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Abstract

The anomalous magnetic moment of the muon provides one of the most stringent tests
of the Standard Model with very precise determinations from both experiments and
theory. However, there is a persistent tension between the two determinations, which
has increased to 4.2 standard deviations with the latest experimental result. Currently,
experimental efforts are underway to reduce the uncertainty by up to a factor of four.
Testing the Standard Model on this more precise level requires that also the theory
error is reduced to the same level. The Standard Model uncertainty is dominated by
low-energy contributions from the strong interaction, namely the Hadronic Vacuum
Polarization and the Hadronic Light-by-Light scattering. The Hadronic Light-by-
Light scattering can be systematically decomposed into contributions from various
intermediate states, with the dominant role played by the 7%-pole, followed by the 7-
and n/-poles.

In this work, the 7°- and n-pole contributions are estimated from twisted mass lattice
QCD with physical light and heavy quark masses. Three ensembles generated by
the Extended Twisted Mass Collaboration are used for the 7% and one ensemble for
the n-pole calculation. For the n-pole, this is the first ab-initio calculation directly
at the physical point.

The main results for the pole contributions are aZ‘pOle = 56.7(3.1) x 107! and
P = 13.8(5.5) x 107
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Chapter 1

Introduction

The anomalous magnetic moment of the muon provides one of the most precise tests
of the Standard Model (SM) and is currently measured with a precision of around
0.4ppm [1,2], with an uncertainty from the SM prediction at an equal level [3].
However, for about the last twenty years, there is a persistent tension between theory
and experiment, which with the latest results has increased to 4.2 ¢. This discrepancy
has lead to a significant interest in the particle physics community, since it both
constrains plausible extensions of the Standard Model and impacts our understanding
of beyond-the-standard-model (BSM) physics.

The SM prediction is commonly split into quantum electrodynamic (QED), elec-
troweak and hadronic contributions, with the hadronic contributions being split
into the Hadronic Vacuum Polarization (HVP) and the Hadronic Light-by-Light
scattering (HLbL). It turns out that the error in the theory prediction is dominated
by the hadronic contributions. The aim of this thesis is the calculation of parts of
the HLbL contribution from first principles.

The structure of this introduction is as follows. First, the magnetic moment is intro-
duced before reviewing the current predictions of the electron and muon anomalous
magnetic moments. Then, in Sec. a brief overview on the experimental devel-
opment and techniques is given before reviewing the SM contributions in Sec. [I.2]
Finally, in Sec. [I.3] a few more details on the quantities calculated in this work as

well as the structure of this thesis are explained.



The magnetic moment fi is an intrinsic property of a spin-1/2 particle, defined
through the interaction of the particle with an external magnetic field B , with the
potential energy of the magnetic moment given by U = —ﬁé [4]. It is given in
natural units by

— q al
=g—39 1.1
A= 955, (1.1)

with S the particle’s spin, ¢ its charge, m its mass and g the gyromagnetic ratio
which describes the overall strength of the magnetic moment in units of the classical
magnetic moment [5]. The Dirac equation predicts a value of g = 2 for any spin-1/2
elementary particle, i.e. in particular for the three charged leptons (the electron e,
muon g and tauon 7) [6]. In the framework of relativistic quantum field theories,
this “Dirac term” arises at lowest order in quantum electrodynamics (QED) from the
tree-level interaction of a lepton with a real external photon.

The gyromagnetic ratio differs from 2 through contributions from radiative corrections,
where the interaction of the lepton with a photon is modified by virtual loops and
lines. This is a per-mille level effect for the gyromagnetic ratio of the electron and
muon [5},7]. For the charged leptons [ = e, u and 7, the anomalous magnetic moment
a; is defined by half the difference from Dirac’s prediction g; = 2, i.e. by

g —2

a; = 9 . (12)

Already in 1948, the first order correction from QED was calculated by Julian
Schwinger. It increases g, universally for all three charged leptons by /7, where «
is the fine structure constant [8]. This increase was confirmed experimentally for the
electron in the same year [9).

In general, quantum field theories are not analytically solvable. In the perturbative
approach, quantities are expanded in powers of some coupling smaller than one in
order to approximate the exact values by truncating the expansion at some power.
For QED, this coupling is the fine structure constant, which is of O(1072). Higher
order corrections in the framework of perturbative QED then scale with higher
powers of the fine structure constant.

Both the theoretical SM predictions and experimental measurements of a. and a,,
are among the most precisely determined quantities in particle physics. They not
only serve as a test of the SM but also as an indication of BSM physics if experiment

and theory show differences, since BSM forces or virtual particles might contribute



to a;. The SM prediction of the electron anomalous moment is dominated by QED
and is in particular sensitive to the experimentally measured value of «, resulting in

combined differences to the most recent experimental value of [10]
a®™ = 115965 218.073(20) x 10~

of -2.50 to 1.6 0. Note that the experimental value for a, has a precision of 0.24 ppb,
while the theoretical predictions have precisions in the range of 0.1 ppb to 0.6 ppb,
depending on the used determination of the fine structure constant a.

The most recent experimental value of the muon anomaly, from April 2021 |1,[2],
as® =116 592061(41) x 107,

has a precision of 0.35 ppm, while the recommended SM value from the g — 2 theory
initiative [3],
as™ =116591810(43) x 107",

has a precison of 0.37 ppm, resulting in the combined difference of 4.2 0. Despite
the lower precision of both the measurement and theoretical prediction of the
muon anomalous moment it is of special interest since it is much more sensitive to
electroweak, strong and BSM contributions compared to a.. As pointed out in [11],
any modification to the photon propagator or a new coupling to both electrons and
muons would perturb a, by a factor (m,/m.)? ~ 40 000 compared to a.. In principle,
the tauon anomalous moment would be even more sensitive to new physics, but its
extremely short mean life time of 290.3(5) fs [12] makes a precision measurement of

a, impossible with the currently available technologies.

1.1 Overview of the experimental development

The history of the muon g — 2 experiments starts with the measurement published
in 1957 by the Columbia Nevis group [13|, with a second result published just two
months later by the University of Liverpool, already reaching a precision of 1% on
g, [14]. The Columbia Nevis group then improved their experiment, resulting in

a measurement of a, with a precison of 6.5% which they published in 1960 [15].



Borrowing the magnet from Liverpool, the first of three experiments at CERN was
started in 1959. The CERN I experiment gave a measurement with a 0.4% error on
a, already in 1962 . Recognizing the need for increased observation time of
the spin precession for higher precision, the CERN II experiment was the first to
make use of a storage ring to employ relativistic muons with a boosted mean life time
in the laboratory frame compared to their mean life at rest of 2.1969811(22) us [12].
Further improvements were made in the CERN III experiment, most notably muons
at the so-called “magic momentum” of 3.1 GeV/c were stored for measuring a,,, which
cancels out the first order electric field contribution from the used focusing electric
quadrupoles . More details about the “magic momentum” will be given later in
this section. The final report of the three CERN experiments, published in 1979,
gives a precision of 7.3 ppm on a, when combining all CERN measurements [19).
The most recent completed experiment was conducted at the Brookhaven National
Laboratory (BNL). It follows the same general technique as CERN III, with the
most notable improvements being firstly direct muon injection utilizing a passive
instead of a pulsed inflector magnetic and pulsed magnetic kicker, and secondly the
superferric superconducting storage ring magnet with a more uniform magnetic field.
After the measurements concluded in 2001, the final report was published in 2004,
giving a, with a precision of 0.54 ppm .

Figure 1.1: Arrival of the BNL E821 muon storage ring at Fermilab in 2013 for FNL
E989 (left), installed ring in its detector hall (right). Pictures from [21].

For the Fermilab muon g — 2 experiment, the storage ring from BNL was transported
to Fermilab in 2013, see Fig. [[.] for some photographs. The 14m diameter ring was
transported in a five-week journey of more than 5000 km over land and sea.

Notable improvements include better instrumentation for the magnetic field and the



muon spin precession frequency measurements as well as the utilization of a more
intense and pure muon beam [22|. The target precision is 0.14 ppm after a total of
six data taking periods, with Run-6 being completed in 2023. The Run-1 result,
published in 2021, already reached the same precision as the final BNL result, the
analysis from Run-2 and Run-3 is expected to be published in 2023 [1,[2].

Planned to start data taking in 2027 is the muon g — 2/EDM experiment J-PARC
(E34) in Japan. Its goal is to provide an independent measurement of a,, with an as
of yet unused approach to the muon beam line utilizing a very low-emittance muon
beam, produced by re-acceleration of thermal muons, which eliminates the need for
the strong focusing electric quadrupoles used at BNL or Fermilab and thus allows

muon momenta different from the “magic momentum” [23-25].

The muon g — 2 storage ring experiments inject spin-polarized muons into
the magnetic storage ring and measure the relative precession frequency of the spin
of the muons with respect to their momentum. This so-called anomalous precession
frequency w, is defined as the difference between spin precession frequency w, and
the cyclotron frequency w, for muons orbiting in a highly uniform magnetic field
B [7]. In the absence of an electric field and for muons orbiting perpendicular to the
magnetic field,

— —

- qB
We = Ws — We = —Ay——

. (1.3)
holds, where m,, is the muon mass. Thus a measurement of &,, combined with precise
knowledge of the storage ring magnetic field B , allows for a precise determination of
a,. In the presence of an electric field E and while accounting for an electric dipole
moment (EDM) of the muon, the total spin precession vector with respect to its

momentum is given by

& = To + Gy,
= 1 gxﬁ T E
““B‘(““wz_l) c *?(5“”:)

where &, is the precession vector due to the EDM and ﬁ and v the velocity and

;o (14)

Lorentz factor of the muon. 7, is the factor corresponding to g, for the EDM [23|. In
the CERN III, BNL and Fermilab experiments, the muons are tuned to the “magic
momentum” of 3.1 GeV /¢, where v &~ 29.3, such that the second term in Eq. (1.4

>



goes to zero. In the Fermilab experiment, the stored muon beam has a narrow
momentum spread of approximately 0.15% around the “magic momentum”. This
momentum spread is picked up by the detectors and taken into account for the
analysis |1]. The planned experiment at J-PARC will use no electric field for focusing
the muon beam, thus reducing all terms involving E in Eq. to zero. The key
requirement for storing the muon beam with only a magnetic focusing field is a muon

beam with low emittance [23].

1.2 Overview of the Standard Model contributions

Turning to the theoretical calculations of a,, the SM prediction for the anomalous
magnetic moment gets contributions from all sectors of the SM, and is commonly
split into

SM _ _QED , EW , HVP , HLbL
a, =a; " +a," ta, +a,"", (1.5)

with a2*P the QED contribution, ay;" the elektroweak (EW) contribution, a)/¥" the
Hadronic Vacuum Polarization (HVP) contribution and aj;""" the Hadronic Light-
by-Light scattering (HLbL) contribution. Both the QED and EW contributions
come with negligible uncertainty, the error of the SM prediction is dominated by the
hadronic contributions due to the non-perturbative strong interaction at low energies.
In 2020, the Muon g — 2 Theory Initiative published a white paper [3|, with the goal
to provide community-approved values for the SM contributions. An update of the
white paper is expected for 2023. In Tab. [I.1], the SM values are summarized and
compared to the experiment.

The most precisely determined SM contribution is CLSED, which accounts for more than
99% of the anomalous magentic moment of the muon. al(?ED consists of all contribution
only involving photons and leptons, it has been calculated both analytically and
numerically up to four-loop order, the fifth-loop order contribution has been fully
calculated numerically. Its uncertainty stems from four- and five-loop QED, the
estimation of the six-loop QED and the fine structure constant «, with a negligible
total uncertainty of 0.9 ppb, cf. |3,]26] and references therein.

Also coming with a negligible uncertainty of 8.6 ppb is aEW, which constitutes of all

diagrams involving at least one of the EW bosons, i.e. W, Z or Higgs. They are



Contribution Value x 101!
E821 116592 089(63)
E821 + E989 Run-1 116592061 (41)
QED 116584 718.931(0.104)
Electroweak 153.6(1.0)
HVP (ete”, LO+NLO+NNLO) 6845( 0)
HLDbL (phenom. + lattice + NLO) 92(18)
SM total 116591 810(43)
ap?t — oM 279(76)
G%SZI + E989 Run-1 __ aEM 251(59)

Table 1.1: Experimental values and recommended SM contributions to a,, from [3],
FNL Run-1 value from [2].

strongly suppressed by the heavy masses of the EW bosons and in total contribute

PP Their calculation has been done up to

numerically at the same order as a
two-loop order, with dominant three-loop effects estimated from the renormalization
group. The uncertainty is dominated by non-perturbative hadronic insertions entering
at two-loop, cf. [3,7] and references therein.

The most sizeable hadronic effect, contributing the most to the SM prediction error,
comes from the HVP, entering at order O(a?) in the framework of perturbative QED.

Its leading order Feynman diagram is depicted in Fig. . aEVP can be calculated

Figure 1.2: Hadronic vacuum polarization diagram in the muon g — 2 at leading
order. The striped circle indicates all possible intermediate hadronic states.

using data-driven methods, utilizing experimental input from eTe™ annihilation into
dispersion relations, or from lattice QCD. The data-driven HVP estimations have
been calculated by various groups using different assumptions on the functional form
of the cross section entering the dispersion relation and treating the data differently.
Three such results have been merged up to NNLO to obtain the sub-percent level
precision value in Tab. [L.1] see [3,27133]. Improvements of the data-driven estimate

are expected from new ete~ — hadrons cross section measurements, in particular



those of the 777~ channel. Belle-1I [34], BaBar [35] and BES-III [36] are all expected
to provide such data sets, while CMD-3 recently released new results [37]. On
the lattice, the first result with sub-percent precision was the BMW-20 analysis
published in 2020 [38]. Other recent lattice results are the LM-20 [39], ETM-22 [40]
and CLS/Mainz-22 [41] analyses, of which the latter two study so-called short and
intermediate distance windows. Note that these results were not yet included in [3]
and that both the BMW-20 and LM-20 results would push the SM prediction for a,,
closer to the experimental value, with a combined discrepancy between theory and
experiment of only 2 0.

Entering at O(a?) in the framework of perturbative QED is the contribution from

HLbL
m

driven methods and lattice QCD. Due to its suppression by an additional power of «

Hadronic Light-by-Light scattering, a , which also can be calculated by data-
compared to the HVP contribution, the HLbL contribution is two orders of magnitude
smaller. Since the HLbL involves four-point functions as opposed to the two-point
HVP function, it is determined to a much lower relative precision than HVP, such

that the second most significant contribution to the overall error of the SM prediction

HLbL
m

mesons, tensor mesons and charged pion and kaon loops [3|. There have been many

comes from HLbL. a gets contributions from single meson exchanges, axial-vector

approaches to estimate the HLbL contribution, e.g. [42-51], with the modern data-
driven and dispersive methods providing model-independent evaluations of aELbL.
The HLbL tensor can be systematically decomposed into contributions from various
intermediate states [52-55]. The bulk of a;;""" is expected to originate from states at
energies of up to 1.5 GeV /c, with the numerically dominant role played by the 7%-pole,
followed by n- and r’-poles, while two pion and two kaon contributions are further
suppressed. Its leading order Feynman diagram as well as the pseudoscalar-pole
diagrams are depicted in Fig. Lattice QCD can be utilized to both provide form
factors and hadron scattering amplitudes used with the approach of systematically
decomposing the HLbL tensor into contributions from intermediate states as well
as for calculating the full HLbL scattering amplitude |56/62]. Recent data-driven
estimates of the pseudoscalar-pole contributions include [63-65] and recent lattice

QCD calculations [66-71].



) &L p

\\P N
e S

+ crossed

Figure 1.3: The pseudoscalar-pole diagrams contributing to the leading order HLbL
scattering in the muon g — 2. The striped circle on the left indicates all possible
intermediate hadronic states, while the striped circles on the right indicate the
nonperturbative P — ~*~v* transition form factors required to evaluate these contri-
butions.

1.3 Hadronic Light-by-Light scattering and the aim
of this thesis

The calculation of the leading pseudoscalar-pole contributions to HLbL involve the
transition form factors (TFFs) Fp_,,+,+ of the transition of a neutral pseudoscalar
meson P = 7Y, n and 7’ to two (virtual) photons, P — v*v*, defined by the matrix

element
Z/ d*z (0] T{ju () (0) P (g1 + 42)) = Evpedi 63 Fr—syey (47, G3), (1.6)

where j, and j, are the electromagnetic currents and ¢; and ¢, the photon momenta.
For the space-like single-virtual Fp_,.-,(—Q?% 0) with Q? > 1GeV?, there exists
experimental data from CLEO, CELLO, BaBar and Belle, cf. [72-76|, while lattice
QCD provides access to a broad range of (space-like) photon four-momenta comple-
mentary to the experiments. The TFFs can also be used to determine the partial

decay widths
ra’m?,
4

where mp is the pseudoscalar mass, and slope parameter

F<P - 77) - |FP—>77(070)|27 (1'7>

_ 1 dFpoyes(q?,0)
JT-P—WW(Ov 0) qu 7

7°>=0

bp

(1.8)



which plays a role in the electromagnetic interaction radius of the pseudoscalar
mesons.
The aim of this work is the computation of the pseudoscalar transition form factors

Fp_yye for the pseudoscalar states P = 7° and 7 to determine the corresponding

HLbL
I

parameters bp. Twisted mass lattice QCD (tmLQCD) ensembles with Ny =2+1+1
flavours tuned to the physical point, i.e. with physical light and heavy quark masses,

pole contributions to a as well as the partial decay widths I'(P — 77) and slope

at maximal twist |77] are used, which guarantees automatic O(a) improvement for
the observables calculated in this work [78,79).

The structure of this thesis is as follows. In Chapter [2], twisted mass lattice QCD is
introduced and some of its properties discussed. Then, details on the lattice setup
used for this thesis are given. In Chapter [3] a brief overview on the calculation of
the pseudoscalar-pole contributions to HLbL is given before the computation of the
amplitudes used for their calculation is discussed in detail. Finally, some properties
of the employed ensembles and configurations are given. Chapter [4] reproduces the
publications written as part of this work, i.e. [68,69,71], while Chapter [5|is a draft in
preparation for publication. Finally, Chapter [6] concludes this thesis with a summary
and outlook.

Appendix [A] gives details on the operators, symmetries and conventions used in
the pion-pole calculation and is part of the draft in Ch. [5| appendix [B] deals with
theoretical aspects relevant for Ch. [2] and [3| and in particular with the symmetries
and operators relevant for the n-pole calculation. Next, appendix [C] gives details
on model averaging and error calculation, while the final appendix |D| contains a

selection of plots complementary to the ones shown in Ch. [3] to [5
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Chapter 2

Twisted mass lattice QCD and lattice

setup

In this chapter, twisted mass lattice QCD is introduced in Sec. 2.1 It starts with
a short discussion on lattice QCD and Wilson lattice QCD in Secs. to
before turning to Wilson twisted mass lattice QCD in Secs. to[2.1.8 Finally,
the used lattice setup is discussed in Sec. [2.2]

2.1 Twisted mass lattice QCD

In this section, the basics of twisted mass lattice QCD (tmLQCD) are reviewed,
closely following [80-82], with other references explicitly pointed out where relevant.
It is organized as follows. After some introductory remarks, the Wilson lattice
regularization scheme is introduced and a few of its properties as well as the problem
of unphysical zero modes are discussed, leading to its modification by the twisted
mass term to alleviate the problem of the unphysical fermion zero modes. Then, the
equivalence of twisted mass QCD (tmQCD) and QCD in the continuum are sketched
and cutoff effects in tmLQCD are discussed. After that, non-degenerate quarks and
additional flavours are introduced. Finally, the section ends with some concluding

remarks. For general introductions to lattice QCD the interested reader is referred
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to [83-86|, while more details on twisted mass lattice QCD can be found in |77-79).

2.1.1 Introduction to lattice QCD

In order to discuss quantum chromodynamics (QCD), the fundamental quantum
field theory of quarks and gluons, in a mathematically well-defined way it has to
be regularized. QCD has the property of asymptotic freedom, meaning that the
renormalized dimensional coupling of QCD, go, which depends on the energy scale of
the considered physical process and measures the strength of the interaction at said
energy scale, is decreasing with increasing energy. Thus pertubation theory can be
used to make phenomenological predictions in the high energy region, but not in the
low energy region where g is of order O(1). An effective approach which has become
a standard method in elementary particle physics is the replacement of space-time
by an Euclidean lattice. There are multiple sensible discretizations of the continuum
QCD action, with the simple one proposed by Wilson [87,88| getting rid of the
so-called fermion doubling problem, see e.g. [83], at the cost of explicitly breaking
chiral symmetry in the discretized theory. Lattice QCD, being non-perturbative,
makes it possible to compute physical quantities in the low energy region, such as
the mass spectrum or hadronic matrix elements. In lattice QCD, the path integral
is regularized by replacing the continuous space-time by a four dimensional finite

lattice with lattice constant a, given for a hypercubic lattice by
A ={n|n; € {0,1,...,N, — 1} for i € {1,2,3},n4 € {0,1, ..., N; — 1}}, (2.1)

with n = (ny,ng,n3,ny), where N, is the spatial and N, the temporal extent of
the lattice. The lattice constant a has the physical dimension of length and is
thus called “lattice spacing”. Physical space-time points are then given by x = an,
but to keep the notation compact, only n is used here. The fermionic degrees of
freedom are ¥(n),)(n), while the gauge degrees of freedom are the link variables
U,(n) = exp(igoaG,(n)), n € A, where G, is the gluon field and g, the bare gauge
coupling. Note that there is a relation between the coupling constant g, and the

lattice spacing a in physical units through the renormalization group equations, see
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e.g. [89]. Then, n-point correlation functions are given by

(O(s o)) = z—l/D[U,¢,¢] eSOy, ), (2.2)

with O(nq, ...,n,,) a product of local gauge invariant composite fields localized at

N1y .oy N, Ny € A. The partition function is given by

Z=(1)= /D[U,w,z/_z] e 3, (2.3)

where S is the Euclidean action of the system discretized on the lattice such that the
Euclidean continuum action is recovered for a — 0. The path integral measures on
the lattice are products of measures of all quark field components and link variables,
le.

D, ¢ = [ [I awlcmadl (n),  Dwi=]]]]d0u(n).  (2:4)

neA fone neA p=1
with explicit flavour index f € {1,2,3,4,5,6}, Dirac index « € {1,2,3,4} and color
index ¢ € {1,2,3}. Using Monte Carlo methods, it is possible to simulate QCD in a
finite volume lattice and calculate such correlation functions at finite lattice spacing.
To obtain results for the correlation functions in the continuum, the limit a — 0

needs to be taken. For more details see [84].

Using the Wilson fermion action, errors of order O(a) are introduced in the results
of the simulations. O(a) cutoff effects in on-shell quantities can be cancelled using
Symanzik’s improvement program [90-93] by the addition of local O(a) counterterms
to the lattice action. Applied to Wilson quarks, it turns out that particle masses and
energies can be O(a) improved by adding just a single counterterm to the action, the
Sheikholeslami-Wohlert (SW) or clover term [94], but matrix elements of composite
operators come with sets of counterterms for each operator, and [95] shows that O(a)
improvement becomes impractical for quarks with non-degenerate masses. Further,
the Wilson fermion action suffers from unphysical fermionic zero modes in quenched

and partially quenched simulations, as discussed in Sec. 2.1.3]

While twisted mass QCD was introduced to solve the problem of these unphysical
fermionic zero modes in lattice QCD with Wilson quarks, it turns out that it can

also be used to circumvent some lattice renormalization problems [77,96] and that
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scaling violations can be reduced to O(a?) by “automatic O(a) improvement”, not

needing all the counterterms from the standard Wilson formulation [78].

2.1.2 The Wilson lattice action

The QCD action can be decomposed in a pure gauge and a fermionic part,
ie. § =S5, + 5. Focussing on the fermionic part Sy of the QCD action, the Wilson

lattice regularization scheme is characterized by the fermionic lattice action [88|

Sp=a*) " d(x) [Dw + mo] ¥(x), (2.5)
Dy =) {% (Vut Vi) v — arv;vu} : (2.6)

where 1, 1) are the quark and antiquark fields, my is the bare mass parameter matrix
and the covariant lattice derivatives V,, V7 in the Wilson-Dirac Dy operator are
defined in App. [B.I] The so-called Wilson parameter r is always set to 1 unless
otherwise specified. The quark field is a vector in flavour space with Ny components
labelled by 1 while mg is diagonal with components mqys, f € {1,..., Nf}. In the
case of degenerate quark masses, i.e. mo; = ... = mgy;, the fermionic Wilson lattice
action ([2.5) is invariant under SU(Ny)y global vector transformations of the fermion

field, given by

a

o(a) > 0/e) = exp i | 0to),
) . ) \a (2.7)

o) =+ 0/e) = Bla)ex | it g |
with transformation parameter of, where the group generators in the fundamental
representation are the flavour matrices A\*/2, a € {1, ..., Nf2 — 1}, given for Ny =2
by the three Pauli matrices and for Ny = 3 by the eight Gell-Mann matrices. Note
that the standard continuum action of QCD, cf. App. [B.2], with degenerate quark

masses is also invariant under this vector (or isospin) symmetry. On the other hand,
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global axial transformations of the fermion field, given by

(a) =+ 0/e) = exp [ it 3 20| 002),
a 29)
Ba) = P'(a) = Dla) exp iy ).

do not leave invariant even for mg = 0 due to the Wilson term arV;V,, while
they would leave the standard continuum action of QCD with my = 0 invariant. Thus
the chiral group SUL(Ny) x SUg(Ny) is not a symmetry of Wilson fermions. Inter
alia, consequences of the explicit breaking of all axial symmetries are a linear mass
divergence of the renormalized quark mass since the quark mass term is not protected
against additive renormalization, a non-trivial multiplicative renormalization required
to restore the current algebra up to O(a) effects for the non-singlet axial current
since axial transformations are not an exact symmetry and it also leads to the leading
cutoff effects having O(a).

2.1.3 Unphysical fermionic zero modes with Wilson quarks

Due to the aforementioned additive renormalization of the quark mass, the value
of mg corresponding to the physical light quark masses is typically negative in
simulations with Wilson quarks, which leaves the massive Wilson-Dirac operator
Dy, +my unprotected against zero modes. These are considered unphysical since one
expects from the continuum theory that zero modes of the Wilson-Dirac operator
are prohibited by any non-zero value of the renormalized quark mass. To illustrate

this phenomenon, consider the eigenvalues of Dy + mg. They are given by
mo + ¢;, (29)

where ¢; are the eigenvalues of the massless Wilson-Dirac operator Dy,. These
eigenvalues are in general complex numbers, but it is also possible that they are real,
ie. ¢ =r;. If mg+1r; <1, ie. if the massive Wilson-Dirac operator has a very

small eigenvalue, the numerical inversion of Dy, + my breaks down [84].

The textbook example from [80,81], illustrating a case where this could be problematic
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due to not including the quark determinant in the generation of an ensemble of gauge
configurations dictated by the limited available computing power in the past, goes

as follows. Consider for Ny = 2 quarks the pion two-point function given by

(e) = — (e O
G(w) = = ( (@) 5 (@) (0)75 5% (0)

a ,7_b

~ gz / DIU 6, )55 (@) B(0)35 5 4(0), (2.10)

with 7% the three Pauli matrices acting in flavour space and Z given in Eq. (2.3).

Introducing the Hermitian Wilson operator,

Qw = v5(Dw +mq),  Qw = Qly, (2.11)

by noting the y5-hermiticity of Dy, i.e. 5Dy ys = DIT/V, and performing the functional

integrals over the fermion fields leads to

G (x) = %5“1’2_1 /D[U] e % det(QF) Tr [Qy (0, 2) Q3 (2,0)] (2.12)

with the trace running over colour and spin indices. This expression is never
singular as shown in the following, which is an example of the fact that a functional
integral over Grassmann variables cannot diverge. Using the eigenfunctions ¢;(z)

and eigenvalues \; of Qy yields

G (x) = %5@”2—1/1)[ e~ [Hv] qu] )y () 1k¢;;(0), (2.13)

so eigenvalues in the quark propagators, i.e. those in the denominator, are cancelled

by corresponding factors coming from the fermionic determinant.

Historically, in the so-called quenched model the quark determinant det(Q%,) was
not included in the generation of an ensemble of gauge configurations to significantly
reduce the computational cost. Thus contributions from vanishing eigenvalues to
a fermionic correlator are not compensated by the determinant in this case, which
leads to large fluctuations in some observables. Such gauge field configurations are
called “exceptional”. The inclusion of such exceptional configurations in the ensemble

average would lead to much larger errors on the affected observables, i.e. in principle
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any observable depending on quark propagators, but they cannot just be omitted
since that would invalidate the Markov chains in the Monte Carlo procedure.
With the increase in available computing power in recent years, modern lattice
QCD simulations are in general unquenched, i.e. including the quark determinant
in the generation of an ensemble of gauge configurations. As a consequence, gauge
configurations leading to vanishing eigenvalues of the massive Wilson-Dirac operator
are never accepted when generating an ensemble since they get a weight of zero in
the Metropolis accept-reject step due to the vanishing quark determinant in that
case, cf. e.g. [83,184].

2.1.4 Twisted mass lattice QCD

The main motivation for the introduction of the twisted mass term were the zero
modes discussed in Sec. [2.1.3] The Wilson twisted mass lattice regularization scheme
for a doublet of two mass degenerate quarks is characterized by the fermionic lattice

action
Sp=a" Y x(@) [Dw +mo + iy 1sm*] x(), (2.14)

where 1, is the bare twisted mass parameter and y, x are used to denote the quark
and antiquark fields in the twisted basis. Extensions to non-degenerate quarks and
additional flavours will be discussed later in this section. It is indeed straightforward
to see that the presence of the twisted mass parameter eliminates the unphysical

fermionic zero modes, since for the Wilson twisted mass operator

Q = v5(Dw +mo + ipgysm°) = Quw + iptg T (2.15)

holds, using det(v5) = 1 thus yields

det(Dw + mo + ipgys7°) = det (
= det(Qfy + ) >0

for p1, # 0, such that exceptional configurations only appear in the massless j; = 0
theory. Note that the Wilson term breaking the axial symmetries ([2.8]) even when
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mgo = 0 implies that the twisted mass term cannot be eliminated by an axial rotation,
thus there is no exact equivalence between the fermionic Wilson lattice action with
vanishing and non-vanishing twisted mass parameter. However, as discussed in the

next subsection, both regularizations are equivalent in the continuum limit.

2.1.5 Equivalence of tmQCD and QCD

For the moment still only considering a doublet of two mass degenerate quarks, the

fermionic continuum action of twisted mass QCD takes the form

Sy = / d*z X(2) [P +mo +ings’] x(2)

= /d4zv x(x) [ID + My, exp [iWVSTS]] x(z), (2.17)

with ) = v,D,,, the covariant derivative D, = 9, + G,, and G,, the gluon field.
Further, M, = y/m§ + p2 and the twist angle w is defined by tan(w) = pe/me.
Under a global chiral field rotation

/ e 3
X — X =exp [15757 } X5

) L a (2.18)
X = X = Xexp [25757' } )
the fermionic continuum tmQCD action (2.17) transforms to
Sy = /d4x V(@) [D + My expli(w — a)v7°]] X' (2). (2.19)

Thus for tan(a) = tan(w) = p,/myg the standard fermionic continuum QCD action,

Sy = / d'z P (x) [+ Miny] ¢(2), (2.20)

is recovered. See App. for more details. The basis {¢, 1}, where the continuum
QCD action takes the standard form is called the physical basis, while {x, x} is
used to distinguish quark fields for which the continuum QCD action takes the from
. Note that tmQCD may thus be regarded as a family of equivalent theories,
parametrized by M;,, and the twist parameter w. Since standard QCD is part of this
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family, tmQCD and QCD share all symmetries, with the symmetry transformations
in the twisted basis being the standard symmetries transformed using Eq. .
These transformations will be called twisted symmetries, the ones used in this thesis
at w = m/2 are collected in App. [A.1.2/ to |A.1.4] and [B.3] Further, the n-point
correlation functions given in Eq. can be expressed in both the physical and
twisted basis using , giving the relation

<O[¢7¢]>(va,0) = <O[¢’¢]>(Minv#’-’) = <O[X,X]>(m0,uq)> (221)

where the index (M, 0) indicates that the correlation function has been computed
in standard QCD with quark mass Mi,,, while the indices (Miny,w) or (mo, fiq)
indicate that it has been computed in tmQCD with masses my and p, at twist
angle tan(w) = u,/mo. Chiral multiplets relevant for this work can be constructed
from the axial and vector (Noether) currents Vi and Af. as well as the non-singlet
pseudo-scalar (axial) density P® and the singlet scalar density S, given in the twisted

basis for Ny = 2 as

a a

a = 7- a = T
Vil = X X Al = XV s 5 X
i (2.22)
P =X%5x ST =XX

and in the physical basis as V/;“ = &7;1%% analogous for the other three. Again

using Eq. (2.18) yields

no_ 1 o 2 no_ 1 2
V, =cos(w)V, +sin(w)A,, A, =cos(w)A, +sin(w)V,

l,L7
9 _ 2 1 9 _ 2 _ 1
V. =cos(w)V; —sin(w)4,,  A; =cos(w)A, —sin(w)V,,
'3 3 '3 3
V.=V, A=A, (2.23)
P'® = P for a € {1,2}, 50 = cos(w)S° + 2 sin(w)P?,

/ 1
P? = cos(w)P? + §Z sin(w)SY.
The standard example for a correlator is then

(AL (@) P () (b0 = €08(W) (AL (0) P (Y)) g )+ 5I(W) (V@) P (Y)) (M )
(2.24)
and more general correlation functions in standard QCD will be linear combinations

of tmQCD correlation functions at the same twist angle w. Further, the classical
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partially conserved axial current (PCAC) and partially conserved vector current

(PCVCQ) relations, given by

O AL = 2Mip, P, (2.25)
0.V, =0, (2.26)

in the physical basis are equivalent to

AT, = 2Mipy cos(w) P* + i My sin(w)§3*S°, (2.27)
0,V = —2Mny sin(w)53“be, (2.28)

in the twisted basis. In summary, the relation between classical QCD and tmQCD
in the continuum is given by a change of the quark fields and mass variable, thus
continuum tmQCD is just a particular way of writing down QCD. For these consider-
ations to carry over to the lattice, the theory needs to be regularized with a regulator
which preserves the chiral symmetry of the massless theory, i.e. the transformation
and thus in particular also ([2.18]).

Such a regularization is given by Ginsparg-Wilson (GW) quarks on the lattice. Using
GW fermions, the same steps as performed formally in the continuum can be repeated
at finite lattice spacing, in particular, Eq. is a valid expression in the bare
theory. For the renormalized theories to be equivalent, all members of a chiral mul-
tiplet need to be renormalized in the same way and all multiplicative renormalization
constants have to be independent of the twist angle w exactly [77]. An example
for such a renormalization scheme is a mass-independent scheme constructed by
imposing renormalization conditions in the chiral limit. In this case, Eqs. (2.23])
holds for renormalized correlators. Note that this means that with GW fermions
there is, as was the case for the considerations in the continuum, no reason to even
introduce a twisted mass term, it can be rotated away since both massless theories
are invariant under chiral rotations.

From universality, one expects that tmQCD and standard QCD lead to the same
renormalized correlation functions up to cutoff effects also in other regularizations,
even if they are not chirally symmetric [77]. Note that this has been established in
particular for lattice regularizations with Wilson quarks [97]. Twisted mass QCD
with Wilson quarks leads to differing regularizations at finite lattice spacings, para-

metrized by the twist angle w, since even in the massless limit, the twisted mass
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term cannot be rotated away due to the Wilson term, but they all have the same

continuum limit.

2.1.6 Automatic order O(a) improvement

As mentioned in Sec. , at maximal twist w = 7/2, tmQCD has the property of
“automatic O(a) improvement” [78}79|, while standard Wilson quarks in principle
require the introduction of (a set of) counterterms for each operator of interest to
achieve O(a) improvement. To go to maximal twist, the bare untwisted quark mass
mg has to be tuned to the so-called “critical mass” m.,, which maximally disaligns
the Wilson term and the mass term. The critical mass is the value of mg for which
the physical quark mass vanishes. Some more general remarks on this tuning can be
found in [82,98,99], while the tuning used for this work is discussed in detail in |100].
For tmQCD at maximal twist it can be shown that O(a) counterterms at most
contribute at O(a?). There are different arguments for automatic O(a) improvement,
the one recapitulated here follows [82].

Using Symanzik’s improvement program, Symanzik’s effectve fermionic action close

to the continuum limit is given by
Seﬁ‘ = S() + a51 + CL252 + O(CLS), (2.29)

where

Sy = /di X(@) [P+ mp + iprysT’] X (), (2.30)

with mg and pug being renormalized mass parameters. Further,

Sp = /d4y£k, (2.31)

with the Lagrangians £; being linear combinations of local composite fields with
dimension 4 + k. Note that the gauge action has leading O(a?) discretization errors,
thus its form is not relevant for the discussion here. Composite lattice fields @y, are

of the form

Dray = Pg + a®y + a*Py + O(a?), (2.32)

21



Term R: D g — —py

2w X(Vut Vi)wx + F -
> 2y XViVuX - - +
My ZI )ZX - - =+
iflg Y0 XV5T°X + - -

Table 2.1: Parity of the terms of the tmLQCD action Eq. (2.14)) with Wilson fermions

under the transformations Egs. (2.34) to (2.36)).

where @ is d-dimensional for a d-dimensional lattice field, and ®;, is d+k dimensional.

This gives for the lowest-order Symanzik expansion
(@) = (@) + al@1)o — a [ d'y (@eLa)o + O(a?), (233

where (.)¢ stands for the continuum expectation value taken with S;. Automatic
improvement means that the terms a(®;)o and a [ d*y (®L;)o vanish exactly due to
symmetries of the continuum theory at maximal twist. Defining the discrete chiral

transformations in the first isospin direction R}
Ri: X — 577X, X = X7 (2.34)

the operator dimensionality transformations D

x(x) = exp {%] x(—)
(@) = ¥(—2) exp [%] (2.35)
Up(x) = Ui(—x = ajt)
and the twisted mass sign flip transformations
Hq = —Hq (2.36)

the tmQCD fermion action Eq. is invariant under R} X D X [, — —fig),
see Tab. [2.1] Note that operators of even dimension d are even under D, while
operators of odd dimension d are odd under D. Further, R} is a symmetry of the
theory since the continuum action Eq. is even under R:. The terms in Eq.

(2.33) transform as follows.
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@y, can be assumed to be even under R} and to have even dimension d such that
(@a44) is invariant under RE x D x [u, — —pi,], which is a symmetry of the lattice
theory as shown above. This implies that the other terms in are also invariant
under RE x D x [1tg = —1ig]. Do, being the continuum counterpart of @y, is then
also even under R} and has even dimension d. ®; has dimension d + 1 and is thus
odd under D. Since (®1)g is even under RE x D X [, — —p,), P1 must be odd
under R:. Since (P1)g is the expectation value of an R}-odd observable weighted
with an R}-even action S, it vanishes. (®qL;)o also vanishes, since £; is odd under
D and odd under R}, such that &L, is odd under R}. Thus at maximal twist the

terms proportional to a vanish, i.e.
(Pratt) = (Po)o + O(az). (2.37)

More details and arguments using other transformations can be found in [78}[79|
and [80-82).

