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Abstract

We study two aspects of gravitational instantons: mode stability of gravitational instantons, and
T 2-symmetric (toric) gravitational instantons.

We study Ricci-flat perturbations of gravitational instantons of Petrov type D. Analogously
to the Lorentzian case, the Weyl curvature scalars of extreme spin weight satisfy a Riemannian
version of the separable Teukolsky equation. As a step toward infinitesimal rigidity of the type D
Kerr and Taub-bolt families of instantons, we prove mode stability, that is, that the Teukolsky
equation admits no solutions compatible with regularity and asymptotic (local) flatness.

For an asymptotically locally Euclidean (ALE) or ALF gravitational instanton (M, g) with
toric symmetry, we express the signature of (M, g) directly in terms of its rod structure. Applying
Hitchin–Thorpe-type inequalities for Ricci-flat ALE/ALF manifolds, we formulate, as a step
toward a classification of toric ALE/ALF instantons, necessary conditions that the rod structures
of such spaces must satisfy. Finally, we apply these results to the study of rod structures with
three turning points.
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Zusammenfassung

Wir untersuchen zwei Aspekte von Gravitationsinstantonen: die Modenstabilität von Gravitati-
onsinstantonen sowie T 2-symmetrische (torische) Gravitationsinstantonen.

Wir betrachten Ricci-flache Störungen von Gravitationsinstantonen vom Petrov-Typ D. Analog
zum lorentzschen Fall erfüllen die Weyl-Krümmungsskalare extremen Spin-Gewichts eine rie-
mannsche Version der separierbaren Teukolsky-Gleichung. Als Schritt in Richtung infinitesimaler
Starrheit der Typ-D-Familien der Kerr- und Taub-Bolt-Instantonen zeigen wir die Modenstabilität,
das heißt, dass die Teukolsky-Gleichung keine Lösungen zulässt, die sowohl Regularität als auch
asymptotische (lokale) Flachheit erfüllen.

Für einen asymptotisch lokal euklidischen (ALE) oder ALF-Gravitationsinstanton (M, g)
mit torischer Symmetrie drücken wir die Signatur von (M, g) direkt in Abhängigkeit von seiner
Rod-Struktur aus. Als Schritt in Richtung einer Klassifikation torischer ALE-/ALF-Instantonen
formulieren wir unter Anwendung von Hitchin–Thorpe-artigen Ungleichungen notwendige Bedin-
gungen an die Rod-Strukturen von Ricci-flachen ALE-/ALF-Mannigfaltigkeiten. Abschließend
wenden wir diese Ergebnisse auf die Untersuchung von Rod-Strukturen mit drei Wendepunkten
an.
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Chapter 1

Introduction

A gravitational instanton1 is a complete and non-compact Ricci-flat Riemannian four-manifold
with quadratic curvature decay.2 Gravitational instantons are the vacuum solutions to the
Riemannian analog of the Einstein equations. They were originally studied in the context of
quantum gravity, as an analogue of the instantons of Yang–Mills theory. [23]

The assumption of quadratic curvature decay implies that the volume growth of a gravitational
instanton must be either quartic (ALE), cubic (AF/ALF), quadratic (ALG), or linear (ALH). An
ALE instanton has a metric that is asymptotic to R4/Γ, where Γ is a finite subgroup of SO(4)
which acts freely on S3. On the other hand, an ALF instanton is asymptotic to a circle bundle
over either R3 or R3/Z2, and is then said to be either ALF-Ak or ALF-Dk, respectively, here,
k is an integer defined in terms of the topology of the circle bundle. A notable special case is
ALF-A−1, in which the circle bundle is trivial, and this case is often denoted by AF. This thesis
primarily explores ALE and ALF-Ak/AF instantons.

Apart from the trivial example given by R4 with the flat metric, an example of an ALE
instanton is the hyper-Kähler Eguchi–Hanson instanton, whose topology is the total space of
the cotangent bundle of the two-sphere. Some notable examples of ALF-Ak instantons are
the hyper-Kähler Taub–NUT instanton with topology R4, the (non-hyper-Kähler) Taub-bolt
instanton with topology CP 2 \ {∗}, the Riemannian Kerr instanton with topology R2 × S2, and
the Chen–Teo instanton with topology C2 \ S1, of which the latter two are AF. A trivial example
of an AF instanton is also given by the standard (flat) metric on R3 × S1. These examples are
discussed in further detail in Section 2.5

Apart from these examples, there are some general results about gravitational instantons,
many of which hold under various symmetry assumptions such as the existence of a U(1) or
U(1) × U(1) isometry group, see e.g. [2, 34, 8, 1]. A well-known conjecture in the study of
compact Ricci-flat manifolds is the Besse conjecture [7], which states that all compact Ricci-flat
manifolds have special holonomy. This is a wide-open conjecture; there are no known examples
of compact Ricci-flat four-manifolds with generic holonomy, that is, holonomy group SO(4). In
contrast, the analogue statement for the non-compact case is false, since there are known examples
of gravitational instantons with generic holonomy. However, all currently known examples of
gravitational instantons are Hermitian, which is a slightly weaker condition than that of having
special holonomy. Therefore, it is natural to conjecture that all gravitational instantons are
Hermitian, see [2] where this conjecture is stated for the ALF case. A first step toward such a

1We shall sometimes refer to gravitational instantons as simply instantons, when the context is clear.
2Some authors include further requirements in the definition, of which one of the most common is to require a

gravitational instanton to be hyper-Kähler. We do not assume the latter a priori.
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result is given by proving rigidity, that is, for various known examples of gravitational instantons,
showing that there are no other Ricci-flat metrics close to that metric.

In the recent paper [9], it was shown that rigidity holds for the Riemannian Kerr and Taub-bolt
families. However, infinitesimal rigidity, that is, that Ricci-flat linear perturbations of these
instantons decaying sufficiently fast at infinity must be perturbations within the respective family,
is still open. Due to the fact that rigidity holds and that the relevant families are smooth
manifolds, infinitesimal rigidity is equivalent to integrability, that is, that any such Ricci-flat
linear perturbation integrates to a curve of Ricci-flat metrics.

It was shown in [42], that for perturbations of the Lorentzian Kerr metric whose frequency
lies in the upper half plane, and satisfying certain boundary conditions, the perturbations of the
Weyl scalars of extreme spin weight vanish identically. This result is known as mode stability.
Furthermore, mode stability for frequencies on the real axis was shown in [5]. It was shown in
[41], see also [4], that perturbations of the Lorentzian Kerr metric whose Weyl scalars of extreme
spin weight vanish identically must be perturbations within the Kerr family, modulo gauge.

As we show in Chapter 3, the Riemannian analog of mode stability holds in the ALF type D
case.3. The only ALF instantons of type D are the Riemannian Kerr and the Taub-bolt metrics,
and these results suggest that infinitesimal rigidity in the previously described sense holds for
these instantons.

The examples mentioned so far are all toric, that is, admit an effective action of the torus
T 2 = U(1) × U(1) by isometries. Toric gravitational instantons were studied in the paper [21].
In that paper, the author introduced the formalism of so-called rod structures (which we define
in detail in Section 2.4.1), which are combinatorial objects associated with toric gravitational
instantons, containing information about the T 2-action. The rod structure formalism was later
used in the papers [25, 14].

Given a toric gravitational instanton (M, g), the rod structure consists of a sequence of
2-vectors (v0, . . . , vn) with integer entries, where the integer n is called the number of turning
points of the rod structure. The definition of the rod structure is given only in terms of the
underlying topology and its interactions with the T 2-action, and does not involve the metric g.

Much effort has been devoted to constructing new examples of toric gravitational instantons.
One example of such a method is the soliton method [6, 12], which was used to construct the
Chen–Teo instanton. Another method is given in the more recent paper [28]. Despite much
progress, it is in general a difficult problem to determine whether a rod structure can be realized
as the rod structure of a toric gravitational instanton.

The rod structure of M can be shown to fully determine its topology. In particular, the Euler
characteristic is well-known to equal the number of turning points. In Chapter 4 we determine the
signature of M in terms of the rod structure. We do so by directly reconstructing M as a manifold
with a T 2-action from its rod structure. In terms of this explicit reconstruction, we determine a
basis for H2(M),4 and then compute the intersection form in terms of this basis. As a result, we
obtain Theorem 5. This theorem is then used together with Hitchin–Thorpe-type inequalities for
ALE or ALF instantons to give necessary conditions on a rod structure that occurs as the rod
structure of an actual ALE or ALF gravitational instanton. The necessary conditions that we
obtain as a result are inequalities where the quantities involved can be described solely in terms
of the rod structure, and as a consequence lead to restrictions on the possible rod structures.

The particular case of rod structures with three turning points was discussed in [14], where
the question was raised whether topological or other constraints could perhaps rule out certain
rod structures. We address this question with Theorem 9 and Theorem 4.1, which provide some
restrictions on the possible rod structures in this case.

3For the definition of type D, see Section 2.3
4Here Hk(M) refers to the k:th singular homology group (with integral coefficients).
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Another class of interest is that of S1-symmetric gravitational instantons. Although at first
sight, the requirement of S1-symmetry appears less restrictive than that of T 2-symmetry, there
exist definitions of the former which do not subsume latter. Such a definition is given in the
paper [2], where an S1 instanton of ALF type is defined as an ALF instanton admitting an
effective action of S1 = U(1) by isometries, along with the further requirement that the Killing
field generating this action is bounded. Under this definition, the Kerr family of ALF instantons
is a family for which all members of the family are toric, but for which only a small subset of
its members are ALF S1 instantons. In [2], uniqueness results are given, showing that every S1

instanton of ALF-Ak type with the same topology as the Kerr family must in fact be a member
of the Kerr family, and an analogous result is also provided for the Taub-bolt family. Although
the paper does not show the analogous result for the Chen–Teo family of instantons, another
main result of [2] is that an S1-instanton of ALF-Ak type with the same topology as that of the
Chen–Teo family must belong to the family of Hermitian metrics, of which the Chen–Teo family
is a subfamily.

By definition, an S1 instanton of type ALF-Ak is an ALF-Ak instanton admitting a periodic
Killing field of bounded norm. It is known that ALF-Ak instantons which are Kähler must belong
to the multi-Taub–NUT family. For the remaining case of non-Kähler ALF-Ak instantons, the
paper [2] conjectures that if the periodicity requirement in the definition of ALF S1 instanton is
replaced by the requirement of being non-Kähler and Hermitian, then any such instanton belongs
to one of the Kerr, Chen–Teo, Taub-bolt and Taub–NUT families, where in the latter case, the
orientation is the opposite orientation of that for which the instanton is Kähler. A much more
general conjecture is also given, stating that the former conjecture is still true after removing the
requirement of S1-symmetry. The main results of [2] imply in particular that a specific subclass
of the ALF instantons are all Hermitian, and it is conjectured in [2] that this extends to the class
of all ALF instantons.

The proofs in [2] rely on the G-signature theorem, along with a divergence identity related to
the Israel–Robinson identities used in the proofs of black hole uniqueness.
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Chapter 2

Background

2.1 Gravitational instantons

In this section, we introduce the concept of a gravitational instanton, which is the main object of
study of this thesis. We then introduce the various possibilities for the asymptotic behavior of
gravitational instantons.

Definition 1. A gravitational instanton is a Riemannian 4-manifold (M, g) which is non-compact,
simply connected, complete, and Ricci-flat, satisfying the following.

1. There exists a non-increasing function K : [0,∞) → [0,∞) such that∫ ∞

1

K(s)

s
ds <∞, (2.1)

along with a point p ∈M such that

|Rmq|g ≤
K(d(p, q))

d(p, q)2
(2.2)

for all q ∈M , where d(·, ·) is the Riemannian distance function.

2. There exists a constant κ > 0, a function ϵ : (0,∞) → (0,∞) satisfying limr→0 ϵ(r) = 0,
along with a compact set K ⊆M such that for any r > 0 and for any geodesic loop γ whose
length is less than κr, and which is based at a point in M \K, the holonomy of γ rotates
any vector by at most the angle ϵ(r).

