
MNRAS 518, 3509–3532 (2023) https://doi.org/10.1093/mnras/stac3373 
Advance Access publication 2022 No v ember 21 

Inner cusps of the first dark matter haloes: formation and sur vi v al in a 

cosmological context 

M. Sten Delos ‹ and Simon D. M. White 

Max Planck Institute for Astrophysics, Karl-Sc hwarzsc hild-Str. 1, D-85748 Garching, Germany 

Accepted 2022 No v ember 15. Received 2022 November 8; in original form 2022 July 14 

A B S T R A C T 

We use very high resolution cosmological zoom simulations to follow the early evolution of 12 first-generation haloes formed 

from gaussian initial conditions with scale-free power spectra truncated on small scales by a gaussian in wavenumber. Initial 
collapse occurs with a diverse range of sheet- or filament-like caustic morphologies, but in almost all cases it gives rise to a 
numerically converged density cusp with ρ = Ar −3/2 and total mass comparable to that of the corresponding peak in the initial 
linear density field. The constant A can be estimated to within about 10 per cent from the properties of this peak. This outcome 
agrees with earlier work on the first haloes in cold and warm dark matter universes. Within central cusps, the velocity dispersion 

is close to isotropic, and the equidensity surfaces tend to align with those of the main body of the halo at larger radii. As haloes 
grow, their cusps are often (but not al w ays) o v erlaid with additional material at intermediate radii to produce profiles more 
similar to the Einasto or Navarro–Frenk–White forms typical of more massive haloes. Nevertheless, to the extent that we can 

resolve them, cusps survive at the smallest radii. Major mergers can disturb them, but the effect is quite weak in the cases that 
we study. The cusps extend down to the resolution limits of our simulations, which are typically a factor of several larger than 

the cores that would be produced by phase-space conservation if the initial power spectrum cutoff arises from free streaming. 

Key words: methods: numerical – cosmology: theory – dark matter. 
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1 Dark matter halo density profiles that approach ρ ∝ r −3/2 at small radii were 
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 I N T RO D U C T I O N  

n the idealized cold dark matter (CDM) picture, density variations 
re present at all scales within the initial mass distribution. These 
ensity variations seed gravitationally collapsed haloes that form 

ierarchically through accretion and mergers of smaller haloes. 
umerical simulations of this scenario have found that the spher- 

cally averaged density profiles ρ( r ) of these haloes are remarkably
niversal as a function of the radius r . Navarro, Frenk & White
 1996 , 1997 ) showed that all CDM haloes are well described by
 functional form – now called the Navarro–Frenk–White (NFW) 
rofile – that approaches ρ ∝ r −1 at small radii and steepens towards 
∝ r −3 as the outer ‘virial’ radius of the halo is approached. Navarro

t al. ( 2004 ) later found that the Einasto density profile (Einasto
965 ), in which the logarithmic density slope varies with radius as
 log ρ/ d log r ∝ −r αE with αE ∼ 0.17, supplies a slightly better fit.
his profile’s density slope becomes even shallower at small radii 

han the NFW asymptotic limit of −1 (Navarro et al. 2010 ). 
This picture is incomplete, ho we ver. Most models of particle dark
atter possess some thermal motion in the initial conditions. This 
otion smooths out the primordial density field on a characteristic, 

ree-streaming scale. For example, if the dark matter is the lightest 
eutralino in a supersymmetric extension of the Standard Model with 
 mass of order 100 GeV, then the free-streaming scale corresponds
o roughly an Earth mass, and the first haloes form at about this

ass (e.g. Green, Hofmann & Schwarz 2005 ). For warm dark matter
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WDM) models, the free-streaming mass scale could be as large as
10 8 M � (e.g. Enzi et al. 2021 ). The first haloes form via the direct
onolithic collapse of smooth density peaks at this scale. Compared 

o the NFW or Einasto density profiles associated with idealized 
DM haloes, the density profiles of these first haloes tend to be

teeper at small radii, with slopes approaching dlog ρ/dlog r = −3/2
Diemand, Moore & Stadel 2005 ; Ishiyama, Makino & Ebisuzaki 
010 ; Anderhalden & Diemand 2013 ; Ishiyama 2014 ; Polisensky &
icotti 2015 ; Angulo et al. 2017 ; Delos et al. 2018a , b ; Ogiya &
ahn 2018 ; Ishiyama & Ando 2020 ; Colombi 2021 ). 1 

Yet the rele v ance of these ρ ∝ r −3/2 cusps to cosmological haloes
emains uncertain. The central density slope tends to be shallower 
or more massive haloes (Ishiyama 2014 ; Angulo et al. 2017 ), which
uggests that steep inner cusps may relax into shallower NFW or
inasto forms o v er time as haloes grow. Moreo v er, a separate body
f work (Huss, Jain & Steinmetz 1999 ; Avila-Reese et al. 2001 ;
usha, Evrard & Adams 2007 ; Wang & White 2009 ; Lo v ell et al.
014 ; Wang et al. 2020 ) continues to find no evidence of steep central
usps in even the smallest haloes, instead concluding that these haloes
ossess the same NFW or Einasto density profiles as their idealized
DM counterparts. It is also noteworthy that simulations that resolve 

he free-streaming scale are polluted by smaller-scale structures that 
rise artificially from discreteness noise (e.g. Wang & White 2007 ),
uggested earlier by Moore et al. ( 1999 ) in the context of idealized CDM, but 
ater works (e.g. Navarro et al. 2004 ) found that this behaviour did not hold 
s simulation resolution impro v ed. 
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Figure 1. The power spectra from which we draw our simulation initial 
conditions. We show the dimensionless form P( k) ≡ [ k 3 / (2 π2 )] P ( k). The 
length units are fixed such that 〈 k 2 〉 = 1, so the gaussian cutoff scale is k cut = √ 

2 / (3 + n ) . These spectra are normalized so that the rms density contrast 
is σ = 0.03. The vertical cyan lines indicate the fundamental frequency 
associated with the box employed for simulations with each power spectrum. 
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2 A cutoff of exactly this form arises from free streaming if the thermal velocity 
distribution is Maxwell–Boltzmann (e.g. Bertschinger 2006 ). 

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/518/3/3509/6835552 by EM
BL user on 17 D

ecem
ber 2024
n issue that could cast doubt on the numerical robustness of the
ensity profiles in these simulations. 
The present study is aimed at clarifying the extent to which
∝ r −3/2 central density cusps arise and persist in a cosmological

ontext. We carry out very high resolution zoom simulations of 12
rst-generation haloes, grown from three different initial linear power
pectra, and we track the structure and the density profiles of these
aloes through their formation and early evolution. The details of the
nitial collapse differ dramatically in the 12 cases, as does the degree
f artificial structuring present during the formation process. Our
rst objective is to test whether these diverse formation sequences
ll result in haloes with ρ ∝ r −3/2 in their inner regions. 

Our second goal is to explore the survi v al of these cusps. Appealing
o the results of idealized simulations, Ogiya, Nagai & Ishiyama
 2016 ) and Angulo et al. ( 2017 ) argued that major mergers drive
he transition of ρ ∝ r −3/2 cusps toward the shallower NFW or
inasto forms found in larger haloes. On the other hand, studies
f CDM haloes by Dalal, Lithwick & Kuhlen ( 2010 ) and Ludlow
t al. ( 2013 ), among others, found the o v erall mass accretion history
f a halo, which is usually dominated by minor mergers and diffuse
ccretion rather than by major mergers (e.g. Angulo & White 2010 ),
o be a good predictor of its density profile. Our halo sample exhibits
 variety of accretion and merger histories, the range of which is
nhanced by our sampling of very different initial power spectra. We
xplore how the later-time density profiles of our haloes vary with
ccretion and merger history, and we investigate how this affects
heir initial central cusps. 

If the y surviv e, ρ ∝ r −3/2 central cusps might hav e significant
bservational implications. Subhaloes with steeper central cusps are
ubstantially more resistant to tidal disruption (Pe ̃ narrubia et al. 2010 ;
t ̈ucker et al. 2022a ), so ρ ∝ r −3/2 cusps could boost the abundance
f the lowest-mass subhaloes in the haloes of the Milky Way and
ther large galaxies. Steeper cusps are also associated directly with
tronger observational signatures. For instance, prospects for the
etection of dark subhaloes using annihilation radiation are enhanced
ecause the annihilation luminosity diverges logarithmically towards
 = 0 for a profile with ρ ∝ r −3/2 (for velocity-independent cross
ections). This behaviour illustrates the importance of understanding
he range of radii encompassed by the cusps of the first haloes.
ur final aim is thus to explore this question. Our simulations

an determine the maximum radii of the cusps, but they do not
esolve the minimum radius. Ho we ver, if the initial density field was
moothed by free streaming of the dark matter particles, then these
ame motions must tame the central cusp by imposing a core at
he maximum phase-space density allowed by Liouville’s theorem
Tremaine & Gunn 1979 ). We study the phase-space structure of the
nner cusp analytically to determine the radius at which it must give
ay to a core. 
Our main results support the robustness of ρ ∝ r −3/2 cusps in the

rst haloes. We find that such cusps arise for haloes with wildly
ifferent formation sequences and are well converged with respect to
imulation resolution. As our haloes grow, rapid accretion is the main
ffect leading to shallower density profiles, but this process works
y building up the density at intermediate radii without substantially
ltering the inner cusp. Consequently, haloes can develop apparently
hallow Einasto-like density profiles at large and intermediate radii
hile retaining the initial ρ ∝ r −3/2 cusp at the smallest radii. Major
erger events can disturb this central cusp, but their impact is

elatively minor in the cases that we have studied. Finally, the radius
t which phase-space constraints force a cusp to give way to a core
s sufficiently small in realistic models that the ρ ∝ r −3/2 cusp can
pan several decades in radius. These findings suggest that ρ ∝ r −3/2 
NRAS 518, 3509–3532 (2023) 
entral cusps may survive long enough to be observationally relevant,
lthough studies involving larger halo samples and longer time spans
and hence larger growth factors) are needed to be certain. 

This article is organized as follows. In Section 2 , we discuss
ur simulation setup and the properties of our simulated haloes.
n Section 3 , we explore halo formation mechanisms and the density
usps that emerge. In Section 4 , we explore how and why halo
ensity profiles evolve over time, and we study the extent to which
he ρ ∝ r −3/2 cusps survive this process. In Section 5 , we use analytic
rguments to e v aluate the radius at which an inner density cusp
ust give way to a core with finite central density. We summarize

ur results in Section 6 . Finally, Appendices A and B validate the
umerical robustness of our simulation results, while Appendix C
resents mathematical details relating to the calculation of the core
ize in Section 5 . 

 SI MULATI ON  SETUP  

.1 Power spectra and units 

o explore scenarios in which density variations are cut off at small
cale, we consider Einstein–de Sitter cosmologies with initial power
pectra taking the form 

 ( k) ∝ k n exp [ −( k/k cut ) 
2 ] , (1) 

.e. power laws multiplied by a gaussian of scale k = k cut . 2 Specif-
cally, we consider the three power-law indices n = 1, n = −2,
nd n = −2.67. These power spectra are depicted in Fig. 1 ; we
how the dimensionless form P( k) ≡ [ k 3 / (2 π2 )] P ( k), indicating
he typical (squared) relative amplitude of density variations as a
unction of their scale. Generally, power spectra with n close to
3 are associated with the presence of significant density variations
 v er a broad range of scales. In contrast, the n = 1 power spectrum
as significant support only within a narrow range. In standard
osmological scenarios, CDM is associated with n ∼ −3 at scales
lose to the cutoff while warmer dark matter is associated with n
arther from −3. For instance, we will see later that the power
pectrum associated with 3.5-keV WDM (e.g. Bode, Ostriker &
urok 2001 ) lies somewhere between the n = −2.67 and n = −2

art/stac3373_f1.eps
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Table 1. The units that we employ in 
this study. We specify comoving units 
here; for physical units the scale factor 
a is defined such that a = σ in linear 
theory. 

Quantity Unit 

Length 〈 k 2 〉 −1/2 

Density ρ̄

Mass ρ̄〈 k 2 〉 −3 / 2 
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Figure 2. Projected density field within a representative region of each 
simulation at a = 2 (when the rms density contrast σ = 2 in linear theory). 
The region is a cube of width 261 〈 k 2 〉 −1/2 ; for n = −2.67 this is the entire 
box. The vastly higher amplitude of large-scale power in the n = −2 and n = 

−2.67 simulations, compared to the n = 1 simulation, is immediately evident. 
The latter produces an essentially uniform distribution of haloes, while the 
former produce structures that approach the size of the displayed region. 
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ower laws near the cutoff. Substantially larger power-law indices are 
ot observationally viable in this context, although they arose in the 
riginal hot dark matter models (e.g. White, Frenk & Davis 1983 ) and
re also found for CDM for some non-standard cosmological initial 
ondition scenarios (e.g. Erickcek & Sigurdson 2011 ). In this paper, 
e do not aim to reproduce any particular cosmology but rather 

o explore the formation of first-generation objects using idealized 
nitial power spectra. 

The power spectra in Fig. 1 are normalized so that the (unfiltered)
ms density contrast is σ = 0.03, where 

2 = 

∫ ∞ 

0 

d k 

k 
P( k) . (2) 

e also fix our length units so that 〈 k 2 〉 = 1, where 

 k 2 〉 = σ−2 
∫ ∞ 

0 

d k 

k 
k 2 P( k) , (3) 

hich leads to k cut = 

√ 

2 / (3 + n ) and puts the peak of P at k =
. The choice to fix σ and 〈 k 2 〉 is convenient because it means that
ensity peaks arising from dif ferent po wer spectra have comparable 
mplitudes and sizes. Within the linear density field δ( x ), peak 
mplitudes δ are proportional to σ , while peak sizes, characterized 
y | δ/ ∇ 

2 δ| 1/2 , cluster around 〈 k 2 〉 −1/2 in the high-peak limit (Bardeen
t al. 1986 ). As we will see in Section 3.2 , the inner structures of the
rst haloes are sensitive almost entirely to these quantities. 3 

In our simulations we will take the initial scale factor to be a =
.03, so that a = σ in linear theory. We also define mass units such
hat the mean comoving cosmological density is 1. The units and 
onventions are summarized in Table 1 . 

