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Abstract

In this paper, we study critical points of so called modified Geroch
functional (MGF) in higher dimension, n > 2, which can be viewed as
critical points of the area functional of one codimensional submanifold.
Further analysis at the level of second order variation of MGF we obtain
that the eigenvalue of the Jacobi operator has upper or lower bounds
that depends on the ’cosmological’ constant of the submanifold.

1 Introduction

There is still no satisfactory definition of mass in general relativity. It does not
arise as naturally as in classical physics. In Newtonian theory, we can find the
mass by simply integrating the mass density over the volume, while in general
relativity there is no mass density of the gravitational field. The gravitational
field itself can be constructed from the first derivatives of the metric. However,
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when the spacetime is asymptotically flat, mass can be defined well. Because
of this problem, one has to find a definition of mass at quasi-local level. Several
attempts have been made for definition of quasi-local mass and some of them
are the Hawking mass and the Geroch mass.

In 1968, the Hawking mass was first found by Hawking [[2]] in his paper
about gravitational radiation. It can be described as a measure of the bending
of ingoing and outgoing rays of light that are orthogonal to a two-sphere. Let a
two-surface Σ is embedded to a three-manifold M , Σ ⊂M , then the Hawking
mass mH(Σ) is defined to be

mH(Σ) :=

√
S

16π

(
1 +

1

16π

∫
Σ

ρ+ρ−dσ

)
, (1)

where ρ+ and ρ− are the expression of outgoing and ingoing null geodesics,
respectively, and S = Area(Σ).

The Geroch mass was introduced by Geroch [[3]] in 1973. It was derived
from the Hawking mass [[4]] and defined as

mG(Σ) :=
1

16π

√
S

16π

∫
Σ

(2R̃−H2)dσ, (2)

with

H = g̃ijKij, (3)

and

Kij = gµνΓ
µ
ijn̂

ν , (4)

where indices i and j are used for spatial components of the submanifold Σ,
indices µ and ν are used for spatial components of the ambient manifold M , R̃
is the scalar curvature of Σ, H is the mean curvature (extrinsic curvature) of
Σ, Kij is the second fundamental form of Σ, and n̂ν is the normalized normal
vector or can be written as n̂ν = nν/|n|. Geroch [[3]] then proved that mass
(2) under inverse mean curvature flow (IMCF) is always non-negative (positive
mass theorem) using a functional

fG(Σ) :=

∫
Σ

(2R̃−H2)dσ, (5)

by computing its first variation with respect to a parameter t. As shown by
Geroch [[3]], when fG(Σ) ≥ 0 for all t, then mG(H) ≥ 0 as well. This functional
is called Geroch functional. Hence, we can write Eq. (2) to be

mG(Σ) :=
1

16π

√
S

16π
fG(Σ). (6)
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Furthermore, in 1977 Jang and Wald [[5]] made a slight modification of Geroch’s
positive mass argument, and using the Geroch functional (5) to prove the
Riemannian Penrose inequality (RPI), where RPI states that if m is the ADM
mass and S is the area of the horizon of the black hole, then RPI is defined as
[[6]]

m ≥
√

S

16π
. (7)

In 2012, Maximo and Nunes [[1]] then introduced another modification of the
Hawking mass. Inspired by the work of Geroch [[3]], Jang and Wald [[5]],
Maximo and Nunes [[1]], we will define a functional called modified Geroch
functional (MGF). It has already been known that to find the critical point of
mass, one can use the first variation of mass. In the present paper, instead of
using mass, we will use MGF and compare our result to [[1]].

Let Σn ⊂Mn+1 be an n-dimensional compact submanifold Σn embedded in
an (n+1)-dimensional manifold Mn+1 which could be compact or noncompact.
We write MGF on Σn is defined as

fMG(Σn) :=

∫
Σn

(2R̃−H2 − λ)dσ , (8)

where λ is a real constant. In our previous work [[7]], we have studied the
monotonicity of mass under IMCF using mass formula which is similar to (8).
We find that the Hawking mass related to (8) is non-decreasing under IMCF.
In this paper, we will examine the functional (8) on the minimal subamifold
Σn. Our result shows that the eigenvalue of the Jacobi operator has upper or
lower bounds that depends on λ and the ’cosmological’ constant of Σn.

The structure of the paper is as follows. In Section 2, we calculate the
first variation of MGF to study its critical point. In Section 3 , we discuss
the relation between the functional (8) and submanifold stability. We add a
complete form of the second variation of (8) in the appendix.

2 First Variation and Critical Point of MGF

In this section we calculate the first variation of MGF (8). First of all, let
Σn ⊂Mn+1 be a compact submanifold. Using the flow equation

∂F(x, t)

∂t
= φ(x, t)n̂(x, t), for each x ∈ Σn and φ ∈ C∞(Σn), (9)

with φ(x, t) is some real function, t ≥ 0, F is a smooth function F : Σn →
Mn+1, and n̂ is an outward pointing unit normal vector of Σn

t in Mn+1, the
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first variation of area has the form

d

dt
(dσt)|t=0 = −φHdσ , (10)

where H is the mean curvature. Then, the first derivative of H is given by

dH

dt
(0) = ∆φ+ Ric(n̂, n̂)φ+ |K|2φ , (11)

with Ric(n̂, n̂) is related to the curvature R̃ of Σn and the curvature R of Mn+1

via Gauss equation

Ric(n̂, n̂) =
R

2
− R̃

2
+
H2

2
− |K|

2

2
, (12)

where |K|2 := KijKij. Then, the first variation of MGF (8) can be written
down as

d

dt
fMG(Σn

t )|t=0 = −
∫

Σn

2φ(∆H + α(0)H − 2R̃ijK
ij)dσ , (13)

with

α(0) =
R

2
+
R̃

2
+
|K|2

2
− λ

2
, (14)

where we have used [[?]]