Remark 1. We do not require (M, g) to be hyper-Kähler (see Definition 4), an assumption which
is sometimes included in the definition of gravitational instanton.

From the conditions 1 and 2 in Definition 1, it follows (see [11]) that (M, g) has must have
one out of several special geometries near infinity. The different cases are divided into ALE, ALF,
ALG, and ALH depending on the volume growth, and the possible subcases [11] are shown in
Table 2.1. Here, we say that the boundary at infinity of M is N if there exists a compact set
K ⊆M such that M \K is homeomorphic to [0,∞) ×N , such that the homeomorphism can be
chosen to map ∂K onto {0}×N . Although the methods used in the proof of the following lemma
are standard, we write down a detailed proof here since the details will be needed to obtain a
slightly stronger version of the result in later sections.
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Table 2.1: Possible asymptotic geometries of gravitational instantons.

Boundary at infinity

ALE1 S3/Γ
ALF-A−1

2 S2 × S1

ALF-Ak, k ̸= −1 L(|k + 1|,− sgn(k + 1))
ALF-D2

3 (S2 × S1)/Z2

ALF-Dk, k ̸= 2 S3/D4|k−2|
ALG T 2-bundle over S1

ALH-splitting {±1} × T 3

ALH-non-splitting T 3

Lemma 1. The boundary at infinity is well-defined up to h-cobordism. In other words, if N1 and
N2 are closed 3-manifolds, and if they are both the boundary at infinity of M , then there is an
h-cobordism between N1 and N2.

Proof. For i = 1, 2, let Ki ⊆ M be compact and let Φi : M \Ki → [0,∞) × Ni be a homeo-
morphism such that Φi(∂Ki) = {0} × Ni. Without loss of generality, assume that K1 ⊆ K2

(otherwise, replace K2 by K2 ∪ Φ−1
2 ([0, R] ×N2), for large enough R).

Now pick R1 such that K2 \K1 ⊆ Φ−1
1 ([0, R1]), and then pick R2 such that Φ−1

1 ([0, R1]×N1) ⊆
Φ−1

2 ([0, R2] ×N2). Then W := Φ−1
2 ([0, R2]) \K1 is a 4-manifold with boundary. The boundary

∂W is the disjoint union of Φ−1
1 ({0} × N1) ∼= N1 and Φ−1

2 ({R2} × N2) ∼= N2, so that W is a
cobordism between N1 and N2.

Using the fact that [0, R2] ×N2 deformation retracts onto {0} ×N2, we can use the map Φ2

to define a deformation retraction from W to K2 \K1, and similarly, the fact that [0, R1] ×N1

deformation retracts onto {0} ×N1, implies that Φ−1
1 ([0, R1] ×N1) deformation retracts onto

Φ−1
1 ({0}×N1). Since K2 \K1 ⊆ Φ−1

1 ([0, R1]×N1), this implies that W deformation retracts onto
Φ−1

1 ({0} ×N1). In a similar fashion, one sees that W deformation retracts onto Φ−1
2 ({R2} ×N2),

from which it follows that W is a h-cobordism.

2.2 NP formalism

The Newman–Penrose (NP) formalism [32], commonly used in general relativity, can be adapted
to a Riemannian signature (see [3, 19]). Let (l, l,m,m) be a tetrad of vector fields with complex
coefficients4 in which the metric takes the form

0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 . (2.3)

When viewed as first order differential operators, we denote the vector fields l, l,m,m by
D,∆, δ,−δ̃, respectively. With respect to the tetrad (l, l,m,m), the Levi-Civita connection

1Here, Γ is any finite subgroup of SO(4) which acts freely on S3.
2ALF-A−1 is also called AF.
3Here, the action of Z2 on S2 × S1 is given by (x, y, z, θ) 7→ (−x,−y,−z,−θ).
4Formally expressed, this means that they are sections of the complexified tangent bundle of M .
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is represented by 24 spin coefficients, denoted by Greek letters and defined to be the coefficients
in the right-hand sides of the equations

1

2
(l
a∇bla −ma∇bma) = γlb + ϵlb − αmb + βmb, (2.4)

l
a∇bma = −νlb − πlb + λmb − µmb, (2.5)

ma∇bla = τ lb + κlb − ρmb + σmb, (2.6)

1

2
(l
a∇bla +ma∇bma) = γ̃lb + ϵ̃lb − β̃mb + α̃mb, (2.7)

l
a∇bma = ν̃lb + π̃lb − µ̃mb + λ̃mb, (2.8)

ma∇bla = −τ̃ lb − κ̃lb + σ̃mb − ρ̃mb. (2.9)

From the fact that all inner products of the tetrad vectors are constant, it can also be seen that

α = β, γ = −ϵ, κ = ν, λ = −σ, µ = −ρ, π = τ, (2.10)

α̃ = β̃, γ̃ = −ϵ̃, κ̃ = ν̃, λ̃ = −σ̃, µ̃ = −ρ̃, π̃ = τ̃ . (2.11)

The Levi-Civita connection is thus represented by 6 + 6 independent complex scalars.
We also have the Weyl scalars:

Ψ0 = −W (l,m, l,m), Ψ1 = −W (l, l, l,m), Ψ2 = W (l,m, l,m),

Ψ3 = W (l, l, l,m), Ψ4 = −W (l,m, l,m),
(2.12)

Ψ̃0 = −W (l,m, l,m), Ψ̃1 = −W (l, l, l,m), Ψ̃2 = W (l,m, l,m),

Ψ̃3 = W (l, l, l,m), Ψ̃4 = −W (l,m, l,m),
(2.13)

where W denotes the Weyl curvature tensor.

From the definitions, one sees immediately that Ψk = Ψ4−k and Ψ̃k = Ψ̃4−k, so that the Weyl
tensor is determined by the 2 + 2 complex scalars Ψ0,Ψ1, Ψ̃0, Ψ̃1 and the 1 + 1 real scalars Ψ2, Ψ̃2.
The Weyl scalars of extreme spin weight are defined to be Ψ0,Ψ4, Ψ̃0 and Ψ̃4.

Expressing the condition of Ricci-flatness in terms of these quantities, one arrives at 20 inde-
pendent equations, and the differential Bianchi identity gives rise to an additional 8 independent
equations. These are written out fully in Appendix A

A tetrad (l, l,m,m) is said5 to be adapted if Ψ0 = Ψ1 = Ψ̃0 = Ψ̃1 = 0 and Ψ2, Ψ̃2 ≠ 0. It can
be shown that a Ricci-flat four-manifold admits an adapted tetrad if and only if it has type D. A
proof of this fact in the Lorentzian case can be found in [36, Chapter 7].

2.3 Petrov classification

Let (M, g) be a Ricci-flat Riemannian 4-manifold, and let W be its Weyl tensor. Since W is
antisymmetric in the first two indices, as well as the last two indices, it can be viewed as a
bilinear form Λ2(TM) ⊗ Λ2(TM) → R, which is symmetric by the symmetry of the Weyl tensor
under interchange of the first and second pair of vectors. This can then be identified with a
homomorphism Λ2(T ∗M) → Λ2(TM). Using the metric to identify TM with T ∗M , the latter
can be identified with a endomorphism W : Λ2(T ∗M) → Λ2(T ∗M), commonly referred to as the
Weyl operator. Evidently, W is self-adjoint, and it follows directly from the Ricci-flatness of M
that W is trace-free.

5The corresponding notion in the Lorentzian setting is that of a principal tetrad.
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The Hodge star ⋆ : Λ2(T ∗M) → Λ2(T ∗M) satisfies ⋆2 = id, and it therefore induces a splitting
Λ2(T ∗M) = Λ2

+(T ∗M)⊕Λ2
−(T ∗M), where Λ2

±(TM ) is the bundle of 2-forms ω satisfying ⋆ω = ±ω.
The bundles Λ2

+(T ∗M) and Λ2
−(T ∗M) are the bundles of self-dual and anti-self-dual 2-forms,

respectively.
For any 2-form ω, we have W(⋆ω) = ⋆W(ω), and furthermore, the endomorphism ω 7→ ⋆W(ω)

is trace-free.[39] In particular, if ω is (anti-)self-dual, then W(ω) has the same property, which
means that W restricts to endomorphisms W± : Λ2

±(T ∗M) → Λ2
±(T ∗M), and these are trace-free.

Now fix a point p ∈ M . Since the endomorphisms W±
p : Λ2

±(T ∗
pM) → Λ2

±(T ∗
pM) are self-

adjoint, the spectral theorem implies that they are diagonalizable, and since the spaces Λ2
±(T ∗

pM)
are 3-dimensional, each of the two endomorphisms W±

p has three eigenvalues. If these are all
distinct, the corresponding Weyl operator is said to be of type I at p. If there is an eigenvalue
with multiplicity two, the operator is instead said to be of type D. In the case of an eigenvalue
with multiplicity three, the trace-freeness implies that the operator vanishes identically, and is
said to be of type O. The endomorphism field W± : Λ2

±(T ∗M) → Λ2
±(T ∗M) is said to have a

certain type if its restriction to every point has that type. If both W+ and W− have the same
type, then the Riemannian manifold (M, g) is said to have that type.

The following lemma will be central to the mode stability results in this thesis.

Lemma 2. If (M, g) is a Ricci-flat Riemannian 4-manifold of type D, then there exists an
adapted tetrad.

Proof. See [20, Corollary 5.8].

2.4 T 2 symmetry

In this section, we provide the definition of a toric gravitational instanton, along with the definition
of its associated rod structure.

Definition 2. A toric gravitational instanton is a simply connected gravitational instanton (M, g)
together with an effective action of the torus T 2 = U(1) × U(1) by isometries. We assume that
the fixed point set6 is finite and non-empty, and that there are no points whose isotropy group is
non-trivial and finite.

Remark 2. The requirement that there are no points with non-trivial and finite isotropy group is
equivalent to requiring M to be locally standard, see [43].

2.4.1 Rod Structure

Lemma 3. Let (M, g) be a toric gravitational instanton. Then the orbit space M̂ = M/T 2 is a 2-

dimensional (smooth) manifold with corners (see [29, p. 415]). Furthermore, M̂ is homeomorphic
to the closed upper half plane {z + iρ | z ∈ R, ρ ≥ 0}, and under this homeomorphism, the region
where ρ > 0 corresponds to orbits with trivial isotropy group. There exist points z = z1, . . . , zn on
the axis ρ = 0, corresponding to the fixed points, dividing this axis into segments zi < z < zi+1

(where we take z0 = −∞ and zn+1 = ∞). For each such segment, the points in the corresponding
orbits all have the same isotropy group. This isotropy group is a circle subgroup of the torus,
given as

T 2(v1i , v
2
i ) := {(eiv

1
i θ, eiv

2
i θ) | θ ∈ R} (2.14)

6That is, the set of points in M whose isotropy group is the entire group T 2.
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for some pair vi = (v1i , v
2
i ). The vectors (v0, . . . , vn) can be chosen in such a way that each vector

is a pair of coprime integers, and such that

det
(
vi−1 vi

)
= 1 (2.15)

holds for all i.

Proof. Since M has no points with a non-trivial finite isotropy group, the fact that M̂ is a
2-manifold with corners follows from the non-compact analog of [24, Theorem 1]. From the

discussion following the theorem, it is also clear that the interior of M̂ corresponds to points with
trivial isotropy and that the corners correspond to fixed points. It can also be seen from this
discussion that for a boundary segment, the isotropy group is constant on this segment, that it
is of the form T 2(v) for some pair v of coprime integers, and that if T 2(v) and T 2(w) are the
isotropy groups corresponding to two segments meeting in a corner, then det

(
v w

)
= ±1. It

remains to show that M̂ is homeomorphic to the closed upper half plane, for once this is done,
the sequence of vectors representing the isotropy groups associated with the boundary can be
chosen to satisfy (2.15), using the fact that T 2(v) = T 2(−v) and successively flipping the signs of
the vectors appropriately.

