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Abstract

At its core, this work delves into unraveling the early universe’s particle physics by
probing a stochastic gravitational wave background (SGWB) in present and future exper-
iments. The first part of the thesis focuses on investigating the potential observation of
gravitational wave (GW) signals arising from a cosmological first-order phase transition
(FOPT) within a confining sector decoupled from the Standard Model (SM). Given that
the sector under consideration is an SU(N) pure Yang-Mills theory (pYM), known for its
strong coupling, we employ the Anti-de-Sitter/Conformal Field Theory (AdS/CFT) cor-
respondence to maintain theoretical control. We utilize the Improved Holographic QCD
model, capable of accurately describing large Nc pYM and reproducing its equilibrium
thermodynamics akin to lattice QCD.

Several key conclusions emerge from this investigation. Initially, our results exhibit ex-
cellent agreement with other approaches, such as matrix models or Polyakov loop models.
Furthermore, the thesis demonstrates that previous estimates of the GW signal from SU(3)
YM theory may have been overestimated by as much as five orders of magnitude. This
disagreement arises when incorporating a more precise formulation of the effective action
and an actual estimation of the bubble wall velocity, instead of relying on phenomeno-
logical assumptions. Consequently, the prospects for future observability transition from
promising to slim. Lastly, although SU(Nc) YM is not an CFT, the correspondence un-
derscores its utility as a theoretical tool even beyond CFTs.
In the second part of the thesis, we investigate two phenomenological consequences of the
initial conditions on QCD axions in the early universe. These encompass axion miniclus-
ters due to non zero initial velocity and in a post-inflationary case to emit GWs from its
associated string network large enough to reconcile data from Pulsar Timing Array (PTA)
collaborations.
In the final part of the thesis, our focus shifts towards investigating the phenomenology
of dark sectors mainly gravitationally coupled, particularly at energies below T ≤ 1GeV.
In these scenarios, GWs have emerged as a prominent tool for probing such dark sectors.
We introduce a novel approach by considering scalar anisotropies within the dark sector,
which are damped through gravitational interactions with the photon-baryon fluid. This
interaction leads to heating up the fluid, resulting in observable effects. This additional
heat cause µ-distortions in the cosmic microwave background (CMB), presenting a new
possibility for probing such sectors. Notably, we highlight a significant degree of observ-
able complementarity between searches for µ-distortions arising from large dark sector
fluctuations and GWs in the PTA range.
Furthermore, we delve into the potential of dark sectors with significant fluctuations for
GWs emission to elucidate the recent hint of a GW background observed by PTAs such
as North American Nanohertz Observatory for Gravitational Waves (NANOGrav) and
International Pulsar Timing Array (IPTA). We particularly investigate the interplay be-
tween cosmological constraints and minimal BSM models to unravel promising sources
of new physics capable of explaining the acclaimed signal from the recent data release of
the PTA collaborations. In this context, we emphasize the substantial complementarity
between constraints derived from various sources, including relativistic degrees of freedom,
µ-distortions, CMB, collider experiments, and the abundance of cold dark matter (CDM).
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CHAPTER I

Introduction

The composition of our present universe, its past and future evolution, and its fun-
damental constituents have undergone revolutionary discoveries over the past century.
Initially, from a theoretical standpoint, the great minds of the 20th century formulated
the theories of Quantum Field Theory (QFT) and General Relativity (GR) that reshaped
our understanding of everything. Subsequently, extensive experiments were conducted to
validate these theories, ensuring a correct composition of our universe and the interactions
among its constituents. The formulation and validation of the at present standard models
in particle physics and cosmology emerged from these foundational theories and have
persisted throughout the last century. Despite the remarkable successes of the previous
century, we have come to realize that there persist considerable limitations inherent in
these theories.

Some of these shortcomings are theoretical, such as the unification of the forces of na-
ture and with such the corresponding theory of quantum gravity, as exemplified by String
Theory and Asymptotically Safe Gravity to mention a few. On the other hand, there are
more practical challenges, like the so-called Hubble tension, which signifies the discrepancy
in measurements of the Hubble parameter determining the expansion rate of our universe.
Additionally, significant puzzles also involve the particle constituting the majority of the
universe’s matter content CDM, which remains elusive both theoretically and experimen-
tally due to limited understanding of its interactions with the standard models of particle
physics and cosmology beyond gravity. The origin for the matter/antimatter asymmetry
of the universe is also a missing piece of great magnitude since without it we would not
be here.
One avenue of experimental achievements for uncovering the particles of the SM of particle
physics has primarily been driven through particle accelerators such as the Large Electron
Collider (LEP), Tevatron, and the Large Hadron Collider (LHC) at CERN in revealing
the constituents of the SM of particle physics. Despite their remarkable achievements,
their technology is currently reaching its utmost limits. The prospect of pushing them
to even higher energies in the future may only be attainable through incremental steps.
Consequently, scaling such accelerators to orders of magnitude beyond their current ca-
pacities would require an accelerator of a size approaching that of the equator, rendering
it impractical for humanity.
The quote by Zeldovich, ”The Universe is the poor man’s particle accelerator,” could
not be more timely and accurate given the recent discovery of GWs originating from the
merger of two black holes, an event observed using the LIGO/VIRGO Interferometers.
Not only did this discovery confirm Einstein’s prediction of gravitational radiation made

3



CHAPTER I. INTRODUCTION

Figure I.1: Population of merger events between black holes, and neutron stars in the
third observation run O(3) made by the LIGO/VIRGO/KAGRA (LVK) collaboration.
The x-axis denotes the time of the event whereas the y-axis is the mass of the constituents
in the merger, where they are dubbed by their colors, blue is for a black hole, orange is
for neutron stars, red is for BH mergers with an electromagnetic counterpart, and finally
yellow indicate a merger involving a neutron star with an EM counterpart.

almost 110 years ago now but it also unveiled the possibility of directly searching for new
physics in the regime of strong gravity. Furthermore, it also posits the opportunity to
increase our understanding of GR by careful extraction and reconstruction of the emitted
GWs from the events. This has been an active line of research for the past 9 years and by
the successful observation of more events and also events involving neutron stars an entire
catalog has emerged which is dubbed as the stellar graveyard see Fig. (I.1).

Among the LVK collaboration, there exists a diverse array of present and future exper-
iments in GW observatories, encompassing both earth-based and space-based facilities.
This comprehensive suite of experiments enables the mapping of the GW background
across a broad frequency spectrum ranging from f ∈ [10−9, 103], with peak sensitivities
varying from Ωp ∼ 10−13 − 10−16.

The shape and magnitude of the GW power spectra offer crucial insights into the mech-
anisms at play during their emission. For instance, it can offer information about the
nature of the source (Astrophysical or Stochastic).

GWs, being a form of radiation, propagate nearly undisturbed throughout cosmic evo-
lution, aside from redshift effects. This characteristic makes GWs invaluable for probing
the opaque plasma present in the early universe, shedding light on the physics occurring
before the emission of the CMB, and potentially extending to the earliest moments of
cosmic history.

Moreover, GWs are thought to play a pivotal role in probing dark sectors of the universe
whose interactions are either very weak or purely gravitational to the SM plasma. This
assumes that these dark sectors possess dynamics capable of emitting GWs. The imposed
assumption mentioned above are essential for an interpretation of the results presented
in this thesis. Therefore, we will study a set of well-motivated dark sectors that possess
dynamics prone to emitting GWs over a vast range of frequencies and amplitudes with
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various spectral features in their power spectra. A particular phenomenon that may have
generated a GW background is a FOPT. Such FOPTs are ubiquitous in extensions of
the SM, examples include warped extra-dimensions, confining SU(N) gauge theories, SM
electroweak sector extensions (gauge singlets or otherwise) as well as a whole host of dark
sector models.
In this thesis, we will consider a dark sector composed of a confining SU(N) gauge the-
ory. These FOPTs source SGWBs with a unique spectra that feature arguably the most
intimate connection with fundamental particle physics. The energy scales that we will
probe range from keV scales, with existing pulsar timing array experiments, all the way
to 106TeV with future ground-based experiments.
The structure of this thesis is as follows: In Chap. (II), we present a brief theoretical
overview of the SM of particle physics and cosmology, QCD Axions, GWs/SGWBs, and
the Gauge/Gravity duality, as these topics constitute the essential cornerstones of this
work. Chapter. (III) constitute Part. (I) of the thesis, focusing on the observable prospects
arising from cosmological FOPTs occurring in SU(N) pYM theory [5, 6]. In Chap. (III),
we consider SU(3) and SU(Nc) pYM theory, where we elucidate the GW prospects from
its confinement phase transition using the AdS/CFT correspondence. In particular, we
employ the Improved Holographic QCD model to describe the theory. Furthermore we
investiage the impact of increasing the number of colors. By using the same model, we
address and improve upon the theoretical shortcomings identified in our initial study of
SU(3). In Part. (II) of the thesis which comprises Chap. (IV - V), we are looking at two
phenomenological consequences of QCD axions in the early universe. Chap. (IV) enter-
tains how axion substructures like mini-clusters and stars would be altered by changing the
initial condition of the axion field. In Chap. (V) we elaborate on the observable prospects
of GWs from axion strings in the PTA band based on the work [2].
Part. (III) of the thesis governs very weakly interacting or purely gravitationally coupled
dark sectors at energies T ≤ 1GeV with intrinsic dynamics prone to SGWBs to describe
the recent hint of a GW background from the PTA collaborations [7]. We display how a
minimal BSM setup consisting of Meta-Stable topological defects i.e. Global Strings (GS)
and Domain Walls (DWs) may describe PTA data. These scenarios are known to exhibit
large GWs in partial parts of their parameter space, making them prime candidates for
observation or constraint by future GW experiments. This study entails Chap. (VI).
In Chap. (VII) we study how density fluctuations in a dark sector can cause µ-distorsions
in the CMB by providing an applicable framework in terms of semi-analytic expressions
depending on the nature of the anisotropies (stochastic, deterministic). These expressions
are then compared against numerical simulations of a toy model for validity of the ap-
proach, where we also elaborate on how strong constraints on µ-distortion experiments
are against cosmological probes. In doing this, we find a great deal of observational com-
plementarity between µ-distortions in the CMB and GWs in the PTA range for sources
keen to admit GWs and large scalar fluctuations like (FOPTs, and meta-stable topolog-
ical defects). Hence Chap. (VII) in this thesis reveals a clear indication of the dawn of
multimessenger probes.
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CHAPTER II

Theoretical Background

II.1 The Standard Models of Particle Physics & Cosmology

This section aims to provide a concise overview of the fundamental particles constituting
the universe, their associated force carriers, and the evolutionary trajectory of cosmic
particle content. While the SM of particle physics and cosmology have enjoyed considerable
success in explaining natural phenomena, several key components remain elusive. For
instance, in the SM of cosmology, known as the ΛCDM model, CDM and Dark Energy
(DE) dominate the universe’s energy density, comprising 95% of its content. Yet, the
precise nature of CDM and DE remains unknown. Similarly, within the SM of Particle
Physics, the unification of gravity with other fundamental forces remains an outstanding
challenge.