.2 Simulation pr ocedur e 

e use the GADGET-4 simulation code (Springel et al. 2021 ) to
 x ecute our simulations. First, we carry out one primary simulation
or each of the three power spectra in Fig. 1 . In each case we use
econd-order Lagrangian perturbation theory to produce a perturbed 
rid of 1024 3 particles inside a periodic box of width 643 k −1 

cut .
his choice means that the Nyquist frequency associated with the 

nitial particle grid is 5 k cut . We then simulate each box up to some
cale factor a > 2 under the assumption of matter domination. The
imulation force softening length here is set to 0.03 times the initial
 If we were interested in halo counts instead of structures, the more natural 
ength scale would instead be 〈 k 4 〉 −1 / 2 〈 k 2 〉 1 / 2 = 

√ 

2 / (5 + n ) k −1 
cut , which sets 

he number density of peaks (Bardeen et al. 1986 ). On the other hand, the 
half-mode’ scale commonly considered in studies of WDM (e.g. Enzi et al. 
021 ), where the cutoff suppresses the amplitudes of density variations by 
alf, has no clear meaning for haloes. The half-mode mass in our units is 
 hm 

= 1800, M hm 

= 225, and M hm 

= 42.7 for the equation ( 1 ) power 
pectrum with n = 1, n = −2, and n = −2.67, respectively; compare to 
ig. 3 . 
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nterparticle spacing. A portion of each resulting simulation box at 
 = 2 is shown in Fig. 2 ; in particular we show a cube of width
61 〈 k 2 〉 −1/2 , which for n = −2.67 is the entire box. The imprint of
he power spectrum is evident here. The n = 1 simulation’s dearth of
arge-scale power yields an essentially uniform distribution of tiny 
aloes, whereas the substantial amplitude of large-scale power in the 
 ≤ −2 simulations produces much larger haloes and filaments; in 
he n = −2.67 case these structures begin to approach the box size. 

From each of these primary simulations, we select a range of haloes
o resimulate at much higher resolution. The selection is mostly 
rbitrary, b ut we fa v or haloes that formed by a ∼ 0.6. We aim to
nsure that there is a reasonable sense in which each halo initially
ormed by direct collapse. To boost the resolution, we identify 
ach low-resolution particle that resides within the halo’s spherical- 
 v erdensity radius R 178 (enclosing an average density 178 times
he cosmological mean) at some late time. We then locate that
article within the initial conditions and replace it with a glass
onsisting of between 4.0 × 10 3 and 2.6 × 10 5 high-resolution 
articles (depending on the halo), whose centre of mass lies at the
riginal particle’s location. We also remo v e low-resolution ‘holes’ in
he high-resolution patch by iteratively ensuring that for any particle 
elected to be replaced by a glass, we also select its nearest neighbor
long the cardinal direction that most closely points toward the high-
esolution region’s centre of mass. 

For each such high-resolution halo, we then carry out another 
imulation that includes that halo’s high-resolution particles along 
ith the remaining original low-resolution particles (which retain 

heir original mass and force-softening length). Note that due to the
hort duration of our simulations and our focus on inner density
rofiles, it is not necessary to ensure that low-resolution particles 
ever enter the high-resolution halo. We discuss in Appendix A the
xtent to which low-resolution particles do enter our haloes, showing 
hat they remain at radii too large to affect our conclusions. 

The numerical parameters associated with the high-resolution halo 
imulations are listed in Table 2 . Since the force-softening length
epresents a major resolution bottleneck (see Appendix B ), we set
he softening length of the high-resolution particles to be only about
.016 their initial spacing. We simulate 12 haloes in this way, which
e name H1–H3 (from the n = 1 power spectrum), W1–W5 (from

he n = −2 power spectrum), and C1–C4 (from the n = −2.67 power
pectrum). The mass accretion histories of these haloes are depicted 
n Fig. 3 o v er the period that we simulate them at high resolution.
ote that this figure already demonstrates the value of our choice of
nits; by fixing the characteristic sizes | δ/ ∇ 

2 δ| 1/2 ∼ 1 of peaks in the
inear density field, we ensure that all haloes have masses of order
nity at the time they collapse. 
MNRAS 518, 3509–3532 (2023) 
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Table 2. Numerical parameters associated with our high-resolution halo simulations. For each 
halo (and associated power spectral index n ), we list the number N high of high-resolution particles, 
their mass m p , the softening length ε, and the final expansion factor and halo mass, a f and M f . 

n halo N high m p ε a f M f 

1 H1 2.4 × 10 8 2.1 × 10 −5 4.3 × 10 −4 4.72 1.4 × 10 3 

1 H2 1.5 × 10 8 2.1 × 10 −5 4.3 × 10 −4 5.06 2.1 × 10 3 

1 H3 5.6 × 10 7 2.1 × 10 −5 4.3 × 10 −4 6.51 9.5 × 10 2 

−2 W1 3.0 × 10 8 2.1 × 10 −5 4.3 × 10 −4 1.50 3.1 × 10 3 

−2 W2 1.9 × 10 8 2.1 × 10 −5 4.3 × 10 −4 1.28 1.8 × 10 3 

−2 W3 1.4 × 10 8 2.1 × 10 −5 4.3 × 10 −4 1.69 9.8 × 10 2 

−2 W4 1.6 × 10 8 2.1 × 10 −5 4.3 × 10 −4 1.68 1.4 × 10 3 

−2 W5 5.9 × 10 8 3.3 × 10 −7 1.1 × 10 −4 1.52 1.0 × 10 2 

−2.67 C1 8.6 × 10 8 4.1 × 10 −6 2.5 × 10 −4 1.00 2.3 × 10 3 

−2.67 C2 5.6 × 10 8 4.1 × 10 −6 2.5 × 10 −4 1.19 2.0 × 10 3 

−2.67 C3 2.2 × 10 8 4.1 × 10 −6 2.5 × 10 −4 1.03 8.4 × 10 2 

−2.67 C4 4.7 × 10 8 5.1 × 10 −7 1.2 × 10 −4 1.41 1.6 × 10 2 

Figure 3. The spherical-o v erdensity mass M 200 (within a spherical region 
enclosing a mean density 200 times the cosmic average) of each halo that we 
study, as a function of the scale factor a . The curve associated with each halo 
terminates where we end the simulation. 
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Figure 4. Density profile of halo H1 during its collapse. The upper panel 
shows density ρ as a function of radius r , while the lower panel scales 
the vertical axis by r 3/2 . We plot physical, not comoving, quantities. Different 
colours represent different times. The density profile begins to stabilize around 
a = 0.55, after which it is essentially fixed and only grows outward in radius. 
The power law of the inner profile is about ρ ∝ r −3/2 (horizontal on the lower 
panel). 
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In later sections, we plot halo density profiles down to a minimum
adius that is determined by the simulation particle count and the
orce softening length ε. Specifically, we consider the two radii r rel , at
hich the age of the universe is equal to the two-body relaxation time-

cale t rel (equation B1 ), and r soft = 5 ε. We then plot density profiles
nly at radii larger than both r rel and r soft . We test a density profile
or numerical convergence in Appendix B and find that these choices
etermine reasonably well the minimum radius that is converged
ith respect to simulation resolution. 

 F O R M AT I O N  O F  T H E  I N N E R  CUSP  

e now explore the formation of the central cusp during the initial
ollapse of the high-resolution haloes presented abo v e. A major goal
f this section is to show that a wide variety of collapse sequences
ll give rise to the same power-law ρ ∝ r −3/2 inner density profile.
e also discuss the connection between this feature and the initial

ensity field. 

.1 The formation process 

e first focus on haloes arising from the n = 1 power spectrum. Fig. 4
hows the density profile of the H1 halo during and shortly after its
ormation. This halo forms around a � 0.6, and its inner density
NRAS 518, 3509–3532 (2023) 
rofile immediately settles at ρ � 60 r −3/2 (in physical coordinates).
rom this point on, the density profile essentially remains stable at
mall radii, only growing outward due to new accretion. This picture
losely resembles that in Delos, Bruff & Erickcek ( 2019 ), even with
he present study’s significantly impro v ed spatial resolution: for a
 0.65, there are 3 × 10 5 simulation particles at the radii r < 0.06

orresponding to the ρ ∝ r −3/2 part of the density profile. 
Fig. 5 shows the halo’s surrounding density field during its

ormation. We show three orthogonal projections at each time, and
o clarify the picture, we align these projections with the principal
xes of the tidal tensor at the halo’s Lagrangian position within
he initial density field. Evidently, the halo’s precursor o v erdensity
rst collapses into a one-dimensional filament (second column in
ig. 5 ) aligned in the z direction with very little extent in either the
- or the y- direction. This filament begins to break up into regular
ragments, easily visible in the third column, which are a well-known

art/stac3373_f3.eps
art/stac3373_f4.eps
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Figure 5. Formation of the halo H1. We plot three different orthogonal projections of the density field (upper three rows) at four different times (columns). 
These projections are aligned with the principal axes of the initial tidal tensor. Material initially collapses to form a filament (first three columns), which is 
evident because two projections show a linearly extended object while the third suggests a point-like object. Within this filament the collapsed halo eventually 
forms (last column). Fragmentation of the filament visible in the third column is a numerical artefact. In the bottom row, we show the spherically averaged 
density profile corresponding to the pictures abo v e. Evidently, by a = 0.59 (last column) the halo’s stable ρ � 60 r −3/2 density profile is already present. Within 
the lower panels, the vertical line marks half the width of the displayed box (i.e. the radius from the centre to the left or right edge), while the faint grey diagonal 
line indicates the cosmological mean density. In the upper panels of the left column we include directional references to clarify the relationship between the 
three projections; for instance the upper panels are projected in the z-direction, and the x- and y -directions therein are indicated by arrows. 
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umerical artefact in simulations of this type (e.g. Wang & White 
007 ; Angulo, Hahn & Abel 2013 ; Lo v ell et al. 2014 ). Finally, a
ollapsed halo forms near the densest point of the filament. For
onvenience we also plot the spherically averaged density profile at 
ach time. By a = 0.59 the inner ρ � 60 r −3/2 cusp is already present.
he halo’s outer density caustic is clearly visible in the profile at this

ime around r � 2 × 10 −2 , and the filament’s outer caustic can also
e seen around r � 8 × 10 −2 (the latter will soon be swallowed by
he growing halo; see Fig. 4 ). 

In Fig. 5 , the inner cusp could be interpreted as forming from
 collection of artificial filament fragments, a prospect that might 
ast doubt on the validity of the central profile of the resulting halo.
hese fragments arise because the discrete simulation particles that 
omprise the filament tend to cluster (a process that may be viewed as
he triggering of a one-dimensional Jeans instability by discreteness 
oise). 4 Ho we ver, two lines of e vidence suggest that the ρ ∝ r −3/2 

usp is robust. 

(i) In Appendix B , we explicitly test the density profile of the
5 halo for numerical convergence. This halo also exhibits a clear 
∝ r −3/2 power-law density profile at small radii, and its profile is
 Simulation methods exist that can eliminate these artefacts (St ̈ucker et al. 
020 , 2022b ), although we do not employ them here. 

5

c

table with respect to changes in the simulation’s spatial and mass
esolution. In contrast, the mass and number of artificial filament 
ragments scale with a simulation’s linear resolution (Wang & White 
007 ). 
(ii) As we will see next, a halo that collapses from a two-

imensional sheet (instead of a one-dimensional filament) also 
evelops a clear ρ ∝ r −3/2 density cusp, even though the sheet exhibits
 ar weak er artificial structuring. 

Fig. 6 depicts the density field around the H3 halo during its
ollapse. We show again the field projected along the tidal tensor’s
rincipal axes. The material in this case collapses into a sheet (first
wo columns), as indicated by two of the projections showing a
inearly extended object while the third shows no apparent collapsed 
bject at all. 5 In the second column artificial small-scale structure is
isible in the sheet and is amplified as it collapses along a second
xis, as seen in the third column. It is, ho we ver, f ar weak er than
he fragmentation in Fig. 5 . Finally, the halo forms in the rightmost
olumn. The lower panels show the spherically averaged density 
rofile, and by a = 0.45 (rightmost column), the halo has developed
 ρ � 90 r −3/2 inner density cusp. 
MNRAS 518, 3509–3532 (2023) 

 The principal-axis projections are particularly valuable in the case of sheet 
ollapse, as most projection angles would show no clear evidence of collapse. 
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Figure 6. Formation of the halo H3. As in Fig. 5 , we plot the density field projected along the principal axes of the initial tidal tensor (upper three panels) along 
with the spherically averaged density profile (lower panels) at four different times (columns); see that figure’s caption for further explanation. The material in 
this case collapses into a sheet (first two columns), which is evidenced by a linearly extended object visible along two of the principal axes and no collapsed 
object visible along the third. Artificial small-scale structure is visible in the sheet in the top image of the second and third columns and in the lower image (‘ y ’ 
projection) of the third column, but it is far less pronounced than the filament fragmentation seen in Fig. 5 . The halo’s stable inner ρ � 90 r −3/2 density profile 
has already developed by a = 0.45 (last column). 
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So far we have only studied haloes arising from the n = 1
ower spectrum. We now show examples of haloes arising from
ach of the n = −2 and n = −2.67 power spectra. Figs 7 and 8
how the density fields surrounding haloes W1 and C1, respectively,
uring their collapse. Each exhibits its own unique behaviour.
he material of the W1 halo (Fig. 7 ) initially collapses into a
lament, but the halo forms at the end of this filament, so unlike
1 (Fig. 5 ), it is not clear that W1 can be viewed as arising

rom the collapse of the filament itself. Meanwhile, the material
f the C1 halo (Fig. 8 ) exhibits a range of behaviour during its
ollapse. It first collapses into a very pronounced sheet; this sheet
ubsequently collapses into a filament followed almost immediately
y formation of the halo, which promptly accretes another collapsed
lament edge-on. Despite these variations, both haloes develop an

nner density profile close to ρ � 80 r −3/2 by the final snapshot
hown. 

