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Abstract Inspired by a dipole asymmetric template for
the CMB temperature map in the primordial scalar fluctu-
ations observed by Planck at a large scale, we examine the
contribution of a similar template for power asymmetry in
modifying the linear polarization pattern of CMB. Replac-
ing un-modulated temperature fluctuation with dipolar mod-
ulated one in time evolution equations somehow breaks lin-
ear perturbation in the various components of the CMB map.
This non-linearity allows deflecting CMB polarization in pat-
terns that contain divergence-free components. The explicit
expressions for the angular power spectra of the electric and
magnetic-type parities of linear polarization are derived in
the form of the line of sight integral solutions. Our results
demonstrate that the electric-type polarization is modified
and the magnetic-type polarization would be produced. Such
imprints depend on the linear and square of the asymmetric
amplitude for E- and B-modes power spectra, respectively.
For the observed dipole template, the value of B polarization
spectrum at the large scale (� � 10) is almost equivalent
to the power spectrum obtained from Compton scattering in
the presence of tensor perturbation with tensor to scalar ratio
about r � 0.005.

1 Introduction

In the standard cosmology models, the homogeneity and
isotropy of the universe are almost well-quantified assump-
tions and they essentially lead to CMB fluctuations behaving
as the isotropic random field when the secondary anisotropies
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are well crossed out. Mentioned assumptions cause many
noticeable impacts not only on the computational meth-
ods pipelines but also lead to ruling out scenarios that give
rise to anisotropic primordial fluctuations [1–6]. Due to the
vital influences of homogeneity and isotropy, there are many
researches have been focused on the examining mentioned
property on small and large scales fluctuations of the CMB
map in both intensity and polarizations [7–21, and refer-
ences therein].

Although, the previous extensive analysis indicated that
the CMB field is consistent with the Gaussian prediction
of �CDM scenario with statistical isotropy behavior [17],
improving the accuracy and precision in the observing CMB
stochastic field opened new rooms for the footprints of
anomalies such as power asymmetry and deviation from
statistical isotropy in a range of multipoles [11–18,22–28,
and references therein]. Among the anomalies, the hemi-
spherical asymmetry parameterized by a dipolar modulation
[24,29] has been substantially investigated by different meth-
ods [15,30,31]. A well-known template in the position space
for dipolar modulation in the CMB temperature for the large
scale reads as:

�̃T (n̂) = �T (n̂)[1 + AT P̂ .n̂] (1)

where �T (n̂) ≡ δT (n̂)/〈T 〉 is un-modulated temperature
fluctuations in an arbitrary direction on the sky, n̂, and P̂
is the direction of dipolar modulation. The best-fit values
for the amplitude of modulation in the temperature dipole
and the corresponding preferred direction for low multi-poles
� ∈ [2 − 64] have been reported as AT = 0.072+0.031

−0.015 and

P̂ = (218,−19)±29 and for � ∈ [2−220], the amplitude is
AT = 0.023+0.008

−0.004 in direction P̂ = (220,−5)±25 for joint
analysis of T T, T E, EE and for Commander observed
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data, respectively [17]. In addition, the power asymmetry in
the CMB polarization map has been examined in [21,27,32–
34].

Many phenomenological models have been proposed to
elucidate observed asymmetry as of corresponding signifi-
cance at the ∼ 3σ level such as the asymmetry in the initial
condition of perturbations with different scenarios [35–42],
super-horizon perturbations [29,43–45], dipolar asymmetry
due to cosmic string [46]. The primordial dipole asymmetries
generated from different types of models could be a source
of CMB polarizations [32].

In the standard scenario of cosmology, the contribution of
primordial scalar perturbations in the generation of temper-
ature anisotropies and linear polarization (E-mode) is dom-
inant compared to other kinds of perturbations, while the B-
mode polarization can not be generated by Compton scatter-
ing without considering the gravitational wave perturbations
or non-linear density perturbation [47–49]. However, if we
consider any interaction terms which can violate the Lorentz
symmetry, it could be a nontrivial source of B-mode polar-
ization. More precisely, even with only asymmetric scalar
perturbations, we expect to have an additional term with
respect to the symmetric case and it has a footprint in the B-
mode polarization. As an illustration, taking into account the
photon-neutrino forward scattering without the tensor pertur-
bation yields the B-mode polarization which can be signif-
icant for 50 < � < 200 [50,51]. The Majorana dark matter
can generate the B-mode in the presence of primordial scalar
perturbations [52]. Non-commutative space time framework
can also generate the magnetic type polarization for CMB
radiation [53]. The polarized Compton scattering is also a
feasible approach to make a magnetic-like pattern in the lin-
ear polarization of CMB radiation [54]. In the presence of a
homogeneous magnetic field, the Faraday rotation produces
the CMB B-mode [55–57]. Also, if we have any conditions
which can violate the Lorentz symmetry in the matter or the
radiation distributions (like tensor perturbation of the mat-
ter or non-linear perturbation of radiation and matter), such
conditions can generate B-mode linear polarization even by
considering Thomson scattering [47–49]. Accordingly, by
replacing �T (n̂) which is un-modulated temperature fluctu-
ation by dipolar modulated one �̃T (n̂) in the time evolution
equations, we somehow break the linear perturbations in the
radiation which plays roles similar to the non-linear pertur-
bations in radiation. The evolution of cosmological pertur-
bations which breaks linear regime such as our considered
dipole asymmetry template is characterized by mode-mixing,
consequently it implies not only the different Fourier modes
of temperature perturbations are influenced by dipole mode,
but also the non-linear perturbations in CMB intensity (in
the presence of Thompson scattering) can play as a source
to deflect CMB linear polarization in the patterns containing
divergence-free components.

