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Abstract Polarization is a prominent feature of gravita-
tional wave observations and can be used to distinguish
between different modified gravity theories. Compared to
General Relativity, f (R) gravity exhibits an additional polar-
ization originating from a scalar field, which is a combi-
nation of the longitudinal and breathing modes. When the
scalar mass of f (R) is zero, the mixed mode will reduce to a
pure breathing mode with the disappearance of the longitu-
dinal mode. However, this reducing seems to be disallowed
because a positive scalar mass is often required to main-
tain the stability of the cosmological perturbation. In fact,
the massless scalar case can provide a stable perturbation,
but more detailed constraints need to be considered. For the
completeness of the polarization analysis, we explore the
possibility that there are stable massless scalar polarizations
in viable dark energy f (R) models. We find that the existence
of stable massless scalar polarization depends on the struc-
ture of f (R) model and can be used to distinguish different
models in f (R) gravity.

1 Introduction

All kinds of cosmological observations have indicated that
our Universe is expanding at an accelerating rate [1–3].
To explain accelerating expansion, there are two main
approaches: introducing dark energy and modifying Ein-
stein’s General Relativity [4,5]. The latter corresponds to the
modified gravity theories, which include f (R) theory [6,7],
Brans–Dicke theory [8], Horndeski theory [9], and general
scalar-tensor theory [10] and so on. In addition to explain-
ing accelerating expansion, modified gravity theories have
also been used to explain inflation [11,12]. In f (R) gravity,
General Relativity is modified by replacing the Ricci scalar
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R in the Einstein–Hilbert action with an arbitrary function
of R, denoted as f (R). When the field equations are derived
from the action in f (R) gravity, two formalisms need to be
distinguished. The first is the metric formalism, where the
connections are set to be metric dependent. The second is
the Palatini formalism [13], where the metric and the con-
nections are assumed to be independent of each other. In this
paper, viable f (R) dark energy models will be studied in the
metric formalism.

Gravitational waves have been successfully observed
[14,15], and an increasing number of gravitational wave
events are expected to be detected as various gravitational
wave detectors continue to develop [16–18]. Therefore, it is
possible to test different models of modified gravity accord-
ing to the observations of gravitational waves [19–21]. One
of the most significant properties of gravitational waves is
the polarization. General Relativity has two independent
polarizations coming from tensor fields, while general four-
dimensional modified gravity theories have up to six inde-
pendent polarizations [22]. As a result, polarization can be
applied to test modified gravity theories [22–24]. And pulsar
timing arrays can be used as an observation tool to detect
different polarizations [25,26]. There are some methods for
polarization analysis, mainly including using geodesic devia-
tion [27,28], Newman–Penrose formalism [22,29], extended
Newman–Penrose formalism [30] and gauge invariants [31–
33]. In the following section, geodesic deviation will be used
to analyze polarizations.

For f (R) gravity, its propagating degree of freedom is
three, and it has an additional polarization coming from a
scalar field besides the two same tensor polarizations as Gen-
eral Relativity [28]. The scalar polarization of f (R) is a com-
bination of the longitudinal and the breathing modes, and the
longitudinal mode will disappear when the scalar mass of
f (R) is zero [28]. In other words, the massless scalar polar-
ization of f (R) is a pure breathing mode rather than a mixed
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mode [34]. However, a positive value of scalar mass is often
required to maintain the stability of the cosmological pertur-
bation [35,36], so that the massless case seems to disappear.
In fact, the massless case can provide a stable perturbation,
but more detailed constraints need to be considered [37].
In order to build a complete polarization analysis for f (R)

gravity, it is necessary for us to give these detailed constraints
and explore the possibility of the existence of stable massless
scalar polarization in f (R) gravity again.

It is interesting to note that the massless scalar polariza-
tion is allowed to appear in the Brans–Dicke theory [33,38],
but f (R) gravity, which is largely equivalent to the former
[39,40], rarely has the massless scalar polarization. This
inconsistency also prompts us to study the massless scalar
polarization of f (R) gravity. Although relevant examples
have been researched in [34,41], some problems remain unre-
solved. In [34], a special power law f (R) model is consid-
ered, but it lacks the main features of viable f (R) models.
In [41], the massless scalar polarization is given by directly
setting the scalar mass to zero, but more detailed constraints
for a stable perturbation are not involved, so that the de Sitter
point in the effective potential picture might be an inflection
point or a local maximum point instead of an expected local
minimum point.