On a more immediate scale, the understanding of neutrinos and their masses, as well
as the hierarchy among fermionic flavors, presents unresolved questions within the SM.
Despite these challenges, the SMs serve as foundational frameworks for understanding the
universe’s behavior, from its smallest constituents to its largest structures. In this thesis,
we aim to elucidate these essential constituents, setting the stage for our exploration of
more nuanced topics later on.

II.1.1 The SM of Particle Physics

The SM of particle physics [8–11] is the most complete description of our universe so far
that describes all known elementary particles and three out of the four fundamental forces
the electromagnetic force, the weak, and the strong force. The SM is a gauge theory of
non-abelian nature which comprises the following symmetries,

SU(3)c × SU(2)L × U(1)Y . (II.1)

The SU(3)c refers to the color group of Quantum Chromodynamics (QCD) [12–17],
whereas the remaining symmetry groups SU(2)L and U(1)Y respectively correspond to
weak isospin and hypercharge completing the electroweak (EW) force [8–10]. The fact that
both the strong and EW forces are gauge interactions is an essential cornerstone of the
SM, however, the fourth and final fundamental force, gravity, is not accounted for in this
theoretical framework. The SM matter content consists of fermion fields in which there are
three generations of (quarks, leptons) with spin-12 , the spin-1 gauge fields (photon, gluon,
W±, Z), and a spin-0 scalar field i.e., the Higgs boson where the fermions constitute the
matter content and the gauge bosons mediate interactions among the matter. Excitations
of the matter fields are what we call particles. The interactions of the fields in the SM are
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CHAPTER II. THEORETICAL BACKGROUND

Name Field Charges

Spin Quark/Lepton SU(3)c SU(2)L U(1)Y
1
2 Left Quark qa 3 2 1

6
1
2 Right up Quark ua 3 1 -13
1
2 Right down Quark da 3 1 2

3
1
2 Left Lepton la 1 2 -12
1
2 Right Lepton ea 1 1 -1

1 Gluons G 8 1 0

1 Electroweak W 1 3 0

1 Hypercharge B 1 1 0

0 Higgs Doublet ϕ 1 2 1
2

Table II.1: Table of the particle content of the SM of particle physics before Electroweak
symmetry breaking has occured.

described by a lagrangian density which we in shorthand will denote as lagrangian

LSM = −1

4
GαµνGαµν −

1

4
Wa
µνWaµν − 1

4
BµνBµν (II.2)

−q̄aγµDµqa − ūaγ
µDµua − d̄aγ

µDµda − l̄aγ
µDµla − ēaγ

µDµea (II.3)

(Dµϕ)
†(Dµϕ)− V(ϕ†ϕ) + q̄ahuu

bϕ̃+ q̄ahdd
bϕ+ l̄hee

bϕ+ h.c. . (II.4)

The quark and lepton representations and charge assignments are written out in Table
2 see below. The α, and a are the symmetry generators of SU(3)c, and SU(2)L. The first
two lines of Eq. (II.2) describe the kinetic terms of the fields governing the dynamics and
self-interactions among the gauge fields. The (Dµϕ)

†(Dµϕ) − V(ϕ†ϕ) governs the Higgs
boson and its self-interactions whereas the last terms in Eq. (II.2) concerns the Yukawa
interactions between the fermions and gauge fields to the Higgs. The hu, hd, he are the
Yukawa coupling matrices which are 3×3-matrices. These are the interactions responsible
for particle masses under the influence of spontaneous symmetry breaking (SSB), where
the fermions and gauge bosons acquire masses proportional to the Higgs VeV.

Provided the Lagrangian of the SM and its large amount of different interactions one
can acquire a lot of insights by only considering its symmetry groups and breakings.
These symmetries concern the formation of hadrons (Baryons, Mesons) from free quarks
and gluons due to confinement, and the generation of particle masses by EW symmetry
breaking of SU(2)L ×U(1)Y → U(1)EM . We will wrap up this very brief introductionary
section with a few comments on each of these symmetry breakings.

1. The strong force mediated by gluons Gµν possesses a very peculiar behavior called
”asymptotic safety”, which implies that the nuclear force becomes weaker at shorter
distances i.e. higher energies. The consequence for the matter fields and force
carriers in the early universe when the energies (temperatures) were high, was that
the quarks and gluons propagated freely. This state of matter for the quarks and
gluons is known as the Quark-Gluon-Plasma (QGP). As the universe expands and
becomes colder at a temperature of about T ∼ 150MeV quarks and gluons confine to
color neutral objects i.e. (Hadrons) as the SU(3)c symmetry gets dynamically broken
in which the QCD vacua forms a non-zero quark condensate ⟨qaqb⟩ ≠ 0. This process
i.e. Phase Transition (PT), is a cross-over in the SM where in theories Beyond the
SM of particle physics, this can become first order. This exciting phenomenon is

8
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studied later in this thesis, and we will return to this in Chap. (III).

2. To explain the origin of how the elementary particles and the EW gauge bosons gain
mass one needs to elaborate on the dynamics of the EW symmetry breaking. To
start of the Higgs doublet can be expressed as

ϕ =
1√
2

(
ϕ+

ϕ0

)
, (II.5)

and the potential is given by

V (ϕ) =
1

2
µ2ϕ†ϕ+

λ

4
(ϕ†ϕ)2 , (II.6)

where µ is a parameter with dimension of mass (µ2 < 0), and λ is a dimensionless quartic
coupling constant. As the Higgs field acquires a vacuum expectation value (VeV) at vϕ ≈
246GeV it spontaneously breaks the EW force into the EM force i.e. SU(2)L ×U(1)Y →
U(1)EM , this is the renowned Higgs Mechanism and is the responsible mechanism for the
fermions and EW gauge bosons to acquire masses. By expanding the SM Lagrangian
Eq. (II.2) around the ground state of the broken phase it becomes evident that only one
component of the Higgs doublet i.e. the Higgs boson is massive, whereas the other degrees
of freedom are massless Goldstone Bosons. This phenomena of EW symmetry breaking
takes place in the early universe when the temperatures are around T ∼ 100GeV and is
also a cross over in the SM.

II.1.2 SM in Cosmology ΛCDM-model

The evolution of the universe is certainly something one may think would be an extremely
daunting task to understand, however, the evolution of the universe on very large scales is
significantly a lot easier than what one may think. The distribution of galaxies is denser
on short scales whereas the scales get larger the distribution of galaxies becomes more
and more uniform. In particular on scales larger than ∼ 200Mpc the universe appears
to look isotropic, which is to say that it looks the same in every direction. Furthermore,
the universe is a vast place potentially even infinitely large assuming that neither we
on Earth nor anyone/anything else is located at a specific location within the universe
provided the observed isotropy on large scales implies that the universe is also thought to
be homogeneous.

These two insights regarding the universe on large scales are typically referred to as the
cosmological principle and this simplifies the metric structure of spacetimes which respects
this principle. The metric that is primarily considered when concerned with the universe
on a large scale is the Friedmann-Robertson-Lemaitre-Walker (FRLW) proposed already
in the 1920s [18]

ds2 = −dt2 + a(t)2
[

dr2

1− kr2
+ r2(dθ2 + sin2 θdϕ2)

]
, (II.7)

a(t) is the scale factor and k = −1, 0, 1 defines the different types of curvature within the
space-time. Provided the cosmological principle, what does it imply for the matter content
of the universe and what type of fluid structure should it possess? Since the cosmological
principle states an isotropic and homogeneous universe its matter content i.e., the energy-
momentum tensor will be diagonal whose fluid description will take the form of a perfect
fluid.

9
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As a static universe filled with matter and energy is unstable one imposes that the
energy density and pressure to be dynamical with time. An energy-momentum tensor for
a perfect fluid is diagonal

T νµ = (ρ+ P )uµu
ν + Pδνµ, (II.8)

where uµ = (1, 0, 0, 0) is the comoving velocity, i.e. the velocity of a comoving reference
frame. The comoving velocity uµ is the velocity of matter content in a frame of reference
where it is at rest. The matter contents are assumed to be of baryonic type, with a linear
relationship between the energy density and pressure

P = ωρ. (II.9)

By evaluating the trace of the energy-momentum tensor Tµµ the following relation is ob-
tained

Tµµ = −ρ+ 3P . (II.10)

Furthermore one finds
ρ̇+ 3H(ρ+ P ) = 0 , (II.11)

where Eq. (II.11) describes how the energy density of a fluid evolves in time with the

expansion of the universe encoded in H = ȧ(t)
a(t) i.e., the Hubble parameter. Eq. (II.11) is

the continuity equation in cosmology. For generic fluids with intermediate values of the
equation of state ω between −1 ≤ ω ≤ 1 and by defining ρω as the energy density as a
function of the equation of state parameter ω one then finds

ρωa
−3(1+ω) = constant . (II.12)

Eq. (II.12) is obtained by combining Eq. (II.11) - (II.9) and then expressing the rate of
change in the energy density as a function of ω as a total derivative. One can also find this
relation by instead making use of Einstein field equations with the FRLW metric which
are stated below

ȧ(t)2

a(t)2
= H2 =

8πG

3
ρ+

Λ

3
− k

a2
(II.13)

H =
ȧ(t)

a(t)
(II.14)

ä(t)

a(t)
= −4πG

3
(ρ+ p) +

Λ

3
(II.15)

P = ωρ (II.16)

ṗ+
3ȧ(t)

a(t)
(p+ ρ) = 0 . (II.17)

With this set of equations and insights regarding the universe on large scales we are now in
a good place to delve a bit into the current model of cosmology that describes our universe
i.e., the so-called ΛCDM model [19,20]. It is convenient to use the critical energy density,
i.e., the energy density today

ρc,0 =
3H2

0

8πG
= 1.9 · 10−29h2

g

cm3
, (II.18)

where h2 is a rescaled version of H0, the Hubble rate at present. The present energy
density can be used to express each component of the total energy density as a fraction of
the critical energy density

Ωi,0 =
ρi,0
ρc,0

. (II.19)
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In Eq. (II.19), the index i indicates which fluid is being considered, and the subscript 0
refers to the present time.

There is a large uncertainty regarding the present value of the Hubble rate, as its
value differs significantly around 5σ difference when inferring its value using different
inference measurements. The types of measurements that are performed to evaluate the
expansion rate of the universe are either through inference from CMB measurements at
redshift z ∼ 1000 measuring H0 ∼ 68km/Mpc or making use of astrophysical standard
candels of Cephids at low redshift z ∼ 0.7 nearby us measuring H0 ∼ 74km/Mpc. The
discrepancy between the different retrieval of the Hubble parameter H0 is known as the
Hubble tension [21–24] .