Motivated by detecting the asymmetry anomaly in the
CMB data modeled by a viable template, Eq. (1), and various
sources of magnetic-type CMB polarization, we would like
to examine the influence of taking into account a similar tem-
plate for initial scalar perturbations in the Fourier space on
the CMB polarization. We will show that the imprint of such
an asymmetric model on the magnetic-type CMB polariza-
tion for small � is almost equivalent to the B-mode produced
by primordial tenor perturbations and it is proportional to the
square value of asymmetry amplitude.

The rest part of this paper is organized as follows: consid-
ering the dipole asymmetry in the initial perturbations, we
revisit the Boltzmann equations of CMB temperature and
polarization anisotropies in an exact approach in Sect. 2.
Section 3 is devoted to calculating the E-mode and B-
mode power spectra. We also compare our results with that
achieved by considering the primordial tensor perturbation.
Summary and conclusions will be given in Sect. 4. To make
our analysis more sense, we will derive some important equa-
tions in Appendices.

2 Methodology

In the standard scenario, the symmetric scalar perturbation
at the linear order can not generate the B-mode [58,59].
While incorporating the asymmetric part for scalar perturba-
tion may produce nontrivial terms in the evolution of Stokes
parameters which effectively indicates the non-linear order of
interactions. In this section, we will rely on a famous asym-
metry template for the scalar fluctuations, to examine the
generating CMB polarization. We start with the scattering
theory and try to calculate the time evolution of the quantum
number density of the photons including local interaction as
perturbation term in the associated Hamiltonian according
to H = H0 + HI . Now, we pursue the second-quantized
formalism with creation and annihilation operators for the
photons and electrons obeying the canonical commutation
relations as:

[as(p), a†
s′ (p

′
)] = (2π)32p0δ3(p − p

′
)δss′

{br (p), b†
r ′ (p

′
)} = (2π)3 q

0

m
δ3(q − q

′
)δrr ′ (2)

where s and s′ labels denote the photon polarization while the
r and r ′ labels refer to the electron spin. The bold momentum
variables represent three-momenta while plain momentum
variables represent four-momenta. The photon density matrix
incorporating the linear and circular polarizations reads as
[58]:

ρ̂ =
∫

d3k

(2π)3 ρi j (k)Di j (	k) (3)
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here Di j (	k) ≡ a†
i (

	k)a j (	k) is the photon number operator
written in the Fourier space and ρi j is the density matrix.
The expectation value of D is proportional to density matrix.
Direct calculation shows:

〈Di j 〉 = tr [ρ̂Di j ] =
∫

d3 p

(2π)3 〈p|ρ̂Di j (k)|p〉
= (2π)3δ(3)(0)2k0ρi j (k) (4)

The right-hand side of the above equation achieves from the
successive implementation of the commutation relation Eq.
(2); the infinite delta function results from the infinite quan-
tization volume necessary with continuous momentum vari-
ables, and cancels out all physical results. According to the
Stokes parameters, the photon density matrix also becomes:

ρi j ≡ 1

2

(
T + Q U − iV
U + iV T − Q

)
(5)

The number density operator evolution equation in the pres-
ence of perturbation term in Hamiltonian and considering the
free fields assumption is given by the quantum Boltzmann
equation as [58]

(2π)3δ3(0)2k0 d

dt
ρi j (	k) = i〈[H0

I (t); D0
i j (

	k)]〉

−1

2

∫ +∞

−∞
dt〈[H0

I (t); [H0
I (t); D0

i j (
	k)]]〉

(6)

Now, we can calculate the first order of interaction Hamil-
tonian of QED (H0

I (t)), as a function of the free fields for
photon-electron scattering as (see Fig. 1):

H0
I (t) =

∫
dqdq′dpdp′(2π)3δ3(q′ + p′ − q − p)

× exp[i t (q ′0 + p′0 − q0 − p0)]
×[b†

r ′(q ′)a†
s′(p

′)((M1 + M2))as(p)br (q)], (7)

Where p and q are incoming photon momentum vector
and electron momentum vector respectively, |p| = p0 and
|q| = q0. It is noticed that the prime of these will be the out-
going photons and electrons. Also, M1 and M2 are scattering
amplitudes which are shown as below

M1(q
′r ′, p′s′, qr, ps)

≡ e2 ūr ′(q ′)ε/s′(p′)(p/ + q/ + m)ε/s(p)ur (q)

2p.q

M2(q
′r ′, p′s′, qr, ps)

≡ e2 ūr ′(q ′)ε/s(p)(q/ − p′/ + m)ε/s′(p′)ur (q)

2p′.q
(8)

with the abbreviations

dq ≡ d3q
(2π)3

m

q0 , dp ≡ d3p
(2π)3 p0 (9)

for electrons and photons respectively. Where ur is a spinor
solution to the Dirac equation with spin index r = 1, 2 and
εs are photon polarization four-vector with index s = 1, 2.
Also r, r ′ are incoming and outgoing electron spin indices
and s, s′ are the exactly same for photons. In addition, the
first and second terms on the right-hand side of Eq. (6) are
the forward scattering and the higher-order collision terms,
respectively.

