ijl m;6,; O # @,
where 5zj is the Dirac measure at z;. There is a unique real-valued closed and coclosed
1-form vl if 0 = @, resp. VP if0Z # @, on T\ {z} such that

zm,k
vgm —Vm = Afm> o0z =6,

{V?,m,k ~Vmk = Afmp, OZ# 0

forsome fy, € C*(Z) if 0Z = @, resp. fix € C®(Z) With fi xlox = 0if 0T # 0.

Proof. Let%:= X\ U7_1%;(D°). For the first claim, when 6% = fJ it suffices to take a lin-

ear combination v, ,, = — Z:.lzz m;w§ of the forms @] of Lemma .6 applied to the sur-

(3.22)

face with boundary 2, and extend smoothly this form by setting v, | U= (%;).(m;RA0)
for all j = 1,...,n. Here, we notice that we apply Lemma B.§ with the biholomor-
phisms zﬁj : z & ¥;(1/z) to get the right orientation of d jﬁ needed for that Lemma,
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which is the reason of the minus sign in front of m; in the choice of v, 5. Next, assume
9% # @ and, for simplicity of exposition, that the boundary components are all outgo-
ing. We define 9; := dU; for j = 1,...,n (oriented negatively in £) and d,,, ;% = 9,2
when j = 1,...,b (oriented positively in ) and for £ > n we choose biholomorphisms
Y, : {z € C|lz| € (8,1]} = V, for some § < 1 and V, a collar neighborhood of 3,%.
We then set v,y x = — 27:2 mjw§ + Z?:l kjewy, ; where the forms wf are the forms of
Lemma B.4 applied to the surface with boundary 2, chosen so that near T we have

Vj>nVi>1, z,b?cu;‘ = 6;jRd6, and zpj‘a)j‘ = Rd6,
Vj€[2,n],Vi>1, ¢jof=—5;Rd0andPpjwi = RdO.

i
Notice that near T, we have

n b n b
PiVumx = — D, mpial + D kjpiwd, ;= (— D, mj+ ) kj)RAG = m;Rd6
j=2 =1 j=2 =1
Vi=2...,n 9YjVymx = m;RdO

and we extend smoothly v, , \ on U; by setting vz,m,klUj = (¥;).(m;RdO) for all j =
1,...,n. In both cases, 9% = @ or 0% # @, the forms v, ,, and v, p, i satisfy the desired
properties. Next, we compute dv, ,, and d*v, ,, in the distribution sense. Using that
d+d6@ =0in D N {|z| > €} and that *d6 = —dr/r, if f € C(D°) is real valued we get

(d*vym, ) = /.vz,m Axdf = lim Vom A ¥df = —1lim f*Ym=0
p)

€20 Jiz)>¢ €0 J1z1=¢

which shows that d*v,,, = 0 in the distribution sense near z;j, and d*v, , is thus
smooth on X since v, ,, is smooth outside {z}. Now for dv, ,, we already know this

is 0 outside {z}. We check that near z;

fvz’m A xd*(fvg) = lim Vom Ad s (fvg) = —liné frxm = —m;27Rf(0).
by €

€0 |z|>€ |z|=¢€

The same argument applies for v, ,, x in the case 0% # ¢.

To find the harmonic form, let w := v, , if 0Z = P and w = v, p, i if 9 # @.

By Stokes formula as above, we have (d*w, 1), = 0 if X = @ and thus there is a
unique smooth solution f; of

Agf() +d*w =0
with (fy, 1), = 0if % = @ and with fy|s5 = 0if 9Z # 0. We then define w" := w + dfy:
it satisfies dw" = 0 outside {z} and d*w" = A, fy + d*w = 0. O

The form v, ,, € L'(Z) (resp. V,mx € L'(X)) does not belong to I*(X), but we can
define a renormalised I?>-norm: first, for w € C®(Z \ {z}), let

lwll3 = f W A %0,
ZZ,E,g

where £, ., == I\ U;;l By(zj, €) with By(zj, €) the geodesic ball centered at z; with
radius € with respect to g.
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Lemma 3.11. Letw = v, 1, if 0% = B or w = v, 1, if 0Z # @. Ase — 0, the following
limit exists

n

2 2 2 2
(3.23) lolo == lim (el +27R(log 2 m3)
Furthermore, if g’ = efg is conformal to g then

n
loll o = llwllzo + 7R 7 mip(z)).
j=1
h

; _ _h
The same holds with @ = V. OF @ = V1.

Proof. We consider the case 0Z = , the proof in the case with boundary being exactly
the same. Let us write the metric in a small geodesic ball By(z;, €) in complex coordi-
nates (using ¥; : D — Uj) under the form g; = e/ |dz|?. One has for ¢ > 0 small

that
f Vym A ¥V, = R2m? f l(dr A rdO)
zZ,m zZ,m — j r2 )
Uj\Bg(zj,€) D\Bg; 0,€)

where z = rel®. Note that dr A rd6 = Vidzp is the Euclidean volume form, which is
smooth. Let us introduce geodesic polar coordinates for g; around z;

(rj,6;) € (0,6) X R/27nZ expgj:(rje_pi/z(cos(ej)ax + sin(6;)dy)),

where exp§§ is the exponential map at z; for the metric g;. Notice thatr;(z) = dgj (2, z))

and thatr; = re®i®2(1+F;(r;, 6)) with F; smooth on [0, §) X R/27Z and F;(0, 6;) = .
Moreover, using e P dvgj = dv|g,2 and dvgj = Ji(rj, 0;)r;dr;d6; with J; smooth on
[0,6) x R/27Z satistying J;(0, 6;) = 1 one checks that for § > 0 fixed small, as € — 0

(3.24)

S p2m
/ lzvmz‘z = f f rj_l(l +Fj(rj,9))2Jj(rj,ej) erdej
rj€(e,5) r € 0

S p2m
= —2mlog(e) + 2w logd + f f Lj(rj,6;)dr;d6; + O(e)
0o Jo

for Lj(r;, 6;) = (1 +Fj(rj, Gj))zfj(r, 6;)—1)/rjsmooth on [0, §) X R/27Z. The function,
for Re(s) > 0,

1
K] .S '—’/ Vj(Z)Sr—ZV‘dZP =f
r;j€(e,8) 0

extends meromorphically in Re(s) > —1 with a single pole of order 1 at s = 0, since

8 p2m
f rjs_l(l+FJ(rJ,GJ))2JJ(rJ,Gj)drjdej
0

58 S p27m
K;(s) =2n?+/0‘ /0‘ rij(r-,Gj)drjdej

ot S p2m
=5 +.£ /0 Lj(rj,0;)dr;d6; + 2mlog § + O(s),
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where the last equality is a Laurent expansion at s = 0. We observe, by comparing to
(B:29), that (here FP denotes finite part)

1
FPe:O/ r—2V|dz|2 = FPS:Of J(Z) V|dz|2
ri€(e,8) ri€(e,0)

This implies that, if r, is any smooth positive function on X \ {z} equal to r; near z; for
each j, then

lwl2.o = FPy_, f (2 Yy A T
>

Now, if g’ = ePg and rp defined as r, but using g, we have
folly = Il = PPz [ 03 = um A 472
b2

and using that ry (z) = rg(2)*q(z)* for some smooth q with q(z;) = ePZ)2 e obtain,
writing q; = qly; ° ¥,

folly o = oo =lim | 3@ = vum A 7
z

p(z;)
—hrnZ:R2 fo P12 —1)drd6
=Z7‘L’R2mjz~p(zj)
J

and this ends the proof. The same proof works with VX m by using (B:22). O

3.12. Equivariant functions and Sobolev distributions. Case with marked
points. Let (Z, g) be a closed Riemannian surface and z = (zy, ..., z,) disjoint marked
points on Z. As in Section B.1IQ, let T := 7;(Z \ {z}, X() be the fundamental group of
the punctured surface £, := £ \ {z}, Z, be the universal cover of £, with 7 : &, = Z,
the projection, and X, € Z, is a fixed preimage of x, used to define ¥,. The metric g
lifts to %, and provides a Riemannian measure. We say that u € L% (Z,) if on each
fundamental domain F of ', u € (¥, dv,). Then we can consider the space

LAE)={ue LIOC(ZZ) | Vy € T,y*u —u € 2nRZ}.

We have L%(Z,) = U L2 (Z ) where the union is over the set of group morphisms
x : I, » 27RZ and

Ly(Z) = {u € L} (£) | VY € Ly u—u = x()}.
Each such group morphism is represented by an element wy +v, , for (k, m) € Z*x7"
via
Xk,m(J/) = f(vz,m + CUk)’
4

where w, € H}(Z) for k € 7?9 as in (B-6) using a basis of F(}(X). This means that the
affine space Lf(k m(fz) can be represented by

Ly omE2) = (7 f + Ly (@1) + Ly () | [ € ()}
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and each element u € L?{km(EZ) has a unique decomposition under the form u =
7 f + Ly (k) + L, (Vm)- Here we have set I, (V,m)(X) = [, Vpm if ay liftstoa
o B ,
curve with initial point %, and endpoint X. We also consider, for s € (—1/2,0),
2(E,) = LE(E,) + m* (H3 (),
where H%(Z) is the Sobolev space or order s on X. The forms (wy )xez2s U (Y, m )mez2n are

representatives of all the cohomology classes in the cohomology space F(k(Z,) of the
surface X \ {z}. With these representatives fixed, there is a one-to-one correspondence

725 X HS(Z) = HY(E,),  (km, f) = 7 f + I (@) + Loy (Vym)-
4. CURVATURE TERM

Let (2, g) be a closed oriented Riemannian surface. For . € Fx(Z)a closed 1-form,
the construction of the path integral will require to make sense of the integrals

ngIxO(wk) dv, ngIxO(vz,m) dvy,
by p)

the problem being that I, (wy) and I, (v, ) are multivalued on Z, i.e. they live on the
universal cover 3 of £ and £, of £ \ {z}. We will thus consider I, (wy) and I (Vym)
as well-defined functions on a dense open set of ¥ and X \ {z} by removing curves. To
obtain an invariant definition, it will be required to remove a curvature term coming
from these curves.

4.1. Curvature term associated to 7(5(Z). Before giving the definition of the reg-
ularised curvature term, we let & = (a;, bj)j=1,.. 4 be a geometric symplectic basis of
FH(Z) and let

(4.1) T, =2\ o=2\Uj(auby.

We observe that any closed form w on X is exact when restricted on X (see below) and
we denote, for x, € X, a fixed base point,

ge@=[ o
Xxg,x
defined using the integral of w along an oriented path a, . C X, with x,, x as initial
and final points, depending smoothly on x. This is a well-defined smooth function on

Z, not depending on the choice of path a, . in Z;, and dI{ () = w.

Definition 4.1. For o = (aj,b;)j=1, . 4 @ geometric symplectic basis of J;(Z) and
w € J(}(T) with associated morphism y,, : J;(Z) — 27RZ given by x,(¥) = S, w, we
define the regularised integral

4.2)

reg 4
fz K,IZ, () dvg = fz IZ,(@)Kqdv +2 Y (xa(a)) fb kg 46, — 2,(b)) f kg 46 ),
4 Jj=1 J aj

-4

where we use the convention that the geodesic curvature of an oriented curve c(t) C =
parametrised by arclength? is defined by

(4.3) kg(c()) = (V) &(0), v(1))g

7If the curve is not parametrised by arclength, the integral f, kgd¢g is defined by changing parametrisa-
tion to make it arclength, while keeping the orientation, and using (3).
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where v(t) is the unit normal to the curve c at c(¢) such that (é(t), v) is positively oriented
in X, V the Levi-Civita connection of g.

We notice that in the physics literature, a related renormalisation was proposed by
Verlinde-Verlinde [69, Section 6.3] in the context of bozonization of fermions. Our
renormalisation only uses a symplectic homology basis and not a fundamental domain
for ¥ in the universal cover . This seems more adapted to study the invariance of the
curvature integral under change of diffeomorphisms.

We state the important invariance properties of the regularised integral in 4 Lem-
mas: local invariance with respect to the geometric symplectic basis, invariance by con-
formal change of metric, diffeomorphism invariance and global invariance by change
of symplectic basis of ;(Z). The proofs will be done below.

Lemma 4.2 (Local invariance). Letc’ = (a}, b} )j=1,...,s be another geometric symplectic
basis of Jt,(2) representing the symplectic homology basis [c] = ([a;], [b;]);. Then

reg reg
f K,IZ, (w) dvg — f KGIZ, (w) dvg € 87°RZ.
pI P

Lemma 4.3 (Conformal change of metrics). Let x, € £and o = (a;,b)j=1,.. 4 bea
geometric symplectic basis of 7(,(XZ). Let p € C®(Z) and § = efg be two conformally
related metrics on T and w € F(Z) a closed 1-form. Then the following identity holds
true

reg reg
f IZ, (w)Kg dvg = f I7 (@0)Kg dvg + (dp, @),.
Lo T
Lemma 4.4 (Invariance by diffeomorphism). For : £ — X an orientation preserv-
ing diffeomorphism and o = (aj,bj);=1,.. 4 @ geometric symplectic basis of 7, (Z), let
P(o) = (P(a;),P(b)))j=1,... 4 be the image geometric symplectic basis representing the
basis (¥.[a;], Y.[bj])j=1,....4 of H1(Z). Let xo € Z, then, the following identity holds true

reg reg

f K,IZ, (@) dv, = f Ky oI5 (,0) vy .
Zs Zy(o)

Lemma 4.5 (Invariance by change of symplectic basis of H;(X)). Let ¢ =

(aj,bj)jz1,.. gand o’ = (a}, b})j=1,...,g be two geometric symplectic bases of H,(Z). Let

X € Z, then the following identity holds true

reg reg
/ Kl (w) dvg — f KGIZ, (w) dvg € 87°RZ.
2o Tyt

In order to write the proofs of Lemmas f.2-f.5, we first need to introduce a few
notations and geometric decomposition of X;. Choose a geometric symplectic basis
o := (aj,bj)j=1,...q of F1(Z) with intersection points x; := a; N b;. The surface X can
be decomposed under the form

T;
J?

where S; is a sphere with g disks D, ..., D, removed, thus having g boundary circles

(¢j)j> and each Jj is a torus with a disk DJf removed and whose non-trivial homology

cycles are (aj, bj). The boundary of D; is glued to ¢;. Thus
Zo =T\ ULy (a; U by)

— g
T=S,uul,
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is an open surface which decomposes as
Ze = S; UUL K],
where
Kj={z € C|Re(z) € (0,1),Im(2) € (0,1)} \ D(e,¢), e= %(1 +10),

is a square with a small disk 2)} = D(e, €) centered at e and of radius € < 1/4 removed

(see Figure R0). The circle c; is glued to the circle 62)15 C Kj, and the closure K jisa
surface with a boundary circle dD(e, €) and with 4 oriented boundary curves

Ty, ={teC|t e[0,1]}, Gy, ={i+teC|te][0,1]}
o, ={iteClte[0,1]}, &, ={l+iteC|te][0,1]}

forming 4 corners. The torus Jj is realized as a quotient J; = fj/ (Z + iz) where f; =
C \ Ukez+izD(e + k,¢€) of T}, with the action of the abelian group Z + iZ being by
translation. The generators 1,i of Z +iZ ~ 7* are identified to the cycles a;, b; and we
write Ya; (z) =z+1and Vb, (z) = z + i. The set K; is a fundamental domain for the
quotient map 7; : f] - 53/(2 +i7), and yaj(abj) = Op, and Vb; (aaj) = 0g;- The curves
Ta;s O, (resp. ;> 6bj) are lifts of a; N J; (resp. b; N J;) to I_<j.

Since ¢; is the boundary of J; (viewed as embedded in Z), we observe that fcj w=0
for all closed forms w. Since the only non-contractible closed curves in X are generated

by the (cj) I this shows that all closed forms w on X are exact, as was claimed above,
and I;’O(w) is well-defined on %. This function, restricted to 7; \ {a;, b;}, pulls-back by

7; to a smooth function on K; that extends smoothy to K j satisfying

Vieay, @0 -5+ [ o
b;

ViE o, ,@0@) = @@+ [ o

If we glue J; to S, by identifying 62} C K; with ¢; C 05, then I7 (w)| K; extends
smoothly from K to ﬁ"; satisfying

I,(@),(2)) = I5,(@)(2) + fb o F@04@) =E@E+ [

We will call it the equivariant extension of I (w) to J; and denote it in the same way
IZ (). B

We also make the following observation: let Uy, C X be the connected component,
in the universal cover of Z, of the open set 771(Z,) that contains the point %,. Then
7' If (w) = I (w) on Ug, and therefore 7*I7 (w) extends on ¥ as a smooth function in
().
Proof of Lemma 2. Welet(aj, bj)j=1... 4 be a geometric symplectic basis of 7 1(z)and
(a}-, b} )j=1...,; another geometric symplectic basis of ¢ 1(z) such that [a i = [a]’-] for all
J- Recall that this means that (a;, b;); is a basis of 7{;(2) made of simple curves, with
a;j N b; being a point, a; N a; = b;Nb; = a;nb; = Fifi # j, and same for (aj}, b});.
First, consider the case where a} is homotopic to a; and b} homotopic to b; for all j.
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nl o)l ™ @ &
b, by A 4 %p,

a

Ya,

FIGURE 8. Moving the curve a,

It suffices to prove that, if (aj, bj)j=1,...q is @ smooth 1-parameter family of geometric
symplectic basis (thus homotopically equivalent to (a;, b;);) with a;’ = aj, b;-) = bj and
disjoint from x, for all s, then for o® = (aj, bj); the derivative

reg
as( f K2 (@) dvg)|sz0 = 0.
Z

Without loss of generality, we prove this when only one aj is depending on s, and for
small s the curve aj C J5°. Letaj(t) = a;(t)+sv i(t)+0(s?) and we consider its lifts to the
cover jj this defines two families of curves O and 6[,; = Vb, (Uaf) joining the vertical
lines iR and iR + 1 (the lifts of Op; and 5bj) and the domain Kj C {Re(z) € [0,1]}
enclosed between these two curves produces a new fundamental domain for J; (see
Figure §). If I (w) is the smooth equivariant extension of I°(w)| k; to fj, one has

f IJ‘{; (w)Kgdvg = [ IZ (w)Kgdvg
kS KS

J J
and it thus suffices to compute the variation

as( f zgo(w)Kgdvg)|s=0 =— f (v}, VI, (@)Kgdb,
Kj‘? o,

aj

+/ g(d)/bj.vj,d)/bj.7/)1;30(cu)Kgd€g
g,

,aj

=x(rp;) | 8}, V)Kydb,
Ta;
where v is the incoming unit normal vector field to Ta; in K;. We can now differentiate
the Gauss-Bonnet formula in the polygonal domain KJS bounded by Ogs U Gq; UIRU a+

iR): since the sum of the interior angles is constant (equal to 27), we get

f 8, VKg d¢, = —as( / K, dvg)|s=0 = 2as( f kg deg)|s=0.
o] K3 g.s
aj J a

J
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This implies that

[ @Ky dn)lo = 2008 | K36)1
J

9as

J
and thus

reg
as( f I ()K, dvg)|s=0 =0.
Zos
The other case we have to deal with is when one of the curves, say a’;, is not homotopic
to a; (but homologous). Up to deforming aj via a homotopy, we can assume that aj N
aj = @ (here a}- does not intersect the other curves a;, b;), since by the previous proof
’

the regularised curvature integral is invariant by homotopy. Since [a;] — [a}] = 0 in

homology, this means that a; U a} is the boundary of a surface with boundary, which

has two connected components X;, Z,. We can assume that x, € Z, (up to exchanging
¥, with %,). Then we observe that in %;

g (w) = I2 () = f @ = x,(b;) € 27RZ
bj

since the difference is an integral of w along a loop in (2 \ o) U q; that intersects a;
once. Then we can apply Gauss-Bonneton X, \ (g U &’)

reg reg
/z‘ K, IZ (@) dvg — f K, IZ (w) dvg

- 2

-4

=;(w(bj)(f Kgdvg—Z/ kgdeg+zf kg dty)
N a; a}

J
= 47 x(21) X (b)) € 87°RZ. O

Next, we check the conformal covariance of the regularised integral.

Proof of Lemma 3. We use the relation Ky = e™°(K, + Agp) and dvg = ef dv,, then
by integration by parts

g
f IZ (w)Ky dvg = f IZ (w)Kg dvg + (dp, )y + Y | 8,015, (@) db,
z

o 2 Jj=1 aaj

9
+Z f 8,pIZ, (w) dé, + f 8,0I%, (w) dé,
= O'aj Op.

+ [ 8z, @),
Gp.
J
where d, is the interior boundary unit normal pointing vector in K;. We can use that
Ga; = Vb, (O’aj) and Op; = Ya; (ij) that p is a well-defined smooth function on Z: since
12, (@) (e %) = I, (@)(x) + x(¥s) for o & {a, b} and (yp).3, = ~3, on o,

/ avplgo(w)d€g+/
[o} g,

aj aj

0615,@) = () [ 3P
Ia;
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| ewrm@ae | opr@as =2t [ apde
e 6bj O'bj

b
J
and we compute that ky d¢y = kg dé, — -9, 0dé; on ¢;. Combining these facts, we

1
2
obtain the desired formula for the conformal change of fzr:g KgI7 (@) dvg. O

The next step is to check the invariance of the regularised integral with respect to
diffeomorphism.

Proof of Lemma 4. First we observe that for w € F(}(Z)and y € Zy()

P y .

L@ = [ o= [ o= weo)
Xo P(xo)

thus we get

[ ko= [ 0@k, b
% Zy()
On the other hand, we also have for o € {a, b}

x(ya,.)=f w=/ h.,
o) ¥(o))

J
and thus we obtain

g g
Zf oo/ kg dvg = f gb*wf ky,gdvy,g
j=1b;j aj j=19%(b;) aj

J

and similarly when we exchange a; and b;. This ends the proof. O

The final step consists in proving Lemma .5 that the regularised curvature integral
of I (w) on X, does not depend on the choice of canonical basis of J{;(Z). Since the
proof is slightly more technical and longer, we defer it to Appendix [A] for readability.

4.2. Curvature terms associated to magnetic points. Let z = (zy,..., z,) be dis-
joint marked points and m = (m,,...,m,) € Z" some associated magnetic charges,
andletv; € szZ some unit tangent vectors (with respect to the metric g on X), and de-
note v = ((z,01), ...,(2,,0,)) € (TZ)". Consider the closed 1 form v, ;,, of Proposition
B.10. As above, we will need to define f; Kl (v, m)dvy, but I (v, ) being multival-
ued, we have to remove some curves and curvature terms along these curves to obtain
a natural quantity.

We need a family of arcs, which we call defect lines and form a defect graph, con-
structed as follows:

Definition 4.6 (Defect graph). We consider a family of n — 1 arcs as follows:

« these arcs are indexed by p € {1,...,n — 1}, are simple and do not intersect
except possibly at their endpoints.

« Each arc is a smooth oriented curve &, : [0,1] — Z with endpoints §,(0) = z;
and £,(1) = zj for some j # j'.

« These arcs reach the endpoints in the directions prescribed by v, meaning

ép(O) = p,jvj and ép(l) = Ap,jrvjr for some 4, ;, 4, j» > 0.
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« Consider the oriented graph with vertices z and edges (z;, zjs) when there is an
arc connecting z; to zj. This graph must be connected and without cycle, i.e.

there is no sequence of edges (zj,,2j,), -+, (2j,» Zj,.,, ) With ji = g1
In what follows, the union D, ¢ := Up i, n—1} &p([0, 1]) will be called the defect graph
associated to v and the collection of arcs & := (&;,...,&,_1).

We notice that the graph 2, ., viewed as a subset of Z, is homotopic to a point. Let
us first state Lemma [.7, the proof of which will be done below.

Lemma4.7. On X\ Dy, the 1-form v, is exact.

If ¢ is a defect graph for z, we denote by

EOum® = [ i
Xxg,x
the primitive of v, , on = \ D, vanishing at x, € X, where a, . is any smooth curve
in X\ Dy, the result being independent of the curve by Lemma (7. Note that the
mapping

7 > eRIxO(Vzm)

is single valued on X \ {z}.

Definition 4.8 (Regularised curvature). We assign to each arc £, in the defect graph a

value x(§,) € 27RZ, corresponding to the difference of the values of Iﬁo (v2 ) on both
sides of the arc, as follows: take a small neighborhood D (¢) of D, ; homeomorphic
to a disk for some small ¢ > 0, and for x € £,(]0,1[), consider a C! simple curve

v - [0,1] = Dy ¢(¢) with endpoints a,(0) = a,(1) = x, with a,(]0, 1) N Dy = §,
such that the disk bounded by «,.([0, 1]) contains at least one point of z, (ct,.(¢), v(t)) is
a positive basis of the tangent space of X at a,.(t) if v(¢) is the unit inward normal to the
disk enclosed by a, and the angle between the curve §, at x and &(0) is 7z/2 (i.e. we
start from the left face of the arc &, see Figure ). Then we set

4.4) mgw=/ﬁwm

X

We define the regularised curvature term similarly to Definition 1] by
reg ny—1
(4.5) f Iy (Vym)Kg dvg == / Iy (Vym)K g dvg — 2 Z x(&,) f kg dé.
b

This quantity can also be written as x(§,) := 27R }; m; where J, is set of points

jel,
zj enclosed by the curve a,. Here we assume that thejnlimber of turns of «,, around
Dy ¢ is 1, but taking curves which turn k > 1 times (with positive orientation) would
lead to the same result by using that Zn ; = 0. As before, let 77 : 3, — I, be the
covering map on the universal cover of z, = E \ {z}, T = m;(Z,, xy) the fundamental
group of X, with x, € X, ¥, € X, a point so that 7(%;,) = x, and Ux0 c %, the
connected component of n‘l(Ez) containing X,. Then the function n*Ixo (vz,m)lUxo
equal to

&J%mX@=/, e

X0,X
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FIGURE 9. Curve a,: In gray the defect graph. The curve a, starting
at the point x € &, is the boundary of the shaded area corresponding
to a topological disk. On this example x(§,) = 27R(m; + m;, + ms).

where a, , C Z, is any smooth curve with initial point x, and endpoint x so that its
lift to =, is a curve with initial point X, and endpoint . The function 71.'*[50 (V?,m)|Ux0

thus extends smoothly as an equivariant function in C®(Z,).
We state now the main properties of the regularised curvature and prove all the
lemmas in this subsection after this.

Lemma 4.9 (Dependence with respect to defect graph). If & and &' are two defect
graphs, we have

reg reg
f Ty (Vm)Kg dvg — f Iy (Vym)Kg v, € 872RZ.
x >

Lemma 4.10 (Conformal change of metrics). Consider two conformal metricsg' = efg.
The regularised magnetic curvature term defined by (B.5) satisfies

reg reg
[ kg ave = [0k ave
z Z

Proof of Lemma 7. By construction faj V,m = 0 forall cycles gj in 7, (Z). Let u(x) :=
faxo,x

x. The function u is a priori multivalued and du = v,,,. To prove it is singled valued,
it suffices to check that the value of u does not depend on the choice of curve a, .
Taking two such curves, we get two (a priori multivalued) primitives u and u’ of v, ,,
with u(x) — u'(x) = jkxO V,m for some closed curve B, € m(Z \ Dyg, Xp) in the

V,,m Where o,  isa C! curve with image in Z \ D¢ and endpoints at x, and

fundamental group of X \ D, . By assumption, the graph D, ., viewed as a subset
of %, is homotopic to a point, thus the first absolute homology group of X \ D, ; is
that of £ with a small disk removed, thus isomorphic to #(;(X). This means that the
homology class [y, ] of B, in £\ Dy is a linear combination of the basis elements
[oj] € 71(Z) = (2 \ Dy ), and therefore fﬁxo Vom = 0. |

Proof of Lemma 1.9, We will describe elementary deformations (S for smooth, A for ar-
rival, D for departure) of the defect graph (for fixed v) that produce the same correlation
functions. In that aim, we need to first introduce the basic moves:
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Definition 4.11 (Basic moves).

+ An S-move on the defect graph D, ; consists in picking p € {1,...,n — 1} and
in replacing &, by another smooth simple oriented curve &, : [0,1] — 2 with
the same endpoints §,(0) = z; and §,(1) = zj, for j # j’, such that (Dy £\ §,)N
f = {J, and still reaching the endpoints in the directions prescribed by v, i.e.

§ 0) = 4,,;v; andé’ (1) = 4, jvy for some 4, j, 4, j > 0. An S-move thus

cons1sts in changing the shape of the curve between the endpoints of an edge.
See Figure [[T.

+ An R-move on the defect graph D, ; consists in picking p € {1,...,n — 1}
and in replacing &, by another smooth simple oriented curve &, : [0,1] — Z
with the reverse endpoints §,(0) = z; and §,(1) = z; for j # j', such that
(Dy e\ &p)NE, = Pand still reaching the endpoints in the directions prescribed
byv,i.e. gp(O) Ap,jrVjr and§ (1) = 4p,jv; for some 4, j, 4, j» > 0. See Figure
10.

