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Discovery of entanglement generation by
elastic collision to realise the original
Einstein-Podolsky-Rosen thought

experiment

% Check for updates

Roman Schnabel

The amazing quantum effect of ‘entanglement’ was discovered in the 1935 thought experiment by
Albert Einstein, Boris Podolsky and Nathan Rosen (‘EPR’)'. The ensuing research opened up
fundamental questions and led to experiments that proved that quantum theory cannot be completed
by local hidden variables®™. Remarkably, EPR did not discuss how to create the entanglement in their
thought experiment. Here | add this part. What is required in the original EPR thought experiment is a
simple elastic particle collision, an unbalanced mass ratio of e.g. 1:3 and initial states that are position
and momentum squeezed, respectively. In the limiting case of infinite squeeze factors, the
measurement of the position or momentum of one particle allows an absolutely precise conclusion to
be drawn about the value of the same quantity of the other particle. The EPR idea has never been tested

in this way. | outline a way to do this.

In their seminal 1935 paper’, Einstein, Podolsky and Rosen presented a
thought experiment with two systems that had interacted with each other in
the past but no longer do. The past interaction had ‘entangled’ the systems, a
term introduced by Erwin Schrédinger in his response’. EPR were finally
specific in the presentation of their thought experiment. They considered
the entanglement of the momenta and positions (coordinates) of two par-
ticles, which I will refer to here as ‘A’ and ‘B’. For a statistical analysis, the
entanglement was prepared many times in exactly the same way. The
successive measurements on particle A (its location X, ; or its momentum
Pa;) as well as those on particle B (X3, or pg D nevertheless resulted in
different values due to quantum uncertainty.

The core of the EPR thought experiment was the discovery of corre-
lations within the spread of the uncertainty distributions. Every two
simultaneous position measurements (x4, and xp;) did provide varying
values but they were always mutually identical. Two simultaneous
momentum measurements (p, ; and pp;) also provided varying values, but
always had a sum of precisely zero. The fact that any quantum uncertainty
disappears in the relative measurements on a pair has led EPR to question
whether quantum theory is complete'. Many other quantum physicists did
not question this. Schrodinger saw nevertheless a paradox in the EPR
thought experiment’.

EPR did not describe in their thought experiment how the position/
momentum entanglement of two particles could be realised. Starting in the

1970s, there are now a large number of EPR experiments that realise the EPR
paradox with different observables and different quantum systems. These
include entangled systems of definite photon numbers**’, followed by
conceptionally similar experiments with the occupation numbers of internal
states of trapped ions’, of two atoms and a cavity mode®, of the stretch modes
of two separated atomic mechanical oscillators’, of electron spin oscillators
in defects of two separated crystals", and of phonon number excitations of
two artificially engineered mechanical oscillators'".

A second kind of EPR experiments has used indefinite numbers of
quanta and produced entanglement of the position-like and momentum-
like observables, in particular the amplitude and phase quadratures
amplitudes X and Y. Their continuous-variable probability density dis-
tributions of eigen values obey the Heisenberg uncertainty relation
APX . A2V >1 /16, where the A? denote variances. Also here, the first
demonstrated systems were optical, namely laser beams having well-defined
optical frequencies, polarisations, and transverse modes'>"”. Another
example is EPR experiments with the transverse position and momentum of
optical fields in the context of imaging'*"”. As an example of systems with
mass, the position- and momentum-like projections of the collective spin of
atomic clouds were entangled, e.g. clouds of about 10" caesium atoms'® or
about 10* rubidium atoms"”.

Here I present the previously unknown interaction of how two free
particles get entangled with respect to their real positions and momenta,
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namely those of their centre of mass motion, to realise the source for the
original EPR thought experiment. It is an elastic collision in one dimension,
where the bodies must have unequal mass and are initially in position- and
momentum-uncertainty-squeezed Gaussian states, respectively. I show that
the entangling process is a natural consequence of the existence of quantum
uncertainty and conservation of energy and momentum. I use a semi-
classical approach that neglects the interference of the uncertainty ranges
(during the collision). I consider this to be well-founded, as significant
interference only occurs when very similar wave functions overlap. In the
case considered here, neither the masses of the systems nor their quantum
states are the same. The measurement of the positions and momenta only
takes place when the wave functions are clearly separated again by the
kinetics, so that my model is not subject to a semi-classical approximation
during the measurement. Note that the (Bargmann) mass-superselection
rule does not apply, because the masses of the particles are no dynamical
variables'. I propose to put the EPR thought experiment into reality with
precisely those systems and system observables originally discussed by EPR
using an ensemble of a large number of identically prepared position/
momentum entangled pairs of freely propagating atoms or ions.

