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CepnJOKOBa C.l1. P5 - 12062 

nocTpOeHHe HOpMBJlbHO:it ¢opMbl pe30llbB8HTHOii M8TpHUbi 

JJ.JlSI runep6onH:'l8CKHX CHCT&M p83HOCTHbiX ypaBH8HHii 

DOKB3BHB TeopeMa 0 npUBeJleHHH pe30JlbBeHTHOii MBTpHUbi K HOpM8Jlb­

HOMy BHAY· npea.nonaraeTCSI, 'ITO aanaqa KouiH .llJlSI paCCM8TpuaaeMoii CHCTe­
Mbl paaaocTHbiX ypaaHeHHA ycroi%quaa a L 2 . B cnyqae rHnep6onn:qeCKHX 
CHCTeM p83HOCTHbiX ypaBHeHHit HOpM8JlbH8SI ¢opM8 pe30JlbB8HTHOii M8TpUUbl 

aaanori-PIHa aopManbHOH ¢opMe xapaKTepHCT~PteCKOP. MaTpHUhi. PeaonbaeHTHaSI 
M8TpHU8 llpHBO!lHTCSI K HOpM8J1bHOMY BUllY HeBblpO)KlleHHbiM 8H8J1HTU"tJ:eCKHM 

npeo6paaoaaaueM nono6us:~. CooTaeTCTayromuii: 6aauc Kaaauco6cTaeHHhiX aeK­

Topoa CTpOHTCSI HCXOllH H3 6aauca KB83HC06CrBeHHbiX BeKTOpOB llJISI XapaKTe­

pHCTH'IeCKOii M8TpHUbi. 

Pa6oTa BbiiTOnHeHa a !la6opaTopuR abrtmcnuTeJibHoii TeXHHKH 

H 8BTOM8 TH38UHH 0J1,Sil1., 

Coo15wenue 06benuHeHHoro HHCTHTyTa HnepHhiX uccneaoBaHull. Lly15na 1978 

Serdyukova S.I. P5 - 12062 

Construction of ·Canonical Form of Resolvent Matrix 
for Hyperbolic Systems of Difference Equations 

The theorem of reduction of resolvent matrix to canonical 
form is proved. It is assumed that Cauchy's problem is stable in L 2. 
In the case of hyperbolic systems the canonical form of resolvent 
matrix is analogue to the canonical form of characteristic matrix.. 
The resolvent matrix is reduced to canonical form by means of 
nonsingular analytical similar transformation. The corresponding 
base of nonanalytical vectors are constructed starting from the 
base for characteristic matrix. 

The investigation has been performed at •the Laboratory 
of Computing Techniques and Automation, JINR. 

Communication of the Joint Institute for Nuclear Research. Dubna 1978 

© /978 06'hB/lBH8HHbl/l BHCTBTyT JI.QepHbiX BCCile/lOBBHHII ,ay6H8 

B rrpe,n:JiaraeMo:fi pa6oTe rrocTpoena nopMaJibHB..fl qiopMa pesoJII>BeuT­

nofr M"B.Tplll~ ,IJ;Jifi C¥ICT6M pa3IIOCTHllX I'l:!Ilep00Jllf'l6CI<HX ypaBH6Hllii:, llpe,n:­

TIOJiaraeTCJI, 'ITO COOTB6TCTBY100laff 3a,Il;a'!a Kolllli ycTOit<l:HBa B L.z. , B CJIY­

"-Iae rliiiepOOJIM'!6CI<HX CllCTeM IIOpMallbHB..fl cflopMa pe30JlbB6HTHOH MaTpm~ 

anaJiorwma nopMaJII>Hofi cpopMe xapaKTepncTR'!eCKOil: MaTp~. PesoJII>BeHT­

HM MaTpll~ rrpllBO,IJ;RTCH K HOp~aJibHOMY BH.n;y H6BHP0~6HHUM aH~lTll­

'!6CKUM rrpeoopasoBaimeM rro.n;odM. CooTBeTCTBYJ(llllllii Clasuc "rma.sncoo­

cTBeHHllX" aHaJIMTli'l6CI<HX BeKTOpoB CTpollTCJI llCXOM ll3 6a3RCa 
11

I\Ba.-

3J7!C00CTB6HHllX11 B6KTOpOB "Jrl:paKTepllCTlf'l6CitOH MaTpilll;!.I. 

n .n;uccepTau;Fll anTopa 1 ,n:oKasano neoClxo,IJ;HMoe n .n:ocTaTo'!Hoe 

YCJIOBlie YCTOit<l:llBOCTl1 B /.,2. IIOJIY06CKOH6'!HllX pa3HOCTHllX KpaeBllX sa­

,IJ;a'! ,IJ;Jifi Cl1CT6M pa3HOCTHHX rurrepdOJllf'l6CI<HX ypaBHeHllH 

JJ"nH = L A. tY . r 
u " 

~ _.,, A ~ t ~ 

) 11'' "f ]J"n. = f. Cjm lt:' l ~ ll ' m j="' J 

n 90 ~ ~ 1. ' 

m = o, - i , ... , - z 1 + 1. • 

(I a) 

(lB) 

ff- neKTopu pasMepHocTn k ; AA, cd,.., - rrocToHHHHe MaTp~, 'l:t"' 1, 

])et A-, 1 J 0, ])et A '!02 ! 0. 