The ΛCDM model predicts that the universe is critically flat at large scales i.e. Ωc,0 ≈ 0,
which is confirmed by various simulations and experiments [21,22]. The energy content of
the universe is primarily governed by matter and dark energy, with the present fractional
matter energy density being Ωm,0 ≃ 0.31, and ΩΛ,0 ≈ 0.69. The relic matter density,
i.e. Ωm,0 ≃ 0.31 is split into two contributions, baryonic matter, and CDM, such that
Ωm,0 = Ωcdm,0+Ωb,0. Baryonic matter incorporates all the ordinary matter of the universe.
In the ΛCDM model of the universe, the Friedmann equation reads as

H2

H2
0

= ΩΛ +Ωm,0a
−3 +Ωr,0a

−4 +Ωc,0a
−2. (II.20)

The present values of the fractional energy densities are taken from [21,22]

ΩΛ,0 = 0.6889± 0.0056, (II.21)

Ωm,0 = 0.3111± 0.0056, (II.22)

Ωr,0 ≃ 9.1476 · 10−5 . (II.23)

The rescaled Hubble rate and fractional matter densities are listed below

h = 0.679± 0.006 , (II.24)

Ωb,0h
2 = 0.02242± 0.00014 , (II.25)

Ωcdm,0h
2 = 0.11933± 0.00091 . (II.26)
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II.2 Axions

In QCD there is an open problem residing in the discrepancy between the theoretical
prediction of CP violation and its experimental absence.

The most popular resolution to this problem is to introduce a new chiral symmetry that
dynamically relaxes the presence of CP violation in QCD. This new global chiral symmetry
U(1)PQ which is spontaneously broken at an unknown energy scale fa is denoted as Peccei
Quinn (PQ) symmetry from the original authors proposing the solution. Whereas the
Axion is the pseudo-Nambu-Goldstone boson (pNGB) associated with the PQ symmetry
breaking. However pseudo-goldstone bosons arising from the breaking of global symmetries
is a rather generic feature and if the global symmetry is approximate or not determines if
the pNGB is massive. In this thesis, we will primarily consider axions whose origin is to
resolve the strong CP problem. However the emergence of pNGBs that are not intended
to resolve the strong CP problem from the breaking of approximate global symmetries as
we refer to as Axion-Like-Particles (ALPs), and regard axions only in the context of the
QCD axion.

In this section, we first review the strong CP problem and its resolution with a QCD
axion. Secondly, we allure the reader to the different ways cosmological populations of
axions/ALPs may have been generated in the early universe and divert further attention to
the vacuum misalignment mechanism. Finally, we provide a qualitative discussion about
the implications of when the PQ symmetry is broken in the early universe and list some
if the phenomenological differences. In Part. ( II - III) of this thesis, we will see to what
predictable extent either axions or ALPs possess in various cosmological contexts in the
early universe.

II.2.1 The QCD Axion

In the theory of strong interactions i.e. QCD there are topological terms more familiar
as Chern Simons (CS) terms that are generated when one wants to resolve the U(1)A
problem. Such a term in the QCD Lagrangian takes the following form

Lθ = θ̄
g2

32π2
Gaµν G̃aµν , (II.27)

where g is the strong coupling constant, Gaµν is the field strength of SU(3), and G̃aµν its
dual. In the inclusion of such a term to the QCD lagrangian one expects to break both par-
ity P and charge conjugation C i.e. breaking CP. The discrepancy between the theoretical
prediction of CP violation in QCD and that it has not been observed experimentally is the
strong CP problem of QCD. The primary constraint on CP-violating effects in QCD is the
magnitude of the electric dipole moment of the neutron (NEDM), where the magnitude
of the NEDM is of the order

dn ∝ eθ̄
mq

m2
n

≤ 10−22 . (II.28)

Where θ̄ is a dimensionless number one would hence, therefore expect it to be of O(1) but
one obtains that θ̄ ≤ 10−10 making it a severe fine-tuning problem. The first suggestion
is to take the lightest quark of the SM to be exactly massless i.e. mu = 0, since then one
recovers axial symmetry u→ exp(iαγ5)u. However, the SM quarks are not massless so this
is not a viable solution to the Strong-CP problem. The second suggestion for resolving the
Strong-CP problem would be that θ̄ = 0 macroscopically, which generates a CKM angle
that at the same time makes θ̄ small. Such a realization can be implemented by adding
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a set of vector-like quarks and a set of scalar fields where the scalar fields break CP. This
goes under the name of Nelson-Barr mechanisms [25, 26]. The third option suggested by
Peccei and Quinn [27, 28] is to promote θ̄ to a dynamical field ϕ(x) by introducing an
additional chiral symmetry.

We consider a SM-singlet complex scalar field Φ, the PQ field, which extends the SM
content and which is described by the effective Lagrangian

L = LQCD + |∂µΦ|2 − V (Φ) + Lint , (II.29)

where LQCD captures all QCD effects in the SM, the PQ field potential responsible for the
SSB of U(1)PQ at the energy scale fa with coupling λΦ,

V (Φ) =
λ2Φ
2

(
|Φ|2 − f2a

2

)2

, (II.30)

and where the term Lint is responsible for the interaction of Φ with other beyond-SM
physics, leading to an effective coupling of the field with gluons and other SM particles1.
The Lagrangian in Eq. (II.29) is invariant under the continuous shift symmetry

ϕ→ ϕ+ α fa , (II.31)

for a generic value of α that corresponds to a rotation in the complex plane Φ → ei αΦ.
After SSB, the complex scalar field can be decomposed in polar coordinates as

Φ =
1√
2
(S + fa) e

i ϕ/fa , (II.32)

where the angular direction is the axion a and the radial direction is the saxion S, such
that the saxion vacuum mass is mS = λΦ fa. Once the spontaneous symmetry breaking
has occurred the lagrangian of the axion becomes

La = −1

2
(∂µϕ)(∂

µϕ) +
gs

32π2
ϕ

fa/N
Gaµν Ḡaµν − VQCD(ϕ), (II.33)

where ϕ = ϕ(x) is the axion field, x is a four-vector, N is the PQ color anomaly which is a
sum of all fermionic charges and set to 1. In Eq. (II.33), the three different terms are the
kinetic term of the axion field, the interaction between axions and gluons and finally the
QCD axion potential VQCD(ϕ) which we will elaborate more about later on.

For the final part of the explanation on how the axion resolves the Strong CP problem
we only need to pay attention to the contributions of the CS term and the inclusion of an
axion to the QCD lagrangian

Lθ+ϕ = − g2

32π2

(
θ̄ +

ϕ

fa

)
Gaµν ¯Gaµν . (II.34)

As QCD confines Gaµν Ḡaµν acquires a VeV from instanton effects and generating an axion

potential Eq. (II.36) whose minima are at θ̄ − ϕ
fa

= 2πn for n ∈ Z.

Stated slightly different, the inclusion of the axion ϕ with the θ term of QCD its vacuum
energy becomes

E(θ̄) = −m2
πf

2
π cos

(
θ̄ +

ϕ

fa

)
, (II.35)

1This interaction term in the full lagrangian is where for instance UV models to the axion could be
present. In the Kim-Shifman-Vainshtein-Zakharov (KSVZ), this interaction term would have been the
yukawa interaction between the additional quark doublet with the PQ field Lint = −λQΦQLQ̄R + h.c.. .
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in which the QCD vacuum energy gets minimized when the axion acquires a VEV that
cancels θ̄.

The QCD axion potential is

VQCD(ϕ) = χ(T )

(
1− cos

ϕ

fa

)
, (II.36)

where χ(T ) is the topological susceptibility of QCD and is calculated using lattice QCD.
Much of the recent effort has been devoted to the numerical evaluation of the functional
form of χ(T ) [29–37]. A fit to the numerical results from lattice simulations is [33]

χ(T ) ≃ χ0 ×

1 , for T ≲ TQCD ,(
T

TQCD

)−b
, for T ≳ TQCD ,

(II.37)

where χ0 ≃ 0.0216 fm−4 and b ≃ 8.16. At any temperature T , the mass of the axion is
m(T ) =

√
χ(T )/fa, so the axion can be effectively regarded as a massless scalar field as

long as the QCD effects can be neglected for T ≫ TQCD.

Since the axion is shift symmetric one can define the axion misalignment angle as the

θ = θ̄ +
ϕ

fa/N
. (II.38)

To conclude, the solution to the strong CP problem with an axion is nothing more than
promoting the free parameter θ̄ to a dynamical field i.e. the axion which evolves to the
CP conserving minimum through the spontaneous breaking of a global U(1) symmetry.
The theoretical technique summarized above can be rephrased in the statement maybe
more familiar to some to say that the axion acts as a spurion to θ̄ in the QCD lagrangian.
The misalignment angle θ is thought of as a phase of a new complex scalar field Φa = |Φa|eiθ
attaining a non-zero VeV at the energy scale fa

N . The curvature of the axion potential
evaluated at the minimum gives the axion mass and it can be calculated using chiral
perturbation theory and is

ma(T < TQCD) ≈ O(1)6µeV

(
1012GeV

fa

)
, (II.39)

up to an order one prefactor stemming from the PQ color anomaly. As we have now
seen how the Axion is a solution to the Strong CP problem we will now briefly discuss
different ways on which a cosmological population of axions can become present in the
early universe.

II.2.2 Cosmological Population of Axions

A relic population of axions/ALPs can in principle be generated in several ways [38], here
we will mention the first three briefly and devote the next subsection to the fourth and
final one which for the context of this thesis will be of most importance.

• Decay of Parent Particle: Here one can imagine a heavy parent particle with
massmX >> ma(T ) whose decay produces a relativistic population of axions/ALPs.
However, if the decay of the parent particle happens after the axion/ALP has decou-
pled from the SM plasma they will remain relativistic throughout the history of the
universe. Hence in this case the axion would not play the role of CDM but instead
act as additional radiation otherwise called dark radiation.
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• Emission of Topological defects: Since axions/ALPs emerge from the breaking
of approximate global symmetries long-lived topological remnants in terms of strings
and DWs are formed. These structures however cannot be stable in order to not
conflict with the predicted cosmological history of the universe, since strings and
DWs energy density scales as ρDW ∼ a−2 and would quickly overtake the energy
density of the universe. Hence these relics need to have some additional mechanism
or model building constraints such that they remain only metastable. For the brief
discussion below we will impose the assumption mentioned just above. We will
elaborate more on this case in Chapter V concerning the GW emission alongside the
axion emission from a network of axion strings.

• Thermal population from the radiation bath: If axions/ALPs were to be
in thermal contact with the SM radiation bath the creation/annihilation processes
could yield a thermal population of axions, for this discussion, we will only focus on
the case of the axion since that is the only case in which the couplings are specified.
Axions would be produced in the SM plasma through pion scattering processes like
π + π → π + a and would decouple once the rate becomes smaller than the Hubble
rate. The abundance of thermal axions is fixed as in thermal freeze-out processes
in which larger relic abundances are generated for lower decoupling temperatures.
In the case of axions as their couplings to the SM bath scales inversely with fa
and respecting the supernovae bounds on fa > 109GeV the thermal population of
axions, in this case, is negligible. However, thermal axions are relativistic as long as
the decoupling temperature is larger than their mass TD > ma(T ), and they become
non-relativistic once TD < ma(T ) in which they will behave as hot CDM and would
potentially alter structure formation.