2.1.7 Introducing non-degenerate quarks and additional fla-

vours

There are two proposals for both intoducing non-degenerate light quarks as well as
adding further doublets of heavier quarks [101,102]. In the first proposal [101], a

flavour off-diagonal splitting is introduced in the fermionic action,

Sy = /d4x X(@) [P 4 mo + ipgysm + 67| X(2), (2.38)

with mass splitting parameter 6,,. Going to the physical basis is done by first

performing an isovector rotation of ag = 7/2,

T2 1
X — X = exp |i2‘062?:| X = —2(1 +iT?)x,
ca=r/2 (2.39)
72 1
>_<—>)_</:>_<exp |:—20625 :)_(—2<1—Z7'2),
ao=m/2
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which transforms the Lagrangean density as
D+ mo +ipgysm + O = I+ mo — ipgysT A ST (2.40)
The axial rotation in the direction of the twisted mass term now takes the form

! . Tl !
X — Y =exp|—ta1=Y| X,

2
) (2.41)
—/ T =t . T
X — ¢ =Xexp {_ZOQE'YS} :
yielding the fermionic action in the physical basis for tan(a;) = p,/mo as

such that the mass spectrum is obtained as My = M;,,£9,,. The fermion determinant
will then be positive if M;,, > §,,. This trivially extends to additional doublets of
heavier quarks by adding additional sets of the three mass parameters. The fermionic
Wilson twisted mass action with two non-degenerate quarks on the lattice then takes

the form
Sp=a* Z X(@) [Dw + mo + ipgys7 + 67| X (). (2.43)

The second proposal [102] to introduce non-degenerate quarks and additional flavour

doublets, illustrated here for four quark fields, i.e. Y = (@, d, 3, ), uses the continuum

action
Sy = /d4x X(@) [D+m+ipyst?] x(2), (2.44)
where
m, 0 0 0
0 mgq 0 O
m =
0 0 mg O
0 0 0 me
M, cos(w;) 0 0 0
0 M, 0 0
_ 4 cos(w;) 7 (2.45)
0 0 M cos(wp,) 0
0 0 0 M, cos(wp,)
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and

e 0 0 0
0o w0 0
=1 0 0 w0
0 0 0 u
M, sin(w;) 0 0 0
_ 0 — My sin(w;) 0 0 ’ (2.46)
0 0 M, sin(wy,) 0
0 0 0 — M. sin(wy,)

with M; = \/m? + u?, i € {u,d, s, c} and two twist angles w; and wy,, satisfying

tan(w;) = La— tan(wy) = Hs  _He (2.47)

My, mq mg me
Thus the non-degeneracy and additional flavours are introduced in such a way that
the mass term remains diagonal. Standard QCD is recovered for w; = wy, = 0. The

relation to the physical basis takes the form

T P
X — ¢ = exp Wl?% + zwh3% X
i 3 3 (2.48)
X — ¥ = xexp {iwlé'% + iwhé75:| ;
where
1 0 00 000 O
0 -1 00 000 O
Tz3 _ 7 7'1? - , (2.49)
0O 0 00 001 o0
0 00 000 -1

with the standard four flavour QCD action taking the form

Sp= /d%: U(x) [D+m]Y(x). (2.50)
On the lattice, it however turns out that the fermionic determinant in this case is

only positive if both the up and down quarks and the strange and charm quarks are

mass degenerate. For simulations, usually degenerate light quarks are used, either
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together with twisted non-degenerate quenched heavy quarks, or with untwisted

non-degenerate heavy quarks.

2.1.8 Closing remarks

In conclusion, twisted mass lattice QCD with Wilson quarks provides interesting
advantages over the standard Wilson lattice regularization at the cost of parity and
flavour symmetry breaking, which are only recovered in the continuum, and the
restriction to an even number of quarks. In particular important for this work is the
isospin breaking at finite lattice spacing, which allows a splitting between neutral
and charged pions. This splitting is not physical, for Ny = 2 degenerate quarks in
the continuum limit a degenerate triplet of pions is obtained. The isospin splitting is
an O(a?) effect, independent of the twist angle w, cf. [81]. The discussed advantages
are the positivity of the tmQCD fermion determinant at non-vanishing twisted mass
pg and the automatic O(a) improvement at maximal twist. Another important
advantage not discussed here lies in bypassing some lattice renormalization problems

of standard Wilson quarks, see [80,81] for an introduction.
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2.2 Lattice setup

For this thesis, gauge ensembles produced by the Extended Twisted Mass Collabora-
tion (ETMC) in isospin-symmetric QCD (isoQCD) with N; =2+ 1 + 1 flavours of
Wilson Clover twisted mass quarks are used, with quark masses tuned very close to

their physical values [40,/100,/103+H105]. The renormalizable lattice action

§ = Se[Ul + Sqsealtrr, ¥n, Ul + Savarl{ar, 5}, Ul + Sanose {05, 953, U] (2.51)

is used, which corresponds to a mixed lattice setup, i.e. with separate actions for sea
and valence quarks, with twisted mass |77,78| and Osterwalder-Seiler fermions [106].
In this way, any undesired strange-charm quark mixing through cutoff effects in the
valence quarks is avoided and automatic O(a) improvement of physical observables
is preserved [79).

For the gluon action S,[U] the Iwasaki improved gluon action [107] is chosen, given
e.g in [100] by

5 4 y
Se=73 zx: bo ;1 {1-ReTr(UL)} + b ;1 {1-ReTr(U22)} |, (252)
luéu_@ Mﬁ;ﬁ_l/

with bare inverse gauge coupling 8 = 6/g2, by = —0.331 and by = 1 — 8b;. U}X! is a

T,V

simple plaquette loop and U!*2 a rectangle loop [108|, i.e.

T,V

Uprow = Unl@)U(z + a@) U (2 + ad)U, (@),
U;:fu =U,(x)U,(x + app)U,(x + afi + aﬁ)Uu_l(:L’ + 2a0)U; N + ad)U;  (2),

(2.53)
where U, (x) = exp(igoaG ,(x)) with G,,(z) the gluon field, cf. Fig. 2.1} The fermionic
part of the action is split into a sea quark and a valence quark action. The sea quark
action Sg s takes the form [40L|101]

SCl,sea = a4 Z {El('x) [7#@# + Hi — 2757-31/[/(;1] wl(m)
- (2.54)

+ 1y [vﬁu + g + s — i%TlW&l] wh}
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x + 2ab U;ZI@:FQ(“)) T+ aj + 2av
x+av Uu_l(l’:-i- av) |z + afi + av ULz + ad)} L0, + aji + ap)
U z)Y 4U,(z + afi) [ RN17) EEEEEEEEPEEEPEEE T+ afi + av

o e e o
x U:(x) T+ aji

Figure 2.1: The simple plaquette loop U!X! (left) and rectangle loop Ul*? (right)

T,V Z, [,V

with base at = lying in the pv-plane [108|.

written in terms of a light ¥, = (Tqsea; dqsea) and heavy ¥y, = (Cqsea, Squea) quark
doublet. W is the critical Wilson Clover operator, which inter alia contains the
critical mass me,, and it is defined later in this section. @u = %(VM + V;) with the
covariant lattice derivatives V,, V7 defined in App. .

In [40], the valence quark action Sqya is given for several replica of each quark
flavour, labelled by n € {1,2, ...}, with different values of the Wilson parameter ry,,.
In practise, it is restricted to ry, = (—=1)""' € {—1,1}. The valence quark action is

then given by

Squal = @' Z Z {CIM(@ ['Yu@u +my— Sign@”fm)i%wccrl’r:l] qf,n} ) (2.55)

z  fm

where ¢y, is a single flavour field with f € {u,d, s, c}. The critical Wilson Clover

operator is defined as

c 1 * 1 -
Wcr1|r = —§arvuvu + me(r) + 3—2acSW(T)7M%a ! (Quw — Quyl, (2.56)

containing the Wilson term, a critical mass m., term as well as a Clover term
s acsw (1) 77wa " [Quw — Quu). The Clover term is a lattice discretization of the
Pauli term icSWJWFW, see 194,/109,/110| for more details. The Sheikholeslami-

Wohlert coefficient cgyy is identical for all sea and valence flavours, it is fixed by
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using an estimate from 1-loop tadpole boosted perturbation theory [111] by

2
csw =~ 1 +0. 113(3)?3 (2.57)

with P the plaquette expectation value. Isospin breaking lattice artefacts, entering
at O(a?), can be significant in the case of the neutral pion mass, but they can be
suppressed by introducing a Clover term as in Eq. , see [81,(100,[103]. This
allows simulations close to physical light quark masses with the lattice spacings used
in this work. In Eq. (2.54), W = W¢|,_, and the flavour structure is given by
the Pauli matrices 7! and 7. In both the sea and valence quark action, the critical
Wilson Clover term is taken at maximal twist with respect to the light and heavy
Wilson bare quark masses to profit from automatic O(a) improvement |78}|112]. For
this, the critical mass me, is set to the same value for all flavours |79).

The valence ghost action takes the form
Sehost = @' Y Z {¢fn [%V +my — sign(ryy)ivs (:Cr1’7‘:1:| ¢f,n} , (2.58)

with the ghost field ¢y, being a complex spin-1/2 boson field. It is included to
exactly cancel the valence fermion contributions to the effective gluonic action [40].
Note that no ghost fields ever occur in the actual computations. The ghosts are
needed to cancel surplus degrees of freedom of the local gauge fields compared to the
physical degrees of freedom [86,(113114].

For the light quark doublet, both in the sea and valence action, the bare quark
mass takes a single value u; = p, = pg such that the pion mass is close to
MPhys = MisoQCD — 135.0(2) MeV [104].

The masses of the strange and charm sea quarks are set within approximately 5% to
their physical values by tuning u, and us, using the phenomenological determina-
tions of the ratios Mp_/fp, = 7.9(0.1), i.e.the ratio of the Dy meson mass and decay
constant, and m./m, = 11.8(0.2) [40,/100,/103},/104].

The strange and charm valence quark masses can be fixed accurately by two physical
inputs, e.g. by the kaon and D-meson masses [100}/103-105,[115] or equivalently by
reproducing the energies of the ¢ and J/1 resonances [40]. Up to lattice artefacts in
the charm sector, both methods lead to agreeing values for the strange and charm

valence quark masses. In this work, the strange and charm valence quark masses
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have been fixed by the {2-baryon mass for the m — v*~* calculation and the n-meson

mass for the n — y*~* calculation as well as the Af-baryon mass.
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Chapter 3

Lattice calculation of aﬁ_pde

P—pole
o

Chapters 4] and 5] i.e. the publications written as part of this thesis, are discussed.

First, in Sec. [3.I some general remarks on the construction of the pseudoscalar-pole

In this chapter, details of the lattice calculation of a not covered in

contributions in Minkowski space are made in Secs. [3.1.1] and [3.1.2] before turning to
the calculation from lattice QCD in Secs. to[3.1.7] Then, an overview of the
needed amplitudes is given in Sec. before detailed expressions for the amplitudes
connecting to the data available for this thesis are given in Secs. and for
the pion-pole calculation and in Secs. [3.5] and for the n-meson pole calculation.
Finally, Secs. [3.7 and [3.§] contain details relevant for the extraction of the transition

form factors and the employed ensembles and correlators. Further technical details

regarding model averaging and error calculation can be found in App. [C]

3.1 Pseudoscalar-pole contributions to HLbL

Here, the theoretical background for the determination of the Hadronic Light-by-
Light (HLbL) contribution to the muon anomaly is reviewed, with a focus on the
pseudoscalar-pole contributions to HLbL and the transition form factors (TFFs)
appearing in these contributions. First, some relevant definitions for HLbL are

introduced, before the pole contributions themselves are discussed. The section ends
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with the introduction of the TFFs in Euclidean space and their construction on the

lattice.

3.1.1 Basic definitions

Following [50,/116|, the quantity of interest for obtaining the muon gyromagnetic

ratio is the muon proper vertex function I',(p’, p), defined as

(—ie)ﬁ(p’>Fp(p’,p)U(p)

= (= () (=ie) > (i) (0) + (i) > eq(@r,0) 0)|w(p)),  (3.1)

q

at vanishing momentum transfer, with p? = p? = mi, with m,, the muon mass. The
spinor wave functions are denoted by @ and u, e denotes the electric charge of the
electron. The first sum runs over the charged lepton flavours [ = e~, u~, 7~ and the
second sum over the quark flavours with e, the corresponding quark electric charge in
units of |e|. The vertex function restricted to only the light and strange quark pieces
of the electromagnetic current insertion, (u,d, s), is denoted by fp(p’ ,p). Denoting

the light and strange quark electromagnetic current as

S @) (2) — (57,5 (2), 3:2)

Jolw) = 2 (E)(e) - 5

the lowest order electroweak diagram for the HLbL contribution to the vertex function

18

(—ie)a(p)L, (', p)ulp) = (n~(1)|(i€)5,(0) |~ (p))

_/ﬂ@—_@——z
2m)* 2m)* ¢ 3 (k—q1 — q2)?
7 7

X
(P —q)?—m2 (Y —q — q)* —m2

x (—ie)’u(p" IV (p — ¢, + m)V (' —d, — d, + mu) 7y u(p)
X (ie) Murp(q1, @2,k — @1 — ¢2), (3.3)
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where k = p' — p = ¢1 + ¢2 + g3 with p the incoming and p’ the outgoing muon
momentum, k the external photon momentum and the ¢; the internal photon momenta.
See Fig. for an illustration. The second line, i.e. the first line under the integral
sign, denotes the internal photon propagators, the third and fourth lines are the
internal muon propagators with three electromagnetic vertex factors, and the final
line contains the fourth-rank light quark hadronic vacuum polarization tensor. It

corresponds to the hadronic “blob” in the diagram in Fig. |3.1} The tensor is defined

Figure 3.1: Hadronic Light-by-Light scattering diagram, showing the momentum
assignment for the calculation of the muon electromagnetic vertex, cf. Eq. . The
striped blob represents the fourth-rank light quark hadronic vacuum polarization
tensor, defined in Eq. . Omitted for brevity are the additional five possible
permutations of the g;.

as

(@1, 42, q3)

= [ dtaidtaadtage 0 QT (1)) )i O 1O, (34)

where |0) denotes the QCD vacuum. The external photon momentum & is incoming,
the momenta of the internal photons outgoing from the hadronic “blob”. Since j,(x)

is conserved, the hadronic tensor obeys the Ward identities

{d'. &5, @ (a1 + @2+ 43)° } In (01, g2, g3) = O, (3.5)

from which it follows that

0
_pH;w)\U(QIa a2,k — @ — q2), (3.6)

Mo, @2,k — 1 — q2) = —k”ak
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such that the tensor is linear in k£ when going to the static limit £# — 0 in which the

anomalous magnetic moment is defined. Further, one obtains the decomposition
_ S _ A 7 s
ST Pul0) = 60 i) + 50, K w31

with the Pauli form factors Fy(k?) and Fy(k?), cf. [50] and references therein for
more details. Further it follows that fp(p’ D) = k"fpg (p',p), where the two index

vertex function is given by

N d4(J1 d4QQ 11 1
w(p')pe (', p)u :—ieﬁ/ 5
() (P, P)ulp) ) ) R k= — )

1 1
(P —q)>=m2 (Y —q — q2)* —m2
XAV (P~ gy + )y P =y~ by )y )

X

0
X %Huu)\p<qla q2, k —q1— Q2) (38)

Using k?k@(p' )T e (9, p)u(p) = 0 and following [117], it is found that F3(0) = 0,
such that the HLbL contribution to the muon magnetic moment can be extracted in

a simple way from the two index vertex function as

B(0) = 7T [(p+m) [1",77) (p + m)T o (p,9)] (3.9)

= 48m

Note that the HLbL contribution to the muon magnetic moment can also be extracted

from the one index vertex function T',(p', p), see [50).

3.1.2 Pseudoscalar-pole contributions

As mentioned in Sec. [I.2] the pseudoscalar-pole contributions, for on-shell intermedi-
ate pseudoscalar states P € {n° 7,7}, play the numerically dominant role amongst
all contributions to HLbL in a systematic decomposition into various intermediate
states [52-55]. They are depicted in the two diagrams to the right in Fig. |1.3, where
the striped blobs represent the transition form factors Fp_, «y-.

Further following [50], the contributions to IL,,,,(¢1, g2, ¢3) arising from the exchange
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of a single pseudoscalar are given by

H,(j;z\p(%, G2, q3) =
i}—P—w*ﬂ/*(Q%: qg)}_P—w*v* (qg’ (1 +q+ %)2)
(g1 + g2)? — m%
L T (@ (@ + 42+ 43)*) T (43, 65)
(g2 + q3)* —m3p
L TP (@ 6) Fpoo (63, (@1 + @2 + 65)°)
(¢ +q3)2 —m3p

EuVQBQ?qégE)\paqu (ql + Q2)T

€upop i (G2 + 43) €0r0r G5 45

Eu)\QBQ?ngVPUTQg((h + q3)T7 (31())

with mp the on-shell pseudoscalar mass. The transition form factors are defined by

Ma(p,qr) = i / 0 7 (O[T{j,(2)7,(0)} P(0))

= Eumﬁq?qg}-P%v*v* (41, 43), (3.11)

or equivalently by
~2[qt - 65 — (@1 42)°] Frore (6, 63) = S @ My (P, @), (3.12)
where p = (Ep,p)T is the pseudoscalar momentum and ¢ = (wi,q)7

and ¢ = (wo,@)T the photon virtualities. Note that p = ¢ + ¢, and
p? = E% — p* = m3%, i.e. we fix the mostly negative metric sign convention, and
Fposmiy (@31 @3) = Fposyr(d3,q}). Further, the pseudoscalar state is normalized
relativistically as (P(p)|P(q)) = (27)*(2Ep)d(p — ¢) and uses the Fourier convention
|P(p)) =, 7| P(&)) for going from momentum to position space.

To obtain corresponding contributions to a,, the derivative

9 (P
e I, (01, G2,k — @1 — qo) o
TPy (41 G)F o (0 + 62)°, 0)
(1 + q2)* —mp

Zv]:P—w*w*(Q%: 0)-7:P—w*v*(q%a <91 + 92)2)

E,u,ya,é’(haqge)\ap’r (Q1 + Q2)T

T a B
—"_ T 61/ (07
q% — mzp €porpdy €vrapdy 42
Fpsyory (a1, (@1 4 42)?) Fposyery= (43, 0) o ;
41 =7 ( 1 ( q2 — 7312) =Y 2 EMAaﬂql qgeyaqu2 (313>
2 P
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is inserted into Eq. (3.8]), which after taking the corresponding Dirac traces yields

aﬁ’*pole _ F2(O>‘ _

P—pole

/ d*qr d*qo 1
—e
(2m)* (27)* 415 (@1 + @2)%(p + 1) — m2][(p — q2)? — m2]
2 2 2
* * 0
% Fpsyeny (%» (fh;- (]2) 2)]:P—w v (QQ, )T1(Q1, Q2;p)
q; —Mp
+ fP—)'y*’y* (Q%a qg)-/—'.P—w*'y*((QI + Q2)2u 0)
(@1 + q2)% — m%

To(q1, q2;p) | (3.14)

where T'(q1, g2; p) and T5(q1, go; p) are given in [50].

After a Wick rotation of the momenta, with the rotated Euclidean momenta denoted
here by capital letters, i.e. Q7 = —¢7, P* = —p* = —m?, and using the method of
Gegenbauer polynomials to average over the direction of the muon momentum p, it
is possible to perform all angular integrations in Eq. except for the one over
the angle 6 between the four-momenta @ and @, for arbitrary TTFs, see [50}/118].

This leads to the three-dimensional integral representation

aF Pl — (%)3 [aP—pole()) 4 gP-pole()] (3.15)
with
aPpole / 40, / 0, / dr
w1 (Q1, Q2, T)Fpsens (—Q3, — Q2 Fp_ere (—Q3,0), (3.16)
and

P pole(2 / dQl/ dQs /1 dr

w2(@17 QZ: T)FPﬁ'y*'y* <_ 1 _Qg)‘FPﬁ'y*'y* (_Qg? 0)7 (317>

where « is the fine structure constant. The integrations run over the lengths of the
two Euclidean four-momenta )1, ()2 and the angle # between them, with 7 = cos 6
and Q2 = Q% + Q3 + 2Q1Q>7. The dimensionless weight functions w;(Q1, @2, 7) and
wa (@1, Qa, T) are given in App. . wo is symmetric under the exchange ()1 <> Q-
and both w; s go to zero for )12 — 0 and 7 — £1. This separates the generic
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kinematics of the pole contribution, described by the weight functions, from the
dependence on the TFFs [118§|. Illustrations of the kinematical reach in the lattice
setup used in this thesis can be found in App.

3.1.3 Obtaining the transition form factors in FEuclidean

spacetime

Below the threshold for hadron production, i.e. if ¢f, < M = min(M7, 4m2), such
that the integration contour does not encounter a singularity, where one of the
photons can mix with a heavier on-shell state, the matrix element in Eq.
can be written in Euclidean spacetime [66,/119-122|. For this, the Wick rotation

xg — —iT is performed, yielding
/dxo — —i/dT, and ™10 — 17, (3.18)

The current operators in Euclidean space j 5 (x) are related to the Minkowski space

current operators via
Julx) = =% il (@), (3.19)

using 7 = 7y and vF = —iv; in the mostly negative sign metric convention. Note
that on the r.h.s of Eq. (3.19) there is no sum over y, d,. ¢ simply counts the number

of temporal indices of j,(x). For the matrix element, this Wick rotation yields

, E
M’wj = ZnOMlW — 5uyaﬁq?q§fP—>’y*V* (Q%J q§)7

. ) (3.20)
Muu(p7 Q1) = _/dTewlTAHV(T)a

where ng = 0,0+ 0,0 counts the number of temporal Lorentz indices. The amplitude

under the 7 integration is given by

A (1) = / d*Te™ 0T, (Z, )5, (0} P()). (3.21)

Note that by fixing all spatial momenta, M (p, q1) = M}, (w1), i.e. wy is the remaining

v pv

free parameter, cf. Eq. 1) Inverting the relation between M. (wi) and A (7)
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yields
_ 1 Y+i00

Ap(t)=—— dwy e""”M,ﬁ(wl), (3.22)

270 oo

where the integration contour is valid for any Ep — |@|< v < |q1|, avoiding the
aforementioned threshold for hadron production. More details are given in |66} 67].
To extract the transition form factors Fp_,«-(¢7,¢3) from Eq. (3.20)), the kinematic
factor 5Waﬂq?q§ needs to be removed. In this thesis, the pseudoscalars are taken
at rest, i.e. with p = (Ep,p)T = (mp,0)T, such that the relation between the

pseudoscalar momentum and photon momenta takes the form
E m w w
P=0 T )= ), (3.23)
p 0 ¢ q2
implying ¢ = (mp — wy, —q1)7 and giving

G=wi—d, G=(Ep—w) —F-q)=(mp—wi)-dq, (3.24)

for the photon virtualities. The kinematic factor with one or more temporal indices

vanishes, since

Mgy o £n0p45'g5 = 0, (3.25)
Mg, o okapdfigh = —coriidiai = 0, (3.26)

and the kinematic factor with two spatial indices takes the form
M o €ijapdiidy = ciEmpay- (3.27)

Using the behaviour of the kinematic factor for a pseudoscalar at rest leads to the

introduction of the scalar amplitude A(7),

K
~ ~ ~ €ii ~
Ay(r) = —eipmpt A(T) & A(r) = -0 1 (7), (3.28)
mP|Q1|
where '
- 1 THieo T 2 9
A(T) = —T dw; e fP—)’y*’y* (%7‘12)7 (329)
UK Y—100
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with

o0

Foorer(oad) = = [ drem i), (3.30)

Note that A,,(7) with one or two temporal indices vanishes, and that, since A(7)
is a function of |¢?|= |G|, multiple choices of ¢; with a fixed value of |¢?| can be
averaged, cf. App. [B.7]

The superscript £ is now dropped and it is assumed that the expressions are stated

in Euclidean spacetime unless otherwise specified.

3.1.4 Construction of A(7) on the lattice

The construction of A(7) used in this thesis follows |66,67], with the main important
difference being the placement of the pseudoscalar annihilation operator to the
far Euclidean future instead of the far Euclidean past as in the references. The
connection between the two conventions is given in Sec. 3.1.5]

Consider the three-point (3pt) correlation function C,, (7, ;) on the lattice given by

Cuu(tg) = a® Yy e P BHTLP(, t7) 51 (7, —7) (0, 0)}), (3.31)

zy

with P = i1)y57"1 a pseudoscalar annihilation operator to the far Euclidean future,
and j;ft vector current creation operators, cf. App. and . Note that by fixing
the pseudoscalar momentum and the momentum of one of the vector currents, the
momentum of the other vector current is given by conservation of momentum or

translation invariance. Introducing the propagation time tp as

tr — <0
P (3.32)
tf, T>0,

the asymptotic behaviour of C,,,(7,ts) can be studied by inserting complete sets of
eigenstates, cf. App.[B.4l For tp — oo this results in

Zp(ls

CMV(T, tf) ~ 2EP

> e Bt (P(p)| T (&, —7)55(0, 0) }0), (3.33)
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or

Zpa® o P
<0 Culrt) = Sp ) e e B (P(p)|ji(F,0)55(0,7)[0),

(3.34)

Zpa® oz PR
T>0: Culrty) =~ 2PEp Zequxe EPtP<P<p)’]i(OaO>J,E(xa —7)|0),

where the factor 2Ep appears as a consequence of the relativistic normalization of

|P) and where the overlap factor Zp is defined by
Zp = (0|P(0,0)|P(7)) = e ""(0|P(Z, 0)| P())- (3.35)

Note that for the pion, Zp is set to be Z, = Z* = F,m?2/mpcac > 0 by the PCAC
relation for the choice of the pseudoscalar operator used here, cf. [66}67,123].
Both the overlap factor Zp and energy Ep for the pseudoscalar operator can be

obtained from fitting the corresponding pseudoscalar two-point (2pt) function

2
(2) _ .3 —iTp - i t—><><>|ZP| —Ept
CYt)=a Ex e "P(0|P(Z,t)P"(0,0)|0)— Yo e "t (3.36)

Following Eq. (3.21), A(7) can then be defined as

2F
A, (m)= lim —PeEPtPC’W(T, tr). (3.37)

tp—o0 ZP

For a pseudoscalar at rest, the definition of the scalar amplitude 121(7') follows from
Eq. , with an analogous construction to define a scalar amplitude C(7) from
Cw(T,t5). A discussion and diagrams of the Wick contractions contributing to
CA(t) and C,,(7,ts) can be found in Sec. .

3.1.5 Connection to the standard definition

The standard definition of C,,,(7,ts), found e.g. in [66,/67|, places a pseudoscalar
creation operator in the far Euclidean past. The 3pt correlation function with the
pseudoscalar to the far future defined in Eq. (3.31]) and calculated in Wilson tmLQCD

can be connected to this standard definition using symmetries. As pointed out in [81],
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standard CPT is a symmetry of Wilson tmLQCD, with C and PT being symmetries
individually. Note that standard P and T are not symmetries of Wilson tmLQCD,
instead one has twisted parity and twisted timereversal symmetries, cf. App.

and App.
Under PT, Eq. (3.31) transforms as

Ch(T,t7) = a® Y e P BHT{51(0, 0)5} (7, 7) P(~5, =t1)}). (3.38)

zZ,g
Noting that Pt = —P leads to the form
Chu(7,t) = a® Y P BHT{j1(,7)j}(0,0)P(§, —t7)})

Z,y
= —a® P (T, (,7)j,(0,0)PY(i], —t)}). (3.39)
zy

The asymptotic behaviour is given by

7% a® iE N b
Cun(rity) % =50 Y e MO {L(E 1)L 0.0}PE),  (3.40)

-

thus the PCAC relation implies that A, (7) is the same in both definitions up to a
sign. This sign is always included later unless stated otherwise, such that 121(7') can
be used to obtain the TFFs as detailed in Sec. [3.1.3l

3.1.6 Backward propagation

Due to the finite-time extent of the lattice, backward propagating pions may con-
tribute to correlation functions. By the “method of images”, where an operator at
time t has images at t + nL;, with n € Z and L, the temporal extent of the lattice,
correlation functions on a time-torus can be linked to corresponding amplitudes
in infinite Euclidean space. As demonstrated in detail in App. [B.5] for generic 2pt

correlators, one finds

| Zp|?
0(2)(t)H—>’ P (e7Brt 4 emEr(Lemt)) (3.41)
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for the pseudoscalar 2pt function when considering the most dominant contribution
from backward propagation, where the subscript “ft” stands for the finite-time
corrected amplitude.

For the 3pt amplitude C,,, (7, ts) the calculation of the finite-time correction is slightly
more involved, cf. App. [B.6] One finds

Zp a3
2Ep

> e Er(P(p)|T{j}(#. ~7)j}(0.0)}/0)

—

C;LI/,ft(7-7 tf) =

Zpa’® HE — P e a
+ QPEP > e Erleti=n (p(p)| {5 (0, —7)51(Z,0)}0),  (3.42)

including only the most dominant correction. For the scalar amplitude A(7) one

finds ) )
T < O . Aft(’]') — A(T) (1 _ e_EP(Lt_QtP-FT)) 7

A A (3.43)
T>0: Ap(r)=A(7) (1 _ e—Ep(Lt—th_T)) ‘

Note that the lattice calculation yields C’ﬁ) (t) and Af, (7). For C®)(t) this is taken
into account by an appropriate fit function when extracting Ep and Zp, namely by
using a cosh, see Sec. m For the extraction of A(7) the factors from Eq.
are used. In principle, images which have wrapped more than one time are also
included in the finite-time amplitudes, but due to their exponential suppression with

additional factors of L; they are not considered here.

3.1.7 Isospin rotation

As mentioned in Sec. [2.1] at finite lattice spacing a, isospin symmetry is broken in
Wilson tmLQCD, which is an O(a?) effect. For the 3pt amplitudes, these artefacts
can be avoided by only keeping the isospin preserving parts. The light electromagnetic

current operator is decomposed into definite isospin contributions as

. - 2 1- 1. 1.
u =Y Qpbsyuy = U = gdyud = 6]2’0 + §Ji’o> (3.44)
f
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where u and d stand for the up and down quark fields, and

300 = uyuu+ dy,d, (3.45)
g0 =ty — dy,d. (3.46)

Note that the first index in the superscript stands for the total isospin / and
the second index for its third component I,. If one also considers heavy quark
contributions, they would be included in jE’O with appropriate charge factors, since
only the u and d contributions rotate under isospin. Introducing the short-hand
notation C,, = (Pj,j,) for Eq. , i.e. showing only the operators relevant for

this discussion, yields in terms of the isospin decomposed currents

L, 00 1.,
C,u,y __<P]070 LO) + _<P]170 0’0>

T\ e J T\
1 1
+%<Pj2’°j3’°> + Z<Pji’oji’0>- (3.47)

For the 7¥, which has isospin I = 1, only the first line in Eq. contributes to
the full C,,, in the isospin symmetric limit. In the same limit for the n- and 7’-meson,
both having isospin I = 0, only the second line contributes.
In the isospin symmetric limit, the neutral pion form factor can be transformed into
the charged form factor by an isospin rotation. In the physical basis, consider the
vector isospin rotation

Wb — a2y

S (3.48)
¢_>77Z)e—19a7' /27

for 6, = m/2, 6, = 03 = 0. This defines the isospin transformation /,. Using the
identity

4 4 1
e 0T 270072 — 7Y cos f + 5[7“, 7 sin 6 4 6,471 — cos b, (3.49)
i

the neutral pion operator transforms as

70 = ipys T3P Iy iyt =T + 7, (3.50)
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and the vector currents as ;
0,0 0,0
Ju =
S (3.51)
e S e o
where all operators are defined in App. For the isospin preserving parts of the
amplitude, this yields

(7O5005L0) 4 (4 001y (00514,

; (3.52)
(m05,°3°) =% (73,7300 + (7 a0,
In the twisted basis, the vectorial isospin rotation takes the form
Y — e—iw7573/2€i9a7“/26iw7573/2x, (353)
Y — yeiw7573/26—i9a7'a/26—iw')/5’r3/2’ (354)

where w = 7/2 at maximal twist. Acting with /, on the neutral pion operator yields

I, . _ . _
0 =xx = —ixys(rT 77 )x = —i(nT +70), (3.55)

where the factor of —i arises due to the normalization chosen for the operators in

this thesis. The vector current operators in the twisted basis transform as

Vo0 24 00, (3.56)
VIO DALt AL (3.57)

where V2 and V0 are the twisted versions of j° and j,°. All operators are again

given in more detail in App.[A.T] For the isospin preserving parts of C,,, one finds

(TOVOOVLO) D (00 ALy _ (Y00 gLy,

01/1,07,0,0 g ~ AL+1/0.0 + L1700 (3.58)
<7T I v > <7T n v >_<7T n v >

Note that each charged 3pt function is (twisted) charge odd, thus the difference
between the two charged 3pt functions on each line of Eq. is charge even,
cf. App.[A.1.2)land App.[B.3] Thus the even charge parity of the neutral 3pt amplitude
is preserved under I,. Further note that the replacement of the amplitudes with

their isospin rotated counterparts is valid since it just modifies the coefficients of the
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extrapolation to the continuum limit without changing the value of the amplitude

itself in the continuum limit.

3.2 Contributions to C? and Clw

The Wick contractions contributing in the case of the 2pt function C®(t) and
3pt function C,,(7,tp) are depicted in Figs. and . Lines in these diagrams
correspond to quark propagators, which in the case of twisted mass fermions satisfy

a more complicated v5-hermiticity, namely
D(x,y) = %7 D (y, 237!, and  S(z,y) =57 ST (y, 2) 757", (3.59)

where D is the twisted mass Dirac operator and S the corresponding propagator (the
inverse of D, cf. [84]). This modification is needed since the twisted mass term flips
sign under the usual 75 Hermitian conjugation, the conjugation by 7! flips the sign of
the twisted mass term again while not affecting the remaining isospin-invariant pieces
of the twisted mass Dirac operator. Note that for a flavour doublet, this modified
v5-hermiticity implies a flavour change. Using the short-hand notation S(z,y) = Suy

and introducing flavour indices, one has
SIP? = 5 (ST, (3.60)

where fi, fo denotes the two flavours.

om0 O

] ] ] ]
T T T T

0 t 0 t

Figure 3.2: Wick contractions contributing to C'®(t). There are connected (left)
and (fully) disconnected diagrams (right).

Writing the pseudoscalar and current operators in the form

O(t) = (xT'ox)(1), (3.61)
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T OO O

]
T T

—T 0 tp —T 0 tp

Figure 3.3: Wick contractions contributing to C,,,(7,tp). These are the connected
(top left), vector-current disconnected (“V-disconnected”, top middle and right),
pseudoscalar disconnected (“P-disconnected”, bottom left) and fully disconnected
(bottom right) diagrams. Note that there would be a second connected diagram
where the quark propagators run in the opposite direction which is omitted here.

where I'p contains the appropriate normalization, Dirac and flavour structure for the
operator of interest, the Wick contractions for the 2pt function depicted in Fig,.

schematically correspond to

connected: (()L(pr)(t)()Zpr)L)(O)>, (3.62)
disconnected: ((YTpx)(#)(xXTprx)(0). (3.63)

Using the same notation, the Wick contractions for the 3pt function depicted in

Fig. in the same order as in the figure schematically correspond to

]

comnected: (Xr)(tr) (XD O 0(-7) (364
V-disconnected: <<>%rpmrﬂb(0)(>ﬂ<)(—7)>, (3.65)
Vediscomnected: (Cr ()T VOGTL O, (360
P-disconnected: <<>-<FTX)(tp)<>%rjiijl>L)(—T)>, (3.67)

fully disconnected: (YTpx)(t2) (X5 ) (0)(XT ) (~7))- (3.68)
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Explicit expressions for the relevant Wick contractions for both the 7% and n/n/

correlators using propagators will be given in the following sections.

3.3 Pion Wick contractions contributing in C),

As detailed in Sec. the neutral pion 3pt amplitude can be related to the charged
pion amplitude. Since there is no charged pion loop, i.e. no possible Wick contraction
of the charged pion operator with itself due to its quark content, the P-disconnected
and fully disconnected Wick contractions vanish, cf. Fig[3.3] Note that for the neutral
pion 3pt amplitude in twisted mass, they would need to be included since the neutral
pion loop does not vanish due to isospin breaking. This leaves the connected and
V-disconnected Wick contractions, where for the connected contractions only light
currents contribute, while in the disconnected contractions also currents involving s
and ¢ quarks need to be considered, since they are present in the sea quarks. The

operators, conventions and symmetries relevant for this section can be found in

App. [A]]

3.3.1 Connected contraction

To make the discussion of the Wick contractions both more legible as well as a bit
more general, a change of notation is made. The pion operator insertion time in the
far future is now labelled by ¢, the current operator j, sits at source time ¢;, the
current operator j, at insertion time ¢., with analogous temporal labels for twisted
and isospin rotated currents V), and A,,. Define 7 = ¢, —t; as the temporal separation
between the two current operators and ¢p as the temporal separation between the
pseudoscalar and the closest current operator in the temporal direction. The indices
on the temporal labels are then also used for the propagators, see Eq. .
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The connected contractions in C),, are given by Eqgs. (3.47) and (3.58) as

conn. __
Cu =

( <7T* V£70Ai’+>conn. - <7T+ vl?’oA’i,i >C0nn' )

_|_

v

ol — el -

(7= AV conn. — (T ALV comn,) - (3.69)
These connected amplitudes can now be expressed using the quark propagators, e.g.
<7T+A,1j_vy070>conn. =Tr [SZUCFYVS;LJ‘WSS?Z'VNPYE)} +Tr [5%755?{%/53,7#75} 5 (370)

while suppressing the Fourier factors. The connected 3pt data sets available for this

thesis contain data for arbitrary counter-clockwise contractions, defined explicitly by

(BRP(5,qTp T, 1) =Y e Tr (ST S[2T.SET], (3.71)

z,y

where z; = (,t7), 7. = (Z,t.),x; = (0,t; = 0), S5 = SF(x4,73) and T, gives
the appropriate Dirac structure. Note that p is the pion momentum and ¢ the
momentum of the current at insertion, with the momentum of the current at source
given by momentum conservation. The clockwise contractions can be transformed

into counter-clockwise contractions using 7s-hermiticity. One finds
Te[SE TSI ST = T | (S5)Te(sf)T5(SH) T, (3.72)

where F stands for the opposite flavour of F within the doublet and where
the superscript ¢ denotes a conjugation of the Dirac structure with s,
ie. I = ~3I'ys = +I'T = 4T for the gamma matrices used in this thesis,
cf. App. Going back to the example in Eq. one finds for the clockwise

contraction

T[S Ser1sSFus]) = Tr[(SE) T (=7) (SFe) s (SE) T (—775)]
= Tr [v57, 517595 75%)
= — Tr[ %755?6%52-%75}*, (3.73)
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where in the last step cyclicity of the trace and {vs,7,} = 0 was used. Using the
explicit definition in Eq. (3.71]), the clockwise contraction takes the form

—{(udd(—p, =, V5, Yos Y V5)) " (3.74)

Converting the clockwise contractions to counter-clockwise contractions thus cor-
responds for the charged connected contractions to taking the complex conjugated
counter-clockwise contractions with flipped flavours and momenta while keeping the

Dirac structure. Thus suppressing the Dirac structure, the connected amplitude in

Eq. (3.69) is given by

O = ({dud (5,0)) — {dud(—5. ~)")
1

15 (wdu(p, @) — (udu(~5.~@))")
b (dun(F, ) — {duu(~5, ~D)")
_1_12 ((udd(7, Q) — (udd(—p, —))*) . (3.75)

Next, the average with the twisted parity (P7') flipped state is taken, see App.[A.1.3
Each of the amplitudes flips sign and transforms into its charge conjugated partner
with flipped momenta. Additionally, a sign o is picked up if both indices are either
temporal or spatial, i.e. 0 = —(—1)", with ng the number of temporal indices. The

twisted parity averaged amplitude takes the form

1 conn.
5(1 + PTl)CNV ==

L1 (dud(@, ) — (dud(—F, ~))" — o {udu(~F, —D)) + o {udu(F, D)")

212
2L (7. ) — (wdu( 5.~ ~ o{dud(~F. ~) + o (dud (7. )
+%% ((duu(p, ) — (duu(—p, —q))" — o(udd(—p, —q)) + o{udd(p, 7))")
515 (udd . @) — (udd(~, )" — o{dun(~, ~) + olduu(F, 0)°) . (376

As shown in Sec. [3.1.3| for the case of a pion in the rest frame, i.e. p= 0, only the
spatial components of Cy,, contribute to the TFFs, thus ¢ = —1 and 5(1+ Pr')Cio™
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takes the simple form

1 conn.
5(]1 -+ PTl)CMV =

R ({dud(@)) — {dud(~D) — (uduld)) + {udu(~))

1
—R
+12 e

({duu(q)) — (duu(=q)) — (udd(q)) + {udd(=7))).

