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COMPACTIFIED IMAGINARY LIOUVILLE THEORY

COLIN GUILLARMOU, ANTTI KUPIAINEN, AND RÉMI RHODES

Abstract. On a given Riemann surface, we construct a path integral based on the
Liouville action functional with imaginary parameters. The construction relies on the
compactified Gaussian Free Field (GFF), which we perturb with a curvature term and
an exponential potential. In physics this path integral is conjectured to describe the
scaling limit of critical loop models such as Potts and O(n) models. The potential term
is defined bymeans of imaginary GaussianMultiplicative Chaos theory. The curvature
term involves integrated 1-forms, which aremultivalued on themanifold, and requires
a delicate regularisation in order to preserve diffeomorphism invariance. We prove that
the probabilistic path integral satisfies the axioms of Conformal Field Theory (CFT)
including Segal’s gluing axioms andwe construct the correlation functions for this CFT,
involving electro-magnetic operators. This CFT has several conjectural exotic features:
most importantly, it should be non-unitarywith the structure of a logarithmicCFT.Our
motivation is thus to provide a concrete setup for themathematical study of logarithmic
CFTs.
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1. Introduction

1.1. Background: QFT and CFT. Quantum field theory (QFT) is one of the success
stories of 20th century physics. Providing the basic theoretical framework for both
high-energy and condensed matter physics, it has met overwhelming experimental
success in both domains. QFT has also had a profound impact on nearly all areas of
mathematics, ranging from analysis and geometry to topology and algebra. QFT was
originally introduced for the purpose of extending the quantum formalism to the de-
scription of the electro-magnetic field and its interaction with charged matter, and was
later extended to nuclear forces. Mathematically, quantum fields are defined as maps
from the physical Minkowski space-time ℝ1,3 to operators acting on a Hilbert space.
When setting up axiomatic schemes to describe QFTs, it was observed that the formal-
ism could be analytically continued in the time variable to imaginary time, making
the quantum fields random fields. These random fields are defined as maps from the
Euclidean space time ℝ4 to random variables defined on some underlying probability
space. Such random fields have been used in statistical physics to model thermal fluc-
tuations of quantities such as the density of a fluid or the microscopic magnetisation
of a metal in three or fewer dimensions. Thus, QFT provided a common formalism for
both subjects.
High-energy physics QFTs have the property of becoming asymptotically scale-

invariant at small spatial scales. In turn, statistical physics systems have scale invari-
ance at large scales when the temperature parameter takes the critical value at which
a second-order phase transition occurs, as in the case of magnetism. These limits
are described by scale-invariant QFTs, which, in most known cases, possess an even
stronger symmetry: conformal invariance. Such QFTs are called conformal field the-
ories (CFTs). Renormalisation group theory, developed by Ken Wilson and others,
provides a dynamical systems picture of the ‘space of all QFTs’, where dynamics are
generated by a one-parameter group of scale transformations, with CFTs given by its
fixed points. This naturally led to the quest to find all CFTs. Such a project is believed
to be feasible because CFTs are thought to have a rigid structure constrained by the
concept of conformal bootstrap [25,61]. In an axiomatic formulation, a CFT is charac-
terised by a set of random fields 𝑉𝛼(𝑥), where 𝑥 belongs to the space (-time) manifold Σ
and𝛼 is an index labelling the different fields. The basic objects of a CFT are the𝑛-point
correlation functions ⟨∏𝑛

𝑖=1 𝑉𝛼𝑖 (𝑥𝑖)⟩, where ⟨−⟩ denotes the probabilistic expectation.
In short, the conformal bootstrap hypothesis states that an 𝑛-point function for 𝑛 > 3
is explicitly given in terms of (𝑛 − 1)-point functions and 3-point functions, and there-
fore, by induction, in terms of 3-point functions. Conformal symmetry fixes the spatial
dependence of the latter, meaning they are determined up to constants 𝐶(𝛼1, 𝛼2, 𝛼3),
called the structure constants of the CFT. Furthermore, consistency of the inductive
scheme imposes strong constraints on these structure constants, opening the door to
finding solutions either analytically or numerically.
The two-dimensional case is particularly suitable for mathematical study, as com-

plex analysis comes into play here. Furthermore, the conformal symmetry extends to
an infinite-dimensional symmetry algebra known as the Virasoro algebra, which is a
central extension of the Witt algebra of vector fields on the circle. In their pioneer-
ing work, Belavin, Polyakov and Zamolodchikov (BPZ84) used the bootstrap method
coupled with Virasoro algebra symmetry to solve significant two-dimensional CFTs by
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expressing their correlation functions in terms of special functions arising from rep-
resentation theory. Since then, CFT has also had a deep influence on mathematics,
with applications in modular forms, representation theory of infinite-dimensional Lie
algebras and vertex algebras, Monstrous Moonshine, geometric Langlands theory, and
knot theory, to name a few.
The rigorous foundation of CFT also triggered interest amongmathematicians. Sev-

eral axiomatic setups have been proposed, each of them relying mainly on one of the
various aspects of CFT. Kac’s treatment of CFTs [39] as vertex algebras grew out of their
representation-theoretical structure, whereas Frenkel andBen-Zvi [27] formalisedCFT
within the context of algebraic geometry. This was further expanded by Beilinson and
Drinfeld [8]. The lecture notes [28] emphasised the probabilistic approach based on
the Feynman path integral, which is closer in spirit to statistical physics. Segal [68]
proposed an axiomatic definition of CFT inspired by the path integral approach, de-
signed to capture geometrically the conformal bootstrap for CFT. Despite the various
axiomatic definitions of CFTs, finding concrete examples that obey any given set of ax-
ioms has proven challenging and remains a rare occurrence inmathematics. For a long
time, the preferential approach has mostly been algebraic but, even though advances
have been made, even the most basic examples of CFT, the minimal models, are still
not fully constructed mathematically (see [30] for recent advances in the context of
Vertex Operator Algebras, in particular concerning their chiral part).

1.2. Liouville CFT. More recently, the probabilistic formulation has resulted in the
first proof of the conformal bootstrap in a non-trivial CFT, specifically the Liouville
CFT [31, 32]. The approach taken in that work is a probabilistic formulation of the
favoured approach toQFTamongphysicists: Feynman’s path integral. In this approach
one starts from an action functional 𝑆(𝜙, 𝑔) defined on some space of functions 𝜙 ∶
Σ → 𝑀 where, in the 2d CFT case, Σ is a compact Riemann surface equipped with a
Riemannian metric 𝑔 and 𝑀 is a manifold. The probabilistic expectation is formally
given by the path integral

⟨𝐹⟩ = ∫
𝜙∶Σ→𝑀

𝐹(𝜙)𝑒−𝑆(𝜙,𝑔)𝐷𝜙,(1.1)

where the integration is over some space of maps 𝜙 and 𝐷𝜙 denotes a formal Lebesgue
measure on that space. In order to define such path integrals, one first needs to intro-
duce a regularised expression, e.g. by replacing Σ with a finite grid and the integral
with a standard finite-dimensional integral, and then study the limit as the grid’s mesh
size 𝜖 tends to zero. In this process, it is usually found that the parameters of 𝑆 need to
be made dependent on the mesh size 𝜖, i.e. renormalised. In the case of the Liouville
CFT, 𝑆 is the Liouville functional that appears in uniformisation theory of Riemann
surfaces. Here𝑀 = ℝ and

𝑆(𝜙, 𝑔) ≔ 1
4𝜋 ∫

Σ
(|d𝜙|2𝑔 + 𝑄𝐾𝑔𝜙 + 𝜇𝑒𝛾𝜙) dv𝑔,

where 𝛾 > 0, 𝜇 ∈ ℝ+ and 𝑄 = 2
𝛾
are parameters, and v𝑔 and 𝐾𝑔 are respectively

the volume form and the scalar curvature in the metric 𝑔. The minimiser 𝜙𝑚 of this
action functional is such that themetric 𝑒𝛾𝜙𝑚𝑔 has constant negative curvature (for the
genus of Σ greater than one). The path integral corresponding to this action functional
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was constructed in [17, 34]. The renormalisation needed here is the replacement of

𝑒𝛾𝜙 dv𝑔 by the Gaussian Multiplicative Chaos measure lim𝜖→0 𝜖
𝛾2
2 𝑒𝛾𝜙𝜖 dv𝑔 where 𝜙𝜖 is

a mollification at scale 𝜖 > 0 of 𝜙. Furthermore, the 𝑄 parameter is renormalised to
𝑄 = 2

𝛾
+ 𝛾

2
. The path integral construction was later shown to satisfy Segal’s axioms

for CFT and obey the conformal bootstrap [31, 32]. The Liouville CFT is an essential
building block in string theory and its connection to statistical physics is via the KPZ
conjecture [43], which relates a statistical physics model on a random lattice to the
same model on a non-random lattice coupled with Liouville CFT.

1.3. Compactified imaginary Liouville CFT. Whereas the connection of Liouville
CFT to statistical physics is indirect, an imaginary version of Liouville CFT is expected
in physics to describe a major class of two dimensional statistical physics models, the
so-called loop models. This CFT is formulated in terms of an action functional

(1.2) 𝑆L(𝜙, 𝑔) ≔
1
4𝜋 ∫

Σ
(|d𝜙|2𝑔 + 𝑖𝑄𝐾𝑔𝜙 + 𝜇𝑒𝑖𝛽𝜙) dv𝑔,

where 𝜇 ∈ ℂ and 𝑄, 𝛽 ∈ ℝ. The manifold 𝑀 where 𝜙 takes values is taken to be the
circle 𝕋𝑅 ≔ ℝ/(2𝜋𝑅ℤ) of radius 𝑅. If the parameters 𝜇 and 𝑄 are set to 0 then the path
integral corresponding to the action (1.2) gives rise to the compactified Gaussian Free
Field (or compactified GFF for short, see [28, Lecture 1.4] or [21, subsections 6.3.5
and 10.4.1] for physics references, or [20, subsection 2.1.3] in mathematics), a CFT
with central charge 1, where the central charge is the number multiplying the central
element in the Virasoro algebra. The case 𝜇 = 0 goes in physics under the name of
Coulomb gas, in which case the parameters 𝑄, 𝑅 are constrained by the relation 𝑄𝑅 ∈
ℤ and the so-called background charge (the curvature term in the action) shifts the
central charge of the compactified GFF to the value cIL = 1 − 6𝑄2.
When 𝜇 ≠ 0, the exponential term gives rise to a non-trivial interacting CFT pro-

vided the value of 𝑄 is fixed to

(1.3) 𝑄 = 𝛽
2 −

2
𝛽 .

The radius 𝑅 is a free parameter of our model up to the fact that it obeys the constraint
𝑅 ∈ 1

𝛽
ℤ. Yet the algebraic structure of this CFT depends strongly on the following

alternative:

(1.4) either (rational) 1
𝛽ℤ ∩

1
𝑄ℤ ≠ {0} or (irrational) 1

𝛽ℤ ∩
1
𝑄ℤ = {0}.

The first situation is called rational case (or non-generic in physics) and in that case
we impose 𝑅 ∈ 1

𝛽
ℤ ∩ 1

𝑄
ℤ with 𝑅 > 0. This forces the central charge to be of the

form cIL = 1− 6 (𝑝−𝑞)
2

𝑝𝑞
for some (relatively prime) integers 𝑝, 𝑞.1 The second situation

is called non-rational case (or generic in physics) in which case only the constraint
𝑅 ∈ 1

𝛽
ℤ remains.

In this paper we give a probabilistic construction of the path integral (1.1) corre-
sponding to the action functional (1.2). We prove that the resulting theory satisfies
Segal’s axioms of conformal field theory in the rational case. The irrational case will

1This matches the possible set of central charges for minimal models.
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appear in a follow up paper. We also give an explicit integral representation for the
structure constants (i.e. 3 point correlation functions) of this CFT in terms of twisted
generalization of the famous Dotsenko-Fateev integrals [19]. These results provide
the foundation for proving conformal bootstrap for the theory to be discussed in later
works. Let us now briefly discuss themathematical and physicalmotivations for study-
ing this theory.

1.4. Logarithmic CFT. There are two major differences between the action func-
tional (1.2) and that of Liouville CFT. In the latter, one takes 𝑖𝛽 ∈ ℝ and the field𝜙 takes
values in ℝ in contrast to the circle in (1.2). These two changes have a drastic effect on
the algebraic, geometric and probabilistic aspect of this CFT. First it is a non-unitary
(i.e. non-reflection positive) CFT. This means its Hamiltonian, obtained as a generator
of dilations in a canonical Hilbert space of the theory which we construct in this paper,
is not self-adjoint. Second and most importantly, it gives rise to a logarithmic CFT,
topic which has been under active research in physics [24,26,35,48,52,57,60,62,64,66]
and in mathematics [6,47,51]. Concretely, this means that the Hamiltonian should be
diagonalizable in Jordan blocks. Important questions in this context are the classi-
fication of the reducible but indecomposable representations of the Virasoro algebra
and the structure of the conformal bootstrap, for which the holomorphic factorization
is no more expected, at least under its standard form. Third, we prove that this CFT
possesses non-scalar primary fields, namely they possess a spin. Fourth it is non-
rational and non-diagonal: its spectrum is countable and different representations
of the Virasoro algebra are involved in the chiral and anti-chiral parts entering the cor-
relation functions. Hence our path integral provides the foundations to the mathemat-
ical study of all these concepts. The aspects related to the spectrum of this model and
the associated representation of the Virasoro algebra involved here are not discussed
in our paper but are the subject of forthcoming works.
Beyond the CFT aspects, we also expect this CFT will have a strong interplay with

Schramm Loewner Evolution and Conformal Loop Ensembles. Indeed, this was advo-
cated first in physics (see for instance [37] or the review [65]) and a similar interplay
occurred recently in the case of the Liouville CFT, in which case these two objects
were bridged by the mating-of-trees formalism2 [21]. This has led to mutual better un-
derstanding of these objects [1,2,4] as well as unexpected results for various statistical
physicsmodels [3,58] and the same is expected in case of the CFT studied in this paper.

1.5. Physics: From loop models to the Coulomb gas and imaginary Liouville
theory. In the approach of [9], the critical exponents of a statistical physics model
were related to the representation theory of theVirasoro algebra of theCFT conjectured
to describe its scaling limit. Progress in the physical understanding of two-dimensional
critical phenomena has therefore been obtained on the one hand by algebraically clas-
sifying CFTs and on the other hand by associating them with putative scaling limits of
concrete lattice models [9,13]. It has been known since the 70’s that the critical points
of many models of statistical physics can be described in terms of the GFF, dubbed the
Coulomb gas representation (see [13, 18, 56] for instance). This picture turned out to
be particularly suited to describing the scaling limit of so called loop models. These

2A framework to study the coupling between SLE or CLE and Liouville CFT in terms of more classical
probabilistic objects such as Brownian motion, Levy process, and Bessel process.
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are models for a random ensemble of loops (closed paths) on a two dimensional lat-
tice and they could be mapped to models of fluctuating surfaces described by a height
function ℎ mapping the lattice points to ℤ or ℝ, the basic idea being to think of loops
as contour lines of the random surface. The scaling limit of ℎ was then argued to be
related to GFF. The variance of the GFF (here rescaled to the parameter 𝛽 in (1.2)) was
then fixed by a priori knowledge of an exact value of some critical exponent, see [13]
for instance.
However, for the full description of the loop models, the naive GFF theory needs to

be modified in several ways: first the Gaussian height function has to be taken peri-
odic, i.e. to take values on a circle instead of the real line, giving rise this way to the
compactified GFF described before. Secondly, to obtain the expected central charge
𝑐 of the CFT one needs to include the curvature term in (1.2) which shifts 𝑐 from the
GFF value 𝑐 = 1 to 𝑐 = 1 − 6𝑄2. Finally, later on, it was argued in [38, 44, 46]3 (see
also the review paper [65] or some criticism in [29]) that the action should also include
the Liouville potential 𝑒𝑖𝛽𝜙 and requiring it to be a marginal perturbation (and thus
potentially giving rise to a CFT with the same 𝑐) then fixes the value of 𝛽 in terms of
𝑄 as prescribed by (1.3). This is how physicists ended up with the path integral (1.1)
with action functional (1.2) to describe the long-distance properties of self-avoiding
loopmodels. For instance, the critical q-state Potts model on a connected planar graph
𝐺 = (𝑉, 𝐸)where 𝑉 is a set of vertices and 𝐸 the set of edges has the following loop gas
representation of its partition function [7]

𝑍 = 𝑞|𝑉 |/2∑𝑥|𝐸′|𝑞ℓ(𝐸′)/2,

where the sum runs over subgraphs (𝑉, 𝐸′) ⊂ (𝑉, 𝐸) and ℓ(𝐸′) being the number of
loops in the loop configurations on the medial graph. Here 𝑥 > 0, and 𝑞1/2 appears
as a formal parameter and can thus be assigned complex values. At the critical point
𝑥 = 𝑥𝑐, the conjectural relation with the path integral is

𝑞1/2 = −2 cos(𝜋𝛽2/4)

for 0 < 𝛽 < 2, with corresponding central charge 𝑐 = 1 − 6(𝛽
2
− 2

𝛽
)2. A similar

correspondence exists with the 𝑂(𝑛)-model, see [14, 29, 65].4 These conjectures are
important but still far from being understood in mathematics. Let us stress that in the
different context of the dimer model, yet of the same flavour, there has been a long
series of works studying the convergence towards the compactified GFF, see [10–12,
20, 41, 42]. We will not develop any further this aspect in the paper. Our main goal is
here to construct mathematically the path integral (1.1), (1.2) and establish the basic
CFT axioms.
Let us close this introduction by stressing that one important byproduct of our work

is a mathematical construction of the Coulomb gas and we feel that some foundational
aspects of this fundamental model have been a bit overlooked in the physics litera-
ture, which has some impact on the conclusions drawn for the path integral (1.1). Our
concerns come from two modifications needed to define the curvature term: one is

3See also [45] for multicomponent compactified bosons with Kac-Moody symmetry.
4A further orbifold of our path integral might be involved: this question is under investigation in physics

but the mathematical construction of the path integral is quite similar.
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topological and the other one comes from the windings of the electro-magnetic opera-
tors. The topological modification for the curvature was already considered in [69] but
to our knowledge the other problem has not been addressed before. However, even in
[69], the main properties of the modification are not addressed in detail and it turns
out that the resulting path integral is not diffeomorphism invariant unless 𝑅 ∈ 1

𝑄
ℤ.

In the case of the Coulomb gas (hence with no potential), this condition is always as-
sumed in physics (like in [69]). In the case of the imaginary Liouville path integral,
the presence of the potential forces 𝑅 ∈ 1

𝛽
ℤ. If we further impose 𝑅 ∈ 1

𝑄
ℤ, we end up

considering the rational case. Yet, in physics, the path integral is also considered in the
irrational case, i.e. 𝑅 ∉ 1

𝑄
ℤ, and then the path integral violates the most basic require-

ment (diffeomorphism invariance) of a Quantum Field Theory. We haven’t found any
reference to this fact in the literature except for a remark byA.B. Zamolodchikov in [70]
for a somewhat related model (Generalized Minimal Models), quoting: “It remains a
question if such infinite algebra is consistent with general requirements of quantum
field theory. In particular, the construction of a modular invariant partition function
of Generalized Minimal Models obviously encounters severe problems.”

2. Outline and main results

Because the construction of the path integral requires some geometric background,
we sketch here the construction, as a guideline for the paper. First we discuss infor-
mally some aspects of the construction at a general level but we will then give two
concrete examples with simple topologies to introduce pedagogically two important
notions of the construction: the defect graph and the topological instantons.
To make sense of the measure (1.1) with action (1.2), it is first necessary to under-

stand the path integral for the compactified GFF (i.e. with 𝑄 = 𝜇 = 0 in (1.2)). For
this, one observes that the differential d𝜙 of a (say smooth) map 𝜙 ∶ Σ → 𝕋𝑅 defines
a real valued closed 1-form 𝜔 on Σ, with periods ∫𝛾 𝜔 ∈ 2𝜋𝑅ℤ if 𝛾 is any closed curve
on Σ. The Hodge decomposition then allows to uniquely decompose 𝜔 = 𝜔ℎ + d𝑓,
where 𝑓 ∶ Σ → ℝ is a function and 𝜔ℎ is a harmonic 1-form (the De Rham cohomol-
ogy group is represented by harmonic 1-forms). In other words the 𝕋𝑅 valued map 𝜙
can be viewed as a sum of 𝑓 and a multivalued harmonic function ∫𝛾𝑥0,𝑥 𝜔 ≔ 𝐼𝑥0(𝜔ℎ)
on Σ where 𝛾𝑥0,𝑥 is a path from 𝑥0 to 𝑥. This decomposition is orthogonal in the space
Ω1(Σ) of real valued 1-forms on Σ equipped with the inner product

(2.1) ⟨𝜔, 𝜔′⟩2 ≔∫
Σ
𝜔 ∧ ∗𝜔′,

where ∗ is the Hodge operator, in such a way that

∫
Σ
|d𝜙|2𝑔 dv𝑔 = ∫

Σ
|d𝑓|2𝑔 dv𝑔 +∫

Σ
𝜔ℎ ∧ ∗𝜔ℎ.

Therefore the formal measure in (1.1) for the compactified GFF can be understood as
the measure

𝑒−
1
4𝜋 ∫Σ |d𝜙|2𝑔 dv𝑔𝐷𝜙 = 𝑒−

1
4𝜋 ∫Σ |d𝑓|2𝑔 dv𝑔𝐷𝑓 × 𝑒−

1
4𝜋 ∫Σ 𝜔ℎ∧∗𝜔ℎ d𝜇(𝜔ℎ) × d𝑐,(2.2)

where d𝜇(𝜔ℎ) is the counting measure on the De Rham cohomology group (isomor-
phic to ℤ2𝔤 where 𝔤 is the genus of Σ), d𝑐 is the Lebesgue measure on ℝ/2𝜋𝑅ℤ (𝑐 plays
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the role of the zero mode) and the formal measure 𝑒−
1
4𝜋 ∫Σ |d𝑓|2𝑔 dv𝑔𝐷𝑓 is interpreted in

our work as the distribution law of the usual Gaussian Free Field on Σ. The functional
𝐹(𝜙) in (1.1) then has to be well chosen so that the result does not depend on the ambi-
guity related to the fact that 𝐼𝑥0(𝜔ℎ) is multivalued on Σ (see Section 6). This aspect is
quite subtle and it manifests, for instance, as soon as one wishes to make sense of the
curvature term in (1.2). We expand this point a bit further now.
There are actually two main difficulties with the curvature term, which we explain

in the rational case. First, since the zero mode 𝑐 lives in ℝ/2𝜋𝑅ℤ, in order to have
𝑒𝑖

𝑄
4𝜋 ∫Σ 𝜙𝐾𝑔 dv𝑔 univalued, we need to have 𝑄

4𝜋
∫Σ 2𝜋𝑅𝐾𝑔 dv𝑔 ∈ 2𝜋ℤ. By Gauss-Bonnet

1
4𝜋
∫Σ 𝐾𝑔 dv𝑔 = 2 − 2𝔤 so this forces 2𝑄 to be an integer multiple of 1/𝑅.5 The same

argument holds for the Liouville potential and this forces 𝛽 to be an integer multiple of
1/𝑅. Second, and more subtly, the curvature term contains 𝜙 = 𝑐 + 𝑓 + 𝐼𝑥0(𝜔ℎ) which
is a multivalued function on Σ. Therefore the integral ∫Σ 𝜙𝐾𝑔 dv𝑔 does not make sense
unambiguously; evenworse, if we define the primitive on the universal cover, and then
descend it on a fundamental domain, the quantity∫Σ 𝜙𝐾𝑔 dv𝑔will depend on the choice
of the fundamental domain. Concretely, this means that a naive definition of the cur-
vature term produces a theory that is not diffeomorphism invariant. A considerable
part of our work consists in regularising this integral via a family of branch cuts 𝜎 on Σ
and in proving that the result does not depend on the choice of the branch cuts. These
branch cuts are chosen to be a symplectic basis of the first homology group. The result
is that a change of 𝜎modifies the regularised curvature integral by an integer multiple
of 2𝜋𝑅 and thus one has to impose 𝑄𝑅 ∈ ℤ. Together with 𝛽𝑅 ∈ ℤ and the expression
for 𝑄 given by (1.3) we end up with the condition for the rational case written in (1.4).
Concerning the Liouville potential term, the construction involves some technology

related to the renormalisation of imaginary Gaussian Multiplicative Chaos (GMC for
short), in particular some tools developed in [49, 50], and is restricted to 0 < 𝛽2 < 2.
The full picture of this path integral is expected to cover the values 0 < 𝛽2 < 4; this is
an important future direction of development. The construction for 0 < 𝛽2 < 2 in the
rational case of the path integral and the correlation functions is carried out in Section
6. We give now more details in two simple cases.

2.1. Construction on the Riemann sphere. Now we explain the construction on
the simplest possible topology, the Riemann sphere, because the compactified GFF
then coincideswith the standardGFF.Wefirst give the construction of the path integral
without electro-magnetic operators. Consider a smooth Riemannian metric 𝑔 on the
Riemann sphere ℂ̂, with volume form v𝑔 and scalar curvature 𝐾𝑔. The GFF in the
metric 𝑔 is denoted by 𝑋𝑔 (see Section 5 for details). We consider 𝛽 such that 𝛽2 < 2
and 𝑄 = 𝛽

2
− 2

𝛽
, and then we pick 𝑅 > 0 with 𝑅 ∈ 1

𝛽
ℤ ∩ 1

𝑄
ℤ.

The construction involves imaginary GMC, namely the limit

𝑀𝛽(𝑋𝑔, d𝑥) ≔ lim
𝜖→0

𝜖−
𝛽2
2 𝑒𝑖𝛽𝑋𝑔,𝜖(𝑥) d𝑥,

where 𝑋𝑔,𝜖 is a reasonable regularisation of the GFF at scale 𝜖 in the metric 𝑔. The
convergence is non-trivial for 𝛽2 ∈ (0, 2) and the limit is a distribution of order 2 with

5Actually, this point could be circumvented by adding artificial (electric) operators as is usually done in
the physics literature, leading to the possibility to consider the irrational case.
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exponential moments. More generally, we will consider imaginary GMC 𝑀𝛽(𝜙𝑔, d𝑥)
where we replace the GFF 𝑋𝑔 by a more general functional of the GFF, denoted by 𝜙𝑔
and called the Liouville field, whichwill bemade precise depending on the context. The
definition of the path integral is then (up to some metric dependent terms encoded in
the constant 𝐶(𝑔), the precise meaning of which we skip for now)

(2.3) ⟨𝐹⟩ℂ̂,𝑔 ≔ 𝐶(𝑔)∫
ℝ/2𝜋𝑅ℤ

E[𝐹(𝜙𝑔)𝑒−
𝑖𝑄
4𝜋 ∫ℂ̂𝐾𝑔𝜙𝑔 dv𝑔−𝜇𝑀

𝑔
𝛽(𝜙𝑔,ℂ̂)] d𝑐

for all reasonable test functions 𝐹, periodic with period 2𝜋𝑅ℤ in the variable 𝑐, and
here the Liouville field is 𝜙𝑔 = 𝑐 + 𝑋𝑔. Note the integration d𝑐 of the constant mode
𝑐 of the field 𝜙𝑔 over the circle of radius 𝑅. Also, the curvature term perfectly makes
sense here because, at this stage, the Liouville field is a well-defined distribution on ℂ̂
and can be integrated over ℂ̂.

2.1.1. Electric operators. Next we introduce electric operators: given a point 𝑥 ∈ ℂ̂ on
the sphere and a weight 𝛼 ∈ 𝑅−1ℤ, they are formally defined by

𝑉(𝛼,0)(𝑥) = lim
𝜖→0

𝜖−
𝛼2
2 𝑒𝑖𝛼𝜙𝑔,𝜖(𝑥).

The condition 𝛼 ∈ 𝑅−1ℤ makes sure that the electric operator, seen as a function
of 𝑐, is well-defined on the circle. Products of such operators for distinct points 𝐱 =
(𝑥1, . . . , 𝑥𝑛) ∈ ℂ̂𝑛 with respective weights 𝜶 = (𝛼1, . . . , 𝛼𝑛) ∈ (𝑅−1ℤ)𝑛 will be de-
noted by 𝑉(𝜶,0)(𝐱) ≔ ∏𝑛

𝑗=1 𝑉(𝛼𝑗 ,0)(𝑥𝑗). Correlation functions for electric operators are
formally given by evaluating the path integral above with 𝐹(𝜙𝑔) = 𝑉(𝜶,0)(𝐱), namely
⟨𝑉(𝜶,0)(𝐱)⟩ℂ̂,𝑔. Of course, the limit 𝜖 → 0 is ill-defined because, making sense only as a
distribution, the GFF cannot be evaluated pointwise. To remedy this, the usual trick
is to apply the Girsanov transform; special care has to be taken here because of the
imaginary weights so that rigorously implementing the Girsanov transform has to go
through analytic continuation arguments (see Section 6.2). The outcome is that the
path integral with electric operators is (again, up to explicit trivial factors 𝐶𝑔,𝐱,𝜶)

(2.4) ⟨𝐹𝑉(𝜶,0)(𝐱)⟩ℂ̂,𝑔 ≔ 𝐶𝑔,𝐱,𝜶∫
ℝ/2𝜋𝑅ℤ

𝑒𝑖𝑐∑
𝑛
𝑗=1 𝛼𝑗E[𝐹(𝜙𝑔)𝑒−

𝑖𝑄
4𝜋 ∫ℂ̂𝐾𝑔𝜙𝑔 dv𝑔−𝜇𝑀

𝑔
𝛽(𝜙𝑔,ℂ̂)] d𝑐,

where the Liouville field is now 𝜙𝑔 = 𝑐 + 𝑋𝑔 + 𝑢𝐱, and the function

𝑢𝐱(𝑥) ≔
𝑛
∑
𝑗=1

𝑖𝛼𝑗𝐺𝑔(𝑥, 𝑥𝑗)

(with 𝐺𝑔 the Green function on ℂ̂ in the metric 𝑔) stands for the shift resulting from
the Girsanov transform. Observe that this shift creates singularities in the potential
𝑀𝑔

𝛽(𝜙𝑔, Σ), which can be formally written as 𝑒𝑖𝛽𝑐 ∫ℂ̂ 𝑒
−𝛽∑𝑗 𝛼𝑗𝐺𝑔(𝑥,𝑥𝑗)𝑀𝛽(𝑋𝑔, d𝑥). Well-

posedness and existence of exponential moments of this random variable are part of
our work.

2.1.2. Magnetic operators. The next step is to introduce the magnetic operators. A
magnetic operator creates a magnetic charge 𝑚 ∈ ℤ at its insertion point 𝑧. Its ef-
fect in the loop model is to create a discontinuity 2𝜋𝑅𝑚 in the height field 𝜙 along a
line emanating from 𝑧. Here, this has the effect to make the Liouville field 𝜙𝑔 acquire a
winding 2𝜋𝑅𝑚 around the point 𝑧. The discontinuity curve has to end at the location
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of another magnetic charge and if we consider distinct points 𝐳 = (𝑧1, . . . , 𝑧𝑛) ∈ ℂ̂𝑛

with respective magnetic charges 𝐦 = (𝑚1, . . . , 𝑚𝑛) ∈ ℤ𝑛 we must impose the neu-
trality condition∑𝑖𝑚𝑖 = 0. To construct these operators, we consider a closed 1-form
𝜈𝐳,𝐦 on ℂ̂ ⧵ {𝐳} (with {𝐳} ≔ ∪𝑛𝑗=1{𝑧𝑗}) such that 𝜈𝐳,𝐦 is of the form𝑚𝑗𝑅 d𝜃 in local radial
coordinates 𝑧 − 𝑧𝑗 = 𝑟𝑒𝑖𝜃 near the point 𝑧𝑗 , for 𝑗 = 1, . . . , 𝑛. Such a 1-form exists if and
only if the charges satisfy∑𝑛

𝑗=1𝑚𝑗 = 0. Also, note that the choice of this closed 1-form
is not unique but the path integral we will construct will not depend on this choice.
Then we want to offset the GFF with a primitive of this 1-form, namely we want to
consider the path integral (2.4) where the Liouville field is now

𝜙𝑔 = 𝑐 + 𝑋𝑔 + 𝑢𝐱 + 𝐼𝑥0(𝜈𝐳,𝐦),
and 𝐼𝑥0(𝜈𝐳,𝐦) ≔ ∫𝑥

𝑥0 𝜈𝐳,𝐦 is a primitive of the 1-form 𝜈𝐳,𝐦 with base point 𝑥0. The point
is that 𝜈𝐳,𝐦 is not exact (and ℂ̂ ⧵ {𝐳} is of course not simply connected if 𝑛 > 1) so
that the primitive is multivalued on ℂ̂ ⧵ {𝐳}: it has a monodromy 2𝜋𝑚𝑗𝑅 when turning
once around a given point 𝑧𝑗 . The first important remark is that any function of the
form 𝑒𝑖

𝑘
𝑅 𝐼𝑥0 (𝜈𝐳,𝐦), for 𝑘 ∈ ℤ, is unambiguously defined as a smooth function on ℂ̂ ⧵ {𝐳}.

In particular, since 𝛽 is an integer multiple of 1/𝑅, the potential term in (2.4) is well-
defined as it reads

𝑒𝑖𝛽𝑐∫
ℂ̂
𝑒−𝛽∑𝑗 𝛼𝑗𝐺𝑔(𝑥,𝑥𝑗)𝑒𝑖𝛽𝐼𝑥0 (𝜈𝐳,𝐦)(𝑥)𝑀𝛽(𝑋𝑔, d𝑥).

Also, and at the level of electric operators, offsetting the field by 𝐼𝑥0(𝜈𝐳,𝐦) produces
a further factor of the form ∏𝑛

𝑗=1 𝑒
𝑖𝛼𝑗𝐼𝑥0 (𝜈𝐳,𝐦)(𝑥𝑗); again, the conditions 𝛼𝑗 ∈ 𝑅−1ℤ

make this product unambiguously defined. Actually the main problem comes from
the curvature term in (2.4): the monodromy of the field 𝜙𝑔 makes this term being ill-
defined and depending on the choice of the primitive. It must be regularised. For this,
we first introduce a system of branch cuts for 𝐼𝑥0(𝜈𝐳,𝐦), which we call defect graph.
It consists in a family of smooth simple curves (𝜉𝑝)𝑝=1,. . .,𝑛−1, which do not intersect
except eventually at their endpoints. Each arc 𝜉𝑝 ∶ [0, 1] → ℂ̂ is a smooth oriented
curve parametrised by arclength with endpoints 𝜉𝑝(0) = 𝑧𝑗 and 𝜉𝑝(1) = 𝑧𝑗′ for 𝑗 ≠ 𝑗′.
We must further impose a direction along which the arcs reach the endpoints. So we
fix a family of unit tangent vectors 𝑣𝑗 ∈ 𝑇𝑧𝑗 ℂ̂ (𝑗 = 1, . . . , 𝑛) and we further require
these arcs to obey: if 𝜉𝑝(𝑎) = 𝑧𝑗 with 𝑎 ∈ {0, 1}, then 𝜉′𝑝(𝑎) is positively colinear to 𝑣𝑗 .
Finally, consider the oriented graph with vertices {𝐳} and edges (𝑧𝑗 , 𝑧𝑗′) when there is
an arc connecting 𝑧𝑗 to 𝑧𝑗′ . This graph must be connected and without cycle. What we
call defect graph is the set𝒟 ≔ ⋃𝑛−1

𝑝=1 𝜉𝑝([0, 1]), see Figure 1.
The defect graph is a proper branch cut for 𝜈𝐳,𝐦 in the sense that this 1-form is exact

on the complement ℂ̂ ⧵ 𝒟. Therefore it admits an unambiguously defined primitive
denoted by 𝐼𝝃𝑥0(𝜈𝐳,𝐦). Then we introduce the regularised curvature term as

∫
reg

ℂ̂
𝐾𝑔𝜙𝑔 dv𝑔 ≔∫

ℂ̂
𝐾𝑔(𝑐 + 𝑋𝑔 + 𝑢𝐱) dv𝑔 +∫

reg

ℂ̂
𝐼𝝃𝑥0(𝜈h𝐳,𝐦)𝐾𝑔 dv𝑔,

where

(2.5) ∫
reg

ℂ̂
𝐼𝝃𝑥0(𝜈𝐳,𝐦)𝐾𝑔 dv𝑔 ≔∫

ℂ̂
𝐼𝝃𝑥0(𝜈𝐳,𝐦)𝐾𝑔 dv𝑔 − 2

𝑛
∑
𝑝=1

𝜅(𝜉𝑝)∫
𝜉𝑝
𝑘𝑔 dℓ𝑔,
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Figure 1. A defect graph with 4 points

where 𝑘𝑔 denotes the geodesic curvature of an oriented curve, dℓ𝑔 the Riemannian
measure on 𝜉𝑝 induced by 𝑔 and 𝜅(𝜉𝑝) are coefficients that have explicit expressions in
terms of the magnetic charges; their value is actually imposed by an argument relying
on the Gauss-Bonnet theorem (see Subsection 4.2). The definition of the path integral
with both electric and magnetic operators is then

⟨𝐹𝑉(𝜶,0)(𝐱)𝑉(0,𝐦)(𝐯)⟩ℂ̂,𝑔 ≔ 𝐶𝑔,𝐱,𝐳,𝜶,𝐦(2.6)

×∫
ℝ/2𝜋𝑅ℤ

𝑒𝑖𝑐∑
𝑛
𝑗=1 𝛼𝑗E[𝑒−

1
2𝜋 ⟨d𝑋𝑔,𝜈𝐳,𝐦⟩2𝐹(𝜙𝑔)𝑒−

𝑖𝑄
4𝜋 ∫regℂ̂ 𝐾𝑔𝜙𝑔 dv𝑔−𝜇𝑀

𝑔
𝛽(𝜙𝑔,ℂ̂)] d𝑐

with 𝜙𝑔 = 𝑐 + 𝑋𝑔 + 𝑢𝐱 + 𝐼𝑥0(𝜈𝐳,𝐦) and 𝐯 = ((𝑧1, 𝑣1), . . . , (𝑧𝑛, 𝑣𝑛)) ∈ (𝑇ℂ̂)𝑛, and
𝐶𝑔,𝐱,𝐳,𝜶,𝐦 is a constant encoding trivial factors (in particular it contains the product
∏𝑛

𝑗=1 𝑒
𝑖𝛼𝑗𝐼𝑥0 (𝜈𝐳,𝐦)(𝑥𝑗)). What is non-trivial is to show that this regularised curvature

does not depend on the choice of the defect graph: this is proved in Subsection 4.2
using Gauss-Bonnet.
Electro-magnetic operators, denoted by 𝑉(𝜶,𝐦)(𝐯), are then defined by merging both

electric and magnetic operators, namely by taking the limit 𝐱 → 𝐳 in (2.6). Yet, this
limit is ill-defined because of the windings around the points 𝐳. This is why we must
further impose the direction along which each 𝑥𝑗 reaches 𝑧𝑗 , and we require this limit
to be taken in the direction 𝑣𝑗 , in which case we prove that the limit makes sense and
defines thisway correlation functions of electro-magnetic operators ⟨𝑉(𝜶,𝐦)(𝐯)⟩Σ,𝑔. Fur-
thermore, we obtain an explicit descriptionhow these correlation functions are affected
by a change of the choice of the unit vectors 𝑣𝑗 , which translates the notion of spin for
primary fields in the physics literature.

2.2. Other topologies. Nowwe sketch the construction formore complex topologies,
and we focus here on the case of complex tori. As soon as the genus of the surface is
non-zero, the compactified GFF integration measure (2.2) has a so called instanton
component corresponding to the summation over the De Rham cohomology. Con-
cretely, the torus 𝕋2𝜏 = ℂ/(ℤ + 𝜏ℤ) with modulus 𝜏 = 𝜏1 + 𝑖𝜏2 ∈ ℂ (with 𝜏2 > 0) has a
basis of homology given by the cycles 𝑎(𝑡) = 𝑡 and 𝑏(𝑡) = 𝑡𝜏 for 𝑡 ∈ [0, 1]. A dual basis
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(a) Torus with its two homology cycles

(b) Planar representation of 𝕋𝜏. On the right-side, the torus 𝕋𝜏
with a defect graph.

Figure 2. Homology cycles and defect graph on the torus

of cohomology is given by 𝜔1 = d𝑥 − 𝜏1
𝜏2
d𝑦 and 𝜔2 =

1
𝜏2
d𝑦. For 𝐤 = (𝑘1, 𝑘2) ∈ ℤ2 we

set 𝜔𝐤 = 𝑘1𝜔1 + 𝑘2𝜔2. Then, the path integral basically corresponds to (2.3) with the
Liouville field given (for 𝐼𝑥0(𝜔𝐤)(𝑥) = ∫𝑥

𝑥0 𝜔𝐤 multivalued) by
𝜙𝑔 = 𝑐 + 𝑋𝑔 + 𝐼𝑥0(𝜔𝐤),

and a further summation over 𝐤 ∈ ℤ2. Again, the problem here is that the curvature
term is ill-defined6 as there is an arbitrary choice to be made for the primitive 𝐼𝑥0(𝜔𝐤),
which is multivalued on Σ, and the resulting integral ∫Σ 𝐾𝑔𝐼𝑥0(𝜔𝐤) dv𝑔 does depend on
this choice. So the curvature term has to be regularised: the cycles 𝑎, 𝑏 are chosen as
branch cuts and then the 1-form 𝜔𝐤 is exact on Σ⧵(𝑎∪𝑏). One then needs to introduce
counterterms in a way similar to (2.5) to finally get the path integral

⟨𝐹⟩𝕋2𝜏,𝑔 ≔ 𝐶(𝑔) ∑
𝐤∈ℤ2

𝑒−
1
4𝜋 ‖𝜔𝐤‖22

×∫
ℝ/2𝜋𝑅ℤ

E[𝑒−
1
2𝜋 ⟨d𝑋𝑔,𝜔𝐤⟩2𝐹(𝜙𝑔)𝑒−

𝑖𝑄
4𝜋 ∫reg𝕋𝜏 𝐾𝑔𝜙𝑔 dv𝑔−𝜇𝑀

𝑔
𝛽(𝜙𝑔,𝕋𝜏)] d𝑐.

(2.7)

On general Riemann surfaces, a considerable part of our work consists in proving that
the path integral does not depend on these branch cuts, with the invariance under dif-
feomorphisms as a consequence. One can then define electro-magnetic operators on𝕋𝜏
as was done for the Riemann sphere, introducing further branch cuts for the magnetic
operators (see Figure 2). This concludes our short overview of the construction.

2.3. Main results. Let us expand now in further details the properties of this CFT.
First we stress that the correlation functions of interest are expectation values of the
electro-magnetic fields, the construction of which is summarized above. In the
Coulomb gas picture, an electric operator with weight 𝛼 = 𝑒

𝑅
creates an electric charge

6Note that we do not assume the curvature is uniformised with 𝐾𝑔 = 0.
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𝑒 ∈ ℤ at the insertion point 𝑥 ∈ Σ. A magnetic operator in turn creates a magnetic
charge 𝑚 ∈ ℤ at its insertion point 𝑧. Electro-magnetic operators 𝑉𝛼,𝑚(𝑧, 𝑣) mix the
two effects. They are the primary fields of the CILT; they are not scalar when𝑚 ≠ 0 as
they possess a spin, details can be found in Section 6.2.
In CFTs, the 3 point correlation functions on the Riemann sphere, or structure con-

stants, play a special role as building blocks of the conformal bootstrap formulae. In
Section 7 we compute the three-point functions of the electro-magnetic operators and
show them to be given by a generalization of the well known Dotsenko-Fateev inte-
grals. In the case when the magnetic charges are set to 0, these integrals are given by
the imaginary DOZZ formula [70], whereas the presence of magnetic charges make
these structure constants appear as a square root of products of imaginary DOZZ coef-
ficients, see Section 7.
Finally we complete the CFT axioms by establishing Segal’s gluing axioms [68] for

the path integral. Segal’s axioms were designed to capture the conformal bootstrap
approach to CFTs using a geometrical perspective (for a nice introduction to mathe-
maticians see [28]). They are related to the Operator Product Expansion and are fun-
damental to obtain a consistent CFT on all closed surfaces. To prove these axioms, we
define the path integral on surfaces with boundaries and construct associated opera-
tors on a Hilbert (called amplitudes), and we show that these operators compose under
gluing of surfaces. This part uses our previous work [31] but we stress that there are
many non-trivial new aspects due to the topological terms in the path integral defini-
tion due to the fact that we work with the compactified boson. We believe that even
for the compactified free field, our gluing results are new.
Our results depend on the alternative (1.4). Theorem 2.1 summarizes the main re-

sults of this paper for the correlation functions of the electro-magnetic operators in the
rational case (see (1.4)); we refer to Theorem6.13 and to Propositions 8.13 and 8.14 for
more detailed statements. It is also possible, with the techniques of this paper, to define
correlation functions in the case where the central charge is irrational. The invariance
by diffeomorphisms is not as general as in the rational case, so it is not completely clear
how that fits in the full CFT picture. On the other hand the spectral analysis and rep-
resentation theory for this model is possible and seems very interesting. This will be
studied elsewhere.
In the rational case, some elementary algebra shows that there exist 𝑝, 𝑞 coprime

integers such that 𝛽2/4 = 𝑝
𝑞
. Furthermore, 1

𝛽
ℤ ∩ 1

𝑄
ℤ = √𝑝𝑞

2
ℤ if 𝑝, 𝑞 are odd, or 1

𝛽
ℤ ∩

1
𝑄
ℤ = √𝑝𝑞ℤ if 𝑝 or 𝑞 is even. The central charge becomes

cIL = 1 − 6(𝑝 − 𝑞)2
𝑝𝑞 .(2.8)

Theorem 2.1. Let 𝛽2/4 = 𝑝
𝑞
where 𝑝, 𝑞 ∈ ℕ are coprime and let the compactification

radius 𝑅 = 𝑘
2√𝑝𝑞 with 𝑘 ∈ ℕ∗ if 𝑝, 𝑞 are odd, or 𝑘 ∈ 2ℕ∗ if 𝑝 or 𝑞 is even. Let (Σ, 𝑔) be a

closed Riemannian surface and 𝐯 = ((𝑧1, 𝑣1), . . . , (𝑧𝑛, 𝑣𝑛)) ∈ (𝑇Σ)𝑛. Assume the electric
charges satisfy 𝛼𝑗 ≔ 𝑒𝑗/𝑅 > 𝑄, with 𝑒𝑗 ∈ ℤ, and that themagnetic charges𝑚𝑗 ∈ ℤ satisfy
∑𝑛

𝑗=1𝑚𝑗 = 0. Then the following hold true:
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(i) The correlation functions ⟨𝑉(𝜶,𝐦)(𝐯)⟩Σ,𝑔 exist as limits of regularised objects and
do not depend on the choice of the cohomology basis nor on the magnetic discontinuity
curves.
(ii) ⟨𝑉(𝜶,𝐦)(𝐯)⟩Σ,𝑔 satisfy the axioms of a Conformal Field Theory with central charge

(2.8) and conformal weights Δ𝛼,𝑚 and spin 𝑆𝛼,𝑚 given by

Δ𝛼,𝑚 = 𝑒
2𝑅(

𝑒
2𝑅 − 𝑄) + 𝑚2𝑅2

4 , 𝑆𝛼,𝑚 = 𝑒𝑚 − 𝑄𝑅𝑚,

in the sense that they transform in a covariant way under the action of diffeomorphisms
𝑔 → 𝜓∗𝑔, see (6.21), Weyl scaling 𝑔 → 𝑒𝜌𝑔, 𝜌 ∈ 𝐶∞(Σ), see (6.19), and rotations of the
vectors 𝑣𝑗 → 𝑂𝑗𝑣𝑗 , 𝑂𝑗 ∈ SO(2), see (6.22).
(iii) ⟨𝑉(𝜶,𝐦)(𝐯)⟩Σ,𝑔 satisfy the gluing axioms of Segal for conformal field theory under

cutting of the surface along analytically parametrised simple curves, see Proposition 8.13
and 8.14.
(iv) If (𝑒1, 𝑒2) is the canonical basis of ℝ2 = 𝑇ℂ̂ and 𝑔0 = |𝑑𝑧|2

max(|𝑧|,1)4
the choice of

metric on the Riemann sphere, then the 3-point function on the Riemann sphere is given
by

⟨𝑉(𝛼1,𝑚1)(0, 𝑒1)𝑉(𝛼2,𝑚2)(1, 𝑒1)𝑉(𝛼3,𝑚3)(∞, 𝑒1)⟩ℂ̂,𝑔0 =

2𝜋𝑅(−𝜇)
ℓ

ℓ! ∫
ℂℓ

ℓ
∏
𝑗=1

𝑥∆1𝑗 ̄𝑥∆̄1𝑗 (1 − 𝑥𝑗)∆2(1 − ̄𝑥𝑗)∆̄2 ∏
𝑗<𝑗′

|𝑥𝑗 − 𝑥𝑗′ |𝛽
2 d𝑥1 . . . d𝑥ℓ,

where

ℓ ≔
2𝑄 −∑𝑗 𝛼𝑗

𝛽 ∈ ℕ, Δ𝑗 =
𝛽𝛼𝑗 + 𝑘𝑝𝑚𝑗

2 , Δ̄𝑗 =
𝛽𝛼𝑗 − 𝑘𝑝𝑚𝑗

2 .

When𝑚𝑖 = 0, this can also be written as

⟨𝑉(𝛼1,0)(0, 𝑒1)𝑉(𝛼2,0)(1, 𝑒1)𝑉(𝛼3,0)(∞, 𝑒1)⟩ℂ̂,𝑔0

= 2𝜋𝑅(−𝜇)
2𝑄−∑𝑖 𝛼𝑖

𝛽 𝐶DOZZ
𝛽 (𝛼1, 𝛼2, 𝛼3),

and in general

⟨𝑉(𝛼1,𝑚1)(0, 𝑒1)𝑉(𝛼2,𝑚2)(1, 𝑒1)𝑉(𝛼3,𝑚3)(∞, 𝑒1)⟩2ℂ̂,𝑔0
= 4𝜋2𝑅2𝜇

2
𝛽 (2𝑄−∑𝛼𝑖)𝐶DOZZ

𝛽 (𝛼1 +𝑚1𝑅, 𝛼2 +𝑚2𝑅, 𝛼3 +𝑚3𝑅)
× 𝐶DOZZ

𝛽 (𝛼1 −𝑚1𝑅, 𝛼2 −𝑚2𝑅, 𝛼3 −𝑚3𝑅),

where 𝐶DOZZ
𝛽 (⋅, ⋅, ⋅) is the imaginary DOZZ constant of (7.10).

Remarks.
(1) Segal’s axioms give access to the spectrum of the CFT by considering the gener-

ator of the semigroup of annuli (see [68] or [31] in the case of Liouville theory) i.e. the
Hamiltonian operator of the CFT. This operator is not self-adjoint but it has discrete
spectrum and non-trivial Jordan blocks. This will be studied in a forthcoming work.
(2) It may be instructive to write our conformal weights in terms of the usual Kac

table parametrisation. The conformal weight and spin are then characterised by a pair



COMPACTIFIED IMAGINARY LIOUVILLE THEORY 585

(ℎ, ̄ℎ) such that ℎ + ̄ℎ = 2Δ𝛼,𝑚 and 𝑆𝛼,𝑚 = ℎ − ̄ℎ. Here we get

ℎ = 1
4(

𝑒
𝑅 + 𝑚𝑅 − 𝑄)2 − 𝑄2

4 and ̄ℎ = 1
4(

𝑒
𝑅 − 𝑚𝑅 − 𝑄)2 − 𝑄2

4 .

In the Kac notations, one introduces the number ℎ𝑟,𝑠 ≔
1
4
(𝑟 2

𝛽
− 𝑠𝛽

2
)2 − 𝑄2

4
for 𝑟, 𝑠 ∈

ℝ and one has to determine for which pairs (𝑟, 𝑠) and (𝑟′, 𝑠′) the relation (ℎ, ̄ℎ) =
(ℎ𝑟,𝑠, ℎ𝑟′,𝑠′) holds. Here, this is equivalent to finding all the pairs (𝑟, 𝑠) and (𝑟′, 𝑠′) that
can be written as

𝑒
𝑅 + 𝑚𝑅 − 𝑄 = 𝑟 2𝛽 − 𝑠𝛽2 and 𝑒

𝑅 − 𝑚𝑅 − 𝑄 = 𝑟′ 2𝛽 − 𝑠′ 𝛽2 ,

for 𝑒,𝑚 ∈ ℤ. Some algebra then gives the condition that any 𝑟, 𝑟′, 𝑠, 𝑠′ satisfying

𝑟 + 𝑟′
2 , 𝑠 + 𝑠′

2 ∈ 2
𝑘ℤ and 𝑟 − 𝑟′ ∈ 𝑘𝑝ℤ, 𝑠 − 𝑠′ ∈ 𝑘𝑞ℤ

can be written as desired.
One can then use this information to compare with the set of conformal weights of

other CFTs. If we impose the field to be diagonal (or spinless), meaning ℎ𝑟,𝑠 = ℎ𝑟′,𝑠′ ,
we find that either 𝑟 = 𝑟′, 𝑠 = 𝑠′ ∈ 2

𝑘
ℤ or 𝑟 = −𝑟′ ∈ 𝑘𝑞

2
ℤ and 𝑠 = −𝑠′ ∈ 𝑘𝑝

2
ℤ. In

particular, taking 𝑘 = 2, we find that all the diagonal fields have conformal weights
corresponding to the degenerate representations of the Virasoro algebra.
If 𝑝 = 2 then the central charge of our construction coincides with that of the (2, 𝑞)-

minimal models [9] and the set of its spectral weights thus contains the weights of the
degenerate Virasoro representations for 𝑘 = 2. It has been argued in physics by [40]
that the A-series minimal model CFT with the same central charge can be recovered
from this compactified imaginary Liouville theory by a so-called BRST reduction, pro-
viding this way a path integral construction of the minimal models. This question,
raised to us by N. Seiberg, was the original motivation for this work, and we plan to
understand this aspect in future work.
(3) Our constructionworks also in the irrational case under the condition that∑𝑗 𝛼𝑗

∈ 𝜒(Σ)𝑄 + 1
𝑅
ℤ. When we work on the torus or the sphere without magnetic field,

the correlation functions satisfy the same invariance properties as in the rational case.
On the other hand, for higher genus or in the case with magnetic fields, the diffeo-
morphism invariance does not seem to hold in general. This will be studied in a sep-
arate work and it is not clear it produces a CFT with all the required axioms in the
general geometric case.
(4) There is an important open question in physics to construct aCFTdubbedTime-

like Liouville Theory or Imaginary Liouville Theory [36, 63, 67, 70]. This is a non-
compact CFT with continuous spectrum and structure constants given by the imag-
inary DOZZ formula. Even though there may be some links with such a CFT, our path
integral does not coincide with it (among other reasons, it has discrete spectrum). We
choose to call our path integral CILT because our construction is based on the Liou-
ville action with imaginary parameters, yet on the compactified boson so that it is not
mistaken with the putative Timelike Liouville Theory.
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3. Geometric preliminaries

Notations. We shall denote ̇𝑢(𝑡) = 𝜕𝑡𝑢(𝑡) the derivative of 𝐶1 curves 𝑢 ∶ [0, 1] →
Σ with values in a surface. If (Σ, 𝑔) is a closed, or compact with boundary, oriented
Riemannian surface, we denote ⟨𝑓, 𝑓′⟩2 = ∫𝑓 ̄𝑓′dv𝑔 the 𝐿2 pairing with respect to the
Riemannian measure v𝑔, we denote ⟨𝑢, 𝑓⟩ the distributional pairing if 𝑢 ∈ 𝒟′(Σ) is a
distribution and 𝑓 ∈ 𝐶∞

𝑐 (Σ∘, ℝ) compactly supported in the interior Σ∘ of Σ, with the
convention that if 𝑢 ∈ 𝐶∞(Σ) then ⟨𝑢, 𝑓⟩ = ⟨𝑢, 𝑓⟩2.

3.1. Closed surfaces. Let Σ be an oriented compact surface of genus 𝔤 and let 𝑔 be a
smooth Riemannian metric. The metric 𝑔 induces a conformal class [𝑔] ≔ {𝑒𝜑𝑔 | 𝜑 ∈
𝐶∞(Σ)}, which is equivalent to a complex structure, i.e. a field 𝐽 ∈ 𝐶∞(Σ; End(𝑇Σ))
of endomorphisms of the tangent bundle such that 𝐽2 = −Id. There are local charts
𝜔𝑗 ∶ 𝑈𝑗 → 𝔻 such that 𝜔𝑗 ∘ 𝜔−1𝑘 are holomorphic functions and (𝜔−1𝑗 )∗𝑔 = 𝑒𝜌𝑗 |𝑑𝑧|2 on
𝔻, where 𝑧 = 𝑥+𝑖𝑦 is the usual complex coordinate onℂ and𝜌𝑗 ∈ 𝐶∞(𝔻). The complex
structure in the holomorphic charts 𝜔𝑗 is given by 𝐽𝜕𝑥 = 𝜕𝑦 and 𝐽𝜕𝑦 = −𝜕𝑥. The Hodge
operator ∗ ∶ 𝑇∗Σ → 𝑇∗Σ is the dual to 𝐽, it satisfies ∗d𝑥 = d𝑦 and ∗d𝑦 = −d𝑥 in local
holomorphic charts. The pair (Σ, 𝐽) (or equivalently (Σ, [𝑔])) is called a closed Riemann
surface. The orientation is given by any non-vanishing 2-form 𝑤Σ ∈ 𝐶∞(Σ; Λ2𝑇∗Σ) so
that (𝜔−1𝑗 )∗𝑤Σ = 𝑒𝑓𝑗 d𝑥 ∧ d𝑦 in 𝔻 for some function 𝑓𝑗 .
The Gauss-Bonnet formula reads

(3.1) ∫
Σ
𝐾𝑔 dv𝑔 = 4𝜋𝜒(Σ),

where 𝜒(Σ) = (2 − 2𝔤) is the Euler characteristic, 𝐾𝑔 the scalar curvature of 𝑔 and dv𝑔
the Riemannianmeasure. The uniformisation theorem says that in the conformal class
of 𝑔, there exists a metric 𝑔0 = 𝑒𝜌0𝑔 of scalar curvature 𝐾𝑔0 = −2 if 𝔤 ≥ 2, 𝐾𝑔0 = 0
if 𝔤 = 1 or 𝐾𝑔0 = 2 if 𝔤 = 0. It is unique if 𝔤 ≥ 2. For a metric ̂𝑔 = 𝑒𝜌𝑔, one has the
relation

𝐾𝑔̂ = 𝑒−𝜌(Δ𝑔𝜌 + 𝐾𝑔),
where Δ𝑔 = d∗d is the non-negative Laplacian (here d is exterior derivative and d∗ its
𝐿2(Σ, v𝑔) adjoint). Let us recall a result of Aubin [5] on prescribing the curvature.

Lemma 3.1 (Aubin). Let (Σ, 𝑔) be a closed Riemannian surface with genus 𝔤 ≥ 2. Let
𝑓 ∈ 𝐶∞(Σ) be a non-positive function such that ∫Σ 𝑓 dv𝑔 < 0. Then there exists a confor-
mal metric ̂𝑔 ≔ 𝑒𝜌𝑔 for some 𝜌 ∈ 𝐶∞(Σ) such that 𝐾𝑔̂ = 𝑓.

3.2. Surfaces with analytic parametrised boundary. Let 𝕋 = {𝑒𝑖𝜃 ∈ ℂ ∣ 𝜃 ∈
[0, 2𝜋]} be the unit circle. A compact Riemann surface Σ with parametrised analytic
boundary 𝜕Σ = ⊔𝔟𝑗=1𝜕𝑗Σ is a compact oriented surface with smooth boundary with a
family of charts 𝜔𝑗 ∶ 𝑈𝑗 → 𝜔𝑗(𝑈𝑗) ⊂ ℂ for 𝑗 = 1, . . . , 𝑗0 and smooth diffeomorphisms
𝜁𝑗 ∶ 𝕋 → 𝜕𝑗Σ where

• ∪𝑗𝑈𝑗 is an open covering of Σ with 𝑈𝑗 ∩ 𝜕𝑗Σ ≠ ∅ if and only if 𝑗 ∈ [1, 𝔟]
• there exists 𝛿 < 1 such that for all 𝑗 > 𝔟 we have 𝜔𝑗(𝑈𝑗) = 𝔻, and for all 𝑗 ≤ 𝔟
we have 𝜔𝑗(𝑈𝑗) = 𝔸𝛿 ≔ {𝑧 ∈ ℂ ∣ |𝑧| ∈ (𝛿, 1]} and 𝜔𝑗(𝜕𝑗Σ) = 𝕋,

• 𝜔𝑘 ∘ 𝜔−1𝑗 are holomorphic maps in the interior of the domain 𝜔𝑗(𝑈𝑗 ∩ 𝑈𝑘),
• 𝜔𝑗 ∘ 𝜁𝑗 ∶ 𝕋 → 𝕋 is real analytic, i.e. it extends holomorphically in a neighbor-
hood of 𝕋.
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The charts induce a complex structure 𝐽 as for the closed case. A Riemannian metric 𝑔
is compatible with 𝐽 if (𝜔−1𝑗 )∗𝑔 = 𝑒𝜌𝑗 |d𝑧|2 for some smooth function 𝜌𝑗 on 𝜔𝑗(𝑈𝑗). The
boundary circles 𝜕𝑗Σ inherit an orientation from the orientation of Σ, simply by taking
the 1-form −𝜄∗𝜕𝑗Σ(𝑖𝜈𝜔Σ) where 𝑖𝜈 is the interior product with non-vanishing interior
pointing vector field 𝜈 to Σ and 𝜄𝜕𝑗Σ ∶ 𝜕𝑗Σ → Σ is the natural inclusion. In the chart
given by the annulus 𝔸𝛿 , the orientation is then given by d𝜃 (i.e. the counterclockwise
orientation) on the unit circle parametrised by (𝑒𝑖𝜃)𝜃∈[0,2𝜋]. We say that the boundary
𝜕𝑗Σ is outgoing if the orientation (𝜁𝑗)∗(d𝜃) is the orientation of 𝜕𝑗Σ induced by that
of Σ (we also say that the orientation of 𝜕𝑗Σ is positive) otherwise the parametrised
boundary 𝜕𝑗Σ is called incoming. We define 𝜍𝑗 ∈ {±1}with 𝜍𝑗 = −1 if 𝜕𝑗Σ outgoing and
𝜍𝑗 = 1 if 𝜕𝑗Σ is incoming. Composing 𝜁𝑗 by the inversion 𝑜(𝑧) ≔ 1/𝑧 reverses orientation
and transforms an outgoing boundary into an incoming one and conversely. Notice
that there is 𝛿 < 1 such that 𝜁𝑗 is holomorphic from an annular neighborhood 𝔸𝛿 of
𝕋 (resp. 𝔸−1𝛿 ≔ 𝛿−1𝔸𝛿) to a neighborhood 𝑈 ′

𝑗 of 𝜕𝑗Σ if 𝜔𝑗 ∘ 𝜁𝑗|𝕋 preserves orientation,
i.e. 𝜕𝑗Σ is outgoing (resp. reverses orientation, i.e. 𝜕𝑗Σ is incoming). Up to adding 𝑈 ′

𝑗
to the set of charts and replacing 𝑈𝑗 by 𝑈𝑗 ∩ Σ∘ for 𝑗 = 1, . . . , 𝔟, the new set of charts
((𝑈 ′

𝑗 , 𝜔′𝑗), (𝑈𝑗 , 𝜔𝑗))with 𝜔′𝑗 ≔ 𝑜(1+𝜎𝑗)/2 ∘ 𝜁−1𝑗 produces the same complex structure on Σ
as the original one, and the parametrisation of the boundary component 𝜕𝑗Σ is given by
(𝜔′𝑗)−1|𝕋. Without loss of generality, we can and will thus assume from now that, when
choosing our set of charts (𝑈𝑗 , 𝜔𝑗) above, the boundary parametrisations for 𝑗 = 1, . . . , 𝔟
are given by

𝜁𝑗 ∶ 𝕋 → 𝜕𝑗Σ, 𝜁𝑗(𝑒𝑖𝜃) ≔ {𝜔
−1
𝑗 (𝑒𝑖𝜃) if 𝜍𝑗 = −1
𝜔−1𝑗 (𝑒−𝑖𝜃) if 𝜍𝑗 = 1

.

The metric 𝑔 is said admissible if it is compatible with the complex structure and for
(𝑈𝑗 , 𝜔𝑗) with 𝑗 = 1, . . . , 𝔟, we have

(𝜔−1𝑗 )∗𝑔 = |d𝑧|2/|𝑧|2,
on 𝜔𝑗(𝑈𝑗). In that case the boundary is geodesic for 𝑔, with length 2𝜋, and the metric
𝑔 has curvature 𝐾𝑔 = 0 near 𝜕Σ.

3.3. Gluing and cutting surfaces. Let Σ be a Riemann surface, not necessarily con-
nected, with 𝔟 parametrised analytic boundary connected components 𝜁𝑗 ∶ 𝕋 → 𝜕𝑗Σ.
Let 𝜔𝑗 ∶ 𝑈𝑗 → 𝔸𝛿 be the charts near 𝜕𝑗Σ with 𝜔−1𝑗 |𝕋 = 𝜁𝑗 as above. If 𝜕𝑗Σ is outgoing
and 𝜕𝑘Σ is incoming, we can glue 𝜕𝑗Σ to 𝜕𝑘Σ to obtain a new Riemann surface Σ# with
(𝔟−2)-boundary components: this is done by identifying 𝜁𝑗(𝑒𝑖𝜃) ≃ 𝜁𝑘(𝑒𝑖𝜃). A neighbor-
hood in Σ# of the identified circle 𝜕𝑗Σ ∼ 𝜕𝑘Σ is given by (𝑈𝑗 ∪ 𝑈𝑘)/ ∼ where ∼means
the identification 𝜕𝑗Σ ∼ 𝜕𝑘Σ, and

𝜔𝑗𝑘 ∶ 𝑧 ∈ 𝑈𝑗 ↦ 𝜔𝑗(𝑧) ∈ 𝔸𝛿 , 𝑧 ∈ 𝑈𝑘 ↦
1

𝜔𝑘(𝑧)
∈ 𝔸−1𝛿

produces a chart. If 𝜕𝑗Σ and 𝜕𝑘Σ belong to different connected components ofΣ, 𝑏0(Σ#)
= 𝑏0(Σ) − 1 if 𝑏0 denotes the 0-th Betti number; otherwise 𝑏0(Σ#) = 𝑏0(Σ). If Σ is
equipped with an admissible metric, then 𝑔 induces a smooth metric on the glued Rie-
mann surface Σ# compatible with the complex structure.
Conversely, starting from a Riemann surface (Σ, 𝐽) with 𝔟 ≥ 0 boundary circles

𝜕1Σ, . . . , 𝜕𝔟Σ and choosing an analytic embedded circle 𝒞 in the interior Σ∘ of Σ and a
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chart 𝜔 ∶ 𝑉 → {|𝑧| ∈ [𝛿, 𝛿−1]} ⊂ ℂ for some 𝛿 < 1 with 𝜔(𝒞) = 𝕋, there is a natural
Riemann surface Σ𝒞 obtained by compactifying Σ𝒞 ≔ Σ ⧵ 𝒞 into a Riemann surface
with 𝔟 + 2 boundary circles by adding two copies 𝜕𝔟+1Σ𝒞 = 𝒞, 𝜕𝔟+2Σ𝒞 = 𝒞 of 𝒞 to
Σ𝒞 using the chart 𝜔 on respectively 𝜔−1({|𝑧| ≤ 1}) and 𝜔−1({|𝑧| ≥ 1}) (one outgoing,
one incoming). Using the gluing procedure of 𝜕𝔟+1Σ𝒞 with 𝜕𝔟+2Σ𝒞 in Σ𝒞 just described
above using the parametrisations 𝜁1 ≔ 𝜔−1|𝕋 and 𝜁2 ≔ 𝜔−1|𝕋, we recover (Σ, 𝐽).

3.4. Determinant of Laplacians. For a Riemannian metric 𝑔 on a connected ori-
ented compact surface Σ, the non-negative Laplacian Δ𝑔 = d∗d has discrete spectrum
Sp(Δ𝑔) = (𝜆𝑗)𝑗∈ℕ0 with 𝜆0 = 0 and 𝜆𝑗 → +∞ and we shall denote 𝑒𝑗 the associated
orthonormalised eigenfunctions. We can define the determinant of Δ𝑔 by

det′(Δ𝑔) = exp(−𝜕𝑠𝜁(𝑠)|𝑠=0),

where 𝜁(𝑠) ≔ ∑∞
𝑗=1 𝜆−𝑠𝑗 is the spectral zeta function of Δ𝑔, which admits a meromor-

phic continuation fromRe(𝑠) ≫ 1 to 𝑠 ∈ ℂ and is holomorphic at 𝑠 = 0 (the series con-
verges for Re(𝑠) ≫ 1 due to Weyl’s law). We recall that if ̂𝑔 = 𝑒𝜑𝑔 for some 𝜑 ∈ 𝐶∞(Σ),
one has the so-called Polyakov formula (see [59, eq. (1.13)])

(3.2) log
det′(Δ𝑔̂)
v𝑔̂(Σ)

= log
det′(Δ𝑔)
v𝑔(Σ)

− 1
48𝜋 ∫

Σ
(|d𝜑|2𝑔 + 2𝐾𝑔𝜑)dv𝑔,

where 𝐾𝑔 is the scalar curvature of 𝑔 as above.
When (Σ, 𝑔) is a connected oriented compact surface Σ with boundary, the Lapla-

cian Δ𝑔 with Dirichlet boundary conditions has discrete spectrum (𝜆𝑗,𝐷)𝑗≥1 and the
determinant is defined in a similar way as det(Δ𝑔,𝐷) ∶= 𝑒−𝜁′𝑔,𝐷(0) where 𝜁𝑔,𝐷 is the
spectral zeta function of Δ𝑔 with Dirichlet boundary conditions defined for Re(𝑠) ≫ 1
by 𝜁𝑔,𝐷(𝑠) ≔ ∑∞

𝑗=1 𝜆−𝑠𝑗,𝐷. The function 𝜁𝑔,𝐷(𝑠) admits ameromorphic extension to 𝑠 ∈ ℂ
and is holomorphic at 𝑠 = 0.

3.5. Green’s function and resolvent of Laplacian. Each compact Riemannian sur-
face (Σ, 𝑔) has a (non-negative) Laplace operator Δ𝑔. The Green function 𝐺𝑔 on a sur-
face Σ without boundary is defined to be the integral kernel of the resolvent operator
𝑅𝑔 ∶ 𝐿2(Σ) → 𝐿2(Σ) satisfying Δ𝑔𝑅𝑔 = 2𝜋(Id − Π0), 𝑅∗𝑔 = 𝑅𝑔 and 𝑅𝑔1 = 0, where Π0
is the orthogonal projection in 𝐿2(Σ, dv𝑔) on kerΔ𝑔 (the constants). By integral kernel,
we mean that for each 𝑓 ∈ 𝐿2(Σ, dv𝑔)

𝑅𝑔𝑓(𝑥) = ∫
Σ
𝐺𝑔(𝑥, 𝑥′)𝑓(𝑥′)dv𝑔(𝑥′).

The Laplacian Δ𝑔 has an orthonormal basis of real valued eigenfunctions (𝑒𝑗)𝑗∈ℕ0 in
𝐿2(Σ, dv𝑔) with associated eigenvalues 𝜆𝑗 ≥ 0; we set 𝜆0 = 0 and 𝑒0 = (v𝑔(Σ))−1/2. The
Green function then admits the following Mercer’s representation in 𝐿2(Σ × Σ, dv𝑔 ⊗
dv𝑔)

(3.3) 𝐺𝑔(𝑥, 𝑥′) = 2𝜋∑
𝑗≥1

1
𝜆𝑗
𝑒𝑗(𝑥)𝑒𝑗(𝑥′).

Similarly, on a surface with smooth boundary Σ, we will consider the Green function
with Dirichlet boundary conditions 𝐺𝑔,𝐷 associated to the Laplacian Δ𝑔 with Dirichlet
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condition on 𝜕Σ. In this case, the associated resolvent operator

𝑅𝑔,𝐷𝑓(𝑥) = ∫
Σ
𝐺𝑔,𝐷(𝑥, 𝑥′)𝑓(𝑥′)dv𝑔(𝑥′)

solves Δ𝑔𝑅𝑔,𝐷 = 2𝜋Id.