The last mechanism for generating a population of axions/ALPs is through the so-called
vacuum realignment mechanism. This is also known under the name misalignment mech-
anism and is a model-independent production channel of axions/ALPs that only depends
on the underlying properties of being a pNGB i.e. emerging from spontaneous global
symmetry breaking, whose interactions are merely of gravitational or self-interacting na-
ture in the classical case. But before we elaborate on the misalignment mechanism we
first need to discuss the implications and eventual outcomes of when the PQ symmetry
in the universe takes place w.r.t., inflation The quantitative behavior of the axion and its
evolution in the early universe is governed by two physical processes, the first one is when
the early universe is the PQ symmetry broken. As this takes place at some high scale, the
immediate question is whether the PQ symmetry breaks during inflation or after. The
evolution of the axion and its phenomenological implications are severely different between
these two cases and they will be separately discussed in the following subsections.

II.2.2.1 Pre Inflationary Axions

The dubbed ”Pre-Inflationary” scenario refers to the case in which the PQ symmetry is
broken during inflation. Here we only consider the axion to be a spectator field during
inflation even though the axion itself serves as a natural inflationary particle candidate
due to its shift symmetry. This scenario occurs more explicitly for when fa > HI

2π in
where HI is the Hubble rate during inflation and in models of single field cold inflation
this takes values around HI ∼ 1014GeV, in agreement with Planck data [21, 22]. PQ
symmetry breaking i.e the breaking of an approximately global U(1) symmetry during
inflation generates an distribution of values for the initial misalignment angle dubbed
θi over different hubble patches between θi ∈ [−π, π). This would evidently produce
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topological defects intersecting between two different Hubble patches, however, due to the
rapid expansion of inflation such topological defects would be erased quickly. In the next
subsection where the PQ symmetry breaking takes place after inflation these topological
defects can remain long-lived and will be discussed further there. Not only would the
distribution of different values of θi between the Hubble patches be erased its value will
be evolved to a uniform value.

However, what value θi will attain as our Hubble patch begins to evolve after the end of
inflation is entirely random and it is drawn from a distribution. In this case two types of
fluctuations in θi emerge, first is the contribution of the adiabatic fluctuations stemming
from the fact that the axion has a gravitational jeans instability. Secondly, since the axion
is essentially a massless field present during inflation in a de-Sitter spacetime it will possess
quantum fluctuations of the order δϕ = HI

2π .
These fluctuations are so-called isocurvature fluctuations and their behavior is similar to
the tensorial fluctuations present during slow-roll inflation. However as these fluctuations
do not generate the first acoustic peak in the CMB power spectrum they are doomed
to at most be subdominant and hence constraints on their magnitude and presence are
indicating that fa ≥ 1011GeV axion CDM is excluded in this scenario by the measurements
of Planck [21,22]2.

II.2.2.2 Post Inflationary Axions

Here we focus on the contrary case to the previous subsection i.e. fa <
HI
2π . This is the

case of prior importance for the QCD axion which we refer to as the axion. Furthermore
this is a natural case to bear in mind for the axion in the context of standard high scale
inflation HI ∼ 1014GeV3 whereas fa ≤ 1013GeV. The PQ symmetry gets broken once
the temperature of the universe’s radiation bath becomes of the order of fa, i.e., T ∼ fa
in which the PQ field Φ see II.2.1 acquires a VEV and each causally disconnected Hubble
patch obtains an initial misalignment angle value θi ∈ [−π, π). As in the pre-inflationary
case the axion remains massless until instanton effects from QCD emerges at an energy
scale of about T ∼ 1GeV. Since the axion is massless initially there is no preferred value
for the θi, and hence its value is drawn at random from a uniform distribution between
[−π, π]. As the PQ symmetry is a global symmetry its breaking generates topological
defects i.e., strings and DWs, and contrary to the previous subsection these relics can
be long-lived and have a crucial impact on the phenomenology of QCD axions and their
evolution in the early universe [39].

The ramifications of these relics on axion phenomenology have pushed for consistently
refining the computations regarding the production and evolution of the PQ field in the
early universe and to assess the present relic abundance of the QCD axion. Simulating the
formation and decay of the network of strings and DWs on cosmological relevant scales
are mainly subject to errors and uncertainties due to the numerical complexity of the sim-
ulation [40–45]. An important comment to make is that the defects cannot be stable on
large-scale cosmological time scales as they would overclose the universe since their scaling
with the energy density is slower than both matter and radiation. Since for instance the
energy density of DWs scales with the scale factor as ρDW ∼ a−2 leading to a cosmological
disaster if they are stable4.
Due to the presence of the distribution of θi as a consequence of the fact that all the

2Unless one has a way to deal with the amount of isocurvature perturbations present
3here we have single field cold inflation in mind
4Unless their surface tension is very small they can be long-lived if that is the case.
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different Hubble patches in the early universe were different one can compute the average
initial axion misalignment value ⟨| θ2i |⟩ ≃ 1.4 π2

3 [46]. With this value at hand, one can
realize that this fixates the Axion CDM relic abundance from the vacuum misalignment
mechanism. With the initial misalignment angle value at hand there are also O(1) fluc-
tuations present around the epoch of matter/radiation equality. These fluctuations can
give rise to so-called axion mini clusters if their magnitude overcome the jeans lengths for
structures to form.

II.2.2.3 Misalignment Mechanism

Provided that one has the initial conditions for the axion field faθi = ϕi , θ̇i = 0 for which
by the time of PQ symmetry breaking the Hubble rate is much larger than the axion
mass, the axion can be considered massless. The initial field value of the axion is set
depending on when the PQ symmetry happens w.r.t., inflation as discussed above. An
important feature of this mechanism to remember is that it is a non-thermal mechanism.
The terminology misalignment refers to that there is a coherent initial displacement of the
field, whereas vacuum realignment refers to the process at which the initial displacement
relaxes. Here we will display the misalignment mechanism for the QCD axion bearing in
mind that this is even simpler for the case of an ALP since for the ALP the mass and
decay constants are free parameters.

The equation of motion for the axion misalignment angle θ = ϕ
fa

in an FRLW metric
where we neglect the gradient terms reads reads

θ̈ + 3Hθ̇ +m2
a(T ) sin θ = 0, (II.40)

where a dot indicates a derivation w.r.t, cosmic time t. In Eq. (II.40) we have used the
potential V (θ) = ma(T )

2f2a (1 − cos(θ)) arising from the non-perturbative effects present
at the PQ symmetry breaking. Neglecting the gradient term means that we are only
considering the zero mode which constitutes the CDM component. The temperature
dependence of the axion mass is governed by the topological susceptibility of QCD χ(T ) =
m2
a(T )f

2
a and here we use the lattice result of [33]. In Sec. (II.2.1) we saw the expression

for a fit of the topological susceptibility of QCD based on [33], which conclude that axion
can effectively be regarded as a massless scalar field for temperature well above TQCD. In
the opposite limit T ≪ TQCD, the mass squared of the axion at zero temperature is [47]

m2
a ≡ m2(T = 0) =

mumd

(mu +md)2
m2
π f

2
π

f2a
, (II.41)

where mu, md are the masses of the up and down quarks, mπ ≃ 140MeV is the mass
of the π meson, and fπ ≃ 92MeV is the pion decay constant. Numerically, this gives

ma = Λ2
QCD/fa, with ΛQCD = χ

1/4
0 ≃ 75.5MeV. The interesting region T ≳ ΛQCD

where the presence of the axion potential is not negligible and the axion gets trapped in a
minimum of the potential and starts to oscillate around the minima. This happens when
the temperature of the universe becomes of comparable size to the mass of the axion i.e.

3H(Tosc) ∼ ma(Tosc) . (II.42)

At which the solution to the Axion EOM becomes non-trivial at this stage. For a generic
value of the initial axion misalignment angle value the solutions are only attainable nu-
merically but in the limit where θi << 1 analytic solutions can be found. To find the
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oscillation temperature of the axion field we assume the standard radiation-dominated
phase, during which the Hubble rate is

H(T ) =
π

3

√
g⋆(T )

10

T 2

MP
, (II.43)

in which g⋆(T ) is the number of relativistic degrees of freedom at temperature T [48] and
MP is the reduced Planck mass. With this assumption, we obtain (see, e.g. Ref. [49])

Tmis
osc ≃


(√

10
π2 g⋆(Tmis

osc )
MP ma

)1/2
, Tmis

osc ≲ TQCD ,(√
10

π2 g⋆(Tmis
osc )

MP ma T
b/2
QCD

)2/(4+b)
, Tmis

osc ≳ TQCD .

For example, an axion field of mass ma ≃ 26µeV would begin to oscillate at Tmis
osc ≃

1.23GeV. In the absence of entropy dilution, the axion number density in a comoving
volume after the onset of oscillations is conserved,

d

dt

[
ρa(T )/m(T )

s(T )

]
= 0 , (II.44)

where s(T ) = (2π2/45) g⋆s(T )T
3 is the entropy density and g⋆s(T ) is the number of

entropy degrees of freedom at temperature T [48]. This last expression gives the present
axion density fraction,

Ωa =
ρa(T⋆)

ρcrit

ma

m(T⋆)

g⋆s(T0)

g⋆s(T⋆)

T 3
0

T 3
⋆

, (II.45)

where T⋆ is any temperature such that T⋆ < Tmis
osc , T0 is the present CMB temperature,

and the critical density is given in terms of the Hubble constant H0 as ρcrit = 3M2
P H

2
0 . In

the limit where the kinetic energy of the axion field can be neglected and it is reasonable
to only consider a quadratic potential for the axion its energy density is then simply

ρa(T⋆) ≃
1

2
m2(T⋆) f

2
a θ

2
i , (II.46)

where θi is the initial value of the misalignment angle at temperatures T ≫ Tmis
osc . As an

order of estimate, for fa ≃ 1012GeV the correct relic density that matches the observed
DM is obtained for initial field values θi ≃ O(1).5

The QCD axion misalignment mechanism will be discussed in more detail in Sec. (IV.2)
where we will also explore QCD axion CDM when the kinetic energy in the energy density
of the axion is non-negligible. The intent with this subsection is only to illustrate the main
ideas of the misalignment mechanism.

II.3 Gravitational Waves

One of the profound predictions of the theory of GR is GWs, i.e., ripples in spacetime.
They were proposed by Einstein in 1916 as the associated fluctuations of the curvature of
spacetime caused by an acceleration of massive objects. At the time of their theoretical
prediction, it was not clear what objects and events taking place in space would have been
large enough for GWs to have been emitted.

Nevertheless, despite their theoretical prediction Einstein himself also made claims that
these waves may never be large enough to witness with an experiment. It took almost

5Astrophysical constraints provide a lower bound on the decay constant requiring fa ≳ 107 GeV [50,51].
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a century for the scientific community to directly detect GWs whose detection is paving
into a new era of research in astrophysics and cosmology. As GWs propagate through
spacetime they possess information about cataclysmic events such as the binary mergers
of black holes and neutron stars, births of supernovae, and possibly also information about
the very first moments of the universe.