To prove that M̂ is homeomorphic to the closed upper half plane, first note that the orbit
space M̂ is the quotient of a non-compact manifold by a compact Lie group and is therefore
non-compact. We claim that M̂ is simply connected. To see this, take any loop γ̂ in M̂ . Since M
has a fixed point, we can assume that the basepoint of γ̂ is the image of such a point. We can
lift γ̂ to a curve γ in M , and because the fiber of the basepoint of γ̂ consists of a single point, γ
must also be a loop. Using the assumption that M is simply connected, we thus see that γ, and
therefore γ̂ is null-homotopic.

Of the asymptotic geometries in Table 2.1, all except ALH-splitting have only one end. Fur-
thermore, M cannot be ALH-splitting since by [10, Theorem 3.7], M would then be homeomorphic
to R × T 3, which contradicts the assumption that M is simply connected. Thus, M has only
one end, and one can see from this that M̂ has only one end. By the classification of simply
connected surfaces with boundary, M̂ is homeomorphic to the closed upper half plane.

Definition 3. The sequence (v0, . . . , vn), where the vectors vi = (v1i , v
2
i ) are as in Lemma 3, is

called the rod structure of M .

Remark 3. Some papers (e.g., [28]) define the rod structure also to include the lengths zi − zi−1

of the boundary segments. Although these lengths are not well-defined in the context of Lemma
3, since the choice of coordinates is not canonical, they are well-defined if one requires that the
homeomorphism from M̂ to the closed upper half plane be given by a canonical set of coordinates,
the Weyl–Papapetrou coordinates.

Lemma 4. Let (M, g) be a toric gravitational instanton with rod structure (v0, . . . , vn). Then
the boundary at infinity of M is the lens space7 L(p, q), where p := |det

(
v0 vn

)
| and q :=

sgn(det
(
v0 vn

)
) · det

(
v1 vn

)
.

Proof. Fix an identification of the orbit space M̂ with the closed upper half plane {z+ iρ | ρ ≥ 0}
as in Lemma 3; such an identification can be chosen to be a diffeomorphism away from the
corners. With v0, . . . , vn and z1, . . . , zn as in Lemma 3, set R = max(|z1|, . . . , |zn|), and consider

the subset Â = {z + iρ | ρ ≥ 0, z2 + ρ2 > R2} ⊆ M̂ .
Without loss of generality, we may assume that v0 = (0, 1) and v1 = (−1, 0); otherwise, we

can modify the T 2-action on M by composing it with an appropriate isomorphism T 2 → T 2.

7Here, we adopt the convention that L(0, 1) = S2 × S1.
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Then vn = ±(p,−q), so that the isotropy groups associated with the boundary segments of Â are
T 2(0, 1) and T 2(p,−q).

In the case where v0 = vn, that is, p = 0, the set Â can be realized as the orbit space of
(R,∞) × S2 × S1. Here, the latter is endowed with the T 2-action given by

(eiθ1 , eiθ2) · (r, t, z1, z2) = (r, t, ei(θ2z1, e
iθ1z2), (2.16)

where we are identifying S2 as a subset of R× C. By [43, Theorem 1.1], this means that there
exists a diffeomorphism M \K → [R+ 1,∞) × S2 × S1 which maps ∂K onto {R+ 1} × S2 × S1,

where K is the preimage of the compact set K̂ = {z + iρ | ρ ≥ 0, z2 + ρ2 ≤ (R+ 1)2} under the

quotient map M → M̂ . Thus, S2 × S1 is the boundary at infinity of M .
Now consider the case where v0 ̸= vn, that is, p ̸= 0. Define a T 2-action on (R,∞) × L(p, q)

by
(eiθ1 , eiθ2) · (r, z1, z2) = (r, eiθ1/pz1, e

−i(θ2+qθ1/p)z2). (2.17)

Then points of the form (r, z1, 0) have isotropy group T 2(0, 1), points of the form (r, 0, z2) have
isotropy group T 2(p,−q), and all other points have trivial isotropy group, and in particular, the

orbit space of (R,∞) × L(p, q) can be realized as Â. As in the previous case, the conclusion now
follows directly from [43, Theorem 1.1].

Theorem 1. Let (M, g) be a toric gravitational instanton. Then (M, g) is either ALE with a
cyclic group Γ, or ALF-Ak.

Proof. By Lemma 4, we can rule out any asymptotic geometry for which the boundary at infinity
is not homotopy equivalent to S2 × S1 or to a lens space. Looking at Table 2.1, this immediately
rules out ALH-splitting since it is not even path-connected in that case. Using the fact that
π1(L(p, q)) is cyclic, we can also rule out ALH-non-splitting, along with any boundary of the
form S3/Γ where Γ is not cyclic, since π1(S3/Γ) = Γ. Thus, M is neither ALF-Dk with k ̸= 2,
ALE with non-cyclic group Γ, nor ALH-non-splitting.

It remains to rule out the cases ALF-D2 and ALG. For ALF-D2, note that (S2 × S1)/Z2 is
homeomorphic to the quotient (S2 × R)/G, where G is the subgroup{(

1 a
0 b

) ∣∣∣∣ b = ±1, a ∈ Z
}

⊆ GL(2,Z), (2.18)

acting on S2 × R by ((
1 a
0 b

)
, (x1, x2, x3, y)

)
7→ (bx1, bx2, bx3, by + a). (2.19)

The action of G on S2 × R is easily seen to be a covering space action (see [22, p. 72]), and since
S2 × R is simply connected, G is the fundamental group of (S2 × S1)/Z2. However, G is not

cyclic since it is infinite and contains the element

(
1 0
0 −1

)
, whose order is 2.

Finally, to rule out ALG, we analyze the fundamental group of a fiber bundle E → S1 with
fiber T 2. By [22, Theorem 4.41, Proposition 4.48], there is an exact sequence of homotopy groups

· · · π2(S1) π1(T 2) π1(E) · · · . (2.20)

But the homotopy group π2(S1) is trivial, since any continuous map S2 → S1 lifts to the universal
cover R, which is contractible. Since also π1(T 2) = Z2, this means that there is an injective group
homomorphism Z2 → π1(E), which cannot happen if π1(E) is cyclic.
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Remark 4. Consider M = R2 × S1 × S1, with a T 2-action where the first circle factor acts by
rotating R2 around the origin, and the second circle factor acts by rotating one of the circle
factors. Then the quotient space M̂ = M/T 2 can be identified with S1 × [0,∞) ∼= R2 \ B1(0).
Here, the inner circle represents points fixed by the subgroup corresponding to the first factor,
while the exterior points correspond to points with a trivial isotropy group. This gives an analog
of a rod structure for an ALH space, where there is one rod joined to itself at both ends and no
turning points.

2.5 Examples

In this section, we consider some known examples of toric gravitational instantons. Table 2.2
lists their topology and topological invariants, along with their isometry groups, asymptotic
geometries, and whether they are hyper-Kähler (see Definition 4) or not. Their rod structures are
shown in Figure 2.1. Further details about these instantons can be found in [14, 13, 18].

2.5.1 Euclidean Space

A canonical example is Euclidean space R4 with the flat metric. Identifying R4 with C2 and
introducing coordinates (r, θ, ϕ, ψ) by

(z1, z2) =

(
r sin

(
θ

2

)
eiϕ, r cos

(
θ

2

)
eiψ
)
, (2.21)

where r > 0 and 0 < θ < π, the flat metric takes the form

g = dr2 +
r2

4
dθ2 + r2 sin2

(
θ

2

)
dϕ2 + r2 cos2

(
θ

2

)
dψ2 . (2.22)

The Killing fields
∂

∂ψ
and

∂

∂ϕ
(2.23)

are 2π-periodic, and thus generate an isometric T 2-action. Under this action, points with θ = 0
and r > 0 have isotropy group T 2(0, 1), and points with θ = π and r > 0 have isotropy group
T 2(1, 0). The point where r = 0 (that is, the origin) has isotropy group T 2, that is, is fixed under
the whole action, and all other points have a trivial isotropy group.

2.5.2 Riemannian Kerr and Schwarzschild Spaces

Let M > 0 and a ∈ R, introduce the shorthands ΣK = r2 − a2 cos2 θ and ∆K = r2 − 2Mr − a2,
and let r± := M ±

√
M2 + a2. In the Boyer–Lindquist coordinates,8 the Riemannian Kerr metric

is given by

g =
ΣK

∆K
dr2 + ΣK dθ

2 +
∆K

ΣK
(dτ − a sin2 θ dϕ)2 +

sin2 θ

ΣK
((r2 − a2) dϕ+ a dτ)2, (2.24)

where r > r+ and 0 < θ < π. Like its Lorentzian counterpart, it is a Ricci-flat metric.

8These are analogous to the coordinates with the same name used for the Lorentzian Kerr metric in general
relativity
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Table 2.2: Some known toric gravitational instantons.

Topology Euler characteristic Signature

Euclidean space and Taub–NUT R4 1 0
Kerr and Schwarzschild R2 × S2 2 0
Taub-bolt CP 2 \ {∗} 2 1
Eguchi–Hanson T ∗S2 2 1
Chen–Teo CP 2 \ S1 3 1

Isometry group Asymptotic geometry Hyper-Kähler?

Euclidean space R4 ⋊ O(4) ALE with trivial group Yes
Schwarzschild O(2) × O(3) ALF-A−1 No
Kerr O(2) × O(2) ALF-A−1 No
Taub–NUT (U(1) × SU(2))/Z2 ALF-A0 Yes
Taub-bolt (U(1) × SU(2))/Z2 ALF-A0 No
Eguchi–Hanson (U(1) × SU(2))/Z2 ALE with group Z2 Yes
Chen–Teo T 2 ALF-A−1 No

z
z1

(0,−1) (1, 0)
(a)

z
z1 z2

(0, 1) (−1, 0) (0,−1)
(b)

z
z1 z2

(0, 1) (−1,−1) (1, 0)
(c)

z
z1 z2

(1,−1) (1, 0) (1, 1)
(d)

z
z1 z2 z3

(0, 1) (−1, 0) (−1,−1) (0,−1)
(e)

Figure 2.1: Rod structures of (a) R4 and Taub–NUT; (b) Schwarzschild and Kerr; (c) Taub-bolt;
(d) Eguchi–Hanson; (e) Chen–Teo.
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Defining new coordinates (t̃, r̃, θ, ϕ̃) by
r = M +

√
M2 + a2 cosh r̃,

t = 1
κ t̃,

ϕ = ϕ̃− Ω
κ t̃,

(2.25)

where κ =
√
M2+a2

2Mr+
and Ω = a

2Mr+
, we see that r is a smooth function of r̃2, and (2.24) gives

g = ΣK(dr̃2 + dθ2 + (r̃2 +O(r̃4)) dt̃2 + (sin2 θ +O(sin4 θ)) dϕ̃2). (2.26)

Letting (r̃, t̃) be polar coordinates on R2 and letting (θ, ϕ̃) be spherical coordinates on S2, it
follows that g can be made regular at the coordinate singularity r = r+, provided that we identify
t̃ and ϕ̃ with period 2π independently.9 Consequently, g is a complete Ricci-flat metric on R2×S2.

The Killing fields

2Mr+√
M2 + a2

∂

∂τ
− a√

M2 + a2
∂

∂ϕ
and

∂

∂ϕ
(2.27)

are then 2π-periodic, and correspond to rotation of the R2 factor around its origin, and rotation of
the S2 factor around its polar axis, respectively. Together, they generate an isometric T 2-action.
Under this action, points in the set (R2 \ {0}) × {N,S} have isotropy group T 2(0, 1), where N
and S are the north and south pole of S2, respectively. Points in the set {0}× (S2 \ {N,S}) have
isotropy group T 2(1, 0), and the points {0}× {N} and {0}× {S} are fixed by all of T 2. All other
points have a trivial isotropy group.