EcJIM sa.n;a'!a Kolllli ycTOll'lliBa B L2 , To coclcTBeHHHe sna'!emm xaprut-

T6pllCTlf'l6CKOll MaTp~ 
!2 . . <f 

Di<f'J= L.,A,·e"J O!O'f£o2Tt, 

"' ' ' I I 
B OKpeCTHOCTll orrpe_ieJli!lOllll1X TO'l6K ,IJ;OTIYCKa!OT 

2 
pa3JIOllt6Hll6 Bll,IJ;a 

~ . 
)(<f) =e-"lof'{i.'+'o + i..¥(<?-lf'.) +L l- old (<f-<f.JJ- p (<f-lf'.)

2
1' + ... } • 

J"P 

8,n:ecb %,'1',«j -BeutecTBemwe, j'>">O; J", P, )l - u;eJIHe, .A, (<!'} 

)j (<f) npruia,IJ;JielltaT o.n:noMY KJiaccyt21, eCJrn 2)1(iJ ~2/' tiJ = ~ 
II en >.,('f) -en Ai (!{) = 0 ( ('f'-lfJ"') 
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TeopeMa KpaJica-YpMa/2/ .131./41. ECJW aa,JJ;aqa l{olliH yc·roli'l:Irna B 42 , 

TO B OitpeCTHOCTH Olip8,ll;8JimOIIIIDC TO'l8K xapa.JtTepHCTli'IOCKrul MaTpllll;U 

H8Bllp0l!t,ll;8HHHM aHa.miTl!'l8CI01M rrpeodpa30Ballli8M liO,ll;DOllil IIpl1DO,ll;IITCil I{ 

cJie,nyiOU.leMy OJIO'liiO-TpeyroJI:LHOMY mmy. B JieDOM nepxneu yr;ry pacno­

JIOJKeH OJIOR, ROTOpOMY OTBeqaJQT COOCTB8IUIHe 3Ha'leHIDI, MOHLiliH8 ITO 

Mo.n;ymo e,ll;HH:I1UH B paccMaTp:vmaer,to}i oupe.ne.JlillW!ell TO'l:Re. I\a;K.n;oMy ItJiac­

cy COOCTB8JIHHX 3Ha'leHH}f OTDeqaeT TpeyroJI:&HHH OJIOK, paCIIOJIO/lt8Hlilli1 

na .~arouaJIU n (<f) • OcTaJI:&HHe Mec•ra i5 {<f) aarroJIHeHH nyJlillilH. 

0603Ha'I:HM 'l:epe3 1!1' liOJIY68CKOHe'Il!He llOCJI8,ll;OBaT8JibHOCT11 Bei<-

TOpOB, y.n;oBJieTBOpm~e (IB). 3a,JJ;aqa (1) MOJKOT OHTb 3anllCa.Jia Borre­

paTOpHOM BH.n;e: 

IJ'n+1 =G .,yn n:} o. 
' 

'!TOOH RCCJI8,ll;OBaTb ycT~ll'lliBOOT:&, npe.n;cTaBJliler.l
5/ Gn. B Bli,ll;e KOH-

TypHoro HHTerpa;ra OT pe30JI:&B8HTH: 

n -1 ,f, { )- f n G ==-ZXT'Y t;-~I -~ dl. 

IIocTpoenHe peaoJI:&BeHTH {BO.n;RTca/5/ K W8.KTOPH3auHH peaoJI:&BeHTHoll 

MaTPHIJ;bl: 

-~ 
-A~~ A -z 1 - Azz (A. -21) ... 

-~ 

-A'tz ·Au-t 

I 0 .. 0 ... 0 0 

0 I .. 0 ... 0 0 
M (~) = 

0 o ... 0 I 0 

Co6cTBeHHHe aHa'IeHIDI xapaKTepncTaqecKoii MaTP¥Il.\H D(ur) II codcT­

Bermue sna'IeHIDI peaoJI:&BeHTHoli tvra.Tp~ M('l) ill3JIHIOTCR: BaaKMHo­

oopaTHHMl! a.JII'edpruNeCKliMK cpyHKJ.Ulill<U1 5/. CncTeMa (Ia) Ha3HBaeTC.H 

rHITepdoJIIi'IecKoli, eCJIH Bee A(~)OTHOCHTeJihHo ncex onpe.neJI.HIDlliKX To­

'IeK liMeiOT HaJtJIOHHHe ( l' t 0) xapaKTepncTHKR • .il,a;ree rrpe.n;noJiaraeTc.a, 

'ITO (la)-rldllepOOJII1'I8CKrul CHCTeMa. KalK,IJ;OMY ).. ( tf) C Ha.JtiiOHHOK xa-