The quest to directly detect GWs began in the 1960s, spurred by the pioneering work
of Joseph Weber, who constructed the first GW detectors known as Weber bars. Weber’s
concept involved using massive aluminum cylinders vibrating at their resonance frequency
of 1660 Hz, accompanied by piezoelectric sensors sensitive enough to detect a minute
change in the cylinder’s length of 10−16 m. Due to the relatively small predicted gravi-
tational waves (GWs), the sensors needed exceptional sensitivity. Weber’s experiments,
although not conclusive, laid the foundation for future endeavors in gravitational wave
astronomy.
However, it wasn’t until the 1970s that a more promising approach emerged with the de-
velopment of laser interferometry by Rainer Weiss, Kip Thorne, and Barry Barish. The
concept of this detector involves utilizing lasers as interferometer arms to detect gravita-
tional wave-induced motion in the arm lengths from free-falling test masses. For the first
successful gravitational wave detection, the sensitivity within the arm length, which is of
the order of a few kilometers, needed to detect a difference of ∆L ∼ 10−21 m, which cor-
responds to the scale at which the Heisenberg uncertainty principle becomes significant.
This revolutionary technique formed the basis of modern gravitational wave detectors,
such as the Laser Interferometer Gravitational-Wave Observatory (LIGO), which made
history in 2015 by detecting the gravitational waves produced by the merger of two black
holes [52, 53]. Since then, gravitational wave astronomy has rapidly evolved, opening a
new window to observe the universe and offering unprecedented insights into some of the
most extreme phenomena in the cosmos.
In this section, we will illustrate the calculations of GWs in flat spacetime for illustrative
purpose to the reader. We will introduce SGWBs and how they are especially relevant
in cosmological contexts and as a tool to constrain the physics of the early universe. In
Sec. (II.3.2) we elaborate on the production channel of SGWBs from cosmological FOPTs
in the early universe and the relevant parameters/calculations necessary to make predic-
tions of such signals.

GWs in flat space-time

Here we will display how GWs emerge as a prediction in GR. Let’s start of by considering
the scenario that there exists a reference frame where the metric can be expressed as the
Minkowski metric plus a small perturbation

gµν = ηµν + hµν . (II.47)

We restrict ourselves to only consider weak gravitational potentials in which the magni-
tude of the tensor perturbation of the 4-dimensional gravitational potential behaves as
|hµν | << 1. Furthermore only keeping terms that are linear in the perturbation due to
its smallness. Next, let’s consider a general coordinate transformation i.e. x

′
= x+ tα(x)

where the magnitude of the gradients is smaller or equal to the magnitude of the gravi-
tational potential. One can show that the perturbed minkowski metric remains invariant
under finite Lorentz transformation

gµν(x) → gµν(x
′) = ΛρµΛ

σ
ν (ηρσ + hρσ(x)) = ηµν + h

′
µν(x

′) . (II.48)
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Since the metric remains invariant, it can be seen that h
′
µν(x

′) transforms as a tensor
among the additional feature that the gravitational potentials are invariant under general
transformations x

′
= x+ a. From [54] which states that the linearized theory is invariant

under the Poincare symmetry, the linearized Einstein field equations can be obtained.
We are now ready to derive the Einstein equations for the perturbations by explaining
the scenario we have in mind and its assumptions. First, we calculate the associated
Christoffel symbol which is defined as

Γρµν =
gρλ

2
(∂µgνλ + ∂νgµλ − ∂λgµν) =

1

2
ηρλ(∂µhνλ + ∂νhµλ − ∂λhµν) +O(h2). (II.49)

Once the Christoffel symbol is calculated, the Riemann tensor is calculated from its def-
inition where all terms constituting higher-order terms in the gravitational potential are
being neglected i.e.

Rρµνσ = ∂µΓ
ρ
νσ − ∂νΓ

ρ
µσ + ΓγσµΓ

ρ
γν − ΓγρµΓ

σ
γν , (II.50)

Rρµνσ =
1

2
ηρλ(∂ν∂muhλσ + ∂σ∂λhµν − ∂ν∂λhσµ − ∂µ∂σhλν) +O(h)2 . (II.51)

Eq. (II.50) can be further simplified by contracting by a Minkowski metric

Rαµνσ = ηαρR
ρ
µνσ = (∂ν∂µhασ + ∂σ∂αhµν − ∂ν∂αhσµ − ∂µ∂σhαν) +O(h)2. (II.52)

Then by contracting with the Minkowski metric once more to obtain the Ricci tensor, and
then using Gµν = Rµν − gµνR, with

Rµν = ηασRαµνσ =
1

2
(∂ν∂µh

α
σ + ∂σ∂αh

µ
ν − ∂σ∂σh

ν
α − ∂µ∂σh

α
α), (II.53)

R = ηµνRµν = ∂µ∂νh
µν − ∂α∂αh

α
α. (II.54)

The Einstein tensor becomes

Gµν = Rµν −
1

2
ηµν =

1

2
(∂ν∂µh

α
σ + ∂σ∂αh

µ
ν − ∂σ∂σh

ν
α − ∂µ∂σh

α
α)− (∂µ∂νh

µν − ∂α∂αh
α
α)ηµν .

(II.55)

From the Einstein tensor, one can simplify further by making use of the trace-reversed
Minkowski metric h̄µν = hµν− (1/2)ηµν whose name is suitable due to its special property
that h̄ = −h. We also adopt Lorentz gauge ∂ν h̄µν = 0 on the trace reversed Minkowski
metric in which the Einstein equations take the following form

□h̄αβ = −16πG

c4
Tαβ . (II.56)

In Eq. (II.56) the □ operator is nothing more than the d’alembert operator and hence in
this gauge for the trace reversed metric perturbation the Einstein equations are nothing
more than a set of decoupled wave equations.

II.3.1 Stochastic Gravitational-Wave Background (SGWB)

SGWBs are GW backgrounds that emerge due to the emission of a large set of independent
sources of weak magnitude that is only resolved statistically. These GW backgrounds can
be thought of as analogous GW backgrounds to the Cosmic Microwave Background and
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their origin can either stem from supermassive BH binaries or also be cosmological. In
the case where SGWBs stem from a cosmological origin, they can emerge from quantum
fluctuations of the inflationary vacuum, cosmic string loops, annihilating DWs, FOPTs,
and inhomogeneous field fluctuations generated during the process of reheating.
In the previous section, we displayed how GWs emerge from considering perturbations
in a local region of space-time which was assumed to be flat. In this section, we will
make use of the prescription shown previously while attributing to the conditions and
dynamics of our universe in the context of SGWBs. As we believe that the universe
obeys the cosmological principle, which states that on large scales i.e., ∼ 200Mpc or
larger the universe is homogeneous and isotropic, hence it is natural to assume that an
SGWB should obey the same assumptions. Furthermore, as SGWBs come from a large
set of independent sources it becomes feasible to assume that such GW backgrounds are
statistically Gaussian, however, some sources of SGWBs predict non-gaussian features.
GWs are a form of radiation, hence they are characterized by their fractional energy
density ΩGW per logarithmic frequency interval as

ΩGW (f) =
1

ρc

dρGW (f)

d log f
, (II.57)

where experimental limits are usually imposed on h2ΩGW and not on ΩGW itself. For the
formulation of the fractional energy density of GWs per logarithmic frequency, nothing has
been imposed so far regarding at what length scales this formulation is valid. However, as
the cosmological principle only remains valid on large scales it certainly does not hold up
on short scales, where large inhomogeneities are present. This necessitates the inclusion of
going beyond the FRLW metric and doing so by incorporating perturbations6 to deviate
from the FRLW solution.

By employing the same logic as in the previous section to deduce the Einstein equations
order by order one finds that at zeroth order in the perturbations one recovers the first
Friedmann equation. As in the previous section by only looking at the evolution of the
perturbations up to linear order, the first-order equation in the perturbations is nothing
else than their corresponding evolution equation. For the calculation machinery, the only
difference is that in the metric and the perturbation, one needs to multiply with the scale
factor a(t) such that the metric and the perturbation are written out as

gµν = a(t)2(ηµν + hµν) . (II.58)

As in the previous section, we assume that the magnitude of the perturbation is |hµν | << 1
whereas its composition is in a general form i.e., it contains scalar, vector, and tensor
components. In this section, we will primarily focus on the tensor components and we will
elaborate further on the scalar components in Sec. (VII.2). To isolate the GWs which are
the transverse-traceless components of the tensor components we only consider the spatial
components and also impose the same conditions as in the previous section. Accounting
for these aspects one obtains

h
′′
ij + 2

a′

a
h

′
ij −∇2hij =

2

M2
p

δTij , (II.59)

where the energy-momentum tensor on the RHS is subject to the same restraints as the
perturbations. Sources of SGWBs emerge from the anisotropic components of the stress
energy tensor. Before elaborating on a specific source of anisotropic stress in the stress
energy tensor we will first mention a few aspects about present and future GW experiments
and how a detection is claimed.

6These perturbations are however assumed to be statistically homogeneous.
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Experiments & Detection

So far in terms of GW experiments, we have mainly mentioned LIGO as it was the detector
behind the first discovery of GWs. Here we intend to list various GW experiments both
present and future ones. At present the community has two types of experiments taking
data as we speak, firstly is the LVK collaboration looking for GW from binary mergers of
BHs and neutron stars searching for GW in the frequency range of fLV K ∼ 10−103Hz. Sec-
ondly, we have PTAs which look for GWs from rotating neutron stars under the influence
of a large magnetic field emitting electromagnetic waves that act like cosmic lighthouses.
GWs from pulsars are detected by looking for correlated differences between the time of
arrival of the EM wave emitted from the pulsar. The current PTA experiments taking data
are NANOGrav, IPTA, Parkes Pulsar Timing Array (PPTA), European Pulsar Timing
Array (EPTA) and soon, we will have Square Kilometer Array (SKA) as well. PTAs are
searching for GWs in the frequency regime fPTA ∼ 1 − 100 nHz as the observation time
of pulsars is of the order of years.
The SGWB sources we consider in this thesis, are not strong enough for potential de-
tection by the LVK collaboration. In principle, the upcoming predecessor the Einstein
Telescope [55] could potentially test some regions of parameter space in the frequency
regime fET ≈ 10−103Hz. Then one natural question is what about the frequency domain
between LVK and PTAs, and also what about below PTAs and above LVK/Einstein Tele-
scope?
Upcoming experiments in the form of space-based laser interferometry experiments will
pave into the mHz regime fLISA ≈ 10−2 − 10−4mHz with the Laser Interferometer Space
Antenna (LISA) which is intended to launch the mid-2030s. Other experiments in the
frequency regime are TianQin also a space-based interferometer and AION/AEDGE an
atomic interferometer utilizing the precision of atomic clocks which are both under con-
struction. Future experiments that are at present on a more speculative level are µAres,
Big Bang Observer and DECIGO which would not only close the gap between Interfer-
ometers and PTAs but also push the sensitivity by several orders of magnitude.
For an SGWB signal to be detectable in an experiment, the ratio between the signal and
the background noise of the detector needs to be sufficiently large. The signal-to-noise
ratio (SNR) is given by

SNR =

√
T
∫ fmax

fmin

(
h2ΩGW (f)

h2ΩSen(f)