3.6. First homology group and symplectic basis on closed surfaces. Let Σ be a
closed oriented surface of genus 𝔤. We denote by ℋ1(Σ) the first homology group of
Σ with value in ℤ. It is an abelian group isomorphic to ℤ2𝔤, which can be obtained as
the abelianization of the fundamental group 𝜋1(Σ, 𝑥0) for some fixed 𝑥0 ∈ Σ. Recall
that elements in 𝜋1(Σ, 𝑥0) are equivalence classes of closed 𝐶1 curves on the surfaces
(equivalence been given by homotopy fixing 𝑥0), and for a closed curve 𝑐 on Σ, we
denote by [𝑐] its class inℋ1(Σ).
For two transverse oriented 𝐶1 curves 𝑎 ∶ 𝕋 → Σ, 𝑏 ∶ 𝕋 → Σ on Σ, the algebraic

intersection number 𝜄(𝑎, 𝑏) ∈ ℤ is the number of intersection points 𝑝 = 𝑎(𝑡1) = 𝑏(𝑡2)
weighted by +1 (resp. −1) if the orientation of the basis ( ̇𝑎(𝑡1), ̇𝑏(𝑡2)) of 𝑇𝑝Σ at 𝑝 is
positive (resp. negative)with respect to the orientation ofΣ. This number only depends
on the homology class [𝑎], [𝑏] of 𝑎, 𝑏, it defines a bilinear skew-symmetric map

𝜄 ∶ ℋ1(Σ) ∧ ℋ1(Σ) → ℤ.
This map is a symplectic form and there exists a symplectic basis ([𝑎𝑖], [𝑏𝑖])𝑖=1, ̇,𝔤 of
ℋ1(Σ) represented by closed simple curves (𝑎𝑖, 𝑏𝑖)𝑖 such that
(3.4) 𝜄(𝑎𝑖, 𝑏𝑗) = 𝛿𝑖𝑗 , 𝜄(𝑎𝑖, 𝑎𝑗) = 0, 𝜄(𝑏𝑖, 𝑏𝑗) = 0.
In fact, we can and will choose 𝑎𝑖, 𝑏𝑖 so that the intersection number 𝜄(𝑎𝑖, 𝑏𝑗) is also
equal to the geometric intersection number: for example 𝑎1 intersects 𝑏1 in a unique
point, etc (see Figure 3). A symplectic basis ([𝑎𝑖], [𝑏𝑖])𝑖=1,. . .,𝔤 ofℋ1(Σ) represented by
simple closed curves (𝑎𝑖, 𝑏𝑖)𝑖 with the property just described will be called a geometric
symplectic basis. See Figure 3. If 𝑐 = ∑𝔤

𝑗=1 𝛼𝑗𝑎𝑗 + 𝛽𝑗𝑏𝑗 and 𝑐′ = ∑𝔤
𝑗=1 𝛼′𝑗𝑎𝑗 + 𝛽′𝑗𝑏𝑗 , we

have

𝜄(𝑐, 𝑐′) =
𝔤
∑
𝑗=1

𝛼𝑗𝛽′𝑗 − 𝛼′𝑗𝛽𝑗 = (𝛼, 𝛽)J(𝛼′, 𝛽′)⊤,

where J is the canonical symplectic matrix on ℝ2𝔤. We denote by Sp(2𝔤, ℝ) the sym-
plectic group, defined by 𝐴 ∈ Sp(2𝔤, ℝ) if 𝐴J𝐴⊤ = J, and let Sp(2𝔤, ℤ) ≔ Sp(2𝔤, ℝ) ∩
GL(2𝔤, ℤ) the subgroup whose coefficients are integers. Any other basis (𝑎′, 𝑏′) =
(𝑎′1, . . . , 𝑎′𝔤, 𝑏′1, . . . 𝑏′𝔤) (not necessarily symplectic) of ℋ1(Σ) is related to (𝑎, 𝑏) =
(𝑎1, . . . , 𝑎𝔤, 𝑏1, . . . , 𝑏𝔤) by a matrix 𝐴 ∈ SL(2𝔤, ℤ) with integer coefficients and of de-
terminant 1

(𝑎′, 𝑏′) = 𝐴(𝑎, 𝑏).
The basis (𝑎′, 𝑏′) is symplectic if and only if 𝐴 ∈ Sp(2𝔤, ℤ). We shall typically use the
notation 𝝈 = (𝜎1, . . . , 𝜎2𝔤) for a basis ofℋ1(Σ) and (𝑎1, 𝑏1, . . . , 𝑎𝔤, 𝑏𝔤) when the basis is
a geometric symplectic basis. We refer to [23, Chapter 6.1] for a detailed discussion
on the symplectic structure of ℋ1(Σ). It follows from the proof of [23, Theorem 6.4]
that each symplectic basis of ℋ1(Σ) can be realized by a geometric symplectic basis.
Finally, as explained in [23, Section 6.3], if 𝜓 ∶ Σ → Σ is an orientation preserving
diffeomorphism, it induces an automorphism 𝜓∗ ∶ ℋ1(Σ) → ℋ1(Σ) which belongs to
Sp(2𝔤, ℤ) (as it preserves the intersection form).
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Figure 3. A geometric symplectic basis ofℋ1(Σ)

3.7. De Rhamfirst cohomology group on closed Riemann surfaces. We equip Σ
with a complex structure 𝐽 ∈ End(𝑇Σ), i.e. satisfying 𝐽2 = −Id. Denote by Λ𝑝Σ ≔
Λ𝑝𝑇∗Σ the bundle of differential 𝑝 forms. Let d ∶ 𝐶∞(Σ, Λ𝑝Σ) → 𝐶∞(Σ, Λ𝑝+1Σ) be the
exterior derivative and ∗ ∶ 𝑇∗Σ → 𝑇∗Σ be the Hodge operator, dual to −𝐽. The Hodge
operator induces a scalar product on the space 𝐶∞(Σ, Λ1Σ) of real valued 1-forms

⟨𝜔, 𝜔′⟩2 ≔∫
Σ
𝜔 ∧ ∗𝜔′.

The formal adjoint of d ∶ 𝐶∞(Σ) → 𝐶∞(Σ, Λ1Σ) with respect to this scalar product on
1-forms and the Riemannian 𝐿2 scalar product on functions is given by d∗ = − ∗ d∗.
The first de Rham cohomology space is defined by

ℋ1(Σ) ≔ ker d|𝐶∞(Σ,Λ1Σ)/ Im d|𝐶∞(Σ).

It is isomorphic to the real vector space of real-valued closed and co-closed forms, or
equivalently real harmonic 1-forms,

Harm1(Σ) = {𝜔 ∈ 𝐶∞(Σ, Λ1Σ) ∣ d𝜔 = 0, d ∗ 𝜔 = 0}.

The spaceℋ1(Σ) is dual toℋ1(Σ) with the duality map given by

ℋ1(Σ) ×ℋ1(Σ) → ℝ, ⟨𝜔, 𝜎⟩ ≔ ∫
𝜍
𝜔

and called the period of 𝜔 over 𝜎. If we fix a basis (𝜎1, . . . , 𝜎2𝔤) ofℋ1(Σ), one can then
find a unique basis (𝜔1, . . . , 𝜔2𝔤) dual to (𝜎1, . . . , 𝜎2𝔤). For𝑅 > 0, we define theℤ-module
consisting of cohomology classes with periods in 2𝜋𝑅ℤ:

(3.5) ℋ1
𝑅(Σ) ≔ {𝜔 ∈ ℋ1(Σ) ∣ ∀𝜎 ∈ ℋ1(Σ), ⟨𝜔, 𝜎⟩ ∈ 2𝜋𝑅ℤ}.

The discussion above implies the following:

Lemma 3.2. Let 𝑅 > 0 and let 𝝈 = (𝜎1, . . . , 𝜎2𝔤) be a basis of ℋ1(Σ). Then there ex-
ist 2𝔤 independent closed smooth 1-forms 𝜔1, . . . , 𝜔2𝔤 forming a basis of ℋ1

𝑅(Σ) dual to
(𝜎1, . . . , 𝜎2𝔤) in the sense that

∀𝑖, 𝑗, 1
2𝜋𝑅 ∫

𝜍𝑖
𝜔𝑗 = 𝛿𝑖𝑗 .

If 𝜔′1, . . . , 𝜔′2𝔤 is another such family, then for each 𝑗 = 1, . . . , 2𝔤 there exists 𝜑𝑗 ∈ 𝐶∞(Σ)
such that𝜔′𝑗 = 𝜔𝑗−d𝜑𝑗 . There is a unique such basis ofℋ1

𝑅 so that in addition d∗𝜔𝑗 = 0
for all 𝑗 = 1, . . . , 2𝔤.
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Wededuce that if𝜔𝑗 are some closed forms as in Lemma3.2, for each𝐤=(𝑘1, . . . , 𝑘2𝔤)
∈ ℤ2𝔤, the form

(3.6) 𝜔𝐤 ≔
2𝔤
∑
𝑗=1

𝑘𝑗𝜔𝑗

satisfies ∫𝜍𝑖 𝜔𝐤 = 𝑘𝑖2𝜋𝑅 and the map 𝐤 ↦ 𝜔𝐤 identifies ℤ2𝔤 withℋ1
𝑅(Σ).

We pursue with a technical lemma that will be useful later:

Lemma 3.3. Let Σ be a closed Riemann surface and let 𝜔 ∈ 𝐶∞(Σ, Λ1Σ) be a closed
1-form. Then

⟨d𝑅𝑔d∗𝜔,𝜔⟩2 = 2𝜋‖(Id − Π1)𝜔‖22,
whereΠ1 ∶ 𝐿2(Σ, Λ1Σ) → Harm1(Σ) is the orthogonal projection.

Proof. We observe the following about the Green’s function: 𝐺𝑔 is the integral kernel
of the operator 𝑅𝑔 = 2𝜋Δ−1𝑔 satisfying

Δ𝑔Δ−1𝑔 = Id − Π0,
where Π0 is the projector on constants with respect to the volume form v𝑔. Let Δ𝑔,1 =
d∗d + dd∗ be the Laplacian on 1-forms and 𝑅𝑔,1 be the operator so that

Δ𝑔,1𝑅𝑔,1 = 𝑅𝑔,1Δ𝑔,1 = 2𝜋(Id − Π1),
where Π1 is the orthogonal projector on Harm1(Σ) = ker d ∩ ker d∗|𝐶∞(Σ,Λ1Σ). Then

Δ𝑔,1 d𝑅𝑔 = dΔ𝑔𝑅𝑔 = 2𝜋d(Id − Π0) = 2𝜋d,
thus applying 𝑅𝑔,1 on the left,
(3.7) 2𝜋(Id − Π1) d𝑅𝑔 = 2𝜋d𝑅𝑔 = 2𝜋𝑅𝑔,1 d.
This proves that if d𝜔 = 0, then

⟨𝑑𝑅𝑔d∗𝜔,𝜔⟩2 = ⟨𝑅𝑔,1 dd∗𝜔,𝜔⟩2 = ⟨𝑅𝑔,1Δ𝑔,1𝜔,𝜔⟩ = 2𝜋‖(1 − Π1)𝜔‖22. □

3.8. Homology and cohomology on surfaces with boundary. Now, let us con-
sider the case of a Riemann surface (Σ, 𝐽) with boundary (note that 𝐽 induces an ori-
entation). Assume that there are 𝔟 boundary connected components 𝜕1Σ, . . . , 𝜕𝔟Σ, ori-
ented positively with respect to the orientation of Σ, and the genus is denoted by 𝔤 ≥ 0.
As for closed surfaces, the first homology group ℋ1(Σ) is represented by oriented

closed curves inΣ. It is isomorphic toℤ2𝔤+𝔟−1. The positively oriented boundary circles
𝑐𝑗 = 𝜕𝑗Σ for 𝑗 = 1, . . . , 𝔟 are elements inℋ1(Σ) and∑

𝔟
𝑗=1[𝑐𝑗] = [𝜕Σ] = 0 is the class

of the boundary, which is trivial. If Σ#2 = Σ#Σ is the double of Σ ((Σ, 𝐽) glued with
(Σ, −𝐽) along the boundary), the inclusion map of the right copy of Σ into Σ#2 induces
a linear injection

𝑖Σ ∶ ℋ1(Σ) → ℋ1(Σ#2)
and the intersection pairing 𝜄 defined above for closed surfaces also makes sense on
Σ using this injection. The involution 𝜏Σ exchanging the right copy of Σ with the left
copy induces a linear map onℋ1(Σ) fixing the boundary curves [𝑐𝑗]. The groupℋ1(Σ)
is generated by ([𝜎1], . . . , [𝜎2𝔤], [𝑐𝑖1], . . . , [𝑐𝑖𝔟−1]) where 𝜎𝑗 are simple curves that do not
intersect 𝜕Σ and 𝑖1, . . . , 𝑖𝔟−1 ∈ {1, . . . , 𝔟} are distinct. Notice that these cycles 𝜎 can
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(a) Surface Σ with a boundary and a basis
of interior cycles

(b) The double Σ#2 with a choice of geo-
metric symplectic basis. The cycles that are
part of the cohomology basis on Σ, com-
pleted to a full cohomology basis in gray.

Figure 4. Homology on the doubled surface

also be viewed as element in the relative homologyℋ1(Σ, 𝜕Σ), and we can assume that
[𝜎𝑗] ≠ 0 inℋ1(Σ, 𝜕Σ). In fact, one can choose (𝜎𝑗)𝑗 to be (𝑎1, 𝑏1, . . . , 𝑎𝔤, 𝑏𝔤) with

𝜄(𝑎𝑗 , 𝑎𝑖) = 0 = 𝜄(𝑏𝑗 , 𝑏𝑖), 𝜄(𝑎𝑗 , 𝑏𝑖) = 𝛿𝑖𝑗 ,
and that the geometric intersection of these curves is at most one point. In particular,
(𝑖Σ(𝑎𝑗), 𝑖Σ(𝑏𝑗))𝑗=1,. . .,𝔤 is a subset of a geometric symplectic basis inℋ1(Σ#2); see Figure
4. We call such a basis

(3.8) (𝑎1, 𝑏1, . . . , 𝑎𝔤, 𝑏𝔤, 𝑐𝑖1 , . . . 𝑐𝑖𝔟−1)
a canonical geometric basis ofℋ1(Σ). Up to renumbering the boundary components,
we will assume that 𝑖𝑗 = 𝑗.
Elements in the relative homology ℋ1(Σ, 𝜕Σ) are represented by either oriented

closed curves or oriented curves with endpoints on the boundary 𝜕Σ. The relative ho-
mologyℋ1(Σ, 𝜕Σ) also has dimension 2𝔤 + 𝔟 − 1. A basis of cycles ofℋ1(Σ, 𝜕Σ) can be
obtained by taking

(3.9) (𝑎1, 𝑏1, . . . , 𝑎𝔤, 𝑏𝔤, 𝑑1, . . . , 𝑑𝔟−1),
where (𝑎𝑗 , 𝑏𝑗) are chosen insideΣ∘ such that the intersection numbers are equal to their
geometric intersection number and are given as in (3.4), and the (𝑑𝑗)𝑗 are disjoint non-
intersecting oriented simple curves, not intersecting ∪𝔤𝑖=1(𝑎𝑖 ∪ 𝑏𝑖), with endpoints on
𝜕Σ and satisfying the following properties:
(1) each oriented arc 𝑑𝑗 has its initial endpoint on a connected component 𝜕𝑖𝑗Σ and

the final endpoint on a different connected component 𝜕𝑓𝑗Σ of 𝜕Σ, and it is tangent
at 𝜕𝑖𝑗Σ to the inward vector field normal to 𝜕Σ and at 𝜕𝑓𝑗Σ to the outward vector field
normal to 𝜕Σ.
(2) The oriented graph 𝒢 whose 𝔟 vertices are 𝜕1Σ, . . . , 𝜕𝔟Σ and oriented edges are

𝑑1, . . . , 𝑑𝔟−1 must be connected and without cycle, i.e. there is no sequence of edges
(𝜕𝑗1Σ, 𝜕𝑗2Σ), . . . , (𝜕𝑗𝑘Σ, 𝜕𝑗𝑘+1Σ) with 𝑗1 = 𝑗𝑘+1. See Figure 5 for an example.
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(a) A canonical geometric basis ofℋ1(Σ)
(b) A canonical geometric basis of
ℋ1(Σ, 𝜕Σ)

Figure 5. Absolute and relative homology on Σ

Such a basis (3.9) will be called a canonical geometric basis ofℋ1(Σ, 𝜕Σ).
The absolute cohomologyℋ𝑘(Σ) of degree 𝑘 ∈ {0, 1, 2} is defined by

ℋ𝑘(Σ) ≔ ker d|𝐶∞
abs(Σ,Λ𝑘Σ)/ Im d|𝐶∞

abs(Σ,Λ𝑘−1Σ),

where, if 𝜈 is the interior pointing unit normal vector to the boundary and 𝜄𝜕Σ ∶ 𝜕Σ → Σ
denotes the inclusion map, we define the set of real-valued absolute forms (𝑖𝜈 denotes
interior product)

𝐶∞
abs(Σ, Λ𝑘Σ) ≔ {𝑢 ∈ 𝐶∞(Σ, Λ𝑘Σ) ∣ 𝜄∗𝜕Σ(𝑖𝜈𝑢) = 0, 𝜄∗𝜕Σ(𝑖𝜈𝑑𝑢) = 0}.

The spaceℋ𝑘(Σ) is isomorphic to the real vector space of real-valued absolute closed
and co-closed forms

Harm𝑘(Σ) ≔ {𝑢 ∈ 𝐶∞(Σ, Λ𝑘Σ) ∣ d𝑢 = 0, d ∗ 𝑢 = 0, 𝜄∗𝜕Σ(𝑖𝜈𝑢) = 0}.

The relative cohomologyℋ𝑘(Σ, 𝜕Σ) of degree 𝑘 ∈ {0, 1, 2} is defined by

ℋ𝑘(Σ, 𝜕Σ) ≔ ker d|𝐶∞
rel(Σ,Λ𝑘Σ)/ Im d|𝐶∞

rel(Σ,Λ𝑘−1Σ),

where
𝐶∞
rel(Σ, Λ𝑘Σ) ≔ {𝑢 ∈ 𝐶∞(Σ, Λ𝑘Σ) ∣ 𝜄∗𝜕Σ𝑢 = 0}.

The space ℋ𝑘(Σ, 𝜕Σ) is isomorphic to the real vector space of real-valued closed and
co-closed relative forms

Harm𝑘(Σ, 𝜕Σ) ≔ {𝑢 ∈ 𝐶∞(Σ, Λ𝑘Σ) ∣ d𝑢 = 0, d ∗ 𝑢 = 0, 𝜄∗𝜕Σ𝑢 = 0}.

The Poincaré duality says that the Hodge star operator

∗ ∶ Harm1(Σ) → Harm1(Σ, 𝜕Σ)

is an isomorphism.



594 C. GUILLARMOU, A. KUPIAINEN, AND R. RHODES

Using the double Σ#2 of Σ obtained by gluing Σ with itself at the boundary and the
natural involution 𝜏Σ on Σ#2, one has thatℋ1(Σ, 𝜕Σ) ≃ {𝑢 ∈ ℋ1(Σ#2) ∣ 𝜏∗Σ𝑢 = −𝑢} and
ℋ1(Σ) ≃ {𝑢 ∈ ℋ1(Σ#2) ∣ 𝜏∗Σ𝑢 = 𝑢}. We recover that

4𝔤 + 2𝔟 − 2 = dimℋ1(Σ#2) = dimℋ1(Σ) + dimℋ1(Σ, 𝜕Σ) = 2 dimℋ1(Σ)
and there are 2𝔤 + 𝔟 − 1 independent forms inℋ1(Σ) (resp. ℋ1(Σ, 𝜕Σ)). The duality
betweenℋ1(Σ) andℋ1(Σ) is given by the pairing

(3.10) ℋ1(Σ) ×ℋ1(Σ) → ℝ, ⟨𝑢, 𝜎⟩ ≔ ∫
𝜍
𝑢.

The fact that ∑𝔟
𝑗=1[𝑐𝑗] = 0 in ℋ1(Σ) becomes simply Stokes formula: for any closed

1-form 𝜔 on Σ
𝔟
∑
𝑗=1

∫
𝑐𝑗
𝜔 = ∫

𝜕Σ
𝜔 = ∫

Σ
d𝜔 = 0.

As in (3.5) we define for 𝑅 > 0
ℋ1

𝑅(Σ) ≔ {𝜔 ∈ ℋ1(Σ) ∣ ∀𝜎 ∈ ℋ1(Σ), ⟨𝜔, 𝜎⟩ ∈ 2𝜋𝑅ℤ}.
For the relative homologyℋ1(Σ, 𝜕Σ), the relative condition ensures that the integral

of a closed 1-form on a curve 𝜎 representing an element [𝜎] ∈ ℋ1(Σ, 𝜕Σ) only depends
on the homotopy class of 𝜎 if the homotopy is such that the endpoints of the family of
curves stay on 𝜕Σ. The relative homologyℋ1(Σ, 𝜕Σ) is dual toℋ1(Σ, 𝜕Σ) by the pairing

(3.11) ℋ1(Σ, 𝜕Σ) ×ℋ1(Σ, 𝜕Σ) → ℝ, ⟨𝑢, 𝜎⟩ ≔ ∫
𝜍
𝑢

and we define
ℋ1

𝑅(Σ, 𝜕Σ) ≔ {𝜔 ∈ ℋ1(Σ, 𝜕Σ) ∣ ∀𝜎 ∈ ℋ1(Σ, 𝜕Σ), ⟨𝜔, 𝜎⟩ ∈ 2𝜋𝑅ℤ}.
The duality isomorphisms (3.10) and (3.11) imply the following:

Lemma 3.4.
(1) Fix a basis ofℋ1(Σ). Let 𝜔1, 𝜔2 ∈ 𝐶∞

abs(Σ, Λ1Σ) such that ∫𝜍 𝜔1 = ∫𝜍 𝜔2 for all 𝜎
in the basis ofℋ1(Σ). Then there is 𝑓 ∈ 𝐶∞(Σ) with 𝜕𝜈𝑓|𝜕Σ = 0 such that

𝜔1 = 𝜔2 + d𝑓.
(2) Fix a basis ofℋ1(Σ, 𝜕Σ). Let 𝜔1, 𝜔2 ∈ 𝐶∞

rel(Σ, Λ1Σ) such that ∫𝜍 𝜔1 = ∫𝜍 𝜔2 for all
𝜎 in the basis ofℋ1(Σ, 𝜕Σ). Then there is 𝑓 ∈ 𝐶∞(Σ) with 𝑓|𝜕Σ = 0 such that

𝜔1 = 𝜔2 + d𝑓.
Now, we will construct particular bases ofℋ1

𝑅(Σ, 𝜕Σ), which have the nice property
of being compactly supported. This will be particularly useful for gluing Segal’s ampli-
tudes later.

Lemma 3.5. Let 𝑅 > 0 and let Σ be an oriented compact surface with genus 𝔤 and 𝔟
boundary connected components 𝜕1Σ, . . . , 𝜕𝔟Σ and 𝜎1, . . . , 𝜎2𝔤+𝔟−1 be a basis ofℋ1(Σ, 𝜕Σ).
Then there is a basis 𝜔𝑐1, . . . , 𝜔𝑐2𝔤+𝔟−1 of ℋ1

𝑅(Σ, 𝜕Σ) made of closed forms that are com-
pactly supported inside the interior Σ∘ of Σ and dual to 𝜎1, . . . , 𝜎2𝔤+𝔟−1 in the sense that

1
2𝜋𝑅 ∫

𝜍𝑘
𝜔𝑐𝑗 = 𝛿𝑗𝑘.
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Moreover, 𝜔𝑐2𝔤+𝑗 = d𝑓𝑗 for some smooth function 𝑓𝑗 on Σ that is locally constant in a
neighborhood of 𝜕Σ.
Proof. Let us start with a basis 𝜔𝑟1, . . . , 𝜔𝑟2𝔤+𝔟−1 of ℋ1(Σ, 𝜕Σ), dual to the basis 𝜎1, . . . ,
𝜎2𝔤+𝔟−1 ofℋ1(Σ, 𝜕Σ) in the sense above. Since 𝜄∗𝜕Σ𝜔𝑟𝑗 = 0, we see that ∫𝜕𝑖Σ 𝜔

𝑟
𝑗 = 0 for

all 𝑖, 𝑗. In particular, in a collar neighborhood 𝑈𝑖 of 𝜕𝑖Σ, we can define for 𝑧𝑖 ∈ 𝜕𝑖Σ

𝑓𝑖𝑗(𝑧) ≔ ∫
𝛼𝑧𝑖,𝑧

𝜔𝑟𝑗

which is a well-defined smooth function in 𝑈𝑖 if 𝛼𝑧𝑖,𝑧 ⊂ 𝑈𝑖 is a smooth curve with
initial endpoint 𝑧𝑖 and final endpoint 𝑧. Notice also that 𝑓𝑖𝑗|𝜕𝑖Σ = 0. Let 𝜒𝑖 ∈ 𝐶∞(Σ)
with support in 𝑈𝑖 and equal to 1 near 𝜕𝑖Σ. Then 𝜔𝑐𝑗 ≔ 𝜔𝑟𝑗 −∑𝔟

𝑖=1 d(𝜒𝑖𝑓𝑖𝑗) belongs to
ℋ1(Σ, 𝜕Σ) and is compactly supported inside Σ∘, and it provides a basis ofℋ1(Σ, 𝜕Σ)
since the integrals of 𝜔𝑐𝑗 on the cycles forming a basis of ℋ1(Σ, 𝜕Σ) are equal to the
integrals of 𝜔𝑟𝑗 on these cycles. The fact that 𝜔𝑐2𝔤+𝑗 = d𝑓𝑗 for some 𝑓𝑗 can be checked
by writing 𝑓𝑗(𝑥) = ∫𝛼𝑥0,𝑥 𝜔

𝑐
2𝔤+𝑗 for some 𝑥0 ∈ 𝜕Σ where 𝛼𝑥0,𝑥 is a smooth curve with

endpoint at 𝑥0 and 𝑥 (depending smoothly on 𝑥), and noticing that the result does not
depend on the curve by our assumptions on 𝜔𝑐2𝔤+𝑗 . It is also locally constant near 𝜕Σ
since 𝜔𝑐2𝔤+𝑗 is compactly supported in Σ∘. □
Lemma 3.6. Let 𝑅 > 0 and let Σ be an oriented compact surface with genus 𝔤 and 𝔟
boundary connected components 𝜕1Σ, . . . , 𝜕𝔟Σ, oriented positively with respect to Σ, let 𝑐𝑖
be the cycle corresponding to 𝜕𝑖Σ. Let (𝜎𝑗)𝑗=1,. . .,2𝔤 be independent cycles ofℋ1(Σ) so that
((𝜎𝑗)𝑗≤2𝔤, (𝑐𝑖)𝑖≤𝔟−1) form a basis ofℋ1(Σ). Then there are 𝔟−1 independent closed forms
𝜔a2 , . . . , 𝜔a𝔟 inℋ1

𝑅(Σ) such that

∀ℓ = 2, . . . , 𝔟, 1
2𝜋𝑅 ∫

𝜕1Σ
𝜔aℓ = −1, ∀𝑖 ∈ [2, 𝔟], 1

2𝜋𝑅 ∫
𝜕𝑖Σ

𝜔aℓ = 𝛿ℓ𝑖,

∀𝑗 = 1, . . . , 2𝔤, ∀ℓ = 2, . . . , 𝔟, ∫
𝜍𝑗
𝜔aℓ = 0.

Moreover, 𝜔aℓ can be chosen so that𝜔aℓ|𝑈𝑖 = 0 for some open neighborhood𝑈𝑖 of 𝜕𝑖Σ if 𝑖 ∉
{ℓ, 1}, while in 𝑈ℓ and 𝑈1, there are biholomorphisms 𝜓ℓ ∶ {𝑧 ∈ ℂ ∣ |𝑧| ∈ (𝛿, 1]} → 𝑈ℓ
and 𝜓1 ∶ {𝑧 ∈ ℂ ∣ |𝑧| ∈ (𝛿, 1]} → 𝑈1 for some 𝛿 < 1 such that 𝜓ℓ(𝕋) = 𝜕ℓΣ, 𝜓1(𝕋) = 𝜕1Σ
and if 𝑧 = 𝑟𝑒𝑖𝜃 are radial coordinates

𝜓∗ℓ𝜔aℓ = 𝑅 d𝜃, 𝜓∗1𝜔aℓ = −𝑅 d𝜃.
Proof. Let us take 𝜔2, . . . , 𝜔𝔟 ∈ ℋ1(Σ) such that (2𝜋𝑅)−1 ∫𝑐𝑖 𝜔ℓ = 𝛿𝑖ℓ for 𝑖 ∈ [2, 𝔟] and
∫𝜍𝑗 𝜔ℓ = 0 for all 𝑗 ≤ 2𝔤. We necessarily have (2𝜋𝑅)−1 ∫𝑐1 𝜔ℓ = −1 since∑𝔟

𝑖=1 𝑐𝑖 = 0 in
ℋ1(Σ). With the arguments of Lemma 3.5, we can replace𝜔ℓ by𝜔′ℓ ≔ 𝜔ℓ−∑𝑖∉{1,ℓ} d𝑓ℓ𝑖
for some 𝑓ℓ𝑖 ∈ 𝐶∞(Σ) supported in 𝑈𝑖 so that supp(𝜔′ℓ) ∩ 𝜕𝑖Σ = ∅ for 𝑖 ∉ {ℓ, 1}.
Now, in 𝑈ℓ, we see that 𝜔′ℓ − 𝑅(𝜓ℓ)∗d𝜃 integrates to 0 on 𝑐ℓ = 𝜕ℓΣ. Therefore there is
𝑓ℓℓ ∈ 𝐶∞(𝑈ℓ) with compact support in 𝑈ℓ such that 𝜔′ℓ = 𝑅(𝜓ℓ)∗d𝜃 + d𝑓ℓℓ in 𝑈ℓ. The
same argument shows that there is 𝑓ℓ𝔟 ∈ 𝐶∞(𝑈𝔟) with compact support in 𝑈𝔟 such
that 𝜔′ℓ = −𝑅(𝜓𝔟)∗d𝜃 + d𝑓ℓ𝔟 in 𝑈𝔟, and we can just choose

𝜔aℓ ≔ 𝜔ℓ −
𝔟
∑
𝑖=1

d𝑓ℓ𝑖
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which satisfies the desired properties. □

3.9. Gluing of surfaces and homology/cohomology. Consider two surfaces Σ1, Σ2
with parametrised boundary 𝜻𝑖 = (𝜁𝑖1, . . . , 𝜁𝑖𝔟𝑖 ) for 𝑖 = 1, 2 where 𝜁𝑖𝑗 ∶ 𝕋 → 𝜕𝑗Σ𝑖 by
identifying 𝜕1Σ1 ∼ 𝜕1Σ2 using the parametrisations of the boundary. We can construct
a basis of homology on the glued surface Σ ≔ Σ1#Σ2 from bases of relative/absolute
homology/cohomology on Σ𝑗 .

Lemma 3.7. For 𝑖 = 1, 2, let Σ𝑖 be two oriented surfaces with genus 𝔤𝑖 and 𝔟𝑖 boundary
connected components parametrised by 𝜻𝑖 = (𝜁𝑖1, . . . , 𝜁𝑖𝔟𝑖 )with 𝜁𝑖𝑗 ∶ 𝕋 → 𝜕𝑗Σ𝑖 all oriented
positively. Let Σ be the oriented surface obtained by gluing Σ1 to Σ2 using the identifica-
tions 𝜕1Σ1 ∼ −𝜕1Σ2 given by 𝜁11(𝑒𝑖𝜃) = 𝜁21(𝑒−𝑖𝜃). The surface Σ has genus 𝔤1 + 𝔤2 and
𝔟1 + 𝔟2 − 2 boundary connected components.
(1) Let𝝈𝑖 ≔ 𝑆𝑖∪𝐷𝑖 be a canonical geometric basis of the relative homologyℋ1(Σ𝑖, 𝜕Σ𝑖)

as described in (3.9) for 𝑖 = 1, 2, with

𝑆𝑖 = (𝑎𝑖1, 𝑏𝑖1, . . . , 𝑎𝑖𝔤𝑖 , 𝑏𝑖𝔤𝑖 ), 𝐷𝑖 ≔ (𝑑𝑖1, . . . , 𝑑𝑖𝔟𝑖−1)

and where 𝑑𝑖1 are chosen so that the endpoint of 𝑑11 on 𝜕1Σ1 coincides with the endpoint
of 𝑑21 on 𝜕1Σ2. Let

𝐷 ≔ 𝑑21 − 𝑑11 ⊂ ℋ1(Σ, 𝜕Σ), 𝐷̂𝑖 = (𝑑𝑖2, . . . , 𝑑𝑖𝔟𝑖−1) ⊂ ℋ1(Σ, 𝜕Σ),

where we identify cycles inΣ𝑖 with their image inΣ induced by the inclusionΣ𝑖 → Σ. Then
the set

(3.12) 𝝈 ≔ 𝐷 ∪ 𝑆1 ∪ 𝑆2 ∪ 𝐷̂1 ∪ 𝐷̂2 ⊂ ℋ1(Σ, 𝜕Σ)

(a) Relative homology on Σ1 and Σ2

(b) A canonical geometric basis ofℋ1(Σ, 𝜕Σ)

Figure 6. Gluing relative homology bases on Σ = Σ1#Σ2
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forms a canonical geometric basis ofℋ1(Σ, 𝜕Σ). See Figure 6. We say that 𝝈 is the gluing
of the relative homology bases 𝝈1 and 𝝈2 and we use the notation

𝝈 = 𝝈1#𝝈2.

(2) Let 𝝈𝑖 = 𝑆𝑖 ∪ 𝐶𝑖 be a canonical geometric basis of the absolute homologyℋ1(Σ𝑖)
as described in (3.8) for 𝑖 = 1, 2, with

𝑆𝑖 = (𝑎𝑖1, 𝑏𝑖1, . . . , 𝑎𝑖𝔤𝑖 , 𝑏𝑖𝔤𝑖 ), 𝐶𝑖 = (𝑐𝑖2 . . . , 𝑐𝑖𝔟𝑖 ) ⊂ ℋ1(Σ𝑖)

and 𝑐𝑖𝑗 = 𝜕𝑗Σ𝑖 the positively oriented boundary cycles associated to 𝜕1Σ𝑖, . . . , 𝜕𝔟𝑖−1Σ𝑖. Let

̂𝐶𝑖 = (𝑐𝑖2, . . . , 𝑐𝑖(𝔟𝑖−1)) ⊂ ℋ1(Σ),

where we identify cycles inΣ𝑖 with their image inΣ induced by the inclusionΣ𝑖 → Σ. Then
the set

(3.13) 𝝈 ≔ 𝑆1 ∪ 𝑆2 ∪ 𝐶1 ∪ ̂𝐶2 ⊂ ℋ1(Σ)

is a canonical geometric basis ofℋ1(Σ). See Figure 7. We say that 𝝈 is the gluing of the
absolute homology bases 𝝈1 and 𝝈2 and we use the notation

𝝈 = 𝝈1#𝝈2.

(3) For 𝑖 = 1, 2, let𝜔𝑖,c1 , . . . , 𝜔𝑖,c2𝔤𝑖+𝔟𝑖−1 ∈ ℋ1
𝑅(Σ𝑖, 𝜕Σ𝑖) be the compactly supported basis

from Lemma 3.5 associated to 𝑆𝑖 ∪ 𝐷𝑖, with 𝜔𝑖,c2𝔤𝑖+𝑗 being the form dual to 𝑑𝑖𝑗 for 𝑗 =
1, . . . , 𝔟𝑖 − 1. Let 𝜔1,a2 , . . . , 𝜔1,a𝔟1 ∈ ℋ1

𝑅(Σ1) and 𝜔2,a1 , . . . , 𝜔2,a𝔟2−1 ∈ ℋ1
𝑅(Σ2) be the closed

forms from Lemma 3.6 chosen such that,

∀𝑗, ℓ ∈ [2, 𝔟1],
1

2𝜋𝑅 ∫
𝑐11

𝜔1,a𝑗 = −1, 1
2𝜋𝑅 ∫

𝑐1ℓ
𝜔1,a𝑗 = 𝛿𝑗ℓ,

∀𝑗, ℓ ∈ [1, 𝔟2 − 1], 1
2𝜋𝑅 ∫

𝑐2𝔟2

𝜔2,a𝑗 = −1, 1
2𝜋𝑅 ∫

𝑐2ℓ
𝜔2,a𝑗 = 𝛿𝑗ℓ.

Then 𝜔𝑖,c1 , . . . , 𝜔𝑖,c2𝔤𝑖+𝔟𝑖−1 ⊂ ℋ1
𝑅(Σ𝑖, 𝜕Σ𝑖) for 𝑖 = 1, 2, and 𝜔2,a2 , . . . , 𝜔2,a𝔟2−1 ⊂ ℋ1

𝑅(Σ2), can
all be considered as smooth closed forms on Σ, extending them by 0 outside Σ𝑗 and Σ2
respectively — recall that 𝜔2,a𝑗 = 0 near 𝜕1Σ2 for 𝑗 > 1. The forms

𝜔a𝑗 ≔ 𝟏Σ1𝜔
1,a
𝑗 + 𝟏Σ⧵Σ1𝜔

2,a
1 for 𝑗 ∈ [2, 𝔟1]

are also smooth and closed on Σ. The set

(3.14) 𝜔1,c1 , . . . , 𝜔1,c2𝔤1 , 𝜔
2,c
1 , . . . , 𝜔2,c2𝔤2 , 𝜔

1,a
2 , . . . , 𝜔1,a𝔟1 , 𝜔

2,a
2 , . . . 𝜔2,a𝔟2−1

is a basis ofℋ1
𝑅(Σ), dual to (3.13). The set

(3.15) 𝜔1,c1 , . . . , 𝜔1,c2𝔤1+𝔟1−1, 𝜔
2,c
1 , . . . , 𝜔2,c2𝔤2 , 𝜔

2,c
2𝔤2+2, . . . , 𝜔

2,c
2𝔤2+𝔟2−1

is a basis ofℋ1
𝑅(Σ, 𝜕Σ), dual to (3.12).

Proof. Part (1) is a straightforward exercise of topology using Mayer-Vietoris. For (2),
first consider the relative cohomology case. It is readily checked that the forms 𝜔𝑖,𝑐𝑗
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have vanishing integrals on all cycles of (3.12) except
1

2𝜋𝑅 ∫
𝑑11−𝑑21

𝜔1,𝑐2𝔤1+1 = 1, 1
2𝜋𝑅 ∫

𝑑1𝑗
𝜔1,𝑐2𝔤1+𝑗 = 1 if 𝑗 ∈ [2, 𝔟1 − 1],

1
2𝜋𝑅 ∫

𝑑2𝑗
𝜔2,𝑐2𝔤2+𝑗 = 1, if 𝑗 ∈ [2, 𝔟2 − 1], 1

2𝜋𝑅 ∫
𝜍𝑖𝑗

𝜔𝑖,𝑐𝑗 = 1 if 𝑗 ∈ [1, 2𝔤𝑖],

where (𝜎𝑖1, . . . , 𝜎𝑖2𝔤𝑖 ) = (𝑎𝑖1, 𝑏𝑖1, . . . , 𝑎𝑖𝔤𝑖 , 𝑏𝑖𝔤𝑖 ). This shows that (3.15) is a dual basis to
(3.12).
Similarly, the forms𝜔2,a𝑗 and𝜔a𝑗 have vanishing integrals on all cycles of (3.12) except

for the following
1

2𝜋𝑅 ∫
𝑐1𝑗
𝜔𝑎𝑗 = 1 if 𝑗 ∈ [2, 𝔟1],

1
2𝜋𝑅 ∫

𝑐2𝑗
𝜔2,𝑎𝑗 = 1 if 𝑗 ∈ [2, 𝔟2 − 1]

which implies, using the pairing we already did in the relative case, that (3.14) is a dual
basis to (3.13). □

(a) Homology bases on Σ1 and Σ2

(b) Homology basis ofℋ1(Σ)

Figure 7. Gluing homology bases on Σ = Σ1#Σ2

Similarly, with the same argument, we can glue two boundary components on a
connected oriented surface.

Lemma 3.8. Let Σ be an oriented surface with genus 𝔤 and 𝔟 boundary connected com-
ponents 𝜁ℓ ∶ 𝕋 → 𝜕ℓΣ for ℓ ∈ [1, 𝔟], all oriented positively. Let Σ# be the oriented surface
obtained by identifying 𝜕1Σ ∼ −𝜕2Σ in Σ via 𝜁1(𝑒𝑖𝜃) = 𝜁2(𝑒−𝑖𝜃), where the minus sign
−𝜕2Σ denotes 𝜕2Σ with the reverse orientation. The surface Σ# has genus 𝔤 + 1 and 𝔟 − 2
boundary connected components.
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(1) Let 𝝈 = 𝑆 ∪ 𝐷 be a canonical geometric basis of the relative homologyℋ1(Σ, 𝜕Σ)
as described in (3.9), with

𝑆 = (𝑎1, . . . , 𝑎𝔤𝑗 , 𝑏1, . . . , 𝑏𝔤), 𝐷 ≔ (𝑑1, . . . , 𝑑𝔟−1)
and where 𝑑1 is chosen so that the endpoint of 𝑑1 on 𝜕1Σ coincides with the endpoint of
𝑑1 on 𝜕2Σ after gluing 𝜕1Σ with 𝜕2Σ. Let

𝐶 = (𝑐1, . . . , 𝑐𝔟) ⊂ ℋ1(Σ)
be the boundary cycles associated to 𝜕1Σ, . . . , 𝜕𝔟Σ and let 𝑐#ℓ and 𝑑#ℓ the images of 𝑐ℓ and
𝑑ℓ in Σ# after gluing; in particular 𝑐#1 = −𝑐#2 and 𝑑#1 is a closed curve. The set
(3.16) 𝝈# ≔ 𝑆 ∪ 𝑑#1 ∪ 𝑐#1 ∪ ∪𝔟−1ℓ=3𝑑#𝑗 ⊂ ℋ1(Σ, 𝜕Σ)
is a basis ofℋ1(Σ#, 𝜕Σ#).
(2) With the same notation as in (1), the set

(3.17) 𝝈# ≔ 𝑆 ∪ 𝑑#1 ∪ 𝑐#1 ∪ ∪𝔟−1ℓ=3𝑐#ℓ ⊂ ℋ1(Σ#)
is a canonical geometric basis ofℋ1(Σ#).
(3) Let 𝜔c1, . . . , 𝜔c2𝔤+𝔟−1 ∈ ℋ1(Σ, 𝜕Σ) be the compactly supported basis from Lemma

3.5 associated to 𝑆 ∪ 𝐷, with 𝜔c2𝔤+ℓ being the form dual to 𝑑ℓ for ℓ = 1, . . . , 𝔟 − 1. Let
𝜔a1 , . . . , 𝜔a𝔟−1 ∈ ℋ1(Σ) be the closed forms from Lemma 3.6. Then the forms 𝜔a1 −𝜔a2 and
𝜔c2𝔤+1 both induce smooth closed 1-forms 𝜔𝑐#1 and 𝜔𝑑#1 on the glued surface Σ

#. The set

(3.18) 𝜔c1, . . . , 𝜔c2𝔤, 𝜔𝑑#1 , 𝜔𝑐#1 , 𝜔
a
3 , . . . , 𝜔a𝔟−1

is a basis ofℋ1(Σ#), dual to (3.17). The set
(3.19) 𝜔c1, . . . , 𝜔c2𝔤, 𝜔𝑑#1 , 𝜔𝑐#1 , 𝜔

c
2𝔤+3, . . . , 𝜔c2𝔤+𝔟−1

is a basis ofℋ1(Σ#, 𝜕Σ#), dual to (3.16).
3.10. Equivariant functions and distributions. Let Σ be a compact Riemann sur-
face, with or without boundary. We let 𝔟 ≥ 0 the number of boundary connected
components and 𝔤 the genus, and 𝛽1 = dimℋ1(Σ) the first Betti number (𝛽1 = 2𝔤 if
𝜕Σ = ∅ and 𝛽1 = 2𝔤 + 𝔟 − 1 if 𝜕Σ ≠ ∅). The universal cover 𝜋 ∶ Σ̃𝑥0 → Σ of Σ can be
constructed from a fixed base point 𝑥0 ∈ Σ as the set of continuous paths 𝑐 ∶ [0, 1] → Σ
with 𝑐(0) = 𝑥0 up to homotopy. It has a distinguished point ̃𝑥0 projecting to 𝑥0 (given
by the curve 𝑐(𝑡) = 𝑐(0) = 𝑥0), and we can view the fundamental group 𝜋1(Σ, 𝑥0) as a
group of deck transformations on Σ̃𝑥0 .
For each closed 1-form 𝜔 on Σ (possibly with a boundary), we can construct a func-

tion (a primitive) of 𝜔 on Σ̃𝑥0 by

(3.20) 𝐼𝑥0(𝜔)( ̃𝑥) = ∫
𝛼𝑥0,𝑥

𝜔,

where the integral is along any 𝐶1 path 𝛼𝑥0,𝑥 ∶ [0, 1] → Σ such that 𝛼𝑥0,𝑥(0) = 𝑥0,
𝛼𝑥0,𝑥(1) = 𝑥 ≔ 𝜋( ̃𝑥) and 𝛼𝑥0,𝑥 lifts to Σ̃ = Σ̃𝑥0 as a curve with initial point ̃𝑥0 and
endpoint ̃𝑥. Notice that d𝐼𝑥0(𝜔) = 𝜋∗𝜔, and if 𝜔 is harmonic on Σ then 𝐼𝑥0(𝜔) is a
harmonic function on Σ̃.
Lemma 3.9. Let 𝜔 ∈ ℋ1

𝑅(Σ) be a closed 1-form on Σ with integrals in 2𝜋𝑅ℤ along the
homology curves. Then 𝑒

𝑖
𝑅 𝐼𝑥0 (𝜔) descends to a well-defined smooth function on Σ.
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Proof. For 𝑥 ∈ Σ̃𝑥0 and 𝛾 ∈ 𝜋1(Σ, 𝑥0), one has

𝐼𝑥0(𝜔)(𝛾.𝑥) − 𝐼𝑥0(𝜔)(𝑥) =∫
𝛼𝑥,𝛾.𝑥

𝜋∗𝜔 ∈ 2𝜋𝑅ℤ,

where 𝛼𝑥,𝑦 is any 𝐶1(Σ̃𝑥0) curve with 𝛼(0) = 𝑥 and 𝛼(1) = 𝑦 and 𝛼𝑥,𝛾.𝑥 descends to a
closed curve on Σ, thus an element inℋ1(Σ). This shows that 𝑒

𝑖
𝑅 𝐼𝑥0 (𝜔) is invariant by

𝜋1(Σ, 𝑥0), and thus descends on Σ as a smooth function. □

We can now define the space of equivariant functions on Σ̃ = Σ̃𝑥0 : let Γ ≔ 𝜋1(Σ, 𝑥0)
be the fundamental group of Σ, then we define the ℤ-module

𝐶∞
Γ (Σ̃) ≔ {𝑢 ∈ 𝐶∞(Σ̃) ∣ ∀𝛾 ∈ Γ, 𝛾∗𝑢 − 𝑢 ∈ 2𝜋𝑅ℤ}.

This space of functions can also be defined by the property that 𝑒𝑖
𝑢
𝑅 is a smooth function

that descends on Σ. Now, we observe that each 𝑢 ∈ 𝐶∞
Γ (Σ̃) induces a map

𝜒ᵆ ∶ Γ → 2𝜋𝑅ℤ, 𝜒ᵆ(𝛾) ≔ 𝛾∗𝑢 − 𝑢.

One easily checks that 𝜒ᵆ(Id) = 0 and 𝜒ᵆ(𝛾1𝛾2) = 𝜒ᵆ(𝛾1)+𝜒ᵆ(𝛾2), so that 𝜒ᵆ is a group
morphism. Now, each group morphism 𝜒 ∶ Γ → 2𝜋𝑅ℤ is equivalent to an element in
ℋ1

𝑅(Σ). Fixing a basis 𝜔1, . . . , 𝜔𝛽1 ofℋ1
𝑅(Σ) there is 𝐤 ∈ ℤ𝛽1 such that 𝜒(𝛾) = ∫𝛾 𝜔𝐤 for

all 𝛾 ∈ Γ if 𝜔𝐤 = ∑𝛽1
𝑗=1 𝑘𝑗𝜔𝑗 . We denote 𝜒𝐤 this morphism associated to 𝜔𝐤. Next we

define

𝐶∞
𝜒 (Σ̃) ≔ {𝑢 ∈ 𝐶∞(Σ̃) ∣ ∀𝛾 ∈ Γ, 𝛾∗𝑢 − 𝑢 = 𝜒(𝛾)} ⊂ 𝐶∞

Γ (Σ̃).

For 𝑢 ∈ 𝐶∞
𝜒𝐤(Σ̃), we see that 𝑢 − 𝐼𝑥0(𝜔𝐤) is Γ-invariant, thus descends to a smooth

function on Σ. We can thus rewrite the affine space 𝐶∞
𝜒𝐤(Σ̃) under the form

𝐶∞
𝜒𝐤(Σ̃) = {𝜋∗𝑓 + 𝐼𝑥0(𝜔𝐤) | 𝑓 ∈ 𝐶∞(Σ)}.

The discussion above shows that

𝐶∞
Γ (Σ̃) = ∪𝐤∈ℤ𝛽1𝐶∞

𝜒𝐤(Σ̃).

In particular, if the representatives 𝜔𝐤 of the cohomology spaceℋ1
𝑅(Σ) are fixed, each

𝑢 ∈ 𝐶∞
Γ (Σ̃) can be written in a unique way as 𝑢 = 𝜋∗𝑓 + 𝐼𝑥0(𝜔𝐤) for some 𝑓 ∈ 𝐶∞(Σ)

and some 𝐤 ∈ ℤ𝛽1 . We can also consider, for 𝑠 ∈ ℝ, the Sobolev ℤ-module

(3.21) 𝐻𝑠
Γ(Σ̃) ≕ {𝑓 ∈ 𝐻𝑠

loc(Σ̃) ∣ ∀𝛾 ∈ Γ, 𝛾∗𝑓 − 𝑓 ∈ 2𝜋𝑅ℤ},

where𝐻𝑠
loc(Σ̃) is the space of distributions that are in the Sobolev space𝐻𝑠(𝑈) on each

relatively compact open set 𝑈 ⊂ Σ̃. As for smooth functions, each 𝑢 ∈ 𝐻𝑠
Γ(Σ̃) can be

written as 𝑢 = 𝜋∗𝑓 + 𝐼𝑥0(𝜔𝐤) for some 𝑓 ∈ 𝐻𝑠(Σ) and some 𝐤 ∈ ℤ𝛽1 . In other words,
we get an identification

ℤ𝛽1 × 𝐻𝑠(Σ) → 𝐻𝑠
Γ(Σ̃), (𝐤, 𝑓) ↦ 𝜋∗𝑓 + 𝐼𝑥0(𝜔𝐤).
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3.11. Harmonic 1-formswith poles at prescribedmarked points. Let Σ be a Rie-
mann surface of genus 𝔤, with or without boundary. In case there is a boundary,
we denote 𝜕𝑗Σ for 𝑗 = 1, . . . , 𝔟 the oriented boundary connected components, where
𝜍𝑗 = −1 if the boundary 𝜕𝑗Σ is outgoing (i.e. positive) and 𝜍𝑗 = 1 if it is incoming. We
write 𝛽1 = dimℋ1(Σ) the first Betti number. Consider some distinct marked points
𝐳 = (𝑧1, . . . , 𝑧𝑛) ∈ Σ𝑛 in the interior of Σ, and we denote by {𝐳} = ∪𝑗𝑧𝑗 the union of
these points as a set in Σ. We attach some winding numbers𝐦 ≔ (𝑚1, . . . , 𝑚𝑛) ∈ ℤ𝑛
to these points, these will be called magnetic charges. Denote by 𝑈1, . . . , 𝑈𝑛 neighbor-
hoods of 𝑧1, . . . , 𝑧𝑛 and biholomorphic maps 𝜓𝑗 ∶ 𝔻 → 𝑈𝑗 such that 𝜓𝑗(0) = 𝑧𝑗 and
which extends holomorphically in a larger disc 𝛿−1𝔻 for some 𝛿 < 1. In the disc𝔻, we
can use the variable 𝑧 = 𝑟𝑒𝑖𝜃 and we denote by d𝜃 the 1-form in 𝔻 ⧵ {0} that is closed
and coclosed in that pointed disk.

Proposition 3.10. Let 𝝈 = (𝜎1, . . . , 𝜎𝛽1) ⊂ ℋ1(Σ) be a basis realized by closed curves not
intersecting the disks 𝑈𝑗 around 𝑧𝑗 , and such that 𝜎2𝔤+ℓ = 𝜕ℓΣ for ℓ = 1, . . . , 𝔟 − 1 and
𝜎ℓ ∩ 𝜕Σ = ∅ if ℓ ≤ 2𝔤. Let 𝐤 = (𝑘1, . . . , 𝑘𝔟) ∈ ℤ𝔟 and 𝐦 ≔ (𝑚1, . . . , 𝑚𝑛) ∈ ℤ𝑛 and
assume that ∑𝔟

ℓ=1 𝜍ℓ𝑘ℓ + ∑𝑛
𝑗=1𝑚𝑗 = 0. Then there exists a smooth real valued closed

1-form on Σ ⧵ {𝑧1, . . . , 𝑧𝑛}, denoted by 𝜈𝐳,𝐦 if 𝜕Σ = ∅, resp. 𝜈𝐳,𝐦,𝐤 if 𝜕Σ ≠ ∅, such that
𝜄𝜕Σ(𝑖𝜈𝜈𝐳,𝐦,𝐤) = 0 (with 𝜈 the interior pointing vector at 𝜕Σ) and

{𝜓
∗
𝑗 (𝜈𝐳,𝐦|𝑈𝑗 ) = 𝑚𝑗𝑅d𝜃, 𝜕Σ = ∅,
𝜓∗𝑗 (𝜈𝐳,𝐦,𝐤|𝑈𝑗 ) = 𝑚𝑗𝑅d𝜃, 𝜕Σ ≠ ∅

and such that for all 𝑗 = 1, . . . , 2𝔤 and ℓ = 1, . . . , 𝔟,

{
∫𝜍𝑗 𝜈𝐳,𝐦 = 0, 𝜕Σ = ∅,
∫𝜍𝑗 𝜈𝐳,𝐦,𝐤 = 0 and 1

2𝜋𝑅
∫𝜕ℓΣ 𝜈𝐳,𝐦,𝐤 = 𝜍ℓ𝑘ℓ, 𝜕Σ ≠ ∅.

If 𝜓𝑛+ℓ ∶ {𝑧 ∈ ℂ ∣ |𝑧| ∈ (𝛿, 1]} → 𝑉ℓ is a biholomorphism for some 𝛿 < 1 and 𝑉ℓ
a collar neighborhood of 𝜕ℓΣ, the form 𝜈𝐳,𝐦,𝐤 can be chosen so as to satisfy in addition
𝜓∗𝑛+ℓ𝜈𝐳,𝐦,𝐤 = −𝑘ℓ𝑅d𝜃 near 𝕋. The form 𝜈𝐳,𝐦 satisfies d∗𝜈𝐳,𝐦 ∈ 𝐶∞(Σ) ∩ 𝐶∞

𝑐 (Σ ⧵ {𝐳})
when 𝜕Σ = ∅ and d∗𝜈𝐳,𝐦,𝐤 ∈ 𝐶∞(Σ) ∩ 𝐶∞

𝑐 (Σ ⧵ {𝐳}) when 𝜕Σ ≠ ∅. Moreover we have, in
the distribution sense,

{
d𝜈𝐳,𝐦 = −2𝜋𝑅∑𝑛

𝑗=1𝑚𝑗𝛿𝑧𝑗 𝜕Σ = ∅,
d𝜈𝐳,𝐦,𝐤 = −2𝜋𝑅∑𝑛

𝑗=1𝑚𝑗𝛿𝑧𝑗 𝜕Σ ≠ ∅,
where 𝛿𝑧𝑗 is the Dirac measure at 𝑧𝑗 . There is a unique real-valued closed and coclosed
1-form 𝜈h𝐳,𝐦 if 𝜕Σ = ∅, resp. 𝜈h𝐳,𝐦,𝐤 if 𝜕Σ ≠ ∅, on Σ ⧵ {𝐳} such that

(3.22) {𝜈
h
𝐳,𝐦 − 𝜈𝐳,𝐦 = d𝑓𝐦, 𝜕Σ = ∅,
𝜈h𝐳,𝐦,𝐤 − 𝜈𝐳,𝐦,𝐤 = d𝑓𝐦,𝐤, 𝜕Σ ≠ ∅

for some 𝑓𝐦 ∈ 𝐶∞(Σ) if 𝜕Σ = ∅, resp. 𝑓𝐦,𝐤 ∈ 𝐶∞(Σ) with 𝑓𝐦,𝐤|𝜕Σ = 0 if 𝜕Σ ≠ ∅.

Proof. Let Σ̂ ≔ Σ⧵∪𝑛𝑗=1𝜓𝑗(𝔻∘). For the first claim, when 𝜕Σ = ∅ it suffices to take a lin-
ear combination 𝜈𝐳,𝐦 = −∑𝑛

𝑗=2𝑚𝑗𝜔a𝑗 of the forms 𝜔a𝑗 of Lemma 3.6 applied to the sur-
face with boundary Σ̂, and extend smoothly this form by setting 𝜈𝐳,𝐦|𝑈𝑗 =(𝜓𝑗)∗(𝑚𝑗𝑅d𝜃)
for all 𝑗 = 1, . . . , 𝑛. Here, we notice that we apply Lemma 3.6 with the biholomor-
phisms ̂𝜓𝑗 ∶ 𝑧 ↦ 𝜓𝑗(1/𝑧) to get the right orientation of 𝜕𝑗Σ̂ needed for that Lemma,
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which is the reason of the minus sign in front of𝑚𝑗 in the choice of 𝜈𝐳,𝐦. Next, assume
𝜕Σ ≠ ∅ and, for simplicity of exposition, that the boundary components are all outgo-
ing. We define 𝜕𝑗Σ̂ ≔ 𝜕𝑈𝑗 for 𝑗 = 1, . . . , 𝑛 (oriented negatively in Σ) and 𝜕𝑛+𝑗Σ̂ ≔ 𝜕𝑗Σ
when 𝑗 = 1, . . . , 𝔟 (oriented positively in Σ̂) and for ℓ > 𝑛we choose biholomorphisms
𝜓ℓ ∶ {𝑧 ∈ ℂ ∣ |𝑧| ∈ (𝛿, 1]} → 𝑉ℓ for some 𝛿 < 1 and 𝑉ℓ a collar neighborhood of 𝜕ℓΣ̂.
We then set 𝜈𝐳,𝐦,𝐤 = −∑𝑛

𝑗=2𝑚𝑗𝜔a𝑗 +∑
𝔟
𝑗=1 𝑘𝑗𝜔a𝑛+𝑗 where the forms 𝜔a𝑗 are the forms of

Lemma 3.6 applied to the surface with boundary Σ̂, chosen so that near 𝕋 we have
∀𝑗 > 𝑛, ∀𝑖 > 1, 𝜓∗𝑖𝜔a𝑗 = 𝛿𝑖𝑗𝑅d𝜃, and 𝜓∗1𝜔a𝑗 = 𝑅d𝜃,

∀𝑗 ∈ [2, 𝑛], ∀𝑖 > 1, 𝜓∗𝑖𝜔a𝑗 = −𝛿𝑖𝑗𝑅d𝜃 and 𝜓∗1𝜔a𝑗 = 𝑅d𝜃.

Notice that near 𝕋, we have

𝜓∗1𝜈𝐳,𝐦,𝐤 = −
𝑛
∑
𝑗=2

𝑚𝑗𝜓∗1𝜔a𝑗 +
𝔟
∑
𝑗=1

𝑘𝑗𝜓∗1𝜔a𝑛+𝑗 = (−
𝑛
∑
𝑗=2

𝑚𝑗 +
𝔟
∑
𝑗=1

𝑘𝑗)𝑅d𝜃 = 𝑚1𝑅d𝜃

∀𝑗 = 2, . . . , 𝑛, 𝜓∗𝑗 𝜈𝐳,𝐦,𝐤 = 𝑚𝑗𝑅d𝜃

and we extend smoothly 𝜈𝐳,𝐦,𝐤 on 𝑈𝑗 by setting 𝜈𝐳,𝐦,𝐤|𝑈𝑗 = (𝜓𝑗)∗(𝑚𝑗𝑅d𝜃) for all 𝑗 =
1, . . . , 𝑛. In both cases, 𝜕Σ = ∅ or 𝜕Σ ≠ ∅, the forms 𝜈𝐳,𝐦 and 𝜈𝐳,𝐦,𝐤 satisfy the desired
properties. Next, we compute d𝜈𝐳,𝐦 and d∗𝜈𝐳,𝐦 in the distribution sense. Using that
d ∗ d𝜃 = 0 in 𝔻 ∩ {|𝑧| > 𝜖} and that ∗d𝜃 = −d𝑟/𝑟, if 𝑓 ∈ 𝐶∞

𝑐 (𝔻∘) is real valued we get

⟨d∗𝜈𝐳,𝐦, 𝑓⟩ = ∫
Σ
𝜈𝐳,𝐦 ∧ ∗d𝑓 = lim

𝜖→0
∫
|𝑧|>𝜖

𝜈𝐳,𝐦 ∧ ∗d𝑓 = − lim
𝜖→0

∫
|𝑧|=𝜖

𝑓 ∗ 𝜈𝐳,𝐦 = 0

which shows that d∗𝜈𝐳,𝐦 = 0 in the distribution sense near 𝑧𝑗 , and d∗𝜈𝐳,𝐦 is thus
smooth on Σ since 𝜈𝐳,𝐦 is smooth outside {𝐳}. Now for d𝜈𝐳,𝐦, we already know this
is 0 outside {𝐳}. We check that near 𝑧𝑗

∫
Σ
𝜈𝐳,𝐦 ∧ ∗d∗(𝑓v𝑔) = lim

𝜖→0
∫
|𝑧|>𝜖

𝜈𝐳,𝐦 ∧ d ∗ (𝑓v𝑔) = − lim
𝜖→0

∫
|𝑧|=𝜖

𝑓𝜈𝐱,𝐦 = −𝑚𝑗2𝜋𝑅𝑓(0).

The same argument applies for 𝜈𝐳,𝐦,𝐤 in the case 𝜕Σ ≠ ∅.
To find the harmonic form, let 𝜔 ≔ 𝜈𝐳,𝐦 if 𝜕Σ = ∅ and 𝜔 ≔ 𝜈𝐳,𝐦,𝐤 if 𝜕Σ ≠ ∅.
By Stokes formula as above, we have ⟨d∗𝜔, 1⟩2 = 0 if 𝜕Σ = ∅ and thus there is a

unique smooth solution 𝑓0 of
Δ𝑔𝑓0 + d∗𝜔 = 0

with ⟨𝑓0, 1⟩2 = 0 if 𝜕Σ = ∅ and with 𝑓0|𝜕Σ = 0 if 𝜕Σ ≠ ∅. We then define 𝜔h ≔ 𝜔+ d𝑓0:
it satisfies d𝜔h = 0 outside {𝐳} and d∗𝜔h = Δ𝑔𝑓0 + d∗𝜔 = 0. □

The form 𝜈𝐳,𝐦 ∈ 𝐿1(Σ) (resp. 𝜈𝐳,𝐦,𝐤 ∈ 𝐿1(Σ)) does not belong to 𝐿2(Σ), but we can
define a renormalised 𝐿2-norm: first, for 𝜔 ∈ 𝐶∞(Σ ⧵ {𝐳}), let

‖𝜔‖2𝑔,𝜖 ≔∫
Σ𝐳,𝜖,𝑔

𝜔 ∧ ∗𝜔,

where Σ𝐳,𝜖,𝑔 ≔ Σ ⧵ ⋃𝑛
𝑗=1 𝐵𝑔(𝑧𝑗 , 𝜖) with 𝐵𝑔(𝑧𝑗 , 𝜖) the geodesic ball centered at 𝑧𝑗 with

radius 𝜖 with respect to 𝑔.
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Lemma 3.11. Let 𝜔 = 𝜈𝐳,𝐦 if 𝜕Σ = ∅ or 𝜔 = 𝜈𝐳,𝐦,𝐤 if 𝜕Σ ≠ ∅. As 𝜖 → 0, the following
limit exists

(3.23) ‖𝜔‖2𝑔,0 ≔ lim
𝜖→0

(‖𝜔‖2𝑔,𝜖 + 2𝜋𝑅2(log 𝜖)
𝑛
∑
𝑗=1

𝑚2
𝑗 ).

Furthermore, if 𝑔′ = 𝑒𝜌𝑔 is conformal to 𝑔 then

‖𝜔‖2𝑔′,0 = ‖𝜔‖2𝑔,0 + 𝜋𝑅2
𝑛
∑
𝑗=1

𝑚2
𝑗𝜌(𝑧𝑗).

The same holds with 𝜔 = 𝜈h𝐳,𝐦 or 𝜔 = 𝜈h𝐳,𝐦,𝐤.

Proof. We consider the case 𝜕Σ = ∅, the proof in the case with boundary being exactly
the same. Let us write the metric in a small geodesic ball 𝐵𝑔(𝑧𝑗 , 𝜖) in complex coordi-
nates (using 𝜓𝑗 ∶ 𝔻 → 𝑈𝑗) under the form 𝑔𝑗 ≔ 𝑒𝜌𝑗 |d𝑧|2. One has for 𝜖 > 0 small
that

∫
𝑈𝑗⧵𝐵𝑔(𝑧𝑗 ,𝜖)

𝜈𝐳,𝐦 ∧ ∗𝜈𝐳,𝐦 = 𝑅2𝑚2
𝑗 ∫

𝔻⧵𝐵𝑔𝑗 (0,𝜖)

1
𝑟2 (d𝑟 ∧ 𝑟d𝜃),

where 𝑧 = 𝑟𝑒𝑖𝜃. Note that d𝑟 ∧ 𝑟d𝜃 = v|𝑑𝑧|2 is the Euclidean volume form, which is
smooth. Let us introduce geodesic polar coordinates for 𝑔𝑗 around 𝑧𝑗

(𝑟𝑗 , 𝜃𝑗) ∈ (0, 𝛿) × ℝ/2𝜋ℤ ↦ exp𝑔𝑗𝑧𝑗 (𝑟𝑗𝑒−𝜌𝑗/2(cos(𝜃𝑗)𝜕𝑥 + sin(𝜃𝑗)𝜕𝑦)),

where exp𝑔𝑗𝑧𝑗 is the exponential map at 𝑧𝑗 for themetric 𝑔𝑗 . Notice that 𝑟𝑗(𝑧) = 𝑑𝑔𝑗 (𝑧, 𝑧𝑗)
and that 𝑟𝑗 = 𝑟𝑒𝜌𝑗(0)/2(1+𝐹𝑗(𝑟𝑗 , 𝜃𝑗))with 𝐹𝑗 smooth on [0, 𝛿)×ℝ/2𝜋ℤ and 𝐹𝑗(0, 𝜃𝑗) = 0.
Moreover, using 𝑒−𝜌𝑗dv𝑔𝑗 = dv|𝑑𝑧|2 and dv𝑔𝑗 = 𝐽𝑗(𝑟𝑗 , 𝜃𝑗)𝑟𝑗d𝑟𝑗d𝜃𝑗 with 𝐽𝑗 smooth on
[0, 𝛿) × ℝ/2𝜋ℤ satisfying 𝐽𝑗(0, 𝜃𝑗) = 1 one checks that for 𝛿 > 0 fixed small, as 𝜖 → 0

∫
𝑟𝑗∈(𝜖,𝛿)

1
𝑟2 v|𝑑𝑧|2 = ∫

𝛿

𝜖
∫

2𝜋

0
𝑟−1𝑗 (1 + 𝐹𝑗(𝑟𝑗 , 𝜃𝑗))2𝐽𝑗(𝑟𝑗 , 𝜃𝑗) d𝑟𝑗d𝜃𝑗

(3.24)

= −2𝜋 log(𝜖) + 2𝜋 log 𝛿 +∫
𝛿

0
∫

2𝜋

0
𝐿𝑗(𝑟𝑗 , 𝜃𝑗) d𝑟𝑗d𝜃𝑗 + 𝒪(𝜖)

for 𝐿𝑗(𝑟𝑗 , 𝜃𝑗) ≔ ((1+𝐹𝑗(𝑟𝑗 , 𝜃𝑗))2𝐽𝑗(𝑟𝑗 , 𝜃𝑗)−1)/𝑟𝑗 smooth on [0, 𝛿)×ℝ/2𝜋ℤ. The function,
for Re(𝑠) > 0,

𝐾𝑗 ∶ 𝑠 ↦ ∫
𝑟𝑗∈(𝜖,𝛿)

𝑟𝑗(𝑧)𝑠
1
𝑟2 v|𝑑𝑧|2 = ∫

𝛿

0
∫

2𝜋

0
𝑟𝑠−1𝑗 (1 + 𝐹𝑗(𝑟𝑗 , 𝜃𝑗))2𝐽𝑗(𝑟𝑗 , 𝜃𝑗) d𝑟𝑗d𝜃𝑗

extends meromorphically in Re(𝑠) > −1 with a single pole of order 1 at 𝑠 = 0, since

𝐾𝑗(𝑠) =2𝜋
𝛿𝑠
𝑠 +∫

𝛿

0
∫

2𝜋

0
𝑟𝑠𝑗𝐿𝑗(𝑟𝑗 , 𝜃𝑗) d𝑟𝑗d𝜃𝑗

=2𝜋𝑠 +∫
𝛿

0
∫

2𝜋

0
𝐿𝑗(𝑟𝑗 , 𝜃𝑗) d𝑟𝑗d𝜃𝑗 + 2𝜋 log 𝛿 + 𝒪(𝑠),
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where the last equality is a Laurent expansion at 𝑠 = 0. We observe, by comparing to
(3.24), that (here FP denotes finite part)

FP𝜖=0∫
𝑟𝑗∈(𝜖,𝛿)

1
𝑟2 v|𝑑𝑧|2 = FP𝑠=0∫

𝑟𝑗∈(𝜖,𝛿)
𝑟𝑗(𝑧)𝑠

1
𝑟2 v|𝑑𝑧|2 .

This implies that, if 𝑟𝑔 is any smooth positive function on Σ ⧵ {𝐳} equal to 𝑟𝑗 near 𝑧𝑗 for
each 𝑗, then

‖𝜔‖2𝑔,0 = FP𝑠=0∫
Σ
𝑟𝑔(𝑧)𝑠𝜈𝐳,𝐦 ∧ ∗𝜈𝐳,𝐦.

Now, if 𝑔′ = 𝑒𝜌𝑔 and 𝑟𝑔′ defined as 𝑟𝑔 but using 𝑔′, we have

‖𝜔‖2𝑔′,0 − ‖𝜔‖2𝑔,0 = FP𝑠=0∫
Σ
(𝑟𝑠𝑔′ − 𝑟𝑠𝑔)𝜈𝐳,𝐦 ∧ ∗𝜈𝐳,𝐦

and using that 𝑟𝑠𝑔′(𝑧) = 𝑟𝑔(𝑧)𝑠𝑞(𝑧)𝑠 for some smooth 𝑞 with 𝑞(𝑧𝑗) = 𝑒𝜌(𝑧𝑗)/2, we obtain,
writing 𝑞𝑗 ≔ 𝑞|𝑈𝑗 ∘ 𝜓𝑗 ,

‖𝜔‖2𝑔′,0 − ‖𝜔‖2𝑔,0 = lim𝑠→0
∫
Σ
𝑟𝑠𝑔(𝑞𝑠 − 1)𝜈𝐳,𝐦 ∧ ∗𝜈𝐳,𝐦

= lim
𝑠=0

∑
𝑗
𝑅2𝑚2

𝑗 ∫
𝛿

0
∫

2𝜋

0
𝑟𝑠−1(𝑒𝑠

𝜌(𝑧𝑗)
2 − 1) d𝑟d𝜃

=∑
𝑗
𝜋𝑅2𝑚2

𝑗𝜌(𝑧𝑗)

and this ends the proof. The same proof works with 𝜈h𝐱,𝐦 by using (3.22). □

3.12. Equivariant functions and Sobolev distributions. Case with marked
points. Let (Σ, 𝑔) be a closed Riemannian surface and 𝐳 = (𝑧1, . . . , 𝑧𝑛) disjoint marked
points on Σ. As in Section 3.10, let Γ ≔ 𝜋1(Σ ⧵ {𝐳}, 𝑥0) be the fundamental group of
the punctured surface Σ𝐳 ≔ Σ ⧵ {𝐳}, Σ̃𝐳 be the universal cover of Σ𝐳 with 𝜋 ∶ Σ̃𝐳 → Σ𝐳
the projection, and ̃𝑥0 ∈ Σ̃𝐳 is a fixed preimage of 𝑥0 used to define Σ̃𝐳. The metric 𝑔
lifts to Σ̃𝐳 and provides a Riemannian measure. We say that 𝑢 ∈ 𝐿2loc(Σ̃𝐳) if on each
fundamental domain ℱ of Γ, 𝑢 ∈ 𝐿2(ℱ, dv𝑔). Then we can consider the space

𝐿2Γ(Σ̃𝐳) ≔ {𝑢 ∈ 𝐿2loc(Σ̃𝐳) ∣ ∀𝛾 ∈ Γ, 𝛾∗𝑢 − 𝑢 ∈ 2𝜋𝑅ℤ}.