4 

paKTepHCTHKOH OTBe'JaeT 8,ll;HHCTB8HHOe COOCTB8HH08 3Ha'I8HR8 pe30JI:&­

B8HTHOi1 MaTPHUH 

'Jl (4') = exp { i cf. .,. i 'f- 'f'. g> N- lf'.) .,. t .~ ( lf - 'Yo 'l" + · • · J 
r r . (2) 

3.n;ec:& (jJ ('f -<fo) - MHOrO"'JJ8H CT8li8HK ~jl C B81118CTB8HHHMH KOS<p­

cpiD.U18HTaMH. 113 (2) CJie.nyeT, 'ITO ).(t.f) C IIpKXO,IJ;I1IllKM11 xapaKTepHCTH­

KaMH ( ~ > 0 ) polK,ll;aiOT <£ ( 1./J) , OOJI:&IIIH8 no MO,IJ;yJIIO e,ll;HHltlUii B OR­

peCTHOCTK ~o • Ha caMOM ,IJ;eJie HM88TCH B BH,IJ;y 'IaCTb OKpeCTHOCTH 

z.= ei.'l'. , pacrroJIOJiteHHrut BHe e,ll;HIDI'{Horo Rpyra K Ha ero rpa.HliUe, 

HCRJIIO'Irut CaMY TO'IRY io • CooTBeTCTBeHHo Altf) c yxo,IJ;.HlllHMH xa­

paKTepHCTHKaMR ( t-< 0) pOJit,IJ;aiOT ~('I') , M8HblliH8 no MO,IJ;yJllO e,ll;HHRUbl 

B oRpecTHOCTK lf'o • Ko~eHTH PCll'-'f'.) B (2) 3a.BHCR:T oT J.-p 
orrpe.ne~ Ko~eHTOB paaJioxeHEH cooTBeTCTBYIDlllero A(t.f). OT­

cro.na CJie,IJ;yeT, 'ITO KJiaCCH COOCTBeHHHX 3Ha'IeHHit xapaKTepldCTK'IeCKO:It 

MaTPltlUii rrepexo~T B KJiaCCH COOCTBeHHHX 3Ha'IeHHH pe30JibB8HTHOH 

MaTPltlUii• 0THOCHT8JibHO KaE,IJ;Oit onpe.n;eJI.HIDllleH TO'IKR ~o CII8KTp pe30Jib­

B8HTHOH MaTPidUbl ecTecTBeHHHM oopaaoM paaOKBaeTc.a ua TPK uenepece­

ItalOlliKXC.H liO.I(MHOllt8CTBa: 

~ (lf') C Xo ('l'o) 

;;r c'+' J c IX"" ( '1'. > 

;r('f')ca':(lf'.) 

eCJW 

eCJIH 

eCJIH 

/ ~('fo)/ <i, 
I a- c'f.JI >t, 

loc N.)/ == 1. • 

B CBORl O'lepe,n;:&, J: ('/'.) pa30KBa8TC.H Ha OT,Il;8Jl:&HHe KJiaCCH COOCTBeH­

HbiX 3Ha'!eiDIH ftL • ,!Vm: pe30JibB8HTHOii MB.TP:I1UH CIIpaBe,IJ;JIKB a.HaJIOr 

TeopeMH Kpatlca -YpMa. 

Teot>MeMa. .IVm: KalK,Il;Oit orrpe.n;eJI.HIDllleii TO'IKR '1'0 Hait.n;eTC.H HeBhlpox-

.n;eHHOe aHaJIHTaqeCK08 B OKpeCTHOCTK f0 npeodpaaoBa.HRe 

IIO,Il;OOKa ~(~) , KOTOpoe npKBO.n;KT pesOJibBeHTuyD MaTpKQY 

K HOpMaJibHOMY BK.ny: 

T M T-1 = M == (3) 
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Crrei<TP A coBIIa,naeT c £.('I'. J , crreKTP ll coBIIa,naeT c X oo ('I'"). 

K.1Iacca.M co6cTnemmx aHa'leHIDi oTBe'laJO'l' TpeyroJII>HI:W 6JIOIU1 C i. • BHe­

,n;Hai'OHa.JiblUle 3JieMeHTbl C i HMeJOT B tf o HYJrn KpaTHOCTll He IDJJKe 

'I eM ~}' ( i. J • OcTa.JibHHe Me eTa n M aarroJIHeHH HyJI.l1Mll. 