Gaussian quantum uncertainties

The emergence of motional (position/momentum) EPR entanglement of
two particles in Gaussian quantum states through an elastic collision is
illustrated in Fig. 1. The equivalent phase space description is presented by
the figure of the supplementary information.

States with Gaussian quantum uncertainties can minimize Heisenberg’s
uncertainty relation'””. The most prominent pair of non-commuting
observables whose eigen value spectrums can show a Gaussian distribution
are the position x and the momentum p, the two observables of motion. With
A% and A%p being the variances of their quantum uncertainties, Heisenberg’s
uncertainty relation reads

A% A%p> — | ey

N

where 7 is the reduced Planck constant.
Two systems ‘A’ and ‘B’, both of which must generally obey inequality
(1), are in a position/moment entangled state, if the measurement values on

Snapshot at ¢, before the collision

the individual systems reveal correlations tighter than the minimum
uncertainty product in inequality (1). A sufficient and necessary criterion for
the most generic form of Gaussian entanglement, which is also called
‘inseparability’, is given in™*". If the measurement values from one system
allow for the inference of the values of the same observable from the second
system to better than the second system’s minimum uncertainty product #°/
4, then we speak about ‘EPR entanglement™****”. EPR entangled systems are
always also inseparable, while the converse of this statement does not
apply"***. EPR entanglement corresponds to the correlations found in the
original thought experiment of Einstein, Podolsky and Rosen'.

Squeezed motional states of a particle

A particle in a harmonic potential being in its motional ground state has
position and momentum expectation values of (X) = (p) = 0, defined
with respect to the minimum of the trapping potential. Precise mea-
surements performed on identical such particles, however, map out the
respective quantum uncertainties around zero. They have a continuous
Gaussian spectrum of ‘eigen values’. The variances of the measured eigen
values read

A% = _h
2mQ’

A*p = hmTQ , )
where Q) is the trapping angular frequency. If the trapping frequency is
quickly reduced, its state becomes position squeezed: The (old) position
uncertainty is smaller than the ground state’s position uncertainty in the
new potential. Such a state is represented by a vertically aligned ellipse in the
position/momentum phase space, see the left ellipse in the figure of the
supplementary information. If the trapping frequency is quickly increased,
the state becomes momentum squeezed, see the lower ellipse in the same
figure. If the trapping potential turns to a flat potential, the particle gradually
increases its squeezed position uncertainty towards infinity and reduces its
anti-squeezed momentum uncertainty to zero. After an infinitely long time,
the state of the particle reaches the new ground state with infinitely extended
position uncertainty and precise momentum. This is the well-known ‘free
evolution of a Gaussian wave packet’ that can be found in textbooks on
quantum physics. Figure 1 and the figure of the supplementary information,
however, show entanglement generation on a time scale that is much shorter

Snapshot at t; after the collision
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Fig. 1 | EPR entanglement from elastic collision. - Before the collision, at time ,
(left half), particle A with mass m 4 rests at (x4 (t)) = 0 with a large Gaussian position
uncertainty and negligible, strongly squeezed momentum uncertainty. The entan-
glement is produced by a single collision with particle B having the mass mp = 3m,, a
high momentum (py(#,)) > Apy(t,) >0, and a position X5(t,) = —x, with negli-
gible, strongly squeezed position uncertainty. After the collision, at time #; (right
half), measurements are performed. The two masses have the same momentum
(Pp(t1)) = (p,(t,)) due to the mass ratio 1:3 and the conservations of momentum
and energy. The momenta are even identical for any individual ensemble mea-
surement ‘i’ since the momentum uncertainties (almost) exclusively originate from
particle B. The measured values (p, 5(,)) 4 dp, 5;(t,) (vertical dashed lines in the
Gaussian distributions top right) are’always identical, i.e. the differential values show
no quantum uncertainty. The momentum uncertainties of the two particles are