We have 𝐿2Γ(Σ̃𝐳) = ⋃𝜒 𝐿2𝜒(Σ̃𝐳) where the union is over the set of group morphisms
𝜒 ∶ Γ𝐳 → 2𝜋𝑅ℤ and

𝐿2𝜒(Σ̃𝐳) = {𝑢 ∈ 𝐿2loc(Σ̃𝐳) ∣ ∀𝛾 ∈ Γ, 𝛾∗𝑢 − 𝑢 = 𝜒(𝛾)}.

Each such groupmorphism is represented by an element𝜔𝐤+𝜈𝐳,𝐦 for (𝐤,𝐦) ∈ ℤ2𝔤×ℤ𝑛
via

𝜒𝐤,𝐦(𝛾) = ∫
𝛾
(𝜈𝐳,𝐦 + 𝜔𝐤),

where 𝜔𝐤 ∈ ℋ1
𝑅(Σ) for 𝐤 ∈ ℤ2𝔤 as in (3.6) using a basis ofℋ1

𝑅(Σ). This means that the
affine space 𝐿2𝜒𝐤,𝐦(Σ̃𝐳) can be represented by

𝐿2𝜒𝐤,𝐦(Σ̃𝐳) = {𝜋∗𝑓 + 𝐼𝑥0(𝜔𝐤) + 𝐼𝑥0(𝜈𝐳,𝐦) | 𝑓 ∈ 𝐿2(Σ)}
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and each element 𝑢 ∈ 𝐿2𝜒𝐤,𝐦(Σ̃𝐳) has a unique decomposition under the form 𝑢 =
𝜋∗𝑓 + 𝐼𝑥0(𝜔𝐤) + 𝐼𝑥0(𝜈𝐳,𝐦). Here we have set 𝐼𝑥0(𝜈𝐳,𝐦)( ̃𝑥) = ∫𝛼𝑥0,𝑥 𝜈𝐳,𝐦 if 𝛼𝑥0,𝑥 lifts to a
curve with initial point ̃𝑥0 and endpoint ̃𝑥. We also consider, for 𝑠 ∈ (−1/2, 0),

𝐻𝑠
Γ(Σ̃𝐳) ≔ 𝐿2Γ(Σ̃𝐳) + 𝜋∗(𝐻𝑠(Σ)),

where𝐻𝑠(Σ) is the Sobolev space or order 𝑠 on Σ. The forms (𝜔𝐤)𝐤∈ℤ2𝔤 ∪(𝜈𝐳,𝐦)𝐦∈ℤ2𝑛 are
representatives of all the cohomology classes in the cohomology spaceℋ1

𝑅(Σ𝐳) of the
surface Σ ⧵ {𝐳}. With these representatives fixed, there is a one-to-one correspondence

ℤ2𝔤+𝐦 × 𝐻𝑠(Σ) → 𝐻𝑠
Γ(Σ̃𝐳), (𝐤,𝐦, 𝑓) ↦ 𝜋∗𝑓 + 𝐼𝑥0(𝜔𝐤) + 𝐼𝑥0(𝜈𝐳,𝐦).

4. Curvature term

Let (Σ, 𝑔) be a closed orientedRiemannian surface. For𝜔𝐤 ∈ ℋ1
𝑅(Σ) a closed 1-form,

the construction of the path integral will require to make sense of the integrals

∫
Σ
𝐾𝑔𝐼𝑥0(𝜔𝐤) dv𝑔, ∫

Σ
𝐾𝑔𝐼𝑥0(𝜈𝐳,𝐦) dv𝑔,

the problem being that 𝐼𝑥0(𝜔𝐤) and 𝐼𝑥0(𝜈𝐳,𝐦) are multivalued on Σ, i.e. they live on the
universal cover Σ̃ of Σ and Σ̃𝐳 of Σ ⧵ {𝐳}. We will thus consider 𝐼𝑥0(𝜔𝐤) and 𝐼𝑥0(𝜈𝐳,𝐦)
as well-defined functions on a dense open set of Σ and Σ ⧵ {𝐳} by removing curves. To
obtain an invariant definition, it will be required to remove a curvature term coming
from these curves.

4.1. Curvature term associated to ℋ1
𝑅(Σ). Before giving the definition of the reg-

ularised curvature term, we let 𝝈 = (𝑎𝑗 , 𝑏𝑗)𝑗=1,. . .,𝔤 be a geometric symplectic basis of
ℋ1(Σ) and let
(4.1) Σ𝝈 ≔ Σ ⧵ 𝝈 = Σ ⧵ ∪𝔤𝑗=1(𝑎𝑗 ∪ 𝑏𝑗).
We observe that any closed form 𝜔 on Σ is exact when restricted on Σ𝝈 (see below) and
we denote, for 𝑥0 ∈ Σ𝝈 a fixed base point,

𝐼𝝈𝑥0(𝜔)(𝑥) ≔ ∫
𝛼𝑥0,𝑥

𝜔

defined using the integral of 𝜔 along an oriented path 𝛼𝑥0,𝑥 ⊂ Σ𝝈 with 𝑥0, 𝑥 as initial
and final points, depending smoothly on 𝑥. This is a well-defined smooth function on
Σ𝝈, not depending on the choice of path 𝛼𝑥0,𝑥 in Σ𝝈, and d𝐼𝝈𝑥0(𝜔) = 𝜔.
Definition 4.1. For 𝝈 = (𝑎𝑗 , 𝑏𝑗)𝑗=1,. . .,𝔤 a geometric symplectic basis of ℋ1(Σ) and
𝜔 ∈ ℋ1

𝑅(Σ)with associated morphism 𝜒𝜔 ∶ ℋ1(Σ) → 2𝜋𝑅ℤ given by 𝜒𝜔(𝛾) ≔ ∫𝛾 𝜔, we
define the regularised integral
(4.2)

∫
reg

Σ𝝈
𝐾𝑔𝐼𝝈𝑥0(𝜔) dv𝑔 ≔∫

Σ𝝈
𝐼𝝈𝑥0(𝜔)𝐾𝑔dv𝑔 + 2

𝔤
∑
𝑗=1

(𝜒𝜔(𝑎𝑗)∫
𝑏𝑗
𝑘𝑔 dℓ𝑔 − 𝜒𝜔(𝑏𝑗)∫

𝑎𝑗
𝑘𝑔 dℓ𝑔),

where we use the convention that the geodesic curvature of an oriented curve 𝑐(𝑡) ⊂ Σ
parametrised by arclength7 is defined by
(4.3) 𝑘𝑔(𝑐(𝑡)) = ⟨∇ ̇𝑐(𝑡) ̇𝑐(𝑡), 𝜈(𝑡)⟩𝑔,

7If the curve is not parametrised by arclength, the integral ∫𝑐 𝑘𝑔𝑑ℓ𝑔 is defined by changing parametrisa-
tion to make it arclength, while keeping the orientation, and using (4.3).
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where 𝜈(𝑡) is the unit normal to the curve 𝑐 at 𝑐(𝑡) such that ( ̇𝑐(𝑡), 𝜈) is positively oriented
in Σ, ∇ the Levi-Civita connection of 𝑔.
We notice that in the physics literature, a related renormalisation was proposed by

Verlinde-Verlinde [69, Section 6.3] in the context of bozonization of fermions. Our
renormalisation only uses a symplectic homology basis and not a fundamental domain
for Σ in the universal cover Σ̃. This seems more adapted to study the invariance of the
curvature integral under change of diffeomorphisms.
We state the important invariance properties of the regularised integral in 4 Lem-

mas: local invariancewith respect to the geometric symplectic basis, invariance by con-
formal change of metric, diffeomorphism invariance and global invariance by change
of symplectic basis ofℋ1(Σ). The proofs will be done below.
Lemma 4.2 (Local invariance). Let𝝈′ = (𝑎′𝑗 , 𝑏′𝑗)𝑗=1,. . .,𝔤 be another geometric symplectic
basis ofℋ1(Σ) representing the symplectic homology basis [𝜎] = ([𝑎𝑗], [𝑏𝑗])𝑗 . Then

∫
reg

Σ𝝈
𝐾𝑔𝐼𝝈𝑥0(𝜔) dv𝑔 −∫

reg

Σ𝝈′
𝐾𝑔𝐼𝝈

′
𝑥0(𝜔) dv𝑔 ∈ 8𝜋2𝑅ℤ.

Lemma 4.3 (Conformal change of metrics). Let 𝑥0 ∈ Σ and 𝜎 = (𝑎𝑗 , 𝑏𝑗)𝑗=1,. . .,𝔤 be a
geometric symplectic basis of ℋ1(Σ). Let 𝜌 ∈ 𝐶∞(Σ) and ̂𝑔 = 𝑒𝜌𝑔 be two conformally
related metrics on Σ and 𝜔 ∈ ℋ1

𝑅(Σ) a closed 1-form. Then the following identity holds
true

∫
reg

Σ𝝈
𝐼𝝈𝑥0(𝜔)𝐾𝑔̂ dv𝑔̂ = ∫

reg

Σ𝝈
𝐼𝝈𝑥0(𝜔)𝐾𝑔 dv𝑔 + ⟨𝑑𝜌, 𝜔⟩2.

Lemma 4.4 (Invariance by diffeomorphism). For 𝜓 ∶ Σ → Σ an orientation preserv-
ing diffeomorphism and 𝝈 = (𝑎𝑗 , 𝑏𝑗)𝑗=1,. . .,𝔤 a geometric symplectic basis of ℋ1(Σ), let
𝜓(𝝈) = (𝜓(𝑎𝑗), 𝜓(𝑏𝑗))𝑗=1,. . .,𝔤 be the image geometric symplectic basis representing the
basis (𝜓∗[𝑎𝑗], 𝜓∗[𝑏𝑗])𝑗=1,. . .,𝔤 ofℋ1(Σ). Let 𝑥0 ∈ Σ, then, the following identity holds true

∫
reg

Σ𝝈
𝐾𝑔𝐼𝝈𝑥0(𝜔) dv𝑔 = ∫

reg

Σ𝜓(𝜍)
𝐾𝜓∗𝑔𝐼

𝜓(𝝈)
𝜓(𝑥0)(𝜓∗𝜔) dv𝜓∗𝑔.

Lemma 4.5 (Invariance by change of symplectic basis of ℋ1(Σ)). Let 𝜎 =
(𝑎𝑗 , 𝑏𝑗)𝑗=1,. . .,𝔤 and 𝜎′ = (𝑎′𝑗 , 𝑏′𝑗)𝑗=1,. . .,𝔤 be two geometric symplectic bases ofℋ1(Σ). Let
𝑥0 ∈ Σ, then the following identity holds true

∫
reg

Σ𝝈
𝐾𝑔𝐼𝝈𝑥0(𝜔) dv𝑔 −∫

reg

Σ𝝈′
𝐾𝑔𝐼𝝈

′
𝑥0(𝜔) dv𝑔 ∈ 8𝜋2𝑅ℤ.

In order to write the proofs of Lemmas 4.2–4.5, we first need to introduce a few
notations and geometric decomposition of Σ𝝈. Choose a geometric symplectic basis
𝝈 ≔ (𝑎𝑗 , 𝑏𝑗)𝑗=1,. . .,𝔤 ofℋ1(Σ) with intersection points 𝑥𝑗 ≔ 𝑎𝑗 ∩ 𝑏𝑗 . The surface Σ can
be decomposed under the form

Σ = 𝑆𝝈 ∪ ∪𝔤𝑗=1𝒯𝑗 ,
where 𝑆𝝈 is a sphere with 𝔤 disks 𝒟1, . . . , 𝒟𝔤 removed, thus having 𝔤 boundary circles
(𝑐𝑗)𝑗 , and each 𝒯𝑗 is a torus with a disk 𝒟′

𝑗 removed and whose non-trivial homology
cycles are (𝑎𝑗 , 𝑏𝑗). The boundary of𝒟′

𝑗 is glued to 𝑐𝑗 . Thus
Σ𝝈 ≔ Σ ⧵ ∪𝔤𝑖=1(𝑎𝑗 ∪ 𝑏𝑗)
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is an open surface which decomposes as
Σ𝝈 = 𝑆𝝈 ∪ ∪𝔤𝑖=1𝐾𝑗 ,

where

𝐾𝑗 = {𝑧 ∈ ℂ ∣ Re(𝑧) ∈ (0, 1), Im(𝑧) ∈ (0, 1)} ⧵ 𝐷(𝑒, 𝜖), 𝑒 = 1
2(1 + 𝑖),

is a square with a small disk𝒟′
𝑗 = 𝐷(𝑒, 𝜖) centered at 𝑒 and of radius 𝜖 < 1/4 removed

(see Figure 20). The circle 𝑐𝑗 is glued to the circle 𝜕𝒟′
𝑗 ⊂ 𝐾𝑗 , and the closure 𝐾𝑗 is a

surface with a boundary circle 𝜕𝐷(𝑒, 𝜖) and with 4 oriented boundary curves
𝜎𝑎𝑗 = {𝑡 ∈ ℂ |𝑡 ∈ [0, 1]}, 𝜎̄𝑎𝑗 = {𝑖 + 𝑡 ∈ ℂ |, 𝑡 ∈ [0, 1]},
𝜎𝑏𝑗 = {𝑖𝑡 ∈ ℂ ∣ 𝑡 ∈ [0, 1]}, 𝜎̄𝑏𝑗 = {1 + 𝑖𝑡 ∈ ℂ ∣ 𝑡 ∈ [0, 1]}

forming 4 corners. The torus 𝒯𝑗 is realized as a quotient 𝒯𝑗 = 𝒯𝑗/(ℤ + 𝑖ℤ) where 𝒯𝑗 =
ℂ ⧵ ∪𝑘∈ℤ+𝑖ℤ𝐷(𝑒 + 𝑘, 𝜖) of 𝒯𝑗 , with the action of the abelian group ℤ + 𝑖ℤ being by
translation. The generators 1, 𝑖 of ℤ+ 𝑖ℤ ≃ ℤ2 are identified to the cycles 𝑎𝑗 , 𝑏𝑗 and we
write 𝛾𝑎𝑗 (𝑧) = 𝑧 + 1 and 𝛾𝑏𝑗 (𝑧) = 𝑧 + 𝑖. The set 𝐾𝑗 is a fundamental domain for the
quotient map 𝜋𝑗 ∶ 𝒯𝑗 → 𝒯𝑗/(ℤ+ 𝑖ℤ), and 𝛾𝑎𝑗 (𝜎𝑏𝑗 ) = 𝜎̄𝑏𝑗 and 𝛾𝑏𝑗 (𝜎𝑎𝑗 ) = 𝜎̄𝑎𝑗 . The curves
𝜎𝑎𝑗 , 𝜎̄𝑎𝑗 (resp. 𝜎𝑏𝑗 , 𝜎̄𝑏𝑗 ) are lifts of 𝑎𝑗 ∩ 𝒯𝑗 (resp. 𝑏𝑗 ∩ 𝒯𝑗) to 𝐾𝑗 .
Since 𝑐𝑗 is the boundary of 𝒯𝑗 (viewed as embedded in Σ), we observe that ∫𝑐𝑗 𝜔 = 0

for all closed forms𝜔. Since the only non-contractible closed curves inΣ𝝈 are generated
by the (𝑐𝑗)𝑗 , this shows that all closed forms 𝜔 on Σ𝝈 are exact, as was claimed above,
and 𝐼𝝈𝑥0(𝜔) is well-defined on Σ𝝈. This function, restricted to 𝒯𝑗 ⧵ {𝑎𝑗 , 𝑏𝑗}, pulls-back by
𝜋𝑗 to a smooth function on 𝐾𝑗 that extends smoothy to 𝐾𝑗 satisfying

∀𝑧 ∈ 𝜎𝑎𝑗 , 𝐼𝝈𝑥0(𝜔)(𝛾𝑏𝑗 (𝑧)) = 𝐼𝝈𝑥0(𝜔)(𝑧) +∫
𝑏𝑗
𝜔,

∀𝑧 ∈ 𝜎𝑏𝑗 , 𝐼𝝈𝑥0(𝜔)(𝛾𝑎𝑗 (𝑧)) = 𝐼𝝈𝑥0(𝜔)(𝑧) +∫
𝑎𝑗
𝜔.

If we glue 𝒯𝑗 to 𝑆𝝈 by identifying 𝜕𝒟′
𝑗 ⊂ 𝐾𝑗 with 𝑐𝑗 ⊂ 𝜕𝑆𝝈, then 𝐼𝝈𝑥0(𝜔)|𝐾𝑗 extends

smoothly from 𝐾𝑗 to 𝒯𝑗 satisfying

𝐼𝝈𝑥0(𝜔)(𝛾𝑏𝑗 (𝑧)) = 𝐼𝝈𝑥0(𝜔)(𝑧) +∫
𝑏𝑗
𝜔, 𝐼𝝈𝑥0(𝜔)(𝛾𝑎𝑗 (𝑧)) = 𝐼𝝈𝑥0(𝜔)(𝑧) +∫

𝑎𝑗
𝜔.

We will call it the equivariant extension of 𝐼𝝈𝑥0(𝜔) to 𝒯𝑗 and denote it in the same way
𝐼𝝈𝑥0(𝜔).
We also make the following observation: let 𝑈𝜍

𝑥0 ⊂ Σ̃ be the connected component,
in the universal cover of Σ, of the open set 𝜋−1(Σ𝝈) that contains the point ̃𝑥0. Then
𝜋∗𝐼𝝈𝑥0(𝜔) = 𝐼𝑥0(𝜔) on 𝑈𝝈

𝑥0 and therefore 𝜋∗𝐼𝝈𝑥0(𝜔) extends on Σ̃ as a smooth function in
𝐶∞
Γ (Σ̃).

Proof of Lemma 4.2. We let (𝑎𝑗 , 𝑏𝑗)𝑗=1. . .,𝔤 be a geometric symplectic basis ofℋ1(Σ) and
(𝑎′𝑗 , 𝑏′𝑗)𝑗=1. . .,𝔤 another geometric symplectic basis ofℋ1(Σ) such that [𝑎𝑗] = [𝑎′𝑗] for all
𝑗. Recall that this means that (𝑎𝑗 , 𝑏𝑗)𝑗 is a basis ofℋ1(Σ)made of simple curves, with
𝑎𝑗 ∩ 𝑏𝑗 being a point, 𝑎𝑖 ∩ 𝑎𝑗 = 𝑏𝑖 ∩ 𝑏𝑗 = 𝑎𝑖 ∩ 𝑏𝑗 = ∅ if 𝑖 ≠ 𝑗, and same for (𝑎′𝑗 , 𝑏′𝑗)𝑗 .
First, consider the case where 𝑎′𝑗 is homotopic to 𝑎𝑗 and 𝑏′𝑗 homotopic to 𝑏𝑗 for all 𝑗.
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Figure 8. Moving the curve 𝑎1

It suffices to prove that, if (𝑎𝑠𝑗 , 𝑏𝑠𝑗 )𝑗=1,. . .,𝔤 is a smooth 1-parameter family of geometric
symplectic basis (thus homotopically equivalent to (𝑎𝑗 , 𝑏𝑗)𝑗) with 𝑎0𝑗 = 𝑎𝑗 , 𝑏0𝑗 = 𝑏𝑗 and
disjoint from 𝑥0 for all 𝑠, then for 𝝈𝑠 = (𝑎𝑠𝑗 , 𝑏𝑠𝑗 )𝑗 the derivative

𝜕𝑠(∫
reg

Σ𝝈𝑠
𝐾𝑔𝐼𝝈

𝑠
𝑥0 (𝜔) dv𝑔)|𝑠=0 = 0.

Without loss of generality, we prove this when only one 𝑎𝑠𝑗 is depending on 𝑠, and for
small 𝑠 the curve𝑎𝑠𝑗 ⊂ 𝒯∘

𝑗 . Let𝑎𝑠𝑗(𝑡) = 𝑎𝑗(𝑡)+𝑠𝑣𝑗(𝑡)+𝒪(𝑠2) andwe consider its lifts to the
cover 𝒯𝑗 : this defines two families of curves 𝜎𝑎𝑠𝑗 and 𝜎̄𝑎𝑠𝑗 = 𝛾𝑏𝑗 (𝜎𝑎𝑠𝑗 ) joining the vertical
lines 𝑖ℝ and 𝑖ℝ + 1 (the lifts of 𝜎𝑏𝑗 and 𝜎̄𝑏𝑗 ) and the domain 𝐾

𝑠
𝑗 ⊂ {Re(𝑧) ∈ [0, 1]}

enclosed between these two curves produces a new fundamental domain for 𝒯𝑗 (see
Figure 8). If 𝐼𝝈𝑥0(𝜔) is the smooth equivariant extension of 𝐼𝜍(𝜔)|𝐾𝑗 to 𝒯𝑗 , one has

∫
𝐾𝑠
𝑗

𝐼𝝈𝑠𝑥0 (𝜔)𝐾𝑔dv𝑔 = ∫
𝐾𝑠
𝑗

𝐼𝝈𝑥0(𝜔)𝐾𝑔dv𝑔

and it thus suffices to compute the variation

𝜕𝑠(∫
𝐾𝑠
𝑗

𝐼𝝈𝑥0(𝜔)𝐾𝑔dv𝑔)|𝑠=0 = −∫
𝜍𝑎𝑗

𝑔(𝑣𝑗 , 𝜈)𝐼𝝈𝑥0(𝜔)𝐾𝑔dℓ𝑔

+∫
𝜍̄𝑎𝑗

𝑔(𝑑𝛾𝑏𝑗 .𝑣𝑗 , 𝑑𝛾𝑏𝑗 .𝜈)𝐼𝝈𝑥0(𝜔)𝐾𝑔dℓ𝑔

=𝜒(𝛾𝑏𝑗 )∫
𝜍𝑎𝑗

𝑔(𝑣𝑗 , 𝜈)𝐾𝑔dℓ𝑔,

where 𝜈 is the incoming unit normal vector field to 𝜎𝑎𝑗 in 𝐾𝑗 . We can now differentiate
the Gauss-Bonnet formula in the polygonal domain ̂𝐾𝑠

𝑗 bounded by 𝜎𝑎𝑠𝑗 ∪𝜎̄𝑎𝑗 ∪𝑖ℝ∪(1+
𝑖ℝ): since the sum of the interior angles is constant (equal to 2𝜋), we get

∫
𝜍𝑎𝑗

𝑔(𝑣𝑗 , 𝜈)𝐾𝑔 dℓ𝑔 = −𝜕𝑠(∫
𝐾̂𝑠
𝑗

𝐾𝑔 dv𝑔)|𝑠=0 = 2𝜕𝑠(∫
𝜍𝑎𝑠𝑗

𝑘𝑔 dℓ𝑔)|𝑠=0.
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This implies that

𝜕𝑠(∫
𝐾𝑠
𝑗

𝐼𝝈𝑥0(𝜔)𝐾𝑔 dv𝑔)|𝑠=0 = 2𝜒(𝛾𝑏𝑗 )𝜕𝑠(∫
𝜍𝑎𝑠𝑗

𝑘𝑔 dℓ𝑔)|𝑠=0

and thus

𝜕𝑠(∫
reg

Σ𝜍𝑠
𝐼𝝈𝑠𝑥0 (𝜔)𝐾𝑔 dv𝑔)|𝑠=0 = 0.

The other case we have to deal with is when one of the curves, say 𝑎′𝑗 , is not homotopic
to 𝑎𝑗 (but homologous). Up to deforming 𝑎′𝑗 via a homotopy, we can assume that 𝑎′𝑗 ∩
𝑎𝑗 = ∅ (here 𝑎′𝑗 does not intersect the other curves 𝑎𝑖, 𝑏𝑖), since by the previous proof
the regularised curvature integral is invariant by homotopy. Since [𝑎𝑗] − [𝑎′𝑗] = 0 in
homology, this means that 𝑎𝑗 ∪ 𝑎′𝑗 is the boundary of a surface with boundary, which
has two connected components Σ1, Σ2. We can assume that 𝑥0 ∈ Σ2 (up to exchanging
Σ1 with Σ2). Then we observe that in Σ1

𝐼𝝈′𝑥0(𝜔) − 𝐼𝝈𝑥0(𝜔) = ∫
𝑏𝑗
𝜔 = 𝜒𝜔(𝑏𝑗) ∈ 2𝜋𝑅ℤ

since the difference is an integral of 𝜔 along a loop in (Σ ⧵ 𝝈) ∪ 𝑎𝑗 that intersects 𝑎𝑗
once. Then we can apply Gauss-Bonnet on Σ1 ⧵ (𝝈 ∪ 𝝈′)

∫
reg

Σ𝝈
𝐾𝑔𝐼𝝈𝑥0(𝜔) dv𝑔 −∫

reg

Σ𝝈′
𝐾𝑔𝐼𝝈

′
𝑥0(𝜔) dv𝑔

= 𝜒𝜔(𝑏𝑗)(∫
Σ1
𝐾𝑔 dv𝑔 − 2∫

𝑎𝑗
𝑘𝑔 dℓ𝑔 + 2∫

𝑎′𝑗
𝑘𝑔 dℓ𝑔)

= 4𝜋𝜒(Σ1)𝜒𝜔(𝑏𝑗) ∈ 8𝜋2𝑅ℤ. □

Next, we check the conformal covariance of the regularised integral.

Proof of Lemma 4.3. We use the relation 𝐾𝑔̂ = 𝑒−𝜌(𝐾𝑔 + Δ𝑔𝜌) and dv𝑔̂ = 𝑒𝜌 dv𝑔, then
by integration by parts

∫
Σ𝜍
𝐼𝝈𝑥0(𝜔)𝐾𝑔̂ dv𝑔̂ =∫

Σ𝝈
𝐼𝝈𝑥0(𝜔)𝐾𝑔 dv𝑔 + ⟨d𝜌, 𝜔⟩2 +

𝔤
∑
𝑗=1

∫
𝜍𝑎𝑗

𝜕𝜈𝜌𝐼𝝈𝑥0(𝜔) dℓ𝑔

+
𝔤
∑
𝑗=1

∫
𝜍̄𝑎𝑗

𝜕𝜈𝜌𝐼𝝈𝑥0(𝜔) dℓ𝑔 +∫
𝜍𝑏𝑗

𝜕𝜈𝜌𝐼𝝈𝑥0(𝜔) dℓ𝑔

+∫
𝜍̄𝑏𝑗

𝜕𝜈𝜌𝐼𝝈𝑥0(𝜔) dℓ𝑔,

where 𝜕𝜈 is the interior boundary unit normal pointing vector in 𝐾𝑗 . We can use that
𝜎̄𝑎𝑗 = 𝛾𝑏𝑗 (𝜎𝑎𝑗 ) and 𝜎̄𝑏𝑗 = 𝛾𝑎𝑗 (𝜎𝑏𝑗 ) that 𝜌 is a well-defined smooth function on Σ: since
𝐼𝝈𝑥0(𝜔)(𝛾𝜍𝑗𝑥) = 𝐼𝝈𝑥0(𝜔)(𝑥) + 𝜒(𝛾𝜍𝑗 ) for 𝜎 ∈ {𝑎, 𝑏} and (𝛾𝑏𝑗 )∗𝜕𝜈 = −𝜕𝜈 on 𝜎𝑎𝑗 ,

∫
𝜍𝑎𝑗

𝜕𝜈𝜌𝐼𝝈𝑥0(𝜔) dℓ𝑔 +∫
𝜍̄𝑎𝑗

𝜕𝜈𝜌𝐼𝝈𝑥0(𝜔) dℓ𝑔 = −𝜒(𝛾𝑏𝑗 )∫
𝜍𝑎𝑗

𝜕𝜈𝜌 dℓ𝑔,
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∫
𝜍𝑏𝑗

𝜕𝜈𝜌𝐼𝝈𝑥0(𝜔) dℓ𝑔 +∫
𝜍̄𝑏𝑗

𝜕𝜈𝜌𝐼𝝈𝑥0(𝜔) dℓ𝑔 = 𝜒(𝛾𝑎𝑗 )∫
𝜍𝑏𝑗

𝜕𝜈𝜌 dℓ𝑔,

and we compute that 𝑘𝑔̂ dℓ𝑔̂ = 𝑘𝑔 dℓ𝑔 −
1
2
𝜕𝜈𝜌 dℓ𝑔 on 𝜎𝑗 . Combining these facts, we

obtain the desired formula for the conformal change of ∫reg
Σ𝝈 𝐾𝑔𝐼𝝈𝑥0(𝜔) dv𝑔. □

The next step is to check the invariance of the regularised integral with respect to
diffeomorphism.

Proof of Lemma 4.4. First we observe that for 𝜔 ∈ ℋ1
𝑅(Σ) and 𝑦 ∈ Σ𝜓(𝝈)

𝐼𝑥0(𝜔)(𝜓−1(𝑦)) = ∫
𝜓−1(𝑦)

𝑥0
𝜔 = ∫

𝑦

𝜓(𝑥0)
𝜓∗𝜔 = 𝐼𝜓(𝝈)𝜓(𝑥0)(𝜓∗𝜔)(𝑦),

thus we get

∫
Σ𝝈
𝐼𝝈𝑥0(𝜔)𝐾𝑔 dv𝑔 = ∫

Σ𝜓(𝝈)
𝐼𝜓(𝝈)𝜓(𝑥0)(𝜓∗𝜔)𝐾𝜓∗𝑔 dv𝜓∗𝑔.

On the other hand, we also have for 𝜎 ∈ {𝑎, 𝑏}

𝜒(𝛾𝜍𝑗 ) = ∫
𝜍𝑗
𝜔 = ∫

𝜓(𝜍𝑗)
𝜓∗𝜔,

and thus we obtain
𝔤
∑
𝑗=1

∫
𝑏𝑗
𝜔∫

𝑎𝑗
𝑘𝑔 dv𝑔 =

𝔤
∑
𝑗=1

∫
𝜓(𝑏𝑗)

𝜓∗𝜔∫
𝑎𝑗
𝑘𝜓∗𝑔 dv𝜓∗𝑔

and similarly when we exchange 𝑎𝑗 and 𝑏𝑗 . This ends the proof. □

The final step consists in proving Lemma 4.5 that the regularised curvature integral
of 𝐼𝝈𝑥0(𝜔) on Σ𝝈 does not depend on the choice of canonical basis ofℋ1(Σ). Since the
proof is slightly more technical and longer, we defer it to Appendix A for readability.

4.2. Curvature terms associated to magnetic points. Let 𝐳 = (𝑧1, . . . , 𝑧𝑛) be dis-
joint marked points and 𝐦 = (𝑚1, . . . , 𝑚𝑛) ∈ ℤ𝑛 some associated magnetic charges,
and let 𝑣𝑗 ∈ 𝑇𝑧𝑗Σ some unit tangent vectors (with respect to the metric 𝑔 on Σ), and de-
note 𝐯 = ((𝑧1, 𝑣1), . . . , (𝑧𝑛, 𝑣𝑛)) ∈ (𝑇Σ)𝑛. Consider the closed 1 form 𝜈𝐳,𝐦 of Proposition
3.10. As above, we will need to define ∫Σ 𝐾𝑔𝐼𝑥0(𝜈𝐳,𝐦)dv𝑔, but 𝐼𝑥0(𝜈𝐳,𝐦) being multival-
ued, we have to remove some curves and curvature terms along these curves to obtain
a natural quantity.
We need a family of arcs, which we call defect lines and form a defect graph, con-

structed as follows:

Definition 4.6 (Defect graph). We consider a family of 𝑛 − 1 arcs as follows:
• these arcs are indexed by 𝑝 ∈ {1, . . . , 𝑛 − 1}, are simple and do not intersect
except possibly at their endpoints.

• Each arc is a smooth oriented curve 𝜉𝑝 ∶ [0, 1] → Σ with endpoints 𝜉𝑝(0) = 𝑧𝑗
and 𝜉𝑝(1) = 𝑧𝑗′ for some 𝑗 ≠ 𝑗′.

• These arcs reach the endpoints in the directions prescribed by 𝐯, meaning
̇𝜉𝑝(0) = 𝜆𝑝,𝑗𝑣𝑗 and ̇𝜉𝑝(1) = 𝜆𝑝,𝑗′𝑣𝑗′ for some 𝜆𝑝,𝑗 , 𝜆𝑝,𝑗′ > 0.
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• Consider the oriented graph with vertices 𝐳 and edges (𝑧𝑗 , 𝑧𝑗′)when there is an
arc connecting 𝑧𝑗 to 𝑧𝑗′ . This graph must be connected and without cycle, i.e.
there is no sequence of edges (𝑧𝑗1 , 𝑧𝑗2), . . . , (𝑧𝑗𝑘 , 𝑧𝑗𝑘+1) with 𝑗1 = 𝑗𝑘+1.

Inwhat follows, the union𝒟𝐯,𝝃 ≔ ⋃𝑝∈{1,. . .,𝑛−1} 𝜉𝑝([0, 1])will be called the defect graph
associated to 𝐯 and the collection of arcs 𝝃 ≔ (𝜉1, . . . , 𝜉𝑛−1).
We notice that the graph𝒟𝐯,𝝃 , viewed as a subset of Σ, is homotopic to a point. Let

us first state Lemma 4.7, the proof of which will be done below.

Lemma 4.7. On Σ ⧵ 𝒟𝐯,𝝃 , the 1-form 𝜈𝐳,𝐦 is exact.

If 𝝃 is a defect graph for 𝐳, we denote by

𝐼𝝃𝑥0(𝜈𝐳,𝐦)(𝑥) = ∫
𝛼𝑥0,𝑥

𝜈𝐳,𝐦

the primitive of 𝜈𝐳,𝐦 on Σ ⧵ 𝒟𝐯,𝝃 vanishing at 𝑥0 ∈ Σ, where 𝛼𝑥0,𝑥 is any smooth curve
in Σ ⧵ 𝒟𝐯,𝝃 , the result being independent of the curve by Lemma 4.7. Note that the
mapping

𝑧 ↦ 𝑒
𝑖
𝑅 𝐼

𝝃
𝑥0 (𝜈𝐳,𝐦)

is single valued on Σ ⧵ {𝐳}.
Definition 4.8 (Regularised curvature). We assign to each arc 𝜉𝑝 in the defect graph a
value 𝜅(𝜉𝑝) ∈ 2𝜋𝑅ℤ, corresponding to the difference of the values of 𝐼𝝃𝑥0(𝜈h𝐳,𝐦) on both
sides of the arc, as follows: take a small neighborhood 𝒟𝐯,𝝃(𝜖) of 𝒟𝐯,𝝃 homeomorphic
to a disk for some small 𝜖 > 0, and for 𝑥 ∈ 𝜉𝑝(]0, 1[), consider a 𝐶1 simple curve
𝛼𝑥 ∶ [0, 1] → 𝒟𝐯,𝝃(𝜖) with endpoints 𝛼𝑥(0) = 𝛼𝑥(1) = 𝑥, with 𝛼𝑥(]0, 1[) ∩ 𝒟𝐯,𝝃 = ∅,
such that the disk bounded by 𝛼𝑥([0, 1]) contains at least one point of 𝐳, (𝛼̇𝑥(𝑡), 𝜈(𝑡)) is
a positive basis of the tangent space of Σ at 𝛼𝑥(𝑡) if 𝜈(𝑡) is the unit inward normal to the
disk enclosed by 𝛼𝑥 and the angle between the curve 𝜉𝑝 at 𝑥 and 𝛼̇(0) is 𝜋/2 (i.e. we
start from the left face of the arc 𝜉𝑝, see Figure 9). Then we set

(4.4) 𝜅(𝜉𝑝) ≔ ∫
𝛼𝑥
𝜈𝐳,𝐦.

We define the regularised curvature term similarly to Definition 4.1 by

(4.5) ∫
reg

Σ
𝐼𝝃𝑥0(𝜈𝐳,𝐦)𝐾𝑔 dv𝑔 ≔∫

Σ
𝐼𝝃𝑥0(𝜈𝐳,𝐦)𝐾𝑔 dv𝑔 − 2

𝑛𝔪−1
∑
𝑝=1

𝜅(𝜉𝑝)∫
𝜉𝑝
𝑘𝑔 dℓ𝑔.

This quantity can also be written as 𝜅(𝜉𝑝) ≔ 2𝜋𝑅∑𝑗∈𝐽𝑝 𝑚𝑗 where 𝐽𝑝 is set of points
𝑧𝑗 enclosed by the curve 𝛼𝑥. Here we assume that the number of turns of 𝛼𝑥 around
𝒟𝐯,𝝃 is 1, but taking curves which turn 𝑘 ≥ 1 times (with positive orientation) would
lead to the same result by using that∑𝑛

𝑗=1𝑚𝑗 = 0. As before, let 𝜋 ∶ Σ̃𝐳 → Σ𝐳 be the
covering map on the universal cover of Σ𝐳 = Σ ⧵ {𝐳}, Γ = 𝜋1(Σ𝐳, 𝑥0) the fundamental
group of Σ𝐳 with 𝑥0 ∈ Σ𝐳, ̃𝑥0 ∈ Σ̃𝐳 a point so that 𝜋( ̃𝑥0) = 𝑥0 and 𝑈𝑥0 ⊂ Σ̃𝐳 the
connected component of 𝜋−1(Σ𝐳) containing ̃𝑥0. Then the function 𝜋∗𝐼𝝃𝑥0(𝜈𝐳,𝐦)|𝑈𝑥0

is
equal to

𝐼𝑥0(𝜈𝐳,𝐦)( ̃𝑥) = ∫
𝛼𝑥0,𝑥

𝜈𝐳,𝐦,
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Figure 9. Curve 𝛼𝑥: In gray the defect graph. The curve 𝛼𝑥 starting
at the point 𝑥 ∈ 𝜉𝑝 is the boundary of the shaded area corresponding
to a topological disk. On this example 𝜅(𝜉𝑝) = 2𝜋𝑅(𝑚1 +𝑚2 +𝑚3).

where 𝛼𝑥0,𝑥 ⊂ Σ𝐳 is any smooth curve with initial point 𝑥0 and endpoint 𝑥 so that its
lift to Σ̃𝐳 is a curve with initial point ̃𝑥0 and endpoint ̃𝑥. The function 𝜋∗𝐼𝝃𝑥0(𝜈h𝐳,𝐦)|𝑈𝑥0
thus extends smoothly as an equivariant function in 𝐶∞

Γ (Σ̃𝐳).
We state now the main properties of the regularised curvature and prove all the

lemmas in this subsection after this.

Lemma 4.9 (Dependence with respect to defect graph). If 𝝃 and 𝝃′ are two defect
graphs, we have

∫
reg

Σ
𝐼𝝃𝑥0(𝜈𝐳,𝐦)𝐾𝑔 dv𝑔 −∫

reg

Σ
𝐼𝝃

′
𝑥0(𝜈𝐳,𝐦)𝐾𝑔 dv𝑔 ∈ 8𝜋2𝑅ℤ.

Lemma 4.10 (Conformal change ofmetrics). Consider two conformalmetrics 𝑔′ = 𝑒𝜌𝑔.
The regularised magnetic curvature term defined by (4.5) satisfies

∫
reg

Σ
𝐼𝝃𝑥0(𝜈h𝐳,𝐦)𝐾𝑔′ dv𝑔′ = ∫

reg

Σ
𝐼𝝃𝑥0(𝜈h𝐳,𝐦)𝐾𝑔 dv𝑔.

Proof of Lemma 4.7. By construction∫𝜍𝑗 𝜈𝐳,𝐦 = 0 for all cycles 𝜎𝑗 inℋ1(Σ). Let 𝑢(𝑥) ≔
∫𝛼𝑥0,𝑥 𝜈𝐳,𝐦 where 𝛼𝑥0,𝑥 is a 𝐶1 curve with image in Σ ⧵ 𝒟𝐯,𝝃 and endpoints at 𝑥0 and
𝑥. The function 𝑢 is a priori multivalued and d𝑢 = 𝜈𝐳,𝐦. To prove it is singled valued,
it suffices to check that the value of 𝑢 does not depend on the choice of curve 𝛼𝑥0,𝑥.
Taking two such curves, we get two (a priori multivalued) primitives 𝑢 and 𝑢′ of 𝜈𝐳,𝐦
with 𝑢(𝑥) − 𝑢′(𝑥) = ∫𝛽𝑥0 𝜈𝐳,𝐦 for some closed curve 𝛽𝑥0 ∈ 𝜋1(Σ ⧵ 𝒟𝐯,𝝃 , 𝑥0) in the
fundamental group of Σ ⧵ 𝒟𝐯,𝝃 . By assumption, the graph 𝒟𝐯,𝝃 , viewed as a subset
of Σ, is homotopic to a point, thus the first absolute homology group of Σ ⧵ 𝒟𝐯,𝝃 is
that of Σ with a small disk removed, thus isomorphic to ℋ1(Σ). This means that the
homology class [𝛽𝑥0] of 𝛽𝑥0 in Σ ⧵ 𝒟𝐯,𝝃 is a linear combination of the basis elements
[𝜎𝑗] ∈ ℋ1(Σ) ≃ ℋ1(Σ ⧵ 𝒟𝐯,𝝃), and therefore ∫𝛽𝑥0 𝜈𝐳,𝐦 = 0. □

Proof of Lemma 4.9. Wewill describe elementary deformations (S for smooth, A for ar-
rival, D for departure) of the defect graph (for fixed𝐯) that produce the same correlation
functions. In that aim, we need to first introduce the basic moves:
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Definition 4.11 (Basic moves).
• An S-move on the defect graph𝒟𝐯,𝝃 consists in picking 𝑝 ∈ {1, . . . , 𝑛 − 1} and
in replacing 𝜉𝑝 by another smooth simple oriented curve ̃𝜉𝑝 ∶ [0, 1] → Σ with
the same endpoints ̃𝜉𝑝(0) = 𝑧𝑗 and ̃𝜉𝑝(1) = 𝑧𝑗′ for 𝑗 ≠ 𝑗′, such that (𝒟𝐯,𝝃 ⧵𝜉𝑝)∩
̃𝜉𝑝 = ∅, and still reaching the endpoints in the directions prescribed by 𝐯, i.e.
̇̃𝜉𝑝(0) = 𝜆𝑝,𝑗𝑣𝑗 and ̇̃𝜉𝑝(1) = 𝜆𝑝,𝑗′𝑣𝑗′ for some 𝜆𝑝,𝑗 , 𝜆𝑝,𝑗′ > 0. An S-move thus

consists in changing the shape of the curve between the endpoints of an edge.
See Figure 10.

• An R-move on the defect graph 𝒟𝐯,𝝃 consists in picking 𝑝 ∈ {1, . . . , 𝑛 − 1}
and in replacing 𝜉𝑝 by another smooth simple oriented curve ̃𝜉𝑝 ∶ [0, 1] → Σ
with the reverse endpoints ̃𝜉𝑝(0) = 𝑧𝑗′ and ̃𝜉𝑝(1) = 𝑧𝑗 for 𝑗 ≠ 𝑗′, such that
(𝒟𝐯,𝝃 ⧵𝜉𝑝)∩ ̃𝜉𝑝 = ∅ and still reaching the endpoints in the directions prescribed
by 𝐯, i.e. ̇̃𝜉𝑝(0) = 𝜆𝑝,𝑗′𝑣𝑗′ and ̇̃𝜉𝑝(1) = 𝜆𝑝,𝑗𝑣𝑗 for some 𝜆𝑝,𝑗 , 𝜆𝑝,𝑗′ > 0. See Figure
10.

• An A-move changes the structure of the graph. Assume we are given distinct
𝑝, 𝑝′ ∈ {1, . . . , 𝑛− 1} such that 𝜉𝑝(1) = 𝜉𝑝′(1) = 𝑧𝑗 and 𝜉𝑝(0) = 𝑧𝑗′ , 𝜉𝑝′(0) = 𝑧𝑗″
with 𝑧𝑗′ ≠ 𝑧𝑗″ . Choose a smooth oriented curve ̃𝜉 ∶ [0, 1] → Σ with endpoints
̃𝜉(0) = 𝑧𝑗′ and ̃𝜉(1) = 𝑧𝑗″ , and ̇̃𝜉(0) = 𝜆𝑗′𝑣𝑗′ and ̇̃𝜉(1) = 𝜆𝑗″𝑣𝑗″ for some

𝜆𝑗′ , 𝜆𝑗″ > 0 and such that (𝒟𝐯,𝝃 ⧵ 𝜉𝑝) ∩ ̃𝜉 = ∅. The A-move then consists in
removing the edge 𝜉𝑝 and in replacing it by ̃𝜉. See Figure 12.

• AD-move changes the structure of the graph too. Assumewe are given distinct
𝑝, 𝑝′ ∈ {1, . . . , 𝑛− 1} such that 𝜉𝑝(0) = 𝜉𝑝′(0) = 𝑧𝑗 and 𝜉𝑝(1) = 𝑧𝑗′ , 𝜉𝑝′(1) = 𝑧𝑗″
with 𝑧𝑗′ ≠ 𝑧𝑗″ . Choose a smooth oriented curve ̃𝜉 ∶ [0, 1] → Σ with endpoints
̃𝜉(0) = 𝑧𝑗′ and ̃𝜉(1) = 𝑧𝑗″ , ̇̃𝜉(0) = 𝜆𝑗′𝑣𝑗′ and ̇̃𝜉𝑝(1) = 𝜆𝑗″𝑣𝑗″ for some 𝜆𝑗′ , 𝜆𝑗″ > 0

and such that (𝒟𝐯,𝝃 ⧵ 𝜉𝑝) ∩ ̃𝜉 = ∅. The D-move then consists in removing the
edge 𝜉𝑝′ and in replacing it by ̃𝜉. See Figure 11.

We denote ̃𝝃 the new family of curves after such changes, and 𝒟𝐯, ̃𝝃 the new defect
graph. Now we claim that the value of ∫reg

Σ 𝐼𝝃𝑥0(𝜈𝐳,𝐦)𝐾𝑔 dv𝑔 remains unchanged if we
perform S-moves, R-moves, A-moves and D-moves to the defect graph. Let us focus
first on the case of 𝑆-move. We consider first the case when the curves 𝜉𝑝 and ̃𝜉𝑝 do
not intersect (except at their endpoints). We can always reduce to this case since, if two
curves intersect, by choosing a third one that does not intersect these two curves and
comparing the integrals for the two curveswith this third one, we get the desired result.
Let us call 𝒟̃𝐯,𝝃 the defect graph after the S-move. Consider the domain 𝐷 bounded by
the union of the curves 𝜉𝑝 and ̃𝜉𝑝 and not containing 𝑥0 (see Figure 13); notice that the
interior of 𝐷 may possibly contain 𝒟𝐯,𝝃 ⧵ 𝜉𝑝, depending on where 𝑥0 is located. The
boundary of 𝐷 inherits an orientation from Σ (with the positive orientation given by
−𝐽𝜈 if 𝜈 is the inward unit normal to 𝜕𝐷 and 𝐽 the rotation of +𝜋/2), which coincides
with the orientation of either 𝜉𝑝 or ̃𝜉𝑝. Without loss of generality, we may assume this
coincides with the orientation of ̃𝜉𝑝. The two defect graphs give rise to two different
primitives 𝐼𝝃𝑥0(𝜈𝐳,𝐦) and 𝐼

̃𝝃
𝑥0(𝜈𝐳,𝐦)which agree outside𝐷 and, on𝐷, we have 𝐼 ̃𝝃

𝑥0(𝜈𝐳,𝐦)+
𝜅(𝜉𝑝) = 𝐼𝝃𝑥0(𝜈𝐳,𝐦). Moreover 𝜅( ̃𝜉𝑝) = 𝜅(𝜉𝑝). The difference of the two regularised
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Figure 10. S-move and R-move

Figure 11. D-Move

Figure 12. A-Move

integrals is then

∫
reg

Σ
𝐼𝝃𝑥0(𝜈𝐳,𝐦)𝐾𝑔 dv𝑔 −∫

reg

Σ
𝐼 ̃𝝃
𝑥0(𝜈𝐳,𝐦)𝐾𝑔 dv𝑔

= ∫
𝐷
(𝐼𝝃𝑥0(𝜈𝐳,𝐦) − 𝐼 ̃𝝃

𝑥0(𝜈𝐳,𝐦))𝐾𝑔 dv𝑔 − 2𝜅(𝜉𝑝)∫
𝜉𝑝
𝑘𝑔 dℓ𝑔 + 2𝜅(𝜉𝑝)∫

𝜉𝑝
𝑘𝑔 dℓ𝑔.
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Figure 13. Gauss-Bonnet in 𝐷 for S-move

Now we apply the Gauss-Bonnet theorem on 𝐷 to get

∫
𝐷
(𝐼𝝃𝑥0(𝜈𝐳,𝐦) − 𝐼 ̃𝝃

𝑥0(𝜈𝐳,𝐦))𝐾𝑔dv𝑔

= ∫
𝐷
𝜅(𝜉𝑝)𝐾𝑔dv𝑔

= 4𝜋𝜅(𝜉𝑝)(𝜒(𝐷) − 1) − 2𝜅(𝜉𝑝)(∫
𝜉𝑝
𝑘𝑔 dℓ𝑔 −∫

𝜉𝑝
𝑘𝑔 dℓ𝑔)

andwe deduce that the difference of the two regularised integrals is equal to 4𝜋(𝜒(𝐷)−
1)𝜅(𝜉𝑝) ∈ 8𝜋2𝑅ℤ. This means that the regularised curvature term only changes by
8𝜋2𝑅ℤ if we perform an S-move to the defect graph. For the case of R-move, we can
apply a similar argument: consider the connected domain 𝐷 not containing 𝑥0 and
bounded by 𝜉𝑝 ∪ ̃𝜉𝑝, then assuming 𝜉𝑝 ∪ ̃𝜉𝑝 has negative orientation we still have
𝐼 ̃𝝃
𝑥0(𝜈𝐳,𝐦) + 𝜅(𝜉𝑝) = 𝐼𝝃𝑥0(𝜈𝐳,𝐦) but 𝜅(𝜉𝑝) = −𝜅( ̃𝜉𝑝). Applying Gauss-Bonnet in 𝐷, we
get

∫
reg

Σ
𝐼𝝃𝑥0(𝜈𝐳,𝐦)𝐾𝑔 dv𝑔 −∫

reg

Σ
𝐼 ̃𝝃
𝑥0(𝜈𝐳,𝐦)𝐾𝑔 dv𝑔

= 𝜅(𝜉𝑝)(∫
𝐷
𝐾𝑔 dv𝑔 − 2∫

𝜉𝑝
𝑘𝑔 dℓ𝑔 − 2∫

𝜉𝑝
𝑘𝑔 dℓ𝑔)

= 4𝜋𝜒(𝐷)𝜅(𝜉𝑝) ∈ 8𝜋2𝑅ℤ.

The cases of A-moves and D-moves can be treated similarly by applying the Gauss-
Bonnet theorem in the domain 𝑇 not containing 𝑥0 bounded by 𝜉𝑝, 𝜉𝑝′ , ̃𝜉, with vertices
𝑧𝑗 , 𝑧𝑗′ , 𝑧𝑗″ . For the A-Move, assume for example that ̃𝜉, 𝜉𝑝′ are oriented positively and
𝜉𝑝 negatively (see Figure 12), thenwehave 𝐼

̃𝝃
𝑥0(𝜈𝐳,𝐦)+𝜅(𝜉𝑝) = 𝐼𝝃𝑥0(𝜈𝐳,𝐦) in𝑇 and 𝜅(𝜉𝑝) =

𝜅( ̃𝜉). We then get by Gauss-Bonnet in 𝐷

∫
reg

Σ
𝐼𝝃𝑥0(𝜈𝐳,𝐦)𝐾𝑔 dv𝑔 −∫

reg

Σ
𝐼 ̃𝝃
𝑥0(𝜈𝐳,𝐦)𝐾𝑔 dv𝑔

= 𝜅(𝜉𝑝)(∫
𝑇
𝐾𝑔 dv𝑔 − 2∫

𝜉𝑝
𝑘𝑔 dℓ𝑔 + 2∫

𝜉
𝑘𝑔 dℓ𝑔)

= 4𝜋𝜒(𝑇)𝜅(𝜉𝑝) ∈ 8𝜋2𝑅ℤ.
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For the D-Move, assume for example that 𝜉𝑝′ is oriented positively and ̃𝜉, 𝜉𝑝 negatively
(see Figure 11), then we have 𝐼 ̃𝝃

𝑥0(𝜈𝐳,𝐦) − 𝜅( ̃𝜉) = 𝐼𝝃𝑥0(𝜈𝐳,𝐦) in 𝑇 and 𝜅(𝜉𝑝′) = 𝜅( ̃𝜉). We
then get by Gauss-Bonnet in 𝐷

∫
reg

Σ
𝐼𝝃𝑥0(𝜈𝐳,𝐦)𝐾𝑔 dv𝑔 −∫

reg

Σ
𝐼 ̃𝝃
𝑥0(𝜈𝐳,𝐦)𝐾𝑔 dv𝑔

= 𝜅(𝜉𝑝′)(−∫
𝑇
𝐾𝑔 dv𝑔 − 2∫

𝜉𝑝′
𝑘𝑔 dℓ𝑔 + 2∫

𝜉
𝑘𝑔 dℓ𝑔)

= −4𝜋𝜒(𝑇)𝜅(𝜉𝑝′) ∈ 8𝜋2𝑅ℤ.

Now we claim that every defect graph can be deformed, via S-R-A-D-moves, to the
defect graph, called path, where each 𝜉𝑝 is a fixed curve joining 𝑧𝑝 to 𝑧𝑝+1 (here we
have fixed an order on the points 𝑧1, . . . , 𝑧𝑛𝔪). By a sequence of R-moves, we can revert
the orientations of the edges in such a way that each edge is oriented from 𝑧𝑗 to 𝑧𝑗′ if
𝑗 < 𝑗′. We say that 𝑧𝑗 is a peak if 𝑧𝑗 is attached to at least two edges [𝑧𝑗′ , 𝑧𝑗] and [𝑧𝑗″ , 𝑧𝑗]
with 𝑗″ < 𝑗′ < 𝑗. Notice that if 𝑧𝑗 is a peak, attached to 𝑚 edges [𝑧𝑖1 , 𝑧𝑗], . . . , [𝑧𝑖𝑚 , 𝑧𝑗]
with 𝑖1 < ⋯ < 𝑖𝑚 < 𝑗, then we can change the graph by (𝑚− 1) A-moves by replacing
iteratively these edges to the sequence of edges [𝑧𝑖1 , 𝑧𝑖2], . . . , [𝑧𝑖𝑚 , 𝑧𝑗], in such a way
that there is only one edge of the form [𝑧𝑗′ , 𝑧𝑗] with 𝑗′ < 𝑗. We shall now proceed by
induction: let 𝒟(𝑗) be the set of defect graphs satisfying the property that each point
𝑧𝑗′ with 𝑗′ ≥ 𝑗 is attached to the only edges [𝑧𝑗′−1, 𝑧𝑗′] and [𝑧𝑗′ , 𝑧𝑗′+1], or to the only
edge [𝑧𝑗′−1, 𝑧𝑗′] if 𝑗′ = 𝑛𝔪. We start by showing that from the initial defect graph, we
can make a finite number of A and D moves to transform it into a graph contained in
the class 𝒟(𝑛𝔪). First, if 𝑧𝑛𝔪 is a peak, we make finitely many A-moves as explained
above to remove the peak. Now, there are two cases: either 𝑧𝑛𝔪 is attached to the single
edge [𝑧𝑛𝔪−1 , 𝑧𝑛𝔪] and the new graph 𝒟0 is then in 𝒟(𝑛𝔪), or it is attached to a single
edge [𝑧𝑗 , 𝑧𝑛𝔪] for 𝑗 < 𝑛𝔪 − 1. In that last case, since our graph𝒟0 is a tree, by adding
the edge [𝑧𝑛𝔪−1 , 𝑧𝑛𝔪] to 𝒟0, we create a graph 𝒟′

0 with one cycle made of 𝑘 + 1 edges
relating the points 𝑧𝑛𝔪 , 𝑧𝑖1 , . . . , 𝑧𝑖𝑘 , 𝑧𝑛𝔪−1, 𝑧𝑛𝔪 for some 𝑖1, . . . , 𝑖𝑘, ordered in the sense
of the cycle (not that 𝒟′

0 is not a defect graph anymore). We then apply a D-move
to 𝒟0 (in the triplet 𝑧𝑛𝔪 , 𝑧𝑖1 , 𝑧𝑖2) to replace the edge [𝑧𝑖1 , 𝑧𝑛𝔪] by [𝑧𝑖2 , 𝑧𝑛𝔪]. The new
graph is a defect graph and we next apply a D-move replacing the edge [𝑧𝑖2 , 𝑧𝑛𝔪] by
[𝑧𝑖3 , 𝑧𝑛𝔪]. Continuing this process, making in total (𝑘−1)D-moves with the last move

Figure 14. Sequence of moves to reduce the graph to a path
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replacing the edge [𝑧𝑖𝑘 , 𝑧𝑛𝔪] by [𝑧𝑛𝔪−1, 𝑧𝑛𝔪], we end up with a defect graph in𝒟(𝑛𝔪).
Now we apply the same procedure to the subgraph obtained by removing 𝑧𝑛𝔪 and the
edge [𝑧𝑛𝔪−1, 𝑧𝑛𝔪], we obtain a graph in 𝒟(𝑛𝔪 − 1). Iterating this, we get down to a
graph in 𝒟(0), which is a path with the desired shape. This proves that the magnetic
correlation functions do not depend on the defect graph. This is illustrated in Figure
14. □

Proof of Lemma 4.10. We use the relation 𝐾𝑔′ = 𝑒−𝜌(𝐾𝑔+Δ𝑔𝜌) and dv𝑔′ = 𝑒𝜌 dv𝑔, then
by integration by parts

∫
Σ
𝐼𝝃𝑥0(𝜈h𝐳,𝐦)𝐾𝑔′ dv𝑔′ =∫

Σ
𝐼𝝃𝑥0(𝜈h𝐳,𝐦)𝐾𝑔dv𝑔 + ⟨d𝜌, 𝜈h𝐳,𝐦⟩2

−
𝑛𝔪−1
∑
𝑝=1

∫
𝜉𝑝
𝜕𝜈𝜌(𝐼𝝃𝑥0(𝜈h𝐳,𝐦)+ − 𝐼𝝃𝑥0(𝜈h𝐳,𝐦)−) dℓ𝑔,

where 𝜈 = 𝐽 ̇𝜉𝑝 is the left normal pointing vector with respect to the orientation of 𝜉𝑝 (𝐽
being the rotation of+𝜋/2 in the tangent space), 𝐼𝝃𝑥0(𝜈h𝐳,𝐦)+ is the limit of 𝐼

𝝃
𝑥0(𝜈h𝐳,𝐦) on 𝜉𝑝

from the side given by −𝜈 (the right side) and 𝐼𝝃𝑥0(𝜈h𝐳,𝐦)− the value from the side given
by 𝜈 (the left side). Also 𝐼𝝃𝑥0(𝜈h𝐳,𝐦)+ − 𝐼𝝃𝑥0(𝜈h𝐳,𝐦)− = 𝜅(𝜉𝑝). Next we use that 𝑘𝑔′ dℓ𝑔′ =
𝑘𝑔 dℓ𝑔 −

1
2
𝜕𝜈𝜌 dℓ𝑔 on 𝜉𝑝. Finally ⟨d𝜌, 𝜈h𝐳,𝐦⟩2 = 0 because 𝜈h𝐳,𝐦 is co-closed. Combining

these facts, we obtain our claim. □

5. Imaginary Gaussian multiplicative chaos

In this section, we first recall some facts about the Gaussian Free Field 𝑋𝑔 (resp.
𝑋𝑔,𝐷) on closed surfaces (resp. surfaces with boundary). This is a Gaussian random
distribution on the surface, living in a negative Sobolev space𝐻𝑠(Σ) for 𝑠 < 0. In order
to make sense of certain functionals, we need to regularise it at a small scale 𝜖 > 0.
This will be done either in a geometric fashion or using white noise, as we explain
below. Finally, we recall the construction and properties of the Imaginary Gaussian
multiplicative chaos 𝑒𝑖𝛽𝑋𝑔 dv𝑔, which is a random distribution on Σ. We shall need
estimates on its exponential moments.

5.1. Gaussian free fields. On a Riemann surface without boundary, the Gaussian
Free Field (GFF in short) is defined as follows. Let (𝑎𝑗)𝑗 be a sequence of i.i.d. real
Gaussians 𝒩(0, 1) with mean 0 and variance 1, defined on some probability space
(Ω,ℱ, ℙ), and define the Gaussian Free Field with vanishing mean in the metric 𝑔 by
the random distribution (recall that (𝑒𝑗)𝑗 is an orthonormal basis of eigenfunctions for
Δ𝑔 with eigenvalues 𝜆𝑗)

(5.1) 𝑋𝑔 ≔ √2𝜋∑
𝑗≥1

𝑎𝑗
𝑒𝑗

√𝜆𝑗
,

where the sum converges almost surely in the Sobolev space 𝐻𝑠(Σ) for 𝑠 < 0 defined
by

(5.2) 𝐻𝑠(Σ) ≔ {𝑓 = ∑
𝑗≥0

𝑓𝑗𝑒𝑗 ∣ ‖𝑓‖2𝑠 ≔ |𝑓0|2 +∑
𝑗≥1

𝜆𝑠𝑗 |𝑓𝑗|2 < +∞}.
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This Hilbert space is independent of 𝑔, only its norm depends on a choice of 𝑔. The
covariance 𝑋𝑔 is then the Green function when viewed as a distribution, which we will
write with a slight abuse of notation

𝔼[𝑋𝑔(𝑥)𝑋𝑔(𝑥′)] = 𝐺𝑔(𝑥, 𝑥′).

In the case of a surface with boundary Σ, the Dirichlet Gaussian free field (with co-
variance𝐺𝑔,𝐷)will be denoted𝑋𝑔,𝐷. It is defined similarly to the sum (5.1)with the (𝑒𝑗)𝑗
and (𝜆𝑗)𝑗 replaced by the normalised eigenfunctions (𝑒𝑗,𝐷)𝑗 and ordered eigenvalues
(𝜆𝑗,𝐷)𝑗 of the Laplacian with Dirichlet boundary conditions, the sum being convergent
almost surely in the Sobolev space 𝐻𝑠(Σ) (for all 𝑠 ∈ (−1/2, 0)) defined by

(5.3) 𝐻𝑠(Σ) ≔ {𝑓 = ∑
𝑗≥0

𝑓𝑗𝑒𝑗,𝐷 ∣ ‖𝑓‖2𝑠 ≔ ∑
𝑗≥0

𝜆𝑠𝑗,𝐷|𝑓𝑗|2 < +∞}.

In both cases (closed or open surfaces), we will denote by (⋅, ⋅)𝑠 the inner product in
𝐻𝑠(Σ), and by extension also the duality bracket on 𝐻𝑠(Σ) × 𝐻−𝑠(Σ).

5.2. Metric regularisations and white noise regularisation. As Gaussian Free
Fields are rather badly behaved (they are distributions), we will need to consider regu-
larisations, and we will mainly consider two of them. First we introduce a regularisa-
tion procedure, which we will call 𝑔-regularisation. Let Σ be a surface with or without
boundary equipped with a Riemannian metric 𝑔 and associated distance 𝑑𝑔. For a ran-
dom distribution ℎ on Σ and for 𝜖 > 0 small, we define a regularisation ℎ𝜖 of ℎ by
averaging on geodesic circles of radius 𝜖 > 0: let 𝑥 ∈ Σ and let 𝒞𝑔(𝑥, 𝜖) be the geo-
desic circle of center 𝑥 and radius 𝜖 > 0, and let (𝑓𝑛𝑥,𝜖)𝑛∈ℕ ∈ 𝐶∞(Σ) be a sequence
with ‖𝑓𝑛𝑥,𝜖‖𝐿1 = 1 which is given by 𝑓𝑛𝑥,𝜖 = 𝜃𝑛(𝑑𝑔(𝑥, ⋅)/𝜖) where 𝜃𝑛 ∈ 𝐶∞

𝑐 ((0, 2)) is
non-negative, supported near 𝑟 = 1 and such that 𝑓𝑛𝑥,𝜖dv𝑔 converges in 𝒟′(Σ) to the
uniform probability measure 𝜇𝑥,𝜖 on 𝒞𝑔(𝑥, 𝜖) as 𝑛 → ∞ (defined using the metric 𝑔).
If the pairing ⟨ℎ, 𝑓𝑛𝑥,𝜖⟩ converges almost surely towards a random variable ℎ𝜖(𝑥) that
has a modification which is continuous in the parameters (𝑥, 𝜖), we will say that ℎ ad-
mits a 𝑔-regularisation (ℎ𝜖)𝜖. This is the case for the GFF 𝑋𝑔, 𝑋𝑔,𝐷 and we denote by
𝑋𝑔,𝜖, 𝑋𝑔,𝐷,𝜖 their 𝑔-regularisation.
In the case of the Dirichlet GFF over a surface Σ with boundary, we introduce an-

other regularisation, called white-noise regularisation. The Green function 𝐺𝑔,𝐷 can
be written as

𝐺𝑔,𝐷(𝑥, 𝑥′) = 2𝜋∫
∞

0
𝑝𝑡(𝑥, 𝑥′) d𝑡,

where 𝑝𝑡(𝑥, 𝑥′) denotes the transition densities of the Brownian motion on Σ killed
upon touching the boundary 𝜕Σ (i.e. the heat kernel of the Laplacian with Dirichlet
condition). Let 𝑊 be a white noise on ℝ+ × Σ and define for 𝛿 > 0 with intensity
d𝑡 ⊗ v𝑔(d𝑥)

𝑋𝑔,𝐷,𝛿(𝑥) ≔ (2𝜋)1/2∫
∞

𝛿2
∫
Σ
𝑝𝑡/2(𝑥, 𝑦)𝑊(d𝑡, d𝑦).

Then the covariance kernel of these processes is given by

E[𝑋𝑔,𝐷,𝛿(𝑥)𝑋𝑔,𝐷,𝛿′(𝑥′)] = 2𝜋∫
∞

𝛿2∨𝛿′2
𝑝𝑡(𝑥, 𝑥′) d𝑡.
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5.3. Markov property of GFF. We recall here the domain Markov property of the
GFF on Riemann surfaces, whose proof can be found in the appendix of [31]. As men-
tioned in the previous section, the GFF can be restricted to a smooth simple curve 𝒞,
as a random 𝐻−𝑠(𝒞)-valued variable for 𝑠 > 0.

Proposition 5.1. Let (Σ, 𝑔) be a Riemannian manifold with smooth boundary 𝜕Σ. Let
𝒞 be a union of smooth non-overlapping closed simple curves separating Σ into two con-
nected components Σ1 and Σ2.
(1) if 𝜕Σ ≠ ∅ then the Dirichlet GFF 𝑋𝑔,𝐷 on Σ admits the following decomposition in

law as a sum of independent processes

𝑋𝑔,𝐷
law= 𝑌1 + 𝑌2 + 𝑃

with 𝑌𝑞 a Dirichlet GFF on Σ𝑞 for 𝑞 = 1, 2 and 𝑃 the harmonic extension on Σ ⧵ 𝒞 of the
restriction of 𝑋𝑔,𝐷 to 𝒞 with boundary value 0 on 𝜕Σ.
(2) if 𝜕Σ = ∅ then the GFF 𝑋𝑔 on Σ admits the following decomposition in law

𝑋𝑔
law= 𝑌1 + 𝑌2 + 𝑃 − 𝑐𝑔,

where𝑌1, 𝑌2, 𝑃 are independent,𝑌𝑞 is a Dirichlet GFF onΣ𝑞 for 𝑞 = 1, 2, 𝑃 is the harmonic
extension on Σ ⧵ 𝒞 of the restriction of 𝑋𝑔 to 𝒞 and 𝑐𝑔 ≔

1
v𝑔(Σ)

∫Σ(𝑌1 + 𝑌2 + 𝑃) dv𝑔.

5.4. Gaussianmultiplicative chaos. For 𝛽 ∈ ℝ and ℎ a random distribution admit-
ting a 𝑔-regularisation (ℎ𝜖)𝜖, we define the complex measure

(5.4) 𝑀𝑔,𝜖
𝛽 (ℎ, d𝑥) ≔ 𝜖−

𝛽2
2 𝑒𝑖𝛽ℎ𝜖(𝑥)dv𝑔(𝑥).

Of particular interest for us is the case when ℎ = 𝑋𝑔 or ℎ = 𝑋𝑔,𝐷. In that case, for
𝛽2 < 2, the randommeasures above converge as 𝜖 → 0 in 𝐿2(Ω) andweakly in the space
of distributions [49, Theorem 3.1] to a non-trivial distribution of order 2 denoted by
𝑀𝑔

𝛽(𝑋𝑔, d𝑥) or𝑀
𝑔
𝛽(𝑋𝑔,𝐷, d𝑥); thismeans that there exists a randomvariable𝐷Σ ∈ 𝐿2(Ω),

such that

(5.5) ∀𝜑 ∈ 𝐶∞(Σ), ||∫
Σ
𝜑(𝑥)𝑀𝑔

𝛽(𝑋𝑔, d𝑥)|| ≤ 𝐷Σ‖𝜑‖𝐶2 .

For notational readability and if there is no risk of confusion, we will use the notation
𝑀𝑔,𝜖

𝛽 (d𝑥) for 𝑀𝑔,𝜖
𝛽 (𝑋𝑔, d𝑥) (i.e. we skip the field dependence). Also we stress that the

condition 𝛽2 < 2 will always be assumed throughout the paper.
Also, from [34, Lemma 3.2], we recall that there exist 𝑊𝑔 (resp. 𝑊𝑔,𝐷) such that

uniformly on the compact subsets of the interior Σ∘ of Σ
(5.6) lim

𝜖→0
E[𝑋2

𝑔,𝜖(𝑥)] + log 𝜖 = 𝑊𝑔(𝑥) and lim
𝜖→0

E[𝑋2
𝑔,𝐷,𝜖(𝑥)] + log 𝜖 = 𝑊𝑔,𝐷(𝑥),

where the function𝑊𝑔, called the Robin mass, is smooth on Σ. In particular, consider-
ing a metric 𝑔′ = 𝑒𝜔𝑔 conformal to the metric 𝑔, we obtain the relation

(5.7) 𝑀𝑔′
𝛽 (𝑋𝑔, d𝑥) = 𝑒(1−

𝛽2
4 )𝜔(𝑥)𝑀𝑔

𝛽(𝑋𝑔, d𝑥).
The Robin mass of the Dirichlet GFF can also be rewritten in terms of the heat kernel

(5.8) 𝑊𝑔,𝐷(𝑥) = 2𝜋∫
∞

0
(𝑝𝑡(𝑥, 𝑥) −

1
4𝜋𝑡𝟏[0,1](𝑡)) d𝑡
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from which we deduce, pointwise,

(5.9) lim
𝛿→0

E[𝑋2
𝑔,𝐷,𝛿(𝑥)] + log 𝛿 = 𝑊𝑔,𝐷(𝑥).

For later use, we mention here the following estimate [53], valid for some 𝐶 > 0 and
∀𝑡 ∈ (0, 1),

(5.10) |4𝜋𝑡𝑝𝑡(𝑥, 𝑥) − 1| ≤ 𝐶(𝑡 + 𝑒−
dist(𝑥,𝜕Σ)2

𝐶𝑡 ).
We state the following elementary, though important, equivalence between the GMC
construction via white-noise or g-regularisation.

Proposition 5.2. Assume Σ is a surface without boundary and 𝒞 is a family of smooth
simple curves splitting Σ into two connected components Σ1 and Σ2. Consider the equality
in law stated in Proposition 5.1

𝑋𝑔 = 𝑌1 + 𝑌2 + 𝑃 − 𝑐𝑔,
where 𝑌1, 𝑌2, 𝑃 are three independent Gaussian fields with 𝑌𝑖 the Dirichlet GFF on Σ𝑖 for
𝑖 = 1, 2, 𝑃 the harmonic extension of the boundary values 𝑋𝑔|𝒞 and 𝑐𝑔 =

1
vg(Σ)

∫Σ(𝑌1 +
𝑌2 + 𝑃) dv𝑔. Then, for 𝛽2 < 2, the following limits agree in law

𝑀𝑔
𝛽(𝑋𝑔, d𝑥)

𝑙𝑎𝑤= 𝑀𝑔
𝛽(𝑌1 + 𝑌2 + 𝑃 − 𝑐𝑔, d𝑥),

where the limit in the left hand side is taken via 𝑔-regularisation and the limit in the right
hand side can be either white noise or g-regularisation.