(3.77)

Two examples for the p’= 0 charged connected 3pt amplitude after contracting the

Lorentz structure and averaging over the momentum orbit as described in Sec. [3.1.3]

can be found in Fig. [3.4]

ceonn- (1) for m* on cB211.072.64

ceomn- (1) for m* on cB211.072.64

1021072 tia = 28, |g1|*(Ly/2m)? = 9 x10-4 tila = 28, |1 |*(Ly/2m)? = 29
s 5.0 s
0.8
& 4.0
A
A
0.6 A
& 3.0
A
0.4 “
R A
A 2.0
A A
A A A
0.2 A a 1.0 s R
A
Aé‘ AA A A
as® Bap, A Aa
0.0] AaaaaaasAS AAAAAAA 0.0{ AraAAAAAAAAAAL AAAAAAAAAAAAA
-20 -15 -10 -5 0 5 10 15 20 -20 -15 -10 -5 0 5 10 15 20
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Figure 3.4: Momentum orbit averaged C°"™ (7,t; = 2.23fm) for 7/a € [-20,20] on
c¢B211.072.64 for two orbits. Note the small errors on the connected amplitude. A
more comprehensive overview, also showing amplitudes for the other ensembles, can

be found in App.

3.3.2 V-disconnected contraction

The V-disconnected contractions in C),, are given by Eqs. (3.47) and (3.58) as

—disc. 1 — —
C;Yu d :E (<7T VL?’OAII/7+>V7diSC. — <W+V£70A11/7 >V7disc.)
1 _ _
+E ((m Allj—i_vy(),o)\/—disc. — <7T+A,1j V2O dise.)
1 2
—s(V e V) +o(Ve v, (3.78)
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where (V < V?*) and (V > V°) stands for the same expressions as in the brackets

in the two lines above them while exchanging the vector currents by
VMO’O;S = 5y,s, or Vl?’O;C = Cyc. (3.79)

These are the s and ¢ vector currents, they can contribute here through disconnected

loops. It is convenient to split the V-disconnected contribution as
V—disc. V—disc.,l V—disc., V—disc.,
OHV SC — O#V sC _"_ CHV SC.,S + O‘MV SC C‘ (380)

Quark propagators can again be used to express these amplitudes, with the vector

current loop and pion-axial current correlator given by

Ze*“ﬂ Tr[SET.], (3.81)

APFF(5,4,Ty,T,) = Ze’pye_qu Tr [Sfl,r S frf} (3.82)

Z,y
where 2; = (7,t), 2. = (Z,t.),z; = (0,t; = 0), S5 = SF(x4,25) and T, gives the
appropriate Dirac structure. The pion has momentum p and the current at insertion
momentum ¢. Note that the light vector current loop L!(7,T,) is simply given by
the sum of the u and d loops, i.e. L!(¢,T,) = L“(q,T,) + L%(q,T,). Introducing a

generic loop L(¢,T;) and defining a generic V-disconnected contribution,

V—disc.,gen __/_—170,0 A1,+ +71/0,0 41,—

+<7T?AL7+VVO’O>V7disc. — <7T+Ai’7VVO’O>V,diSC., (383)

and rewriting it in terms of loops and correlators yields

V—disc.,gen __
C o=

L.(—q,Ty) x AP*(5,§,T4,T.) — L.(—q,T;) x AP™(p,q,T,T.)
+L,(G,Te) x AP (9, —q, Ty, T3) — Ly (¢, Te) x AP (5, =, Ty, T;).  (3.84)

Since the s and ¢ vector currents transform in the same way as their light counterpart
under (twisted) parity one has the same properties as in Sec. when taking the
average with the parity flipped state. Again using o = —(—1)"0, the twisted parity
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averaged amplitude takes the form

1 1 V—disc.,gen 1
5(1 + Pr )CHV g == 5

L.(—=q, 1) x AP*(p,q,T¢,T.) — Lu(—q,T:) x AP™(5,3,T,T.)
—oL,(3,T) x AP*™(—p,—q,T¢,T.) + oL, (q,T:) x AP*(—p,—q,T¢,T.)
+L,(q,Te) x AP0, =, Ty, 1) — Ly(q,Te) x AP0, =4, T4, 1)
0L, (=4, Tc) x AP*(=p, 4, T4, Ti) + oL, (—q,Tc) x AP (—=p,, Ty, T;)|. (3.85)

For the case of a resting pseudoscalar, ¢ = —1 since only the spatial components
contribute, cf. Eq. and thus

1 - 1
(1 P 1 CV—dlsc.,gen — _|:

L (=@, Ts) x APY(q, Ty, Te) — Lu(—q, L) x APJ(q, T, T)
L(@.T:) x APS*(=¢,Ty,T.) — Lu(q,T3) x APS(=,T},T.)
Ly(7,Te) x APy (=3, T4, T3) — Ly(q,Tc) x AP{“(=q, Ty, T)
Lu(=G,Te) x APM@ Ty T0) = L(~4.T) x ARG TrT)]. (3.86)

The corresponding [/, s and ¢ V-disconnected contributions are then given by inserting

the appropriate vector current loop and normalization, i.e.

1 —disc. 11 isc.,gen

5(1 + PrhCy;dsel = o 2(11 + Prh)Cy e _— (3.87)
1 S 11

L+ PTCL 0 =—oo (L4 Pr)C e - (3.88)
1(1 + PTI)CV—disc.,c o 2 1(1 + Pr )CV—disc.,gen (3 89)
2 2274 - 6 2 nv LM:L;:L' .

Note that as mentioned in Sec. 2.2] Osterwalder-Seiler fermions are used for the s
and ¢ quarks, which needs to be taken into account in the actual construction. More
details on this can be found in Sec. Some examples for the p = 0 charged
V-disconnected 3pt amplitudes after contracting the Lorentz structure and averaging
over the momentum orbit as described in Sec. [3.1.3] can be found in Fig. [3.5 Note

that the momentum at insertion ¢, is used for the orbit averaging.
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cV-disc./(t) for m* on cB211.072.64

cV-disc../(1) for m* on cB211.072.64
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Figure 3.5: Momentum orbit averaged CV~45¢ (7 ¢ = 2.23 fm) for 7/a € [—20, 20]
on cB211.072.64 for two orbits. The top row shows V-disconnected contributions
with a disconnected light current loop, the middle row with a disconnected strange
current loop and the bottom row with a disconnected charm current loop. The
V-disconnected contributions typically are 2-3 orders of magnitude smaller than the
connected contribution with errors which are well under control. For some momentum
orbits signals for CV—disc-l and C'V—4ises can be extracted, while CV~95¢¢ just adds
noise. See App. for more examples.

23



3.4 Pion Wick contractions contributing in C®

The neutral pion 2pt amplitude can also be related to the charged pion 2pt amplitude,
again simplifying the calculation since there is no disconnected charged pion con-
tribution. Under the isospin rotation given in Sec. [3.1.7] the neutral 2pt amplitude
for a pion with momentum p' at x; = (¢, t) and a pion with opposite momentum at

x; = (Z,t;) transforms as
Iy _ _
(mO(tp)m®(t)) = —(m ¥ (tg)m (t)) — (m (tp)m " (ta)). (3.90)
Using quark propagators, the 2pt functions are written as

PPF1F2 (ﬁ, Ff, Fz) — Z eiﬁge—iﬁf Tr [Sﬁl FZSSEFJC} , (391)

zy

with ', giving the appropriate Dirac structure. Suppressing this structure, since

here I'y = I'; = 75, the charged pion 2pt amplitude is written as
CO(t;, t;) = —PP™(p) — PP"(p). (3.92)
Using v5-hermiticity, one finds

Tr[SEysSif ) = Te[SpisSipr] (3.93)

]

implying
PPEE(p) = ppha(—py*, (3.94)

Twisted parity transforms each amplitude into its charge conjugated partner and

flips each momentum, such that

%(1 + PrCO () = —% [PP™(p) + PP"(=p) + PP"(p) + PP"(=p)]
=~ [PP™() + PPY()* + PP*(3) + PP (7)"]
= —Re [PP™(p) + PP"(p)] . (3.95)
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Note that one arrives at the same result in the case of p’= 0 by just using Eq. (3.94)).
An illustration for the p'= 0 charged 2pt amplitude can be found in Fig. |3.6|

C@(t) for n* on cB211.072.64, log scale

e

Megs for m* on cB211.072.64
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Figure 3.6: C®(¢) (left) and the effective mass meg in MeV (right) on cB211.072.64.
Note the clean exponential decay, which is determined by the ground state energy.
The effective mass is introduced in Sec. For the calculation of meg, backwards

propagation is taken into account. The 2pt functions on the other two ensembles
can be found in App. [D.1]

3.4.1 Fitting the charged pion 2pt function

To extract the overlap factor |Z,, |* and pion energy E,, = m,, for the resting pion
while taking the finite-time correction from Eq. (3.41)) into account, the charged pion
2pt function is fitted with the fit function

COt =ty —t;) = A-2e" B/ 2 cosh (B - (t — L/2)). (3.96)

The fit parameters A, B then correspond to

Zni |2

_ 2l (3.97)
2My,

B =mg,. (3.98)

Since the signals for the charged 2pt amplitudes are very precise, i.e. they have
a large signal-to-noise ratio, the actual fits are done including one excited state,
resulting in the charged pion mass values shown in Tab. for the three ensembles

used in this thesis.
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3.4.2 Pion A

The construction of 121(7') in principle requires the placement of the pseudoscalar
operator at asymptotically large Euclidean time, cf. Eq. . This limit is approx-
imated here by studying multiple fixed temporal separations between the pseudoscalar
operator and the current operator at source. These temporal separations are called
source-sink separations. If there is no difference in A(7) with increasing temporal

separation, i.e. no excited state contamination, the limit is well approximated. With

A(T) for m* on cB211.072.64 A(7) for m* on cB211.072.64
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Figure 3.7: Momentum orbit averaged A(7) (top row) and difference between A(7)
and the central value of A(7,t;/a = 36) (bottom row) using t; € {2.23,2.87,3.50} fm
for 7/a € [—20,20] on ¢B211.072.64 for two orbits. In the bottom row, the points are
shifted slightly along the 7/a-axis for better legibility. Note the excellent convergence
for the different ¢4, indicating that there is no excited state contamination. Plots of
the variance for these two orbits can be found in Fig. [3.8] Other examples can be

found in App. D-1}

the exception of one momentum orbit on ¢D211.054.96, there is no excited state

contamination for any of the used source-sink separations, thus the smallest on each
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ensemble was used since this minimizes the statistical errors on A(7). Two examples
for the p’ = 0 charged A(7) and its variance after contracting the Lorentz structure

and averaging over the momentum orbit as described in Sec. can be found in
Figs. B.7 and 3.8

Variance of A(t) for 1* on cB211.072.64 Variance of A(T) for m* on cB211.072.64
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Figure 3.8: Variance on the momentum orbit averaged A(7) using

ty € {2.23,2.87,3.50} fm for 7/a € [—20,20] on ¢B211.072.64 for the same two
orbits as in Fig. 3.7l Note that the variance increases with increasing ¢y for each
value of 7/a.

3.5 n- and n’-meson Wick contractions contributing

in C,,

For the n- and n’-meson 3pt amplitude, all Wick contractions depicted in Fig|3.3
need to be included in principle. However, at the presently achievable accuracy, all
V-disconnected diagrams as well as the P-disconnected diagram with ¢ quark vector
currents are not relevant and thus not included here, see also |71]. Further, at the
time this thesis was written, only data on the ¢cB211.072.64 ensemble was available,
cf. Sec. and the quality of the data only allowed the extraction of the ng 2pt and
3pt amplitudes. The operators, conventions and symmetries relevant for this section
can be found in App. and App. [B.8] details on the projection on the n-meson
state in Sec. [£.3.7.3
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3.5.1 Mixing of singlet and octet state

Only considering the strong interaction, the quark model of the three lightest quarks

predicts nine eigenstates, two of which are

m = —=(uu + dd + 3s), (3.99)

H<||H
[GV]

Ng = %(ﬂu + dd — 23s), (3.100)
with the same quantum numbers, which together with the 7° form the centre of the
pseudoscalar meson nonet with J* = 07, i.e. with total spin 0 and odd parity built
from pairs of u, d and s quarks and the corresponding anti-quarks. The indices 1
and 8 indicate that n; belongs to a singlet and 7g to an octet in the SU(3) symmetry
theory of quarks for the three lightest quarks, with the pseudoscalar nonet formed
by the singlet and octet. Due to electroweak interaction, bound states with the same
overall quantum numbers can mix, such that the physical n and ' states are given

by a linear combination of the singlet and octet states, i.e.

n\ _ C?Sep —sinfp 78 ’ (3.101)
n sinfp cosfOp M

with mixing angle 0p = —11.3° &~ —0.2 [12]. As detailed in Sec. [4.3.7.3] the n-meson
state can be extracted from the ng operator without explicitly taking the mixing into

account due to its overlap with the n-meson state.

3.5.2 Osterwalder-Seiler strange quarks

In twisted mass Osterwalder-Seiler calculations, two strange quark flavours s1 (up-
and down-type strange quark) are considered, they form a flavour degenerate doublet
and are analogous to the up and down quark for the light contribution, the difference
being that they both carry the same charge factor of —1/3 [106]. This gives the
extended isospin symmetry group SU(2)yq X SU(2)s, s_, up to lattice artefacts.
Discrete symmetries act on the strange doublet like on the light doublet.

In the continuum limit, where explicit flavour symmetry breaking terms are absent,
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it would not matter if one uses s; or s_. Since they are treated here like the up and
down quark, there will be additional factors of 1/2 such that the normalization is
consistent with respect to the light contribution.

Replacing s by (s;,s_)T in the corresponding operators, cf. App. yields

s = iz, (3.102)
and
I3 = 7,Q0, (3.103)
with
-1/3 0
Q= / , (3.104)
0 -1/3
where ¢ = (s;,s_)T. The corresponding current operator takes the form
0. 1_ 1_
Ji® = ~ 35S+~ 3E-TuS—, (3.105)

and will be treated like the strange current in Sec. [3.3.2]

3.5.3 Classification of the relevant Wick contractions

As discussed in Sec. m, only the second line in Eq. (3.47)) contributes to C,,
for n- and n-meson. Using the short-hand notation C,, = <PJ/§2 J¢ >, the Wick

contractions considered here are

<PJ§JVQ> = <771JI?’ZJ§’Z> light connected
+ <nlJ§’lJ,f2’l>P_ dise. light disconnected

+ (s ST

conn.

conn.

(

(
strange connected (3.108

(

(

(

+ <775J§)’3J§’5>P_disc_ strange disconnected 3.109
+ <nsJE’lJ§’l>Pidisc. mixed disconnected I 3.110
+ <nlJI?7SJ’?’S>P7diSC. mixed disconnected II, 3.111
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with the operators given in the twisted basis in App. In the following, the
construction of these contractions is discussed. Note that both 7, and 7, pick up
a normalization factor of 1/ v/6 when constructing the ng 3pt amplitude and a
normalization factor of 1/4/3 when constructing the 7; 3pt amplitude. These factors

are not explicitly included in the following.

3.5.4 Light connected contraction

Here, the light connected contribution to the amplitude, given in Eq. , is
considered. To lighten the notation, the superscript [ is dropped for the rest of this
subsection. In terms of quark propagators, the data available for this thesis is of
the form Eq. (3.71)), i.e. given in terms of arbitrary counter-clockwise contractions.
Inserting F' = I} = F, = F3 yields

(F(5,0)" = (F(F,q.T, T, Ty)) = > eMe T Tr[SIT,S[T.SET]  (3.112)

57?;‘
for these contractions. Directly going to p’= 0 and suppressing the Dirac structure,
one finds

(1IRIL) o = 55 (IVEOVID) L+ 7 (aVEOV0)

conn. conn.

= (D)t + (@), — (@), — (D)), (3113)

where the clockwise contractions are defined analogous to Eq. (3.112)). Under twisted
parity, the spatial components of the amplitude are odd, cf. App. B.8.1] such that
for u, v both spatial

1+ PTl) <nVl?,O/l,0(q>VVO7O/1,O> _

<<7IV£’0/1’0@ VV0’0/1’0> _ <77V;?’0/1’0(_® Vu0’0/1’0>conn.) , (3.114)

1
2

conn.

(
1
2
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holds, and thus

3 L+ PT) (022, =
5 s @), — (=)t + (D), — (D)

— (D)) eomn. + (A(=D))conn. = (D)) conn. + {U=D)conn] ~ (3.115)

Counterclockwise and clockwise amplitudes are related to one another through
~s-hermiticity

(@) comn. = (A=) conn. - (3.116)

with the given Dirac structures, yielding in terms of flavour components

(1+ Prt) (nJ2J2

v >C0nn.

2 Re (@) 5, — (D)o, — (=)o + {A-DYom] - (3117)

N —

Two examples for the p'= 0 connected 3pt amplitude for ng after contracting the

Lorentz structure and averaging over the momentum orbit are shown in Fig. |3.9,

3.5.5 Light disconnected contraction

Next, the light disconnected contribution to the amplitude, given in Eq. (3.107]), is
considered. Again, the index [ is dropped for the rest of this subsection. The relevant
objects in terms of quark propagators are the loops and vector current correlators

given by
LF(p,Ty) = Z e Tr[S,T,), (3.118)

VVE(q. Ze*m Tr[SET.SET, (3.119)

where again z; = (¥, t5), T = (T, t.), 7; = (0,t; = 0), S5 = S¥ (2,4, 23) and T, gives
the appropriate Dirac structure. The pseudoscalar has momentum p and the current

at insertion momentum ¢. Suppressing the Dirac structure, the light P-disconnected
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contraction is then written as

(IRID)y e = 15 (L) = 0) (VVA(D) + VVL(@).

Under twisted parity the amplitude transforms as

% (I[ + PTl) <77J;?JI?>P—disc.
L3 (0 - 1) (v + VD)

— (L"(=5) = L'(=9)) (Vo (=@) + VV (=) } .

By using ~vs-hermiticity, i.e.

Ld’u(ﬁ) — Lu’d(—ﬁ)*,
d,u _ u,d *
VV;U/ (@ - VV;U/ (_Q) )

all d-quark contributions can be transformed into u-quark contributions,

% (]1 + PTl) <77J,?J52>Pfdisc.

— (LM(=) - L"(B)") (VV:‘y(—@ + VVW*)}
_ %Re (L") — L"(—p)") (VVL(@) + VL (—D)7)] -

Finally, for p'= 0, one gets

S (@4 PrY) (a7 =0)J2I2)

P—disc.

_ %Re [2itm[L*(0)] (VV(@) + VV(—3)°)]

= %Re [2dIm[L"(0)]dm [V Vi (7) + V Vi (—@)*]]

= — T [L*(O)Im[VV (@) ~ VY- D)

(3.120)

(3.121)

(3.122)
(3.123)

(3.124)

(3.125)

Two examples for the p’= 0 P-disconnected 3pt amplitude for ng after contracting

the Lorentz structure and averaging over the momentum orbit are shown in Fig. [3.10]
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3.5.6 Strange connected contraction

Following the same procedure as for the light connected contribution, the the strange
connected contribution to the amplitude, given in Eq. (3.108)), takes the form

<778J/?75 J’?’S>co

=]

n.

({54+(@)) conn. + (5+(D)conn. = (5-(D)conn. = (5-(D)conn.) »  (3.126)

O ==

1
— €— -
2

where a factor of 1/2 is included to account for double counting of diagrams due
to the use of Osterwalder-Seiler fermions. After converting all clockwise to counter-
clockwise contributions using vy5-hermiticity, the twisted parity averaged amplitude

is then given by

1 1 s s
5 (L+Pr) (e J 2 T2 = (3.127)
1 ccw ccw ccw ccw
61_8Re [<5+(®>conn. - <S—(®>conn. - <S+<_q_>>conn. + <S—<_®>conn.] )
(3.128)
in terms of flavour components, where ¢ = —2 for ng and € = 1 for 7;. Two examples

for the p= 0 connected 3pt amplitude for ng after contracting the Lorentz structure

and averaging over the momentum orbit are shown in Fig. [3.9
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Contributions to C(t) for n on cB211.072.64 Contributions to C(t) for ng on cB211.072.64
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Figure 3.9: Momentum orbit averaged connected C(7,t; = 1.11fm) for ns for
7/a € [—20,20] on ¢B211.072.64 for two orbits. Shown in brown is the full connected
contribution, in blue the connected contribution involving only light quarks (“1 conn.”)
and in green the one involving only strange quarks (“s conn.”). Note the suppression
of the strange contribution with respect to the light one. A more comprehensive
overview can be found in App.

3.5.7 Strange disconnected contraction

For the strange disconnected contribution to the amplitude, given in Eq. (3.109)), the
derivation for the light disconnected contribution can be followed, with a factor of

1/2 both for the loop and for the current contribution. The 3pt amplitude reads

(I8 I2y e =< (3) 5 50 - @) (VW@ + VW @), (3120

which after converting all s_- to s, -quark contributions and taking the twisted parity

average leads to

3 (L P (1I37I8),
= e%Re [(LSJr(ﬁ) — L** (—p)") (ij;((j) + VV:J(—@*)} . (3.130)
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For p= 0 one then finds

1 1 = s s
5 (]1 + Pr ) <775(p = O)Jl?’ J’fl >P—discA
1
= —61—81m[L5+(0)]1m[ V(@) = V'V (=q)l, (3.131)
with e = —2 for ng and € = 1 for ;. Two examples for the p = 0 P-disconnected

3pt amplitude for ng after contracting the Lorentz structure and averaging over the

momentum orbit are shown in Fig. |3.11]

3.5.8 Mixed disconnected I contraction

Here, the mixed disconnected contribution with a strange loop and light current
correlator to the amplitude, given in Eq. (3.110)), is considered. One factor of 1/2
needs to be included to account for double counting due to the strange loop, resulting
in

1

(I, = €5 o (L)~ L () (VY@ + VVA@) . (3132)

For p'= 0, this leads to

L (14 P = 09I,
= e Tl (0)Im{V V() — V'V (-] (3.133)

Two examples for the p'= 0 P-disconnected 3pt amplitude for ng after contracting

the Lorentz structure and averaging over the momentum orbit are shown in Fig. [3.10
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Contributions to C(t) for ng on cB211.072.64 Contributions to C(t) for ng on cB211.072.64
x10~4 tila = 14, |G, |*(Ly/2m)?* = 3 x10~4 tila = 14, |d1|*(Ly2m)? = 13
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Figure 3.10: Momentum orbit averaged P-disconnected C(7,¢; = 1.11fm) for ng for
7/a € [—20,20] on cB211.072.64 for two orbits. Shown in red is the full P-disconnected
contribution with the light current correlator, in pink the disconnected contribution
involving only light quarks (“1 x 1 corr.”, corresponds to light disconnected) and in
grey the one involving a disconnected strange quark and the light current correlator
(“s x 1 corr.”, corresponds to mixed disconnected I). The cancellation between the
P-disconnected contribution with light current correlators and the light connected
contribution shown in Fig. is crucial when building the amplitude for ng. More
momentum orbits are shown in App. [D.2]

3.5.9 Mixed disconnected 1II contraction

Finally, the mixed disconnected contribution with a light loop and strange current
correlator to the amplitude, given in Eq. , is considered. One factor of 1/2
needs to be included to account for double counting due to the strange current,
giving

s s 1
<'rnJ§')’ JISZ >P—disc. - 5 '

(L*(7) — LYD) (VViH (@ +VVE (D). (3.134)

NN =

For p'= 0, this leads to

(]l + Pt ) <m O)JQSJ,?’ >P_disc_

N —

= ST (O)]m [V Vi () — VVy (~) (3.135)

Two examples for the p= 0 P-disconnected 3pt amplitude for ng after contracting

the Lorentz structure and averaging over the momentum orbit are shown in Fig. [3.11
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Contributions to C(t) for ng on cB211.072.64 Contributions to C(t) for ng on cB211.072.64
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Figure 3.11: Momentum orbit averaged P-disconnected C(7,t; = 1.11fm) for 7
for 7/a € [—20,20] on ¢B211.072.64 for two orbits. Shown in purple is the full
P-disconnected contribution with the strange current correlator, in green the discon-
nected contribution involving a disconnected light quark and the strange current
correlator (“1 x s corr.”, corresponds to mixed disconnected II) and in turquoise the
one involving only strange quarks (“s x s corr.”, corresponds to strange disconnected).
More momentum orbits are shown in App. @

3.6 n- and n’-meson Wick contractions contributing
in C?)

For the 77- and 7n/-meson contributions to C®| both diagrams in Fig. need to be

considered. The same pseudoscalar operator as in the last section is used, i.e.

n(e) =m + ens, (3.136)

where € = —2 for ng and € = 1 for n;. Note that the 2pt amplitudes built here need
an additional normalization factor of 1/4/6 for each involved 7y operator and of 1/v/3

for each involved 7, operator.
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3.6.1 Connected contraction

The connected pseudoscalar 2pt function in terms of quark propagators, given in

Eq. (3.91), can be written as

PPP(5, Ty, Ty) = Y ePe M Tr[SETSHT ], (3.137)

zy

since the amplitudes relevant here come in flavour pairs. Again suppressing the Dirac

structure, the connected contraction takes the form

(6D o = PPY) + PPHG) + S (PP*()+ PP(7). (3.138)

with a factor 1/2 due to the Osterwalder-Seiler strange quarks. The d- and s_-quark
contributions are related to the u- and s,-quark contributions, respectively, by
~vs-hermiticity as usual, while twisted parity transforms the amplitudes into their

charge conjugated partners and flips all momenta, such that

(1 + P7Y) (netr)n(e ti)) conn, =

N | —

- % [PP“(@ + PPY(p) + ; (PP (p) + PP (p))
b PP+ PP+ G (PP (o) + PP (1)

2

= Re {PP“(}?) + PPY(—p) + % (PP*+(p) + PP5+(—15))} . (3.139)
Thus the connected 7(€) 2pt function with p'= 0 is given by

(e, tp)n(eti)) o = 2Re [PP“(@) + ; (PP5+ (6))} . (3.140)

For the cross-correlator this translates to

€r€;

((er )06 1) o, = 2Re | PPY(O) + <22 (PP(0) )| (3.141)
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3.6.2 Disconnected contraction

In terms of quark loops, cf. Eq. (3.118)), the disconnected contribution to the 2pt

amplitude reads

<77(€7 tf?ﬁ) 77(67 ti, _m>disc. =
(400 = L) + 5 [ (5.T)) = L (7.7

: (L“(—ﬁ, I,) — LY—p.T;) + % [L3+ (=p,T;) — L*~ (=, Fi)]> . (3.142)

with factors of 1/2 again due to Osterwalder-Seiler. Converting all d- and s_-quark

contributions using ys-hermiticity and directly going to p'= 0 yields

<77(€7tf) 77(6 t‘))diso =
(2zImL (0.1)) +2i5 “ImL*+(0,T;) )
I,

-<2iImL”(6,F)—|—2@ ImL*+ (0, )) (3.143)
= 44° (ImL“(ﬁ, [ )ImL*(0,T;) + 64 Im L+ (0, ) ImL** (0, T;)

+ %ImL“(@, ) ImL* (0, T;) + %ImLs+(6, I ) ImL* (0, ri)> . (3.144)

For the cross-correlator this translates to

<77(€f,tf) 77(%75 )>dlSC =

_ 42 (ImL“(G, ) ImL(T, ;) + <L

ImZL** (0, T p)ImL*+(0,T)

+ SImLY (0,7 ) ImL (0,15) + LIl (0,0)ImL"(0,1) ) . (3.145)

Hlustrations for the ng and 7, 2pt amplitudes with p’= 0 can be found in Fig. [3.12
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(top row) and 7; (bottom row).

In

contrast to the charged pion 2pt functions, and especially for the 7, operator, there

is no region of exponential decay clearly dominated by just one decay constant.
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3.6.3 Fitting the - and n’-meson 2pt functions

As seen in Fig. [3.12] it is quite challenging to extract the overlap factors and masses
for ng and n;. The same fit function as in Sec. was used, but the choice of fit
window is much more delicate, especially for n;.

Promising fit windows can be identified by determining plateaus in the effective mass
M. Assuming that the 2pt function C'®)(¢) of interest is dominated by a state with

energy F, it is described by an exponential decay
CO(t) = Ae P, (3.146)

This is in general a reasonable approximation for sufficiently large t, with F being

the energy of the ground state. The standard definition of m.g is then given by

C@(t)

t>1 —Et+E(t+1)] _ By _
COG+ 1) 1)} ~ log [e | =logle”] = E. (3.147)

Meg = lOg {

If the periodic boundary conditions are taken into account, the expression for meg

becomes

COE+1)  1+e BTz |’ (3.148)

cf. App. Note that E on the r.h.s of Eq. is a priori not known. Thus, an
initial guess for F is made using Eq. and then iteratively improved according
to Eq. , see Lst. [I{ for an example implementation in python. For the pion 2pt
function, there is a significant contribution from the backwards propagating state, see
Fig. 7 while for the ng and n; 2pt functions the effective masses from Eq.
and Eq. almost coincide due to the heavy n-meson mass, cf. Fig|3.13]

It is often useful to consider definitions of the effective mass obtained using trigo-

21 { CO®E) 1+ e BEL=2t+D)
eff

nometric relations for the 2pt function while including backwards propagation and

shifts of the 2pt function in the temporal direction such as

COt+71)+COt—1)

2001 = cosh E'T, (3.149)
giving
1 COt+1)+COt—7)
Meg(t,7) = ;arccosh ( 20D () ) : (3.150)
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# Function for extracting the effective mass,
# including backwards propagation.
# t : integer, spectifies timeslice
# ¢ : array storing the (symmetrized) 2pt function per timeslice
# Lt: float, temporal extent of the lattice
import numpy as np
def M_eff_wrap(t, c, Lt):
mass = np.log(c[t]) - np.log(cl[t+1])
res =1
counter = 0
while res > le-12:
u = 1. + np.exp(-mass*(Lt - 2.*float(t) - 2.))
d = 1. + np.exp(-mass*(Lt - 2.xfloat(t)))
tmp_mass = np.log(c[t])-np.log(c[t+1])+np.log(u)-np.log(d)
res = abs(tmp_mass - mass)
mass = tmp_mass
counter += 1
return mass, counter

Listing 1: Example implementation of the iterative procedure used to extract meg
while including backwards propagation, cf. Eq. (3.148]).

or
CA(t —27) — CA(t + 27)

20CO(t—71) = CO>t+ 1))

= cosh BT, (3.151)

and thus

1
Meg (L, 7) = ;arccosh

( CO(t —27) — CO(t + 27) ) | (3.152)

20CAt —71) - CAt + 1))
Note that this uses only differences of the 2pt function. Should the 2pt function of
interest have a significant vacuum expectation value (vev), it is useful to consider
shifted 2pt functions C’(t; s) = C®(t) — C?(t + s) for the construction of m.g, since
they allow for a cancellation of the vev in meg. Illustrations for the ng and 7, effective
mass can be found in Fig. [3.13] In particular, one sees that the ng effective mass
obtained using the different methods presented above converges to the same plateau,
starting at ¢/a =~ 11, while this does not happen for the 7, effective mass due to the
smaller overlap between the 7, operator and the 7-meson state, cf. Sec. [£.3.7.3]
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Figure 3.13: Effective ns mass m: (left) and effective 1, mass m; (right), std. meg
is calculated according to Eq. (3.147)), std. meg, bwd according to Eq. ,
arccosh meg according to Eq. (3.150|) and arccosh diff meg according to Eq. (3.152)).
In the case of m’; a plateau around 550 MeV is visible, while m; decays much
slower due to the smaller overlap between the n; operator and the n-meson state,

cf. Sec. and does not reach a plateau.

3.6.4 n-meson A

As discussed in Sec. the approximation of the limit where the pseudoscalar
is removed to asymptotically large Euclidean times in the construction of A(7),
cf. Eq. , is done by studying the excited state contamination when increasing
the temporal separations between the pseudoscalar and the current at the source.
While in comparison to the pion shorter temporal separations can be used for the
n-meson, due to its faster decay rate caused by the large n-meson mass, the signal-
to-noise ratio in the disconnected contributions rapidly deteriorates with increasing
temporal separation. Thus, a delicate balance between excited state contamination
and signal quality needs to be found. Here, three values for ¢y were considered. While
the lowest of the three clearly gave the best signal-to-noise ratio it at the same time
suffered from excited state contamination when compared to the larger ¢, especially
for the lower momentum orbits. Since the excited states were suppressed best for
the largest value of ¢y, it was used in Sec. 4.3 An illustration of this can be found in
Fig. [3.14] see also the discussion in Sec. [4.3|
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A(T) for n on cB211.072.64

A(T) for n on cB211.072.64
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Figure 3.14: Momentum orbit averaged n-meson A(7) using t; € {0.80,0.96,1.11} fm
for 7/a € [—20,20] on ¢B211.072.64 for two orbits. Note the clear excited state
contamination visible for the lower momentum (left) which becomes smaller for the
higher momentum (right). Other examples can be found in App. .

3.7 Extending A(7) and extraction of the TFFs

To extract the transition form factors Fp_,«y«, A(7)e!7 is integrated over the whole
temporal axis, cf. Eq. (3.30). The contribution from one of the tails is enhanced
exponentially by the factor e“1”, this effect is significant for choices of w; resulting
in kinematics close to the singly virtual axis for the charged pion and, due to the
large n-meson mass, significant for all w; for the n-meson. In addition, since the
pseudoscalar operator is placed at some finite Euclidean time, not all data has the
correct time ordering needed for the approximation of 121(7') in Eq. . Further, the
signal-to-noise ratio deteriorates exponentially with increasing |7|, which significantly
hinders the extraction of the TFFs wherever the exponential enhancement of one of
the tails is significant.

As presented in Ch. [4 and [ following [66}/67], joint fits to all §; momentum orbits
using the Vector Meson Dominance (VMD) and Lowest Meson Dominance (LMD)
models are performed to determine the asymptotic behaviour of 121(7') The models
are used to replace the lattice data A1) (1) for |7|> 7., when performing the
integration in Eq. . Note that 7., can be chosen independently for the two

tails, which can be useful to maximize the amount of included lattice data. The
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integration in Eq. (3.30]) gets replaced by

Tcut -
Foerlia) = [ dr A0(r)en

—Tcut

0o ~ —Tcut N
+ / dr A (1) 4 / dr A (1)ew™, (3.153)

Tcut o0

To get a handle on the model dependence, the lattice data content

A fz(‘:rutt dr A(latt.) (T)ewm' ( )
latt. = < ) 3.154
! Ty (0, 3)

is stored when performing the integration in Eq. (3.153)), allowing the exclusion of
TFF values which depend too strongly on the used model in the further steps.
The LMD fit function for the scalar amplitude defined from Eq. (3.37) is given by
ALMD(T >0) = j:l aMy + B2MY +mp F 2mpy/ My + |§1‘2)611/M3+|§1|27
2L mp/ MY+ Q22 M + |02 F mp)
_ OéMé + 5(2M‘2/ + m%; + 2mp\/ M‘Q/ + |(j)1’2)6—(mpﬂ:1 [ MZ+|q1)2)T 7
mpy/ M + G 22/ M{ + 161> £ mp)

with My, a and j fit parameters, cf. [66,[118[124,[125]. The energy of the modelled
vector meson is Ey = /M2 + |q1]?. The VMD fit function is obtained by setting

g =0.
The LMD fit function can be integrated analytically and independently for all choices

(3.155)

of wy. Directly integrating gives for the two tails

~Tcut -
/ dr AYMP (1)erm =

4 2 2 2 g
1 {OZMV + 5(2Mvj‘ mp + 2mP\/HMv + IQ1|2)6(+\/W+M)T
2L mpy/ M+ |G 22/ M + @] + mp)

1
VME+ G+ w
4 2 2 p) =
oMy, + 5(2Mvj mp — 2””LP\/jV—[v + |Q1|2>e(7(mpf\/W)+w1)T
mP\/M\% + |Q1|2(2\/M\2/ + |qi|? — mp)

: (3.156)

Vo
—(mp — \/ME +|q1]?) + w1

T="Tcut
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/ dr AMMP (7)™ =

Tcut

4 2 2 2 =
1 [O‘Mv + 5(2Mvj mp — 2mp _‘MV + |91|2)€(7\/W+w1)7
21 mp/ME + P2/ M +|¢i]2 — mp)
1
V M\2/ + ’(T1|2 —w

4 2 2 A2 L~
_ (XMV + B(QMVJ— mp + 2mP _»MV + |QI|2) e(f(mp+, /M\2/+\§1\2)+w1)T
mpy/ME + QP2 M2 + |q1]? + mp)

: (3.157)

T=Tcut

R
(mp + /My +[Gi[*) —wr

where 7., > 0. Because of the restrictions on w; due to the hadron production

threshold, these integrals should converge for all valid choices of w;. Non-converging
integrals are a sign that there is some on-shell intermediate state, which would
violate the assumptions under which the Wick rotation in Sec. [3.1.3] was performed.
Some examples for integrands A(T)e“’” are shown in Fig. [3.15]

Positive and negative 7 can be related analytically by using the symmetry
A(7) = e=™P7 A(—7). This allows one to express the TFFs using only data from the
tail without the pseudoscalar insertion at ¢y > 0, which should be less susceptible
to excited state contaminations. Fixing all spatial momenta leaves w; as the
remaining free parameter as described in Sec. [3.1.3] such that one can write
Fposmiy (@3, @3) = Fpsyenys(w1). The TFFs using only 7 < 0 data are given by

o0

Fposyee(wr) = / dr 6w17/~1w(7—)

—00

0 0
:/ dTe‘“”le(T)jL/ dTe(mP’wl)Tle(T)

1

where o

Fpee(w) =2 / dre“™ A, (7). (3.159)

—00
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Diagonal integrand for m* on cB211.072.64 Diagonal integrand for m* on cB211.072.64
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Figure 3.15: Charged pion integrands A(T)e“” on cB211.072.64, diagonal kinematics
q? = ¢35 (top row) and single-virtual kinematics g5 = 0 (bottom row). Shown is the
integrand from lattice data in blue and from a correlated LMD fit to A(7) in orange.
The fit was done across all momentum orbits (27/L,)? < |¢|*< 32(27/L,)? with
fit range [—tmaz, —tmin] U [tmin, tmaz), indicated by the grey bands. The red point
indicates the pseudoscalar timeslice ¢, the greyed out points to the right of it do
not have the correct timeordering to approximate Eq. .

For the diagonal kinematics, aw; = am, /2 ~ 0.028. For the single-virtual kinematics,
aw, = al|qi|~ 0.14 for | [*= 2(27/L,)?* (left) and aw; =~ 0.24 for |Gi|?*= 6(27/L,)?
(right).
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The used symmetry follows from the ¢i—¢3 exchange symmetry in the TFFs, equivalent

to wy <> mp — wy. Defining

A(r) = Q‘Zi B emeteg=met (7)), (3.160)
Al(r) = %emﬂm(—f), (3.161)
and
F sy (w1) /dT e“’”A (3.162)
e / dr e Al (1 (3.163)
one finds
Fpoyyore(m dr emP=07 A(1)

T ewlTA'
!

- |
/d (wl mP)TA< )
/4
F

P—ry*y* ( ) (3164>

In particular, this allows for time reversal in A(7) not only by flipping 7 — —7 but also

mp

by applying a factor of e”™P™ and implies that Fp_, = (¢%, ¢3) and Fp_, (g3, q})

differ by numerical fluctuations when using A(%)(7).

3.8 Details on the employed ensembles, correlators

and loops

An overview of the employed ensembles and their most important properties is given
in Tab. [3.1] for an introduction to the used lattice setup see Sec.

In the pion calculation, 8 or 16 point sources per configuration are used for the
evaluation of the connected Wick contractions of the 3pt function, depending on

the ensemble, for a total of O(10% — 10?) inversions. The pseudoscalar 2pt functions
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Ensemble V/a*  Nent B a [fm] apy M*»' MeV]| || L[fm|] M,L
cB211.072.64 64%-128 748 1.778 0.07961(13) 0.00072 || 140.27(12) 5.09  3.62
cC211.060.80 80%-160 397 1.836 0.06821(12) 0.00060 || 136.88(12) 5.46  3.78
cD211.054.96  96%-192 495 1.900 0.05692(10) 0.00054 || 141.57(19) 5.46  3.90

Table 3.1: Parameters of the ETMC ensembles used in this work, adapted from [40].
Other paramters can be found in [40,/100,/103105]. For the n-meson form factor
calculation, No,r = 1539 configurations of the ¢cB211.072.64 ensemble were used,
yielding M7P* = 550(20) MeV. MZP* and M7P* are the pion and 7-meson masses
determined in this work from a two-state fit to the 2pt function, see Sec.[3.4.T]and [3.6.3]

are evaluated using either 8 point sources or 128 stochastic sources [126-128| per
configuration. The current-pseudoscalar correlator in the V-disconnected contraction
of the 3pt function is evaluated using 8 point sources per configuration. Finally,
the evaluation of the current loop in the V-disconnected contraction uses differing
numbers of stochastic sources. For the numerically most sizeable one, the light
current loop, 128 stochastic sources per configuration are used, with usually 4 sources
for the strange and 1 source for the charm current loops. Deflation of low-modes [129)
and hierarchical probing [130] are used to improve the signal-to-noise ratio of the
disconnected loops.