We proceed with our calculation by emphasizing the polar-
ization sums explicitly and up to the first order in scattering
terms. After tedious but straightforward calculation, we have
[58]:

d

dt
ρi j (	x, 	k) = e4ne(	x)

16πm2k

∫ ∞
0

pdp

×
∫

d
p

4π

[
δ(k−p)+(	k− 	p).	v(	x) ∂δ(k−p)

∂p

]

×
[

− 2

(
p

k
+ k

p

)
ρi j (	x, 	k)

+4 p̂.ε̂i (	k) p̂.ε̂1ρ1 j (	x, 	k)
+4 p̂.ε̂i (	k) p̂.ε̂2ρ2 j (	x, 	k)
+

(
p

k
+ k

p
− 2

)
δi j (ρ11(	x, 	p) − ρ22(	x, 	p))

+
(
p

k
+ k

p

) (
εi (	k).ε1( 	p)ε j (	k).ε2( 	p)

−εi (	k).ε2( 	p)ε j (	k).ε1( 	p)
)

(ρ12(	x, 	p)
−ρ21(	x, 	p)) + 2

(
εi (	k).ε1( 	p)ε j (	k).ε2( 	p)

+εi (	k).ε2( 	p)ε j (	k).ε1( 	p)
)

(ρ12(	x, 	p)+ρ21(	x, 	p))
+4εi (	k).ε1( 	p)ε j (	k).ε1( 	p)ρ11(	x, 	p)
+4εi (	k).ε2( 	p)ε j (	k).ε2( 	p)ρ22(	x, 	p)

]
, (10)

here 	v(	x) is the electron bulk velocity. Using Eqs. (3), (5)
and (10), the collisional term of the Boltzmann equation for
the polarization parts can be written as:

�̇Q = σT

∫
d
p

4π
[F p

QT (
p)�T ( 	p)
+Fk

QT (
p)�T (	k) + F p
QU (
p)�U ( 	p)

+F p
QQ(
p)�U ( 	p)],

�̇U = σT

∫
d
p

4π
[F p

UT (
p)�T ( 	p)
+Fk

UT (
p)�T (	k) + F p
UU (
p)�U ( 	p)

+F p
UQ(
p)�U ( 	p)], (11)

where �̇Q ≡ d
dτ

�Q and �̇U ≡ d
dτ

�U . To avoid the messy
mathematical formula, we move the detailed explanation of
variables in Appendix A. Now, we rely on a famous asymmet-
ric template for the scalar fluctuations, to examine the CMB

123



  651 Page 4 of 11 Eur. Phys. J. C           (2023) 83:651 

Fig. 1 Full detail of the
Compton scattering Feynman
diagrams in the presence of
H0
I (t)

polarizations. To this end, we start with the asymmetric tem-
plate for scalar perturbations in the Fourier space which is
used in the hierarchical Boltzmann equation as:

�̃T (	k, K , τ ) = �T (	k, K , τ )(1 + AT P̂ .k̂) (12)

where the �T (	k, K , τ ) is fluctuation contrast at direction
n̂ = 	k/k to the line of sight and P̂ is the assumed direction
of the dipole asymmetry. Also, τ and K are the conformal
time and the value of comoving Fourier mode, respectively.
To take into account the contribution of dipole asymmetry
(Eq. (12)), the �T ( 	p, K ) and �T (	k, K ) in Eq. (11) should
be replaced by �̃T ( 	p, K ) = �T ( 	p, K )(1 + AT P̂ · p̂) and
�̃T (	k, K ) = �T (	k, K )(1 + AT P̂.k̂), respectively. There-
fore, the evolution equation for the Stokes parameters, Q(S)

and U (S) would be modified in the presence of dipole asym-
metric scalar perturbation (see Appendix A for more details):

d

dτ
(Q̃(S) ± iŨ (S)) + i Kμ(Q̃(S) ± iŨ (S))

= −κ̇[(Q̃(S) ± iŨ (S)) + 1

2
[1 − P2(μ)]� − �±(S)];

(13)

where � ≡ �
(S)
T 2 +�

(S)
P2+�

(S)
P0 and (S) denotes the scalar per-

turbations of matter. The differential optical depth for Thom-
son scattering is denoted by κ̇ = anexeσT , where a(τ ) is the
scale factor normalized to unity at the present as a function of
conformal time (τ ). The electron density and the ionization
fraction are denoted by ne and xe, respectively. Also, σT is
the Thomson cross-section. The above equation without con-
sidering the last term on the right side, e.g �±(S)(k, K , τ ),
is a general Boltzmann equation for the linear polarization
for CMB, which can not generate B-mode as carried out
in the context of standard scenario [58–60]. Note replacing
�̃T (	k, K , τ ) in the Boltzmann equation somehow breaks the
linear regime of radiation perturbation and this non-linearity
in CMB temperature fluctuations generates the nontrivial
terms (last terms in the right-hand side of Eq. (13)) which
can deflect CMB linear polarization in the patterns contain-
ing divergence-free components. The mentioned nontrivial
terms are given by:

�±(S)(k, K , τ ) = AT

∫
d
p

4π
( p̂ · P̂)

×�T ( 	p, K , τ ) (F p
QT ± i F p

UT ), (14)

also by using p̂ · P̂ = 4π
3

∑
Y ∗

1,m(P̂)Y1,m( p̂), the Eq. (14)
reads as:

�±(S)(k, K , τ ) = AT

3∑
m=−3

�T,3m(k, K , τ ) F±
3m, (15)

the F p
QT , F p

UT and F±
3m are respectively defined by Eqs. (25)

and (30) presented in Appendix A. Also �3m,T (k, K , τ ) ≡∫
d
kY ∗

3m(k̂)�T (	k, K , τ ). The p̂ and n̂ are the directions
of photon propagation and the line of sight, respectively.

Considering the �
±(S)
P = Q±(S) ± iU±(S) for polariza-

tion anisotropy in the context of dipole asymmetry template
for the scalar perturbations, we can separate �

±(S)
P into the

symmetric and asymmetric parts as:

�̃
±(S)
P (n̂) = �

±(S)
P (n̂) + �

±(S)
P (n̂)

∣∣∣
Asymmetry

, (16)

�
±(S)
P (n̂)

∣∣∣
Asymmetry

=
∫

d3 	K ξ( 	K )e∓2iφK ,n�
±(S)
P (K , μ, τ0)

∣∣∣
Asymmetry

(17)

where

�
±(S)
P (K , μ, τ0)

∣∣∣
Asymmetry

=
∫ τ0

0
dτ g(τ ) eixμ �±(S)(K , τ ).