Proof. This result is standard and left to the reader as an exercise: it results from
straightforward 𝐿2-computations. Recall that 𝛽2 < 2 and GMC is therefore in 𝐿2. □

5.5. Exponential moments. In this section, we assume that 𝛽2 < 2 and we recall
the following result, originally proved in [50] but here adapted to our context, mainly
to deal with boundary terms, which will be fundamental for the existence of the path
integral and correlation functions:

Proposition 5.3. Assume Σ is a Riemann surface with or without boundary. If Σ has
a non-empty boundary, we set 𝒟′ = Σ. If Σ has empty boundary, we consider an open
subset 𝒟′ of Σ, with closure 𝒟′ ≠ Σ. We consider the Dirichlet GFF 𝑋𝑔,𝐷 on 𝒟′ and an
open subset𝒟 of𝒟′.
Let 𝑍 be a real valued random variable (not necessarily assumed to be independent of

𝑋𝑔,𝐷). Finally we consider a measurable function 𝑓 ∶ 𝒟 → ℂ. Then for 𝜇 ∈ ℝ

E[ exp (𝜇||∫
𝒟
𝑓(𝑥)𝑀𝑔

𝛽(𝑍 + 𝑋𝑔,𝐷, d𝑥)||)] ≤ 𝑒𝐶𝜇𝑣(1 + 𝐶𝜇𝑢𝑒𝐶𝜇2ᵆ2)

with

𝑢2 ≔∬
𝒟2
|𝑓(𝑥)||𝑓(𝑦)|𝑑𝑔(𝑥, 𝑦)−𝛽

2dv𝑔(𝑥)dv𝑔(𝑦),

𝑣 ≔ ∫
𝒟
|𝑓(𝑥)| dist(𝑥, 𝜕Σ)−

𝛽2
2 dv𝑔(𝑥),

for some constant 𝐶 only depending on 𝛽.
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Proof. Before proceeding to the proof, let us stress that the crucial input for the proof
is an integral representation of the Green function in terms of a positive heat kernel,
in order to have a white noise representation of the GFF and to use stochastic anal-
ysis. This is valid for the Dirichlet GFF and that is the reason why we focus on this
case. From this result, we will deduce later exponential moment estimates for the GFF
on closed Riemann surfaces, based on the Dirichlet case via the Markov property. Of
course, on closed Riemann surfaces there is no globally defined Dirichlet GFF and this
is the reason why we restrict to a strict subset in this case.
Note that adding 𝑍 to the GFF is harmless because it multiplies the GMC by a num-

berwithmodulus 1, sowemay aswell assume that𝑍 = 0. Let us first prove exponential
moments for the real part of∫𝒟 𝑓(𝑥)𝑀

𝑔
𝛽(𝑋𝑔,𝐷, d𝑥); the argument for the imaginary part

is the same. The real part can be obtained as the limit as 𝛿 → 0 of the process

∫
𝒟
𝛿−

𝛽2
2 Re(𝑓(𝑥)) cos(𝛽𝑋𝑔,𝐷,𝛿(𝑥))dv𝑔(𝑥) −∫

𝒟
𝛿−

𝛽2
2 Im(𝑓(𝑥)) sin(𝛽𝑋𝑔,𝐷,𝛿(𝑥))dv𝑔(𝑥).

For readability we will write the proof with details in the case when Im(𝑓(𝑥)) = 0 but
the argument is similar for the second term in the relation above. The limit above can
be obtained as the limit 𝑡 → ∞ of the following semimartingale

ℳ𝑡 = ∫
𝒟
𝑓(𝑥) cos(𝛽𝑋𝑔,𝐷,𝑒−𝑡(𝑥))𝑒

𝛽2
2 𝑡dv𝑔(𝑥).

The argument will follow from the control of the terms appearing in its Itô decompo-
sition. Indeed, the Itô formula gives the decomposition

dℳ𝑡 =
𝛽2
2 ∫

𝒟
𝑓(𝑥) cos(𝛽𝑋𝑔,𝐷,𝑒−𝑡(𝑥))𝑒

𝛽2
2 𝑡dv𝑔(𝑥)(d𝑡 − d⟨𝑋𝑔,𝐷,𝑒−𝑡(𝑥)⟩𝑡)

− 𝛽∫
𝒟
𝑓(𝑥) sin(𝛽𝑋𝑔,𝐷,𝑒−𝑡(𝑥))𝑒

𝛽2
2 𝑡dv𝑔(𝑥) d𝑋𝑔,𝐷,𝑒−𝑡(𝑥)

≕d𝐴𝑡 + d𝐿𝑡.

Concerning the local martingale part, its quadratic variations are

⟨𝐿⟩𝑡 − ⟨𝐿⟩0 =𝛽2∫
𝑡

0
∬

𝒟2
𝑓(𝑥)𝑓(𝑦) sin(𝛽𝑋𝑔,𝐷,𝑒−𝑢(𝑥)) sin(𝛽𝑋𝑔,𝐷,𝑒−𝑢(𝑦))

𝑒𝛽2ᵆdv𝑔(𝑥)dv𝑔(𝑦) d⟨𝑋𝑔,𝐷,𝑒−𝑢(𝑥), 𝑋𝑔,𝐷,𝑒−𝑢(𝑦)⟩ᵆ.

The bracket is given by (using the Markov property of the transition kernels)

(5.11) d⟨𝑋𝑔,𝐷,𝑒−𝑢(𝑥), 𝑋𝑔,𝐷,𝑒−𝑢(𝑦)⟩ᵆ = 4𝜋𝑒−2ᵆ𝑝𝑒−2𝑢(𝑥, 𝑦) d𝑢.

Next we bound the quadratic variation, by estimating both sines by 1, by using the stan-
dard inequality for the Dirichlet heat kernel (it follows from [16] and the monotonicity
of the Dirichlet heat kernel with respect to the domain)

𝑒−2ᵆ𝑝𝑒−2𝑢(𝑥, 𝑦) ≤ 𝐶𝑒−𝑑𝑔(𝑥,𝑦)2𝑒2𝑢/𝐶
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for some constant 𝐶 which does not depend on𝒟 (and which may change along lines
in the following), to get that

sup
𝑡≥0

⟨𝐿⟩𝑡 − ⟨𝐿⟩0 ≤𝐶𝛽2∫
∞

0
∬

𝒟2
|𝑓(𝑥)||𝑓(𝑦)|𝑒𝛽2𝑡𝑒−𝑑𝑔(𝑥,𝑦)2𝑒2𝑡/𝐶 dv𝑔(𝑥)dv𝑔(𝑦) d𝑡

≤𝐶∬
𝒟2
|𝑓(𝑥)||𝑓(𝑦)|𝑑𝑔(𝑥, 𝑦)−𝛽

2 dv𝑔(𝑥)dv𝑔(𝑦),(5.12)

where we have performed the change of variables 𝑠 = 𝑑𝑔(𝑥, 𝑦)𝑒𝑡 to get the last line.
Concerning the bounded variation part, we use again (5.11) to get that it converges

towards 𝐴∞ when 𝑡 → ∞ and that it is bounded by

|𝐴∞ − 𝐴0| ≤
𝛽2
2 ∫

∞

0
∫
𝒟
|𝑓(𝑥)|𝑒

𝛽2
2 ᵆ||1 − 4𝜋𝑒−2ᵆ𝑝𝑒−2𝑢(𝑥, 𝑥)||d𝑢dv𝑔(𝑥).

Using next the estimate (5.10), we deduce that

|𝐴∞ − 𝐴0| ≤
𝛽2
2 ∫

∞

0
∫
𝒟
|𝑓(𝑥)|𝑒

𝛽2
2 ᵆ𝐶(𝑒−2ᵆ + 𝑒−dist(𝑥,𝜕Σ)2𝑒2𝑢/𝐶)d𝑢dv𝑔(𝑥)

≤𝐶∫
𝒟
|𝑓(𝑥)| dist(𝑥, 𝜕Σ)−

𝛽2
2 dv𝑔(𝑥).(5.13)

This shows that the semimartingaleℳ𝑡 −ℳ0 has exponential moments provided that
the two quantities (5.12) and (5.13) are finite. Indeed, recall that a bounded continuous
martingaleℳ𝑡 starting from 0 satisfies

E[𝑒𝜇ℳ𝑡−
𝜇2
2 ⟨ℳ⟩𝑡] = 1.

If the bracket is bounded (by a deterministic bound), we deduce for 𝜇 ∈ ℝ

E[𝑒𝜇ℳ∞] ≤ 𝑒
𝜇2
2 sup𝑡⟨ℳ⟩𝑡 .

Next, if we set 𝑢 = sup𝑡⟨ℳ⟩𝑡, we deduce P(ℳ∞ > 𝑥) ≤ exp(− 𝑥2

2ᵆ2
), and the same for

P(ℳ∞ < −𝑥), in such a way thatP(|ℳ∞| > 𝑥) ≤ 2 exp(− 𝑥2

2ᵆ2
). Finally, we can use the

standard trick

E[𝑒𝜇|ℳ∞|] = 1 +∫
∞

0
P(|ℳ∞| >

𝑥
𝜇)𝑒

𝑥 d𝑥

to get that
E[𝑒𝜇|ℳ∞|] ≤ 1 + 𝐶𝑢𝜇𝑒𝐶ᵆ2𝜇2 ,

for some irrelevant constant 𝐶. We can use this estimate to the local martingale part of
our semimartingaleℳ𝑡 −ℳ0. Furthermore,ℳ0 obviously has bounded exponential
moments and E[𝑒𝜇|ℳ0|] < 𝑒𝜇∫𝒟 |𝑓(𝑥)|dv𝑔(𝑥) for 𝜇 > 0. All in all, we obtain the claimed
estimate. □

6. The path integral and correlation functions

Throughout this sectionwewill work under the constraint 𝛽2 < 2, in order to ensure
convergence of the imaginary GMC. We also assume that 𝛽 > 0 since the case 𝛽 < 0
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would be symmetric to 𝛽 > 0. We further impose the compactification radius 𝑅 > 0 to
obey

(6.1) 𝑅 ∈ 1
𝛽ℤ.

Let us introduce a further parameter 𝜇 ∈ ℂ ⧵ {0} and set

(6.2) 𝑄 = 𝛽
2 −

2
𝛽 .

Finally we introduce the central charge cIL = 1 − 6𝑄2. We focus in this section on the
rational case

(6.3) 𝑄 ∈ 1
𝑅ℤ.

6.1. Path integral. Consider now a closed Riemann surface Σ equippedwith ametric
𝑔. To construct the path integral, we make Assumptions 6.1:
Assumption 6.1. We fix:

• a geometric symplectic basis 𝝈 = (𝜎𝑗)𝑗=1,. . .,2𝔤 of ℋ1(Σ) and 2𝔤 independent
closed smooth 1-forms 𝜔1, . . . , 𝜔2𝔤 forming a basis of the cohomology ℋ1

𝑅(Σ)
dual to 𝝈 (see Lemma 3.2). Let 𝜔𝐤 = ∑2𝔤

𝑗=1 𝑘𝑗𝜔𝑗 if 𝐤 = (𝑘1, . . . , 𝑘2𝔤), as defined
in (3.6).

• a base point 𝑥0 ∈ Σ𝝈 = Σ ⧵ ∪2𝔤𝑗=1𝜎𝑗 , and we define 𝐼𝝈𝑥0(𝜔𝐤) the function (3.20)
on Σ𝝈 obtained from the closed form 𝜔𝐤.

The first step is to introduce a space of reasonable test functions for our path in-
tegral. Recall that the family (𝑒𝑗)𝑗≥0 stands for an orthonormal basis of 𝐿2(Σ, v𝑔) of
eigenfunctions of the Laplacian. Write any function 𝑓 ∈ 𝐻𝑠(Σ) (for 𝑠 < 0) as

(6.4) 𝑓 = 𝑓0 +√2𝜋∑
𝑗≥1

𝑓𝑗𝑒𝑗

andnotice that the zeromode𝑓0 is unnormalised in the sense that it is notmultiplied by
v𝑔(Σ)−1/2, which corresponds to the constant eigenfunction 𝑒0.8 We equip 𝐻𝑠(Σ) with
the pushforward of the measure d𝑐 ⊗ P on (ℝ/2𝜋𝑅ℤ) × Ω through the map (𝑐, 𝜔) ↦
𝑐 + 𝑋𝑔(𝜔).
Recall from Section 3.10 that equivariant distributions 𝑢 ∈ 𝐻𝑠

Γ(Σ̃) can be uniquely
decomposed as

(6.5) 𝑢 = 𝜋∗(𝑓0 +√2𝜋∑
𝑗≥1

𝑓𝑗𝑒𝑗) + 𝐼𝑥0(𝜔𝐤)

for some 𝐤 ∈ ℤ2𝔤 ≃ ℋ1
𝑅(Σ) and 𝑓 ∈ 𝐻𝑠(Σ) of the form (6.4), where 𝜋 ∶ Σ̃ → Σ is

the projection on the base. Each connected component of 𝐻𝑠
Γ(Σ̃) has the structure of

an affine space with associated vector space 𝐻𝑠(Σ), parametrised by one element [𝜔𝐤]
in the cohomology classℋ1

𝑅(Σ). The decomposition (6.5) in the component associated
to [𝜔𝐤] depends on a choice of representative 𝜔𝐤 in the cohomology class [𝜔𝐤], which
can be viewed as choosing a base point in the connected component. We consider the
following space ℰ𝑅(Σ) of functionals 𝐹 defined on𝐻𝑠

Γ(Σ̃): in the connected component
8This term can be absorbed in the 𝑐-integral up to changing the compactification radius and this is why

we choose this normalisation.
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associated to [𝜔𝐤] (for 𝐤 ∈ ℤ2𝔤), writing distributions 𝑢 in this component under the
form (6.5), we say that 𝐹 ∈ ℰ𝑅(Σ) if it has the form

(6.6) 𝐹(𝑢) =
𝑁
∑

𝑛=−𝑁
𝑒
𝑖
𝑅𝑛𝑓0𝑃𝑛(𝑓 − 𝑓0)𝐺(𝑒

𝑖
𝑅 𝐼𝑥0 (𝜔𝐤))

for arbitrary 𝑁 ∈ ℕ, where 𝑃𝑛 are polynomials, depending on 𝐤, of the form 𝑃𝑛(⟨𝑓 −
𝑓0, 𝑔1⟩, . . . , ⟨𝑓 − 𝑓0, 𝑔𝑚𝑛⟩) where 𝑔1, . . . , 𝑔𝑚𝑛 belong to𝐻−𝑠(Σ), and 𝐺 is continuous and
bounded on 𝐶0(Σ, 𝕊1), also depending on 𝐤. Notice in particular that these functionals
are 2𝜋𝑅-periodic in the zero mode 𝑓0. Let us check that the space ℰ𝑅(Σ) is not de-
pending on the choice of representative 𝜔𝐤 ∈ [𝜔𝐤] ∈ ℋ1

𝑅(Σ): indeed, if 𝜔′𝐤 is another
representative, we have 𝜔′𝐤 = 𝜔𝐤 + dℎ𝐤 for some smooth function ℎ𝐤 and 𝑢 can be
rewritten as

𝑢 = 𝜋∗𝑓′ + 𝐼𝑥0(𝜔′𝐤), 𝑓′ ≔ 𝑓 − ℎ𝐤 + ℎ𝐤(𝑥0)
andwe see that there is a polynomial 𝑃′𝑛 (depending on ℎ𝐤, 𝑥0 and 𝑃𝑛) and a continuous
function 𝐺′ on 𝐶0(Σ, 𝕊1) given by 𝐺′(𝑤) ≔ 𝐺(𝑒

𝑖
𝑅 (ℎ𝐤−ℎ𝐤(𝑥0))𝑤) for 𝑤 ∈ 𝐶0(Σ, 𝕊1) such

that

𝐹(𝑢) =
𝑁
∑

𝑛=−𝑁
𝑒
𝑖
𝑅𝑛𝑓

′
0𝑃′𝑛(⟨𝑓′ − 𝑓′0 , 𝑔1⟩, . . . , ⟨𝑓′ − 𝑓′0 , 𝑔𝑚𝑛⟩)𝐺′(𝑒

𝑖
𝑅 𝐼𝑥0 (𝜔

′
𝐤)).

The reason for this choice of space, in particular the polynomial part in the variable
𝑓 − 𝑓0, is that it is convenient to perform an analytic continuation argument later to
define the correlation functions, see the proof of Theorem 6.11. Next we define the
space ℒ∞,𝑝(𝐻𝑠(Σ)) as the closure of ℰ𝑅(Σ) with respect to the norm

(6.7) ‖𝐹‖ℒ∞,𝑝 ≔ sup
𝐤
(∫

𝕋𝑅
E[𝑒−

1
2𝜋 ⟨d𝑋𝑔,𝜔𝐤⟩−

1
4𝜋 ‖d𝑓𝐤‖

2
2 |𝐹(𝜋∗(𝑐 + 𝑋𝑔) + 𝐼𝑥0(𝜔𝐤))|𝑝] d𝑐)

1
𝑝 ,

where (1 − Π1)𝜔𝐤 = d𝑓𝐤 with Π1 is the projection on harmonic forms (recall Lemma
3.3).

Lemma 6.2. The norm ‖𝐹‖ℒ∞,𝑝 does not depend on the choice of representatives of the
cohomologyℋ1

𝑅(Σ).

Proof. For 𝐤 ∈ ℤ2𝔤 ≃ ℋ1
𝑅(Σ), let 𝜔h𝐤 ≔ Π1𝜔𝐤 be the harmonic 1 form in the same

cohomology class as 𝜔𝐤, so that 𝜔𝐤 = 𝜔h𝐤 + d𝑓𝐤. Using the Girsanov transform and a
shift in the 𝑐-variable we have

∫
ℝ/2𝜋𝑅ℤ

E[𝑒−
1
2𝜋 ⟨d𝑋𝑔,𝜔𝐤⟩2−

1
4𝜋 ‖d𝑓𝐤‖

2
2 |𝐹(𝜋∗(𝑐 + 𝑋𝑔) + 𝐼𝑥0(𝜔𝐤))|𝑝] d𝑐

=∫
ℝ/2𝜋𝑅ℤ

E[𝑒−
1
2𝜋 ⟨d𝑋𝑔,𝜔h

𝐤 ⟩2 |𝐹(𝜋∗(𝑐 + 𝑋𝑔) + 𝐼𝑥0(𝜔h𝐤))|𝑝] d𝑐

=∫
ℝ/2𝜋𝑅ℤ

E[|𝐹(𝜋∗(𝑐 + 𝑋𝑔) + 𝐼𝑥0(𝜔h𝐤))|𝑝] d𝑐,

where we have used that ⟨d𝑋𝑔, 𝜔h𝐤⟩2 = ⟨𝑋𝑔, d∗𝜔h𝐤⟩2 = 0 because 𝜔h𝐤 is harmonic. This
proves the claim. □

On closed surfaces Σ, we will denote the Liouville field by
𝜙𝑔 ≔ 𝑐 + 𝑋𝑔 + 𝐼𝝈𝑥0(𝜔𝐤).
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This field belongs to𝐻𝑠(Σ𝝈) but can also be considered as an element in𝐻𝑠
Γ(Σ̃). Indeed,

recall from Section 4 that 𝐼𝝈𝑥0(𝜔𝐤) is a smooth function on Σ𝝈 such that there is an
open set 𝑈𝝈

𝑥0 ⊂ Σ̃ containing ̃𝑥0 for which 𝐼𝑥0(𝜔𝐤)|𝑈𝝈𝑥0
= 𝜋∗𝐼𝝈𝑥0(𝜔𝐤) and 𝜋 ∶ 𝑈𝝈

𝑥0 →
Σ𝝈 a surjective local diffeomorphism. This means that the lift 𝜋∗𝜙𝑔|𝑈𝝈𝑥0

has a unique
extension to Σ̃ as an equivariant element in𝐻𝑠

Γ(Σ̃), andwe shall therefore freely identify
𝜙𝑔 with this extension when considering 𝐹(𝜙𝑔) with 𝐹 defined on 𝐻𝑠

Γ(Σ̃).
The Liouville field is thus a function of the zero mode 𝑐 ∈ 𝕋𝑅 = ℝ/2𝜋𝑅ℤ, the free

field𝑋𝑔, 𝐤 ∈ ℤ2𝔤, the base point 𝑥0, the canonical basis 𝜎 and the choice of cohomology
basis 𝜔1, . . . , 𝜔2𝔤.

Definition 6.3 (Path integral). We consider the path integral, defined for all 𝐹 ∈
ℰ𝑅(Σ),

⟨𝐹⟩Σ,𝑔 ≔(
v𝑔(Σ)

det′(Δ𝑔)
)
1
2 ∑
𝐤∈ℤ2𝔤

𝑒−
1
4𝜋 ‖𝜔𝐤‖22

×∫
𝕋𝑅

E[𝑒−
1
2𝜋 ⟨d𝑋𝑔,𝜔𝐤⟩2𝐹(𝜙𝑔)𝑒−

𝑖𝑄
4𝜋 ∫regΣ𝝈 𝐾𝑔𝜙𝑔 dv𝑔−𝜇𝑀

𝑔
𝛽(𝜙𝑔,Σ)] d𝑐,

(6.8)

where the curvature term is defined following (4.2), namely

(6.9) ∫
reg

Σ
𝐾𝑔𝜙𝑔 dv𝑔 ≔∫

Σ
(𝑐 + 𝑋𝑔)𝐾𝑔 dv𝑔 +∫

reg

Σ𝝈
𝐼𝝈𝑥0(𝜔𝐤)𝐾𝑔 dv𝑔.

Note that Lemma 3.9 entails that the potential term𝑀𝑔
𝛽(𝜙𝑔, Σ) is well-defined since

the (regularised) integrand descends to a function on Σ. Note also that Definition 6.3
a priori depends on the marking 𝜎 (i.e. the basis ofℋ1(Σ)), the choice of closed forms
representing a basis of cohomology (used to define the (𝜔𝐤)𝐤) as well as the base point
𝑥0. We will show that actually it does not and this is why we dropped all of these
dependences from the notations.

Proposition 6.4. The path integral (6.8) satisfies the following basic properties:
(1) the quantity ⟨𝐹⟩Σ,𝑔 is well-defined and finite for 𝐹 ∈ ℰ𝑅(Σ), and extends to 𝐹 ∈

ℒ∞,𝑝(𝐻𝑠(Σ)) for 𝑝 > 1.
(2) the quantity ⟨𝐹⟩Σ,𝑔 depends neither on the base point 𝑥0 ∈ Σ, nor on the choice of

the homology basis 𝝈, nor on the closed forms representing the cohomology basis
dual to 𝝈.

Proof. We first prove (1). For this we observe that

E[|| exp ( − 𝜇𝑀𝑔
𝛽(𝑐 + 𝑋𝑔 + 𝐼𝝈𝑥0(𝜔𝐤), Σ))||] ≤ 𝐶

for some constant 𝐶 depending only on Σ and 𝛽 (and thus not on 𝐤). To see this, we
want to use Proposition 5.3. Let us consider an analytic closed simple curve 𝒞 discon-
necting the surface Σ into two connected components Σ1 and Σ2 (for example 𝒞 bound
a small disk). Now we use the Markov decomposition in Proposition 5.1 (item (2)) to
write the GFF as the sum

𝑋𝑔 = 𝑋1 + 𝑋2 + 𝑃 − 𝑐𝑔,
where 𝑋1, 𝑋2, 𝑃 are independent Gaussian processes, 𝑋1, 𝑋2 are Dirichlet GFF respec-
tively on Σ1, Σ2, 𝑃 is the harmonic extension of the boundary values 𝑋𝑔|𝒞 (which we
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also write 𝑋𝒞) and 𝑐𝑔 is a Gaussian random variable. Conditioning on the values 𝑋𝒞 ,
we can then bound our expectation as

E[|| exp ( − 𝜇𝑀𝑔
𝛽(𝑐 + 𝑋𝑔 + 𝐼𝝈𝑥0(𝜔𝐤), Σ))||]

≤E[E[ ∏
𝑗=1,2

|| exp ( − 𝜇𝑀𝑔
𝛽(𝑐 − 𝑐𝑔 + 𝑋𝑗 + 𝑃 + 𝐼𝝈𝑥0(𝜔𝐤), Σ𝑗))|| ∣ 𝑋𝒞]]

≤E[ ∏
𝑗=1,2

E[ exp (||𝜇𝑀
𝑔
𝛽(𝑐 + 𝑋𝑗 + 𝑃 + 𝐼𝝈𝑥0(𝜔𝐤), Σ𝑗)||) ∣ 𝑋𝒞]].

Proposition 5.3 (applied with 𝑍 = 𝑐 and 𝑓 = 𝑒𝑖𝛽(𝑃+𝐼𝝈𝑥0 (𝜔𝐤))) then ensures that the fol-
lowing estimate holds true for the conditional expectation given 𝑋𝒞

E[ exp (||𝜇𝑀𝑔
𝛽(𝑐 + 𝑋𝑗 + 𝑃 + 𝐼𝝈𝑥0(𝜔𝐤), Σ𝑗)||)|| 𝑋𝒞] ≤ 𝑒𝐶|𝜇|𝑣(1 + 𝐶|𝜇|𝑢𝑒𝐶𝜇2ᵆ2)

with

𝑢2 ≔∬
Σ2𝑗
|𝑓(𝑥)||𝑓(𝑦)|𝑑𝑔(𝑥, 𝑦)−𝛽

2dv𝑔(𝑥)dv𝑔(𝑦)

𝑣 ≔ ∫
Σ𝑗
|𝑓(𝑥)| dist(𝑥, 𝜕Σ𝑗)−

𝛽2
2 dv𝑔(𝑥),

for some constant 𝐶 only depending on 𝛽. Since |𝑓(𝑥)| = 1 the above conditional
expectation is uniformly bounded by a deterministic constant (independent of 𝑐, 𝐤).
We deduce

(6.10) E[|| exp ( − 𝜇𝑀𝑔
𝛽(𝑐 + 𝑋𝑔 + 𝐼𝝈𝑥0(𝜔𝐤), Σ))||] < +∞.

As a consequence, our claim (1) follows easily: indeed, the term 𝑒−
𝑖𝑄
4𝜋 ∫regΣ𝝈 𝐾𝑔𝜙𝑔 dv𝑔

has absolute value bounded by 1. UsingHölder inequality, the integrand in (6.8) is thus
bounded by

(
v𝑔(Σ)

det′(Δ𝑔)
)
1
2 ∑
𝐤∈ℤ2𝔤

𝑒−
1
4𝜋 ‖𝜔𝐤‖22(∫

𝕋𝑅
E[𝑒−

1
2𝜋 ⟨d𝑋𝑔,𝜔𝐤⟩2 |𝐹(𝜙𝑔)|𝑝1]d𝑐)

1/𝑝1

(∫
𝕋𝑅

E[𝑒−
1
2𝜋 ⟨d𝑋𝑔,𝜔𝐤⟩2 |𝑒−𝜇𝑀

𝑔
𝛽(𝜙𝑔,Σ)|𝑝2]d𝑐)

1/𝑝2

for some 𝑝1, 𝑝2 > 1 with 1
𝑝1
+ 1

𝑝2
= 1. Using (6.7) this is bounded by

(
v𝑔(Σ)

det′(Δ𝑔)
)
1
2 ∑
𝐤∈ℤ2𝔤

𝑒−
1
4𝜋 ‖𝜔𝐤‖22‖𝐹‖ℒ∞,𝑝1 𝑒

1
4𝜋𝑝1

‖(1−Π1)𝜔𝐤‖22

× (∫
𝕋𝑅

E[𝑒−
1
2𝜋 ⟨d𝑋𝑔,𝜔𝐤⟩2 |𝑒−𝜇𝑀

𝑔
𝛽(𝜙𝑔,Σ)|𝑝2]d𝑐)

1/𝑝2
.
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We can apply the Girsanov transform to the last expectation above to get (by Lemma
3.3)

(∫
𝕋𝑅

E[𝑒−
1
2𝜋 ⟨d𝑋𝑔,𝜔𝐤⟩2 |𝑒−𝜇𝑀

𝑔
𝛽(𝜙𝑔,Σ)|𝑝2]d𝑐)

1/𝑝2

≤𝑒
1

4𝜋𝑝2
‖(1−Π1)𝜔𝐤‖22(∫

𝕋𝑅
E[|𝑒−𝜇𝑀

𝑔
𝛽(𝑐+𝑋𝑔+𝐼𝜍𝑥0 (𝜔

h
𝐤 ),Σ)|𝑝2]d𝑐)

1/𝑝2
.

The last expectation is bounded by some constant 𝐶 independent of 𝐤 as shown in
(6.10). Summarizing,

⟨𝐹⟩Σ,𝑔 ≤𝐶(
v𝑔(Σ)

det′(Δ𝑔)
)
1
2 ∑
𝐤∈ℤ2𝔤

𝑒−
1
4𝜋 ‖𝜔𝐤‖22‖𝐹‖ℒ∞,𝑝1 𝑒

1
4𝜋 ‖(1−Π1)𝜔𝐤‖22

=𝐶(
v𝑔(Σ)

det′(Δ𝑔)
)
1
2 ‖𝐹‖ℒ∞,𝑝1 ∑

𝐤∈ℤ2𝔤
𝑒−

1
4𝜋 ‖𝜔

h
𝐤 ‖22 .

We conclude about integrability and well-posedness of the path integral, as well as to
its extension to ℒ∞,𝑝(𝐻𝑠(Σ)).
For (2), observe that changing the base point 𝑥0 amounts to shifting the zeromode 𝑐

by some constant, and this is absorbed by a change of variables in the d𝑐-integral, since
the integrand is periodic in 𝑐 (the assumption 𝐹 ∈ ℒ∞,𝑝(𝐻𝑠(Σ)), hence periodic in 𝑐, is
crucial). Next we show that the path integral is invariant under change of cohomology
basis (even if not dual to 𝜎). Let 𝜔̂𝑗 , for 𝑗 = 1, . . . , 2𝔤, be another basis of cohomology.
For 𝐤 ∈ ℤ2𝔤, we set 𝜔̂𝐤 ≔ ∑2𝔤

𝑗=1 𝑘𝑗𝜔̂𝑗 . Then there is 𝐴 ∈ GL2𝔤(ℤ) such that 𝜔𝐤 =
𝜔̂𝐴𝐤 + d𝑓𝐴𝐤 for all 𝐤 and for some exact form d𝑓𝐴𝐤 (see Lemma 3.2). We can then
replace 𝜔𝐤 by 𝜔̂𝐴𝐤 + d𝑓𝐴𝐤 in the expression for the path integral. By making a change
of variables in the summation over 𝐤, we can get rid of the change of basis matrix 𝐴,
i.e. we get

⟨𝐹⟩Σ,𝑔 = (
v𝑔(Σ)

det′(Δ𝑔)
)
1
2 ∑
𝐤∈ℤ2𝔤

𝑒−
1
4𝜋 ‖𝜔̂𝐤+d𝑓𝐤‖22(6.11)

×∫
𝕋𝑅

E[𝑒−
1
2𝜋 ⟨d𝑋𝑔,𝜔̂𝐤+d𝑓𝐤⟩2𝐹(𝜙𝑔)𝑒−

𝑖𝑄
4𝜋 ∫regΣ𝝈 𝐾𝑔𝜙𝑔 dv𝑔−𝜇𝑀

𝑔
𝛽(𝜙𝑔,Σ)] d𝑐,

where the Liouville field is now 𝜙𝑔 = 𝑐+𝑋𝑔 + 𝐼𝜍𝑥0(𝜔̂𝐤) + 𝑓𝐤(𝑥) − 𝑓𝐤(𝑥0). Next we apply
the Girsanov transform to the term 𝑒−

1
2𝜋 ⟨d𝑋𝑔,d𝑓𝐤⟩2 . It produces a variance type term

𝑒
1
4𝜋 ‖d𝑓𝐤‖

2
2 and it shifts the law of the GFF as 𝑋𝑔 → 𝑋𝑔 − (𝑓𝐤 −𝑚𝑔(𝑓𝐤)) where𝑚𝑔(𝑓𝐤) ≔

1
v𝑔(Σ)

∫Σ 𝑓𝐤 dv𝑔. We can then shift the 𝑐-integral to absorb the constant𝑚𝑔(𝑓𝐤) − 𝑓𝐤(𝑥0).
Combining with the norm term in front of the expectation, we get the result.
Finally if we consider another basis of homology 𝝈′. Let 𝜔̂𝑗 , for 𝑗 = 1, . . . , 2𝔤, be

another basis of cohomology, dual to 𝝈′. For 𝐤 ∈ ℤ2𝔤, we set 𝜔̂𝐤 ≔ ∑2𝔤
𝑗=1 𝑘𝑗𝜔̂𝑗 . Then

there is 𝐴 ∈ GL2𝔤(ℤ) such that 𝜔𝐤 = 𝜔̂𝐴𝐤 + d𝑓𝐴𝐤 for all 𝐤 and for some exact form
d𝑓𝐴𝐤 (see Lemma 3.2). Then, the previous result tells us that we can replace, in the
path integral associated to 𝝈 and the 𝜔𝐤’s, the closed 1-forms 𝜔𝐤’s by the 𝜔̂𝐤’s. Next we
want to change the homology basis. Only three terms depend now on 𝝈: 𝐹(𝜙𝑔), the
curvature term and the potential term. Note that 𝑒

𝑖
𝑅 𝐼

𝝈𝑥0 (𝜔̂𝐤) = 𝑒
𝑖
𝑅 𝐼

𝝈′𝑥0 (𝜔̂𝐤). Also Lemma
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4.5 shows that 𝑒−
𝑖𝑄
4𝜋 ∫regΣ𝝈 𝐾𝑔𝜙𝑔 dv𝑔 = 𝑒−

𝑖𝑄
4𝜋 ∫regΣ𝝈′

𝐾𝑔𝜙𝑔 dv𝑔 because 𝑄 ∈ 1
𝑅
ℤ. Hence we are

done. □

Remark 6.5. The invariance under change of cohomology basis in Proposition 6.4 is
quite intuitive from the path integral perspective. Indeed, note that formally, ‖𝜔̂𝐤‖22 +
2⟨d𝑋𝑔, 𝜔̂𝐤⟩2 = ‖𝜔̂𝐤 + d𝑋𝑔‖2 − ‖d𝑋𝑔‖2. Next, the GFF expectation can be understood as
a path integral 𝑒−

1
4𝜋 ‖d𝑋𝑔‖22𝐷𝑋𝑔 so that, all in all, the path integral can be understood as

𝑒−
1
4𝜋 ‖d𝜙𝑔‖

2
2𝐷𝜙𝑔, namely a “Gaussian” measure over closed 1-forms.

6.2. Correlation functions: Electric and magnetic operators. In this section, we
introduce the correlation functions for all the operators we need in this theory. They
are of two types, electric ormagnetic, andwewill construct each of them in the next two
subsections. Finally wewill constructmixed electric-magnetic operators by combining
the two constructions.

6.2.1. Magnetic operators. Let 𝑧1, . . . , 𝑧𝑛𝔪 be distinct points on a closed Riemann sur-
face Σ. For each such a point 𝑧𝑗 we assign a unit tangent vector 𝑣𝑗 ∈ 𝑇𝑧𝑗Σ and a
magnetic charge 𝑚𝑗 ∈ ℤ. We collect those data in 𝐳 = (𝑧1, . . . , 𝑧𝑛𝔪) ∈ Σ𝑛𝔪 , 𝐯 =
((𝑧1, 𝑣1), . . . , (𝑧𝑛𝔪 , 𝑣𝑛𝔪)) ∈ (𝑇Σ)𝑛𝔪 and 𝐦 ∈ ℤ𝑛𝔪 . We assume that ∑𝑛𝔪

𝑗=1𝑚𝑗 = 0 and
will denote by {𝐳} = ∪𝑛𝔪𝑗=1{𝑧𝑗} ⊂ Σ. Wewish to insert on Σmagnetic defects at the 𝑧𝑗 ’s so
that the field 𝜙𝑔(𝑧) is multivalued and gains a factor 2𝜋𝑚𝑗𝑅 when 𝑧 turns once around
a small circle around 𝑧𝑗 (and not the other 𝑧𝑗′ ’s). As before, we choose a set of data
given by Assumption 6.1. We assume that the geometric symplectic basis 𝝈 as well as
the base point 𝑥0 is distinct from {𝐳}, in particular {𝐳} ⊂ Σ𝝈 (recall (4.1)).
The structure of the magnetic operators relies on the construction of the harmonic

1-forms of Proposition 3.10. Consider the harmonic 1-form 𝜈h𝐳,𝐦 with windings 2𝜋𝑅𝑚𝑗
around the point 𝑧𝑗 given by this Proposition.9
We define the Liouville field

(6.12) 𝜙𝑔 ≔ 𝑐 + 𝑋𝑔 + 𝐼𝝈𝑥0(𝜔𝐤) + 𝐼𝝃𝑥0(𝜈h𝐳,𝐦).
As explained in Section 4 and Section 4.2, this field belongs to 𝐻𝑠(Σ ⧵ (𝝈 ∪ 𝝃)) but can
alternatively be viewed as an element in 𝐻𝑠

Γ(Σ̃𝐳) as 𝐼𝝈𝑥0(𝜔𝐤) + 𝐼𝝃𝑥0(𝜈h𝐳,𝐦) has a lift to a
fundamental domain of 𝜋1(Σ𝐳, 𝑥0) in Σ̃𝐳 given by 𝐼𝑥0(𝜔𝐤) + 𝐼𝑥0(𝜈h𝐳,𝐦). Recall that, if the
basis ofℋ1(Σ ⧵ {𝐳}) is fixed, each 𝑢 ∈ 𝐻𝑠

Γ(Σ̃𝐳) decomposes uniquely as
(6.13) 𝑢 = 𝜋∗𝑓 + 𝐼𝑥0(𝜔𝐤) + 𝐼𝑥0(𝜈h𝐳,𝐦)
for some 𝑓 ∈ 𝐻𝑠(Σ), (𝐤,𝐦) ∈ ℤ2𝔤+𝑛𝔪 . We also write 𝑓0 = v𝑔(Σ)−1 ∫Σ 𝑓dv𝑔 as in (6.4).
Each connected component of 𝐻𝑠

Γ(Σ̃𝐳) has the structure of an affine space with associ-
ated vector space 𝐻𝑠(Σ), parametrised by one element [𝜔𝐤 + 𝜈h𝐳,𝐦] in the cohomology
classℋ1

𝑅(Σ𝐳). The decomposition (6.13) in the component associated to [𝜔𝐤] depends
on a choice of representative 𝜔𝐤 +𝜈h𝐳,𝐦 in the cohomology class [𝜔𝐤 +𝜈h𝐳,𝐦], which can
be viewed as choosing a base point in the connected component. For each𝐦 ∈ ℤ𝑛𝔪
fixed, we consider the following space ℰ𝐦𝑅 (Σ) of functionals 𝐹 defined on 𝐻𝑠

Γ(Σ̃𝐳) as
follows: in the connected component associated to [𝜔𝐤 + 𝜈h𝐳,𝐦] (for 𝐤 ∈ ℤ2𝔤), writing

9Being harmonic is not necessary, we could choose closed 1-forms instead, according to the same
proposition.
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distributions 𝑢 in this component under the form (6.13), we say that 𝐹 ∈ ℰ𝐦𝑅 (Σ) if it
has the form

(6.14) 𝐹(𝑢) =
𝑁
∑

𝑛=−𝑁
𝑒
𝑖
𝑅𝑛𝑓0𝑃𝑛(𝑓 − 𝑓0)𝐺(𝑒

𝑖
𝑅 (𝐼𝑥0 (𝜔𝐤)+𝐼𝑥0 (𝜈

h𝐳,𝐦)))

for arbitrary 𝑁 ∈ ℕ, where 𝑃𝑛 are polynomials (depending on (𝐤,𝐦)) of the form
𝑃𝑛(⟨𝑓 − 𝑓0, 𝑔1⟩, . . . , ⟨𝑓 − 𝑓0, 𝑔𝑚𝑛⟩) where 𝑔1, . . . , 𝑔𝑚𝑛 belong to 𝐻−𝑠(Σ), and 𝐺 is con-
tinuous and bounded on 𝐶0(Σ, 𝕊1) (depending on (𝐤,𝐦)). Notice in particular that
these functionals are 2𝜋𝑅-periodic in the zero mode 𝑓0. The same argument as in the
case with no magnetic field shows that the space ℰ𝐦𝑅 (Σ) is well-defined, in the sense
that it does not depend on the choice of representative 𝜔𝐤 + 𝜈h𝐳,𝐦 of the cohomology
class.
Next, for𝐦 fixed and a fixed family of representatives 𝜔𝐤 of the cohomology classes

inℋ1
𝑅(Σ), we define the space ℒ

∞,𝑝
𝐦 (𝐻𝑠(Σ)) as the closure of ℰ𝐦𝑅 (Σ, 𝑔) with respect to

the norm defined by
‖𝐹‖ℒ∞,𝑝

𝐦

= sup
𝐤
(∫

𝕋𝑅
E[𝑒−

⟨d𝑋𝑔,𝜔𝐤⟩
2𝜋 − ‖d𝑓𝐤‖22

4𝜋 |𝐹(𝜋∗(𝑐 + 𝑋𝑔) + 𝐼𝑥0(𝜔𝐤) + 𝐼𝑥0(𝜈h𝐳,𝐦))|𝑝] d𝑐)
1
𝑝 ,

where (1−Π1)𝜔𝐤 = d𝑓𝐤 withΠ1 the projection on harmonic forms (recall Lemma 3.3).

Lemma 6.6. The norm ‖𝐹‖ℒ∞,𝑝
𝐦

does not depend on the choice of representatives 𝜔𝐤 in
the cohomologyℋ1

𝑅(Σ).

Proof. The proof is the same as that of Lemma 6.2. □

Definition 6.7. The definition of the path integral with magnetic operators at loca-
tions 𝐳 = (𝑧1, . . . , 𝑧𝑛𝔪) with magnetic charges𝐦 = (𝑚1, . . . , 𝑚𝑛𝔪) and tangent vectors
𝐯 = ((𝑧1, 𝑣1), . . . , (𝑧𝑛𝔪 , 𝑣𝑛𝔪)) ∈ (𝑇Σ)𝑛𝔪 reads for 𝐹 ∈ ℰ𝐦𝑅 (Σ)

⟨𝐹𝑉𝑔
(0,𝐦)(𝐯)⟩Σ,𝑔 ≔(

v𝑔(Σ)
det′(Δ𝑔)

)
1
2 ∑
𝐤∈ℤ2𝔤

𝑒−
1
4𝜋 ‖𝜔𝐤‖22−

1
4𝜋 ‖𝜈

h𝐳,𝐦‖2𝑔,0−
1
2𝜋 ⟨𝜔𝐤,𝜈h𝐳,𝐦⟩2(6.15)

×∫
𝕋𝑅

E[𝑒−
1
2𝜋 ⟨d𝑋𝑔,𝜔𝐤⟩2𝐹(𝜙𝑔)𝑒−

𝑖𝑄
4𝜋 ∫regΣ 𝐾𝑔𝜙𝑔 dv𝑔−𝜇𝑀

𝑔
𝛽(𝜙𝑔,Σ)] d𝑐,

where 𝑉𝑔
(0,𝐦)(𝐯) is a formal notation to indicate no electric charge (the 0 index) but the

presence of magnetic charges𝐦 = (𝑚1, . . . , 𝑚𝑛𝔪), and where the regularised curvature
term has now a further magnetic term

(6.16) ∫
reg

Σ
𝐾𝑔𝜙𝑔 dv𝑔 ≔∫

Σ
(𝑐+𝑋𝑔)𝐾𝑔 dv𝑔+∫

reg

Σ𝝈
𝐼𝝈𝑥0(𝜔𝐤)𝐾𝑔 dv𝑔+∫

reg

Σ
𝐼𝝃𝑥0(𝜈h𝐳,𝐦)𝐾𝑔 dv𝑔

with ∫reg
Σ 𝐼𝝃𝑥0(𝜈h𝐳,𝐦)𝐾𝑔 dv𝑔 defined by (4.5) and ∫

reg
Σ 𝐼𝝈𝑥0(𝜔𝐤)𝐾𝑔 dv𝑔 by (4.2).

This definition is similar to (6.8); notice in particular that we have not put the term
𝑒−

1
2𝜋 ⟨d𝑋𝑔,𝜈h𝐳,𝐦⟩2 since by Proposition 3.10, we know that d∗𝜈h𝐳,𝐦 ∈ 𝐶∞(Σ) (𝑑∗𝜈h𝐳,𝐦 is un-

derstood in the distributional sense), and in turn equal to 0, thus
lim
𝜖→0

⟨d𝑋𝑔,𝜖, 𝜈h𝐳,𝐦⟩2 = lim
𝜖→0

⟨𝑋𝑔,𝜖, d∗𝜈h𝐳,𝐦⟩2 = 0.
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This term would however appear if we were using closed 1-form 𝜈𝐳,𝐦 (with prescribed
windings) instead of the harmonic 1-form 𝜈h𝐳,𝐦.10
Also this path integral possesses the same properties as (6.8): this can be shown in

the same way up to some caveats that we explain in the proof of Proposition 6.8. One
further important property is that the path integral does not depend on the choice of
the defect graph.

Proposition 6.8. The path integral (6.15) satisfies the following basic properties:
(1) the quantity ⟨𝐹𝑉𝑔

(0,𝐦)(𝐯)⟩Σ,𝑔 is well-defined and finite for𝐹 ∈ ℰ𝐦𝑅 (Σ), and extends
to 𝐹 ∈ ℒ∞,𝑝

𝐦 (𝐻𝑠(Σ)) for 𝑝 > 1.
(2) the quantity ⟨𝐹𝑉𝑔

(0,𝐦)(𝐯)⟩Σ,𝑔 depends neither on the base point 𝑥0 ∈ Σ, nor on the
choice of geometric symplectic basis 𝜎 ofℋ1(Σ), nor on the choice of the cohomol-
ogy basis dual to 𝜎,

(3) the quantity ⟨𝐹𝑉𝑔
(0,𝐦)(𝐯)⟩Σ,𝑔 only depends on the location of the points 𝐯 =

(𝑧𝑗 , 𝑣𝑗)𝑗=1,. . .,𝑛𝔪 in 𝑇Σ and the charges𝐦, but not on the defect graph.

Proof. The proof of items (1) and (2) is similar to Proposition 6.4, but there is only one
point to be careful with. We have to check the summability over 𝐤 as this expression
features now a further term 𝑒−

1
2𝜋 ⟨𝜔𝐤,𝜈h𝐳,𝐦⟩2 . This term is bounded by 𝑒𝐶𝐦|𝐤| for some

𝐶𝐦 > 0 and thus does not affect the summability over 𝐤 in the proof of Proposition 6.4.
To prove (3), it suffices to use Lemma 4.9. □

Below, we denote by 𝑆Σ ≔ {(𝑥, 𝑣) ∈ 𝑇Σ ∣ |𝑣|𝑔𝑥 = 1} the unit sphere bundle.
Corollary 6.9. For 𝑟𝜃 being the rotation of angle 𝜃 in the tangent bundle, set

𝑟𝜽𝐯 ≔ ((𝑧1, 𝑟𝜃1𝑣1), . . . , (𝑧𝑛𝔪 , 𝑟𝜃𝑛𝔪𝑣𝑛𝔪)) ∈ (𝑇Σ)𝑛𝔪 .
Then

⟨𝐹𝑉𝑔
(0,𝐦)(𝑟𝜽𝐯)⟩Σ,𝑔 = 𝑒−𝑖𝑄𝑅⟨𝐦,𝜽⟩⟨𝐹𝑉𝑔

(0,𝐦)(𝐯)⟩Σ,𝑔.
Denoting 𝑅𝑄 = −ℓ ∈ −ℕ, the correlation functions, viewed as functions

𝐯 ∈ (𝑆Σ)𝑛𝔪 ↦ ⟨𝐹𝑉𝑔
(0,𝐦)(𝐯)⟩Σ,𝑔

are sections of 𝒦ℓ𝑚1 ⊗⋯⊗ 𝒦ℓ𝑚𝑛𝔪 where 𝒦 = (𝑇1,0Σ)∗ is the canonical line bundle
and𝒦−1 = (𝑇0,1Σ)∗ the anti-canonical bundle; by convention, if 𝑘 ≥ 1, we write𝒦𝑘 ≔
⊗𝑘

𝑗=1𝒦 and𝒦−𝑘 ≔ ⊗𝑘
𝑗=1𝒦−1.

Proof. It suffices to consider the case where only one vector is rotated, as we can apply
recursively the result to each angle. Consider the defect graph 𝒟𝐯,𝝃 . Since the cor-
relation functions do not depend on the graph, we may choose the canonical defect
graph 𝑧1 → 𝑧2 → .. . → 𝑧𝑛𝔪 . Let us first investigate the case when the 1st vector
is rotated. We proceed as in the proof of Lemma 4.9 using Gauss-Bonnet. Denote by
(𝜉𝑝)𝑝 the paths of the defect graph 𝒟𝐯,𝝃 . Let us consider another path ̃𝜉1 such that
̃𝜉(0) = 𝑧1, ̃𝜉(1) = 𝑧2 with 𝜕𝑡 ̃𝜉(0) = ̃𝜆1𝑟𝜃1𝑣1, 𝜕𝑡 ̃𝜉(1) = ̃𝜆2𝑣2 for ̃𝜆1, ̃𝜆2 > 0. We compute

the change in the correlation functions when replacing 𝜉1 by ̃𝜉. Let us call 𝒟̃𝑟𝜽𝐯,𝝃 the
defect graph after this replacement. We can assume the curves 𝜉1 and ̃𝜉 don’t overlap
and bound a domain 𝐷 homeomorphic to a disk, and the boundary of 𝐷 inherits an

10Adding an exact form to 𝜈h𝐳,𝐦 in the path integral expression amounts to adding this exact form to 𝜔𝐤
so that our statement is already completely equivalent to considering closed 1-forms instead of 𝜈h𝐳,𝐦.
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orientation from Σ. Without loss of generality, we may assume that ̃𝜉 is positively ori-
ented, and 𝜉1 negatively oriented with respect to the orientation of 𝜕𝐷. The two defect
graphs give rise to two different primitives 𝐼𝝃𝑥0(𝜈h𝐳,𝐦) and 𝐼

̃𝝃
𝑥0(𝜈h𝐳,𝐦) and, on 𝐷, we have

𝐼 ̃𝝃
𝑥0(𝜈h𝐳,𝐦) = 𝐼𝝃𝑥0(𝜈h𝐳,𝐦)− 2𝜋𝑅𝑚1, where we noted that 𝜅(𝜉1) = 𝜅( ̃𝜉) = 𝑚1. The difference
of the two regularised integrals is then

∫
reg

Σ
𝐼 ̃𝝃
𝑥0(𝜈h𝐳,𝐦)𝐾𝑔 dv𝑔 −∫

reg

Σ
𝐼𝝃𝑥0(𝜈h𝐳,𝐦)𝐾𝑔 dv𝑔

= ∫
𝐷
(𝐼 ̃𝝃
𝑥0(𝜈h𝐳,𝐦) − 𝐼𝝃𝑥0(𝜈h𝐳,𝐦))𝐾𝑔dv𝑔 + 4𝜋𝑚1𝑅(∫

𝜉1
𝑘𝑔 dℓ𝑔 −∫

𝜉
𝑘𝑔 dℓ𝑔).

Now we apply again the Gauss-Bonnet theorem on 𝐷 to get

∫
𝐷
(𝐼 ̃𝝃
𝑥0(𝜈h𝐳,𝐦) − 𝐼𝝃𝑥0(𝜈h𝐳,𝐦))𝐾𝑔dv𝑔 = − 2𝜋𝑅𝑚1∫

𝐷
𝐾𝑔dv𝑔

=4𝜋𝑅𝑚1(∫
𝜉
𝑘𝑔 dℓ𝑔 −∫

𝜉1
𝑘𝑔 dℓ𝑔) + 4𝜋𝑅𝑚1𝜃1

and we deduce that the difference of the two regularised integrals is 4𝜋𝑚1𝜃1𝑅. Hence
⟨𝐹𝑉𝑔

(0,𝐦)(𝑟𝜽𝐯)⟩Σ,𝑔 = 𝑒−𝑖𝑄𝑅𝑚1𝜃1⟨𝐹𝑉𝑔
(0,𝐦)(𝐯)⟩Σ,𝑔. The same argument works when we ro-

tate the last vector. The proof has a little twist when rotating an intermediate point
because turning an angle affects then two domains, each of which has to be applied
the Gauss-Bonnet theorem. The main change is that when adding the contributions
of these two domains, the difference 𝜅(𝜉𝑝) − 𝜅(𝜉𝑝−1) = 𝑚𝑝 appears now instead of𝑚1
above, and this yields similarly ⟨𝐹𝑉𝑔

(0,𝐦)(𝑟𝜽𝐯)⟩Σ,𝑔 = 𝑒−𝑖𝑄𝑅𝑚𝑝𝜃𝑝⟨𝐹𝑉𝑔
(0,𝐦)(𝐯)⟩Σ,𝑔 in case

we rotate the 𝑝-th vector only. Hence our claim. Any 𝐶0 function 𝑓 on 𝑆Σ can be de-
composed in Fourier modes in the fibers (which are circles), the fact that for 𝑘 ∈ ℤ one
has 𝑓(𝑧, 𝑟𝜃𝑣) = 𝑒𝑖𝑘𝜃𝑓(𝑧, 𝑣) for all 𝑧means exactly that 𝑓 has only Fourier modes in the
fibers of order 𝑘, which means that 𝑓 is the restriction of a 𝐶0 section of𝒦𝑘 to the unit
sphere bundle (see [33, Chapter 5.4.] for instance). □

6.2.2. Electric operators. We construct now the electric operators in the presence of
magnetic operators. Pure electric correlations can be obtained as a particular case of
the following by taking the magnetic field to be 0. Such fields need to be regularised.
Recall that each 𝑢 ∈ 𝐻𝑠

Γ(Σ̃𝐳) decomposes uniquely as 𝑢 = 𝜋∗𝑓 + 𝐼𝑥0(𝜔𝐤) + 𝐼𝑥0(𝜈h𝐳,𝐤) for
some 𝑓 ∈ 𝐻𝑠(Σ), (𝐤,𝐦) ∈ ℤ2𝔤+𝑛𝔪 . We introduce the regularised electric operators, for
fixed electric charge 𝛼 ∈ ℝ and 𝑥 ∈ Σ,

𝑉𝛼,𝑔,𝜖(𝑢, 𝑥) = 𝜖−𝛼2/2𝑒𝑖𝛼ᵆ𝑔,𝜖(𝑥),
where 𝑢𝑔,𝜖 is a 𝑔-regularisation of the field 𝑢. When 𝑢 = 𝜙𝑔 is the Liouville field (as
below), we will shortcut this expression as 𝑉𝛼,𝑔,𝜖(𝑥).
Next, we choose distinct points 𝑥1, . . . , 𝑥𝑛𝔢 on Σ (and distinct from the locations 𝐳 of

the magnetic defects), which we collect in the vector 𝐱 ∈ Σ𝑛𝔢 , with associated electric
charges 𝜶 ≔ (𝛼1, . . . , 𝛼𝑛𝔢) ∈ ℝ𝑛𝔢 . We denote 𝑉𝑔,𝜖

(𝜶,0)(𝑢, 𝐱) ≔ ∏𝑛𝔢
𝑗=1 𝑉𝛼𝑗 ,𝑔,𝜖(𝑢, 𝑥𝑗) (which

we shortcut as 𝑉𝑔,𝜖
(𝜶,0)(𝐱) if 𝑢 is the Liouville field). Note that this functional belongs to

ℒ∞,𝑝
𝐦 (𝐻𝑠(Σ)) iff the charges satisfy 𝛼𝑗 ∈

1
𝑅
ℤ, whichwewill assume fromnowon. Let us

introduce 𝑢𝐱(𝑥) = ∑𝑛𝔢
𝑗=1 𝑖𝛼𝑗𝐺𝑔(𝑥, 𝑥𝑗) and note that 𝑢𝐱 ∈ 𝐻𝑠(Σ) for 𝑠 < 1. We consider
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the space ℰ𝐦𝑅 (Σ) as before. Next, we define the space ℒ
∞,𝑝
𝜶,𝐦(𝐻𝑠(Σ)) as the closure of

ℰ𝐦𝑅 (Σ) with respect to the seminorm
‖𝐹‖ℒ∞,𝑝

𝜶,𝐦

= sup
𝐤
(∫

𝕋𝑅
E[𝑒−

⟨d𝑋𝑔,𝜔𝐤⟩
2𝜋 − ‖d𝑓𝐤‖22

4𝜋 |𝐹(𝑐 + 𝜋∗𝑋𝑔 + 𝑢𝐱 + 𝐼𝑥0(𝜔𝐤) + 𝐼𝑥0(𝜈h𝐳,𝐦))|𝑝] d𝑐)
1
𝑝 ,

where (1 − Π1)𝜔𝐤 = d𝑓𝐤 with Π1 is the projection on harmonic forms (recall Lemma
3.3).
Similarly to Lemma 6.6, we claim the following:

Lemma 6.10. The norm ‖𝐹‖ℒ∞,𝑝
𝜶,𝐦

does not depend on the choice of representatives 𝜔𝐤 in
the cohomologyℋ1

𝑅(Σ).
The path integral with both electric and magnetic operators is defined by the limit

(6.17) ⟨𝐹𝑉𝑔
(𝜶,0)(𝐱)𝑉

𝑔
(0,𝐦)(𝐯)⟩Σ,𝑔 ≔ lim

𝜖→0
⟨𝐹𝑉𝑔,𝜖

(𝜶,0)(𝐱)𝑉
𝑔
(0,𝐦)(𝐯)⟩Σ,𝑔

for 𝐹 ∈ ℰ𝐦𝑅 (Σ). The existence of the limit is non-trivial and only holds under some
constraints that we summarize below:

Theorem 6.11. Assume that

∀𝑗, 𝛼𝑗 > 𝑄 and 𝛼𝑗 ∈
1
𝑅ℤ,

𝑛𝔪
∑
𝑗=1

𝑚𝑗 = 0.(6.18)

The mapping 𝐹 ∈ ℰ𝐦𝑅 (Σ) ↦ ⟨𝐹𝑉𝑔
(𝜶,0)(𝐱)𝑉

𝑔
(0,𝐦)(𝐯)⟩Σ,𝑔 satisfies the following properties:

(1) Existence: it is well-defined and extends to 𝐹 ∈ ℒ∞,𝑝
𝜶,𝐦(𝐻𝑠(Σ)) for 𝑠 < 0. For

𝐹 = 1, it defines the correlation functions ⟨𝑉𝑔
(𝜶,0)(𝐱)𝑉

𝑔
(0,𝐦)(𝐯)⟩Σ,𝑔.

(2) Conformal anomaly: let 𝑔′ = 𝑒𝜌𝑔 be two conformal metrics on the closed Rie-
mann surface Σ for some 𝜌 ∈ 𝐶∞(Σ), and let 𝐱 = (𝑥1, . . . , 𝑥𝑛𝔢) ∈ Σ𝑛𝔢 , 𝐯 = ((𝑧1, 𝑣1), . . . ,
(𝑧𝑛𝔪 , 𝑣𝑛𝔪)) ∈ (𝑇Σ)𝑛𝔪 with 𝑧𝑗 and 𝑥𝑖 distinct for all 𝑖, 𝑗, and 𝜶 = (𝛼1, . . . , 𝛼𝑛𝔢) ∈ ℝ𝑛𝔢

obeying the constraint (6.18). Then for𝐦 = (𝑚1, . . . , 𝑚𝑛𝔪) ∈ ℤ𝑛𝔪 , we have

⟨𝐹𝑉𝑔′
(𝜶,0)(𝐱)𝑉

𝑔′
(0,𝐦)(𝐯)⟩Σ,𝑔′ =⟨𝐹(⋅ −

𝑖𝑄
2
𝜌)𝑉𝑔

(𝜶,0)(𝐱)𝑉
𝑔
(0,𝐦)(𝐯)⟩Σ,𝑔

× 𝑒−∑𝑛𝔢
𝑗=1 ∆(𝛼𝑗,0)𝜌(𝑥𝑗)−∑

𝑛𝔪
𝑗=1 ∆(0,𝑚𝑗)

𝜌(𝑧𝑗)

× 𝑒
cIL
96𝜋 ∫Σ(|d𝜌|2𝑔+2𝐾𝑔𝜌)dv𝑔 ,

(6.19)

where the real numbers Δ𝛼,𝑚, called conformal weights, are defined by the relation for
𝛼 ∈ ℝ

Δ(𝛼,𝑚) =
𝛼
2 (
𝛼
2 − 𝑄) + 𝑚2𝑅2

4(6.20)

and the central charge is cIL ≔ 1 − 6𝑄2.
(3) Diffeomorphism invariance: let 𝜓 ∶ Σ′ → Σ be an orientation preserving diffeo-

morphism. Then

(6.21) ⟨𝐹(𝜙𝜓∗𝑔)𝑉𝜓∗𝑔
(𝜶,0)(𝐱)𝑉

𝜓∗𝑔
(0,𝐦)(𝐯)⟩Σ′,𝜓∗𝑔 = ⟨𝐹(𝜙𝑔 ∘ 𝜓)𝑉𝑔

(𝜶,0)(𝜓(𝐱))𝑉
𝑔
(0,𝐦)(𝜓∗𝐯)⟩Σ,𝑔,

where we used the collective notations
𝜓∗𝐯 ≔ ((𝜓(𝑧1), d𝜓𝑧1 .𝑣1), . . . , (𝜓(𝑧𝑛𝔪), d𝜓𝑧𝑛𝔪 .𝑣𝑛𝔪)), 𝜓(𝐱) = (𝜓(𝑥1), . . . , 𝜓(𝑥𝑛𝔢)).
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(4) Spins: with 𝑟𝜽𝐯 ≔ ((𝑧1, 𝑟𝜃1𝑣1), . . . , (𝑧𝑛𝔪 , 𝑟𝜃𝑛𝔪𝑣𝑛𝔪)), then

(6.22) ⟨𝐹𝑉𝑔
(𝜶,0)(𝐱)𝑉

𝑔
(0,𝐦)(𝑟𝜽𝐯)⟩Σ,𝑔 = 𝑒−𝑖𝑄𝑅⟨𝐦,𝜽⟩⟨𝐹𝑉𝑔

(𝜶,0)(𝐱)𝑉
𝑔
(0,𝐦)(𝐯)⟩Σ,𝑔.

Proof. We split the proof in 4 parts: the existence and convergence of the path integral,
the conformal anomaly and the diffeomorphism invariance.
(1) Existence. The condition 𝛼𝑗 ∈

1
𝑅
ℤ ensures that the product∏𝑗 𝑉𝛼𝑗 ,𝑔,𝜖(𝑥𝑗) is

in ℒ∞,𝑝
𝜶,𝐦(𝐻𝑠(Σ)). We will use the Cameron-Martin theorem to transform the electric

insertions into singularities in the potential. There is some caveat here: this theorem
applies only for real valued Gaussians whereas we face here imaginary Gaussians. We
thus need to use an analytic continuation argument. The fact that 𝐹 ∈ ℰ𝐦𝑅 (Σ) is crucial
for this: indeed 𝐹 is polynomial, hence analytic, in linear observables of the GFF. This
argument only needs to be applied to the GFF expectation and that is why we only
average over E below (and irrelevant factors are removed from computations). So,
consider the map

𝐰 ≔ (𝑤1, . . . , 𝑤𝑛𝔢) ∈ ℂ𝑛𝔢 ↦ 𝐴(𝐰)
with 𝐴 defined by (the variables 𝑐 and 𝐤 are fixed)

𝐴(𝐰) ≔ E[𝑒−
⟨d𝑋𝑔,𝜔𝐤⟩2

2𝜋 𝐹(𝜙𝑔)
𝑛𝔢
∏
𝑗=1

𝜖−
𝑤2
𝑗
2 𝑒𝑖𝑤𝑗(𝑐+𝑋𝑔,𝜖(𝑥𝑗))𝑒−

𝑖𝑄
4𝜋 ∫regΣ 𝐾𝑔𝜙𝑔 dv𝑔−𝜇𝑀

𝑔
𝛽(𝜙𝑔,Σ)],

where𝜙𝑔 = 𝑐+𝑋𝑔+𝐼𝝈𝑥0(𝜔𝐤)+𝐼
𝝃
𝑥0(𝜈h𝐳,𝐦) is the Liouville field. For fixed 𝜖 > 0 this quantity

is obviously holomorphic on ℂ𝑛𝔢 . For 𝑤1, . . . , 𝑤𝑛𝔢 ∈ 𝑖ℝ, we can use the Cameron-
Martin theorem to shift the GFF𝑋𝑔 by the term 𝑢0,𝜖, and this shift has Radon-Nikodym
derivative

𝑒𝑖∑𝑗 𝑤𝑗𝑋𝑔,𝜖(𝑥𝑗)+
1
2E[(∑

𝑛𝔢
𝑗=1𝑤𝑗𝑋𝑔,𝜖(𝑥𝑗))2],

where we have set 𝐺𝜖,𝜖′(𝑥, 𝑥′) ≔ E[𝑋𝑔,𝜖(𝑥)𝑋𝑔,𝜖′(𝑥′)] (with the convention that 𝑋𝑔,0 =
𝑋𝑔) and 𝑢𝜖,𝜖′(𝑥) ≔ ∑𝑛𝔢

𝑗=1 𝑖𝑤𝑗𝐺𝜖,𝜖′(𝑥, 𝑥𝑗), which is a continuous function of 𝑥 ∈ Σ,
holomorphic in𝐰. We get that

𝐴(𝐰) = 𝑒−
1
2E[(∑

𝑛𝔢
𝑗=1𝑤𝑗𝑋𝑔,𝜖(𝑥𝑗))2]

𝑛𝔢
∏
𝑗=1

𝜖−
𝑤2
𝑗
2 𝑒𝑖∑𝑗 𝑤𝑗𝑐

(6.23)

× E[𝑒−
1
2𝜋 ⟨d𝑋𝑔+dᵆ0,𝜖,𝜔𝐤⟩2𝐹(𝜙𝑔 + 𝑢0,𝜖)𝑒−

𝑖𝑄
4𝜋 ∫regΣ 𝐾𝑔(𝜙𝑔+ᵆ0,𝜖) dv𝑔−𝜇𝑀

𝑔
𝛽(𝜙𝑔+ᵆ0,𝜖,Σ)].

Now we would like to argue that the right hand side is a holomorphic function of 𝐰.
As already explained, the fact that 𝐹 is polynomial in the GFF is crucial but there is
a further subtlety here in the potential: we stress that 𝑀𝑔

𝛽 is not a.s. a measure, but
a distribution of order 2. Therefore, to apply the theorem of complex differentiation
for parametrised integrals, we need to control the quantities 𝜕2𝑥𝑢0,𝜖 uniformly over 𝑥
and the compact subsets in 𝐰. The point is that, because of our regularisation along
geodesic circles, the partial derivatives 𝜕2𝑥𝑢0,𝜖 do not exist as functions, hence are not
bounded. Therefore, it is not clear that a.s. the mapping 𝐰 ↦ 𝑀𝑔

𝛽(𝜙𝑔 + 𝑢0,𝜖, Σ) is
holomorphic (recall that the dependence on 𝐰 is encoded in the function 𝑢0,𝜖). Fur-
thermore, the term 𝐼𝝃𝑥0(𝜈h𝐳,𝐦) appearing in the potential is not of class𝐶2. Yet, this state-
ment is true at the level of expectation values and this is all whatwe need. To prove this,
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we will approximate 𝑢0,𝜖 by a family of𝐰-holomorphic and two times 𝑥-differentiable
functions. Let us thus consider a family (𝑢0,𝜖,𝛿)𝛿 obtained by convolution in the 𝑥-
variable of the function 𝑢0,𝜖 with a mollifying family indexed by 𝛿, which stands for
the regularisation scale, and such that supΣ |𝑢0,𝜖 − 𝑢0,𝜖,𝛿| → 0 as 𝛿 → 0. Such a family
is holomorphic in𝐰 and two times differentiable in 𝑥 for each fixed 𝛿 > 0. The fact that
𝐼𝝃𝑥0(𝜈h𝐳,𝐦) is not 𝐶2 is not really problematic: indeed, since it is a deterministic smooth
function outside of a set of zero Lebesgue measure, the singularities are not seen by
the imaginary GMC. To see this, observe that ∫Σ 𝑓(𝑥)𝑀

𝑔
𝛽(𝑋𝑔 + 𝐼𝝈𝑥0(𝜔𝐤) + 𝐼𝝃𝑥0(𝜈h𝐳,𝐦), d𝑥)

can be obtained as 𝐿2 limit of regularised approximations for each smooth 𝑓. Now we
claim:

Lemma 6.12. The random variable𝑀𝑔
𝛽(𝑋𝑔+𝐼𝝈𝑥0(𝜔𝐤)+𝐼

𝝃
𝑥0(𝜈h𝐳,𝐦), d𝑥) is a random distri-

bution (in the sense of Schwartz) of order 2 on Σ and there exists some 𝐿2 random variable
𝐷Σ such that for all 𝑓 ∈ 𝐶∞(Σ)

||∫
Σ
𝑓(𝑥)𝑀𝑔

𝛽(𝑋𝑔 + 𝐼𝝈𝑥0(𝜔𝐤) + 𝐼𝝃𝑥0(𝜈h𝐳,𝐦), d𝑥)|| ≤ 𝐷Σ(𝐤)(‖𝑓‖∞ + ‖Δ𝑔𝑓‖∞).

Proof. Notice that all 𝑓 ∈ 𝐶∞(Σ) can be written as

𝑓(𝑥) = 𝑚𝑔(𝑓) +∫𝐺𝑔(𝑥, 𝑦)Δ𝑔𝑓(𝑦) dv𝑔(𝑦),

where𝑚𝑔(𝑓) =
1

v𝑔(Σ)
∫𝑓(𝑦) dv𝑔(𝑦). Then for all fixed 𝑓 we have

||∫
Σ
𝑓(𝑥)𝑀𝑔

𝛽(𝑋𝑔 + 𝐼𝝈𝑥0(𝜔𝐤) + 𝐼𝝃𝑥0(𝜈h𝐳,𝐦), d𝑥)||

= ||∫
Σ
(𝑚𝑔(𝑓) +∫

Σ
𝐺𝑔(𝑥, 𝑦)Δ𝑔𝑓(𝑦) dv𝑔(𝑦))𝑀𝑔

𝛽(𝑋𝑔 + 𝐼𝝈𝑥0(𝜔𝐤) + 𝐼𝝃𝑥0(𝜈h𝐳,𝐦), d𝑥)||

≤ |𝑚𝑔(𝑓)||𝑀𝑔
𝛽(𝑋𝑔 + 𝐼𝝈𝑥0(𝜔𝐤) + 𝐼𝝃𝑥0(𝜈h𝐳,𝐦), Σ)|

+∫ ||Δ𝑔𝑓(𝑦)(∫𝐺𝑔(𝑥, 𝑦)𝑀𝑔
𝛽(𝑋𝑔 + 𝐼𝝈𝑥0(𝜔𝐤) + 𝐼𝝃𝑥0(𝜈h𝐳,𝐦), d𝑥))||dv𝑔(𝑦)

≤ (‖𝑓‖∞ + ‖Δ𝑔𝑓‖∞)(|𝑀𝑔
𝛽(𝑋𝑔 + 𝐼𝝈𝑥0(𝜔𝐤) + 𝐼𝝃𝑥0(𝜈h𝐳,𝐦), Σ)|

+∫ ||∫𝐺𝑔(𝑥, 𝑦)𝑀𝑔
𝛽(𝑋𝑔 + 𝐼𝝈𝑥0(𝜔𝐤) + 𝐼𝝃𝑥0(𝜈h𝐳,𝐦), d𝑥)||dv𝑔(𝑦)).

Since this bound is valid almost surely for a countable dense family of 𝐶∞(Σ) equipped
with the norm ‖𝑓‖∞+‖Δ𝑔𝑓‖∞, we deduce that𝑀𝑔

𝛽(𝑋𝑔+𝐼𝝈𝑥0(𝜔𝐤)+𝐼
𝝃
𝑥0(𝜈h𝐳,𝐦), d𝑥) is a dis-

tribution of order 2 almost surely. The random variable in the right-hand side above is
our𝐷Σ(𝐤). One can easily check that it is an 𝐿2 random variable: this amounts to com-
puting the following integral (in local coordinates, and using that 𝑒𝑖𝛽(𝐼𝝈𝑥0 (𝜔𝐤)+𝐼

𝝃
𝑥0 (𝜈

h𝐳,𝐦))

are bounded)

𝑢2(𝑦) ≔∬
𝐷×𝐷

log 1
|𝑥 − 𝑦| log

1
|𝑥′ − 𝑦| |𝑥 − 𝑥′|−𝛽2 d𝑥d𝑥′ < +∞,

where 𝐷 is a disk. This is not only obviously true since 𝛽2 < 2, but also this quantity is
bounded uniformly in 𝑦 over compact subsets. □
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Next we claim that, for 𝛿 > 0 fixed, the expectation
(6.24)
𝑒𝑖∑𝑗 𝑤𝑗𝑐E[𝑒−

1
2𝜋 ⟨d𝑋𝑔+dᵆ0,𝜖,𝜔𝐤⟩2𝐹(𝜙𝑔 + 𝑢0,𝜖)𝑒−

𝑖𝑄
4𝜋 ∫regΣ 𝐾𝑔(𝜙𝑔+ᵆ0,𝜖) dv𝑔−𝜇𝑀

𝑔
𝛽(𝜙𝑔+ᵆ0,𝜖,𝛿,Σ)]

is holomorphic in𝐰 ∈ ℂ𝑛𝔢 . We have to check that, for any compact subset 𝐾 ⊂ ℂ𝑛𝔢 ,

sup
𝐰∈𝐾

E[||𝑒−
⟨d𝑋𝑔+d𝑢0,𝜖,𝜔𝐤⟩2

2𝜋 𝐹(𝜙𝑔 + 𝑢0,𝜖)𝑒−
𝑖𝑄
4𝜋 ∫regΣ 𝐾𝑔(𝜙𝑔+ᵆ0,𝜖)dv𝑔−𝜇𝑀

𝑔
𝛽(𝜙𝑔+ᵆ0,𝜖,𝛿,Σ)||] < ∞.