Our paper is organized as follows: in Sect. 2, we introduce
the polarizations of f (R) gravity and three viable f (R) mod-
els for dark energy. Particularly, the expression of scalar mass
of f (R) is given. In Sect. 3, some necessary constraints for
stable massless scalar polarization are shown, and they come
from the requirements of cosmology and effective potential.
In Sect. 4, the updated constraints are used to retest viable
f (R) models whether they can reflect stable massless scalar
polarizations. In Sect. 5, discussions and conclusions are
made. In this paper, we use the geometrized units G = c = 1
and the signature

(− + + + )
.

2 Polarizations and f (R) gravity

In this section, we are going to introduce the gravitational
wave polarizations of f (R) gravity and the specific viable
f (R) models individually. The polarization analysis will
focus on a particular model f (R) = R + αR2 (α > 0)
for a simple process, because the polarization results of gen-
eral f (R) model are similar to that of the particular model
but require more complex calculations.

2.1 Wave solutions

The action for f (R) gravity is given by:

S = 1

2κ

∫
d4x

√−g f (R) + Sm, (1)

where κ = 8π , R is the Ricci scalar, f (R) is an arbitrary
function of R, and Sm is the matter action. To study gravi-
tational wave in the absence of matter, we set Sm = 0 for
the vacuum. From the action, the perturbation equations for
scalar and tensor can be obtained. In [36], the perturbation
equation for scalar is given by perturbing a background cur-
vature:
(
�g − m2

)
δR = 0, (2)

where �g = gμν∇μ∇ν is the D’Alembert operator for the
background metric gμν , and the scalar mass m is defined as:

m2 = 1

3

(
f ′(Rd)

f ′′(Rd)
− Rd

)
, (3)

where f ′(R) = d f (R)/dR, f ′′(R) = d f ′(R)/dR and Rd

is a constant background curvature of de Sitter stage (Rd is
generally positive and could be viewed as zero in the limiting
case). According to [42], to keep de Sitter stage static, Rd

should meet the following condition:

f ′(Rd)Rd − 2 f (Rd) = 0. (4)

From here on, the subsequent discussion is based on the
particular model f (R) = R+αR2 (α > 0) for the simplicity
of process [28]. According to Eq. (4), we have Rd = 0 for
the particular model. Therefore, the background metric gμν

becomes Minkowski metric ημν , and the metric perturbation
over it is:

ημν + hμν, (5)

where
∣∣hμν

∣∣ � 1. In this case, the d’Alembert operator
becomes �g = �η = ημν∇μ∇ν . A new tensor h̄i j is intro-
duced:

h̄μν = hμν − 1

2
ημνh − 2αημνδR, (6)

where h = ημνhμν . In [28,43], the perturbation equation for
tensor is yielded:

�ηh̄μν = 0, (7)

which is similar to the perturbation equation of General Rel-
ativity. Besides, general f (R) model will also lead to the
same result, see [36] for more details.

Based on the perturbation equations Eqs. (2) and (7), their
solutions for the plane wave traveling along the z direction
can be written as:

δR = φei pμxμ

, (8)

h̄μν = εμνe
ikqμxμ

, (9)
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where ημν pμ pν = −m2, pμ =
(

, 0, 0,

√

2 − m2

)

and qμ = (ω, 0, 0, ω) [28,43]. The wave speed of δR is
v = √


2 − m2/
, and the wave speed of h̄μν is the light
speed c = 1. Further Eq. (8) and Eq. (9) can be rewritten as:

δR (vt − z) , (10)

h̄μν =

⎛

⎜⎜
⎝

0 0 0 0
0 ε+ ε× 0
0 ε× −ε+ 0
0 0 0 0

⎞

⎟⎟
⎠ cos(ω (t − z)), (11)

where δR is expressed as the function of vt − z, ε+ and ε×
are nonzero constants, the matrix of h̄μν is given by applying
the transverse traceless gauge conditions, and all phases have
been ignored here.

2.2 Polarization modes

In the following part, we are going to bring the wave solutions
into the geodesic deviation equations to show their polar-
ization states. Considering the condition ημν h̄μν = 0 [28],
Eq. (6) can give the total metric perturbation hμν :

hμν = h̄μν − 2αημνδR, (12)

where h̄μν stands for the tensor perturbation and −2αημνδR
stands for the scalar perturbation. Because tensor and scalar
perturbations are decoupled, we are allowed to calculate their
polarization modes separately, and the total polarizations of
f (R) gravity will be their superposition.