« An A-move changes the structure of the graph. Assume we are given distinct
p,p’ €{1,...,n—1}suchthat {,(1) = &, (1) = zj~and £p(0) = zjr, £ (0) = zjn
with zj # z;». Choose a smooth oriented curve § : [0,1] — Z with endpoints
£0) = zj and £1) = zjr, and §(0) = Ajvj and §(1) = Ajnvjn for some
Ajr, A > 0 and such that (Dy ¢ \ &) N £ = ¢. The A-move then consists in
removing the edge &, and in replacing it by €. See Figure [[2.

+ AD-move changes the structure of the graph too. Assume we are given distinct
p,p' €{1,...,n—1}such that §,(0) = £,/(0) = zj and §,(1) = zjs, §,/ (1) = zj»
with zj # zj». Choose a smooth oriented curve § [0,1] — Z with endpoints
£0) = Zj and £Q1) = z; //,§(0) Ajrvjr and&' (1) = Ajnvj» forsome A, Ajn > 0
and such that (Dy ¢ \ §,) N £ = (. The D-move then consists in removing the
edge &,y and in replacing it by §. See Figure [L1.

We denote £ the new family of curves after such changes, and D, ; the new defect

graph. Now we claim that the value of fz 8 If:o (Vz,m)Kg dv, remains unchanged if we
perform S-moves, R-moves, A-moves and D-moves to the defect graph. Let us focus
first on the case of S-move. We consider first the case when the curves &, and fp do
not intersect (except at their endpoints). We can always reduce to this case since, if two
curves intersect, by choosing a third one that does not intersect these two curves and
comparing the integrals for the two curves with this third one, we get the desired result.
Let us call ﬁv,g the defect graph after the S-move. Consider the domain D bounded by
the union of the curves §, and fp and not containing x, (see Figure [[3); notice that the
interior of D may possibly contain Dy ¢ \ §,, depending on where X, is located. The
boundary of D inherits an orientation from X (with the positive orientation given by
—Jv if v is the inward unit normal to D and J the rotation of +7/2), which coincides
with the orientation of either &, or §~p. Without loss of generality, we may assume this
coincides with the orientation of fp. The two defect graphs give rise to two different

primitives If:o (vz,m) and If;;o (vz,m) Which agree outside D and, on D, we have If;;o (Vzm) +
k(§p) = Iio (Vzm)- Moreover K(fp) = x(§,). The difference of the two regularised
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5p+1

FIGURE 12. A-Move

integrals is then

reg reg
f Ty (Vm)Kg v, — / Ty (Vm)Kg v,
> >

= f (I, Gpam) — Loy (V) K g g — 2(£,) f kg 6, + 2x(&,) ﬁ kg d&,.
D gp §P
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&

&

FIGURE 13. Gauss-Bonnet in D for S-move

Now we apply the Gauss-Bonnet theorem on D to get

f(I£0 (Vz,m) - 150 (Vz,m))Kngg
D
= f K(§p)Kydvg

D

= 4 )D) ~ 1) = 2 [ Kyl = [ Kyt

ép 13
and we deduce that the difference of the two regularised integrals is equal to 47 ( (D) —
Dx(§,) € 87%RZ. This means that the regularised curvature term only changes by
872RZ if we perform an S-move to the defect graph. For the case of R-move, we can
apply a similar argument: consider the connected domain D not containing x, and
bounded by &, U §,, then assuming &, U £, has negative orientation we still have
Iio(vz,m) +x(&p) = Ifo(vz,m) but x(§,) = —k(fp). Applying Gauss-Bonnet in D, we
get

reg reg
f Ty (Vm)Kg v — f Ty (Vm)Kg AV
> z

= (&) f Kgdv, — 2 f kg dé, — 2 f kg dey)
D gp gp
= 47 x(D)x(&,) € 87*RZ.

The cases of A-moves and D-moves can be treated similarly by applying the Gauss-
Bonnet theorem in the domain T not containing x, bounded by &, §,/, §, with vertices
zj, zjr, Zj». For the A-Move, assume for example that &, £, are oriented positively and
&, negatively (see Figure[[2), then we have If;o Vym)+x(8p) = Iio (Vzm)in T and x(§,) =
x(&). We then get by Gauss-Bonnet in D

reg reg
f Iﬁo (Vom)Kg dvy — [ I)%O (Vz,m)Kg dvg
b by

= x(&,)( / Kgdv, — 2 f kg 46, +2 /~ kg d6,)
T & 3
= 47 x(T)x(ép) € 8T°RZ.
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For the D-Move, assume for example that §'p/ is oriented positively and €, %'p negatively

(see Figure [[1)), then we have Ifo (Vgm) — x(€) = Iﬁo (Vpm) in T and (&) = ®(). We
then get by Gauss-Bonnet in D

reg reg
/ IJ%C‘O (Vz,m)Kg dVg - f Iﬁo (Vz,m)Kg ClVg
z Z

= x(€p)(— f Kgdv, —2 f kg dly + 2 /~ kg déy)
T gpr "f
= —4ny(T)x(&y) € 87*RZ.

Now we claim that every defect graph can be deformed, via S-R-A-D-moves, to the
defect graph, called path, where each &, is a fixed curve joining z, to zp,, (here we
have fixed an order on the points zy, ..., z, ). By a sequence of R-moves, we can revert
the orientations of the edges in such a way that each edge is oriented from z; to zj if
J < J'- Wesay that z; is a peak if z; is attached to at least two edges [z, z;] and [z;», z;]
with j” < j' < j. Notice that if z; is a peak, attached to m edges [z; , z;],..., [z, Zj]
with i; < --+ < i, < j, then we can change the graph by (m — 1) A-moves by replacing
iteratively these edges to the sequence of edges [z;,z;,],...,[z;,,,z;], in such a way
that there is only one edge of the form [z, z;] with j' < j. We shall now proceed by
induction: let D(j) be the set of defect graphs satisfying the property that each point
zj with j* > j is attached to the only edges [zj/_y,zj] and [z, zjr41], or to the only
edge [zji_q,zj ] if j' = n,. We start by showing that from the initial defect graph, we
can make a finite number of A and D moves to transform it into a graph contained in
the class D(n,,). First, if z, is a peak, we make finitely many A-moves as explained
above to remove the peak. Now, there are two cases: either z,, is attached to the single
edge [z, ,,Zn, | and the new graph D, is then in D(n,,), or it is attached to a single
edge [zj,zp, | for j < n, — 1. In that last case, since our graph D is a tree, by adding
the edge [z,, _,,zn, ] to Dy, we create a graph D; with one cycle made of k + 1 edges
relating the points Zyys Ziys v s Zigs Zng—10 Zny, for some iy,..., i, ordered in the sense
of the cycle (not that D} is not a defect graph anymore). We then apply a D-move
to Dy (in the triplet z, ,z; ,z;,) to replace the edge [z; ,z,, | by [zi,,2,, |- The new
graph is a defect graph and we next apply a D-move replacing the edge [z;,, z,, | by
[z, Zn,, |- Continuing this process, making in total (k — 1) D-moves with the last move

s

24
D-move A-move

o)

|

FIGURE 14. Sequence of moves to reduce the graph to a path
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replacing the edge [z;,, z,, | by [24, -1, Zn,, |, We end up with a defect graph in D(n,,).
Now we apply the same procedure to the subgraph obtained by removing z,, and the
edge [z,, —1,2n, |, We obtain a graph in D(n,, — 1). Iterating this, we get down to a
graph in D(0), which is a path with the desired shape. This proves that the magnetic
correlation functions do not depend on the defect graph. This is illustrated in Figure

4. O

Proof of Lemma f.10. We use the relation K = e7P(Kg +Ag0) and dvy = eP dvg, then
by integration by parts

f Iy (K g dvgr = f T (R )Kgdvy + (dp, v,
P z
nyp—1

- f 3,0(I5, (V) — Iy (V) ") dE,
= gp

where v = J ép is the left normal pointing vector with respect to the orientation of &, (J
being the rotation of +7/2 in the tangent space), Iio (V)7 is the limit of If:o (W m) on ép
from the side given by —v (the right side) and If;o (¥m)~ the value from the side given

by v (the left side). Also I, (Vim)* — Iy (W)™ = K(&,). Next we use that ky dfy =

kg déy — ia,,p dé, on &,. Finally (dp, V;I,m)Z = 0 because V?,m is co-closed. Combining
these facts, we obtain our claim. O

5. IMAGINARY GAUSSIAN MULTIPLICATIVE CHAOS

In this section, we first recall some facts about the Gaussian Free Field X, (resp.
X, p) on closed surfaces (resp. surfaces with boundary). This is a Gaussian random
distribution on the surface, living in a negative Sobolev space H*(Z) for s < 0. In order
to make sense of certain functionals, we need to regularise it at a small scale ¢ > 0.
This will be done either in a geometric fashion or using white noise, as we explain
below. Finally, we recall the construction and properties of the Imaginary Gaussian
multiplicative chaos e##Xs dvg, which is a random distribution on X. We shall need
estimates on its exponential moments.

5.1. Gaussian free fields. On a Riemann surface without boundary, the Gaussian
Free Field (GFF in short) is defined as follows. Let (a;); be a sequence of i.i.d. real
Gaussians NV'(0,1) with mean 0 and variance 1, defined on some probability space
(Q, F,P), and define the Gaussian Free Field with vanishing mean in the metric g by
the random distribution (recall that (e;); is an orthonormal basis of eigenfunctions for
Ag with eigenvalues 4;)

e.
(5.1) Xg =1/ 277;2 aj_J’

21 ([

where the sum converges almost surely in the Sobolev space H*(Z) for s < 0 defined
by

(52) HE) = {f = ) fie LIfIR = 1fol + X B3I < +oo}

Jj=0 Jj>1
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This Hilbert space is independent of g, only its norm depends on a choice of g. The
covariance X is then the Green function when viewed as a distribution, which we will
write with a slight abuse of notation

E[Xg(x)Xg(x")] = Gg(x,X").

In the case of a surface with boundary X, the Dirichlet Gaussian free field (with co-
variance Gg p) will be denoted X, pp. It is defined similarly to the sum (B.1)) with the (e;);
and (4;); replaced by the normalised eigenfunctions (e; p); and ordered eigenvalues
(4;,p); of the Laplacian with Dirichlet boundary conditions, the sum being convergent
almost surely in the Sobolev space H3(Z) (for all s € (—1/2,0)) defined by

(5:3) HE@) = {f =3 fiepo |IfIB = 3 & plf2 < +oo.

Jj=0 Jjz0

In both cases (closed or open surfaces), we will denote by (-, -), the inner product in
H*(Z), and by extension also the duality bracket on H(Z) X H5(Z).

5.2. Metric regularisations and white noise regularisation. As Gaussian Free
Fields are rather badly behaved (they are distributions), we will need to consider regu-
larisations, and we will mainly consider two of them. First we introduce a regularisa-
tion procedure, which we will call g-regularisation. Let X be a surface with or without
boundary equipped with a Riemannian metric g and associated distance d,. For a ran-
dom distribution h on X and for ¢ > 0 small, we define a regularisation h. of h by
averaging on geodesic circles of radius € > 0: let x € X and let C4(x, €) be the geo-
desic circle of center x and radius € > 0, and let (f{’.),eny € C®(X) be a sequence
with [ffllzr = 1 which is given by f'c = 6"(dg4(x,-)/€) where 6" € CZ((0,2)) is
non-negative, supported near r = 1 and such that f{’.dv, converges in D’(Z) to the
uniform probability measure u, . on Cg(x,€) as n — co (defined using the metric g).
If the pairing (h, f{’c) converges almost surely towards a random variable h.(x) that
has a modification which is continuous in the parameters (x, €), we will say that & ad-
mits a g-regularisation (h.).. This is the case for the GFF X, X, p, and we denote by
Xg.esXg p ¢ their g-regularisation.

In the case of the Dirichlet GFF over a surface £ with boundary, we introduce an-
other regularisation, called white-noise regularisation. The Green function G, p can
be written as

Gg,D(x, x') = 271] p:(x,x")dt,
0

where p;(x,x") denotes the transition densities of the Brownian motion on X killed
upon touching the boundary 0 (i.e. the heat kernel of the Laplacian with Dirichlet
condition). Let W be a white noise on R, X X and define for § > 0 with intensity
dt ® vg(dx)

Xgps(x) = ()2 [ f Pus(x.)W(dt, dy).
52 >

Then the covariance kernel of these processes is given by

(o]

Bl s(Xgs ()] =27 [ pnxat

82v§'2
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5.3. Markov property of GFF. We recall here the domain Markov property of the
GFF on Riemann surfaces, whose proof can be found in the appendix of [31]. As men-
tioned in the previous section, the GFF can be restricted to a smooth simple curve €,
as a random H5(C)-valued variable for s > 0.

Proposition 5.1. Let (X, g) be a Riemannian manifold with smooth boundary 0%. Let
C be a union of smooth non-overlapping closed simple curves separating X into two con-
nected components £, and %,.

(1) if 0% # @ then the Dirichlet GFF X, 1, on T admits the following decomposition in
law as a sum of independent processes

law
Xg,D = Yi+Y2+P

with Y, a Dirichlet GFF on £, for q = 1,2 and P the harmonic extension on £ \ C of the
restriction of X, p to C with boundary value 0 on 9%.
(2) if 0Z = @ then the GFF X, on X admits the following decomposition in law

law

Xe = Y1+, +P—c

g
where Y], Y,, P areindependent, Y, is a Dirichlet GFF on quorq = 1,2, Pisthe harmonic
extension on T \ C of the restriction of Xy to € and cg := % Js(Y1 + Y, + P)dv,.

Vg

5.4. Gaussian multiplicative chaos. For § € R and h a random distribution admit-
ting a g-regularisation (h.)., we define the complex measure

8
(5.4) MES(h,dx) =€ 2 ePhDdv,(x).

Of particular interest for us is the case when h = Xz or h = X, p. In that case, for
2 < 2, the random measures above converge as ¢ — 0 in [>(Q) and weakly in the space
of distributions [49, Theorem 3.1] to a non-trivial distribution of order 2 denoted by
Mg gfgh dx)or Mg (Xg,p» dx); this means that there exists a random variable Dy € I2(Q),
such that

(5:) Vo e Co@). | [ @M, 0] < Dalolcs.
z

For notational readability and if there is no risk of confusion, we will use the notation
Mé’e(dx) for Mé’e(Xg, dx) (i.e. we skip the field dependence). Also we stress that the
condition 32 < 2 will always be assumed throughout the paper.

Also, from [34, Lemma 3.2], we recall that there exist W, (resp. W, p) such that
uniformly on the compact subsets of the interior X° of =

(5.6) il—{% ]E[Xé’s(x)] +loge = W,(x) and ll—{% E[X‘é’D’e(x)] + loge = W, p(x),

where the function Wy, called the Robin mass, is smooth on X. In particular, consider-
ing a metric g’ = e“g conformal to the metric g, we obtain the relation

’ B2
(5.7) M§ (X, dx) = 17 IME(x,, dx).

The Robin mass of the Dirichlet GFF can also be rewritten in terms of the heat kernel

® 1
(53) Wi () =27 [ (b6~ o @)ar
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from which we deduce, pointwise,
(5.9) }si_r)% E[XZ p, 5(x)] + log§ = Wy p(x).
For later use, we mention here the following estimate [53], valid for some C > 0 and

vt € (0,1),

_ dist(x,0%)?
(5.10) [4mtpy(x,x) — 1| < C(t +e ct

We state the following elementary, though important, equivalence between the GMC
construction via white-noise or g-regularisation.

Proposition 5.2. Assume X is a surface without boundary and C is a family of smooth
simple curves splitting X into two connected components £, and X,. Consider the equality
in law stated in Proposition p.1|

X; =Y, + Y, +P —cg

where Yy, Y,, P are three independent Gaussian fields with Y; the Dirichlet GFF on X; for

i = 1,2, P the harmonic extension of the boundary values Xgc and cg = \% Js(Yq +
g

Y, + P) dvg. Then, for 8* < 2, the following limits agree in law

law
M§(Xg,dx) = M3(Y; + Y, + P — cg, dx),

where the limit in the left hand side is taken via g-regularisation and the limit in the right
hand side can be either white noise or g-regularisation.

Proof. This result is standard and left to the reader as an exercise: it results from
straightforward I?-computations. Recall that 82 < 2 and GMC is therefore in I?. [

5.5. Exponential moments. In this section, we assume that 32 < 2 and we recall
the following result, originally proved in [50] but here adapted to our context, mainly
to deal with boundary terms, which will be fundamental for the existence of the path
integral and correlation functions:

Proposition 5.3. Assume X is a Riemann surface with or without boundary. If X has
a non-empty boundary, we set D' = . If ¥ has empty boundary, we consider an open
subset D' of T, with closure D' # X. We consider the Dirichlet GFF XgponD' andan
open subset D of D'.

Let Z be a real valued random variable (not necessarily assumed to be independent of
Xg p)- Finally we consider a measurable function f : D — C. Then foru € R

E[ exp <M| / feoMi(z +Xg,Drdx)))] < eCHY(1 + CuueCru?)
D
with

W2 e / FONFONdgx y) dvy(x)dv ),
2

v:=f |f(x)|dist(x,aZ)_ﬁTzdvg(x),
D

for some constant C only depending on 3.
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Proof. Before proceeding to the proof, let us stress that the crucial input for the proof
is an integral representation of the Green function in terms of a positive heat kernel,
in order to have a white noise representation of the GFF and to use stochastic anal-
ysis. This is valid for the Dirichlet GFF and that is the reason why we focus on this
case. From this result, we will deduce later exponential moment estimates for the GFF
on closed Riemann surfaces, based on the Dirichlet case via the Markov property. Of
course, on closed Riemann surfaces there is no globally defined Dirichlet GFF and this
is the reason why we restrict to a strict subset in this case.

Note that adding Z to the GFF is harmless because it multiplies the GMC by a num-
ber with modulus 1, so we may as well assume that Z = 0. Let us first prove exponential
moments for the real part of /) f (x)Mg (Xg,p» dx); the argument for the imaginary part
is the same. The real part can be obtained as the limit as § — 0 of the process

2

[ & F Ry cos(xypstonav - [ 8
D D

62

2 Im(f(x)) sin(8Xg p,s(x))dvg(X).

For readability we will write the proof with details in the case when Im(f(x)) = 0 but
the argument is similar for the second term in the relation above. The limit above can
be obtained as the limit t — oo of the following semimartingale

Mt = / f(x) COS(ﬁXg,D,e—f(x))eﬁ?tdvg(x)-
D

The argument will follow from the control of the terms appearing in its It6 decompo-
sition. Indeed, the It6 formula gives the decomposition

B2 2,
400, = [ 06 c05(BX s (e T (At = Ay 1))
D
—p / SO SI(BX pgmt (X))e T dvy(x) dX g p e (1)
D

::dAt + st

Concerning the local martingale part, its quadratic variations are

t
W= 00 = [ [[| 10003, s sin(B X )
ey (x)dVg(y) d{Xg p eu(X), Xg,p e (Vs
The bracket is given by (using the Markov property of the transition kernels)
(5.11) d(Xg p,e-u(X), Xg D e-u(W))y = 4™ pp2u(x, y) du.

Next we bound the quadratic variation, by estimating both sines by 1, by using the stan-
dard inequality for the Dirichlet heat kernel (it follows from [16] and the monotonicity
of the Dirichlet heat kernel with respect to the domain)

2,2
€2 Do au(x,y) < Cemdebe) e™/C
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for some constant C which does not depend on D (and which may change along lines
in the following), to get that

Sup(Lie = (Lo <CP f f FEIF]ePtedsPEC dy (x)dvy(y) di
0 D2

t>0
(5.12) <C ff [FGONFO)Idg(x, y) ™ dvg(x)dvg(y),
D2

where we have performed the change of variables s = d,(x, y)et to get the last line.
Concerning the bounded variation part, we use again (5.11)) to get that it converges
towards A, when t — oo and that it is bounded by

2 © 82
|A — Aol S% f / [f(xX)]e 2 |1 — 4mme2" pp—u(x, x)|dudvg(x).
o Jo
Using next the estimate (5.10), we deduce that

2 > g ) "
|Ac — Aol s% f f |f(0)le = “ e + e~ dist(xOX?e™/Cydqydv, (x)
0 D

(5.13) <C f |f ()| dist(x, 62)_§dvg(x).
D

This shows that the semimartingale M; — M, has exponential moments provided that
the two quantities (5.12) and (B.13) are finite. Indeed, recall that a bounded continuous
martingale M, starting from O satisfies

2
E[eﬂMt—7<M>t] -1
If the bracket is bounded (by a deterministic bound), we deduce for u € R
2
E[e“MW] <ezs sup,(M)t‘

2
Next, if we set u = sup (M), we deduce P(M,, > x) < exp(—zxﬁ), and the same for

2
P(M, < —x), in such a way that P(|M | > x) <2 exp(—z%). Finally, we can use the
standard trick

E[e#M=l] =1 +f P(M| > z)ex dx
0

to get that

E[e"l] < 1 4+ CupeCw’#,
for some irrelevant constant C. We can use this estimate to the local martingale part of
our semimartingale M, — M. Furthermore, M, obviously has bounded exponential

moments and E[e#Mol] < ¢# /o lf(IVe(X) for 1y > 0. All in all, we obtain the claimed
estimate. O

6. THE PATH INTEGRAL AND CORRELATION FUNCTIONS

Throughout this section we will work under the constraint ,82 < 2,inorder to ensure
convergence of the imaginary GMC. We also assume that § > 0 since the case 8 < 0
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would be symmetric to 8 > 0. We further impose the compactification radius R > 0 to
obey

1
(6.1) Re =7
B
Let us introduce a further parameter 4 € C \ {0} and set
_B_2
(6.2) Q= 58

Finally we introduce the central charge c;;, = 1 — 6Q2. We focus in this section on the
rational case
1

(6.3) Qe zZ

6.1. Pathintegral. Consider now a closed Riemann surface X equipped with a metric
g. To construct the path integral, we make Assumptions [.1:

Assumption 6.1. We fix:
« a geometric symplectic basis o = (0))j=1,... 24 Of #1(Z) and 2g independent

closed smooth 1-forms wy, ..., Wog forming a basis of the cohomology H }Q(Z)
dual to o (see Lemma B.2). Let wy = ngzl kjw;ifk = (ky, ..., ky,), as defined
in (B.9).

+ abase point xy € Z, = 2\ sz-iloj, and we define I{ (wy) the function (B.20)
on X obtained from the closed form wy.

The first step is to introduce a space of reasonable test functions for our path in-
tegral. Recall that the family (e;);>o stands for an orthonormal basis of I3z, Vg) of
eigenfunctions of the Laplacian. Write any function f € H5(Z) (for s < 0) as

(6.4) f=rfo+ V2 fie;
Jj21

and notice that the zero mode f, is unnormalised in the sense that it is not multiplied by
Vg(Z)‘” 2, which corresponds to the constant eigenfunction ey.8 We equip H*(Z) with
the pushforward of the measure dc ® P on (R/27RZ) x Q through the map (c,w) —
¢+ Xg(w).

Recall from Section that equivariant distributions u € H$(Z) can be uniquely
decomposed as

(6.5) u=m*(fo + V21 Y fie)) + Ly (@)
Jjz1

for some k € 728 ~ F(A(Z) and f € H5(Z) of the form (64), where 7 : £ — X is
the projection on the base. Each connected component of Hi(Z) has the structure of
an affine space with associated vector space H*(Z), parametrised by one element [wy]
in the cohomology class #(%(Z). The decomposition (.3) in the component associated
to [wy | depends on a choice of representative wy in the cohomology class [wy ], which
can be viewed as choosing a base point in the connected component. We consider the
following space E(Z) of functionals F defined on H:(Z): in the connected component

8This term can be absorbed in the c-integral up to changing the compactification radius and this is why
we choose this normalisation.
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associated to [wy] (for k € Z?9), writing distributions u in this component under the
form (.5), we say that F € Eg(Z) if it has the form
N i
(66) Fuy= Y, ex"°R(f - f)G(ex"o )
n=—N
for arbitrary N € N, where B, are polynomials, depending on Kk, of the form Pn(< f-
Jo:81)s -+ {(f — fo gmn)) where gy, ..., &gm, belong to H~*(Z), and G is continuous and
bounded on C°(Z, S?), also depending on k. Notice in particular that these functionals
are 27rR-periodic in the zero mode f,. Let us check that the space Ex(Z) is not de-
pending on the choice of representative wy € [wy] € FH(Z): indeed, if wy is another
representative, we have w;, = wy + dhy for some smooth function hy and u can be
rewritten as
u=7"f'+ L (wp), ['=Ff—h+h(xo)
and we see that there is a polynomial F; (depending on hy, X, and ;) and a continuous

function G’ on C°(Z, S?) given by G'(w) = G(er M=)y for w € €O, S) such
that

N P i ,
Fw)y= 3 eR"OB(f ~ f3. 800 (f = f5 8m, )G (R 0 )
n=—N

The reason for this choice of space, in particular the polynomial part in the variable
f — fo, is that it is convenient to perform an analytic continuation argument later to
define the correlation functions, see the proof of Theorem p.11. Next we define the
space L>P(H5(X)) as the closure of E(X) with respect to the norm

1

— L dx,, 0= 1d full? . >
(6.7) |IFl o = Slll(p< f o™ 2 e 5 1M B (e 4 Xp) + Iy, (@)IP | de)?,

TR

where (1 — IT;))wy, = dfi with II; is the projection on harmonic forms (recall Lemma

B.3).

Lemma 6.2. The norm ||F| ;- does not depend on the choice of representatives of the
cohomology F(x(Z).

Proof. Fork € 7?8 ~ J(}(2), let wl := I1,w, be the harmonic 1 form in the same
cohomology class as wy, so that wy, = wlﬁ + dfi.. Using the Girsanov transform and a
shift in the c-variable we have

-1 -1 2
f E[e 3 om0 F(re(e 4 X,) + L ())IP ] de
R/2mRZ
~ L (X wh
_ f Be” 3 a2 B (¢ + Xp) + L, (@l)IP | de
R/2tRZ

= / B[[F(r*(c + Xg) + L, (@f)IP | de,
R/27RZ
where we have used that (dX,, ), = (Xg, d*wl), = 0 because wf! is harmonic. This
proves the claim. O
On closed surfaces Z, we will denote the Liouville field by

$g =+ Xg + I ()
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This field belongs to H*(Z,) but can also be considered as an element in H} (2). Indeed,
recall from Section f that I7 (cwy) is a smooth function on X, such that there is an
open set Ug C ¥ containing %, for which IxO(cuk)|U§0 = m'Ig (w) and 7 : UZ —
>, a surjective local diffeomorphism. This means that the lift 7r*¢g|U;0 has a unique
extension to T as an equivariant element in H3.(Z), and we shall therefore freely identify
¢, with this extension when considering F(¢,) with F defined on Hli(f).

The Liouville field is thus a function of the zero mode ¢ € T = R/27RZ, the free
field Xg, k € 7?3, the base point x,, the canonical basis o and the choice of cohomology
basis wy, ..., Wag-

Definition 6.3 (Path integral). We consider the path integral, defined for all F €
Er(D),

() |1 L ol
Flrg = dt(Ag)) 2 ¢

kez29

(6.8)
% f E[e—%@Xg wk>2F<¢ )e o fzreg Kodg dvg—/.LMl%(¢g,Z)] de,

where the curvature term is defined following (f.2), namely

reg reg
(6.9) f Kypg dvg := f(c + Xg)Kg dvg + / IZ (w)Kg dvy.
p) b

T

Note that Lemma B.9 entails that the potential term Mg (¢4, 2) is well-defined since
the (regularised) integrand descends to a function on X. Note also that Definition p.3
a priori depends on the marking o (i.e. the basis of #;(X)), the choice of closed forms
representing a basis of cohomology (used to define the (wy )y ) as well as the base point
Xo. We will show that actually it does not and this is why we dropped all of these
dependences from the notations.

Proposition 6.4. The path integral (6.§) satisfies the following basic properties:

(1) the quantity (F) g is well-defined and finite for F € Eg(Z), and extends to F €
LOP(HS(Z)) for p > 1.

(2) the quantity (F)s, , depends neither on the base point x, € X, nor on the choice of
the homology basis o, nor on the closed forms representing the cohomology basis
dual to o.