In the n-meson calculation, 16 point sources per configuration are used for the
evaluation of the connected Wick contractions of the 3pt function, for a total of
24 624 inversions. The connected pseudoscalar 2pt function and the current-current
correlator in the P-disconnected contraction to the 3pt function are evaluated using
200 point sources per configuration. Finally, the evaluation of the pseudoscalar loop

in the P-disconnected contraction uses 128 stochastic sources per configuration.
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Chapter 4

Publications

In this chapter, the publications written as part of this work are collected. Sec.
reproduces the proceedings of the 2021 lattice conference, published as [68]. It
reports on the current status of the calculation of the pion-pole contribution to
HLbL at this point in time. Sec. reproduces the proceedings of the 2022 lattice
conference, published as [69]. It contains an update on the pion-pole calculation,
with the most notable differences to Sec. being the inclusion of an additional
ensemble as well as the inclusion of all possible disconnected Wick contractions.
Further, it reports first preliminary results for the n-pole contribution to HLbL at a
single lattice spacing. An extensive draft further updating the pion-pole calculation
can be found in Ch. [f] Finally, Sec. reproduces the preprint published on arXiv
as |71], which was submitted to PRL in January 2023. Presented there are first
results for the n-pole contribution to HLbL, the partial decay width I'(n — ) and
the slope parameter b, at a single lattice spacing.

Note that the introductory and methodology parts of these three sections are similar,
since they are all part of the same project. The discussion in Sec. is the most
extensive without giving details on the partial decay width and slope parameter,
which are discussed in Sec. 4.3l
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4.1 Pion-pole contribution to HLbL from twisted
mass lattice QCD at the physical point

This section reproduces |68] and was published as part of the proceedings of the 2021

lattice conference.

4.1.1 Abstract

We report on our computation of the pion transition form factor F,_,,«,« from
twisted mass lattice QCD in order to determine the numerically dominant light
pseudoscalar pole contribution in the hadronic light-by-light scattering contribution
to the anomalous magnetic moment of the muon a, = (g — 2),. The pion transition
form factor is computed directly at the physical point. We present first results for

our estimate of the pion-pole contribution with kinematic setup for the pion at rest.

4.1.2 Introduction

In this project we aim to compute the pseudoscalar transition form factors Fp_, -+
from twisted mass lattice QCD for the three pseudoscalar states P = 7% n and
1’ in order to determine the corresponding pseudoscalar pole contributions in the
hadronic light-by-light (HLbL) scattering contribution to the anomalous magnetic
moment of the muon a, = (¢ —2),. Our computation is done on two ensembles with
the pion mass at its physical value. For our calculations we are using twisted-mass
clover-improved lattice QCD at maximal twist, so that we have automatic O(a)-
improvement in place. The generation of the two ensembles was done in the context
of the Extended Twisted Mass Collaboration (ETMC) where the Ny =2+ 1+1
simulations include the two mass-degenerate light u- and d-quark flavours at their
physical quark-mass values and the heavier s- and c-quark flavours at quark masses
close to their physical values. At the moment, the analysis is done on two physical
point ensembles at two different lattice spacings as decribed in Table For further

details on the simulations we refer to Refs. [104}]115].
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ensemble | L3 - T/a* | m; [MeV] | a |fm| | L [fm] | m, - L
cB072.64 | 64%-128 | 136.8(6) | 0.082 | 5.22 3.6
cC060.80 | 80%-160 | 134.2(5) | 0.069 | 5.55 3.8

Table 4.1: Description of ensembles used for the analysis presented in these proceed-
ings.

The assumption of hadronic light-by-light scattering being dominated by single
pseudoscalar meson exchange can be used to calculate the correspondingly leading
pseudoscalar pole contributions afj‘p"le to the muon anomly at next-to-leading order
(NLO), cf. Figure The pole contributions are given by a three-dimensional
integral derived in Ref. [50]. It takes the form

Figure 4.1: Pseudoscalar pole contribution to hadronic light-by-light scattering in
the muon (g — 2),. Adapted from Ref. .

pole _ an 3 0o 00 +1 ~
a” 1_<;) /0 dQ1/0 ng/_l 47
|:w1(Q17 Q2, T) Fposyen (—QF, —(Q1 + Q2)%) Fpsyeqs (—Q3,0)

+ w2(Q17 Q27 %)fP—w*v* (_ %; _Qg)-’rp—w*v* (_(Ql + Q2)27 0) )
(4.1)

where the nonperturbative information is encapsulated in the transition form factors
Fp_erye of the pseudoscalar mesons P = 7%, n,1 to two virtual photons. The
evaluation of the integrands in Eq. requires the knowledge of the transition form
factors (TFFs) at space-like momenta, both in the single and double virtual case.
It turns out that these TFFs can indeed be obtained from a QCD calculation on a

Euclidean lattice. The relevant kinematic region is determined by the positive weight
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functions w; and w, which depend on the absolute values of the photon momenta,
the kinematic variable 7 = cosf € [—1,+1], with 6 being the angle between the
photon momenta, and the mass of the pseudoscalar meson P. In these proceedings
we focus on the pion-pole contribution for which first lattice results were obtained

in [66167].

4.1.3 The transition form factors on the lattice

In the continuum Minkowski space the TFFs are defined via the matrix element of two

electromagnetic currents j, and j, and the pseudoscalar state P with four-momentum

b,

MM@M={/¢MWWNNﬁ®mmmP@»
= 0l Gy Fpmr (4, G3) -

For virtualities below the threshold for hadron production, the transition form factors
can be analytically continued to Euclidean space, cf. Ref. |66], and are therefore

E

accessible on the lattice. The Euclidean matrix element M,; (p, 1) can be calculated

via an integral over the temporal separation 7 = t; — ¢4 of the two currents,

Mlﬁ :/ dre'm A, (1), i”OMﬁ,(p, @) = Mu(p,q1). (4.2)

[e.9]

Here, ny denotes the number of temporal indices in M,,,, ¢, and ¢, are the photon
virtualities, p = ¢; + g9 is the on-shell pseudoscalar momentum, w; is a real-valued

free parameter with ¢; = (w1, q1), and

A (1) = (01T {,(@, )30 (F — @, 00} P(p)) -

On the lattice this function is recovered from the three-point function

Cou(7,tp) = a® > " (u(E )4, (0, t5) PT(Z, to)e™) e 0 = (5, PT) | (4.3)

Z,Z
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Figure 4.2: Contributions to the three-point function C),,: Connected (top left), vector
current disconnected (top middle and right), pseudoscalar disconnected (bottom left)
and fully disconnected (bottom right).

via
~ 2F
Ay (1) = =L lim ePrl=)C, (1,tp), (4.4)

p tp—oo
where tp = min(t; — to,t; — to) is the minimal temporal separation between the
pseudoscalar and the two vector currents. The pseudoscalar meson energy Ep and the
factors Zp are determined through appropriate pseudoscalar two-point functions. Be-
fore integrating over 7, one can contract the Lorentz structure of the matrix elements.
The function AW with one or more temporal indices vanishes for the pseudocalar at
rest, and the spatial components can be written as A(7) = im;leijk%Ajk(T), and

analogously for C(7).

The amplitude C),,, contains connected, vector current disconnected, pseudoscalar
disconnected, and fully disconnected diagrams as illustrated in Figure .2} For
Wilson fermions the pseudoscalar disconnected diagrams on the second line are zero
for P = 7y by the exact cancellation between the up and down quark loops. For
P =1 and 7’ this is not the case and these disconnected diagrams must be included.
This is so also for P = 7 in the twisted mass Wilson fermion discretization, where
the diagrams on the second line are nonzero due to the broken isospin symmetry.

Since this isospin breaking is a lattice artefact, we consider an isospin rotation
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70 — —i- (7t + 77) with a corresponding transformation of the isospin decomposed
light quark electromagnetic currents j)* — j7* and 5,0 — i - (j,* — j,7), which
allows us to relate the neutral and charged pion form factors. The difference between

the two at finite lattice spacing is a lattice artefact of order O(a?).

0.00

-0.25

-0.50

-0.75

-1.00

g3 [GeV?]

-1.25

-1.50

-1.75

—175 —1550 —1.25 —1.00 —0.75 —0.50 —0.25 0.00
g% [GeV?]

Figure 4.3: Range of photon virtualities spanned in our calculation on the ensemble
cB072.64.

A further simplification is achieved by restricting the considerations to the kinematic
situation where the pseudoscalar is at rest, i.e., = 0. Then, the expressions for the

photon virtualities simplify to

G=wi—a, ¢=mp-—w) —q. (4.5)
As a consequence, for each choice of spatial momentum ¢; one obtains a continuous
set of combinations of ¢; and ¢, which form an orbit in the (¢2, ¢3)-plane as illustrated
in Figure for mp set to the physical pion mass. There we show the orbits for all
the momenta calculated on the ensemble cB072.64. From Egs. it becomes clear
that the shape of the orbits becomes squeezed along the diagonal as the pseudoscalar
mass mp is lowered. This feature makes it particularly challenging to extract single
virtual pion transition form factors Fr_ s (g7, 0) = Frreys (0, ¢3) at large momenta
q? on physical point ensembles if one uses only pions at rest. However, the problem
can be circumvented by using moving frames, cf. [67]. For P = n and 1’ the problem

is less eminent due to the larger values of the meson masses mp.
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4.1.4 First results at the physical point

After this theoretical discussion we are now in the position to present first results for
the transition form factor F,_,,«,« of the pion obtained for the ensembles cB072.64
and c¢C060.80 at the physical point. First, we illustrate the quality of our data
with sample results for the amplitude A(T) defined in Eq. . In Figure we
show the full amplitude and separately the fully connected and the vector current
disconnected contributions for two of the momentum orbits on the ensemble cB072.64.
The vector current disconnected amplitude is multiplied by a factor —50 in order to

facilitate comparison with the connected contribution and the full amplitude. The

0.020 0.012
& conn. + disc. conn. + disc.
A conn. 0.010 A A conn.
0.015 . $ -50 x disc. $ -50 x disc.
& 0.008

0.010 0.006
0.004 N
0.005
0.002

0.000 0.000

—0.002

—0.005

-60 -40 -20 0 -60 -40 -20 0 20 40 60
T/a T/a

Figure 4.4: Amplitude A(7) for momentum orbit |¢?|= 10 (27/L)? (left) and
|?|= 29 (2r/L)? on ¢B072.64. Shown in orange is the full contribution to A(7),
in blue the connected contribution and in green the vector current disconnected
contribution multiplied by -50.

examples illustrate that the disconnected contribution is very small, but significant.
More generally, we find that in the peak region it is suppressed w.r.t. the connected
contribution by a factor between 50 and 200 depending on the orbit. We also conclude
from our data that the statistical error on the disconnected contribution is sufficiently

well under control on the physical point ensembles.

To obtain the form factor we need to integrate A(7) weighted by the factor exp(w7)
over the whole temporal axis, cf. Eq. [4.2] In order to control the statistical error
in the exponentially enhanced tail and to be able to integrate up to 7 — oo, we
proceed as follows. First, we fit the lattice data by a model function A (7) in a

range Tmin < |7|< Tmax, and then we replace the lattice data A(latt')(T) by the data
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from the fit for 7 > 7.,

Froyens (62, 62) = / M A () ¢ / T ar AW (e (4)
- Teut

Following Ref. we use both a vector meson dominance (VMD) model and the
lowest meson dominance (LMD) model to estimate the model dependence. We
perform global fully correlated fits, i.e., we simultaneously fit all momentum orbits
in the range Tin < |7|< Tmax and take into account the correlation between all
fitted data. In Figure [4.5 we illustrate the procedure by showing the result for the

) fit fit
fiterr. fiterr.

0.08 m 3 data 0.08{ § data
0.06 ¢ 0.06
o 79 !
= I ~
5 0.04 ¢ ¢ $0.04
? <
£ °
0.02 $ 9 0.02
¢ )
0.001 ¢ 0.00
pibLb | 1L
-60 -40  -20 0 20 40 60 -60 -40 20 0 20 40 60
T/a T/a

Figure 4.5: Integrand A(7)e“'” on ¢B072.64 with LMD model fits for momentum
orbit |¢?|= 2 (27/L)?. Diagonal kinematics with aw; = am, /2 ~ 0.0284 (left), single
virtual kinematics with aw, = a|qi|~ 0.1388 (right).

integrand A(7)e'™ of a typical global fit to A(7) in the range 9 < |7/a|< 12 with
x?%/dof = 1.20 on the ensemble cB072.64 using the LMD model. The plot on the left
shows the resulting integrand for the diagonal kinematics ¢? = ¢3, while the plot on
the right shows it for the single virtual kinematics with ¢7 = 0. The transition form
factors obtained from the integration over the lattice data and the fitted data depend
of course on the choice of the model, the fit range and the value 7.,. The variations
resulting from these choices are carried through all further analysis steps and are
included in the systematic error estimate of the final result for a,. The typical values
of T.ut We use in our analysis result in a data content of well above 98% for most
of the TFFs. However, for TFFs with (close to) single virtual kinematics, the data
content is sometimes also less for higher momentum orbits. Here, the data content is
defined as the fraction of the TFF coming from the first term in Eq. .
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Once the form factors are obtained in the whole kinematic region as described by
the yield plot in Figure [4.3] we parameterize them using a modified z-expansion of

the form

P( %a Q%) ']:ﬂ'y*'y*(_ i _Qg) =
N

Z Coim <Z1 _ (_1)N+ +1N—+12{\7+1) (ZZ _ (_1)N+ +1N—+1zé\7+1) (47)

m,n=0

where z;, = z(Q?) are modified four-momenta and P(Q?,Q3) is a polynomial, see
Ref. and references therein for further details. We determine the coefficients
Com by fitting Eq. to samples of Fr_rr(—Q?, —Q3) in the (Q?, Q3)-plane.
The sample points are given by a set of fixed values of Q%/Q? on all momentum
orbits, and we ensure that all included data points pass a certain threshold for the
data content. In Figure we show the result of such a (fully correlated) fit with
x?%/dof = 0.96 using Q3/Q?% = 1.0,0.59,0.0, and N = 2 to the TFFs obtained from
a global LMD fit with {Tmin/a, Tmax/a} = {9,12}, x?/dof = 1.20, 7ey/a = 20 and
a threshold of 90% on the ensemble ¢B072.64. As a crosscheck for the quality of

Q2/Q2= 1.00 02/Q2= 0.88 Q2/Q2= 0.78

0%/Q3 = 0.59 0%/Q7 = 0.10 02/Q% = 0.00
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Figure 4.6: Illustration of transition form factors and their parameterization using
the fitted modified z-expansion. Only the data coloured in green is included in the

fit.
the fit we also show the data for three other ratios Q3/Q? = 0.88, 0.78, and 0.10
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not included in the fit together with the fitted modified z-expansion. The variations
resulting from varying the sampling of Fr - (—Q%, —Q3) in the momentum plane

are also included in the systematic error estimate of the final result for a,.

Finally, having the parameterization of the TFFs at hand, we can use it in the three-
dimensional integral representation in Eq. and calculate the bare pion-pole
contribution aZ‘pOle’ bare t4 the anomalous magnetic moment. In Figure we show
the results for al’j‘p"le’ bare o1 the two ensembles at the physical point as a function of
Tout/a. Each data point is a weighted average of O(100) results from different fits for
A using VMD or LMD with different fit ranges and different fits using the modified
z-expansion on different samplings in the momentum plane. The weighted average is
obtained using weights inspired by the Akaike information criterion (AIC). The error
therefore includes the variation w.r.t. the fitting of A and the sampling of F sy

in the (Q?%, Q3)-plane. The variation of the final result with 7., indicates a residual

240 240

® threshold 90% ® threshold 90%
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220 220
210 ({ 210
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© ©
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200 200 l I ]-

| .
190 190 T 1, T s !
) i§
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170 18 19 20 21 22 23 24 25 26 170 20 22 24 26 28 30
Teut/a Teut/a

Figure 4.7: AIC averaged data for a range of 7., /a for the ensembles cB072.64 (left)
and ¢C060.80 (right).

dependence on the specific procedure of variance reduction in the large-r tail of A. In
principle, this dependence is removed in the limit 7., — 0o, but if 7.y is chosen too
large the z-expansion fits become unstable and hence the final result unreliable. Our
results in Figure indicate that choosing 7., € [1.8,2.1] fm seems a safe choice
and we perform a further AIC averaging over this range. This yields the bare results
shown in Table for the two physical point ensembles, with total errors in the
5%-8% range. Since we use local iso-vector and iso-vector axial current operators
in our amplitude C,,,, instead of conserved (point-split) current operators, we need

to renormalize the bare results by the corresponding renormalization constants.
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afjp"le’ bare . 10=11 | threshold 90% threshold 95%
cB072.64 208.9(10.1)(7.8)[12.8] | 204.5(14.2)(6.3)[15.0]
¢Cl060.80 188.9(9.9)(2.7)[10.2] | 187.9(9.0)(1.9)[9.2]

Table 4.2: Bare results using the AIC procedure on the two physical point ensembles.
The first error is the statistical error, the second the systematic error and the third
the total error.

Preliminary values are available for our setup from a calculation within ETMC.

4.1.5 Conclusion and outlook

After applying the renormalization factors and performing a rough estimate of the
continuum limit, we obtain a preliminary value aj, P = 53.7(2.6)(3.1)[4.0] - 10~"".
This can be compared to the recent lattice result aZ‘pOle = 59.7(3.6) - 107! from
Ref. [67] and the dispersive result a7 ' = 63.073] - 107" from Refs. [3,/63,(64],
and we find agreement within 1 to 2 standard deviations. Finalizing the analysis
might result in a slightly different central value, however, we expect that the relative
total error will stay below the 10% level. We plan to analyze a third physical point
ensemble at a finer lattice spacing which will result in a more robust continuum limit
extrapolation. We also plan to calculate the form factors for the pion in a moving
frame and to perform the analysis of the 7- and 7’-pole contributions, and to include

ensembles with larger pion masses.
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4.2 Pseudoscalar-pole contributions to the muon

g — 2 at the physical point

This section reproduces |69] and was published as part of the proceedings of the 2022

lattice conference.

4.2.1 Abstract

Pseudoscalar-pole diagrams are an important component of estimates of the hadronic
light-by-light (HLbL) contribution to the muon g — 2. We report on our computation
of the transition form factors Fp_,+,+ for the neutral pseudoscalar mesons P = 70
and 7. The calculation is performed using twisted-mass lattice QCD with physical
quark masses. On the lattice, we have access to a broad range of (space-like)
photon four-momenta and therefore produce form factor data complementary to the
experimentally accessible single-virtual direction, which directly leads to an estimate
of the pion- and n-pole components of the muon g — 2. For the pion, our result for
the g — 2 contribution in the continuum is comparable with previous lattice and
data-driven determinations, with combined relative uncertainties below 10%. For

the 1 meson, we report on a preliminary determination from a single lattice spacing.

4.2.2 Introduction

Here we report on the progress of the calculation originally presented in Ref. [68]. We
aim to compute the pseudoscalar transition form factors Fp_,,«,+ from twisted-mass
lattice QCD for the three pseudoscalar states P = 7°, 1 and n’ in order to determine
the corresponding pseudoscalar-pole contributions to the hadronic light-by-light
(HLbL) scattering in the anomalous magnetic moment of the muon, a, = (g, — 2)/2.
Presented here are the recent developments of our calculation for the states P = 7°
and 7. We employ twisted-mass lattice QCD at maximal twist, so that we profit
from automatic O(a) improvement of observables |78}79]. The pion-pole calculation

is performed using three Ny = 2 4+ 1 + 1 ensembles with varying lattice spacings,
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while the preliminary n-pole calculation uses the ensemble at the coarsest lattice
spacing only. The production of these ensembles by the Extended Twisted Mass
Collaboration (ETMC) is described in Refs. |1004|104,{115]. The quark masses for all
three ensembles are tuned such that the charged-pion mass is fixed to its physical
value and the s- and c-quark masses approximate their physical values. A summary
of the properties of the three ensembles is presented in Table [£.3]

Under the assumption of pole dominance, the leading contributions to the had-
ronic light-by-light scattering come from exchanges of a neutral pseudoscalar meson

P € {n° n,n'}. The corresponding contributions to the muon anomalous magnetic

P-pole
I

information is encapsulated in the transition form factors Fp_,,«, of the pseudo-

moment, a , are given by the diagrams shown in Figure The nonperturbative

scalar meson P to two virtual photons. The pole contributions are given by a

@ P G P
@ )
S e

-+ crossed

Figure 4.8: The pseudoscalar-pole diagrams contributing to the leading order HLbL
scattering in the muon anomalous magnetic moment. Striped circles indicate the
nonperturbative P — ~*y* transition form factors required to evaluate these contri-
butions.

ensemble | L3 - T/a" | m, [MeV] a [fm] L [fm] | m,- L Zy Za

cB072.64 | 647128 | 140.2(2) | 0.07961(13) | 5.09 | 3.62 | 0.706378(16) | 0.74284(23)
cC060.80 | 80 -160 | 136.7(2) | 0.06821(12) | 5.46 3.78 | 0.725405(13) | 0.75841(16)
cD054.96 | 96 -192 | 140.8(2) | 0.05692(10) | 5.46 | 3.90 | 0.744105(11) | 0.77394(10)

Table 4.3: Description of ETMC ensembles used for the analysis presented in these
proceedings, including the lattice geometry, pion mass m,, lattice spacing a, lattice
size L, and the renormalization constants Zy and Z4 for the vector and axial
currents [40,,100,{104}/115].
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three-dimensional integral derived in Ref. [50],

pole a3 00 00 1 ~
apr = (2) /0 dQlfo dQQ/_IdT
[wl(le QZ; 7~—>~FP—>7*7*(_Q%7 _Qg)-’ P—>’Y*7<_Q§7 0)

+ wQ(Ql) Q27 7:)]:P—>'y*7* (_ %7 _Qg)FP—W*”y(_Q; 0) ) (48)

where Q3 = Q% + Q3 + 27Q1Q2 and the weight functions w; and w, are analytically
known functions of the kinematics and muon and pseudoscalar masses. Each term in
the integrand in Eq. involves two transition form factors (TFFs) at space-like
momenta, one at single-virtual kinematics and the other at double-virtual kinematics.
First lattice results for the pion-pole contribution were obtained in Refs. [66,67], while
for the n-pole contribution preliminary results have so far only been presented using
a lattice spacing of a = 0.1315 fm and lattice size L = 4.21 fm [70|. The pion analysis
first presented in Ref. [68] and extended in these proceedings complements prior work
by working directly at the physical point and using a different discretization. For
the 7 meson we provide a result at the physical point with a single lattice spacing of
a = 0.0796 fm with lattice size L = 5.09 fm; an extension of this result has also now
been reported in Ref. |71].

4.2.3 The transition form factors on the lattice

Following Refs. [66,68]|, the transition form factor in continuum Minkowski space-time
is defined via the matrix element of two electromagnetic currents j, and j, between

the vacuum and the pseudoscalar state P,
Maupa) =1 [ do e (O[T () 0} PD)
= el 0 Fpsr (a1, 3) (4.9)

Here T'{-} indicates time-ordering, p is the pseudoscalar four-momentum, ¢; is the
four-momentum of j,, and the four-momentum ¢, = p — ¢ of j, is enforced by

momentum conservation. For photon virtualities below the threshold for hadron
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production, the transition form factor can be analytically continued to Euclidean
space [66] and is thus accessible on the lattice. In Euclidean space-time, the matrix

element can be recovered via

o

M, (p,q1) = ”OME “(p,q1), ij = —/ dr GwleLw(T), (4.10)

o0

where ny denotes the number of temporal indices in M, w; is the temporal com-

ponent of the momentum ¢; = (w1, q), and le is the Euclidean matrix element

A (r) = / @3B (O[T, (7, )7, (0)} P(7) (4.11)

On the lattice this function is accessed from the three-point function

Cuv(T,tp) E/dgfd?’ﬁe—i‘m IO T{j,(7,7)5u(0)Op(—tp, §)}0) (4.12)

via
2F
A (1) = lim Z=EePrtrQ,, (1, tp), (4.13)

where ¢p is the pseudoscalar insertion time and Zp = (0|Op(0, 0)|P(p)). In this work,
the pseudoscalar meson energy Ep and overlap factor Zp are determined through a

separate analysis of two-point functions of the operator Op.

For the pion, we use the creation operator Ojro = 1pA3750, while for the 7
meson, we use the creation operator (9?7 = ip Agy51, where A3 = diag(1, —1,0) and
\g = diag(1,1, —2)/v/3 are Gell-Mann matrices describing the SU(3) flavor structure.
The creation operator (9:5 has overlap with the physical n-meson state, meaning
the correct n-meson amplitude is projected at large time separations between the
operator and currents, independent of 7-’ meson mixing. The electromagnetic

currents are defined for this Ny = 241 + 1 calculation as

2 - 1- 1- 2 -
T g% m wu - §¢d Yu wd - gdjs Yu 'QZJS + g% i ¢c- (4'14)

The component of the electromagnetic current involving the light quarks can be
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Figure 4.9: Wick contractions contributing to C,,(7,tp). Connected (top left),
vector-current disconnected (“V-disconnected”; top middle and right), pseudoscalar
disconnected (“P-disconnected”, bottom left) and fully disconnected (bottom right).
The second connected diagram with quark propagators running in the opposite
direction is omitted for brevity.

decomposed into terms with definite isospin, i.e.,
. - =~ 1. 1.
Jp = Vi@ = 6]2’0 + 5.7,1;0,
00 = G (115
30 = i o3,

where ¢, = (1, 14) indicates the light-quark doublet and Q = diag(+2/3, —1/3) is
the relevant charge matrix. The current j)° has isospin I = 0 and j.° has isospin
I =0, I, = 0. This decomposition allows us to consider only the corresponding
isospin preserving parts of the amplitude. These currents also need to be further
renormalized by Zy, due to the use of local currents instead of conserved (point-split)

currents in the calculation. The renormalization factors for the ensembles used here
have been precisely determined in Ref. |[40], as detailed in Table

The evaluation of the three-point function C), involves connected, vector-current
disconnected, pseudoscalar disconnected, and fully disconnected Wick contractions,
as illustrated from top left to bottom right in Figure . In the case of the 7°, the

amplitude can be related in the isospin-symmetric limit to a charged-pion amplitude
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Figure 4.10: Range of photon virtualities for the pion (left) and 1 meson (right)
TFFs spanned in our calculation on the ensemble cB072.64.

by the isospin rotation
= —i- (7t +77),
[ (4.16)
Gt = Gy =),
where jl}i = 7,0+ with ox = (0y & i09)/2. Note that the currents j};i,
when working in the twisted basis, need to be renormalized with Z4 rather than
Zy. The values of these renormalization constants are given in Table [£.3] The
isospin rotation simplifies the evaluation of the three-point function by removing
the pseudoscalar-disconnected diagram and is thus employed in our analysis of the
pion TFF. Although isospin symmetry is broken by O(a?) lattice artifacts in the
twisted-mass Wilson fermion discretization, the effect of this rotation is removed in
the continuum extrapolation. In the case of the 1- and r’-meson states, pseudoscalar-
disconnected diagrams do not cancel even in the isospin symmetric limit and indeed

play an important role in capturing the physics of these states.

To evaluate the connected diagram, we choose to perform a sequential inversion
through the pseudoscalar operator. This makes it computationally convenient to
project to various choices of momenta ¢; for the j, current at the cost of having
to restrict to only a few momenta p for the pseudoscalar meson. The calculation

presented here is restricted to pseudoscalar mesons at rest, i.e., § = 0. In this
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kinematic setup, the expressions for the photon virtualities simplify to
G=wi—q, ¢&=mp—w)—gq. (4.17)

Thus each choice of spatial momentum §; corresponds to a continuous set of com-
binations of ¢; and ¢, which form an orbit in the (¢7, ¢3)-plane. The resulting reach
in the kinematics of both the pion and n-meson TFFs on the ¢B072.64 ensemble
is shown in Figure [4.10} The narrowness of the orbits available for the pion TFF
is due to the relatively small mass of the pion. This illustrates the challenge in
extracting single-virtual pion transition form factors F,_,,+,(¢% 0) = Frsyqr (0, ¢%)
at significantly negative virtualities ¢*> on physical point ensembles if one uses only
pions at rest. In future extensions of the analysis presented here, it would thus be
useful to extend the single-virtual coverage by using moving frames [67|. For the n

meson, due to the higher mass, the problem is less eminent.

The rest frame also simplifies the procedure in Eq. (4.9) of extracting the Lorentz-
scalar TFF from the components of the transition amplitude. In particular, one
finds in the rest frame that A,,, and therefore M,

., vanishes when one or more of
the indices are temporal. Meanwhile, the spatial components can be averaged to

2
yield the Lorentz scalar A(1) = imp'e;u(q:/||?) A x(7), which is the appropriate

combination to yield the TFF after integration,

o0

F sy (43, qg)]ﬁzoz / dT@wlT/i(T). (4.18)

—00

For the pion, examples for the averaged amplitude 121(7') are shown in Figure m
illustrating the full amplitude and separately the connected and the vector-current
disconnected contributions with disconnected light-, strange- and charm-current
loops for two orbits on the ensemble ¢cB072.64. The vector-current disconnected
contributions are multiplied by a factor of 50 to make the comparison to the connected
contribution and full amplitude easier. While the disconnected contributions are very
small, we still are able to extract significant signals across all momentum orbits for
the V-disconnected light and strange contributions. The charm contributions are also
determined to sufficient precision to constrain their contribution to the amplitude.

We find on all three ensembles that the total V-disconnected contribution in the
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Figure 4.11: Amplitude A(7) for the pion for momentum orbit |¢2|= 10 (27 /L)? (left)

and |¢%|= 29 (27r/L)? on ¢B072.64. Shown in orange is the full contribution to A(7),
in blue the connected contribution and in green, red and purple the V-disconnected
contributions multiplied by 50.

peak region is suppressed with respect to the connected contribution by a factor of at
least ~ 50. We also find that the statistical error on the V-disconnected contribution

is well under control on all three physical point ensembles.

Sample results for the 7-meson amplitude A(7) as defined in Eq. are displayed
in Figure where we show the full amplitude and separately the different con-
tributions to it considered in our analysis for two orbits on the ensemble ¢cB072.64.
The examples show that the contributions involving strange quarks in the currents
are suppressed at least by a factor of ~ 10 compared to the corresponding light
contributions. Based on the results in the pion case, we expect the contributions
involving charm quarks to be more suppressed still. This contribution along with the
vector-current disconnected and fully disconnected diagrams are therefore irrelevant
at the presently achievable precision, and we do not include them in the further

n-meson analysis.

As shown in Eq. , the transition form factors Fp_,«,~ are obtained by integrat-
ing e17 A(7) over the whole temporal axis. For choices of w; that result in kinematics
near the single-virtual axes (cf. Figure , the exponential factor e*'” enhances
the contribution from one of the tails exponentially. Meanwhile, the signal-to-noise
ratio deteriorates exponentially at large ||, presenting a significant obstacle to the
extraction of the TFFs in the single-virtual regime. Further, the lattice data for

times 7 < —tp have incorrect time ordering of the operators and do not yield a valid
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Figure 4.12: Amplitude A(7) for the 7 meson for momentum orbit |¢?|= 10 (2/L)?
(left) and |q%|= 29 (27/L)? on c¢B072.64. Shown is the full value of A(7), as well as
the decomposition into the light and strange connected contributions and the light
and strange P-disconnected contributions.

approximation to /NlW(T) in Eq. (4.11)).

To address both of these issues, we extend A(7) by fitting the lattice data with a
model function Afit) (1) in a range Tmin < |7|< Tmax, and replacing the lattice data
Aatt) (1) by the fit for [7]|> 7ew. The integration in Eq. (£.18) is then replaced by

Tcut ~
Foorre (i) = [ dr A r)eo
—Tcut
0 ~ —Tcut -
+/ dTA(ﬁt)(T)ew”—l—/ dTA(ﬁt)(T)ewlT. (4.19)
Teut —oo

Note that in principle 7. can be chosen independently in the two tails in order to
keep as much of the original lattice data as possible. For the pion, the contributions
t0 Fr_yyeee from A™ (1) are below 2% for most photon virtualities, with the
exception of some large virtualities at or close to single-virtual kinematics. In the
case of the n meson, the creation operator insertion happens at Euclidean times t,,
much closer to zero, as compared to the pion, to control the rapidly deteriorating
signal-to-noise ratio for the P-disconnected contribution with increasing ¢, and 7.
This requires smaller values of 7., to satisfy correct time-ordering of the amplitude,
resulting in larger contributions from A" (89)(7) to Fi—s+o+ despite the much faster

exponential decay of the heavier n-meson.

Following the approach of Ref. |66], we consider both the vector-meson dominance
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Figure 4.13: Lattice data vs. the LMD model fit of the integrand A(T)e”” for the pion
on the cB072.64 ensemble with the momentum of the current |¢?|= 2 (27/L)%. The
left plot shows the integrand for diagonal kinematics (¢? = ¢3) determined by fixing
awy = am,/2 ~ 0.0283, while the right plot shows the integrand for single-virtual
kinematics (g3 = 0) determined by fixing aw; = a|gi|~ 0.1388. The grey bands show
the data included in the fit from this choice of ¢i; note, however, that data within
these windows are taken across all choices of ¢} for the fit. The point in red indicates
the timeslice where the pseudoscalar creation operator is inserted, with the lighter
points to the left of this insertion having incorrect time ordering, as discussed in the
main text.

(VMD) model and the lowest-meson dominance (LMD) model to fit the amplitude.
The variation between the two then gives an estimate of the model dependence of the
results. For the pion we perform global fully correlated fits, i.e., we simultaneously
fit all momentum orbits in the range T < |[7|< Tmax and take into account the
correlations between all fitted data, while for the n meson we consider both global
uncorrelated and fully correlated fits. An example of this is shown in Figure
where we plot the integrand fl(r)ew” resulting from a fully correlated global fit to
A(7) using the LMD model in the range 6 < |7/a|< 8 with x?/dof = 1.08 for the
pion on the ensemble ¢cB072.64. The fit quality and reduced x? are representative of
the remaining fits performed for other analysis choices. Shown are the integrands
for diagonal kinematics ¢ = ¢3 on the left and single-virtual kinematics ¢7 = 0
on the right. Note that the so-obtained values of the TFFs depend on the choice
of the model, the fit range and the value of 7. These various choices are all
independently carried through the further analysis steps and are finally used to

estimate the systematic error of a .
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4.2.4 Results for aﬁ —role at the physical point

To extend the form factors to arbitrary photon momenta for the integration in

Eq. (4.8), we parameterize them using a model-independent expansion of the form [67]

P( %a Q%)  Fpyiae (= %: _Q§> ~
N

> um (21 — (=) HN—HZ{VH) (Zz — (=) HN—H%VH) , (4.20)

m,n=0

termed the “modified z-expansion.” Above, P(QF,Q3) = 1 + (Q7 + Q3)/ M precon-
ditions the form of the expansion to more easily reproduce the form factor structure,
the coefficients ¢, = ¢ are required to be symmetric by the Bose symmetry of the
TFF, and the 2z, are conformal transformations of the four-momenta in the quadrant

below the non-analytic cuts at t. = 4m?2, as given by
_ Vet Q=i —h (4.21)
Vie+ Qi+t — 1o

The parameter t, is chosen to be

to = te (1= V1+ Qucfte) (4.22)

in order to best reproduce the behavior of the TFF for @7, < Q7. [67], with
2 = 4.0GeV? chosen for the present study. Analyticity of the TFF below t,

max

ensures that the z-expansion can fully describe the TFF as N — oco. To fix the

Zk

coefficients c¢,,, in the expansion, a fit is performed to the lattice data available
at the orbits determined by our choices of three-momenta ¢ (cf. Figure .
Because the orbits are in principle continuously determined by the free choice of
w1, we follow Refs. [66,/67] and fix a finite set of inputs Fp_, «n(—Q%, —Q3) by
restricting to kinematics satisfying Q%/Q? = const. for several choices of this ratio.
We further restrict the inputs in the pion case by removing points for which the model
contribution to Fy sy« from A% (7) exceeds a given threshold, thereby minimizing
the impact of the choice of fit model at this stage of the analysis. In the following
analysis, both a threshold of 5% and 10% are considered. We use the smaller choice

of 5% for the final continuum-extrapolated result.
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Figure 4.14: Illustration of the pion transition form factor F_,,«,+ and its paramet-
erization using the fitted modified z-expansion. Only the data coloured in maroon is
included in the fit.

4.2.4.1 Pion

Figure shows the example of an N = 2 z-expansion fit using TFF data satisfying
Q3/Q? € {1.0,0.59,0.0} on the ensemble ¢B072.64, where the transition form factors
are obtained from a global LMD fit with {7min/a, Tmax/a} = {9,12} and integration
using 7../a = 20. Here we use a maximal upper limit of a 10% contribution to
Frspenpe from AU (7) as a further cut on the input data for the fit. The points marked
with maroon in the figure indicate the final data used in the fit, with other points,
including the data for the ratios Q3/Q% € {0.88,0.78,0.10}, serving as a crosscheck
for the quality of the fit. Both the fit to 121(7') and the fit to the modified z-expansion
are fully correlated, with respective x2_,,/dof = 1.03 and x{,;,/dof = 1.03. It is
worth noting that the z-expansion fit is most strongly constrained by the precise
data available for the ratio Q3/Q?% = 1.0. This precision is due to a small dependence
on the tails of the integrand A(7) exp(w;7) for these kinematics (cf. Figure .

After extrapolating Fr -« (—Q%, —Q3) to arbitrary space-like momenta using the
results of the modified z-expansion fits in Eq. (4.20)), the three-dimensional integral

representation given in Eq. (4.8) can be evaluated to calculate az—pole‘ We do so
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cB072.64 cC060.80 cD054.96

i PO 1011 | 56.8(2.7)(0.3)[2.7] | 56.5(2.1)(0.5)[2.2] | 54.0(2.1)(0.3)[2.2]
Table 4.4: Preliminary results for estimates of az—pole on the three ensembles used in

this analysis. The uncertainties shown are statisical, systematic and total, respectively.

const. fit, x?/d.o.f = 0.96/2
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Figure 4.15: Preliminary continuum limit of a, P based on both constant

and O(a?) extrapolations. The extrapolations are averaged using the proced-

ure from [115], as discussed in the main text, yielding the continuum estimate

a,TpOle = 55.4(1.9)(1.0) cpm—syst. [2- 1ot indicated by the red marker at a* = 0.

for O(1000) combinations of the choices of fit range and fit model in the A(7) fit,
the choice of 7.y, and the choices of samplings of F_«,« in the (Q%, Q3)-plane as
inputs to the modified z-expansion fit. For the pion, the fully correlated z-expansion
fits with N = 2 give the best reduced x? values, so we restrict to this choice alone.
Further, for the pion we consider choices of 7.y satisfying 7., € [1.3,1.6]fm in
physical units across all three ensembles. We then use a modified version of the
Akaike information criterion (AIC) to perform a weighted average across the analysis
choices; see Ref. [38] and references therein. Using this procedure we obtain separate
estimates of the statistical errors and systematic errors associated with analysis

pol

choices described above. The preliminary values for ay, ¢ obtained per ensemble

are presented in Table [4.4]

Data from these three physical-point ensembles allows a continuum extrapolation to

be performed for the value of az—pole. In the twisted-mass discretization, the leading

lattice artifacts are expected to be of O(a?). For the continuum limit of az—pole
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we therefore consider both extrapolation with a simple constant fit versus lattice
spacing and a linear fit in a®. As shown in Figure [4.15] both fits are consistent with
the lattice data. To determine a preliminary estimate of the continuum value at the
present statistics and set of ensembles, we apply the averaging procedure presented
in Ref. [115] (see Eqgs. (38)—(43) therein) to combine the constant and linear fits. The
resulting estimate of the continuum limit is found to be

aﬁ_p(ﬂe = 554(1 .9)ﬁt(1'0>ctm—syst. [2 1]t0t’ (423)

m

where the uncertainties are respectively the average uncertainty from the A and
z-expansion fits, the additional systematic uncertainty from variation between the
constant and linear continuum extrapolations, and the total uncertainty combined

in quadrature.