)2

df , (II.60)

where T is the observational duration, (fmin, fmax) is the detectors frequency bandwidth,
h2 = 0.678 ± 0.009 is the reduced Hubble scale today, and Ωsen(f) is the detector noise.
Typically the SNR needs to be at least SNR ≥ 10 for a realistic chance of claiming
detection. When considering an SGWB from a network of detectors like PTAs, one needs
to modify Eq. (II.60) with an additional factor of 2, and also replace ΩSen with the effective
noise of the network Ωeff,n.
However, it is impractical to use h2Ωeff,n from a representative perspective to have a
clear interpretation if a GW signal is detectable or not. Instead one typically uses the
so-called power law integrated (PLI) sensitivity curve as a means to provide a simple way
of displaying SGWBs detection prospects. To construct the PLI sensitivity curves one
assumes that the signal follows a power law like

h2ΩGW (f) = h2Ωβ

(
f

fref

)β
, (II.61)
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Figure II.1: Left: Effective Noise curve for the LISA experiment colored in green to
illustrate the more preferred choice of PLI sensitivity curves. Right:PLI sensitivity curves
for a range of experiments over a vast range of frequencies

where fref is a reference frequency of arbitrary value. Then by fixating the exponent
β having a certain experiment in mind, one can invert Eq II.60 to obtain the minimal
detectable amplitude h2Ωthr at which SNR = SNRthr. Then to obtain the PLI sensitivity
curve one gathers the envelope of the minimal detectable power law spectra for all values
of the exponent β as

h2ΩPLI(f) = maxβ

[
h2Ωthrβ (f)

(
f

fref

)]
. (II.62)

A paragraph concerning the interpretation of PLI and figures showing the difference.
In Fig. (II.1) We have presented the projected sensitivities of the previously mentioned
GW experiments for illustrative purposes to the reader. With the intent to display the
convenience of using the PLI instead of the experimental noise curves by a direct compar-
ison between the left and right figures in Fig. (II.1).
In the peak frequency range of fp ≈ 100 − 102Hz we display the projected sensitivity
of the Cosmic Explorer (CE) [52], ET [55] and LIGO [53] with its intended updates. In
the peak frequency range of fp ≈ 10−1 − 10−3Hz we display the projected sensitivity of
TianQin [56] LISA [57] and AION 100-1000 [58]. Finally in the peak frequency range of
fp ≈ 10−4 − 10−9Hz we display the projected sensitivity of the µAres [59], EPTA [60],
SKA [61] and NANOGrav [62].
In recent years, intriguing evidence for an SGWB has emerged from PTA collaborations
such as NANOGrav, EPTA, PPTA, among others, collectively finding evidence of an
SGWB in the nHz regime. Previous measurements lacked conclusive evidence on the
inter-pulsar correlations, but with the most recent data release, they are closer than ever
to establishing a detection. In Chap. (V -VI), we will explore the possibility of interpreting
this signal in terms of new physics sources. Furthermore, in Chap. (VII) we find a great
deal of observational complementarity between CMB spectral distortions and GWs in the
PTA regime.

II.3.2 SGWB from Cosmological First Order Phase Transitions

Phase Transitions (PTs) are ubiquitous in nature, occurring in substances like liquids and
solids where their state changes with variations in environmental conditions such as tem-
perature and pressure. A specific type of PT involves changes in the aggregation state
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of a substance inhomogeneously under varying environmental conditions until the entire
configuration transitions to the new state. A prime example is water, where the different
aggregation states and properties are crucial for our existence. Another significant exam-
ple is ferromagnetism, which underlies the functioning of everyday devices like magnets,
engines, generators, and transformers.

To study the characteristic properties of PTs, researchers primarily examine the evo-
lution of a system’s free energy concerning an external variable, typically a field, and
temperature. This external field, which contains information about the structure of the
free energy concerning the field and temperature, is commonly known as the system’s
order parameter. The characterization of the nature of a PT has one study of how the
free energy as a function of the order parameter and temperature evolves and if there are
discontinuities in either the value of the free energy itself or in its derivatives w.r.t, the
order parameter. The scenarios just mentioned concern if one has a FOPT or Higher-order
ones depending on whether the discontinuity in the order parameter appears in the free
energy itself or within its derivatives.

Scenarios such as the one just mentioned above also have great importance for the
thermal history of the early universe where we have at least undergone two such PTs. The
cooling of the SM plasma happens adiabatically, hence, the evolution of the temperature
decrease is given by the energy content of the thermal plasma. The thermal plasma
underwent at least two PT the electroweak PT, and confinement of QCD. In the SM of
particle physics, both of these are believed to be cross-overs.

In this section, we envision the presence of a FOPT in the early universe, either by
altering the existing PTs in the SM or that hidden sectors are undergoing such PTs
within themselves. In Chap. (III) we will explore this phenomenon of confinement of a
pYM theory making use of the AdS/CFT correpsondence.
Given the occurrence of a FOPT in the early universe, a period of bubble nucleation and
collision would ensue until the entire universe transitions from the false vacuum to the
true vacuum. The expansion and collision of these nucleated bubbles generate anisotropic
stress in the energy-momentum tensor, serving as a direct source of GWs. There are
three primary sources of GWs from an FOPT: firstly, the anisotropic stress arising from
the collision of nucleated bubbles. Secondly, as these bubbles collide and expand, they
generate another source of anisotropic stress in the form of sound waves within the thermal
plasma due to the developement of pressure gradients during expansion. Finally, the
dynamics and evolution of sound waves in the thermal plasma evolve into a non-linear
regime, generating vortices and turbulence in the plasma.

The process of bubble nucleation and collision occur randomly in the universe the asso-
ciated GWs are therefore of stochastic nature, isotropic, unpolarized, and Gaussian i.e., an
SGWB. This section is structured as follows in Sec. (II.3.2.1) we will review the tunneling
process and how bubble nucleation proceeds7. Then in Sec. (II.3.2.2) we will introduce
the parameters that are needed to characterize the GW emission of an FOPT. Then in
Sec. (II.3.2.3) we elaborate on the different sources of SGWB’s from FOPTs and their
semi-analytical spectral shapes.

7In this thesis we won’t have an introductory section on the thermal effective potential since we will
make use of holographic techniques presented in Sec. (II.4) and Part I for the construction and utility of
the effective potential.
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II.3.2.1 Cosmological First Order Phase Transitions & Bubble Nucleation

FOPTs proceed through the nucleation of bubbles of a true vacuum submerged in a
universe filled with a false one. One starts in the initial high-T phase which is in the
false vacuum phase and as the temperature drops a new vacuum emerges denoted the true
vacuum. Eventually, it will become energetically favorable for the field to find itself in
the true vacuum, and tunnel from random points in the universe. Nucleation of spherical
bubbles takes place at these random sites whose interiors are regions with the true VEV.
The amount of energy released in such a FOPT i.e., the latent heat, causes the bubble
expansion. The bubble expansion persists as long as the pressure difference between the
interior and exterior of the bubble surpasses its surface tension.
Because if this is not the case then the nucleated bubbles would just collapse. Since in
principle if the nucleated bubbles were not much smaller than a Hubble horizon then
the impact of the expansion of the universe could rip the bubble apart. If the bubble
nucleation dynamics is such that one only nucleates a few bubbles per hubble volume, the
expansion of the universe may become relevant. However, this turns out not to be the case
as in most applicable cases the bubble radius compared to Hubble is typically separated
by orders of magnitude. Therefore the effects from the expansion of the universe can in
most cases be neglected8.
The Euclidian action in D = (3, 4) is given by

S3 =
4π

T

∫ ∞

0
r2dr

(
1

2

(
dϕ

dr

)2

+ Veff (ϕ, T )

)
, (II.63)

S4 = 2π2
∫ ∞

0
r3dr

(
1

2

(
dϕ

dr

)2

+ V (ϕ)

)
, (II.64)

where Veff (ϕ, T ) is the thermal effective potential, V (ϕ) is the vacuum potential, and the
prefactors in front of the integrals are the solid angle contributions in (3, 4) dimensions.
From the Euclidian actions S3, S4 we obtain a set of equations of motion which are

V ′ =

{
d2ϕ
dr2

+ 3
r
dϕ
dr For an O(4) Action ,

d2ϕ
dr2

+ 2
r
dϕ
dr For an O(3) Action ,

(II.65)

where we are in the case of having canonically normalized action i.e., the prefactor in front
of the kinetic term is 1

2
9. With the EoMs at hand, we need to elaborate on the appropriate

set of boundary conditions one needs to impose to find the configurations of our interest
i.e., solutions that interpolate between the false vacuum ϕFV and the true vacuum ϕTV .
However, it is important to notice that we do not necessarily traverse exactly to the ϕTV
but as long the field will find itself somewhere on the other side of the barrier separating
the two vacua it is sufficient. With this in mind, a natural choice of a boundary condition
is that at

ϕ|r→±∞ = ϕFV , (II.66)

and since we do not necessarily need to tunnel directly to the true vacuum we can therefore
impose a finite energy condition at the origin such that

dϕ

dr
|r→0 = 0 . (II.67)

8In [63] a study has been employed to look into what happens when one incorporates geometric effects
from GR through the evolution of a nucleated bubble in a FOPT.

9Where otherwise an additional term in the equations of motion appears if one cannot reformulate the
euclidian action by either a field redefinition or variable substitution

25



CHAPTER II. THEORETICAL BACKGROUND

Figure II.2: Left: Illustration of the nucleation of bubbles of true vacuum ⟨ϕ⟩ = ν within
the false vacuum ⟨ϕ⟩ = 0. Right: Illustration of the evolution of the thermal effective
potential as the universe is initially trapped in the false vacuum ϕFV , and as the temper-
ature decreases it tunnels to the true vacuum ϕTV .

These boundary conditions seem reasonable for a meta-stable state in the false vacuum
and the solution one obtains by imposing these boundary conditions is called the bounce
solutions. They are dubbed as the bounce solutions ϕb as they are O(d) field configurations
where one starts and ends in the false vacuum but reaches the other side of the barrier
with zero velocity [64, 65]. These are primarily the field configurations one aims to find
for studies of bubble nucleation dynamics and are mainly the set of solutions one makes
use of for studying FOPTs in the semiclassical picture.