(18)

where μ ≡ |K̂ .k̂|, g(τ ) = κ̇ exp(κ) is visibility function
which is written in terms of optical depth, κ . The differential
optical depth is The differential optical depth for Thomson
scattering is also denoted by κ̇ = anexeσT and x = K (τ0 −
τ). The 	K and n̂ can be rotated to a fixed frame in the sky by
the angle named by φK ,n and ξ( 	K ) is a random variable used
to characterize the initial amplitude of the 	k-mode which
has the following statistical property as 〈ξ∗( 	K1)ξ( 	K2)〉 =
Pξ ( 	K )δD( 	K1 − 	K2), where Pξ (K ) is initial power spectrum
which depends only on the magnitude K of the wave vector
	K . The δD is Dirac delta function.
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3 Dipole asymmetry impact on the E- and B-modes

In this section, by using our methodology presented in the
previous section, we turn to compute the E- and B-modes
power spectra modified by a dipole asymmetric template for
scalar perturbations. One can expand �̃

±(S)
P (n̂) (Eq. (16)) in

the appropriate spin-weighted basis, ã
,�m , resulting in:

ãE,�m =
[
(� + 2)!
(� − 2)!

]− 1
2
∫

d
Y ∗
�m[ð̄2�̃

+(S)
P (n̂)

+ð
2�̃

−(S)
P (n̂)],

ãB,�m =
[
(� + 2)!
(� − 2)!

]− 1
2
∫

d
Y ∗
�m[ð̄2�̃

+(S)
P (n̂)

−ð
2�̃

−(S)
P (n̂)], (19)

separating to the symmetric and asymmetric parts leads to

ã
,�m = a
,�m +a
,�m

∣∣∣
Asymmetry

where the 
 can be replaced

by E- and B-modes. The asymmetric part reads as:

a
,�m

∣∣∣
Asymmetry

=
[
(� + 2)!
(� − 2)!

]− 1
2
∫

d
Y ∗
�m

×
[
ð̄

2�
+(S)
P (n̂)

∣∣∣
Asymmetry

± ð
2�

−(S)
P (n̂)

∣∣∣
Asymmetry

]
,

(20)

the “±” is replaced by “+” for E-mode and by “−” for B-
mode. The associated power spectra are given by C̃ (S)



,� =
1

2�+1

∑�
m=−�〈ã∗
,�m ã
,�m〉. Finally the leading order terms

of the E- and B-modes power spectra in the presence of
scalar perturbations with a dipole asymmetry are:

C (S)
EE,�

∣∣∣
Asymmetry

= 8π

2� + 1

(� − 2)!
(� + 2)!

∫
K 2dKPξ (K )

×
�∑

m=−�

[∫
d
Y ∗

�m(n̂)

∫ τ0

0
dτ g(τ )

×
[
ð̄

2�+(S) + ð
2�−(S)]eixμ

]∗

×
[∫

d
Y ∗
�m(n̂)

∫ τ0

0
dτ g(τ )� ∂2

μ

×[(1−μ2)(1 − P2)e
ixμ

]]
, (21)

and

C (S)
BB,�

∣∣∣
Asymmetry

= (4π)

2� + 1

(� − 2)!
(� + 2)!

∫
K 2dKPξ (K )

×
∑
m

∣∣∣
∫

d
Y ∗
�m(n̂)

∫ τ0

0
dτ g(τ )

×
[
ð̄

2�+(S) − ð
2�−(S)

]
eixμ

∣∣∣2
, (22)

here g(τ ) = κ̇eκ is visibility function. For the symmetric
scalar perturbations, there is no source to generate B-mode
polarization as we expect, while in our case, due to the asym-
metric template for the scalar perturbations, the B-mode is
generated even without any tensor perturbations. After doing
some mathematical derivations, Eq. (22) becomes:

C (S)
BB,�

∣∣∣
Asymmetry

= (4π)2 (� + 2)!
(� − 2)!

∫
K 2dK Pϕ(K )

×
[∫ τ0

0
dτ g(τ ) A(K , τ )

∣∣∣
Asymmetry

× (� − 2) j�(x) − x j�+1(x)

x3

]2

, (23)

where (see the Appendix B for more details):

A(K , τ )

∣∣∣
Asymmetry

= 0.753 AT �T,3m(k, K , τ ) (24)

The amplitude and the direction of the low-� dipole asym-
metry signal have been determined from quadratic maxi-
mum likelihood in the range � ∈ [2, 65] from joint anal-
ysis of T T, T E, EE and for Commander observed by
Planck. The corresponding values at 1σ confidence inter-
val are AT = 0.072+0.031

−0.015 and P̂ = (218,−19) ± 29 [17].
On the other hand, for the range � ∈ [2, 220], the observa-
tional constraint on the amplitude is AT = 0.023+0.008

−0.004 for

the direction P̂ = (220,−5) ± 25.
Our results demonstrate that additional contributions are

assigned to the E- and B-modes power spectra sourced by
�3,T . In addition, the power spectrum of E- and B-modes

have a linear and square dependency on A(K , τ )

∣∣∣
Asymmetry

,

respectively. In another word, mentioned results illustrate a
lower bound on the B-mode irrespective of the existence of
primordial and secondary sources which generate the CMB
B-mode. Comparing the Eq. (23) with the dominant part
of standard linear polarization represented by C̄ (S)

EE,�, one
can deduce an upper limit for the B-mode generated by

asymmetric scalar perturbations such thatC (S)
BB,�

∣∣∣
Asymmetry

�(
A(K , τ )

∣∣∣
Asymmetry

C̄ (S)
EE,�

)
.