For a wave traveling along the z direction in a local proper
reference frame, the deviation vectors Si between two adja-
cent geodesics are described by the geodesic deviation equa-
tions:

d2Si

dt2 = −Ri
0 j0S

j , (13)

where i, j = 1, 2, 3, Si = (x, y, z), and Ri
0 j0 are so-

called “electric” components of the Riemann tensor. Under
the first-order perturbation of the metric, Ri

0 j0 become:

Ri
0 j0 = ηi i R

i
0 j0 = Ri0 j0 = 1

2

(
∂i∂0h0 j + ∂0∂ j hi0

−∂0∂0hi j − ∂i∂ j h00
)
.

(14)

Based on Eqs. (10) and (11), bring Eq. (12) into Eq. (14) to
obtain:

Ri0 j0 = −1

2

(
∂0∂0h̄i j

) + α
(
ηi j∂0∂0δR − ∂i∂ jδR

)
. (15)

And the above equation can be divided into tensor and scalar
two parts.

For the tensor part, we can take Ri0 j0 = − 1
2

(
∂0∂0h̄i j

)

and Eq. (11) into Eq. (13) to get:

ẍ = −ω2

2
ε+ cos(ω (t − z))x − ω2

2
ε× cos(ω (t − z))y,

(16)

ÿ = −ω2

2
ε× cos(ω (t − z))x + ω2

2
ε+ cos(ω (t − z))y,

(17)

where the terms containing ε+ represent the plus mode in
gravitational wave polarizations, and the terms containing
ε× represent the cross mode. Because ε+ and ε× are inde-
pendent, the tensor polarizations of f (R) gravity share two
degrees of freedom, as the same as General Relativity.

For the scalar part, we can take Ri0 j0 = α
(
ηi j∂0∂0δR

−∂i∂ jδR
)

and Eq. (10) into Eq. (13) to get:

ẍ = −α∂0∂0δRx, (18)

ÿ = −α∂0∂0δRy, (19)

z̈ = α

(
m2


2

)
∂3∂3δRz, (20)

where m2 = 1/(6α) for the particular model f (R) =
R + αR2. Here Eq. (20) is obtained by applying ∂0∂0δR =
v2∂3∂3δR and v = √


2 − m2/
. Eqs. (18) and (19) repre-
sent the breathing mode, while Eq. (20) represents the longi-
tudinal mode. Because Eqs. (18), (19) and (20) are all con-
trolled by the parameter α, the scalar polarizations of f (R)

gravity share one degree of freedom. It means that the scalar
polarizations of f (R) should be a combination of the breath-
ing and the longitudinal modes [28]. And the mixed mode
will reduce to a pure breathing mode when the scalar mass m
of f (R) (defined in Eq. (3)) vanishes. Although the above dis-
cussions are based on the particular model f (R) = R+αR2

over the Minkowski background, some similar results have
been given for general f (R) gravity over a de Sitter back-
ground [33], and even for other extended gravity theories
which includes f (R) gravity [32,33].

2.3 Specific models of f (R) gravity

Various f (R) models are proposed mainly to explain accel-
erating expansion and inflation [11,12,44]. Here we are more
concerned about the case of accelerating expansion. In order
to explore the possibility of massless scalar polarization in
f (R) gravity, we are going to discuss several viable f (R)

dark energy models including Hu-Sawicki [45], Starobinsky
[46] and Gogoi-Dev [41]:

f1(R) = R − α1Rc

(
R
Rc

)2β1

(
R
Rc

)2β1 + 1
(Hu − Sawicki), (21)
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f2(R) = R − α2Rc

⎡

⎣1 −
(

1 +
(

R

Rc

)2
)−β2

⎤

⎦

(Starobinsky),

(22)

f3(R) = R − α3

π
Rcarccot

((
R

Rc

)−2
)

− β3Rc

(
1 − e− R

Rc

)
(Gogoi − Dev),

(23)

where arccot (x) is the inverse function of cot (x), αi and βi

(i = 1, 2, 3) are positive dimensionless parameters, while
Rc > 0 is a parameter in unit of curvature and roughly corre-
sponds to the order of present Ricci scalar [7]. These above
f (R) models can replace dark energy to explain accelerating
expansion, and they all satisfy two assumptions: f (0) = 0
and f (R) → R−2� as R � Rc [46]. Here f (R) = R−2�

is the traditional �CDM model, � is the effective cosmo-
logical constant, and � is considered to be unrelated to the
quantum vacuum energy in above models [46]. All kinds
of constraints will be considered for these f (R) models in
Sect. 4.