JloK8.3aTeJibCTBO. CorJiacno TeopeMe KaTo/G/ n Oitpec·rnoCTH 'l'o onpe-

.n;eJielUl a.HaJlliTll'lecKHe oaancH RHBapHa.HTHHX no.n;rrpo-

cTpa.HcTn, OTBe'l8.IOIUIDC (1:. ('/'.} H .Xoo ('/'.}. ,J.orroJIH~lM :>TH oaaHcu neK-

TopaMR, KOTOp~e B paccMB.TpHBaeMOH onpe.n;e~eft TO'lKe RBJ!RIDTCff 

COOCTBeHH!iMll BeKTOpaMR, OTBe'la.Kli!U'IMkl :X ('I'.) , Tor.n;a ITO HeupepbiB­

HOCTH paCCMaTpHBaeMaR CHCTeMB. BeKTOpGB JIHHeiiHO-He3aBHCHMa B OK­

peCTHOCTll V'o • B npo~ecce .n;oKaaaTeJibCTBa aTa noJIHM cncTeMB. npe­

o6paayeTca B CHCTeM;y 11 KBa3l!C00CTBeHHbiX 11 BeKTOpoB, COCT~HX 

CTOJIO~ T -• (If'). OTnpaBJIReMcR oT cRcTeMbl "KBa3l!COOCTBeHHbiX" 

neKTopon .n;JIR xapaKTepncTl!'lecKqH MaTp~. KHaccy co6cTBeHHbiX ana­

'leHliH pe30JlbBeHTHOH Ma.Tp~ 

X;_ = { ~ 1' • . • ' .x l } 

OTBe'laeT I\.llaCC COOCTBeHHbiX 3Ha'leHl!H xapaKTepHCTH'IeCitOH MB.Tp~ 

11t = [ ).1 .... ,).!J. 
CorJiacHo TeopeMe Kpa:Hca-YpMB. B oKpecTHOCTH 'f. orrpe;u;e;rena mwTe­

lvta 11KBa3llCOOCTBeHHbiX 11 BeKTOpoB: 

'l:Je1 = .l., e1 
' 2)1 

'llez = ):z. ez. + ( t.f- If.) ci1z (<f' J e., , 

'ilee =).tel+ (t.f-cfo)z)' (oC1l NJe1 + ... +o(e-1 eJctJee-1). 
I 

IlOJIOlKHM 
. If i..<l 

Z!- = e" = ).. 1 ('f'J , e = ~1 ('f). Tor.n;a onpe.n;eJiena f=<f(~). 

PacCMOTPHM CHCTeM;y BeKTOpon: 

E;.. = { GF,~-, ec: ( !f c <rJ) , ~:-z ec: ( t.f c <I' J), ... , e;. (Cf NJ > J, i. = 1, ... ,f.. 
3.n;eco 'l. = 't-1 r t 2 • ,ll.a.Jree .n;JIR npocTOTbl oooaHa'leHl!H 6y.n;eM c'IHTaTI>, 

'ITO !f. ='f.=- o • VIa npe.D;H,cy111ero HMeeM 
l.Z . . z i-1 

'LA· e"1.; e. NJ =A;.. ('f) e .. (t.fJ +- cf >P• 2::. ct. .. {If) e1 {<f) 
-'t1 J ' j = 1 'j 

6 

.. 

i-1 

{ A1 i<fJ -r ).i.(<f!- ).1 {'f!)e, l'fJ t- <1'
2
)1; L:. o<.,; NJ ei {tf'J 

J =1 

== >- 1 Clf>edlf) + lfZJI• 't ot...:4 Clf)ei(c.f) 
o=1 

IlocJie aaMelil:1 
i'f 

}.,(<fl=~, ae1 l'f)=e , ITOJIY'IaeM 

'Z-2 j 2,11; ' 
~ A~ tJC, ( '¥ J e, ( <f< 'I'J J ~ 2 e, {CfNJ) + 'f • l.'fl "f ci-,/lfNJ)eJ<f('I'J) 

R, CJie.n;onaTeJ!biro , 

Z)t; ~ (. -1 <f-
ME;.('f) =;r1 N'1((1(1J ~ '+' 

1
7;f'i(V'J A.,_2.~·('f('fJ),o, ... ,o) = 

ZJI· • 
=~('¥)E. ( '+') + 'f' • L. .f·. ('I') J.J· ('I'). 

t " j=1 'J 

BeKTopu :lil'¥) MOryT 6HT:b paaJioJKelUl no lliDJIHOH cl!cTeMe BeKTopon, 

COCTaBJieHHO:il III3 6as:HCOB, OTBe'l8.1CIIlHX J{. ('f',) , (1"" ('f:,), l! Oa3HCOB, 

OTBe'I8.1CIIlHX KJiaCcaM ;1i. , IlyCTb 

2 )' ~ nr_in. 2.1' '- • 

Bu6epeM npoH3BOJibHO o.n;no H3 co6cTBeHHHX sna'le~ at, c onpe.n;eJIRIO-

IIIHM ilOpll.D;KOM pa3JIO.lleimSI Zf! III o603Ha'IHM 'lepes J MHOJKeCTBO 

BCeX C06CTBeHHWC 3Ha'lemtii pesOJibBeHTHO:il MaT pH~, OTJil!'IHbiX OT 3fJ 
JIHWb B cTapweM onpe.n;e~eM 'IJieHe paaJio&eHER 

:5 = { ll'J : xJ - xr = 0 ( 't,2"') } · 

OcTa.nbHble Maccbl co6cTBeHHHX ana'leliHH Xi cocTaBJISmT MHO.lteCTBO P • 
3ReMeHTH STOrO MHOJKeCTBa o603Ha'l~TCR qepes oL 

