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While investigating betatron beam motion in synchrotrons the main at-
tention is usually payed to the measurement of the beam center-of-mass
betatron frequenocy osctillations,but it is desirable to have information
on the particle betatron frequemcy distribution instide the beam i.e, spee~
trum,

Betatron speotrum measurement may be carried out by ﬁivesti‘atu:; the
bean center-of-mass response on the excitation field,

First oconsider the oscillations excited by P(v)=F-exp(Jqou.t)sl‘nnl,
(Wy -rotation frequenoy),The betatron osotllations are usually exoited

by a field,its length being much shorter than betatron oscillation wave-

length. Therefore the particle transversal coordinate variations during
the flight through this field may be disregarded, Suppose also that the
excitation field keeps constant during the time of flight.

The signal V(t) induced aoress the pick-up eleotrodes by the beam in
which particles have different betatron oscillation frequencies is propor-
tional to the beam center-of-mass displaoe-ent ;(ﬁ from its stable posi-
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where I(l/‘) 18 "smoothed” solution for beutron oscillations equation
with equal freguencies -l(.). ”Q}-is betatron spectrum, 0’:&) z

Assuming P»&Qa(ﬂ, -a,) we obtain:
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A and B,for example, for reetnngulnr spectrum being uniform at the in-
tervals Q, and @l ;after N turn.s equal to:
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It M is an integer nearest to 0 and 0,, ,whereas A is that to 2‘, and
0 1Q-M/ . é -/0,-”/ 9, 12," -4/ we obtain the values A, B and ¥
(with accuracy to ) ) independent ot M undL , and other conditions being
the same the oscillations amplitude wil) be cqual at any exoitation fre-
quency 90 o 3T 90 differs from an integer by the same value of a :

COn-uder the oase of small N‘k//ZIAa when sin 2iK40 21‘4‘
and (&QK )« )

As x(¥) decreases raptdly with increase ot/g, 0./ we consider anly
the values of frequency detuning of the order 4 a then with actual and

stherefore after several turns

20 4 .

X{U)s (N1, exp[ i3.0+M5 0y, -3,)] } o
Both the osclllntion amplitude and its initial growth rate are independent
ona, ana }qo -G, (rse.D).

The size of this linear region for a given nonlinearity 1s tmversely
proportional toAQ .The phase difference betwcen the exoiting field and
the excited oscillations with small (%o 0 )«-—-vurles lineary with de-
tuning (Fig.2).

The steady-state amplitude of the excited osoillations (V»/27aQ)
with oonstant exciting frequenoy 2, ‘0 is inversely proportional toqa

*All the above cited is true for the accelerator with one suffictently
short bunch,For an accelerator vith bunches uniforamly dlstribu'.ed in-
side the ring the excitation is optimal with where = 0,%1,22 ,,,

When the exciting frequency ’o differs from Qp,the maximum steady ~
stnte nuislttude of excited oscilliations for rectangular spectrum occurs
at 20 ; ,or 0 where II }—> o ,The steady state phase varies mo-
noto:nously‘ from /2 to -4/2 within frequency range of 0, 01 passinag zero
at g,zﬂ. . _

For the spectrum 0052-/‘-[0’00)(02 -8.)the oscillation awmplitude is
finite at all the volues of 90 . Maxioum omplitude with smalta & (which
usually ocours) ooinoidos with 00 +«The oseillauon phase in practice
varies linearly with 20 from 1/2 to —f/2 . g varying from 0, to Qz
(Fig.,2).

For the more complioated ocases sevoral maxisum steady-state ampli-
tudes at the exoiting ‘requency different from @o occur at the interrup-
tion points of the first rivative p(@) .