In the following part, we are going to show a series of sub-
stitutions and calculation results to simplify the subsequent
processes. Let us make the following definitions:

xd ≡ Rd

Rc
, (24)

x ≡ R

Rc
, (25)

gi (x) ≡ fi (R)

Rc
= fi (Rcx)

Rc
, (26)

where i = 1, 2, 3, and the following stability conditions will
almost be based on xd . According to Eqs. (25) and (26), ones
have:

fi
′(R) = 1

Rc
fi

′(Rcx) = gi
′(x), (27)

fi
′′(R) = 1

Rc
2 fi

′′(Rcx) = 1

Rc
gi

′′(x), (28)

fi
′′′(R) = 1

Rc
3 fi

′′′(Rcx) = 1

Rc
2 gi

′′′(x), (29)

fi
′′′′(R) = 1

Rc
4 fi

′′′′(Rcx) = 1

Rc
3 gi

′′′′(x), (30)

where fi ′(R) = d fi (R)/dR, fi ′(Rcx) = d fi (Rcx)/dx ,
gi ′(x) = dgi (x)/dx and the same goes for higher deriva-
tives. An agreement is made in our follow-up parts: the object
of derivation depends on what the variable is in the paren-
theses behind the function. Besides, when the variable has a
subscript ‘d’, it means taking the derivative of the variable at

de Sitter point such as gi ′(xd) = gi ′(x)
∣
∣
x=xd

(here xd is also
changeable for different de Sitter points). Bring Eqs. (21),
(22) and (23) into Eq. (26) to individually get:

g1(R) = x − α1
x2β1

x2β1 + 1
, (31)

g2(R) = x − α2

[
1 −

(
1 + x2

)−β2
]

, (32)

g3(R) = x − α3

π
arccot

(
x−2

)
− β3

(
1 − e−x) . (33)

And Eqs. (3) and (4) can be updated by Eqs. (24), (26), (27)
and (28) to:

mi
2 = Rc

3

(
gi ′(xd)
gi ′′(xd)

− xd

)
, (34)

gi
′(xd)xd − 2gi (xd) = 0. (35)

3 Constraints for stable massless scalar polarization

In this section, we will show the detailed constraint condi-
tions for f (R) models and for their stable massless scalar
polarizations. These constraints mainly come from the cos-
mology, the massless scalar state and the stability. We are
going to introduce them from two aspects: one is the cos-
mology, and the other one is the effective potential that can
not only be used to reflect a massless scalar state but also to
describe a stable perturbation of space-time.

3.1 Constraints from cosmology

For R ≥ R0 > 0, the following stability conditions for f (R)

models must be met:

f ′(R) > 0, (36)

f ′′(R) > 0, (37)

where R0 stands for the Ricci scalar in the infinite future
[46]. The first condition Eq. (36) ensures that the graviton is
not a ghost [47]. If Eq. (36) is violated, the homogeneity and
isotropy of the Universe would be lost [48,49]. The second
condition Eq. (37) is provided to avoid the Dolgov–Kawasaki
instability [47,50]. Besides, Eq. (37) was also considered to
prevent the scalaron from being a tachyon or a ghost [46].
Employing Eqs. (27) and (28), we can turn Eqs. (36) and (37)
into:

gi
′(x) > 0, (38)

gi
′′(x) > 0, (39)

where 0 < x0 ≤ x and x0 ≡ R0/Rc. For the de Sitter
curvature, we have xd ∈ [ x0, +∞) , and hence the above
inequations lead to:

gi
′(xd) > 0, (40)
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gi
′′(xd) > 0. (41)

What needs to be distinguished is: Eqs. (40) and (41) will
be applied first to check the stability at the curvature point,
and if they are met, Eqs. (38) and (39) will be applied later
to check the stability in the curvature range.

In addition to the basic settings αi , βi > 0 (i = 1, 2, 3),
the parameter constraints of fi (R) from cosmology are pro-
vided by:

β1,2 > 0.9 (42)

and

0 < α3 < 0.7. (43)

Eq. (42) is given by considering the violations of the weak
and strong equivalence principles, whose constraint range is
stricter than the solar system constraints β1,2 > 0.5 [51].
Eq. (43) is given by using the gravitational wave event
GW170817 [41,52]. Besides, the above results are based
on the first-order perturbations of the equations of motion,
and the linear equations of motion will be naturally obtained
when Eq. (4) (or Eq. (35)) is maintained to ensure a static de
Sitter stage. The parameter αi can be expressed by xd and
βi according to Eq. (35). Substitute Eqs. (31), (32) and (33)
into Eq. (35) to gain:

α1 =
xd
2

xd 2β1

xd 2β1+1
− β1

xd 2β1

(xd 2β1+1)
2

, (44)

α2 =
xd
2

1 − (
1 + xd2

)−β2 − β2xd2
(
1 + xd2

)−β2−1 , (45)

α3 = πe−xd
(
1 + xd4

)
(xdexd + xdβ3 − 2β3exd + 2β3)

2
(
xd4arccot

(
xd−2

) − xd2 + arccot
(
xd−2

)) .