Fig. 9 shows density profiles during the collapse phase and shortly
fterwards for all 12 of our high-resolution haloes. All of these haloes
evelop density profiles with ρ ∼ r −3/2 that remain ef fecti vely stable
 v er a factor of at least 1.3 in scale factor, extending to larger radii as
he haloes accrete new material. Some of these density profiles, such
s those of C1 and C2, do grow moderately in amplitude o v er time,
n effect we explore further in Section 4 . The density profiles of our
ighest-resolution haloes – W5 and C4 – show some tendency toward
hallowing at the smallest radii. Ho we ver, it is unclear whether this
ehaviour is converged with respect to simulation resolution, as we
iscuss in Appendix B , and studies with yet higher resolution are
NRAS 518, 3509–3532 (2023) 
eeded to test this. Aside from the uncertainty in these two cases,
he ρ ∝ r −3/2 density cusp appears to be a robust consequence of the
irect collapse of a smooth initial density peak, independent of the
etails of the collapse. 

.2 Connection to the precursor density field 

espite the varied details of the collapse process, the central cusps of
he first haloes develop from particularly simple initial conditions: the
nner regions of smooth peaks in the primordial density field. Delos
t al. ( 2019 ) noted that since the ρ ∝ r −3/2 cusp stabilizes so quickly
fter collapse, its properties must be sensitive only to the immediate
eighborhood of the precursor density peak. Such a peak can be
ocally characterized by its height δ and its characteristic comoving
adius R ≡ | δ/ ∇ 

2 δ| 1/2 . Its collapse dynamics are also sensitive to
he tidal tensor ∂ i ∂ j φ (where φ is the peculiar potential), which can
e described by its ellipticity e and prolateness p . Specifically, if
1 > λ2 > λ3 are the eigenvalues of −∂ i ∂ j φ, then e ≡ λ1 −λ3 

2( λ1 + λ2 + λ3 ) 

nd p ≡ λ1 + λ3 −2 λ2 
2( λ1 + λ2 + λ3 ) 

. Note that since λ1 + λ2 + λ3 ∝ δ, the three
uantities δ, e , and p fully specify the tidal tensor up to rotation. 
From dimensional considerations, we expect that the amplitude A

f the ρ = Ar −3/2 cusp should be proportional to ρ̄( a c )( a c R) 3 / 2 , where
 c is the expansion factor at which the peak collapses and ρ̄( a c ) =

¯a −3 
c is the cosmological density at a c . As abo v e, ρ̄ is the como ving

osmological density (equal to 1 in our simulations). Consequently,

art/stac3373_f6.eps
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Figure 7. Formation of the halo W1. We plot the density field projected along the principal axes of the initial tidal tensor (upper three rows of panels) along with 
the spherically averaged density profile (lower panels) at four different times (columns); see the caption of Fig. 5 for further explanation. The halo’s material 
initially collapses into a filament (first two columns), similarly to the case of the H1 halo (Fig. 5 ). Unlike H1, ho we ver, W1 forms at the end of its filament (third 
column). Moreo v er, while artificial fragmentation is visible at this time, the halo has clearly already formed, as evidenced by comparing the density profiles in 
the third and fourth columns at the innermost resolved radii. By a = 0.38 (last column) a ρ � 70 r −3/2 density profile is already well developed. 

Figure 8. Formation of the halo C1. We plot the density field projected along the principal axes of the initial tidal tensor (upper three rows of panels) along with 
the spherically averaged density profile (lower panels) at five different times (columns); see the caption of Fig. 5 for further explanation. This halo’s material 
initially collapses into a sheet (first column), which is far more pronounced than the sheet associated with the H3 halo (Fig. 6 ). This sheet soon collapses into 
a filament (third column) followed almost immediately by the halo (fourth column). The halo’s ρ � 70 r −3/2 density profile is well developed by a = 0.45 (last 
column); meanwhile, another filament is about to accrete edge-on, although its accretion will not change the density profile significantly (see Fig. 9 ). 
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Figure 9. Density profiles of all of our high-resolution haloes during their collapse. As in Fig. 4 , the vertical axis is scaled by r 3/2 ; we plot physical, not 
comoving, quantities; and different colours represent different times. The haloes all develop ρ ∝ r −3/2 density cusps very quickly after they collapse. In some 
cases there is a tendency for the profile to shallow at the smallest radii, but it is unclear whether this behaviour is numerically converged (see Appendix B ). 
The horizontal black line indicates the cusp amplitude A = ρr 3/2 predicted from each halo’s precursor density peak using equation ( 4 ) with α = 24. This line 
terminates at the estimated initial cusp radius r 0 predicted from the same peak data using equation ( 6 ). There is some scatter, but o v erall these predictions match 
well the actual properties of the cusps. 
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e may write 

 = αρ̄a −3 / 2 
c R 

3 / 2 (4) 

or some universal proportionality constant α. Here we e v aluate a c as
 function of δ, e , and p using the ellipsoidal collapse approximation
n Sheth, Mo & Tormen ( 2001 ). This approximate a c lies within
bout 5 per cent of the scale factor at which the ρ ∝ r −3/2 cusp
rst appears in each simulation, and using the latter scale factor to
redict A does not appreciably alter the degree to which it matches
imulation results. 

We can also estimate the size of the ρ ∝ r −3/2 central cusp
hortly after collapse. Close to a peak in the linear density field,
he mean density contrast within comoving radius q scales as 1

( q / R ) 2 /10. 6 Spherical shells at radii q > 0 can be approximated
s undergoing ellipsoidal collapse within the same tidal field with
his lower enclosed density contrast. Now consider the shell that
ollapses at a = 1.17 a c . A factor of 1.17 in a corresponds to one
ynamical time, in the sense of Binney & Tremaine ( 2008 ), for an
NRAS 518, 3509–3532 (2023) 

 This is the mean o v erdensity within q ; the mean o v erdensity at q scales as 1 
( q / R ) 2 /6. 

c  

f  

d  

t  
bject whose density is 200 times the cosmological mean. This shell
as Lagrangian radius q satisfying 1 − ( q / R ) 2 /10 = 1.17 −1 , so it
ncloses the mass 

 0 = 

4 π

3 
q 3 ρ̄ = 

4 π

3 
10 3 / 2 

(
1 − 1 

1 . 17 

)3 / 2 

R 

3 ρ̄ � 7 . 3 R 

3 ρ̄. (5) 

he collapsed halo therefore achieves a mass of approximately M 0 

fter one dynamical time interval. If its density profile is ρ = Ar −3/2 

ut to the physical radius r 0 that encloses M 0 , then 

 0 = 

1 

4 

(
3 

π

)2 / 3 (
M 0 

A 

)2 / 3 

� 0 . 92 α−2 / 3 a c R. (6) 

f the ρ ∝ r −3/2 cusp is established o v er roughly the first dynamical
ime interval after collapse, then r 0 may be interpreted as an estimate
f the cusp’s initial radius. 
Within each of our haloes, we identify all of the particles that lie

t a radius r < 4.2 × 10 −3 at some time shortly after halo formation
the specific time makes no difference), and we locate the Lagrangian
entre of mass of these particles in the initial conditions. We then
ollow the local density gradient to find the nearest peak in the initial
ensity field. We record the peak height δ and use Fourier methods
o e v aluate R , e , and p . We use equations ( 4 ), ( 5 ), and ( 6 ) to e v aluate
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Table 3. Properties of our haloes’ precursor peaks in the linear density field 
δ( x ). The ‘offset’ is the comoving distance between the central cusp’s mean 
Lagrangian position and the density peak. R ≡ | δ/ ∇ 

2 δ| is the characteristic 
size of the peak and δ( a )/ a is its height (scaled by a −1 since δ( a ) ∝ a ). e and p 
are the ‘ellipticity’ and ‘prolateness’ of the tidal tensor ∂ i ∂ j φ at the location of 
the peak (see the text). Finally, a c is the peak’s predicted collapse time (using 
the approximation in Sheth et al. 2001 ), A is the resulting halo’s predicted 
cusp amplitude (equation 4 with α = 24), and M 0 and r 0 are the predicted 
mass and radius of the cusp after one dynamical time interv al, respecti vely 
(equations 5 and 6 ). 

Halo Offset R 

δ( a) 
a 

e p a c A M 0 r 0 

H1 0.31 0.96 3.40 0.09 − 0 .06 0.54 57 6.6 0.058 
H2 0.54 1.20 3.32 0.18 0 .00 0.60 68 13 0.079 
H3 0.31 1.08 4.09 0.06 0 .00 0.43 96 9.3 0.051 
W1 0.25 0.82 4.86 0.04 − 0 .02 0.36 84 4.1 0.032 
W2 0.19 0.89 5.00 0.10 − 0 .01 0.37 91 5.2 0.036 
W3 0.00 0.98 4.20 0.09 0 .01 0.43 83 6.8 0.046 
W4 0.11 0.95 4.77 0.06 − 0 .01 0.37 99 6.3 0.039 
W5 0.11 0.75 3.48 0.12 − 0 .01 0.53 40 3.1 0.044 
C1 0.24 0.96 4.30 0.12 − 0 .00 0.43 79 6.5 0.046 
C2 0.11 0.74 4.22 0.07 0 .01 0.42 57 3.0 0.034 
C3 0.00 0.70 4.11 0.10 − 0 .02 0.44 47 2.5 0.034 
C4 0.00 0.55 3.66 0.15 − 0 .07 0.54 25 1.2 0.032 
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Figure 10. Density profiles of all 12 high-resolution haloes at the end of their 
simulations (av eraged o v er the final factor of 1.17 in scale factor). We plot 
these profiles out to the radius R 200 enclosing an average density 200 times the 
cosmological mean. While haloes H1, H3, and W5 still retain their ρ ∝ r −3/2 

inner density profiles, most of the profiles have shallowed by this late time. 
We include a reference ρ ∝ r −1 line, corresponding to the innermost slope of 
the NFW profile. Some of the density profiles are beginning to approach this 
slope. 
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he predicted values of A , M 0 , and r 0 , respectively, for the associated
alo. We assume the proportionality constant α = 24. 7 Table 3 lists
hese data. In Fig. 9 , we mark the predicted A for each halo with
 horizontal black line, and we terminate that line with a point at
he radius r 0 . We find that with α = 24, the predicted values of A
atch the haloes’ density profiles mostly very well, albeit with minor 

catter. The radius r 0 also reasonably estimates the initial size of the
∝ r −3/2 cusp, although this size cannot be precisely defined. 
We also list in Table 3 the offset between the halo cusp’s

agrangian centre and the density peak. In the ideal case where only
, R , e , and p determine collapse, this offset should be zero because
he halo should form precisely at the density peak. The presence of an
ffset thus implies that the broader density field around the peak does
ave a small influence on the collapse process (beyond determining 
he tidal tensor). The influence of the broader density field could also
xplain some of the scatter in the cusp amplitudes ρr 3/2 in Fig. 9
ith respect to the predicted values A from equation ( 4 ). Ho we ver,
e note that since this offset is al w ays significantly smaller than R ,

here is no ambiguity as to whether a halo actually arose from the
eak to which we associate it. We also tried e v aluating the predicted
alue of A using the values of δ, R , e , and p at the location of the
agrangian centre instead of the peak, but the outcome did not change 
ignificantly. 

 PERSISTENCE  O F  T H E  I N N E R  CUSP  

e saw in Section 3 that a halo’s ρ ∝ r −3/2 cusp forms immediately
fter collapse. In this section, we explore the extent to which these
usps persist o v er cosmic time. Fig. 10 shows the density profile of
very halo at the end of its simulation (see Fig. 3 ). Specifically, we
verage the density profile over the final factor of 1.17 in the scale
 The value of α that we assume is about 10 per cent smaller than the value 
hat Delos et al. ( 2019 ) obtained. It is likely that the proportionality constant 
btained in that w ork w as biased upw ard by haloes’ later evolution (see 
ection 4 ), but since our own halo sample is small and not necessarily 
epresentative, the value that we use here might not be more accurate. 

8

s
H
p
s

actor (corresponding again to one dynamical time for something 
00 times denser than the cosmological mean). Some of these haloes
H1, H3, and W5 – evidently maintain their ρ ∝ r −3/2 density cusps.
o we ver, most of the late-time density profiles exhibit some degree
f shallowing, with some, like C2, even approaching the ρ ∝ r −1 

symptote of the NFW form. 