P = {u .. : (); - <J: ::0 ('I'"') 
' f , 

K. < 21' ~ z)'.] 

7 



3JieMeHTH l10Jll!OH CHCTe!.nt BeKTOpOB ynopJI,UO'!JiiBaeM CJie,eyi<IIU!M o6pa30M: 

Oa3HCH BeKTOpOB, OTBG'!~He 

'tto, '£CP -(et, ... ,el)j 
Oa3HCH BeKTOpOB, OTBe'!~e 

P - ( P1 , ... , Pm) ; 
oaancH BeKTopoB, OTBe~e 

£~c;5- (t1, ... , t~). 
Ilpn'!eM nocJie.Iume 6a31dC!l ynopJI,Uo'!eHH B nopH,IU<e y6HBaHIDI 2)"<.· 
BeKTOPH Pi. no.JUipa.BJilleM TaKHM o6pa30M, '!TOOH B pasJIOJKeiDili HpL oT­

CyTCTBOBaJIId fS , ldM66M 

AJ 2fl; ._;:.. 
np" =o"pi +If t;;.f,1}r 

l m ~ 
J-.: = L a. e. + 2_ ~J . p. + 1:. c . t. 

> j~~ >J J j=t J J J=i IJ J 

IloJioJKnM (5, = p. + '[ Xi.j t1· , Tor.n;a ITOJIY'!aeM 
" (. .i=of 

1 '- r t 
Mp;_ = oi ( Pt- - L. x,i tl) + 'f2.P" L.. f;_J ( '[ afj ei + 

F1 J=1 J=1 

rr1 5 5 1 

-t- ~ g_'i't (Pq- j; Xq.j i) + ~ c~jtj} r ~ XLj M-64, 

Z)Ji j 

Mtj =Xi tj + 'f t:. wj!tr 
e m oJ 

~. = L..ciyjeJ. + L. 1\. p . .,.. L. efit.J 
> d~1 i=•r,,J J=• 

Y'!UTHBaH l10CJI6.n;HUe COOTHOilleHlll!, ITOJIY'!aeM 
~ L i 

Mp. = <JL (f{ - ~ xiJid· )+ l.f-'2.)1' L;. J;_ { ~ a 1j eJ +-
t.. J-1 f-1 r p1 

tr1 .J & & 

-t- L gH (~- Z X0Jtj) + ~ c 1i tj} + /;. x,-i £d ti +-
~=1 J~1 I d-1 J-1 

• 

~ 
I 

l 

~ :r.., {g ..., 1 ~ } 

+ ~ xi~ 'f''/11 ~ Wrrr ~ oL'iiei + ~1 ~rv ('fv- j;x~jti)+ ~ Br/i . 

lio.n;oepeM Tmme Xij , '!'l'OOH B rrpaooli qacTH noCJie.n;Hero cooTHOllleHM 

ldCKJllO'!UTb t j : 

" ,., 
(xi -6-;lXij + 'f:!J', t; .f't (cJd- 't-, f,t'J.xti) + 

3 z 4- , (4) 
+ L. x,d, 'f ~ L Waf (erJ·- L. frvx~.)=O; i-:1, ... ,m; j·1, ... ,". 

'}=- ' }">1 .,.. ' v=1 1 4 

TaK Kait 
/(· ) 

~--o. =O(If'' d L. • , K;_ < 2)J .,; 2/'i 

cncTeMa (4) ldMeeT pemeHide XcJ ~ O{l/1). 3To pemeHide MoJKeT dHTb noJIY­

'!eHo, HarrpldMep, MeTo.n;oM rrpocTwc nTepar.T,IIH. B no.n;npaBJieHHOM 6a3nce 

p630JlbB6HTHaH baTp~ HMeeT TaKOll Bx~: B npaBOM HlllKH6M yrJIY pac­

llOJIOJKeH ciJIOK 1J(lf/} + 'f?JI. C (<f) pa3M6pHOCT11 (:fxJ), ])( l/') - ,1.\HarO­

HMbHaiT MaTp~, :JpD==8. IlocJie,ll;HHe -:5 CTOJIOIJ;OB ldM610T TY JKe 

cTpYJtTYPY, '!To n B ncxo.n;HoM oaance. B BepXHeM JieBoM yrJIY cToHT 

rma.n;paTHM haTpHIJ;a H' pa3MepHocTn .f.+ m Toi1 JKe CTPYKTYPH, '!TO 

n pe30JlbB6HTHM MaTpHIJ;a B liCXO.n;HOM c5a3l1Ce. AHMOrli'IHO npe,ll;hii\Ylll6MY 

B M ' MOJKeT OHTh BH.n;eJieH OJIOK 
2 . 