Proof. We first prove (1). For this we observe that
EH exp ( — uM5(c + X + IZ, (), 2))” <cC

for some constant C depending only on Z and 8 (and thus not on k). To see this, we
want to use Proposition B.3. Let us consider an analytic closed simple curve € discon-
necting the surface ¥ into two connected components X; and %, (for example € bound
a small disk). Now we use the Markov decomposition in Proposition B.J] (item (2)) to
write the GFF as the sum

Xe=Xi+X,+P—c,

where X, X,, P are independent Gaussian processes, X;, X, are Dirichlet GFF respec-
tively on X, %, P is the harmonic extension of the boundary values X,|e (which we
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also write X) and Cg is a Gaussian random variable. Conditioning on the values X,
we can then bound our expectation as

B exp ( — HME(e + X + 12, @), D) |

<E[E| ,1:_1[2 |exp (= uME(c — cg + X; + P+ I, (@), )| | Xe |

SE[ H E[exp()ﬂMg(c + X+ P+ IZ (wy), EJ)D | Xe”-
J

=1,2

Proposition p.3 (applied with Z = cand f = e FP+I%, (“)k))) then ensures that the fol-
lowing estimate holds true for the conditional expectation given X

]E[ exp<|,uM§(c +X;+P+ I;’O(a)k),z-)|)|X@] < eCIHIP(T + C|ulueCrv)

with
u? = ff . [FGIF ) Idg(2x, )P dvg(x)dvy(y)
¥
J 52
L= [f(xX)] dist(x,0Z;)" 2 dvg(x),
Zj
for some constant C only depending on . Since |f(x)| = 1 the above conditional

expectation is uniformly bounded by a deterministic constant (independent of ¢, k).
We deduce

(6.10) IEH exp ( - /ng(c + X + I (wy), Z))H < +00.

. o _Q regp p,dv
As a consequence, our claim (1) follows easily: indeed, the term e 4z /s “878 "8

has absolute value bounded by 1. Using Holder inequality, the integrand in (6.§) is thus
bounded by

( Y(Z) )% Z e‘ﬁ”wklé(/ E[e_%mxg’wk)z|F(¢g)|P1]dc)l/pl

!
det (Ag)” 72 TR

([ Ble s )
Tr

for some p;, p, > 1 with pi + pi = 1. Using (b.7) this is bounded by
1 2

V, (Z) 1 _ 1 2 1 oiaem ,
(g,—)Z Z e 47THwk“2||F||Loo,p1 o1 IIC Daogll5
det (Ag) kez2¢

1
y (/ E{g—%(dxg,wk>2Ie—yM§(¢g,>:)|p2]dc) P2
Tr
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We can apply the Girsanov transform to the last expectation above to get (by Lemma
B.3)
( f E[e—imxg,wm e M dc)”pz

Tr

1 1/

<€4”D2“(1 Hl)wk|2(/ E[|e—ﬂM§(C+Xg+Ixo(wk)2)|p2]dc) Pz.
Tr

The last expectation is bounded by some constant C independent of k as shown in
(6:10). Summarizing,

Vg(Z ) L jleogl2 |-y )eo 3
<F>Z,g5 ( Vg Z e k2||F|| o0,p1 €47 1)@kll2
d t (Ag) kez2s

(2 L b3
=C(—— 2 ) Fll goopy e 4m K2,
det'(Ag) keZZ:zg

We conclude about integrability and well-posedness of the path integral, as well as to
its extension to £L°P(H3(X)).

For (2), observe that changing the base point x, amounts to shifting the zero mode c
by some constant, and this is absorbed by a change of variables in the dc-integral, since
the integrand is periodic in ¢ (the assumption F € £*P(H*(Z)), hence periodic in c, is
crucial). Next we show that the path integral is invariant under change of cohomology
basis (even if not dual to o). Let @ s for j = 1,...,2g, be another basis of cohomology.
For k € 7%, we set &y := ngzl kj®;. Then there is A € GL,4(Z) such that o, =
dax + dfax for all k and for some exact form dfy, (see Lemma B.2). We can then
replace wy by @y + dfy in the expression for the path integral. By making a change
of variables in the summation over k, we can get rid of the change of basis matrix A,
i.e. we get

ve® 13 - Lt fil
611)  (Flpg= ()7 X e a *ro/wk
£ Ndet'(4y) kezzlzg

x/ E[e P <ng wk+dfk>2F(¢ Ye @ f):a Kg¢gdvg—yM§(¢g,z)]dC,

where the Liouville field is now ¢4 = ¢ + Xg + IT () + fie(x) — fie(xo). Next we apply

<d-Xg’dfk>2

the Girsanov transform to the term e 2= It produces a variance type term

_”df“HZ and it shifts the law of the GFF as X, — X, — (i — mg(fi)) where my(fy) =

. (z) —= Js Jx dvg. We can then shift the c-integral to absorb the constant mg(fi) — fii(xo)-

Comblnlng with the norm term in front of the expectation, we get the result.

Finally if we consider another basis of homology ¢’. Let @j, for j = 1,...,2g, be
another basis of cohomology, dual to ¢’. For k € 7?3, we set @y = Zi‘il kj®;. Then
there is A € GLyy(Z) such that wy = dgx + dfay for all k and for some exact form
dfsk (see Lemma B.2). Then, the previous result tells us that we can replace, in the
path integral associated to o and the w;’s, the closed 1-forms w;’s by the &, ’s. Next we
want to change the homology basis. Only three terms depend now on o: F(¢g), the

Lro (o 1ol o n
curvature term and the potential term. Note that eR% @) = (7@ Algo Lemma
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iQ .reg _iQ reg

-= Ko dv, Jz T Kgpg dv, 1

F.3 shows that e” 4= fro KabedVe _ o7an o, KaPe We pocayse Q € —Z. Hence we are
done. O

Remark 6.5. The invariance under change of cohomology basis in Proposition p.4 is
quite intuitive from the path integral perspective. Indeed, note that formally, ||&|13 +
2(dX,, dy), = ||ldk + dX,||* — [[dX, || Next, the GFF expectation can be understood as

L 2
a path integral e 4= 1dXell2 px ¢ so that, all in all, the path integral can be understood as

1
——||d¢el12 ‘ .
e ar lldég ”2D¢g, namely a “Gaussian” measure over closed 1-forms.

6.2. Correlation functions: Electric and magnetic operators. In this section, we
introduce the correlation functions for all the operators we need in this theory. They
are of two types, electric or magnetic, and we will construct each of them in the next two
subsections. Finally we will construct mixed electric-magnetic operators by combining
the two constructions.

6.2.1. Magnetic operators. Let z,...,z, be distinct points on a closed Riemann sur-
face Z. For each such a point z; we assign a unit tangent vector v; € I,z and a
magnetic charge mj € Z. We collect those data in z = (zy,..., an) € XM, v =
((z1,01)s--+5(2n,, 5 Up,)) € (TZ)" and m € Z"». We assume that 27:1 m; = 0 and
will denote by {z} = U;lgl{zj} C Z. We wish to insert on ¥ magnetic defects at the z;’s so
that the field ¢4(z) is multivalued and gains a factor 2zzm;R when z turns once around
a small circle around z; (and not the other z;’s). As before, we choose a set of data
given by Assumption p.1. We assume that the geometric symplectic basis o as well as
the base point x, is distinct from {z}, in particular {z} C X (recall (£.1))).

The structure of the magnetic operators relies on the construction of the harmonic
1-forms of Proposition B.10. Consider the harmonic 1-form v;‘,m with windings 2zzRm;
around the point z; given by this Proposition .

We define the Liouville field

(6.12) B 1= ¢ + Xy + IZ, (00) + Lo (V).

As explained in Section f] and Section [.2, this field belongs to H*(Z \ (o U €)) but can
alternatively be viewed as an element in H(Z,) as 17 () + 1)%0 (V?,m) has a lift to a
fundamental domain of 7, (Z,, X,) in %, given by I, (p) + I, (v%‘,m). Recall that, if the
basis of H1(Z \ {z}) is fixed, each u € H}(Z,) decomposes uniquely as

(6.13) u=m*f + Ly (@) + L, (V)

for some f € H%(Z), (k,m) € Z?8*"=_ We also write fo = vg(£)™! /5 fdv, as in (B4).
Each connected component of H}(Z,) has the structure of an affine space with associ-
ated vector space H*(Z), parametrised by one element [w, + v, ] in the cohomology
class #(h(Z,). The decomposition (6.13) in the component associated to [y ] depends
on a choice of representative wy + v?,m in the cohomology class [w) + vi‘,m], which can
be viewed as choosing a base point in the connected component. For each m € Z"*n
fixed, we consider the following space £R'(X) of functionals F defined on Hﬁ(fz) as
follows: in the connected component associated to [wy + v;”m] (for k € 7%9), writing

9Being harmonic is not necessary, we could choose closed 1-forms instead, according to the same
proposition.
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distributions u in this component under the form (b.13), we say that F € ER(Z) if it
has the form
N i i h
(6.14) Fw) = Y, eR"OB(f = fp)G(er (@ inDy
n=—N

for arbitrary N € N, where B, are polynomials (depending on (k, m)) of the form
B({f = fo:&1)s---+{f — f0-8m,)) Where gy, ..., gy, belong to H™*(Z), and G is con-
tinuous and bounded on C°(Z, S') (depending on (k,m)). Notice in particular that
these functionals are 27z7R-periodic in the zero mode f,. The same argument as in the
case with no magnetic field shows that the space £R'(X) is well-defined, in the sense
that it does not depend on the choice of representative wy + V?,m of the cohomology
class.

Next, for m fixed and a fixed family of representatives wy of the cohomology classes
in 7(1(Z), we define the space L’ (H5(2)) as the closure of ER(Z, g) with respect to
the norm defined by

IE] e
1

_(dXgiwp)  lIdfyl3 h 5
=5111(p( f Ble™ 2r — am [F(r(c + Xg) + Ly (i) + Ly (W) IP] de)
Tr

where (1 —1II; )wy = dfi with II; the projection on harmonic forms (recall Lemma B.3).

Lemma 6.6. The norm ||F| ;=.r does not depend on the choice of representatives wy in
the cohomology (5 (Z).

Proof. The proof is the same as that of Lemma p.2. ]

Definition 6.7. The definition of the path integral with magnetic operators at loca-
tions z = (zy, ..., z,, ) with magnetic charges m = (my, ..., m,_ ) and tangent vectors
v =((2z1,01)s---5(2Zn,>Up,)) € (TZ)" reads for F € ER(ZT)

) 5N el im0~ o @)
(6.15) (FVGmy(Wzg :=(==5——)7 3 e anrlemanPenleoman hron?
(0,m) det’(Ag) kezzzzg

X f E[e_ %<ng’wk>2F(¢g)e_£ fzreg Koy dVg—leg((]bg,E)] de,
Tr

where V(% m) (v) is a formal notation to indicate no electric charge (the 0 index) but the
presence of magnetic chargesm = (m,, ..., my ), and where the regularised curvature
term has now a further magnetic term

reg

reg reg
(6.16) /y: Kopg dvg := L(C+Xg)Kg dvg+-/z‘ I7 (0K dvg+L Iio (vgm)Kg dv,
with £ If, (VP )K, dv, defined by (B5) and f£°8 IZ (K, dvg by (BD).
This definition is similar to (6.§); notice in particular that we have not put the term
-1 h
¢ WX am)2 ince by Proposition B-I0, we know that d*vl!,, € C®(Z) (d*v],, is un-
derstood in the distributional sense), and in turn equal to 0, thus

lim(dX, c, v2m>2 = lim(X,, d*v2m>2 = 0.
e—0 -0
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This term would however appear if we were using closed 1-form v, ;,, (with prescribed
windings) instead of the harmonic 1-form v{,.[0

Also this path integral possesses the same properties as (6.§): this can be shown in
the same way up to some caveats that we explain in the proof of Proposition 6.§. One
further important property is that the path integral does not depend on the choice of
the defect graph.

Proposition 6.8. The path integral (b.13) satisfies the following basic properties:

(1) the quantity <FV(‘(g),m)(V)>2,g iswell-defined and finite for F € ER'(X), and extends
toF € LoP(H5(Z)) for p > 1.

(2) the quantity (F V(%,m) (V))3,g depends neither on the base point x, € Z, nor on the
choice of geometric symplectic basis o of F(; (%), nor on the choice of the cohomol-
ogy basis dual to o,

(3) the quantity (FV(%,m) (V))z,g only depends on the location of the points v =
(2, Vj)j=1,...,n,, in TZ and the charges m, but not on the defect graph.

Proof. The proof of items (1) and (2) is similar to Proposition p.4, but there is only one
point to be careful with. We have to check the summability over k as this expression

_L h . .
features now a further term e~ 27 “*”#m2 This term is bounded by e/l for some

Cm > 0and thus does not affect the summability over k in the proof of Proposition [.4.
To prove (3), it suffices to use Lemma A.9. ]

Below, we denote by ST := {(x,v) € TZ | |v|g, = 1} the unit sphere bundle.
Corollary 6.9. For rg being the rotation of angle 6 in the tangent bundle, set
roV = ((Z1,7g,V1)s--» (an’renm Un, ) € (TZ)"m.
Then
(FVG ) (reV))s,g = e IQRIMO(EVE (V)5 4.
Denoting RQ = —¢ € —N, the correlation functions, viewed as functions
v E (SZ)" > (F V(%’m)(v))z’g

are sections of K™ @ --- @ K™nm where K = (TYOZ)* is the canonical line bundle
and X~ = (T'2)* the anti-canonical bundle; by convention, if k > 1, we write X* :=
®§.‘:1:7C and K~k = ®}‘:1 -1

Proof. 1t suffices to consider the case where only one vector is rotated, as we can apply
recursively the result to each angle. Consider the defect graph D, . Since the cor-
relation functions do not depend on the graph, we may choose the canonical defect
graph z; — z, — ... = z, . Let us first investigate the case when the 1st vector
is rotated. We proceed as in the proof of Lemma f.9 using Gauss-Bonnet. Denote by
(§p)p the paths of the defect graph Dy ;. Let us consider another path £, such that
£(0) = 2, £Q1) = z, with 8,£(0) = Ayrg,v1, 8,£Q1) = A,v, for 1,4, > 0. We compute
the change in the correlation functions when replacing &; by f . Let us call f),sv,g the
defect graph after this replacement. We can assume the curves &; and £ don’t overlap
and bound a domain D homeomorphic to a disk, and the boundary of D inherits an

10 Adding an exact form to V;I,m in the path integral expression amounts to adding this exact form to wy
so that our statement is already completely equivalent to considering closed 1-forms instead of v&m.
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orientation from X. Without loss of generality, we may assume that £ is positively ori-
ented, and £; negatively oriented with respect to the orientation of D. The two defect

graphs give rise to two different primitives Ifo (v?,m) and Ifo (v?,m) and, on D, we have

&, () = I, (v2m) — 2mRmy, where we noted that k(&) = x(§) = m,. The difference
of the two regularised integrals is then

reg reg
/ I)%o (V?,m)Kg dVg - / Igo (ng)Kg dVg
z z

= /D (I, (W) — T (V) K g dV, + 470my R( : kg dé — fg kg d&y).
1
Now we apply again the Gauss-Bonnet theorem on D to get

f (I, (Whn) — I, (2 ))K g = — 277Rm, f K,dv,
D D

=47rRm1(/~ kg dé, — f kg dé,) + 4mRm, 6,

§ 1

and we deduce that the difference of the two regularised integrals is 47m;6;R. Hence
(FV(g’m)(rev))z,g = ¢ IQRmM18 (FV(%,m)(v»z,g. The same argument works when we ro-
tate the last vector. The proof has a little twist when rotating an intermediate point
because turning an angle affects then two domains, each of which has to be applied
the Gauss-Bonnet theorem. The main change is that when adding the contributions
of these two domains, the difference x(§,) — x(§,_;) = m, appears now instead of m,
above, and this yields similarly (FV(%,m)(rev))ng = e‘iQRmp9p<FV(%,m)(v)>z,g in case
we rotate the p-th vector only. Hence our claim. Any C° function f on SZ can be de-
composed in Fourier modes in the fibers (which are circles), the fact that for k € Z one
has f(z,rgv) = e f(z, v) for all z means exactly that f has only Fourier modes in the
fibers of order k, which means that f is the restriction of a C° section of X* to the unit
sphere bundle (see [33, Chapter 5.4.] for instance). O

6.2.2. Electric operators. We construct now the electric operators in the presence of
magnetic operators. Pure electric correlations can be obtained as a particular case of
the following by taking the magnetic field to be 0. Such fields need to be regularised.
Recall that each u € H3(Z,) decomposes uniquely as u = 7* f + L, (@) + I, (vi’,k) for
some f € H%(Z), (k,m) € Z?$*"= We introduce the regularised electric operators, for
fixed electric charge « € R and x € %,

.
Vi g.e(tt, X) = €7 /2elMee),

where u, . is a g-regularisation of the field u. When u = ¢, is the Liouville field (as
below), we will shortcut this expression as 1 4 .(X).

Next, we choose distinct points x;, ..., Xp, ONZ (and distinct from the locations z of
the magnetic defects), which we collect in the vector x € X", with associated electric
charges a := (ay,...,a, ) € R". We denote V(i’;)(u, X) := Hj;l Vaj,g,e(u, x;) (which
we shortcut as V(“’,f))(x) if u is the Liouville field). Note that this functional belongs to

Lo’P (H5()) iff the charges satisfy a ;€ %Z, which we will assume from now on. Let us

introduce uy(x) = 27;1 iajGg(x, xj) and note that u, € H*(Z) for s < 1. We consider
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the space EP(ZT) as before. Next, we define the space Lq, B (H%(2)) as the closure of
ER(Z) with respect to the seminorm

1Pl e

1

_(@Xgyop)  lldfil3 -
= sip (/ E[e” 2r an |F(c+ m Xg + uy + I () + IXO(VQm))|P] dc)p,
Tr

where (1 — IT;)))wy, = dfi with II; is the projection on harmonic forms (recall Lemma
B.3.

Similarly to Lemma p.§, we claim the following:
Lemma 6.10. The norm ||F|| cooip does not depend on the choice of representatives wy in
the cohomology F(x(Z).

The path integral with both electric and magnetic operators is defined by the limit
(6.17) (FV a0/ V(6 ) (Vg = W (FVEG (K g 1n)(VD)g

for F € EF(X). The existence of the limit is non-trivial and only holds under some
constraints that we summarize below:

Theorem 6.11. Assume that

) 1 ol
(6.18) vj, aj > Q and aj € EZ’ Z m; = 0.
j=1

The mapping F € ER{(Z) — (F V(g ,0)(X)V(§),m)(v)>):,g satisfies the following properties:

.

(1) Existence: it is well-defined and extends to F € Lai(HY(Z)) for s < 0. For
F =1, it defines the correlation functions (If(fl,o)(x)lf(%’m)(v))z,g.

(2) Conformal anomaly: let g' = efg be two conformal metrics on the closed Rie-
mann surface X for some p € C*(2), and let X = (Xy,...,X,,) € ', v = ((z1,01), ...,
(Zn,sUn, ) € (TZ)" with z; and x; distinct for all i, j, and & = (ay,...,a,,) € R™
obeying the constraint (6.1§). Then form = (m,,...,m, ) € Z"~, we have

g g’ _ iQ /8 g
<FV(0(’0)(X)V(0,m)(V)>Z’g/ —<F( - ?p)V(“,o)(X)V(o’m)(V»

(6.19) e Z;lil A(ocj,o)P(xj)—Z;l:1 A(O,mj)P(Zj)

.8

L 2
X @967 J5(ldplg+2Kgp)dvg ,

where the real numbers A, ,,, called conformal weights, are defined by the relation for
a€eR

a,a m?R?
(6.20) A(O(,m) = 5(5 -Q)+ 4

and the central charge is ¢y, == 1 — 6Q>.
(3) Diffeomorphism invariance: letp : X' — X be an orientation preserving diffeo-
morphism. Then

(621)  (F(byp)Via OV 5 W)y ey = (Flg @ DIVE oy OV 1y $a9))y
where we used the collective notations

v = ((Y(21), Ay, 01), oo, (P2, ) APz, 0n, D) P = (x1), -, P(X)).
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(4) Spins: with rgv := ((z1,7g,V1); .-+, (2, "0, Unyy ), then

(622)  (FVg0) (Vg m)(FeV))s,g = €7 U MUFVE 0, OV ) (V)5

Proof. We split the proof in 4 parts: the existence and convergence of the path integral,
the conformal anomaly and the diffeomorphism invariance.

(1) Existence. The condition a; € %Z ensures that the product Hj Vaj,g,e(xj) is

in Lo (H5(Z)). We will use the Cameron-Martin theorem to transform the electric
insertions into singularities in the potential. There is some caveat here: this theorem
applies only for real valued Gaussians whereas we face here imaginary Gaussians. We
thus need to use an analytic continuation argument. The fact that F € E§'(Z) is crucial
for this: indeed F is polynomial, hence analytic, in linear observables of the GFF. This
argument only needs to be applied to the GFF expectation and that is why we only
average over I below (and irrelevant factors are removed from computations). So,
consider the map
W= (W, ..., Wy, ) € C — A(W)

with A defined by (the variables ¢ and k are fixed)

n, w? .

Aw) = E[e_M)(gZ%mF(ng) H E—Tjeiwj(c+Xg,€(xj))e—§ iz
j=1

where ¢g = c+X+I37, (wk)+I§0 (vﬁ"m) is the Liouville field. For fixed € > 0 this quantity

is obviously holomorphic on C". For wy,...,w, € iR, we can use the Cameron-
Martin theorem to shift the GFF X, by the term v ¢, and this shift has Radon-Nikodym
derivative

®Kgdg dvg—uM§<¢g,2)]

¢! Z) WX (¥ + S EIEL, wiXg ()]

where we have set G o/ (X, X') = E[X, (X)X, o (x')] (with the convention that X, , =
Xg) and uc o/ (x) = 27;1 iw; G ¢r(x, x;j), which is a continuous function of x € Z,
holomorphic in w. We get that

(6.23)

n, w?
A(w) = e_%E[(E;lil wjXge(x))’] H e el T
j=1
% E[ o 370X +duo ) Flpg + g e)e—i—?, S22 Ko(pg+uo,e) dvg-uM,%(¢g+uo,e,2)].

Now we would like to argue that the right hand side is a holomorphic function of w.
As already explained, the fact that F is polynomial in the GFF is crucial but there is
a further subtlety here in the potential: we stress that Mg is not a.s. a measure, but
a distribution of order 2. Therefore, to apply the theorem of complex differentiation
for parametrised integrals, we need to control the quantities d7u, . uniformly over x
and the compact subsets in w. The point is that, because of our regularisation along
geodesic circles, the partial derivatives d7u, . do not exist as functions, hence are not
bounded. Therefore, it is not clear that a.s. the mapping w — Mg(qbg + Ug e, X) is
holomorphic (recall that the dependence on w is encoded in the function u, ). Fur-

thermore, the term If:o (vg’,m) appearing in the potential is not of class C2. Yet, this state-
ment is true at the level of expectation values and this is all what we need. To prove this,
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we will approximate u, ¢ by a family of w-holomorphic and two times x-differentiable
functions. Let us thus consider a family (u ¢ s)s obtained by convolution in the x-
variable of the function u, . with a mollifying family indexed by &, which stands for
the regularisation scale, and such that supy, [ug ¢ — g ¢ 5| = 0 as § — 0. Such a family
is holomorphic in w and two times differentiable in x for each fixed § > 0. The fact that

Iio (V;l,m) is not C? is not really problematic: indeed, since it is a deterministic smooth
function outside of a set of zero Lebesgue measure, the singularities are not seen by

the imaginary GMC. To see this, observe that [, f(x)M (X + I7 (i) + Ifo (v?,m), dx)
can be obtained as I? limit of regularised approx1mat10ns for each smooth f. Now we
claim:

Lemma 6.12. The random variable M E(Xg + 17, (wi) + If:o (ng), dx) is a random distri-

bution (in the sense of Schwartz) of order 2 on T and there exists some I? random variable
Ds such that forall f € C*(Z)

| f FEOMEX, + I, (@) + I (W), d)| < D (O(If oo + 1A 11o)-
b
Proof. Notice that all f € C*(X) can be written as
£ = mo(N)+ [ G B0V,

where my(f) = (z) ——= J f(y) dvg(y). Then for all fixed f we have

| FOOMER, + 12,00 + () 0)
z

- | fz (mg() + fz Gy ) F(3) g MIMEKg + I, (@3) + I, () )|
< Img(NIIMECG + 5, (i) + I, (i), 2|
+ f |2 FO)( f Gy, YIME(Xg + I, (@10) + I, (W), ) )| dv ()
< (1f oo + 1Ag Fllo)(IME (X + I, (1) + By (Vhen), D)
+ / | f Gy, YIME(X + I, () + I, (W), d) | () )-

Since this bound is valid almost surely for a countable dense family of C*(Z) equipped
with the norm || f|| + [ A fll - We deduce that MI,‘g(Xg +IZ, () +I5, (W), dx) is a dis-
tribution of order 2 almost surely. The random variable in the right-hand side above is
our Dy(k). One can easily check that it is an I? random variable: this amounts to com-

.16 A ¢
puting the following integral (in local coordinates, and using that A UG (@) + i (VEm)

are bounded)

uA(y) = .[/ log = og |x’ — ||x — x’|‘32 dxdx’ < +oco0,
DxD

where D is a disk. This is not only obviously true since 8% < 2, but also this quantity is
bounded uniformly in y over compact subsets. O
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Next we claim that, for § > 0 fixed, the expectation
(6.24)

. 1 iQ .reg g
elzj chE[e_E<dxg+du0’e’wk>zF(¢g + uo,e)e_a )5 Kg(¢g+u0,s)dvg—uMﬁ(¢g+u0’e’5,Z)]

is holomorphic in w € C". We have to check that, for any compact subset K C C",

(dXg+dug ¢,wi)2 iQ ,reg g
—_—5 = 24 —— K dve—uM )
sup lEl[|e 27 F(¢g + uo,s)e an 2 Keg(@gtuoe)dvy 5(Pgttioes )|] < 0.
wekK

Up to using Holder inequality, this amounts to proving that

_ 4
sup E[|e “Mﬁ(¢g+”0’f’5’z)|] < 0.

wekK

This follows from Proposition B.3.

Hence our claim for the holomorphicity of (6.24). Now we claim that the integral
(b-24) converges locally uniformly with respect to w towards the same expression with
& = 0. To see this, it is enough to observe that, locally uniformly in w,

g g
(6.25) E[|e/“‘(M/3(¢g+"°’€v5’Z)‘Mﬁ@g”‘)’f’z)) _ 1|2] 50, asd—O0.

Indeed, from Proposition p.3, we have for each « € R
]E[ ea|M§<¢g+uo,€,5,z)—M§(¢g+uo,e,2)\]

ifu i . . ifu i
<eCale 0,5,5—elﬁu0,s||00(1 + Cal|€lﬁu07€’5 _ elﬁuo,euweCaZHe 0,5,5—ell3uo,s||§o)

and the latter estimate goes to 1 as § — 0 locally uniformly in w. The claim (.25)
follows. In conclusion the right hand side of (6.23) defines a holomorphic quantity of
w € C". So does the left hand side, and both sides coincide on (iR)", therefore on
R,

Next, we want to take w = « in (6.23), integrate over c and k, and then pass to the
limit € — 0 in the right hand side to give sense to the limit of the left hand side. The
limit candidate is the same expression with € = 0

(6.26) e—% % a?Wg(xj)—qu-/ ajorr Gg(xj,xj)+iy; aje

% E[e_ %(ng+duo,o,wk>2F(¢ +u 0)6_5 fzreg Ko(¢pg+uo,o) dvg—pd\dlgg(¢g+u0,o,2)]
4 s .

The main issue is to make sense of the limit of the potential M§(¢g + ug e, Z). In the
limit, the contribution from u, ; will create a singularity in the surface ~ and we have
to show that we can integrate M§ against those singularities. Actually, it is not clear

that we can make sense of /5 e P Gg(x’xf)M§(¢g, dx) almost surely for all possible
values of the x;’s, as we have an understanding of M; E’; only as a distribution of order 2.
Yet, since we fix xy, ..., X, , we can still make sense of this quantity on average. Indeed,
under the condition (.1§), it is plain to see that the family (Mg(qbg +ug ¢, X)), is Cauchy
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in I? and converges towards a random variable denoted by Mg (¢g + ug 0, 2) satisfying
E[|MS (g + o0, )]
— /] eiﬁ(uo,o(X)—uo,o(y))+52Gg(x,y)—ﬁ—;(Wg(X)+Wg(y))
>2

5 B (@)+T (Em) ()= 1B, (1) + 5o (Whm)(¥) dvy(x) vy ().

The control of this integral uses the elementary computation that the integral

627 [
st = yIP

2
is finite provided that fa > —2 + %

Proposition p.3 gives the estimate for « € R

,i.e. a > Q. Furthermore, using Fatou’s lemma in

(6.28) ]E[ exp (a|M,§(¢g + 10 z)|)] < €C(1 4+ Cauexp(Cau?)

with
u? = ffz 2 eiﬁ(uo,o(x)+uo,0(Y))dg(x’ y)_ﬁzdvg(x)dvg(y),

. 52
b f ¢iBu0.0( dist(x,6D)” 7 dvy(x)
D

for any domain D with smooth boundary d2 that does not cross the x;’s. Indeed,
to apply Proposition p.3, we choose a smooth simple loop € in X and condition the
above expectation on the values of the restriction of X, to €. Using the Markov prop-
erty in Proposition p.1], we can then apply Proposition p.3 to the Dirichlet GFF on the
connected components of ¥ \ €, producing quantities that are bounded by the above
quantities. Details are left to the reader.