For measurings & and 5 the resonant excitation technique of beta-
tron oscillations has been used at ITEP 7 Gev Accelerator,

The signnl with the acceleorating field frequency passes to a pulse
freguency divider through a gate which 1s being opened for the exoitation
period of betatron osciAl lations (Pig.3). Changing the dividing factor from
I6 to 72 any value of 9,‘, from 0,097 to 0.%% by steps of 0,006 to 0,05
could be obtained,

The frequency divider output signal passes to a pulse generator pro-
ducing the pulses with the amplitudes from 0 to 30 kv and duration from
0.8 to IO/a.ntat deflector electrode,

For obscrving the coherent betatron oscillations pick-up electrodes
(4) and a bandpass-regulated L,F,filter rejecting all the frequenoy comy
ponent but U.ggwere usegd.,

While deterwining 0, the dividing factor was being adjusted till the
filter output had the maximum value,

Fig.4 shows the oscillogram of the filter output at the proton energy
of I Gev, The oscillogram in Fig.4a corresponds to the exciting field fre-
quency (é,: 7/24 ) giving meximum oscillation amplitude (~Imm), The
osolllogram in P 1g.ltb is glven to ocompare the same filter output with
,,=7/22 ¥ith 7, =7/22 and g,—'l/26 the ooherent signal between -the eleo-
trodes is practically absent,

To reveal the fine structure P{Q)u the end of acceleration oycle
the constant exciting frequency has been used,1ts value could bevaried
from onc acocelerntion cyele to another,

Fig.6 shows the amplitude and phase dependences of the filter output
on the exciting field frequency after 100 turnms of the beam, There is alse
a ourve caloulated from (Jb) for N=T00 anda @ = 0,012, .

Acoording to these methods it is possible ko weasure 0, and 4 0 during
3-4 oycles with high precision,but the measurement of the spectrum form
takes much more time.

There is also a possibility of not so precise but more quiok measure-
went of betatron frequencies spectra, This wethod propose to excite cohe-
rent betatron oscillations by a single pulse of the exoiting field, These
osoillations decaying because of betatron frequency spread are weasured
with the help of sowe devices sensible to the beam center-of-mass tramsver-
sal ocoordinates.

Taking into acoount,as it was before,the "smoothed" betatron oscilla-
tions equation and assuming the duration of the excitment small as ocom-
pared with 7; "Zﬁ-/‘\)‘,,one can show that the signal being measured is pro-
portional to

@
As(t}:;g: P(O)Smdw (T + KT)f[Z (7“+Kr)]ﬂz} 0

where T t8 the time of particle flight from the exciting field to the
nearest electrode ( T<« 'l' ). That is the signal looks like a series eof
short pulses originating nt the moments Zx “KT with amplitudes

+*
A= {2 5, 25xadR *
(the lntegr;t.l:n boundaries way be spread from-ooto o since the speot-
rum (@) 15 11nited).

Similarly the second measuring device displaced by av angle ,:.ﬁ/20¢
where 0. ie the expeoted mean value of @ ,will give pulses with ampli-
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tudes : ren
8= am cos 27nRd A 6)

further hm}'ing the numbers A,‘ and O,y one can find P(é?} using the sine-

and cosine-Fourfer transformations,

In order thet the set of numbers A,; and 8, give the possibility of
determining the funotion p/@) it is nesessary aocording to the well-
known rule of information theory that the azimuthal interval between the
pairs of measuring devices be less than 4§ U: //24 0

In practice we have usunllyda«o.m which corresponds to A0>2i
that 18 one pair of measuring devices is quite encugh, Under the real con-
dittons it 1s expedient to excite the oscillation by a rectangular pulse
of duration 'l'o. In this case with uniform particle distribution by aszi-
muth the signal amplitudes coincide with the above caloulated.lf asimuth-
al particle density is not oconstant then the signals are wmodulated acoord-
ingly, This wodulation may be removed,for instance,by menns of & lowpass
filter with bendpass

So this mwethod gives the possibility of obtaining the betatron fre-
quencies spectrum during the time of the order of tens or hundreds of

microseconds,
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