In Fig. 2, we compute the B-mode power spectra (DBB ≡
�(�+1)CBB,�/2π ) for the different components. The C (T)

BB,�

and C (L)
BB,� correspond to the tensor (T) and lensed-�CDM

(L) modes, respectively. The C (S)
BB,� is for the B-mode power

spectrum generated by the dipole asymmetry in the scale
perturbations with different amplitudes (Eq. (23)). The filled
circle symbols are devoted to the dust-subtracted B-mode
power provided by BICEP2+Keck data and Planck Joint
analysis [61,62], while the filled triangle symbols illustrate
the BICEP2+Keck auto-correlation at 150 GHz band [63,64].
Interestingly, for small �, the value of B-mode spectrum gen-
erated by Compton scattering in the presence of dipole asym-
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Fig. 2 The B-mode power spectra for different components. The
C (T)
BB,� is for tensor mode (thick dash-dot line for r = 0.05 and thin

dashed-dot curve for r = 0.005. The thick dashed line indicates the
contribution of lensing (C (L)

BB,�)). The thick solid line corresponds to a

summation of tensor (r = 0.05) and lensing parts (C (T+L)
BB,� ). The thins

curves are devoted to the B-mode generated by Compton scattering in
the presence of dipole asymmetry in the scaler fluctuations for various
amplitudes (the upper panel is for AT = 0.068, 0.072 & 0.075 when
� ∈ [2, 100] while the lower panel is for AT = 0.018, 0.023 & 0.030
when � ∈ [2, 250]). The filled circle and triangle symbols are associ-
ated with BICEP2+Keck Array/Planck and BICEP2+Keck at 150 GHz
band, respectively

metry in the scalar perturbations is almost equivalent to the
B-mode due to the tensor perturbations for r � 0.005. The
asymmetric template has a dominant contribution for large
angular scale (small �), therefore for � ∈ [2, 100] the obser-
vational constraint leads to a higher value for asymmetric
amplitude compared to taking into account the higher mul-
tiples or small scales � ∈ [2, 250]. To describe the vari-
ous physical influences on the CMB fluctuations, in princi-
ple, the Boltzmann–Einstein equations governing the evo-
lution of the anisotropies in the cosmic distribution of pho-
tons as well as matter inhomogeneities should be solved. The

CMB anisotropies are sourced by the primary and secondary
signatures. However, the mentioned framework provides a
straightforward approach to tracing the various phenomena
in generating CMB anisotropies. Still, from the observational
point of view, it is helpful to rely on the probabilistic approach
constructed for quantifying specific stochastic fields such as
CMB. The CMB two-point correlation functions and corre-
sponding expansions in Legendre polynomials and spherical
harmonics denoted by power spectra are practically well-
defined observables. The asymmetric part of C (S)

BB,� (Eq.
(23)), reveals that the initial condition (power spectrum of
initial fluctuations) is convolved by a transfer function deter-
mined by the Boltzmann equation modified due to the pres-
ence of asymmetric template for scalar perturbations. The
modified transfer function includes the integral form of the
generalized amplitude of the asymmetric template (Eq. (24))
multiplied by the visibility function and a functional form of
the spherical Bessel function. Comparing the mentioned part
with the standard E- and B-modes power spectra indicates a
significant discord in addition to the new functional form of
spherical Bessel function, which is implying the presence of
hexapole temperature fluctuations instead of quadrupole. The
contribution of the asymmetric part for the almost large scale,
� � [10−20], looks like the B-mode power spectrum gener-
ated by tensor perturbation without any gravitational redshift
term. At this scale, the contribution of Thomson scattering
plays a curtail role in the polarization spectra. To carry out a
more precise evaluation of the B-mode spectrum at interme-
diate and small scales due to the given asymmetric template
for scalar perturbations, we should take into account the bet-
ter approximation done for the A(K , τ ) (Eq. (24)) which is
acceptable for determining the upper limit on the B-mode at
large scale. However, the oscillation behavior of B-mode is
due to the spherical Bessel function, the visibility function
accompanying the generalized amplitude of the asymmetric
template of scalar perturbations having a sharp maximum at
� = K (τ0 − τ).

Mentioned behavior is illustrated in the upper and lower
panels of Fig. 2. The upper panel is for AT = 0.068, 0.072
& 0.075 when � ∈ [2, 100] while the lower panel is for
AT = 0.018, 0.023 & 0.030 when � ∈ [2, 250].

4 Summary and conclusion

In this study, inspired by the observed asymmetric template
for the CMB temperature power spectrum on large scales,
we considered the asymmetric part for the scalar perturba-
tions. We revisited the quantum Boltzmann equations for the
density matrix of the CMB temperature as well as the CMB
Stokes parameters via Compton scattering in the presence
of a dipole asymmetric template for the scalar perturbations.
In the Boltzmann equations, we have replaced un-modulated
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temperature fluctuations �T (n̂) by dipolar modulated one
�̃T (n̂) which breaks the linear perturbations in the radiation
and plays a role similar to the non-linear perturbations in
radiation.

We derived the explicit expressions for the angular power
spectra of the electric and magnetic-types parities of linear
polarization in the form of the line of sight integral solu-
tions and finally, we obtained the departure from the results
given by considering the symmetric template for the scalar
perturbations.