Further on in this thesis, we will primarily be interested in O(3) bounce solutions, and
if not stated explicitly from now on we will center our discussion around this case. In
a FOPT there are in total three characteristic temperature scales of significant interest,
these are the critical temperature Tc when the energy in the false and true vacuum is
degenerate, the nucleation temperature Tn when the probability that one has nucleated
about one bubble per horizon volume is of order unity, and the percolation temperature
Tp when the universe is equally filled with regions of false vacua and true vacua i.e., the
probability to find the field in either the false or true vacuum are the same. We will
now elaborate further on the nucleation and percolation temperatures and how they are
calculated. The nucleation temperature Tn can be naively estimated by comparing the
bubble nucleation rate per unit volume with the Hubble rate

Γ(T ) ∼ H4 . (II.68)

Depending on the nature of the FOPT if it is due to thermal field fluctuations or quantum
tunneling the bubble nucleation rate per unit volume is

Γ =

{
T 4
(
S3
2πT

) 3
2 e−

S3
T for Thermal Fluctuations ,

R−4
0 (S4

2π )
3
2 e−S4 Quantum tunneling ,

(II.69)

Where S3,4 is the Euclidian d-dimensional action and R0 is the radius of the nucleated

bubble10. Considering the case of thermal nucleation Γ ∼ T 4 e−
S3
T , and a radiation-

dominated universe one finds that the Euclidian O(3) action to fulfill nucleation is given

10Here we have omitted the contribution from the functional determinant in the formulations of the
bubble nucleation rates.
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by
S3(Tn)

Tn
∼ 146− 4 log

(
Tn

100GeV

)
− 2 log

(
g∗(Tn)

100

)
, (II.70)

where g∗ is the effective number of degrees of freedom active at temperature Tn normalized
to 100. With the nucleation temperature at hand, one can progress further to the perco-
lation temperature Tp i.e., the temperature when an order one fraction of the universe has
transitioned to the true vacuum11. To calculate the percolation temperature we need to
estimate the bubble size as a function of time/temperature in which we need the evolution
of the bubble wall velocity vw. The expression for the probability of being in the false
vacua is given by

P (T ) = e−I(Tp) , (II.71)

I(Tp) =
4π

3

∫ Tc

T

dT ′Γ(T ′)

H(T ′)T ′4

(∫ T ′

T
dT ′′ vw(T

′′)

H(T ′′)

)3

, (II.72)

where P (T ) denotes the probability of being in the false vacua at temperature T and I(T )
is the fraction of space-time in the true vacuum. For simplicity, we consider steady state
bubbles in which vw ∼ constant and one can pull out the velocity from the integral

I(Tp) =
4v3wπ

3

∫ Tc

T

dT ′Γ(T ′)

H(T ′)T ′4

(∫ T ′

T
dT ′′ 1

H(T ′′)

)3

. (II.73)

A brief comment is in place of how I(T ) acquires its form. The input entities are first
the bubble nucleation rate per unit volume, secondly, the universe expansion rate, and
finally the term within an integral of an integral regards the nucleated bubble size as
a function of temperature. Now that we have the nucleation of true vacuum bubbles
underway and understand their evolution and governing equations to obtain the bubble
profile, we are now ready to delve into the necessary parameters for estimating the amount
of gravitational waves an FOPT may emit.

II.3.2.2 The PT Parameters

Remarkably, despite being a highly out-of-thermal equilibrium process, a FOPT can be
characterized fairly well by only knowing four parameters. These parameters include the
PT’s strength, typically denoted as α, i.e., the latent heat, the bubble wall velocity vw,
the inverse PT duration β/H compared to the hubble rate, the kinetic energy fraction in
the bubble walls κ(α), and the temperature at which the PT occurs or completes, denoted
as Tn,p.

In this thesis, our main focus will be on the nucleation temperature Tn unless explic-
itly stated otherwise, and all functions of temperature T should be understood as be-
ing evaluated at T = Tn The strength of a FOPT is characterized by the latent heat

E = ∆Veff − T
∂∆Veff
∂T at the time of bubble nucleation

α =
E
ρrad

, (II.74)

normalized to the energy density of the SM radiation bath content ρrad. The ∆ indicates
that one takes the difference in potential energy in the false/true vacuum at the time of

11We work with the convention that when P(T)=1/2 we have percolation whereas other works may use
slightly different thresholds.
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nucleation. The difference in latent heat hence the ∆ in the effective potential between the
energy values of Veff (ϕFV , Tn) , Veff (ϕTV , Tn) describes the height of the potential barrier
between the vacua. This is the simplest parameter to get a hold of as it is evaluated
directly from the effective potential and its derivative.
The parameter β/H describes the duration and the number of nucleated bubbles the phase
transition generates, and is evaluated when the phase transition has completed, i.e. at the
percolation temperature Tp. For a fast PT one can approximate Γ ∼ exp[β(t− tp)], and
the inverse duration of the PT is given by

β

H
= T

(
dSB
dT

) ∣∣∣∣
T=Tp

. (II.75)

For FOPTs at which the approximation above is not valid, one calculates β/H ∼ Γ̇/Γ
as the logarithmic derivative of the bubble nucleation rate w.r.t., temperature. Hence for
FOPTs with tiny to no supercooling β/H ≥ 104 indicating that the individual bubbles are
small and hence they would not have had much time to expand before. This is the case
relevant in this thesis for most of the time. This is also a parameter that is slightly more
involved to get a hold of but provided one has an effective action and can solve for the
tunneling rate this entity is within one’s grasp. Up to now, we have discussed quantities
that are evaluated in Thermal quasi/equilibrium, nevertheless the same is not true for the
case of the bubble wall velocity which is entirely an out-of-equilibrium quantity.

Bubble wall velocity

The calculation of wall velocity vw in cosmological phase transitions has received a lot of
attention throughout the years. An estimate of vw is typically obtained by computing the
transmission coefficient of particles at the bubble wall [66–74], or assuming local thermal
equilibrium LTE [75–77] to simplify the calculations12. It is implicitly assumed in the
aforementioned techniques that the theories are weakly coupled and that perturbative
approaches are valid. However in strongly coupled theories the problem becomes even
more complicated and can be addressed using holography in certain models [79–84], and
hydrodynamics to certain extents.
The bubble wall velocity is dominantly dependent on the latent heat released during the
FOPT. Furthermore, it is also very sensitive to the environment i.e., if the FOPT takes
place in a vacuum or if the field undergoing the FOPT couples to a thermal plasma for
instance the SM thermal plasma. In vacuum transitions the bubble walls can easily reach
luminal velocities and it is quite common to find vw ∼ 1 with increasing Lorentz boost
factors γvw . This is often referred to as a runaway regime in the literature. If however
the FOPT takes place in the presence of a thermal plasma then it is crucial to determine
the friction the plasma exerts on the bubble walls preventing them from accelerating
arbitrarily. This scenario on the other hand is referred to as a non-runaway regime.

For a qualitative prediction of plasma friction, one typically examines the probability
of particles being either reflected or transmitted from the bubble wall. It’s important
to consider whether the particles become massive as they pass through the bubble wall.
Specifically, plasma particles become massive as they cross the bubble wall, experiencing a
Lorentz boost in the direction along the wall. This process draws energy from the available
energy budget of the bubble expansion. The effect mentioned above causes a bulk motion
in the plasma, eventually evolving into density waves.

12Recently there has been work by [78] which seem to be in conflict of the applicability of the LTE
approximation revealing that finding steady state bubble configurations seems potentially unlikely.
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One can estimate the latent heat necessary in a FOPT for the bubble walls to reach a
runaway regime. The leading order (LO) estimation goes as [66,85]

α∞ =
1

ρrad

∑
b

∆m2
bT

2
n

24
+
∑
f

∆m2
fT

2
n

48

 , (II.76)

which is evaluated at Tn, accounting for all bosons/fermion dof which acquire a mass
passing through the wall. If the amount of latent heat in a FOPT exceeds α∞, the bubble
walls are thought to enter the runaway regime. However, recent studies [67] have shown
that if the particles that gain mass across the wall are coupled to gauge bosons, Next-to-
Leading-Order (NLO) effects from transition radiation of the particles crossing the wall
generate a friction force proportional to γvw . This renders the possibility of runaway
bubbles in this case. This is just the tip of the iceberg when it comes to the complexity
of calculating bubble wall velocities. Determining the bubble wall velocity accurately,
especially in strongly coupled systems—which is a key focus of this thesis—is highly model-
dependent and extremely challenging. Therefore, we recognize that it’s beyond the scope
of this thesis to provide a comprehensive treatment of this topic.

In this work, we will primarily adopt a phenomenological approach and treat vw as a free
parameter. However, in Part. (I) of this thesis, we will leverage on recent advancements in
strongly coupled systems to at least offer an estimate of the wall velocity for a FOPT in an
SU(Nc) pYM theory. For prospects related to an observable SGWB, a large bubble wall
velocity is necessary. Conversely, in baryogenesis, conventionally, small wall velocities are
required for non-equilibrium effects to fully manifest on both sides of the wall. However,
recent work [86,87] has demonstrated that this conventional wisdom may not always hold,
and fast bubble walls can sometimes be achieved.

II.3.2.3 The Stochastic Gravitational Wave Spectrum from FOPTs

Around 40 years ago, Witten and Haber [88,89] were the first to recognize the possibility
that GWs could be emitted from a FOPT. Subsequently, it became apparent that during
an FOPT, there are not just one, but three potential sources of GWs. These sources
include bubble collisions, sound waves in the plasma, and the formation of turbulence due
to long-lasting sound waves. The total SGWB from a FOPT is therefore given as

h2ΩGW (f) = h2Ωϕ(f) + h2Ωsound(f) + h2Ωturb(f) , (II.77)

where Ωϕ is the bubble collision contribution, Ωsound the sound wave contribution, and
finally Ωturb is for turbulence. Typically the GW spectrum is dominated by the contribu-
tion of an individual source, with the dominant contribution depending on the latent heat
α, the bubble wall velocity vw, and the inverse transition rate β/H.
The frequency and the amplitudes of the GW spectra today are related to their corre-
sponding values at the time of production (subscript ”*”) [90] as

f = H∗,0
f∗
H∗

, h2Ω = h2FGW,0Ω∗ , (II.78)

where H∗,0 is the Hubble value at the time of production redshifted until today

H∗,0 = H∗
a∗
a0

≃ 1.65× 10−5Hz
( g∗
100

) 1
6

(
T∗

100GeV

)
, (II.79)
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Contribution Ωϕ Ωsound Ωturb

Ω 8.2 · 10−7 1.7 · 10−6 41 · 10−6

fp 0.11H∗,0(H∗R∗)
−1 , 0.2H∗,0(H∗R∗)

−1 0.5∆−1
ξ (H∗R∗)

−1 ,1.4H0,∗(H∗R∗)
−1 2.2H0,∗(H∗R∗)

−1

κ 1− α
α∞

α
0.73+0.083

√
α+α

0.1κsound
a 2 2 3

2
b 2 1 2
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f
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)2.4 [
1
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)4]−1

,
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f
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f
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)4]− 1
2
[
1 +

(
f
f2

)2.15] 1.33
2.15

Duration - min
(
(H∗R∗/

√
v2f ), 1

)
-

Reference [90] [90] [90]

Table II.2: GW spectra parameters to be inserted into Eq II.77 for the three different
contributions taken from the work of [90]. Have in mind that β is related to the mean

bubble separation radius R∗ as R(T∗) =
(8π)

1
3

β max (cs, vw) . Also to emphasize that each
contribution will be discussed separatly in the paragraphs below. The validity of the
simulation of sound-waves still remains debatable for α ≳ 0.1. The GW contribution from
bubble walls is considered the dominant contribution if α ≳ α∞ . We also incorporate the
suppression factor in the sound wave contribution and name the feature duration, hence
not valid for bubble collisions.