4.2.4.2 Eta

As in the case of the pion, for the  meson we apply a z-expansion fit to extra-
polate TFF results to arbitrary kinematics. Figure shows the example of
an N = 2 z-expansion fit on the ensemble ¢B072.64 using TFF data satisfying
Q3/Q? € {1.0,0.88,0.78,0.59,0.1,0.0}, where the transition form factors are ob-
tained from a global VMD fit with {7iin/a, Tmax/a} = {4, 7} and integration using
Teuwr/a = 8. The fit to A(7) is performed with correlation taken into account, yielding
Xoyp/dof = 0.25, while the fit to the modified z-expansion is uncorrelated with
X7 _exp/dof = 1.03. Since m,, > my, in the case of the 7 meson even the diagonal
kinematics include significant contributions from the tails of the integrand e“'™ A(7)
and thus have significant statistical uncertainties. In the single-virtual case, we
can compare our results for F, .+, both the data points directly as well as the
z-expansion fit, to experimental data from CLEO, CELLO and BaBar, cf. [72-75].
An illustration is shown in Figure [£.17] for the same parameters as in Figure [£.16 We
already find relatively good agreement with the experimental data despite working

at a single lattice spacing.

Using the results of the modified z-expansion fits to extend the TFF

Foosyi (—Q3,—Q3) to arbitrary space-like momenta allows us to evaluate
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Figure 4.16: Ilustration of the n-meson transition form factor F, -« and its
parameterization using the fitted modified z-expansion. All data shown is included

in the fit.
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Figure 4.17: Results for the single-virtual 7-meson transition form factor F,_,,
evaluated using an example set of analysis choices, as described in the main text,
versus experimental measurements described in Refs. [72-75]. The red band indicates
the result of the z-expansion fit to the lattice data shown in red points. As the lattice
data and fit are shown for a single choice of analysis parameters, the uncertainties
are purely statistical. A full analysis of the form factor itself has now been presented

in Ref. .
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the three-dimensional integral representation given in Eq. (4.8)) to calculate aZ_pOIG,

as in the pion case. This is evaluated for each of the O(1000) combinations of choices
of fit range and fit model in the A(7) fit, the choice of Tey, the choices of samplings
of Fyyspre in the (QF, Q3)-plane as inputs to the modified z-expansion, and the
choice of N € {1,2} for the z-expansion. Further, for the n meson we include all
choices of Ty satisfying 7., € [0.16, 0.64] fm. Using the model averaging procedure

of Ref. |38, we obtain the preliminary result
PO — 12 7(4.6)4100 (0.7) gyt [4.6) 0 - 1071 (4.24)

on the cB072.64 ensemble. We note that the quoted systematic uncertainty in
Eq. (4.24) only includes the effects of the analysis choices described above, and
in particular does not include uncertainties associated with the continuum and

infinite-volume limits.

4.2.5 Conclusion and outlook

Our preliminary result az—pole = 55.4(2.1) - 107" may be compared to the recent
lattice result az—pole = 59.7(3.6) - 107! from Ref. [67] and the dispersive result

a,TpOle = 63.0727. 107" from Refs. [3[63,64]. We note that there is a mild tension
with the data-driven result, though our analysis is not yet finalized, as discussed
below. Our preliminary result az-pole = 12.7(4.6) - 107! on the cB072.64 ensemble
can be compared to the estimate aZ_pOIG = 16.3(1.4) - 107! from a Canterbury
approximant fit to experimental data [65] and az_p(ﬂe = 15.8(1.2) - 107! and
az—pole = 14.7(1.9) - 107! using Dyson-Schwinger and Bethe-Salpeter equations 131,
132]. Within our uncertainties we find good agreement with these various results
already at this single lattice spacing. Figure compares our results for both

aw—pole and aZ_pOIQ

" with the aforementioned estimates.

At the moment, the z-expansion fits for the pion on ¢B072.64 are being finalized.
Though this may change the central value of aZ_p()le in the continuum slightly we
do not expect a drastic shift, and also no significant change in the total error. At
the same time, the continuum extrapolation strategy is being developed to avoid

either a too-conservative estimate with overestimated errors or an overly aggressive
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Figure 4.18: Left: Comparison of the estimate of a, PO from this work versus an

estimate based on dispersion relations [3},63,/64] and a prior estimate from lattice

QCD [67]. Right: Comparison of the estimate of az—pole from this work versus a
result derived from Canterbury approximant (CA) fits to experimental data [65] and
two estimates based on Dyson-Schwinger (DS) equations [131,(132].

estimate dominated by the constant fit. Finally, future calculations on the cC060.80
and cD054.96 ensembles are planned for the analysis of aZ_pOIG, which will allow a
continuum estimate of this value directly from ab-initio lattice QCD. An ab-initio
value is not yet available for this quantity, so that such a result will provide an

important cross-check for data-driven results for aZ_pOIG.
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4.3 Then — v*~* transition form factor and the had-
ronic light-by-light n-pole contribution to the
muon g — 2 from lattice QCD

o

Section is licensed under a arXiv.org - Nomn-exclusive license to distribute

https://arxiv.org/licenses/nonexclusive-distrib/1.0/license.htmll

This section reproduces [71] and was published as a preprint on arXiv for a

paper submitted to PRL in January 2023.

4.3.1 Abstract

We calculate the double-virtual n — v*y* transition form factor F, (g7, ¢3) from
first principles using a lattice QCD simulation with Ny = 2 + 1 4 1 quark flavors at
the physical pion mass and at one lattice spacing and volume. The kinematic range
covered by our calculation is complementary to the one accessible from experiment
and is relevant for the n-pole contribution to the hadronic light-by-light scattering in
the anomalous magnetic moment a, = (g — 2)/2 of the muon. From the form factor
calculation we extract the partial decay width I'(n — 77) = 338(87)sat(17)syst €V
and the slope parameter b, = 1.34(28)g¢at (14)syst GeV 2. For the n-pole contribution

to a, we obtain aZ_pOIe = 13.8(5.2)stat (1.5)gyst - 10711

4.3.2 Introduction

Radiative transitions and decays of the neutral pseudoscalar mesons P = 7°, n
and 7’ arise through the axial anomaly and are therefore a crucial probe of the
nonperturbative low-energy properties of QCD. The simplest transition to two

(virtual) photons, P — v**, is specified through the transition form factor (TFF)
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Fp_sya (43, G3) defined by the matrix element

i [ OT O IPl0s + ) = i Forrr (). (425

where j,, j, are the electromagnetic currents and ¢y, ¢» are the photon momenta.
The TFFs determine the partial decay widths to leading order in the fine-structure
constant ey, through

ol

3
m
—em P |‘FP—WW(O7 0)|2’ (4'26)

D(P = yy)=—

where mp is the pseudoscalar meson mass. I'(n — 77y) is of particular interest, since
it can be used to extract the n — 7’ mixing angles and provides a normalization for
many other 7 partial widths [12]. At the same time, there is a long-standing tension
between its different experimental determinations through e*e™ collisions on the one
hand and Primakoff production on the other [144-150]. The TFFs also provide input
for determining the electromagnetic interaction radius of the pseudoscalar mesons

through the slope parameter

_ 1 d]:P—>“/*v<q27 0)
‘FP—W'y(OaO) dq2 2( .

qg-=

bp

(4.27)

Moreover, the TFFs play a critical role for the leading-order hadronic light-by-light
(HLbL) scattering in the anomalous magnetic moment a, = (g — 2)/2 of the muon.
Recent results from the Fermilab E989 and Brookhaven E821 experiments [2,120]
indicate a 4.2¢0 tension with the consensus on the Standard Model prediction in
Refs. [3},14,27-30,132, 33, |51},/64, 65,67, 151H159]. The uncertainty of the latter is
dominated by the Hadronic Vacuum Polarization and the HLbL scattering. The
HLbL contribution can be estimated, among other approaches [42-51|, by a systematic
decomposition into contributions from various intermediate states [52-55|. Lattice
QCD can provide ab-initio data for the required form factors and hadron scattering
amplitudes within this approach. This is thus complementary to a lattice-QCD
calculation of the full HLbL scattering amplitude [56-61].

The pseudoscalar pole diagrams, depicted in Figure [£.I9] make the dominant
contribution to the HLbL scattering amplitude, with Fp_,,-,- as the key nonper-
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+ crossed

Figure 4.19: The pseudoscalar pole diagrams contributing to the leading order
HLbL scattering in the muon anomalous magnetic moment. Each striped blob
indicates the insertion of a pseudoscalar meson transition form factor Fp_,,«,+, where

Pe{r%nn}.

turbative input. Of these diagrams, the 7% pole contribution has been estimated
based on a dispersive framework [63,/64] and on lattice-QCD calculations of the pion
TFF |66{68] while rational approximant fits to experimental TFF data have yielded
an estimate of all three contributions [65]. A preliminary calculation of the n- and
n’-pole contributions using a coarse lattice was reported in Ref. [70]. Experimental
results from CELLO [73|, CLEO |72], and BaBar [74,/75] constrain the spacelike
single-virtual Fp_,,, (—Q?,0) in the regime Q? > 1 GeV?, but do not provide data
for 0 < Q% < 1GeV? or for general double-virtual kinematics. In contrast, these

kinematics are the most accessible in lattice QCD.

In this letter we present an ab-initio calculation of F,.-1+(¢},¢3) and the
corresponding n-pole HLbL contribution aZ_pOle using lattice QCD simulations at a
single lattice spacing and a single volume. We employ Ny = 2 4+ 1 4 1 flavors of
twisted-mass quarks [77] tuned to the physical pion mass, physical heavy-quark
masses, and maximal twist. The latter guarantees automatic O(a)-improvement of

observables [78,79], which here includes Fp_y +\x, I'(n — v7), by, and aZ'pOIG'
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Figure 4.20: Orbits of photon virtualities (¢?, ¢3) accessed in this work. Dotted lines
indicate two-pion thresholds at 4m?.

4.3.3 Methods

We apply the method introduced in Refs. [66/67] to the case of the n TFF. In particular,
the TFF is related to the Euclidean 7-to-vacuum transition amplitude [119]

()= [ @52 O (Gl 20,00 ) (4.29
by

Euuoa,BQ?qg fn—w*’y* (ﬁa qg) = _ino/ dTGW1TAuV<T)> (4-29)
where ng = 9,0 + 9,0 counts the number of temporal indices. The kinematics are

determined by the four-momentum p = (E,,p) of the on-shell 7 state with energy
E, = /m2 +p?, the four-momentum ¢ = (wy,q) of the first current, and the
momentum conservation constraint g = p — ¢;. In the lattice setup used here, it
is most practical to fix p' and evaluate the amplitude for a variety of ¢; and w;.
The present calculation is restricted to the rest frame, p'= (0,0,0), and momenta
satisfying |q)|*< 32(27/L)? and |q¢f], |qY|, |¢7|< 4(27/L). Each choice of finite-volume
momentum ¢; gives access to F, <+ (¢3, q3) on a particular kinematical orbit, as

shown in Figure [4.20] Notably, the |¢i|*= (27/L)? orbit lies outside the spacelike
2

T

quadrant, but still falls below the non-analytic thresholds at 4mz, allowing it to

be accessed on the lattice; its proximity to (0,0) makes it particularly helpful in

111



Connected P-disconnected V-disconnected Fully disconnected

Jv Jv

fi & &
(’)II Ju (’)I]Q Ju OI]<>®J';L O;Q ®ju
| - . -

0 T

—t, 0 T 0 T ty 0 T

Figure 4.21: Wick contractions contributing to C,,(7,t,). The second connected
diagram with quark propagators running in the opposite direction and the second
V-disconnected diagram with a loop at j,(7) are omitted for brevity.

constraining I'(n — ) and b;,.

The Euclidean amplitude in Eq. (4.28]) is accessed by evaluating the three-point
function
Cu(T,ty) = /dgfcl‘r))(qj’e_"‘ﬁ'feiﬁ'37
X AT{ju(7,7)5,(0) O (=1, 9)}) -

For any operator OI] with overlap onto the 7 state, the three-point function is projected

(4.30)

onto the physical 7 meson at large time separation, —t,, < min(0, 7), irrespective of
n—1' mixing. Here we use O} = itpAs51), where Ag = diag(1, 1, —2)/+/3 describes the
SU(3) flavor structure. The electromagnetic currents are defined by j, = Zy ¢, Q¢
with @ = diag(+2/3, —1/3, —1/3) and Z, = 0.706378 (16) [40].

Evaluating C),, requires the Wick contractions shown in Figure We evaluate all
connected (sub-)diagrams with point-to-all quark propagators. In the P-disconnected
diagram, we compute the quark-loop at Oj7 from propagators based on stochastic
volume sources. Unlike in previous lattice QCD studies of the 7° TFF, here P-
disconnected diagrams of the isospin-singlet n operator are non-zero. The projection
onto the 7 state relies on a delicate cancellation between connected and P-disconnected

diagram contributions, as shown in Figure (.22

The amplitude fle is then recovered from C),, as

2F,
A (1) = lim —LePf™C,, (1, t,), (4.31)

ty—00 n
where Z, = (0|0,(0,0)|n(p)) is the overlap factor associated with the chosen creation
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operator. In practice we approximate the limit ¢, — oo by considering three fixed
values of ¢, in the range 0.80 fm < ¢, < 1.11 fm. Contamination from excited states
and the 1" meson are suppressed best for the largest value of ¢,, thus we report the
values for I'(n — 7v7v), b,, and aZ_pOIe from ¢, ~ 1.11 fm as the main result and use

the remaining choices to check for excited state effects.

Statistical noise significantly hinders evaluation of A,,(r) for large values of |7|.
Following Refs. [66-68|, we address this issue by performing joint fits of the asymp-
totic behavior of A, (1) for all ¢ to Vector Meson Dominance and Lowest Meson
Dominance functional forms [160] with fit windows defined by t; < |7|< t;. We
then integrate over 7 as in Eq. using numerical integration of the lattice data
within the peak region, |7|< 7., and analytical integration of the fit form in the
tail region, |7|> 7.. In this work, we consider several choices of 7. in the range
0.16 fm < 7. < 0.64 fm.

~

Access to the partial decay width, the slope parameter, and the n-pole HLbL contri-
bution requires an interpolation of the TFF close to the origin and an extrapolation
in the quadrant of non-positive photon virtualities. We apply the model-independent
expansion in powers of conformal variables advocated in Ref. [67], termed the z-
expansion. Analyticity of the form factor below the two-pion thresholds at ¢7 = 4m?
and ¢3 = 4m? guarantees convergence as the highest power N in the expansion is
taken to infinity. Moreover, the expansion is restricted to account for the known
threshold scaling and contains preconditioning to more easily capture the expected
asymptotic behavior as ¢?, ¢ — —oo. In practice we find that the N = 2 fit, consist-
ing of six free parameters, already provides a very accurate fit to all lattice results,

so we restrict to N € {1,2} in all subsequent analyses.
The n-pole HLbL contribution has the integral representation [116]/118|
-pole ays [~ '
arrpole _ (—) / dQlng/ dt[
n 0 -1

Wi (Q1, Qo ) Fypsyi (— Q% — Q) Foyyron (— @2, 0) (4.32)
t w2<Q1’ Qo, t)]:ﬂ—W*W*(_Q%v _Q%)}—n—w*v(_Q; 0) )

with ¢ = cosf parameterizing the angle between the four-momenta, so that
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Q3 = Q? 4+ 2Q1Q4 cos§ + Q2. The weight functions w; and wy are peaked such that

contributions to Eq. (4.32)) mainly come from the region 0 < @1, Q2 < 2GeV [118].

Knowledge of the TFF in the regime of relatively small virtualities is thus sufficient
n-pole

to accurately evaluate a, .

Finally, we quantify systematic errors associated with the choices of tail-fit model,

the parameters (t;,ts), 7. and the z-expansion order N by the model-averaging

procedure detailed in the supplemental material.

4.3.4 Results

Our lattice results are obtained on the gauge ensemble ¢B211.072.64 produced by
the Extended Twisted Mass Collaboration (ETMC) [115]. The sea-quark masses
for this ensemble are tuned to reproduce the physical charged-pion mass and the
strange- and charm-quark masses, with a lattice spacing of @ ~ 0.08 fm and a lattice
size of L ~ 5.09 fm (m,L ~ 3.62) [40,/115]. For the valence strange quark we use the
mixed action approach in Ref. [79], with valence strange-quark mass tuned such that

the 1 meson has physical mass.

We show in Figure an example of the contributions to C,,(7,t,) from the
connected and P-disconnected Wick contractions on this ensemble at our largest
separation, ¢, ~ 1.11fm. The contributions involving strange-quark vector currents
are suppressed by a factor ~ 10 for the connected and ~ 20 for the P-disconnected
contribution compared to those from the light quark vector currents. Contributions
from charm-quark vector currents are expected to be even more suppressed [68], as
are those from V-disconnected and fully disconnected diagrams (lower two diagrams
in Figure . At the presently achievable accuracy these contributions are hence

not relevant and are not included in the analysis.

In Figure we show our results for the TFF as a function of the virtuality
in the single-virtual case F, . (—Q?% 0) (top row) and in the double-virtual case
Fisyir (—Q?, —Q%) (bottom row) together with our result from the z-expansion

fits. The darker inner band indicates only statistical uncertainties while the lighter
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Figure 4.22: Contributions from the connected and P-disconnected Wick contrac-
tions in the evaluation of C(7,t,) = (ie;rqi/|01)?) Cix(T,t,) at t, = 1.11fm and
|72|= 3(27/L)?. The labels “light” and “strange” indicate the quark flavor in the
contractions of the electromagnetic currents.

outer band includes systematic uncertainties estimated from the variation of fitting
choices discussed above. At all virtualities shown, the statistical errors dominate
the total uncertainty. In addition to the available experimental data, we also show
the Canterbury approximant (CA) result from Ref. [65]. We observe reasonable

agreement between our results, the experimental data and the CA data.

From the parameterization of the momentum dependence of our TFF data we extract
the decay width, slope parameter, and az—pole‘ As with the TFF itself, we repeat
the calculation for all choices of the analysis parameters to determine systematic
errors associated with tail fits of A and the z-expansion. A detailed breakdown is
given in the supplemental materials. For the decay width the resulting systematic
uncertainty stems mainly from the variation in the fits of the tails of /LW(T) and 7,
while for the slope parameter and the HLbL pole contribution it is mainly due to
the conformal fit. The total error, however, is always dominated by the statistical

uncertainties. We also observe a mild systematic dependence on t,, as detailed in

75
the supplemental materials, which points to the fact that excited-state and possibly
n’-meson contributions to the transition amplitude are not completely eliminated

at the smaller values of ¢,. We conservatively quote results obtained at our largest
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Figure 4.23: Comparison of the TFF estimated from this work (pink curve) versus
the available F,_,,+, and I'(n — ~7) experimental results (blue points) [12,/72-75]
and a Canterbury approximant estimate (cyan curve) [65]. For better comparison to
features at both small and large Q?, the TFFs are plotted both with and without a
conventional )% prefactor.
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value of ¢, ~ 1.11 fm for which the statistical uncertainty is largest and covers the

results at the smaller ¢, values.

For the leading-order decay width we obtain

T(n = 77) = 338(87)stat (1)syst[88]tot eV (4.33)

in comparison to the experimental average 516(18) eV [12}]145149|. For the slope

parameter we find
by = 1-34(28)stat(14)syst 310t GeV ™™ (4.34)

to be compared with b, = 1.92(4) GeV~? from a Padé approximant fit to the
experimental results |161] and b, = 1.95(9) GeV~? from a dispersive calculation [162].

Finally, we use the parameterization of our TFF data to perform the integration in

Eq. (4.32)) and obtain

1ol -
alT PO = 13.8(5.2)gtat (1.5)syst [5-5ltot - 107" (4.35)

in comparison to a Canterbury approximant fit to experimental results yielding
16.3(1.4) - 107" [65], the VMD model value 14.5(3.4) - 10~ |118], and estimates
15.8(1.2) - 107! [131] and 14.7(1.9) - 107! |132| based on the Dyson-Schwinger

equations.

We emphasize that our results are obtained at a fixed lattice spacing and a fixed
volume. The present estimates therefore exclude systematic errors associated
with finite-volume effects and lattice artifacts. The latter are expected to be of
(@) (aQA(QQCD) with the lattice discretization used here. Lattice artifacts contribute
through the bare TFFs, the vector-current renormalization factors (except in b,)
and through the setting of the lattice scale required to convert m,, to lattice units.
Both Zy and the lattice scale are determined independently of the quantities
considered here [40,/115]. A quantitative estimate of the lattice artifacts present
in az—pole can therefore be obtained by considering the scheme of fixing the
renormalization by the physical decay width instead of the hadronic scheme.
This gives a2 = 20.7 (4.5)stat(2.3)syst - 10711, which differs from a,[pOle in

;' —renorm

Eq. (4.35) by 6.9 - 107! which is of similar size to our total error.
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4.3.5 Conclusions and outlook

The results of our lattice QCD calculation of the transition form factor F,,_,«1+(¢3, ¢3)
at physical pion mass have a precision comparable to experimental results in the
range where both are available, and demonstrate nice agreement, cf. Figure [£.23]
Our results provide single-virtual data at lower photon virtuality than currently
accessible by experiments. This includes the region around zero virtuality necessary
to study the decay width and slope parameter. The results for these quantities
in Egs. and undershoot the experimental (and for b, also theoretical)
results by 1.5-2.0 standard deviations.

Our lattice computation also provides TFF data for double-virtual (space-like) photon
kinematics, which is difficult to access by experiment. We have made use of this
advantage and calculated the 7-pole contribution to the anomalous magnetic moment
of the muon, aZ_pOIe = 13.8(5.2)stat (1-5)syst[5-5]tot - 107, Our result confirms
the currently available data-driven Canterbury approximant estimate [65] and the
theoretical model estimates [118}[131,/132], but does not yet reach the same precision.
Nevertheless, it provides important independent support of these estimates. The
main shortcoming of our calculation is the use of a single lattice spacing, which will
be removed in the future by computations with ETMC gauge ensembles on finer
lattices [104}/115].
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4.3.7 Supplementary material
4.3.7.1 FError estimation and model averaging

All statistical errors reported in this work are given as 1o confidence intervals derived
from Npoor = 2000 bootstrap resamplings of the ensemble of configurations. We find
virtually no autocorrelation between the relevant primary data taken on a subset
of configurations constituting the ensemble, and the bootstrap bin size is therefore
fixed to 1.

During our analysis, we make several choices corresponding to fits of the large-|7|
tails of the amplitude le(T) and of the finite-volume TFF orbits. In particular, the

following analysis parameters are varied:

1. The choice between using the Vector Meson Dominance (VMD) or Lowest
Meson Dominance (LMD) model to the fit the tail behavior;

2. The window (t;,f), determining which regions of the amplitude A, (7) are

used as inputs to fit the asymptotic tail behavior;

3. The integration cutoff 7., distinguishing the region |7|< 7. in which the lattice
data is integrated from the region |7|> 7. in which the analytical tail model is

integrated; and

4. The order N of the conformal expansion used to fit the TFFs.

The variation of our estimates with these model choices gives estimates of the
systematic errors associated with these steps. We apply the approach of Refs. |38,/163]
to construct cumulative distribution functions (CDFs) of all final quantities with
various subsets of models and with two choices of rescaling parameter A\ applied

to the systematic error. The various total error estimates, given by the difference
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between the 16th and 84th percentiles of the CDF in each case, allow an extraction
and decomposition of the total uncertainty into statistical, total systematic, and

various individual sources.

In this approach, weights must be assigned to each model included in the CDF.
Weights based on the Akaike Information Criterion [164] derived from x? values of
each fit have previously been employed. For the tail of the amplitude, we perform a
fit to values of AW(T) over sequential choices of 7 and across all momentum orbits.
For the z-expansion, we perform a fit to values of F,_, . (—Q3F, —Q3) across all
orbits at several fixed choices of the ratio Q?/Q3. This input data is highly correlated,
and determining the correlated x? therefore requires a very precise estimate of nearly
degenerate covariance matrices of both the tail fits and z-expansion fits. Even for
fits to small windows (¢;,t;) and few choices of orbits, we did not find estimates of
the x? values to be accurate in our preliminary investigations. Instead, in this work
we perform fits using much more stable uncorrelated fits and make the conservative
choice to use a uniform weighting of all possible models in the CDF method. This
can be expected to overestimate the systematic error associated with model variation.
The decomposition of uncertainties is detailed in Table for all three final physical

10-ag P T ) eVl b, [Gev
Tail model vs data cut (7.) 0.22 10.1 0.020
Tail fit windows (t;, t/) 0.18 6.5 0.009
Fit model (VMD vs. LMD) 0.31 11.6 0.034
Conformal fit order (N) 1.44 1.8 0.123
Total systematic 1.53 17.2 0.135
Statistical 5.24 86.7 0.279
Total 5.46 88.4 0.310

Table 4.5: Decomposition of uncertainties in the reported values of the three quantities
studied at the single lattice spacing and volume used in this work. The results and
uncertainties are based on the conservative choice t,/a = 14 corresponding to
t, = 1.11 fm.

quantities studied in this work. Due to correlations between the total error estimates
in each case, the decomposition does not simply add in quadrature, but nevertheless
gives an estimate of which components of the error dominate the error budget.
Unsurprisingly, the dominant sources of systematic errors vary depending on the

observable considered. For the n-pole contribution to the HLbL, the biggest source
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of systematic error is the conformal fit used to extrapolate the TFF F, (g7, ¢3)
from the low-virtuality orbits accessible on the lattice to the full plane of spacelike
(¢?,q3). This indicates that, despite the important contributions to aZ_pOIe from low
virtualities, the large uncertainties in the nearly unconstrained higher virtualities
can still affect the estimate of aZ_pOIe from lattice data alone. Incorporating some
information about asymptotic scaling of the TFF at large virtualities is therefore
an interesting prospect for future work. The other two quantities, I'(n — vv) and
b, are directly related to the behavior of the TFF at ¢} = ¢ = 0. In the case
of T'( — v7), the choices used to fit the tails of the amplitude A,,(7) dominate
the systematic errors, while for b, the systematic uncertainties are still set by the
conformal expansion fit. Nonetheless, we find that the uncertainties in all three
quantities are almost entirely given by the statistical error, which always far outweighs

the systematic errors.
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Figure 4.24: Comparison of the partial decay width I'(n — ~7), the slope parameter
b,, and the n-pole contribution aZ_pOle from three choices of t,/a = 10,12, 14
corresponding to ¢, = 0.80,0.96,1.11 fm. For reference, the values are respectively
compared against estimates from the PDG , Padé approximant (PA) fits to
experimental data [161], and the VMD model and Canterbury approximant
(CA) experimental fits [65].
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4.3.7.2 Dependence on t,

In Fig. we show the dependence of the partial decay width I'(n — ), the slope
parameter b,, and the n-pole contribution az_p ole on the choice of ¢, which denotes
the imaginary time location of the creation operator (’);(—tn) for the  meson, to
be compared with imaginary time coordinates of the currents j,(7) and j,(0). The
outer error bar denotes the total error, while the inner one shows the statistical error
only. It is clear that the total error is dominated by the statistical one in all cases
and for all ¢, considered in this calculation. For all three quantities we observe a
mild systematic trend with growing ¢, which may be an indication that excited state
and n’-meson contributions to the transition amplitude, and hence to the quantities
shown here, may still be present at the smaller values of ¢,. Since we are interested
in the limit ¢,, — oo we conservatively quote the results for the largest available ¢,
for which the statistical error is largest and covers the results at the smaller values
of t,.

4.3.7.3 Interpolation of the 7 state

The n-meson state is the lowest-lying eigenstate of the twisted mass lattice Hamilto-
nian in the channel with quantum numbers I¢ (JF¢) = 0% (0="). The exact
interpolating field to project onto the n eigenstate in the lattice calculation is un-
known. However, it is sufficient that it can be written as a linear combination of the

quark-model octet- and singlet-pseudoscalar operators

Ot = apAgy59 + Byse) + ...

=« 1 (aysu + dysd — 2575s) + B (ysu+ dysd + 5v58) + ...,

V3

where the ellipsis denotes further linearly independent operators. Using the octet

(4.36)

operator

Og = Z@E)\g’)%?l) = (ﬂ%u + CZ’Y5d — 2§’758) (437)

V3
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as the interpolating operator means that the projection is imperfect, i.e., the creation

operator will produce a tower of Hamiltonian eigenstates from the vacuum,
OLI0) = Zy ) + Zy 1) + ... (4.38)

with increasing mass or energy and with Z, = (0]0s(0) |n), Z, = (0| Os(0) |7).
Nevertheless, the n-meson state is the unique ground state of lowest mass, and
propagation in Euclidean time systematically suppresses the contribution of the
n’-meson and excited states lying higher in the spectrum. This suppression scales
exponentially as exp (—(M — m,))t), in terms of the Euclidean time evolution ¢ and
the relative energy gap between the mass M of the higher state and m,. This
applies to all two- and three-point correlation functions used in this work. Thus for
sufficiently long Euclidean time propagation, the projection onto the n-meson state

is achieved by our choice of O; as the creation operator for the three-point function.
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Chapter 5

Pion Transition Form Factor from
Twisted Mass Lattice QCD for the
Hadronic Light-by-Light
Contribution to Muon g — 2

This chapter is a draft for a publication in preparation about the computation of the
pion transition form factor and its utilization in calculating the pion pole contribution
afjp‘)le to the hadronic light-by-light scattering in the muon g — 2, the two-photon
decay width I'(m — 77) and the slope parameter b,.

In the time between handing in this thesis and the defense, it was published as a

preprint on arXiv as [165].

5.1 Abstract

The neutral pion generates the leading pole contribution to the hadronic light-by-light
tensor, which is given in terms of a transition form factor Fro.,(¢7,¢3) and which
must be computed non-perturbatively. Recently this form factor has been computed

on the lattice with Wilson quarks, staggered quarks and using dispersive methods.
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Here we present an independent lattice calculation of this quantity determined in the
continuum and at the physical point using twisted mass lattice QCD. We provide a
parametrization of the transition form factor for arbitrary single-virtual and space-
like kinematics and compare it with experimental measurements of the single-virtual
form factor, the two-photon decay width and the slope parameter. We then use
the transition form factors to compute the pion pole contribution to the hadronic
light-by-light scattering in the muon g — 2, finding al’j*p(’le = 56.7(3.1) x 1071,

5.2 Introduction

The anomalous magnetic moment of the muon provides a stringent test of the
Standard Model at high precision and the possibility to glimpse subtle effects of new
physics beyond the Standard Model. First results from the Fermilab experiment [2]
in combination with the Brookhaven result [20] have yielded a new experimental
world average a,(exp) = 116592061(41) x 10~ (0.35ppm). A comparable precision

has been strived for on the theoretical side as summarized in a recent white paper [3|.

The leading hadronic contributions to the muon anomalous magnetic moment come
from diagrams involving the hadronic vacuum polarization (HVP) and the hadronic
light-by-light scattering (HLbL) tensors. Both make significant contributions at the
level of precision achieved by the experimental results. It is important to improve
the theoretical determinations of both contributions to match future targets of

experimental precision.

In the determination of the hadronic light-by-light contribution, lattice calculations
most frequently analyze the complete tensor [56-62]. On the other hand, the data-
driven dispersive approach first decomposes the hadronic tensor into contributions
from single- or multi-particle exchanges. Contributions from heavier intermediate
states are suppressed, allowing one to compute the light-by-light tensor in a controlled

expansion [52-55|.

The leading single-pole contributions to the HLbL arise from the exchange of neutral

pseudoscalar mesons, cf. Fig [5.1] which may be expressed in terms of the non-
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Figure 5.1: Pseudoscalar-pole diagrams contributing to the leading order hadronic
light-by-light scattering. Each striped circle indicates a non-perturbative P — vy*~*
transition form factor required to evaluate these contributions, where “P” stands for
the pseudoscalar.

perturbative transition form factors |50],

M@@40=i/d%ﬂ”mw0A@ﬁmnW@»

= ‘EuuaﬁqapB‘FP'y’y(Q%a qg)? (51>

where the pseudoscalar “P” is on shell, p?> = M3, and the photon momenta ¢; and
G2 = p — q1 may be either on-shell or virtual. The pseudoscalar pole contributions to

the hadronic light-by-light tensor are given in terms of the transition form factor as

H(P) (q1, o, q3) = i}—Pw(Q%y q%)fpw(qg, <QI + g2 + q3)2)
AP (1 +q)> + M3

X EuyaﬁQ?QQBE)\py(sqg(QI + 92)5 + (CyChC)a (52)

with the dominant contributions arising from the lightest neutral pseudoscalars,
P e {xn,1}.

Because of its light mass, the 7° pole contribution is larger than those of the n and
1’ by roughly a factor of four. This feature, together with the relative simplicity of
accessing the pion transition form factor in both lattice and data-driven approaches,
means that the study of this transition form factor is farthest advanced at this point.
On one hand, the pion transition form factor has been determined in a data-driven
dispersive approach |63H65]. On the other hand, an ab-initio determination is desirable
to remove dependence on experimental inputs. As such, the neutral pion transition

form factor has also been computed on the lattice by the Mainz group using Wilson
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quarks [66,(67] and by the BMW collaboration using staggered quarks [166]. The major
source of uncertainty in the latter approaches is the extrapolation to the continuum
and physical pion mass limits. This motivates the present work, which evaluates the
pion transition form factor from twisted mass lattice QCD using ensembles directly
at the physical pion mass. We note that the computation in [166] has also been done

at physical pion mass.

The structure of this paper is as follows. In Sec. [5.3, we present the theoretical
background for the extraction of the required amplitudes from lattice QCD simulations
and their extension to arbitrary Euclidean times. In Sec. p.4 we describe the
calculation of the transition form factors and their extension to arbitrary photon
virtualities. Furthermore, we discuss the sampling used for this extension as well
as details of the renormalization. In Sec. and [5.6], we present the calculation of
az_p‘ﬂe from the transition form factors and introduce the decay width I'(m — ~7)
and the slope parameter b,. Next, in Sec. 5.7, we discuss the Akaike Information
Criterion as a tool to estimate statistical and systematic errors before presenting our
model averaged results in Sec. [5.8] comparing them to experimental and theoretical
predictions. Then, in Sec. 5.9, we make some concluding remarks and give an
outlook on possible future directions for improving the calculation presented here.
In App. [AT] we list the operators used in our calculation, along with their behavior
under some transformations and the gamma matrix conventions we use. In App.[A.2]

we give more details on the integral representation introduced in Sec. [5.5]

5.3 Methodology

By analytic continuation, the Minkowski space neutral pion transition form factor in
Eq. (5.1) is related to the amplitude in Euclidean space [119-121]

My (p,q1) ="My, (p,q1), My, = / dr e Ay, (1), (5.3)

oo
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where ng = 9,0+ 9,0, wi is the temporal component of ¢;, and the integrand is given

by the Euclidean matrix element

A (r) = OIT{j,(@1, )5 (F = @1, 0) Hr () - (5.4)

The lattice evaluation of the transition form factor proceeds by first extracting this
matrix element from a lattice three-point function, then integrating Eq. ([5.3)) for

various choices of wq, as we now discuss.

5.3.1 Three-point Function

We will access the matrix element A, (1) through the following lattice three point

correlation function

Cu (T tp) = Z <T{7T0(xf)j:[(mc)jl(xi)}>eiﬁff€—i§1a3c

—

= (T{r°(p, t5) i} (G, te)dl (= 0,4)}), (5.5)

where the pseudoscalar has an outgoing momentum p at late times ¢;, and the vector
current at the insertion ¢, has an incoming momentum ¢;. The vector current at the
source t; is at position Z; and automatically picks up an incoming momentum p — ¢;
by translation invariance, or equivalently conservation of momentum. 7 =t. —t;
is the temporal separation of the vector currents, and tp = min(ty —¢;,t; —t.) is
the minimal temporal separation between the pseudoscalar and the nearest vector

current.

In the limit that the pion annihilation operator 7%(p,¢;) is in the distant future,
tr > t;,t., the Euclidean matrix element in Eq. (5.4]) can be recovered from the
three-point function. In the following, we will suppress the dependence on momenta

and spatial positions, and find for 7 > 0

B oy Dr . .
C,UV ~ o~ Brlts tc)ﬁ 770(17) ‘]L(O)Jl(_ﬂl 0>
Z
_E7r Ul 71' 0 1 1
_ o Exlty t)E () |55(7)55(0)] 0) (5.6)
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and for 7 < 0

B 4y D . ,
C,uu ~e Bty tl)ﬁ <7T0(15> |ji(0>jl(7—)‘ O>

) Zn
— e Brlty—te) T (m°(p) |45 (— ;(0)\0> (5.7)

where
Z, = <0|w0(6, o)|7r°(m> (5.8)

Given these limiting expressions, we define

2L,
my = Z_eEP(tfftC)C‘uV

(5.9)

This amplitude is related to that in Eq. (5.3]) via a time reversal transformation as

we will show.

The vector current can be decomposed into definite isospin combinations.

) 1.
Ju==Jo’ +

1.
5 —j;’o (5.10)

2

Keeping only the isospin preserving pieces of the amplitude C),,,, we have

C = 12 (<7r0 1,04 00T>+<7r0 0,04 10T>)

HETLAL) (5.11)

At finite lattice spacing, isospin symmetry is broken in Wilson twisted mass lattice
QCD, which is an O(a?) effect independently of the twist angle, cf. Ref. [81]. By
only considering the isospin preserving pieces of the amplitude, these artefacts can
be avoided.

Next we study how the amplitudes defined in our conventions are related to time
reversed counterparts. The twisted time reversal transformation of our operators is

given in App. Let us take the neutral-pion isospin-projected amplitude for
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Cw. The twisted time reversal transformation symmetry means that it is equal to

(5.12)

Then for large time separations ¢ty > t.,t;, the three-point amplitude takes the form

C/Ll/ N _ie—Eﬂ-tf <0|J ( tl) O( C)|7T <_>>7 T>0 (513>
2B, (0172°(=te) g (=t)I7°(®)), 7 <0
X 0,0
- ol [OROBORG). 7> _—
2By (017°(0)5°(D)|=°(P)), T <0
Therefore we find in the limit ¢y > ¢;, .
~ Z; ~
Auy - _Z_ﬂ.AHV (515)

L.e. our definition of flu,, differs from the standard Mainz definition AW by at most a
phase. For the pion, the overlap factor is set to be Z, = Z* = Fym?2 /mpcac > 0 by
the PCAC relation with the choice of pion operator used here, cf. [66,67,123]. Thus
our definition of ,Zl,“, differs from the standard Mainz definition by a sign only, which
is always included going forward such that the amplitude with contracted Lorentz

indices, given in Eq. (5.25)), is real and positive.

One then constructs

A (T) = lim eE’“(tf_tO)CW(T, tp). (5.16)

We use gauge ensembles produced by the Extended Twisted Mass Collaboration
(ETMC) in isospin-symmetric QCD (isoQCD) with Ny = 2+ 141 flavours of Wilson
Clover twisted mass quarks are used, with quark masses tuned very close to their
physical values. Some properties of the used ensemble can be found in Tab. 5.1} for
more details see Refs. [40}/100,/103H105].

131



Ensemble Via*  New B a [fm] ay M, |MeV] || L[fm| M,L
cB211.072.64 64%-128 748 1.778 0.07961(13) 0.00072 || 140.2(2) 5.09  3.62
cC211.060.80 80%-160 397 1.836 0.06821(12) 0.00060 || 136.7(2) 5.46  3.78
¢cD211.054.96 96°-192 495 1.900 0.05692(10) 0.00054 | 140.8(2) | 5.46  3.90

Table 5.1: Parameters of the ETMC ensembles for the analysis presented in this
work, adapted from [40|. Further paramters can be found in 404|100}/ 103-105].