Let us write Ty := R/27RZ. Using Holder inequality, we can then bound the dif-
ference between regularised amplitudes and their candidate for the limit, call A, this

difference,
1 2_1 b 2 1 h
— = |lwkll5— = ||v — —(wy,V;
A <C Y e wlklam gz Pamlizo™ 5z @eim2 (RL 4 R2 4 RE + RE)
kez?

with (for 1/p+ 1/q = 1)
1

- L (dug,, ~Lax,, >
RL i=fe~ar ooz / E[e ot gwk>2|F(gbg+u0’5)—F(¢g+u0,0)|P]dc>p
Tr

1
1 =t
X / U
TR
— = (dug e,01) — - (dX g1 ;
R2 i=fe”2r Moz f B[e” 27 2 F (g + ug )? | de)”
Tr

1

1 1
x (f E[e—z«lxg:wk)z|e—#M§(¢g+u0,s,E) _ e—MM§(¢g+“0,0,E)|q] dc)‘?),
Tr
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(dug,e,@k)2 (dug,0,@k)2

1
REmle™ m o —e [ ey gl de)

Tr

* < -/T‘R E[e_ﬁmxg,wk)z |e_“M,§(¢g+“0,e,Z)|q] d(—')%)7

_|e 3 (Z 19 Xge(x)))? ]H e 7 - ﬁWg(x,-)—qu, aj“j/Gg(xj’xj')|

1

1 =
X |e” 3 @002 ( f B[e” 2 YR By + g 0)P | de)?
Tr

([ Bl ooy o)),

Tr

In the terms Rl, R? and R? above, there are two trivial terms |e~ 2n<du°€’wk>2| and
|e_ﬁ<d”°’°’w“>2| which we bound by Ce®*! for some constant C > 0 uniformly in e.
1
In R2, the difference |e” 7 (o _ ¢~ 210092 g bounded by CeClkl(eClklo®) — 1)
(using Landau notation as € — 0).
Next after using the Girsanov transform in R}, the first integral term is bounded by

| fk”2||F( + Up,e — Uoo) — F()| zoop (recall that dfy, = (1 — II;)wy) by definition
of [|[F(»)|| cop- Itis straightforward to check that [|[F(- + ug ¢ — ug o) — FC)| cop — 0as
€ — 0 for F € ER(X): indeed, this follows from the fact that ug . — ug o in HS(E) for
s < 1and from the fact that F(f) depends on f in terms of a polynomial in the variables
(f,81)s---»{f>gn) for some functions g,...,g, € H~5(Z). The second integral in R}

e 47{p

1
. — ldfkli3 . .
is bounded by Ce*4 14742 for some universal constant C as a result of the Girsanov
transform and Proposition B.3.

| fk||2|

Concerning R?, the first integral is bounded by e4”P [FC)| coop, similarly to the

firstintegral in R. The main problem lies in evaluating the last integral. First, using the
Girsanov transform in the first line and then Hélder inequality for conjugate exponents
P1> P2, We bound

sup]E[e 2n<ngaCUk>2| —UME($g+uoe,T) _ —MM§(¢g+u0,O,Z)|q]

2 g g
<sup eEdekHZ]E[|e_#M5(¢g+u0,€+fk’2) _ e—MM5(¢g+“0,o+fk,2)|q]
c

1

1 2 g o>

<sup eadek”zE[|e—ﬂM/3(¢g+u0,0+fk;Z)|qp1 ] p1
c

1
% E[|e_l"(M§(¢g+u0,e+fkaz)_M§(¢g+u0,0+fk7z)) _ 1|qp2] P2

The first expectation above is bounded by constant (independent of ¢, k) by Proposi-
tion p.3, and as explained above. Now we focus on the second. Recall first the trivial
inequality |e? — 1| < el?l —1 for z € C, and then (e* — 1) < C(e®™ —1) foru € R, and
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q > 1. Therefore the second expectation is bounded by

1
CE[eWIqPZ|M§(¢g+”°’€+fk’2)_M§(¢g+uo,o+fk,z)| _ 1] o ’

which is bounded by (using Proposition 5.3)

1/p2
(ec"‘”(l + Caueco‘zuz) - 1)
. . 82
with a = |ulgp,, v = fz\e |eiBuoc(x) _ oiBuoo(®)| dist (x, C)" 2 dvg(x), C is a smooth
simple curve in £ which does not cross the xj’s as before, and

2 f [ €1F0.(5) _ ifto (9] |giBh0<) _ ¢iB0000) |oFCaCoM) dy (x)dv, ().

This quantity goes to 0 as € — 0 as a simple consequence of Lebesgue dominated con-
vergence (recall 82 < 2).

1 2
For RZ, the two integral terms are bounded by Ce = 9Fclz 1@ cop» as above. Over-

all, we have the bound R? < Ceﬁudfk”% IIF(')||L§°;€eC|k|(eclk‘o(l) -1).

Finally, the analysis of R easily follows the previous arguments. We bound the
product of the two expectations as above by CeClllgaz 147113 IFC)ll ze=,p. The first term
in the expression for R? tends to 0 as ¢ — 0 by (5.§). ,

L h
Gathering these estimates, we deduce (using the estimate ¢~ 7 “k2m2 < oCIK| for
some C > 0)

1
1A <C 2: e—;l\ﬂlwkll%wlkl
el =
kez?s

X (IF(- + uo,c = tg,0) = FC)l g + (Ce + e — DIFO)ll sop)

for some constant C, such thatlim,._,, C, = 0. Therefore, up to the multiplicative factor
( Vg(z)

1
) ? thatis harmless, the regularised correlation functions in the right hand side

det'(Ag)
of (6.17) converge as € — 0 towards
(629) e_% Z} “?Wg(xj)_zj<j/ O‘j‘xj/ Gg(xj’xj/) Z e_ﬁ(l‘wk||%+|lvgmI|§,0+2<wk,7}2m>2)
kez?8
‘o h ) i ot
x [T et @xtramp « f ¢'Zi%°G(c) de,
J Tr
where

T

G(C) — ]E[e_%<dxg+du0,0’wk>2F(¢g + u() O)e(_ g fzeg Kg(¢g+u0,0) dvg—uM§(¢g+u0’0,Z))]

expression that we take as a definition of <FV(§,0) (X)I/E%’m) (V))z,g- This expression ex-

tends to functionals F € Lah(H5(Z)) for s < —1.

(2) Conformal anomaly. Next, we prove the conformal anomaly. The argument
is similar to [B4, Prop. 4.4], so we sketch the proof up to the crucial argument, following
[34, Prop. 4.4]. But first of all, and in order to simplify the proof, let us recall that the
path integral is invariant under change of cohomology basis. It will then be convenient
to choose a basis of harmonic 1-forms, hence the w,’s are harmonic in the following.
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Let g’ = ePg conformal to g. It suffices to consider the case F € ER'(Z). We recall the

equality in law X1 = Xy —mg/ (Xg) with mg/ (f) = (2) Js fdvg (see [B4, Lemma 3.1]).

Using invariance under translations of the Lebesgue measure on the circle, we deduce

, , V(D) 1 allonl3= gm0 Em)
<FVg ) (X)V% (V»Z,g’ _ (g/—)z Z k2™ 37 Wzmllgr o™ 57 k> Pz,m/2
(@0)*)V(0,m) det (Agr)” xez2

' _iQ ,reg _ v
Xf E[VE o)($g: 0F ($g)e o 2 Far# My =My Gegc,
Tr

The point, in the expression above, is that we are integrating the Liouville field ¢, =
c+ Xg + I (g + v?,m) in the path integral regularised in the metric g’. So we have
to remove every g’-dependency. We treat first the curvature term. For this we need to
use Lemma f.10. Using this Lemma, the relations (5.7) and K¢ = e7P(K, + Agp) and
Lemma f.3 (and note that (dp, wy ), = 0 because wy is harmonic), we deduce

/ ' Vpr (2 1 _1 2_ 1 h 2
EVE o GOVE (Vs = (— &) S et hnl o Lo
? ? det (Ag/) k728

g¢g dvg— llMg(¢g+lQP 2)]d

X, d 2
X f IE[e an = J 8gpXg dv V“ 0)(¢g, X)F(c;bg)e af
Tr
The same argument of analytic continuation as before allows us to use the (imaginary)
_
Cameron-Martin theorem with the term e a= /= 2ePXe V2. the field X, in the above

expression is then replaced by X, — Q(p —my(p)) and the variance of this transform is

16ﬂ2 ff AgP(X)Gy(x, X )Agp(x v (x)dv, (x)__ f dplRdv,.

Therefore, using (B.2) and Lemma B.17] to transform both the det term and the regu-
larised norm, we deduce

R2m2

<FV(g, )(X)V(gl y(V)s, 31923 f2(|dplg+2Kgp>dVg+Z P(xj) %5 —Letz)
«,0 0,m g -

Vg(z 1 _llegl3  PRmigo _ @iofm)
2 Z e 41 a4 27
det (Ag) kez2o

X f Hy(c,k)dc
Tr
with

Hy(c, k) = [ (a 0)(¢g + l g(p) X)F(¢g (P - mg(p)))

o i it Kg(¢g+i;mg(p)> dvg—uM§(¢g+i§mg(p),2)]_

Note now that the vertex operator Va.g (¢4, x;) is not regularised in the metric g, but
g’ instead. Repeating the argument for the construction of the correlation functions
before, we see that this only affects the variance in the Cameron-Martin theorem. Oth-
erwise stated, a straightforward consequence of (B.6) is the relation

(6.30) Vi g (b x) = € e (g X)
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when plugging this relation into the expectation. In conclusion, and using Gauss-
Bonnet for the constant in the curvature term, we get

R2m?

S (dpl3+2Kgp)dve=3; Aa; p(x))~ 5 ; —Lo(z))

1-6Q2

h 2
Hwk”% Vz,mllg o (wk,V;l,m)z

(631) <F (“,O)(X) (O,m)( )>Z,g, ¢
Vo (Z 1
g( ) )2 Z —x2__ > o

X (,—
det (Ag) kez20

Q L
f e_E(zfa] ){(Z)Q)mg(p)Hl(c,k)dC,

Tr

with

Hy (e, k) = B[VE o) (¢ F($g — (0 — mg(0))

- Y
o o2 f5 %8 Kypgdvg—pe 2 ’"g‘mM;g’(qbg,Z)]_

In the case of standard Liouville theory, the further terms involving m,(p) are absorbed
thanks to invariance of the Lebesgue measure under translations. This argument fails
to work here: indeed it would require the Lebesgue measure (on the circle) to be in-
variant under complex shifts ¢ — ¢ + ia for a real, which of course does not hold. We
explain now how it works and, basically, translation invariance of the Lebesgue mea-
sure is replaced by a Fourier type argument. The function F is a linear combination of

the form (B.14). So it is enough to consider F of the form F(c, $) = e!"“/RP,(¢)G(ek ™)
(writing I, as a shortcut for I, (e + v?,m)). Expand now the term

_BQ (o) e p . BQ
o He >~ mg(p M§(¢g,z) — Z(_l)p/"_elpﬁce—PTMg(P)Mg(Xg +1, ,Z)P
= pl ’
p_

and plug this relation into (b.31]). Performing the c-integral preserves only at most one

term in the summation over p, i.e. the term corresponding to %n + %~ x&)0 +
pB = 0, if it exists. As a side remark, notice that this argument also shows that for

F(c,¢) = ene/ RPk(qS)G(e%I"O) we have

1 '
(6.32) Vp &Ny, g+ o= x(Z)Q+ ph # 0= (FV 00V ) (V)zg = 0.
J

For this p, the contribution of all the terms involving mg(p) is a multiplicative factor
given by

e~ 2my(P)( 3oy~ x(Z)Q+ g +6p)).
J



COMPACTIFIED IMAGINARY LIOUVILLE THEORY 641

But the condition above on p implies that this term equals 1. Therefore we end up with
the final expression

RZm?
J

—602
Rl f):(|dp|§+2KgP)dVg_Zj Aaj P(xj)_zj'

' / p(z))
(FVE 0y BV 1y (V)z g =€ 557 “

4
V(Z) 1 ol PBmigo @ Bm2

x(_g,( ) > S e A T
det (Ag) kez26

X f H,(c,k)dc,
TR

with

iQ | 12 e g 4 dvg—uMSE(¢g,Z
HZ(c’k)=E[V(§z,0)(¢g’X)F(¢g—%P)e an Jo Koy dvg—uM(9g )].

(3) Diffeomorphism invariance. We turn now to the diffeomorphism invari-
ance. We consider (6.29) in the metric 1*g and we want to reformulate it in the metric
g. For this, several observations are needed. First, as orientation preserving diffeomor-
phism preserves canonical basis, the natural choice of homology basis for (6.29) in the
metric ¢*g is ¥*o, with dual basis P*w;, ..., P w,,. Then I,zg:a(zp*cuk) = g(xo)(wk) o 7.
Similarly for the magnetic operators, the defect graph D,  is mapped by ¥ to Dy, y .-
Thus we deduce that I}, @y = Iigio)(vgm)oz,b. Then we note the standard relations

law
Gzp*g(x7 y) = Gg(lp(x)’ (), Klp*g(x) = Kg(l;b(x))7 sz*g = Xg o .
In particular Wy.g(x) = Wg(¥(x)) and, combining with the relations just above for
the primitives I¥, °(*wy) and I, ($*vl,,), we also obtain Mféb*g(gbwg + uz(‘)b;g’x,Z) =

Mg*g(cﬁg + u%:g)(x), %), where we have made explicit the dependence on g,x of u, ¢ in
the notations. Combining again with Lemma f.4 for the curvature term, we get the
result.

(4) Spins. The spin property results from Corollary .9 since the regularised elec-
tric operators are in ER'(X). O

6.2.3. Electro-magnetic operators. We complete this section with the operators that
will be of utmost importance to describe the spectrum of this path integral: the electro-
magnetic operators. Basically they are obtained by merging the positions x and z in
Theorem .11l So, the setup is the same as previously with the further condition that
the numbers of electric or magnetic charges are the same, i.e. n, = n,,.

The path integral with electro-magnetic operators is defined by the limit

(6.33) (FV ) (V)z,g 2= 1M (FVE ) KOV ) (V)1 g

for F € &R'(2) (with x = z), where x(¢) = (x,(¢),...,x,, (1)) with ¢ € [0,1] = x;(¢)
being any C? curve such that xj(1) = zjand x;(1) = v;. Indeed, the quantity in the right
hand side only has a limit when x; — z; along a fixed direction, because of the winding
around the points z. This is why we need to fix a direction v; when x; approaches z;.

Theorem 6.13. Under the conditions (b.18), the limit (6.33) exists. Moreover the map-
pingF € ER(Z) — (FV(g,m)(v))z’g satisfies the following properties:

«.

(1) Existence: It is well-defined and extends to F € Lam(H*(2)) for s < 0. For
F =1, it gives the correlation functions (V(i,m)(v»z,g.
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(2) Conformal anomaly: let g, g’ be two conformal metrics on the closed Riemann
surface X with g' = ePg for some p € C*(X). Then we have

(6.34)
<Fv(§'m)<v>>z,g,
<F( - P) (a, m)(V)>Z’

where the conformal weights A ) are given by (6.20) and the central charge is
Cyy, = 1-— 6Q2
(3) Diffeomorphism invariance: let {p : X
diffeomorphism. Then
Yg _ g
(F@p )VEorE W)y g = (F@g o OIVE ) BV,

(4) Spins: withrgv := (rg,vy,...,Fg, Un, ) then

e
967r _/(ldp|g +2Kgp)dvg — Z A(O‘j’mj)p(zj))
j=1

!

— X be an orientation preserving

<FV(§,m)(”eV)>>:,g — eiR(a-m,G)—iQR(m,6><FV(§’m)(V»Z,g’
where the vector ct - m has entries ajm; for j = 1,..., Ry,

Proof. The proof consists in taking the limit in (6.29) as (x;(t), X;(¢)) = (zj,v;) when
t — 1. The properties of the path integral then result from taking the limit in the related
properties of Theorem p.11. The crucial argument in the proof is the following: since

the 1-form v?,m is of the form m;Rd6 in local radial coordinates z — z; = re! % near Z;

j
i€ h
(see Proposition B.1(), then the function e® D0 2m)™) a4 limit when (x; (¢ ,X:(1) =
p J J
z:,U;)ast — 1. An immediate consequence is the convergence of all terms of the form
jo Y q g

oI5 (vB)(x; . . .
€!%iTko Vam)(xj(0) o (x;(1), X(t)) = (2;, ;). This makes the convergence obvious for all
the prefactors in the expression (b.29). It then remains to focus on the integral. To
get the argument simpler, we can choose the cohomology basis to consist of harmonic

1-forms wy; in particular the term e - @Xeo 1in (b.29). In (6.29), the terms
involving F and the curvature depend on x (recall that this dependence is hidden in
Ug,0) and converge towards their value at z (in the direction v) in L? for the measure

-L 2
e axll9kll2 Sx ® P ®dc. Using Holder inequality, it remains to investigate the interaction
term. Let us write M(x) as a shortcut for the random variable Mfg(qbg + ug,Z) at X,
and M(z) for this random variable evaluated at z. Therefore we have to show that
sup sup [E[fe MMKD) _ o=uM@)|7] o
kez?8 ceR/2nRZ
ast — 1, for g > 1. Using Holder inequality (taking g slightly larger) and Proposition
B.3, this amounts to showing that, as t — 1,
sup sup E[lew”M(X(t))_M(zn — ]_|Q] - 0.
kez?8 ceTg
Using super-additivity of the mapping x — x4 (for ¢ > 1), this amounts to showing
that
sup sup E[eAMXO)-M@I _1] - o

keZz28 ceTr
for any A > 0. Using Proposition p.3, we see that the above statement follows from
Lemma the proof of which is deferred to Appendix [B:
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Lemma 6.14. We set uy)(y) := 2, 19 Gg(y, xj(1)) + L (i + v?,m)(y). Then we have as
t—>1

LL Ie_l@ux([)(y) — e—ﬁuz(y)|‘|e_ﬁux(t)(y/) _ e—ﬁ”z(y')|eﬁng(y,y') dvg(y) dvg(y’) Lo,

uniformly in k.

Note that, in comparison to Theorem B.11], the spin has a further term eRm.6,

. h
which comes from the term e'®'x”%m) appearing due to the shift of the GFF by
Ixo(v?’m) in the electric operators: if the vector v; is rotated by an angle 6;, and be-
cause the 1-form v?,m is of the form m;RdO in local radial coordinates z — z; = re'®

J
near zj, then

lim 1% Txo (VBm)(x; (1))
Qe (0.3 (0)~ (2, v)

— oi%jmjRO; 1% ey (VEm) (x5 (1))

m
(xj(0.% (D)~ (2,0))

This ends the proof of Theorem p.13. O

7. THREE POINT CORRELATION FUNCTIONS ON THE RIEMANN SPHERE

In the rational case, the condition (b.1§) guarantees the existence of correlation
functions. The condition a; € %Z is however slightly misleading, for (6.37) implies

that these correlation functions vanish if Zj aj—x(E)Q € %N. Therefore the region
of interest where the correlations are non-trivial is

nm
(7.1) D a4 — x(2)Q € —pN,

j=1
which, together with the condition aj > Q for all j, shows that the non-trivial cor-
relation functions on the Riemann sphere have n,, > 3 (recall that y(X) = 2 for the
Riemann sphere). We thus recover the standard fact for CFTs that 3 point correlation
functions on the Riemann sphere are of special importance. Below, we will relate them
to twisted Dotsenko-Fateev type integrals.

Symmetry reduction. We identify the Riemann sphere with the extended complex
plane C by stereographic projection. On the sphere, every metric is (up to diffeomor-
phism) conformal to the special metric g, = |z|3*|dz|? with |z|, = max(|z|,1). Ap-
plying the transformation rules of Theorem (namely items (3) and (4)), one gets,
with some straightforward computations, that the correlation functions are confor-
mally covariant. More precisely, if g = e®® g, = g(z)|dz|? is a conformal metric and if
Zy, 0t Zy, A€ Ny distinct points in €, with associated unit tangent vectors v,..., 0, ,

92+b (\with a, b, c,d € C and ad — be = 1)
cz+d

at |¢'(zj)|2g(zp(z,->)>—A<aj,m

(7.2) <V(§,,m)(“;b*v)>ﬁ,g = g( g(z])

then for a Mdbius map ¥(z) =

J <V(§,m) (V»C,g'

Now we specify to the case n,, = 3. Without loss of generality, we may assume
that the magnetic charges satisfy m; < m, < mj;. The Mobius covariance implies
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in particular that the three point functions (n,, = 3) are determined up to a constant
denoted Cg, #(ot, m), called the structure constant:

H V( )(Z )>C . —e%n f2(|dw|g0 +2Kg0co)dvg0 —iQR Z;=1 mjarg(v;)
oj,mj ’
(7.3) =

3
—Aq.m:
X Pot,m(z) H g(zj) ( P j)cﬁ’,,u(o{a m)
j=1

with
2(A —-A -A
ch,m(z) = |z, — z3] (Batg,m) ~Aay,my) =Bz m3))
X |Z2 — 23|2(A(cx1,m1)_A(az,mz)_A(a3,m3))|Zl — 22|Z(A(Dl3,m3)_A(Q’pml)_A(O(z,mz))'

In particular, by taking (z;, z,, z3) = (0, 1, o0), we have

Cﬁ’,,u(“’ m) <‘/(0(1 ml)(o el)I/(o(z mz)(l el) (0(3 m3)(w’ el))@,go'

We will compute the 3 point function in the metric g, to deduce the structure constants.
For this we assume z;, z,, z; € Rwithz; < z, < zz andv; = v, = v; = e; withe; =9,
if one uses the coordinate z = x + iy on C. In that case, we choose the branch cut to be
[z1, z3] with defect graph z; — z, — z;. The 1-form v, , is given by

Rmy(z, —z,)dz  Rms(z5 — z,) ClZ)

(z—z1)(z—2y) (z2—25)(z—23)
Rm Rm Rm

:Im<(z—zll z—222 z—z3 )dz).

vgm(z) = Im(

z3—2

The primitive is then Io(vgl,m)(z) =

) (which vanishes

on the half-line ]z;, +oo[). By an abuse of notatlons, we will denote by IO(vz’m)(zj) =
lim,_; Io(vgm)(xj(t)) where x;(t) = z; — 1 + ¢ is converging to z; in the direction v; as
t — 1. Let us compute ||v2m||§0,0. We claim:

Lemma 7.1. We have

R2m?2

3
1, h 2 2 —i
——||p mim; -
e 47r” z,mHgO,O — I | |Zi _Zj Rem; J X | | gO(Z]) 4

i<j j=1

Proof. We have

3
” Vz. m”go, Z FPe:OCij(e)
i,j=1
with FP denoting finite part as € — 0 and Cj;(¢) are integrals (for z = x + iy)
R%’m; m;j

Cij(e) = ‘/C‘\Bgo(z’e) (Z 1)(Z — Z])

where By (z,€) = Uj-legO(zj,e) U {lz| > 1/e} with Bg (zj,€) the geodesic ball for g,
centered at z; and radius ¢ > 0. For ¢ > 0 small, if |zj| < 1 we have Bgo(z-,e) =
{z||z — zj| < elandif |z;| > 1, By (zj,€) = {z||z — zj| < €|zz;|}. Notice that when

dxdy,



COMPACTIFIED IMAGINARY LIOUVILLE THEORY 645

i # j, the finite part of the integral above reduces to considering the domain |z| < 1/e
since the integrand is Llloc(C). Using radial coordinates z = re®, we get

1/e p2m
Cij(e) = f f o ele(z = Z]))drde = 277R*m;m;(log(1/e) — log|z; — zj|),

thus FP_,C;;(e) = —27R*m;m; log |z; — zj|. When i = j, we obtain if |z;]| < 1

dxd dxd
FP,_oCj;(€) =Rm3FP,_o( / S f =)
€

— 7.]2 — 7.2
§>\z|,|z—zj|>1 |Z ZJ| <|z—-zj|<1 |Z ZJ|

=R’m;FP._q f —5 dxdy
el1+2z)|<|z|<1 |Z|
1
=R?m; lim (- 27log2 + f —5dxdy) =0
€=0 1+2zz|<|z|<2¢ 2
while if |z;] > 1

FP._(Cjj(€) =R*m;FPco f

€lzzj|<|z—zj|<1 l

PP ——=dxdy

=R*m’ lim 1 ———dxdy

€0 —zi|?
€lzzj|<|z—zj|<e | Jl

-0

clz;f* dr
=—R’m; lim (an 7) = —4rlog|z;l.
€

Our claim follows. O

Now we compute the three point function in the metric g, using (6.17) (recall also
(b.13)) and (.33) with the following caveat: instead of using the GFF X, in the metric
g0, We can use a shift in the zero mode to use instead the GFF

1 2w
- i0
Xo = Xg, — Ef./o Xg, () db,
which has covariance:

(7.4) Go(z,2") = log ——— = +log|z|, +log|z'|,, (thus Wy(z) =0).

’|
The Liouville field is thus ¢, = ¢ + X,. We deduce that (here we take the limit t —» 1
in the expression (b.29) for correlation functions as explained in the proof of Theorem

6.13)
3
(TT Veaymp@j> 0.0 =Cao L] 120 = 217 TT e7%0 Coo@%10)
j=1

i<j J<J’'

(75) X e 4ﬂHVzm||g0 O'HZJ 1“]IO(Vzm)(ZJ)

2R )
X f ' “j_ZQ)cH(c) de
0

with .
H(e) = B[ ke Fee)(T1 121+ ’)M§°(¢o,dx)]
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z = (21, 2, 23), and if {(z) is Riemann’s zeta function,

o=\

Fz) =] (T) BT,
(7.6) =1t T

— (Vg0(¢0’ C)

8V det'(Ag,)

)% = 23yme 1D,

ZQ—ZJ- 0{]'

The last equality follows from [B1, Proof of Corollary 11.5]. Set s := € N. By

performing the series expansion of the exponential in the expectation and computing
the Fourier coefficients, we get

3 —17)s 4A(a m;)
<H V(ocj,mj)(z" Uj)>C,go =27TRCgo( lf) E[( fF(xv Z)Mgo(dx))s] H 2]+ m
Jj=1 J

S!
% | I IZ - zj, |0(JOlJ/+R mjmjs ,—imaRm; +imazRms
J<Jj'

Note that (if 8 = %)

BT (VEm)(x) — ((Zz —x)(z; — x))_pzml ((23 x)(Z, — x))
(2 — X)(z1 — x) (25 — x)(Z3 — X)
These computations make completely explicit the z;, z,, z; dependence.

Structure constant. Now we wish to fix the values of (z, z,, z3) to be (0, 1, co) where
the related correlation functions are defined by

<V(cx1 ml)(o el)V(cxz mz)(l el)V(oc3 m3)(°° ee ,80

= lim <V(oz1,m1)(0 el)V(ozz,mz)(l el)V(ocg,,m3)(Z3’ el)>C ,80°

|z3]—

in which case the above relation becomes for s € N
<V(cxl,m1)(0’ el)V(ocz,mz)(L el)V(oc3,m3)(°°» el))@,go

S Bay|1 _ v|Baz pmy —
=y ([ PRI ATR )5 1oy
' B

p(=my—ms3)

T ME (o) |

=cg02nR(_S’!‘)s1E[(/C b1 = 0% - 0 M§° ($o, dx))s],

x5
where we have set @ = ;. Ay = @, A = M A, @, and
A, = @ This expression can be expanded as a multiple integral
<V(0(1,m1)(0’ el)V(cxz,mz)(Lel)V(oc3,m3)(°°ve1)>C,go
Ay 24y A =VA, s
(=w)* % xp)®(l — X"
- G er [ 11 = [T ME o9
cs j=1 |x;|% j=1
i+
= Cg,2 R( 1_[xAl Al(1 —x))%(1 - %) H |x; — x| B dx, ... dx,
s Jes Jj=1 Jj<j’

=: Cq, 2R(—1)° I (B, o1, a3, My, My, 5).
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In the last but one line, we have used the fact that

2 . ) ﬁ 2
E[ 1j[1elﬁxg0(xf)+ 7 Bl () ]]go(xl)...go(xs)dxl coodxg

= [T et 0gg(x).. gol(xs)dxy .. dx,

J<J’
1)-4
_H|xj—xj|ﬁ H|J| FGED4gy | dx,
Jj<j'
—H |xj — xjr |'6 H|x]|ﬁ“dx1 .dx.
Jj<j'

The pure electric case and the imaginary DOZZ. In the case when there are no
magnetic charges, i.e. m; = m, = 0, this expression corresponds to the famous
Dotsenko-Fateev integral [19], whose value is known (in case m; = m, = 0)

(7.7)

s .32
-7(67 C‘la a250’ 0’ S) = ( 7;2 )S 6“ BZHj:l iijj) 62 ﬁa ﬁz
D S g - O VO 3

with the convention that ¢(x) = I'(x)/T'(1 — x). This expression coincides with the
imaginary DOZZ formula (see [70]), which is actually an analytic extension of this
expression to all possible values of «;, o5, a3. For this, we introduce the special function

Y 5 (z) defined for 0 < Re(z) < Q:= g + % by the formula
2

0o _ inh Q_ f 2
(7.8) logYs(z) = f (2 - 2%t - (sin (fﬁz z)zz) dt
2 o sinh () sinh(;)

The function Y4 can be analytically continued to C because it satisfies remarkable

2
functional relations for z € C

(7.9
r(¢z) INEL R
Yo+ 5= —Eyrvsa Yo+ D= —L B0
2 ra- Ez) 2 2 B r1- I_S’Z)

The function Y4 has no poles in C and the zeros of Y4 are simple (if B% ¢ Q) and
2 2

given by the discrete set (—gN - %N) uQ+ gN + [—ZSN). The imaginary DOZZ formula

Cgozz(al’ oy, a3) is the following expression

ZQ_—d
(7.10) CDOZZ(ocl,ocz,063)—(ﬁ’)ZQ2 Q“(ﬁ) ’

YE (Q + g _ OC1+O(22+OZ3 )Yé(ﬁ+0l1 20{2 asz )Yé(ﬁ+a2—2<x1—oc3 )Yé(6+a3—2a1—oc2)
2 2 2 2
X B 2 2 2 >
Ys(5)Ye(Z +a)Ye (S +@)Ys( +a3)
2 2 2 ﬁ 2 ﬁ 2 ﬁ

where & = a; + o, + 3. Then we claim:
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Proposition 7.2. Assumem; =0and a; > Q fori = 1,2,3, and (7.1)). Then

<V(oc1,m1)(0’ el)V(ocz,mz)(L el)V(a3,rn3)(°°’ el))@,go
2Q0-%; a;

= CgO 27TR(_/1) B CEOZZ(C(I’ aZ’ C{3),
with Cy, given in (7-9).