])'('J') + lf''.J' C('f), :JpD'(If)=J' 7 

ld 3a 1\0He'!HOe '!HCJIO marOB pe30JlbBeHTHM MaTpHu;a IlpldBO,ll;ldTCH K 

OJIO'!HO-TpeyrOJibHOMY BU,ll;y. KaJit.n;OMY CKOITJI8HidiD 1 Ha ,ll;ldarOHaJIId OTBe­

qaeT OJIOK mma 

D ('f)+ !f2J'. c C4') , &pDf 'l'l = :5 

HID!te pacnoJioJKeHH HyJieBue OJIOJ.GI. OTJIId'!HHe oT HYJIR aJieMeHTH ldMeiOT 

B pacCCMaTpHBaeMOH Ollpe,n;e~eH TO'!K6 HYJ!Id TOll JKe KpaTHOCTid, '!TO 

ld y HCXO.n;HOH MaTPll.Wi• CoOCTB6HHHe 3Ha'!6HH.fl BH,ll;eJieHHHX OJIOKOB illl­

JIHIOTCH COOCTBeHHHMH 3HaqeHHHMJd pe30JibBeHTHOH ~aTp~. TaK KaK 

COOCTB6HHHe 3Ha'!6HH.fl OJIOKa 

:D ('f') + lfl2.,f1. c ("'') 
OT.iiH'!aiOTC.fl OT 3Jl6M6HTOB -1 Ha B6JIH'!HHH ITO~ 2.)-L , qaCTb paa-

J!Ollt6HH.fl, Ollpe,ll;8JIHXJIIBJI J , OCTaeTC.fl H8H3MeHHO:Iio TeM CaM!iM ycTa-
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HOBneHO, qTQ C06CTB6HHH6 3HaqeHRff B~e~eHHHX 6~0KOB ITpRH~exaT 

COOTBeTCT~HM ~. 
B~eJJSieM llpoH3BOJibHO O.n;HO H3 CKOllJieHHii J • .C:M;y npRH~ellta.T 

co6cTBeHHHe aHa"<IeHRII <fv c MrumMB.JibHliM ,lJ,Il!I ,n;rurn:oro cKoiiJieHRII orr­

pe.n;eJI.lllOlilHM no psr,n;KOM pa3JIOllteHRII 2 jt : 

{ 

2;1-t · r r f 
Of= exp i.a!f + i "fr oc/f'' + (iot.Zj'-J ) y;ZJ' + ... 3, f > 0. 

KpoMe Toro, MoryT 6HTb co6CTBeHHHe aHa'ieiD!.Il ;xJ c onpe.n;eJI.HIOIIlHM 

no pH,lUtOM paa~oxemm 2 )' f /' 2 jt : 
f . z,a-1 j . ~ r j 2;1, } 

;r =exp U¥'f' +~<X/I' + t, L oi.J lf -f1'f + ... , /5 >0. 
'f J~p J =Z,.M 

BeKTO pH 6asHCOB yno Pff,ll.OqeHH TaK, 'iTO oTBe'i!1100lllli J 6~oK B HMeeT 

TaKOM BH,JJ;: 

( l 

~+1 
+ If c11 (c.v) 

lf'ZJ<+1 eN NJ 

lrJ'Y' C ('f) 
T 12 

() + 'f2)' c (If} 
22 

). 
3,n;ecb t:r, tJ - ,ll;lmi'OHaJibillie l.!aTp~ Jp a_>= { <ri}, Jp () = t 6/.l. 
IlycTh T<tf) npHBO.n;HT MaTpmry 

2_,u 
0 + 'f' Czz C'f'J 

K Tpeyro~bHOM;y Im.n;Y • Ilo,n;eii:CTByeM COOTBeTCTBYJOlllliM npeo6paaoBalU1eM 

no,n;o6WI 

E 

0 

0 

0 

T 

0 

0 

0 

E 

=T 

· Ha ITOJIHYlO pe30JibBeHTHYD MaTP:mJ.Y. llpH BTOM H3MeHSITCH BJieMeHT!:l 

C12, C
21

, Czz H ,n;pyrne aJieWlliT!:l COOTBeTCTBYJOOl.IDC CTpoK H CTOJI6IJ;OB. 

O,n;Haxo nopH.n;KH HYJieii: aTHX aJieMeHTOB B paccMaTpHBaeMoii: onpe,n;eJIKD­

II{eii: TO'iKe He YMeHcmaTCH. HTaK, 6JIOK 

r:J +- If' 2Jf Cz z ( l/1 ) 

nplU!e,D;eH K TpeyroJIDHOMY Im,IJy. lloxaxeM, "'ITO ,n;Hal'OHaJil>lllie aJieMeHT!:l 

OTJ!lRaiJTCH OT Oi. Ha Be.1IK'DIHbl ITOpg.JUW. 'f 21' + S: 
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I 

T r o + 'I' z..u c r 'f J J T- '~ () + 'I' z_.u + s e + 'I' z..u II 
IZ . 

