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Abstract

Using the Bondi coordinates, we discuss the angular momentum at null infinity in five
dimensions and address the Poincare covariance of the Bondi angular momentum. We
also show the angular momentum loss/gain law due to gravitational waves. In four
dimensions, the angular momentum at null infinity has the supertranslational ambi-
guity and then it is known that we cannot construct well-defined angular momentum
there. On the other hand, we would stress that we can define angular momentum
at null infinity without any ambiguity in higher dimensions. This is because of the
non-existence of supertranslations in higher dimensions.

1 Introduction

Inspired by the recent progress of the string theory, the importance of the gravity theory in higher dimen-
sional space-times is steadily growing. However, there are still many remaining issues to be investigated
in higher dimensions. One issue among them is the asymptotic structure. For asymptotically flat space-
times, the asymptotic structure is defined at spatial and null infinites. The asymptotic structure at spatial
infinity (spi) is well-defined by conformal embedding in four and higher dimensions [1]. The asymptotic
structure at null infinity in four dimensions is well studied by many authors [2, 3]. On the other hand,
there are only a few work about the asymptotic structure at null infinity in higher dimensions. Indeed,
asymptotic flatness has been defined by using conformal completion method in only even dimensions [1—(]
and by using the Bondi coordinates in five dimensions [7].

The asymptotic symmetry at null infinity in four dimensions is semi-direct product of the Lorentz
group and the supertranslational group, which is an infinite dimensional translational group. The presence
of supertranslations implies the infinite number of the direction of translation, while the Poincare group
has only four directions in four dimensions. Because of this infinite directions of translation, we cannot
construct well-defined angular momentum in four dimensions. There are many attempts to define of
angular momentum at null infinity in four dimensions, whereas all those definitions are suffered from
supertranslational ambiguity. On the other hands, in five dimensions, since asymptotic symmetry is the
Poincare group [7], we can expect that angular momentum at null infinity can be defined without any
ambiguities. The purpose of this paper is to discuss angular momentum at null infinity in five dimensions.
We will see that angular momentum can be defined well and show the Poincare covariance of the Bondi
angular momentum.

2 Bondi coordinate and Einstein equations

In the Bondi coordinates % = (u,r, 0, ¢, 1) the metric can be written as

Veb
2

ds®* = ———du® — 2eBdudr + r*hsp(dz? + U du)(dz® + UPdu), (1)
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where
e sin @ sinh D4 cos f sinh Dy
hap = | sinfsinh D, €2 sin? 0 sin 6 cos @ sinh D3 | , (2)
cosfsinh Dy sin @ cos @ sinh Dy €8 cos? 0

where 24 = (0, ¢, 1) and we adopted the gauge condition satisfying det hyp = sin® 6 cos? 6. u = const.
are null hypersurfaces and the periods of the coordinates 0, ¢ and ¢ are /2, 27 and 27, respectively.
From the gauge condition, e can be written as

Cs _ 1 + €2 sinh? Dy + €< sinh? D3 — 2sinh D1 sinh Do sinh D3
eC1+C2 — ginh? D, .

(3)

Then hap have five functional freedom. In the following we will identify C4,Cs, Dy, Dy, D3 as those
freedom. In this coordinate system, null infinity is represented by r = oo and the metric at null infinity
is

ds* = —du® — 2dudr + r*(d6* + sin® 0dp? + cos? 0dyp?). (4)

To investigate the asymptotic structure at null infinity, we have to solve the Einstein equations near
null infinity. Here note that five dimensional space-times have five degree of freedom of gravitational
fields. If we identify hap as the freedom of gravitational field, C, Cs, D1, Do, D3 can be expanded as

Ay — Cll:iz/,;m"‘) . 012(;233A) . Cli(;f};A) n 014(:337‘4) Lo (5)
Co(u, 7, 2%) = 021;?/,;%‘) y Gl =) CQigl%A) - 024(:,‘3; L TSE (6)
Dy () = D11T(\u/,;:r‘4) N D12(77:g, z) + Dlig?};A) n D14(77:;, ) +O(T?) (7)
4y = D31:\1L/,?$A) n D32(:2:95A) + D3igli};3‘4) n D34(:379€A) +OrT), 9)

From Einstein equations R, 4 = 0, we can see that U# can be expanded as

Cl (U, T,z

Uf(u,2?) | Us'(u,2?)  Ug'(u,a?) | Uf(u,z?)

U4 ; O(r=9/? 10
and coefficients U;f‘ can be written by C1,, Cay, D1y, Doy, D3y, for example,
2 1 0 1 0 1 0 1
Ul = Z|——%>—=:(sinfcos?0C —— —Diy+———--Dy — ————C|. (11
! 5 | sin 6 cos? 6 96 (sin 6 cos n+ sin @ O¢ 1t cos 0 Oy 17 Sinfcosf ! (11)

Next, let us define the Bondi angular momentum from uA components of the metric. Near null
infinity, gue and g,y are expanded as