Proof. To prove this formula, we see the big fraction in (7.10) as a product of 4 fractions
(the n-th fraction is made up of the n-th term in the numerator divided by the n-th term
in the denominator). Then we apply the 3/2-shift relation (7.9) s times for each fraction
to get the result. |

General case. The case including the presence of magnetic charges was studied in
[53]. Let us introduce the complex Gamma function

1 o : dzadz
FC(a|a/) R za-1lza —leZIRe(z) =
T c 20

where a,a’ denotes a pair of complex numbers such that a — a’ is an integer. The
. . 1 . . .
integral converges if 0 < ERe(a + a') < 1, and admits a meromorphic extension to

each complex line a — a’ = k. Furthermore I'“(ala’) = %ia"al“(a)l“(a’)sin(na’).
Then we have [55, Corollary 1.3]

s DA +1+( - DEE, +1+ (- DE)

7(ﬁ,0(1,0(2,m1,m2,s) = Bz

sin(z(A; + (j — 1)'672)) sin(m(8, + (j - 1)%2)) sin(%ﬁz)

X . = ~ . 32 .72
sin(7(Ay + Az + (s +J = 2)7)) sin(=-)

(A, +1+( - DENB, +1+ (- DErEy
X 4 4 4

_ _ ) B2 B2

In case m; = m, = 0, using the formula I'(x)I'(1 — x) = 7z/sin(7rx) and the relation
Ay + A, +2 = B(1 — 5)/2 — Bas/2, we recover the formula (7.7). Furthermore, the
same relations show that the structure constant appears as a square root of a product
of imaginary DOZZ formula. More precisely

Proposition 7.3. Assume Zle m; = 0and a; > Q fori = 1,2,3, and (.1)). Then for
Cy, given in ([.6), we have
<V(oc1,m1)(0’ el)v(ocz,mz)(l’ el)V(a3,m3)(°°’ el)>¢2":,g0

2
3(2Q-Z a;)
= Cg,4m*R*up

CpO%(ay + miR, &y + myR, a3 + m3R)
X CEOZZ(al —mR,a, — myR, a3 — mzR).
This specific form for the structure constants was already pointed out in [22,54] in
similar context and under some conditions.
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8. SEGAL’S AXIOMS

In this section, we prove that our path integral satisfies Segal’s axioms for CFT. These
axioms are based on the notion of amplitudes: basically an amplitude corresponds to
the path integral defined on surfaces with parametrised boundary, with a conditioning
on the boundary values of the Liouville field. These amplitudes can then be paired
together where the pairing of amplitudes of two surfaces with boundary corresponds
to the amplitude of the glued surfaces along the corresponding boundaries. The pairing
involves an integration over some functional space, and is associated to a Hilbert space
(Section B.T). Such amplitudes serve to decompose the partition function or correlation
functions as a multiple pairing of elementary amplitudes (basically amplitudes of pairs
of pants or variants with marked points). This is the philosophy that Segal developed
to encode the conformal bootstrap in a geometrical setup.

In order to define the amplitudes properly, we shall need the gluing formalism for
Riemann surfaces explained in Section B.3, and a few facts on Dirichlet-to-Neumann
maps recalled in Section B.2. Next, we give the definition of amplitudes and then study
the main properties of the defect graph associated to the electro-magnetic operators for
amplitudes in Section B.3. This is all we need to give the definition of amplitudes in
Section B.4. Finally we shall prove the Segal axioms in Section B.3.

8.1. Hilbert space. A generic (real valued) Fourier series on the unitcircle T = {z €
C | |z| = 1} ~ R/2nZ will be decomposed into its constant mode c and orthogonal part

(8.1) F=c+o, @6) =), g,
n#0

with (¢,,) 0 its other Fourier coefficients, which will be themselves parametrised by

op = x";ﬂ andp_,, = x’;\_/_iy" for n > 0, with x,,, y,, € R. The Sobolev space H5(T) is
n n
the space of such Fourier series equipped with the norm
(82) Il = O lpal(Inl + D < oo.
nez

In the case when the coefficients x,,, ,, are random variables given by i.i.d. standard
real Gaussians with 0 mean and variance 1, then the series (B.1]) converges in H*(T)
with s < 0. Such a random series arises naturally when considering the restriction
of the whole plane GFF to the unit circle. Now we want to add a further equivariant
part to the series (B.1]), and for this we will proceed in a way similar to Section B.I0.
Consider the space H}(R) to be the space of real-valued distributions u on R such that
their restriction on any finite size open interval belongs to H*(R) and such that

vneZ, u(6+2mn)—u(d) e 2nR”Z.

If one restricts to smooth functions in this space, this amounts precisely to the space

1
of smooth functions u on R such that ek descends to a smooth function on T. As in
Section we get an identification (with 7 : R — R/27RZ being the projection)

Z x HS(T) = H(R), (k,3) = 7*3(0) + kRO

and k corresponds to the degree of the map ex” : T — T. Below, we will write @
instead of 7*¢ and implicitly identify ¢ with its periodic lift to R.
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Consider now the probability space
(8.3) Qr = (RHY

equipped with the cylinder sigma-algebra Xy = B®\" (3B stands for the Borel sigma-
algebra on R?) and the Gaussian product measure

12442
(8.4) P = ® %e_i(x”””)dxndyn.
nx>1

The push-forward of Py by the random variable (x,, y,)nen — @ defined in (B)) in-
duces a measure, still denoted Py by a slight abuse of notation, that is supported on
H5(T) for any s < 0 in the sense that Pr(p € H*(T)) = 1. We next equip the space
Z with the discrete sigma-algebra and the counting measure u, = 3, _, 6. Then we
consider the Hilbert space

I = I2((R/2RZ) X Z X Q, i),
where the underlying measure is given by
IL[O :=dc®#z®]£)‘|]'

and Hermitian product denoted by (-, -)4., with dc the Lebesgue measure on R/27RZ.
The random variable (with ¢ defined in (B:1]))

(e, ky (X, Vdnen) € R X Z X Qp = @K(6) = ¢ + kRO + ¢(6) € H5(R)

induces, by push-forward of dc ® u; ® P, a measure on Hy(R). This measure is
invariant by translation 7z : u — u + 27R on H5(R) and descends to the quotient
H5(R)/{tg) by the group generated by 7z, and it provides an isomorphism of measure
space with ((R/27wRZ) X Z X Q, i4). By abuse of notation, we also call u, the measure
on H5(R)/(tg), and this means that we can also rewrite our Hilbert space as

FC ~ T(HS(R)/{TR), Ko)-

Concretely, this allows to integrate continuous (or measurable) functionals F : H5(R)
— R that are 7 periodic by the expression
2R
f F(u) dugo(u) = > E[F(c + kR6 + p(6)]dc.
HF(R)/(TR) 0 kez

8.2. Dirichlet-to-Neumann map. Let X be a compact Riemann surface with real an-
alytic boundary 0% = uj?:la ;2 consisting of b closed simple curves, which do not inter-
sect each other (here b could possibly be equal to 0 in case 0% = @) and parametrised
by ¢; : T — 0, as in Section B.2. We consider a metric g on X so that each boundary
component has length 27; except when mentioned, g is not assumed to be admissible.
We denote by dé, the Riemannian measure on 0% induced by g.

In what follows, boundary data for amplitudes will be encoded in a family of fields
? = (P1,....Pp) € (H(T))®, in which case the notation (B.I) referring to the j-th
field will be augmented with an index j, namely, ¢;, ¢; ,, X;,, Or y; ,. We still denote
by (-, -) the distributional pairing between (H*(T))® and (H~*(T))® normalised so that
(Lu) = ifude ifu e C*(T).

For such a field @ = (&,,...,%;) € (H(T))® with s € R, we will write P@ for
the harmonic extension of @, that is A;Pg = 0 on T\ Uj d;Z with boundary values
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Pa\ajz = @jo g”j‘l for j = 1,...,b. The boundary value has to be understood in the
following weak sense: for all u € C%(T), if ¢; is the (analytic extension to a small
annulus around T of the) parametrisation of 3;%

2
lir{lf P@(&;(re®)u(e®)dé = 27(g;, u).
r=1"Jo

The definition of our amplitudes will involve the Dirichlet-to-Neumann operator
(DN map for short). Recall that the DN map Dy : C®(T)® - C%®(T)? is defined as
follows: for g € C*(T)®

Dy = (—0,PPs,x © $i=1,...60

where v is the inward unit normal vector field to C;. Note that Dy is a non-negative
symmetric operator with kernel ker Dy = RI where I = (1,...,1). Indeed, by Green’s
formula, for € C®(T)®

(8.5) f |dP@|2dv, = 27(F, D).
x

Consider b’ parametrised analytic closed simple non-overlapping curves ¢ J’ T - ejf

!

in the interior of ¥ and denote €’ := u?zl(:’]f. For a field ¢ = (¢1,...,Py) € (HS(T))E’/

with s € R, we will write Pe/@ for the harmonic extension AgPer¢ = 0on X\ €
with boundary value 0 on 0% and equal to @; o ¢} on €] for j = 1,---,b’". The DN

map Dy o : C®(T)" — C®(T)¥ associated to €' is defined as the jump at €’ of the
harmonic extension: for ¢ € C°°(T)b'

(8.6) Dy g = —((5v_Pc'§5)|e} + (av+P€’€5)|e})j:1,...,b’-

Here d,, denote the two inward normal derivatives along e]{ from the right and from the
left. Since Pe/ (@) is not C! at €’ but it is piecewise smooth, the two normal derivatives
are well-defined. The operator Dy ¢ is invertible and the Schwartz kernel of D L is
(see e.g. the proof of [15, Theorem 2.1])

- ! 1 1 ! !
(8.7) Dy o (1,y) = 5-Ggp(:y), y#y €€

For respectively k = b or k = b’, we let D : H'(T)¥ — I?(T)¥ defined by
k 1 K
(88) ¥g € C(TR), (DP,@) =22, D) nlgjnl> = 5 2, 25 () + jn)?),
j=1n>0 Jj=1n>0
and we define the operators on C®(T)® and C®(T)*’
(89) ]32 = DZ - D, ]32,@! = DZ,(‘," —2D.

We recall from [32, Lemma 4.1] that the operators Dy and ]32’@! are smoothing opera-
tors in the sense that they are operators with smooth Schwartz kernel that are bounded
for all 5, 8" € R as maps

(H5(T))® - (H*'(T))?, respectively (H*(T))® — (H¥ (T))¥.
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0%

FIGURE 15. Homology on open surfaces. In gray, relative homology.
In black, defect graph.

8.3. Curvature terms in the case with boundary. In what follows, we consider a
Riemann surface ¥ with an analytic parametrisation ¢ = ({j,...,¢) of the boundary
with §; : T — J;Z where 9,Z,...,0;4 are the b > 0 boundary components of =. We
consider the following data that we call geometric data of X:

Geometric data of X:

(i) Let g be an admissible metric on Z, let x,, be a base point chosen to be on the
boundary 0% and distinct from p; = {;(1) for j = 1,...,b. Letz = (zy,...,2,, ) be
some marked points in its interior Z° and let v = ((z1,01), ..., (2, Vn, ) € (TZ)"™
be unit tangent vectors at these points, to which we attach magnetic charges m =
(my,...,my, )€ Z".

(ii) Let us fix a canonical geometric basis o := (03, ..., 03445-1) Of the relative ho-
mology Jt;(Z, 0%), as defined below (B.9), consisting of 2g interior cycles (7, ..., 054) =
(a1, by, ..., aq, by) satisfying the intersection pairings

l(aj,bi) = 5ij’ L(ai,aj) = 0, L(bi’bj) = 0,

and b—1arcs (02g415 -+ O2g4+5-1) = (dy, ..., ds_1) With endpoints on the boundary and
no intersection with Uj(aj U bj). We consider a basis f, ..., w§g+b_1 of }[}2(2, 0%) dual
to o, made of closed forms. Recall from Lemma B.5 that these forms can be chosen
to be compactly supported inside X°, and we shall use such compactly supported basis
to prove the gluing property of amplitudes. We ask the arc d; to have endpoints at
pj = §j(1) € J;Z and pj;; = §j;1(1) € J;Z while making an (non-oriented) angle
7/2 with 9;% at the endpoints. The orientation of d; can be taken either way, this will

not play any role later. Then for each k® = (k{,...,k3,5_1) € 728t5-1 the form
wf = Zj:b_l kjaj satisfies [, wi. = 27kiR. See Figure [3.

(iii) We encode the structure of the absolute cohomology and the magnetic opera-
tors in the closed 1-forms v, ,, i of Proposition using the basis of H;(Z)

(@1,by, .., 0, by 1%, ..., By, Z),
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where v, ,  are labeled by k = (ky,...,ky) € 7" satisfying

n b
1 m
(810) 27T_R Vz,m,k = S'ka, Z mJ + Z gij =0,
ajZ j=1 Jj=1
where we recall that ¢; = —1 if the boundary is outgoing and ¢; = 1 if it is incoming.

The choice of such a form is not unique: indeed the difference of two such forms is an
exact 1-form df with 9, f|ss = 0 (see Lemma B.4). By possibly adding such an exact
form, we can require that the form v, ,,, \ takes values in 27RZ along the boundary-to-
boundary arcs:

(8.11) Vj=2¢g+1,...,2¢g+b—1, / Vomk € 27TRZ.

9j

(iv) Nextwe construct a defect graph associated to the 1-forms v, ,, i as follows. The
construction, detailed below, is similar to the case of closed Riemann surfaces except
that we will see the point {;(1) € 9;Z as extra marked points with a magnetic charge
sjkj assigned. So, for notational simplifications, we setz,, ,; = {;(1)andm,,_.; = ¢jk;
for j=1,...,b. For j > n,,, we also choose vj € TZJ.E to be unit normal vector to 9%, it
can be either inward v j =vor outward v j ==, and the orientation + will play a role.

We then associate the total magnetic charges (which are now k dependent) defined

by
(8.12) m(k) = (m(K),...,my, ,5(K)):=(my,...,my, ,G1ky, ..., Spkp).

Definition 8.1 (Defect graph). We consider a family of n,,, + b — 1 arcs as follows:

+ these arcs are indexed by p € {1, ..., n, +b—1}, are simple and do not intersect
except eventually at their endpoints,

« each arc is a smooth oriented curve &, : [0,1] — X with endpoints £,(0) = z;
and §,(1) = zj for j # j'.

« these arcs satisfy rfp(O) = Ap,jvj and fp(l) = Ap,jrvjr for some 4, ; > 0 and
Ap,jr > 0if §,(1) & 0%, while 4, » < 0if §,(1) € 92.

« consider the oriented graph with vertices z and edges (zj, zj/), if there is an
oriented arc with basepoint z; and endpoint z;,. This graph must be connected
and without cycle, that is, there is no sequence of edges (zj1 , zjz), e
with ji = ji1-

Zjic> Zj )

In what follows, the union D ¢ := Upe{l,...,nm+b—1} &p([0, 1]) will be called the defect
graph associated to v and the collection of arcs § := (..., &,, +5—1). See Figure [[6.

Notice that the graph D, . is contractible to a point. The form v, is exact on
Z \ D, (the integral of this 1-form vanishes over any cycle in £ \ D, ;) so that we

can consider the primitive Iio (Vzmx) On Z \ Dy .. As in the closed case (recall (f.4)),
we assign to each arc &, a value x(§,) € 2RZ, corresponding to the difference of the

values of Iﬁo (Vz,m,x) on both sides of the arc. The value x(&,) is defined by first gluing
disks D; to d;X for each j in order to be in the setting of a closed surface and then by
using the same definition as in the closed case, see (£.4).
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FIGURE 16. Example of defect graph (black) in case k, < k; < m; <
my, <mz < —ks

The regularised curvature terms are then defined by the same formula as (£.2) and

(E.3):

reg

KI5, @) = [ 15, (0K,
Zs o

g
+22(f cof(c/ kgdﬁg—/ cof(cf kgdég),
j=1 a; bj bj aj

reg Ny +b—1
(8-14) / Iﬁo (Vz,m,k)Kg dVg = f I)%O (Vz,m,k)Kg dVg -2 Z K(gp) kg deg,
z E\Dv,g p=1 Ep

(8.13)

where kg is the geodesic curvature as defined in (£.3). Remark that in the expression
(B.13), there is no boundary term involving the arcs d; or the boundary cycles c;: the
reason is that the curves c; will be chosen to be geodesics (since our metrics are admis-
sible) and that (jywg. = 0 (thus jéjz wge = 0) so that the natural boundary terms that

one could add actually vanish:

f colc(cf kgdﬁg—fwf(cfkgdégzo.
9;Z dj dj Cj

With the same proof as Lemma f.3, we have

Lemma 8.2. Let § = ePg with 30|55 = 0.
(1) ifw € F(h(Z,0Z) with compact support in £°, then

reg reg
/ I7 (w)Kg dvg = f I3 ()Kg dvg + (dp, w),.
2 z

-4 T

(2) the regularised magnetic curvature term defined by (8.14) satisfies

reg reg
f B, (i Ky dvg = f 1, i 0K g Vg + (Ao, V)
P >

Similarly to Lemma f£.3, we also have
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Lemma 8.3. Let o = (0))j=1,...2g+p—1 Nd &' = (ajf)j=1,_”,2g+b_1 be canonical geomet-
ric bases as described above and w € F}(Z,0Z) with compact support in £°. Then the
following identity holds true

reg reg
(8.15) f Kl (w) dvg — f KIZ, () dv, € 872RZ.
pI Zr

Proof. First, we show that we can change the arcs (d;); relating boundary circles of £
in a way that each d; has its endpoints on 9, ¥ and 9;,, £ without changing the (a;, b;);,
and so that (8.13) holds if o’ is the changed graph. It suffices to show that when only
one arc d; is modified to another arc d} such that d; and d} both have one endpoint
on, say, the boundary circle 9, then the formula (B.13) holds. Since faiz w = 0 for
eachi =1,...,b we claim that I,‘{(; (w) = I§ (w)on T\ U?zl(aj U bj). Indeed, any loop
Yx, Passing by x, and not intersecting U?zl(aj U b;) must be a linear combination of
the boundary circles ¢; in 7(;(Z): to see this, it suffices to glue a disk to each boundary
circle, we obtain a closed surface 3 of genus g, and notice that the intersection number
of yy, with each element of a basis of F(,(2) is 0 (recall that the intersection number
is a symplectic form, thus non-degenerate), thus [y, ] = 0 in F,(£). We deduce that
fzr:g KoI7 (w)dvg = fzre,g KgIJ‘C’(; (@) dvg and, applying this inductively, this shows that
the arcs d; for j = 1,.. a, b — 1 can be modified in a way that each d; has its endpoints
on d,Z and 0;,; Z without changing the (a;, bj)j1.. 4. Next, we can double the surface
3#2 = Z#3, view (0))j<p, as cycles of £#2 contained in the right copy of o, and let 7
denote the natural involution on £#2. The cycles

(8.16) (ay, by, ..., a4, by, —7(ay), 7(by), ..., —7(ay), 7(by)) € H(2P2)

form a part of a geometric symplectic basis of #; (), which can be completed into a
full geometric symplectic basis denoted o by adding b — 1 cycles ¢; = 8,%,...,¢p_; =
0pZ coming from boundary cycles of £ and b — 1 non-intersecting cycles d;, ..., dy_;
with intersection pairing «(c;, d;) = §;; and d; not intersecting any a;, b;. Let us extend
w by 0 from the left copy of = to =#2. Since the integral fci w = 0 for all i and since
c; are also geodesic curves, the geodesic curvature terms in the regularised integral on
>#2 coming from the cycles are 0 except for those in (8.1). The regularised integral of
@ on I* satisfies

reg reg
#
./;ﬁz KI5 (w)dvy = /z K, IZ (@) dvg.

T
o

We can then apply Lemma f.3 on #2 to a change of geometric symplectic basis which
preserves all the cycles contained in the left copy of #2 and maps (a;, b;)i<q to other
elements (aj, b;);4 contained in the interior of the right copy of Z. This proves the
desired the result. O

The invariance by diffeomorphism is proved in the same exact way as Lemma f.4
and reads as follows:

Lemma 8.4. For : T — X an orientation preserving diffeomorphism and o a canoni-
cal geometric basis of J(;(%,0%), let (o) be the image canonical geometric basis of



656 C. GUILLARMOU, A. KUPIAINEN, AND R. RHODES

H(Z,0%). Let xy € Zand w € FH(Z, %) with compact support in °. The follow-
ing identity then holds true

reg reg ©)
f KgI7 (w)dvg = / K¢*g1$(;0)(¢* w) dvy, g
Ea EU)(O’)

Now we state all the main properties of defect graphs needed in the sequel. We claim

Lemma 8.5. The magnetic regularised curvature term only depends on the points z €
T+t the charges m € Z"*? and the unit tangent vectors v but not on the defect graph
(i.e. the choice of arcs constructed from this data).

Proof. By gluing disks D; to each boundary circle d;%, with an admissible metric on
each disk, we see that the problem just reduces to the case of a closed manifold, thus
to Lemma 9. O

Lemma 8.6. Lety : X' — X be an orientation preserving diffeomorphism. The regu-
larised magnetic curvature term defined by (B.14) satisfies the relation

reg reg :
L Iﬁo (Vz,m,k)Kg dVg = L Iztzxo)(lp*vz,m,k)Kyb*g dep*g-

!

Proof. The proof is the same as that of Lemma {.4. O

Now we treat the additivity of regularised curvature integrals. First we treat the case
when we glue two Riemann surfaces:

Lemma 8.7. Consider two Riemannian surfaces (Z;,g;) for i = 1,2 with admissible
metrics, with b; > 0 boundary components and genus g; for i = 1,2 and with analytic
parametrisations §; of their respective boundary. Assume 0y, %, is outgoing and 9y,%,
is incoming and let ¥ = X, #X, be the glued surface obtained by identifying 9y Z, with
05,2, and g be the metric induced by g,,8,. Consider the geometric data (i), (ii), (iii),
(iv) described above for £, and for X,, and denote them with either a subscript i or a
superscript i when they are associated to Z;, for example o, k{, &, xb, V;i’miaki’ w;(lf etc.
We choose these defect graphs by imposing that there is only one arc &, j, having {5, (1)
as endpoint on X, and only one arc &, n having ¢, (1) as endpoint on X,. We assume
that the marked point in {z,} that belongs to 9y %, is glued to the marked point in {z,}
that belongs to 9y,%, and that the associated tangent vectors to the defect graphs of %,
and X, match (i.e. one is inward normal in X, and the other outward normal in %,, or
conversely), so that the defect graph of 2, glues well with the defect graph of Z,. Assume
kip, = kyp, and set z := (21,2,), m = (m;,m,) and v := (v,,V,). Then we obtain a
defect graph D, ¢ on X by gathering all the arcs in &, but §,;,, all the arcs in &, but §j;,
and the arc § obtained by gluing the arcs & j, and §2J6 with orientation. Furthermore, if
k := (k7, k3 ) wherek; € 7%~ stands for the vector k; with its b;-th component removed
and if one glues together the 1-forms Vii,mi,ki’ i = 1,2, to get the 1-form v, y, i on Z, then
(8.17)
reg reg reg
f I)%O(‘Vz’m,k)Kngg = f Ii%) (Vzll’ml:kl)Kgl dvgl +f Ijg(vfzymzykz)ngdng’
p) N 2,

where x} and x3 are two base points respectively on 0,21 C 2y and 0y, %, C Z,, which
we assume are identified under gluing to x, = x = x3 € X. Similarly, let ¢ = o #0,
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be the gluing of the canonical geometric bases ; and o, from Lemma B.7, assume that
cu;(lf are compactly supported in £} and let & = coll(’gc + a)lz(:z;c fork¢ = (k$,KS). Then the
following holds true

reg

reg reg
(8.18) f I3 (wfe)Kgdvy = f L (w};ic)l%ldlvg1 + / Ijg(wf;gc)ngdvgz.
> 2 Z)

Proof. The fact that D, is a defect graph is clear. Since § is obtained by gluing of

the arcs &, and &, j;» then If:o(vz,m’k)hi = Iig (V;i’mi’ki) (indeed the branch cuts re-
main unchanged). What is less straightforward is the additivity of regularised curva-
ture integrals. It results from a simple observation concerning the computation of the
coefficients x(§;,) on Z;. Let us begin with Z; (Z, is similar). To compute the coeffi-
cient x(&;p) of the arc &, (for p # jo) in the defect graph associated to Xy, recall (see
after Definition B.1]) that we consider a positively oriented closed contractible curve
a, : [0,1] in the closed surface 3 (obtained by gluing disks at the boundary compo-
nents of 2;), with x = a,(0) = &(t) = a, N & for some ¢ and ¢, (0) = Jélp(t); note that
a, bounds a disk D, with positively oriented boundary. If D, does not contain ¢y, (1),
this means the same curve «, can be used to compute x(§;,), both when the arc &,
is seen as an element of the defect graph of Z; and Z, hence it takes the same value in
both cases. If the point ¢y, (1) belongs to Dy, then its contribution to x(&;,) is —27Rkp,
(recall that 9y X; is outgoing). Next, if we compute the coefficient x(§;,) for the arc &,
seen as an arc in the defect graph D, ¢ on Z, the curve a, bounds a disk containing
all the points of the defect graphs located in Z, as well, producing a total contribution
2

271R(Z?i‘i myj + 232:_11 §2jkzj), which by (B.10) is equal to —27Rkyp, = —27Rk, .
Hence x(§;,) has the same value when viewed in the graph D, ¢ or in Dy, ¢ . The sit-
uation is slightly different if we compute x(§; j,) because of the orientation of §|5, . Of
course, if this orientation is the same as & j, then the argument is the same as above. If
the orientation is reversed, then the sum defining x(£) in D, involves the complement
of the charges used to compute x(§;,) in Z;, and since the total sum of all charges is
0, this means that x(§|3,) = —x(&;,). But changing the orientation also changes the
sign of the geodesic curvature so that

k(G [ g6 = x(Elz,) /5 ky 46y

£1jo Iz,

The argument is the same on %,, and all in all, this proves the relation (8.17).
The identity (8I8) is clear, using that w/¢ vanishes near the boundaries 9%;. O
13

It remains to consider the case of self-gluing. We claim:

Lemma 8.8. Consider a Riemann surface X with b > 2 boundary components and with
analytic parametrisations ¢ of their respective boundary. We consider marked points z, :=
(Z15---»2p, ) on Z and associated respective magnetic charges m := (my,...,my, ) and
unit tangent vectors v.= ((z1,01),..-,(2p, Uy, )) € (TZ)"™ at the points z;. We assume
8p_1Z is outgoing and 3,X is incoming. Finally we consider k € Z° and the 1-forms
V,.mx 01 Z given by Proposition such that (recall that §; = —1 is the boundary 9% is
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outgoing and ¢; = 1 if it is incoming)

ajZ

Vji=1,...,n,, f Vymk = 27TRm;,
dg(Zj,~)=€

Ny b

2 my+ D sk =0

Jj=1 Jj=1

and a defect graph Dy, ¢ on Z. We choose this defect graph by imposing that

« thereisonly one arc§;, having {s(1) as endpoint, and that this arc has §,_,(1) as
other endpoint, this arc is oriented according to the tangent vectors at the marked
points {,(1) and &,_1(1) (one must be inward normal to 3%, the other outward
normal),

o ifb+ n, > 2 there are exactly two arcs with {,_,(1) as endpoint (thus including
§j,)- We call §j; this second arc.