Up to using Hölder inequality, this amounts to proving that

sup
𝐰∈𝐾

E[||𝑒−𝜇𝑀
𝑔
𝛽(𝜙𝑔+ᵆ0,𝜖,𝛿,Σ)||] < ∞.

This follows from Proposition 5.3.
Hence our claim for the holomorphicity of (6.24). Now we claim that the integral

(6.24) converges locally uniformly with respect to𝐰 towards the same expression with
𝛿 = 0. To see this, it is enough to observe that, locally uniformly in𝐰,

(6.25) E[||𝑒𝜇(𝑀
𝑔
𝛽(𝜙𝑔+ᵆ0,𝜖,𝛿,Σ)−𝑀

𝑔
𝛽(𝜙𝑔+ᵆ0,𝜖,Σ)) − 1||2] → 0, as 𝛿 → 0.

Indeed, from Proposition 5.3, we have for each 𝛼 ∈ ℝ

E[𝑒𝛼|𝑀
𝑔
𝛽(𝜙𝑔+ᵆ0,𝜖,𝛿,Σ)−𝑀

𝑔
𝛽(𝜙𝑔+ᵆ0,𝜖,Σ)|]

≤𝑒𝐶𝛼‖𝑒
𝑖𝛽𝑢0,𝜖,𝛿−𝑒𝑖𝛽𝑢0,𝜖‖∞(1 + 𝐶𝛼‖𝑒𝑖𝛽ᵆ0,𝜖,𝛿 − 𝑒𝑖𝛽ᵆ0,𝜖‖∞𝑒𝐶𝛼

2‖𝑒𝑖𝛽𝑢0,𝜖,𝛿−𝑒𝑖𝛽𝑢0,𝜖‖2∞)

and the latter estimate goes to 1 as 𝛿 → 0 locally uniformly in 𝐰. The claim (6.25)
follows. In conclusion the right hand side of (6.23) defines a holomorphic quantity of
𝐰 ∈ ℂ𝑛𝔢 . So does the left hand side, and both sides coincide on (𝑖ℝ)𝑛𝔢 , therefore on
ℝ𝑛𝔢 .
Next, we want to take𝐰 = 𝜶 in (6.23), integrate over 𝑐 and 𝐤, and then pass to the

limit 𝜖 → 0 in the right hand side to give sense to the limit of the left hand side. The
limit candidate is the same expression with 𝜖 = 0

𝑒−
1
2 ∑𝑗 𝛼

2
𝑗𝑊𝑔(𝑥𝑗)−∑𝑗<𝑗′ 𝛼𝑗𝛼𝑗′𝐺𝑔(𝑥𝑗 ,𝑥𝑗′ )+𝑖∑𝑗 𝛼𝑗𝑐(6.26)

× E[𝑒−
1
2𝜋 ⟨d𝑋𝑔+dᵆ0,0,𝜔𝐤⟩2𝐹(𝜙𝑔 + 𝑢0,0)𝑒−

𝑖𝑄
4𝜋 ∫regΣ 𝐾𝑔(𝜙𝑔+ᵆ0,0) dv𝑔−𝜇𝑀

𝑔
𝛽(𝜙𝑔+ᵆ0,0,Σ)].

The main issue is to make sense of the limit of the potential 𝑀𝑔
𝛽(𝜙𝑔 + 𝑢0,𝜖, Σ). In the

limit, the contribution from 𝑢0,𝜖 will create a singularity in the surface Σ and we have
to show that we can integrate 𝑀𝑔

𝛽 against those singularities. Actually, it is not clear
that we can make sense of ∫Σ 𝑒

−𝛽∑𝑗 𝛼𝑗𝐺𝑔(𝑥,𝑥𝑗)𝑀𝑔
𝛽(𝜙𝑔, d𝑥) almost surely for all possible

values of the 𝑥𝑗 ’s, as we have an understanding of𝑀𝑔
𝛽 only as a distribution of order 2.

Yet, since we fix 𝑥1, . . . , 𝑥𝑛𝔢 , we can still make sense of this quantity on average. Indeed,
under the condition (6.18), it is plain to see that the family (𝑀𝑔

𝛽(𝜙𝑔+𝑢0,𝜖, Σ))𝜖 is Cauchy
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in 𝐿2 and converges towards a random variable denoted by𝑀𝑔
𝛽(𝜙𝑔 + 𝑢0,0, Σ) satisfying

E[|𝑀𝑔
𝛽(𝜙𝑔 + 𝑢0,0, Σ)|2]

=∬
Σ2
𝑒𝑖𝛽(ᵆ0,0(𝑥)−ᵆ0,0(𝑦))+𝛽

2𝐺𝑔(𝑥,𝑦)−
𝛽2
2 (𝑊𝑔(𝑥)+𝑊𝑔(𝑦))

× 𝑒𝑖𝛽(𝐼𝝈𝑥0 (𝜔𝐤)+𝐼
𝝃
𝑥0 (𝜈

h𝐳,𝐦))(𝑥)−𝑖𝛽(𝐼𝝈𝑥0 (𝜔𝐤)+𝐼
𝝃
𝑥0 (𝜈

h𝐳,𝐦))(𝑦) dv𝑔(𝑥) dv𝑔(𝑦).
The control of this integral uses the elementary computation that the integral

(6.27) ∫
|𝑥|,|𝑦|≤1

|𝑥|𝛽𝛼|𝑦|𝛽𝛼 d𝑥d𝑦
|𝑥 − 𝑦|𝛽2

is finite provided that 𝛽𝛼 > −2 + 𝛽2

2
, i.e. 𝛼 > 𝑄. Furthermore, using Fatou’s lemma in

Proposition 5.3 gives the estimate for 𝛼 ∈ ℝ

(6.28) E[ exp (𝛼|𝑀𝑔
𝛽(𝜙𝑔 + 𝑢0,0, Σ)|)] ≤ 𝑒𝐶𝛼𝑣(1 + 𝐶𝛼𝑢 exp(𝐶𝛼2𝑢2))

with

𝑢2 ≔∬
Σ2
𝑒𝑖𝛽(ᵆ0,0(𝑥)+ᵆ0,0(𝑦))𝑑𝑔(𝑥, 𝑦)−𝛽

2dv𝑔(𝑥)dv𝑔(𝑦),

𝑣 ≔ ∫
𝒟
𝑒𝑖𝛽ᵆ0,0(𝑥) dist(𝑥, 𝜕𝒟)−

𝛽2
2 dv𝑔(𝑥)

for any domain 𝒟 with smooth boundary 𝜕𝒟 that does not cross the 𝑥𝑗 ’s. Indeed,
to apply Proposition 5.3, we choose a smooth simple loop 𝒞 in Σ and condition the
above expectation on the values of the restriction of 𝑋𝑔 to 𝒞. Using the Markov prop-
erty in Proposition 5.1, we can then apply Proposition 5.3 to the Dirichlet GFF on the
connected components of Σ ⧵ 𝒞, producing quantities that are bounded by the above
quantities. Details are left to the reader.
Let us write 𝕋𝑅 ≔ ℝ/2𝜋𝑅ℤ. Using Hölder inequality, we can then bound the dif-

ference between regularised amplitudes and their candidate for the limit, call Δ𝜖 this
difference,

|Δ𝜖| ≤𝐶 ∑
𝐤∈ℤ2𝔤

𝑒−
1
4𝜋 ‖𝜔𝐤‖22−

1
4𝜋 ‖𝜈

h𝐳,𝐦‖2𝑔,0−
1
2𝜋 ⟨𝜔𝐤,𝜈h𝐳,𝐦⟩2(𝑅1𝜖 + 𝑅2𝜖 + 𝑅3𝜖 + 𝑅4𝜖)

with (for 1/𝑝 + 1/𝑞 = 1)

𝑅1𝜖 ≔|𝑒−
1
2𝜋 ⟨dᵆ0,𝜖,𝜔𝐤⟩2 |(∫

𝕋𝑅
E[𝑒−

1
2𝜋 ⟨d𝑋𝑔,𝜔𝐤⟩2 |𝐹(𝜙𝑔 + 𝑢0,𝜖) − 𝐹(𝜙𝑔 + 𝑢0,0)|𝑝] d𝑐)

1
𝑝

× (∫
𝕋𝑅

E[𝑒−
1
2𝜋 ⟨d𝑋𝑔,𝜔𝐤⟩2 |𝑒−𝜇𝑀

𝑔
𝛽(𝜙𝑔+ᵆ0,𝜖,Σ)|𝑞] d𝑐)

1
𝑞 ,

𝑅2𝜖 ≔|𝑒−
1
2𝜋 ⟨dᵆ0,𝜖,𝜔𝐤⟩2 |(∫

𝕋𝑅
E[𝑒−

1
2𝜋 ⟨d𝑋𝑔,𝜔𝐤⟩2 |𝐹(𝜙𝑔 + 𝑢0,0)|𝑝] d𝑐)

1
𝑝

× (∫
𝕋𝑅

E[𝑒−
1
2𝜋 ⟨d𝑋𝑔,𝜔𝐤⟩2 |𝑒−𝜇𝑀

𝑔
𝛽(𝜙𝑔+ᵆ0,𝜖,Σ) − 𝑒−𝜇𝑀

𝑔
𝛽(𝜙𝑔+ᵆ0,0,Σ)|𝑞] d𝑐)

1
𝑞 ),
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𝑅3𝜖 ≔||𝑒−
⟨d𝑢0,𝜖,𝜔𝐤⟩2

2𝜋 − 𝑒−
⟨d𝑢0,0,𝜔𝐤⟩2

2𝜋 ||(∫
𝕋𝑅

E[𝑒−
1
2𝜋 ⟨d𝑋𝑔,𝜔𝐤⟩2 |𝐹(𝜙𝑔 + 𝑢0,0)|𝑝] d𝑐)

1
𝑝

× (∫
𝕋𝑅

E[𝑒−
1
2𝜋 ⟨d𝑋𝑔,𝜔𝐤⟩2 |𝑒−𝜇𝑀

𝑔
𝛽(𝜙𝑔+ᵆ0,𝜖,Σ)|𝑞] d𝑐)

1
𝑞 ),

𝑅4𝜖 ≔||𝑒−
1
2E[(∑

𝑛𝔢
𝑗=1 𝛼𝑗𝑋𝑔,𝜖(𝑥𝑗))2]

𝑛𝔢
∏
𝑗=1

𝜖−
𝛼2𝑗
2 − 𝑒−

1
2 ∑𝑗 𝛼

2
𝑗𝑊𝑔(𝑥𝑗)−∑𝑗<𝑗′ 𝛼𝑗𝛼𝑗′𝐺𝑔(𝑥𝑗 ,𝑥𝑗′ )||

× |𝑒−
1
2𝜋 ⟨dᵆ0,0,𝜔𝐤⟩2 |(∫

𝕋𝑅
E[𝑒−

1
2𝜋 ⟨d𝑋𝑔,𝜔𝐤⟩2 |𝐹(𝜙𝑔 + 𝑢0,0)|𝑝] d𝑐)

1
𝑝

× (∫
𝕋𝑅

E[𝑒−
1
2𝜋 ⟨d𝑋𝑔,𝜔𝐤⟩2 |𝑒−𝜇𝑀

𝑔
𝛽(𝜙𝑔+ᵆ0,0,Σ)|𝑞] d𝑐)

1
𝑞 ).

In the terms 𝑅1𝜖, 𝑅2𝜖 and 𝑅4𝜖 above, there are two trivial terms |𝑒−
1
2𝜋 ⟨dᵆ0,𝜖,𝜔𝐤⟩2 | and

|𝑒−
1
2𝜋 ⟨dᵆ0,0,𝜔𝐤⟩2 |, which we bound by 𝐶𝑒𝐶|𝐤| for some constant 𝐶 > 0 uniformly in 𝜖.

In 𝑅3𝜖, the difference ||𝑒−
1
2𝜋 ⟨dᵆ0,𝜖,𝜔𝐤⟩2 −𝑒−

1
2𝜋 ⟨dᵆ0,0,𝜔𝐤⟩2 || is bounded by 𝐶𝑒𝐶|𝐤|(𝑒𝐶|𝐤|𝑜(1)−1)

(using Landau notation as 𝜖 → 0).
Next, after using the Girsanov transform in 𝑅1𝜖, the first integral term is bounded by

𝑒
1

4𝜋𝑝 ‖d𝑓𝐤‖
2
2‖𝐹(⋅ + 𝑢0,𝜖 − 𝑢0,0) − 𝐹(⋅)‖ℒ∞,𝑝

𝜶,𝐦
(recall that d𝑓𝐤 = (1 − Π1)𝜔𝐤) by definition

of ‖𝐹(⋅)‖ℒ∞,𝑝
𝜶,𝐦
. It is straightforward to check that ‖𝐹(⋅ + 𝑢0,𝜖 − 𝑢0,0) − 𝐹(⋅)‖ℒ∞,𝑝

𝜶,𝐦
→ 0 as

𝜖 → 0 for 𝐹 ∈ ℰ𝐦𝑅 (Σ): indeed, this follows from the fact that 𝑢0,𝜖 → 𝑢0,0 in 𝐻𝑠(Σ) for
𝑠 < 1 and from the fact that 𝐹(𝑓) depends on 𝑓 in terms of a polynomial in the variables
⟨𝑓, 𝑔1⟩, . . . , ⟨𝑓, 𝑔𝑛⟩ for some functions 𝑔1, . . . , 𝑔𝑛 ∈ 𝐻−𝑠(Σ). The second integral in 𝑅1𝜖
is bounded by 𝐶𝑒

1
4𝜋𝑞 ‖d𝑓𝐤‖

2
2 for some universal constant 𝐶 as a result of the Girsanov

transform and Proposition 5.3.
Concerning 𝑅2𝜖, the first integral is bounded by 𝑒

1
4𝜋𝑝 ‖d𝑓𝐤‖

2
2‖𝐹(⋅)‖ℒ∞,𝑝

𝜶,𝐦
, similarly to the

first integral in𝑅1𝜖. Themain problem lies in evaluating the last integral. First, using the
Girsanov transform in the first line and thenHölder inequality for conjugate exponents
𝑝1, 𝑝2, we bound

sup
𝑐

E[𝑒−
1
2𝜋 ⟨d𝑋𝑔,𝜔𝐤⟩2 |𝑒−𝜇𝑀

𝑔
𝛽(𝜙𝑔+ᵆ0,𝜖,Σ) − 𝑒−𝜇𝑀

𝑔
𝛽(𝜙𝑔+ᵆ0,0,Σ)|𝑞]

≤ sup
𝑐
𝑒

1
4𝜋 ‖d𝑓𝐤‖

2
2E[|𝑒−𝜇𝑀

𝑔
𝛽(𝜙𝑔+ᵆ0,𝜖+𝑓𝐤,Σ) − 𝑒−𝜇𝑀

𝑔
𝛽(𝜙𝑔+ᵆ0,0+𝑓𝐤,Σ)|𝑞]

≤ sup
𝑐
𝑒

1
4𝜋 ‖d𝑓𝐤‖

2
2E[|𝑒−𝜇𝑀

𝑔
𝛽(𝜙𝑔+ᵆ0,0+𝑓𝐤,Σ)|𝑞𝑝1]

1
𝑝1

× E[|𝑒−𝜇(𝑀
𝑔
𝛽(𝜙𝑔+ᵆ0,𝜖+𝑓𝐤,Σ)−𝑀

𝑔
𝛽(𝜙𝑔+ᵆ0,0+𝑓𝐤,Σ)) − 1|𝑞𝑝2]

1
𝑝2 .

The first expectation above is bounded by constant (independent of 𝑐, 𝐤) by Proposi-
tion 5.3, and as explained above. Now we focus on the second. Recall first the trivial
inequality |𝑒𝑧−1| ≤ 𝑒|𝑧|−1 for 𝑧 ∈ ℂ, and then (𝑒ᵆ−1)𝑞 ≤ 𝐶(𝑒𝑞ᵆ−1) for 𝑢 ∈ ℝ+ and
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𝑞 > 1. Therefore the second expectation is bounded by

𝐶E[𝑒|𝜇|𝑞𝑝2||𝑀
𝑔
𝛽(𝜙𝑔+ᵆ0,𝜖+𝑓𝐤,Σ)−𝑀

𝑔
𝛽(𝜙𝑔+ᵆ0,0+𝑓𝐤,Σ)|| − 1]

1
𝑝2 ,

which is bounded by (using Proposition 5.3)

(𝑒𝐶𝛼𝑣(1 + 𝐶𝛼𝑢𝑒𝐶𝛼2ᵆ2) − 1)
1/𝑝2

with 𝛼 = |𝜇|𝑞𝑝2, 𝑣 ≔ ∫Σ⧵𝒞 |𝑒𝑖𝛽ᵆ0,𝜖(𝑥) − 𝑒𝑖𝛽ᵆ0,0(𝑥)| dist(𝑥, 𝒞)−
𝛽2
2 dv𝑔(𝑥), 𝒞 is a smooth

simple curve in Σ which does not cross the 𝑥𝑗 ’s as before, and

𝑢2 ≔∬
Σ2
|𝑒𝑖𝛽ᵆ0,𝜖(𝑥) − 𝑒𝑖𝛽ᵆ0,0(𝑥)||𝑒𝑖𝛽ᵆ0,𝜖(𝑦) − 𝑒𝑖𝛽ᵆ0,0(𝑦)|𝑒𝛽2𝐺𝑔(𝑥,𝑦)dv𝑔(𝑥)dv𝑔(𝑦).

This quantity goes to 0 as 𝜖 → 0 as a simple consequence of Lebesgue dominated con-
vergence (recall 𝛽2 < 2).
For 𝑅3𝜖, the two integral terms are bounded by 𝐶𝑒

1
4𝜋 ‖d𝑓𝐤‖

2
2‖𝐹(⋅)‖ℒ∞,𝑝

𝜶,𝐦
, as above. Over-

all, we have the bound 𝑅3𝜖 ≤ 𝐶𝑒
1
4𝜋 ‖d𝑓𝐤‖

2
2‖𝐹(⋅)‖ℒ∞,𝑝

𝜶,𝐦
𝑒𝐶|𝐤|(𝑒𝐶|𝐤|𝑜(1) − 1).

Finally, the analysis of 𝑅4𝜖 easily follows the previous arguments. We bound the
product of the two expectations as above by 𝐶𝑒𝐶|𝐤|𝑒

1
4𝜋 ‖d𝑓𝐤‖

2
2‖𝐹(⋅)‖ℒ∞,𝑝

𝜶,𝐦
. The first term

in the expression for 𝑅4𝜖 tends to 0 as 𝜖 → 0 by (5.6).
Gathering these estimates, we deduce (using the estimate 𝑒−

1
2𝜋 ⟨𝜔𝐤,𝜈h𝐳,𝐦⟩2 ≤ 𝑒𝐶|𝐤| for

some 𝐶 > 0)

|Δ𝜖| ≤𝐶 ∑
𝐤∈ℤ2𝔤

𝑒−
1
4𝜋 ‖Π1𝜔𝐤‖22+𝐶|𝐤|

× (‖𝐹(⋅ + 𝑢0,𝜖 − 𝑢0,0) − 𝐹(⋅)‖ℒ∞,𝑝
𝜶,𝑚

+ (𝐶𝜖 + 𝑒𝐶𝜖|𝐤| − 1)‖𝐹(⋅)‖ℒ∞,𝑝
𝜶,𝐦
)

for some constant𝐶𝜖 such that lim𝜖→0 𝐶𝜖 = 0. Therefore, up to themultiplicative factor
( v𝑔(Σ)
det′(∆𝑔)

)
1
2 that is harmless, the regularised correlation functions in the right hand side

of (6.17) converge as 𝜖 → 0 towards

𝑒−
1
2 ∑𝑗 𝛼

2
𝑗𝑊𝑔(𝑥𝑗)−∑𝑗<𝑗′ 𝛼𝑗𝛼𝑗′𝐺𝑔(𝑥𝑗 ,𝑥𝑗′ ) ∑

𝐤∈ℤ2𝔤
𝑒−

1
4𝜋 (‖𝜔𝐤‖22+‖𝜈h𝐳,𝐦‖2𝑔,0+2⟨𝜔𝐤,𝜈h𝐳,𝐦⟩2)(6.29)

×∏
𝑗
𝑒𝑖𝛼𝑗𝐼𝑥0 (𝜔𝐤+𝜈h𝐳,𝐦)(𝑥𝑗) ×∫

𝕋𝑅
𝑒𝑖∑𝑗 𝛼𝑗𝑐𝐺(𝑐) d𝑐,

where

𝐺(𝑐) = E[𝑒−
1
2𝜋 ⟨d𝑋𝑔+dᵆ0,0,𝜔𝐤⟩2𝐹(𝜙𝑔 + 𝑢0,0)𝑒(−

𝑖𝑄
4𝜋 ∫regΣ 𝐾𝑔(𝜙𝑔+ᵆ0,0) dv𝑔−𝜇𝑀

𝑔
𝛽(𝜙𝑔+ᵆ0,0,Σ))]

expression that we take as a definition of ⟨𝐹𝑉𝑔
(𝜶,0)(𝐱)𝑉

𝑔
(0,𝐦)(𝐯)⟩Σ,𝑔. This expression ex-

tends to functionals 𝐹 ∈ ℒ∞,𝑝
𝜶,𝐦(𝐻𝑠(Σ)) for 𝑠 < −1.

(2) Conformal anomaly. Next, we prove the conformal anomaly. The argument
is similar to [34, Prop. 4.4], sowe sketch the proof up to the crucial argument, following
[34, Prop. 4.4]. But first of all, and in order to simplify the proof, let us recall that the
path integral is invariant under change of cohomology basis. It will then be convenient
to choose a basis of harmonic 1-forms, hence the 𝜔𝐤’s are harmonic in the following.
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Let 𝑔′ = 𝑒𝜌𝑔 conformal to 𝑔. It suffices to consider the case 𝐹 ∈ ℰ𝐦𝑅 (Σ). We recall the
equality in law𝑋𝑔′ = 𝑋𝑔−𝑚𝑔′(𝑋𝑔)with𝑚𝑔′(𝑓) ≔

1
v𝑔′ (Σ)

∫Σ 𝑓dv𝑔 (see [34, Lemma 3.1]).
Using invariance under translations of the Lebesgue measure on the circle, we deduce

⟨𝐹𝑉𝑔′
(𝜶,0)(𝐱)𝑉

𝑔′
(0,𝐦)(𝐯)⟩Σ,𝑔′ = (

v𝑔′(Σ)
det′(Δ𝑔′)

)
1
2 ∑
𝐤∈ℤ2𝔤

𝑒−
1
4𝜋 ‖𝜔𝐤‖22−

1
4𝜋 ‖𝜈

h𝐳,𝐦‖2𝑔′,0−
1
2𝜋 ⟨𝜔𝐤,𝜈h𝐳,𝐦⟩2

×∫
𝕋𝑅

E[𝑉𝑔′
(𝜶,0)(𝜙𝑔, 𝐱)𝐹(𝜙𝑔)𝑒

− 𝑖𝑄
4𝜋 ∫regΣ 𝐾𝑔′𝜙𝑔 dv𝑔′−𝜇𝑀

𝑔′
𝛽 (𝜙𝑔,Σ)]d𝑐.

The point, in the expression above, is that we are integrating the Liouville field 𝜙𝑔 =
𝑐 + 𝑋𝑔 + 𝐼𝑥0(𝜔𝐤 + 𝜈h𝐳,𝐦) in the path integral regularised in the metric 𝑔′. So we have
to remove every 𝑔′-dependency. We treat first the curvature term. For this we need to
use Lemma 4.10. Using this Lemma, the relations (5.7) and 𝐾𝑔′ = 𝑒−𝜌(𝐾𝑔 + Δ𝑔𝜌) and
Lemma 4.3 (and note that ⟨d𝜌, 𝜔𝐤⟩2 = 0 because 𝜔𝐤 is harmonic), we deduce

⟨𝐹𝑉𝑔′
(𝜶,0)(𝐱)𝑉

𝑔′
(0,𝐦)(𝐯)⟩Σ,𝑔′ = (

v𝑔′(Σ)
det′(Δ𝑔′)

)
1
2 ∑
𝐤∈ℤ2𝔤

𝑒−
1
4𝜋 ‖𝜔𝐤‖22−

1
4𝜋 ‖𝜈

h𝐳,𝐦‖2𝑔′,0−
1
2𝜋 ⟨𝜔𝐤,𝜈h𝐳,𝐦⟩2

×∫
𝕋𝑅

E[𝑒−
𝑖𝑄
4𝜋 ∫Σ ∆𝑔𝜌𝑋𝑔 dv𝑔𝑉𝑔′

(𝜶,0)(𝜙𝑔, 𝐱)𝐹(𝜙𝑔)𝑒
− 𝑖𝑄

4𝜋 ∫regΣ 𝐾𝑔𝜙𝑔 d𝑣𝑔−𝜇𝑀
𝑔
𝛽(𝜙𝑔+𝑖

𝑄
2
𝜌,Σ)]d𝑐.

The same argument of analytic continuation as before allows us to use the (imaginary)
Cameron-Martin theorem with the term 𝑒−

𝑖𝑄
4𝜋 ∫Σ ∆𝑔𝜌𝑋𝑔 dv𝑔 : the field 𝑋𝑔 in the above

expression is then replaced by 𝑋𝑔−
𝑖𝑄
2
(𝜌−𝑚𝑔(𝜌)) and the variance of this transform is

𝑄2

16𝜋2 ∬Σ2
Δ𝑔𝜌(𝑥)𝐺𝑔(𝑥, 𝑥′)Δ𝑔𝜌(𝑥′)dv𝑔(𝑥)dv𝑔(𝑥′) =

𝑄2

8𝜋 ∫
Σ
|𝑑𝜌|2𝑔dv𝑔.

Therefore, using (3.2) and Lemma 3.11 to transform both the det term and the regu-
larised norm, we deduce

⟨𝐹𝑉𝑔′
(𝜶,0)(𝐱)𝑉

𝑔′
(0,𝐦)(𝐯)⟩Σ,𝑔′ =𝑒

1−6𝑄2
96𝜋 ∫Σ(|d𝜌|2𝑔+2𝐾𝑔𝜌)dv𝑔+∑𝑗

𝑄𝛼𝑗
2

𝜌(𝑥𝑗)−∑𝑗
𝑅2𝑚2

𝑗
4 𝜌(𝑧𝑗)

× (
v𝑔(Σ)

det′(Δ𝑔)
)
1
2 ∑
𝐤∈ℤ2𝔤

𝑒−
‖𝜔𝐤‖22
4𝜋 −

‖𝜈h𝐳,𝐦‖2𝑔,0
4𝜋 − ⟨𝜔𝐤,𝜈h𝐳,𝐦⟩2

2𝜋

×∫
𝕋𝑅
𝐻0(𝑐, 𝐤) d𝑐

with
𝐻0(𝑐, 𝐤) = E[𝑉𝑔′

(𝜶,0)(𝜙𝑔 + 𝑖𝑄
2
𝑚𝑔(𝜌), 𝐱)𝐹(𝜙𝑔 −

𝑖𝑄
2
(𝜌 − 𝑚𝑔(𝜌)))

× 𝑒−
𝑖𝑄
4𝜋 ∫regΣ 𝐾𝑔(𝜙𝑔+𝑖

𝑄
2 𝑚𝑔(𝜌)) d𝑣𝑔−𝜇𝑀

𝑔
𝛽(𝜙𝑔+𝑖

𝑄
2 𝑚𝑔(𝜌),Σ)].

Note now that the vertex operator 𝑉𝛼𝑗 ,𝑔′(𝜙𝑔, 𝑥𝑗) is not regularised in the metric 𝑔, but
𝑔′ instead. Repeating the argument for the construction of the correlation functions
before, we see that this only affects the variance in the Cameron-Martin theorem. Oth-
erwise stated, a straightforward consequence of (5.6) is the relation

(6.30) 𝑉𝛼,𝑔′(𝜙𝑔, 𝑥) = 𝑒−
𝛼2
4 𝜌(𝑥)𝑉𝛼,𝑔(𝜙𝑔, 𝑥)
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when plugging this relation into the expectation. In conclusion, and using Gauss-
Bonnet for the constant in the curvature term, we get

⟨𝐹𝑉𝑔′
(𝜶,0)(𝐱)𝑉

𝑔′
(0,𝐦)(𝐯)⟩Σ,𝑔′ =𝑒

1−6𝑄2
96𝜋 ∫Σ(|d𝜌|2𝑔+2𝐾𝑔𝜌)dv𝑔−∑𝑗 ∆𝛼𝑗𝜌(𝑥𝑗)−∑𝑗

𝑅2𝑚2
𝑗

4 𝜌(𝑧𝑗)(6.31)

× (
v𝑔(Σ)

det′(Δ𝑔)
)
1
2 ∑
𝐤∈ℤ2𝔤

𝑒−
‖𝜔𝐤‖22
4𝜋 −

‖𝜈h𝐳,𝐦‖2𝑔,0
4𝜋 − ⟨𝜔𝐤,𝜈h𝐳,𝐦⟩2

2𝜋

∫
𝕋𝑅
𝑒−

𝑄
2 (∑𝑗 𝛼𝑗−𝜒(Σ)𝑄)𝑚𝑔(𝜌)𝐻1(𝑐, 𝐤) d𝑐,

with

𝐻1(𝑐, 𝐤) = E[𝑉𝑔
(𝜶,0)(𝜙𝑔, 𝐱)𝐹(𝜙𝑔 −

𝑖𝑄
2
(𝜌 − 𝑚𝑔(𝜌)))

× 𝑒−
𝑖𝑄
4𝜋 ∫regΣ 𝐾𝑔𝜙𝑔dv𝑔−𝜇𝑒

−𝑄𝛽
2 𝑚𝑔(𝜌)𝑀𝑔

𝛽(𝜙𝑔,Σ)].

In the case of standard Liouville theory, the further terms involving𝑚𝑔(𝜌) are absorbed
thanks to invariance of the Lebesgue measure under translations. This argument fails
to work here: indeed it would require the Lebesgue measure (on the circle) to be in-
variant under complex shifts 𝑐 → 𝑐 + 𝑖𝑎 for 𝑎 real, which of course does not hold. We
explain now how it works and, basically, translation invariance of the Lebesgue mea-
sure is replaced by a Fourier type argument. The function 𝐹 is a linear combination of
the form (6.14). So it is enough to consider 𝐹 of the form 𝐹(𝑐, 𝜙) = 𝑒𝑖𝑛𝑐/𝑅𝑃𝑘(𝜙)𝐺(𝑒

𝑖
𝑅 𝐼𝑥0 )

(writing 𝐼𝑥0 as a shortcut for 𝐼𝑥0(𝜔𝐤 + 𝜈h𝐳,𝐦)). Expand now the term

𝑒−𝜇𝑒
− 𝛽𝑄

2 𝑚𝑔(𝜌)𝑀𝑔
𝛽(𝜙𝑔,Σ) =

∞
∑
𝑝=0

(−1)𝑝𝜇
𝑝

𝑝! 𝑒
𝑖𝑝𝛽𝑐𝑒−𝑝

𝛽𝑄
2 𝑚𝑔(𝜌)𝑀𝑔

𝛽(𝑋𝑔 + 𝐼𝑥0 , Σ)𝑝

and plug this relation into (6.31). Performing the 𝑐-integral preserves only at most one
term in the summation over 𝑝, i.e. the term corresponding to 1

𝑅
𝑛 + ∑𝑗 𝛼𝑗 − 𝜒(Σ)𝑄 +

𝑝𝛽 = 0, if it exists. As a side remark, notice that this argument also shows that for
𝐹(𝑐, 𝜙) = 𝑒𝑖𝑛𝑐/𝑅𝑃𝑘(𝜙)𝐺(𝑒

𝑖
𝑅 𝐼𝑥0 ) we have

(6.32) ∀𝑝 ∈ ℕ0,
1
𝑅𝑛 +∑

𝑗
𝛼𝑗 − 𝜒(Σ)𝑄 + 𝑝𝛽 ≠ 0⟹ ⟨𝐹𝑉𝑔′

(𝜶,0)(𝐱)𝑉
𝑔
(0,𝐦)(𝐯)⟩Σ,𝑔 = 0.

For this 𝑝, the contribution of all the terms involving 𝑚𝑔(𝜌) is a multiplicative factor
given by

exp ( − 𝑄
2 𝑚𝑔(𝜌)(∑

𝑗
𝛼𝑗 − 𝜒(Σ)𝑄 + 1

𝑅𝑛 + 𝛽𝑝)).
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But the condition above on 𝑝 implies that this term equals 1. Therefore we end upwith
the final expression

⟨𝐹𝑉𝑔′
(𝜶,0)(𝐱)𝑉

𝑔′
(0,𝐦)(𝐯)⟩Σ,𝑔′ =𝑒

1−6𝑄2
96𝜋 ∫Σ(|𝑑𝜌|2𝑔+2𝐾𝑔𝜌)dv𝑔−∑𝑗 ∆𝛼𝑗𝜌(𝑥𝑗)−∑𝑗

𝑅2𝑚2
𝑗

4 𝜌(𝑧𝑗)

× (
v𝑔(Σ)

det′(Δ𝑔)
)
1
2 ∑
𝐤∈ℤ2𝔤

𝑒−
‖𝜔𝐤‖22
4𝜋 −

‖𝜈h𝐳,𝐦‖2𝑔,0
4𝜋 − ⟨𝜔𝐤,𝜈h𝐳,𝐦⟩2

2𝜋

×∫
𝕋𝑅
𝐻2(𝑐, 𝐤)d𝑐,

with
𝐻2(𝑐, 𝐤) = E[𝑉𝑔

(𝜶,0)(𝜙𝑔, 𝐱)𝐹(𝜙𝑔 −
𝑖𝑄
2
𝜌)𝑒−

𝑖𝑄
4𝜋 ∫regΣ 𝐾𝑔𝜙𝑔 d𝑣𝑔−𝜇𝑀

𝑔
𝛽(𝜙𝑔,Σ)].

(3) Diffeomorphism invariance. We turn now to the diffeomorphism invari-
ance. We consider (6.29) in the metric 𝜓∗𝑔 and we want to reformulate it in the metric
𝑔. For this, several observations are needed. First, as orientation preserving diffeomor-
phism preserves canonical basis, the natural choice of homology basis for (6.29) in the
metric 𝜓∗𝑔 is 𝜓∗𝜎, with dual basis 𝜓∗𝜔1, . . . , 𝜓∗𝜔2𝔤. Then 𝐼𝜓

∗𝜍
𝑥0 (𝜓∗𝜔𝐤) = 𝐼𝜍𝜓(𝑥0)(𝜔𝐤) ∘ 𝜓.

Similarly for the magnetic operators, the defect graph𝒟𝐯,𝝃 is mapped by 𝜓 to𝒟𝜓∗𝐯,𝜓∘𝝃 .
Thuswe deduce that 𝐼𝝃𝑥0(𝜓∗𝜈h𝐳,𝐦) = 𝐼𝜓∘𝝃𝜓(𝑥0)(𝜈

h
𝐳,𝐦)∘𝜓. Thenwe note the standard relations

𝐺𝜓∗𝑔(𝑥, 𝑦) = 𝐺𝑔(𝜓(𝑥), 𝜓(𝑦)), 𝐾𝜓∗𝑔(𝑥) = 𝐾𝑔(𝜓(𝑥)), 𝑋𝜓∗𝑔
law= 𝑋𝑔 ∘ 𝜓.

In particular 𝑊𝜓∗𝑔(𝑥) = 𝑊𝑔(𝜓(𝑥)) and, combining with the relations just above for
the primitives 𝐼𝜓

∗𝜍
𝑥0 (𝜓∗𝜔𝐤) and 𝐼𝝃𝑥0(𝜓∗𝜈h𝐳,𝐦), we also obtain 𝑀𝜓∗𝑔

𝛽 (𝜙𝜓∗𝑔 + 𝑢𝜓
∗𝑔,𝐱

0,0 , Σ) =
𝑀𝜓∗𝑔

𝛽 (𝜙𝑔 + 𝑢𝑔,𝜓(𝐱)0,0 , Σ), where we have made explicit the dependence on 𝑔, 𝐱 of 𝑢0,0 in
the notations. Combining again with Lemma 4.4 for the curvature term, we get the
result.
(4) Spins. The spin property results from Corollary 6.9 since the regularised elec-

tric operators are in ℰ𝐦𝑅 (Σ). □

6.2.3. Electro-magnetic operators. We complete this section with the operators that
will be of utmost importance to describe the spectrum of this path integral: the electro-
magnetic operators. Basically they are obtained by merging the positions 𝐱 and 𝐳 in
Theorem 6.11. So, the setup is the same as previously with the further condition that
the numbers of electric or magnetic charges are the same, i.e. 𝑛𝔢 = 𝑛𝔪.
The path integral with electro-magnetic operators is defined by the limit

(6.33) ⟨𝐹𝑉𝑔
(𝛼,𝐦)(𝐯)⟩Σ,𝑔 ≔ lim

𝑡→1
⟨𝐹𝑉𝑔

(𝜶,0)(𝐱(𝑡))𝑉
𝑔
(0,𝐦)(𝐯)⟩Σ,𝑔

for 𝐹 ∈ ℰ𝐦𝑅 (Σ) (with 𝐱 = 𝐳), where 𝐱(𝑡) = (𝑥1(𝑡), . . . , 𝑥𝑛𝔪(𝑡)) with 𝑡 ∈ [0, 1] ↦ 𝑥𝑗(𝑡)
being any𝐶1 curve such that𝑥𝑗(1) = 𝑧𝑗 and ̇𝑥𝑗(1) = 𝑣𝑗 . Indeed, the quantity in the right
hand side only has a limit when 𝑥𝑗 → 𝑧𝑗 along a fixed direction, because of the winding
around the points 𝐳. This is why we need to fix a direction 𝑣𝑗 when 𝑥𝑗 approaches 𝑧𝑗 .
Theorem 6.13. Under the conditions (6.18), the limit (6.33) exists. Moreover the map-
ping 𝐹 ∈ ℰ𝐦𝑅 (Σ) ↦ ⟨𝐹𝑉𝑔

(𝜶,𝐦)(𝐯)⟩Σ,𝑔 satisfies the following properties:
(1) Existence: It is well-defined and extends to 𝐹 ∈ ℒ∞,𝑝

𝜶,𝐦(𝐻𝑠(Σ)) for 𝑠 < 0. For
𝐹 = 1, it gives the correlation functions ⟨𝑉𝑔

(𝛼,𝐦)(𝐯)⟩Σ,𝑔.
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(2) Conformal anomaly: let 𝑔, 𝑔′ be two conformal metrics on the closed Riemann
surface Σ with 𝑔′ = 𝑒𝜌𝑔 for some 𝜌 ∈ 𝐶∞(Σ). Then we have

⟨𝐹𝑉𝑔′
(𝜶,𝐦)(𝐯)⟩Σ,𝑔′

⟨𝐹(⋅ − 𝑖𝑄
2
𝜌)𝑉𝑔

(𝜶,𝐦)(𝐯)⟩Σ,𝑔
= exp ( cIL96𝜋 ∫

Σ
(|𝑑𝜌|2𝑔 + 2𝐾𝑔𝜌)dv𝑔 −

𝑛𝔢
∑
𝑗=1

Δ(𝛼𝑗 ,𝑚𝑗)𝜌(𝑧𝑗)),

(6.34)

where the conformal weights Δ(𝛼,𝑚) are given by (6.20) and the central charge is
cIL ≔ 1 − 6𝑄2.

(3) Diffeomorphism invariance: let 𝜓 ∶ Σ′ → Σ be an orientation preserving
diffeomorphism. Then

⟨𝐹(𝜙𝜓∗𝑔)𝑉𝜓∗𝑔
(𝜶,𝐦)(𝐯)⟩Σ′,𝜓∗𝑔 = ⟨𝐹(𝜙𝑔 ∘ 𝜓)𝑉𝑔

(𝜶,𝐦)(𝜓∗𝐯)⟩Σ,𝑔.

(4) Spins: with 𝑟𝜽𝐯 ≔ (𝑟𝜃1𝑣1, . . . , 𝑟𝜃𝑛𝔪𝑣𝑛𝔪), then

⟨𝐹𝑉𝑔
(𝜶,𝐦)(𝑟𝜽𝐯)⟩Σ,𝑔 = 𝑒𝑖𝑅⟨𝜶⋅𝐦,𝜽⟩−𝑖𝑄𝑅⟨𝐦,𝜽⟩⟨𝐹𝑉𝑔

(𝜶,𝐦)(𝐯)⟩Σ,𝑔,
where the vector 𝜶 ⋅ 𝐦 has entries 𝛼𝑗𝑚𝑗 for 𝑗 = 1, . . . , 𝑛𝔪.

Proof. The proof consists in taking the limit in (6.29) as (𝑥𝑗(𝑡), ̇𝑥𝑗(𝑡)) → (𝑧𝑗 , 𝑣𝑗) when
𝑡 → 1. The properties of the path integral then result from taking the limit in the related
properties of Theorem 6.11. The crucial argument in the proof is the following: since
the 1-form 𝜈h𝐳,𝐦 is of the form 𝑚𝑗𝑅d𝜃 in local radial coordinates 𝑧 − 𝑧𝑗 = 𝑟𝑒𝑖𝜃 near 𝑧𝑗
(see Proposition 3.10), then the function 𝑒

𝑖
𝑅 𝐼

𝝃
𝑥0 (𝜈

h𝐳,𝐦)(𝑥) has a limit when (𝑥𝑗(𝑡), ̇𝑥𝑗(𝑡)) →
(𝑧𝑗 , 𝑣𝑗) as 𝑡 → 1. An immediate consequence is the convergence of all terms of the form
𝑒𝑖𝛼𝑗𝐼

𝝃
𝑥0 (𝜈

h𝐳,𝐦)(𝑥𝑗(𝑡)) as (𝑥𝑗(𝑡), ̇𝑥𝑗(𝑡)) → (𝑧𝑗 , 𝑣𝑗). This makes the convergence obvious for all
the prefactors in the expression (6.29). It then remains to focus on the integral. To
get the argument simpler, we can choose the cohomology basis to consist of harmonic
1-forms 𝜔𝐤; in particular the term 𝑒−

1
2𝜋 ⟨d𝑋𝑔,𝜔𝐤⟩2 = 1 in (6.29). In (6.29), the terms

involving 𝐹 and the curvature depend on 𝐱 (recall that this dependence is hidden in
𝑢0,0) and converge towards their value at 𝐳 (in the direction 𝐯) in 𝐿𝑝 for the measure
𝑒−

1
4𝜋 ‖𝜔𝐤‖22𝛿𝐤⊗P⊗d𝑐. UsingHölder inequality, it remains to investigate the interaction

term. Let us write 𝑀(𝐱) as a shortcut for the random variable 𝑀𝑔
𝛽(𝜙𝑔 + 𝑢0,0, Σ) at 𝐱,

and𝑀(𝐳) for this random variable evaluated at 𝐳. Therefore we have to show that

sup
𝐤∈ℤ2𝔤

sup
𝑐∈ℝ/2𝜋𝑅ℤ

E[||𝑒−𝜇𝑀(𝐱(𝑡)) − 𝑒−𝜇𝑀(𝐳)||𝑞] → 0

as 𝑡 → 1, for 𝑞 > 1. Using Hölder inequality (taking 𝑞 slightly larger) and Proposition
5.3, this amounts to showing that, as 𝑡 → 1,

sup
𝐤∈ℤ2𝔤

sup
𝑐∈𝕋𝑅

E[|𝑒|𝜇||𝑀(𝐱(𝑡))−𝑀(𝐳)| − 1|𝑞] → 0.

Using super-additivity of the mapping 𝑥 ↦ 𝑥𝑞 (for 𝑞 > 1), this amounts to showing
that

sup
𝐤∈ℤ2𝔤

sup
𝑐∈𝕋𝑅

E[𝑒𝐴|𝑀(𝐱(𝑡))−𝑀(𝐳)| − 1] → 0

for any 𝐴 > 0. Using Proposition 5.3, we see that the above statement follows from
Lemma 6.14 the proof of which is deferred to Appendix B:
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Lemma 6.14. We set 𝑢𝐱(𝑡)(𝑦) ≔ ∑𝑗 𝛼𝑗𝐺𝑔(𝑦, 𝑥𝑗(𝑡))+ 𝐼𝑥0(𝜔𝐤+𝜈h𝐳,𝐦)(𝑦). Then we have as
𝑡 → 1

∫
Σ
∫
Σ
||𝑒−𝛽ᵆ𝐱(𝑡)(𝑦) − 𝑒−𝛽ᵆ𝐳(𝑦)||.||𝑒−𝛽ᵆ𝐱(𝑡)(𝑦′) − 𝑒−𝛽ᵆ𝐳(𝑦′)||𝑒𝛽2𝐺𝑔(𝑦,𝑦′) dv𝑔(𝑦) dv𝑔(𝑦′) → 0,

uniformly in 𝐤.

Note that, in comparison to Theorem 6.11, the spin has a further term 𝑒𝑖𝑅⟨𝜶⋅𝐦,𝜽⟩,
which comes from the term 𝑒𝑖𝛼𝑗𝐼𝑥0 (𝜈h𝐳,𝐦) appearing due to the shift of the GFF by
𝐼𝑥0(𝜈h𝐳,𝐦) in the electric operators: if the vector 𝑣𝑗 is rotated by an angle 𝜃𝑗 , and be-
cause the 1-form 𝜈h𝐳,𝐦 is of the form 𝑚𝑗𝑅d𝜃 in local radial coordinates 𝑧 − 𝑧𝑗 = 𝑟𝑒𝑖𝜃
near 𝑧𝑗 , then

lim
(𝑥𝑗(𝑡),𝑥̇𝑗(𝑡))→(𝑧𝑗 ,𝑟𝜃𝑗𝑣𝑗)

𝑒𝑖𝛼𝑗𝐼𝑥0 (𝜈h𝐳,𝐦)(𝑥𝑗(𝑡))

= 𝑒𝑖𝛼𝑗𝑚𝑗𝑅𝜃𝑗 lim
(𝑥𝑗(𝑡),𝑥̇𝑗(𝑡))→(𝑧𝑗 ,𝑣𝑗)

𝑒𝑖𝛼𝑗𝐼𝑥0 (𝜈h𝐳,𝐦)(𝑥𝑗(𝑡)).

This ends the proof of Theorem 6.13. □

7. Three point correlation functions on the Riemann sphere

In the rational case, the condition (6.18) guarantees the existence of correlation
functions. The condition 𝛼𝑗 ∈

1
𝑅
ℤ is however slightly misleading, for (6.32) implies

that these correlation functions vanish if∑𝑗 𝛼𝑗 − 𝜒(Σ)𝑄 ∈ 1
𝑅
ℕ. Therefore the region

of interest where the correlations are non-trivial is

(7.1)
𝑛𝔪
∑
𝑗=1

𝛼𝑗 − 𝜒(Σ)𝑄 ∈ −𝛽ℕ,

which, together with the condition 𝛼𝑗 > 𝑄 for all 𝑗, shows that the non-trivial cor-
relation functions on the Riemann sphere have 𝑛𝔪 ≥ 3 (recall that 𝜒(Σ) = 2 for the
Riemann sphere). We thus recover the standard fact for CFTs that 3 point correlation
functions on the Riemann sphere are of special importance. Below, wewill relate them
to twisted Dotsenko-Fateev type integrals.

Symmetry reduction. We identify the Riemann sphere with the extended complex
plane ℂ̂ by stereographic projection. On the sphere, every metric is (up to diffeomor-
phism) conformal to the special metric 𝑔0 = |𝑧|−4+ |d𝑧|2 with |𝑧|+ = max(|𝑧|, 1). Ap-
plying the transformation rules of Theorem 6.13 (namely items (3) and (4)), one gets,
with some straightforward computations, that the correlation functions are confor-
mally covariant. More precisely, if 𝑔 = 𝑒𝜔(𝑧)𝑔0 = 𝑔(𝑧)|d𝑧|2 is a conformal metric and if
𝑧1,⋯ , 𝑧𝑛𝔪 are 𝑛𝔪 distinct points in ℂ̂, with associated unit tangent vectors 𝑣1, . . . , 𝑣𝑛𝔪 ,
then for a Möbius map 𝜓(𝑧) = 𝑎𝑧+𝑏

𝑐𝑧+𝑑
(with 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℂ and 𝑎𝑑 − 𝑏𝑐 = 1)

(7.2) ⟨𝑉𝑔
(𝜶,𝐦)(𝜓∗𝐯)⟩ℂ̂,𝑔 =

𝑛𝔪
∏
𝑗=1

(
|𝜓′(𝑧𝑗)|2𝑔(𝜓(𝑧𝑗))

𝑔(𝑧𝑗)
)
−∆(𝛼𝑗,𝑚𝑗)⟨𝑉𝑔

(𝜶,𝐦)(𝐯)⟩ℂ̂,𝑔.

Now we specify to the case 𝑛𝔪 = 3. Without loss of generality, we may assume
that the magnetic charges satisfy 𝑚1 ≤ 𝑚2 ≤ 𝑚3. The Möbius covariance implies
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in particular that the three point functions (𝑛𝔪 = 3) are determined up to a constant
denoted 𝐶𝛽,𝜇(𝜶,𝐦), called the structure constant:

⟨
3
∏
𝑗=1

𝑉𝑔
(𝛼𝑗 ,𝑚𝑗)(𝑧𝑗 , 𝑣𝑗)⟩ℂ̂,𝑔 =𝑒

cIL
96𝜋 ∫Σ(|d𝜔|2𝑔0+2𝐾𝑔0𝜔)dv𝑔0 𝑒−𝑖𝑄𝑅∑3

𝑗=1𝑚𝑗 arg(𝑣𝑗)

× 𝑃𝜶,𝐦(𝐳)
3
∏
𝑗=1

𝑔(𝑧𝑗)
−∆(𝛼𝑗,𝑚𝑗)𝐶𝛽,𝜇(𝜶,𝐦)

(7.3)

with

𝑃𝜶,𝐦(𝐳) ≔ |𝑧1 − 𝑧3|2(∆(𝛼2,𝑚2)−∆(𝛼1,𝑚1)−∆(𝛼3,𝑚3))

× |𝑧2 − 𝑧3|2(∆(𝛼1,𝑚1)−∆(𝛼2,𝑚2)−∆(𝛼3,𝑚3))|𝑧1 − 𝑧2|2(∆(𝛼3,𝑚3)−∆(𝛼1,𝑚1)−∆(𝛼2,𝑚2)).

In particular, by taking (𝑧1, 𝑧2, 𝑧3) = (0, 1,∞), we have

𝐶𝛽,𝜇(𝜶,𝐦) = ⟨𝑉𝑔0
(𝛼1,𝑚1)(0, 𝑒1)𝑉

𝑔0
(𝛼2,𝑚2)(1, 𝑒1)𝑉

𝑔0
(𝛼3,𝑚3)(∞, 𝑒1)⟩ℂ̂,𝑔0 .

Wewill compute the 3 point function in themetric 𝑔0 to deduce the structure constants.
For this we assume 𝑧1, 𝑧2, 𝑧3 ∈ ℝwith 𝑧1 < 𝑧2 < 𝑧3 and 𝑣1 = 𝑣2 = 𝑣3 = 𝑒1 with 𝑒1 = 𝜕𝑥
if one uses the coordinate 𝑧 = 𝑥+ 𝑖𝑦 on ℂ. In that case, we choose the branch cut to be
[𝑧1, 𝑧3] with defect graph 𝑧1 → 𝑧2 → 𝑧3. The 1-form 𝜈𝐳,𝐦 is given by

𝜈h𝐳,𝐦(𝑧) = Im (𝑅𝑚1(𝑧1 − 𝑧2) d𝑧
(𝑧 − 𝑧1)(𝑧 − 𝑧2)

+ 𝑅𝑚3(𝑧3 − 𝑧2) d𝑧
(𝑧 − 𝑧2)(𝑧 − 𝑧3)

)

= Im (( 𝑅𝑚1
𝑧 − 𝑧1

+ 𝑅𝑚2
𝑧 − 𝑧2

+ 𝑅𝑚3
𝑧 − 𝑧3

) d𝑧).

The primitive is then 𝐼0(𝜈h𝐳,𝐦)(𝑧) = −𝑅𝑚1 arg (
𝑧2−𝑧
𝑧1−𝑧

)+𝑅𝑚3 arg (
𝑧3−𝑧
𝑧2−𝑧

) (which vanishes
on the half-line ]𝑧3, +∞[). By an abuse of notations, we will denote by 𝐼0(𝜈h𝐳,𝐦)(𝑧𝑗) ≔
lim𝑡→1 𝐼0(𝜈h𝐳,𝐦)(𝑥𝑗(𝑡)) where 𝑥𝑗(𝑡) = 𝑧𝑗 − 1 + 𝑡 is converging to 𝑧𝑗 in the direction 𝑣𝑗 as
𝑡 → 1. Let us compute ‖𝜈h𝐳,𝐦‖2𝑔0,0. We claim:

Lemma 7.1. We have

𝑒−
1
4𝜋 ‖𝜈

h𝐳,𝐦‖2𝑔0,0 =∏
𝑖<𝑗

|𝑧𝑖 − 𝑧𝑗|𝑅
2𝑚𝑖𝑚𝑗 ×

3
∏
𝑗=1

𝑔0(𝑧𝑗)−
𝑅2𝑚2

𝑗
4 .

Proof. We have

‖𝜈h𝐳,𝐦‖2𝑔0,0 =
3
∑
𝑖,𝑗=1

FP𝜖=0𝐶𝑖𝑗(𝜖)

with FP denoting finite part as 𝜖 → 0 and 𝐶𝑖𝑗(𝜖) are integrals (for 𝑧 = 𝑥 + 𝑖𝑦)

𝐶𝑖𝑗(𝜖) = ∫
ℂ⧵𝐵𝑔0 (𝐳,𝜖)

𝑅2𝑚𝑖𝑚𝑗
(𝑧 − 𝑧𝑖)( ̄𝑧 − 𝑧𝑗)

d𝑥d𝑦,

where 𝐵𝑔0(𝐳, 𝜖) = ∪3𝑗=1𝐵𝑔0(𝑧𝑗 , 𝜖) ∪ {|𝑧| > 1/𝜖} with 𝐵𝑔0(𝑧𝑗 , 𝜖) the geodesic ball for 𝑔0
centered at 𝑧𝑗 and radius 𝜖 > 0. For 𝜖 > 0 small, if |𝑧𝑗| < 1 we have 𝐵𝑔0(𝑧𝑗 , 𝜖) =
{𝑧 | |𝑧 − 𝑧𝑗| < 𝜖} and if |𝑧𝑗| > 1, 𝐵𝑔0(𝑧𝑗 , 𝜖) = {𝑧 | |𝑧 − 𝑧𝑗| < 𝜖|𝑧𝑧𝑗|}. Notice that when
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𝑖 ≠ 𝑗, the finite part of the integral above reduces to considering the domain |𝑧| < 1/𝜖
since the integrand is 𝐿1loc(ℂ). Using radial coordinates 𝑧 = 𝑟𝑒𝑖𝜃, we get

𝐶𝑖𝑗(𝜖) = ∫
1/𝜖

0
∫

2𝜋

0

𝑅2𝑚𝑖𝑚𝑗
(𝑟 + 𝑒𝑖𝜃(𝑧𝑖 − 𝑧𝑗))

d𝑟d𝜃 = 2𝜋𝑅2𝑚𝑖𝑚𝑗(log(1/𝜖) − log |𝑧𝑖 − 𝑧𝑗|),

thus FP𝜖→0𝐶𝑖𝑗(𝜖) = −2𝜋𝑅2𝑚𝑖𝑚𝑗 log |𝑧𝑖 − 𝑧𝑗|. When 𝑖 = 𝑗, we obtain if |𝑧𝑗| < 1

FP𝜖=0𝐶𝑗𝑗(𝜖) =𝑅2𝑚2
𝑗FP𝜖=0(∫1

𝜖>|𝑧|,|𝑧−𝑧𝑗 |>1

d𝑥d𝑦
|𝑧 − 𝑧𝑗|2

+∫
𝜖<|𝑧−𝑧𝑗 |<1

d𝑥d𝑦
|𝑧 − 𝑧𝑗|2

)

=𝑅2𝑚2
𝑗FP𝜖=0∫

𝜖|1+𝑧𝑧𝑗 |<|𝑧|<1

1
|𝑧|2 d𝑥d𝑦

=𝑅2𝑚2
𝑗 lim𝜖=0 ( − 2𝜋 log 2 +∫

𝜖|1+𝑧𝑧𝑗 |<|𝑧|<2𝜖

1
|𝑧|2 d𝑥d𝑦) = 0,

while if |𝑧𝑗| > 1

FP𝜖=0𝐶𝑗𝑗(𝜖) =𝑅2𝑚2
𝑗FP𝜖=0∫

𝜖|𝑧𝑧𝑗 |<|𝑧−𝑧𝑗 |<1

1
|𝑧 − 𝑧𝑗|2

d𝑥d𝑦

=𝑅2𝑚2
𝑗 lim𝜖→0

∫
𝜖|𝑧𝑧𝑗 |<|𝑧−𝑧𝑗 |<𝜖

1
|𝑧 − 𝑧𝑗|2

d𝑥d𝑦

= − 𝑅2𝑚2
𝑗 lim𝜖→0

(2𝜋∫
𝜖|𝑧𝑗 |2

𝜖

d𝑟
𝑟 ) = −4𝜋 log |𝑧𝑗|.

Our claim follows. □

Now we compute the three point function in the metric 𝑔0 using (6.17) (recall also
(6.15)) and (6.33) with the following caveat: instead of using the GFF 𝑋𝑔0 in the metric
𝑔0, we can use a shift in the zero mode to use instead the GFF

𝑋0 ≔ 𝑋𝑔0 −
1
2𝜋 ∫

2𝜋

0
𝑋𝑔0(𝑒𝑖𝜃) d𝜃,

which has covariance:

(7.4) 𝐺0(𝑧, 𝑧′) = log 1
|𝑧 − 𝑧′| + log |𝑧|+ + log |𝑧′|+, (thus𝑊0(𝑧) = 0).

The Liouville field is thus 𝜙0 = 𝑐 + 𝑋0. We deduce that (here we take the limit 𝑡 → 1
in the expression (6.29) for correlation functions as explained in the proof of Theorem
6.13)

⟨
3
∏
𝑗=1

𝑉(𝛼𝑗 ,𝑚𝑗)(𝑧𝑗 , 𝑣𝑗)⟩ℂ̂,𝑔0 =𝐶𝑔0 ∏
𝑖<𝑗

|𝑧𝑖 − 𝑧𝑗|𝑅
2𝑚𝑖𝑚𝑗 ∏

𝑗<𝑗′
𝑒−𝛼𝑗𝛼𝑗′𝐺𝑔0 (𝑧𝑗 ,𝑧𝑗′ )

× 𝑒−
1
4𝜋 ‖𝜈

h𝐳,𝐦‖2𝑔0,0+𝑖∑
3
𝑗=1 𝛼𝑗𝐼0(𝜈h𝐳,𝐦)(𝑧𝑗)(7.5)

×∫
2𝜋𝑅

0
𝑒𝑖(∑𝑗 𝛼𝑗−2𝑄)𝑐𝐻(𝑐) d𝑐

with
𝐻(𝑐) = E[𝑒−𝜇𝑒

𝑖𝛽𝑐 ∫ℂ 𝐹(𝑥,𝐳)(∏𝑗 |𝑧𝑗 |
−𝛽𝛼𝑗
+ )𝑀𝑔0

𝛽 (𝜙0,d𝑥)],
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𝐳 = (𝑧1, 𝑧2, 𝑧3), and if 𝜁(𝑧) is Riemann’s zeta function,

(7.6)
𝐹(𝑥, 𝐳) =

3
∏
𝑗=1

(
|𝑥 − 𝑧𝑗|
|𝑥|+

)
𝛽𝛼𝑗

𝑒𝑖𝛽𝐼0(𝜈h𝐳,𝐦)(𝑥),

𝐶𝑔0 ≔ (
v𝑔0(𝜙0, ℂ̂)
det′(Δ𝑔0)

)
1
2 = 2

2
3√𝜋𝑒−

1
12+2𝜁

′(−1).

The last equality follows from [31, Proof of Corollary 11.5]. Set 𝑠 ≔ 2𝑄−∑𝑗 𝛼𝑗
𝛽

∈ ℕ. By
performing the series expansion of the exponential in the expectation and computing
the Fourier coefficients, we get

⟨
3
∏
𝑗=1

𝑉(𝛼𝑗 ,𝑚𝑗)(𝑧𝑗 , 𝑣𝑗)⟩ℂ̂,𝑔0 =2𝜋𝑅𝐶𝑔0
(−𝜇)𝑠
𝑠! E[(∫

ℂ
𝐹(𝑥, 𝐳)𝑀𝑔0

𝛽 (d𝑥))𝑠]∏
𝑗
|𝑧𝑗|

4∆(𝛼𝑗,𝑚𝑗)
+

×∏
𝑗<𝑗′

|𝑧𝑗 − 𝑧𝑗′ |𝛼𝑗𝛼𝑗′+𝑅
2𝑚𝑗𝑚𝑗′ 𝑒−𝑖𝜋𝛼2𝑅𝑚1+𝑖𝜋𝛼3𝑅𝑚3 .

Note that (if 𝛽 = 𝑝
𝑅
)

𝑒𝑖𝛽𝐼0(𝜈h𝐳,𝐦)(𝑥) = ((𝑧2 − 𝑥)( ̄𝑧1 − ̄𝑥)
( ̄𝑧2 − ̄𝑥)(𝑧1 − 𝑥))

−𝑝𝑚1
2 ( (𝑧3 − 𝑥)( ̄𝑧2 − ̄𝑥)

(𝑧2 − 𝑥)( ̄𝑧3 − ̄𝑥) )
𝑝𝑚3
2 .

These computations make completely explicit the 𝑧1, 𝑧2, 𝑧3 dependence.

Structure constant. Nowwewish to fix the values of (𝑧1, 𝑧2, 𝑧3) to be (0, 1,∞)where
the related correlation functions are defined by

⟨𝑉(𝛼1,𝑚1)(0, 𝑒1)𝑉(𝛼2,𝑚2)(1, 𝑒1)𝑉(𝛼3,𝑚3)(∞, 𝑒1)⟩ℂ̂,𝑔0
= lim

|𝑧3|→∞
⟨𝑉(𝛼1,𝑚1)(0, 𝑒1)𝑉(𝛼2,𝑚2)(1, 𝑒1)𝑉(𝛼3,𝑚3)(𝑧3, 𝑒1)⟩ℂ̂,𝑔0 ,

in which case the above relation becomes for 𝑠 ∈ ℕ
⟨𝑉(𝛼1,𝑚1)(0, 𝑒1)𝑉(𝛼2,𝑚2)(1, 𝑒1)𝑉(𝛼3,𝑚3)(∞, 𝑒1)⟩ℂ̂,𝑔0

=𝐶𝑔02𝜋𝑅
(−𝜇)𝑠
𝑠! E[(∫

ℂ

|𝑥|𝛽𝛼1 |1 − 𝑥|𝛽𝛼2
|𝑥|𝛽𝛼̄+

(𝑥̄𝑥 )
𝑝𝑚1
2 (1 − 𝑥

1 − ̄𝑥 )
𝑝(−𝑚1−𝑚3)

2 𝑀𝑔0
𝛽 (𝜙0, d𝑥))

𝑠
]

=𝐶𝑔02𝜋𝑅
(−𝜇)𝑠
𝑠! E[(∫

ℂ

𝑥∆1 ̄𝑥∆̄1(1 − 𝑥)∆2(1 − ̄𝑥)∆̄2
|𝑥|𝛽𝛼̄+

𝑀𝑔0
𝛽 (𝜙0, d𝑥))

𝑠
],

where we have set 𝛼̄ = ∑𝑗 𝛼𝑗 , Δ1 = 𝛽𝛼1+𝑝𝑚1
2

, Δ̄1 = 𝛽𝛼1−𝑝𝑚1
2

, Δ2 = 𝛽𝛼2+𝑝𝑚2
2

, and

Δ̄2 =
𝛽𝛼2−𝑝𝑚2

2
. This expression can be expanded as a multiple integral

⟨𝑉(𝛼1,𝑚1)(0, 𝑒1)𝑉(𝛼2,𝑚2)(1, 𝑒1)𝑉(𝛼3,𝑚3)(∞, 𝑒1)⟩ℂ̂,𝑔0

= 𝐶𝑔02𝜋𝑅
(−𝜇)𝑠
𝑠! E[∫

ℂ𝑠

𝑠
∏
𝑗=1

𝑥∆1𝑗 ̄𝑥∆̄1𝑗 (1 − 𝑥𝑗)∆2(1 − ̄𝑥𝑗)∆̄2

|𝑥𝑗|𝛽𝛼̄+

𝑠
∏
𝑗=1

𝑀𝑔0
𝛽 (𝜙0, d𝑥𝑗)]

= 𝐶𝑔02𝜋𝑅
(−𝜇)𝑠
𝑠! ∫

ℂ𝑠

𝑠
∏
𝑗=1

𝑥∆1𝑗 ̄𝑥∆̄1𝑗 (1 − 𝑥𝑗)∆2(1 − ̄𝑥𝑗)∆̄2 ∏
𝑗<𝑗′

|𝑥𝑗 − 𝑥𝑗′ |𝛽
2d𝑥1 . . . d𝑥𝑠

≕ 𝐶𝑔02𝜋𝑅(−𝜇)𝑠 ℐ(𝛽, 𝛼1, 𝛼2, 𝑚1, 𝑚2, 𝑠).
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In the last but one line, we have used the fact that

E[
2
∏
𝑗=1

𝑒𝑖𝛽𝑋𝑔0 (𝑥𝑗)+
𝛽2
2 E[𝑋𝑔0 (𝑥𝑗)

2]]𝑔0(𝑥1) . . . 𝑔0(𝑥𝑠)d𝑥1 . . . d𝑥𝑠

=∏
𝑗<𝑗′

𝑒−𝛽2𝐺0(𝑥𝑗 ,𝑥𝑗′ )𝑔0(𝑥1) . . . 𝑔0(𝑥𝑠)d𝑥1 . . . d𝑥𝑠

=∏
𝑗<𝑗′

|𝑥𝑗 − 𝑥𝑗′ |𝛽
2 ∏

𝑗
|𝑥𝑗|−𝛽

2(𝑠−1)−4
+ d𝑥1 . . . d𝑥𝑠

=∏
𝑗<𝑗′

|𝑥𝑗 − 𝑥𝑗′ |𝛽
2 ∏

𝑗
|𝑥𝑗|𝛽𝛼̄+ d𝑥1 . . . d𝑥𝑠.

The pure electric case and the imaginary DOZZ. In the case when there are no
magnetic charges, i.e. 𝑚1 = 𝑚2 = 0, this expression corresponds to the famous
Dotsenko-Fateev integral [19], whose value is known (in case𝑚1 = 𝑚2 = 0)
(7.7)

ℐ(𝛽, 𝛼1, 𝛼2, 0, 0, 𝑠) = ( 𝜋
ℓ(𝛽2

4
)
)𝑠

∏𝑠
𝑗=1 ℓ(𝑗

𝛽2

4
)

∏𝑠−1
𝑗=0 ℓ(−

𝛽𝛼1
2
− 𝑗 𝛽2

4
)ℓ(−𝛽𝛼2

2
− 𝑗 𝛽2

4
)ℓ(−𝛽𝛼3

2
− 𝑗 𝛽2

4
)

with the convention that ℓ(𝑥) = Γ(𝑥)/Γ(1 − 𝑥). This expression coincides with the
imaginary DOZZ formula (see [70]), which is actually an analytic extension of this
expression to all possible values of𝛼1, 𝛼2, 𝛼3. For this, we introduce the special function
Υ 𝛽

2
(𝑧) defined for 0 < Re(𝑧) < 𝑄 ≔ 𝛽

2
+ 2

𝛽
by the formula

(7.8) log Υ 𝛽
2
(𝑧) = ∫

∞

0
(( 𝑄̃

2
− 𝑧)2𝑒−𝑡 −

(sinh(( 𝑄̃
2
− 𝑧) 𝑡

2
))2

sinh( 𝑡𝛽
4
) sinh( 𝑡

𝛽
)
)𝑑𝑡𝑡 .

The function Υ 𝛽
2
can be analytically continued to ℂ because it satisfies remarkable

functional relations for 𝑧 ∈ ℂ
(7.9)

Υ 𝛽
2
(𝑧 + 𝛽

2 ) =
Γ(𝛽

2
𝑧)

Γ(1 − 𝛽
2
𝑧)
(𝛽2 )

1−𝛽𝑧Υ 𝛽
2
(𝑧), Υ 𝛽

2
(𝑧 + 2

𝛽 ) =
Γ( 2

𝛽
𝑧)

Γ(1 − 2
𝛽
𝑧)
(𝛽2 )

4
𝛽 𝑧−1Υ 𝛽

2
(𝑧).

The function Υ 𝛽
2
has no poles in ℂ and the zeros of Υ 𝛽

2
are simple (if 𝛽2 ∉ ℚ) and

given by the discrete set (−𝛽
2
ℕ− 2

𝛽
ℕ)∪ (𝑄+ 𝛽

2
ℕ+ 2

𝛽
ℕ). The imaginary DOZZ formula

𝐶DOZZ
𝛽 (𝛼1, 𝛼2, 𝛼3) is the following expression

𝐶DOZZ
𝛽 (𝛼1, 𝛼2, 𝛼3) = (𝛽2 )

2𝑄2−𝑄𝛼̄( 𝜋
ℓ(𝛽2

4
)
)
2𝑄−𝛼̄
𝛽(7.10)

×
Υ 𝛽

2
(𝑄 + 𝛽

2
− 𝛼1+𝛼2+𝛼3

2
)Υ 𝛽

2
(𝛽+𝛼1−𝛼2−𝛼3

2
)Υ 𝛽

2
(𝛽+𝛼2−𝛼1−𝛼3

2
)Υ 𝛽

2
(𝛽+𝛼3−𝛼1−𝛼2

2
)

Υ 𝛽
2
(𝛽
2
)Υ 𝛽

2
( 2
𝛽
+ 𝛼1)Υ 𝛽

2
( 2
𝛽
+ 𝛼2)Υ 𝛽

2
( 2
𝛽
+ 𝛼3)

,

where 𝛼̄ = 𝛼1 + 𝛼2 + 𝛼3. Then we claim:
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Proposition 7.2. Assume𝑚𝑖 = 0 and 𝛼𝑖 > 𝑄 for 𝑖 = 1, 2, 3, and (7.1). Then

⟨𝑉(𝛼1,𝑚1)(0, 𝑒1)𝑉(𝛼2,𝑚2)(1, 𝑒1)𝑉(𝛼3,𝑚3)(∞, 𝑒1)⟩ℂ̂,𝑔0

= 𝐶𝑔02𝜋𝑅(−𝜇)
2𝑄−∑𝑖 𝛼𝑖

𝛽 𝐶DOZZ
𝛽 (𝛼1, 𝛼2, 𝛼3),

with 𝐶𝑔0 given in (7.6).

Proof. To prove this formula, we see the big fraction in (7.10) as a product of 4 fractions
(the n-th fraction ismade up of the n-th term in the numerator divided by the n-th term
in the denominator). Thenwe apply the 𝛽/2-shift relation (7.9) 𝑠 times for each fraction
to get the result. □

General case. The case including the presence of magnetic charges was studied in
[55]. Let us introduce the complex Gamma function

Γℂ(𝑎|𝑎′) ≔ 1
𝜋 ∫

ℂ
𝑧𝑎−1 ̄𝑧𝑎′−1𝑒2𝑖Re(𝑧) d𝑧∧d ̄𝑧

2𝑖
,

where 𝑎, 𝑎′ denotes a pair of complex numbers such that 𝑎 − 𝑎′ is an integer. The
integral converges if 0 < 1

2
Re(𝑎 + 𝑎′) < 1, and admits a meromorphic extension to

each complex line 𝑎 − 𝑎′ = 𝑘. Furthermore Γℂ(𝑎|𝑎′) = 1
𝜋
𝑖𝑎′−𝑎Γ(𝑎)Γ(𝑎′) sin(𝜋𝑎′).