1 1 1 1

gu¢ = W Sin2 QU{i) + ; Sin2 0U5§ + ﬁ Sin2 QUP? + 1"72]¢ + O(T_5/2) (12)
1 1 1 1

Guyp = 7 cos? OUY + - cos? OUY + R cos? QUL + ﬁjw +0(r=%/?), (13)

where

j¢ = sinfDyq U19 + sin? 0Cs, Uf’ + sin 6 cos 0 D3y U{P + sin? 9Uf (14)
7Y = cos 0Dy U? + sin 6 cos D5, UY — cos? 0(Chy + Co1)UY + cos® U . (15)
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We define the Bondi angular momenta, Jé’ and Jgon ai» Will be naturally defined by

ondi

1 . p 1 .
Jgondi(u) = _E S3j¢dQ7 J]gondi(’u’) = _E P jd}dQ (16)

From R, = 0, we can derive the evolution equations of angular momentum J(g and Jg’on ai- The

ondi

evolution equation of Jg by gravitational waves can be expressed as

ondi

d 1 5% a5®
—Je = —— _— —_ dQ 17
du Bondl(U) am S3 |:( Ou )radiation - ( ou total derivative 7 ( )

where (05%/0u) adiation is the radiation part given by

95 1901 dCh  19Cy 9C1  10C1 9Csy 190y 90y
u radiation B 4 8¢ Ou 8 a¢ ou 3 a¢ ou 4 8¢ ou
19D3 0Dy 1 0Dz (0C1; | 0Cy 3 0D31 0C11
1 7 tan — tand
106 ou 10" au(aw+aw)+20an oy ou
2 6D31 8021 1 BDH (9D11 3 8D11 8D21 3 6D11 8D21
TS e 1 0 ou 200w aw 2000 au
1 taneacll D31 itaneaCm D31 gtaneaD;ﬂ 0Cy1  19Ds 0D
4 oY Ou 10 ou Oy 5 ou oY 4 Ou 0¢
3 8D31 8 . 2 3 8 8D21
+20 20 Bu 20 (sinf cos® ODsy) — 50 008989 (tan6Ds3;) 5
3 8D11 0, . 2 3 8011 0
+20COS29 5u 50 (sinf cos” 0C11) — 20 cosf 5 90 (tan6D11)
3 8021 0 .92 3 . 8021 8D11
+2()Sin9(:os€ ou 89(S1n 6 cos6Dn) = 20 sin 0 a0  Ou
3 0
_QOCOSQ%(CNDH) (18)

and since (9;5¢ /OU)total derivative 1S the total derivative part which has no contribution to the evolution

for the angular momentum by gravitational waves, we do not write its explicit form here. The evolution

equation for Jgondi has same form. For the details, see [8].

3 Asymptotic symmetry and Poincare covariance of angular
momentum

Asymptotic symmetry is defined as the transformation group which preserve the boundary conditions of
at null infinity. By infinitesimal transformations £%, the metric is transformed as gq;, — gap + 0gap, Where

5gab = Vagb + nga. (19)

In Ref. [7], it was shown that the asymptotic symmetry at null infinity in five dimensions is Poincare
group and the generator of the translations is represented as £“ = —f (xA) where the function f (:17‘4) is

f(z?) = ay + a,sinfcos ¢ + ay sin@sin ¢ + a, cos § cos ¥ + a,, cos fsin 1. (20)

The global charges associated with asymptotic symmetry (the Poincare group), which is angular
momentum My, should be transformed under translations as

Map — My + 2P[awb], (21)

where f = 2%, and 2% = (1,2%) and 2! = (sin 6 cos ¢, sin @ sin ¢, cos § cos 1), cos O sin)). P is a Bondi
momentum [3]. However, we are considering dynamical space-times which has no exact timelike Killing
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vector. This means that the quantities M,;, would change due to gravitational waves under translations
(u — u — f(z4)). Then, the expected transformations of M,, under translation are

Mab(u) — ab(u — f) + 2P[a (u)wb] = Mab(u) =+ 2P[a(u)wb] — (fdciMab(u)> . (22)

radiation

In fact, we can show this transformation as follows. By the translations, j® is transformed as

d5¢
A L - a(xA)—aj + (05 non radiation + (total derivative terms), (23)
u
where we do not write the explicit form of above terms. For the details, see [8]. Using the solutions for

UA, we can show that

1 5% 3 O
Jgondi - Jé)ondi T In /ss [_Oé(xA) (8u> } ] ) + 67 /o m(U,CCA)adeQ (24)
radiation

This transformation is equivalent to Mszy; — Mazy + 2Pzwy — (fdMsg/du)radiation- This stands for the

Poincare covariance of the Bondi angular momentum. In the same way, we can show the Poincare

covariance of angular momentum Jg’ondi.

4 Summary

In this paper, we defined the Bondi angular momentum at null infinity in five dimensions and showed
the Poincare covariance of the Bondi angular momentum. In addition, we successfully confirmed the
Bondi angular momentum loss/gain due to gravitational wave. Asymptotic symmetry at null infinity is
an infinite dimensional translational group (supertranslations) in four dimensions, not a four dimensional
group. Then this implies that the angular momentum at null infinity has always ambiguities. Contrasted
with this, it is shown that asymptotic symmetry at null infinity is the Poincare group in five dimensions.
Then we can define the Bondi angular momentum at null infinity in a Poincare covariant way without
any ambiguities.
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