.1 The impact of accretion rate 

he shallowing of the inner profile can largely be understood as
 consequence of high accretion rates. Due to its high energy
nd (typically) high angular momentum, newly accreted material 
ends to contribute significant density to a halo only at large and
ntermediate radii, close to the orbital apocentres of the newly 
ccreted particles. 8 Consequently, rapid accretion can shallow a 
alo’s profile by boosting the density at intermediate radii. 
Fig. 11 shows how this process plays out. We plot halo mass (upper

anel) and mass accretion rate � ≡ 
 log M 200 / 
 log a (centre panel;
.g. Diemer & Kravtsov 2014 ) for W1 as a function of scale factor a ,
here both 
 log M 200 and 
 log a are e v aluated o v er the preceding

actor of 1.17 in a . The same figure also shows (lower panel) the
volution of the halo density profile o v er the same period; specifically
e time average the profile over successive factors of 1.17 in a . The

olour of each density profile in the lower panel matches the time
ange of the same colour marked in the upper panels. While the halo
nitially has ρ ∝ r −3/2 in the inner regions, it continues to accrete
apidly for some time after its formation (blue and green), which
auses the halo’s density to grow at radii r � 10 −2 . This density
rowth is sufficient to produce a shallow density slope, dlog ρ/dlog r
 −3/2, in the inner regions. The accretion rate later drops (yellow),

eading to a period in which the density profile remains stable except
MNRAS 518, 3509–3532 (2023) 

 New material tends to contribute almost uniform density at radii much 
maller than the apocentres of its particle orbits (e.g. Dalal et al. 2010 ). 
o we ver, this contribution is dwarfed by the much higher density already 
resent at those radii. Only close to the apocentres can the new material 
ignificantly boost the halo’s density. 
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Figure 11. Mass (top), accretion rate � e v aluated at each time o v er the 
preceding factor of 1.17 in a (centre), and density profile (bottom) for the 
W1 halo. We plot the density profile in physical coordinates at a range of 
different times, indicated by colours; each profile is av eraged o v er the time 
interval in the upper panels that is marked with the same colour (we also 
separate these intervals with vertical lines). The halo begins with a ρ ∝ r −3/2 

inner density profile (purple), but its consistently high accretion rate (blue 
and green) causes the density profile to trend shallower as the halo grows. 
The accretion rate later drops below � ∼ 3 (yellow), and the density profile 
remains stable for a period. Finally, towards the end of the simulation the 
accretion rate rises abo v e � ∼ 3 again (red), inducing renewed shallowing. 
At the final time the density profile is well fit by an Einasto profile with αE = 

0.17 (equation 8 ; dotted curve) except at the smallest radii where the natal 
ρ ∝ r −3/2 cusp appears to persist. New accretion has mostly built on top of the 
cusp rather than disrupting it (but see Section 4.2 ). A horizontal line marks 
� = 3; the idea that � > 3 corresponds to newly accreted material forming 
a density profile shallower than ρ ∝ r −3/2 is approximately borne out. In the 
lower panel we include a ρ ∝ r −1 line as reference (upper left); ρ ∝ r −3/2 

would correspond to a horizontal line. 
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9 Dalal et al. ( 2010 ) and Delos et al. ( 2019 ) considered models framed in 
terms of a halo’s initial density peak instead of its accretion rate, but the idea 
is otherwise almost identical. These works also considered variants in which 
the radius at which accreted material settles is allowed to change in response 
to later accretion. The model in Ludlow et al. ( 2013 ) is equivalent to the claim 

that equation ( 7 ) holds if � is e v aluated at the scale factor a such that M ( a ) = 

M ( r ), where M ( a ) is the halo’s mass at a while M ( r ) is the enclosed mass 
profile at the final time. Note that these models cannot explain the ρ ∝ r −3/2 

cusp. 
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ear R 200 . Finally, near the end of the simulation the accretion rate

gain rises, causing further deposition of mass at intermediate radii. 
The connection between the density profile slope dlog ρ/dlog r

nd the accretion rate � ≡ dlog M /dlog a can be understood on an
pproximate level by means of a simple model. Due to its mass
rowth, the halo’s radius R grows at the rate dlog R /dlog a = 1 +
/3 in physical coordinates. Now suppose that material accreted at

he scale factor a ′ contributes significant density within the halo only
ear a particular radius r = xR ( a ′ ) that is proportional to the halo’s
adius R ( a ′ ) at the accretion time (so x is some fixed number). Then
he profile M ( r ) of the halo’s enclosed mass obeys 

d log M ( r ) 

d log r 
= 

d log M( a) 

d log a 

(
d log R( a) 

d log a 

)−1 

= 

3 � 

3 + � 

(7) 
NRAS 518, 3509–3532 (2023) 
t r = xR ( a ) if � is e v aluated at a . Despite this model’s simplicity,
lose variants thereof have been shown to successfully predict trends
n the density profiles within halo populations (Dalal et al. 2010 ;
udlow et al. 2013 ; Delos et al. 2019 ). 9 Equation ( 7 ) suggests that

f a halo accretes material at a rate � > 3, then the mass profile
esulting from this accretion should obey dlog M /dlog r > 3/2 at the
orresponding radius, which requires a density profile shallower than
∝ r −3/2 . Thus, we expect that accretion at a rate � � 3 should build

p a density profile with a logarithmic slope shallower than −3/2.
his expectation is approximately borne out in Fig. 11 , where in the
entre panel we mark � = 3 with a grey line. When a � 0.9 and
hen a � 1.2, � > 3, which causes the density profile to gradually
row at intermediate radii 10 −2 � r � 10 −1 into a form with a slope
hallower than ρ ∝ r −3/2 . In contrast, when 0.9 � a � 1.2, � < 3, and
uring this interval the inner and intermediate parts of the density
rofile remain stable. 
Since the primary impact of rapid accretion is to boost the halo’s

ensity, the shallowing of the density profile predominantly occurs
t intermediate radii 10 −2 � r � 10 −1 . The central ρ ∝ r −3/2 cusp
argely survives the process, albeit with some mass loss that we will
iscuss further in Section 4.2 (where we attribute it to a major merger
vent). In fact, W1’s density profile in the final snapshot is well fit at
lmost all radii by the Einasto density profile (dotted curve) 

( r) = ρ−2 exp 

{
− 2 

αE 

[(
r 

r −2 

)αE 

− 1 

]}
(8) 

Einasto 1965 ), where ρ−2 and r −2 are scale parameters defined here
s the density and radius at which the profile’s logarithmic slope
rosses dlog ρ/dlog r = −2. Here we fix αE = 0.17 and find r −2 =
.55 and ρ−2 = 380. Equation ( 8 ) is the same density profile seen
n CDM simulations at much larger scales where the free-streaming
utoff is not resolved (e.g. Navarro et al. 2004 , 2010 ), and such
imulations also find that αE � 0.17 supplies a good fit. Only at the
mallest resolved scales, r � 5 × 10 −3 , does the density profile here
reak away from the Einasto form due to the persistence of the initial
∝ r −3/2 central cusp. 
Fig. 12 shows three more examples of how the accretion rate � 

elates to the shallowing of the halo’s density profile. 

(i) Halo C2 (left) forms with a density profile that is initially close
o ρ ∝ r −3/2 , but its accretion rate � remains high, so this profile
apidly shallows. By the end of the simulation the inner density
rofile is close to ρ ∝ r −1 . 
(ii) In contrast, the accretion rate of halo H3 (centre) quickly

rops after its formation, allowing its inner ρ ∝ r −3/2 density profile
o remain stable o v er nearly an order of magnitude in scale factor.
he accretion rate in this case becomes so low that even the outer,
teeper part of the density profile stabilizes after a � 2. 

(iii) Halo H2’s accretion rate (right) also slows quickly early on,
eading to an initially static inner density profile. Ho we ver, around a
 1.6 a brief period of rapid accretion builds up the density profile

art/stac3373_f11.eps
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Figure 12. Masses (top), accretion rates � (centre) and density profiles (bottom) of the haloes C2 (left), H3 (centre), and H2 (right). As in Fig. 11 we use 
colours to match the density profiles in each lower panel to the corresponding scale factor band in the accretion-rate plot abo v e it. (See that figure’s caption for 
further explanations.) Left-hand panels : Halo C2 maintains a high accretion rate � for some time after formation (like W1 in Fig. 11 ) and its density profile 
shallows significantly o v er time, almost reaching ρ ∝ r −1 by the end of the simulation. Centre panels : In contrast, halo H3’s accretion quickly slows below � 

∼ 3 and remains low. Its inner ρ ∝ r −3/2 density profile consequently remains stable o v er nearly an order of magnitude in scale factor. The accretion rate is so 
low at late times that even the outer, steeper part of the density profile remains stable from a � 2 to a � 5. Right-hand panels : Halo H2’s accretion rate initially 
drops below � ∼ 3, causing the inner ρ ∝ r −3/2 profile to persist intact until a � 1.6 (green), at which point a short burst of accretion builds up the inner density 
profile to a somewhat shallower slope. In fact this accretion episode was associated with a triple merger, which also marginally disrupted the central cusp (see 
Section 4.2 ). The accretion rate remains low thereafter, and the density profile correspondingly remains almost static. 
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o a shallower slope. Subsequently the halo’s accretion rate remains 
ow, and its density profile correspondingly remains static again. 

.2 Impact of halo mergers 

giya et al. ( 2016 ) and Angulo et al. ( 2017 ) showed through
ontrolled merger simulations that major mergers (between haloes 
f comparable masses) can disrupt ρ ∝ r −3/2 central cusps. We now 

resent a couple of examples that confirm this effect in a cosmological 
etting. 

(i) Halo H2 merged at a � 1.6 with two other haloes of roughly
/3 and 1/4 the main progenitor’s mass. This event is pictured in
he upper row of panels in Fig. 13 . The right-hand panels of Fig. 12
how that the amplitude of the central ρ ∝ r −3/2 cusp decreased by
bout 10 per cent at this time (and its slope may have also changed).
he large influx of mass mostly settled at larger radii, boosting the
ensity profile around r ∼ 10 −1 . 
(ii) Halo W1 merged at a � 0.6 with two other haloes of masses

oughly 1/4 and 1/5 the main progenitor’s mass; this event is pictured
n the central row of panels in Fig. 13 . Fig. 11 shows that like H2’s
erger, this event reduced the amplitude of the central density cusp 

round r ∼ 10 −2 by about 10 per cent (although we do not have
he resolution to determine whether the slope also changed). Here, 
oo, the mass primarily settled at larger radii, building up the density
rofile around r ∼ 10 −1 . 

Major mergers have the capacity to alter a halo’s structure at small
adii because dynamical friction causes the core of a large subhalo
o sink rapidly to the centre of a host, shedding most of its mass
long the way (e.g. Mo, van den Bosch & White 2010 ). The subhalo
eats the host’s material in the process. This behaviour contrasts with
hat of smoothly accreted material and minor mergers, which do not
ink in this way and therefore impact the growing halo’s structure
nly at intermediate to large radii (see Section 4.1 ). We illustrate
his effect in Fig. 14 . This figure shows a halo’s density profile at
 particular time in the left-hand panels, and we mark radial bins
ithin the density profile with different colours. The panels to the

ight of each density profile show the distribution of Lagrangian 
ositions (within the initial conditions) of material residing within 
ach coloured radial bin. The uppermost row of panels shows halo
1 at an early time, before any significant mergers have taken place.

he Lagrangian regions associated with each radial bin of the density
rofile are simply connected and nested at this time, with shells of
arger (final) radius associated with larger Lagrangian regions. This 
ehaviour indicates that material that was initially at a larger radius
ithin the halo’s precursor density peak – and therefore accreted 

ater – contributes primarily at larger radii within the non-linear halo 
MNRAS 518, 3509–3532 (2023) 
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Figure 13. The significant merger events (each a different row) that we 
consider in Section 4.2 . From left to right we advance in time. Top row : H2’s 
merger event at a ∼ 1.6 is a three-body event where the two smaller haloes 
have masses of about 1/3 and 1/4 the main progenitor’s mass. This event 
disturbs the halo’s established ρ ∝ r −3/2 density profile by about 10 per cent 
(see Fig. 12 ). Centre row : W1’s merger event at a ∼ 0.6 is also a three-body 
event; in this case the two smaller haloes have somewhat smaller masses of 
about 1/4 and 1/5 the main progenitor’s mass. This event disturbs the halo’s 
established ρ ∝ r −3/2 density profile to a similar degree (see Fig. 11 ). Bottom 

row : W1’s second major merger event at a ∼ 1.3 has a mass ratio of about 
1/3 but does not appreciably disturb the central ρ ∝ r −3/2 cusp, at least within 
our resolution limits. 
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while material initially in the white region just inside the ring is close to its 
first apocentre subsequent to infall and currently lies outside the orange radial 
range in the profile panel. Note that halo C3 formed from a filament, and the 
Lagrangian ring is aligned along that filament’s axis. 
11 We also make a further adjustment to clean up the evolution plots. Namely, 
we iterativ ely remo v e the data at a scale factor a if the enclosed mass M cusp at 
that scale factor is larger by at least a factor of 3 than at both of its neighboring 
scale factors. We do the same for scale factors at which M cusp is smaller by 
the same factor than both of its neighbors. Any data points remo v ed in this 

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/518/3/3509/6835552 by EM
BL user on 17 D

ecem
ber 2024
usp. In contrast, the second row of panels shows halo W1 after the
et of major mergers discussed abo v e has taken place. Disconnected
agrangian regions, which we label ‘A’ and ‘B’, now contribute even
ithin the smallest radial bins (blue and red). The inner regions of
1 thus contain material from both merging haloes; both contribute

o the final profile at all radii, even to the inner cusp. The amplitude of
he density profile of W1 is decreased at small radii as a result of this

erging (the density profile from the uppermost row is o v erplotted
ere as a dotted curve for comparison). 
Ho we ver, disruption of the central cusp is not a guaranteed

utcome of a major merger. In fact, W1 underwent another merger
vent at a � 1.3 with a mass ratio of about 1/3, an event that is
ictured in the lower panels of Fig. 13 . The disconnected Lagrangian
egion associated with this merging halo is labeled ‘C’ in the third
ow of panels in Fig. 14 . This halo’s material was able to contribute
ensity as deep as the red radial bin within W1. Ho we ver, this event
id not appreciably disturb the innermost part of the density profile, at
east within our resolution limits. As before, we o v erplot the previous
ow’s density profile as a dotted curve. 

We can also use plots of this kind to show explicitly that major
ergers are not necessary to produce a shallow density profile. In

he lower two rows of Fig. 14 , we show the density profile of halo
3 at two different times. As before, the right-hand panels plot the
agrangian positions of the material that resides within each coloured

adial bin at each time. This halo evidently develops a density profile
t intermediate radii that is significantly shallower than ρ ∝ r −3/2 .
o we ver, there is no significant disconnected Lagrangian region that
ould mark the impact of a major merger event. 10 Instead, material
NRAS 518, 3509–3532 (2023) 

0 The ring-like structure visible in the bottom-right panel is associated with 
oherence of the orbital phases of freshly accreted material. Material initially 
ithin the ring is close to the first pericentre of its orbit through the halo, 

w
s
w
o
r

t large Lagrangian distances (which was accreted later) remains at
arge radii within the halo. Accordingly, the central ρ ∝ r −3/2 cusp
emains undisturbed. Indeed, halo C3’s most major merger event was
ssociated with a mass ratio of about 1/20. 