Then we have [55, Corollary 1.3]

ℐ(𝛽, 𝛼1, 𝛼2, 𝑚1, 𝑚2, 𝑠) =
𝑠
∏
𝑗=1

Γ(Δ1 + 1 + (𝑗 − 1)𝛽
2

4
)Γ(Δ̄1 + 1 + (𝑗 − 1)𝛽

2

4
)

Γ(Δ1 + Δ2 + 2 + (𝑠 + 𝑗 − 2)𝛽2
4
)

×
sin(𝜋(Δ̄1 + (𝑗 − 1)𝛽

2

4
)) sin(𝜋(Δ̄2 + (𝑗 − 1)𝛽

2

4
)) sin(𝜋𝑗𝛽

2

4
)

sin(𝜋(Δ̄1 + Δ̄2 + (𝑠 + 𝑗 − 2)𝛽2
4
)) sin(𝜋𝛽2

4
)

×
Γ(Δ2 + 1 + (𝑗 − 1)𝛽

2

4
)Γ(Δ̄2 + 1 + (𝑗 − 1)𝛽

2

4
)Γ( 𝑗𝛽

2

4
)2

Γ(Δ̄1 + Δ̄2 + 2 + (𝑠 + 𝑗 − 2)𝛽2
4
)Γ(𝛽2

4
)2

.

In case 𝑚1 = 𝑚2 = 0, using the formula Γ(𝑥)Γ(1 − 𝑥) = 𝜋/ sin(𝜋𝑥) and the relation
Δ1 + Δ2 + 2 = 𝛽2(1 − 𝑠)/2 − 𝛽𝛼3/2, we recover the formula (7.7). Furthermore, the
same relations show that the structure constant appears as a square root of a product
of imaginary DOZZ formula. More precisely

Proposition 7.3. Assume∑3
𝑖=1𝑚𝑖 = 0 and 𝛼𝑖 > 𝑄 for 𝑖 = 1, 2, 3, and (7.1). Then for

𝐶𝑔0 given in (7.6), we have

⟨𝑉(𝛼1,𝑚1)(0, 𝑒1)𝑉(𝛼2,𝑚2)(1, 𝑒1)𝑉(𝛼3,𝑚3)(∞, 𝑒1)⟩2ℂ̂,𝑔0
= 𝐶2

𝑔04𝜋2𝑅2𝜇
2
𝛽 (2𝑄−∑𝛼𝑖)𝐶DOZZ

𝛽 (𝛼1 +𝑚1𝑅, 𝛼2 +𝑚2𝑅, 𝛼3 +𝑚3𝑅)
× 𝐶DOZZ

𝛽 (𝛼1 −𝑚1𝑅, 𝛼2 −𝑚2𝑅, 𝛼3 −𝑚3𝑅).

This specific form for the structure constants was already pointed out in [22, 54] in
similar context and under some conditions.
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8. Segal’s axioms

In this section, we prove that our path integral satisfies Segal’s axioms forCFT. These
axioms are based on the notion of amplitudes: basically an amplitude corresponds to
the path integral defined on surfaces with parametrised boundary, with a conditioning
on the boundary values of the Liouville field. These amplitudes can then be paired
together where the pairing of amplitudes of two surfaces with boundary corresponds
to the amplitude of the glued surfaces along the corresponding boundaries. The pairing
involves an integration over some functional space, and is associated to a Hilbert space
(Section 8.1). Such amplitudes serve to decompose the partition function or correlation
functions as amultiple pairing of elementary amplitudes (basically amplitudes of pairs
of pants or variants with marked points). This is the philosophy that Segal developed
to encode the conformal bootstrap in a geometrical setup.
In order to define the amplitudes properly, we shall need the gluing formalism for

Riemann surfaces explained in Section 3.3, and a few facts on Dirichlet-to-Neumann
maps recalled in Section 8.2. Next, we give the definition of amplitudes and then study
themain properties of the defect graph associated to the electro-magnetic operators for
amplitudes in Section 8.3. This is all we need to give the definition of amplitudes in
Section 8.4. Finally we shall prove the Segal axioms in Section 8.5.

8.1. Hilbert space. A generic (real valued) Fourier series on the unit circle 𝕋 = {𝑧 ∈
ℂ ∣ |𝑧| = 1} ≃ ℝ/2𝜋ℤwill be decomposed into its constant mode 𝑐 and orthogonal part
(8.1) 𝜑 = 𝑐 + 𝜑, 𝜑(𝜃) = ∑

𝑛≠0
𝜑𝑛𝑒𝑖𝑛𝜃

with (𝜑𝑛)𝑛≠0 its other Fourier coefficients, which will be themselves parametrised by
𝜑𝑛 =

𝑥𝑛+𝑖𝑦𝑛
2√𝑛

and 𝜑−𝑛 =
𝑥𝑛−𝑖𝑦𝑛
2√𝑛

for 𝑛 > 0, with 𝑥𝑛, 𝑦𝑛 ∈ ℝ. The Sobolev space 𝐻𝑠(𝕋) is
the space of such Fourier series equipped with the norm

(8.2) ‖𝜑‖2𝐻𝑠(𝕋) ≔ ∑
𝑛∈ℤ

|𝜑𝑛|2(|𝑛| + 1)2𝑠 < ∞.

In the case when the coefficients 𝑥𝑛, 𝑦𝑛 are random variables given by i.i.d. standard
real Gaussians with 0 mean and variance 1, then the series (8.1) converges in 𝐻𝑠(𝕋)
with 𝑠 < 0. Such a random series arises naturally when considering the restriction
of the whole plane GFF to the unit circle. Now we want to add a further equivariant
part to the series (8.1), and for this we will proceed in a way similar to Section 3.10.
Consider the space𝐻𝑠

ℤ(ℝ) to be the space of real-valued distributions 𝑢 on ℝ such that
their restriction on any finite size open interval belongs to 𝐻𝑠(ℝ) and such that

∀𝑛 ∈ ℤ, 𝑢(𝜃 + 2𝜋𝑛) − 𝑢(𝜃) ∈ 2𝜋𝑅ℤ.
If one restricts to smooth functions in this space, this amounts precisely to the space
of smooth functions 𝑢 on ℝ such that 𝑒

𝑖
𝑅 ᵆ descends to a smooth function on 𝕋. As in

Section 3.10 we get an identification (with 𝜋 ∶ ℝ → ℝ/2𝜋𝑅ℤ being the projection)
ℤ × 𝐻𝑠(𝕋) ↦ 𝐻𝑠

ℤ(ℝ), (𝑘, 𝜑) ↦ 𝜋∗𝜑(𝜃) + 𝑘𝑅𝜃

and 𝑘 corresponds to the degree of the map 𝑒
𝑖
𝑅 ᵆ ∶ 𝕋 → 𝕋. Below, we will write 𝜑

instead of 𝜋∗𝜑 and implicitly identify 𝜑 with its periodic lift to ℝ.
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Consider now the probability space
Ω𝕋 = (ℝ2)ℕ∗(8.3)

equipped with the cylinder sigma-algebra Σ𝕋 = ℬ⊗ℕ∗ (ℬ stands for the Borel sigma-
algebra on ℝ2) and the Gaussian product measure

P𝕋 ≔⨂
𝑛≥1

1
2𝜋𝑒

− 1
2 (𝑥

2𝑛+𝑦2𝑛)d𝑥𝑛d𝑦𝑛.(8.4)

The push-forward of P𝕋 by the random variable (𝑥𝑛, 𝑦𝑛)𝑛∈ℕ → 𝜑 defined in (8.1) in-
duces a measure, still denoted P𝕋 by a slight abuse of notation, that is supported on
𝐻𝑠(𝕋) for any 𝑠 < 0 in the sense that P𝕋(𝜑 ∈ 𝐻𝑠(𝕋)) = 1. We next equip the space
ℤ with the discrete sigma-algebra and the counting measure 𝜇ℤ = ∑𝑘∈ℤ 𝛿𝑘. Then we
consider the Hilbert space

ℋ ≔ 𝐿2((ℝ/2𝜋𝑅ℤ) × ℤ × Ω𝕋, 𝜇0),
where the underlying measure is given by

𝜇0 ≔ d𝑐 ⊗ 𝜇ℤ ⊗ P𝕋

and Hermitian product denoted by ⟨⋅, ⋅⟩ℋ , with d𝑐 the Lebesgue measure on ℝ/2𝜋𝑅ℤ.
The random variable (with 𝜑 defined in (8.1))

(𝑐, 𝑘, (𝑥𝑛, 𝑦𝑛)𝑛∈ℕ) ∈ ℝ × ℤ × Ω𝕋 ↦ 𝜑𝑘(𝜃) ≔ 𝑐 + 𝑘𝑅𝜃 + 𝜑(𝜃) ∈ 𝐻𝑠
ℤ(ℝ)

induces, by push-forward of d𝑐 ⊗ 𝜇ℤ ⊗ P𝕋, a measure on 𝐻𝑠
ℤ(ℝ). This measure is

invariant by translation 𝜏𝑅 ∶ 𝑢 ↦ 𝑢 + 2𝜋𝑅 on 𝐻𝑠
ℤ(ℝ) and descends to the quotient

𝐻𝑠
ℤ(ℝ)/⟨𝜏𝑅⟩ by the group generated by 𝜏𝑅, and it provides an isomorphism of measure

space with ((ℝ/2𝜋𝑅ℤ)×ℤ×Ω𝕋, 𝜇0). By abuse of notation, we also call 𝜇0 the measure
on 𝐻𝑠

ℤ(ℝ)/⟨𝜏𝑅⟩, and this means that we can also rewrite our Hilbert space as
ℋ ≃ 𝐿2(𝐻𝑠

ℤ(ℝ)/⟨𝜏𝑅⟩, 𝜇0).
Concretely, this allows to integrate continuous (or measurable) functionals 𝐹 ∶ 𝐻𝑠

ℤ(ℝ)
→ ℝ+ that are 𝜏𝑅 periodic by the expression

∫
𝐻𝑠
ℤ(ℝ)/⟨𝜏𝑅⟩

𝐹(𝑢) d𝜇0(𝑢) ≔ ∫
2𝜋𝑅

0
∑
𝑘∈ℤ

E[𝐹(𝑐 + 𝑘𝑅𝜃 + 𝜑(𝜃)]d𝑐.

8.2. Dirichlet-to-Neumannmap. Let Σ be a compact Riemann surface with real an-
alytic boundary 𝜕Σ = ⊔𝔟𝑗=1𝜕𝑗Σ consisting of 𝔟 closed simple curves, which do not inter-
sect each other (here 𝔟 could possibly be equal to 0 in case 𝜕Σ = ∅) and parametrised
by 𝜁𝑗 ∶ 𝕋 → 𝜕𝑗Σ as in Section 3.2. We consider a metric 𝑔 on Σ so that each boundary
component has length 2𝜋; except when mentioned, 𝑔 is not assumed to be admissible.
We denote by 𝑑ℓ𝑔 the Riemannian measure on 𝜕Σ induced by 𝑔.
In what follows, boundary data for amplitudes will be encoded in a family of fields

𝝋 = (𝜑1, . . . , 𝜑𝑏) ∈ (𝐻𝑠(𝕋))𝔟, in which case the notation (8.1) referring to the 𝑗-th
field will be augmented with an index 𝑗, namely, 𝑐𝑗 , 𝜑𝑗,𝑛, 𝑥𝑗,𝑛 or 𝑦𝑗,𝑛. We still denote
by ⟨⋅, ⋅⟩ the distributional pairing between (𝐻𝑠(𝕋))𝔟 and (𝐻−𝑠(𝕋))𝔟 normalised so that
⟨1, 𝑢⟩ = 1

2𝜋
∫𝑢d𝜃 if 𝑢 ∈ 𝐶∞(𝕋).

For such a field 𝝋 = (𝜑1, . . . , 𝜑𝔟) ∈ (𝐻𝑠(𝕋))𝔟 with 𝑠 ∈ ℝ, we will write 𝑃𝝋 for
the harmonic extension of 𝝋, that is Δ𝑔𝑃𝝋 = 0 on Σ ⧵ ⋃𝑗 𝜕𝑗Σ with boundary values
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𝑃𝝋|𝜕𝑗Σ = 𝜑𝑗 ∘ 𝜁−1𝑗 for 𝑗 = 1, . . . , 𝔟. The boundary value has to be understood in the
following weak sense: for all 𝑢 ∈ 𝐶∞(𝕋), if 𝜁𝑗 is the (analytic extension to a small
annulus around 𝕋 of the) parametrisation of 𝜕𝑗Σ

lim
𝑟→1−

∫
2𝜋

0
𝑃𝝋(𝜁𝑗(𝑟𝑒𝑖𝜃))𝑢(𝑒𝑖𝜃) d𝜃 = 2𝜋⟨𝜑𝑗 , 𝑢⟩.

The definition of our amplitudes will involve the Dirichlet-to-Neumann operator
(DN map for short). Recall that the DN map 𝐃Σ ∶ 𝐶∞(𝕋)𝔟 → 𝐶∞(𝕋)𝔟 is defined as
follows: for 𝝋 ∈ 𝐶∞(𝕋)𝔟

𝐃Σ𝝋 = (−𝜕𝜈𝑃𝝋|𝜕𝑗Σ ∘ 𝜁𝑗)𝑗=1,. . .,𝔟,

where 𝜈 is the inward unit normal vector field to 𝒞𝑗 . Note that 𝐃Σ is a non-negative
symmetric operator with kernel ker𝐃Σ = ℝ1̃ where 1̃ = (1, . . . , 1). Indeed, by Green’s
formula, for 𝝋 ∈ 𝐶∞(𝕋)𝔟

(8.5) ∫
Σ
|𝑑𝑃𝝋|2𝑔dv𝑔 = 2𝜋⟨𝝋,𝐃Σ𝝋⟩.

Consider 𝔟′ parametrised analytic closed simple non-overlapping curves 𝜁′𝑗 ∶ 𝕋 → 𝒞′𝑗
in the interior of Σ and denote 𝒞′ ≔ ⊔𝔟′𝑗=1𝒞′𝑗 . For a field 𝝋 = (𝜑1, . . . , 𝜑𝔟′) ∈ (𝐻𝑠(𝕋))𝔟′
with 𝑠 ∈ ℝ, we will write 𝑃𝒞′𝝋 for the harmonic extension Δ𝑔𝑃𝒞′𝝋 = 0 on Σ ⧵ 𝒞′
with boundary value 0 on 𝜕Σ and equal to 𝜑𝑗 ∘ 𝜁′𝑗 on 𝒞′𝑗 for 𝑗 = 1,⋯ , 𝔟′. The DN
map 𝐃Σ,𝒞′ ∶ 𝐶∞(𝕋)𝔟′ → 𝐶∞(𝕋)𝔟′ associated to 𝒞′ is defined as the jump at 𝒞′ of the
harmonic extension: for 𝝋 ∈ 𝐶∞(𝕋)𝔟′

(8.6) 𝐃Σ,𝒞′𝝋 ≔ −((𝜕𝜈−𝑃𝒞′𝝋)|𝒞′𝑗 + (𝜕𝜈+𝑃𝒞′𝝋)|𝒞′𝑗 )𝑗=1,. . .,𝔟′ .

Here 𝜕𝜈± denote the two inward normal derivatives along𝒞′𝑗 from the right and from the
left. Since 𝑃𝒞′(𝝋) is not 𝐶1 at 𝒞′ but it is piecewise smooth, the two normal derivatives
are well-defined. The operator 𝐃Σ,𝒞′ is invertible and the Schwartz kernel of 𝐃−1

Σ,𝒞′ is
(see e.g. the proof of [15, Theorem 2.1])

(8.7) 𝐃−1
Σ,𝒞′(𝑦, 𝑦′) =

1
2𝜋𝐺𝑔,𝐷(𝑦, 𝑦

′), 𝑦 ≠ 𝑦′ ∈ 𝒞′.

For respectively 𝑘 = 𝔟 or 𝑘 = 𝔟′, we let 𝐃 ∶ 𝐻1(𝕋)𝑘 → 𝐿2(𝕋)𝑘 defined by

(8.8) ∀𝝋 ∈ 𝐶∞(𝕋; ℝ)𝑘, ⟨𝐃𝝋, 𝝋⟩2 ≔ 2
𝑘
∑
𝑗=1

∑
𝑛>0

𝑛|𝜑𝑗,𝑛|2 =
1
2

𝑘
∑
𝑗=1

∑
𝑛>0

((𝑥𝑗,𝑛)2 + (𝑦𝑗,𝑛)2),

and we define the operators on 𝐶∞(𝕋)𝔟 and 𝐶∞(𝕋)𝔟′

𝐃̃Σ ≔ 𝐃Σ −𝐃, 𝐃̃Σ,𝒞′ ≔ 𝐃Σ,𝒞′ − 2𝐃.(8.9)

We recall from [32, Lemma 4.1] that the operators 𝐃̃Σ and 𝐃̃Σ,𝒞′ are smoothing opera-
tors in the sense that they are operators with smooth Schwartz kernel that are bounded
for all 𝑠, 𝑠′ ∈ ℝ as maps

(𝐻𝑠(𝕋))𝔟 → (𝐻𝑠′(𝕋))𝔟, respectively (𝐻𝑠(𝕋))𝔟′ → (𝐻𝑠′(𝕋))𝔟′ .
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Figure 15. Homology on open surfaces. In gray, relative homology.
In black, defect graph.

8.3. Curvature terms in the case with boundary. In what follows, we consider a
Riemann surface Σ with an analytic parametrisation 𝜻 = (𝜁1, . . . , 𝜁𝔟) of the boundary
with 𝜁𝑗 ∶ 𝕋 → 𝜕𝑗Σ where 𝜕1Σ, . . . , 𝜕𝔟Σ are the 𝔟 > 0 boundary components of Σ. We
consider the following data that we call geometric data of Σ:

Geometric data of Σ:
(i) Let 𝑔 be an admissible metric on Σ, let 𝑥0 be a base point chosen to be on the

boundary 𝜕Σ and distinct from 𝑝𝑗 ≔ 𝜁𝑗(1) for 𝑗 = 1, . . . , 𝔟. Let 𝐳 ≔ (𝑧1, . . . , 𝑧𝑛𝔪) be
some marked points in its interior Σ∘ and let 𝐯 = ((𝑧1, 𝑣1), . . . , (𝑧𝑛𝔪 , 𝑣𝑛𝔪)) ∈ (𝑇Σ)𝑛𝔪
be unit tangent vectors at these points, to which we attach magnetic charges 𝐦 =
(𝑚1, . . . , 𝑚𝑛𝔪) ∈ ℤ𝑛𝔪 .
(ii) Let us fix a canonical geometric basis 𝝈 ≔ (𝜎1, . . . , 𝜎2𝔤+𝔟−1) of the relative ho-

mologyℋ1(Σ, 𝜕Σ), as defined below (3.9), consisting of 2𝔤 interior cycles (𝜎1, . . . , 𝜎2𝔤) =
(𝑎1, 𝑏1, . . . , 𝑎𝔤, 𝑏𝔤) satisfying the intersection pairings

𝜄(𝑎𝑗 , 𝑏𝑖) = 𝛿𝑖𝑗 , 𝜄(𝑎𝑖, 𝑎𝑗) = 0, 𝜄(𝑏𝑖, 𝑏𝑗) = 0,

and 𝔟−1 arcs (𝜎2𝔤+1, . . . , 𝜎2𝔤+𝔟−1) = (𝑑1, . . . , 𝑑𝔟−1)with endpoints on the boundary and
no intersection with ∪𝑗(𝑎𝑗 ∪𝑏𝑗). We consider a basis 𝜔𝑐1, . . . , 𝜔𝑐2𝔤+𝔟−1 ofℋ1

𝑅(Σ, 𝜕Σ) dual
to 𝝈, made of closed forms. Recall from Lemma 3.5 that these forms can be chosen
to be compactly supported inside Σ∘, and we shall use such compactly supported basis
to prove the gluing property of amplitudes. We ask the arc 𝑑𝑗 to have endpoints at
𝑝𝑗 = 𝜁𝑗(1) ∈ 𝜕𝑗Σ and 𝑝𝑗+1 = 𝜁𝑗+1(1) ∈ 𝜕𝑗Σ while making an (non-oriented) angle
𝜋/2 with 𝜕𝑗Σ at the endpoints. The orientation of 𝑑𝑗 can be taken either way, this will
not play any role later. Then for each 𝐤𝑐 = (𝑘𝑐1, . . . , 𝑘𝑐2𝔤+𝔟−1) ∈ ℤ2𝔤+𝔟−1, the form
𝜔𝑐𝐤 ≔ ∑2𝔤+𝔟−1

𝑗=1 𝑘𝑐𝑗𝜔𝑐𝑗 satisfies ∫𝜍𝑖 𝜔
𝑐
𝐤𝑐 = 2𝜋𝑘𝑐𝑖𝑅. See Figure 15.

(iii) We encode the structure of the absolute cohomology and the magnetic opera-
tors in the closed 1-forms 𝜈𝐳,𝐦,𝐤 of Proposition 3.10 using the basis ofℋ1(Σ)

(𝑎1, 𝑏1, . . . , 𝑎𝔤, 𝑏𝔤, 𝜕1Σ, . . . , 𝜕𝔟−1Σ),
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where 𝜈𝐳,𝐦,𝐤 are labeled by 𝐤 = (𝑘1, . . . , 𝑘𝔟) ∈ ℤ𝔟 satisfying

(8.10) 1
2𝜋𝑅 ∫

𝜕𝑗Σ
𝜈𝐳,𝐦,𝐤 = 𝜍𝑗𝑘𝑗 ,

𝑛𝔪
∑
𝑗=1

𝑚𝑗 +
𝔟
∑
𝑗=1

𝜍𝑗𝑘𝑗 = 0,

where we recall that 𝜍𝑗 = −1 if the boundary is outgoing and 𝜍𝑗 = 1 if it is incoming.
The choice of such a form is not unique: indeed the difference of two such forms is an
exact 1-form d𝑓 with 𝜕𝜈𝑓|𝜕Σ = 0 (see Lemma 3.4). By possibly adding such an exact
form, we can require that the form 𝜈𝐳,𝐦,𝐤 takes values in 2𝜋𝑅ℤ along the boundary-to-
boundary arcs:

(8.11) ∀𝑗 = 2𝔤 + 1, . . . , 2𝔤 + 𝔟 − 1, ∫
𝜍𝑗
𝜈𝐳,𝐦,𝐤 ∈ 2𝜋𝑅ℤ.

(iv) Nextwe construct a defect graph associated to the 1-forms 𝜈𝐳,𝐦,𝐤 as follows. The
construction, detailed below, is similar to the case of closed Riemann surfaces except
that we will see the point 𝜁𝑗(1) ∈ 𝜕𝑗Σ as extra marked points with a magnetic charge
𝜍𝑗𝑘𝑗 assigned. So, for notational simplifications, we set 𝑧𝑛𝔪+𝑗 = 𝜁𝑗(1) and𝑚𝑛𝔪+𝑗 = 𝜍𝑗𝑘𝑗
for 𝑗 = 1, . . . , 𝔟. For 𝑗 > 𝑛𝔪, we also choose 𝑣𝑗 ∈ 𝑇𝑧𝑗Σ to be unit normal vector to 𝜕Σ, it
can be either inward 𝑣𝑗 = 𝜈 or outward 𝑣𝑗 = −𝜈, and the orientation ±will play a role.
We then associate the total magnetic charges (which are now 𝐤 dependent) defined

by

(8.12) 𝐦(𝐤) = (𝑚1(𝐤), . . . , 𝑚𝑛𝔪+𝔟(𝐤)) ≔ (𝑚1, . . . , 𝑚𝑛𝔪 , 𝜍1𝑘1, . . . , 𝜍𝔟𝑘𝔟).

Definition 8.1 (Defect graph). We consider a family of 𝑛𝔪 + 𝔟 − 1 arcs as follows:
• these arcs are indexed by 𝑝 ∈ {1, . . . , 𝑛𝔪+𝔟−1}, are simple and do not intersect
except eventually at their endpoints,

• each arc is a smooth oriented curve 𝜉𝑝 ∶ [0, 1] → Σ with endpoints 𝜉𝑝(0) = 𝑧𝑗
and 𝜉𝑝(1) = 𝑧𝑗′ for 𝑗 ≠ 𝑗′.

• these arcs satisfy ̇𝜉𝑝(0) = 𝜆𝑝,𝑗𝑣𝑗 and ̇𝜉𝑝(1) = 𝜆𝑝,𝑗′𝑣𝑗′ for some 𝜆𝑝,𝑗 > 0 and
𝜆𝑝,𝑗′ > 0 if 𝜉𝑝(1) ∉ 𝜕Σ, while 𝜆𝑝,𝑗′ < 0 if 𝜉𝑝(1) ∈ 𝜕Σ.

• consider the oriented graph with vertices 𝐳 and edges (𝑧𝑗 , 𝑧𝑗′), if there is an
oriented arc with basepoint 𝑧𝑗 and endpoint 𝑧𝑗′ . This graphmust be connected
andwithout cycle, that is, there is no sequence of edges (𝑧𝑗1 , 𝑧𝑗2), . . . , (𝑧𝑗𝑘 , 𝑧𝑗𝑘+1)
with 𝑗1 = 𝑗𝑘+1.

In what follows, the union 𝒟𝐯,𝝃 ≔ ⋃𝑝∈{1,. . .,𝑛𝔪+𝔟−1} 𝜉𝑝([0, 1]) will be called the defect
graph associated to 𝐯 and the collection of arcs 𝝃 ≔ (𝜉1, . . . , 𝜉𝑛𝔪+𝔟−1). See Figure 16.

Notice that the graph 𝒟𝐯,𝝃 is contractible to a point. The form 𝜈𝐳,𝐦,𝐤 is exact on
Σ ⧵ 𝒟𝐯,𝝃 (the integral of this 1-form vanishes over any cycle in Σ ⧵ 𝒟𝐯,𝝃) so that we
can consider the primitive 𝐼𝝃𝑥0(𝜈𝐳,𝐦,𝐤) on Σ ⧵ 𝒟𝐯,𝝃 . As in the closed case (recall (4.4)),
we assign to each arc 𝜉𝑝 a value 𝜅(𝜉𝑝) ∈ 2𝜋𝑅ℤ, corresponding to the difference of the
values of 𝐼𝝃𝑥0(𝜈𝐳,𝐦,𝐤) on both sides of the arc. The value 𝜅(𝜉𝑝) is defined by first gluing
disks 𝒟𝑗 to 𝜕𝑗Σ for each 𝑗 in order to be in the setting of a closed surface and then by
using the same definition as in the closed case, see (4.4).
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Figure 16. Example of defect graph (black) in case 𝑘2 ≤ 𝑘1 ≤ 𝑚1 ≤
𝑚2 ≤ 𝑚3 ≤ −𝑘3

The regularised curvature terms are then defined by the same formula as (4.2) and
(4.5):

∫
reg

Σ𝝈
𝐾𝑔𝐼𝝈𝑥0(𝜔𝑐𝐤𝑐) dv𝑔 ≔∫

Σ𝝈
𝐼𝝈𝑥0(𝜔𝑐𝐤𝑐)𝐾𝑔 dv𝑔

+ 2
𝔤
∑
𝑗=1

(∫
𝑎𝑗
𝜔𝑐𝐤𝑐 ∫

𝑏𝑗
𝑘𝑔 dℓ𝑔 −∫

𝑏𝑗
𝜔𝑐𝐤𝑐 ∫

𝑎𝑗
𝑘𝑔 dℓ𝑔),

(8.13)

(8.14) ∫
reg

Σ
𝐼𝝃𝑥0(𝜈𝐳,𝐦,𝐤)𝐾𝑔 dv𝑔 ≔∫

Σ⧵𝒟𝐯,𝝃

𝐼𝝃𝑥0(𝜈𝐳,𝐦,𝐤)𝐾𝑔 dv𝑔 − 2
𝑛𝔪+𝔟−1
∑
𝑝=1

𝜅(𝜉𝑝)∫
𝜉𝑝
𝑘𝑔 dℓ𝑔,

where 𝑘𝑔 is the geodesic curvature as defined in (4.3). Remark that in the expression
(8.13), there is no boundary term involving the arcs 𝑑𝑗 or the boundary cycles 𝑐𝑗 : the
reason is that the curves 𝑐𝑗 will be chosen to be geodesics (since our metrics are admis-
sible) and that 𝜄∗𝜕Σ𝜔𝑐𝐤𝑐 = 0 (thus ∫𝜕𝑗Σ 𝜔

𝑐
𝐤𝑐 = 0) so that the natural boundary terms that

one could add actually vanish:

∫
𝜕𝑗Σ

𝜔𝑐𝐤𝑐 ∫
𝑑𝑗
𝑘𝑔 dℓ𝑔 −∫

𝑑𝑗
𝜔𝑐𝐤𝑐 ∫

𝑐𝑗
𝑘𝑔 dℓ𝑔 = 0.

With the same proof as Lemma 4.3, we have

Lemma 8.2. Let ̂𝑔 = 𝑒𝜌𝑔 with 𝜕𝜈𝜌|𝜕Σ = 0.
(1) if 𝜔 ∈ ℋ1

𝑅(Σ, 𝜕Σ) with compact support in Σ∘, then

∫
reg

Σ𝝈
𝐼𝝈𝑥0(𝜔)𝐾𝑔̂ dv𝑔̂ = ∫

reg

Σ𝝈
𝐼𝝈𝑥0(𝜔)𝐾𝑔 dv𝑔 + ⟨d𝜌, 𝜔⟩2.

(2) the regularised magnetic curvature term defined by (8.14) satisfies

∫
reg

Σ
𝐼𝝃𝑥0(𝜈𝐳,𝐦,𝐤)𝐾𝑔′ dv𝑔′ = ∫

reg

Σ
𝐼𝝃𝑥0(𝜈𝐳,𝐦,𝐤)𝐾𝑔 dv𝑔 + ⟨d𝜌, 𝜈𝐳,𝐦,𝐤⟩2.

Similarly to Lemma 4.5, we also have
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Lemma 8.3. Let 𝝈 = (𝜎𝑗)𝑗=1,. . .,2𝔤+𝔟−1 and 𝝈′ = (𝜎′𝑗)𝑗=1,. . .,2𝔤+𝔟−1 be canonical geomet-
ric bases as described above and 𝜔 ∈ ℋ1

𝑅(Σ, 𝜕Σ) with compact support in Σ∘. Then the
following identity holds true

(8.15) ∫
reg

Σ𝝈
𝐾𝑔𝐼𝝈𝑥0(𝜔) dv𝑔 −∫

reg

Σ𝝈′
𝐾𝑔𝐼𝝈

′
𝑥0(𝜔) dv𝑔 ∈ 8𝜋2𝑅ℤ.

Proof. First, we show that we can change the arcs (𝑑𝑗)𝑗 relating boundary circles of Σ
in a way that each 𝑑𝑗 has its endpoints on 𝜕1Σ and 𝜕𝑗+1Σwithout changing the (𝑎𝑗 , 𝑏𝑗)𝑗 ,
and so that (8.15) holds if 𝝈′ is the changed graph. It suffices to show that when only
one arc 𝑑𝑗 is modified to another arc 𝑑′𝑗 such that 𝑑𝑗 and 𝑑′𝑗 both have one endpoint
on, say, the boundary circle 𝜕ℓΣ then the formula (8.15) holds. Since ∫𝜕𝑖Σ 𝜔 = 0 for
each 𝑖 = 1, . . . , 𝔟 we claim that 𝐼𝝈′𝑥0(𝜔) = 𝐼𝝈𝑥0(𝜔) on Σ ⧵ ∪

𝔤
𝑗=1(𝑎𝑗 ∪ 𝑏𝑗). Indeed, any loop

𝛾𝑥0 passing by 𝑥0 and not intersecting ∪
𝔤
𝑗=1(𝑎𝑗 ∪ 𝑏𝑗) must be a linear combination of

the boundary circles 𝑐𝑗 inℋ1(Σ): to see this, it suffices to glue a disk to each boundary
circle, we obtain a closed surface Σ̂ of genus 𝔤, and notice that the intersection number
of 𝛾𝑥0 with each element of a basis ofℋ1(Σ̂) is 0 (recall that the intersection number
is a symplectic form, thus non-degenerate), thus [𝛾𝑥0] = 0 inℋ1(Σ̂). We deduce that
∫reg
Σ𝝈 𝐾𝑔𝐼𝝈𝑥0(𝜔) dv𝑔 = ∫reg

Σ𝝈′
𝐾𝑔𝐼𝝈

′
𝑥0(𝜔) dv𝑔 and, applying this inductively, this shows that

the arcs 𝑑𝑗 for 𝑗 = 1, . . . , 𝔟 − 1 can be modified in a way that each 𝑑𝑗 has its endpoints
on 𝜕1Σ and 𝜕𝑗+1Σwithout changing the (𝑎𝑗 , 𝑏𝑗)𝑗=1. . .,𝔤. Next, we can double the surface
Σ#2 = Σ#Σ, view (𝜎𝑗)𝑗≤2𝔤 as cycles of Σ#2 contained in the right copy of 𝝈, and let 𝜏
denote the natural involution on Σ#2. The cycles

(8.16) (𝑎1, 𝑏1, . . . , 𝑎𝔤, 𝑏𝔤, −𝜏(𝑎1), 𝜏(𝑏1), . . . , −𝜏(𝑎𝔤), 𝜏(𝑏𝔤)) ∈ ℋ1(Σ♯2)

form a part of a geometric symplectic basis ofℋ1(Σ♯2), which can be completed into a
full geometric symplectic basis denoted 𝝈♯ by adding 𝔟 − 1 cycles 𝑐1 = 𝜕2Σ, . . . , 𝑐𝔟−1 =
𝜕𝔟Σ coming from boundary cycles of Σ and 𝔟 − 1 non-intersecting cycles 𝑑1, . . . , 𝑑𝔟−1
with intersection pairing 𝜄(𝑐𝑖, 𝑑𝑗) = 𝛿𝑖𝑗 and 𝑑𝑗 not intersecting any 𝑎𝑖, 𝑏𝑖. Let us extend
𝜔 by 0 from the left copy of Σ to Σ#2. Since the integral ∫𝑐𝑖 𝜔 = 0 for all 𝑖 and since
𝑐𝑖 are also geodesic curves, the geodesic curvature terms in the regularised integral on
Σ#2 coming from the cycles are 0 except for those in (8.16). The regularised integral of
𝜔 on Σ♯2 satisfies

∫
reg

Σ♯2
𝝈♯

𝐾𝑔𝐼𝝈
#

𝑥0 (𝜔) dv𝑔 = ∫
reg

Σ𝝈
𝐾𝑔𝐼𝝈𝑥0(𝜔) dv𝑔.

We can then apply Lemma 4.5 on Σ#2 to a change of geometric symplectic basis which
preserves all the cycles contained in the left copy of Σ#2 and maps (𝑎𝑖, 𝑏𝑖)𝑖≤𝔤 to other
elements (𝑎′𝑖, 𝑏′𝑖)𝑖≤𝔤 contained in the interior of the right copy of Σ. This proves the
desired the result. □

The invariance by diffeomorphism is proved in the same exact way as Lemma 4.4
and reads as follows:

Lemma 8.4. For 𝜓 ∶ Σ → Σ an orientation preserving diffeomorphism and 𝝈 a canoni-
cal geometric basis of ℋ1(Σ, 𝜕Σ), let 𝜓(𝝈) be the image canonical geometric basis of
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ℋ1(Σ, 𝜕Σ). Let 𝑥0 ∈ Σ and 𝜔 ∈ ℋ1
𝑅(Σ, 𝜕Σ) with compact support in Σ∘. The follow-

ing identity then holds true

∫
reg

Σ𝝈
𝐾𝑔𝐼𝝈𝑥0(𝜔) dv𝑔 = ∫

reg

Σ𝜓(𝝈)
𝐾𝜓∗𝑔𝐼

𝜓(𝝈)
𝜓(𝑥0)(𝜓∗𝜔) dv𝜓∗𝑔.

Nowwe state all themain properties of defect graphs needed in the sequel. We claim

Lemma 8.5. The magnetic regularised curvature term only depends on the points 𝐳 ∈
Σ𝑛𝔪+𝔟, the charges𝐦 ∈ ℤ𝑛𝔪+𝔟 and the unit tangent vectors 𝐯 but not on the defect graph
(i.e. the choice of arcs constructed from this data).

Proof. By gluing disks 𝒟𝑗 to each boundary circle 𝜕𝑗Σ, with an admissible metric on
each disk, we see that the problem just reduces to the case of a closed manifold, thus
to Lemma 4.9. □

Lemma 8.6. Let 𝜓 ∶ Σ′ → Σ be an orientation preserving diffeomorphism. The regu-
larised magnetic curvature term defined by (8.14) satisfies the relation

∫
reg

Σ′
𝐼𝝃𝑥0(𝜈𝐳,𝐦,𝐤)𝐾𝑔 dv𝑔 = ∫

reg

Σ
𝐼𝝍∘𝝃𝜓(𝑥0)(𝜓∗𝜈𝐳,𝐦,𝐤)𝐾𝜓∗𝑔 dv𝜓∗𝑔.

Proof. The proof is the same as that of Lemma 4.4. □

Nowwe treat the additivity of regularised curvature integrals. First we treat the case
when we glue two Riemann surfaces:

Lemma 8.7. Consider two Riemannian surfaces (Σ𝑖, 𝑔𝑖) for 𝑖 = 1, 2 with admissible
metrics, with 𝔟𝑖 > 0 boundary components and genus 𝔤𝑖 for 𝑖 = 1, 2 and with analytic
parametrisations 𝜻𝑖 of their respective boundary. Assume 𝜕𝔟1Σ1 is outgoing and 𝜕𝔟2Σ2
is incoming and let Σ = Σ1#Σ2 be the glued surface obtained by identifying 𝜕𝔟1Σ1 with
𝜕𝔟2Σ2 and 𝑔 be the metric induced by 𝑔1, 𝑔2. Consider the geometric data (i), (ii), (iii),
(iv) described above for Σ1 and for Σ2, and denote them with either a subscript 𝑖 or a
superscript 𝑖 when they are associated to Σ𝑖, for example 𝝈𝑖, 𝐤𝑐𝑖 , 𝝃𝑖, 𝑥𝑖0, 𝜈𝑖𝐳𝑖,𝐦𝑖,𝐤𝑖 , 𝜔

𝑖,𝑐
𝐤𝑐𝑖
etc.

We choose these defect graphs by imposing that there is only one arc 𝜉1𝑗0 having 𝜁1𝔟1(1)
as endpoint on Σ1 and only one arc 𝜉2𝑗′0 having 𝜁2𝔟2(1) as endpoint on Σ2. We assume
that the marked point in {𝐳1} that belongs to 𝜕𝔟1Σ1 is glued to the marked point in {𝐳2}
that belongs to 𝜕𝔟2Σ2 and that the associated tangent vectors to the defect graphs of Σ1
and Σ2 match (i.e. one is inward normal in Σ1 and the other outward normal in Σ2, or
conversely), so that the defect graph of Σ1 glues well with the defect graph of Σ2. Assume
𝑘1𝔟1 = 𝑘2𝔟2 and set 𝐳 ≔ (𝐳1, 𝐳2), 𝐦 ≔ (𝐦1,𝐦2) and 𝐯 ≔ (𝐯1, 𝐯2). Then we obtain a
defect graph 𝒟𝐯,𝝃 on Σ by gathering all the arcs in 𝝃1 but 𝜉1𝑗0 , all the arcs in 𝝃2 but 𝜉2𝑗′0 ,
and the arc 𝜉 obtained by gluing the arcs 𝜉1𝑗0 and 𝜉2𝑗′0 with orientation. Furthermore, if
𝐤 ≔ (𝐤−1 , 𝐤−2 )where𝐤−𝑖 ∈ ℤ𝔟𝑖−1 stands for the vector𝐤𝑖 with its 𝔟𝑖-th component removed
and if one glues together the 1-forms 𝜈𝑖𝐳𝑖,𝐦𝑖,𝐤𝑖 , 𝑖 = 1, 2, to get the 1-form 𝜈𝐳,𝐦,𝐤 on Σ, then
(8.17)

∫
reg

Σ
𝐼𝝃𝑥0(𝜈𝐳,𝐦,𝐤)𝐾𝑔dv𝑔 = ∫

reg

Σ1
𝐼𝝃1𝑥10(𝜈

1
𝐳1,𝐦1,𝐤1)𝐾𝑔1dv𝑔1 +∫

reg

Σ2
𝐼𝝃2𝑥20(𝜈

2
𝐳2,𝐦2,𝐤2)𝐾𝑔2dv𝑔2 ,

where 𝑥10 and 𝑥20 are two base points respectively on 𝜕𝔟1Σ1 ⊂ Σ1 and 𝜕𝔟2Σ2 ⊂ Σ2, which
we assume are identified under gluing to 𝑥0 = 𝑥10 = 𝑥20 ∈ Σ. Similarly, let 𝝈 = 𝝈1#𝝈2
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be the gluing of the canonical geometric bases 𝝈1 and 𝝈2 from Lemma 3.7, assume that
𝜔𝑖,𝑐𝐤𝑐𝑖 are compactly supported in Σ

∘
𝑖 and let 𝜔𝑐𝐤𝑐 ≔ 𝜔1,𝑐𝐤𝑐1 + 𝜔2,𝑐𝐤𝑐2 for 𝐤

𝑐 = (𝐤𝑐1, 𝐤𝑐2). Then the
following holds true

(8.18) ∫
reg

Σ
𝐼𝝈𝑥0(𝜔𝑐𝐤𝑐)𝐾𝑔dv𝑔 = ∫

reg

Σ1
𝐼𝝈1𝑥10 (𝜔

1,𝑐
𝐤𝑐1
)𝐾𝑔1dv𝑔1 +∫

reg

Σ2
𝐼𝝈2𝑥20 (𝜔

2,𝑐
𝐤𝑐2
)𝐾𝑔2dv𝑔2 .

Proof. The fact that 𝒟𝐯,𝝃 is a defect graph is clear. Since 𝜉 is obtained by gluing of
the arcs 𝜉1𝑗0 and 𝜉2,𝑗′0 , then 𝐼

𝝃
𝑥0(𝜈𝐳,𝐦,𝐤)|Σ𝑖 = 𝐼𝝃𝑖𝑥𝑖0(𝜈

𝑖
𝐳𝑖,𝐦𝑖,𝐤𝑖 ) (indeed the branch cuts re-

main unchanged). What is less straightforward is the additivity of regularised curva-
ture integrals. It results from a simple observation concerning the computation of the
coefficients 𝜅(𝜉𝑖𝑝) on Σ𝑖. Let us begin with Σ1 (Σ2 is similar). To compute the coeffi-
cient 𝜅(𝜉1𝑝) of the arc 𝜉1𝑝 (for 𝑝 ≠ 𝑗0) in the defect graph associated to Σ1, recall (see
after Definition 8.1) that we consider a positively oriented closed contractible curve
𝛼𝑥 ∶ [0, 1] in the closed surface Σ̂1 (obtained by gluing disks at the boundary compo-
nents of Σ1), with 𝑥 = 𝛼𝑥(0) = 𝜉1𝑝(𝑡) = 𝛼𝑥∩𝝃 for some 𝑡 and 𝛼̇𝑥(0) = 𝐽 ̇𝜉1𝑝(𝑡); note that
𝛼𝑥 bounds a disk 𝐷𝛼 with positively oriented boundary. If 𝐷𝛼 does not contain 𝜁1𝔟1(1),
this means the same curve 𝛼𝑥 can be used to compute 𝜅(𝜉1𝑝), both when the arc 𝜉1𝑝
is seen as an element of the defect graph of Σ1 and Σ, hence it takes the same value in
both cases. If the point 𝜁1𝔟1(1) belongs to𝐷𝛼, then its contribution to 𝜅(𝜉1𝑝) is−2𝜋𝑅𝑘1𝔟1
(recall that 𝜕𝔟1Σ1 is outgoing). Next, if we compute the coefficient 𝜅(𝜉1𝑝) for the arc 𝜉1𝑝
seen as an arc in the defect graph 𝒟𝐯,𝝃 on Σ, the curve 𝛼𝑥 bounds a disk containing
all the points of the defect graphs located in Σ2 as well, producing a total contribution
2𝜋𝑅(∑𝑛(2)𝔪

𝑗=1 𝑚2𝑗 + ∑𝔟2−1
𝑗=1 𝜍2𝑗𝑘2𝑗), which by (8.10) is equal to −2𝜋𝑅𝑘2𝔟2 = −2𝜋𝑅𝑘1𝔟1 .

Hence 𝜅(𝜉1𝑝) has the same value when viewed in the graph 𝒟𝐯,𝝃 or in 𝒟𝐯1,𝝃1 . The sit-
uation is slightly different if we compute 𝜅(𝜉1𝑗0) because of the orientation of 𝜉|Σ1 . Of
course, if this orientation is the same as 𝜉1𝑗0 then the argument is the same as above. If
the orientation is reversed, then the sumdefining 𝜅(𝜉) in𝒟𝐯,𝝃 involves the complement
of the charges used to compute 𝜅(𝜉1𝑗0) in Σ1, and since the total sum of all charges is
0, this means that 𝜅(𝜉|Σ1) = −𝜅(𝜉1𝑗0). But changing the orientation also changes the
sign of the geodesic curvature so that

𝜅(𝜉1𝑗0)∫
𝜉1𝑗0

𝑘𝑔 dℓ𝑔 = 𝜅(𝜉|Σ1)∫
𝜉|Σ1

𝑘𝑔 dℓ𝑔.

The argument is the same on Σ2, and all in all, this proves the relation (8.17).
The identity (8.18) is clear, using that 𝜔𝑖,𝑐𝐤𝑐𝑖 vanishes near the boundaries 𝜕Σ𝑖. □

It remains to consider the case of self-gluing. We claim:

Lemma 8.8. Consider a Riemann surface Σ with 𝔟 ≥ 2 boundary components and with
analytic parametrisations 𝜻 of their respective boundary. We considermarked points 𝐳1 ≔
(𝑧1, . . . , 𝑧𝑛𝔪) on Σ and associated respective magnetic charges 𝐦 ≔ (𝑚1, . . . , 𝑚𝑛𝔪) and
unit tangent vectors 𝐯 = ((𝑧1, 𝑣1), . . . , (𝑧𝑛, 𝑣𝑛𝔪)) ∈ (𝑇Σ)𝑛𝔪 at the points 𝑧𝑗 . We assume
𝜕𝔟−1Σ is outgoing and 𝜕𝔟Σ is incoming. Finally we consider 𝐤 ∈ ℤ𝔟 and the 1-forms
𝜈𝐳,𝐦,𝐤 on Σ given by Proposition 3.10 such that (recall that 𝜍𝑗 = −1 is the boundary 𝜕𝑗Σ is
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outgoing and 𝜍𝑗 = 1 if it is incoming)

∀𝑗 = 1, . . . , 𝔟, ∫
𝜕𝑗Σ

𝜈𝐳,𝐦,𝐤 = 2𝜋𝑅𝜍𝑗𝑘𝑗 ,

∀𝑗 = 1, . . . , 𝑛𝔪, ∫
𝑑𝑔(𝑧𝑗 ,⋅)=𝜖

𝜈𝐳,𝐦,𝐤 = 2𝜋𝑅𝑚𝑗 ,

𝑛𝔪
∑
𝑗=1

𝑚𝑗 +
𝔟
∑
𝑗=1

𝜍𝑗𝑘𝑗 = 0

and a defect graph𝒟𝐯,𝝃 on Σ. We choose this defect graph by imposing that

• there is only one arc 𝜉𝑗0 having 𝜁𝔟(1) as endpoint, and that this arc has 𝜁𝔟−1(1) as
other endpoint, this arc is oriented according to the tangent vectors at the marked
points 𝜁𝔟(1) and 𝜁𝔟−1(1) (one must be inward normal to 𝜕Σ, the other outward
normal),

• if 𝔟 + 𝑛𝔪 > 2 there are exactly two arcs with 𝜁𝔟−1(1) as endpoint (thus including
𝜉𝑗0). We call 𝜉𝑗′0 this second arc.

Let Σ# be the Riemann surface obtained by self-gluing Σ by identifying 𝜕𝔟−1Σ and 𝜕𝔟Σ
using the corresponding parametrisations, andweassume𝑘𝔟−1 = 𝑘𝔟. Thenwe can obtain
a defect graph𝒟𝐯,𝝃# onΣ# by taking all the arcs in 𝝃 and removing the arcs having 𝜁𝔟−1(1)
or 𝜁𝔟(1) as endpoints. The curves 𝜉𝑗0 and 𝜁𝔟−1 intersect in 1 point. Let 𝝈# be a basis of the
relative homology on Σ# having both 𝜉𝑗0 and 𝜁𝔟−1 has interior cycles.
We write 𝐤 ∈ ℤ𝔟 as 𝐤 = (𝐤−, 𝑘𝔟−1, 𝑘𝔟) ∈ ℤ𝔟−2 × ℤ × ℤ. Then 𝜈𝐳,𝐦,𝐤 can be split as

𝜈𝐳,𝐦,𝐤 = 𝜈𝐳,𝐦,(𝐤−,0,0) + 𝜈𝐳,𝟎,(𝟎,𝑘𝔟,𝑘𝔟), and each 1-form involved in this expression makes
sense as 1-form on Σ# by Lemma 3.8. Then

∫
reg

Σ
𝐼𝝃𝑥0(𝜈𝐳,𝐦,𝐤)𝐾𝑔dv𝑔 =∫

reg

Σ#
𝐼𝝃

#
𝑥0 (𝜈𝐳,𝐦,(𝐤−,0,0))𝐾𝑔dv𝑔

+∫
reg

Σ#
𝐼𝝈#𝑥0 (𝜈𝐳,𝟎,(𝟎,𝑘𝔟,𝑘𝔟))𝐾𝑔dv𝑔.

(8.19)

Proof. We first treat the case when 𝔟+𝑛𝔪 > 2. It is obvious that𝒟𝐯,𝝃# is a defect graph
associated to the charges𝐦 for the points in {𝐳} and𝐤− for the boundary components of
Σ#. Recall that 𝜉𝑗0 is the arc with basepoint 𝜁𝔟(1) and endpoint 𝜁𝔟−1(1). Let us call 𝜉𝑗′0 ,
𝑗′0 ≠ 𝑗0, the other arc with basepoint/endpoint 𝜁𝔟−1(1). Let us assume for convenience
that all the arcs in the defect graph𝒟𝐯,𝝃# keep the same label as in𝒟𝐯,𝝃 . Therefore the
arcs in the defect graph𝒟𝐯,𝝃# are labelled with 𝑝 = 1, . . . , 𝑛𝔪 + 𝔟 − 1 with 𝑝 ≠ 𝑗0, 𝑗′0.
Let us compute the coefficients 𝜅(𝜉#𝑝 ). Then 𝜅(𝜉𝑗0) = −𝑘𝔟 (since 𝜁𝔟(1) is an end of the

graph tree) and 𝜅(𝜉𝑗′0) = 0 (because 𝑘𝔟−1 = 𝑘𝔟). For 𝑝 ≠ 𝑗0, 𝑗′0, we have 𝜅(𝜉#𝑝 ) = 𝜅(𝜉𝑝)
because the structure for the defect graph 𝒟𝐯,𝝃 we chose imposes that each time we
meet 𝜁𝔟−1(1) when following counterclockwise the contour of the graph, we also meet
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𝜁𝔟(1), for a total contribution of both points given by 𝑘𝔟−1 − 𝑘𝔟 = 0. Therefore

∫
reg

Σ
𝐼𝝃𝑥0(𝜈𝐳,𝐦,𝐤)𝐾𝑔dv𝑔 =∫

Σ⧵𝒟𝐯,𝝃

𝐼𝝃𝑥0(𝜈𝐳,𝐦,𝐤)𝐾𝑔 dv𝑔 − 2
𝑛𝔪+𝔟−1
∑
𝑝=1

𝜅(𝜉𝑝)∫
𝜉𝑝
𝑘𝑔 dℓ𝑔

=∫
Σ⧵𝒟𝐯,𝝃

(𝐼𝝃𝑥0(𝜈𝐳,𝐦,(𝐤−,0,0)) + 𝐼𝝃𝑥0(𝜈𝐳,𝟎,(𝟎,𝑘𝔟,𝑘𝔟)))𝐾𝑔 dv𝑔

− 2
𝑛𝔪+𝑏−1
∑

𝑝=1,𝑝≠𝑗0,𝑗′0

𝜅(𝜉𝑝)∫
𝜉𝑝
𝑘𝑔 dℓ𝑔 − 2 ∑

𝑝=𝑗0,𝑗′0

𝜅(𝜉𝑝)∫
𝜉𝑝
𝑘𝑔 dℓ𝑔

=∫
Σ⧵𝒟𝐯,𝝃#

𝐼𝝃
#

𝑥0 (𝜈𝐳,𝐦,(𝐤−,0,0))𝐾𝑔 dv𝑔 − 2𝜅(𝜉𝑗0)∫
𝜉𝑗0

𝑘𝑔 dℓ𝑔

+∫
Σ𝝈
𝐼𝝈#𝑥0 (𝜈𝐳,𝟎,(𝟎,𝑘𝔟,𝑘𝔟))𝐾𝑔 dv𝑔

− 2
𝑛𝔪+𝔟−1
∑

𝑝=1,𝑝≠𝑗0,𝑗′0

𝜅(𝜉#𝑝 )∫
𝜉𝑝
𝑘𝑔 dℓ𝑔

=∫
reg

Σ
(𝐼𝝃

#
𝑥0 (𝜈𝐳,𝐦,(𝐤−,0,0)) + 𝐼𝝈#𝑥0 (𝜈𝐳,𝟎,(𝟎,𝑘𝔟,𝑘𝔟))𝐾𝑔 dv𝑔,

where we have used in the last line the fact that the 1-form 𝜈𝐳,𝐦,(𝟎,𝑘𝑏,𝑘𝑏) on Σ# possesses
no trivial winding only around the cycle 𝜕𝔟−1Σ. Therefore the regularising term in
expression (4.2) reduces to

−2𝜒𝜈𝐳,𝟎,(𝟎,𝑘𝔟,𝑘𝔟)(𝜁𝔟−1)∫𝜉𝑗0
𝑘𝑔 dℓ𝑔 = −2𝑘𝔟∫

𝜉𝑗0

𝑘𝑔 dℓ𝑔 = 2𝜅(𝜉𝑗0)∫
𝜉𝑗0

𝑘𝑔 dℓ𝑔.

Now we treat the case when 𝔟 + 𝑛𝔪 = 2, in which case the defect graph is made up of
only one arc 𝜉𝑗0 and the defect graph on Σ# is then empty. We can reproduce the above
computation with 𝜈𝐳,𝐦,(𝐤−,0,0) = 0 to get the result. □

8.4. Definition of the amplitudes. We are now in position to define the amplitudes.
In the case of closed Riemann surfaces, amplitudes basically correspond to the path
integral with electro-magnetic operators (6.33). In the case of Riemann surfaces with
𝔟 boundary components, the amplitudes will be a functional of the boundary fields

(𝜑𝑘11 , . . . , 𝜑
𝑘𝔟
𝔟 ) ≔ (𝑘1𝑅𝜃 + 𝜑1, . . . , 𝑘𝔟𝑅𝜃 + 𝜑𝔟) ∈ (𝐻𝑠

ℤ(𝕋))𝔟.
Below we shall identify a pair (𝑘, 𝜑) ∈ ℤ×𝐻𝑠(𝕋)with the field 𝑘𝑅𝜃 +𝜋∗𝜑(𝜃) ∈ 𝐻𝑠

ℤ(𝕋)
and we use the notation

(𝐤, 𝝋) ≔ (𝑘1, . . . , 𝑘𝔟, 𝜑1, . . . , 𝜑𝔟) ∈ ℤ𝔟 × (𝐻𝑠(𝕋))𝔟,
𝝋𝐤 ≔ (𝜑𝑘11 , . . . , 𝜑

𝑘𝔟
𝔟 ) ∈ (𝐻𝑠

ℤ(𝕋))𝔟.
We notice that we recover the fields 𝝋 from 𝝋𝐤 by setting 𝐤 = 𝟎 = (0, . . . , 0), i.e.

𝝋 = 𝝋𝟎 ∈ 𝐻𝑠(𝕋)𝔟.
Recall fromSection 8.2 that𝑃𝝋 is the harmonic extension of𝝋 ∈ 𝐻𝑠(𝕋)𝔟. The definition
of amplitudes will also involve the 1-form 𝜈𝐳,𝐦,𝐤 of Proposition 3.10. Recall that this 1-
form is not in 𝐿2, which is why we introduced its regularised norm (see Lemma 3.11).
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By extension and for notational simplicity, we define the regularised norm of 𝜈𝐳,𝐦,𝐤+𝜔,
where 𝜔 is a smooth 1-form on Σ, by
(8.20) ‖𝜈𝐳,𝐦,𝐤 + 𝜔‖2𝑔,0 ≔ ‖𝜈𝐳,𝐦,𝐤‖2𝑔,0 + 2⟨𝜈𝐳,𝐦,𝐤, 𝜔⟩2 + ‖𝜔‖22.
Finallyweneed to introduce a space of reasonable test functions for our path integral

in the case when Σ has a non-empty boundary. If 𝑢 ∈ 𝐻𝑠
Γ(Σ̃𝐳) is an equivariant map,

to each element 𝛾 ∈ Γ descending to the homology class [𝜕𝑗Σ] there is an associated
𝑘𝑗 ∈ ℤ such that 𝛾∗𝑢−𝑢 = 2𝜋𝑅𝑘𝑗 , to each element 𝛾 descending to the homology class
corresponding to a small oriented circle around 𝑧𝑗 we have 𝛾∗𝑢−𝑢 = 2𝜋𝑅𝑚𝑗 for some
𝑚𝑗 ∈ ℤ, and to each element 𝛾 descending to the homology class 𝜎𝑗 of an interior cycle
(i.e. belonging to ([𝑎𝑖], [𝑏𝑖])𝑖) we have 𝛾∗𝑢 − 𝑢 = 2𝜋𝑅𝑘𝑐𝑗 for some 𝑘𝑐𝑗 ∈ ℤ. Completing
𝐤𝑐 by choosing 𝑘𝑐𝑗 ∈ ℤ for 𝑗 > 2𝔤 we see that

𝑢 − 𝐼𝑥0(𝜔𝑐𝐤𝑐) − 𝐼𝑥0(𝜈𝐳,𝐦,𝐤)
descends to Σ𝐳 = Σ ⧵ {𝐳} as an 𝑓 ∈ 𝐻𝑠(Σ𝐳) distribution:
(8.21) 𝑢 = 𝜋∗𝑓 + 𝐼𝑥0(𝜔𝑐𝐤𝑐) + 𝐼𝑥0(𝜈𝐳,𝐦,𝐤),
where 𝜋 ∶ Σ̃𝐳 → Σ𝐳 is the projection from the universal cover of Σ𝐳 to the base. How-
ever, the distribution 𝑓 depends on our choice of 𝑘𝑐𝑗 ∈ ℤ for 𝑗 > 2𝔤, i.e. the decomposi-
tion is not unique. More precisely, themorphism (𝐤𝑐, 𝐤,𝐦) ↦ [𝜔𝑐𝐤𝑐+𝜈𝐳,𝐦,𝐤] ∈ ℋ1

𝑅(Σ𝐳)
has kernel {𝑘𝑐𝑗 = 0, ∀𝑗 ≤ 2𝔤} ≃ ℤ𝔟−1, which comes from the kernel of the natural map
ℋ1

𝑅(Σ𝐳, 𝜕Σ) → ℋ1
𝑅(Σ𝐳). For fixed 𝐦, we consider the space ℰ𝐦𝑅 (Σ) of functionals 𝐹,

defined on 𝐻𝑠
Γ(Σ̃𝐳) for 𝑠 < 0 fixed as follows: on the connected component of 𝐻𝑠

Γ(Σ̃𝐳)
corresponding to the cohomology class [𝜔𝑐𝐤𝑐 + 𝜈𝐳,𝐦,𝐤] ∈ ℋ1

𝑅(Σ𝐳), we ask that when
writing our distributions 𝑢 under the form (8.21) for some 𝐤𝑐, 𝑓, then 𝐹 has the form

(8.22) 𝐹(𝑢) = 𝑃(𝑓)𝐺(𝑒
𝑖
𝑅 (𝐼𝑥0 (𝜔

𝑐
𝐤𝑐 )+𝐼𝑥0 (𝜈𝐳,𝐦,𝐤))),

where 𝑃 is a polynomial depending on (𝐤𝑐, 𝐤,𝐦) of the form 𝑃(⟨𝑓, 𝑔1⟩, . . . , ⟨𝑓, 𝑔𝑚𝑛⟩)
where 𝑔1, . . . , 𝑔𝑚𝑛 belong to 𝐻−𝑠(Σ) (hence 𝑠 < 0), and 𝐺 is continuous and bounded
on 𝐶0(Σ, 𝕊1), also depending on (𝐤𝑐, 𝐤,𝐦). Let us check that the class ℰ𝐦𝑅 (Σ) is well-
defined, i.e. it does not depend on the choice of𝐤𝑐 and on the choice of representative in
[𝜔𝑐𝐤𝑐 +𝜈𝐳,𝐦,𝐤] ∈ ℋ1

𝑅(Σ𝐳). Indeed, another representative in the class, with the property
of being of the form 𝜔̂𝑐𝐤̂𝑐 + ̂𝜈𝐳,𝐦,𝐤 with ̂𝜈𝐳,𝐦,𝐤 as in Proposition 3.10 and 𝜔̂𝑐𝐤̂𝑐 as in Lemma
3.5, must be of the form dℎ𝐤𝑐,𝐤,𝐦 +𝜔𝑐𝐤𝑐 + 𝜈𝐳,𝐦,𝐤 for some smooth function ℎ𝐤𝑐,𝐤,𝐦 on Σ
locally constant near 𝜕Σ. This amounts to replacing 𝑓 by 𝑓 + ℎ𝐤𝑐,𝐤,𝐦 and, as in Section
6.1, it is direct to see that 𝐹 written in the new decomposition of 𝑢 has the right form
for some new polynomials ̂𝑃𝑛 and function ̂𝐺.
Let 𝑢0𝐳 (𝑥) ≔ ∑𝑛𝔪

𝑗=1 𝑖𝛼𝑗𝐺𝑔,𝐷(𝑥, 𝑧𝑗). Next we define the seminorm on ℰ𝐦𝑅 (Σ)

‖𝐹‖ℒ∞,𝑝
𝜶,𝐦

≔ sup
𝐤
(E[𝑒−

1
2𝜋 ⟨d𝑋𝑔,𝐷 ,𝜈𝐳,𝐦,𝐤+𝜔𝑐

𝐤𝑐 ⟩−
1
4𝜋 ‖d𝑓𝐤‖

2
2

× |𝐹(𝑋𝑔,𝐷 + 𝑃𝝋 + 𝑢0𝐳 + 𝐼𝑥0(𝜔𝑐𝐤𝑐) + 𝐼𝑥0(𝜈𝐳,𝐦,𝐤))|𝑝])
1
𝑝 ,

where (1 − Π𝑐
1)𝜔𝑐𝐤𝑐 = d𝑓𝐤𝑐 with Π𝑐

1 is the projection on the space of harmonic 1-forms
with relative boundary condition. With the same argument as in Lemma 6.2, we have:

Lemma 8.9. The seminorm ‖𝐹‖ℒ∞,𝑝
𝜶,𝐦

does not depend on the choice of cohomology basis.
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Definition 8.10 (Amplitudes).
(A) Let 𝜕Σ = ∅. We suppose that the condition (6.18) holds. For 𝐹 continuous

bounded function on ℰ𝐦𝑅 (Σ) for some 𝑠 < 0, we define
(8.23) 𝒜Σ,𝑔,𝐯,𝜶,𝐦(𝐹) ≔ ⟨𝐹(𝜙𝑔)𝑉𝑔

(𝜶,𝐦)(𝐯)⟩Σ,𝑔
using (6.33). If 𝐹 = 1 then the amplitude is just the correlation function and
will simply be denoted by 𝒜Σ,𝑔,𝐯,𝜶,𝐦.

(B) If 𝜕Σ has 𝔟 > 0 boundary components, consider a set of geometric data of Σ, as
described above. Then the amplitude 𝒜Σ,𝑔,𝐯,𝜶,𝐦,𝜻 is a function

(𝐹, 𝝋𝐤) ∈ ℰ𝐦𝑅 (Σ) × (𝐻𝑠
ℤ(ℝ))𝔟 ↦ 𝒜Σ,𝑔,𝐯,𝜶,𝐦,𝜻(𝐹, 𝝋𝐤),

that depends on a marked point 𝑥0 in 𝜕Σ. It is defined as follows
𝒜Σ,𝑔,𝐯,𝜶,𝐦,𝜻(𝐹, 𝝋𝐤)(8.24)

∶= 𝛿0(
𝑛𝔪+𝔟
∑
𝑗=1

𝑚𝑗(𝐤)) lim𝑡→1
lim
𝜖→0

∑
𝐤𝑐∈ℤ2𝔤+𝔟−1

𝑒−
1
4𝜋 ‖𝜈𝐳,𝐦,𝐤+𝜔𝑐

𝐤𝑐‖
2
𝑔,0𝑍Σ,𝑔𝒜0

Σ,𝑔(𝝋)

× E[𝑒−
⟨d𝑋𝑔,𝐷+d𝑃𝝋,𝜈𝐳,𝐦,𝐤+𝜔𝑐𝐤𝑐 ⟩

2𝜋 𝐹(𝜙𝑔)
𝑛𝔪
∏
𝑗=1

𝑉𝛼𝑗 ,𝑔,𝜖(𝑥𝑗(𝑡))𝑒
− 𝑖𝑄

4𝜋 ∫regΣ 𝐾𝑔𝜙𝑔 dv𝑔−𝜇𝑀
𝑔
𝛽(𝜙𝑔,Σ)],

where 𝛿0 is theDiracmass at 0, 𝑡 ∈ [0, 1] ↦ 𝑥𝑗(𝑡) is a𝐶1-curve so that, as 𝑡 → 1,
(𝑥𝑗(𝑡), ̇𝑥𝑗(𝑡)) → (𝑧𝑗 , 𝑣𝑗), the Liouville field is 𝜙𝑔 = 𝑋𝑔,𝐷 + 𝑃𝝋 + 𝐼𝝃𝑥0(𝜈𝐳,𝐦,𝐤) +
𝐼𝝈𝑥0(𝜔𝑐𝐤𝑐), the expectationE is over the Dirichlet GFF 𝑋𝑔,𝐷,𝑀𝑔

𝛽(𝜙𝑔, Σ) is defined
as a limit in (5.4),𝑚𝑗(𝐤) is defined in (8.12), and 𝑍Σ,𝑔 is the normalisation con-
stant

𝑍Σ,𝑔 ≔ det(Δ𝑔,𝐷)−
1
2 .(8.25)

The regularised curvature term is

∫
reg

Σ
𝐾𝑔𝜙𝑔 dv𝑔 ≔∫

Σ
𝐾𝑔(𝑋𝑔,𝐷 + 𝑃𝝋) dv𝑔 +∫

reg

Σ
𝐾𝑔𝐼𝝈𝑥0(𝜔𝑐𝐤𝑐) dv𝑔

+∫
reg

Σ
𝐾𝑔𝐼𝝃𝑥0(𝜈𝐳,𝐦,𝐤) dv𝑔

(8.26)

and𝒜0
Σ,𝑔(𝝋) is the free field amplitude defined as (recall𝐃Σ −𝐃 is smoothing)

𝒜0
Σ,𝑔(𝝋) = 𝑒−

1
2 ⟨𝝋,(𝐃Σ−𝐃)𝝋⟩.(8.27)

When 𝐹 = 1, we will simply write 𝒜Σ,𝑔,𝐯,𝜶,𝐦,𝜻(𝝋𝐤).

Let usmake a couple of remarks on the definition of the amplitudes forwhat follows.

Remark 8.11.
(1) We first remark that if 𝜕Σ ≠ ∅, the amplitude depends on the marked point 𝑥0.

When this dependence needs to be precised, we shall add the upperscript 𝑥0
to the amplitude, i.e. we will write

𝒜𝑥0
Σ,𝑔,𝐯,𝜶,𝐦,𝜻(𝐹, 𝝋𝐤).
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(2) The amplitude does not depend on the choice of orientation of the arcs𝑑𝑗 , since
such a change just amounts to making a resummation in the sum∑𝐤𝑐∈ℤ2𝔤+𝔟−1
appearing in the definition of the amplitude.

(3) The existence of the limit for the definition of amplitudes is not obvious. Yet it
can be carried out along the lines of the argument in Theorems 6.11 and 6.13,
with slight adaptations due to the presence of a boundary.

We now state the main properties of the amplitudes in the rational case, as well as
their gluing properties in Section 8.5. The proofs are postponed to Section 8.8.

Proposition 8.12. If 𝜕Σ has 𝔟 > 0 connected components, then the amplitudes satisfy:
• The limit (8.24) is well-defined for 𝐹 ∈ ℰ𝐦𝑅 (Σ) in 𝜇⊗𝔟0 -measure and belongs to
ℋ⊗𝔟.

• The amplitudes do not depend on the choice of the relative homology basis 𝝈, nor
on the choice of the relative cohomology basis (𝜔𝑐𝑗 )𝑗 dual to 𝝈.

• The amplitudes do not depend on the choice of the 1-form 𝜈𝐳,𝐦,𝐤 in the absolute
cohomology, satisfying the conditions of Proposition 3.10 and (8.11).

• Conformal anomaly: let 𝑔, 𝑔′ be two conformal admissible metrics on Σ with
𝑔′ = 𝑒𝜌𝑔 for some 𝜌 ∈ 𝐶∞(Σ), vanishing on 𝜕Σ. Then we have

𝒜Σ,𝑔′,𝐯,𝜶,𝐦,𝜻(𝐹, 𝝋𝐤) =𝑒
cIL
96𝜋 ∫Σ(|d𝜌|2𝑔+2𝐾𝑔𝜌)dv𝑔−∑

𝑛𝔪
𝑗=1 ∆(𝛼𝑗,𝑚𝑗)

𝜌(𝑧𝑗)

×𝒜Σ,𝑔,𝐯,𝜶,𝐦,𝜻(𝐹(⋅ −
𝑖𝑄
2
𝜌), 𝐤, 𝝋),

(8.28)

where the conformal weights Δ𝛼,𝑚 are given by (6.20) and the central charge is
cIL ≔ 1 − 6𝑄2.

• Diffeomorphism invariance: let 𝜓 ∶ Σ′ → Σ be an orientation preserving
diffeomorphism. Then

𝒜𝑥0
Σ′,𝜓∗𝑔,𝐯,𝜶,𝐦,𝜻(𝐹, 𝝋𝐤) = 𝒜𝜓(𝑥0)

Σ,𝑔,𝜓∗𝐯,𝜶,𝐦,𝜓∘𝜻(𝐹𝜓, 𝝋𝐤),
where 𝐹𝜓(𝜙) ≔ 𝐹(𝜙 ∘ 𝜓).

• Spins: with 𝑟𝜽𝐯 ≔ ((𝑧1, 𝑟𝜃1𝑣1), . . . , (𝑧𝑛𝔪 , 𝑟𝜃𝑛𝔪𝑣𝑛𝔪)), then

𝒜Σ,𝑔,𝑟𝜽𝐯,𝜶,𝐦,𝜻(𝐹, 𝝋𝐤) = 𝑒𝑖𝑅⟨𝜶⋅𝐦,𝜽⟩−𝑖𝑄𝑅⟨𝐦,𝜽⟩𝒜Σ,𝑔,𝑟𝜽𝐯,𝜶,𝐦,𝜻(𝐹, 𝝋𝐤).
8.5. Gluing of surfaces and amplitudes: Statements of the results. Let us con-
sider (Σ1, 𝑔1, 𝐳1, 𝜻1) and (Σ2, 𝑔2, 𝐳2, 𝜻2) two admissible surfaces with 𝜕Σ𝑖 ≠ ∅ for 𝑖 = 1, 2.
We enumerate the boundary components of 𝜕Σ𝑖 as 𝜕𝑗Σ𝑖 for 𝑗 = 1, . . . , 𝔟𝑖. Assume
that 𝒞1 ≔ 𝜕𝔟1Σ1 is outgoing and 𝒞2 ≔ 𝜕𝔟2Σ2 is incoming, and that 𝑥𝑖0 ∈ 𝜕𝔟𝑖Σ𝑖 for
𝑖 = 1, 2. Then we can glue the two surfaces (Σ𝑖, 𝑔𝑖), 𝑖 = 1, 2 by identifying 𝒞1 ∼ 𝒞2
using the parametrisations. This forms an admissible surface denoted (Σ, 𝑔, 𝐳, 𝜻), with
𝔟 = 𝔟1 + 𝔟2 − 2 boundary components. We assume that 𝑥10 = 𝑥20 on the glued surface.
At the marked points 𝐳𝑖 = (𝑧𝑖1, . . . , 𝑧𝑖𝑛𝑖𝔪) on Σ𝑖 we choose unit vectors 𝐯𝑖 =

(𝑣𝑖1, . . . , 𝑣𝑖𝑛𝑖𝔪) and we attach some weights 𝜶𝑖 = (𝛼11, . . . , 𝛼𝑖𝑛𝑖𝔪) and magnetic charges
𝐦𝑖 = (𝑚𝑖1, . . . , 𝑚𝑖𝑛𝑖𝔪). We use the notation

𝐳 ≔ (𝐳1, 𝐳2), 𝜶 ≔ (𝜶1, 𝜶2), 𝐦 ≔ (𝐦1,𝐦2), 𝐯 ≔ (𝐯1, 𝐯2)
and denote by 𝜻 the collection of parametrisations of the boundaries 𝜕𝑗Σ1 with 𝑗 =
1, . . . , 𝔟1−1 and 𝜕𝑗Σ2with 𝑗 = 1, . . . , 𝔟2−1. The surfaceΣ thus has an analytic boundary
consisting of the curves 𝜕𝑗Σ1 with 𝑗 = 1, . . . , 𝔟1 − 1 and 𝜕𝑗Σ2 with 𝑗 = 1, . . . , 𝔟2 − 1. We



COMPACTIFIED IMAGINARY LIOUVILLE THEORY 663

denote by 𝒞 = 𝒞1 = 𝒞2 the glued curve on Σ. Boundary conditions on Σ will thus be
written as couples (𝝋𝐤11 , 𝝋

𝐤2
2 ) ∈ (𝐻𝑠

ℤ(ℝ))𝔟1−1 × (𝐻𝑠
ℤ(ℝ))𝔟2−1. Similarly, for 𝑖 = 1, 2, the

surface Σ𝑖 has analytic boundary made up of the curves 𝜕𝑗Σ𝑖 for 𝑗 = 1, . . . , 𝔟𝑖−1 and 𝒞𝑖
and boundary conditions onΣ𝑖will thus bewritten as couples (𝝋𝐤𝑖𝑖 , 𝜑𝑘) ∈ (𝐻𝑠

ℤ(ℝ))𝔟𝑖−1×
𝐻𝑠
ℤ(ℝ).
In the rational case, the corresponding amplitudes compose as follows:

Proposition 8.13. Let 𝐹1, 𝐹2 respectively in ℰ𝐦1
𝑅 (Σ1) and ℰ𝐦2

𝑅 (Σ2) and let us denote by
𝐹1 ⊗𝐹2 the functional on ℰ𝐦𝑅 (Σ, 𝑔) defined by

𝐹1 ⊗𝐹2(𝜙𝑔) ≔ 𝐹1(𝜙𝑔|Σ1)𝐹2(𝜙𝑔|Σ2).