In the special case a = 0, the metric is often referred to as the Riemannian Schwarzschild
metric, and in this case it reduces to

g =

(
1 − 2M

r

)
dτ2 +

(
1 − 2M

r

)−1

dr2 + r2(dθ2 + sin2 θ dϕ2). (2.28)

2.5.3 Taub–NUT and Taub-bolt spaces

Let M,N > 0, and define ∆T = r2 − 2Mr +N2, ΣT = r2 −N2 and r± = M ±
√
M2 −N2. The

general Taub–NUT family of metrics is given by

g =
ΣT

∆T
dr2 + 4N2 ∆T

ΣT
(dψ + cos θ dϕ)2 + ΣTa(dθ2 + sin2 θ dϕ2). (2.29)

When M = N , we obtain the so-called self-dual Taub–NUT metric. In this case, we can
introduce new coordinates by 

r = r̃2 +N,

ψ = ψ̃ + ϕ̃,

ϕ = ψ̃ − ϕ̃,

(2.30)

in which the metric takes the form

g = 4(r̃2 + 2N)

(
dr̃2 +

r̃2

4
dθ2 + r̃2 sin2

(
θ

2

)
dϕ̃

2
+ r̃2 cos2

(
θ

2

)
dψ̃

2
)

− 4(r̃2 + 4N)

r̃2 + 2N

(
r̃2 sin2

(
θ

2

)
dϕ̃+ r̃2 cos2

(
θ

2

)
dψ̃

)2

. (2.31)

9This is equivalent to performing the identifications (t, ϕ) ∼ (t+ 2π
κ
, ϕ− 2πΩ

κ
) ∼ (t, ϕ+ 2π).
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A comparison with the coordinate expressions in Section 2.5.1 shows that g can be made regular
at the coordinate singularities r = 0, θ = 0 and θ = π by independently giving each of the
coordinates ψ and ϕ the period 2π. The metric g is thus a complete Ricci-flat metric on R4. The
2π-periodic Killing fields

∂

∂ψ̃
=

∂

∂ψ
+

∂

∂ϕ
and

∂

∂ϕ̃
=

∂

∂ψ
− ∂

∂ϕ
(2.32)

generate an isometric T 2-action, and when described in terms of the coordinates r and θ, the
sets of points with specific isotropy groups are the same as those for Euclidean space with the
T 2-action defined in Section 2.5.1.

Another metric of interest, the Taub-bolt metric, arises by letting M = 5
4N , and we shall now

briefly account for the regularity of this metric. Introducing the coordinate system (t̃, r̃, θ̃, ϕ) by
r = N

4 (5 + 3 cosh r̃),

t = 2t̃− ϕ,

θ = 2 arctan
(
θ̃
2

)
,

(2.33)

we see that r is smooth as a function of r̃2, and that

g = Σ(dr̃2 + (r̃2 +O(r̃4)) dt̃2 + (1 +O(θ̃2)) dθ̃2 + (θ̃2 +O(θ̃4)) dϕ2 +O(r̃2θ̃2) dt̃dϕ). (2.34)

Viewing (θ̃, ϕ) as polar coordinates on R2 × {y} ⊆ R4, and viewing (r̃, t̃) as polar coordinates
on {x} × R2 ⊆ R4, it follows that g extends to a smooth metric on R4 ∼= C2, provided that we
identify t̃ and ϕ with period 2π independently. This is equivalent to making the identifications
(t, ϕ) ∼ (t+ 4π, ϕ) ∼ (t+ 2π, ϕ+ 2π).

We can also introduce another coordinate system (t̂, r̃, θ̂, ϕ) by{
t = 2t̂+ ϕ,

θ = 2 arccot
(
θ̂
2

)
,

(2.35)

so that

g = Σ(dr̃2 + (r̃2 +O(r̃4)) dt̂2 + (1 +O(θ̂2)) dθ̂2 + (θ̂2 +O(θ̂4)) dϕ2 +O(r̃2θ̂2) dt̂dϕ). (2.36)

In the same way as for the previous coordinate system, this shows that g extends to a smooth
metric on another copy of C2. Note that the identifications made to ensure regularity in the
coordinate system (t̃, r̃, θ̃, ϕ) also ensure regularity in the coordinate system (t̂, r̃, θ̂, ϕ). When
defined on the union of these copies of C2, this metric is complete.

Computing the transition map between the two coordinate systems, we see that they are
related by (t̂, r̃, θ̂, ϕ) = (t̃− ϕ, r̃, 4

θ̃
, ϕ). In other words, the two copies of C2 are glued together

according to the map

(C \ {0}) × C → (C \ {0}) × C,

(z1, z2) 7→
(

4

z1
, z2 ·

|z1|
z1

)
.

Topologically, this is the same thing as gluing two such copies along the map (z1, z2) 7→ ( 1
z1
, z2 · |z1|z1

),

or equivalently, gluing together two copies of D
2 × C along the map

S1 × C → S1 × C,

(z1, z2) 7→
(

1

z1
,
z2
z1

)
.

(2.37)
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We now claim that the manifold is diffeomorphic to CP 2 with a point removed. To see this,
consider two of the projective coordinate charts for CP 2, (U0, ϕ0) and (U1, ϕ1), where

Ui = {[Z0 : Z1 : Z2] ∈ CP 2 | Zi ̸= 0}, (2.38)

and

ϕ0 : U0 → C2,

[Z0 : Z1 : Z2] 7→
(
Z1

Z0
,
Z2

Z0

)
,

ϕ1 : U1 → C2,

[Z0 : Z1 : Z2] 7→
(
Z0

Z1
,
Z2

Z1

)
.

Since U0 ∪ U1 = CP 2 \ {[0 : 0 : 1]}, it follows that the latter is topologically equivalent to two
copies of C2, glued together along the transition map

(C \ {0}) × C → (C \ {0}) × C,

(z1, z2) 7→
(

1

z1
,
z2
z1

)
.

Again, topologically this is the same thing as gluing together two copies of D
2 ×C along the map

(2.37). This shows that the manifold is homeomorphic to CP 2 minus a point. To show that these
are diffeomorphic, we can replace the closed disk with an open disk of radius slightly larger than
1, gluing the two spaces together along a thin open strip around S1. The gluing map will then be
isotopic to the corresponding transition map in CP 2.

2.5.4 Eguchi–Hanson Space

Let a > 0. The Eguchi–Hanson metric is given by

g =

(
1 − a4

r4

)
r2

4
(dψ + cos θ dϕ)2 +

(
1 − a4

r4

)−1

dr2 +
r2

4
(dθ2 + sin2 θ dϕ2), (2.39)

where r > a and 0 < θ < π. Letting r = (r̃2 + a4)1/4 and ψ = ψ̃ + ϕ, we have

g =
1

4r2
(dr̃2 + r̃2 dψ̃

2
) +

r2

4
(dθ2 + sin2 θ dϕ2) +O(sin4 θ) dϕ2 +O(r̃2 sin2 θ) dψ̃ dϕ . (2.40)

This shows that g can be made regular at the coordinate singularities θ = 0 and r = a by
independently giving each of the coordinates ψ and ϕ periodicity 2π.

Keeping the coordinate r̃, but introducing a coordinate ψ̂ by ψ = ψ̂−ϕ, (2.40) still holds, but

with ψ̂ in place of ψ̃. Therefore, g can also be made regular at θ = π, with the same periodicities
mentioned above. The metric g is a complete Ricci-flat metric on T ∗S2, the cotangent bundle of
the 2-sphere (see [16]).

The 2π-periodic Killing fields ∂
∂ψ , and ∂

∂ϕ generate an isometric T 2-action, under which points

with θ = 0 and r > a have isotropy group T 2(−1, 1), points with θ = π and r > a have isotropy
group T 2(1, 1), and points with r = a and 0 < θ < π have isotropy group T 2(1, 0). The points
θ = 0, r = a and θ = π, r = a are fixed under the full T 2-action, and all other points have a
trivial isotropy group.
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2.5.5 Chen–Teo Space

For parameters κ ∈ (0,∞) and λ ∈ (−1, 1), let γ =
√

2 − λ2 and introduce the quantities

κE =
2(γ − λ2)

κ2(1 − λ2)2(1 + γ)2
(2.41)

and

Ω1E = − 2(γ − λ2)

κ2(γ − λ)2(1 + γ)2
. (2.42)

Defining the one-form

Ω =
κ2(1 − λ2)(1 + γ)(x+ λ)(y + λ)

2(2 + γ)(x− y)F (x, y)

(
2(x+ 1)(y − 1)(λ(3 + γ)(2(x+ λ)(y + λ) + (1 + γ)(γx− γy − 2)) + 3(1 − λ2)(x+ y))

+ (1 + λ)3(γ − λ+ 2)2(x2 − 1) − (1 − λ)3(γ + λ+ 2)2(y2 − 1)

)
dϕ , (2.43)

along with the functions G(x) = (1 − x2)(x+ λ),

H(x, y) =
(λ+ γ)(x+ λy) + (λ− γ)(y − λx) + 2xy + 2γλ2

4(2 + γ)

(
(2 + γ)(x+ λ)(y + λ)(λ(1 + γ)(x+ y) + (λ2 − γ)(x− y) + 4 + 2γλ2 − 2xy)

+ (1 − λ2)((γ + λ+ 2)(x+ λ)(x+ λγ) + (γ − λ+ 2)(y + λ)(y + λγ))

)
, (2.44)

and

F (x, y) = (x+λ)(y+λ)((1+λγ)2(xy+λx+λy+1)−2λγ(1−λ)(x−1)(y−1)− (x2−1)(y2−1)),
(2.45)

we define a metric by

g =
F (x, y)

H(x, y)
(dψ + Ω)2 − κ4H(x, y)

(x− y)3

(
dx2

G(x)
− dy2

G(y)
+

4G(x)G(y)

(x− y)F (x, y)
dϕ2
)
, (2.46)

where x < −1 and y > 1. We refer to this metric as the Chen–Teo metric.
With the identifications (ψ, ϕ) ∼ (ψ + 2π/κE , ϕ+ Ω1Eϕ/κE) ∼ (ψ, ϕ+ 2π), the Killing fields

1

κE

∂

∂ψ
+

Ω1E

κE

∂

∂ϕ
and

∂

∂ϕ
(2.47)

become 2π-periodic, and generate an isometric T 2-action. Introducing appropriate radial and
angular coordinates and performing a Taylor expansion, reasoning as in the previous sections,
one can show that g can be made regular at points where x ∈ {−∞,−1} or y ∈ {1,∞}, with
the exception of those points where (x, y) = (−∞,∞). This makes it into a complete Ricci-flat
metric on CP 2 \ S1.

Under the T 2-action, points where x = −∞ and y > 1 have isotropy group T 2(0, 1), and the
same is true for points where y = ∞ and x < −1. Points where y = 1 and −∞ < x < −1 have
isotropy group T 2(1, 0), while points where x = −1 and 1 < y <∞ have isotropy group T 2(1, 1).
Points with (x, y) ∈ {(−∞, 1), (−1, 1), (−1,∞)} are fixed under the whole action.
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Chapter 3

Mode stability

3.1 The perturbation equations

When referring to a perturbation ġ of a metric g, we are referring to a linear perturbation of g,
that is, a symmetric 2-tensor ġ. When g is Ricci-flat, we say that ġ is a Ricci-flat perturbation if
it is Ricci-flat to first order, that is, if ġ ∈ ker((DRic)g). In general, for a quantity depending on
the metric g, we denote by a dot the derivative of a quantity in the perturbation direction ġ. In
this notation, ġ is a Ricci-flat perturbation if and only if Ṙic = 0.

Ricci-flat perturbations of the Lorentzian Kerr metric have been studied extensively, and in
[40], Teukolsky derived a well-known equation for the perturbation of the Weyl scalars of extreme
spin weight, for such perturbations of the metric. The following theorem gives a Riemannian
analog of that perturbation equation.