The degree to which mergers disrupt the natal cusps of our haloes
ppears at most moderate. Fig. 15 shows the density profile evolution
or all 12 of our haloes. Despite the significant shallowing of many
ensity profiles at intermediate radii – and sometimes even at the
mallest resolved radii – due to deposition of accreted material,
e find no case where the initial cusp suffered more than 10–
0 per cent suppression. Resolution limitations mean that there are
ases – particularly H2, W3, C1, C2, and C4 – where we cannot
xclude that more major disruption occurred at the smallest radii.
evertheless, in no case do we find positive evidence for substantial
isruption of the central cusp. In cases where the central ρ = Ar −3/2 

usp persists within our resolution limits, the properties of the halo’s
recursor peak continue to predict its coefficient A with reasonable
ccuracy (horizontal black lines; see Section 3.2 ). 

.3 Mass and size of the inner cusp 

e have now seen many examples of how a halo’s density profile
volves after formation of its initial ρ ∝ r −3/2 cusp. For instance, halo

1 (Fig. 11 ) rapidly built a shallow Einasto density profile on top of
ts initial cusp, so that the latter only persists at radii r � R 200 /400.
alo C2 (Fig. 12 ) underwent similar evolution to the extent that its

entral cusp (if it persists) is not even resolved at the final snapshot.
n contrast, halo H3’s ρ ∝ r −3/2 cusp remains a significant portion
f the halo even at the end of the simulation. We now quantify more
recisely how the sizes of our haloes’ natal cusps evolve over time. 
We define the size and mass of the ρ ∝ r −3/2 cusp in the following
anner. First, we e v aluate dlog ρ/dlog r at each radius r by carrying

ut a linear regression in log space o v er the surrounding factor of
.5 in r (that is, radii r ′ satisfying r / 

√ 

1 . 5 < r ′ < 

√ 

1 . 5 r ). Next, we
earch for the smallest radius at which dlog ρ/dlog r deviates from
1.5 by more than 0.2, but since dlog ρ/dlog r is noisy, we ignore

eviations that are confined to less than a factor of 2 in radius. We
efine the deviation radius obtained in this way to be R cusp , the radius
f the natal cusp. We demonstrate the outcome of this process in
ig. 16 for the C3 halo. It does indeed place R cusp where one might
easonably decide that the central cusp ends. 

For each halo and each scale factor a , we average the density
rofile o v er the surrounding factor of 1.17 in a (that is, scale factors
 

′ satisfying a / 
√ 

1 . 17 < a ′ < 

√ 

1 . 17 a ) and then e v aluate R cusp by
he abo v e procedure. 11 The resulting evolution of R cusp is plotted
n Fig. 17 . Note that R cusp is not al w ays resolved if the slope
log ρ/dlog r is already much shallower than −1.5 at the minimum
ay are instead interpolated between the neighboring points. This process 
uppresses a few instances in which R cusp and M cusp jump wildly. Note that 
e use all snapshot scale factors, which are separated by roughly a factor 
f 1.035 in a , and not only the scale factors shown in Fig. 16 , so we do not 
emo v e a significant fraction of the data points. 
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Figure 14. Lagrangian regions associated with halo material at set radii. Within each row, the left-hand panel shows a halo’s density profile at a particular time 
(av eraged o v er a factor of 1.17 in a ), and in some rows we also o v erplot the pre vious ro w’s density profile as a dotted curve for comparison. We mark four 
coloured radial bins (also separated by vertical lines). The panels to the right of each density profile show the projected distribution of Lagrangian positions 
(i.e. positions within the initial conditions) associated with the material that resides in the radial bin of the same colour (and we consider the same time interval, 
distributing each particle across multiple bins if necessary). The colour intensity scale is logarithmic between 10 −3 and 1/4 the total projected density (o v er a 
cubic region). The upper three panels show the W1 halo at different times. At first, the Lagrangian region associated with each radial bin is simply connected, 
and bins at larger radii are associated with larger Lagrangian regions. This behaviour indicates that material that accreted later (because it was initially farther 
from the peak) contributes at larger radii within the halo (note that the red, green and yellow regions in all panels are hollow, although this is difficult to see 
in projection). The second and third rows of panels for W1 show disconnected Lagrangian regions ‘A’, ‘B’, and ‘C’ contributing to the inner radial bins. Each 
additional region is associated with a separate halo that merged onto the main system; dynamical friction allowed this these haloes to deposit material close to 
the centre of W1. The merger events associated with the ‘A’ and ‘B’ regions partially disrupted the halo’s central density profile, but the merger associated with 
the ‘C’ region had no such effect, depositing all its material at intermediate radii. In contrast, the lower two panels show the C3 halo. This halo did not undergo 
any major mergers, and the Lagrangian distribution of the material in its inner radial bins is simply connected and nearly spherically symmetric at both times. 
Nevertheless, rapid accretion of diffuse material caused this halo to develop a shallow density profile at all but the innermost radii, where the initial ρ ∝ r −3/2 

cusp is preserved. 
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esolved radius. If R cusp is not resolved at some time, we do not
ttempt to resolve it at any future time; attempting to do so may
nappropriately identify the central cusp with, e.g. the portion of the 
inasto density profile for which the density slope is close to −1.5.
hen R cusp ceases to be resolved, we instead simply cut off its time
volution curve in Fig. 17 . 

In the upper panel of Fig. 17 , we see that the physical cusp radius
 cusp often remains close to constant in time. This behaviour holds
MNRAS 518, 3509–3532 (2023) 
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Figure 15. Density profile evolution for all 12 haloes. As in earlier figures, the density profiles are time averaged over successive factors of 1.17 in a (different 
colours). We find no evidence, within our resolution limits, for significant disruption of the natal cusps due to merger events. The effects are limited to a 
10–20 per cent reduction in amplitude. We also repeat the cusp predictions (black lines) from Fig. 9 , which are based on each halo’s precursor density peak. 
Even after halo growth, the initial peak continues to predict the inner cusp reasonably well in cases where the cusp persists within our resolution limits. 

Figure 16. Demonstration of the procedure through which we identify 
the radius R cusp of the central cusp. We plot the density profile (top) and 
logarithmic density slope dlog ρ/dlog r (bottom) of the C3 halo at a number 
of different times (colours). At each time, we identify the cusp radius R cusp 

(vertical line) as the largest radius at which dlog ρ/dlog r remains within the 
range ( −1.7, −1.3) (grey band), but we ignore small excursions; see the text. 
The resulting radius values appear to reasonably mark the outer edge of the 
ρ ∝ r −3/2 cusp. 
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NRAS 518, 3509–3532 (2023) 
uring periods of slow accretion but also during rapid accretion as
ong as accretion builds up the density profile primarily at radii
utside of the central cusp. For instance, halo W1’s cusp radius
emains essentially constant o v er the time interval 0.6 � a � 1.4
ven though accretion during that interval is sometimes rapid enough
o build up a shallow density profile and sometimes not; compare
ig. 11 . Ho we ver, R cusp also typically undergoes one (and only
ne) sudden drop when rapid accretion begins to build on top of
n established ρ ∝ r −3/2 cusp. A prime example of this behaviour
ccurs for halo H2 at a � 1.8; compare the right-hand panels of
ig. 12 . Finally, at early times there can be growth in R cusp as

he initial collapse builds the density profile outward; compare for
nstance halo W1’s cusp growth during 0.4 � a � 0.55 to the plot
f its density in Fig. 9 o v er the same time period. In some cases,
rowth of R cusp can proceed for some time. This outcome is likely
ttributable to an accretion rate that remains close to � = 3 for
 while; for example, compare H3’s cusp growth during 0.7 � a
 1.2 to the contemporaneous accretion rate and density profile in

he centre panels of Fig. 12 . In this case, the ρ ∝ r −3/2 cusp is not
ntirely set by the initial collapse but is further built outward by later
ccretion. 

The lower panel of Fig. 17 plots the evolution of R cusp / R 200 for
ach halo. For the haloes arising from the n = −2.67 power spectrum,

art/stac3373_f15.eps
art/stac3373_f16.eps
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Figure 17. Evolution of the cusp radii R cusp of our haloes as a function 
of the expansion factor a . The upper panel shows R cusp in absolute units; 
generally we find that R cusp grows initially, drops suddenly at one time as 
rapid accretion begins to build up a shallower density profile, and otherwise 
remains stable. The lower panel shows instead R cusp / R 200 , i.e. the cusp radius 
in units of the halo’s radius R 200 (enclosing 200 times the cosmological mean 
density). Rapidly accreting haloes arising from the n = −2.67 and n = −2 
power spectra quickly grow to the extent that R cusp / R 200 < 10 −2 , but haloes 
W4, W5, H1, and H3 maintain slower accretion rates such that R cusp remains 
close to 10 −1 R 200 . 
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Figure 18. Evolution of the masses M cusp enclosed within our haloes’ cusp 
radii R cusp . The upper panel shows M cusp in absolute units; behaviours similar 
to those in Fig. 17 are evident. The lower panel shows M cusp / M 200 , i.e. the 
cusp mass in units of the halo’s mass M 200 (enclosed within R 200 ). We find 
that the rapidly accreting haloes C1–C4 and W1–W3 quickly grow to such 
extent that M cusp / M 200 � 10 −3 . On the other hand, slowly accreting haloes 
like H1, H3, W4, and W5 are able to maintain M cusp / M 200 ∼ 10 −1 . 

Figure 19. Accretion rates � ≡ 
 log M 200 / 
 log a for our haloes, e v aluated 
as in Section 4.1 . The horizontal reference line marks � = 3. 
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ccretion is so rapid that the halo’s R 200 radius quickly grows to more
han 100 times the cusp radius. This picture demonstrates further why 
ther studies did not find the natal ρ ∝ r −3/2 cusp inside haloes for
hich rapid accretion built up a shallower intermediate profile. For 

nstance, Ishiyama ( 2014 ) and Angulo et al. ( 2017 ) concluded simply
hat larger haloes have shallower density profile slopes, 12 while Wang 
t al. ( 2020 ) found that all haloes are well described by the Einasto
tting form. These studies did not resolve small enough radii to find

he natal cusps inside their rapidly accreting haloes. 
In Fig. 18 we similarly plot the mass M cusp enclosed inside R cusp .

or rapidly accreting haloes arising from the n = −2 and n = −2.67
ower spectra, the natal cusp’s contribution quickly drops below 

0 −3 of the total halo mass. Ho we ver, haloes W4 and W5 (arising
rom the n = −2 power spectrum) do not accrete rapidly enough to
 v erwhelm the cusp in this way, so they maintain M cusp / M 200 ∼ 10 −1 

or the full duration of their respective simulations. The naturally 
lower accretion rates expected for the n = 1 power spectrum also
ause haloes H1 and H3 to maintain M cusp / M 200 around 10 −1 to
0 −2 during an order-of-magnitude increase in the scale factor a . For
eference, we show in Fig. 19 the accretion rates of our haloes; there
s a clear correspondence between low accretion rates at late times
nd large fractional masses in the central cusps. 
2 Angulo et al. ( 2017 ) resolved radii below 10 −2 R 178 for some of their halo 
ass bins, and their plot of dlog ρ/dlog r (fig. 6 of Angulo et al. 2017 ) does 

how signs of steepening at the smallest radii that they plot. Although this 
ffect lies below the radii at which they expect the simulation to be numerically 
onverged, numerical artefacts normally push the density profile towards a 
hallower rather than a steeper slope (see Appendix B ). 
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.4 Thr ee-dimensional structur e 

e briefly discuss the three-dimensional structures of our haloes and 
heir evolution o v er time. We first e xplore anisotropy in the v elocity
tructure. The centre panels of Fig. 20 show the velocity anisotropy
arameter 

≡ 1 − σ 2 
t / (2 σ

2 
r ) (9) 

s a function of radius within each of haloes H3, W5, C3, and W1,
here σ r and σ t are the radial and tangential velocity dispersions, 

especti vely. We e v aluate σ 2 
r = 〈 v 2 r 〉 − 〈 v r 〉 2 and σ 2 

t = 〈 v 2 〉 − 〈 v 2 r 〉 ,
here v r is a particle’s radial velocity, v is its total velocity, and the

ngle brackets denote the average over particles in a narrow radial
in centred at radius r . 
β = 0 represents an isotropic velocity dispersion, while β = 1 

mplies that all motion is radial. Generally, Fig. 20 shows that β
MNRAS 518, 3509–3532 (2023) 
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Figure 20. Velocity anisotropy parameter (centre panels) and ellipsoidal axis ratios (lower panels) for the haloes H3, W5, C3, and W1 (from left to right). We 
also show the density profile at the top, for reference, and all quantities are averaged over successive factors of 1.17 in a . The ρ ∝ r −3/2 central cusps of these 
haloes have nearly isotropic velocity distributions ( β close to 0). Ho we ver, there is far less uniformity in the three-dimensional shapes. H3 and W1 have triaxial 
cusps that evolve significantly toward a more spherical shape, with H1’s cusp becoming nearly spherical at late times. In contrast, W5 and C3 have very prolate 
central cusps that remain so throughout their evolution, at least at the smallest radii; W5’s cusp becomes more oblate at intermediate radii. 
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rows with radius at small and intermediate radii but drops again
s we approach the halo’s outer edge. This pattern has been seen
n CDM haloes as well (e.g. Navarro et al. 2010 ). In the context of
he first haloes, the interesting feature is that the velocity structure is
early isotropic ( β � 0) inside the central ρ ∝ r −3/2 cusps. 
We also explore the three-dimensional shapes of our haloes. We

se the algorithm of Allgood et al. ( 2006 ; see also Vera-Ciro et al.
011 ), which involv es re garding a halo (or concentric subset thereof)
s an ellipsoid and e v aluating the associated axis lengths l 1 ≥ l 2 

l 3 via the halo’s inertia tensor. An ellipsoid’s axis lengths are
roportional to the square roots of the eigenvalues of its inertia tensor.
pecifically, this procedure employs the ‘reduced’ inertia tensor 

 ij = 

∑ 

n 

m n 

x ( i) n x 
( j ) 
n 

˜ r 2 n 

, (10) 

ummed o v er particles n at ‘ellipsoidal’ radii ˜ r n , which a v oids
eighting more distant particles more highly. If x n , y n , and z n 

re coordinates in the ellipsoid’s principal-axes frame, then ˜ r 2 n ≡
 x n /l 1 ) 2 + ( y n /l 2 ) 2 + ( z n /l 3 ) 2 . Beginning with a spherical ellipsoid
ith axes l 1 = l 2 = l 3 , we e v aluate I ij for particles inside the ellipsoid,
 v aluate the resulting new axis lengths (keeping the longest axis
ength l 1 fixed), and rotate the system into the frame of these new
xes. This procedure is iterated until the axis ratios l 2 / l 1 and l 3 / l 1 are
onverged to better than 10 −3 . 