The following holds true

𝒜Σ,𝑔,𝐯,𝜶,𝐦,𝜻(𝐹1 ⊗𝐹2, 𝝋𝐤11 , 𝝋
𝐤2
2 ) =𝐶∫

𝐻𝑠
ℤ(ℝ)/⟨𝜏𝑅⟩

𝒜Σ1,𝑔1,𝐯1,𝜶1,𝐦1,𝜻1(𝐹1, 𝝋
𝐤1
1 , 𝜑𝑘)

× 𝒜Σ2,𝑔2,𝐯2,𝜶2,𝐦2,𝜻2(𝐹2, 𝝋
𝐤2
2 , 𝜑𝑘)d𝜇0(𝜑𝑘),

where 𝐶 = 1
(√2𝜋)

if 𝜕Σ ≠ ∅ and 𝐶 = √2 if 𝜕Σ = ∅.

The proof of Proposition 8.13 will be done in the next sections. We remark that,
in the case of a curve disconnecting the surface, the summation over 𝑘 in the Hilbert
space will always reduce to a Dirac mass at 𝑘 = 0.
The situation will be different for self-gluing (or non-disconnecting curve), which

we focus on now. Let (Σ, 𝑔, 𝐳, 𝜻) be an admissible surface with 𝔟 boundary components
such that the boundary contains an outgoing boundary component 𝜕𝔟−1Σ ⊂ 𝜕Σ and an
incoming boundary component 𝜕𝔟Σ ⊂ 𝜕Σ. We glue these two boundary components
to produce the surface denoted (Σ#, 𝑔, 𝐳, 𝜻#). In this context, we will write the vari-
ous fields living on the boundary components of Σ as (𝝋𝐤#, 𝜑

𝑘𝔟−1
𝔟−1 , 𝜑

𝑘𝔟
𝔟 ) ∈ (𝐻𝑠

ℤ(ℝ))𝔟−2 ×
𝐻𝑠
ℤ(ℝ) ×𝐻𝑠

ℤ(ℝ)where 𝜑
𝑘𝔟−1
𝔟−1 corresponds to 𝜕𝔟−1Σ, 𝜑

𝑘𝔟
𝔟 corresponds to 𝜕𝔟Σ, and 𝝋𝐤# cor-

responds to the boundary components of Σ#. The location of the base point 𝑥0 could
be on any boundary component and we still denote by 𝑔 the glued metric on Σ#.

Proposition 8.14. For 𝐹 ∈ ℰ𝐦𝑅 (Σ), the following holds true

𝒜Σ#,𝑔,𝐯,𝜶,𝐦,𝜻#(𝐹, 𝝋𝐤#) = 𝐶∫
𝐻𝑠
ℤ(ℝ)/⟨𝜏𝑅⟩

𝒜Σ,𝑔,𝐯,𝜶,𝐦,𝜻(𝐹, 𝝋𝐤#, 𝜑𝑘, 𝜑𝑘)d𝜇0(𝜑𝑘),

where 𝐶 = 1
√2𝜋

if 𝜕Σ ≠ ∅ and 𝐶 = √2 if 𝜕Σ = ∅.

The proof of Proposition 8.14 will be done in the next sections.
The gluing of amplitudes is a property that is valid for the compactified boson, i.e.

the 𝕋-valued free field. So we will first state a general lemma for the gluing of the
compactified boson as a starting point. This will allow us to establish that Liouville
amplitudes are in 𝐿2 and we will later deduce the gluing for Liouville amplitudes. This
will not be a straightforward consequence because of subtleties related to the curvature
term.
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8.6. Gluing for the compactified boson. We consider the setup drawn for ampli-
tudes with the difference that we will consider amplitudes where 𝜶 = 0, 𝜇 = 0 and
𝑄 = 0. Because 𝑄 is set to 0, the results in this subsection do not depend on the ratio-
nal/irrational case. Concretely, we consider

𝒜0
Σ,𝑔,𝐳,𝐦,𝜻(𝐹, 𝝋𝐤) ∶=𝛿0(

𝑛𝔪+𝔟
∑
𝑗=1

𝑚𝑗(𝐤)) ∑
𝐤𝑐∈ℤ2𝔤+𝔟−1

𝑒−
1
4𝜋 ‖𝜈𝐳,𝐦,𝐤+𝜔𝑐

𝐤𝑐‖
2
𝑔,0

× 𝑍Σ,𝑔𝒜0
Σ,𝑔(𝝋)E[𝑒

− 1
2𝜋 ⟨d𝑋𝑔,𝐷+d𝑃𝝋,𝜈𝐳,𝐦,𝐤+𝜔𝑐

𝐤𝑐 ⟩𝐹(𝜙𝑔)],

(8.29)

where expectation is taken with respect to the Dirichlet GFF and 𝐹 can be anymeasur-
able positive functional, or any measurable functional such that

𝒜0
Σ,𝑔,𝐯,𝐦,𝜻(|𝐹|, 𝝋𝐤) < ∞,

𝜇⊗𝔟0 (𝝋𝐤)-almost surely (condition that we will shortcut as integrable). Such expression
thus perfectly makes sense and we note that there is no dependence of this amplitude
with respect to 𝐯. We will further require 𝐹 to be 2𝜋𝑅-periodic, meaning that 𝐹(𝜙𝑔 +
2𝜋𝑛𝑅) = 𝐹(𝜙𝑔) for all 𝑛 ∈ ℤ.
We first claim that these amplitudes glue as prescribed by Segal. Under the condi-

tions stated just before Proposition 8.13, we claim

Proposition 8.15. Let 𝐹1, 𝐹2 be periodic measurable positive or periodic integrable re-
spectively on Σ1 and Σ2 and let us denote by 𝐹1 ⊗ 𝐹2 the functional on the glued surface
Σ defined by

𝐹1 ⊗𝐹2(𝜙𝑔) ≔ 𝐹1(𝜙𝑔|Σ1)𝐹2(𝜙𝑔|Σ2).

Then the following holds true

𝒜0
Σ,𝑔,𝐳,𝐦,𝜻(𝐹1 ⊗𝐹2, 𝝋𝐤11 , 𝝋

𝐤2
2 )

= 𝐶∫
𝐻𝑠
ℤ(ℝ)/⟨𝜏𝑅⟩

𝒜0
Σ1,𝑔1,𝐳1,𝐦1,𝜻1(𝐹1, 𝝋

𝐤1
1 , 𝜑𝑘)𝒜0

Σ2,𝑔2,𝐳2,𝐦2,𝜻2(𝐹2, 𝝋
𝐤2
2 , 𝜑𝑘)d𝜇0(𝜑𝑘),

where 𝐶 = 1
(√2𝜋)

if 𝜕Σ ≠ ∅ and 𝐶 = √2 if 𝜕Σ = ∅.

Proof. We split the proof in two cases depending on whether the glued surface Σ has a
trivial boundary (case 1) or not (case 2). We write 𝑛𝔪 = 𝑛1𝔪 + 𝑛2𝔪 and 𝔤 for 𝔤1 + 𝔤2.
(1) Assume first 𝜕Σ = ∅. Then 𝔟1 = 𝔟2 = 1. Let us call 𝝈𝑖 a canonical geometric

basis of the relative homology on Σ𝑖 and note that this basis contains no boundary-to-
boundary arcs, only interior cycles. Since the glued curve 𝒞 is homologically trivial
in Σ1, Σ2 or Σ, the family 𝝈 ≔ 𝝈1 ∪ 𝝈2 forms a homology basis on Σ (see Figure 17).
Let 𝜔𝑖,𝑐1 , . . . , 𝜔𝑖,𝑐2𝔤𝑖 be a cohomology basis ofℋ

1(Σ𝑖, 𝜕Σ𝑖) dual to 𝝈𝑖 made of closed forms
that are compactly supported inside Σ∘𝑖 . Since they are compactly supported, all these
forms can be obviously extended to Σ by prescribing their value to be 0 on Σ⧵Σ𝑖. Then
𝜔1,𝑐1 , . . . , 𝜔1,𝑐2𝔤1 , 𝜔

2,𝑐
1 , . . . , 𝜔2,𝑐2𝔤2 is a basis of ℋ1(Σ) made of closed forms, dual to 𝝈. For

𝐤𝑐 ≔ (𝐤𝑐1, 𝐤𝑐2) ∈ ℤ2𝔤1 × ℤ2𝔤2 , we set 𝜔𝐤𝑐 ≔ 𝜔1,𝑐𝐤𝑐1 + 𝜔2,𝑐𝐤𝑐2 .
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Figure 17. Case 𝜕Σ = ∅ with Σ = Σ1#Σ2 cut along 𝒞

Next we consider the 1-forms 𝜈1𝐳1,𝐦1,𝑘1 , 𝜈
2
𝐳2,𝐦2,𝑘2 respectively on Σ1, Σ2 given by

Proposition 3.10. Notice that its proof (based on Lemma 3.6) shows that we can choose
the forms 𝜈𝑖𝐳𝑖,𝐦𝑖,𝑘𝑖 to be equal to −𝜍𝑖𝑘𝑖𝑅d𝜃 near 𝜕Σ𝑖, in the chart 𝜔𝑗 ∶ 𝑈𝑗 → 𝔸𝛿 asso-
ciated to 𝜕Σ𝑖. Note that, in order for the amplitudes on Σ1, Σ2 to be non-zero, we must
have 𝑘1 = ∑𝑛1𝔪

𝑗=1𝑚1𝑗 and 𝑘2 = −∑𝑛2𝔪
𝑗=1𝑚2𝑗 . Furthermore, for the amplitude on Σ to

exist, we must have ∑𝑛1𝔪
𝑗=1𝑚1𝑗 + ∑𝑛2𝔪

𝑗=1𝑚2𝑗 = 0. All in all, 𝑘1 = 𝑘2 = ∑𝑛1𝔪
𝑗=1𝑚1𝑗 . In

particular 𝜈2𝐳2,𝐦2,𝑘2 is a smooth extension of 𝜈
1
𝐳1,𝐦1,𝑘1 (viewed as a form on Σ ⧵ Σ2) to Σ,

which means that we get a smooth closed 1-form 𝜈𝐳,𝐦 on Σ𝐳 with winding𝑚𝑖𝑗 around
the point 𝑧𝑖𝑗 , for 𝑖 = 1, 2 and 𝑗 = 1, . . . 𝑛𝑖𝔪. The defect graph 𝒟𝐯1,𝝃1 on Σ1 is chosen so
that only one arc has the boundary point 𝜁11(1) as endpoint, and similarly for Σ2. We
get a defect graph 𝒟𝐯,𝝃 by gluing the two defect graphs (see Lemma 8.7), i.e. we keep
all the arcs in Σ1, Σ2 that do not have endpoint on the boundary and we form one arc
out of the two arcs with an endpoint on the boundary (one on Σ1 and one on Σ2).
On Σ, the path integral can be expressed, for all positive or integrable 𝐹, as

𝒜0
Σ,𝑔,𝐳,𝐦,𝜻(𝐹) ≔(

v𝑔(Σ)
det′(Δ𝑔)

)
1
2 ∑
𝐤𝑐∈ℤ2𝔤

𝑒−
1
4𝜋 ‖𝜔𝐤𝑐+𝜈𝐳,𝐦‖2𝑔,0

×∫
𝕋𝑅

E[𝑒−
1
2𝜋 ⟨d𝑋𝑔,𝜔𝐤𝑐+𝜈𝐳,𝐦⟩𝐹(𝜙𝑔)] d𝑐,

(8.30)

where 𝜙𝑔 = 𝑐 + 𝑋𝑔 + 𝐼𝝈𝑥0(𝜔𝐤𝑐) + 𝐼𝝃𝑥0(𝜈𝐳,𝐦). Let now 𝑋1 and 𝑋2 be two independent
Dirichlet GFF respectively on Σ1 and Σ2. We assume that they are both defined on Σ
by setting 𝑋𝑖 = 0 outside of Σ𝑖. Then we have the following decomposition in law (see
Proposition 5.1)

𝑋𝑔
law= 𝑋1 + 𝑋2 + 𝑃𝐗 − 𝑐𝑔,

where𝐗 is the restriction of the GFF 𝑋𝑔 to the glued boundary component 𝒞 expressed
in parametrised coordinates, i.e. 𝐗 = 𝑋𝑔|𝒞 ∘ 𝜁𝒞 with 𝜁𝒞 the parametrisation of 𝒞, 𝑃𝐗 is
its harmonic extension to Σ and 𝑐𝑔 ≔

1
v𝑔(Σ)

∫Σ(𝑋1 + 𝑋2 + 𝑃𝐗) dv𝑔. We can then plug
this decomposition into the path integral (8.30) and then shift the 𝑐-integral by 𝑐𝑔 (i.e.
𝑐 ↦ 𝑐 + 𝑐𝑔) to get

𝒜0
Σ,𝑔,𝐳,𝐦,𝜻(𝐹1 ⊗𝐹2) ≔ (

v𝑔(Σ)
det′(Δ𝑔)

)
1
2 ∑
𝐤𝑐∈ℤ2𝔤

𝑒−
1
4𝜋 ‖𝜔𝐤𝑐+𝜈𝐳,𝐦‖2𝑔,0

×∫
𝕋𝑅

E[ℬ1(𝑐, 𝐗, 𝜔1,𝑐𝐤𝑐1 + 𝜈1𝐳1,𝐦1,𝑘1)ℬ2(𝑐, 𝐗, 𝜔2,𝑐𝐤𝑐2 + 𝜈2𝐳2,𝐦2,𝑘2)] d𝑐,(8.31)
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where we have set
ℬ𝑖(𝑐, 𝜑, 𝜔) = E[𝑒−

1
2𝜋 ⟨d𝑋𝑖+d𝑃𝜑,𝜔⟩𝐹𝑖(𝜙𝑖)]

with 𝜙𝑖 ≔ 𝑐 + 𝑋𝑖 + 𝑃𝜑 + 𝐼𝑖𝑥0(𝜔) and expectation is over the GFF 𝑋𝑖. Here we have
used a shortcut notation 𝐼𝑖𝑥0(𝜔): it means that for 𝜔 = 𝜔𝑖,𝑐𝐤𝑐𝑖 + 𝜈𝑖𝐳𝑖,𝐦𝑖,𝑘𝑖 we have 𝐼

𝑖
𝑥0(𝜔) =

𝐼𝝈𝑖𝑥0(𝜔
𝑖,𝑐
𝐤𝑐𝑖
) + 𝐼𝝃𝑖𝑥0(𝜈𝑖𝐳𝑖,𝐦𝑖,𝑘𝑖 ).

Now we make a further shift in the 𝑐-variable in the expression above to subtract
the mean 𝑚𝒞(𝐗) ≔

1
2𝜋
∫2𝜋
0 𝐗(𝑒𝑖𝜃) d𝜃 to the field 𝐗. As a consequence we can replace

the law P𝐗 of 𝐗 in (8.31) (expectation is there w.r.t. P𝐗) by the law P𝐗−𝑚𝒞(𝐗) of the
recentered field 𝐗 − 𝑚𝒞(𝐗) so that we end up with (using the description of the law
of 𝑋 −𝑚𝒞(𝐗) proved in [31, eq (5.14)] together with the computation of determinants
[31, eq (5.15)])

𝒜0
Σ,𝑔,𝐳,𝐦,𝜻(𝐹) =√2𝑍Σ1,𝑔1𝑍Σ2,𝑔2 ∑

𝐤𝑐∈ℤ2𝔤
𝑒−

1
4𝜋 ‖𝜔𝐤𝑐+𝜈𝐳,𝐦‖2𝑔,0

×∫
𝕋𝑅
∫ℬ1(𝑐, 𝜑, 𝜔1,𝑐𝐤𝑐1 )ℬ2(𝑐, 𝜑, 𝜔2,𝑐𝐤𝑐2 )𝑒

− 1
2 ⟨𝜑,𝐃̃Σ,𝒞𝜑⟩dP𝕋(𝜑) d𝑐.

Here we recall that 𝑍Σ𝑖,𝑔𝑖 and 𝐃̃Σ,𝒞 were defined in (8.25) and (8.9). Next we observe
that

‖𝜔𝐤𝑐 + 𝜈𝐳,𝐦‖2𝑔,0 = ‖𝜔1,𝑐𝐤𝑐1 + 𝜈1𝐳1,𝐦1,𝑘1‖
2
𝑔1,0 + ‖𝜔2,𝑐𝐤𝑐2 + 𝜈2𝐳2,𝐦2,𝑘2‖

2
𝑔2,0

and that exp(− 1
2
⟨𝜑, 𝐃̃Σ,𝒞𝜑⟩) = 𝒜0

Σ1,𝑔1(𝝋)𝒜
0
Σ2,𝑔2(𝝋) (whatever the value of 𝑐 is, since

𝐃Σ,𝒞1 = 𝐃1 = 0). Also, note that, in the statement of Proposition 8.15, summation
over 𝑘 in the measure 𝜇0 reduces to 𝑘 = 𝑘1 = 𝑘2 = ∑𝑛1𝔪

𝑗=1𝑚1𝑗 . This completes the
proof of the first case.
(2) Assume now 𝜕Σ ≠ ∅. In that case, Σ1 or Σ2 has at least 2 boundary connected

components and we will assume (even if it means re-labelling the surfaces) that this
will be the case for Σ1. Let us take

𝝈𝑖 = (𝑎𝑖1, 𝑏𝑖1, . . . , 𝑎𝑖𝔤𝑖 , 𝑏𝑖𝔤𝑖 , 𝑑𝑖1, . . . , 𝑑𝑖(𝔟𝑖−1))

a canonical geometric basis ofℋ1(Σ𝑖, 𝜕Σ𝑖) (see Figure 18). Let 𝜔𝑖,𝑐1 , . . . , 𝜔𝑖,𝑐2𝔤𝑖+𝔟𝑖−1 be a
basis ofℋ1

𝑅(Σ𝑖, 𝜕Σ𝑖) dual to 𝝈𝑖 made of closed forms that are compactly supported in-
side Σ∘𝑖 . Since they are compactly supported, all these forms can be obviously extended
to Σ by prescribing their value to be 0 on Σ ⧵ Σ𝑖.
• We first consider the case where Σ2 has 𝔟2 ≥ 2 boundary components. By Lemma

3.7, we get a basis of the relative homologyℋ1(Σ, 𝜕Σ)

𝝈 = 𝝈1#𝝈2
by gathering the curves for 𝑖 = 1, 2: 𝑎𝑖𝑗 , 𝑏𝑖𝑗 for 𝑗 = 1, . . . , 𝔤𝑖, 𝑑𝑖𝑗 for 𝑗 = 1, . . . , 𝔟𝑖 − 2,
and finally the curve 𝑑1(𝔟1−1) − 𝑑2(𝔟2−1) (see Figure 18). Then

𝜔1,𝑐1 , . . . , 𝜔1,𝑐2𝔤1+𝔟1−1, 𝜔
2,𝑐
1 , . . . , 𝜔2,𝑐2𝔤2+𝔟2−2

is a basis ofℋ1
𝑅(Σ, 𝜕Σ)made of closed forms, dual to 𝝈 and compactly supported. For

𝐤𝑐 ≔ (𝐤𝑐1, 𝐤𝑐2) ∈ ℤ2𝔤1+𝔟1−1 × ℤ2𝔤2+𝔟2−2, we set 𝜔𝑐𝐤𝑐 ≔ 𝜔1,𝑐𝐤𝑐1 + 𝜔2,𝑐(𝐤𝑐2,0).
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(a) Disconnected surface. In gray, the relative homology on both
surfaces.

(b) Glued surface. In gray, the relative homology built from
those on Σ1 and Σ2.

(c) Assignment of values of 𝑘-parameters to each homology curve

Figure 18. Case 𝜕Σ ≠ ∅

Now we focus on the absolute cohomology and magnetic 1-forms. Notice first that
in case∑𝔟1−1

𝑗=1 𝜍1𝑗𝑘1𝑗+∑
𝔟2−1
𝑗=1 𝜍2𝑗𝑘2𝑗+∑

𝑛1𝔪
𝑗=1𝑚1𝑗+∑

𝑛2𝔪
𝑗=1𝑚2𝑗 ≠ 0, both sides in the gluing

statement vanish (because of 𝛿-masses in the definition of amplitudes) so that equality
obviously holds. So the case of interest is

(8.32)
𝔟1−1
∑
𝑗=1

𝜍1𝑗𝑘1𝑗 +
𝔟2−1
∑
𝑗=1

𝜍2𝑗𝑘2𝑗 +
𝑛1𝔪
∑
𝑗=1

𝑚1𝑗 +
𝑛2𝔪
∑
𝑗=1

𝑚2𝑗 = 0,

in which case the only contributing term in the summation over 𝑘 in the Hilbert space
comes from the case when

𝑛1𝔪
∑
𝑗=1

𝑚1𝑗 +
𝔟1
∑
𝑗=1

𝜍1𝑗𝑘1𝑗 = 0
𝑛2𝔪
∑
𝑗=1

𝑚2𝑗 +
𝔟2
∑
𝑗=1

𝜍2𝑗𝑘2𝑗 = 0
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and (8.32), which implies in particular 𝑘1𝔟1 = 𝑘2𝔟2 . Sowe fix 𝑘1𝔟1 = 𝑘2𝔟2 such that these
conditions are fulfilled. Under these conditions, the forms 𝜈𝑖𝐳𝑖,𝐦𝑖,(𝐤𝑖,𝑘𝑖𝔟𝑖 )

(for 𝑖 = 1, 2)
satisfy

∫
𝜕𝑗Σ𝑖

𝜈𝑖𝐳𝑖,𝐦𝑖,(𝐤𝑖,𝑘𝑖𝔟𝑖 )
= 2𝜋𝑅𝜍𝑖𝑗𝑘𝑖𝑗 , for 𝑗 = 1, . . . , 𝔟𝑖,(8.33)

∫
𝜕𝑏1Σ1

𝜈1𝐳1,𝐦1,(𝐤1,𝑘1𝔟1 )
= −∫

𝜕𝔟2Σ2
𝜈2𝐳2,𝐦2,(𝐤2,𝑘2𝑏2 )

,

∫
𝜕𝒟𝑖𝑗

𝜈𝑖𝐳𝑖,𝐦𝑖,(𝐤𝑖,𝑘𝑖𝔟𝑖 )
= 2𝜋𝑅𝑚𝑖𝑗 ,

where𝒟𝑖𝑗 is a small disk containing 𝑧𝑖𝑗 (and of course all integrals along interior cycles
vanish). The second condition (and the fact that both forms involved are of the form
𝜍𝑖𝔟𝑖𝑘𝑖𝔟𝑖 𝑅d𝜃 over a neighborhood of the boundary 𝜕𝔟𝑖Σ𝑖, see Proposition 3.10) allows
us to glue together these forms to get a closed 1-form on Σ by the relation 𝜈𝐳,𝐦,𝐤 =
𝜈1𝐳1,𝐦1,(𝐤1,𝑘1𝔟1 )

𝟏Σ1 + 𝜈2𝐳2,𝐦2,(𝐤2,𝑘2𝔟2 )
𝟏Σ2 , for 𝐤 ≔ (𝐤1, 𝐤2) ∈ ℤ𝔟1−1 × ℤ𝔟2−1, satisfying our

basic conditions. Finally we consider two defect graphs on Σ1 and Σ2 as in Lemma 8.7,
and glue them to get a defect graph on Σ. The amplitude on Σ then reads

𝒜0
Σ,𝑔,𝐳,𝐦,𝜻(𝐹1 ⊗𝐹2, 𝝋𝐤11 , 𝝋

𝐤2
2 )

= ∑
𝐤𝑐∈ℤ2𝔤+𝔟1+𝔟2−3

𝑒−
1
4𝜋 ‖𝜈𝐳,𝐦,𝐤+𝜔𝑐

𝐤𝑐‖
2
𝑔,0𝑍Σ,𝑔𝒜0

Σ,𝑔(𝝋1, 𝝋2)ℬΣ,𝑔(𝐹1 ⊗𝐹2, 𝝋1, 𝝋2, 𝐤, 𝐤𝑐)

with

ℬΣ,𝑔(𝐹1 ⊗𝐹2, 𝝋1, 𝝋2, 𝐤, 𝐤𝑐) ≔E[𝑒−
1
2𝜋 ⟨d𝑋𝑔,𝐷+d𝑃𝝋,𝜈𝐳,𝐦,𝐤+𝜔𝑐

𝐤𝑐 ⟩𝐹1 ⊗𝐹2(𝜙𝑔)],

where the Liouville field is𝜙𝑔 = 𝑋𝑔,𝐷+𝑃(𝝋1, 𝝋2)+𝐼𝝈𝑥0(𝜈𝐳,𝐦,𝐤)+𝐼𝝃𝑥0(𝜔𝑐𝐤𝑐), the expectation
E is over the Dirichlet GFF 𝑋𝑔,𝐷 on Σ, 𝑃(𝝋1, 𝝋2) stands for the harmonic extension to
Σ of the boundary fields 𝝋1, 𝝋2, which stand respectively for the boundary conditions
on the remaining (i.e. unglued) components of 𝜕Σ1 and 𝜕Σ2, namely

Δ𝑔𝑃(𝝋1, 𝝋2) = 0 on Σ, 𝑃(𝝋1, 𝝋2)|𝜕𝑗Σ𝑖 = 𝜑𝑖𝑗 ∘ 𝜁−1𝑖𝑗 for 𝑗 < 𝔟𝑖.

Let now 𝑋1 ≔ 𝑋𝑔1,𝐷 and 𝑋2 ≔ 𝑋𝑔2,𝐷 be two independent Dirichlet GFF respectively
on Σ1 and Σ2. Then we have the following decomposition in law (see Proposition 5.1)

𝑋𝑔,𝐷
law= 𝑋1 + 𝑋2 + 𝑃𝐘,

where 𝐘 is the restriction of 𝑋𝑔,𝐷 to the glued boundary component 𝒞 expressed in
parametrised coordinates, i.e. 𝐘 = 𝑋𝑔,𝐷|𝒞 ∘ 𝜁1𝔟1 , and 𝑃𝐘 is its harmonic extension to Σ
vanishing on 𝜕Σ, which is non-empty. We stress that, since 𝑋𝑔,𝐷 is only a distribution,
making sense of𝐘 is not completely obvious but, using the parametrisation, this can be
done in the sameway asmaking sense of the restriction of theGFF to a circle: since this
is a standard argument, we do not elaborate more on this point. Finally we denote by
ℎ𝒞 the restriction of the harmonic function 𝑃(𝝋1, 𝝋2) to 𝒞 in parametrised coordinates

ℎ𝒞 ∶= 𝑃(𝝋1, 𝝋2)|𝒞 ∘ 𝜁1𝔟1 .



COMPACTIFIED IMAGINARY LIOUVILLE THEORY 669

Observe now the trivial fact that, on Σ𝑖 (𝑖 = 1, 2), the function 𝑃(𝝋1, 𝝋2) + 𝑃𝐘 is har-
monic with boundary values (expressed in parametrised coordinates on Σ𝑖) 𝜑𝑖𝑗 on 𝜕𝑗Σ𝑖
for 𝑗 < 𝔟𝑖 and (𝐘 + ℎ𝒞) on 𝒞. Thus we get, using Lemma 8.7,

ℬΣ,𝑔(𝐹1 ⊗𝐹2, 𝝋1, 𝝋2, 𝐤, 𝐤𝑐)

= ∫ℬΣ1,𝑔1(𝐹1, 𝝋1, 𝜑 + ℎ𝒞 , 𝐤1, 𝑘1𝔟1 , 𝐤𝑐1)ℬΣ2,𝑔2(𝐹2, 𝝋2, 𝜑 + ℎ𝒞 , 𝐤2, 𝑘2𝔟2 , 𝐤𝑐2)P𝐘(d𝜑)

with P𝐘 the law of 𝐘 and, for 𝑖 = 1, 2,

(8.34) ℬΣ𝑖,𝑔𝑖 (𝐹𝑖, 𝝋𝑖, 𝜑, 𝐤𝑖, 𝑘𝑖𝔟𝑖 , 𝐤
𝑐
𝑖 ) ≔ E[𝐹𝑖(𝜙𝑖)𝑒

− 1
2𝜋 ⟨d𝑋𝑖+d𝑃(𝝋𝑖,𝜑),𝜈𝑖𝐳𝑖 ,𝐦𝑖,(𝐤𝑖,𝑘𝑖𝔟𝑖)

+𝜔𝑖,𝑐
𝐤𝑐𝑖
⟩
],

where E is taken with respect to the Dirichlet GFF 𝑋𝑖 on Σ𝑖,

𝜙𝑖 = 𝑋𝑖 + 𝑃(𝝋𝑖, 𝜑) + 𝐼𝝈𝑖𝑥0(𝜔
𝑖,𝑐
𝐤𝑐𝑖
) + 𝐼𝝃𝑖𝑥0(𝜈𝑖𝐳𝑖,𝐦𝑖,(𝐤𝑖,𝑘𝑖𝔟𝑖 )

)

(here with an abuse of notations we identify 𝐤𝑐2 with (𝐤𝑐2, 0)) and 𝑃(𝝋𝑖, 𝜑) stands for the
harmonic extension on Σ𝑖 of the boundary fields 𝝋𝑖, 𝜑 respectively on 𝜕Σ𝑖 ⧵ 𝒞 and 𝒞.
Now we use Lemma [31, Lemmas 5.3 & 5.4] to get

P𝐘+ℎ𝒞 (d𝜑) ≔
1

√2𝜋
𝑍Σ1,𝑔1𝑍Σ2,𝑔2
√2𝜋𝑍Σ,𝑔

𝒜0
Σ1,𝑔1(𝝋1, 𝑐 + 𝜑)𝒜0

Σ2,𝑔2(𝝋2, 𝑐 + 𝜑)
𝒜0
Σ,𝑔(𝝋1, 𝝋2)

d𝑐 ⊗ P𝕋(d𝜑).

Thus we obtain

𝒜0
Σ,𝑔,𝐳,𝐦,𝜻(𝐹1 ⊗𝐹2, 𝝋𝐤11 , 𝝋

𝐤2
2 )

= ∑
𝐤𝑐∈ℤ2𝔤+𝔟−1

𝑒−
1
4𝜋 ‖𝜈𝐳,𝐦,𝐤+𝜔𝑐

𝐤𝑐‖
2
𝑔,0𝑍Σ1,𝑔1𝑍Σ2,𝑔2 ∫

ℝ
𝐻0(𝑐, 𝐤𝑐)

d𝑐
√2𝜋

= ∑
𝐤𝑐∈ℤ2𝔤+𝔟−1

𝑛∈ℤ

𝑒−
1
4𝜋 ‖𝜈𝐳,𝐦,𝐤+𝜔𝑐

𝐤𝑐‖
2
𝑔,0𝑍Σ1,𝑔1𝑍Σ2,𝑔2 ∫

2𝜋𝑅

0
𝐻0(𝑐 + 𝑛2𝜋𝑅, 𝐤𝑐) d𝑐

√2𝜋
,

where (the expectation E is taken with respect to 𝜑)
𝐻0(𝑐, 𝐤𝑐) = E[𝒜0

Σ1,𝑔1(𝝋1, 𝑐 + 𝜑)𝒜0
Σ2,𝑔2(𝝋2, 𝑐 + 𝜑)

× ℬΣ1,𝑔1(𝐹1, 𝝋1, 𝑐 + 𝜑, 𝐤1, 𝑘1𝔟1 , 𝐤𝑐1)
× ℬΣ2,𝑔2(𝐹2, 𝝋2, 𝑐 + 𝜑, 𝐤2, 𝑘2𝔟2 , 𝐤𝑐2)].

The last relation was obtained using the Chasles relation on the 𝑐-integral. Next, we
introduce the harmonic functions 𝑃𝑖𝑛, for 𝑖 = 1, 2 and 𝑛 ∈ ℤ, that are harmonic on Σ𝑖
with boundary values 𝑛2𝜋𝑅 on 𝒞 and 0 on the other boundary components of Σ𝑖. Then
we notice that, writing 𝜑 for 𝑐 + 𝜑,

𝒜0
Σ1,𝑔1(𝝋1, 𝜑 + 𝑛2𝜋𝑅) =𝑒−

1
2 ⟨(𝐃Σ1−𝐃)(𝝋1,𝜑+𝑛2𝜋𝑅),(𝝋1,𝜑+𝑛2𝜋𝑅)⟩

=𝒜0
Σ1,𝑔1(𝝋1, 𝜑)𝑒

− 1
2𝜋 ⟨d𝑃(𝝋1,𝜑),d𝑃

1𝑛⟩𝑒−
1
4𝜋 ‖d𝑃

1𝑛‖22
(8.35)

and similarly for 𝒜0
Σ2,𝑔2(𝝋2, 𝜑 + 𝑛2𝜋𝑅). Let us write 𝜔1,𝑐𝐤1,𝑐 = 𝜔1,ℎ𝐤1,𝑐 + d𝑢 for some 𝑢 ∈

𝐶∞(Σ1) with 𝑢|𝜕Σ1 = 0 and d∗𝜔1,ℎ𝐤1,𝑐 = 0 satisfies the relative condition 𝜄∗𝜕Σ1𝜔
1,ℎ
𝐤1,𝑐 = 0,

then by Stokes formula on Σ1
⟨𝜔1,𝑐𝐤1,𝑐 , d𝑃1𝑛 ⟩2 = ⟨d∗𝜔1,ℎ𝐤1,𝑐 , 𝑃1𝑛 ⟩2 + ⟨𝑢, d∗d𝑃1𝑛 ⟩2 = 0.
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Similarly we use (3.22) to write 𝜈1𝐳1,𝐦1,(𝐤1,𝑘1𝔟1 )
= 𝜈1,ℎ𝐳1,𝐦1,(𝐤1,𝑘1𝔟1 )

+ d𝑢′ for some 𝑢′ ∈

𝐶∞(Σ1) with 𝑢′|𝜕Σ = 0 and d∗𝜈1,ℎ𝐳1,𝐦1,(𝐤1,𝑘1𝔟1 )
= 0: then by Stokes and the fact that

𝜈1𝐳1,𝐦1,(𝐤1,𝑘1𝔟1 )
satisfies the absolute boundary condition

⟨𝜈1𝐳1,𝐦1,(𝐤1,𝑘1𝔟1 )
, d𝑃1𝑛 ⟩2 =∫

𝜕Σ1
𝑃1𝑛 ∗ 𝜈1,ℎ𝐳1,𝐦1,(𝐤1,𝑘1𝔟1 )

=∫
𝜕Σ1

𝑃1𝑛 𝜈1𝐳1,𝐦1,(𝐤1,𝑘1𝔟1 )
(𝜈) dℓ𝑔1 = 0.

These two identities above imply on Σ𝑖 with 𝑔𝑖 ≔ 𝑔|Σ𝑖
(8.36) ‖𝜈𝑖𝐳𝑖,𝐦𝑖,(𝐤𝑖,𝑘𝑖𝑏𝑖 )

+ 𝜔𝑖,𝑐𝐤𝑖,𝑐‖
2
𝑔𝑖,0 + ‖d𝑃𝑖𝑛‖22 = ‖𝜈𝑖𝐳𝑖,𝐦𝑖,(𝐤1,𝑘𝑖𝔟𝑖 )

+ 𝜔𝑖,𝑐𝐤𝑖,𝑐 + d𝑃𝑖𝑛‖2𝑔𝑖,0.

We deduce, by combining with (8.35), that

𝒜0
Σ,𝑔,𝐳,𝐦,𝜻(𝐹1 ⊗𝐹2, 𝝋𝐤11 , 𝝋

𝐤2
2 )

= ∑
𝐤𝑐∈ℤ2𝔤+𝔟−1

𝑛∈ℤ

𝑒
− 1

4𝜋 (‖𝜈
1
𝐳1,𝐦1,(𝐤1,𝑘1𝔟1 )

+𝜔1,𝑐
𝐤𝑐1
+d𝑃1𝑛‖2𝑔1,0+‖𝜈

2
𝐳2,𝐦2,(𝐤2,𝑘2𝔟2 )

+𝜔2,𝑐
(𝐤𝑐2,0)

+d𝑃2𝑛‖2𝑔2,0)

× 𝑍Σ1,𝑔1𝑍Σ2,𝑔2 ∫
2𝜋𝑅

0
𝐻1(𝑐, 𝑛, 𝐤𝑐)

d𝑐
√2𝜋

with (expectation is over 𝜑)
𝐻1(𝑐, 𝑛, 𝐤𝑐) ≔ E[𝒜0

Σ1,𝑔1(𝝋1, 𝜑)𝒜
0
Σ2,𝑔2(𝝋2, 𝜑) ̂ℬΣ1,𝑔1(𝐹1, 𝝋1, 𝜑, 𝐤1, 𝑘1𝔟1 , 𝐤𝑐1, 𝑛)

× ̂ℬΣ2,𝑔2(𝐹2, 𝝋2, 𝜑, 𝐤2, 𝑘2𝔟2 , (𝐤𝑐2, 0), 𝑛)],

and (expectation is over Dirichlet GFF 𝑋𝑖 on Σ𝑖)
̂ℬΣ𝑖,𝑔𝑖 (𝐹𝑖, 𝝋𝑖, 𝜑, 𝐤𝑖, 𝑘𝑖𝔟𝑖 , 𝐤

𝑐
𝑖 , 𝑛) ≔

E[𝐹𝑖(𝜙𝑖 + 𝑃𝑖𝑛)𝑒
− 1

2𝜋 ⟨d𝑋𝑖+d𝑃(𝝋𝑖,𝜑),𝜈𝑖𝐳𝑖 ,𝐦𝑖,(𝐤𝑖,𝑘𝑖𝔟𝑖
)+𝜔

𝑖,𝑐
𝐤𝑐𝑖
+d𝑃𝑖𝑛⟩].

Now the point is to see that the term d𝑃𝑖𝑛 encodes part of the relative cohomology on
Σ𝑖. For this, let us first introduce the notation 𝐧𝑖 for the vector (0, . . . , 0, 𝑛) ∈ ℤ2𝔤𝑖+𝔟𝑖−1.
Since the 1-form d𝑃𝑖𝑛 is exact and since 𝑃𝑖𝑛 takes the value 2𝜋𝑛𝑅 on 𝒞 and 0‘on the other
boundary components of Σ𝑖, we have

∫
𝑎𝑖𝑗
d𝑃𝑖𝑛 = 0, ∫

𝑏𝑖𝑗
d𝑃𝑖𝑛 = 0,

∫
𝑑𝑖𝑗
d𝑃𝑖𝑛 = 0 for 𝑗 = 1, . . . , 𝔟𝑖 − 1, ∫

𝑑𝑖𝔟𝑖

d𝑃𝑖𝑛 = 𝑛2𝜋𝑅.

The 1-form d𝑃𝑖𝑛 has therefore the same cycles/arcs as the 1-form 𝜔𝑖,𝑐𝐧𝑖 . Thus, we have
d𝑃𝑖𝑛 = 𝜔𝑖,𝑐𝐧𝑖 + d𝑓𝑖𝐧, for some smooth function 𝑓𝑖𝐧 on Σ𝑖 vanishing on the boundary 𝜕Σ𝑖,
see Lemma 3.4. We can absorb the term d𝑓𝑖𝐧 by means of the Girsanov transform.
More precisely, on Σ𝑖 (𝑖 = 1, 2), we apply the Girsanov transform to the term
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𝑒−
1
2𝜋 ⟨d𝑋𝑖,d𝑓𝑖𝐧⟩−

1
4𝜋 ‖d𝑓

𝑖𝐧‖22 , which has the effect of shifting the law of the GFF as 𝑋𝑔,𝐷 →
𝑋𝑔,𝐷 − 𝑓𝑖𝐧, to get that (note that ⟨d𝑃(𝝋𝑖, 𝜑), d𝑓𝑖𝐧⟩2 = 0 on Σ𝑖)

𝑒
− 1

4𝜋 ‖𝜈
𝑖
𝐳𝑖 ,𝐦𝑖,(𝐤𝑖,𝑘𝑖𝔟𝑖

)+𝜔
𝑖,𝑐
𝐤𝑐𝑖
+d𝑃𝑖𝑛‖2𝑔,0,Σ𝑖 ̂ℬΣ𝑖,𝑔𝑖 (𝐹𝑖, 𝝋𝑖, 𝜑, 𝐤𝑖, 𝑘𝑖𝔟𝑖 , 𝐤

𝑐
𝑖 , 𝑛)

= 𝑒
− 1

4𝜋 ‖𝜈
𝑖
𝐳𝑖 ,𝐦𝑖,(𝐤𝑖,𝑘𝑖𝔟𝑖

)+𝜔
𝑖,𝑐
𝐤𝑐𝑖
+𝜔𝑖,𝑐

𝐧𝑖 ‖
2
𝑔𝑖,0 ̂ℬ′

Σ𝑖,𝑔𝑖 (𝐹𝑖, 𝝋𝑖, 𝜑, 𝐤𝑖, 𝑘𝑖𝔟𝑖 , 𝐤
𝑐
𝑖 , 𝑛),

where
̂ℬ′
Σ𝑖,𝑔𝑖 (𝐹𝑖, 𝝋𝑖,𝜑, 𝐤

𝑖, 𝑘𝑖𝔟𝑖 , 𝐤
𝑖,𝑐, 𝑛) ≔

E[𝐹𝑖(𝜙𝑖 + 𝐼𝑖𝑥0(𝜔
𝑖,𝑐
𝐧𝑖 ))𝑒

− 1
2𝜋 ⟨d𝑋𝑖+d𝑃(𝝋𝑖,𝜑),𝜈𝑖𝐳𝑖 ,𝐦𝑖,(𝐤𝑖,𝑘𝑖𝔟𝑖

)+𝜔
𝑖,𝑐
𝐤𝑐𝑖
+𝜔𝑖,𝑐

𝐧𝑖 ⟩].

In particular, note the relation 𝜔𝑖,𝑐𝐤𝑖,𝑐 + 𝜔𝑖,𝑐𝐧𝑖 = 𝜔𝑖,𝑐𝐤𝑖,𝑐+𝐧𝑖 . Making next the change of vari-
ables 𝑘𝑖,𝑐2𝔤𝑖+𝔟𝑖−1 + 𝑛 → 𝑘𝑖,𝑐2𝔤𝑖+𝔟𝑖−1 in the summation over 𝐤

𝑐, we end up with the gluing
statement we claimed.
• Nowwehave to consider the casewhenΣ2 has only 𝔟2 = 1 boundary components,

in which case we get a basis 𝝈 of the relative homology by gathering all the curves
𝑎𝑖𝑗 , 𝑏𝑖𝑗 (for 𝑗=1, . . . , 𝔤𝑖), 𝑑1𝑗 (for 𝑗=1, . . . , 𝔟1−2). Then𝜔1,𝑐1 , . . . , 𝜔1,𝑐2𝔤1+𝔟1−2, 𝜔

2,𝑐
1 , . . . , 𝜔2,𝑐2𝔤2

is a basis of ℋ1
𝑅(Σ, 𝜕Σ) made up of closed forms, dual to 𝜎 and compactly supported.

For 𝐤𝑐 ≔ (𝐤𝑐1, 𝐤𝑐2) ∈ ℤ2𝔤1+𝔟1−2 × ℤ2𝔤2 , we set 𝜔𝑐𝐤𝑐 ≔ 𝜔1,𝑐(𝐤𝑐1,0) + 𝜔2,𝑐𝐤𝑐2 .
Regarding the absolute cohomology and magnetic 1-forms, the situation is some-

what simpler. The Dirac masses in the definition of amplitudes make it clear that the
non-trivial case is (in other cases, both hands of the gluing statement are 0)

(8.37)
𝔟1−1
∑
𝑗=1

𝜍1𝑗𝑘1𝑗 +
𝑛1𝔪
∑
𝑗=1

𝑚1𝑗 +
𝑛2𝔪
∑
𝑗=1

𝑚2𝑗 = 0,

together with∑𝑛1𝔪
𝑗=1𝑚1𝑗+∑

𝔟1
𝑗=1 𝜍1𝑗𝑘1𝑗 = 0,∑𝑛2𝔪

𝑗=1𝑚2𝑗+𝜍21𝑘21 = 0, which implies again
𝑘1𝔟1 = 𝑘21. So we fix 𝑘1𝔟1 = 𝑘21 such that these conditions are fulfilled. Under these
conditions, the forms 𝜈1𝐳1,𝐦1,(𝐤1,𝑘1𝔟1 )

and 𝜈2𝐳2,𝐦2,𝑘21 satisfy still (8.33) (the only difference
is that, now, 𝔟2 = 1). The magnetic forms on Σ1 and Σ2 glue to form amagnetic 1-form
on Σ by the relation 𝜈𝐳,𝐦,𝐤 = 𝜈1𝐳1,𝐦1,(𝐤1,𝑘1𝔟1 )

𝟏Σ1 + 𝜈2𝐳2,𝐦2,𝑘21𝟏Σ2 , for 𝐤 ≔ 𝐤1 ∈ ℤ𝔟1−1.
Finally we consider two defect graphs on Σ1 and Σ2 as in Lemma 8.7, and glue them to
get a defect graph on Σ.
We can then follow the proof of the case 𝔟2 ≥ 2 with the difference that, on Σ2, the
harmonic extension 𝑃(𝜑+𝑛2𝜋𝑅) is now trivial in the sense that it is equal to 𝑃𝜑+𝑛2𝜋𝑅.
Furthermore, the free field amplitude on Σ2 is now

𝒜0
Σ2,𝑔2(𝜑 + 𝑛2𝜋𝑅) =𝑒−

1
2 ⟨(𝐃Σ1−𝐃)(𝜑+𝑛2𝜋𝑅),𝜑+𝑛2𝜋𝑅⟩2 = 𝒜0

Σ2,𝑔2(𝜑)
so that no change in the relative cohomology on Σ2 is involved (note that adding 𝑛2𝜋𝑅
to 𝜙2 in ̂ℬ2 does not change ̂ℬ2 by periodicity). We still have a change of relative co-
homology on Σ1 (i.e. again with an extra d𝑃𝑛) and it produces the summation over the
1-form that was absent on Σ, i.e. 𝜔1,𝑐𝔟1−1. We obtain this way the gluing statement. □

Nowwe focus on the case of self-gluing for our reduced form amplitudes. The setup
is the same as that drawn just before Proposition 8.14. We claim
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Proposition 8.16. Let 𝐹 be periodic positive or periodic integrable.

𝒜0
Σ#,𝑔,𝐳,𝐦,𝜻#(𝐹, 𝝋

𝐤
#) = 𝐶∫𝒜0

Σ,𝑔,𝐳,𝐦,𝜻(𝐹, 𝝋𝐤#, 𝜑𝑘, 𝜑𝑘)d𝜇0(𝜑𝑘),

where 𝐶 = 1
√2𝜋

if 𝜕Σ ≠ ∅ and 𝐶 = √2 if 𝜕Σ = ∅.

Proof. We denote by 𝒞 the glued curve on Σ. Again, we split the proof in two parts
depending whether Σ# has a non-empty boundary or not.
(1) Assume first 𝜕Σ# ≠ ∅. Let us call 𝝈 a basis of the relative homology on Σ.

We choose this basis by taking 𝑎1, . . . , 𝑎𝔤, 𝑏1, . . . , 𝑏𝔤, 𝑑1, . . . , 𝑑𝔟−1 where 𝑎𝑗 , 𝑏𝑗 are chosen
inside Σ∘ such that the intersection numbers are given as in (3.4), and the 𝑑𝑗 are non-
intersecting simple curves (not closed) with the base point on 𝜕𝑗Σ and the endpoint
on 𝜕𝑗+1Σ, and each 𝑑𝑗 is not intersecting any other curve of the basis (see Figure 19).
Let 𝜔𝑐1, . . . , 𝜔𝑐2𝔤+𝔟−1 be a basis of ℋ1

𝑅(Σ, 𝜕Σ) dual to 𝝈 made of closed forms that are
compactly supported inside Σ∘ (hence can be viewed as compactly supported closed 1-
forms on Σ# too). We stress that the last boundary-to-boundary arc 𝑑𝔟−1 joining 𝜕𝔟−1Σ
to 𝜕𝔟Σ will form a cycle in the glued surface, and therefore will play a special role in
what follows. For 𝐤𝑐 ∈ ℤ2𝔤+𝔟−1, we set 𝜔𝑐𝐤𝑐 ≔ ∑2𝔤+𝔟−1

𝑗=1 𝑘𝑐𝑗𝜔𝑐𝑗 as usual.
Now we focus on the absolute cohomology and magnetic 1-forms. We discard first

trivial cases: indeed, if 𝐤 = (𝑘1, . . . , 𝑘𝔟−2), notice that in case∑
𝑛𝔪
𝑗=1𝑚𝑗 +∑

𝔟−2
𝑗=1 𝜍𝑗𝑘𝑗 ≠ 0,

both sides in the gluing statement vanish (because of Dirac masses) so that equality
obviously holds. So the case of interest is

(8.38)
𝑛𝔪
∑
𝑗=1

𝑚𝑗 +
𝔟−2
∑
𝑗=1

𝜍𝑗𝑘𝑗 = 0,

in which case the winding numbers around 𝜕𝔟−1Σ and 𝜕𝔟Σmust satisfy 𝑘𝔟−1 = 𝑘𝔟. We
will simply write 𝑘 for 𝑘𝔟−1 = 𝑘𝔟. Under these conditions, we consider the 1-form
𝜈𝐳,𝐦,(𝐤,𝑘,𝑘) on Σ given by Lemma 3.10 satisfying

∀𝑗 = 1, . . . , 𝔟 − 2, ∫
𝜕𝑗Σ

𝜈𝐳,𝐦,(𝐤,𝑘,𝑘) = 2𝜋𝑅𝜍𝑗𝑘𝑗 ,

∫
𝜕𝔟Σ

𝜈𝐳,𝐦,(𝐤,𝑘,𝑘) = −∫
𝜕𝔟−1Σ

𝜈𝐳,𝐦,(𝐤,𝑘,𝑘) = 2𝜋𝑅𝑘.

The last condition (and the fact that both forms involved are of the form ±𝑘𝑅d𝜃 over
a neighborhood of the boundaries 𝜕𝔟−1Σ and 𝜕𝑏Σ) allows us to self-glue (see Lemma
3.8) these forms by identifying 𝜕𝔟−1Σ and 𝜕𝔟Σ to get a closed 1-form on Σ# denoted by
𝜈𝐳,𝐦,(𝐤,𝑘), satisfying our basic conditions for the definition of amplitude on the glued
surface. Note that the curve 𝒞 will become a cycle on the glued surface, and there-
fore the form 𝜈𝐳,𝐦,(𝐤,𝑘), which has a winding 𝑘 along this curve, will produce the miss-
ing part in the relative cohomology on the glued surface. For this we will split it as
𝜈𝐳,𝐦,(𝐤,𝑘) = 𝜈𝐳,𝐦,(𝐤,0) + 𝜈𝐳,𝟎,(𝟎,𝑘), the last term producing 1-forms with winding 𝑘 along
𝒞 and vanishing along any other cycle.
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(a) Unglued surface Σ. In gray, the relative homology on Σ.

(b) Glued surface. The curve 𝑑1 remains inℋ1(Σ#, 𝜕Σ#) after
gluing. The curve 𝑑3 becomes a closed curve denoted 𝑎1 in
ℋ1(Σ#, 𝜕Σ#). The glued circle 𝒞 is a cycle on Σ#, with intersec-
tion number 1with 𝑎1. The dotted arc 𝑑2 ∈ ℋ1(Σ𝜕Σ) has been
removed to constructℋ1(Σ#, 𝜕Σ#).

Figure 19. Case 𝜕Σ ≠ ∅

As outlined above, we get now a basis 𝝈# of the relative homology on Σ#, which
has 𝔟 − 2 boundary components, by taking the cycles 𝑎1, . . . , 𝑎𝔤, 𝑏1, . . . , 𝑏𝔤 together
with the cycles 𝑑𝔟−1, 𝒞, and the boundary-to-boundary arcs 𝑑1, . . . , 𝑑𝔟−3. Note that the
arc 𝑑𝔟−2 has been discarded. A basis of the relative cohomology, dual to 𝝈#, is now
𝜔𝑐1, . . . , 𝜔𝑐2𝔤+𝔟−3, 𝜔𝑐2𝔤+𝔟−1, 𝜈𝐳,𝟎,(𝟎,𝑘) (𝜔𝑐2𝔤+𝔟−2 has been discarded since dual to 𝑑𝔟−2). Ab-
solute cohomology and magnetic 1-forms are then encoded in the forms 𝜈𝐳,𝐦,(𝐤,0) for
𝐤 ∈ ℤ𝔟−2 with defect graph given by Lemma 8.8. Since we have removed the 1-form
𝜔𝑐2𝔤+𝔟−2, we need to consider 1-forms𝜔𝑐𝐤𝑐 where the (2𝔤+𝔟−2)-th component of 𝐤𝑐 has
been set to 0. We will thus need to consider the vector (𝑘𝑐1, . . . , 𝑘𝑐2𝔤+𝔟−3, 0, 𝑘𝑐2𝔤+𝔟−1) ∈
ℤ2𝔤+𝔟−1, whichwill be identifiedwith𝐤𝑐− ∈ ℤ2𝔤+𝔟−2. Alsowe consider the defect graph
on Σ# obtained from Lemma 8.8. The definition of the amplitude on 𝜕Σ# then yields

𝒜0
Σ#,𝑔,𝐳,𝐦,𝜻#(𝐹, 𝝋

𝐤
#) ≔ ∑

(𝐤𝑐− ,𝑘)∈ℤ2𝔤+𝔟−2×ℤ
𝑒−

1
4𝜋 ‖𝜈𝐳,𝐦,(𝐤,0)+𝜔𝑐

𝐤𝑐−
+𝜈𝐳,𝟎,(𝟎,𝑘)‖2𝑔,0

× 𝑍Σ#,𝑔𝒜0
Σ#,𝑔(𝝋#)ℬΣ#,𝑔(𝐹, 𝝋#, 𝐤, 𝐤𝑐−, 𝑘)
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with

ℬΣ#,𝑔(𝐹, 𝝋#, 𝐤, 𝐤𝑐−, 𝑘) ≔E[𝑒−
1
2𝜋 ⟨d𝑋𝑔,𝐷+d𝑃𝝋#,𝜈𝐳,𝐦,(𝐤,0)+𝜔𝑐

𝐤𝑐−
+𝜈𝐳,𝟎,(𝟎,𝑘)⟩𝐹(𝜙𝑔)],

where the Liouville field is 𝜙𝑔 = 𝑋𝑔,𝐷+𝑃𝝋#+𝐼𝝃#𝑥0 (𝜈𝐳,𝐦,(𝐤,0))+ 𝐼𝝈#𝑥0 (𝜔𝑐𝐤𝑐− )+ 𝐼
𝝈#𝑥0 (𝜈𝐳,𝟎,(𝟎,𝑘)),

the expectation E is over the Dirichlet GFF 𝑋𝑔,𝐷 on Σ#, 𝑃𝝋# stands for the harmonic
extension to Σ# of the boundary fields 𝝋#, which stand respectively for the boundary
conditions on the remaining (i.e. unglued) components of 𝜕Σ#, namely

Δ𝑔𝑃𝝋# = 0 on Σ#, 𝑃𝝋#|𝜕𝑗Σ# = 𝜑#𝑗 ∘ 𝜁−1𝑗 for 𝑗 ≤ 𝔟 − 2.
Let now 𝑋 be an independent Dirichlet GFF on Σ. Then we have the following

decomposition in law (see Proposition 5.1)

𝑋𝑔,𝐷
law= 𝑋 + 𝑃𝐘,

where 𝐘 is the restriction of 𝑋𝑔,𝐷 to the glued boundary component 𝒞 expressed in
parametrised coordinates, i.e. 𝐘 = 𝑋𝑔,𝐷|𝒞 ∘ 𝜁, and 𝑃𝐘 is its harmonic extension to Σ
vanishing on 𝜕Σ#, which is non-empty. Again we denote by ℎ𝒞 the restriction of the
harmonic function 𝑃𝝋# to 𝒞 in parametrised coordinates

ℎ𝒞 ∶= 𝑃𝝋#|𝒞 ∘ 𝜁
and, on Σ, the function 𝑃𝝋# + 𝑃𝐘 is harmonic with boundary values (expressed in
parametrised coordinates on Σ) 𝜑#𝑗 on 𝜕𝑗Σ for 𝑗 < 𝔟 − 2 and (𝐘 + ℎ𝒞) on 𝜕𝔟−1Σ and
𝜕𝔟Σ. Proceeding as in the proof of Proposition 8.15, using the law of the field 𝐘 proved
in [31, Lemma 5.3 and Lemma 5.4] and applying the Chasles relation, we arrive at the
expression

𝒜0
Σ#,𝑔,𝐳,𝐦,𝜻#(𝐹, 𝝋

𝐤
#) = ∑

(𝐤𝑐− ,𝑘,𝑛)∈ℤ2𝔤+𝔟−2×ℤ×ℤ
𝑒−

1
4𝜋 ‖𝜈𝐳,𝐦,(𝐤,0)+𝜔𝑐

𝐤𝑐−
+𝜈𝐳,𝟎,(𝟎,𝑘)‖2𝑔,0𝑍Σ,𝑔

×∫
2𝜋𝑅

0
𝐻2(𝑐 + 2𝜋𝑛𝑅, 𝑘, 𝐤𝑐) d𝑐

√2𝜋
,

where (expectation 𝔼 is taken with respect to 𝜑)
𝐻2(𝑐, 𝑘, 𝐤𝑐) ≔ E[𝒜0

Σ,𝑔(𝝋#, 𝑐 + 𝜑, 𝑐 + 𝜑)ℬΣ,𝑔(𝐹, 𝝋#, 𝑐 + 𝜑, 𝑐 + 𝜑, 𝐤, 𝐤𝑐−, 𝑘)],

and (expectation 𝔼 is taken with respect to to the Dirichlet GFF 𝑋 on Σ)

ℬΣ,𝑔(𝐹, 𝝋#, 𝜑, 𝜑, 𝐤, 𝐤𝑐−, 𝑘) ≔ E[𝐹(𝜙)𝑒−
1
2𝜋 ⟨d𝑋+d𝑃(𝝋#,𝜑,𝜑),𝜈𝐳,𝐦,(𝐤,𝑘)+𝜔𝑐

𝐤𝑐−
⟩],

where 𝜙 = 𝑋 + 𝑃(𝝋#, 𝜑, 𝜑) + 𝐼𝝈𝑥0(𝜔𝑐𝐤𝑐−) + 𝐼𝝃𝑥0(𝜈𝐳,𝐦,(𝐤,𝑘)) and 𝑃(𝝋#, 𝜑, 𝜑) stands for the
harmonic extension to Σ of the boundary fields 𝝋#, 𝜑, 𝜑.
Next, we introduce the harmonic functions 𝑃𝑛, for 𝑛 ∈ ℤ, that are harmonic on Σ

with boundary values 𝑛2𝜋𝑅 on both boundary components corresponding to 𝒞 in Σ,
and 0 on the other boundary components of Σ. Then we notice that, writing 𝜑 for 𝑐+𝜑,

𝒜0
Σ,𝑔(𝝋#, 𝜑 + 𝑛2𝜋𝑅, 𝜑 + 𝑛2𝜋𝑅)

= 𝑒−
1
2 (⟨𝐃Σ−𝐃)(𝝋#,𝜑+𝑛2𝜋𝑅,𝜑+𝑛2𝜋𝑅),(𝝋#,𝜑+𝑛2𝜋𝑅,𝜑+𝑛2𝜋𝑅)⟩

= 𝒜0
Σ,𝑔(𝝋#, 𝜑, 𝜑)𝑒

− 1
2𝜋 ⟨d𝑃(𝝋#,𝜑,𝜑),d𝑃𝑛⟩𝑒−

1
4𝜋 ‖d𝑃𝑛‖

2
2 .
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Notice also, using the similar argument as for (8.36), that
‖𝜈𝐳,𝐦,(𝐤,𝑘) + 𝜔𝑐𝐤𝑐− ‖

2
𝑔,0 + ‖d𝑃𝑛‖22 = ‖𝜈𝐳,𝐦,(𝐤,𝑘) + 𝜔𝑐𝐤𝑐− + d𝑃𝑛‖2𝑔,0.

Therefore, one obtains

𝒜0
Σ#,𝑔,𝐳,𝐦,𝜻#(𝐹, 𝝋

𝐤
#) = ∑

𝑘
∑

(𝐤𝑐− ,𝑛)
𝑒−

1
4𝜋 ‖𝜈𝐳,𝐦,(𝐤,𝑘)+𝜔𝑐

𝐤𝑐−
+d𝑃𝑛‖2𝑔,0𝑍Σ,𝑔

×∫
2𝜋𝑅

0
E[𝒜0

Σ,𝑔(𝝋#, 𝜑, 𝜑) ̂ℬΣ,𝑔(𝐹, 𝝋#, 𝜑, 𝜑, 𝐤, 𝐤𝑐−, 𝑘, 𝑛)]
d𝑐
√2𝜋

,

where sums run respectively in ℤ and ℤ2𝔤+𝔟−2 × ℤ, and
̂ℬΣ,𝑔(𝐹, 𝝋#, 𝜑, 𝜑, 𝐤, 𝐤𝑐−, 𝑘, 𝑛)

≔ E[𝐹(𝜙 + 𝑃𝑛)𝑒
− 1

2𝜋 ⟨d𝑋+d𝑃(𝝋#,𝜑,𝜑),𝜈𝐳,𝐦,(𝐤,𝑘)+𝜔𝑐
𝐤𝑐−

+d𝑃𝑛⟩].
Again, the point is now to relate d𝑃𝑛 to the relative cohomology: indeed, it encodes

the 1-forms dual to the boundary-to-boundary arc 𝑑𝔟−2 that we have previously re-
moved. To see this, let us first introduce the notation 𝐧 for the vector (0, . . . , 𝑛, 0) ∈
ℤ2𝔤+𝔟−1. Since the 1-form d𝑃𝑛 is exact and since it takes the value 0 on 𝜕𝑗Σ for 𝑗 ≤ 𝑏−2
and 𝑛 on both 𝜕𝑏−1Σ and 𝜕𝑏Σ, we have

∫
𝑎𝑗
d𝑃𝑛 = 0, ∫

𝑏𝑗
d𝑃𝑛 = 0, ∫

𝑑𝑗
d𝑃𝑛 = 0 for 𝑗 ≠ 𝔟 − 2, ∫

𝑑𝔟−2
d𝑃𝑛 = 𝑛2𝜋𝑅.

The 1-form d𝑃𝑛 has therefore the same cycles/arcs as the 1-form 𝜔𝑐𝐧. Thus, since 𝑑𝑃𝑛 ∈
ℋ1

𝑅(Σ, 𝜕Σ) satisfies the relative boundary condition, we have d𝑃𝑛 = 𝜔𝑐𝐧 + d𝑓𝐧, for some
smooth function on Σ vanishing on the boundary 𝜕Σ. As in the proof of Proposition
8.15, we can replace d𝑃𝑛 by 𝜔𝑐𝐧 + d𝑓𝐧 in the expression of ̂ℬΣ,𝑔 and apply Girsanov to

the term 𝑒−
1
2𝜋 ⟨d𝑋,d𝑓𝐧⟩−

1
4𝜋 ‖d𝑓𝐧‖

2
2 to get that

𝒜0
Σ#,𝑔,𝐯,𝐦,𝜻#(𝐹, 𝝋

𝐤
#) = ∑

𝑘
∑

(𝐤𝑐− ,𝑛)
𝑒−

1
4𝜋 ‖𝜈𝐳,𝐦,(𝐤,𝑘)+𝜔𝑐

𝐤𝑐−
+𝜔𝑐𝐧‖22𝑍Σ,𝑔

×∫
2𝜋𝑅

0
E[𝒜0

Σ,𝑔(𝝋#, 𝜑, 𝜑)ℬ̃Σ,𝑔(𝐹, 𝝋#, 𝜑, 𝜑, 𝐤, 𝐤𝑐−, 𝑘, 𝑛)]
d𝑐
√2𝜋

,

where the sums run over ℤ and ℤ2𝔤+𝔟−2 × ℤ, and
ℬ̃Σ,𝑔(𝐹, 𝝋#, 𝜑, 𝜑, 𝐤, 𝐤𝑐−, 𝑘, 𝑛)

≔ E[𝐹(𝜙 + 𝐼𝝈𝑥0(𝜔𝑐𝐧))𝑒
− 1

2𝜋 ⟨d𝑋+d𝑃(𝝋#,𝜑,𝜑),𝜈𝐳,𝐦,(𝐤,𝑘)+𝜔𝑐
𝐤𝑐−

+𝜔𝑐𝐧⟩].

This means that, in the expression of ℬ̃Σ,𝑔, we have the relation 𝜔𝑐𝐤𝑐− +𝜔𝑐𝐧 = 𝜔𝑐𝐤𝑐−+𝐧.
Therefore, the relative cohomology term in ℬ̃Σ,𝑔 is 𝜔𝑐𝐤𝑐−+𝐧 and the summation
∑(𝐤𝑐− ,𝑛)∈ℤ2𝔤+𝔟−2×ℤ

thus corresponds to a sum over the whole relative cohomology ba-
sis on Σ. This proves the claim.
(2) Assume now 𝜕Σ# = ∅. The surface Σ has now two boundary components

𝜕1Σ, 𝜕2Σ, which we want to glue to get a surface Σ#. We take a basis 𝝈 of ℋ1(Σ, 𝜕Σ)
made of 𝑎1, . . . , 𝑎𝔤, 𝑏1, . . . , 𝑏𝔤, 𝑑1 where 𝑎𝑗 , 𝑏𝑗 are cycles chosen inside Σ∘ such that the
intersection numbers are given as in (3.4), and 𝑑1 is a non-intersecting simple curve
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(not closed) with the base point on 𝜕1Σ and the endpoint on 𝜕2Σ, and 𝑑1 is not inter-
secting any other curve of the basis. Let 𝜔𝑐1, . . . , 𝜔𝑐2𝔤+1 be a basis ofℋ1

𝑅(Σ, 𝜕Σ) dual to 𝜎
made of closed forms that are compactly supported inside Σ∘ (hence can be viewed as
closed 1-forms on Σ# too). For 𝐤𝑐 ∈ ℤ2𝔤+1, we set 𝜔𝑐𝐤𝑐 ≔ ∑2𝔤+1

𝑗=1 𝑘𝑐𝑗𝜔𝑐𝑗 as usual.
We focus now on the absolute cohomology and magnetic forms. Again, we identify

the only non-trivial case to be treated. It corresponds to

(8.39)
𝑛𝔪
∑
𝑗=1

𝑚𝑗 = 0, 𝑘1 = 𝑘2.

As such, we will simply write 𝑘 for 𝑘1 = 𝑘2. Next, we consider the closed 1-form
𝜈𝐳,𝐦,(𝑘,𝑘) with winding numbers given by

∫
𝜕1Σ

𝜈𝐳,𝐦,(𝑘,𝑘) = −2𝜋𝑅𝑘, ∫
𝜕2Σ

𝜈𝐳,𝐦,(𝑘,𝑘) = 2𝜋𝑅𝑘,

winding𝑚𝑗 around 𝑧𝑗 , and 0 along any other interior cycle. The condition above (and
the fact that both forms involved are of the form ±𝑅𝑘 d𝜃 over a neighborhood of the
boundaries 𝜕1Σ and 𝜕2Σ) allows us to self-glue this form by identifying 𝜕1Σ and 𝜕2Σ to
get a closed 1-form on Σ# denoted by 𝜈𝐳,𝐦,𝑘. Note that the curve 𝒞 will become a cycle
on the glued surface, and therefore the form 𝜈𝐳,𝐦,𝑘, which has a winding 𝑘 along this
curve, will be part of the cohomology on the glued surface. For this, we split 𝜈𝐳,𝐦,𝑘 as
𝜈𝐳,𝐦,0 + 𝜈𝐳,𝟎,𝑘.
Now we get a basis 𝝈# of homology on Σ#, which is a closed surface, by taking the

cycles 𝑎1, . . . , 𝑎𝔤, 𝑏1, . . . , 𝑏𝔤 together with the cycles 𝑑1, 𝒞. A basis of cohomology, dual
to 𝝈#, is now 𝜔𝑐1, . . . , 𝜔𝑐2𝔤+1, 𝜈𝐳,𝟎,𝑘. The magnetic 1-form on Σ# is now 𝜈𝐳,𝐦,0.
Based on this, the rest of the proof is a combination of arguments already used so

we just outline the proof. We condition the amplitude on Σ# on the values of the GFF
along 𝒞 and use the description of this law given by [31, eq (5.14)] (similar to proof of
Proposition 8.13 case 𝜕Σ = ∅). We apply the Chasles relation on the 𝑐-integral, then we
use

𝒜0
Σ,𝑔(𝜑 + 𝑛2𝜋𝑅, 𝜑 + 𝑛2𝜋𝑅) =𝒜0

Σ,𝑔(𝜑, 𝜑)
because harmonic functions on Σ, worth 𝑛2𝜋𝑅 on both 𝜕1Σ and 𝜕2Σ, must be constant
and equal to 𝑛2𝜋𝑅. Therefore there is no contribution coming from the shift by 𝑛2𝜋𝑅
and we get this way the expression of the glued amplitude on Σ. Details are left to the
reader. □

8.7. Amplitudes are 𝐿2. In this section, we shall prove that the Liouville amplitudes
of surfaces with boundary are in the Hilbert space ℋ⊗𝔟. For this, the strategy will
be, roughly speaking, to prove that the correlation functions on the doubled surface
correspond to the squared norm of the amplitude.
To prove this statement the first lemma we need focuses on the effect of reverting

orientation on a given Riemann surface with or without boundary. So we consider
the setup for the definition of amplitudes. We denote by Σ′ the surface Σ but with
orientation reversed. Lemma 8.17 directly follows from definitions:

Lemma 8.17. We have the relation
𝒜0
Σ,𝑔,𝐳,𝐦,𝜻(𝐹, 𝝋𝐤) = 𝒜0

Σ′,𝑔,𝐳,−𝐦,𝜻(𝐹, 𝝋𝐤).
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Proof. In view of the properties of the form 𝜈Σ𝐳,𝐤,𝐦 on Σ and 𝜈Σ𝐳,𝐤,𝐦 on Σ′ given in Propo-
sition 3.10, we observe that

𝜈Σ′𝐳,𝐦,𝐤 = 𝜈Σ𝐳,−𝐦,𝐤.
This directly implies the result by using the definition of (8.29) and the fact that all the
other quantities involved in the free field amplitude are independent of the orientation
of Σ. □

8.7.1. Regularised amplitudes. We consider a surface Σwith non-empty boundary and
all the data from the setup for amplitudes. For 𝜖 > 0, we denote by𝒜𝜖

Σ,𝑔,𝐱,𝐯,𝜶,𝐦,𝜻(𝐹, 𝝋𝐤)
the regularised amplitudes:

𝒜𝜖
Σ,𝑔,𝐱,𝐯,𝜶,𝐦,𝜻(𝐹, 𝝋𝐤) ∶= 𝛿0(

𝑛𝔪+𝔟
∑
𝑗=1

𝑚𝑗) ∑
𝐤𝑐∈ℤ2𝔤+𝔟−1

𝑒−
1
4𝜋 ‖𝜈𝐳,𝐦,𝐤+𝜔𝑐

𝐤𝑐‖
2
𝑔,0𝑍Σ,𝑔𝒜0

Σ,𝑔(𝝋)

× E[𝑒−
1
2𝜋 ⟨d𝑋𝑔,𝐷+d𝑃𝝋,𝜈𝐳,𝐦,𝐤+𝜔𝑐

𝐤𝑐 ⟩𝐹(𝜙𝑔)
𝑛𝔪
∏
𝑗=1

𝑉𝛼𝑗 ,𝑔,𝜖(𝑥𝑗)𝑒
− 𝑖𝑄

4𝜋 ∫regΣ 𝐾𝑔𝜙𝑔 dv𝑔−𝜇𝑀
𝑔
𝛽(𝜙𝑔,Σ)].