We perform our calculation for fermion fields in the twisted basis denoted x related
to the usual light fermion doublet ¢ = (u,d) through the twist transformation
(V,9) = (ei”573/4x, )Zei””g/‘l) which removes the twisted mass term in the action.

We define the normalization of our operators to be convenient in the twisted basis,
as shown in App.

In the twisted mass formulation, the three point amplitude Eq. contains
disconnected contributions in which the pion contracts with itself. These include
a singly disconnected contribution which correlates the neutral pion loop with
the connected vector-vector two point function, as well as a doubly disconnected
contribution with three loops. For this reason, we instead consider the isospin-rotated
amplitude

Gl = — (xR + 2 (b0 (5.17)
which does not contain a pion loop disconnected contribution. This amplitude only
contains connected and vector current disconnected (“V-disconnected”) contributions,
depicted in Fig. The rotated amplitude is related to Eq. by lattice artifacts
of order O(a?) due to isospin breaking away from the continuum limit in twisted mass

lattice QCD. These artifacts are accounted for in the final continuum extrapolation.

To confirm the relation between Eq. (5.11)) and Eq. (5.17), note that the vectorial

isospin transformation acts on fields in the twisted basis as

X('T) N efiw'y573/26i9a7a/2€iw757'3/2x<x>7 (518)

X(I) N )—C(x)eiw'y57—3/267i9ara/2671‘“;757-3/2. (519>

where we have w = /2 for maximal twist. Consider the rotation 6; = 63 = 0,
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Figure 5.2: Wick contractions contributing to Cy (7,tp). These are the connected
(top row), and pseudoscalar disconnected (“P-disconnected”, bottom row) diagrams.
Note that the connected diagrams only involve light quarks, while the disconnected
current loop in the P-disconnected diagrams can also be a strange or charm current
loop, since s and ¢ charms are present in the sea quarks.

6, = /2, call this transformation 7,. For the neutral pion, one finds

7 = X(@)x(x) 2 —ix(@)ys(rT + 7 )x(@) = —i(xt +77).  (5.20)

Similarly the vector current operators transform as

. I, .

i’ = g0, (5.21)
. Iy, .. L1

g0 =gt =gy (5.22)

Applying this to Eq. (5.11)), the amplitude in Eq. (5.17)) is recovered.

5.3.2 Kinematics

The pion momentum p is set through the pseudoscalar interpolating operator in
Eq. , with the energy F, imposed by the on-shell condition. Momentum conser-
vation p'= ¢; + ¢> allows us to freely vary one of the two vector current momenta,
for example ¢;, from the available finite-volume momenta ¢; = 27”77, n €73 In
Eq. we can also continuously vary w;, while ws is given by energy conserva-

tion F, = w; + wy. The kinematical range accessible on the lattice can then be
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Figure 5.3: Range of photon virtualities spanned in our calculation on the ensembles
cB211.072.64 (left) and ¢C211.060.80 (middle) and ¢D211.054.96 (right).

parametrized by the accessible virtualities of the electromagnetic currents,

2 2
qy =W — 4y,

¢ = (Ex —w1)? = (F— 4)* (5.23)

For a resting pseudoscalar p'= 0, it holds that £, = m, and ¢ = —¢;. In this case,

the photon virtualities simplify to

g =wi — i,
g5 = (mx —wi)” — . (5.24)

The condition ¢? < 4m2, or equivalently \/4m2 + ¢} + my < w; < \/4m2 + & pre-
vents the off-shell photon from turning into a real hadron state [119]. Fig. [5.3|depicts
the kinematical range for 26 different choices of |q;|* with (27/L)? < | |*< 32(2n/L)?
for the finite volumes accessible on the three distinct ensembles used in this work.
For all three ensembles, the maximum momentum used in the evaluation of the

three-point correlation function gives access to virtualities up to |¢f 5|~ 1.7 GeV?.

Using Eqgs. (5.1), (5.3) and (5.24)) it is straightforward to show that the rest-frame

A, () vanishes when one or both Lorentz indices are temporal, while the spatial

components can be written as

Aij<7—) = —Z'mﬂ-Eijkqu(T). (525)
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Inverting the relation gives

A(r) = ieijp—B Ayi(7), (5.26)

My
where A(7) is a scalar under the spatial rotation group. Since the full amplitude can
be extracted from the scalar A(7) in the rest frame, we focus on the evaluation of

this scalar function for the remainder of this work.

We start from the lattice data C,,(7) by constructing C'(7) and averaging over

equivalent momenta through the cubic group to increase statistics. Let
Q={{dw}: a0y =700 # —d»Vi # j} (5.27)

be half the orbit of momentum ¢ (i.e. to avoid double counting, it only contains ¢

or —¢, not both). Then one takes
O(r) = == S iesu—T (), (5.28)

which is related to A(7) by Eq. (5.16)).

5.3.3 Finite-time Extent Corrections

With periodic temporal boundaries, an operator inserted at a specified time may
create or destroy states which will have or have wrapped around the lattice, i.e.
backward propagating pions may contribute to the three-point correlation function.
We study the asymptotic behaviour of the three-point correlation function of the
backwards propagating pions, again considering the limit that the pion is in the
distant future, ty > t,,%., with 7 = t, — t; and hiding the dependence on momenta

and spatial positions. We have for 7 > 0

— — — —T Zﬂ'(@
O,y s e~ Br(T=(tr=to)=7) o <7r0(@

i10)71(=)| 0) (5.29)
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and for 7 < 0

Zr RPN
Gy e P =r=0:0 Z0) (a0 |1(0)1() o) (530
such that
. 2F, _
A (Tt >0) = tlim eEW(tf_to)CW(T, tp) [1 — e_E"(T_QtP_T)] ' )
T pP—>00
i _ 2B, . Ex(tf—to) _ —Ex(T—2tp+7)]71
A,(T<0)= thm e Co (T tp) [1—€ ] (5.31)
T pP—>00
Examples for 121(7) including finite time corrections are shown in Fig.
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Figure 5.4: A(r) for 7/a € [—20,20] with | |?>= 10(27/L)? including finite-time
extent corrections on the ensembles ¢C211.060.80 (left) and ¢D211.054.96 (right).
Show in orange is the full A(T), in blue the connected contribution, and in green, red
and purple the V-disconnected contributions (multiplied by 50 for easier comparison)
with a light, strange and charm current loop, respectively.

5.3.4 Tail Fits

The extraction of the transition form factor in principle require access to 121(7) for
arbitrary 7, cf. Eq. . To estimate the amplitude over the whole temporal
range we use two phenomenological models, namely the VMD and the LMD model,
cf. [118][124,[125]. They were chosen since they allow global fits to all momenta in
our data simultaneously and since they reproduce certain constraints explained in

the following. In the chiral limit and at low energy, a fermionic triangle diagram
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contributes an extra term, the so-called Adler-Bell-Jackiw (ABJ) anomaly [167,/168],
to the PCAC relation, this restrains the form factor to

1

Froy(0,0) = 5

(5.32)

with F, = 92.3(1) MeV the pion decay constant [12]. The Brodsky-Lepage behaviour
constrains the single-virtual form factor at large Euclidean (spacelike) momentum
[169-171]. At leading order in ay, one finds

QQ ‘
This behaviour is reproduced by the VMD model, but the LMD model tends to

a constant at large Eucidean momenta in the single-virtual form factor. Finally,

Trow( Q2 ) (533)

the operator product expansion (OPE) at short distances [172,/173| restricts the
doubly-virtual form factor where both momenta become large at the same time, one
finds in the chiral limit

Q Seo 2F |1 1
Froy(— Q Q ) — S {@ +0 (@)} : (5.34)
This behaviour is reproduced by the LMD model, but the VMD model in this case

falls off as 1/Q* [66].
The VMD and LMD form factors are given by

M4
FVMD i (5.35)
(MR - @) (MR — )

and

FLMD _ aMy + B(g? + 43)
T (MY - g (M —a3)’
respectively, where o = ay, = 1/(47%F,) = 0.274 GeV~! to reproduce the ABJ anom-
aly, My usually is set to the p meson mass and 3 = fOTF = —F, /3 = —0.0308 GeV
to reproduce the leading OPE prediction [66,124}125]. We will treat v, My and 3 as
free model parameters when fitting the models to our data. For the LMD amplitude

(5.36)
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fit function one finds

ALMD(T >0) =
L1 aMiy + B(2ME +m2 F 2m/ME + 41) /a7 iae
20 ma/MZF QPR ME + G2 F may)
oM} + BRMG +mi £ 20/ MY+ GP) /57 T (5.37)
Mo/ My + @220/ M + |12 £ my)

using Eqs. (5.3) and (5.36)) and noting that /le, is essentially the Laplace transform
of the form factor [66]. The VMD fit function is obtained by setting 8 = 0.

In particular the VMD model is not expected to capture the short-distance behavior
of 121(7') well, but both models capture the long-distance behavior accurately. However,

we will use the lattice data directly for the short-distance region as discussed in

Sec. 5.4.11

5.4 Transition Form Factor

5.4.1 Numerical Integration

To obtain the transition form factors, we need to evaluate

[e o]

fﬂow(qf,qg):/ dr A(t)e'", (5.38)

where for a given momentum orbit |g;|? the squared four-momenta ¢} and g3 are given
by Eq. . While 121(7') decreases exponentially quickly for |7|>> 1, the exponential
factor e“” still probes a tail of A(7) if |w;| is sufficiently large. This makes the
numerical integration difficult: Since the signal-to-noise ratio decreases when going
to larger |7|, fluctuations in one of the tails due to the small signal-to-noise ratio
are exponentially enhanced. We observe that this effect is small for the diagonal
case with ¢? = ¢5 = w; = m,/2, mainly since at the physical point, m, is small, and
severe for the single-virtual case ¢ = 0 = w; = |7} due to the strong dependence

of wy on the used momentum orbit, especially for the larger momentum orbits. For
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an illustration, see Fig. [5.5] For choices of virtualities between these two cases, the
exponential enhancement gets more and more pronounced when going from the
diagonal to the single-virtual case. Further, the range of integration over the lattice

data is limited naturally due to the finite extent of the lattice.

x10~2 x1072
fit fit
8.0 d data 8.01 & data
8
6.0 6.0
~ [ =
3 3
Q [
F4.0 ee t4.0
6 e |
I it
2.0 JEEDS 2.0
e o
0.0 0.0
-60 —40 -20 0 20 40 60 -60 -40 -20 40 60

T/a

Figure 5.5: Integrands A(7)e'™ with |7;|?>= 6(27/L)? on the ensemble ¢B211.072.64,
comparing diagonal kinematics ¢ = ¢5 (left) and single-virtual kinematics ¢ = 0
(right). Shown in blue is the integrand from lattice data and in orange from a
correlated LMD fit to A(T) according to Eq. . The fit was done globally across
all momentum orbits (27/L)? < |¢[*< 32(27/L)? with fit range [—10, —8] U [8, 10],
indicated by the grey bands, giving x?/d.o.f. = 1.01. The red point indicates
the timeslice where the pseudoscalar operator is inserted, while the greyed out
points are those with a timeordering not satisying the one from Eq. (5.4). For
the diagonal kinematics, aw; = am,/2 =~ 0.028, for the single-virtual kinematics,
awy = a|qi|~ 0.31.

These issues are addressed by the introduction of cutoff times TCLu/tR, with lattice data
replaced by a fitted A(7) for 7 > 72 and 7 < 7%,. In our analysis, we perform a
global fit per jackknife or bootstrap sample to Eq. across data at all available
¢1 and for values of 7 selected from symmetrical fit ranges on both sides of the peak,
i.e. T € [~Tmax, —Tmin] U [Tmin; Tmax)- The left and right cutoff times are selected
depending on the sign of w; to include as much data as possible on the exponentially
suppressed tail of the integrand, in particular by fixing 72, = T/2 or 7/}, = T/2
when w; > 0 or w; < 0, respectively. The choice of the remaining cutoff time is

varied to assess the systematic error associated with this fitting choice.

Finally, we filter the choices of cutoff times and kinematics to demand that for a

iven momentum orbit and w; a certain percentage of F, o 2 ¢2) must come from
oy Q15 42
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the lattice data. This is done to minimize the introduction of a model dependence in
the final result.

5.4.2 z-Expansion

Integrating the amplitude for various choices of w; in principle gives access to the
form factor for any of the kinematics on the discrete orbits shown in Fig. [5.3] We
then use the z-expansion proposed in [67] to extrapolate this data to the whole
kinematical range. This is a model-independent way of extending the transition
form factor to arbitrary photon momenta which is preconditioned to more easily
reproduce the form factor structure. Following [67], the model independent fit form
is constructed by first defining the conformal variables z; and zy [174]

2 = Viet Q= Vi — 1o ke {1,2}, (5.39)

Vet Q@2+ ic— 1y

where t. = 4m?, indicating the position of the branch cut due to the two-pion

threshold. t; is a free parameter which can be tuned to optimize the rate of

convergence. The optimal choice of ¢, for a given Q2 .. is

to=te (1= VI+ Q) (5.40)
which reduces the maximum value of |z;| in the range [0,Q2,.] ~We use
2+ =4GeV? in the present study.

In terms of these conformal variables, one can write

o0

}_WOW(_Q%a —-Q3) = Z Cnm?1 %5 (5.41)

n,m=0

since the transition form factor is analytic for |zx|< 1. The coefficients ¢, = ¢y are
symmetric due to the Bose symmetry. Note that |z;|< 1, such that a fast convergence
of the sum is expected. In practise, this means that it is sufficient to restrict the
sum to m,n < N, where the maximum order N is chosen to reach a given accuracy.

The transition form factor can be multiplied by an arbitrary analytical function
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P(Q%,Q2) and the resulting product expanded in powers of z;,. This allows for the
preconditioning to more easily reproduce the form factor structure. As shown in [67],
the choice ) )

P(Q7,Q3) =1+ &2@2 (5.42)

My,

where My = 775.26(23) MeV [12] is the p meson mass, leads to a parametrization of
the transition form factor which decreases asymptotically as 1/Q? in all directions
in the momentum plane even at finite values of N, thus satisfying the momentum
dependence of Egs. and (5.34). As shown in [175], to enforce the appropriate
scaling at the two-pion threshold, the derivatives of the transition form factors with

respect to z; at zx = —1 need to be fixed to zero, giving the expansion [67]

P( %7 Q%)‘FWO’Y'Y(_Qi - Qg)

N

n
_ Z Com <Z§L . (_1)N+n+1 Z{VJrl)
m,n=0 N +1
m m m
X (2’2 — (—1>N+ +1N——|—12év+1> . (543)

One possibility to obtain results in the continuum limit is to perform a combined fit
to all three ensembles with a correction term for O(a?) lattice artefacts by modifying

the coefficients as

Com(@) :cnm(0)+5nm( ¢ )2, (5.44)

Qref.

where we use the ¢C211.060.80 lattice spacing for a,er..

In contrast to [67] and the recently published [166] we perform fully correlated fits
to the modified z-expansion. We are using N = 1,2 and variations N = 1 plus
one additional coefficient, since usually at least two of the N = 2 coefficients are
correlated with c¢;1, see Sec. While we can only include O(10%) data points per
ensemble, we find that the resulting fits describe the lattice data well, even the cuts

not included in the fit, as seen in the example in Fig. [5.6]

Note that the transition form factors obtained from Eq. (5.43)) multiplied by Q? tend
to a constant by construction, with predictions for the single-virtual and diagonal case,
cf. Egs. (5.33)) and (5.34). We exclude analyses where the single-virtual transition

141



S 0.05 006
E ' 0.05 0.05
004 0.04 0.04
~ 0.03
S 0.03 0.03
5002 2102 0.02 2/02 0.02 2102
g Q%/Q%= 1.00 Q2/Q2= 0.88 2/Q3 = 0.77
001 0.01 0.01
o

0.00 0.00 0.00
> 0.06 0.10 0.125
[©]
=005 0.08 0.100
o
g 004 0.06 0.075
< 0.03
> 0.04 0.050
& 0.02 0Q%/Q3 = 0.58 00 Q2/Q2= 0.10 0025 Q2/Q2= 0.00
~ 0.01 : :
o

0.00 0.00 0.000

0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
Q3 [GeV?] Q3 [GeV?] Q3 [GeV?]

Figure 5.6: Correlated z-expansion fit to Z—% € {1.0,0.88,0.0} on cC211.060.80, using
1

€00, C10, 11 and co9. Only TFF data points where at least 95% of the transition form
factors come from lattice data (colored red for the used cuts) are included, for A(7)
a global LMD fit with fit range [20, 21] and 7., = 23 in lattice units is used. The
reduced x? are X%/d.o.f = 0.86 and Xz_exp./d.o.f = 1.00. Data in blue are shown for
illustration only. The whole sampling is shown in Fig. [5.8

form factor multiplied by Q? tends to a constant smaller than zero, since this clearly

violates those predictions.

5.4.3 Sampling in the Momentum Plane

As illustrated in Fig. [5.3] the transition form factor obtained from the lattice is a
continuous function of wy for each spatial momentum orbit |g;|?. In order to fit to the
z-expansion, we need to sample choices of w; to determine our input data first. In
this work, we do so by selecting w; corresponding to fixed choices of the ratio ¢3/¢?,
i.e. by finding the intersection between our available orbits and several diagonal “cuts”
through the (¢7,¢5) plane. Because the underlying lattice data are identical for all
choices of w; within each orbit, data at nearby values of w; are strongly correlated.
A relatively sparse sampling is therefore possible without sacrificing useful inputs
to the z-expansion fits. Both ¢3/¢? = 0 and ¢3/¢? = 1 are useful choices of ratio to

include, the former since the single-virtual transition form factor plays an important
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role later, and the latter since we get the best signal-to-noise ratio in the transition

form factor there.

We found that correlated z-expansion fits with both N =1 and N = 2 lead to a
good quality of fit when including three or four such cuts. However, for N = 2, at
least two of the coefficients ¢, are correlated in this case. Even when including
only one of the N = 2 coefficients in conjunction with all three N = 1 coefficients,
we find slight correlations between some of them. See Fig. for an example using

Cnm = {00, C10, C11, Co2} With the corresponding correlation matrix given by

+1.00 —0.30 —-0.39 +0.31
(Com) —-0.30 +1.00 —0.05 -0.14 (5.45)
cor(Cpm) = ; .
—0.39 —0.05 +1.00 —0.88

+0.31 —-0.14 —-0.88 +1.00

To get reliable estimates of the individual coefficients, it is desirable to only use a
subset of the coefficients which are not strongly correlated. Furter, with N > 3 the

fits in general do not converge.

We used the following procedure for the sampling in the momentum plane. For
however many cuts we want to make we determine w; such that ¢32/¢? € {0,1}
are included and that the arc length of the curve parametrized by w; between
neighbouring samples on |7;|?= 32(27/L)? is constant. This fixes the ratios ¢3/q?
which we then use to determine the needed w; on the other spatial momentum orbits.
To better cover the close to single-virtual region, we also include a cut ¢3/¢} = 0.1
together with five cuts with equal arc length, cf. Fig. [5.8f We do correlated z-
expansion fits per jackknife or bootstrap sample for a number of choices of three
cuts (all combinations from the ones with equal arc length which include both the
diagonal and single-virtual case, as well as the diagonal and closest to diagonal case
plus the ¢3/¢? = 0.1 cut) from the six shown in Fig. 5.8 and for four cuts (with the
diagonal, closest to diagonal, closest to single-virtual and single-virtual cut), while
imposing a threshold for a minimal data content in the transition form factor of 95%
to minimize the VMD and LMD model dependence as mentioned in Sec. [5.4.1]
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Figure 5.7: Cornerplot of a correlated z-expansion fit to (¢3/¢?) € {1.0,0.88,0.0} on
c¢C211.060.80, using coefficients cq, c10, c11 and coo. Only TFF data points where
at least 95% of the transition form factors come from lattice data are included,
for A(7) a global LMD fit with fit range [20,21] and 7., = 23 in lattice units is
used. The reduced x* are x%/d.o.f = 0.86 and x2_,,, /d.o.f = 1.00. Notice the clear
(anti)correlation between c1; and cg9 and the less severe (anti)correlations between
all other coefficients except for c¢19 and ¢; which are almost completely uncorrelated.
The corresponding correlation matrix is given in Eq. . When including all
N = 2 coefficients, it turns out that cyg and cop are strongly correlated with ¢;; for
almost all choices of parameters.
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Figure 5.8: Sampling in the momentum plane used to extract Fro.,(q7, ¢3) over the
whole kinematical range. Cuts (¢3/¢}) € {1.0,0.88,0.78,0.59,0.1,0.0} on ensemble
cB211.072.64.

5.4.4 Renormalization

As detailed in App. [A.1] we use point-like (local) bare current operators instead of
the exactly conserved one-point split vector currents jlﬂo and Ll,o and the one-point
split axial current j,'*. The vector currents j,"° and j,'* are Noether currents
associated with the flavor global vector transformations, i.e. they follow from Ward-
Takahashi Identities (WIs), and the axial current juLi follows from the axial WI. It
is computationally much cheaper and easier to use the nonconserved local operators
instead of the point split operators, but this must then be renormalized as discussed

in the following.

As shown in [176H178], for LQCD with Wilson fermions, the conserved vector currents
do not require renormalization, i.e. Zy = 1, because of the existence of an exact WI,
which at the same time implies that the local vector currents jg,o and j}t’o are not
conserved. However, the matrix elements of the local vector current coincide with
those from the point split vector current in the continuum. It is further shown that
the renormalization constant (RC) of the local vector current, Zy, is finite and that
it can only depend on the bare gauge coupling /3 (which controls the lattice spacing),
i.e. Zy(B) # 1. It is then shown in [40] that for our lattice setup, both ;)% and j,°
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Ensemble VAT Za
¢B211.072.64 | 0.706378(16) 0.74284(23)
cC211.060.80 | 0.725405(13) 0.75841(16)
¢D211.054.96 | 0.744105(11) 0.77394(10)

Table 5.2: Values of Zy and Z,4 for the ETMC ensembles which were used in this
work, cf. [40].

are renormalized with the same RC.

Because of the chiral symmetry breaking Wilson term in the action, it is less
straightforward to implement the axial symmetry, however, the PCAC is recovered
in the continuum by using suitable renormalization conditions [177,[178]. It is shown
in [176] that the WI for the one-point split axial current contains an additional
term compared to the vector current case, coming from the variation of the Wilson
term under axial transformations. Still, the local axial current can be used since
g, = im0 Z55, 0% = limgo Zaj,* holds, with j, the PCAC and Z;(8) and
Z () the point split and local axial current RCs, respectively.

For the ensembles used in this work, the RCs were calculated in [40] using a hadronic
method based on the WI, employing a high statistics determination of the needed
correlators. The resulting Zy and Z, are found in Tab. [5.2] and the corresponding

renormalized local current operators are given by

ok = Zvi)®, (5.46)
ive = 2viy®, (5.47)
Juw = Zajy*. (5.48)

Note that the TFFs and the pion pole contributions to a,,, after the transformation
I,,, are renormalized with Zy Z4 and Z2 Z%, respectively. Further note that the errors
on the RCs are negligible compared to the errors on the bare TFFs, such that we

only use the central values of the RCs.

146



5.5 3d Integral Representation of the Contribution

to a,

We follow |118] and [116] and use the three-dimensional integral representation for

the pion pole contribution

3
azfpole — (%) [GZ*POIE(U + aZ*pOIe(Q)} , (549)

where « is the fine structure constant,

WE/M/MMT

(QlaQQ» ) 7T0’W< Q3) 7r0’y’y( Q%70)7 (550)

and

ww/@/MMT

(leQQ’ ) WO“W( QZ) 7r0’7“{< Q§70) (551>

The integration is performed over the magnitudes ()1, () of two of the four-momenta
and 7 = cos # describing the angle 6 between them, with the third four-momentum
fixed by Q3 = Q% + Q32 + 2Q1Q>7. The weight functions w; and ws, are given by

33

wl(QlyQ%T) = <—2§> v1-— TnglT%]l(Ql,Qzﬁ), (5-52)
B 2T Q3Q3

wz(Ql,QQ,T) = <—?> V1— 72 (Q1 i Q2) (Ql»QQa ) (5-53)

where the functions [ » are given in App. Note that w; o are both dimensionless
and wy 9(Q1,Q2,7) — 0 for Q12 — 0 and for 7 — £1. Further, wy is symmetric
under the exchange of ()1 and (3. In [118], the weight functions for the pion are
studied and discussed in detail. One finds that the momentum region Q)12 < 0.5 GeV
is the most important in Eqgs. and for a7 ~P°'*. For some examples, see
Fig. p.9 In particular, note that ws(Q1, @2, 7) is roughly an order of magnitude
smaller than wy (Q1, Q2, 7).
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Figure 5.9: Weight functions wy(Q1, @2, 7) (left) and wa(Q1, Qa, 7) (right) for the
pion for momenta (); and () with a selection of 7 = cos#@, corresponding from
top to bottom to 6 € {165°,90°,45°}. Note the different momentum range for and
magnitude of wy as well as its symmetry with respect to ()1 <> Qs.
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By introducing a momentum cutoff A, i.e. by replacing

/Ooo dQro2 — /OA dQ1 2 (5.54)

in Egs. ((5.50) and , one can estimate the importance of various momentum
bins. Though the cutoffs are only directly imposed on @) 2, they imply a cutoff of
@3 < 2A on the third momentum as well. We find that the integrals saturate rapidly,
such that we get around 85% of the total result with A = 1 GeV and around 90%
with A = 1.5GeV, i.e. from momentum regions with strong data support from our
lattice calculation. An example of this is shown in Fig. [5.10] Again, we integrate

separately for each jackknife or bootstrap sample to consistently propagate the errors.

60

L4570

o64.2970

w
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i
N
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0 } ----- full contribution: 58.54(1.88)

0051152 4 6 8 10
N [GeV]
Figure 5.10: Contribution to aZ_pOIe for increasing cutoff A for ensemble ¢C211.060.80,
using a N = 2 correlated z-expansion fit to (¢3/¢?) € {1.0,0.88,0.1,0.0}. Only TFF
data points where at least 95% of the transition form factors come from lattice
data are included, for A(7) a global LMD fit with fit range [7,8] and 7oy = 26 in
lattice units is used. The reduced x* are x%/d.o.f = 0.85 and x2_,, /d.o.f = 1.02.
Indicated is the saturation at A € {0.5,1.0,1.5} GeV as well as the value of the full
contribution for this particular choice of parameters.
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5.6 Decay Width and Slope Parameter

To leading order in the fine structure constant o, the transition form factors determine

the partial decay width through

2,3
T,

4

I'(m— 7)) = [Fro0,(0,0) (5.55)

The neutral pion decay width has been measured in the PrimEx and PrimEx-II
experiments [179,[180] with a combined result of I'(m — 77y) = 7.802(52)stat (105)sys €V.

Further, the transition form factors can be used to extract the slope parameter

B 1 dFro0.,(¢*,0)
 Fro4,(0,0) dg? ’

7°=0

br (5.56)

thus providing input for determining the electromagnetic interaction radius. The

averaged experimental result for the slope parameter is b, = 1.84(17) GeV~2 [12)].

These quantities are easily extracted from the form of the z-expansion fit at
(¢1,43) = (0,0). The value of Fro,,(0,0) comes directly from the z-expansion
fit, while the derivative can be acquired by differentiating the form of the z-expansion
in Eq. with respect to —Q?, yielding the slope parameter

d
b, = _dTg%lnf,,ow(— 1:0)l g2
~ ilnp( 2.0)] 2
agg " e
d N n
n N+n+1 N+1
_ rcﬁh’l [m;:OCnm <Zl — (—1) N——|—]_Zl )
m _ (_\Nm1 M N+ (5.57)
<\ = (=) N+1Z2 2 =0
1 1dy [ |
1 N+4n+1_N+1
= — NCpm (2 —1 z
M‘Z/ Z1 dQl [T;) ( 1 ( ) 1 )
n=1

o [ (—NHmrr T N4 ] ‘
(ZQ (—1) N+1Z2 Q2 =0
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The term in square brackets can be directly evaluated, and the derivative of the

conformal parameter is given by

1d 1
R vy (5.58)
21 dQ7 Q2=0 0

-

5.7 AIC Information Criterion

Due to different choices for the parameters, each analysis chain, defined by all
considered choices of parameters for a given set of cuts in the momentum plane,
yields O(10* — 10*) values for aj P, T'(m — 77) and b,. The parameters we can
choose are the fit range and fit model in the fit to A(7), ey when constructing the
transition form factors and finally the included cuts in the momentum plane in the
fit to the modified z-expansion. For the remainder of this section such a choice of
parameters is called an “analysis”. A priori, only fits with x?/d.o.f close to 1 are
included in an analysis chain for the single ensemble analyses. For the combined
z-expansion fits the input 121(7') fit ranges and 7., were chosen to be similar in
physical units across all ensembles, using t,,;, € [0.48,1.27] fm, .4, € [0.64,1.43] fm
and 7.y € [1.35,2.07] fm on ¢B211.072.64 as a reference and remaining within 10%
of these physical-units values for the cC211.060.80 and ¢D211.054.96 ensembles. The
fits across all ensembles are of relatively good quality, with x? values in the range
1< Xi} /d.o.f < 2.4. We calculate the statistical errors for each analysis using the
jackknife resampling procedure, with configurations spaced far enough such that

there is virtually no autocorrelation between the input data A(7).

To take a weighted average of estimates under various analysis choices in an analysis
chain, we use a modified version of the Akaike Information Criterion (AIC) [164}[181].
Closely following the method introduced in [163] and [38|, the model averaging
proceeds as follows. For a target observable y, here az_p‘)le, [(m — v7v) or b, we
build a histogram from the different analyses, assigning to each analysis a weight
given by the AIC. This criterion is derived from the Kullback-Leibler divergence,

which measures the distance of a fit function from the true distribution of the points.
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Figure 5.11: Cumulative distribution functions (CDF) of aZ‘pOle for the combined
fit using ¢um = {coo, C10, €11, C22}. The orange curve shows the CDF of ~15’000
different analyses obtained from their AIC weights, the errors on the orange point
show the statistical errors for some analyses with a significant weight in the model
averaging. This curve corresponds to P(y; A = 0) while the blue curve corresponds
to P(y; A = 1), as defined in Eq. . Indicated in red is the total error obtained
as described in Eq. . To separate the statistical and systematic part of the
error, we further calculate P(y; A = 2), as described in the main text.

For a derivation see [163]. We use the the modified AIC introduced in [3§],
Lo
AIC ~ exp | =5 (X* + 2npar — Ndata) | - (5.59)

where the y2, the number of fit parameters Npar and the number of data points n4ata
describe the fit of interest. The first two terms in the exponent correspond to the
standard AIC, and the last term is needed to weigh fits with different lengths in the
fit ranges when fitting to fl(T) or to weight z-expansion fits with a differing number
of cuts in the momentum plane when sampling the transition form factors. In general,
two fitting steps are involved in the determination of each of az_p"le, [(7® — y),
and b, on a given ensemble: the global fit to A(7) and the z-expansion fit to the
transition form factor. A combined weight can be assigned to each combination
of fitting choices across both of these steps by multiplying together the respective
AIC weights given in Eq. . In the alternative simultaneous continuum and
z-expansion fit procedure described in Sec. the model averaging step is instead

performed globally across all three ensembles, and therefore a combined AIC weight
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is assigned by multiplying together the weights of the fits to 121(7') across all three
ensembles as well as the weight of the final global z-expansion fit with lattice artifacts

included. In either case, the result is one unnormalized weight w; per analysis.

To perform model averaging, the weights across all included analyses must first be

normalized, to give

w; = w/z W (5.60)

The weights w; may then be interpreted as a probability. Noting that due to the
central limit theorem, the statistical uncertainties follow a Gaussian distribution
N (y; my, 0;), with central value m; and standard deviation o;, one can include the
statistical uncertainties. The central value and standard deviation are given by the
jackknife resampling procedure for each analysis. We then define the cumulative
distribution function (CDF)

P(y; \) = /y dy’ ZwiN(y’;mi,ai\/X), (5.61)

where the rescaling of the statistical error by A is introduced to later separate
statistical and systematic error. For an illustration, see Fig. [5.11]

We choose the median of the CDF as the central value of y and the total error is
given by the 16% and 84% percentiles of the CDF, i.e.

1 2
0t20ta1 = |:_ (y84 - ylﬁ):| 5 (562)

2
where P(yi6;1) = 0.16 and P(ysq; 1) = 0.84. The systematic error could then be
defined by evaluating the 16% and 84% percentiles of the P(y;0) since fixing A =0
removes the contribution of the statistical errors to the distribution. However, since
P(y;0) as a function of step functions is a step function itself, the definition of the
systematic error would be highly sensitive to the value of the chosen percentile. A
more robust choice for the systematic error can be made by first demanding
2 2

Ototal = Ostat + Us2ys7 (563>

and noticing that the rescaling of each o? by ) is expected to increase o2, by the
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same factor, i.e.

1 R
)\O—SQtat + O—SZys = |:§ (y84 - y16):| = O—gotah (564)

where P(716; A) = 0.16 and P(gs4; A) = 0.84. The systematic and statistic errors can

then be separated by a second choice of A:

2 ~2 ~2 2
2 Ototal — Ptotal 2 Tiotal — A\total
Ustat — totai — )\tota ’ O_Sys — tota1 — )\ tota (565)
In particular, the CDF is smooth for big enough A and the procedure is insensitive

to the choice of ).

For a better understanding on the composition of the systematic error, we follow the
error budgeting procedure suggested in |38|. For one of the choices made during the
analysis chain, e.g. the choice between the VMD or LMD fit to A(7) or the different
fit ranges, we first determine the total error for each possible option, varying all other
components of the analysis. We then construct a second CDF as in Eq. , with
m; the average of the 16% and 84% percentiles, o; the total error and w; the sum of
the weights coming from this choice. Using this CDF, we derive the systematic error
as described above for the original CDF, this is our result for the systematic error
corresponding to the choice. Note that the estimated systematic errors associated
with each of the steps of the analysis by this procedure are correlated, thus they do

not sum up quadratically to the full systematic error.

5.8 Results

Here, our results using the model averaging described in Sec. are summarized.
Comparing to our earlier publication [69] we have refined the analysis by system-
atically studying different z-expansion fits and by excluding analyses leading to
unphysical transition from factors as described in Sec. [.4.2l We include cut-off times
Tews 2 [1.3,2.0] fm on all three ensembles with a matching as described in Sec for
the combined fits.

For the single ensemble analyses, an AIC averaging over different choices of z-

154



expansion fits was performed. We then use the continuum limit extrapolation
method described in Ref. [115] (see Egs. (38) — (43) therein). The results including
error budgeting are summarized in Tab.

For the z-expansion fits we considered in the combined fitting it turns out that the
set Cum = {co0, C10, C11, C22} leads to the least correlation amongst the coefficients
and gives a fully correlated chi-squared per degree of freedom of 1.36. This is our

preferred continuum result. We find

an P = 56.7(3.1)stat (0.4)sys[3.1or x 1071, (5.66)
F(Tf — ’7’7) = 7-50(0-48)stat(0~07)sys[0-48]t0t eV, (567)
by = 2.16(0.07)stat (0.01)5ys[0.07]0r GeV 2. (5.68)

These values including error budgeting are summarized in Tab. [5.4] an illustration is
show in Fig. |5.12]

8.5 2.75
62
2.50
8.0
60
o < _2.25 %
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& 58 7 3200 \
g 1 =
Ly E S
ru = 1.75
56
4 1.50
6.5
54 1.25
0.00 0.05 0.10 0.15 0.00 0.05 0.10 0.15 0.00 0.05 0.10 0.15
a?[Gev?] a2[Gev?] a?[Gev?]

Figure 5.12: Combined fit, single ensemble and continuum extrapolated results from
Tabs. and 5.4 aj; P (left), I'(m — vv) (middle) and b, (right). Indicated are
the statistical and total errors as well as constant and linear fits in a* used in the
continuum extrapolation. In each plot, the points from left to right correspond to the
continuum extrapolation in brown, the combined fit (blue cross), the ¢D211.054.96
(blue diamond), the cC211.060.80 (blue triangle) and the ¢B211.072.64 (blue circle)
result. In the I'(mr — ~7v) and b, plots, dashed black and grey lines show the
experimental values and their errors, namely I'(m — ) = 7.802(117) eV |180] and
by = 1.84(17) GeV—2 [12].

We note that our result for a}, P! is compatible both with our earlier analysis [69],

where we used the continuum extrapolated result instead of one coming from a
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cB211.072.64 | a7 P x 10" T'(m — v7)[eV] by [GeV 7]
value 57.54(1.81) 6.89(0.33) 1.63(0.18)
Ostat 1.39 0.28 0.11
Tsys 1.16 0.18 0.15

fit model 0.09 0.01 0.01
fit range 0.00 0.00 0.00
Teut 0.17 0.06 0.03
sampling 0.20 0.06 0.04
2-exp. 1.15 0.17 0.14
c(C211.060.80 aZ‘pOle x 101 T(m — y7) [eV] b, [GeV?]
value 56.65(2.04) 6.72(0.29) 1.54(0.14)
Tstat 1.33 0.28 0.13
Osys 1.54 0.08 0.04
fit model 0.01 0.00 0.00
fit range 0.07 0.01 0.00
Teut 0.36 0.03 0.02
sampling 0.50 0.03 0.03
Z-exp. 1.51 0.04 0.02

¢D211.054.96 | a7, P x 10" D(rm — 77)[eV] by [GeV 7]
value 58.11(2.12) 7.51(0.39) 2.03(0.09)
Tstat 2.08 0.36 0.06
Tsys 0.37 0.13 0.06

fit model 0.00 0.00 0.00
fit range 0.01 0.00 0.00
Teut 0.19 0.08 0.03
sampling 0.10 0.05 0.03
Z-exp. 0.29 0.10 0.06
continuum limit | a7 P°° x 10" T'(7 = v7) [eV] b [GeV 7]
value 57.46(1.58) 7.01(0.32) 1.89(0.20)
Tstat 1.57 0.26 0.10
Tsys 0.15 0.17 0.17

Table 5.3: Resulting values including error budgeting on the single ensembles and
extrapolated continuum limit results according to |115]. Note the small error budgets
from fit model and fit range, indicating that by restricting the transition form factors
in the z-expansion to have at least a 95% contribution from lattice data indeed leads
to no strong dependence on the model used to extend A(7).
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combined fit | a7 P° x 10" T(m = yy)[eV] by [GeV~?

value 56.70(3.08) 7.50(0.48) 2.16(0.07)
Ostat 3.06 0.48 0.07
Tsys 0.35 0.07 0.01
fit model 0.00 0.00 0.00
fit range 0.00 0.00 0.00
Teut 0.33 0.07 0.00
sampling 0.19 0.05 0.01

Table 5.4: Preferred continuum result from the combined fit using

Cnm = {COO) C10, C11, 022} and 6nm = {5007 510}.

combined fit, as well as the recent lattice result aZ‘pOle = 57.8 1 1.8tar 0.9y X 1071
from Ref. [166]. Comparing to the dispersive result a7 °'* = 63.0*57 - 107! from
Refs. [3163,/64], we find that our result is compatible at the level of 1.7 .

For T'(m — vv), we find agreement with I'(m — ) = 7.11 & 0.44a¢ & 0.215y5 GeV 2
from Ref. [166]. Our result is also compatible with the experimental value
['(m — 7)) = 7.802(52)s4a (105)5ys €V from Ref. [180].

Finally, for b;, we are compatible with the experimental result b, = 1.84(17) GeV~2
from Ref. [12] at the level of 1.70. However, we find a tension of 2.750 with
b, = 1.78(12) GeV~2 from the extraction based on Padé approximants [182] and a
disagreement of 5o with the dispersive result b, = 1.73(5) GeV~2 from Refs. [63,64].

We note that from the continuum extrapolated values, cf. Tab. we would find for

the same comparison a tension of 2.1 ¢ with the dispersive result for aZ*pOIe

and a
tension of 2.3 ¢ with the experimental value for I'(m — 7+), while finding agreement
with all other mentioned quantities. However, as illustrated in Fig. [5.12] the used
continuum limit procedure from [115] is quite aggressive when using data points
from only three ensembles, and the single ensemble data for b, leads to a constant fit
with x?/d.o.f ~ 5 and is thus clearly not compatible with the assumption of having

only small O(a?) discretization effects.