(46)

It is important to point out that αi (xd) are just the values
determined by xd rather than the functions of x , and xd in
αi (xd) cannot be treated as a variable in the process of taking
the all-order derivatives of gi (x) at xd (namely for: gi ′(xd),
gi ′′(xd), gi ′′′(xd), gi ′′′′(xd) · · · ). Moreover, Eq. (35) will be
indirectly satisfied when Eqs. (44), (45) and (46) are used, and
it means that using them will remove the need of considering
Eq. (35).

3.2 Constraints from effective potential

Following [36,53], we are allowed to define a scalar field �

and an effective potential V (�) as follows:

� ≡ f ′(R), (47)

V (�) ≡ 1

3

∫ (
2 f (R) − f ′(R)R

)
d�. (48)

The above definitions make the trace of the field equation turn
into a Klein–Gordon equation for the scalar field, namely:
f ′(R)R + 3� f ′(R) − 2 f (R) = 0 → �� = dV (�)/d�.
Based on the Klein–Gordon equation, in order to keep a sta-
ble perturbation of space-time, the background scalar �d is
strongly required to stay at a local minimum of the effective
potential V (�) [36,54]. The most direct and simple con-
straints to satisfy this requirement are:

V ′(�d) = 0, (49)

V ′′(�d) > 0, (50)

where �d ≡ f ′(Rd) and Eq. (49) is actually equivalent to
Eq. (4). Due to Eq. (3), one has V ′′(�d) = m2, so Eq. (50)
means m2 > 0, agreeing with most suggestions [28,35,36].
As a result, the massless scalar polarization of f (R) gravity
seems to be excluded.

However, Eqs. (49) and (50) are overly strict conditions
for keeping �d at a local minimum. For some specific f (R)

models, this purpose is also able to be reached in the case
of m = 0 [37]. In [55], the higher derivative test provides
a mathematical result that a function of one real variable
y(x) has a local minimum point (x0, y(x0)) when y′(x0) =
y′′(x0) = · · · = y(2n−1)(x0) = 0 and y(2n)(x0) > 0 (n is a
positive whole number). Therefore, we can give more gen-
eral constraints for building a local minimum in the effective
potential:

V (1)(�d) = V (2)(�d) = · · · = V (2K−1)(�d) = 0, (51)

V (2K )(�d) > 0, (52)

where K = 1, 2, 3 . . ., the superscript (N ) stands for the N th
derivative of V (�) at � = �d , and the derivatives of V (�)

are assumed to be continuous around �d . The existence of a
local minimum needs that the constraints Eqs. (51) and (52)
hold for at least one value of K , while the existence of a sta-
ble massless scalar polarization requires that the constraints
Eqs. (51) and (52) hold for at least one value of K ≥ 2. For
K = 1, Eqs. (51) and (52) can return to the original con-
straints Eqs. (49) and (50). For K ≥ 2, if these constraints
in Eq. (51) are independent of each other, there seem to be
more constraints for f (R) to meet with the increase of K ,
so that more free parameters would need to be included in
f (R). However, if these constraints are dependent, the con-
straints of K1 (K1 > K2) might not be stricter than those
of K2. Therefore, every case of K ≥ 2 is supposed to be
considered for stable massless scalar polarizations. To start
with, the constraints of the effective potential in the case of
K = 2 will be discussed:

Vi
′(�d) = Vi

′′(�d) = Vi
′′′(�d) = 0, (53)

Vi
′′′′(�d) > 0, (54)

where the subscript i is added to represent different effective
potentials coming from fi (R). When the researched f (R)
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models could not survive in the case of K = 2, the case of
K ≥ 3 will be discussed for them later. Take Eqs. (25), (26)
and (27) into Eqs. (47) and (48) to obtain:

d� = gi
′′(x)dx, (55)

Vi (�) ≡ 1

3

∫
Rc

(
2gi (x) − gi

′(x)x
)
d�. (56)

At x = xd , the above equations lead to:

Vi
′(�d) ≡ Rc

3

(
2gi (xd) − gi

′(xd)xd
)
, (57)

Vi
′′(�d) = Rc

3

(
gi ′(xd)
gi ′′(xd)

− xd

)
, (58)

Vi
′′′(�d) = Rc

3

gi ′(xd)
(−gi ′′′(xd)

)

(gi ′′(xd))3 , (59)

Vi
′′′′(�d) = Rc

3

1

(gi ′′(xd))5

[
3gi

′(xd)
(
gi

′′′(xd)
)2

−gi
′(xd)gi ′′(xd)gi ′′′′(xd) − (

gi
′′(xd)

)2
gi

′′′(xd)
]
.