(} - ,JJ;HarOHaJibHUR Ma.TpliiJ;a, N - H:I!.JlbiTOTeHTHM BepXHH.fl Tpey-

ro~b!IM MaTp:uu;a.. B CaMOM ,n;eJie, ITOJIOlltiD.l 

~-1 • 

u=exp{it'f + i ~o{J'fJ }. 
j~p 

11 rrycTb B peay~I>TaTe c,n;eJirumoro rrpeo6paaoBa.Hlm rro,n;odiDI o~OI< B 
rreperneJI B B* . Tor,n;a 

s·-of 
lim lf' z,u 
'l'~o 

~ C'"~s,J l c,z(o) r·'ro)) 

II d, SfiH + No -

/J. fsf· 1
_ 0 £!) -. BroE -1 T-_, 

= um 2,<1 = l.im TioJT.,(oJ 'f2,.u 'T., (oJ (o) 
'f .... o 'f cf-o 

=Tio!T,Iol (pi~ d,J J Q(i:~ -j' JStJ H, N; )r;'M r-' lo! . 

3,n;ecb bjj 

npRBO,n;HII{ee B 
- cHMBOJI KponeKepa, 'f, ( '!') - npeodpaaoBaJme rro,n;ochm, 

K TpeyrOHbHOMY BH,n;y. CHe~OBaT8HbHO, 

Jf z..M z.,u~s( z_..u+S z;. B = o + N., 'f .,. lf' B + flit) = () .,. 'f e + 'f N 
22 ' 

"<ITO 11 Tpe6oBaJIOCb ,n;oKasaTh. ~epea No 1 N1 o6oaHa'ieHI:l HHJibiTOTeHTHHe 
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BepXHHe TpeyroJILHIIe MB.Tpm:ni, !-/.,- IIOCTO.IIH.Hafl, M- aHaJlliTH'iecKa.H. 

3aM8TliM, 'ITO 

if- Z)tH 
821 = lf' r C21 ('I'J, 

'I Z)IH 
B 

11 
= ct + 'f c •• ( 'fJ. 

lfTaK, 6JioK B rrpeo6pa30BaH K BH,Jzy 

(

X .. 'ft,.u•• c •• r'fJ 'fz,u C12 (lf'J r·t ('f) ) 

'f'e)'+1 T c21 ('f) o + 'f2J' NN) + ll'z;aSB ('f) 

Sp :;{ = { ~;_ J , Jp () = { o'-} . B rrocTpoeHHOM 6a3RCe [ 0;_} OTBe'I8IOT 

BeKTopa I i1, ... , t~J~ {xd oTBe'!ruoT BeKTopii fe1 .... , e.eJ. OcTaJI:&­

HIIe BeKTOp!I, OTB8'laromH8 C06CTB8HHHM 3Ha'!8HRHM, He !IpKH~eE~ 

paccr.mTpimaeMOMY CKOIIJieHmo -1 , o603Ha'!RM 'lepe3 { p1 , ... , Pm}. HMeeM 

( 
~ f. "" 

Mei =ae,e;. +'fz.l', ~ a,lt~ + L f,'-.,.e-.: + L:c .. ,p. .. ) i.=f, ... , l; 
,.f y = 1 > l f > :1 ' I f 

~-1 t m 

Mti- == o'- t" + 'fz,..u ( 'b nr, if + f;.xir er + ~ J'iJ P1) + 

2}' +tf 

+ lf' ei.i ti. , i=d., ... ,-:5. 

~ -6 
IlOJI~ ei = e i. + rf<i tJ :1:1 IIO,IJ;OepeM TaRRS X i.j , '!TOOH B pasJIOJiteHRR 

Net. oTcyTcTBOBaJlli t j : 

M"' (~ ~ YJ· ( ~ f. t 
et = 'Xt ei.- {:--- x'-itj) +If' ' L: a..:rt, + L. ~1.1 (e.- Xr~t 't 

J-1 T-1 f=• q=• 'f.! 

m ~ f }-1 e 
+ ~c"'pl) + L. x.:, ~ tf + l.f'2JI ( ~ "-qT t~ + L o(.,'~ (e9 -

~-1 l=1 I I tj-1 1{=1 
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-5 rn 2/<+[ } 

- 'L xu t) + ~ c 11 Pq) -r lf Bn t c 
J=1 Cf-1 

~ ~ e 
( v:J. - x.:) x 'J. 'f' 2J< ( L Xi. r n d - L xh L o< r 9 x '1 j ) t 

f=J 7 1 1=1 ) 'J=1 

~+5 z,_.u,. I . . ~ . . t · 
t- 'f xij~·J t- tp ~aLJ- t1tirxfi )=0, L-=1, ... , , J~t, ... J. 

Ilycu 

0:= (, 

u.,- '£; 
0 

0 

0 0 

0 
~-~i. 

( ~if) X.:"' . 
7 • ' 

x'--5 

X:; ( X1 ... Xe) , 
TOr,IJ;a B ~MlTpH'!HOM 3aiiRCll IIO~aeM 

2)-1 2;-~+5 ?" ?'-'<( ) o;_ Xi + \f' N X~ + l(' GXi -If' X ,x: X'i t lf! Ai -X !Ji = 0 . 