Theorem 2. Consider a Ricci-flat perturbation ġ of a Ricci-flat type D metric g. For an adapted
tetrad, the perturbation Ψ̇0 satisfies the equation

((D − 3ϵ+ ϵ̃− ρ̃− 4ρ)(∆ − 4γ + µ) − (δ − α̃− 3β + π̃ − 4τ)(δ̃ − 4α+ π) − 3Ψ2)Ψ̇0 = 0, (3.1)

and the perturbation ˙̃Ψ0 satisfies the equation

((D − 3ϵ̃+ ϵ− ρ− 4ρ̃)(∆ − 4γ̃ + µ̃) − (δ̃ − α− 3β̃ + π − 4τ̃)(δ − 4α̃+ π̃) − 3Ψ̃2) ˙̃Ψ0 = 0. (3.2)

Proof. Since we have an adapted tetrad, Ψ0 = Ψ1 = Ψ̃0 = Ψ̃1 = 0, and using (A.15) and (A.17)
along with their tilded versions, we also have κ = κ̃ = σ = σ̃ = 0. The linearized versions of
(A.17) and (A.15) become

(∆ − 4γ + µ)Ψ̇0 = (δ − 4τ − 2β)Ψ̇1 + 3σ̇Ψ2 (3.3)

and
(δ̃ − 4α+ π)Ψ̇0 = (D − 4ρ− 2ϵ)Ψ̇1 + 3κ̇Ψ2 (3.4)

respectively. Operating on (3.3) with D and on (3.4) with δ, subtracting the resulting equations
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and using the commutation relation (A.2), we get

(D(∆ − 4γ + µ) − δ(δ̃ − 4α+ π))Ψ̇0 = ([D, δ] − 4Dτ − 2Dβ + 4δρ+ 2δϵ)Ψ̇1 + (3Dσ̇ − 3δκ̇)Ψ2

(3.5)

= (−(α̃+ 3β − π̃ + 4τ)D + (3ϵ− ϵ̃+ ρ̃+ 4ρ))δ)Ψ̇1

− Ψ̇1(D(4τ + 2β) + δ(4ρ+ 2ϵ)) + (3Dσ̇ − 3δκ̇)Ψ2.

(3.6)

We proceed by eliminating the first term on the right-hand side, obtaining

((D − 3ϵ+ ϵ̃− ρ̃− 4ρ)(∆ − 4γ + µ) − (δ − α̃− 3β + π̃ − 4τ)(δ̃ − 4α+ π))Ψ̇0 = A1 +A2, (3.7)

where

A1 = ((−3ϵ+ ϵ̃− ρ̃− 4ρ)(−4τ − 2β) − (−α̃− 3β + π̃ − 4τ)(−4ρ− 2ϵ)

− Ψ̇1(D(4τ + 2β) + δ(4ρ+ 2ϵ)) (3.8)

and
A2 = 3((D − 3ϵ+ ϵ̃− ρ̃− 4ρ)σ̇ − (δ − α̃− 3β + π̃ − 4τ)κ̇)Ψ2. (3.9)

By using (A.6), (A.11) and (A.14), we see that A1 = 0. For an adapted tetrad, (A.16) and (A.18)
become

DΨ2 = 3ρΨ2, δΨ2 = 3τΨ2. (3.10)

Therefore, by the Leibniz rule,

A2 = 3σ̇DΨ2 − 3κ̇δΨ2 + 3Ψ2((D − 3ϵ+ ϵ̃− ρ̃− 4ρ)σ̇ − (δ − α̃− 3β + π̃ − 4τ)κ̇)) (3.11)

= 3Ψ2((D − 3ϵ+ ϵ̃− ρ̃− ρ)σ̇ − (δ − α̃− 3β + π̃ − τ)κ̇) (3.12)

= 3Ψ̇0Ψ2, (3.13)

where we used the linearization of (A.10) in the last step, thus verifying (3.1). The proof of (3.2)
is similar, referring to the tilded versions of the NP equations instead.

3.2 Kerr

3.2.1 The Separated Perturbation Equations in Coordinates

We shall be interested in a particular choice of complex null tetrad (l, l,m,m), called the Carter
tetrad, defined by

l =
1√

2∆Σ

(
(r2 − a2)

∂

∂t
− a

∂

∂ϕ

)
+ i

√
∆

2Σ

∂

∂r
, (3.14)

m =
1√
2Σ

∂

∂θ
− i√

2Σ

(
1

sin θ

∂

∂ϕ
+ a sin θ

∂

∂t

)
. (3.15)

Note that |l|g = |m|g = 1. The spin coefficients for the Carter tetrad are given explicitly in
Section B.1. For this tetrad, we have

Ψ2 =
M

(r − a cos θ)3
, Ψ̃2 =

M

(r + a cos θ)3
, (3.16)
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and all other Weyl scalars vanish. In particular, this is an adapted tetrad.
We shall now analyze the perturbation equations in the Carter tetrad. The relevant properties

of the equations are given in the following four lemmas.

Lemma 5. For the Carter tetrad, the perturbation equation (3.1) is equivalent to the equation1

LΦ = 0, where Φ = Ψ
−2/3
2 Ψ̇0 and

L =
∂

∂r
∆K

∂

∂r
+

1

∆K

(
(r2 − a2)

∂

∂t
− a

∂

∂ϕ
+ 2i(r −M)

)2

+ 8i(r + a cos θ)
∂

∂t

+
1

sin θ

∂

∂θ
sin θ

∂

∂θ
+

1

sin2 θ

(
a sin2 θ

∂

∂t
+

∂

∂ϕ
− 2i cos θ

)2

. (3.17)

Furthermore, if Φ is a solution to this equation coming from a perturbation of the metric, then
we can write

Φ(t, r, θ, ϕ) =
∑
m,ω,Λ

ei(mϕ−ωt)Rm,ω,Λ(r)Sm,ω,Λ(θ), (3.18)

where m runs over Z, ω runs over Ω+κZ and for each choice of m,ω,Λ, the function R = Rm,ω,Λ
solves the equation RR = 0. The function S = Sm,ω,Λ is the unique solution to the boundary
value problem SS = 0, S′(0) = S′(π) = 0, where

R =
d

dr
∆K

d

dr
+ U(r), (3.19)

U(r) = − ((r2 − a2)ω + am+ 2(r −M))2

∆K
+ 8rω − Λ (3.20)

and

S =
1

sin θ

d

dθ
sin θ

d

dθ
+ V (cos θ), (3.21)

V (x) = 8aωx− 1

1 − x2
(
aω(1 − x2) −m+ 2x

)2
+ Λ. (3.22)

Here, S is normalized with respect to the L2 product with measure sin θ dθ, and the separation
constant Λ runs over the (countable set of) values for which such an S exists.

The same statement holds for the perturbation equation (3.2), if Φ is replaced by Φ̃, where

Φ̃ = Ψ̃
−2/3
2

˙̃Ψ0.

Proof. The fact that (3.1) is equivalent to LΦ = 0 follows from a direct computation, using the
expressions for the spin coefficients in Section B.1.

Now note that the boundary value problem SS = 0, S′(0) = S′(π) = 0 is a Sturm-Liouville
problem. Thus, there exists an orthonormal L2 basis of functions {Sm,ω,Λ}Λ solving it, and
furthermore, we can perform a Fourier series decompositions in the coordinates (t, ϕ). From these
considerations, we can write (3.18), where

Rm,ω,Λ(r) =
κ

4π2

∫ 2π/κ

0

∫ 2π

0

∫ π

0

e−i(mϕ−ωt)Φ(t, r, θ, ϕ)Sm,ω,Λ(θ) sin θ dθ dϕ dt. (3.23)

The fact that R = Rm,ω,Λ satisfies RR = 0 now follows directly from (3.23), along with the fact
that LΦ = 0.

For the statement involving Φ̃, the proof is entirely analogous.
1Note that the equation LΦ = 0 coincides with the corresponding equation for s = −2 in the Lorentzian case

(see [42, 5]), up to the replacements t 7→ it, a 7→ −ia and .
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Lemma 6. The equation RR = 0 is an ordinary differential equation in a complex variable r,
which has regular singular points at r = r±. The point r = ∞ is an irregular singular point
of rank 1, except when ω = 0, in which case it is a regular singular point. Thus, the equation
RR = 0 is a confluent Heun equation (see [38, Section 3]) when ω ̸= 0, and a hypergeometric
equation (see [38, Section 2]) when ω = 0. The characteristic exponents at r = r+ are

±
(

1 +
2Mr+ + am

r+ − r−

)
, (3.24)

and those at r = r− are

±
(
−1 +

2Mr− + am

r+ − r−

)
. (3.25)

When ω = 0, we have Λ ≥ 0, and the characteristic exponents at r = ∞ are

−3

2
± i

√
7

2
+ Λ. (3.26)

When ω ̸= 0, the equation RR = 0 admits normal solutions (see [17, Section 3.2]), near r = ∞,
of the asymptotic form

R ∼ e±rωr−1±2(Mω−1). (3.27)

Proof. The fact that r = r± are regular singular points follows directly from the fact that
∆K = (r − r+)(r − r−), the statement about the type and rank of the singular point at r = ∞
follows directly from the discussion in [17, Section 3.1], and the expressions for the characteristic
exponents can be seen from the discussion in [38, Section 1.1.3]. Substituting R = y/

√
∆K

transforms the equation RR = 0 into

d2y

dr2
+ qy = 0, (3.28)

where

q(r) =
U(r)

∆K
+

(
r+ − r−

2∆K

)2

= −ω2 − 4ω(Mω − 1)

r
+O(r−2). (3.29)

Following [17, Section 3.2], the equation RR = 0 therefore has normal solutions of the asymptotic
form

R ∼ e±rωr−1±2(Mω−1). (3.30)

Lemma 7. For a solution to the equation RR = 0 coming from a (globally smooth) perturbation
of the Kerr metric, the corresponding characteristic exponent at r = r+ is∣∣∣∣1 +

2Mr+ + am

r+ − r−

∣∣∣∣ . (3.31)

Proof. Since the set corresponding to r = r+ is compact, and by assumption, the perturbation Ẇ
of the Weyl tensor is continuous, Ẇ has bounded norm in a neighborhood of this set. Consequently,
since l and m have norm 1, it follows that Ψ̇0 = −Ẇ (l,m, l,m) is bounded near r = r+. Since

Ψ
−2/3
2 = O(r2), it follows that Φ, and therefore R, is bounded near r = r+. The statement now

follows immediately.
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We say that a perturbation ġ of the Kerr metric is asymptotically flat (AF) if |ġ|g = O(r−1),
with corresponding decay on derivatives, that is, |∇kġ|g = O(r−1−k) for every positive integer k.
Here, r is the radial coordinate of Kerr defined earlier, and the norm and covariant derivative are
taken with respect to g.

Lemma 8. Let R be a solution to the equation RR = 0 coming from an asymptotically flat
perturbation of the Kerr metric. When ω = 0, none of the characteristic exponents at r = ∞ are
compatible with the asymptotic flatness assumption. When ω ̸= 0, exactly one of the asymptotic
normal solutions is compatible with this assumption, namely

R ∼ e−r|ω|r−1−2(Mω−1) sgn(ω). (3.32)

Proof. By the assumption of asymptotic flatness, we have W = O(r−3), which means that Φ,
and therefore R, decays as r−1 as r → ∞. In particular, we must have limr→∞R(r) = 0, and the
result now follows immediately.

3.2.2 Mode Stability

Equipped with the lemmas of the previous subsection, we are now in a position to prove the
following theorem.

Theorem 3. For Ricci-flat AF perturbations of the Riemannian Kerr metric, the perturbed Weyl

scalars Ψ̇0,
˙̃Ψ0 vanish identically.

Proof. For r > r+ and −1 < x < 1, note that

U(r) + V (x) = − 16M(r + ax)

(r − ax)2

− (a2x(mx− 2) + 2a(x2 − 1)(M(rω − 1) + r) + r(m− 2x)(2M − r))2

(1 − x2)(∆K + (1 − x2)a2)∆K

− (2M(ax+ 3r) + (r − ax)(r + ax)(−axω + rω − 2))2

(r − ax)2(∆K + (1 − x2)a2)

< 0.