Let =% be the Riemann surface obtained by self-gluing T by identifying dy_1= and 9,
using the corresponding parametrisations, and we assume ky,_, = ky. Then we can obtain
a defect graph Dy g+ on ># by taking all the arcs in € and removing the arcs having ¢ (1)
or §s(1) as endpoints. The curves &, and {_; intersect in 1 point. Let o be a basis of the
relative homology on =¥ having both £ i, and §_q has interior cycles.

Wewritek € Z° ask = (k_,ky_1,kp) € Z°7%2 X Z X Z. Then V,mx can be split as
Vamk = Vam,(k_,0,0) T V2,0,(0,ke,ky)» @d each 1-form involved in this expression makes
sense as 1-form on =¥ by Lemma B.8. Then

reg : reg o
/ Lo (Vym ) Kgdvg = f Ly (Vz,m, (_,0,0))KgdVg
(8.19) z z*

reg
#
+ / Igo (VZ,O,(O,kb,kb))Kngg‘
s

Proof. We first treat the case when b +n,, > 2. Itis obvious that D ¢+ is a defect graph
associated to the charges m for the points in {z} and k_ for the boundary components of
2#. Recall that &;, is the arc with basepoint ¢,(1) and endpoint ¢,_;(1). Let us call £ i
Jo # Jjo, the other arc with basepoint/endpoint {y_;(1). Let us assume for convenience
that all the arcs in the defect graph D, ¢+ keep the same label as in D, ;. Therefore the
arcs in the defect graph D, ¢+ are labelled with p = 1,...,n,, + b — 1 with p # jy, jo.
Let us compute the coefficients K(gﬁ )- Thenx(§;,) = —k, (since ¢5(1)isan end of the
graph tree) and x(§j; ) = 0 (because ky_; = ky). For p # jo, jo, we have k(&5 = x(&p)
because the structure for the defect graph 2, ; we chose imposes that each time we
meet {,_;(1) when following counterclockwise the contour of the graph, we also meet
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¢(1), for a total contribution of both points given by ky_; — ky = 0. Therefore

reg Ny +b—1
/ Iﬁo (Vz,m,k)Kngg = /. Iio (Vz,m,k)Kg dVg -2 Z K(&p)/ kg dgg
b I\D, ¢ p=1 ¢p

= f (I)io (Vzm,(k_,0,0)) + Iéo (V2,0,(0,ky,k5) ) Kg AVg
z:\Dv "3

nm+b 1

-2 K(§p)/k dg—2 ), x(gp)fk dé,

p=1 P#JO Jo p=Jo.Jo

- f B Gy i0.00)K dvg — 26(£,) f kpde,
\D, g4 Eio

H#
+ f 12y (V2,0,(0,ky k) ) K g dVg
)

g

Nyp+b—1
-2 > x(EH f kg dt,
P=1’P#J'0’j(') gp

reg .
H#
= f (150 (Vz,m,(k_,o,o)) + Ifcro (Vz,o,(o,kb,kb))Kg dVg’
=

where we have used in the last line the fact that the 1-form v, m (0, ,k,) O =# possesses
no trivial winding only around the cycle d,_;%. Therefore the regularising term in
expression (f.2) reduces to

_2XVz,o,<o,kb,kb)(§5-1)f kgdé, = —2k5f kg dé, = 2K(§j0)f kg dég.

'gjo Jo é‘J'O

Now we treat the case when b + n,, = 2, in which case the defect graph is made up of
only one arc &, and the defect graph on ># is then empty. We can reproduce the above
computation with v, 1, 0,0y = O to get the result. O

8.4. Definition of the amplitudes. We are now in position to define the amplitudes.
In the case of closed Riemann surfaces, amplitudes basically correspond to the path
integral with electro-magnetic operators (6.33). In the case of Riemann surfaces with
b boundary components, the amplitudes will be a functional of the boundary fields
~k ~k ~ ~
(@1 @y") = (kRO + 1, ..., kyRO + @) € (H3(T))".
Below we shall identify a pair (k, p) € Z x H*(T) with the field kRO + 7*@(6) € H3(T)
and we use the notation
(k,gZ) = (ky,..., kg, P1,--.,Pp) € Z° X (H3(T))",
~k
= @), 35" € (HE(T)),

We notice that we recover the fields ¢ from qu by settingk = 0 = (0,...,0), i.e.

¢=¢" e H(T)"
Recall from Section B.2 that P@ is the harmonic extension of g € H*(T)®. The definition

of amplitudes will also involve the 1-form v, ,, \ of Proposition B.10. Recall that this 1-
form is not in I?, which is why we introduced its regularised norm (see Lemma B.11)).
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By extension and for notational simplicity, we define the regularised norm of v, ,, x + @,
where w is a smooth 1-form on Z, by

(8-20) ”Vz,m,k + C‘-’”é,o = ”Vz,m,k”io + 2<‘Vz,m,ka C‘)>2 + ”w”%

Finally we need to introduce a space of reasonable test functions for our path integral
in the case when X has a non-empty boundary. If u € Hli(fz) is an equivariant map,
to each element y € I' descending to the homology class [0;X] there is an associated
kj € Z such that y*u—u = 27Rk;j, to each element y descending to the homology class
corresponding to a small oriented circle around z; we have y*u — u = 27Rm; for some
m; € Z, and to each element y descending to the homology class o; of an interior cycle
(i.e. belonging to ([a;], [b;]);) we have y*u — u = 27Rk] for some kj € Z. Completing
k¢ by choosing k§ € Z for j > 2g we see that

u-— Ixo (C()ﬁc) - Ixo (Vz,m,k)
descends to 2, = X \ {z} asan f € H*(Z,) distribution:
(8~21) u= ﬂ*f + Ixo (wf{C) + Ixo (Vz,m,k)!

where 77 : 3, — X, is the projection from the universal cover of X, to the base. How-
ever, the distribution f depends on our choice of k]? € Zfor j > 2g,i.e. the decomposi-
tion is not unique. More precisely, the morphism (k¢ k,m) — [wyc +V, mk] € K 1(Z,)
has kernel {kjc- =0,Vj < 2g} ~ 771, which comes from the kernel of the natural map
H{(Z,,0%) — FE(Z,). For fixed m, we consider the space ER(Z) of functionals F,
defined on Hfa(fz) for s < 0 fixed as follows: on the connected component of Hli(fz)
corresponding to the cohomology class [wie + V,mi] € H +(%,), we ask that when
writing our distributions u under the form (B.21) for some K¢, f, then F has the form

(8.22) F(u) = P(f)G(eE (I (@Fe )+ Ly Vzm,x)) ),

where P is a polynomial depending on (k¢ k,m) of the form P((f,g),....(f.&m,))
where g;,...,8m, belong to H7*(Z) (hence s < 0), and G is continuous and bounded
on C%(Z, St), also depending on (k¢, k, m). Let us check that the class ER(Z) is well-
defined, i.e. it does not depend on the choice of k¢ and on the choice of representative in
[@fe +Vmix] € HE(Z,). Indeed, another representative in the class, with the property
of being of the form cbf{c +Dym x With 9, 4, x as in Proposition and c@f{c asin Lemma
B-3, must be of the form dhyec y m + @ie + Y mx for some smooth function Ay i, On Z
locally constant near 6X. This amounts to replacing f by f + hxc x m and, as in Section
B, it is direct to see that F written in the new decomposition of u has the right form
for some new polynomials B, and function G.
Let ud(x) := Z';':“l iajGg p(x, z;). Next we define the seminorm on E'(2)

1

”F”L:;,I,’ = Slil(p (E[e_ 27

1
(dXg,D,Vzmk+@fe )= o lldfkl3

1

X |[F(Xgp + PP + ug + L (wfe) + Ixo(vz,m,k))lp])p,

where (1 — IT{)w§e = dfic with IT{ is the projection on the space of harmonic 1-forms
with relative boundary condition. With the same argument as in Lemma [.2, we have:

Lemma 8.9. The seminorm |F|| cep does not depend on the choice of cohomology basis.
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Definition 8.10 (Amplitudes).
(A) Let 0 = (. We suppose that the condition (f.I§) holds. For F continuous
bounded function on EF(X) for some s < 0, we define

(8-23) AE,g,v,a,m(F) = <F(¢g)vg¢,m)(v)>2,g
using (b.33). If F = 1 then the amplitude is just the correlation function and
will simply be denoted by As ¢y am-
(B) If0% has b > 0 boundary components, consider a set of geometric data of Z, as
described above. Then the amplitude Ay g v o m ¢ is @ function

(F’ @k) € (c’qRP(Z) X (H%(R))b = AE,g,v,(x,m,g“(F’ 51()’
that depends on a marked point x,, in 2. It is defined as follows
(8-24) AZ,g,v,a,m,g'(F’ 501()

Ny +b

1 c
t=8( ), my()limlim 3 e wmlmmactelelzo g A9 (@)

= —1¢e-0 Keez25+b-1

_(dXg p+dPFV;m Kk +afe reg

) N iQ g
X E[e 27 F(¢,) H Vozj,g,e(xj(t))e_ wlr Kedg dVg—ﬂMﬁ(¢g,Z)],
Jj=1

where 6, is the Diracmass at0, t € [0,1] = x;(¢)isa Cl-curvesothat,ast — 1,
(xj(0), %;(£)) = (zj,v;), the Liouville field is ¢, = X p + Pp + If:o(vz’m,k) +
If (wge ), the expectation IE is over the Dirichlet GFF X, p, M; E‘; (¢g,Z) is defined
as alimit in (B.4), m;(k) is defined in (8.1J), and Zy 4 is the normalisation con-
stant
1
(825) ZZ,g = det(Ag’D)_7 .

The regularised curvature term is

reg

reg
/2 Ko dvy == /z‘ Ko(Xg.p + Pp) dvg + -/z K, IZ (wye) dvg

(8.26) reg
+ ./. Kgléo (Vz,m,k) dVg
b
and flg,g(@) is the free field amplitude defined as (recall Dy — D is smoothing)
1,
(8.27) Ag,g(@ — o 2®(Dz-D)p)

When F = 1, we will simply write Ay ¢ 4 m ¢(7%).
Let us make a couple of remarks on the definition of the amplitudes for what follows.

Remark 8.11.

(1) We first remark that if 8% # @, the amplitude depends on the marked point x,.
When this dependence needs to be precised, we shall add the upperscript x,
to the amplitude, i.e. we will write

A;?g,v,:x,m,g“(F’ @k)
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(2) The amplitude does not depend on the choice of orientation of the arcs d;, since
such a change just amounts to making a resummation in the sum 7, . 2551
appearing in the definition of the amplitude.

(3) The existence of the limit for the definition of amplitudes is not obvious. Yet it
can be carried out along the lines of the argument in Theorems and p.13,
with slight adaptations due to the presence of a boundary.

We now state the main properties of the amplitudes in the rational case, as well as
their gluing properties in Section B.3. The proofs are postponed to Section B.8.

Proposition 8.12. If 0% has b > 0 connected components, then the amplitudes satisfy:

« The limit (824) is well-defined for F € EM(Z) in u$°-measure and belongs to
FCEE.

« The amplitudes do not depend on the choice of the relative homology basis o, nor
on the choice of the relative cohomology basis (cojq) j dualto o.

s The amplitudes do not depend on the choice of the 1-form v, , \ in the absolute
cohomology, satisfying the conditions of Proposition and (B.11)).

» Conformal anomaly: let g,g' be two conformal admissible metrics on T with
g' = ePg for some p € C*(X), vanishing on 0X. Then we have

SiL 2 nm
~K\ _ —fz(|dp|g+2KgP)dVg—z-=1A(a.,m.)P(Zj)
Az, g vam¢(F, ) =e o

X Az’g’V’“’m’g(F(- - ?p)’ k’ @a

where the conformal weights A, ,,, are given by (6.20) and the central charge is
i, =1-— 6Q2

+ Diffeomorphism invariance: let ) : X
diffeomorphism. Then

X P(xo)
AZ9,¢*g,v,a,m,§(F’ '@k) = AZ,g,?,b*v,ct,m,l,bog’(FlP’ q‘ak)’

where Fy(¢) := F(¢ o ).

* Spins: withrgv := ((z1,7g,01)s .-, (Zn,,» 76y, Uny, ), then

651{) = eiR(“.m’e>_iQR<m’e>AZ,g,r9v,a,m,§(F’ 51()

(8.28)

" — X be an orientation preserving

AZ,g,rev,:x,m,g“(F’

8.5. Gluing of surfaces and amplitudes: Statements of the results. Let us con-
sider (£;, 81,21, $1) and (25, g5, Z,, §>) two admissible surfaces with 0%; # @ fori = 1, 2.
We enumerate the boundary components of 0%; as 0;%; for j = 1,...,b;. Assume
that €, := Jy Z; is outgoing and €, := d,%, is incoming, and that xh e 0y, Z; for
i = 1,2. Then we can glue the two surfaces (Z;, g;), i = 1,2 by identifying C; ~ C,
using the parametrisations. This forms an admissible surface denoted (Z, g, z, ), with
b = b; + b, — 2 boundary components. We assume that x} = x3 on the glued surface.

At the marked points z; = (zj,...,2;,; ) on X; we choose unit vectors v; =
(Vj1s---s Vi, ) and we attach some weights «; = (ayy,..., Ui ) and magnetic charges
m; = (M, ..., mingn). We use the notation

z2:=(21,2;), a:=(a,%;), m:=(m;,m,), V:=(V,V;)

and denote by ¢ the collection of parametrisations of the boundaries d;%; with j =
1,...,b;—1and 6j22 with j =1,...,b,—1. The surface X thus has an analytic boundary
consisting of the curves 9;%, with j = 1,...,b; —1and 9;Z, with j = 1,...,b, — 1. We
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denote by € = C; = G, the glued curve on Z. Boundary conditions on X will thus be
written as couples (21, 3:2) € (HS(R))"1 1 x (H(R))®2~1. Similarly, for i = 1,2, the
surface Z; has analytic boundary made up of the curves 6,%; for j = 1,...,b; —1 and C;

and boundary conditions on X; will thus be written as couples (gBli( Le%) e (HS(R))b—1x

S
7(R).
In the rational case, the corresponding amplitudes compose as follows:

Proposition 8.13. Let F;, F, respectively in Eg''(2;) and Eg*(Z,) and let us denote by
F; @ F, the functional on ER'(Z, g) defined by

F® Fz(¢g) = F1(¢g|21)F2(¢g|>:2)-

The following holds true

~k; =k ki~
AZ,g,v,cx,m,s’(Fl ® F, ¢’11’ ¢22) =C/ Azl,ghvl,oq,ml,ﬁ (Fl’ qoll’ gok)
HS(R)/(tR)

~ky ~ ~
X AEZ’gZ:VZ,WZymZ,SE (F29 gozz ’ ¢k)dll"0(¢k)9

if3% # @ and C =2if 3% = 0.

1
where C = o

The proof of Proposition will be done in the next sections. We remark that,
in the case of a curve disconnecting the surface, the summation over k in the Hilbert
space will always reduce to a Dirac mass at k = 0.

The situation will be different for self-gluing (or non-disconnecting curve), which
we focus on now. Let (2, g, z, {) be an admissible surface with b boundary components
such that the boundary contains an outgoing boundary component dy_;Z C d% and an
incoming boundary component d,X C 0X. We glue these two boundary components
to produce the surface denoted (2%, g, z, $y). In this context, we will write the vari-
ous fields living on the boundary components of T as (X, 5’;"_‘11 , 5’5") € (H3(R))*2 x

S(R) x H5(R) where (}J’lg”_‘f corresponds to dy_;Z, 5’;" corresponds to d,Z, and &% cor-
responds to the boundary components of Z#. The location of the base point x, could
be on any boundary component and we still denote by g the glued metric on =¥,

Proposition 8.14. For F € ER\(2), the following holds true

Aso gvmme, (B3 = C f s, g (Fr 5. 3, 59410 (),
HS(R)/(TR)

whereC=ﬁif&Z#ﬂandC=\/5ifaZ=ﬁ.

The proof of Proposition will be done in the next sections.

The gluing of amplitudes is a property that is valid for the compactified boson, i.e.
the T-valued free field. So we will first state a general lemma for the gluing of the
compactified boson as a starting point. This will allow us to establish that Liouville
amplitudes are in I? and we will later deduce the gluing for Liouville amplitudes. This
will not be a straightforward consequence because of subtleties related to the curvature
term.
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8.6. Gluing for the compactified boson. We consider the setup drawn for ampli-
tudes with the difference that we will consider amplitudes where &« = 0, © = 0 and
Q = 0. Because Q is set to 0, the results in this subsection do not depend on the ratio-
nal/irrational case. Concretely, we consider

Ny +b 1

_1 c o2
AL ame B8 1=80( Y, mik) ), e wlmmareiclio
(8.29) j=1 kcez2e+b-1

1 ~
X Zz’gﬂg,g(@EI:e_ E(ng,D +dP¢,Vz,m,k+(0]c(c >F(¢g)] ,

where expectation is taken with respect to the Dirichlet GFF and F can be any measur-
able positive functional, or any measurable functional such that

Ag,g,v,m,§(|F|9 @k) < o0,

M{,@b(ﬁk)—almost surely (condition that we will shortcut as integrable). Such expression
thus perfectly makes sense and we note that there is no dependence of this amplitude
with respect to v. We will further require F to be 27zR-periodic, meaning that F(¢, +
27nR) = F(¢g) foralln € Z.

We first claim that these amplitudes glue as prescribed by Segal. Under the condi-
tions stated just before Proposition B.13, we claim

Proposition 8.15. Let F;, F, be periodic measurable positive or periodic integrable re-
spectively on Z; and Z, and let us denote by F; ® F, the functional on the glued surface
Y defined by

F® Fz(¢g) = F1(¢g|21)F2(¢g|>:2)-
Then the following holds true
~k; -k
ﬂg,g,z,m,;(ﬂ ® F, ¢ 95%)
K~ Xy ~ .
=C f A3 graimi ey L BrH P, g o my e, Fas @27 §)duo (@),
HI(R)/(TR)

1

(W2n)

Proof. We split the proof in two cases depending on whether the glued surface X has a
trivial boundary (case 1) or not (case 2). We write n,, = n, + n2, and g for g; + g,.

if0% # @ and C =/2if 3% = 0.

where C =

(1) Assume first 3% = @J. Then b; = b, = 1. Let us call o; a canonical geometric
basis of the relative homology on Z; and note that this basis contains no boundary-to-
boundary arcs, only interior cycles. Since the glued curve € is homologically trivial
in X, Z, or %, the family o := o7 U o, forms a homology basis on X (see Figure [[7).
Let coil’c, ces wiz’gci be a cohomology basis of 71(Z;, dZ;) dual to o; made of closed forms
that are compactly supported inside Z;. Since they are compactly supported, all these
forms can be obviously extended to X by prescribing their value to be 0 on X \ X;. Then

1, 1, 2, 2,c . .
w; C,...,wzgcl,cul C,...,wzgcz is a basis of H'(Z) made of closed forms, dual to o. For

C._ Cc 1€ 2 2 — L 2,c
k¢ := (K§,K5) € Z°%1 X Z°%2, we set wyc = W +cok%.
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&> &

FIGURE 17. Case 0% = @ with & = Z;#Z, cut along C

Next we consider the 1-forms v} . ,, v2 . , respectively on Z;,%, given by
Proposition B.10. Notice that its proof (based on Lemma B.6) shows that we can choose
the forms v;i’mi:ki to be equal to —¢;k;Rd6 near 9%;, in the chart w; : U; — As asso-

ciated to d%;. Note that, in order for the amplitudes on X;, %, to be non-zero, we must

1 2
have k; = Z;l':“l myjand k, = — 2721 m,j. Furthermore, for the amplitude on X to
1 2 1
exist, we must have Z;l'z“l my;j + Z;l:l my; = 0. Allinall, k; = k; = Z;l'z“l myj. In

particular sz,mz, k, is a smooth extension of Vil,ml,kl (viewedasaformon X\ Z,) to 2,
which means that we get a smooth closed 1-form v, p,, on X, with winding m;; around
the point z;;, fori = 1,2and j = 1,... ni,. The defect graph Dy, ¢, on Z; is chosen so
that only one arc has the boundary point ¢;;(1) as endpoint, and similarly for Z,. We
get a defect graph D, by gluing the two defect graphs (see Lemma B.7), i.e. we keep
all the arcs in £, £, that do not have endpoint on the boundary and we form one arc
out of the two arcs with an endpoint on the boundary (one on X; and one on X,).
On %, the path integral can be expressed, for all positive or integrable F, as

Vo(X) 1 1 5
AO F) := g[— 2 e Hl‘wkc+yz,m|‘g,o
biams® (o) T

1
x f E[e” 3 e m g )] de,

Tr

(8.30)

where ¢, = ¢ + X + I (wke) + I;{O(Vz’m). Let now X; and X, be two independent
Dirichlet GFF respectively on X; and X,. We assume that they are both defined on
by setting X; = 0 outside of ;. Then we have the following decomposition in law (see
Proposition B.1])

law
X =X1+X2+PX—Cg,

g

where X is the restriction of the GFF X, to the glued boundary component € expressed
in parametrised coordinates, i.e. X = Xg, o {¢ with ¢ the parametrisation of C, PX is

its harmonic extension to X and ¢ := % Js(Xq + X; + PX)dv,. We can then plug
Vg

this decomposition into the path integral (8.30) and then shift the c-integral by ¢, (i.e.
¢ c+cg)toget

V() (L 1 2
A (F, ® F) = (———)? 3 o~ i loke +V2mllE o
Z,g,z,m,§ ( det ( Ag)) N

(8.31) X / E[B,(c, X, wll(’%c + !

Z;,my,
Tr

B X, wig + )] de,

2
Vza,my,k;
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where we have set

B(e,prw) = B¢ 37 X+ PPOE (g 1]

with ¢; := c + X; + Pp + I}'CO (w) and expectation is over the GFF X;. Here we have
used a shortcut notation I}CO (w): it means that for w = cuf(lf + V;i’mi’ki we have I}'CO (w) =

I (@) + IO i)

Now we make a further shift in the c-variable in the expression above to subtract
the mean me(X) := i fom X(eie) do to the field X. As a consequence we can replace
the law Py of X in (8.31) (expectation is there w.r.t. Px) by the law Px_,, (x) of the
recentered field X — m(X) so that we end up with (using the description of the law
of X — me(X) proved in [31, eq (5.14)] together with the computation of determinants
[B1, eq (5.15)])

1 2
0 —f — -l +vzmllg o
AZ,g,z,m,;(F) = 2221,g1222,gz Z € 4

kcez28

1 ~
x [ [ B oo wi)e P p g de
TR

Here we recall that Z5, . and Dy o were defined in (B:23) and (B9). Next we observe
that

loe + Vomlligo = oy + v

mi, k1|| ot ||cokc + 2

z3,my, kzngz 0

and that eXp(—5<Cp, D5 c9)) = AZl,gl (@Agz’gz(@ (whatever the value of c is, since
Dy 1 = D1 = 0). Also, note that, in the statement of Proposition B.13, summation
nm

over k in the measure u, reduces to k = k; = k, = ). jom

proof of the first case.

(2) Assume now 90X # (. In that case, X; or &, has at least 2 boundary connected
components and we will assume (even if it means re-labelling the surfaces) that this
will be the case for Z;. Let us take

. This completes the

o; = (ai1, birs .- Qig;s big;» dins - dige; 1))

a canonical geometric basis of #(;(Z;, 0%;) (see Figure [§). Let coi’c, ooy w;’; +5-1 b€ 2
basis of F(1(Z;,dZ;) dual to o; made of closed forms that are compactly supported in-
side X3. Since they are compactly supported, all these forms can be obviously extended
to X by prescribing their value tobe O on X \ ;.

« We first consider the case where X, has b, > 2 boundary components. By Lemma
B.7, we get a basis of the relative homology #(Z, %)

g = o #o,
by gathering the curves for i = 1,2: a;;,b;; for j = 1,...,g;, d;; for j = 1,...,b; — 2,
and finally the curve dy(, _1) — dp,—1) (see Figure [[§). Then

1,c 1,c 2,c 2,c
CUl geee w291+51 1,C01 geee w2g2+52—2

is a basis of #(}(Z, 9%) made of closed forms, dual to o and compactly supported. For

€. (K kC 2g1+b1—1 2g5+b,—2 : 2,C
k¢ := (k§,K5) € z°01+hn—t x 7702+ 02— Wesetcokc-—cukc+co(kco).
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0%,

(A) Disconnected surface. In gray, the relative homology on both
surfaces.

(B) Glued surface. In gray, the relative homology built from
those on X, and Z,.
sk —ki3 kyy = ki3 Sarka

0% 0,

(c) Assignment of values of k-parameters to each homology curve

FIGURE 18. Case 0 # @

Now we focus on the absolute cohomology and magnetic 1-forms. Notice first that
. b1 —1 b—1 nk nZ, . . .
in case Zjlzl S1jk1j +Zj2:1 S2jkaj +Zj=1 my; +Zj=1 m,; # 0,both sides in the gluing
statement vanish (because of §-masses in the definition of amplitudes) so that equality
obviously holds. So the case of interest is

fl]—l bz—l n,ln

nd
(8.32) z S1jk1j + Z ngkzj+Zmlj+Zsz =0,
j=1 j=1 j=1 Jj=1

in which case the only contributing term in the summation over k in the Hilbert space
comes from the case when

n,l,, by n%q b,
Domy+ sk =0 Y myi+ ) 6ka; =0
=1 =1 =t j=1
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and (8.32), which implies in particular k;p, = ky5,. Sowe fixkys, = kyp, such that these
conditions are fulfilled. Under these conditions, the forms v;i mi (ki ) (fori =1,2)

satisfy

i — P —
(833) / Vzismi’(ki’kibi) = 277:Rgijkij’ for J= 1, ey bi’
1 —_ 2
f Vaymy, Gy key) = f Va2ma,(ky.kzp, )’
Op, 21 05,22

f V;i’mi’(ki’kibi) = 2wRm;,
6ﬂij
where D;; is a small disk containing z;; (and of course all integrals along interior cycles
vanish). The second condition (and the fact that both forms involved are of the form
Sis, Kip, RAO over a neighborhood of the boundary dy,Z;, see Proposition B.10) allows
us to glue together these forms to get a closed 1-form on Z by the relation v, =
1 2 = by -1 b2—1 qaticfui
Vzl’ml,(kl’klbl)lzl + sz,mz,(kz,kz,,z)liz’ for k := (ky,k,) € 217 x 7°27%, satisfying our
basic conditions. Finally we consider two defect graphs on X; and %, as in Lemma 8.7,
and glue them to get a defect graph on X. The amplitude on X then reads
X -~k
Ag,g,z,m,;(Fl ® F. 91, 95%)
— = Ve mpctofel o 0 (5 & 5 %k ke
= Z e dm P 8975 gA5.6(#1, $2)Bs o(F1 @ F2, 1, $2, K, K°)

kceng+bl+b2—3
with
~ — L (dXy p+dPF, vy i +ef
By o(Fy ® Fy, 31, B2, k KO) = e~ 22 XeptFPVemit il g @ 1,(4.)],

where the Liouville field is ¢, = X, p+P(1, $2)+I3, (Vz,m,k)+I£0 (wge), the expectation
IE is over the Dirichlet GFF X, p, on Z, P(¢;, $,) stands for the harmonic extension to
¥ of the boundary fields @;, @,, which stand respectively for the boundary conditions
on the remaining (i.e. unglued) components of 6%; and d%,, namely

AgP(@ﬁz) =0 onZ, P(al,az)pjzi = @j o {51 for j < b;.
Let now X; := X, p and X, = X, p be two independent Dirichlet GFF respectively
on X, and ¥,. Then we have the following decomposition in law (see Proposition p.1])

law
Xg,D = Xl +X2 +PY,

where Y is the restriction of X, p to the glued boundary component € expressed in
parametrised coordinates, i.e. Y = Xy p), o {15,, and PY is its harmonic extension to =
vanishing on 9%, which is non-empty. We stress that, since X p is only a distribution,
making sense of Y is not completely obvious but, using the parametrisation, this can be
done in the same way as making sense of the restriction of the GFF to a circle: since this
is a standard argument, we do not elaborate more on this point. Finally we denote by
he the restriction of the harmonic function P(g;, ¢,) to € in parametrised coordinates

he = P(®1,%2)ie © $1p, -
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Observe now the trivial fact that, on %; (i = 1, 2), the function P(g;, @,) + PY is har-
monic with boundary values (expressed in parametrised coordinates on %;) @;; on 9;%;
for j < b; and (Y + h¢) on C. Thus we get, using Lemma B.7,

Bzyg(Fl ® FZ’ 651’ 521 k, kC)
- / By, 0 (F1, 1@ + he, Ky, kg, K1) By, 6, (F2, @2, @ + he, Ky, kap,, K5)Py (d@)

with Py the law of Y and, fori =1, 2,

~ S(dX;+dP(i, +abe
(8.34) By, o(Fi, @i, P, K, ki, ki) = E[F(¢)e Pt 4 >]

where [ is taken with respect to the Dirichlet GFF X; on %;,
B = Xi + P81, ) + g (@) + s OV )
i

(here with an abuse of notations we identify k§ with (k$, 0)) and P(g;, @) stands for the
harmonic extension on Z; of the boundary fields ¢;, @ respectively on 0Z; \ € and C.
Now we use Lemma [31, Lemmas 5.3 & 5.4] to get

’

1 ZZl,g1Z22,gz Aglagl (@1,c+ ¢)ﬂ%2’g2(§32, c+o)

Py yp (dP) = — de @ P1(dp).
’ \/Eﬂ \/EﬂZZ,g "qg,g(¢1’ ¢2)
Thus we obtain
~k; =k
Ag,g,z,m,g‘(Fl ® F,, ¢11 s §022)
_L mk+ c 12 dC
= Z e an (1V2,m,k wkcug’ozzl,ngZz,gz HO(C, k) —
keez2g+b—1 \/571'
27R
z,m, +
= Z HV k wkc||g OZ 5, g1Z22 2 [ HO(C + n27R, kC)
KCez2etb-1 27_[
nez

where (the expectation It is taken with respect to ¢)

HO(C’ kc) = E[A(Z)‘,l,gl (651’ c+ ¢)‘Ag2,g2 (652’ c+ ¢’)
X By, o (F1,@1,¢ + ¢, Ky, kg, KT)

X Bs, o, (F2, @2, ¢ + 0, K3, ki, KS)|.