(60)

By bringing Eqs. (57), (58), (59) and (60) into the constraints
of the effective potential Eqs. (53) and (54) and considering
Eqs. (34), (40) and (41), we have:

Vi
′(�d) = 0 ⇒ 2gi (xd) − gi

′(xd)xd = 0, (61)

Vi
′′(�d) = 0 ⇒ mi

2 = Rc

3

(
gi ′(xd)
gi ′′(xd)

− xd

)
= 0, (62)

Vi
′′′(�d) = 0 ⇒ gi

′′′(xd) = 0, (63)

Vi
′′′′(�d) > 0 ⇒ gi

′′′′(xd) < 0, (64)

where Eq. (64) is obtained under the premise gi ′′′(xd) = 0. In
addition to ensuring a local minimum, the above constraints
Eqs. (61) and (62) also overlap with some other requirements:
Eq. (61) indicates that the de Sitter point is a stationary point,
corresponding to Eq. (35); Eq. (62) is the massless scalar con-
dition for f (R), corresponding to Eq. (34) = 0. Moreover,
the above constraints can be converted to the forms described
by f (Rd) if Eqs. (24), (26), (27), (28), (29) and (30) are used.

4 Retesting f (R) gravity with the updated constraints

First, the special limiting point xd = 0+ should be dis-
cussed, because the de Sitter point might become a local
minimum point at xd = 0+, even though not all constraints
in Eqs. (51) and (52) are satisfied. When xd = 0+, the
stability condition Eq. (41) would be violated: g1

′′(0+) =
2
(
0+)−2+2β1α1β1 (1 − 2β1) < 0 (β1 > 0.9), g2

′′(0+) =
−2α2β2 < 0 and g3

′′(0+) = −2α3/π +β3 < 0 (α3 → +∞
in Eq. (46) as xd = 0+). For these reasons, the special limit-
ing point xd = 0+ is an impracticable point and needs to be
eliminated.

In this section, the constraints provided by Sect. 3 will be
applied to the specific f (R) models including Hu-Sawicki
Eq. (31), Starobinsky Eq. (32) and Gogoi-Dev Eq. (33). The
parameter spaces of xd and βi are built, in which two viable
areas are defined: one is a light orange area (active area)
described by the constraints of the cosmology Eqs. (40), (41),
(42) and (43), while the other one is a light red area described
by the constraints of the effective potential Eq. (64). Besides,
two lines are defined: one is a blue solid line presenting the
solutions of mi

2 = 0, and the other one is a brown solid
line presenting the solutions of gi ′′′(xd) = 0. Only when the
intersection of the two lines occurs in both the colored areas
at the same time, will all the constraints for K = 2 be met,
so that the corresponding f (R) models can reflect a stable
massless scalar polarization.

4.1 Active local minimum points

In Fig. 1, a possible intersection ofm1
2 = 0 and g1

′′′(xd) = 0
lies within the light red area but is clearly outside the light
orange area. It implies that the constraints cannot be met con-
currently, and hence the Hu-Sawicki model is inapplicable
for stable massless scalar polarizations in the case of K = 2.
In Fig. 2, it can be seen that the light orange area wraps
m2

2 = 0 and g2
′′′(xd) = 0 while the light red area wraps

g2
′′′(xd) = 0. Because there is no intersection between the

two lines (even for β2 � 1), the Starobinsky model is also
inapplicable for stable massless scalar polarizations in the
case of K = 2.

Considering the cases of K ≥ 3 for Hu-Sawicki
and Starobinsky models, they have common requirements:
Vi ′′(�d) = Vi ′′′(�d) = 0, which means that the two lines
mi

2 = 0 and gi ′′′(xd) = 0 should intersect in parameter
space. In Fig. 1, we can see that the only possible intersec-
tion of Hu-Sawicki is around β1 = 0.5, but Eq. (42) requires
β1 > 0.9. Thus, there is no feasible intersection for Hu-
Sawicki. In Fig. 2, we can see that the two lines for Starobin-
sky do not have any intersection. To sum up, none of cases of
K ≥ 2 can hold in the models of Hu-Sawicki and Starobin-
sky, so the two models fail to build stable massless scalar
polarizations.