The z-expansion coefficients for the combined fit are given by
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Coo C10 C11 Ca2
0.2220(48) —0.0596(59) —0.050(18) 0.27(14)

with correlation matrix

+1.00 —0.46 —-0.07 +0.07
(Cam) —0.46 +1.00 4+0.03 —-0.08 (5.69)
cor(Cpm ) = ; .
—0.07 4+0.03 +1.00 —0.83

+0.07 —0.08 —0.83 +1.00

the corresponding cornerplot is given in Fig. [5.13] The resulting transition form

Coo = 0.22*33%

c10 = —0.06%38
1

€11 = —0.05+3:82
1 1

22 = 0283313
1

R ST - ——————

Figure 5.13: Cornerplot of the AIC averaged coefficients of the combined correlated
z-expansion fit, using cqg, c10, 11 and coo. Notice the anticorrelation between cq; and
co9 and the less severe anticorrelation between cgy and ¢9. All other coefficients are
virtually uncorrelated. The corresponding correlation matrix is given in Eq. .

factors for diagonal and single-virtual kinematics are shown in Fig. [5.14. We find
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good agreement with the smallest CELLO |73| bin, i.e. close to the momentum region
covered by lattice data, for the single-virtual kinematics, while we tend to lower

values compared to the experiment at larger momenta.
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Figure 5.14: Transition form factors from the combined fit using diagonal (left) and
single-virtual (right) kinematics. For the diagonal kinematics, the OPE prediction is
indicated by the dashed black line while for the single-virtual kinematics, experimental
values from CELLO |[73|, CLEO |72|, BaBar |74,|75] and Belle |76] are shown. The
region with direct support from lattice data is shaded in grey.

5.9 Conclusion

We have presented an independent ab-initio computation of the pion transition form
factors at the physical point in twisted mass lattice QCD, covering the kinematic
range relevant for the extraction of the pion pole contribution to the HLbL. We are
able to include all disconnected Wick contractions contributing to the amplitudes

relevant for the calculation of the form factors.

We find agreement between the calculated pion form factor and the experimental
data in the single-virtual regime, also with compatible values for the experimental

values of the decay with and the slope parameter.
The main result of this paper, namely the pion pole contribution to HLbL,

&ZﬁpOIe = 56-7<3'1)stat(0'4)sys[3'1]t0t X 10711’ (57())
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is compatible with the recent lattice result affp‘)le = 57.8 £ 1.84ar £ 0.95ys X 10~
from Ref. [166] and compatible at the 1.70 level with the dispersive result
arPle = 63.0%57 - 107! from Refs. [31/63,/64].

In the future, we plan to also use pions in the moving frame to get a better cover-
age of the single-virtual axis. In addition, a fourth physical point ensemble with
approximately the same volume as the three used here, but with an even smaller
lattice spacing, is currently in production and could then also be included in this

calculation.
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Chapter 6

Conclusions and outlook

The aim of this thesis was the computation of the 7% and n-pole contributions to the
anomalous magnetic moment of the muon by an ab-initio calculation using twisted
mass lattice QCD at the physical point. The results can be used to cross-check other
data-driven and lattice calculations in the effort to reduce the uncertainty in the
Standard Model prediction of a,. At the time this thesis was started, there was no
lattice calculation of aZ‘pOle at the physical point and no lattice calculation of az_p(’le
had been published at all.

To estimate the 7%- and n-pole contributions, a model independent parametrization of
the momentum dependence of the transition form factors Fp_,«(¢?, ¢3) is computed
from lattice QCD at physical light and heavy quark masses for the pseudoscalars
P = 7% and 7 first. On the lattice, one has access to a wide range of space-like
photon four-momenta and thus TFFs complementary to the experimentally accessible
single-virtual Fp_,,-+(¢% 0). In the single-virtual case, the lattice provides data at
lower photon virtuality than the experiment. In and close to the region where both
lattice and experimental data are available for Fp_,.« (g%, 0), the presented 7° lattice
result has a precision better than the experimental results, cf. Ch. 5| while the 7
lattice result has a comparable precision, cf. Sec. 4.3

Using these TFFs as input, the 7% and n-pole contributions to the anomalous
magnetic moment of the muon as well as the decay widths I'(P — ~7) and slope

parameter bp are calculated. In the case of the 7°-pole contribution, agreement within
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Figure 6.1: Left: Comparison of the estimate of aj, PO from this work versus an

estimate based on dispersion relations [3}63,/64] and two estimates from lattice

QCD [67,166]. Right: Comparison of the estimate of az—pole from this work versus
a result derived from Canterbury approximant (CA) fits to experimental data |65]
and two estimates based on Dyson-Schwinger (DS) equations |131}[132].

within 1.7 ¢ with the dispersive result of Refs. [3/63,64] is found while agreeing within
errors with the recent lattice results of Refs. [67},/166|, cf. Fig|6.1l The continuum
limit estimate of a; P = 56.7(3.1)stat (0.4)sys[3.1]or X 107'" presented here has a
relative error of ~5%, competitive with the above references.

For the decay width, (7% — v7) = 7.50(0.48)stat (0.07)sys[0.48] 0 €V is in agreement
with the experimental value from Ref. [180] and the recent lattice result from Ref. [166],
while the result for b0 = 2.16(0.07)stat(0.01)ys[0.07]¢ot GeV ™2 agrees within 1.7¢
with the PDG experimental result [12].

The result for the n-pole contribution aZ*pOIG = 13.8(5.2)stat (1.5)sys[5-5tor X 10711
confirms the data-driven Canterbury approximant estimate [65] and the model
estimates [118,/131}|132|, albeit with a significantly larger error and not yet estimated
in the continuum limit, see Fig for an illustration. As the result presented
here comes from an independent ab-initio lattice QCD calculation, it still provides
important independent support for these estimates.

The results for both the decay width I'(n — 77y) = 338(87)stat (17)sys[88]tot €V and
the slope parameter b, = 1.34(28)gat(14)sys[31]t0t GeV ™2 are in tension with the

experimental results by approximately 2 o.

The work on this project is far from over! First of all, a fourth physical point ensemble
at a finer lattice spacing is in production which could also be used in this analysis to
obtain a more robust continuum limit extrapolation for azfp"le. For the analysis of

az_p"le, the next steps are to extend the calculation to the other two ensembles used
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in this work to allow for a continuum estimate of this value. The measurements on
c¢C211.060.80 are underway. Also, in order to obtain a result for aZ"pOle, the quality
of the data needs to be improved in order to take into account the n-n" mixing, which
is not possible with the currently available data. It is also planned to calculate the
form factors in a moving frame to provide better data support in the single-virtual

region.

In conclusion, twisted mass lattice QCD at the physical point, using the ETMC
ensembles, proves to be a reliable way to extract the 7°- and n-pole contributions
to the anomalous magnetic moment of the muon. The estimate for the 7’-pole
contribution is an independent result from first principles confirming other data-
driven and lattice results, while the presented n-pole contribution is a first ab-initio
result, serving as an important cross-check for the data-driven estimates.

There are still many open avenues to improve the calculation presented in this work,

with numerous possible directions for interesting future research.
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Appendix A

Appendix of the draft in Chapter

This appendix is part of the paper draft presented in Ch. 5 Since it is referenced
from other parts of this thesis, in particular Ch. [3] it is reproduced separately here
and not as part of Ch. 5]

A.1 Operators and Conventions

Our interpolating operators are defined as follows: For the pseudoscalars in the

physical basis we have

P = iysmp, (A1)
P* = ipys79p, (A.2)

where the flavor matrices are given by the Pauli matrices

73:<1 0)) T+:<O 1)) 7-—:<0 O), (A.3)
0 —1 00 10
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They satisfy the usual Pauli matrix relations

[T+7 Tﬁ] = 7-37 (A4)
(73, 7%] = +277, (A.5)
4T =1 (A.6)
i(rm —7h) =72 (A7)

Note that in this convention the charged operators correspond to annihilation op-
erators for the relevant state, i.e. under the conventional electromagnetic charge
assignments for v and d, the operators P* transform with the opposite electromag-

+

netic charge, so they destroy the states 7= respctively.

The local vector currents used in this work are defined as

J? = 17,Qu
= (1/6)J2° + (1/2)J"°, (A.8)
IO = ¢y 1, (A.9)
I =Py, (A.10)
Tyt = 0y, (A.11)

where @ = diag(2/3, —1/3) is the two flavor charge matrix in flavor space.

Next we write these operators in the twisted basis. At maximal twist, we have the

relations
V() = @)y = 250+ mn(a). (A12)
Bla) = Xy = a1+ i), (A13)
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Translating the operators directly to the twisted basis yields

P = —xx (A.14)
P* =iy, (A.15)
J20 = Xm1x, (A.16)
T2 = XX, (A.17)
Ty = FiXn T X- (A.18)

By convention, the overall phases on these operators are modified to give the final

interpolating operators and currents used in the twisted-basis calculation:

™ =xx = tu + dd, (A.19)
T =X%T X = Wsd, (A.20)
T =XsT X = dysu, (A.21)
V0 = Xvulx = ayu + dy,d, (A.22)
V¥ = XX = wyu — dyd, (A.23)
AT =X X = sd, (A.24)
AT = XnsT X = dyusu. (A.25)

A.1.1 Hermition Conjugation

As we have defined them, the operators transform under Hermitian conjugation (f)

as

(1) = mg, (A.26)
(7)) = —7F, (A.27)
(V2O = (=1)moty00, (A.28)
(VoOF = (=1)0m0 1y 0, (A.29)
(A7) = (=)0t ALY, (A.30)
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A.1.2 Charge Conjugation

Charge conjugation may be defined in the twisted basis by (see Ref. [81], Appendix
B)

x(z) = C™'x(2)", (A.31)
X(z) = —x(2)"C, (A.32)
where
CyC™h =, (A.33)
C’Y{,Cil = 5. <A34)

One possible choice for our gamma basis is C = CT = C~! = ivyyy,. Taking care
about the anticommutativity of x and y, we find the operators defined above for the

twisted basis transform as

75 70, (A.35)
S F (A.36)
VIO S v, (A.37)
VoS v, (A.38)
A= S A7 (A.39)

A.1.3 Twisted Parity

The twisted parity transformation (see Ref. [81], Eq 2.35) may be defined by

X(tu f) P—Tl> Z.’YOTIX(tu _f)a <A40>
Xt &) 25 —ix(t, @)y (A1)
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Our operators in the twisted basis then transform as

Prl
70— 7°,

Prl
at s —nT,

0,0 Pr! 0,0
V. — =V
k ko>
0,0 Pl 1,00
Vo — W,
1,0 Pl 1,10
Vi > Vi
1,0 Prl 1,0
VO7 3_%’7
prl
Ay — AL

Pl
AF ~Ts AT

A.1.4 Twisted Time Reversal

Away from the continuum limit, the time reversal transformation must be combined

with a flavor change to be a valid symmetry of the Wilson Twisted Mass Lattice

QCD action (see Ref. [81], Section 2.4):

T .
X(l’, t) _F> 270757_1X(:L‘7 _t)v

T .
x,t) 5 —ix(x, —t) 57071

—~

X
Our interpolating operators transform as follows:

5 720z, —t) = 7%z, — 1)1,
I8y 1z, —t) = 75 (z, —1)T,

(1)
(1)
VOO (a,t) 255 (—1)°%0V O (2, —t) = —VO(z, 1)1,
(1)
(,t)

I
T

V/}’O z,t) 5 (—1)1+‘5”’°Vl}’0(:v, —t) = Vul’o(:v, —t)f,
T

A (m,t) = (1) 0 AT (2, —t) = ALF (2, —t)T.
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A.1.5 Dirac Matrix Conventions

First note the following notation and convention used by ETMC for the Dirac

matrices [81]. The Euclidean Dirac matrices are defined in the chiral basis as

0 ey
- , A.57
P)//l ( GL 0 > ( )

where eg = —1, e, = —ioy, and o, are the standard Pauli matrices:

01:(0 1), 02:<Q _i>, 03:<1 0). (A.58)
1 0 1 0 0 —1

These Dirac matrices have the properties of Hermiticity 7,2 = 7, as well as anticom-
mutation with respect to the Euclidean signature {v,,v,} = 2J,,. Finally the 5th

Dirac matrix is defined as

1 0
V5 = 0717273 = : (A.59)
0 —1
Written explicitly,
0 -1 0
o 0 0 -1
= , A.60
7o 1 0 0 0 ( )
0 -1 0
00 0 —
0 0 —2
M= : (A.61)
0 1
i 0
0 0 —1
01 0
= , A.62
Y2 0 1 0 ( )
-1 0 0
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o O

V3 (A.63)

~.
o -

o

—1

While p = 0, 2 are symmetric and real, ; = 1, 3 are antisymmetric and pure imaginary.

A.2 3d Integral Representation Weights

The weight functions w; > appearing in Egs. (5.50) and (5.51) presented here are

taken from [118] and have been derived in [116| using the method of Gegenbauer
polynomials [183-187].

The weight functions are given in Egs. (5.52) and (5.53) and read

33

w1(@17Q277’) = (‘%T) V1_72%[1(Q17Q277—)7 <A~64)
303

wy(Q1, Qa, 7) = (_2%> V1—r7? Q1 +%§)222_|_m2 L(Q1,Q2,7), (A.65)

with

L(Q1,Q2,7) = X(Q1, Q2,7)[8PLPQ1Q27 — 2P P3(Q3/m? — 2Q3)
+ 4P, P3QT — 4Py — 2P1(2 — Q3 /m’, 4+ 2Q1Qa7/m)
— 2P5(4 + Q1 /my; — 2Q3/my,) +2/my)]
— 2P Py(1+ (1 — le)QleT/mi)
+ PP (2 — (1 — le)Qg/mi)
+ PP(2+ (1 — le)leQzT/mi>
+ Pi(1 — Ry)/m? + 3P3(1 — Ryuy)/m,

i

(A.66)
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and

L(Q1,Q2,7) = X(Q1, Q2, T)[AP, P2Q1Qo7 + 2P P3Q5 — 2P

where

Further,

+ 2P, P3Q7 — 2Py — 4P3 — 4/m?]
— 2P Py — 3Pi(1 — Rin2)/(2m2) — 3Py(1 — Rp1)/(2m)
— P3(2 = Ry — Rya)/(2m})
+ PIP32 4 3(1 — Rp2)@3/(2m2) 4 (1 — Ry2)*Q1Q27/(2m)]
+ PyPs[2 + 3(1 — Ryt)Q7/(2m2) + (1 — Rt )?Q1Qa7/ (2m2)],

(A.67)
Q3 = (Q1 + Q2)* = QF +2Q1 Qo7 + Q3, (A.68)
T = cosb, (A.69)
1

X(@Q1Q2,7) = 0:0. arctan (1 ixm_) : (A.71)
r=vV1-—r72 (A.72)
Lo 9@ p - R (A.73)

- 4mi ml m2) .

4m2
Ry = \[1+ 51 € {12 (A.74)

For a detailed discussion of the behaviour of w 5 in different limits see [118].
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Appendix B

Theoretical aspects

In this appendix, definitions relevant for and aspects of the calculations in Ch.

and ] are collected.

B.1 Dirac matrix conventions and definition of lat-

tice derivatives

The following conventions for the gamma matrices in four dimensions are used:

{Vw W} = 26
V=

V5 = YoY1727Y3
1

2

(B.1)

Opy = [7#7711]7

with p, v € {0,1,2,3}. See also App. |A.1.5
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The gauge covariant lattice derivatives action on the quark field ¥ (x) are given by

V,ib(z) = = (U ()@ + af) — ()
“ (B.2)
Vi) = - [0(e) - Ul(e — ap)ile — af)]
while the left action is defined by
BV, = - [d(x + ap)Ul(z) — B(a)]
L Cll . ) (B.3)
P)V; = = [5(e) — 9le — af) Ul — o),

where a is the lattice spacing, U,(x) = exp(igoaG,(z)) is the lattice gauge link,
depending on the gauge (gluon) field G, (x) and gy is the bare coupling constant.

B.2 Equivalence between tmQCD and QCD in the

continuum

Here, the equivalence between tmQCD and QCD in the continuum is shown, following
e.g. |77,80-82]. For simplicity, QCD with two degenerate flavours is considered,
called up and down quarks. In flavour space, the Dirac spinor is then given by the

doublet ) = (u, d), the standard form of the fermionic Lagrangean density by

L=0[B+m]y (BA)

and the twisted mass fermionic Lagrangean density by
Lim =X [P +m +ipys7’] X, (B.5)

where ) = v,D, with D, = 8, + G,, the covariant derivative in a given gauge
field G, (i.e. the gluon field), m a (bare) mass parameter, ;1 the bare twisted mass
parameter, 7° the third Pauli matrix in flavour space. Note that for better legibility
the indices on the mass parameters found in Sec. were dropped. In the twisted

basis, the Dirac spinor in flavour space is denoted by y = (@, d). Redefining the
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fermionic fields through chiral transformations in the third direction, i.e.
! . 3
X = X =€xp [25’757' } X5
L o
X = X = Xexp [25757' } )

and using

exp [iays7°] = cos(a) + isin(a)ys7°, (B.7)

the Lagrangian density transforms as
Lim — L4, = X [ + mcos(a) — psin(a) + ivs7° (msin(a) + peos(a))] x.  (B.8)

Thus this transformation leaves the form of the action invariant and merely transforms

the two mass parameters, i.e.

m — m’ = mecos(a) + psin(a), (B.9)
pw— ' = —msin(a) + pcos(a), (B.10)
Lim — L, =Y [lﬁ +m + iu’ygﬂ X (B.11)

This means that the changes of field variables and mass definitions does not change

the content of the theory, in particular, the standard form of the action is obtained

if

tan(a) = %, (B.12)
using
m
cos(a) = ———,
RN (B.13)
sin(a) = K .

leading to the Lagrangean density
ﬁgm, tan(a)=£ = >_</ [m + Minvj| Xla <B14)

where it immediately follows from Eqs. and (B.10) that

Miny = \/Tn2 + p? = \/(ml)2 + (1')? (B.15)
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for any choice of a. Note that Eq. (B.7) also implies
Lim = X [ + Miny exp [iwys7°]] X, (B.16)

where the twist angle w is given by tan(w) = £.

B.3 Further details on twisted charge conjugation

Here more explicit expressions for the twisted charge conjugation of the operators
presented in App. are given. One finds

7 % —Tco 't =xx =", (B.17)
15 G Ty X = x1s(rH) T x = XX =17, (B.18)
V20 S — (X Cal1)asL(C'X")5 = Xa(Tu)salXs
= ~Xs(N)salxa = —V,'", (B.19)
V0 < —V,", analogous to V*, (B.20)
AE S (T Cap(175)a8(T5)po (CTX ) 10 = —Xasp(74718) 80 (T) po X

= Y,B;a(%/%)ﬂa(T:F)Uan;p = A;f» (B.Zl)

under twisted charge C', noting that y and ¥ anticommute since they are Grassmann-
valued fields.

B.4 Inserting states - asymptotic behaviour

In Euclidean space, operators time evolve according to

O(t) = ™' O(0)e 1, (B.22)
o) = e"O(0) e 1. (B.23)
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The creation and destruction operators in momentum space are related to the position

space operators as
Op, 1) =a®> O, t)fe 7, (B.24)

O(p,t) = a* Y O(,t)e™™. (B.25)

As a result of the relativistic normalization of the pseudoscalar state | P), the projector

must be written as

pP= P(p))(P B.2
3 PO (P, (5.26)
while the overlap factor is defined by
Zp(p) = (0| P(p,t = 0)|P(p)), (B.27)

or equivalently
Zp = (0| P(0,0)|P(p)) = e~ (0| P(Z,0)| P(p)) = e~ P**Ert(0| P(Z,1)| P(7)). (B.28)

Note that Z% = (P(p)|P(0,0)]0). For the moment suppressing lattice spacing,

position and momenta, consider the amplitude
Chw = (0| T {P(ts) IS (te) I (t:) }] 0) (B.29)

with source position ¢;, the pseudoscalar at sink ¢; and current insertion at ¢..
Now, let t; > t. >t; = 7 =1t.—t; > 0. Then,

Cu 15" 2E (0 P(ty)| P) (P |Ji(t.) Ji(t:)] 0) (B.30)
P ————
Zpe EPy
2E <P|6Ht’JT - )e_Ht’thlJT(O) — O> e Fris (B.31)
P
2E Z(P|Ji(r) T3 (0)| 0) e Brits=ta), (B.32)
P

where (Pleflti = ¢PPti(P| and e

the pseudoscalar to the far Euclidean past.

0) = |0) was used. Analogous for 7 < 0 and for
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B.5 Backward propagation - 2pt functions

On a time-torus, an operator inserted at a specified time may create or destroy
states which will have or have wrapped wrapped around the lattice. To extract the
corresponding amplitude on the infinite Euclidean space, the “method of images” is
used. An operator at t has images at t + nL; where L; is the time extent and n is
an integer. As an example, consider the finite time contribution to the two point

correlation function.

(0]O®)O0)1]0) e = D {0]O(t +nL)O(0)T] 0) (B.33)

n

where only images for the destruction operator are inserted since images of the
creation operator would just generate copies of the same amplitude due to time
translation invariance. Keeping the two most dominant terms in the sum on n,
i.e. n = +1, one arrives at the well known cosh form of the 2pt correlator. Starting

from

(0]0()0(0)"] 0}, = (0]O0) Ot — Ly)| 0)
+(0]|O0(t)0(0)| 0)
+{0]O(t + L)O(0)'| 0}, (B.34)

one finds that insertion of complete sets of states yields

(0]0(0)TO(t — Ly)| 0) = (0]|O(0)T| ©) (O]O(t — Ly)| 0)
=(0]0(0)'| 0) (O]~ O(0) e =19 0)
eB(t=L) (O |0)
= (0]0(0)| 0) (O |O(0)] 0) "t~ E)
= (010(0)| 0) (O |O0(0)| 0) e~ FtF+=1) (B.35)
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(0]0(1)0(0)|0) = (0|O(t |O<O|O f0)
= (0" O(0) e ™ O) (0]0(0)]0)
(0] |0)e~
= (0]0(0)| 0) (O |O(0)t| 0) e, (B.36)

(0Ot + Ly)O(0)T| 0) = (0|O(t + L;)| ©) {O|O(0)'] 0)
_ <0 ‘6 (t+Ly¢) O(O) —H(t+Ly) ‘ O O ‘O | O>
———— N—————
©| |0)e—E(t+L1)

= (0]0(0)| ©) (O |O(0)"| 0) e Fl+E), (B.37)

Defining
= (0]0(0)] 0) (O [0(0)T] 0) = [{0|O(0)| O)[* (B.38)

E(t+Ly)

and dropping the term proportional to e~ , one arrives at

(0]OWO0)!]0) g = Ale™ 4707
= Ae EL/29 cosh (E(t — Ly /2)). (B.39)

B.6 Backward propagation - 3pt functions

Using the same convention as in the main text, in particular the same time coordinates,
but for the moment suppressing lattice spacing, position and momenta, consider the
amplitude

Chw = (0|T {P(ty)j} (0)}]0). (B.40)

Following App. the asymptotic behaviour for 7 > 0 is

o 4
CNV tli) QE,PP

I 0
= 35.° P (P(p) [J5(0)41(=7)|0) (B.41)

e PPt (P(p ]JT —7)| 0)

using tp = ty. Using the method of images again and fixing the position of the

pseudoscalar by time translation invariance, the dominant finite-time correction
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comes from the amplitude
Ch, = (O|T {P(ty)jl (=7 + L) J} (L) }| 0) . (B.42)

Again considering the case 7 > 0, i.e. Ly > —7 + L; > t;, the amplitude takes the

form

C,, = (0|5 (Le)jl (=7 + L) P(ty)| 0) (B.43)

i.e. the amplitude has an anti-pseudoscalar in the distant past. Using (twisted)
timereversal (or the PT symmetry of the amplitude) the normal timeordering can

be recovered, yielding
C, = (0| P(=ty)jl(r — L) JS(—Ly)| 0) . (B.44)

Note that the spatial momenta flip signs under (twisted) time reversal (but not under
PT). By inserting complete sets of states and again using ¢p = ¢, one then finds

the asymptotic behaviour
© 4 .
c, sp,¢ T (PW)|IH0)5(=7)]0). (B.45)

The calculation for 7 < 0 proceeds analogous.

B.7 Epsilon momentum average

Starting from the scalar amplitude A(7) defined in Eq. (3.28) and the scalar

counterpart C(7), i.e.

A(r) = — eurd’ Ay(7) (B.46)
mP|(jQ| N ’ '

o) = — S84 oy (B.A7)
mP|q—2| ] Y *

the average over momentum orbits is constructed as follows. On the lattice, let

Q={a}:|al’=n"G # —q¥i # j,¢ € 2} (B.48)
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2

be half the orbit of momentum n? (i.e. it only contains ¢ or —¢g, not both). Then

one takes
Ar) = ke s 5 (B.49)
21 2mp|Qn2T N '
L, eijig®
Clr) = —=x Skl (). (B.50)

21 2mp|Qn2 Y

with summation over double indices from 1 to 3, ¢ € @) and L, the spatial extent
of the lattice. Note that the discretized momenta take values of 2-¢* for a L, x L3

lattice with periodic spatial boundary conditions, which gives the prefactor of é—;

B.8 Operators for the n-meson calculation

In the physical basis, let
0
0

P i, " (B.51)

o O =
O = O

€

where ¢ = (u,d,s)” and with ¢ = —2 for P = ng and ¢ = 1 for P = n; be the

interpolating operator for ng and 7;. Equivalently,

m = ipysy with ¢ = (u,d)7, (B.52)
ns = ihys€ with ¢ = s. (B.53)

The interpolating current operator is given by

with
2/3 0 0
Q=1 0o -1/3 o |, (B.55)

0o 0 —1/3
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where ¢ = (u, d, s)T. Equivalently,

JMQJ = 1/_}7#@2#7
with
(23 0
Q= < 0 -1/3 ) ’
where ¢ = (u,d)?, and
J;?’s = ?/_JWQM
with
Q = _1/37

where ¢ = s.

Going to the twisted basis at maximal twist, one has the relations

U(@) = —=(1+i%7%)x (@),

S5~

() = X(2) = (1 +iv77),

Sl

yielding for 7; at maximal twist

m = @'@Z_)(x)%@b(@

iX(@) (14 iys7°) 5 (1 4 iys7°) x ()

N —

= —x(2)7°x(x),

(B.56)

(B.57)

(B.58)

(B.59)

(B.60)

(B.61)

where x = (u,d)”. To align with the conventions in the code, the minus sign will be

dropped as was the case for the pion, thus

m = X(z)7°x(x).
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For the light currents, one finds

JS,OJ = Y lx = VMO’O’l, (B.63)
Ji’o’l = )_(’YHTgX =: V;’O’l, <B~64)
1 1
Ql _ 0,0,! 1,0,

ns at maximal twist becomes
ns = ()75 ()
I _ . o
— §ZX(37)(1 + iy ) y5e(1 + 17577 ) x (2)

= —X(@)rex(x). (B.66)

where ¥ = (sy,s_)T for Osterwalder-Seiler strange quarks. To align with the

conventions in the code, the minus sign will be dropped, thus

ns = X(2) T ex(). (B.67)
For the current, one finds
1_
T = =Xl (B.68)

This would correspond to —%VMO’O’S since it has the same structure as (B.63)).

B.8.1 Twisted parity for the n-meson

Under twisted parity Pt!,

- Prto. 1 —
x(t, ) — 17 x(T, —%),
(t,) 25 o' x(t, <) 569

X, 7) 25 —ix(t, =207,
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one finds

n(t, @) = x(t, 7)7°x (¢, 7)

prl 9 _ — —
— —22x(t, —Z)Y0 il Yox(t, —7)
— 3
= _X<t7 _f)T3X(t7 _f) = —771(757 _f>7 <B70)
and
n(t, ©)s 2 —ny(t, — 7). (B.71)

The currents needed for the light case transform as (dropping the index )

0,0 Pr! 0,0
Vim — =V

0,0 Pl 1,00
Vo — W,

oot (B.72)
Vkl,O T Vkl,()’
Vol’o prt o 01,07
and for the strange case as
J@e P Qs (B.73)
J@e L g9, (B.74)

i.e. it transforms like the light Vf’o. Note that this means that for entries of C),,
where one of the indices is temporal and one spatial the behaviour under twisted
parity is different from the case where both are either spatial or temporal (mixed

indices give an additional minus sign).
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Appendix C

Technical details

In this appendix, technical details complementary to the ones in Ch. |3 are dis-
cussed. App. contains information on the used model averaging procedure,
while App. to contain information on the employed error calculation and

autocorrelation.

C.1 Model averaging

A version of parts of this section is also included in Sec. 5.7} the main difference
being the discussion of the effective number of data points not included there.

Due to different choices for the parameters, each analysis chain, defined by a set
of parameter choices, yields O(10% — 10*) values for afj —pole These parameters are
the choice of fit range and fit model in the fit to A(7), the choice of 7., when
constructing the TFFs and finally the included cuts in the momentum plane in the
fit to the modified z-expansion. For the remainder of this section such a choice of
parameters is called an “analysis”. A priori, only fits with x?/d.o.f close to 1 are
included in an analysis chain for the single ensemble analyses. For the combined
z-expansion fits the input 121(7') fit ranges and 7.4 were chosen to be close in physical
units. i.e. within 10% of the values on ¢B211.072.64, with 1 < x?%/d.o.f < 2.4. To

determine which analyses in an analysis chain are important, a modified version of
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the Akaike Information Criterion (AIC) [164}/181] is used.

The statistical errors for each analysis are calculated by the jackknife or bootstrap
resampling procedure, with configurations spaced far enough such that there is
virtually no autocorrelation between the input data 121(7')7 see App. and .

Closely following the method introduced in [163] and [38|, the model averaging

P—pole
1w

different analyses is built, assigning to each analysis a weight given by the AIC.

proceeds as follows. For a target observable y, here a , a histogram from the
This criterion is derived from the Kullback-Leibler divergence, which measures the
distance of a fit function from the true distribution of the points. For a derivation
see [163]|. The modified AIC introduced in [3§],

1
AIC ~ exp l_é (X2 + 2N par — ndata)} , (C.1)

or, equivalently,

1
AIC ~ exp {—5 (x* + 2npar + ncut)l , (C.2)

is used, where the x?, the number of fit parameters n,, and the number of data points
Ngata describe the fit of interest. The equivalence follows from ngata = Miot — Meut,

since

exp _% (X2 + 2npar — ndata):| = exp [%ntot] exp {—% (X2 + 2npar + ncut):| , (C.3)
where ny is the same for each fit and thus the factor exp [%ntot} cancels. The first
two terms in the exponent correspond to the standard AIC, and the last term is
needed to weigh fits with different lengths in the fit ranges when fitting to 121(7') or to
weight z-expansion fits with a differing number of cuts in the momentum plane when
sampling the transition form factors. For the i-th analysis, two copies of Eq. are
applied multiplicatively, one each for both the fit to 121(7') and the z-expansion in the
single ensemble analyses. In the combined z-expansion fit analyses, three copies of
Eq. are applied for the fit to 121(7') on the three ensembles. The weights obtained
in this way are normalized such that their sum over all analyses equals 1, i.e. let w;
be the weight of the i-th analysis for the quantity y, with ). w; = 1. The weights
w; are interpreted as a probability. Noting that due to the central limit theorem,
the statistical uncertainties follow a Gaussian distribution N (y;m;, 0;), with central

value m; and standard deviation o;, one can include the statistical uncertainties.
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Central value and standard deviation are given by the jackknife resampling procedure

for each analysis. One then defines the cumulative distribution function (CDF)
Yy
P(y; \) = / dy' > wiN(y';mi, 0:V'N), (C.4)

where the rescaling of the statistical error by A is introduced to later separate
statistical and systematic error.

The median of the CDF is chosen as the central value of y and the total error by the
16% and 84% percentiles of the CDF, i.e.

1 2
Togal = {5 (ysa — y16)‘| ; (C.5)

where P(y16;1) = 0.16 and P(ys4; 1) = 0.84. The systematic error could then be
defined by evaluating the 16% and 84% percentiles of the P(y;0) since A = 0 cancels
the statistical contribution to the distribution. Since P(y;0) as a function of step
functions is a step function itself, the definition of the systematic error would be
highly sensitive to the value of the chosen percentile. A more robust choice for the

systematic error can be made by first demanding
2 _ 2 2
Ototal = Ostat + Osys> (CG)

and noticing that the rescaling of each o? by ) is expected to increase o2, by the

same factor, i.e.

N
>\as2tat + O-gys = lé (y84 - yIG):| = 0-‘520‘5&17 (C7>

where P(g16;A) = 0.16 and P(7s4; A) = 0.84. The systematic and statistic errors can

then be separated by a second choice of A:

2 ~2 ~2 2
2 _ Ototal — Ttotal 2 Ototal — )\Utotal (C 8)

Ustat - 1 - )\ ) Usys = 1 - )\

In particular, the CDF is smooth for big enough A and the procedure is insensitive
to the choice of .

For a better understanding on the composition of the systematic error, the error
budgeting procedure suggested in [38| can be used. For one of the choices made
during the analysis chain, e.g. the choice between the VMD or LMD fit to [1(7) or

186



the different fit ranges, the total error for each possible option is first determined,
varying all other components of the analysis. Then a second CDF is constructed
as in Eq. , with m; the average of the 16% and 84% percentiles, o; the total
error and w; the sum of the weights coming from this choice. Using this CDF, the
systematic error is derived as described above for the original CDF, this gives the
result for the systematic error corresponding to the choice. Note that the estimated
systematic errors associated with each of the steps of the analysis by this procedure

are correlated, thus they do not sum up quadratically to the full systematic error.

C.1.1 Effective number of data points

As argued in [188-190], the overall sample size may not be the correct quantity to
use in the AIC when the data are correlated and the effective number of parameters
is unclear.

To that end, consider the AIC with ng.i. replaced by neg, where the effective sample
size Neg is the number with the property that the estimator has the same variance as
the estimator one gets by sampling n.g independent measurements [191]. Further

following [191], one can show that the upper limit on neg is given by

1
R|= ——5-a€R” =1y, C.9
Rl=su{ o ae Y a—1f (©9)
where R is the correlation matrix, i.e. the normalized covariance matrix given by
Rij = py.y, = cov(Yi/oy,, Y;/ov,), (C.10)

with
cov(X;, X;) = BI(X; — E[X])(X; — B[X)]. (1)

Further, F stands for the expected value of its argument, i.e.

E[X] = lepl if plzl/N N ZSL};, (C12)

i
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and the standard deviation oy, is given by

ox, = VEIXi — BIX])7] =\ B[X?] - (B [X,))" (C.13)

Note that Eq. (C.9) holds for positive definite matrices. Further, the magnitude |R|
of the correlation matrix is calculated by summing up all entries of R~!. The effective

number of data points neg = |R| is then used as a variant for model averaging.

C.2 Autocorrelation, rebinning, bootstrap and jack-
knife

The goal of a Markov chain Monte Carlo simulation is the evaluation of an integral

of the form

(0) / 40 0[61p(0). (C.14)

By generating N samples 6,,, n € {1, ..., N} according to the probability density p(6),

the ensemble average (O) is approximated by

N

1

(0) = 5> 0(0n), (C.15)
n=1

assuming that the generated sequence of samples is a representative set of configura-

tions. Following [83], in lattice simulations, the ensemble averages typically are of

the form
_ [ DUO[UJe 5]

OV =" DU s

where S[U] is a real functional of the link variables. The probability distribution
_S[U

(C.16)

is given by the Boltzmann factor e °IVl and typically only a small fraction of the
possible link configurations contribute significantly to Eq. (C.16)).

Further following [83|, consider a countable set of states C,,, n € {1,..., N}, of the
system of interest, generated sequentially by a stochastic process according to some
transition probability P(C,, — C,,) to go from the system state C,, to the state

Cpn. At any given simulation time n, the state of the system will then be a random
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variable, whose distribution depends only on the state at simulation time n — 1,

which defines a so-called “Markov chain”. To approximate the ensemble average (O)
by

O)y = 3 0(C,) = o (17

it is sufficient for the Markov process to sample the distribution e*I! ergodic and
that the transition probability satisfies detailed balance for any two states C' and C”,
ie.

e SOP(C — )= e3P = O). (C.18)

If the states C),, were independently drawn from the probability distribution, the

sampling variance would be given by

o = = S (0(C) ~ o) (€19)

However, since each state in the Markov chain depends on the previous state, the

states (), are not independent by definition and the variance, following [192], is given
by

0? = 2> (0(Cr) = o)’ (C.20)

instead, where 74 is the integrated autocorrelation time for the given Markov chain.
Thus the error decreases as \/m instead of \/1/_N for increasing N, and 7o can
be interpreted as the number of simulation time steps needed for two samples to
be uncorrelated, i.e. N/7o corresponds to the effective number of samples. The

definition of 7o is
o

TO = Z po(T), (C.Ql)

T=—00

where po(7) is the normalized autocorrelation function for the observable O. In [192],

an exact expression for po(7) is given, in practise one uses the estimator po(7) given

by

po(T) = ) (C.22)
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with the autocorrelation function

=

bo(7) = 1 S (O(C) — 1) (O(Css) — 10), (C.23)

3
I
—

leading to the estimated integrated autocorrelation time 7o (M)

fo(M) =142 po(r), (C.24)

where M < N. It is recommended by [192] to choose M such that M > k7o(M),
for a constant k = 5, which is found to give reliable estimates of the integrated
autocorrelation time for N > 1000 7o.

If 7o is bigger than 1, one can do a so-called “rebinning” of the observables O(C,,)
by taking averages of blocks of consecutive observables, defining a new and smaller
set of observables. With increasing block sizes, the averages become less and
less correlated and the set of averages upon reaching 7o &~ 1 can be treated as
independent observables. Too small choices of the block size in the rebinning lead to
an underestimation of the variance. Most notably, if the block size is smaller than
the integrated autocorrelation time, it is immediately clear from Eq. that the
naive variance, cf. Eq. , is smaller than the true variance. Since it is hard to
reliably estimate the integrated autocorrelation time for a relatively small number of
measurements, one can check the dependence of the variance on the rebinning block
size and conclude that the data can be treated as independent once the variance does
not increase with increasing block size anymore. This is illustrated in Fig. using
both jackknife and bootstrap resampling, which will be explained in the following,
to estimate the variance as well as two different methods for the rebinning. Note
that rebinning requires that the observable one wants to do statistics on either is
the rebinned observable itself or that its dependence on the rebinned observable is
linear. To estimate the variance on the observables, the jackknife and bootstrap
methods are used, cf. [194-196|. Both of them are resampling procedures used for
estimating the distributions of statistics based on a sample of independent observables
O(Ch), ...,O(Cy) by constructing replicas or resamplings from the original sample.
Note that as shown in [197], the jackknife is a linear approximation of the bootstrap.
As an example, one would like to find confidence intervals on po, the approximation

of the ensemble average (O). Note that po should converge to the real mean (O) in
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o? of 2pt on ¢B211.072.64 o? of 2pt twop-stoch on ¢B211.072.64
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Figure C.1: Variance at 7 = 0 with increasing rebinning block size on ¢B211.072.64
for the charged pion two-point function C'® () using local (point-to-all) (left) and
stochastic (all-to-all) (right) quark propagators for the pseudoscalar operators [126-
128]. The variance was calculated using bootstrap and jackknife resampling (denoted
by “b” and “j”) and two methods for rebinnig were used. The first method distributes
the measurements to blocks of a fixed given size, the last few measurements are
dropped if not enough are left to form a block (“1”), the second method distributes
the measurements as evenly as possible on blocks of a given minimal size (“2”). Note
that this may lead to plateaus in the plots for the jackknife resamplings. Further
note the increase in variance on the right with increasing block size, a clear indicator
of autocorrelation, while there is no such behaviour on the left, indicating that
this observable has no autocorrelation. Also given in the titles are estimates of the

Wolff

autocorrelation time 7, using an implementation of the method presented in |193].

For more details and plots, see App. [C.5
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the limit of infinite statistics. Since po is a function of the Markov chain, it also has a
probability distribution, which can be approximated using the empirical distribution
of the replicas. It is shown in [198] that the bootstrap method holds for t-statistics,
in particular, it holds for giving confidence intervals on .