The last relation was obtained using the Chasles relation on the c-integral. Next, we
introduce the harmonic functions B}, fori = 1,2 and n € Z, that are harmonic on %;
with boundary values n27zR on € and 0 on the other boundary components of ;. Then

we notice that, writing ¢ for ¢ + ¢,
(8.35) A3, g, (@1, @ + n27R) =e - 3((Dz, ~D)(@1,¢+n27R),(F1,§+n27R))

dP(#1,9),dPL) ——|/dPL
:Agl g1(¢1,@e e < (#1,9), > H Hz

k1 c klc + du for some u €
C*(Z,) with u|sz, = 0 and d*cuk1 . = 0 satisfies the relative condition taElwk’l;’lC =0,

then by Stokes formula on X,

(cokl ‘., dBl), = (d*cokl " PLY, + (u,d*dB}), = 0.

and similarly for Az g, (#2,® + n2zR). Let us write ole = ol
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.. . 1 _ 1,h ’ ’
Similarly we use (B:22) to write V21,m1,(k1,k%1) = vzl,ml,(kl,k},l) + du’ for some u’' €
C*(Z;) with u/|3x = 0 and drylh = 0: then by Stokes and the fact that

z1,my, (k1 ,k%l )

1 . cpe
vzl,mb(kl,k},l) satisfies the absolute boundary condition

1 1y — 1, LR
Ve i,y A2 = faz B %, e i)
1

— 1,1 —
= fa PV 00 () O = 0

These two identities above imply on Z; with g; == gl

i i,c |12 012 i i,c 02
(836) 1, gt Cteligo +IABAE = 1) )+ i + ARG o
i i

We deduce, by combining with (B.33), that

Xk, -k
Ag,g,z,m,s“(F 1 ® F, 91, 92°)

1

-}

1,c 12 2 2,¢ 212
)+wkf +dPan1 »0 +Hv12,mz,(k2,kzﬁz ) +w(kg,o) +dP"”gz70)

— e 4 vzl,mp(kpkml
kCGZZg+b—1
nez
2R
o de
XZZl’gIZZZ,gZ Hi(c, n, k)
0 21

with (expectation is over @)
Hy(c,n,K°) := E[ﬂgl,gl (#1, @ﬂgz,gz (#2, @ﬁzl,gl (F1, 1, @, ky, kip, K1, 1)
X By, ¢, (F2. @2, 3 K, kg, (K5, 0), )],
and (expectation is over Dirichlet GFF X; on X;)
By, 5 (Fi, i, B Ky, kg, K, 1) 1=

1 : = o i i i
E[F($i+ Be 7O w4
1 1 n

|-

Now the point is to see that the term dP} encodes part of the relative cohomology on
%;. For this, let us first introduce the notation n! for the vector (0, ...,0,n) € Z2%i+b~1,
Since the 1-form dP} is exact and since P! takes the value 277nR on € and 0on the other
boundary components of Z;, we have

f dPl =0, f dPl =0,
aj )

f dPl =oforj=1,...,b; — 1, f dP! = n27R.
di di

J i
The 1-form dP! has therefore the same cycles/arcs as the 1-form culi’f. Thus, we have
dB} = @ + dfi, for some smooth function f; on ¥; vanishing on the boundary 9%;,
see Lemma B:4. We can absorb the term df; by means of the Girsanov transform.
More precisely, on %; (i = 1,2), we apply the Girsanov transform to the term
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_ X axdfiy— Ld iz
e 27 (WXodfa)= 1 ‘1‘”2, which has the effect of shifting the law of the GFF as Xep —
Xg p — fi, to get that (note that (dP(&;, @), dfp), = 0 on %)

1
~=lv

i i, i
ar Zi,mi,(ki,kib.)+wk.c+dP”Hg,0,E'
i i

iR = =~ c
By, (i, @i, 8, K, kip;, ki, 1)
R INTI

4 Hvzi,mi,(ki

ic i
+w’c+w’
’kibi) k{

i,c 2
illgi0 A
ilgj, ~ o~
" By, o (Fi 81 @, Ky, kg, K 1),
where

3! 7. 5 ki ki i, —

321,gz(Fi’¢i’¢’ kl, kbi’kl C, l’l) =

1 ~ = i i,c i,c
oy <Xm+dP(¢l’CP)’inami’(ki’kibi)+wkic ) )]

B[ Fi(g; + L (o ))e
In particular, note the relation w/i. + @y = @/ic, -
ables kiz’;i +h—1 TN~ kiz’gci +5;,—1 in the summation over k¢, we end up with the gluing
statement we claimed.

« Now we have to consider the case when X, has only b, = 1 boundary components,
in which case we get a basis o of the relative homology by gathering all the curves
ajj, byj(for j=1,...,g;),dy; (for j=1,...,6;-2). Thencoi’c,...,cu;;ﬁbl_z,cof’c,...,w%écz
is a basis of F(}(Z, %) made up of closed forms, dual to o and compactly supported.
For k¢ := (k§,KkS) € 72014012 x 7282 we set w. = ‘”gf(cg,o) + wlz(’gc.

Regarding the absolute cohomology and magnetic 1-forms, the situation is some-
what simpler. The Dirac masses in the definition of amplitudes make it clear that the
non-trivial case is (in other cases, both hands of the gluing statement are 0)

Making next the change of vari-

by—1 }’L,l.ﬂ

ni
j=1 j=1 j=1

. nk b n? C . . .
together with ZFI my +Zj1=1 s1jk1j =0, ijl My +621ka1 = 0, which implies again
kip, = k1. So we fix ky, = ky; such that these conditions are fulfilled. Under these
conditions, the forms V;I;ml’(kla Kus,) and sz,mz,kn satisfy still (8.33) (the only difference
is that, now, b, = 1). The magnetic forms on £; and %, glue to form a magnetic 1-form
on T by the relation v, 3 = vilamlv(klaklbl)lzl + V) k1, for k= ky € 701
Finally we consider two defect graphs on £, and £, as in Lemma B.7, and glue them to
get a defect graph on X.

We can then follow the proof of the case b, > 2 with the difference that, on X,, the
harmonic extension P(¢+n27R) is now trivial in the sense that it is equal to Pp+n2zR.
Furthermore, the free field amplitude on X, is now

1 _ _
Agz,gz(a + n27rR) =e—5<(D21 —D)(¢+n27R),p+n27R), _ 'Ag‘.z,gz(@

so that no change in the relative cohomology on Z, is involved (note that adding n2zR
to ¢, in B, does not change B, by periodicity). We still have a change of relative co-
homology on Z; (i.e. again with an extra dF,) and it produces the summation over the
1-form that was absent on Z, i.e. co[l,’lc_l. We obtain this way the gluing statement. [

Now we focus on the case of self-gluing for our reduced form amplitudes. The setup
is the same as that drawn just before Proposition B.14. We claim
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Proposition 8.16. Let F be periodic positive or periodic integrable.
A gy FoB8) = € [ A g . 5,54, ),

whereC=ﬁif&Z#ﬂandC=ﬁif&2=ﬂ.

Proof. We denote by C the glued curve on . Again, we split the proof in two parts
depending whether =* has a non-empty boundary or not.

(1) Assume first 0=% # @J. Let us call o a basis of the relative homology on X.
We choose this basis by taking a,, ..., ag, by, ..., by, dy, ..., ds_; Where aj, b; are chosen
inside X° such that the intersection numbers are given as in (B.4), and the d; are non-
intersecting simple curves (not closed) with the base point on J;% and the endpoint
on d;,4,Z, and each d; is not intersecting any other curve of the basis (see Figure [[9).
Let wf, ...,cugg +p—1 be a basis of H}(Z,0%) dual to o made of closed forms that are
compactly supported inside Z° (hence can be viewed as compactly supported closed 1-
forms on =# too). We stress that the last boundary-to-boundary arc dy_, joining 8,_;Z
to 0pZ will form a cycle in the glued surface, and therefore will play a special role in

what follows. For k¢ € 72801 we set w§, = Z;Sb_l kS as usual.

Now we focus on the absolute cohomology and magnetic 1-forms. We discard first
trivial cases: indeed, ifk = (ky, ..., ky_,), notice that in case Z';’:"l m; + Zf;f sjkj # 0,
both sides in the gluing statement vanish (because of Dirac masses) so that equality
obviously holds. So the case of interest is

N b-2
j=1 j=1

in which case the winding numbers around J;,_; % and dyZ must satisfy k,_; = ky. We
will simply write k for ky;_; = kg. Under these conditions, we consider the 1-form
Vym,(k,k,k) On Z given by Lemma satisfying

V] = 1, ey b - 2, / Vz,m,(k,k,k) = Zﬂjokj,
6jZ

/ Vam,(kkk) = — / Va,m, (ke k) = 27TRK.
95 951

The last condition (and the fact that both forms involved are of the form +k Rd6 over
a neighborhood of the boundaries dy,_; X and ;%) allows us to self-glue (see Lemma
B.9) these forms by identifying d,_;Z and 3, to get a closed 1-form on =¥ denoted by
V,.m,(k,k)» Satisfying our basic conditions for the definition of amplitude on the glued
surface. Note that the curve € will become a cycle on the glued surface, and there-
fore the form v, (i k), Which has a winding k along this curve, will produce the miss-
ing part in the relative cohomology on the glued surface. For this we will split it as
Vam,(kk) = Vzm,(k0) T Vz,0,(0,k)> the last term producing 1-forms with winding k along
C and vanishing along any other cycle.
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0> 0

(A) Unglued surface X. In gray, the relative homology on X.
9,x*

9, =*

(B) Glued surface. The curve d; remains in J¢;(Z#, d=#) after
gluing. The curve d; becomes a closed curve denoted a; in
F(,(Z%,35*). The glued circle € is a cycle on =#, with intersec-
tion number 1 with a,. The dotted arc d, € H;(Z0%) has been
removed to construct F¢; (=%, 9z#).

FIGURE 19. Case 8% # 0

As outlined above, we get now a basis o, of the relative homology on £#, which
has b — 2 boundary components, by taking the cycles ai,...,a, by,..., b, together
with the cycles dy_;, €, and the boundary-to-boundary arcs dy, ..., dy_3. Note that the
arc dy_, has been discarded. A basis of the relative cohomology, dual to oy, is now
WY, e s W3 153 Dag45—1> V2,0,0,k) (3445 Das been discarded since dual to dy_,). Ab-
solute cohomology and magnetic 1-forms are then encoded in the forms v, 1, ko) for
k € 7°~% with defect graph given by Lemma B.8. Since we have removed the 1-form
W34+5—2> We need to consider 1-forms wj. where the (2g+b—2)-th component of k° has
been set to 0. We will thus need to consider the vector (kf, ..., k5,53, 0,k54,5_1) €
7%9+5-1 which will be identified with k¢ € Z2+P=2, Also we consider the defect graph
on # obtained from Lemma B.§. The definition of the amplitude on d=* then yields

1 2
Ags ¢ (F.95) = z e_E”vZ,m’(k,O)*'wig +72,0,00,0) 12,0
,&Z,m Gy N 2

(k¢ ,k)ez2otb-2x7

X Zsw g A o(P4)Ber g(F, @y K K, k)
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with

1 _
~ ——(dX dPg4,v, m ws .
By o(F, oy, kK, k) :—_]E[e 27 (X e D +APEy Vs m (0) F e +V ’0’("”‘)>F(qbg)],

ndid

where the Liouville field is ¢ = Xg p + Py + I,é:ﬁ (Vzm,(x,0)) + Ixg (coﬁg) + Iffé‘ (V2,0,(0,))»
the expectation IE is over the Dirichlet GFF X, , on ># P, stands for the harmonic
extension to =* of the boundary fields @, which stand respectively for the boundary
conditions on the remaining (i.e. unglued) components of d=#, namely

AgPPy =0 onZ¥, P@ylasn = Pyj ol for j<b—2.

Let now X be an independent Dirichlet GFF on X. Then we have the following
decomposition in law (see Proposition 5.1)

law
Xgep = X +PY,

8
where Y is the restriction of X, p, to the glued boundary component € expressed in
parametrised coordinates, i.e. Y = X, p|e o ¢, and PY is its harmonic extension to =
vanishing on dX*, which is non-empty. Again we denote by h, the restriction of the
harmonic function Pg, to € in parametrised coordinates

he 1= Pyl ol
and, on Z, the function Pp, + PY is harmonic with boundary values (expressed in
parametrised coordinates on Z) ¢4 ; on 0;Z for j < b — 2 and (Y + he) on dy_,Z and
95Z. Proceeding as in the proof of Proposition B.15, using the law of the field Y proved

in [31, Lemma 5.3 and Lemma 5.4] and applying the Chasles relation, we arrive at the
expression

1 c 2
0 KN _ =22 11V2,m,(1,0) T @Pke +V2,0,00,6) llg,0
A3 gz, (F> P5) = 2 e : Zsg
(k¢ ,k,n)ez28+v=2x7x7
2R

x f Hy(c + 27nR, kb, k¢) S5
0 27

where (expectation [E is taken with respect to ¢)
Hy(c, k. KC) = B[ A3 o($y> ¢ + ¢, ¢ + ) By o(F, @y ¢ + ¢, ¢ + 9, KK, k),

and (expectation E is taken with respect to to the Dirichlet GFF X on X)
_L 55,5 c
By, o(F, 4, 0, 8, K, K, k) = E[ F(¢)e 57 (AX +AP @43, P)s Vg, m, (1, ) + P >]’

where ¢ = X + P(@y, P, P) + I (wge ) + If;(,(vz,m,(k,k)) and P(@y, @, @) stands for the
harmonic extension to X of the boundary fields @y, @, .

Next, we introduce the harmonic functions B,, for n € Z, that are harmonic on
with boundary values n27R on both boundary components corresponding to € in X,
and 0 on the other boundary components of 2. Then we notice that, writing ¢ for c+ ¢,

A (@4, @ + n27R, & + n27R)
= e‘%«DE‘D)(f‘"#"7"+”27TR’¢'+"27TR),(¢'#,5+n27rR,¢‘+n2nR)>

1

~ ~ =~ 1
~ =~ — —(dP(34,3,8),dPy) ——|dPpy|13
=ﬂg,g(¢#,§0,@€ 27r< (@3:8:%) n>e 47r” nHz.
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Notice also, using the similar argument as for (8.36), that
1Ym0 + @c 5.0 + 1ABNI5 = [1Vym (k) + @ + dPull3 -

Therefore, one obtains

1 c 2
0 ~k\ _ __”vz,m,(k,k)-"wk(i +dPan,0
AL game, BB =2, D, € Zyg
k (ke ,n)

de

Var'

27R
X f E[‘Ag,g(a#’ 65’ @ﬁZ,g(F’ 5#a aa 5, ky kc—a ka n-)]
0

where sums run respectively in Z and 7%$*%~2 x 7, and
3GZ,g(Fs P4, 0,0, k, K, k,n)

= E[F(¢ + Pn)e—%<dX+dP(¢#,q’a,cz),vz,m,(k,k)+w§5 +aP).

Again, the point is now to relate dP, to the relative cohomology: indeed, it encodes
the 1-forms dual to the boundary-to-boundary arc dy_, that we have previously re-
moved. To see this, let us first introduce the notation n for the vector (0,...,n,0) €
7%+b=1_Since the 1-form dP, is exact and since it takes the value 0 on d ;Zforj<b-2
and n on both d,_;X and d,%, we have

fdPn=0, /dPn=0, /dPn=Oforj7éb—2, f dB, = n2nR.
a; b; d; dy—

J J J
The 1-form dP, has therefore the same cycles/arcs as the 1-form w§. Thus, since dP, €
F(x(Z,0%) satisfies the relative boundary condition, we have dB, = w¢ + df,, for some
smooth function on X vanishing on the boundary 0X. As in the proof of Proposition
B.13, we can replace dP, by wf + df;, in the expression of ﬁz,g and apply Girsanov to

1
the term e~ 27 4X4/n)-

1 c c|12
——| +wpe +w
AL grmg, FF) =Y, ) ¢ emo e Tl
k (k¢,n)

1 2
axl4/alz g get that

27R
o o~ ~ dc
X f E[A, o(Bs> B> P)Bs,o(F, By B> B K, K, k, )] N
0 T

where the sums run over Z and 72t5-2 x 7, and
By, o(F, @4 . 7.k, K, k, )

— E[F(¢ + Io- (wc ))e—%<dX+dP(¢#,65,{;7'),722,“1,(](7]()+CU]C(£ +wl?l>:|
i Xo n .

This means that, in the expression of fz,g, we have the relation wie + w§ = ®ge 4p.
Therefore, the relative cohomology term in §z,g is wge 4, and the summation
D (ke .n)ez2e+-2x7 thus corresponds to a sum over the whole relative cohomology ba-
sis on Z. This proves the claim.

(2) Assume now dx% = @J. The surface £ has now two boundary components
0,Z,0,Z, which we want to glue to get a surface =¥, We take a basis o of F;(Z, %)
made of ay,..., a,, by,..., bg, d, where aj, b; are cycles chosen inside £° such that the
intersection numbers are given as in (B.4), and d; is a non-intersecting simple curve
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(not closed) with the base point on 9, and the endpoint on d,%, and d; is not inter-
secting any other curve of the basis. Let of, ..., @54, be a basis of I, 5(Z,0%) dual to o
made of closed forms that are compactly supported inside ° (hence can be viewed as

2g+1
closed 1-forms on £# too). For k¢ € Z23*1, we set w. = Ejgzl

We focus now on the absolute cohomology and magnetic forms. Again, we identify
the only non-trivial case to be treated. It corresponds to

kjcoj as usual.

Ny
(8.39) > m; =0, k, = k.
j=1

As such, we will simply write k for k; = k,. Next, we consider the closed 1-form
Vy.m,(k,k) With winding numbers given by

/ Vz,m,(k,k) = —271'Rk, f Vz,m,(k,k) = 27TRk,
8% P

winding m; around z;, and 0 along any other interior cycle. The condition above (and
the fact that both forms involved are of the form +Rk d6 over a neighborhood of the
boundaries 9, % and 9,%) allows us to self-glue this form by identifying ;% and 9, to
get a closed 1-form on =# denoted by Vzm k- Note that the curve € will become a cycle
on the glued surface, and therefore the form v, ,,, x, which has a winding k along this
curve, will be part of the cohomology on the glued surface. For this, we split v, ,, \ as
Vz,m,0 + Vz,0,k

Now we get a basis o of homology on =#, which is a closed surface, by taking the
cycles ay, ..., a,, by, ..., bg together with the cycles d;, C. A basis of cohomology, dual
to oy, is NOW wf, ..., w511, Y, 0k The magnetic 1-form on # is NOW v, o.

Based on this, the rest of the proof is a combination of arguments already used so
we just outline the proof. We condition the amplitude on =# on the values of the GFF
along € and use the description of this law given by [31, eq (5.14)] (similar to proof of
Proposition case 0% = J). We apply the Chasles relation on the c-integral, then we
use

A3 o(@ + n27R, § + n27R) =A3 (3, ?)

because harmonic functions on X, worth n2zR on both 9, % and d,%, must be constant
and equal to n2zR. Therefore there is no contribution coming from the shift by n2zR
and we get this way the expression of the glued amplitude on X. Details are left to the
reader. O

8.7. Amplitudes are I?. In this section, we shall prove that the Liouville amplitudes
of surfaces with boundary are in the Hilbert space #®®. For this, the strategy will
be, roughly speaking, to prove that the correlation functions on the doubled surface
correspond to the squared norm of the amplitude.

To prove this statement the first lemma we need focuses on the effect of reverting
orientation on a given Riemann surface with or without boundary. So we consider
the setup for the definition of amplitudes. We denote by X’ the surface T but with
orientation reversed. Lemma directly follows from definitions:

Lemma 8.17. We have the relation

Ag,g,z,m, o(F, ) = Ag,’ gz—me(F> ?5).
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Proof. Inview of the properties of the form vzz,k’m on X and vzz’k,m on X' given in Propo-
sition B.10, we observe that

'
'VZ

— )=
z,mk — v

z,—m,k*
This directly implies the result by using the definition of (B.29) and the fact that all the

other quantities involved in the free field amplitude are independent of the orientation
of Z. O

8.7.1. Regularised amplitudes. We consider a surface £ with non-empty boundary and
all the data from the setup for amplitudes. For € > 0, we denote by flgg’x,v,“,m’ ;(F , @)
the regularised amplitudes:

Ny +b

_1 c 112
AS g xvameE @) 1=80( Y, my) >, e wlemitclzozy 40 (@)

j:] kcez26+b—-1

1 _ M iQ ,reg g
——(dX dPg, ¢ —-—= K dve—uM: )
xE[e o Dt APEamit B p (g ) T Vi, giep)e” on P Kaba dVemhM(Pe )].
j=1

Recall that amplitudes are defined as the limit lim,_,, lim._,, of this quantity, where
the limit when x; — z; is understood as in (6.33) along a curve with a tangent vector
given by v;. We will essentially follow the argument in Theorems and to take
these limits, with adaptations due to the presence of a boundary.

The first step is to adapt the imaginary Girsanov transform. Let us define

N
uz® () = ) i B[X p (X)X p.e ()]-
j=1

We write simply uS(y) for the function u$® (y) for ¢ = 0. We claim:

Lemma 8.18. The following identity holds

k) —
g,g,x,v,a,m,g’(F’ ¥ ) -
Ny +b 1 w2 M ~
ol Z m;(K))Ce Z o axVzmk w“cng’OZz,gﬂg,g(@ Helaquas(zj)
Jj=1 kcez2s+b-1 j=1

T

1 = iQ ,reg g
E[e_E<ng’D+dP¢+du§’vz’m’k+w§c>F(¢g + ui)e—a Jz ° Kg(pg+ug) dvg—yMﬁ(¢g+u§,Z)]’

where expectation is over the Dirichlet GFF and the constant C, is given by

2

Ny a2 a2
C. = e~ Zisy %% BXep ) Xen I T = o= 3 FlXgDe(x))?]
L= :

j=1

Proof. This lemma relies on the Girsanov transform applied to H;l;“l el Xg,De(x))

hence performing a shift to the GFF by X, — X, + ug, with the variance term of

a2

_
this shift producing the constant C, (up to the terms € 2 ). Therefore it follows the
argument explained in the beginning of the proof of Theorem p.11. To reproduce the
argument, we need the following tools:
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(1) #as., the mapping f = fy fOOME(Xgp + PF + I5, (fe) + Lo (Ym0 dx) is
a distribution (in the sense of Schwartz) of order 2 and there exists some I?
random variable Dy such that

Vfece®), | fz FOOMEXgp + P + IZ, (@) + Iy (Vym)» )| < DxllAgf -
(2) we have the estimate
e [ SN, + 25+ 15, 050) + Iy (uma). 40 1] < UL
for some deterministic constant C > 0, where expectation is taken over the

Dirichlet GFF.

To establish the first property, we can write f(x) = /5 Af(y)Gg p(x,y)dvg(y) and
then follow the argument in Lemma to get that

Dy = [ | [ Gupry M, + P+ 12, (05) + Fy om0, 0
z Z

which is @ a.s. in I? in the expectation with respect to the Dirichlet GFF.

For the exponential moment estimate, this follows from Proposition 5.3 again. Note
that the contribution from the harmonic extension is trivial using |e/#P%| = 1, and this
is why we get a deterministic bound. O

Now we claim:

Lemma 8.19. The following convergence result holds (dc ® P1)®® almost surely:

Ag‘.,g,x,v,u,m,{(F’ 51() - AZ,g,V,“,m,g(F’ ak)
as€ — 0 and x — zin the direction v = ((z1,01), ..., (2, Uy)) € (TZ)", where

(8.40)

=k
AZ,g,v,cx,m,g"(F’ @ )
Ny +b Ny _ oc?
— 50( Z mj(k))Zz gﬂg g(@e— Zj<j/ ajjr Gg,D(Zj;Zj’) H elO{jP¢(Zj)—zj TWg(ZJ)
j=1 j=1
-1 2 i £
% 2 e 47.[||Vz,m,k+w|c{0”g,0 H elaj(1§0 (wlc(c)"'Ixo (Vz,m,k))(zj)x
kcez2¢+b-1 j
1 ~ iQ ,reg g
E[e_E<ng’D+dP¢+duz’vz’m’k+w§c>F(¢g + uz)e—a Jz ° Kg(¢g+uy) dVg_HMﬁ(ng‘*'uz:z)]’
n'm
whereu,(x) = ijl

I (wie)- Expectation is over the Dirichlet GFF and the evaluation of If:o (Vzmx) at the
points z; is done in the direction prescribed by the vectors v.

iajGg p(x, zj) and the Liouville field is ¢ = X p +Pq"o'+I§:0 (Vzmx)t+

Proof. Beware that the pairing (du,, v, y, x) makes sense due to the form of the singu-
larity at z;: it is radial for the Green du, whereas it is angular for v, s, . The limit in €
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is the same as in the proof of Theorems and p.13: denoting by A, , the difference
between regularised amplitudes, the argument of Theorems and leads to

_1 c.,C 112 _1 = 17C ,C
|A€,X| < Z A%yg(@')e 47T|‘H1wk5”2+c|k|e 2”<dp¢’nlwkc>2C€,X,Z(F,¢)
kez2s
for some constant C  ,(F,®) such that lim,_,,lim._, C. 5 ,(F,p) = 0, ,u%z’b almost
— L Pz mcwe

surely in . Here again, we complete the argument with the fact thate 2 (PP IIieke)

Clk| 0
e~

We prove now that this expression makes sense as an element in ",

Lemma 8.20. Let (Z,g) be an admissible surface with b boundary components and
parametrisations {. Letm € 7" and a« € (%Z)”‘m satisfying (6.18), v € (TZ)"™. If
F € &R, the amplitudes defined in Definition satisfy

Az,g,v,cx,m,{(F, ) (S j‘[®b,

Proof. Consider another copy of Z, call it X', with reverted orientation. We can glue X to
¥’ along the b boundary components (the i-th boundary component of X is glued to the
corresponding i-th boundary component of £’) to get the double surface £#2 without
boundary, which comes equipped with an involution 7 : £#2 — Z#2 mapping a point
x in 2 to its copy in ¥’. The metric g also extends to =#2 to a symmetric metric under 7.
We want to prove that the amplitude (¢, k) = As g v o m ¢ (Fs @) is in FH®P,
Let us consider the amplitude

Ag,g,z,m,g(Fz’ @k)’
where
L c _uMmE
Fz(¢) —e 2n<duz77}z,m,k+wkc)|F(¢+uz)||e llMlg(¢+uz,2)|

N

and the function u, is given by u,(x) = ijl

ia;Gg p(x, zj). Note that
A3 g ¢ Fn @) 2. 0.
Furthermore, given the formula for amplitudes (B.40), we have

Mg vam g (Fs @) < CAZ o | m o (Frs )

for some C, which takes into account all trivial factors (it may depend on z, «).
We can then glue the amplitudes A2 F,,¢*) and A2, F,, @) using
Propositions and to get

,852,m,¢$ ( ,852,—m,§ (

’ b A
C -/‘A(E)),g,z,m,g‘(Fz’ ak)ﬂg‘,',r*g,z,_m,g(Fz’ a’k) d:“? (éak) = Ag#z,g,i,m(Fz)

for some explicit constant C’ appearing in Propositions and B.16, where 2 =
(z,7(z)), and th = (m, —m). The functional E,(¢) is given by

1

h($)=e 5

and 4, = u,ly + 7*u,1y,. An argument similar to the proof of Theorem shows

that the amplitude flg#z (E,) is finite (there, we have the Green function Gg on TH#2

dAzr Z,m ~ ~ - 2 Az;z#z
(e Vem ¥ | B 4 iy | )| [ F(p + g5 )] [ HMA@HEE))

,82,10
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instead of the Dirichlet Green function in the definition of i, but this is harmless to
adapt). Therefore, using Lemma 8.17, we deduce

/ s g v (F. 3 (@)

<c? f AL (B P ()

c? f AR g2 Fr TVAY gz ¢ (Frr ) du  (@(K))

:C_/l

C S #2 gzm(FZ) < +00.