Our results demonstrated that scalar fluctuations with a
dipole asymmetric template modified the standard Boltz-
mann equations for the linear polarization of the CMB map.
The E-mode received an additional term with a linear depen-
dency on the amplitude of the temperature asymmetric tem-
plate according to Eq. (21). We obtained the B-mode power
spectrum achieved a contribution via Compton scattering in
the presence of the primordial scalar fluctuations with dipole
asymmetric template which not be zero in contrast with the
contemporary model. As shown in Eq. (23), C (S)

BB,� depends
on the square of dipole asymmetry amplitude. To make more
sense, we compared the generated B-mode due to asymmet-
ric scalar perturbations with magnetic-type parity of linear
polarization in the presence of tenor perturbations with tensor
to scalar ratio about r � 0.005, which are almost equivalent
for � � 10 (Fig. 2).
It could be interesting to assess the contributions of � = 3
multi-poles, �T,3m(k, K , τ ), more precisely, to achieve a
more accurate estimation of the B-mode instead of our cur-
rent result which is an upper estimation. Also applying the
computational data modeling to put a precise constraint on
the model-free parameters improves our results [33].
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Appendices

Appendix A

Accounting for the scalar mode perturbations and by using
the Thomson scattering of CMB photons by cosmic elec-
trons, the time evolution of ρi j (	x, 	k) (Eq. (3)) as well as the
Stokes parameters (Eq. (5)) is given by Eq. (10) [58], (Fig. 1).
More precisely, the evolution of polarization terms of CMB
is indicated by Eq. (11). All coefficients appear in the men-
tioned equations are defined below:

Fk
QT ≡ 2[| p̂.ε1(	k)|2 − | p̂.ε2(	k)|2]

F p
QT ≡ 4[|ε1.ε2|2 − |ε2.ε2|2 + |ε1(	k).ε2|2 − |ε1(	k).ε1( 	p)|2]

F p
QQ ≡ 4

{
[ε1(	k)ε1( 	p)ε1(	k)ε2( 	p) + |ε1(	k).ε1( 	p)|2

−|ε1(	k).ε2( 	p)|2] − [ε2(	k).ε2( 	p)ε2(	k)ε1( 	p)
+|ε2(	k).ε1(	k)|2 − |ε2(	k).ε2( 	p)|2]

}
,

Fk
UT ≡ 4[ p̂.ε1(	k) p̂ε2(	k) + p.ε1 p.ε2]

F p
UQ ≡ 4[p.ε1(k)p.ε2(k) − p.ε1(k)p.ε2]

F p
UU ≡ 4[p.ε1(k)p.ε1(k) − p.ε2(k)p.ε2]
F p
UT ≡ 4

{
[ε1.ε1ε2(	k).ε1( 	p) + ε2.ε2ε1(	k).ε2( 	p)]

+[ε1.ε1ε2(	k).ε1( 	p) + ε2.ε2ε1(	k).ε2( 	p)]
}

F p
UQ = 4

{
[ε1.ε1ε2.ε2 + ε1(	k).ε2( 	p)ε2(	k).ε1( 	p)

+ε1(	k).ε1( 	p)ε2(	k).ε1( 	p) − ε1(	k).ε2( 	p)ε2(	k).ε2( 	p)]
+[ε1.ε1ε2.ε2 + ε1(	k).ε2( 	p)ε2(	k).ε1( 	p)
+ε1(	k).ε1( 	p)ε2(	k).ε1( 	p)
−ε1(	k).ε2( 	p)ε2(	k).ε2( 	p)]

}
(25)

Matter perturbations in the Fourier modes are characterized
by the wave vector 	K and the coordinate system K̂‖ẑ, and
their amplitudes depend on the angle between the photon
direction and the wave vector μ = n̂.K̂ . The Eq. (11) is in a
standard scenario written without considering dipole asym-
metry.

To take into account the contribution of dipole asym-
metry (Eq. (12)), the �T ( 	p, K ) and �T (	k, K ) should be
replaced by �̃T ( 	p, K ) = �T ( 	p, K )(1 + AT P̂ · p̂) and
�̃T (	k, K ) = �T (	k, K )(1 + AT P̂.k̂), respectively in the
Boltzmann equations (Eq. (11)). Therefore, the evolution
equation for Stokes parameters, Q(S) and U (S) are modified
in the presence of dipole asymmetric scalar perturbations as:

d

dτ
(Q̃(S) + iŨ (S)) + i Kμ(Q̃(S) ± iŨ (S))

=κ̇[−(Q̃(S) ± iŨ (S))−1

2
[1−P2(μ)]�+ �+(S)(K , τ )]
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d

dτ
(Q̃(S) − iŨ (S)) + i Kμ(Q̃(S) ± iŨ (S))

=κ̇[−(Q̃(S) ± iŨ (S))−1

2
[1−P2(μ)]�+ �−(S)(K , τ )],

(26)

where the last terms in the right-hand side of the above
equations in the symmetric scalar perturbations vanished and
therefore they are produced due to the asymmetric part. Men-
tioned terms are as follows:

�±(S)(K , τ ) = AT

∫
d
p

4π
( p̂ · P̂)

�T ( 	p, K , τ ) (F p
QT ± i F p

UT ), (27)

where p̂ · P̂ has below general form

p̂ · P̂ = 4π

3

∑
Y ∗

1,m(P̂)Y1,m( p̂). (28)

To go further, plugging the Eq. (28) into Eq. (27), we obtain

�±(S)(K , τ ) = AT

3∑
m′=−3

�T,3m′ F±
3m′(n̂, P̂), (29)

Therefore, the necessary functions to clarify the evolution of
Stokes parameters which are given by Eq. (26) are:

F±
30 = A1(P̂)Y2 −1(n̂) + A2(P̂)Y2 0(n̂) + A3(P̂)Y2 1(n̂)

F±
31 = B1(P̂)Y2 −2(n̂) + B2(P̂)Y2 −1(n̂) + B3(P̂)Y2 0(n̂)