d

dt

(∫
Σn

2R̃dσt

)
|t=0 =

∫
Σn

(−2R̃φH + 4φR̃ijK
ij)dσ . (15)

Note that throughout this paper we take (13) to be

d

dt
fMG(Σn

t )|t=0 ≥ 0 . (16)

Now, suppose both n-submanifold Σn and (n+1)-manifold Mn+1 are Einstein,
so that their Ricci tensors can be written as

Rµν = Λgµν ,

R̃ij = Λ̃g̃ij , (17)

for some constants Λ and Λ̃ which folows

d

dt
f(Σn

t )|t=0 = −2

∫
Σn

φ(∆H +QH)dσ , (18)

with

Q =
(n+ 1)Λ

2
+

(n− 4)Λ̃

2
+
|K|2

2
− λ

2
. (19)

If the submanifold Σn is minimal, i.e., H = 0, then it can also be viewed as
the critical point of (8).
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3 MGF and Submanifold Stability

In this section we study the stability of n-dimensional submanifold Σn em-
bedded in (n+1)-dimensional Einstein manifold Mn+1, Σn ⊂ Mn+1, from the
second variation of area.

First of all, we discuss the notion of submanifold stability using the second
variation of area

d2

dt2
dσt|t=0 = −dφ

dt
Hdσ − φLφ dσ + φ2H2dσ , (20)

where L is the Jacobi operator defined as

L := ∆ + Ric(n̂, n̂) + |K|2 . (21)

A minimal submanifold Σn is said to be stable if the second variation of area
(20) is non-negative which means

−Lφ = ξφ ≥ 0 , (22)

where ξ is the eigenvalue of L.
Next, we write down the second varitaion of MGF (8) on the minimal

surface Σn, that is,

d2

dt2
f(Σn

t )|t=0 = −
∫

Σn

(
2nΛ̃φLφ− 4$̃φ− λφLφ + 2(Lφ)2

)
dσ , (23)

for all φ ∈ C∞(Σn) where

$̃ :=
1

2
Kij

(
∇l∇i(Kjl) +∇l∇j(Kil)−∆(Kij)

)
− 2Λ̃

(
φ|K|2 −∆φ+ φRic(n̂, n̂)

)
,

(24)

with Kij := −2φKij. Taking φ = 1 and assuming that Kij to be parallel, i.e.
∇kKij = 0, we find that the functional fMG has a local maximum if

ξ > λ− 2(n+ 4)Λ̃ , (25)

while it has a local minimum if

ξ < λ− 2(n+ 4)Λ̃ . (26)

Both cases occur for λ > 2(n+ 4)Λ̃ since ξ ≥ 0.
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Appendix Second Variation of MGF

In this section we calculate the second variation of MGF as follows

d2

dt2
f(Σt) =

d2

dt2

(∫
Σ

2R̃dσt

)
−
∫

Σ

d2(H2 + λ)

dt2
dσt

−
∫

Σ

(H2 + λ)
d2

dt2
dσt. (27)

From equation (15) we can compute its second variation:

d2

dt2

(∫
Σ

2R̃dσt

)
= β(t) =

∫
Σ

−2
dφ

dt
(R̃H − 2R̃ijK

ij)dσt

+

∫
Σ

2φ

(
κ̃H + R̃Lφ− 2$̃

)
dσt

+

∫
Σ

2φ(R̃H − 2R̃ijK
ij)
d

dt
dσt, (28)

where

dR̃ij

dt
= − 1

2

(
∆LKij +∇i∇jK +∇j(δK)j +∇j(δK)i

)
, (29)

dKij

dt
= φKikK

kj −∇i∇jφ− φRiooj, (30)

$̃ =
d

dt
(R̃ijK

ij) = KikgjlR̃kl +KjlgikR̃kl +
1

2
Kkl

(
−∆L(Kkl)−∇k∇lK

+∇k(δK)l +∇l(δK)k

)
− 2R̃ij

(
φKikK

k
j −∇i∇jφ− φRiooj

)
,

(31)

κ̃ =
dR̃

dt
= 2∆(φH)− 2∇i∇j(φKij)− 2φR̃ijK

ij, (32)

with

K = −2φH, (33)

Kij = −2φKij, (34)

Kij = 2φKij, (35)

(δK)i = −g̃jp∇j(2φKpi), (36)

(∆LK)ij = ∆Kij + 2gqpRr
qijKij − g̃qpRipKqj − g̃qpRjpKiq. (37)

We then calculate the second variation of (H2 + λ)

d2(H2 + λ)

dt2
= 2(Lφ)2 + 2HL′φ. (38)
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Substitute, (38), (28) and (20) to (27), we find the second variation of MGF:

with β = d2

dt2

(∫
Σ

2R̃dσt

)
is given in (28).
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