The lower panels of Fig. 20 show the axis ratios l 3 / l 1 and l 2 / l 1 as a
unction of the radius r = ( l 1 l 2 l 3 ) 1/3 , which is the radius of the sphere
hat encloses the same volume as the ellipsoid. Generally these haloes
re highly aspherical, although there is a weak tendency for them to
ecome more spherical o v er time, as measured by the l 3 / l 1 axis ratio.
t late times, these haloes tend to be less spherical at large radii and
ore spherical at small radii, a trend that is interestingly the opposite

f what Vera-Ciro et al. ( 2011 ) found for CDM haloes. Also, our
aloes tend to be comparatively prolate at large radii, as evidenced
y the ratios l 3 / l 1 and l 2 / l 1 both lying well below unity. With respect
o the ρ ∝ r −3/2 central cusps, ho we ver, there is little uniformity. H3’s
NRAS 518, 3509–3532 (2023) 
usp is initially triaxial but becomes nearly spherical at late times.
5 and C3 have highly prolate cusps that remain so through their

volution, although the portion of W5’s cusp at intermediate radii
 � 10 −2 becomes more oblate. W1’s cusp is triaxial, although it
ppears to be evolving rapidly toward a more spherical shape. 

Despite the variety of three-dimensional shapes of haloes’ central
usps, we find one general feature: the cusp tends to align with the
alo at larger radii. Fig. 21 shows slices of the equidensity surfaces
f the same four haloes at radii r ∼ 0.01 and r ∼ 0.2. While some
f the ellipsoidal axis ratios are clearly more extreme at larger radii,
he ax es themselv es are closely aligned between the inner cusp at r
 0.01 and the broader halo at r ∼ 0.1. 

 MI NI MUM  R A D I U S  O F  T H E  I N N E R  CUSP  

e have found that the ρ ∝ r −3/2 density cusps of our haloes extend
own to the resolution limits of our simulations, but it is unclear
ow much farther this power law could extend. If the dark matter
ere infinitely cold, but the initial power spectrum nevertheless had
 small scale cutoff, then it is possible that the cusp could extend to
rbitrarily small radii. Ho we v er, an y thermal motions of dark matter
articles in the initial conditions would impose a minimum radius
elow which the ρ ∝ r −3/2 structure must give way to a core. We now
xplore what the radius of this core should be. 

.1 Maximum phase-space density 

he thermal core can be understood as a consequence of Liouville’s
heorem, which implies that the maximum coarse-grained phase-
pace density cannot increase with time (Tremaine & Gunn 1979 ).
s a result, the (time-independent) maximum phase-space density

 max of the dark matter at times prior to formation of any non-linear
tructure sets an upper limit on the value of the distribution function
 ( x , v ) anywhere inside a halo at all later times (e.g. Dalcanton &
og an 2001 ; Strig ari et al. 2006 ; Villaescusa-Navarro & Dalal
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Figure 21. Slices of the equidensity surfaces of haloes H3, W5, C3, and W1 (from left to right) at a = 0.96. Specifically, we use the density field averaged over 
the surrounding factor of 1.17 in a . The upper, centre, and lower panels sho w dif ferent perpendicular slices, while for each halo, the left-hand and right-hand 
panels show two different length scales. The equidensity surfaces inside the central cusps (dark curves in each halo’s left-hand panels) tend to be aligned with 
those at larger radii (each halo’s right-hand panels). 
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011 ; Macci ̀o et al. 2012 ). Simulations suggest that halo centres
pproximately saturate this limit (Macci ̀o et al. 2012 ). 

We first estimate f max . In general, dark matter that was once
oupled to the radiation bath is left with some momentum distribution
 p ( p , a) that peaks at p = 0 and has width proportional to some
cale momentum p 0 = p 0d ( a d / a ) that declines as a −1 from its
nitial value p 0d , which was defined at the scale factor a d when
he dark matter kinetically decoupled. The maximum value of this 
istribution is given by f p (0) = Cp 

−3 
0 , where C is a normalization

actor independent of a . Two specific examples are CDM and WDM:

(i) In the CDM scenario, dark matter decouples while it is non- 
elativistic. In this case it has a Maxwell–Boltzmann momentum 

istribution, f p ( p ) = (2 π) −3 / 2 p 

−3 
0 exp [ − p 2 / (2 p 

2 
0 )], so that C =

2 π ) −3/2 and p 0d = ( T d m ) 1/2 , where T d is the temperature at de-
oupling and m is the particle mass. 

(ii) In the WDM scenario, dark matter is a fermion that 
ecouples while it is ultrarelativistic. In this case it has 
n ultrarelativistic Fermi-Dirac momentum distribution, f p ( p ) = 

6 πζ (3)] −1 p 

−3 
0 

[
exp ( p/p 0 ) + 1 

]−1 
(where ζ is the Riemann zeta 

unction), so that C = [12 πζ (3)] −1 � 0.0221 and p 0d = T d . 

Let us now consider a time when the dark matter is non-relativistic
regardless of whether it was relativistic at decoupling). Its spatial 
ensity is then ρm 

a −3 , where ρm 

is the present-day dark matter den-
ity (i.e. at a = 1). Consequently, the maximum density in position-
omentum phase space is ( Cp 

−3 
0 )( ρm 

a −3 ) = Cρm 

( p 0d a d ) −3 . Within
ark matter haloes we find it more convenient to work with the
qui v alent position-velocity phase-space density, the maximum value 
f which is therefore 

 max = Cρm 

( p 0d a d /m ) −3 , (11) 

here m is the mass of the dark matter particle. 
We may now estimate a halo’s thermal core radius r c as the largest

adius at which its phase-space density reaches the value f max . If we
lso define ρc ≡ ρ( r c ), then we show in Appendix C that 

c r 
6 
c � 3 × 10 −5 G 

−3 f −2 
max (12) 

or a halo with central cusp ρ ∝ r −γ with 1 � γ � 1.5. Thus, once a
alo’s rescaled density profile ρr 6 approaches ρc r 

6 
c , its central cusp

ust give way to a thermal core. 

.2 WDM core sizes 

et us now explore the core sizes that would develop in our simulated
aloes if they were to form in a WDM cosmology. Equation (A3) of
ode et al. ( 2001 ) gives the characteristic non-relativistic streaming
elocity ( p 0d / m )( a d / a ) as a function of the present-day dark matter
ensity �χ (in units of the critical density), the Hubble parameter 
 , the dark matter particle’s ef fecti ve number n χ of degrees of
reedom, and its mass m . We fix m = 3.5 keV, g χ = 1.5, h =
.68, and �χ = 0.3 (and for simplicity we assume that dark matter
onstitutes all of the matter). Consequently, p 0d a d / m = 7.8 × 10 −9 

taking the speed of light c = 1), and hence by equation ( 11 ), f max =
.8 × 10 33 M � Mpc −3 . Now equation ( 12 ) implies that the phase-
pace barrier lies at ρc r 

6 
c = 8 . 0 × 10 −14 M � Mpc 3 . 

The simulations, ho we v er, hav e been carried out with arbitrary
nits. To fix the units, we must compare our power spectra (equa-
ion 1 ) to the power spectrum that arises in the WDM scenario
escribed abo v e. We e v aluate the matter po wer spectrum using the
tting form from Eisenstein & Hu ( 1998 ) and normalize it to σ 8 =
.81 (Planck Collaboration 2020 ) at a = 1. Next, we use the transfer
unction described in Bode et al. ( 2001 ) to apply the small-scale
utoff corresponding to the WDM scenario abo v e. In particular, we
nd that the free-streaming length αfs of Bode et al. ( 2001 ) in this
cenario is αfs = 0.017 Mpc. We now recall that our simulations begin
hen the rms density contrast is σ = 0.03. The WDM power spectrum
escribed abo v e must be scaled back to z = 267 (using the growth
unction) to have the same rms density contrast. Consequently, we 
nterpret the starting redshift of our simulations to be z = 267, and
MNRAS 518, 3509–3532 (2023) 
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M

Figure 22. Matter power spectrum at redshift z = 267 in a 3.5 keV WDM 

scenario (solid black curve) compared to appropriately rescaled versions of 
our n = −2 and n = −2.67 power-law simulation power spectra. In particular 
we rescale to match σ , the rms density contrast, and 〈 k 2 〉 . The 3.5 keV 

WDM power spectrum appears to effectively lie somewhere between these 
two power laws. 
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Figure 23. Predicted core sizes for our simulated haloes if they arise in a 
WDM scenario. In particular, we plot the density profiles ρ( r ) (scaled by r 3/2 ) 
for the haloes that arise from the n = −2 (dashed curves) and n = −2.67 
(solid curves) power spectra. These haloes have been rescaled to correspond 
to a 3.5 keV WDM scenario (as described in the text). Each halo is plotted in 
a different colour, and for each halo we plot the density profile shortly after 
formation (thin curve) and a factor of about 1.9 in the scale factor later (thick 
curve). On the left, we show the ρr 6 = ρc r 

6 
c line (black) corresponding to 

equation ( 12 ). Each halo’s inner cusp is expected to give way to a central core 
where it crosses this line. 

Figure 24. Matter power spectrum at redshift z = 1272 in a 100 GeV CDM 

scenario (black) compared to a version of our n = −2.67 power-law simulation 
power spectrum that we rescale to match σ and 〈 k 2 〉 (orange). 
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13 At such early times, the radiation density also has a significant influence 
on the growth function, but since our simulations were carried out assuming 
matter domination, we neglect this effect in order to maintain consistency. 
Also, baryons do not cluster at the scale of the CDM cutoff, an effect that 
makes CDM density variations grow slightly more slowly on such scales 
(Hu & Sugiyama 1996 ). Since neither our simulations nor the Eisenstein & 

Hu ( 1998 ) power spectrum that we use include this effect, we also neglect it 
in the growth function. 
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heir final redshifts range o v er 3.8 < z < 7.0 for the n = −2 and n =
2.67 cases which are most rele v ant in this context. Fig. 22 shows

he WDM power spectrum at the initial time (thick solid curve). 
The remaining step is to fix the length scales in the simulations.

ince the simulation power spectra have different forms than the
DM power spectrum, there is no unique way to make this

ssociation. We choose to fix 〈 k 2 〉 (equation 3 ; see the considerations
n Section 2 ), which e v aluates to 〈 k 2 〉 = 150 Mpc −2 for the WDM
ower spectrum. Consequently we take the simulation length unit to
e 〈 k 2 〉 −1/2 = 8.2 × 10 −2 Mpc (see Table 1 ), which implies that the
 xponential cutoff wav enumber is k cut � 17 Mpc −1 for n = −2 and
 cut � 29 Mpc −1 for n = −2.67. Fig. 22 shows the rescaled n = −2
dashed curve) and n = −2.67 (thin solid curve) power spectra. 

The WDM power spectrum evidently lies effectively somewhere
etween the n = −2 and n = −2.67 power spectra, so we consider
he nine simulated haloes that arose therefrom. After applying the
caling described abo v e, we plot density profiles for these haloes in
ig. 23 . We also plot the line ρr 6 = ρc r 

6 
c = 8 × 10 −14 M � Mpc 3 ; the

nterpretation is that each halo’s inner cusp (as long as its slope lies
etween ρ ∝ r −3/2 and ρ ∝ r −1 ) must give way to a central core once it
rosses this line. Evidently, each halo’s ρ ∝ r −3/2 cusp should extend
 v er about two decades in radius shortly after formation and up to
lmost three decades in radius after halo growth in those cases where
he r −3/2 cusp persists. In general, haloes in this WDM scenario have
ore radii of about 3 pc. At early times, we resolve the inner cusps
f our haloes down to about three times the predicted core radius,
lthough this resolution worsens as time goes on. 

.3 CDM core sizes 

e also explore core sizes that would arise in a CDM cosmology.
n particular, we suppose that the dark matter has particle mass m =
00 GeV and kinetically decouples at the temperature T d = 30 MeV
so a d � 5.3 × 10 −12 ). In this case, p 0d a d / m = 9.2 × 10 −14 (again
aking c = 1) and hence f max = 3.1 × 10 48 M � Mpc −3 , which implies
hat the phase-space barrier lies at ρc r 

6 
c = 2 . 7 × 10 −44 M � Mpc 3 . 

To find the power spectrum, we scale the aforementioned Eisen-
tein & Hu ( 1998 ) fitting function using the CDM transfer function
n Green et al. ( 2005 ). We then set σ = 0.03 by extrapolating this
ower spectrum back to z = 1272 using the growth function that is
NRAS 518, 3509–3532 (2023) 
alid in mixed matter-dark energy domination. 13 The resulting power
pectrum is shown as the black curve in Fig. 24 . This power spectrum
as 〈 k 2 〉 = 7.4 × 10 10 Mpc −2 , so we take our simulation length unit
o be 3.7 × 10 −6 Mpc. 