±B4(P̂)Y3 −2(n̂) + B5(P̂)Y4 −2(n̂)

F±
3−1 = C1(P̂)Y2 0(n̂) + C2(P̂)Y2 1(n̂) + C3(P̂)Y2 2(n̂)

±C4(P̂)Y3 2(n̂) + C5(P̂)Y4 2(n̂)

F±
3−2 = D1(P̂)Y2 1(n̂) + D2(P̂)Y2 2(n̂)

∓D3(P̂)Y3 2(n̂) + D4(P̂)Y4 2(n̂)

F±
32 = E1(P̂)Y2 −2(n̂) + E2(P̂)Y2 −1(n̂)

±E3(P̂)Y3 −2(n̂) + E4(P̂)Y4 −2(n̂)

F±
3−3 = F1(P̂)Y2 2(n̂) ∓ F2(P̂)Y3 2(n̂) + F3(P̂)Y4 2(n̂)

F±
33 = G1(P̂)Y2 −2(n̂) ∓ G2(P̂)Y3 −2(n̂) + G3(P̂)Y4 −2(n̂)

(30)

The coefficients A1, A2, ...G3 in the above equations read
as:

A1(P̂) = −8π

5

√
2

105

√
2π

3
Y1 −1(P̂),

A2(P̂) = 16π

5
√

35

√
π

3
Y1 0(P̂),

A3(P̂) = −8π

5

√
2

105

√
2π

3
Y1 1(P̂)

B1(P̂) = −2AT

5
√

70

√
2π

3
Y1 −1(P̂),

B2(P̂) = −8

15

√
2

35

√
2π

3
Y1 0(P̂),

B3(P̂) = 4

5
√

105

√
2π

3
Y1 1(P̂)

B4(P̂) = 2

30
√

10

√
2π

3
Y1 −1(P̂),

B5(P̂) = − 2

5
√

210

√
2π

3
Y1 −1(P̂),

C1(P̂) = 4

5
√

105

√
2π

3
Y1 −1(P̂)

C2(P̂) = −8

15

√
2

35

√
2π

3
Y1 0(P̂),

C3(P̂) = − 2

5
√

70

√
2π

3
Y1 1(P̂),

C4(P̂) = − 2

30
√

10

√
2π

3
Y1 1(P̂)

C5(P̂) = − 2

5
√

210

√
2π

3
Y1 1(P̂),

D1(P̂) = − 4

15
√

7

√
2π

3
Y1 −1(P̂),

D2(P̂) = − 2

5
√

7

√
2π

3
Y1 0(P̂)

D3(P̂) = 2

30

√
2π

3
Y1 0(P̂),

D4(P̂) = − 2

5
√

21

√
2π

3
Y1 0(P̂),

E1(P̂) = − 2

5
√

7

√
2π

3
Y1 0(P̂)

E2(P̂) = − 4

15
√

7

√
2π

3
Y1 1(P̂),

E3(P̂) = 2

30

√
2π

3
Y1 0(P̂),

E4(P̂) = − 2

5
√

21

√
2π

3
Y1 0(P̂)

F1(P̂) = −2

5

√
3

14

√
2π

3
Y1 −1(P̂),

F2(P̂) = 2

10
√

6

√
2π

3
Y1 −1(P̂),

F3(P̂) = − 2

5
√

14

√
2π

3
Y1 −1(P̂)

G1(P̂) = −2

5

√
3

14

√
2π

3
Y1 1(P̂),

G2(P̂) = − 2

10
√

6

√
2π

3
Y1 1(P̂),
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G3(P̂) = − 2

5
√

14

√
2π

3
Y1 1(P̂) (31)

Appendix B

To compute the B-mode power spectrum and to achieve the
Eq. (23), we need to clarify following term:

ð̄
2�+(S)(K , τ )eixμ − ð

2�−(S)(K , τ )eixμ

= AT�30[ð̄2F+
30e

ixμ − ð
2F−

30e
ixμ]

+AT�31[ð̄2F+
31e

ixμ − ð
2F−

31e
ixμ]

+AT�3−1[ð̄2F+
3−1e

ixμ − ð
2F−

3−1e
ixμ]

+AT�3−2[ð̄2F+
3−2e

ixμ − ð
2F−

3−2e
ixμ]

+AT�32[ð̄2F+
32e

ixμ − ð
2F−

32e
ixμ]

+AT�3−3[ð̄2F+
3−3e

ixμ − ð
2F−

3−3e
ixμ]

+AT�33[ð̄2F+
33e

ixμ − ð
2F−

33e
ixμ]

= AT�30[ð̄2F+
30 − ð

2F−
30]eixμ

+AT�30[F+
30 ð̄

2eixμ − F−
30 ð

2eixμ]
+AT�31[ð̄2F+

31 − ð
2F−

31]eixμ
+AT�31[F+

31ð̄
2eixμ − F−

31ð
2eixμ]

+AT�3−1[ð̄2F+
3−1 − ð

2F−
3−1]eixμ

+AT�3−1[F+
3−1ð̄

2eixμ − F−
3−1ð

2eixμ]
+AT�3−2[ð̄2F+

3−2 − ð
2F−

3−2]eixμ
+AT�3−2[F+

3−2ð̄
2eixμ − F−

3−2ð
2eixμ]

+AT�32[ð̄2F+
32 − ð

2F−
32]eixμ

+AT�32[F+
32ð̄

2eixμ − F−
32ð

2eixμ]
+AT�3−2[ð̄2F+

33 − ð
2F−

3−2]eixμ
+AT�33[F+

33ð̄
2eixμ − F−

33ð
2eixμ]

+AT�3−3[ð̄2F+
3−3 − ð

2F−
3−3]eixμ

+AT�3−3[F+
3−3ð̄

2eixμ − F−
3−3ð

2eixμ] (32)

Because in the 	K || z coordinate frame, U and Q are only a
function of μ so ð̄2 = ð2. By using the identity exp(i 	k1 · 	x) =∑

�(−i)�
√

4π(2� + 1) j�(k1r)Y 0
� (n̂), and

sY�m =
[
(� − s)!
(� + s)!