quantum correlated. The initial position uncertainty Ax,(¢,)>> 0 gets also dis-
tributed onto both particles. The right half of the Gaussian uncertainty corresponds
to a statistically later collision, which results in a later establishment of new velocities.
The collision halves the velocity of mass B, and mass A is accelerated to 3/2 of the
initial velocity of B. The position uncertainty of A gets thus mirrored at its centre line
and stretched by a factor 3/2 while B takes over A's position uncertainty with half the
standard deviation (see supplement). In conclusion, the position uncertainties of
particles A and B after the collision are quantum anti-correlated. By measuring either
A or Bweare in a position to predict with certainty, and without in any way disturbing
the second system either the value of the quantity [x] or the value of the quantity [p].
My complemented version of the EPR thought experiment makes obvious that the
description by the wave function is complete. Hidden variables are not motivated by
the EPR thought experiment.
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than the time scale of free evolution and the latter does not need to be
considered.

Results

State preparation before the entangling collision

Figure 1 illustrates the positions and momenta of two particles ‘A’ and ‘B’ at
fixed state-preparation time f, and at fixed measuring time f,. The entan-
gling collision happens at time #.,y (fy < t.on < #;) at the position of resting
particle A ((x,(#,)) = 0). The two bodies are prepared in mutually inde-
pendent (separable) pure quantum states with Gaussian uncertainties (also
shown). Particle A has zero momentum expectation value ((p, (¢,)) = 0)
while its momentum uncertainty is squeezed according to A%p, (¢,) <
hm,Q/2. Its position uncertainty is anti-squeezed according to
A%k, (t)) = h* (40, (t,)). Particle B’s position is described by
(%p(t,)) = —x, with a squeezed uncertainty A25(t,) < h/(2mpQ). It has
a large positive momentum with an anti-squeezed uncertainty according to

. . h [hmz Q)
(Pp(te)) > Apy(ty) = 2055(to) > mZB . 3)

1D-Collision with 50% momentum transfer
Every single collision I’ must obey momentum as well as energy con-
servation. This leads to the well-known effect that a one-dimensional elastic
collision of two bodies with identical masses swap their motional quantum
states. In this case, the two bodies remain in separable states of motion, and
the collision does not produce any entanglement.

Keeping the 1D setting, the situation becomes different if the masses
are unequal. The strongest quantum correlation occurs when the prepared
bodies have a collision with 50% momentum transfer, as the momentum
uncertainties are then also transferred in the same ratio. The momentum
transfer is both ways, but only the momentum transfer from B to A is
relevant. The other direction is irrelevant because A has zero momentum
and negligible momentum uncertainty. The transfer of momentum
uncertainty is effectively ‘oneway’. This is what the entanglement produces.

The 50% momentum transfer in Fig. 1 is described by

1
5 mpvg;(te) & myvy;(t)) = pyi(t) (4)

~myvy () = pai(ty). (5)
Energy conservation requires

valza,i(to) ~ valza,i(tl) + mAViji(tl)' (6)

Combining these equations provides the optimal mass ratio for max-
imal entanglement of

myg =3m, . 7)

Emergent EPR quantum correlations

Egs. (4), (5) and (6) are justified approximations because particle A has zero
momentum and a (strongly) squeezed momentum uncertainty before the
collision. No momentum and no kinetic energy is thus transferred from
particle A to particle B in course of the elastic collision. Egs. (4) and (5)
readily state that the momenta of A and B are perfectly correlated for every
individual pair collision 7: A measurement of the momentum p ;(#;) allows
to precisely infer the momentum pg ;(t;) and vice versa.

The quantum anti-correlation in the bodies’ positions can be shown by
considering their velocities. Egs. (4), (5) and (7) yield

St = 2, = v (1) = Ot +Ovy(ty), ®)

with |6vg;(fo)| << [{vi(to))|, where v ;(f,) can be either positive or negative
describing the effect of the quantum uncertainty on individual measure-
ment outcomes.