(3.33)

Here, the strict negativity follows from that of the first term, which holds because r+ > |a|. By
an integration by parts, we have

U(r) ≤ U(r) +

∫ π

0

(
dS

dθ

)2

sin θ dθ = U(r) +

∫ π

0

(
SS − 1

sin θ

d

dθ

(
sin θ

dS

dθ

))
S sin θ dθ (3.34)

= U(r) +

∫ π

0

V (cos θ)S2 sin θ dθ =

∫ π

0

(U(r) + V (cos θ))S2 sin θ dθ < 0, (3.35)

where the last equality follows from (3.33) and the normalization of S. Multiplying (3.19) by R
and integrating, the first term being integrated by parts, we get

0 =

[
∆K

dR

dr
R

]r=∞

r=r+

−
∫ ∞

r+

(
∆K

∣∣∣∣dRdr
∣∣∣∣2 − U |R|2

)
dr. (3.36)

We claim that the first term vanishes; to see this, we consider the endpoints separately. Near
r = ∞, we have ∆K ∼ r2, while R and its derivative decays exponentially. Thus, the term
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in square brackets decays exponentially, and in particular, it tends to zero as r → ∞. Near
r = r+, we know that R is bounded. The characteristic exponent corresponding to R is either
positive, in which case dR

dr = o(r−1), or R is analytic in a neighborhood of r = r+, in which case
dR
dr is bounded. In either case, the product ∆K

dR
dr tends to zero as r → r+, and from this, it

immediately follows that the term in square brackets tends to zero.
We have thus shown that ∫ ∞

r+

(
∆K

∣∣∣∣dRdr
∣∣∣∣2 − U |R|2

)
dr = 0. (3.37)

Since U < 0, the terms in the integrand are both non-negative and must therefore vanish. We
conclude that R vanishes identically.

3.3 Taub-Bolt

3.3.1 The Separated Perturbation Equations in Coordinates

As for Kerr, we are interested in a particular choice of complex null tetrad (l, l,m,m), in this
case given by

l =
1√
2Σ

(
1

sin θ

(
cos θ

∂

∂t
− ∂

∂ϕ

)
+ i

∂

∂θ

)
, (3.38)

m =

√
∆T

2Σ

∂

∂r
+
i
√

Σ/2∆T

2N

∂

∂t
, (3.39)

satisfying |l|g = |m|g = 1.
The spin coefficients for this tetrad are given explicitly in Appendix B.2 for completeness. For

this tetrad, we have

Ψ2 =
N

4(r −N)3
, Ψ̃2 =

9N

4(r +N)3
, (3.40)

and the rest of the Weyl scalars vanish. Thus, this is an adapted tetrad, and we see that the
Taub-bolt metric is of type D.

The following four lemmas give the relevant properties of the perturbation equations (3.1)
(3.2) for our analysis. The proofs are entirely analogous to those in Section 3.2.1 and are therefore
omitted.

Lemma 9. For the tetrad given in (3.38) and (3.39), the perturbation equation (3.1) is equivalent

to the equation LΦ = 0, where Φ = Ψ
−2/3
2 Ψ̇0 and

L =
∂

∂r
∆T

∂

∂r
− 4N(r +N)

(r −N)2
+

Σ2

4N2∆T

(
∂

∂t
− i

N(4r2 − 11Nr + 3N2)

Σ(r −N)

)2

+
1

sin θ

∂

∂θ
sin θ

∂

∂θ
+

1

sin2 θ

(
cos θ

∂

∂t
− ∂

∂ϕ
− 2i cos θ

)2

. (3.41)

Furthermore, if Φ is a solution to this equation coming from a perturbation of the metric, then
we can write

Φ(t, r, θ, ϕ) =
∑
m,ω,Λ

ei(mϕ−ωt)Rm,ω,Λ(r)Sm,ω,Λ(θ), (3.42)
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where m runs over 1
2Z, and ω runs over m + Z, and for each choice of m,ω,Λ, the function

R = Rm,ω,Λ solves the equation RR = 0, and the function S = Sm,ω,Λ solves the boundary value
problem SS = 0, S′(0) = S′(π) = 0, where

R =
d

dr
∆T

d

dr
+ U(r), (3.43)

U(r) = −4N(r +N)

(r −N)2
− Σ2

4N2∆T

(
ω +

N(4r2 − 11Nr + 3N2)

Σ(r −N)

)2

− Λ (3.44)

and

S =
1

sin θ

d

dθ
sin θ

d

dθ
+ V (cos θ), (3.45)

V (x) = − ((ω + 2)x+m)2

1 − x2
+ Λ. (3.46)

The separation constant Λ runs over the (countable set of) values for which such an S exists, all
of which are non-negative.

The same statement holds if Φ is replaced by Φ̃ = Ψ̃
−2/3
2

˙̃Ψ0, the operator L is replaced by L̃,
and the operator R replaced by R̃, defined in the same way but using a potential Ũ in place of U .
Here,

L̃ =
∂

∂r
∆T

∂

∂r
− 36N(r −N)

(r +N)2
+

Σ2

4N2∆T

(
∂

∂t
+ i

N(4r2 − 19Nr + 13N2)

Σ(r +N)

)2

+
1

sin θ

∂

∂θ
sin θ

∂

∂θ
+

1

sin2 θ

(
cos θ

∂

∂t
− ∂

∂ϕ
− 2i cos θ

)2

(3.47)

and

Ũ(r) = −36N(r −N)

(r +N)2
− Σ2

4N2∆T

(
ω − N(4r2 − 19Nr + 13N2)

Σ(r +N)

)2

− Λ. (3.48)

Lemma 10. The equation RR = 0 is an ordinary differential equation in a complex variable
r, which has regular singular points at r = 2N and r = N/2. The point r = ∞ is an irregular
singular point of rank 1, except when ω = 0, in which case it is a regular singular point. Thus,
the equation RR = 0 is a confluent Heun equation (see [38, Section 3]) when ω ̸= 0, and a
hypergeometric equation (see [38, Section 2]) when ω = 0. The characteristic exponents at r = 2N
are

±(ω − 1), (3.49)

and those at r = N/2 are

±
(ω

4
− 1
)
. (3.50)

When ω = 0, the characteristic exponents at r = ∞ are

−3

2
± i

√
7

2
+ Λ. (3.51)

When ω ̸= 0, the equation RR = 0 admits normal solutions (see [17, Section 3.2]), near r = ∞,
of the asymptotic form

R ∼ e±rω/2Nr−1±(5ω/4−2). (3.52)

Lemma 11. For a solution to the equation RR = 0 coming from a (globally smooth) perturbation
of the Taub-bolt metric, the corresponding characteristic exponent at r = 2N is |ω − 1|.
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A perturbation ġ of the Taub-bolt metric is said to be asymptotically locally flat (ALF) if
it decays as O(r−1), with corresponding decay on derivatives, just like the definition of AF
perturbations of the Kerr metric given in Section 3.2.1.

Lemma 12. Let R be a solution to the equation RR = 0 coming from an asymptotically locally
flat perturbation of the Taub-bolt metric. When ω = 0, none of the characteristic exponents at
r = ∞ are compatible with the assumption of asymptotic local flatness. When ω ̸= 0, exactly one
of the asymptotic normal solutions is compatible with this assumption, namely

R ∼ e−r|ω|/2Nr−1−(5ω/4−2) sgn(ω). (3.53)

Corresponding lemmas regarding the asymptotics of the equation R̃R = 0 also hold. We omit
them since they are entirely analogous.

3.3.2 Mode Stability

Theorem 4. For Ricci-flat ALF perturbations of the Taub-bolt metric, the perturbed Weyl scalars

Ψ̇0,
˙̃Ψ0 vanish identically.

Proof. In this case, we directly see that U(r) < 0, and integrating the equation RR = 0 by parts
like in the proof of Theorem 3, we see that R vanishes identically. The case involving the equation
R̃R = 0 is entirely analogous.
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Chapter 4

T 2 symmetry

4.1 Topological invariants in terms of the rod structure

In this section, we explicitly reconstruct M as a smooth manifold with a T 2-action directly from
its rod structure. We then calculate the intersection form for the reconstructed model, resulting
in the following theorem.

Theorem 5. Let (M, g) be a toric gravitational instanton with rod structure (v0, . . . , vn). Then
H2(M) ∼= Zn−1, and H2(M) admits a basis1 in which the intersection form on M is represented
by the matrix 

d1 1 0 . . . 0 0 0
1 d2 1 . . . 0 0 0
0 1 d3 . . . 0 0 0
...

...
...

. . .
...

...
...

0 0 0 . . . dn−3 1 0
0 0 0 . . . 1 dn−2 1
0 0 0 . . . 0 1 dn−1


, (4.1)

where di = − det
(
vi−1 vi+1

)
. In particular, the signature τ(M) is the signature of this matrix.

Proof. Let M1, . . . ,Mn denote distinct copies of R4 ∼= C2, and for each i, define a T 2-action on
Mi by

(eiθ1 , eiθ2) · (z1, z2) = (ei(a11θ1+a12θ2)z1, e
i(a21θ1+a22θ2)z2), (4.2)

where (
a11 a12
a21 a22

)
=
(
vi−1 vi

)−1
. (4.3)

Now let M+
i = {(z1, z2) ∈ Mi | |z1| > |z2|2 + 1} and M−

i = {(z1, z2) ∈ Mi | |z2| > |z1|2 + 1}.
Since (

vi vi+1

)−1
vi =

(
1
0

)
, (4.4)

and since det
((
vi vi+1

)−1(
vi−1 vi

))
= 1, we can write

(
vi vi+1

)−1(
vi−1 vi

)
=

(
−di 1
−1 0

)
(4.5)

1More precisely, a basis in the sense of Z-modules.
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for some di ∈ Z, and since vi−1 = −divi − vi+1, we have det
(
vi−1 vi+1

)
= −di det

(
vi vi−1

)
=

−di. We have diffeomorphisms Fi : M+
i →M−

i+1 given by

Fi(z1, z2) =

((
z1
|z1|

)−di
z2,

(
z1
|z1|

)−1(
|z2|2 + 1 +

1

|z1| − |z2|2 − 1

))
, (4.6)

and gluing the sets Mi together along these diffeomorphisms, we obtain a manifold M ′. It can be
checked that the diffeomorphisms are equivariant with respect to the T 2-actions defined on the
sets Mi and that they are orientation-preserving, where each Mi is given the standard orientation
of R4. This makes M ′ into an oriented manifold with a T 2-action. By construction, we can
map the orbit space M ′/T 2 diffeomorphically onto the orbit space M/T 2 in such a way that the
isotropy groups match, and by [43, Theorem 1.1], this implies that M and M ′ are equivariantly
diffeomorphic. For simplicity, we therefore identify M with M ′.

For 1 ≤ i ≤ n− 1, define the set

Ri = {(z1, z2) ∈Mi | z2 = 0} ∪ {(z1, z2) ∈Mi | z1 = 0}. (4.7)

This is an embedded 2-sphere in M , and in particular it is a closed orientable submanifold of M .
We give Ri the orientation for which the standard coordinate vector fields (∂/∂x1 , ∂/∂x2 ) for
Mi form a positively oriented frame for Ri. Then the fundamental classes [R1], . . . , [Rn−1] are
elements of H2(M), and we claim that they form a basis.

To this end, assume that n > 1 (otherwise, there is nothing to prove). For 1 ≤ i ≤ n− 1, we
have the Mayer–Vietoris sequence

H2(Mi) ⊕H2(Mi+1) → H2(Mi ∪Mi+1) → H1(Mi ∩Mi+1) → H1(Mi) ⊕H1(Mi+1). (4.8)

Since Mi
∼= Mi+1

∼= R4, the first and last terms vanish, which implies that the middle map is an
isomorphism. We can decompose Ri as the union of two closed disks Di ⊆Mi and Di+1 ⊆Mi+1,
joined along their common boundary circle Di ∩Di+1 ⊆ Mi ∩Mi+1. The middle map can be
described explicitly (see, e.g., [22, p. 150]), and it maps [Ri] to [Di ∩Di+1], where Di ∩Di+1 has
been oriented appropriately. But the intersection Mi ∩Mi+1 deformation retracts to Di ∩Di+1,
which shows that {[Di ∩Di+1]} is a basis for H1(Mi ∩Mi+1). Hence, it follows that {[Ri]} is a
basis for H2(Mi ∪Mi+1).