]1

2
ð
sY�m, (0 ≤ s ≤ �)

sY�m =
[
(� + s)!
(� − s)!

]1

2
(−1)s ð̄−sY�m, (−� ≤ s ≤ 0)

(33)

according to the equation of (A3) of reference [59], the Eq.
(32) becomes:

ð̄
2�+(S)(K , τ )eixμ − ð

2�−(S)(K , τ )eixμ

= (5!)1/2AT (B4�31 − E3�32 − G2�33)
[
−2Y32 + 2Y32

]
+(5!)1/2AT (C4�3−1 − D3�3−2

−F2�3−3)
[
−2Y3−2 + 2Y3−2

]
+AT (B4�31 + E3�32 − G2�33)Y3−2(n̂)

×[
ð̄

2eixμ + ð
2eixμ

]
+AT (C4�3−1 − D3�3−2 − F2�3−3)Y32(n̂)

×[
ð̄

2eixμ + ð
2eixμ

]
= H5(P̂)

[
−2Y3−2 + 2Y3−2

] + H6(P̂)
[
−2Y32 + 2Y32

]
+H9(P̂)

[
ð̄

2eixμ + ð
2eixμ

]
(34)

where

H5(P̂) = (5!)1/2AT (B4�31 − E3�32 − G2�33)

H6(P̂) = (5!)1/2AT (C4�3−1 − D3�3−2 − F2�3−3)

H9(P̂) = AT (B4�31 + E3�32 − G2�33)Y3−2(n̂)

+AT (C4�3−1 − D3�3−2 − F2�3−3)Y32(n̂)

(35)

we also implement following relations:

[ð̄2 + ð
2]eixμ =

∑
�=2

(−i)2

√
4π(2� + 1)

(� + 2)!
(� − 2)! j�(x)

×[
−2Y�0 + 2Y�0

]
(36)

2Y3±2 + −2Y3±2 = 1

4

√
7

π
e±2iϕ(2 cos2 θ − 1) cos θ

(37)

finally, Eq. (34) reads as:

ð̄
2�+(S)(K , τ )eixμ − ð

2�−(S)(K , τ )eixμ

= 1

4

√
7

π
e−2iφ(2μ2 − 1)μH5(P̂)

+
√

7

4
√

π
e2iφ(2μ2 − 1)μH6(P̂)

+H9(P̂)
[
ð̄

2eixμ + ð
2eixμ

]
(38)

Therefore the asymmetric B-mode power spectrum is written
by:

C(S)
BB,�

∣∣∣
Asymmetry

= (4π)

2� + 1

(� − 2)!
(� + 2)!

∫
k2dkPϕ(k)

×
∑
m

∣∣∣
∫

d
Y ∗
�m(n̂)

∫ τ0

0
dτ g(τ ) [ζ̂ (P̂, x)

−i ρ̂(P̂, x)]eixμ∣∣2 (39)
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where ζ̂ (P̂, x) and ρ̂(P̂, x) are:

ζ̂ (P̂, x) =
∑
�=2

(−i)2

√
4π(2� + 1)

(� + 2)!
(� − 2)! j�(x)

×[
−2Y�0 + 2Y�0

]

ρ̂(P̂, x) = −
[ √

7

4
√

π
H5(P̂)(2∂3

x + ∂x )

]
e−2iϕ

−
[ √

7

4
√

π
H6(P̂)(2∂3

x + ∂x )

]
e2iϕ (40)

it turns out that the ζ̂ (P̂, x) does not contain the asymmetric
B-mode power spectrum. Then Eq. (39) is given by:

C (S)
BB,�

∣∣∣
Asymmetry

= (4π)2 (� + 2)!
(� − 2)!

×
∫

K 2dK Pϕ(K )

[∫ τ0

0
dτ g(τ ) β̂(P̂, x)

]2

(41)

in which β̂(P̂, x) ≡ 1

4

√
7

π

[
H5(P̂) + H6(P̂)

]
[�(1−�)(1+

�)(2 + �)] (� − 2) j�(x) − x j�+1(x)

x3 . By implementing j�+1

(x) = �

x
j�(x) − j ′�(x), finally, we achieve:

C (S)
BB,�

∣∣∣
Asymmetry

= (4π)2 (� + 2)!
(� − 2)!

∫
k2dkPϕ(k)

×
[∫ τ0

0
dτ g(τ ) A(K , τ )

∣∣∣
Asymmetry

× (� − 2) j�(x) − x j�+1(x)

x3

]2

, (42)

where

A(K , τ )

∣∣∣
Asymmetry

= 1

4

√
7

π
AT

× [
B4�31,T − E3�32,T

−G2�33,T + C4�3−1,T

−D3�3−2,T − F2�3−3,T
]
. (43)

We assume �31,T = �32,T = �33,T = �3−1,T =
�3−2,T = �3−3,T = �3,T , therefore by considering P̂ =
(218,−19) ± 29 we have:

A(K , τ )

∣∣∣
Asymmetry

= AT�3,T
16π

4

√
14

3

×
[

0.060
(
Y1 1(P̂)−Y1 −1(P̂)

)
− 2

15
Y1 0(P̂)

]

= AT�3,T (4π)

√
14

3
(−0.0239 + 0.0517)

= 0.753AT�3,T (44)

We will consider this result to estimate the order of mag-
nitude of E- and B-modes with the assumption of dipole
asymmetry.
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