Recall that amplitudes are defined as the limit lim𝐱→𝐳 lim𝜖→0 of this quantity, where
the limit when 𝑥𝑖 → 𝑧𝑖 is understood as in (6.33) along a curve with a tangent vector
given by 𝑣𝑖. We will essentially follow the argument in Theorems 6.11 and 6.13 to take
these limits, with adaptations due to the presence of a boundary.
The first step is to adapt the imaginary Girsanov transform. Let us define

𝑢𝜖,𝜖′𝐱 (𝑦) ≔
𝑛𝔪
∑
𝑗=1

𝑖𝛼𝑗E[𝑋𝑔,𝐷,𝜖(𝑥𝑗)𝑋𝑔,𝐷,𝜖′(𝑦)].

We write simply 𝑢𝜖𝐱(𝑦) for the function 𝑢𝜖,𝜖
′

𝐱 (𝑦) for 𝜖′ = 0. We claim:

Lemma 8.18. The following identity holds

𝒜𝜖
Σ,𝑔,𝐱,𝐯,𝜶,𝐦,𝜻(𝐹, 𝝋𝐤) =

𝛿0(
𝑛𝔪+𝔟
∑
𝑗=1

𝑚𝑗(𝐤))𝐶𝜖 ∑
𝐤𝑐∈ℤ2𝔤+𝑏−1

𝑒−
1
4𝜋 ‖𝜈𝐳,𝐦,𝐤+𝜔𝑐

𝐤𝑐‖
2
𝑔,0𝑍Σ,𝑔𝒜0

Σ,𝑔(𝝋)
𝑛𝔪
∏
𝑗=1

𝑒𝑖𝛼𝑗𝑃𝝋𝜖(𝑧𝑗)

E[𝑒−
1
2𝜋 ⟨d𝑋𝑔,𝐷+d𝑃𝝋+dᵆ𝜖𝐱,𝜈𝐳,𝐦,𝐤+𝜔𝑐

𝐤𝑐 ⟩𝐹(𝜙𝑔 + 𝑢𝜖𝐱)𝑒−
𝑖𝑄
4𝜋 ∫regΣ 𝐾𝑔(𝜙𝑔+ᵆ𝜖𝐱) dv𝑔−𝜇𝑀

𝑔
𝛽(𝜙𝑔+ᵆ𝜖𝐱,Σ)],

where expectation is over the Dirichlet GFF and the constant 𝐶𝜖 is given by

𝐶𝜖 ≔ 𝑒−∑𝑗<𝑗′ 𝛼𝑗𝛼𝑗′E[𝑋𝑔,𝐷,𝜖(𝑥𝑗)𝑋𝑔,𝐷,𝜖(𝑥𝑗′ )]
𝑛𝔪
∏
𝑗=1

𝜖−
𝛼2𝑗
2 𝑒−

𝛼2𝑗
2 E[𝑋𝑔,𝐷,𝜖(𝑥𝑗)2].

Proof. This lemma relies on the Girsanov transform applied to ∏𝑛𝔪
𝑗=1 𝑒

𝑖𝛼𝑗𝑋𝑔,𝐷,𝜖(𝑥𝑗),
hence performing a shift to the GFF by 𝑋𝑔 → 𝑋𝑔 + 𝑢𝜖𝐱, with the variance term of

this shift producing the constant 𝐶𝜖 (up to the terms 𝜖−
𝛼2𝑗
2 ). Therefore it follows the

argument explained in the beginning of the proof of Theorem 6.11. To reproduce the
argument, we need the following tools:
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(1) 𝝋 a.s., the mapping 𝑓 ↦ ∫Σ 𝑓(𝑥)𝑀
𝑔
𝛽(𝑋𝑔,𝐷 + 𝑃𝝋 + 𝐼𝝈𝑥0(𝜔𝑐𝐤𝑐) + 𝐼𝝃𝑥0(𝜈𝐳,𝐦,𝐤), d𝑥) is

a distribution (in the sense of Schwartz) of order 2 and there exists some 𝐿2
random variable 𝐷Σ such that

∀𝑓 ∈ 𝐶∞
𝑐 (Σ), ||∫

Σ
𝑓(𝑥)𝑀𝑔

𝛽(𝑋𝑔,𝐷 + 𝑃𝝋 + 𝐼𝝈𝑥0(𝜔𝑐𝐤𝑐) + 𝐼𝝃𝑥0(𝜈𝐳,𝐦,𝐤), d𝑥)|| ≤ 𝐷Σ‖Δ𝑔𝑓‖∞.

(2) we have the estimate

E[ exp (||∫
Σ
𝑓(𝑥)𝑀𝑔

𝛽(𝑋𝑔,𝐷 + 𝑃𝝋 + 𝐼𝝈𝑥0(𝜔𝑐𝐤𝑐) + 𝐼𝝃𝑥0(𝜈𝐳,𝐦,𝐤), d𝑥)||) ∣ 𝝋] ≤ 𝐶‖𝑓‖∞

for some deterministic constant 𝐶 > 0, where expectation is taken over the
Dirichlet GFF.

To establish the first property, we can write 𝑓(𝑥) = ∫Σ Δ𝑓(𝑦)𝐺𝑔,𝐷(𝑥, 𝑦) dv𝑔(𝑦) and
then follow the argument in Lemma 6.12 to get that

𝐷Σ = ∫
Σ
||∫

Σ
𝐺𝑔,𝐷(𝑥, 𝑦)𝑀𝑔

𝛽(𝑋𝑔 + 𝑃𝝋 + 𝐼𝜍𝑥0(𝜔𝑐𝐤𝑐) + 𝐼𝝃𝑥0(𝜈𝐳,𝐦,𝐤), d𝑥)||dv𝑔(𝑦),

which is 𝝋 a.s. in 𝐿2 in the expectation with respect to the Dirichlet GFF.
For the exponential moment estimate, this follows from Proposition 5.3 again. Note

that the contribution from the harmonic extension is trivial using |𝑒𝑖𝛽𝑃𝝋| = 1, and this
is why we get a deterministic bound. □

Now we claim:

Lemma 8.19. The following convergence result holds (d𝑐 ⊗ P𝕋)⊗𝔟 almost surely:

𝒜𝜖
Σ,𝑔,𝐱,𝐯,𝜶,𝐦,𝜻(𝐹, 𝝋𝐤) → 𝒜Σ,𝑔,𝐯,𝜶,𝐦,𝜻(𝐹, 𝝋𝐤)

as 𝜖 → 0 and 𝐱 → 𝐳 in the direction 𝐯 = ((𝑧1, 𝑣1), . . . , (𝑧𝑛, 𝑣𝑛)) ∈ (𝑇Σ)𝑛, where

𝒜Σ,𝑔,𝐯,𝜶,𝐦,𝜻(𝐹, 𝝋𝐤)

(8.40)

= 𝛿0(
𝑛𝔪+𝔟
∑
𝑗=1

𝑚𝑗(𝐤))𝑍Σ,𝑔𝒜0
Σ,𝑔(𝝋)𝑒

−∑𝑗<𝑗′ 𝛼𝑗𝛼𝑗′𝐺𝑔,𝐷(𝑧𝑗 ,𝑧𝑗′ )
𝑛𝔪
∏
𝑗=1

𝑒𝑖𝛼𝑗𝑃𝝋(𝑧𝑗)−∑𝑗
𝛼2𝑗
2 𝑊𝑔(𝑧𝑗)

× ∑
𝐤𝑐∈ℤ2𝔤+𝑏−1

𝑒−
1
4𝜋 ‖𝜈𝐳,𝐦,𝐤+𝜔𝑐

𝐤𝑐‖
2
𝑔,0 ∏

𝑗
𝑒𝑖𝛼𝑗(𝐼𝝈𝑥0 (𝜔𝑐

𝐤𝑐 )+𝐼
𝝃
𝑥0 (𝜈𝐳,𝐦,𝐤))(𝑧𝑗)×

E[𝑒−
1
2𝜋 ⟨d𝑋𝑔,𝐷+d𝑃𝝋+dᵆ𝐳,𝜈𝐳,𝐦,𝐤+𝜔𝑐

𝐤𝑐 ⟩𝐹(𝜙𝑔 + 𝑢𝐳)𝑒−
𝑖𝑄
4𝜋 ∫regΣ 𝐾𝑔(𝜙𝑔+ᵆ𝐳) dv𝑔−𝜇𝑀

𝑔
𝛽(𝜙𝑔+ᵆ𝐳,Σ)],

where𝑢𝐳(𝑥) = ∑𝑛𝔪
𝑗=1 𝑖𝛼𝑗𝐺𝑔,𝐷(𝑥, 𝑧𝑗)and the Liouville field is𝜙𝑔 = 𝑋𝑔,𝐷+𝑃𝝋+𝐼𝝃𝑥0(𝜈𝐳,𝐦,𝐤)+

𝐼𝝈𝑥0(𝜔𝑐𝐤𝑐). Expectation is over the Dirichlet GFF and the evaluation of 𝐼
𝝃
𝑥0(𝜈𝐳,𝐦,𝐤) at the

points 𝑧𝑗 is done in the direction prescribed by the vectors 𝐯.

Proof. Beware that the pairing ⟨d𝑢𝐳, 𝜈𝐳,𝐦,𝐤⟩ makes sense due to the form of the singu-
larity at 𝑧𝑗 : it is radial for the Green d𝑢𝐳 whereas it is angular for 𝜈𝐳,𝐦,𝐤. The limit in 𝜖
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is the same as in the proof of Theorems 6.11 and 6.13: denoting by Δ𝜖,𝐱 the difference
between regularised amplitudes, the argument of Theorems 6.11 and 6.13 leads to

|Δ𝜖,𝐱| ≤ ∑
𝐤∈ℤ2𝔤

𝒜0
Σ,𝑔(𝝋)𝑒

− 1
4𝜋 ‖Π

𝑐
1𝜔𝑐

𝐤𝑐‖
2
2+𝐶|𝐤|𝑒−

1
2𝜋 ⟨d𝑃𝝋,Π

𝑐
1𝜔𝑐

𝐤𝑐 ⟩2𝐶𝜖,𝐱,𝐳(𝐹, 𝝋)

for some constant 𝐶𝜖,𝐱,𝐳(𝐹, 𝝋) such that lim𝐱→𝐳 lim𝜖→0 𝐶𝜖,𝐱,𝐳(𝐹, 𝝋) = 0, 𝜇⊗𝔟0 almost
surely in 𝝋. Here again, we complete the argument with the fact that 𝑒−

1
2𝜋 ⟨d𝑃𝝋,Π

𝑐
1𝜔𝑐

𝐤𝑐 ⟩ ≤
𝑒𝐶|𝐤|. □

We prove now that this expression makes sense as an element inℋ⊗𝔟.

Lemma 8.20. Let (Σ, 𝑔) be an admissible surface with 𝔟 boundary components and
parametrisations 𝜻. Let 𝐦 ∈ ℤ𝑛𝔪 and 𝜶 ∈ ( 1

𝑅
ℤ)𝑛𝔪 satisfying (6.18), 𝐯 ∈ (𝑇Σ)𝑛𝔪 . If

𝐹 ∈ ℰ𝐦𝑅 , the amplitudes defined in Definition 8.10 satisfy

𝒜Σ,𝑔,𝐯,𝜶,𝐦,𝜻(𝐹, ⋅) ∈ ℋ⊗𝔟.

Proof. Consider another copy ofΣ, call itΣ′, with reverted orientation. We can glueΣ to
Σ′ along the 𝔟 boundary components (the 𝑖-th boundary component of Σ is glued to the
corresponding 𝑖-th boundary component of Σ′) to get the double surface Σ#2 without
boundary, which comes equipped with an involution 𝜏 ∶ Σ#2 → Σ#2 mapping a point
𝑥 in Σ to its copy in Σ′. The metric 𝑔 also extends to Σ#2 to a symmetric metric under 𝜏.
We want to prove that the amplitude (𝝋, 𝐤) ↦ 𝒜Σ,𝑔,𝐯,𝜶,𝐦,𝜻(𝐹, 𝝋𝐤) is inℋ⊗𝑏.
Let us consider the amplitude

𝒜0
Σ,𝑔,𝐳,𝐦,𝜻(𝐹𝐳, 𝝋𝐤),

where
𝐹𝐳(𝜙) = 𝑒−

1
2𝜋 ⟨dᵆ𝐳,𝜈𝐳,𝐦,𝐤+𝜔𝑐

𝐤𝑐 ⟩|𝐹(𝜙 + 𝑢𝐳)||𝑒−𝜇𝑀
𝑔
𝛽(𝜙+ᵆ𝐳,Σ)|

and the function 𝑢𝐳 is given by 𝑢𝐳(𝑥) = ∑𝑛𝔪
𝑗=1 𝑖𝛼𝑗𝐺𝑔,𝐷(𝑥, 𝑧𝑗). Note that

𝒜0
Σ,𝑔,𝐳,𝐦,𝜻(𝐹𝐳, 𝝋𝐤) ≥ 0.

Furthermore, given the formula for amplitudes (8.40), we have

|𝒜Σ,𝑔,𝐯,𝜶,𝐦,𝜻(𝐹, 𝝋𝐤)| ≤ 𝐶𝒜0
Σ,𝑔,𝐯,𝐦,𝜻(𝐹𝐳, 𝝋𝐤)

for some 𝐶, which takes into account all trivial factors (it may depend on 𝐳, 𝜶).
We can then glue the amplitudes 𝒜0

Σ,𝑔,𝐳,𝐦,𝜻(𝐹𝐳, 𝝋𝐤) and 𝒜0
Σ′,𝑔,𝐳,−𝐦,𝜻(𝐹𝐳, 𝝋𝐤) using

Propositions 8.15 and 8.16 to get

𝐶′∫𝒜0
Σ,𝑔,𝐳,𝐦,𝜻(𝐹𝐳, 𝝋𝐤)𝒜0

Σ′,𝜏∗𝑔,𝐳,−𝐦,𝜻(𝐹𝐳, 𝝋𝐤) d𝜇
⊗𝑏
0 (𝝋𝐤) = 𝒜0

Σ#2,𝑔, ̂𝐳,𝐦̂( ̂𝐹𝐳)

for some explicit constant 𝐶′ appearing in Propositions 8.15 and 8.16, where ̂𝐳 =
(𝐳, 𝜏(𝐳)), and 𝐦̂ = (𝐦,−𝐦). The functional ̂𝐹𝐳(𝜙) is given by

̂𝐹𝐳(𝜙) ≔ 𝑒−
1
2𝜋 ⟨d ̂ᴂ𝐳,𝜈𝐳,𝐦+𝜔𝐤⟩|𝐹(𝜙 + 𝑢̂𝐳|Σ)|.|𝐹(𝜙 + 𝑢̂𝐳|Σ′)|.|𝑒−𝜇𝑀

𝑔
𝛽(𝜙+ ̂ᴂ𝐳,Σ#2)|

and 𝑢̂𝐳 = 𝑢𝐳𝟏Σ + 𝜏∗𝑢𝐳𝟏Σ′ . An argument similar to the proof of Theorem 6.13 shows
that the amplitude𝒜0

Σ#2,𝑔, ̂𝐳,𝐦̂( ̂𝐹𝐳) is finite (there, we have the Green function𝐺𝑔 on Σ#2
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instead of the Dirichlet Green function in the definition of ̂𝑢𝐳, but this is harmless to
adapt). Therefore, using Lemma 8.17, we deduce

∫|𝒜Σ,𝑔,𝐯,𝜶,𝐦,𝜻(𝐹, 𝝋𝐤)|2 d𝜇⊗𝔟0 (𝝋𝐤)

≤ 𝐶2∫|𝒜0
Σ,𝑔,𝐳,𝐦,𝜻(𝐹𝐳, 𝝋𝐤)|2 d𝜇

⊗𝔟
0 (𝝋𝐤)

= 𝐶2∫𝒜0
Σ,𝑔,𝐳,𝐦,𝜻(𝐹𝐳, 𝝋𝐤)𝒜0

Σ′,𝜏∗𝑔,𝐳,−𝐦,𝜻(𝐹𝐳, 𝝋𝐤) d𝜇
⊗𝔟
0 (𝝋(𝐤))

= 𝐶2

𝐶′𝒜
0
Σ#2,𝑔, ̂𝐳,𝐦̂( ̂𝐹𝐳) < +∞.

This shows that the amplitudes are inℋ⊗𝔟. Note that the regularised amplitudes are
inℋ⊗𝔟 for the same reason. □

8.8. Proof of Propositions 8.13, 8.14 and 8.12. Nowwe focus on the proof of Propo-
sitions 8.13 and 8.14. We begin with the first one. Recall the setup is described just
before the statement of Proposition 8.13. First we claim that the gluing property holds
for 𝜖-regularised amplitudes

𝒜𝜖
Σ#,𝑔,𝐱,𝐯,𝜶,𝐦,𝜻(𝐺1 ⊗𝐺2, 𝝋𝐤11 , 𝝋

𝐤2
2 )

= 𝐶∫𝒜𝜖
Σ1,𝑔1,𝐱1,𝐯1,𝜶1,𝐦1,𝜻1(𝐺1, 𝝋𝐤11 , 𝜑𝑘)𝒜𝜖

Σ2,𝑔2,𝐱2,𝐯2,𝜶2,𝐦2,𝜻2(𝐺2, 𝝋𝐤22 , 𝜑𝑘)d𝜇0(𝜑𝑘),

(8.41)

where 𝐶 = 1
(√2𝜋)

if 𝜕Σ ≠ ∅ and 𝐶 = √2 if 𝜕Σ = ∅. For this we apply Proposition 8.15

with 𝐹𝑖(𝜙) = 𝐺𝑖(𝜙)∏
𝑛𝑖𝔪
𝑗=1 𝑉𝛼𝑖𝑗 ,𝑔,𝜖(𝑥𝑗)𝑒

− 𝑖𝑄
4𝜋 ∫regΣ𝑖

𝐾𝑔𝜙𝑔 dv𝑔−𝜇𝑀
𝑔
𝛽(𝜙𝑔,Σ𝑖) for 𝑖 = 1, 2. Lemma

8.7 makes sure that

𝐹1 ⊗𝐹2(𝜙) = 𝐺1 ⊗𝐺2(𝜙) ∏
𝑖=1,2

(
𝑛𝑖𝔪
∏
𝑗=1

𝑉𝛼𝑖𝑗 ,𝑔,𝜖(𝑥𝑗))𝑒
− 𝑖𝑄

4𝜋 ∫regΣ 𝐾𝑔𝜙𝑔 dv𝑔−𝜇𝑀
𝑔
𝛽(𝜙𝑔,Σ).

In particular, we stress that it is not a priori straightforward, because of the regulari-
sation, to see that the regularised curvature on Σ1 and Σ2 sum up to produce the regu-
larised curvature on Σ; this is the main outcome of Lemma 8.7. Then we claim:

Lemma 8.21. We have the convergence

lim
𝐱→𝐳

lim
𝜖→0

𝒜𝜖
Σ,𝑔,𝐱,𝐯,𝜶,𝐦,𝜻(𝐹, 𝝋𝐤) = 𝒜Σ,𝑔,𝐯,𝜶,𝐦,𝜻(𝐹, 𝝋𝐤) inℋ⊗𝑏,

where 𝐱 tends to 𝐳 in the direction of 𝐯.

Proof. We already know that the convergence holds almost surely. Now we show that
regularised amplitudes form a Cauchy sequence inℋ⊗𝑏. For this we consider the dou-
bled surface Σ#2 as before equipped with its involution 𝜏 and we still write 𝑔 for the
symmetrized metric 𝑔 + 𝜏∗𝑔 induced by 𝑔 on Σ#2. For 𝐺 ∈ ℰe,m𝑅 (Σ), we denote by
𝜏(𝐺) ∈ ℰe,m𝑅 (𝜏(Σ)) the functional 𝜏(𝐺)(𝜙𝑔) ≔ 𝐺(𝜙𝑔 ∘ 𝜏). We consider the surfaces with
boundary Σ1 = Σ and Σ2 = 𝜏(Σ). We consider the amplitudes 𝒜𝜖

Σ,𝑔,𝐱,𝐯,𝜶,𝐦,𝜻(𝐺, 𝝋𝐤) and
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𝒜𝜖′
𝜏(Σ),𝜏∗𝑔,𝜏(𝐱),𝜏∗𝐯,𝜶,−𝐦,𝜏∘𝜻(𝜏(𝐺), 𝝋𝐤), where ̄𝑎 means complex conjugate of 𝑎. We make

now two observations. First, by Lemma 8.17, we have the relation

𝒜𝜖′
𝜏(Σ),𝜏∗𝑔,𝜏(𝐱),𝜏∗𝐯,𝜶,−𝐦,𝜏∘𝜻(𝜏(𝐺), 𝝋𝐤) = 𝒜𝜖′

Σ,𝑔,𝐱,𝐯,𝜶,𝐦,𝜻(𝐺, 𝝋𝐤).

Second, we have

𝒜𝜖′
𝜏(Σ),𝜏∗𝑔,𝜏(𝐱),𝜏∗𝐯,𝜶,−𝐦,𝜏∘𝜻(𝜏(𝐺), 𝝋𝐤)

= 𝛿0(
𝑛𝔪
∑
𝑗=1

−𝑚𝑗 +
𝔟
∑
𝑗=1

𝑘𝑗) ∑
𝐤𝑐∈ℤ2𝔤+𝔟−1

𝑒−
1
4𝜋 ‖𝜈𝜏(𝐳),−𝐦,𝐤+𝜔𝑐

𝐤𝑐‖
2
𝑔,0𝑍𝜏(Σ),𝜏∗𝑔𝒜0

𝜏(Σ),𝜏∗𝑔(𝝋)

× E[𝑒−
1
2𝜋 ⟨d𝑋𝜏∗𝑔,𝐷+d𝑃𝝋,𝜈𝜏(𝐳),−𝐦,𝐤+𝜔𝑐

𝐤𝑐 ⟩𝜏(𝐺)(𝜙𝜏∗𝑔)
𝑛𝔪
∏
𝑗=1

𝑉−𝛼𝑗 ,𝜏∗𝑔,𝜖′(𝜏(𝑥𝑗))𝑒
𝑖𝑄
4𝜋 ∫regΣ′ 𝐾𝜏∗𝑔𝜙𝜏∗𝑔 dv𝜏∗𝑔−𝜇̄𝑀

𝜏∗𝑔
−𝛽 (𝜙𝜏∗𝑔,𝜏(Σ))],

which we glue together to form an amplitude on Σ#2 using Proposition 8.15:

𝒜𝜖,𝜖′
Σ#2,𝑔,𝐱̂,𝐯̂,𝜶̂,𝐦̂(𝐺 ⊗ 𝜏(𝐺))

= 𝐶∫𝒜𝜖
Σ,𝑔,𝐱,𝐯,𝜶,𝐦,𝜻(𝐺, 𝝋(𝐤))𝒜𝜖′

𝜏(Σ),𝜏∗𝑔,𝜏(𝐱),𝜏∗𝐯,𝜶,−𝐦,𝜏∘𝜻(𝜏(𝐺), 𝝋𝐤) d𝜇
⊗𝑏
0 (𝝋𝐤),

where 𝐱̂ ≔ (𝐱, 𝜏(𝐱)), 𝐯̂ ≔ (𝐯, 𝜏∗𝐯), 𝜶̂ = (𝜶, 𝜶), 𝐦̂ = (𝐦,−𝐦), and the amplitude type
functional has the following expression

𝒜𝜖,𝜖′
Σ#2,𝑔,𝐱̂,𝐯̂,𝜶̂,𝐦̂(𝐺 ⊗ 𝜏(𝐺))

= (
v𝑔(Σ)

det′(Δ𝑔)
)
1
2 ∑
𝐤∈ℤ2𝔤

𝑒−
1
4𝜋 ‖𝜔𝐤‖22−

1
4𝜋 ‖𝜈𝐳,𝐦‖

2
𝑔,0−

1
2𝜋 ⟨𝜔𝐤,𝜈𝐳,𝐦⟩2

×∫
2𝜋𝑅

0
E[𝑒−

1
2𝜋 ⟨d𝑋𝑔,𝜔𝐤+𝜈𝐳,𝐦⟩𝐺 ⊗ 𝜏(𝐺)(𝜙𝑔)𝑉𝑔,𝜖

(𝜶,0)(𝐱)𝑉
𝑔,𝜖′
(𝜶,0)(𝜏(𝐱))

× 𝑒−
𝑖𝑄
4𝜋 ∫regΣ1 𝐾𝑔𝜙𝑔 dv𝑔+

𝑖𝑄
4𝜋 ∫regΣ2

𝐾𝑔𝜙𝑔 dv𝑔−𝑀̂
𝑔
𝛽(𝜙𝑔,Σ#2)] d𝑐,

where 𝜙𝑔 ≔ 𝑐 + 𝑋𝑔 + 𝐼𝝈#𝑥0 (𝜔𝐤) + 𝐼𝝃
#

𝑥0 (𝜈 ̂𝐳,𝐦̂), the potential is given by

𝑀̂𝑔,𝜖
𝛽 (ℎ, d𝑥) ≔ 𝜇𝜖−

𝛽2
2 𝑒𝑖𝛽ℎ𝜖(𝑥)𝟏Σ1(𝑥)dv𝑔(𝑥) + 𝜇̄𝜖−

𝛽2
2 𝑒−𝑖𝛽ℎ𝜖(𝑥)𝟏Σ2(𝑥)dv𝑔(𝑥),

𝑀̂𝑔
𝛽(𝜙𝑔, Σ#2) = lim

𝜖→0
𝑀̂𝑔,𝜖

𝛽 (𝜙𝑔, Σ#2),

and 𝑉𝑔,𝜖
(𝜶,0)(𝑢, 𝐱) are electric type operators applied to the Liouville field. Note that the

zero mode contributions from both curvature terms cancel out, hence the curvature
term remains 𝑐-periodic. We can then follow the proof of Theorems 6.11 and 6.13 to
take the limit as 𝜖, 𝜖′ → 0, then 𝐱→𝐳 in the direction of 𝐯 and obtain a limit that does
not depend on choice of the families 𝜖, 𝜖′. We stress that the condition to follow these
proofs remains 𝛼𝑗 > 𝑄 since the electric insertions with point 𝑥 in Σ1 will create a
singularity in Σ1, and the electric insertions at point 𝜏(𝑥) create a singularity only on
Σ2 where the potential has a reversed sign −𝛽.



682 C. GUILLARMOU, A. KUPIAINEN, AND R. RHODES

For the last part of the argument, we shortcut 𝒜𝜖
Σ,𝑔,𝐱,𝐯,𝜶,𝐦,𝜻(𝐹, 𝝋𝐤) as 𝒜𝐱(𝜖) and we

denote by 𝐿 the limit of ⟨𝒜𝐱(𝜖), 𝒜𝐱(𝜖′)⟩ℋ⊗𝔟 = ∫𝒜𝐱(𝜖)𝒜𝐱(𝜖′) d𝜇⊗𝔟0 (𝝋𝐤). We have shown
that

‖𝒜𝐱(𝜖) − 𝒜𝐱(𝜖′)‖2ℋ⊗𝔟 =⟨𝒜𝐱(𝜖), 𝒜𝐱(𝜖)⟩ℋ⊗𝔟 − ⟨𝒜𝐱(𝜖), 𝒜𝐱(𝜖′)⟩ℋ⊗𝔟

− ⟨𝒜𝐱(𝜖′), 𝒜𝐱(𝜖)⟩ℋ⊗𝔟 + ⟨𝒜𝐱(𝜖′), 𝒜𝐱(𝜖′)⟩ℋ⊗𝔟

→𝐿 − 𝐿 − 𝐿 + 𝐿 = 0

as 𝜖, 𝜖′ → 0, then 𝐱→𝐳 in the direction 𝐯. Hence, the sequence 𝒜𝐱(𝜖) is Cauchy in
ℋ⊗𝑏, and then converges inℋ⊗𝔟 towards the amplitude (since we know almost sure
convergence already holds). □

Now we complete the proof of Proposition 8.13. Back to (8.41), Lemma 8.21 shows
that the regularised amplitudes on respectively Σ1 and Σ2, in probability in 𝝋𝐤11 and 𝝋𝐤22 ,
converge as a function of 𝜑𝑘 inℋ towards the limiting amplitudes. We can then pass
to the limit 𝜖 → 0 and then lim𝐱→𝐳 in (8.41) to get our claim.
The case of self-gluing, namely Proposition 8.14, is slightly more subtle. Indeed

self-gluing can be seen as a partial trace and it is not clear that this partial trace makes
sense in generality. In [31, Lemma 7.2], it is shown that the partial trace makes sense if
we can show that amplitudes are composition of Hilbert-Schmidt operators. Observe
that an annulus with Out/In boundary component can be seen as the integral kernel of
some Hilbert-Schmidt operatorℋ →ℋ, since we have proved that amplitudes are 𝐿2.
Therefore, any (regularised) amplitude can be seen as a composition ofHilbert-Schmidt
operators because, for any surface Σ with boundary, one can see Σ as the gluing of the
surface obtained by removing from Σ small annuli around the boundary components
and those annuli. The corresponding regularised amplitudes converge in 𝐿2 towards
the limiting amplitudes by Lemma 8.21. It is then straightforward to pass to the limit
in 𝜖 → 0 and then lim𝐱→𝐳 in the analog of (8.41) for the case of self-gluing to deduce
Proposition 8.14. Note that in the case of self-gluing, the behaviour of the regularised
curvature is treated in Lemma 8.8.

8.8.1. Proof of Proposition 8.12. First, we claim that the amplitude is 2𝜋𝑅ℤ𝔟 periodic
in the 𝑐 ∈ ℝ𝔟 variable, i.e. it can be viewed as a function of (𝐜, 𝐤, 𝝋) ∈ (ℝ/2𝜋𝑅ℤ)𝔟 ×
ℤ𝔟 × 𝐻𝑠(𝕋)𝔟. Indeed, assume 𝑥0 ∈ 𝜕1Σ for simplicity. First, consider the case where
all the 𝑐𝑗 are replaced by 𝑐𝑗 + 2𝜋𝑅. All terms in the amplitude that are 2𝜋𝑅ℤ-periodic
functions of 𝜙𝑔 are clearly unchanged, the terms involving 𝑑𝑃𝝋 and 𝒜0

Σ,𝑔(𝝋) are also
invariant by such change, and finally the curvature term becomes

𝑒−
𝑖𝑄
4𝜋 ∫regΣ 𝐾𝑔(𝜙𝑔+2𝜋𝑅)dv𝑔 = 𝑒−2𝜋𝑖𝑄𝜒(Σ)𝑅𝑒−

𝑖𝑄
4𝜋 ∫regΣ 𝐾𝑔𝜙𝑔 dv𝑔 = 𝑒−

𝑖𝑄
4𝜋 ∫regΣ 𝐾𝑔𝜙𝑔 dv𝑔 .

This shows the invariance of the amplitude under such change. Next, consider the
case where only one 𝑐𝑗 is replaced by 𝑐𝑗 + 2𝜋𝑅. First, if 𝑗 = 1, by adding −2𝜋𝑅 to 𝜙𝑔
as above, we see that this reduces the problem to adding −2𝜋𝑅 to each of the 𝑐𝑗 with
𝑗 > 1. It thus suffices to prove invariance of the amplitude under each transformation
𝑐𝑗 → 𝑐𝑗+2𝜋𝑅 for some 𝑗 > 1. Let us define𝑊(ℎ) ≔ 𝒜Σ,𝑔,𝐯,𝜶,𝐦,𝜻(𝐹, 𝝋𝐤+ℎ) for ℎ locally
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constant on 𝜕Σ and show𝑊(ℎ𝑗) = 𝑊(0) if ℎ𝑗 = 2𝜋𝑅ℓ𝟏𝜕𝑗Σ. We have

𝑊(ℎ𝑗) = ∑
𝐤𝑐∈ℤ2𝔤+𝔟−1

𝒜0
Σ,𝑔(𝝋 + ℎ𝑗)𝑒−

1
4𝜋 ‖𝜈𝐳,𝐦,𝐤+𝜔𝑐

𝐤𝑐‖
2
𝑔,0

× E[𝑒−
1
2𝜋 ⟨d𝑋𝑔,𝐷+d𝑃𝝋+d𝑃ℎ𝑗 ,𝜈𝐳,𝐦,𝐤+𝜔𝑐

𝐤𝑐 ⟩2𝐻(𝜙𝑔 + 𝑃ℎ𝑗)],
where 𝐻 is some functional and the expectation is in the Dirichlet GFF. Notice that

𝒜0
Σ,𝑔(𝝋 + ℎ𝑗) = 𝑒−

1
4𝜋 ∫Σ |d𝑃ℎ𝑗 |2𝑔dv𝑔−

1
2𝜋 ⟨d𝑃ℎ𝑗 ,d𝑃𝝋⟩𝒜0

Σ,𝑔(𝝋),
which gives that

𝑊(ℎ𝑗) = ∑
𝐤𝑐∈ℤ2𝔤+𝔟−1

𝒜0
Σ,𝑔(𝝋)𝑒

− 1
4𝜋 ‖𝜈𝐳,𝐦,𝐤+𝜔𝑐

𝐤𝑐+d𝑃ℎ𝑗‖
2
𝑔,0

× E[𝑒−
1
2𝜋 ⟨d𝑋𝑔,𝐷+d𝑃𝝋,𝜈𝐳,𝐦,𝐤+𝜔𝑐

𝐤𝑐+d𝑃ℎ𝑗 ⟩𝐻(𝜙𝑔 + 𝑃ℎ𝑗)].

The exact form d𝑃ℎ𝑗 belongs to the same class as 𝜔𝑐2𝔤+𝑗−1 inℋ1
𝑅(Σ, 𝜕Σ) (which is dual

to 𝑑𝑗−1 ∈ ℋ1(Σ, 𝜕Σ)), thus d𝑃ℎ𝑗 = 𝜔𝑐2𝔤+𝑗−1+d𝑓𝑗 with 𝑓𝑗 smooth function and 𝑓𝑗|𝜕Σ = 0.
Using a resummation of 𝐤𝑐, we have

𝑊(ℎ𝑗) = ∑
𝐤𝑐∈ℤ2𝔤+𝔟−1

𝒜0
Σ,𝑔(𝝋)𝑒

− 1
4𝜋 ‖𝜈𝐳,𝐦,𝐤+𝜔𝑐

𝐤𝑐+d𝑓𝑗‖
2
𝑔,0

× E[𝑒−
1
2𝜋 ⟨d𝑋𝑔,𝐷+d𝑃𝝋,𝜈𝐳,𝐦,𝐤+𝜔𝑐

𝐤𝑐+d𝑓𝑗 ⟩𝐻(𝜙𝑔 + 𝑓𝑗)]

= ∑
𝐤𝑐∈ℤ2𝔤+𝔟−1

𝒜0
Σ,𝑔(𝝋)𝑒

− 1
4𝜋 ‖𝜈𝐳,𝐦,𝐤+𝜔𝑐

𝐤𝑐‖
2
𝑔,0

× E[𝑒−
1
2 ⟨𝑋𝑔,𝐷 ,∆𝑔𝑓𝑗 ⟩𝑒−

1
2𝜋 ⟨d(𝑋𝑔,𝐷+𝑓𝑗+𝑃𝝋),𝜈𝐳,𝐦,𝐤+𝜔𝑐

𝐤𝑐 ⟩𝐻(𝜙𝑔 + 𝑓𝑗)].
We can apply the Girsanov transform to absorb the shift by 𝑓𝑗 on the Dirichlet GFF,
since 𝑓𝑗 vanishes at 𝜕𝑀. This gives that 𝑊(ℎ𝑗) = 𝑊(0). More generally, the GFF
expectation with respect to the Dirichlet GFF can absorb via the Girsanov transform
any shift in the path integral by exact forms of the form d𝑓 for some smooth function
𝑓 vanishing along the boundary (we call these forms exact forms of Dirichlet type),
which means that the path integral features invariance along the relative cohomology
classes. For instance if we want to change the relative (co-)homology basis, this can
be performed as in the proof of Proposition 6.4 because changing relative cohomology
basis amounts to shifting the original basis by exact forms of Dirichlet type, up to the
invariance of the curvature term with respect to homology basis. This point does not
raise any difficulty.
What is more subtle is that the amplitudes are invariant under change of 1-forms in

the absolute cohomology, i.e. the 1-form 𝜈𝐳,𝐦,𝐤. Let us consider another 1-form 𝜈′𝐳,𝐦,𝐤
satisfying our assumptions (i.e. Proposition 3.10 and (8.11)). Then the difference can
be expressed (see Lemma 3.4) as 𝜈𝐳,𝐦,𝐤 − 𝜈′𝐳,𝐦,𝐤 = d𝑓 for some smooth function 𝑓 on
Σ such that 𝜕𝜈𝑓|𝜕Σ = 0 with 𝜈 the unit vector normal to 𝜕Σ (such exact forms are said
to be of Neumann type). This type of shifts cannot be absorbed by the Dirichlet GFF.
This is where our complete set of assumptions will be crucial. The forms 𝜈𝐳,𝐦,𝐤 are
required to be of the form 𝑅𝑘d𝜃 in local coordinates near the boundary components
(and near the marked points), and this forces d𝑓 = 0 near the boundary components.
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So 𝑓 is locally constant near the boundary components. From (8.11), it is then plain to
check that one can decompose 𝑓 as 𝑓(𝑥) = 𝐶+ℎ(𝑥)+ ̄𝑓(𝑥), where ℎ is smooth on Σ and
constant near the boundary components/marked points with values in𝑅ℤ, ̄𝑓 is smooth
and vanishes on 𝜕Σ and 𝐶 is a constant fixed to have 𝑓(𝑥0) = 0. Next, we observe that
there is 𝐤𝑐0 ∈ ℤ2𝔤+𝔟−1 such that dℎ = 𝜔𝑐𝐤𝑐0 + d𝑓𝐤𝑐0 for some exact form d𝑓𝐤𝑐0 of Dirichlet
type by Lemma 3.4 (in fact only the boundary-to-boundary arcs matter, meaning 𝐤𝑐0 =
(𝐤𝑖𝑐0 , 𝐤𝑏𝑐0 ) ∈ ℤ2𝔤 ×ℤ𝔟−1 with 𝐤𝑖𝑐0 = 0). Next we plug the relation 𝜈𝐳,𝐦,𝐤 = 𝜈′𝐳,𝐦,𝐤 + d𝑓 in
the expression for amplitudes (8.24), we perform a change of variables 𝐤𝑐 → 𝐤𝑐−𝐤𝑐0 in
the summation∑𝐤𝑐∈ℤ2𝔤+𝔟−1 to absorb the 𝜔𝑐𝐤𝑐0 -component of 𝑓. Finally the exponential

term in the expectation in (8.24) produces a term 𝑒−
1
2𝜋 ⟨d𝑋𝑔,𝐷 ,d ̄𝑓+d𝑓𝐤𝑐0 ⟩, towhichwe apply

the Girsanov transform. This absorbs the ̄𝑓+𝑓𝐤𝑐0 component of 𝑓 and in conclusion we
get the expression (8.24) where 𝜈𝐳,𝐦,𝐤 has been replaced by 𝜈′𝐳,𝐦,𝐤. Hence the invariance
under changes of representatives of 1-form in the absolute cohomology.
Now we turn to the Weyl anomaly. We have to deal with a change of conformal

metrics 𝑔′ = 𝑒𝜌𝑔 in the definition (8.24). Recall from (5.7) that 𝑀𝑔′
𝛽 (𝑋𝑔′,𝐷, d𝑥) =

𝑒−
𝛽𝑄
2 𝜌(𝑥)𝑀𝑔

𝛽(𝑋𝑔,𝐷, d𝑥) and from (5.6) that 𝑉𝛼𝑖,𝑔′(𝑥𝑖) = 𝑒−
𝛼2𝑖
4 𝜌(𝑥𝑖)𝑉𝛼𝑖,𝑔(𝑥𝑖) (the last iden-

tity making sense when inserted inside expectation values). Also, from the relation for
curvatures 𝐾𝑔′ = 𝑒−𝜌(𝐾𝑔 + Δ𝑔𝜌) we deduce that the term involving the curvature in
(8.24), given by (8.26), reads (recall that 𝑋𝑔′,𝐷 = 𝑋𝑔,𝐷)

∫
reg

Σ
𝐾𝑔′𝜙𝑔 dv𝑔′ =∫

Σ
𝐾𝑔(𝑋𝑔,𝐷 + 𝑃𝝋) dv𝑔 +∫

Σ
Δ𝑔𝜌(𝑋𝑔,𝐷 + 𝑃𝝋) dv𝑔

+∫
reg

Σ
𝐾𝑔′𝐼𝝈𝑥0(𝜔𝑐𝐤𝑐) dv𝑔′ +∫

reg

Σ
𝐾𝑔′𝐼𝝃𝑥0(𝜈𝐳,𝐦,𝐤) dv𝑔′ .

The last two terms can be expressed in themetric 𝑔 thanks to Lemma 8.2. In the second
term in the right hand side, the contribution of the harmonic extension is treated by
the Green identity to produce (with 𝜈 the unit inward pointing normal at 𝜕Σ)

∫
Σ
Δ𝑔𝜌𝑃𝝋dv𝑔 = ∫

𝜕Σ
𝜕𝜈𝜌𝑃𝝋dℓ𝑔 = 0

since the fact that both 𝑔, 𝑔′ are admissible entails that 𝜕𝜈𝜌 must vanish. Therefore
(8.24) expressed in the metric 𝑔′ can be rewritten as

𝒜Σ,𝑔′,𝐯,𝜶,𝐦,𝜻(𝐹, 𝝋𝐤)(8.42)

∶= 𝛿0(
𝑛𝔪+𝔟
∑
𝑗=1

𝑚𝑗(𝐤)) lim𝐱→𝐳
lim
𝜖→0

∑
𝐤𝑐∈ℤ2𝔤+𝔟−1

𝑒−
1
4𝜋 ‖𝜈𝐳,𝐦,𝐤+𝜔𝑐

𝐤𝑐‖
2
𝑔,0𝑍Σ,𝑔′

×𝒜0
Σ,𝑔′(𝝋)𝑒

−∑𝑛𝔪
𝑗=1

𝛼2𝑗
4 𝜌(𝑥𝑗)−∑

𝑛𝔪
𝑗=1

𝑚2
𝑗𝑅

2

4 𝜌(𝑧𝑗)

× E[𝑒−𝑖
𝑄
4𝜋 ∫Σ ∆𝑔𝜌𝑋𝑔,𝐷dv𝑔𝑒−

1
2𝜋 ⟨d𝑋𝑔,𝐷+d𝑃𝝋,𝜈𝐳,𝐦,𝐤+𝜔𝑐

𝐤𝑐 ⟩𝐹(𝜙𝑔)

×
𝑛𝔪
∏
𝑗=1

𝑉𝛼𝑖,𝑔,𝜖(𝑥𝑖)𝑒
− 𝑖𝑄

4𝜋 ∫regΣ 𝐾𝑔𝜙𝑔 dv𝑔−𝜇𝑀
𝑔
𝛽(𝜙𝑔+𝑖𝑄𝜌/2,Σ)],
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where we have used Lemma 3.11 to switch the metric in the term involving the reg-
ularised norm. Notice that 𝒜0

Σ,𝑔(𝝋) = 𝒜0
Σ,𝑔′(𝝋) since the quadratic form ⟨𝐃Σ𝝋, 𝝋⟩ =

∫Σ |∇𝑔𝑃𝝋|2𝑔dv𝑔 depends only on the conformal class of 𝑔 for 𝝋 smooth (and using the
density of 𝐶∞(𝜕Σ) ⊂ 𝐻𝑠(𝜕Σ)).
Now we apply the Girsanov transform to the exponential term 𝑒−

𝑖𝑄
4𝜋 ∫Σ ∆𝑔𝜌𝑋𝑔,𝐷dv𝑔 .

Again, we have to be cautious because of the imaginary factor 𝑖; we should perform
an analytic continuation argument, which is possible here because 𝐹 ∈ ℰ𝑅(Σ), as in
Proposition 6.4. We omit the details. The variance of this transform is given by (it is
negative because of the 𝑖2)

− 𝑄2

16𝜋2 ∫Σ2
Δ𝑔𝜌(𝑥)𝐺𝐷(𝑥, 𝑦)Δ𝑔𝜌(𝑦)dv𝑔(𝑥)dv𝑔(𝑦) = −𝑄

2

8𝜋 ∫
Σ
|d𝜌|2𝑔dv𝑔.

It has the effect of shifting the mean of the GFF 𝑋𝑔,𝐷, i.e. 𝑋𝑔,𝐷 becomes 𝑋𝑔,𝐷 − 𝑖𝑄
2
𝜌.

Then we see that we get almost the result, up to the +1 in front of the Liouville func-
tional 1−6𝑄

2

96𝜋
∫Σ(|𝑑𝜌|2𝑔+2𝐾𝑔𝜌)dv𝑔. This+1 comes from the variations of the regularised

determinant of Laplacian, here 𝑍Σ,𝑔′ . The Polyakov formula for the regularised deter-
minant of Laplacian [59, section 1] implies that (for admissible 𝑔, 𝑔′)

𝑍Σ,𝑔′ =det(Δ𝑔,𝐷)−
1
2 exp ( 1

96𝜋 ∫
Σ
(|d𝜌|2𝑔 + 2𝐾𝑔𝜌)dv𝑔).

This completes the argument for the Weyl anomaly.
The spin property follows the same argument as in Corollary 6.9.

Appendix A. Proof of Lemma 4.5

Using Lemma 4.3, it suffices to prove the result for one choice of conformal repre-
sentative in the conformal class of [𝑔]. By the result of Aubin [5], one can prescribe
the scalar curvature 𝐾𝑔̂ of a conformal metric ̂𝑔 ≔ 𝑒𝜌𝑔 (for some 𝜌 ∈ 𝐶∞(Σ) as long
as 𝐾𝑔̂ ≤ 0 with ∫Σ 𝐾𝑔̂ dv𝑔̂ < 0. We have thus reduced to studying the case where the
curvature 𝐾𝑔 can be assumed to be non-positive and 𝐾𝑔 = 0 everywhere but on an
arbitrarily small open set𝒦.
The link between a symplectic basis ([𝑎𝑗], [𝑏𝑗])𝑗 and another one ([𝑎′𝑗], [𝑏′𝑗])𝑗 is given

by a matrix 𝐴 ∈ Sp(2𝔤, ℤ). The group Sp(2𝔤, ℤ) is generated by four types of elements,
called Burkhardt generators, see [23, Proof of Th. 6.4].
The first is the factor rotation 𝑟𝑗1 ∈ Sp(2𝔤, ℤ), which keeps the basis 𝜎 fixed except

for the two elements [𝑎𝑗1], [𝑏𝑗1] where 𝑟𝑗1([𝑎𝑗1]) = [𝑏𝑗1] and 𝑟𝑗1([𝑏𝑗1]) = −[𝑎𝑗1]. In
terms of our regularised integral, this amounts to checking that

𝜒(𝛾𝑎𝑗1 )∫𝑏𝑗1
𝑘𝑔 dℓ𝑔 − 𝜒(𝛾𝑏𝑗1 )∫𝑎𝑗1

𝑘𝑔 dℓ𝑔 = 𝜒(𝛾𝑏𝑗1 )∫−𝑎𝑗1
𝑘𝑔 dℓ𝑔 − 𝜒(𝛾−𝑎𝑗1 )∫𝑏𝑗1

𝑘𝑔 dℓ𝑔,

which is straightforward (herewewrite−𝑎𝑗1 for the curve 𝑎𝑗1 with reverse orientation).
The second Burkhardt generator is the factor swap 𝑠𝑗1,𝑗2 which is the identity on

[𝑎𝑗], [𝑏𝑗] for 𝑗 ∉ {𝑘, ℓ} and satisfies 𝑠𝑗1,𝑗2([𝑎𝑗1]) = [𝑎𝑗2] and 𝑠𝑗1,𝑗2([𝑏𝑗1]) = [𝑏𝑗2], i.e. it
swaps𝒯𝑗1 and𝒯𝑗2 in our geometric representation ofΣ in Figure 20. For this elementary
move, it is clear from the definition of the regularised integral that this is invariant.
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Figure 20. The surface decomposition and a geometric symplectic
basis ofℋ1(Σ)

The third Burkhardt generator is the transvection 𝑡𝑗1 , which preserves all [𝑎𝑗], [𝑏𝑗]
except for 𝑡𝑘([𝑎𝑗1]) = [𝑎𝑗1] + [𝑏𝑗1]. This is realized by a Dehn twist 𝑇𝑏𝑗1 along 𝑏𝑗1 .
Without loss of generality, we can assume that 𝑗1 = 1 to simplify the notations. We
consider the equivariant extension of 𝐼𝝈𝑥0(𝜔) from 𝐾1 to 𝒯1 (which is the plane with the
translated disks 𝐷(𝑒, 𝜖) + 𝑘 removed, for 𝑘 ∈ ℤ2) and still denote it by 𝐼𝝈𝑥0(𝜔). The new
basis obtained by applying the transvection can be represented by simply changing the
curve 𝑎1 by a simple smooth curve 𝑎′1 that we represent in 𝐾1 by

𝜎𝑎′1(𝑡) = 𝑡 + 𝑖𝛼(𝑡) 𝛼(𝑡) = 0 for 𝑡 ∈ [0, 𝜖], 𝛼(𝑡) = 1 for 𝑡 ∈ [1 − 𝜖, 1]

for some 𝜖 > 0 and 𝛼(𝑡) ≥ 0 non-decreasing in the interval 𝑡 ∈ [𝜖, 1 − 𝜖]. We ob-
tain a new fundamental domain 𝐾′

1 of 𝒯1 by considering the domain in 𝒯1 bounded by
𝜎𝑎′1 , 𝜎̄𝑎′1 ≔ 𝛾𝑏1(𝜎𝑎′1) and the vertical lines 𝑖ℝ and 1 + 𝑖ℝ; see Figure 21.

Figure 21. The domain 𝐾′
1 in gray and the new curves 𝑎′1 lifted to 𝒯1

If 𝜎′ denotes the new canonical basis ofℋ1(Σ), we notice that 𝐼𝝈
′

𝑥0(𝜔) in 𝐾′
1 is equal

to the equivariant extension of 𝐼𝝈𝑥0(𝜔). Let us denote by𝐷 = 𝐾′
1 ⧵𝐾1: we compute using
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𝐼𝝈𝑥0(𝜔)(𝑧 + 𝑖) = 𝐼𝝈𝑥0(𝜔)(𝑧) + 𝜒(𝛾𝑏1) for 𝑧 ∈ 𝐾1

∫
𝐾′
1

𝐾𝑔𝐼𝝈
′

𝑥0(𝜔) dv𝑔 =∫
𝐾′
1

𝐾𝑔𝐼𝝈𝑥0(𝜔) dv𝑔 = ∫
𝐾1∩𝐾′

1

𝐾𝑔𝐼𝝈𝑥0(𝜔) dv𝑔 +∫
𝐷
𝐾𝑔𝐼𝝈𝑥0(𝜔)dv𝑔

=∫
𝐾1

𝐾𝑔𝐼𝝈𝑥0(𝜔) dv𝑔 + 𝜒(𝛾𝑏1)∫
𝐷
𝐾𝑔dv𝑔

and using Gauss-Bonnet,

∫
𝐷
𝐾𝑔dv𝑔 = 2(∫

𝑏1
𝑘𝑔 dℓ𝑔 +∫

𝑎1
𝑘𝑔 dℓ𝑔 −∫

𝑎′1
𝑘𝑔 dℓ𝑔).

On the other hand, the difference of the boundary terms of ∫reg
Σ𝝈′

𝐾𝑔𝐼𝝈
′

𝑥0(𝜔) dv𝑔 with that
of ∫reg

Σ𝝈 𝐾𝑔𝐼𝝈𝑥0(𝜔) dℓ𝑔 is given by

2(𝜒(𝛾𝑎1) + 𝜒(𝛾𝑏1))∫
𝑏1
𝑘𝑔 dℓ𝑔 −2𝜒(𝛾𝑏1)∫

𝑎′1
𝑘𝑔 dℓ𝑔 +2𝜒(𝛾𝑏1)∫

𝑎1
𝑘𝑔 dℓ𝑔 −2𝜒(𝛾𝑎1)∫

𝑏1
𝑘𝑔 dℓ𝑔,

thus implying that

∫
reg

Σ𝝈′
𝐾𝑔𝐼𝝈

′
𝑥0(𝜔) dv𝑔 = ∫

reg

Σ𝝈
𝐾𝑔𝐼𝝈𝑥0(𝜔) dv𝑔.

It remains to deal with the case of the 4th Burkhardt generator, which is the factor
mix 𝑓𝑗1,𝑗2 which preserves all [𝑎𝑗], [𝑏𝑗] except for 𝑗 = 𝑗1, 𝑗2 where

𝑓𝑗1,𝑗2 ∶ ([𝑎𝑗1], [𝑏𝑗1], [𝑎𝑗2], [𝑏𝑗2]) ↦ ([𝑎𝑗1] − [𝑏𝑗2], [𝑏𝑗1], [𝑎𝑗2] − [𝑏𝑗1], [𝑏𝑗2]).

As before, without loss of generality we can assume that 𝑗1 = 1 and 𝑗2 = 2 to simplify
the notations. We choose a curve 𝑎′1 which represent the class [𝑎1] − [𝑏2] and a curve
𝑎′2 which represent the class [𝑎2] − [𝑏1]: they must have intersection pairing equal to
0 with all 𝑎𝑗 , 𝑏𝑗 except for the following 𝑗:

𝜄(𝑎′1, 𝑎1) = 0, 𝜄(𝑎′1, 𝑎2) = 1, 𝜄(𝑎′1, 𝑏1) = 1, 𝜄(𝑎′1, 𝑏2) = 0,
𝜄(𝑎′2, 𝑎1) = 1, 𝜄(𝑎′2, 𝑎2) = 0, 𝜄(𝑎′2, 𝑏1) = 0, 𝜄(𝑎′2, 𝑏2) = 1.

We can assume that 𝑆𝝈 = ℂ̂⧵∪𝔤𝑗=1𝒟𝑗 and𝒟1 = 𝐷(0, 𝜖),𝒟2 = 𝐷(1, 𝜖). The curve 𝑎′1 can
then be chosen so that:
(1) its intersection with 𝒯1 lifts to 𝜎𝑎′1(𝑡) = 𝑖/2 + 𝑡 for 𝑡 ∈ [0, 1/2 − 𝜖] and 𝜎𝑎′1(𝑡) =

𝑖/2+(𝑡−1) for 𝑡 ∈ [3/2+𝜖, 2], and up to making a small deformation of the curve near
𝜎𝑎′1 ∩ 𝜕𝒟

′
1, we can assume that this curve intersects 𝜕𝒟′

1 with an angle 𝜋/2;
(2) its intersection with 𝑆𝝈 decomposes into two pieces of curves 𝑎′1(𝑡) for 𝑡 ∈ [1/2−

𝜖, 1/2 + 𝜖] and 𝑡 ∈ [3/2 − 𝜖, 3/2 + 𝜖], with 𝑎′1(1/2 − 𝜖) = −𝑖𝜖/2, 𝑎′1(1/2 + 𝜖) = 1 − 𝑖𝜖/2
and 𝑎′1(3/2 − 𝜖) = 1 + 𝑖𝜖/2, 𝑎′1(3/2 + 𝜖) = 𝑖𝜖/2, and the angle between 𝑎′1 and 𝜕𝒟1 and
𝜕𝒟2 is 𝜋/2;
(3) its intersection with 𝒯2 lifts to 𝜎𝑎′1(𝑡) = 1/2 + 𝑖(1 − 𝑡) for 𝑡 ∈ [1/2 + 𝜖, 1] and

𝜎𝑎′1(𝑡) = 1/2 + 𝑖(2 − 𝑡) for 𝑡 ∈ [1, 3/2 − 𝜖], and up to making a small deformation of the
curve near 𝜎𝑎′1 ∩ 𝜕𝒟

′
2 we can assume that this curve intersects 𝜕𝒟′

2 with an angle 𝜋/2.
We define similarly 𝑎′2 by reverting the role of 𝑎′1 and 𝑎′2. See Figures 22 and 23.
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Figure 22. The domains 𝐾1, 𝐾2 and the new curves 𝑎′1, 𝑎′2 lifted to 𝒯1, 𝒯2

Figure 23. The domains 𝑆𝝈 near𝒟1 and𝒟2, and the new curves 𝑎′1, 𝑎′2

For 𝑗 = 1, 2, let us denote Ω𝑗 ⊂ 𝑆𝜍 ∩ ℂ the connected set bounded by the two
connected components of 𝑎′𝑗 ∩ 𝑆𝝈. We can freely choose the curves 𝑎′1, 𝑎′2 so that the
set𝒦 where the curvature is non-zero is contained in 𝑆∘𝝈 ⧵ (Ω1 ∪Ω2). We observe that
𝐼𝝈′𝑥0(𝜔)(𝑥) = 𝐼𝝈𝑥0(𝜔)(𝑥) for 𝑥 ∈ 𝑆𝝈 ⧵ (Ω1 ∪ Ω2). We compute

∫
Σ𝝈
𝐾𝑔𝐼𝝈

′
𝑥0(𝜔) dv𝑔 = ∫

𝒦
𝐾𝑔𝐼𝝈

′
𝑥0(𝜔) dv𝑔 = ∫

𝒦
𝐾𝑔𝐼𝝈𝑥0(𝜔) dv𝑔 = ∫

Σ𝝈
𝐾𝑔𝐼𝝈𝑥0(𝜔) dv𝑔.

Let 𝐾−
1 ⊂ 𝐾1 be the connected set bounded by 𝜎𝑏1 , 𝜎̄𝑏1 , 𝜎𝑎1 , 𝜎𝑎′1 and 𝐾

−
2 ⊂ 𝐾2 the con-

nected set bounded by 𝜎𝑏2 , 𝜎𝑎2 , 𝜎̄𝑎2 , 𝜎𝑎′1 . We compute using the Gauss-Bonnet formula
in 𝐾−

1

∫
𝜍𝑎′1

∩𝐾1

𝑘𝑔 dℓ𝑔 = 𝜋 +∫
𝜍𝑎1

𝑘𝑔 dℓ𝑔 −∫
𝒞′1
𝑘𝑔 dℓ𝑔,(A.1)

where 𝒞′1 is the semicircle 𝜕𝒟′
1∩𝐾−

1 oriented counter-clockwise. We next apply Gauss-
Bonnet in the regionΩ1 ⊂ 𝑆𝝈 bounded by the two pieces of curves representing 𝑎′1∩𝑆𝝈:

(A.2) ∫
𝑎′1∩𝑆𝝈

𝑘𝑔 dℓ𝑔 = ∫
𝒞1
𝑘𝑔 dℓ𝑔 +∫

𝒞2
𝑘𝑔dℓ𝑔,

where, for 𝑗 = 1, 2, 𝒞𝑗 is the semicircle Ω1 ∩ 𝜕𝒟𝑗 oriented clockwise. Finally we apply
Gauss-Bonnet in the domain 𝐾−

2 :

(A.3) ∫
𝜍𝑎′1

∩𝐾2

𝑘𝑔 dℓ𝑔 = −∫
𝜍𝑏2

𝑘𝑔 dℓ𝑔 −∫
𝒞′2
𝑘𝑔 dℓ𝑔 + 𝜋,
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where 𝒞′2 is the semicircle 𝒞′2 = 𝜕𝒟′
2 ∩𝐾−

2 oriented counter clockwise. We can use that
∫𝒞𝑗 𝑘𝑔 dℓ𝑔 = ∫𝒞′𝑗 𝑘𝑔 dℓ𝑔 for 𝑗 = 1, 2, and summing (A.3), (A.2) and (A.1), we obtain

∫
𝑎′1
𝑘𝑔 dℓ𝑔 = 2𝜋 +∫

𝑎1
𝑘𝑔 dℓ𝑔 −∫

𝑏2
𝑘𝑔 dℓ𝑔.

By symmetry, the same argument yields

∫
𝑎′2
𝑘𝑔 dℓ𝑔 = 2𝜋 +∫

𝑎2
𝑘𝑔 dℓ𝑔 −∫

𝑏1
𝑘𝑔 dℓ𝑔.

We then obtain (with 𝜒(𝑎′1) = 𝜒(𝑎1) − 𝜒(𝑏2) and 𝜒(𝑎′2) = 𝜒(𝑎2) − 𝜒(𝑏1))

−
2
∑
𝑗=1

𝜒(𝑏𝑗)∫
𝑎′𝑗
𝑘𝑔 dℓ𝑔 + 𝜒(𝑎′𝑗)∫

𝑏𝑗
𝑘𝑔 dℓ𝑔 +

2
∑
𝑗=1

𝜒(𝑏𝑗)∫
𝑎𝑗
𝑘𝑔 dℓ𝑔 − 𝜒(𝑎𝑗)∫

𝑏𝑗
𝑘𝑔 dℓ𝑔

= −(𝜒(𝑏1) + 𝜒(𝑏2))2𝜋.
This shows that

∫
reg

Σ𝝈
𝐾𝑔𝐼𝝈

′
𝑥0(𝜔) dv𝑔 = ∫

reg

Σ𝝈′
𝐾𝑔𝐼𝝈𝑥0(𝜔) dv𝑔 − 4𝜋(𝜒(𝑏1) + 𝜒(𝑏2)).

Appendix B. Proof of Lemma 6.14

The term 𝐼𝑥0(𝜔𝐤+𝜈h𝐳,𝐦)(𝑦) being bounded on the complement of the defect graph, we
can obviously get rid of this term. Then, observing that the Green function in isother-
mal local coordinates is of the form − ln |𝑥 − 𝑦| + 𝑓(𝑥, 𝑦) for some smooth function 𝑓,
it is plain to see that the control of our integral amounts to estimating the following
quantities

∫
𝐵(𝑧𝑗 ,𝛿)

∫
𝐵(𝑧𝑗′ ,𝛿)

|𝑦 − 𝑥𝑗(𝑡)|𝛽𝛼𝑗 (|𝑥𝑗′(𝑡) − 𝑦′|𝛽𝛼𝑗′ − |𝑧𝑗′ − 𝑦′|𝛽𝛼𝑗′ ) d𝑦d𝑦′
|𝑦 − 𝑦′|𝛽2

,

∫
𝐵(𝑧𝑗 ,𝛿)

∫
𝐵(𝑧𝑗′ ,𝛿)

|𝑦 − 𝑧𝑗|𝛽𝛼𝑗 (|𝑥𝑗′(𝑡) − 𝑦′|𝛽𝛼𝑗′ − |𝑧𝑗′ − 𝑦′|𝛽𝛼𝑗′ ) d𝑦d𝑦′
|𝑦 − 𝑦′|𝛽2

when 𝑡 → 1, for 𝛿 > 0 small but fixed. We treat only the first integral because the
second one is similar. If 𝑗 ≠ 𝑗′, then choosing 𝛿 > 0 small enough so that the balls
𝐵(𝑧𝑗 , 𝛿) and 𝐵(𝑧𝑗′ , 𝛿) do not intersect, it is obvious to show that the integral converges
to 0 because the on-diagonal term |𝑦 − 𝑦′|−𝛽2 is bounded and 𝛽𝛼𝑗 > −2 for all 𝑗. We
can thus focus on the case 𝑗 = 𝑗′ and, by invariance under translation, we can assume
𝑧𝑗 = 0. We set

𝐹𝛿(𝑥) ≔ ∫
𝐵(0,𝛿)

∫
𝐵(0,𝛿)

|𝑥 − 𝑦|𝛽𝛼𝑗 (|𝑥 − 𝑦′|𝛽𝛼𝑗 − |𝑦′|𝛽𝛼𝑗 ) d𝑦d𝑦′
|𝑦 − 𝑦′|𝛽2

.

We have to show that 𝐹𝛿(𝑥) → 0 as 𝑥 → 0. We have already seen that 𝐹𝛿 is finite using
(6.27). Next, we want to show that 𝐹𝛿 is bounded. Indeed

|𝐹𝛿(𝑥)| ≤∫
𝐵(0,𝛿)

∫
𝐵(0,𝛿)

|𝑥 − 𝑦|𝛽𝛼𝑗 |𝑥 − 𝑦′|𝛽𝛼𝑗 d𝑦d𝑦′
|𝑦 − 𝑦′|𝛽2

+∫
𝐵(0,𝛿)

∫
𝐵(0,𝛿)

|𝑥 − 𝑦|𝛽𝛼𝑗 |𝑦′|𝛽𝛼𝑗 d𝑦d𝑦′
|𝑦 − 𝑦′|𝛽2

.
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Thefirst integral is bounded by an argument of translation invariance andwe call𝐺𝛿(𝑥)
the second integral. For |𝑥| ≥ 𝛿/4we claim that𝐺𝛿(𝑥) is bounded by some 𝛿 dependent
constant. Indeed we can split the 𝑦-integral in two parts depending on |𝑦| ≤ 𝛿/8 or
|𝑦| ≥ 𝛿/8. On the first part, we can remove the first singularity |𝑥 − 𝑦|𝛽𝛼𝑗 since it is
bounded and the remainder is then obvious to bound. On the second part, one of the
two singularities involving 𝑦′ is bounded (because |𝑦| ≥ 𝛿/8, 𝑦′ cannot be close to both
0 and 𝑦) so that it is bounded in the same way.
Now we bound 𝐺𝛿(𝑥) for |𝑥| ≤ 𝛿/2. Using the same argument as above, we show

that 𝐺𝛿(𝑥) − 𝐺𝛿/2(𝑥) is bounded by some 𝛿 dependent constant and 𝐺𝛿/2(𝑥) =
(1/2)2𝛽𝛼𝑗−𝛽2+4𝐺𝛿(2𝑥) by a change of variables. Therefore

𝐺𝛿(𝑥) ≤ (1/2)2𝛽𝛼𝑗−𝛽2+4𝐺𝛿(2𝑥) + 𝐶𝛿 .
Now we conclude that 𝐺𝛿 is bounded. Indeed, if |𝑥| ≤ 𝛿/2, we can find 𝑛 such that
2−𝑛−1𝛿 < |𝑥| ≤ 2−𝑛𝛿. We can then iterate the previous relation to get 𝐺𝛿(𝑥) ≤
(1/2)(2𝛽𝛼𝑗−𝛽2+4)𝑛𝐺𝛿(2𝑛𝑥) + 𝐶𝛿∑

𝑛−1
𝑘=0(1/2)

(2𝛽𝛼𝑗−𝛽2+4)𝑘. Using that 𝐺𝛿(𝑥) is bounded
for |𝑥| ≥ 𝛿/4, we deduce that 𝐺𝛿 is bounded.
Now we are back to the study of 𝐹𝛿 , which we know now to be bounded. Next, for

|𝑥| ≤ 𝛿/4 we have

|𝐹𝛿(𝑥)| ≤∬
𝐵(0,𝛿/2)2

|𝑥 − 𝑦|𝛽𝛼𝑗 (|𝑥 − 𝑦′|𝛽𝛼𝑗 − |𝑦′|𝛽𝛼𝑗 ) d𝑦d𝑦′
|𝑦 − 𝑦′|𝛽2

(B.1)

+∬
𝐵(0,𝛿)2⧵𝐵(0,𝛿/2)2

|𝑥 − 𝑦|𝛽𝛼𝑗 (|𝑥 − 𝑦′|𝛽𝛼𝑗 − |𝑦′|𝛽𝛼𝑗 ) d𝑦d𝑦′
|𝑦 − 𝑦′|𝛽2

.

The second integral in the rhs can be split in two parts depending on |𝑦| ≥ 𝛿/2, or
|𝑦| ≤ 𝛿/2 and |𝑦′| ≥ 𝛿/2. On the first part, we can remove the first singularity |𝑥−𝑦|𝛽𝛼𝑗
since it is bounded and the remainder is then obvious to bound with the relation (B.2),
which gives that the first part is less than 𝐶(|𝑥|𝛽𝛼𝑗+2+ |𝑥|). On the second part, we use
the mean value theorem to get that |||𝑥−𝑦′|𝛽𝛼𝑗 −|𝑦′|𝛽𝛼𝑗 || ≤ 𝐶|𝑥|, and the integral is less
than 𝐶|𝑥| using invariance under translations. All in all

∬
𝐵(0,𝛿)2⧵𝐵(0,𝛿/2)2

|𝑥 − 𝑦|𝛽𝛼𝑗 (|𝑥 − 𝑦′|𝛽𝛼𝑗 − |𝑦′|𝛽𝛼𝑗 ) d𝑦d𝑦′
|𝑦 − 𝑦′|𝛽2

≤ 𝐶(|𝑥|𝛽𝛼𝑗+2 + |𝑥|).

The first integral ∬𝐵(0,𝛿/2)2 . . . in (B.1) can be dealt with using a change of variables
(dilation); it is equal to 2−(2𝛽𝛼𝑗+4−𝛽2)𝐹𝛿(2𝑥). So we have obtained

|𝐹𝛿(𝑥)| ≤ 2−(2𝛽𝛼𝑗+4−𝛽2)𝐹𝛿(2𝑥) + 𝐶(|𝑥|𝛽𝛼𝑗+2 + |𝑥|).
We recall that 2𝛽𝛼𝑗 − 𝛽2 + 4 > 0. Iterating, we deduce that for |𝑥| ≤ 2−𝑛𝛿,

𝐹𝛿(𝑥) ≤ 2−(2𝛽𝛼𝑗+4−𝛽2)(𝑛−1)𝐹𝛿(2𝑛−1𝑥) + 𝐶(|𝑥|𝛽𝛼𝑗+2 + |𝑥|)
𝑛−2
∑
𝑘=0

2−(2𝛽𝛼𝑗+4−𝛽2)𝑘.

Next, for |𝑥| ≤ 𝛿/4, we can find 𝑛 such that 𝛿2−𝑛−1 < |𝑥| ≤ 𝛿2−𝑛. The above relation
then yields (using that 𝐹𝛿 is bounded)

|𝐹𝛿(𝑥)| ≤ 𝐶(|𝑥|2𝛽𝛼𝑗+4−𝛽2 + |𝑥|𝛽𝛼𝑗+2 + |𝑥|),
which completes the proof of the lemma, up to the following estimate.
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We claim for all |𝑥| ≤ 𝛿/4:

∫
𝐵(0,𝛿)

|||𝑦′ − 𝑥|𝛽𝛼𝑗 − |𝑦′|𝛽𝛼𝑗 || d𝑦′ ≤ 𝐶(|𝑥|𝛽𝛼𝑗+2 + |𝑥|).(B.2)

Let us call 𝐻𝛿(𝑥) this integral. It is plain to see that it is bounded. Next, we have

𝐻𝛿(𝑥) ≤∫
𝐵(0,𝛿/2)

|||𝑦′ − 𝑥|𝛽𝛼𝑗 − |𝑦′|𝛽𝛼𝑗 || d𝑦′

+∫
𝐵(0,𝛿)⧵𝐵(0,𝛿/2)

|||𝑦′ − 𝑥|𝛽𝛼𝑗 − |𝑦′|𝛽𝛼𝑗 || d𝑦′

≤2−2−𝛽𝛼𝑗𝐻𝛿(2𝑥) + 𝐶|𝑥|,
where we have used that, for |𝑥| ≤ 𝛿/4,

∫
𝐵(0,𝛿)⧵𝐵(0,𝛿/2)

|||𝑦′ − 𝑥|𝛽𝛼𝑗 − |𝑦′|𝛽𝛼𝑗 || d𝑦′ ≤ 𝐶|𝑥|,

following straightforwardly from the mean value theorem. Now, if |𝑥| ≤ 2−𝑛𝛿, we can
iterate the previous relation to get

𝐻𝛿(𝑥) ≤ 2−(𝛽𝛼𝑗+2)(𝑛−1)𝐻𝛿(2𝑛−1𝑥) + 𝐶|𝑥|
𝑛−2
∑
𝑘=0

2−(𝛽𝛼𝑗+2)𝑘.

Finally, for any |𝑥| ≤ 𝛿/4, we can find 𝑛 such that 2−𝑛−1𝛿 < |𝑥| ≤ 2−𝑛𝛿. The previous
relation then gives |𝐻𝛿(𝑥)| ≤ 𝐶(|𝑥|𝛽𝛼𝑗+2 + |𝑥|) for some constant 𝐶 > 0, eventually
depending on 𝛿.
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