Fig. 24 shows the appropriately rescaled version of our n = −2.67
ower spectrum (orange curve). This power spectrum is somewhat
oo steep to faithfully represent the CDM scenario, but the mismatch
s not serious. We now show in Fig. 25 the appropriately rescaled
ensity profiles of the haloes arising from the n = −2.67 power
pectrum along with the corresponding phase-space barrier ρr 6 =
.7 × 10 −44 M � Mpc 3 . Core radii in this scenario evidently lie around
0 −5 pc, where the profiles would cross the phase-space barrier.
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Figure 25. Predicted core sizes for our simulated haloes if they arise in a 
CDM scenario. We plot the density profiles ρ( r ) (scaled by r 3/2 ) for the haloes 
that arise from the n = −2.67 power spectrum, and these haloes have been 
rescaled to correspond to a 100 GeV CDM scenario with kinetic decoupling 
at 30 MeV. As in Fig. 23 , each halo is represented by a different colour, and 
for each halo we plot the density profile shortly after formation (thin curve) 
and a factor of about 1.9 in the scale factor later (thick curve). We show on 
the left the ρr 6 = ρc r 

6 
c barrier (black) at which each halo’s inner cusp is 

expected to give way to a central core. 
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14 H is scaled by ( g ∗/3.36) 1/2 ( g ∗s /3.91) −2/3 , where g ∗ and g ∗s are the ef fecti ve 
numbers of relativistic degrees of freedom for energy and entropy density, 
respectively. Assuming only Standard Model content, this factor is 1 at 
temperatures below about 1 MeV, roughly 0.9 at temperatures between 1 MeV 

and 100 MeV, and roughly 0.6 at temperatures abo v e about 100 MeV (e.g. 
Husdal 2016 ). Since λ ∼ H 

−1 , inclusion of this effect can boost λ by up to 
a factor of about 2, although typically the effect is far smaller because H 

−1 

appears inside an integral. WDM, ho we ver, can require large g ∗ at decoupling 
to give dark matter the observed relic abundance. 
15 r c / r 0 is also sensitive to the shape of the initial momentum distribution, both 
through the normalization factor C (see Section 5.1 ) and the form of the power 
spectrum cutoff, which sets the connection between λ and the distribution of 
peak radii R . The R distribution also depends on the underlying initial power 
spectrum of density variations. These are order-unity considerations, however. 
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nterestingly, despite the huge difference in scales between the first 
aloes in these WDM and CDM scenarios, the core radii are very
imilar when considered as fractions of the halo (or cusp) radii. CDM
ore radii are only about three times smaller than WDM cores in this
elative sense. Like in the WDM case, the ρ ∝ r −3/2 cusps of CDM
aloes can extend across two to three decades in radius in cases
here they persist. 

.4 Scaling behaviour 

he observation that CDM and WDM core sizes are nearly the same,
hen considered in relation to the extent of the halo’s inner cusp,
erits further discussion. In a general sense, it is expected that core

izes and cusp sizes scale together because the former are set by the
ark matter thermal velocity distribution while the latter are set by 
he drift distances that result from these velocities. Ho we ver, it is not
bvious that their mutual scaling should be so tight. 
Consider dark matter particles with mass m that kinetically 

ecoupled at the scale factor a d during the last radiation-dominated 
poch with characteristic (possibly relativistic) momentum p 0d . Their 
haracteristic comoving drift distance is 

= 

∫ a 

a d 

d a ′ 

[ 
1 + 

(
p 0d a d 
ma ′ 

)−2 
] −1 / 2 

a ′ 2 H ( a ′ ) 
= 

(
8 πG 

3 
ρm 

a eq 

)−1 / 2 
p 0d a d 

m 

� fs 

(13) 

y the scale factor a , where 

 fs � ln 

[ 

8 

1 + 

√ 

1 + ( p 0d /m ) 2 
a eq 

a d 

] 

(14) 

s roughly the logarithm of the factor in a o v er which particles stream
on-relativistically during radiation domination. Here H ( a ) is the 
ubble rate, ρm 

is the matter density at a = 1 today, and a eq is the
cale factor at matter-radiation equality. In equation ( 14 ) we assume
he dark matter becomes non-relativistic long before a eq and that we 
re e v aluating λ at a scale factor a � a eq . We also neglect changes in
he radiation content, which in general raise � fs by a small amount. 14 

If R is the characteristic (comoving) size of a peak in the primordial
ensity field smoothed by free streaming, we expect that R ∼ λ.
or a halo that collapses at the scale factor a c from such a peak,
e thus expect that the halo’s ρ ∝ r −3/2 cusp has coefficient A =
r 3 / 2 ∼ ρm 

a −3 / 2 
c λ3 / 2 and initial radius r 0 ∼ a c λ (see Section 3.2 ).

ow through these relations and equations ( 11 ), ( 12 ), and ( 13 ) we
nd that 

 c /r 0 ∼ ( a c /a eq ) 
−2 / 3 � 

−4 / 3 
fs . (15) 

he mutual scaling between core radius r c and cusp radius r 0 thus
merges, and we see that there are two main influences that can
aise r 0 without raising r c . 15 The first possibility is to raise � fs by
ncreasing the duration of non-relativistic drift (or by raising the 
umber of relativistic degrees of freedom in the early Universe). 
his change raises the free-streaming length without altering particle 
elocities and hence f max . The second possibility is to form haloes
ater, which raises the physical free-streaming scale a c λ without 
ltering f max . 

CDM and WDM have comparable values of � fs (of order 10)
nd a c / a eq (of order 100), so they approximately preserve the
utual scaling between r c and r 0 . Ho we ver, non-standard early-

niverse physics can break this scaling to a more serious extent.
or instance, certain inflationary (e.g. Ben-Dayan & Brustein 2010 ) 
r postinflationary (e.g. Erickcek & Sigurdson 2011 ) scenarios can 
reatly boost the power spectrum at small scales, potentially leading 
o a c ∼ a eq for the first haloes, or even a c < a eq (e.g. Blanco et al. 2019 ;
elos & Silk 2022 ). Moreo v er, if the dark matter decoupled in the
resence of a large number of beyond-Standard Model relativistic 
egrees of freedom, this effect could significantly raise � fs . A
arge injection of entropy after dark matter decoupling, such as that
rising from a period of early matter domination (e.g. Allahverdi 
t al. 2021 ), has a similar effect. Also, these considerations only
pply to haloes that form at the free-streaming scale. Inflationary 
ynamics (e.g. Barnaby & Huang 2009 ) can give rise to features
n the primordial power spectrum that are completely independent 
f the free-streaming scale, and similar features can arise in the
atter power spectrum due to postinflationary ph ysics (e.g. Hog an &
ees 1988 ; Erickcek, Ralegankar & Shelton 2021 ). If such a feature

s sufficiently pronounced to form haloes by direct collapse, those 
aloes could develop ρ ∝ r −3/2 density profiles with arbitrarily small 
ores. 
MNRAS 518, 3509–3532 (2023) 
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 C O N C L U S I O N S  

e have carried out high-resolution cosmological zoom simulations
f 12 first-generation haloes of mass corresponding approximately
o the small-scale cutoff in the fluctuation power spectrum. The three
dealized linear power spectra we considered correspond roughly
but not exactly) to those associated with hot dark matter, WDM,
nd CDM. Our main findings are the following: 

(i) Soon after collapse and for all three initial power spectra,
lmost all our haloes contained central cusps with ρ ∝ r −3/2 and
ith total mass comparable to that of the peak in the linear density
eld from which the halo originated. We could follow this cusp o v er
s many as two decades in radius. Cusp formation is independent
oth of collapse morphology and of the prominence of small-scale
-body clumping artefacts in the pre-collapse structure. Collapses

hrough a filament, through a sheet, and through more complex
austic networks all produce similar cusps. We explicitly verified
n one case that the cusp profile is stable with respect to changes in
he simulation resolution. 

(ii) Since the cusp forms so quickly after collapse, its coefficient
 = ρr 3/2 is sensitive almost wholly to the immediate neighborhood
f the halo’s precursor density peak. This outcome confirms earlier
ndings by Delos et al. ( 2019 ). In particular, we find the peak’s height
nd spherically averaged characteristic radius, along with the tidal
ensor at the location of the peak, suffice to determine A to within
0–20 per cent. 
(iii) Haloes that initially possess ρ ∝ r −3/2 central cusps tend to

e velop shallo wer density profiles as they gro w. Ho we ver, unlike
revious works that attributed this process to major mergers, we
nd that it can be attributed to rapid accretion in general (which

ncludes major mergers, minor mergers, and accretion of the smooth
ackground). In fact, this shallowing is consistent with simple models
f the sort presented by Dalal et al. ( 2010 ) and Ludlow et al. ( 2013 )
hat connect halo density profiles to their accretion histories. But
nlike mergers, rapid accretion tends to build up a halo’s density
rofile at intermediate and large radii without disturbing its inner
rofile; it does not necessarily disrupt the initial ρ ∝ r −3/2 cusp. 
(iv) Major mergers can disturb the central ρ ∝ r −3/2 cusp, as

giya et al. ( 2016 ) and Angulo et al. ( 2017 ) found. In two cases,
e found that a major merger event reduced the amplitude of the

entral ρ ∝ r −3/2 cusp by about 10 per cent (although we do not
ave the resolution to assess whether the cusp’s slope changed). In
he absence of mergers, on the other hand, the central cusp remains
ndisturbed even when accretion is otherwise rapid. We also found
 case where even a major merger had no impact on the central cusp.
ithin our halo sample and resolution limits, the extent to which
ergers disrupt the ρ ∝ r −3/2 cusp remains small. 
(v) For haloes that gro w suf ficiently slo wly, the ρ ∝ r −3/2 central

usp can continue to comprise between 1 and 10 per cent of the total
alo mass even long after the halo’s formation. Two of the haloes
rising from the hot dark matter-like power spectrum maintained a
usp mass fraction in this range o v er a factor of about 10 in the scale
actor. On the other hand, a period of rapid accretion tends to swiftly
educe the cusp mass fraction below 10 −3 . 

(vi) The ρ ∝ r −3/2 cusp invariably has a nearly isotropic velocity
ispersion. Conv ersely, it e xhibits a wide range of three-dimensional
hapes across different haloes and even for the same halo across
ifferent times. Equidensity surfaces within the cusp tend to align
ith those of the halo at larger radii. 
(vii) It is still unclear how far down in radius the ρ ∝ r −3/2 cusp can

xtend, owing to the limits of our simulation resolution. However, if
he dark matter was once in contact with the radiation bath, then its
NRAS 518, 3509–3532 (2023) 
esidual thermal motion means that any density cusp must give way
o a finite-density core at small enough radii. Some of our simulations
robe radii down to as little as three times the expected core radius
n a WDM scenario, which suggests that the question of how much
arther the ρ ∝ r −3/2 cusp can extend may be largely immaterial,
t least for conventional dark matter models in which the power
pectrum’s cutoff arises from thermal free streaming. Nevertheless,
he core radius is small enough that the ρ ∝ r −3/2 density profile can
e important if it survives. 

Survi v al of the ρ ∝ r −3/2 central cusp through periods of rapid
ccretion can lead to density profiles resembling that in Fig. 11 .
here, a halo with an Einasto density profile at intermediate and large

adii still possesses its natal ρ ∝ r −3/2 cusp at the smallest radii. In
arger-scale cosmological simulations, this cusp might go unresolved,
hich could explain why some works (e.g. Wang et al. 2020 ) found
o evidence of ρ ∝ r −3/2 cusps despite resolving the smallest haloes.
oreo v er, this picture demonstrates a new avenue by which the
∝ r −3/2 cusps of the first haloes may transition into the Einasto

ensity profiles seen at larger scales. Since this mechanism does not
estroy the cusp, this disco v ery raises the prospect that a significant
umber of ρ ∝ r −3/2 cusps could survive up to the present day. 
We studied only a small halo sample o v er a limited time range.
ore work is needed to determine the true extent to which the
∝ r −3/2 cusps of the first haloes persist through cosmic time. If

hese cusps surviv e, the y could hav e observational implications. The
bundance of the smallest subhaloes could be larger than previously
stimated, owing to the lower efficiency of tidal stripping for steep
entral cusps (Pe ̃ narrubia et al. 2010 ; St ̈ucker et al. 2022a ). For
nstance, Lee et al. ( 2021 ) concluded that the suppression of the
mallest CDM subhaloes by tidal stripping pushes them outside the
each of pulsar timing searches. This conclusion may need to be
eassessed if ρ ∝ r −3/2 density profiles persist. Separately from the
uestion of subhalo survi v al, observ able signatures of dark matter
aloes, such as through dark matter annihilation (e.g. Ishiyama
t al. 2010 ; Delos & White 2022 ) and astrometric microlensing
Erickcek & Law 2011 ), tend to be larger if they have steeper cusps.

e also comment that these considerations are amplified for non-
tandard cosmological initial condition scenarios in which small-
cale density variations are boosted (e.g. Erickcek & Sigurdson
011 ). The haloes that arise at those boosted scales grow slowly,
o their ρ ∝ r −3/2 cusps may remain a large fraction of the total mass
n haloes. 

Finally, we have not addressed the question of why the ρ ∝ r −3/2 

ensity profile arises. This profile appears to be a general conse-
uence of the collapse of a smooth density peak, independent of the
etails of the collapse process. It has been observed that the Einasto
r NFW density profiles of idealized CDM haloes can largely be
xplained by appealing to their accretion histories (Dalal et al. 2010 ;
udlow et al. 2013 ), an idea that is linked to the notion that material
tratifies within the halo based on its accretion time (see Section 4.1 ).
o we ver, this idea cannot explain the ρ ∝ r −3/2 density profiles of the
rst haloes; these profiles form immediately upon collapse, before

here is any meaningful accretion history. A new idea is needed (e.g.
hite 2022 ). 
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ponding author. 
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PPENDI X  A :  M I X I N G  O F  LOW-  A N D  

I G H - R E S O L U T I O N  PA RTI CLES  

ection 2 describes how we prepare our high-resolution halo simu- 
ations. After choosing the halo in a low-resolution simulation, we 
dentify the Lagrangian region spanned by halo particles and replace 
ll of the low-resolution particles in that region with much more
umerous high-resolution particles. To spare computational expense, 
o we ver, we do not make the high-resolution region so large as to
nsure that low-resolution particles never fall into the high-resolution 
alo. In this appendix, we show that any numerical artefacts that arise
rom this choice cannot impact our results. 