In Fig. 3, there is an intersection between m3
2 = 0 and

g3
′′′(xd) = 0, and its coordinate is around (β3 = 1.0441,

xd = 0.9077). By using Eq. (46), one obtains α3 = 0.3511,
agreeing with the required range 0 < α3 < 0.7. Different
from Figs. 1 and 2, the intersection occurs in both the light
red and the light orange areas at the same time, which means
that all constraint conditions can be met and an active local
minimum point can be reached. Therefore, the Gogoi-Dev
model is feasible for a stable massless scalar polarization.

The results indicate that the models of Hu-Sawicki and
Starobinsky cannot be used to build stable massless scalar
polarizations, while Gogoi-Dev model can do that. Because
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Fig. 1 The parameter space of
xd and β1 is used for
Hu-Sawicki model Eq. (31),
where α1 in Eq. (31) has been
replaced by Eq. (44). The blue
solid line presents the solutions
of m1

2 = 0, and the brown solid
line presents the solutions of
g1

′′′(xd ) = 0; The light orange
area (active area) is given by
g1

′(x) > 0, g1
′′(xd ) > 0,

α1 > 0 and β1 > 0.9, and the
light red area is given by
g1

′′′′(xd ) < 0

Fig. 2 The parameter space of
xd and β2 is used for
Starobinsky model Eq. (32),
where α2 in Eq. (32) has been
replaced by Eq. (45). The blue
solid line presents the solutions
of m2

2 = 0, and the brown solid
line presents the solutions of
g2

′′′(xd ) = 0; The light orange
area (active area) is given by
g2

′(xd ) > 0, g2
′′(xd ) > 0,

α2 > 0 and β2 > 0.9, and the
light red area is given by
g2

′′′′(xd ) < 0

Fig. 3 The parameter space of
xd and β3 is used for Gogoi-Dev
model Eq. (33), where α3 in
Eq. (33) has been replaced by
Eq. (46). The blue solid line
presents the solutions of
m3

2 = 0, and the brown solid
line presents the solutions of
g3

′′′(xd ) = 0; The light orange
area (active area) is given by
g3

′(xd ) > 0, g3
′′(xd ) > 0,

0 < α3 < 0.7 and β3 > 0, and
the light red area is given by
g3

′′′′(xd ) < 0

these involved models have the same freedom degree, the
reason for the difference should lie in the model structure
rather than the number of free parameters. Obvious evidence
is that the colored areas in Figs. 1, 2 and 3 visibly own dif-
ferent shapes, and these shapes are drawn by the derivatives
and parameter bounds of f (R). In the next subsection, we
are going to examine the feasibility of the massless case of
Gogoi-Dev model in more detail.

4.2 Satisfied constraint conditions

The constraint conditions Eqs. (61), (62), (63) and (64) are
aimed at giving a local minimum of the effective potential
V (�). In order to show this clearly, some figures will be
drawn for Gogoi-Dev model to reflect how V3(�) changes
with �. First, based on the intersection coordinate given in
Sect. 4.1, the model parameters α3 and β3 can be determined.
After that, we apply Eqs. (55), (56) and (57) to convert �,
V3

′(�) and V3(�) into the functions of x , so that the figures
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Fig. 4 V3
′(�)/Rc and V3(�)/Rc versus � in the region of x = 0.8 to 1.0 for Gogoi-Dev model Eq. (33) with α3 = 0.3511 and β3 = 1.0441,

where the orange solid line stands for the value of scalar field at de Sitter point �d = 0.4579

Fig. 5 g3
′(x) and g3

′′(x) versus x in the region of x = 0.0 to 3.0 for Gogoi-Dev model Eq. (33) with α3 = 0.3511 and β3 = 1.0441, where the
red dotted line stands for the location of de Sitter point xd = 0.9077

about V3
′(�) and V3(�) versus � can be drawn with the

change of x . In Fig. 4, there is a zero value for V3
′(�) at

�d = 0.4579. And V3
′(�) < 0 on the left-hand side of

�d , while V3
′(�) > 0 on the right-hand side of �d . Thus,

V3(�) has a local minimum at �d , agreeing with the result of
the picture of V3(�)/Rc. For avoiding the effect of extreme
point, V3(�)/Rc is drawn by letting the integral range of
Eq. (56) be from 0.8 to x (0.8 ≤ x ≤ 1.0).