This shows that the amplitudes are in #®®. Note that the regularised amplitudes are
in 7(®" for the same reason. O

8.8. Proof of Propositions 8.13, and B.12. Now we focus on the proof of Propo-
sitions and B.14. We begin with the first one. Recall the setup is described just
before the statement of Proposition B.13. First we claim that the gluing property holds
for e-regularised amplitudes

(8.41)
Ik
At g xvame(C1 ® G2, 81", 8,”)

~k; ~ ~
=C /AEI ,81,X1,V1,01,m7,$] (Gl7 §01 ’ §0 )AZZ 82,X2,V2,02,My, ;Z(GZ’ ¢227 ¢’k)dlf‘0(¢’k),

where C = \/_ ) if 6% ;é @and C = \/5 if 6 = @. For this we apply Proposition

_uME (o
with Fy($) = G(¢)1‘[ " Vg gexe 7 Kete dVemiMEGe) £ i _ 1 5 Lemma
B.7 makes sure that
ni

F, ® F($) = G, ® G,(9) H ( - ge(x]))e i fz ® Kopg dvg— UM (g, Z)
i=1,2 j=1

In particular, we stress that it is not a priori straightforward, because of the regulari-
sation, to see that the regularised curvature on X, and X, sum up to produce the regu-
larised curvature on Z; this is the main outcome of Lemma B.7. Then we claim:

Lemma 8.21. We have the convergence

limlimAS , oo o(F, ) = Az gvame(F. @) in HEP,

x—ze€—=0

where X tends to z in the direction of v.

Proof. We already know that the convergence holds almost surely. Now we show that
regularised amplitudes form a Cauchy sequence in #®. For this we consider the dou-
bled surface #? as before equipped with its involution 7 and we still write g for the
symmetrized metric g + 7,g induced by g on £#2. For G € & (), we denote by
7(G) € & (1(2)) the functional 7(G)(¢g) = G(¢, o ). We consider the surfaces with
boundary £; = X and %, = 7(X). We consider the amplitudes Az,g,x,v’“,m ;(G, #*) and
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A‘iéZ),r* g,r(x),r*v,a,—m,rog’(T(G)’ #X), where @ means complex conjugate of a. We make
now two observations. First, by Lemma B.17, we have the relation

AT(Z) 7,.8,7(X),T,v,a,—m rog“(T(G) ~k) - "qg,g,x,v,oz,m,g“(G’ ak)

Second, we have

Az),,8700,1,v.2,-m 7o (F(G), §)
N b 1
~ 22 V2(2),—-mkt Cell2
= 80(2 —m; + 2 ky) 22: " s oomitelo 7o) - 2% .5 @)
j= j= keez2s+b-
1 _
X E[e_E<dXT*g’D+dP¢’VT(z)’_m’k+wlc(C>T(G)(¢T*g)
. .
T Vg (i 27 Koo e o)
J
j=1

which we glue together to form an amplitude on £#2 using Proposition B.13:

AS52 g 504m(G ® T(G))

»X,V, &,

= C/‘Ag,g,x,v,a,m,{(G’ a(k))AS'EZ),T*g,‘L’(x),T*V,o{,—m,‘L'o{(T(G)’ ﬁk) dl" ( )

where X := (X, 7(X)),V = (v,7,Vv),& = (o, @),h = (m, —m), and the amplitude type
functional has the following expression

ASS o o A(G ® 1(G))

Z#2,g.%,0,4,1m

1 1 1
Vg(z) Z o e 1B e Vem 0 o @Vl
G t(Ag) Kez2s

2R -
X / Ele” zn<ng’w"+v““>G®T(G)(¢g) VE 5 ) (ao)(f(x))
0

re re A
x e ar fz & Kodg d"g fz & Kodg dVg_Mg(‘?g’Z#z)] de,

where ¢g := ¢ + X, + I)‘{: (o) + If: (v2.m)» the potential is given by

. _8 _8
MES(h,dx) = pe™ 2 eFheI1g (x)dvy(x) + fre” 2 e PheD1g, (x)dvg(x),
M 27 = I M (9, 27,

and V(“ 0)(u, x) are electric type operators applied to the Liouville field. Note that the
zero mode contributions from both curvature terms cancel out, hence the curvature
term remains c-periodic. We can then follow the proof of Theorems and to
take the limit as ¢, — 0, then x—z in the direction of v and obtain a limit that does
not depend on choice of the families ¢, ¢’. We stress that the condition to follow these
proofs remains «; > Q since the electric insertions with point x in %; will create a
singularity in X, and the electric insertions at point 7(x) create a singularity only on
3, where the potential has a reversed sign —f.
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For the last part of the argument, we shortcut Ag’g N Sv(F ,@*) as Ay () and we

denote by L the limit of (A (€), Ax(€")) e = [ Ax(€)Ax(€") du%z’b(q"o'k). We have shown
that

”Ax(e) - Ax(e,)”?}{®b =<Ax(€)’ﬂx(€)>}[®5 - (ﬂx(e)’ﬂx(e,»}[@b
- <Ax(€l)7ﬂx(€)>f}(®b + <Ax(€/)"’qx(€,)>}(®b
—-L—-L-L+L=0

as e,¢’ — 0, then x—z in the direction v. Hence, the sequence A,(¢) is Cauchy in
H®P, and then converges in H®° towards the amplitude (since we know almost sure
convergence already holds). O

Now we complete the proof of Proposition B.13. Back to (B.41]), Lemma shows
that the regularised amplitudes on respectively X; and X,, in probability in ngf !and 6512(2,
converge as a function of @ in 7 towards the limiting amplitudes. We can then pass
to the limit € — 0 and then lim,_,, in (B.47)) to get our claim.

The case of self-gluing, namely Proposition B.14, is slightly more subtle. Indeed
self-gluing can be seen as a partial trace and it is not clear that this partial trace makes
sense in generality. In [31, Lemma 7.2], it is shown that the partial trace makes sense if
we can show that amplitudes are composition of Hilbert-Schmidt operators. Observe
that an annulus with Out/In boundary component can be seen as the integral kernel of
some Hilbert-Schmidt operator £ — ¢, since we have proved that amplitudes are I2.
Therefore, any (regularised) amplitude can be seen as a composition of Hilbert-Schmidt
operators because, for any surface X with boundary, one can see X as the gluing of the
surface obtained by removing from X small annuli around the boundary components
and those annuli. The corresponding regularised amplitudes converge in I? towards
the limiting amplitudes by Lemma B.21]. It is then straightforward to pass to the limit
in € — 0 and then lim,_,, in the analog of (B.41)) for the case of self-gluing to deduce
Proposition B.14. Note that in the case of self-gluing, the behaviour of the regularised
curvature is treated in Lemma B.§.

8.8.1. Proof of Proposition B.12. First, we claim that the amplitude is 27RZ® periodic
in the ¢ € R variable, i.e. it can be viewed as a function of (c,k, ) € (R/27RZ)® x
7" x H5(T)®. Indeed, assume x, € 9, for simplicity. First, consider the case where
all the ¢; are replaced by ¢; + 27R. All terms in the amplitude that are 277RZ-periodic
functions of ¢, are clearly unchanged, the terms involving dPg and Ag,g(@ are also
invariant by such change, and finally the curvature term becomes
e-i—?r K Ke($g2mR) Vg _ ,—2miQu(DIRy~ 3o o - KeBgdVy _ = 2 e Kedy dvg

This shows the invariance of the amplitude under such change. Next, consider the
case where only one ¢; is replaced by ¢; + 27R. First, if j = 1, by adding —27R to ¢,
as above, we see that this reduces the problem to adding —27R to each of the ¢j with

Jj > 1. It thus sulffices to prove invariance of the amplitude under each transformation
¢j — ¢j+2nR for some j > 1. Let us define W(h) := As g v o m ¢ (Fs @ + h) for h locally
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constant on 0% and show W(h;) = W(0) if h; = 27TR€lajz. We have
1 c 2
e ———Vzmk+
W)= Y, A&+ hye anumiticlipo
kcez2¢+b—1
— L (dXg p+dPF+dPh ;v +ef
X E[e 27r< g,D 2 j»Vz,m,k CUkc>2H(¢g +Ph])]’
where H is some functional and the expectation is in the Dirichlet GFF. Notice that
_ —-L f;|dPh;2dvy——(dPh;,dP
Jq%g(go +h)=e J5 |dPhjlgdvg———(dPh; @A%,g(q“o),
which gives that
1 c 2
——|[Vpmx+@Sc +dPh;
Wiy = 3 A g(@e i mireie Tl
kCez2¢+b-1
-1 % c .
x ]E[e 2”<ng,D+dP¢,1zz,m,k+wkc+dPhJ>H(¢g + Phj)].
The exact form dPh; belongs to the same class as w3 ;_; in ¢ %(2,0%) (which is dual

tod;_; € #,(Z,0%)), thus dPh; = w5, ;_; +dfj with f; smooth function and fj|s5 = 0.
Using a resummation of k¢, we have

Wih)= Y ALy(@le w amict el
kcez2¢+b—1 ’

1
X E[e” 27

1
= Z A (@e—EHVz,m,Hw,‘icllé,o
'8

kCcez24+b-1

(AXgp+dPEVmuctohe +df Py 4 £3]
g J

1 1
X E[e—5<Xg,D»Agfj>e—E<d(Xg,D+fj+P¢):Vz,m,k+wlc(c>H(¢g + f})]

We can apply the Girsanov transform to absorb the shift by f; on the Dirichlet GFF,
since f; vanishes at M. This gives that W(h;) = W(0). More generally, the GFF
expectation with respect to the Dirichlet GFF can absorb via the Girsanov transform
any shift in the path integral by exact forms of the form df for some smooth function
f vanishing along the boundary (we call these forms exact forms of Dirichlet type),
which means that the path integral features invariance along the relative cohomology
classes. For instance if we want to change the relative (co-)homology basis, this can
be performed as in the proof of Proposition p.4 because changing relative cohomology
basis amounts to shifting the original basis by exact forms of Dirichlet type, up to the
invariance of the curvature term with respect to homology basis. This point does not
raise any difficulty.

What is more subtle is that the amplitudes are invariant under change of 1-forms in
the absolute cohomology, i.e. the 1-form v, ,, .. Let us consider another 1-form v, .
satisfying our assumptions (i.e. Proposition and (B:11))). Then the difference can
be expressed (see Lemma B.4) as v,y x — ¥, m i = df for some smooth function f on
¥ such that 0, f|ss = 0 with v the unit vector normal to % (such exact forms are said
to be of Neumann type). This type of shifts cannot be absorbed by the Dirichlet GFF.
This is where our complete set of assumptions will be crucial. The forms v, ,,  are
required to be of the form Rkd6 in local coordinates near the boundary components
(and near the marked points), and this forces df = 0 near the boundary components.



684 C. GUILLARMOU, A. KUPIAINEN, AND R. RHODES

So f is locally constant near the boundary components. From (B.11)), it is then plain to
check that one can decompose f as f(x) = C+h(x)+ f(x), where h is smooth on X and
constant near the boundary components/marked points with values in RZ, f is smooth
and vanishes on 0% and C is a constant fixed to have f(x,) = 0. Next, we observe that
there is k§ € 729*%~1 such that dh = wje + dfig for some exact form d fig of Dirichlet
type by Lemma B.4 (in fact only the boundary-to-boundary arcs matter, meaning ki =
(ki k%) € 7% x 7°~ with ki = 0). Next we plug the relation v, my = ¥}, i +df in
the expression for amplitudes (B.24), we perform a change of variables k¢ — k¢ —kg in

the summation ), . 720451 t0 absorb the cuf(g-component of f. Finally the exponential
1 .
term in the expectation in (8.24) producesaterme 27 X0 0/ +dfig >, to which we apply
the Girsanov transform. This absorbs the f+ Jig component of f and in conclusion we
get the expression (8.24) where v, 1,  has been replaced by v, ,,, .. Hence the invariance
under changes of representatives of 1-form in the absolute cohomology.
Now we turn to the Weyl anomaly. We have to deal with a change of conformal

metrics g' = ePg in the definition (8.:24). Recall from (B.7) that M;f,(Xg,,D,dx) =

£Q it
e_Tp(x)Mg(Xg’D, dx) and from (B.6) that V, o/(x;) = e_Tp(xi)Vai’g(xi) (the last iden-
tity making sense when inserted inside expectation values). Also, from the relation for
curvatures Kgr = e P(Kg + Agp) we deduce that the term involving the curvature in

(B:29), given by (B.26), reads (recall that Xy p = X, p)
reg
/ Kg’¢g dVg/ = /Kg(Xg,D + P@ dVg + /Agp(Xg,D + Péa) d.Vg
b p) p)

reg reg
+ f Kg’lgo (Cl)lc(c) dVg/ + f Kg’I)io (Vz,m,k) dVg/ .
z z

The last two terms can be expressed in the metric g thanks to LemmaB.2. In the second
term in the right hand side, the contribution of the harmonic extension is treated by
the Green identity to produce (with v the unit inward pointing normal at %)

f AgpPopdv, = f 0,pPpdé, =0
b )

since the fact that both g, g’ are admissible entails that d,0 must vanish. Therefore
(B:24) expressed in the metric g’ can be rewritten as

(8-42) AZ,g’ ,v,ot,m,{(F’ @k)
Ny +b 1 PR
1= 8( Y, mk)limlim Y. e aMmateiclzoz
j:1 x—-z€-0 Kkcez2¢+b—1

nm zx? Nm m?RZ
X AY g (@)e” Zi=1 & PEN iz~ P

. Q 1 _
% E[e_lﬂ S Angg’DdVge_E<ng’D+dP¢’Vz’m’k+wlc‘c>F(¢g)

reg

M iQ g :
— = f5 " Kgpg dvg—uMz(pg+iQp/2,X)
X | | Voti,g,e(xi)e /T gPg dVg B\Pg ]’
Jj=1
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where we have used Lemma to switch the metric in the term involving the reg-
ularised norm. Notice that Ag,g(@ = Ag’g, () since the quadratic form (Ds@, @) =
J5 |V«’>’P'q5|?b,dvg depends only on the conformal class of g for ¢ smooth (and using the
density of C*®(9%) C H%(0X)).
iQ
Now we apply the Girsanov transform to the exponential term e 4=
Again, we have to be cautious because of the imaginary factor i; we should perform
an analytic continuation argument, which is possible here because F € Ex(Z), as in
Proposition p.4. We omit the details. The variance of this transform is given by (it is
negative because of the i?)
QZ

Q2
_1677.'2 -/X;Z Agp(X)GD(X, y)Agp(y)dVg(x)dVg(y) = _g /; IdplédVg

J5 AgpXg,pdvg

It has the effect of shifting the mean of the GFF X, p, i.e. X, p becomes X, p — igp.
Then we see that we get almost the result, up to the +1 in front of the Liouville func-

_fO2
tional % J5(Idpl3 +2K,p)dv,. This +1 comes from the variations of the regularised
T

determinant of Laplacian, here Zy o/. The Polyakov formula for the regularised deter-
minant of Laplacian [59, section 1] implies that (for admissible g, g")

_1 1
ZZ,g’ =det(Ag,D) 2 eXp(% '/Z.(|dp|§ + 2Kgp)dvg)

This completes the argument for the Weyl anomaly.
The spin property follows the same argument as in Corollary b.9.

APPENDIX A. PROOF OF LEMMA [.5

Using Lemma [.3, it suffices to prove the result for one choice of conformal repre-
sentative in the conformal class of [g]. By the result of Aubin [J], one can prescribe
the scalar curvature K, of a conformal metric § := efg (for some p € C*(2) as long
as Ky < 0 with f; Kg dvy < 0. We have thus reduced to studying the case where the
curvature K, can be assumed to be non-positive and K, = 0 everywhere but on an
arbitrarily small open set K.

The link between a symplectic basis ([a;], [b;]); and another one ([a}], [b}]) ; is given
by a matrix A € Sp(2g, Z). The group Sp(2g, Z) is generated by four types of elements,
called Burkhardt generators, see [23, Proof of Th. 6.4].

The first is the factor rotation r;, € Sp(2g, Z), which keeps the basis o fixed except
for the two elements [a;, |, [bj, | where rj, ([a;,]) = [bj,] and rj ([b;]) = —[a;,]. In
terms of our regularised integral, this amounts to checking that

1) [ kedle=xtn,) [ =) [ kedly= a0y [ gl
bj, ajy —aj by,
which is straightforward (here we write —a;, for the curve a;, with reverse orientation).

The second Burkhardt generator is the factor swap s;, ; which is the identity on
[a;], [b;] for j & {k, ¢} and satisfies s;, ;,([a;, ]) = [a;,] and sj, ;,([b;,]) = [bj,], i.e. it
swaps 7}, and J;, in our geometric representation of X in Figure 0. For this elementary
move, it is clear from the definition of the regularised integral that this is invariant.
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=
b,

Th, T %, . O,

FIGURE 20. The surface decomposition and a geometric symplectic
basis of H;(Z)

The third Burkhardt generator is the transvection ¢;,, which preserves all [a;], [b;]
except for £y ([a; ]) = [a;,] + [bj,]. This is realized by a Dehn twist Ty, along bj,.
Without loss of generality, we can assume that j;, = 1 to simplify the notations. We
consider the equivariant extension of I (w) from K to 7; (which is the plane with the
translated disks D(e, €) + k removed, for k € Z?) and still denote it by I7 (w). The new
basis obtained by applying the transvection can be represented by simply changing the
curve a; by a simple smooth curve aj that we represent in K; by

crai(t) =t+ia(t) at)=0fort e [0,e], a(t)=1forte[l—¢,1]

for some € > 0 and a(t) > 0 non-decreasing in the interval t € [e,1 — ¢]. We ob-
tain a new fundamental domain K;j of J; by considering the domain in J; bounded by
al» Gat = ¥b,(0g;) and the vertical lines iR and 1 + iR; see Figure P1.

’

O Ogf b, | il “

Ya,

O-bl . O b,

a

FIGURE 21. The domain K} in gray and the new curves a; lifted to 7;

If o’ denotes the new canonical basis of 7(;(X), we notice that I,‘?(; (w) in K7 is equal
to the equivariant extension of I (w). Let us denote by D = K3 \ K;: we compute using
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B (@)(z + 1) = I7 (@)(2) + x(yp,) for z € K,
f K I (w) dvy = f K,IZ (w) dvy = f K I, (w) dvy + f KIg, (w)dvg
K] K] K1nK] D

=/ KI7 (w) dvg + )((ybl)/ Kydv,
K D
and using Gauss-Bonnet,

ngdVg:Z(f kgd€g+f
D by a

On the other hand, the difference of the boundary terms of fzr 6 KgI3 ' (w) dvg with that

! 0

kg 46, — f kg d6y).
a

1

I

of fE:g K,I7 (w) dé, is given by

2a) + x(r5,) f kg 46, — 22(rp,) / kg 46, +22(rp,) / kg 46, — 22(a)) f kyde,.
bl ai a bl

thus implying that

reg reg

/

f KgI7 (w)dvg = / KgI7 (@) dvg.
Zor P

It remains to deal with the case of the 4th Burkhardt generator, which is the factor

mix fj, ;, which preserves all [q;], [b;] except for j = jy, j, where

v+ (a1 16y, 1 ag, 1. 16y, 1) = (a1 = b, 1 [bj, 1. [aj, ] = [bj, 1. [b, D-

As before, without loss of generality we can assume that j; = 1 and j, = 2 to simplify
the notations. We choose a curve aj which represent the class [a,] — [b,] and a curve
a5, which represent the class [a,] — [b;]: they must have intersection pairing equal to
0 with all a;, b; except for the following j:

(aj,a;) =0, waj,ay)=1, wa},by)=1, a},b,)=0,
(ay,a1) =1, udy,a,)=0, uasb)=0, wdyby)=1.

We can assume that S, = €\ Uj_,D; and D; = D(0, ), D, = D(1,¢). The curve a; can
then be chosen so that:

(1) its intersection with 77 lifts to Ua;([) =i/2+tfort €[0,1/2 —¢] and crafl(t) =
i/2+(t—1)fort € [3/2+¢,2], and up to making a small deformation of the curve near
0a; N 0Dy, we can assume that this curve intersects 621 with an angle 7/2;

(2) itsintersection with S; decomposes into two pieces of curves a;(t) fort € [1/2—
€,1/2+¢landt € [3/2—¢€,3/2 + €], with aj(1/2 —€) = —ie/2,a1(1/2 +€) = 1 —ie/2
and aj(3/2 —€) = 1 +ie/2, aj(3/2 + €) = ie/2, and the angle between a] and 02, and
0D, is 7/2;

(3) its intersection with 7 lifts to T (&) =1/2+i(1—t)fort € [1/2+¢€,1] and
) (t)y=1/2+i(2—t)fort € [1,3/2 — €], and up to making a small deformation of the
curve near g N 9D, we can assume that this curve intersects 2D, with an angle 7/2.
We define similarly a) by reverting the role of aj and a5. See Figures P2 and P3.
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6“1 o.az
> >
Yo —
.O-a K2 o-a{
0, D e /) EEEEEEH I
b | Tay A % % |7, (2 %,
K- L A A
Y 1
> e
O'a1 o

FIGURE 23. The domains S, near 2, and D,, and the new curves a}, @)

For j = 1,2, let us denote Q; Cc SonC the connected set bounded by the two
connected components of aj N S;. We can freely choose the curves aj, a; so that the
set K where the curvature is non-zero is contained in Sg \ (Q; U Q,). We observe that
I,‘{;(co)(x) = I, (w)(x) for x € S, \ (Q; U Q,). We compute

f Kl (w) dvy = f K,IZ (w) dvy = / KIZ, (@) dvy = f KIZ, (@) dv,.
X e P

Let K C K, be the connected set bounded by oy, , 5p,, 0,9 and K; C K the con-
nected set bounded by oy,,, 0, , 94, g - We compute using the Gauss-Bonnet formula
in Ky
(A1) f kg déy =7r+f kgdég—f, kg dég,

Gai nK; Oay C1

where €] is the semicircle D] N K7 oriented counter-clockwise. We next apply Gauss-
Bonnet in the region Q; C S, bounded by the two pieces of curves representing a; N S,:

(A2) f kgdf, = f kg dé, + f kgdéy,
ainS, () G

2

where, for j = 1,2, € is the semicircle Q, N dD; oriented clockwise. Finally we apply
Gauss-Bonnet in the domain K3 :

(A.3) f kg d€g = —f kg d€g - f kg d€g + 7,
Tat nK, Ob, (4
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where C; is the semicircle €, = dD; N K5 oriented counter clockwise. We can use that
f@j kg déy = [for kg dé, for j = 1,2, and summing (A.3), (A.2) and (A.1)), we obtain
J

fk dé, —27r+/ kgdeg—f kg 6.
a a

1 1 by

By symmetry, the same argument yields

fkgdeg=2n+/kgdeg—/kgdeg.
al a b

2 1

We then obtain (with x(a}) = x(a,) — x(b,) and x(a3) = x(a3) — x(by)

2
—Z){(b) k de, +)((a)/ kg, + > x(b)) kgdeg—;((aj)f kg dt,
b;

Jj=1 aj
= —()((bl) + X(bz))Zﬂ-
This shows that
reg reg
-/z Kglfc’(;(co) dvy = /; KI5 (w) dvg — 47(x(by) + x(by))-

APPENDIX B. PROOF OF LEMMA

The term I, (wk+v§‘,m)(y) being bounded on the complement of the defect graph, we
can obviously get rid of this term. Then, observing that the Green function in isother-
mal local coordinates is of the form —In |x — y| + f(x, y) for some smooth function f,
it is plain to see that the control of our integral amounts to estimating the following
quantities

j 4 i ’ . dydy’
[ f ly = x; (1P (|xj (1) = y'1PET = |2y — y' P47 ) — - }/)52‘,
B(2}.8) /B(z1.5) ly =yl

, .\ dyd
y — 2P (|x;s () — y [P = |z — y'P%0") ”2
y—y1P
B(z},0) (2/5) y—y

when t — 1, for § > 0 small but fixed. We treat only the first integral because the
second one is similar. If j # j’, then choosing § > 0 small enough so that the balls
B(z;,6) and B(zj, 6) do not intersect, it is obvious to show that the integral converges

to 0 because the on-diagonal term |y — y’|_f”2 is bounded and Ba; > —2 for all j. We
can thus focus on the case j = j' and, by invariance under translation, we can assume
z; = 0. We set

. J1Bots dydy’
ro= [ [ eyl ye -y
B
(0,8) JB(0,6) -Vl
We have to show that Fg(x) — 0 as x — 0. We have already seen that Fj is finite using
(B-27). Next, we want to show that Fj is bounded. Indeed

dydy’
ool [ [ ey e D
B(0,5) /B(0.,6) ly =yl

f f x =yl o DD
B(0,5) YB(0,5) ly—»'|8
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The first integral is bounded by an argument of translation invariance and we call G5(x)
the second integral. For |x| > §/4 we claim that G(x) is bounded by some & dependent
constant. Indeed we can split the y-integral in two parts depending on |y| < §/8 or
ly| > /8. On the first part, we can remove the first singularity |x — y|f% since it is
bounded and the remainder is then obvious to bound. On the second part, one of the
two singularities involving y’ is bounded (because |y| > §/8, y’ cannot be close to both
0 and y) so that it is bounded in the same way.

Now we bound Gg(x) for |x| < §/2. Using the same argument as above, we show
that Gs(x) — Gs;»(x) is bounded by some & dependent constant and Gg/;(x) =

(1/2)*P2~F*+4G4(2x) by a change of variables. Therefore
Gs(x) < (1/2)%%4~F*+4Gs(2x) + Cs.

Now we conclude that G5 is bounded. Indeed, if |[x| < &§/2, we can find » such that
27"=1§ < |x| < 27"8. We can then iterate the previous relation to get G5(x) <
(1/2)(25“1_62+4)"G5(2”x) + Cs ZZ;g(l/Z)(zﬁo‘Fﬁzﬂ)k. Using that Gs(x) is bounded
for |x| > &/4, we deduce that Gs is bounded.

Now we are back to the study of Fs, which we know now to be bounded. Next, for

|x| < &/4 we have
dydy’
(B1)  |Fs(x)| < f/ e = y1Pe (Jx — [ — [y’ P L
B(0,5/2)2

ly —y'|F?

. B g dydy’
+ (e G v e Ly
B(0,8)2\B(0,8/2)2 ly =yl

The second integral in the rhs can be split in two parts depending on |y| > §/2, or
|yl < 8/2and |y’| > 6/2. On the first part, we can remove the first singularity |x —y|Bei
since it is bounded and the remainder is then obvious to bound with the relation (B.2),
which gives that the first part is less than C(|x|5 %j*2 1 |x|). On the second part, we use
the mean value theorem to get that ||x —y'|*% —|y’|f%i| < C|x|, and the integral is less
than C|x| using invariance under translations. All in all

I b= P (= y 1P — 1y P) D < et o ),
B(0,8)2\B(0,8/2)2 ly —y'I8
The first integral /fB(o, 522 -+ N (B-1) can be dealt with using a change of variables
(dilation); it is equal to 2~ (ha; +4_'82)F5(2x). So we have obtained

[F5(x)| < 27CR4=FF5(2x) + C(1xlP% + [x]).
We recall that 28a; — B2 + 4 > 0. Iterating, we deduce that for |x| < 27"3,

n-2
Fj(x) < 27 @R+ 4=Fn=Dp(an=1x) + C(|x|P4*2 + |x|) Y 27@Pe+4=FOk,
k=0

Next, for |x| < 6/4, we can find n such that §27"~! < |x| < §27". The above relation
then yields (using that Fs is bounded)

|Fs(x)] < C(|x[2%+4=F" 4 |x[Pei*2 4 |x)),

which completes the proof of the lemma, up to the following estimate.
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We claim for all |x| < §/4:
(B2) f Iy = x1Pe5 — |y 1P| dy” < C(|x[P4*2 + |x]).
B(0,5)
Let us call Hs(x) this integral. It is plain to see that it is bounded. Next, we have

Hs(x) < f Ily" = x|P% — |y'[F%i| dy’
B(0,56/2)

+f ly" — xIP% — [y’ || dy’
B(0,6)\B(0,6/2)

<2727 P Hs(2x) + Clx|,

where we have used that, for |x| < 6/4,

.[ Iy = x[P% = |y 1P| dy" < Clx],
B(0,5)\B(0,5/2)
following straightforwardly from the mean value theorem. Now, if |x| < 27"§, we can
iterate the previous relation to get
n-2
Hj(x) < 27Ba+20=Dpon-1x) 4 C|x| ) 27 Baj+2k,
k=0
Finally, for any |x| < /4, we can find n such that 27"~1§ < |x| < 27"6. The previous
relation then gives |Hs(x)| < C(|x|%i*? + |x|) for some constant C > 0, eventually
depending on &.
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