Mixing of particles of different masses can accelerate two-body 
elaxation effects (e.g. Binney & Tremaine 2008 ). Artificial energy 
xchange between simulation particles causes the more massive 
articles to gradually sink to the centre of the system while the
ight particles are dynamically heated. Ho we ver, we plot in Fig. A1
he total enclosed mass profile M ( r ) of each of our haloes along
ith the mass profile contributed by low-resolution particles at the 
nal scale factor a f . Evidently, each halo’s low-resolution particles 
ontribute 1 per cent or less of the total mass. Moreo v er, all such
articles reside at radii so large that this small mass fraction cannot
lter the conclusions of our study. Comparison with Fig. 10 shows
hat, for all haloes, the low-resolution particles lie outside both the
entral ρ ∝ r −3/2 cusp and any shallower portion of the density profile
reated by rapid accretion. 
MNRAS 518, 3509–3532 (2023) 

http://dx.doi.org/10.1111/j.1365-2966.2006.10094.x
http://dx.doi.org/10.1111/j.1365-2966.2009.15742.x
http://dx.doi.org/10.1093/mnras/stt1246
http://dx.doi.org/10.1093/mnras/stx1658
http://dx.doi.org/10.1086/164143
http://dx.doi.org/10.1086/321541
http://dx.doi.org/10.1086/518764
http://dx.doi.org/10.1051/0004-6361/202039719
http://arxiv.org/abs/1010.2539
http://dx.doi.org/10.1086/323207
http://dx.doi.org/10.1046/j.1365-8711.2001.04237.x
http://arxiv.org/abs/2210.04904
http://arxiv.org/abs/2209.11237
http://dx.doi.org/10.1038/nature03270
http://dx.doi.org/10.1088/0004-637X/789/1/1
http://dx.doi.org/10.1086/305424
http://dx.doi.org/10.1093/mnras/stab1960
http://dx.doi.org/10.1088/0004-637X/729/1/49
http://dx.doi.org/10.1016/0370-2693(88)91655-3
http://dx.doi.org/10.1086/177989
http://dx.doi.org/10.3390/galaxies4040078
http://dx.doi.org/10.1046/j.1365-8711.1999.02757.x
http://dx.doi.org/10.1088/0004-637X/788/1/27
http://dx.doi.org/10.1093/mnras/staa069
http://dx.doi.org/10.1088/2041-8205/723/2/L195
http://dx.doi.org/10.1093/mnras/stt2431
http://dx.doi.org/10.1093/mnras/stt526
http://dx.doi.org/10.1111/j.1365-2966.2012.21284.x
http://dx.doi.org/10.1046/j.1365-8711.1999.03039.x
http://dx.doi.org/10.1086/177173
http://dx.doi.org/10.1086/304888
http://dx.doi.org/10.1111/j.1365-2966.2004.07586.x
http://dx.doi.org/10.1111/j.1365-2966.2009.15878.x
http://dx.doi.org/10.1093/mnras/stx2639
http://dx.doi.org/10.1093/mnras/stw1551
http://dx.doi.org/10.1111/j.1365-2966.2010.16762.x
http://dx.doi.org/10.1051/0004-6361/201833910
http://dx.doi.org/10.1093/mnras/stv736
http://dx.doi.org/10.1046/j.1365-8711.2003.05925.x
http://dx.doi.org/10.1046/j.1365-8711.2001.04006.x
http://dx.doi.org/10.1093/mnras/stab1855
http://dx.doi.org/10.1086/506381
http://dx.doi.org/10.1093/mnras/staa1468
http://arxiv.org/abs/2207.00604
http://dx.doi.org/10.1093/mnras/stab3078
http://dx.doi.org/10.1111/j.1365-2966.2011.19134.x
http://dx.doi.org/10.1111/j.1365-2966.2007.12053.x
http://dx.doi.org/10.1111/j.1365-2966.2009.14755.x
http://dx.doi.org/10.1038/s41586-020-2642-9
http://dx.doi.org/10.1093/mnrasl/slac107
http://dx.doi.org/10.1086/184139


3530 M. S. Delos and S. D. M. White 

M

Figure A1. Total enclosed mass profiles of our haloes (diagonal curves 
through the centre) along with the mass profiles contributed by low-resolution 
particles only (lower right). We average these profiles over the final factor 
of 1.17 in the scale factor (i.e. from a f /1.17 to a f ). Black tick marks in the 
lo wer right sho w for each primary (lo w-resolution) simulation the mass of one 
low-resolution particle (but since we time average it, the mass profile of low- 
resolution particles is not required to advance in integer multiples thereof). 
Evidently, low-resolution particles comprise � 1 per cent of each halo, and 
all such particles reside at radii too large to affect this study’s conclusions 
(compare Fig. 10 ). 
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PPENDIX  B:  N U M E R I C A L  C O N V E R G E N C E  AT
MALL  R A D I I  

e simulated halo W5 at the highest spatial resolution of all of our
aloes (see Table 2 ). In this section we test numerical convergence
y simulating the same halo at worse resolution; specifically we raise
he simulation particle mass m p and the force softening length ε. We
arried out two simulations in which we raise the particle mass by
NRAS 518, 3509–3532 (2023) 

igure B1. Density profile of the W5 halo at four different times (panels) and thr
 p . The force-softening length ε is scaled as m 

1 / 3 
p . While the density profiles all 

ising curve in this scaled plot), this transition is evidently artificial because the tran
ehaviour (horizontal) is stable with respect to simulation resolution. We plot the d
ach simulation by a coloured tick at the bottom of each panel. We also plot radii 
ecomes shorter than the age of the universe; see the text) with a thin dashed line, a
anel) at the lowest simulation resolution (black). 
actors of 8 and 64 and the softening length by factors of 2 and 4,
espectively. Fig. B1 plots this halo’s density profile at four different
imes in the original simulation (cyan) and in both reduced-resolution
imulations (red and black). All density profiles transition into a core
t small radii, but this core is clearly artificial in that its radius scales
ith the spatial resolution. The ρ ∝ r −3/2 part of the density profile,
n the other hand, appears to be converged with respect to simulation
esolution at all four times. 

We find that the radius abo v e which the density profile is converged
s reasonably well approximated by 5 ε, where ε is the force-softening
ength. Fig. B1 depicts the density profile at radii below 5 ε with a
hin dotted line. The idea here is that force softening introduces a bias
e.g. Dehnen 2001 ) that makes systems less tightly bound, and the
elati ve ef fect becomes larger as we consider systems closer to the
oftening scale. Ho we ver, this criterion some what fails at the earliest
imes for reasons that are unclear. In particular, the solid red and cyan
urves in the upper left-hand panel begin to shallow at small radii r
ven when r > 5 ε, but this shallowing occurs at different radii for
ifferent resolution levels. Consequently, tendencies of some of our
aloes’ early density profiles to shallow at the smallest radii, e.g. in
ig. 9 , should be interpreted with some skepticism. 
Also, while the 5 ε condition mostly suffices for W5, simulations

arried out o v er a longer duration must also consider two-body
elaxation between simulation particles. We e v aluate the relaxation
ime-scale 

 rel ( r ) � 

N 

8 log ( r /ε) 

2 πr √ 

GM /r 
(B1) 

e.g. Power et al. 2003 ; Binney & Tremaine 2008 ) as a function of
adius r , where M and N are the mass and particle count enclosed
ithin r . The radius r rel at which t rel is equal to the age of the universe

a decent approximation for the age of any halo) then serves as an
lternativ e minimum conv erged radius. In Fig. B1 , radii with 5 ε < r
 r rel are shown in principle with a thin dashed line, but only at a =
.52 (bottom right) for the lowest-resolution simulation (black) does
ee different simulation resolutions (colours), indicated by the particle mass 
transition into a uniform-density core at small radii (indicated by a steeply 
sition radius scales with the simulation resolution. Meanwhile, the ρ ∝ r −3/2 

ensity profile at radii below 5 ε with a thin dotted line; ε itself is marked for 
abo v e 5 ε but below the relaxation limit r rel (where the relaxation time-scale 
lthough for this halo the only example occurs for a = 1.52 (lower right-hand 
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Figure B2. Density profile of the W5 halo at three different times (panels) and a variety of different GADGET-4 numerical parameters (colours). We vary the 
tree-force accuracy and time integration accuracy as described in Appendix B , but the impact on the density profile is marginal at early times (left-hand panel) 
and even smaller at later times (other panels). 
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Figure C1. Sensitivity of the phase-space barrier ρc r 
6 
c to the density profile 

slope γ . In particular, the maximum phase-space density within a ρ ∝ r −γ

density cusp begins to exceed f max where ρr 6 drops below ρc r 
6 
c . For the 

typical slopes 1 � γ � 1.5 observed in this work and others, ρc r 
6 
c � 3 ×

10 −5 G 

−3 f −2 
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16 Interestingly, equation ( C5 ) implies that spatially denser haloes (with larger 
A ) have lower phase-space density, owing to their higher velocity dispersion. 
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n example of such a radius appear. This restriction becomes more 
ele v ant for haloes simulated for longer durations (see Fig. 3 ). 

Since standard choices of numerical accuracy parameters are not 
idely validated in simulations of the first haloes, we also briefly 

xplore the impact of GADGET-4 ’s time stepping and short-range 
orce accuracy parameters (see also Delos et al. 2018b ; Ogiya &
ahn 2018 ). For the simulations in the text, we set the tree-force

ccuracy parameter to be αf = 0.005, where tree nodes are only 
pened if the estimated fractional force error from truncating the 
alculation is more than αf . We also set the adaptive time stepping
arameter to be ηt = 0.025, which roughly ensures that a particle’s 
cceleration induces a displacement smaller than ηt ε o v er one time 
tep, and we set the maximum time step to be [ 
 log a ] max = 0.01.
n Fig. B2 , we separately test αf = 0.015 (low force accuracy); αf =
.002 (high force accuracy); ηt = 0.075 and [ 
 log a ] max = 0.03
low time integration accuracy); and ηt = 0.01 and [ 
 log a ] max =
.004 (high time inte gration accurac y). Evidently, the impact of these
hanges on the density profile of halo W5 is marginal at early times
nd essentially negligible at late times. 

Finally, we remark that density cusps of the first haloes at least as
teep as ρ ∝ r −3/2 have been confirmed to arise not only in N -body
imulations but also in simulations that solve the Vlasov–Poisson 
quations directly (Colombi 2021 ). Consequently, they cannot be 
ntirely an N -body artefact. 

PPEN D IX  C :  PHASE-SPAC E  STRUCTURE  O F  

 DENSITY  C U SP  

n this appendix, we quantify the phase-space structure of a density 
usp for the purpose of determining the size of the core that arises
rom phase-space conservation. Consider an equilibrium spherical 
ark matter system with the density profile 

( r) = Ar −γ . (C1) 

he coefficient A is the system’s sole scaling parameter with 
imensions of density × length γ . If γ < 3, then the system’s enclosed
ass profile is 

 ( r ) = 

4 π

3 − γ
Ar 3 −γ . (C2) 

f γ < 2, then the system’s potential is 

 ( r ) = 

4 π

(3 − γ )(2 − γ ) 
GAr 2 −γ , (C3) 
nd dimensional considerations imply that the velocity dispersion has 
he same scaling, σ 2 ∝ r 2 − γ . Consequently, the distribution function 
cales as f ∝ ρ/ σ 3 ∝ r γ /2 − 3 ∝ � 

−1/2 − 2/(2 − γ ) . Let us assume that
he distribution function is isotropic, so it depends on energy E = �

 v 2 /2 alone, i.e. f ( r , v) ∝ E 

−1/2 − 2/(2 − γ ) . Recall from Section 4.4
hat the velocity dispersion inside the central cusp is indeed nearly
sotropic. If we also assume that γ > 0, then we can normalize f by
equiring that 

∫ 
d 3 v f ( r, v) = ρ( r). Then 

 ( r, v) = (2 π) −3 / 2 
� 

(
γ

2 −γ
+ 

3 
2 

)

� 
(

γ
2 −γ

) ρ( r) 
� ( r) 3 / 2 

[ 
1 + 

v 2 

2 � ( r) 

] − 1 
2 − 2 

2 −γ

, (C4) 

here � is the gamma function. 
At each radius r , the maximum phase-space density is obtained by

etting v = 0, 16 

 ( r, 0) = 

[ (3 − γ )(2 −γ ) ] 3 / 2 

2 9 / 2 π3 

� 

(
γ

2 −γ
+ 

3 
2 

)
� 

(
γ

2 −γ

) G 

−3 / 2 A 

−1 / 2 r γ / 2 −3 (C5) 

where we have substituted equations C1 and C3 ). If some maximum
hase-space density f max is set by dark matter microphysics, as 
iscussed in Section 5 , then the radius r c at which f max is reached is
MNRAS 518, 3509–3532 (2023) 
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[
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8 π2 

] 3 
6 −γ
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γ
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)
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(
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)
⎤ 
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(C6) 

f we define ρc = ρ( r c ) and substitute A = ρc r 
γ
c , then 

c r 
6 
c = 

[
(3 − γ )(2 − γ ) 

8 π2 

]3 
⎡ 

⎣ 

� 

(
γ

2 −γ
+ 

3 
2 

)
� 

(
γ

2 −γ

)
⎤ 

⎦ 

2 

G 

−3 f −2 
max (C7) 
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efines the general barrier in ρ–r space at which f max is reached. The
ight-hand side of this equation depends only on f max and not on the
arameters of the particular halo, other than γ . In fact, within the
ange 1 < γ < 1.5, ρc r 

6 
c is almost independent of γ as well. We plot

ts dependence on γ in Fig. C1 ; evidently, 

c r 
6 
c � 3 × 10 −5 G 

−3 f −2 
max (C8) 

or any halo within this slope range. 
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