Equations (40) and (41), the stability conditions for f (R)

at xd , have been satisfied for Gogoi-Dev model. Therefore,
Eqs. (38) and (39), the stability conditions for f (R) in
[x0, +∞), should be checked in the following part. Because
0 < x0 ≤ xd , both gi ′(x) > 0 and gi ′′(x) > 0 need to be
met in [x0, xd ] and [xd , +∞). The range of [x0, xd ] will
not be strictly defined, since it depends on the different val-
ues of the model parameter Rc. In other words, if there is
a continuous range tightly attached to the left-hand side of
xd , and gi ′(x) > 0 and gi ′′(x) > 0 are met in this continu-
ous range, we believe that these stability conditions could be
satisfied in [x0, xd ]. In Fig. 5, we can see that g3

′′(x) > 0
in [0, +∞), so the stability condition Eq. (39) is true for
Gogoi-Dev model. On the other hand, there are g3

′(x) > 0

in [h, xd ] (0 < h < xd ) and [xd , +∞). Because [h, xd ] can
be regarded as [x0, xd ] with the adjustable parameter Rc, the
stability condition Eq. (38) is also true for Gogoi-Dev model.
To sum up, the stability in the curvature range is not violated
for Gogoi-Dev model.

5 Discussions and conclusions

The additional polarization of f (R) gravity is a scalar polar-
ization, which is a combination of the longitudinal and the
breathing modes. When the scalar mass given by Eq. (3) van-
ishes, the scalar polarization will reduce to a pure breathing
mode. However, to maintain a stable perturbation of space-
time, the constraints of the effective potential in Eqs. (49) and
(50) require the scalar mass to always be positive, seemingly
excluding the massless scalar polarization in f (R) gravity.
But we indicate that the constraints should be adjusted to
more general forms Eqs. (51) and (52), and a stable pertur-
bation needs the constraints Eqs. (51) and (52) hold for at
least one value of K . The original constraints are just the
special case of K = 1, while the cases of K ≥ 2 can ensure
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that both stable perturbation and massless scalar state are
built.

To get a stable massless scalar polarization in f (R) grav-
ity, the constraints from two aspects are considered: one is
the cosmology in Sect. 3.1, and the other one is the effective
potential in Sect. 3.2. For the 3-parameter f (R) models in
Eqs. (21), (22) and (23), which are regarded as viable dark
energy models, we have analyzed the possibility of the exis-
tence of stable massless scalar polarizations. The results show
that both Hu-Sawicki and Starobinsky models fail to build
stable massless scalar polarizations. On the contrary, Gogoi-
Dev model can meet all kinds of constraints and lead to a sta-
ble massless scalar polarization. Therefore, the existence of
stable massless scalar polarizations in f (R) gravity should
not be ignored. In other words, if a massless scalar polar-
ization (or pure breathing mode) is observed, f (R) gravity
should not be removed from those alternative modified grav-
ity models.

All the tested f (R) models have 3 parameter degrees of
freedom, but their abilities to maintain stable massless scalar
polarizations vary significantly. It means that the model struc-
ture (or function expression) of f (R) gravity could influ-
ence the results of scalar polarization. That is to say, the
scalar polarization is model-dependent for f (R) gravity. It
is possible to distinguish between various f (R) models by
examining whether they have stable massless scalar polariza-
tions. On the other hand, we can also apply stable massless
scalar polarizations to provide some observation constraints
on the free parameters of f (R) models. Furthermore, we are
allowed to construct f (R) models based on the stable mass-
less scalar polarization. The possible prescription under the
metric formalism and the first-order linear perturbation, is
to make the established f (R) models meet the cosmology
constraints, and the potential constraints Eqs. (51) and (52)
for at least one value of K ≥ 2.

Finally, some feasible research directions should be men-
tioned. In [56], various polarization modes of gravitational
waves are studied in higher-order gravity, which involves
more general scalar invariants besides the Ricci scalar. Our
results are expected to be applied to this model to give more
general analysis. In [57], the impact of the chameleon mecha-
nism on observations is discussed in the framework of f (R)

gravity. It is interesting to explore the detectability of the
massless scalar waves according to the detection environ-
ment. In [19], a special evolution of gravitons can be driven
by f (R) cosmological model. After imposing the parameter
constraints of stable massless scalar polarization, the evolu-
tion of gravitons deserves further study.
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