Now assume that 2 ≤ i ≤ n− 1 and put A = M1 ∪ · · · ∪Mi and B = Mi ∪Mi+1, and consider
the Mayer–Vietoris sequence

H2(A ∩B) → H2(A) ⊕H2(B) → H2(A ∪B) → H1(A ∩B). (4.9)

The first and last terms vanish because A ∩B = Mi
∼= R4, which shows that the middle map is

an isomorphism. From the previous paragraph we know that {[R1]} is a basis for H2(M1 ∪M2),
and by inducting on i we can conclude that {[R1], . . . , [Rn−1]} is a basis for H2(M).

What remains is to compute the intersection form with respect to this basis. For |i− j| > 1,
the submanifolds Ri and Rj are disjoint, and thus the intersection product [Ri] · [Rj ] vanishes.
Two adjacent submanifolds Ri and Ri+1 intersect in exactly one point, and they do so transversely,
and from this, it follows that [Ri] · [Ri+1] = ±1. Flipping orientations of the submanifolds Ri
appropriately, we ensure that [Ri] · [Ri+1] = 1 for all i, noting that flipping orientation does not
affect the self-intersection numbers [Ri] · [Ri]

To calculate the self-intersection numbers [Ri] · [Ri], we have to perturb Ri into another
submanifold representative of the same homology class, which intersects Ri transversely. We first
consider the case where di ≥ 0. In this case, we take a smooth function f : C → C such that
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f(z) = zdi − 3−di when |z| ≤ 2/3, and f(z) = (z/|z|)di when |z| ≥ 1, and such that f(z) ̸= 0
when 2/3 ≤ |z| ≤ 1. Now define a submanifold by

R′
i = {(z1, z2) ∈Mi | z2 = f(z1)} ∪ {(z1, z2) ∈Mi+1 | z1 = 1}. (4.10)

The inclusion map R′
i →M is homotopic to an embedding whose image is Ri. This can be seen by

considering the homotopy R′
i×[0, 1] →M which in Mi is given by ((z1, z2), t) 7→ (z1, (1−t)z2), and

in Mi+1 is given by ((z1, z2), t) 7→ ((1 − t)z1, z2). Endowing R′
i with the appropriate orientation,

this shows that R′
i is homologous to Ri.

Since f has exactly di roots, and since it is holomorphic with non-vanishing derivative near
these roots, it follows that Ri and R′

i intersect transversely in di points and that they intersect
positively at each such point (with respect to the orientation of M). In other words, [Ri] · [Ri] = di.
The case where di < 0 is exactly the same, except that we let f(z) = z−di − 3di for |z| ≤ 2/3. In
that case, the function f is antiholomorphic (instead of holomorphic) in that region so that Ri
and R′

i intersect negatively at each root.

4.2 Hitchin–Thorpe Inequality

The following definition is needed to state the results in this section.

Definition 4. A Riemannian manifold (M, g) is said to be hyper-Kähler if it admits three almost
complex structures I, J and K such that

• (M, g) is a Kähler manifold with respect to I, J and K separately.

• I2 = J2 = K2 = −1.

In its original form, the Hitchin–Thorpe inequality is a statement about compact Einstein
4-manifolds. For such manifolds M , the inequality states that

2χ(M) ≥ 3|τ(M)|, (4.11)

and it further states that equality occurs if and only if the universal cover of M is hyper-Kähler.
As a special case, this inequality applies when M is Ricci-flat. In general, the inequality does not
hold without modification in the non-compact case. For Ricci-flat ALE or ALF manifolds, there
are, however, variants of the inequality that involve extra boundary terms. In the case of ALE
manifolds, for instance, we have the following variant of the inequality, whose proof can be found
in [31, Theorem 4.2].

Theorem 6 (Hitchin–Thorpe Inequality for Ricci-Flat ALE Manifolds). Let (M, g) be an oriented
Ricci-flat ALE manifold with group Γ. Then

2

(
χ(M) − 1

|Γ|

)
≥ 3|τ(M) + ηS(S3/Γ)|. (4.12)

Equality holds if and only if the universal cover of M is hyper-Kähler.

The number ηS(S3/Γ) occurring in Theorem 6 is the so-called eta-invariant of the signature
operator of the space form S3/Γ, which is a spectral invariant of this space form. Although we
will not describe the eta-invariant in detail, we mention that the eta-invariant is an oriented
isometry invariant of the space form S3/Γ, and that reversing the orientation of this space form
flips the sign of the eta-invariant.
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The orientation of S3/Γ that defines the eta-invariant is the boundary orientation on S3/Γ ∼=
{R} × S3/Γ when viewed as the boundary of {x ∈ R4/Γ | |x| ≤ R}, where the latter is oriented
consistently with the asymptotic diffeomorphism, giving rise to an induced orientation on L(p, q).
Replacing the group Γ by its conjugate by an orientation-reversing element of O(n) if necessary,
we may assume that the orientation is induced by the standard orientation on R4.

Now let M be a toric ALE (with group Γ) instanton, with rod structure (v0, . . . , vn), where
we assume that det

(
vi−1 vi

)
= 1. Then Theorem 6 applies, and since M is simply connected,

the statement about its universal cover applies directly to M . From Lemma 4, it follows that
the boundary at infinity of M is L(p, q), where p = |det

(
v0 vn

)
| and q = sgn(det

(
v0 vn

)
) ·

det
(
v1 vn

)
, and Lemma 1 implies that S3/Γ and L(p, q) are h-cobordant. In particular, this

implies that Γ is a cyclic group of order p, and by the classification of spherical 3-manifolds (see
e.g., [35]), S3/Γ = L(p, q′) for some q′.

Let M be equipped with the orientation defined in the proof of Theorem 5. By following the
proofs of Lemmas 4 and 4 carefully, one verifies that the h-cobordism is an oriented h-cobordism,
by which we mean that the cobordism W admits an orientation for which the induced boundary
orientation on ∂W is that of (−L(p, q))⊔L(p, q′). By [15, Theorem 1], this implies that L(p, q) and
L(p, q′) are orientation-preservingly homeomorphic. The classification of lens spaces then implies
that L(p, q) and L(p, q′) are orientation-preservingly isometric so that ηS(L(p, q)) = ηS(L(p, q′)).
We now cite the following formula for the eta-invariants of lens spaces, whose proof can be found
in [26, Theorem 4].

Theorem 7. For p, q ∈ Z with 0 ≤ q < p and gcd(p, q) = 1, the eta-invariant of the signature
operator of L(p, q) is

ηS(L(p, q)) =
1

3p
(p− 1)(2pq − 3p− q + 3) − 2

p

q−1∑
k=1

⌊
kp

q

⌋2
. (4.13)

By the discussion in the previous paragraph, the eta-invariant which occurs in the inequality
(4.12) for the toric ALE instanton M is given by the expression on the right in (4.13), where p
and q are given as in the previous paragraph, except that q is reduced2 modulo p in order to
satisfy 0 ≤ q < p.

It is also well known (and can be seen directly by considering the construction in the proof of
Theorem 5) that the Euler characteristic is given by χ(M) = n, and taken together, this shows
that we can express all of the quantities occurring in Theorem 6 directly in terms of the rod
structure. Theorem 6 can thus be interpreted as a necessary condition that rod structures of toric
ALE instantons have to satisfy.

As mentioned, there are also variants of the Hitchin–Thorpe inequality for ALF manifolds. In
the case of ALF-Ak, we have the following result, whose proof can be found in [11, Theorem 6.12].

Theorem 8 (Hitchin–Thorpe Inequality for Ricci-Flat ALF-Ak Manifolds). Let (M, g) be an
oriented Ricci-flat manifold which is ALF-Ak for some integer k. Then

2χ(M) ≥ 3
∣∣∣τ(M) − e

3
+ sgn(e)

∣∣∣, (4.14)

where e = −k − 1. Equality holds if and only if the universal cover of M is hyper-Kähler.

Here, the asymptotic diffeomorphism M \K → (R,∞) × L(|e|, sgn e) to be orientation-
preserving. For p ≠ 1, 2, there is no orientation-preserving diffeomorphism L(p, 1) → L(p,−1),

2Note that reduction of q modulo p does not change the lens space L(p, q).
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which shows that purely topological arguments uniquely determine the sign of e in this case. The
cases |e| = 1 and |e| = 2 are slightly more subtle and require further consideration of how the
asymptotic diffeomorphism relates to the metrics of the spaces, but in this paper, we will not
consider these aspects.

4.3 Rod structures With Three Turning Points

Consider a rod structure (v0, v1, v2, v3) with three turning points, satisfying v0 = (0, 1) and
v1 = (−1, 0); any such rod structure can be written as in Figure 4.1, for some a, b ∈ Z. For a
toric gravitational instanton (M, g) with this rod structure, we have χ(M) = 3, and the signature
τ(M) is just the difference between the number of positive and negative roots, respectively, of the
polynomial λ2 − (a+ b)λ+ ab− 1. Assume now, in addition, that (M, g) is ALE. As we shall see,
this additional assumption restricts the possible pairs (a, b). An obvious restriction is, of course,
that p := det

(
v0 v3

)
= |1 − ab| is non-zero, for otherwise, the boundary at infinity would be

S2 × S1, which is incompatible with ALE geometry. Moreover, we must have p > 1, since if p = 1
then M is AE, so the positive mass theorem (see [37]) implies that M is homeomorphic to R4,
which contradicts the fact that χ(M) = 3.

Now let q be the unique integer in the range 0 ≤ q < p which satisfies q ≡ b sgn(1 − ab)
(mod p). By Theorem 6, we have

2

(
3 − 1

p

)
≥ 3|τ(M) + ηS(L(p, q))|, (4.15)

where ηS(L(p, q)) is given by the right hand side of (4.13).
The requirement that p > 1, along with the inequality (4.15), can be viewed as restrictions on

the values of a and b, and for any specific values of a and b, it is straightforward to check whether
or not they. In other words, if for some a, b ∈ Z one of these requirements does not hold, there
cannot exist any toric ALE instanton with the corresponding rod structure. By systematically
checking all pairs (a, b) with |a|, |b| ≤ 17, one arrives at Figure 4.2a. The pairs (a, b) = ±(2, 2)
(marked with red) are the pairs for which exact equality holds in (4.15). They correspond to the
unique hyper-Kähler instanton on the minimal resolution of C2/Z3 (see [27]), equipped with two
distinct T 2-actions.

Consider, now, the same question for ALF: Given a, b ∈ Z, does there exist a toric ALF
instanton (M, g) with the rod structure in Figure 4.2? Such a manifold M is necessarily of the
type ALF-Ak With the same definitions of p and q as before, and with e = −k − 1, we have
|e| = p, and either q = 1 or q = p− 1 holds. Furthermore, Theorem 8 implies that

6 ≥ 3
∣∣∣τ(M) − e

3
+ sgn(e)

∣∣∣ . (4.16)

When p ̸= 1, 2, the sign of e is uniquely determined, and is given by

e =

{
−p, q = 1,

p, q = p− 1,
(4.17)

while in the cases p = 1 and p = 2, the sign e is ambiguous. Nonetheless, in the latter cases,
(4.16) must hold with either e = p or e = −p.

If equality holds in (4.16), then M is hyper-Kähler, and by the classification of hyper-Kähler
ALF instantons, M is a triple-Taub–NUT instanton (see [30]). The triple-Taub–NUT instanton
has Euler characteristic equal to p, which implies that p = 3, and it has an even intersection form,
that is, d1 = a and d2 = b are even.
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z
z1 z2 z3

(0, 1) (−1, 0) (a,−1) (1 − ab, b)

Figure 4.1: A rod structure with three turning points.

a

b

(a) ALE

a

b

(b) ALF

Figure 4.2: The remaining possibilities for (a, b).