The time of collision ., has an uncertainty described by

Oxp;(tp) ~ Oxp ;(tp)
(vp(tp)) + 0vp(ty)  (vp(ty)) ’

Ot =

coll,i

©)

As illustrated by the left circle in the figure of the supplementary
information, the position of B according to a single measurement at time ¢, is
then approximated by

xpi(t) = —xo + (<VB(to)> + 5VB,i(to))

3xy/2 Ot
x(wm»+ 2)

(10)
o X (v (£0)) 8t o s
~ T+ 3 +
0x5i(ty)

P ’

38vg(ty) xo
2(vg(to))

~ 24

where all terms are neglected that are small compared to (vg(t))Stcon;-
The position of A at measuring time #; of run i reads

x0;(t) = ((VB(to)> + 6VB‘i(t0))

3x 3 Ot oo
x <5tcoﬂ>i + W(?a)) T2 )

3xy  Oxplto)
~ 3% _ ailh)
~ 72 2

(11

Thus, it is shown that the positions of the bodies are quantum anti-
correlated. A measurement of the position x4 ;(f;) allows to precisely infer
the position xp;(#;). There is no quantum uncertainty in the sum of Egs. (10)
and (11).

Proposal for an implementation with ions

Two ions trapped in a linear Paul trap can move in one dimension and also
repel each other. The experiment proposed here requires two ions of dif-
ferent masses, preferably in a ratio of 1:3. Potential candidates are potassium
(mass number 39) and caesium (mass number 133). In order to realise the
experiment in Fig. 1, the (singly charged) potassium ion (‘A’) must be
prepared in a momentum-squeezed state before the elastic collision, and the
(singly charged) caesium ion (‘B’) must be prepared in a position-squeezed
state. This could for example be realised with superimposed, three-
dimensional ion traps that have significantly different trap frequencies. The
potassium ion (1) is initially in the ground state of a trap potential with a
low trap frequency Q4 at the origin (xa(¢ < t5)) = 0. The cesium ion () is
initially found in the ground state of a trap potential with a high trap
frequency Qg > Q4 at the location (xg(t < tp)) = —xo. At t = to, both trap
potentials are switched off and the linear Paul trap is activated instead, which
strongly forces both ions to move in one dimension and has a trap potential
of medium trap frequency Qp along the axis. The following therefore applies
Q4 < Qp < Qp. Shortly after the trap frequencies Q4 and Qg are switched off,
ion A and ion B have a squeezed momentum or a squeezed position with
respect to the new trapping frequency Qp according to Eq. (2). To prevent
the ion motion from being influenced by the evolution of their wave
functions in the new potential, ion B is immediately accelerated towards ion
A at high speed and the measurements of either the two locations or the two
momenta are performed after the collision. The measurement results show
the EPR paradox.
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Discussion

Einstein, Podolsky and Rosen concluded from their ‘EPR’ thought experi-
ment that quantum theory is incomplete and that the description of physical
systems must be supplemented' by what was later called local hidden
variables’. However, this possibility was ruled out as part of theoretical and
experimental work that began in the 1960s™*'***”*” and concluded with the
award of the Nobel Prize in Physics in 2022.

In the original EPR thought experiment, the physical process of how
the necessary entanglement comes about was missing. I can supplement this
with this work. Furthermore, I visualise the generation of the entanglement
of the positions and momenta of two particles through a time sequence
(Fig. 1). A one-to-one realisation of the original EPR thought experiment
thus appears possible for the first time. As the even more important result of
my work I consider the insight into how the quantum correlations of EPR
entanglement arise. This follows directly from the equations and the illus-
tration presented. EPR entanglement arises from the redistribution of the
initial quantum uncertainties under the conditions of energy and
momentum conservation. If the initial quantum uncertainties are position-
or momentum-squeezed, the redistributions are effectively one-way streets,
and quantum correlations and entanglement arise in an easily
understandable way.

The generation and measurement of EPR entanglement in this
paper refers exclusively to the statement of the original EPR thought
experiment, which can be adequately described by quantum states with
Gaussian (positive) Wigner functions. In general, Gaussian entangle-
ment together with the measurement of Gaussian variables (here
position and momentum) is not suitable for violating a Bell inequality,
since this situation can be described with a local deterministic model”.
(This is only possible if one disregards the existence of Heisenberg’s
uncertainty principle). However, Gaussian entanglement can make a
locally deterministic model entirely impossible if non-Gaussian vari-
ables are measured, in particular parity’*”. In the context of quantum
information, it is a very interesting question whether it is possible to
define parity measurements on the Gaussian EPR entangled states of
this paper in such a way that the measurement results violate a Bell
inequality. This question is not answered here, but I suspect that it is
possible.

Data availability
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