!YiaTPHI.Ul <:i, () BJiaJIOI'lf'IHhl 1\ffi.TpMu;e )( , BeKTopu Ai, Be BJia.Jior:wmH 

BeKTO paM X • • TaR KaK N - llliJibiiOTeHTHa.a r.m.Tpmr,a., 

t t -2,)-t ,f ) 
J>e c._ = ]Je ( Oi Y' + N + 'f' B =/= 0 

CncTeMa 

1 ~· -2,.c. -1 ( Xi=C~ Xo{X;-I.Jl .ci Ac-xBi), i-::1, ... l 
' ' 

l:!MeeT perneHl:le 2)'i - 2_,-u c.--1 A i ( 1.. + 0 ( 1) ) 7 
X;_ :::- lf L 

IWTopoe MOJKeT OHTb IIO~eHO, HaiiPIDvJep, 1\'!eTO,IJ;OM !IpOCTHX HTepau;RH; 

X tH' == c i 1 X 1 "''o~.. xt''- If' 2J-ti - 2
,... c;.-1 

(A. - x {K 1 Bi. ) 

i ::: 1, ... e. K-::- 0 
7 X 

{o} ;_ = 0. 

13 



HarroMJUIM, qTo Z)'i- 2)171.. B pesyJI:bTaTe dJioK B , oTneq8.1001Hii cKorr­

Jienmo -6 , npiiDO)J.liTCR K nn,rr,y 

8/ lfZ)I<JJ 

0 o + 1/1 2
)'. N + lfZ)I· 

8 • e 

BJ1.I(eJieH dJioK, oTneqa.IO!Ill1il: fud . HarroMHIDA, qTo IT;. HM810'l' !VliDlli-

MaJI:bHhli1 B J orrpe,l\8JI.fiJOOlHM 110 PMOK pa3JIOX8HIDI. MOK B , OTBe-

qaJOl!lllll J \ ~ v, J ,ycTpoeH ana;rorM~O OCHOBHOMY OJIOKY pe30JI:OB8HTHOH 

MaT p:lill;hl B HCXO,l\HOM npe,l\CTaBJI8lll'lll: 

e .. -5 e 
Mei =tt-e- + 'fz,u, (L: gire~ + '[.c,,p.)+'f'2)1'Lxi.7 (L. o<.He9 .,_ 

c ' fd \:1 ' 1=1 q=t 

m · f. m 

+ L.. c.qp9 )=a-J" +- lf
2
}1' ( L.. l,J1 -r L. C: 1 p.) 

'f=1 ! f=1 I ) =1 I 

i. =:f.., ... , e. 

Sa KoHe'!noe '!MCJIO maron dJIOK B rrp:uBO.I\HTCH K dJio~o-TpeyroJI:bHOMY 

Bll,!l,y, Ha )J,liarOHaJIM CTOHT OJIOKM 

?" z,.u + I o+'f' •N+'f' .c 
OTB8'I~Me KJiaCCUM C00CTB8IDULX 3Ha'IeHHH, pa3Jlll'IMMhiX JIMill:b B rJiaB­

HhiX orrpe,l\eJI.fiJOOlHX 'IJieHax pasJioxeHIDI. :3TH 6JIOIGI, a cJie,l\OBaTeJII>Ho, 

H Cafl!a pe30JI:bB8HTHaH MaTp.lill,8. MOryT Oh!Tb IIpHB8,!\8llhl K TpeyrOJibHOMY 

BM,l\y, IlpM 3TOM CllpaB8,ll;Jll1Bhl COOTHOill8Hllli 

d ' ~ ~('f)=Oi'f ) 
(5) 

l- < J • 
~OllOJilll1T8JI:bHO llOTpedyeM, qTOOhl COOCTB8HHhl8 3HaqeHIDI Ha ,l\MarOHaJlli 

cihiJIH ynopR,ll;O'IeHH no KJiaCCaM. ECJIM <1:', , ct! H3 pasHHX I\JlaCCOB, 'l.'O 

ac, -dl'j=O('t'"l ,r,l\e l<=mi.n(2)1: ,2Jli). OTC!O.I\a H H3 (5) CJie,l\yeT, qTo 

cep>teii: 3JI8M8HTapHHX rrpeodpa30BaHHR !10,1\00WI MO)KHO H30aill!TbCH OT 

BHe,l\JdarOHaJibHHX 3JI8M8HTOB, KOTOpHM OTB8'IaiOT C00CTB8HHH8 3Ha'!eHWI 

>13 pa3HhiX KJiaCCOB. ilpH 3TOM HCKJIIO'I8HH8 CJI8,!\y8T B8CTH ITO CTpoKaM 

cnepxy mms, a B cTpoKax·CJiena narrpano. IIpocToit rrepecTaHOBKoii 

B8KTOpoB llOCTpoeHHOrO Oa311Ca 11 KBa3HCOOCTBeHHhiX" BCitTOpOB MO)KHO 

14 

rrepefiTH oT no;ryqeHHoro TpeyroJII>Horo BH,l\a K (3). HopMaJibHaH WoPMa 
pe30JibB8HTHOH MaTp:lill;hl ,l\JIH CHCT8M pasHOCTHhiX riDiepOOJI11'I8CKHX ypan­

H8HHH IIOCTpoena. 
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