Again, the preceding statements restrict the possible values of a and b. Using the same method
to compute the signature τ(M) as before, systematically checking all pairs (a, b) with |a|, |b| ≤ 17,
one arrives at Figure 4.2b. As for the ALE case, the pairs (a, b) = ±(2, 2) (marked with red) are
the pairs for which exact equality holds in (4.16). They correspond to two distinct T 2-actions on
the triple-Taub–NUT instanton. Furthermore, the pairs given by (a, b) = ±(1, 1) (marked with
blue) correspond to two distinct T 2-actions on the Chen–Teo instanton.

Theorem 9. Let (M, g) be a toric ALE instanton with the rod structure shown in Figure 4.1.
Then either (a, b) = ±(2, 2), or ab < 0 and |a+ b| ≤ 6 (as depicted3 in Figure 4.2a). If instead
M is ALF, then either a = 0, b = 0, or (a, b) is one of the pairs in Figure 4.2b.

Proof. For the ALF statement, (4.16) implies that

6 ≥ |e| − 3|τ(M) + sgn(e)| ≥ |e| − 9, (4.18)

so that
|ab| ≤ 1 + |1 − ab| = 1 + |e| ≤ 16. (4.19)

Thus, either |a|, |b| ≤ 16, in which case (a, b) is one of the points in Figure 4.2b, or either a or b
vanishes.

We now prove the ALE statement. Since the transformation (a, b) 7→ (−a,−b) corresponds
to (p, q) 7→ (p, p − q), and since the latter corresponds to an orientation reversal of the lens
space L(p, q), it follows that (a, b) 7→ (−a,−b) amounts to a sign reversal of ηS(L(p, q)). The

3The meaning of the different colors will be explained in Section 4.3.
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transformation (a, b) 7→ (−a,−b) also leads to a sign reversal of τ(M), and thus preserves the
inequality (4.15). Since the conclusion of the theorem is also preserved under this transformation,
we may assume without loss of generality that a ≤ 0. Moreover, since p > 1, we must in fact have
a < 0 and b ̸= 0.

First assume that b > 0; then p = 1 − ab, and since 0 < b < 1 − ab, we have q = b. For every
integer k with 1 ≤ k ≤ q − 1, we have⌊

kp

q

⌋
=

⌊
k

b
− ka

⌋
= −ka, (4.20)

and by (4.13), this implies that

ηS(L(p, q)) = −ab(a+ b)

3(1 − ab)
. (4.21)

Since the constant coefficient of the polynomial λ2 − (a+ b)λ+ ab− 1 is negative, the roots have
different signs, which means that τ(M) = 0, and (4.15) now implies that

6 − 2

1 − ab
≥ |ab(a+ b)|

1 − ab
, (4.22)

or equivalently,
(|a+ b| − 6)|ab| ≤ 4. (4.23)

This means that either |a+ b| ≤ 6, in which case we are done, or |ab| ≤ 4. In the latter case,

(a+ b)2 = a2 + b2 + 2ab ≤ 16

b2
+

16

a2
+ 8 ≤ 40, (4.24)

which also implies that |a+ b| ≤ 6.
Consider now the case a, b < −1, for which p = ab− 1 and q = −b. For 1 ≤ k ≤ q− 1 we have⌊

kp

q

⌋
=

⌊
k

b
− ka

⌋
= −ka− 1, (4.25)

so (4.13) implies that

ηS(L(p, q)) =
a2b+ ab2

3(ab− 1)
+ 2. (4.26)

One readily verifies that τ(M) = −2, and thus (4.15) implies that

6 − 2

ab− 1
≥ |a2b+ ab2|

ab− 1
, (4.27)

or equivalently,

6 − 8

ab
≥ |a+ b|. (4.28)

In particular, |a + b| < 6, so that (a, b) is either (−2,−2), (−2,−3) or (−3,−2). As the latter
two do not satisfy (4.28), we must have (a, b) = (−2,−2).

In the case a = −1, b < −1, we have τ = −2, p = −b− 1 and q = 1, and

ηS(L(p, q)) =
(b+ 2)(b+ 3)

3(b+ 1)
, (4.29)

so (4.15) implies that
−6b− 8 ≥ |(1 − b)b|, (4.30)

which is a contradiction. The case a < −1, b = −1 is almost the same, the only difference being
that a occurs in place of b in the expressions for p and ηS(L(p, q)).
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z
z1 z2 z3 z4

(0, 1) (−1, 0) (a,−1) (1 − ab, b) ((ab− 1)c− a, 1 − bc)

Figure 4.3: A general rod structure with four turning points.

z
z1 z2 z3 z4

(0, 1) (−1, 0) (a,−1) (1, 0) (0, 1)

z
z1 z2 z3 z4

(0, 1) (−1, 0) (0,−1) (1, b) (0, 1)

Figure 4.4: Two families of AF rod structures with four turning points.

Remark 5. One can also look at rod structure with four turning points. As in the case with
three turning points, we can assume that v0 = (0, 1), v1 = (−1, 0). Such a rod structure will have
the form shown in Figure 4.3, with three integer parameters a, b, c. Restricting attention to the
AF case, we are left with two families of rod structures, shown in Figure 4.4, along with four
exceptional rod structures, shown in Figure 4.5. For AF rod structures with four turning points,
it then turns out that the Hitchin–Thorpe inequality is always satisfied with strict inequality.
Thus, we cannot rule out any of these rod structures.

Since the inequalities are strict, we can at least conclude that a simply connected AF toric
gravitational instanton with four turning points cannot be hyper-Kähler. However, this is
already known: by the classification of ALF-Ak hyper-Kähler gravitational instantons, any AF
hyper-Kähler gravitational instanton must be a product of R3 with a circle, which is not simply
connected.

In other words, the Hitchin–Thorpe inequality gives no information about AF rod structures
with four turning points.

z
z1 z2 z3 z4

(0, 1) (−1, 0) (−2,−1) (−1,−1) (0,−1)

z
z1 z2 z3 z4

(0, 1) (−1, 0) (−1,−1) (−1,−2) (0,−1)

z
z1 z2 z3 z4

(0, 1) (−1, 0) (2,−1) (−1, 1) (0,−1)

z
z1 z2 z3 z4

(0, 1) (−1, 0) (1,−1) (−1, 2) (0,−1)

Figure 4.5: Four exceptional AF rod structures with four turning points.
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Appendix A

Newman–Penrose Equations

Given an equation expressed in terms of the spin coefficients, Weyl scalars and tetrad derivative
operators, we can apply the tilde operation, given by formally replacing any such quantity x by
the tilded quantity x̃. Here, we adopt the convention that ˜̃x = x, D̃ = D and ∆̃ = ∆. The result
is a new, a priori independent equation, the tilded version of the original equation.

We have the Newman–Penrose commutation relations, given by the four equations

[D,∆]ψ = −(γ + γ̃)Dψ − (ϵ+ ϵ̃)∆ψ + (π + τ̃)δψ + (π̃ + τ)δ̃ψ, (A.1)

[D, δ]ψ = −(α̃+ β − π̃)Dψ − κ∆ψ + (ϵ− ϵ̃+ ρ̃)δψ + σδ̃ψ, (A.2)

[∆, δ]ψ = ν̃Dψ + (α̃+ β − τ)∆ψ + (γ − γ̃ − µ)δψ − λ̃δ̃ψ, (A.3)

[δ, δ̃]ψ = (µ− µ̃)Dψ + (ρ− ρ̃)∆ψ + (−α+ β̃)δψ + (α̃− β)δ̃ψ, (A.4)

together with their tilded versions.1

In terms of the spin coefficients, the vacuum Einstein equations become

Dα− δ̃ϵ = − β̃ϵ− γκ̃− κλ+ π(ϵ+ ρ) + α(−2ϵ+ ϵ̃+ ρ) + βσ̃, (A.5)

Dβ − δϵ = Ψ1 − α̃ϵ− κ(γ + µ) + ϵπ̃ + β(−ϵ̃+ ρ̃) + (α+ π)σ, (A.6)

Dγ − ∆ϵ = Ψ2 − γ̃ϵ− γ(2ϵ+ ϵ̃) − κν + π(β + τ) + α(π̃ + τ) + βτ̃ , (A.7)

Dλ− δ̃π = − κ̃ν + π(α− β̃ + π) + λ(−3ϵ+ ϵ̃+ ρ) + µσ̃, (A.8)

Dρ− δ̃κ = κ(−3α− β̃ + π) + ρ(ϵ+ ϵ̃+ ρ) + σσ̃ − κ̃τ, (A.9)

Dσ − δκ = Ψ0 + (3ϵ− ϵ̃+ ρ+ ρ̃)σ − κ(α̃+ 3β − π̃ + τ), (A.10)

Dτ − ∆κ = Ψ1 − (3γ + γ̃)κ+ π̃ρ+ (ϵ− ϵ̃+ ρ)τ + σ(π + τ̃), (A.11)

∆ρ− δ̃τ = − Ψ2 + κν + (γ + γ̃ − µ̃)ρ− λσ − τ(α− β̃ + τ̃), (A.12)

δα− δ̃β = − Ψ2 + α(α̃− 2β) + ββ̃ + ϵ(µ− µ̃) + (γ + µ)ρ− γρ̃− λσ, (A.13)

δρ− δ̃σ = − Ψ1 + κ(µ− µ̃) + (α̃+ β)ρ+ (−3α+ β̃)σ + (ρ− ρ̃)τ. (A.14)

together with their tilded versions.

1For the first and last equation, applying the tilde operation results in the same equations, up to sign. For the
second and third equations, it results in two new, independent equations.
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Finally, we have the Bianchi identities, given by the equations

δ̃Ψ0 −DΨ1 = (4α− π)Ψ0 − 2(ϵ+ 2ρ)Ψ1 + 3κΨ2, (A.15)

δ̃Ψ1 −DΨ2 = λΨ0 + 2(α− π)Ψ1 − 3ρΨ2 + 2κΨ3, (A.16)

∆Ψ0 − δΨ1 = 4γΨ0 − µΨ0 − 2(β + 2τ)Ψ1 + 3σΨ2, (A.17)

∆Ψ1 − δΨ2 = νΨ0 + 2(γ − µ)Ψ1 − 3τΨ2 + 2σΨ3, (A.18)

together with their tilded versions.
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Appendix B

Spin coefficients

B.1 Kerr

α = β =
r cos θ − a

(r − a cos θ)2
√

2Σ sin θ
, (B.1)

γ = ϵ =
i(−∆/(r − a cos θ) + r −M)

2
√

2∆Σ
, (B.2)

µ = ρ = − i
√

∆/2Σ

r − a cos θ
, (B.3)

π = τ = − a sin θ

(r − a cos θ)
√

2Σ
, (B.4)

α̃ = β̃ = − r cos θ + a

(r + a cos θ)2
√

2Σ sin θ
, (B.5)

γ̃ = ϵ̃ =
i(−∆/(r + a cos θ) + r −M)

2
√

2∆Σ
, (B.6)

µ̃ = ρ̃ = − i
√

∆/2Σ

r + a cos θ
, (B.7)

π̃ = τ̃ = − a sin θ

(r + a cos θ)
√

2Σ
, (B.8)

κ = λ = ν = σ = κ̃ = λ̃ = ν̃ = σ̃ = 0. (B.9)
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B.2 Taub-bolt

α = β =
N(r +N)2

8Σ
√

2∆Σ
, (B.10)

γ = ϵ = γ̃ = ϵ̃ =
i cot θ

2
√

2Σ
, (B.11)

π = τ = − (r +N)
√

∆/2Σ

Σ
, (B.12)

α̃ = β̃ = − 9N(r −N)

8(r +N)
√

∆Σ
, (B.13)

π̃ = τ̃ =

√
∆/2Σ

r +N
, (B.14)

κ = λ = µ = ν = ρ = σ = κ̃ = λ̃ = µ̃ = ν̃ = ρ̃ = σ̃ = 0. (B.15)
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