The jackknife estimator is constructed by systematically leaving out one of the
original observables to generate a new sample. In the nth sample S, one leaves out

O(C,,) such that the set of samples is given by

N

S = {Sn}ivzl = {{O(Cz> ?Ll,i;ﬁn}n:lv (C'25)

the nth jackknife replica O,, is then given by the mean of S,,, i.e.
- 1
On=—— Y 0(C). (C.26)

It is straightforward to show that the central value of the original sample, o, is

equal to the mean of the jackknife replicas

1 N
o = — E ) .2
Ho N ra Ona (C 7)

cf. App.[C.3] The jackknife estimate of the variance is then given by

N

o2 = X150, = o). (C.28)

n=1

The bootstrap estimator is constructed by generating N, samples of size N by drawing
with replacement from the original sample, assigning a weight of 1/N to each O(C,,).
The set of samples is then given by

S ={S, (C.29)

n=1»

the nth bootstrap replica O,, by the mean of S,,, i.e.

1
On = > o). (C.30)

O(Ci)ESn
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For the bootstrap, the mean of the bootstrap replicas,

fio=-—Y 0O, (C.31)

only coincides with the central value po of the original sample in the limit of infinite

statistics, i.e. if N, — co. The bootstrap estimate of the variance is then given by

Ny

1 _
2 _ 2 : IRY

C.3 Central value and mean of jackknife samples

Proof of the equivalence of the central value of a dataset and the mean of the jackknife
samples:

Suppose the dataset D contains N, values, i.e.
D = {z;}Y. (C.33)

From this one constructs the set of jackknife samples S by leaving out z,, in the nth

sample S, i.e.

S ={S.}= = {{xz fi‘u;sn}f; (C.34)
The central value  of D is then given by
1 &
T= z_; i, (C.35)
and the sample mean z,, of S, by
1 &
Ty = N1 l:%;n x;. (C.36)
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The mean over all jackknife samples is then

1 & A R
i=1 i=1 i=1,i#n
1 e 1 &
NC(NC o 1) i:1( )x Nc — T x ( )

C.4 Reconstruction of original data from jackknife

samples

Given the set of jackknife replicas
D = {z;}}, (C.39)

the original data set D = {z;}2°, can be recovered exactly. In matrix form,

0 1 1
0 1 1
_ 1
D— C.40
N.—1 ’ ( )
1 1 0
1 1 0
such that DD = D < D~'D = D. Note that the inverse is given by
~Ne-2) 11 !
1 —(N.—2) 1 e 1
D! = : : . (C.41)
1 1 (N, —2) 1
1 1 1 —(N. —2)
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C.5 Plots of variance with increasing rebinning

block size

This appendix contains a representative set of plots showing the behaviour of the
variance relative to the block size chosen in the rebinning. Shown are two-point (2pt)
functions C'® (1) using local (point-to-all), labelled by “twop-local”, and stochastic
(all-to-all), labelled by “twop-stoch”, quark propagators for the pseudoscalar operat-
ors [126-128], three-point (3pt) C'(7) functions using local sources, A(7), converted
to configurations from jackknife samples as derived in App.[C.4] as well as a quantity
A(7), which is related to A(7), schematically given by

=, —,

i [ OIT{ju(r, ©)5, (0)} P (—tp, §)|0)
Ar) < (P(0,0)Pt(—tp,0)) > (C42)

i.e. the ensemble average of the ratio between 3pt and 2pt function, opposed to fl(T)
which is the ratio of the ensemble average of the 3pt and the ensemble average of
the 2pt function. Note that the standard method of estimating the autocorrelation
on A(7) by rebinning the 2pt function, extracting the needed mass and overlap
factor and then using the same rebinning on the 3pt function gives, within errors,
the same results for the variation, see for an illustration. This holds trivially
by construction for linear quantities, e.g. the 3pt function itself, but for composite
quantities, e.g. the mass and overlap factor obtained by fitting the 2pt function, the
correspondence is only observed empirically. Also given in the titles are estimates

Wolff

of the autocorrelation time 7, " using an implementation of the method presented

in [193]. Figs. |C.3} |C.4] and |C.5|show plots for the charged pion on ¢B211.072.64,
¢C211.060.80 and ¢D211.054.96, respectively, Fig. plots for ng on ¢B211.072.64.

The variances were calculated using bootstrap and jackknife resampling (denoted

by “b” and “j” in the legends) and two methods for rebinnig were used. The first
method distributes the measurements to blocks of a fixed given size, the last few
measurements are dropped if not enough are left to form a block (“1” in the legends),
the second method distributes the measurements as evenly as possible on blocks of a
given minimal size (“2” in the legends). Note that this may lead to plateaus in the
plots for the jackknife resamplings. All plots are shown for timeslice 7 = 5, i.e. close

to the peak where the effects of the autocorrelation are expected to be seen the most
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clear due to the good signal-to-noise ratio. They are, however, representative for
almost all timeslices. Except for the twop-stoch 2pt functions and the 7g 2pt function,
no significant autocorrelation was observed, most notably, the autocorrelation does

not show up in A(7) using the twop-stoch 2pt function and the 7 A.

02 of A using 2pt twop-stoch on cB211.072.64
TVoIf=1,01(0.13), tseq28, orbit01, timeslice 0
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Figure C.2: Variance on A (top) and m,+ (bottom) for the charged pion on
cB211.072.64 with increasing rebinning block size. The points labelled with “j” and
“b” were calculated using 121(7) converted to configurations from jackknife samples,
while a separate rebinning of the 2pt and 3pt function was used for the points labelled
with “reb”. Also indicated is the ratio o7,,/07, considering only the block sizes used
for the “reb” datapoints.
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(e) A using the twop-local 2pt function
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(b) twop-stoch 2pt function
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(f) A using the twop-stoch 2pt function

Figure C.3: ¢B211.072.64 charged pion variance with increasing rebinning block size.
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(b) twop-stoch 2pt function
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Figure C.4: ¢C211.060.80 charged pion variance with increasing rebinning block size.
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(e) A using the twop-local 2pt function
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(f) A using the twop-stoch 2pt function

Figure C.5: ¢D211.054.96 charged pion variance with increasing rebinning block size.
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Figure C.6: ¢B211.072.64 n-meson variance with increasing rebinning block size.
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Appendix D

Plots and illustrations

In this appendix, plots and illustrations are collected which complement and expand
the examples given in the main text. Shown are 3pt and 2pt amplitudes for the
pion in App. and n-meson in App. [D.2] the accessible kinematical regions for

the pion TFFs on all three ensembles together with a discussion of the sampling in

the momentum plane in App. and as well as pion transition form factors in
App. D3]

D.1 Plots of pion amplitudes

Here, an overview over the charged pion C(7), A(7) and C®(t) is given. See Sec.
for the construction of the shown quantities.
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C(t) for m* on cB211.072.64
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Figure D.1: Momentum orbit averaged C(7,t; = 2.23fm) for 7/a € [—20,20] on
¢B211.072.64 for six orbits. Shown are in orange the full C'(7), in blue C°™(7) and
in green, red and purple the three CV~45¢(7) multiplied by 50 for easier comparison.

202



C(t) for m* on cC211.060.80
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Figure D.2: Momentum orbit averaged C(7,t; = 2.18fm) for 7/a € [—20,20] on
cC211.060.80 for six orbits. Shown are in orange the full C'(7), in blue C°(7) and
in green, red and purple the three CV~45¢(7) multiplied by 50 for easier comparison.
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C(7) for m* on cD211.054.96

C(t) for m* on cD211.054.96
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Figure D.3: Momentum orbit averaged C(7,t; = 2.28fm) for 7/a € [—20,20] on
cD211.054.96 for six orbits. Shown are in orange the full C'(7), in blue C®"(7) and
in green, red and purple the three CV~45¢(7) multiplied by 50 for easier comparison.
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C@)(t) for m* on cB211.072.64, log scale Mess for m* on ¢B211.072.64
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Figure D.4: C®)(t) (left) and the effective mass meg in MeV (right) on cB211.072.64
(top), ¢C211.060.80 (middle) and ¢D211.054.96 (bottom). On all three ensembles,
there is a clean exponential decay with a slope determined by the charged pion mass.
The extraction of the effective mass is discussed in Sec. W
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Figure D.5: Momentum orbit averaged A(r) using t; € {2.23,2.87,3.50} fm for
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A(T) for 1* on cD211.054.96
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Figure D.7: Momentum orbit averaged A(7) using ¢; € {2.28,2.96}fm for
7/a € [—20,20] on ¢D211.054.96 for six orbits. Note the excited state contam-
ination visible in |¢;|*= (27/L,)?, with no excited state contamination in the higher
orbits.
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D.2 Plots of n-meson amplitudes

Here, an overview over the -meson C/(7) and A(7) is given. See Sec. for the

construction of the shown quantities.
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Figure D.8&: Momentum orbit averaged C(7,ty = 1.11fm) for ns for 7/a € [—20, 20]
on ¢B211.072.64 for six orbits. Shown are in orange the full C(7), in blue and
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A(T) for n on cB211.072.64

A(T) for n on cB211.072.64

a0 x102 1G113(Ly/2m)? = 1 x10~2 |g112(Ly/2m)% = 4
' $ tifa=10 30 & tfa=10
35 b tga=12 ' b tda=12
3 tda=14 b tifa=14
3.0 25
2.5 2.0
‘ 1.5
s e %ig
o i 1.0 %
i, ¢
05 $§ ‘D%%@% 05 Qi mgg%%
0] o
0.0 W@“ﬂ@@ggg%@ %%gg@éé@ 0.0 eesese@e@m@%g@ ®o086%88se0
-20 -15 -10 -5 0 5 10 15 20 -20 -15 -10 -5 0 5 10 15 20
T/a T/a
A(T) for n on cB211.072.64 A(T) for n on cB211.072.64
x10-2 G112 (Lx/2m)* = 8 x10~2 g1 (Ly/2m)? = 16
$ t/a=10 $ tda=10
25 b tla=12 2.0 b tga=12
& tda=14 b thda=14
2.0 15
15
1.0
1.0 q %i%
é 0 0.5 %
P ¢ 11ty
) °’§g 9 g
g’ 83000 1 Sae
0.0{ ecececeepee8s8t LEELET T 0.0/ ececececceeeec®® ®0p088000000
-20 -15 -10 -5 0 5 10 15 20 -20 -15 -10 -5 0 5 10 15 20
T/a T/a
A(T) for n on cB211.072.64 A(T) for n on cB211.072.64
x1072 |G11*(Ly/2m)* = 24 L g X107 g1 |2(Ly/2m)? = 32
$ tga=10 $ ta=10
18 b tda=12 15 b tda=12
15 $ tila=14 $ tla=14
1.2
1.2
1.0
1.0 -
0.8
0.8
05 % 0.5
0.2 é 0.2 % %
g b o $ égs
0.0/ eecececccccece8® 8eeseeconceee 0.0 eeeeeesseeeeee@s aOseeeeessseeee
-20 -15 -10 -5 0 5 10 15 20 -20 -15 -10 -5 0 5 10 15 20
T/a T/a

Figure D.9: Momentum orbit averaged -meson A(7) using t; € {0.80,0.96,1.11} fm
for 7/a € [-20,20] on ¢B211.072.64 for six orbits. Note the excited state contamina-
tion for the lower orbits.
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D.3 Pion kinematical reach

Here the kinematical reach for the resting pion, i.e. p’= 0, on the three ensembles
used in this thesis is shown. The kinematical reach in the n-meson calculation is
discussed in Sec. [69] and Sec. [71]. There are in principle three kinematic
parameters, the on-shell pseudoscalar momentum p, the inserted current momentum
¢1 and the source current momentum ¢,. From momentum conservation, ¢ is given
by ¢o = p — ¢1. Since sequential inversion through the pseudoscalar is used in the
simulations, changes to p require new inversions. The inserted current momentum ¢;
can be varied easily. After fixing the spatial momentum, the inserted current energy
wq, cf. Eq. , is the remaining free parameter. The other current energy is the
fixed by wy = Ep — wq, with Ep = \/m the on-shell pseudoscalar energy. The

photon virtualities are given by

Q% :w%_q_%v (D1>
¢ = (Ep —wi)* — (7= 4)* (D.2)

One immediately sees that higher pseudoscalar masses and non-vanishing pseudoscalar
momenta lead to a better coverage of the space-like region. Shown in Fig. is
the kinematical reach in the space-like region relevant for the extraction of the TFFs
for the setup and ensembles used in this thesis for the charged pion as well as an
example for the reach in the case of p'# 0. Each curve corresponds to a current
momentum |q7|?, with |¢1|?< 32(27/L,)?* and |¢f|< 4(27/L,).
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Figure D.10: Kinematical reach on ¢B211.072.64 (top left), ¢C211.060.80 (top right)
¢D211.054.96 (bottom left). The kinematical reach on ¢B211.072.64 with one unit of
momentum for the pseudoscalar in lattice units is shown as well (bottom right).
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D.4 Equidistant sampling in the momentum plane

To extend the form factors to arbitrary photon momenta for the integration in
Eq. (3.15), the modified z-expansion is used, which is a model independent para-
metrization of the momentum dependence of the TFFs. More details on this can be
found in Ch. {4|to [5|and [67]. Examples of both the pion TFFs and corresponding
modified z-expansion fits are shown in App. [D.5

When performing a correlated fit to the modified 2-expansion function, only O(10?)
data points can be included, otherwise the covariance matrix becomes numerically
unstable. Since w; is a free parameter, arbitrary kinematics along the accessible
momentum orbits can be included, cf. App. [D.3|

In this thesis, the TFFs are sampled by splitting the curve parametrized by w; for
the highest momentum orbit, |¢|*= 32(27/L,)? into arcs of equal length in the
space-like region. This method is called an “equidistant sampling”. The resulting
ratios ¢5/q} are then kept across all momentum orbits. The sampling was chosen
such that the single-virtual and the diagonal kinematics are always included, the
former since they appear in each term in Eq. , the latter since the data is
the most precise in this case for the pion calculation. Such a sampling is shown in
Fig. Note that actually only data from half the space-like momentum quadrant
needs to be included due to the reflection symmetry of the TFFs along the ¢ = ¢3
diagonal. Five such equidistant cuts were used in this thesis, and additionally an
independent cut at ¢5/¢7 = 0.1 to improve the coverage close to the single-virtual
cut.

An (approximately) equidistant sampling on the momentum curves is obtained by

Wy = % (mp +/n), (D.3)

for equally spaced n, i.e. n = ak, k € N,a = const. € R,.

Approximately means that the spacing is exactly equidistant in the limit mp — 0
for all n and in the limit n — oo independently of mp. Note that the threshold for
hadron production restricts the allowed values for wy, but via the choice of a the
sampling can be as fine or coarse as desired. Further, for n = 0 the diagonal case is
covered.

To prove that this choice of w; gives an equidistant sampling, it is sufficient to show
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that for £ — oo the arc length between two points stays finite and constant and the

arc length between k£ = 0 and k& = 1 goes to the same constant for mp — 0. Defining

1
wi:—<mp:i:\/az'>, 1 €N, (D.4)
2
the arc length is given by
lwi,wj) = / ds(w)dw, (D.5)

where

dﬂw%:¢(%%?»2+(@%%QZZVQW@—wP+Qﬁ. (D.6)

Plugging this into Eq. (D.5)) yields

4
+v2m% In (2wj —mp + \/5\/2%2- — 2wjmp + m2p>

1
Hws,wj) = = (2(2wj - mp)\/QwJQ- — 2wymp +m%

—2(2w; — mp)\/wa — 2w;mp +m3

—V2m%1n (Za)i —mp + \/5\/2%2 — 2w;mp + m%)). (D.7)

Without loss of generality, choose @ = 1 and w;, = wp, = % (mp + \/E),
Wj = Wyl = % (mp + vk + 1). The resulting arc length between those two w is

l(%(mer\/E),%(mer\/k—Jrl)) :$<\/1€—+1\/k+1+m§3

VE+1+VE+1+mb (D8
Vk+ k+m% I

Now the limits £ = 0 and k£ — oo need to be checked. For & = 0 one finds

l(%mp,%<mp+ 1)> = % (\/1 +m2 +mpIn (% ”in;;m%)>> . (D.9)

—Vk l{:+m%+m%ln(
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such that

1 1 1
lim [{ = = 1) ] =——=. D.1
im (Qmp, 2<mp+ >> Wi (D.10)

For big k the Laurent series expansion (around k — oo) gives

z<%<mp+¢%),%<mp+\/k—+1)) :$+0(1//~c), (D.11)

thus

JLIEOZ(%(mP+¢E>,%(mP+m>) :%. (D.12)

Note that by expanding around any k£ € N, one can show that the arc length in the
limit mp — 0 stays constant for all k, and that it converges to 1/(2/2) for small

mp and growing k. ([l
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Figure D.11: Sampling of the momentum plane as described in the text, with
nine regular arc lengths on the highest momentum orbit, showing momentum orbits
|q1|*(L./27)? € {1,8,12, 20,32} for the charged pion on cB211.072.64.
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D.5 Plots of pion TFFs

Here, a selection of TFFs and modified z-expansions are shown, together with relevant
parameters used to perform the z-expansion fit, the model averaging and resulting
from the z-expansion fit. See in particular Ch. |5|for details. For the single-virtual
experimental data, see [72-76|. For easier comparison, Tab. reproduces the

z-expansion coefficients from [67].

N Coo C10 C11 C20 C21 C22
1 [0.2346(65) -0.0590(39) 0.074(19)
2 0.2350(61) —0.0651(49) —0.284(68) 0.106(33) 0.109(46) —0.29(12)

Table D.1: Selection of z-expansion coefficients from [67].

All analyses presented here use A, > 95% (labelled as “threshold 95%”), meaning
that only TFF data points with at least a 95% contribution from lattice data are
included in the z-expansion fitting, cf. Eq. (3.154). Note that for most data points,
the actual data content is higher than 95%, especially for diagonal kinematics or
close to diagonal kinematics.

For the single ensemble analyses, TFF data for one choice of parameters is shown
together with the corresponding z-expansion fit and the fit parameters are presented
in a table and as a so-called cornerplot, which gives an indication of the correlation
of the z-expansion fit parameters. Note that the cornerplots are just scatterplots of
the fit parameters, as such the single ensemble analysis errors shown in them would
need to be adjusted since jackknife resampling was used for the error analysis there.
The data included in the z-expansion fit is shown in red, the data shown in blue is
there for illustration only.

For the combined analyses, where TFF data for all three ensembles is fitted sim-
ultaneously, only an example cornerplot is shown. The errors in these cornerplots
need to be adjusted by a factor of N/(N — 1), where N is the number of samples,
since bootstrap resampling was used for the combined analysis. In both cases, TFF
data from the model averaged z-expansion fit parameters and the values of said
parameters is also given.

Note that the indicated fit ranges in this section for the A(7) fit are given in lattice
units and are python ranges, meaning that the indicated ¢,,;, is inclusive and t,,4,

is exclusive such that the actual fit range is given by | — ¢4z, —tmin] U [tmin, tmaz|-
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D.5.1 ¢B211.072.64 N =1

Coo C10 11 xi/dof. X2, /dof.
0.2102(13) -0.0770(21) 0.083(12) | 0.84 1.12

Table D.2: z-expansion coefficients and x?/d.o.f. of the analysis shown in Figs. m

and

2
Coo C10 C11 Xziexp./d.o.f.

0.2103(12) -0.0772(21) 0.084(12) 1.13(4)

Table D.3: AIC averaged z-expansion coefficients and x?/d.o.f. of Fig. [D.14

TFFs cB211.072.64, global_LMD, (tmin, tmax) = (9, 11), t. = 26, threshold 95%
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Figure D.12: N =1 single analysis TFFs.
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Coo = 0_21jg-88 cB211.072.64, charged pion, z-expansion params, order N = 2

T global_LMD, (tmin, tmax) = (9, 11), t. = 26
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Figure D.13: N = 1 single analysis cornerplot.
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Figure D.14: N =1 AIC averaged TFFs.
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D.5.2 ¢B211.072.64 using cq, c19, ¢11 and coo

Coo C1o 1 C22 xi/dof. X7 . /dotf.
0.2103(13) -0.0761(20) -0.028(25) 0.27(20) | 0.84 1.20

Table D.4: z-expansion coefficients and x?/d.o.f. of the analysis shown in Figs. m

and @

Coo C10 C11 Co2 ngexp./d'o'f'
0.2108(13) -0.0760(20) -0.027(26) 0.25(20) 1.22(5)

Table D.5: AIC averaged z-expansion coefficients and x?/d.o.f. of Fig. [D.17

TFFs cB211.072.64, global_LMD, (tmin, tmax) = (9, 11), t. = 26, threshold 95%
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Figure D.15: ¢y, c10, c11 and c9s single analysis TFFs.
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Figure D.16: cq, c10, c11 and coo single analysis cornerplot.
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Figure D.17: ¢, c10, c11 and cgs AIC averaged TFFs.
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D.5.3 ¢B211.072.64 N =2

Coo C10 C11 Cop Co1 Co9 X%/dof Xziexp_/d.o.f.
0.2109(13) -0.0843(30) -0.39(63) 0.19(32) 0.03(18) -0.49(39) | 0.84 0.84

Table D.6: z-expansion coefficients and x?/d.o.f. of the analysis shown in Figs.

and @

2
Coo C10 ‘11 C20 C21 Ca2 Xz—exp./d-0-f.

0.2109(13) -0.0837(30) -0.46(62) 0.23(31) 0.01(18) -0.55(39) 0.87(4)

Table D.7: AIC averaged z-expansion coefficients and x?/d.o.f. of Fig.

TFFs cB211.072.64, global_LMD, (tmin, tmax) = (9, 11), t. = 26, threshold 95%

0.06
3 o 0.05 I8
2 0.04 '
a 0.04
~ 0.03
S 0.03{ ¢
Z0.02 ? 0.02]
i Q2/Q2 = 1.00 J Q2/Q2= 0.88 ) 1F}/o§= 078
Lo.01 0.01 0.014f
S
0.00 : : : 0.00 : : : 0.00
N 0.25
3 006 |
= 0.20
o 0.04 154
5 0.15
> 0.101
10.02 Q2/Q2 = 0.59 Q2/Q2= 0.10 Q2/Q2 = 0.00
& 0.051
S
0.00 - : : . . 0.00 . . .
0.0 0.5 1.0 1.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
Q3 [GeV?] Q2 [GeV?] Q3 [GeV?]

Figure D.18: N = 2 single analysis TFFs.
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Figure D.20: N = 2 AIC averaged TFFs.
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D.5.4 ¢C211.060.80 N =1

Coo C10 11 xi/dof. X2, /dof.
0.2195(17) -0.0674(27) 0.040(17) |  0.86 1.00

Table D.8: z-expansion coefficients and x?/d.o.f. of the analysis shown in Figs.
and

Coo C10 C11 Xziexp./d.o.f.
0.2194(17) -0.0676(29) 0.040(18) 1.01(5)

Table D.9: AIC averaged z-expansion coefficients and x?/d.o.f. of Fig. [D.23

TFFs cC211.060.80, global_VMD, (tmin, tmax) = (20, 22), t. = 28, threshold 95%
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Figure D.21: N =1 single analysis TFFs.
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Coo = 0.22i8'88 cC211.060.80, charged pion, z-expansion params, order N = 2

i i i global_VMD, (tmin, tmax) = (20, 22), t. = 28
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Figure D.22: N =1 single analysis cornerplot.
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Figure D.23: N =1 AIC averaged TFFs.
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D.5.5 ¢C211.060.80 using c, c19, c11 and coo

Coo C1o 1 C22 xi/dof. X7 . /dotf.
0.2211(17) -0.0679(25) -0.103(33) 0.60(32) | _ 0.86 0.94

Table D.10: z-expansion coefficients and x?/d.o.f. of the analysis shown in Figs.

and @

2
Coo C10 C11 Co2 Xziexp./d.o.f.

0.2206(18) -0.0676(28) -0.091(36) 0.519(36) 0.94(6)

Table D.11: AIC averaged z-expansion coefficients and x?/d.o.f. of Fig. [D.26

TFFs cC211.060.80, global_VMD, (tmin, tmax) = (20, 22), t. = 29, threshold 95%

< 0.05 0061
> L. - Tl
g ooty 0.05 0.05 —
% 004 0.04 0.041
S 0.03 0.03 0.031
20.02 0.02 0.024 ¢
& Q%/Q3 = 1.00 0Q%/Q3 = 0.88 02/Q2 = 0.77
an 0-01 0.01 0.014¢ o
o

0.00 . . . 0.00 . . . 0.00
3 | 0.10 0.125
e
a 0.08 0.100
s 0.06 0.0751
; 0.04 0.0501 ¢ ‘
& 0Q%/Q3 = 0.58 0%/Q3 = 0.10 02/Q2= 0.00
&, 0.02 0.025 #[f
o

. . 0.00 . . . 0.000 +—#l— . .
0.0 0.5 1.0 15 2.0 0.0 0.5 1.0 1.5 20 0.0 0.5 1.0 1.5 2.0
Q3 [GeV?] Q3 [GeV?] Q3 [GeV?]

Figure D.24: ¢y, c19, c11 and c9s single analysis TFFs.
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Coo = 0.22+3:39 cC211.060.80, charged pion, z-expansion params, order N = 2
1 global_VMD, (tmin, tmax) = (20, 22), t. = 29
#samples = 397, threshold 95%

— +0.00
Co1 = —0.07_0.00

—_ _ +0.00
Ci11 = 0.10_0.00

Figure D.25: ¢y, c10, c11 and cgo single analysis cornerplot.
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TFFs with AIC averaged z-exp. coefficients, cC211.060.80, threshold 95%

0.05
N 0.051
8
= 0.04 0.041
e 0.03 ]
S 0.03
~ 0.02 0.02
T Q?#/Q% = 1.00 Q?#/Q%= 0.88 Q%/Q2= 0.78
4 1/%2 . 1 2 . 1/%2 .
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s 0.1251 # CELLO ] BaBarl )
o 0.05 4 CLEO v Belle L
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~
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3 Q?/Q3 = 0.59 Q7/Q3= 0.10 Q2/0% = 0.00
&0.01 0.02 0.0251
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0.00 . . . 0.00 . . . 0.000 . . .

0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 20 0.0 0.5 1.0 1.5 2.0

Q3 [GeV?] Q3 [GeV?] Q3 [GeV?]

Figure D.26: ¢, c10, c11 and cg9s AIC averaged TFFs.
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D.5.6 ¢C211.060.80 N =2

Coo c10 11 C20 Co1 C22 xi/dof. X2 . /dof.
0.2212(17) -0.0753(30) 0.18(23) -0.14(11) 0.218(67) 0.42(23) | 0.86 0.66

Table D.12: z-expansion coefficients and x?/d.o.f. of the analysis shown in Figs.

and

Coo C10 1 C20 Co1 Co2 Xz,exp./d.o.f.
0.2211(17) -0.0755(34) -0.03(44) -0.06(23) 0.17(13) 0.25(39) 0.68(3)

Table D.13: AIC averaged z-expansion coefficients and x?/d.o.f. of Fig. [D.29

TFFs cC211.060.80, global_VMD, (tmin, tmax) = (20, 22), t. = 28, threshold 95%

_ 0.06 1
> 0.05 I
ol 0.051
= 0.04
b 0.04 1
~c0.03 #
S 0.031 f
>
2 0.02 , . b , 0.021 ¢ )
& 0?/Q2 = 1.00 Q2/Q2= 0.88 D2/Q2 = 0.77
& 001 0.01 ¢ 0.01f
<

0.00 . . . 0.00 . . . 0.00
_ 0.10 0.12
3 0.06 | —
O 0.10
2 0.5 | 0.08
< 0.04 0.06 0081
o4 0.06
Z; 0.03 0.04 0.08
1002 Q3/Q3= 0.58 Q3/Q3 = 0.10 ' Q3/Q3 = 0.00
& 0.01 0.02 0.02
2% 0.

0.00 . . 0.00 Al . . 0.00- . .

0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 20 0.0 1.0 1.5 2.0
Q2 [GeV?] Q32 [GeV?] Q32 [GeV?]

Figure D.27: N = 2 single analysis TFFs.
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cC211.060.80, charged pion, z-expansion params, order N = 2

#samples = 397, threshold 95%

global_VMD, (tmin, tmax) = (20, 22), t. = 28

C2p = 0.427331

C22

022148

€21

(<31

0221488

Coo

Figure D.28: N = 2 single analysis cornerplot.
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TFFs with AIC averaged z-exp. coefficients, cC211.060.80, threshold 95%

0.05 0.05
0.04 0.04-
0.03 0.031
002 0.02_
Q3%/Q% = 1.00 Q%/Q%= 0.88 Q%/Q2= 0.78
0.01 0.01 0.014
0.00 0.00 0.00
0.06 !
0.1251 # CELLO ¢ BaBar
0.05 I CLEO i Belle I
0.04 0.1004 *
0.03 0.0751
0.050 |
0.02 02/Q3 = 0.59 02/02 = 0.10 Q2/Q2 = 0.00
0.01 0.02 0.0251
0.00 T T T 0.00 T T T 0.000 T T r
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5
Q3 [GeV?] Q3 [GeV?] Q3 [GeV?]

Figure D.29: N = 2 AIC averaged TFFs.
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D.5.7 ¢D211.054.96 N =1

Coo C10 11 xi/dof. X2, /dof.
0.2053(27) -0.0742(36) 0.107(23) | 0.98 1.05

Table D.14: z-expansion coefficients and x?/d.o.f. of the analysis shown in Figs.

and

Coo C10 C11 Xziexp./d.o.f.
0.2054(27) -0.0742(36) 0.103(23) 1.11(6)

Table D.15: AIC averaged z-expansion coefficients and x?/d.o.f. of Fig. [D.32

TFFs cD211.054.96, global_VMD, (tmin, tmax) = (14, 15), t. = 28, threshold 95%

0.06
I S—
0.051
0.04
0.03{ g
7 i 2/02 7 2/02 0.021 ¢ 2
L Q{/Q5 = 1.00 Qi/Qs = 0.87 R{/Q3 = 0.76
& 0.014¢ 0.011f 0.014f
<
0.00 , , , 0.00 , , , 0.00
1 0.10
3 0.06 0.101
8 | —"" | 008
& 8 0.08
o, 0.04 0.06 ]
S 0.06
> 0.04 0.04
1002 Q3/Q3 = 0.57 Q3%/Q3 = 0.10 Q3/Q3 = 0.00
‘ik 0.02 0.02
s
0.00 , , , 0.00 , , , 0.00 : : ,
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
03 [GeV?] 02 [GeV?] Q2 [GeV?]

Figure D.30: N = 1 single analysis TFFs.
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Coo = 0_2118-88 cD211.054.96, charged pion, z-expansion params, order N = 2
T - global_VMD, (tmin, tmax) = (14, 15), t. = 28
#samples = 495, threshold 95%

Co1 = —007t888

Ci11 = 0.11i8:88

P I S S & & &
N S 06\ 06\ 07’0 o 0\9 01\’0
/Q /0 7/ 7/
Co1 C11

Figure D.31: N = 1 single analysis cornerplot.
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TFFs with AIC averaged z-exp. coefficients, cD211.054.96, threshold 95%
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Q3 [GeV?] Q3 [GeV?] Q3 [GeV?]

Figure D.32: N =1 AIC averaged TFFs.
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D.5.8 ¢D211.054.96 using cgy, c19, c11 and ¢y

Coo C1o i C22 xi/dof. X7 . /dof.
0.2043(27) -0.0713(34) 0.154(46) -1.34(0.44) | 0.98 0.92

Table D.16: z-expansion coefficients and x?/d.o.f. of the analysis shown in Figs. m

and @

2
Coo C10 C11 Co2 Xzfexp./d'o'f'

0.2045(28) -0.0714(34) 0.148(48) -1.35(44) 0.96(5)

Table D.17: AIC averaged z-expansion coefficients and x?/d.o.f. of Fig. [D.35

TFFs cD211.054.96, global_VMD, (tmin, tmax) = (14, 15), t. = 28, threshold 95%

< 0.05 0061
R

& 0.051
= 0.04
P 0.04
~ 0.03
) 0.031 f
- 4
3 002 2/02 ) [ 2,02 0.027 ¢ 2
! Q%/0% = 1.00 Q2/0% = 0.87 02/Q3 = 0.76
ko001 0.014f 0.014f
S
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2 0.06
ol _/-’/— 0.08 0.081
., 0.04 0.06 0.06 1
S/
z 0.04 0.04
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£ #/03= 057 | 0f03= 010 | | Q%/0% = 0.00
S

0.00 ; ; ; 0.00 ; ; : 0.00 , , ,

0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
Q2 [GeV?] 03 [GeV?] Q2 [GeV?]

Figure D.33: ¢y, c10, c11 and cgs single analysis TFFs.

238



cD211.054.96, charged pion, z-expansion params, order N = 2

+0.00
—0.00

0.20

Coo

(14, 15), t. = 28

#samples = 495, threshold 95%

— +0.00
C11 = 0.15_0'00
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0o 1%} (445}
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Figure D.34: ¢y, c10, c11 and coo single analysis cornerplot.
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TFFs with AIC averaged z-exp. coefficients, cD211.054.96, threshold 95%
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Figure D.35: ¢, c10, c11 and ¢ AIC averaged TFFs.

240



D.5.9 ¢D211.054.96 N =2

Coo C10 C11 Cop Co1 (&)) X%/dof Xf_exp_/d.o.f.
0.2043(28) -0.0738(46) -0.35(86) 0.26(44) -0.12(26) -1.60(73) || 0.98 0.94

Table D.18: z-expansion coefficients and x?/d.o.f. of the analysis shown in Figs.

and @

oo C10 C11 Ca0 Ca1 Co2 ngexp'/d.o.f.
0.2046(28) -0.0738(47) -0.27(87) 0.21(44) -0.09(26) -1.56(73) 0.99(4)

Table D.19: AIC averaged z-expansion coefficients and x?/d.o.f. of Fig.

TFFs cD211.054.96, global_VMD, (tmin, tmax) = (14, 15), t. = 28, threshold 95%

_ 0.06
% )
) 0.05
X 0.041
S 0.031
4
~ 5 0.021 ¢
& Q%/Q3 = 1.00 Q%/Q3 = 0.87 D?/Q3= 0.76
~0N°-°1 ¢ 0.011¢ 0.011f
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Figure D.36: N = 2 single analysis TFFs.
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Figure D.37: N = 2 single analysis cornerplot.
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TFFs with AIC averaged z-exp. coefficients, cD211.054.96, threshold 95%
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Figure D.38: N = 2 AIC averaged TFFs.
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D.5.10 Combined fit N = 1 including correction coefficients

Coo C10 C11 Xgiexp./d.o.f.
0.2222(49) -0.0581(68) 0.024(40) 1.38

Table D.20: AIC averaged z-expansion coefficients and y?/d.o.f. of Figs. and

[D.40}

TFF with AIC averaged z-exp coefficients, combined fit, threshold 95%

0.25 -
> 0.201
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O 0.15 A 1 A+ T - itfi f $
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o I L4 [ ]
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1 0.10 1 P
&~ [V )
S #  CELLO
0.05 - 4 CLEO
® BaBar
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0-00 T T T T
0 2 4 6 8 10
Q2% [GeV?]

Figure D.39: N = 1 single-virtual AIC averaged TFF.
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TFFs with AIC averaged z-exp. coefficients, combined fit, threshold 95%

Figure D.40: N =1 AIC averaged TFFs.
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Coo = 0.22+9:99

cor = —0.06+33}

Combined fit, charged pion, z-expansion N = 1
global_LMD
(tB,t<B) = (8, 10), tB = 25
(t<G,, tC,) = (10, 12), t<€ = 28
(tD,tD ) = (12, 13), t&P = 33

#samples = 400, threshold 95%

all
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Figure D.41:

2
XA,CC

single analysis cornerplot, XchB /
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D.5.11 Combined fit using cy, c19, c11 and co9 and dyg, dig

€00 C10 C11

C22

2
Xzfexp.

/d.o.f.

0.2220(48) -0.0596(59) -0.050(18)

0.27(14)

1.36

Table D.21: AIC averaged z-expansion coefficients and x?/d.o.f. of Figs. and

[D.43]

TFF with AIC averaged z-exp coefficients, combined fit, threshold 95%

N =2, excluding c;o, €21, only including 6¢0, 601

0.25
%' 0.20 E
o I
I wo. s+ + Y
O 0.15 - I o1 s.8 $18 1
! T 47474 o 1l —
S} by L= :
; -
! 0.10 +
&
N i CELLO
0.05 - A CLEO
® BaBar
v Belle
0-00 T T T T
0 2 4 6 8

Q? [GeV?]

10

Figure D.42: ¢, c10, c11 and coo including correction coefficients dgg and dy; single-

virtual AIC averaged TFF.
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TFFs with AIC averaged z-exp. coefficients, combined fit, threshold 95%
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Figure D.43: c¢q, c109, c11 and c99 including correction coefficients dyy and dy; AIC
averaged TFFs.
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Coo = 0.22%300 Combined fit, charged pion, z-expansion N = 1
global_LMD
(5B, t<B ) = (8, 10), t8 = 25
(£S5, t5,) = (10, 12), t&€ = 28
(P, tD ) = (12, 13), t&P = 33
#samples = 400, threshold 95%

Co1 = —0.06%331

c11 = —0.05%382

€22 = 0284913

doo = 0.00%3:00

‘—j —LL|H dop = —0.0199%

i

2 2 ) L o
X Y L N N
Q'Q QF Q'Q Q'Q Q
doy

Figure D.44: ¢y, c10, c11 and coy including correction coefficients dyy and dy; single
analysis cornerplot, X,ZicB/d'O'f‘ = 1.51, X,Qcicc/d‘o‘f‘ = 1.39, Xi; p/d-o.f. = 1.60,

ngexp,/d.o-f- — 134
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D.5.12 Combined fit using cy, c19, ¢11 and cy2 and no correction

coefficients
Coo C10 C11 Co2 Xziexp./d.O.f.
0.2226(98) -0.0693(16) -0.049(17) 0.25(14) 1.37

Table D.22: AIC averaged z-expansion coefficients and x?/d.o.f. of Figs. and
BEC!

QZ 7:‘rr—>yy(0: - Qz) [GeV]

TFF with AIC averaged z-exp coefficients, combined fit, threshold 95%

0.25

0.20

0.15

0.10

0.05

0.00

m- | ) A Y
] Iy s $78 1
i) ‘:‘-'A"A 1= ?;' : =
a1 —
#i CELLO
| I CLEO
® BaBar
v Belle
0 2 4 6 8
Q2 [GeV?]

Figure D.45: oo, c10, c11 and coo single-virtual AIC averaged TFF.
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TFFs with AIC averaged z-exp. coefficients, combined fit, threshold 95%
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Figure D.46: ¢, c10, c11 and ¢ AIC averaged TFFs.
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Coo = 0.22+3:99 Combined fit, charged pion, z-expansion N = 1
global_LMD

(thin thbx) = (8, 10), t&® = 25

(5, t<5,) = (10, 12), t€ = 28

(tB, tD ) = (12, 13), tP = 33

#samples = 400, threshold 95%
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cu1 = —0.052383
1

— +0.15
Cop = 0.27_0.15
1

C22

Figure D.47: c¢qg, c10,c11 and coy single analysis cornerplot, Xi; CB/d.o.f. = 1.51,

X,%i,cc/d‘o‘f' = 1.39, XZLCD/d'O'f' = 1.60, x?_y, /d.0.f. = 1.35.
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D.5.13 Combined fit N = 2 including experimental TFF data

In this analysis, the single-virtual experimental data from [72-76] was included

(without considering the correlation of the experimental data).

Coo C10 ‘1 C20 a1 C2 Xo—exp./d-0f.
0.2193(47) -0.0494(71) -0.117(26) 0.114(36) -0.235(78) -0.56(42) 1.09

Table D.23: AIC averaged z-expansion coefficients and x?/d.o.f. of Figs. and
D1

TFF with AIC averaged z-exp coefficients, combined fit, threshold 95%
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Figure D.48: N = 2 including experimental data single-virtual AIC averaged TFF.
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TFFs with AIC averaged z-exp. coefficients, combined fit, threshold 95%
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Figure D.49: N = 2 including experimental data AIC averaged TFFs.
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o = -0.05:38}

Figure D.50: N = 2 including experimental data single analysis cornerplot,

XZI,CB/d'O'f' = 1.51, X?&,cc/d'o'f' = 1.39, X?&CD/d.o.f. = 1.60, X?_oxp./d.0.f. = 1.06.
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