FGW,0 is the redshift factor for the fractional energy density

FGW,0 =

(
a∗
a0

)4(H∗
H0

)2

≃ 1.64× 10−5

(
100

g∗

) 1
3

, (II.80)

and g∗ is the relativistic dof at the time of GW production.
Analytic calculations are not feasible, and one needs simulations for predictions of the
GW spectra. Even simulations are a struggle due to the large separation of scales in the
problem, rendering incomplete simulations of the full evolution of the system. Hence the
exact GW spectra from FOPTs are not known. For the forthcoming discussions on the
individual contributions to the GW spectra, the reader should be aware that it is a rapidly
growing field, and what is overviewed here is a part of the state-of-the-art research on the
topic. Whereas in the publications [5–7] the GW spectra templates used were the ones
in [91, 92]. The GW spectra for the individual contributions in terms of the parameters
presented in the previous Sec. (II.3.2.2) can be parametrized as

h2Ωi(f) = Ω

(
100

g(Tn)

) 1
3
(

κα

1 + α

)a(H
β

)b
W(vW )S(f) . (II.81)

Provided the naive parametrization above a few comments are in place for each respective
contribution where we start the discussion with bubble collisions. In all these contributions
to the GW spectra, the community has only been able to examine weakly coupled theories.
It’s important to keep this limitation in mind when considering the level of applicability
to strongly coupled theories since many of these findings here may be different.

Bubble collisions

From the first column in Tab. (II.2) in the GW spectra from bubble collisions one shall
be aware of the following aspects
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• In these FOPTs the fraction of energy that goes into accelerating the bubbles is
essentially all the available energy disposed of during the FOPT. The vacuum energy
of the scalar field is dominant compared to the energy density of the radiation bath,
i.e., α >> 1.

• In FOPTs dominated by bubble collisions it is likely to expect superluminal velocities
as they can potentially enter runaway regimes, hence a common assumption in these
cases is the vw ∼ 1.

• The spectral shape for bubble collisions has a simple broken power law shape.

• The current discussion primarily focuses on a scenario where the vacuum energy
predominantly drives the scalar field, which couples weakly to the plasma and its
dynamics. This scenario has been analyzed using the envelope approximation in
conjunction with the thin wall approximation, thereby neglecting the collided parts
of the walls. Recently it has been found that the collided bubble parts cannot be
neglected, this has to be since these shells cannot lose all their momenta instanta-
neously.

• Supercooled FOPTs can also proceed by primarily transferring vacuum energy into
highly relativistic fluid shells. In these cases, particle splitting plays an important
role. Naively one would expect the SGWB from such a case to be very different from
sound waves as these fluid shells tend to accumulate very close to the wall. Recently
in [92] they simulated highly relativistic fluid shells and estimated the SGWB from
them, to find that their spectra resemble the one from bubble collisions in which a
gauge symmetry is broken. This can then justify the reasoning of modeling both
these GW contributions of bubble walls equally.

Sound Waves

Here, one considers a scenario where the coupling between the bubble walls and the sur-
rounding plasma is significantly strong, facilitating the transfer of latent heat into bulk
motion of the plasma. Upon bubble collision, compression waves arise, serving as the
source of gravitational waves in this context. These compression waves propagate in the
plasma at the speed of sound and depending on what velocity the bubble wall obtains one
usually makes three distinctions, First if vw < cs then a shock wave is built up ahead of the
bubble wall (”deflagration”), whereas if vw > cs then the compression waves partially or
entirely travels behind the bubble wall (”Hybrid”, ”Detonation”). Numerical simulations,
particularly those employing the sound shell model, support this explanation. For sound
waves, the following aspects should be emphasized.

• The SGWB originating from sound waves exhibits a characteristic double-broken
power law (DBPL), which contains details regarding the thickness of the fluid shells
and the bubble size. The pivot frequencies for this SGWB, being described by
a DBPL, are determined by power of β/H. Additionally, the second pivot fre-
quency contains information about the thickness of the sound shell, denoted as
δξ = ξshell/max(vw, cs), where ξshell represents the dimensionless sound shell thick-
ness.

• The thickness of the sound shell ξshell = ξfront − ξrear = |ξwall − cs| is calculated
from the profile of an expanding bubble, where the last equality holds for subsonic
deflagrations or detonations.

• The sound wave contribution of the SGWB spectra is typically a long-lasting source
and if present as a contribution it tends to be the dominant one. The duration
of the GW contribution is either set by its decay time into turbulence H∗τsound =
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min[(H∗R∗/v
2
f ), 1], or to the Hubble time if the onset of turbulence happens very

slowly. So for short-lasting sound waves, one needs to multiply Eq. (II.81) with the
suppression factor due to the short duration of the sound waves being present.

Turbulence

Due to the bulk fluid motion resulting from bubble expansion, not only are sound waves
generated, but there are also contributions from vortical motion in the plasma and eddy
currents. These arise when the sound waves enter a nonlinear dynamical regime. The pres-
ence of vortical motion and eddy currents in the plasma serves as sources of gravitational
waves through magnetohydrodynamical turbulence (MHD), where the gravitational waves
are directly sourced through the combination of the anisotropic stresses from the velocity
and magnetic fields. This contribution is often considered negligible if the duration of the
sound-wave source is long-lasting, accounting for only around 10% of the energy budget
compared to the kinetic energy in the sound-wave contribution. In this thesis, we will
mainly consider sound waves and hence omit further discussion about turbulence.

II.4 Introduction to AdS/CFT

The Anti de-Sitter/Conformal Field Theory (AdS/CFT) correspondence, as formulated
by Maldacena in 1997 [93], represents the first realization of the holographic principle
conjectured by ’t Hooft [94] and Susskind [95]. This principle posits:

”A theory of quantum gravity in a manifold M is equivalent to a nongravita-
tional field theory living on the corresponding boundary ∂M.”

The key insight of this conjecture is that the entropy of a black hole scales with its surface
area (known as the Bekenstein-Hawking entropy) rather than its volume. With this insight
in mind, ’t Hooft conjectured that the nature of gravity might be holographic, suggesting
that non-gravitational field theories could be described on the boundary of a theory of
quantum gravity existing in the interior. Maldacena provided the first explicit realization
of this principle by establishing an exact correspondence in string theory. The correspon-
dence he discovered is between closed strings in Type IIB string theory on AdS5 ×S5 and
open strings describing N = 4 Supersymmetric Yang-Mills theory. This correspondence is
now recognized as the AdS/CFT correspondence. Subsequently, Witten [96,97] and Gub-
ser [98] embraced this correspondence and established an exact relationship between the
partition functions and fundamental observables of these theories. Further developments
in the correspondence and its applications extend to cases where both supersymmetry and
conformal invariance are absent.

In this thesis, we are particularly interested in such scenarios to describe non-
supersymmetric Yang-Mills theories at finite and large Nc. We aim to employ these con-
structions to model QCD-like theories and their confinement phase transitions to search
for such sectors using gravitational waves. In Chap. (III), we will explore how such holo-
graphic constructions are available and closely resemble SU(Nc) pYM theory. Before this,
we will provide a brief introduction to the essential ingredients of the correspondence,
and proceed by introducing Maldacenas conjecture. Furthermore, we will also elaborate
on the continuation of the conjecture regarding the field/operator correspondence and
how one identifies quantities in the bulk theory as entities in the field theory. Finally we
will also elaborate briefly on the gravitational interpretation of considering CFTs at finite
temperature.
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II.4.1 Fundamentals in Gauge/Gravity Duality

In order to sketch Maldacenas conjecture and its great ramifications we first need to
introduce some of the constituent building blocks to the correspondence. This is the
intent here where we will introduce some insights from string theory like D-branes, and
their corresponding energy limit.

Unlike a QFT where elementary particles are pointlike, in string theory the elementary
particles are instead one-dimensional objects i.e. strings generating a 2-D worldsheet as
strings propagate in space-time. Strings are primarily governed by two intrinsic parameters
which are their tension, and their interaction strength

T =
1

2πα′ , α
′
= ℓ2s , gs = eϕ∞ , (II.82)

where T is the string tension, ℓs is the string length, and gs is the coupling constant given
as the asymptotic value of the spin-zero scalar field in the theory. Analogous to the case
of the action of a point-particle the action is proportional to its length i.e., trajectory,
instead for a string the action becomes proportional to the worldsheet area spanned by
the string propagating in space-time. The action for a string moving in the worldsheet
therefore takes the form

S = −T
∫
Σ
d2σ̃
√

−gMN∂αXM∂βXN , (II.83)

where σ̃ = (σ1, σ2) = (σ, τ) are the worldsheet coordinates, Σ denotes the worldsheet area,
and gMN is the metric on the (d+1) dimensional spacetime13.
As bosonic string theory only has two different topologies for the strings which are either
open or closed one needs to elaborate further on the impact of the topologies of the strings.
For the case of open strings, one needs to impose boundary conditions on their endpoints
which are either of Dirichlet or Neumann form. One can also have objects denoted as
D-branes at which open strings can also end but we will get to their importance later on
and their puzzle piece to the correspondence. For the case of closed strings, there is no
need to impose boundary conditions and one can essentially go ahead and quantize that
theory. In doing so one finds within the spectrum a massless spin-two field which can be
identified as the graviton. Therefore closed strings in bosonic string theory is considered
to be a theory of gravity. Meanwhile for open strings to end with either Dirichlet or
Neumann boundary conditions one introduce a new set of dynamical objects which are
called D-branes or Dp-branes where the D stands for Dirichlet, and the p denotes the
number of spacetime dimensions the endpoints live on.
The naive purpose of D-branes is to possess an object at which boundary conditions on
open strings can be imposed properly. When quantizing bosonic string theory one finds
a uniquely remarkable feature that the spacetime dimension of the theory needs to be
D = 26. This is called the critical dimension of the theory and it can be found in two
ways. First by looking at the string spectrum provided one has quantized the theory and
by requirment to not have any non-physical states the dimension necessarily needs to be
D = d+1 = 26. Secondly by considering a scale transformation14 on the worldsheet where

13The action displayed above has a clear physical interpretation however it suffers the drawback that
it is harder to quantize an action of such a formulation, this can be resorted by instead considering the
polyakov action. The aforementioned comment will not have any impact on our discussion here as we will
primarily be interested in the low energy limit and the classical regime of string theory.

14Scale transformation refers to metrics which are conformal i.e., gµν(x) → g
′
µν(x

′
) = Ω(x)gµν , where

Ω(x) is the scaling transformation.
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one finds that the trace of the energy-momentum tensor behaves as

Tµµ ∝ (D − 26)R , (II.84)

where R is the Ricci scalar, and to cancel the trace anomaly D = 26 is required.
So far we have only mentioned bosonic string theory which is insufficient to fully describe
nature as we also have fermions. In string theory, the inclusion of fermions is made
by making use of supersymmetry (SUSY) and one finds that the critical dimension gets
reduced from 26 to 10. For our purposes of illustrating the basics of AdS/CFT conjecture,
it is sufficient to consider the low energy limit of type IIB string theory which is 10d
supergravity (SUGRA). The SUGRA action is

SSUGRA =
1

16πG10

∫
d10x

√−g
(
R− ∂µϕ∂

µϕ− 1

2

1

5!
F5 + . . .

)
, (II.85)

where R is the Ricci scalar, ϕ is the dilaton, F5 is the field strength of the 4-form field
C4 and the dots represent the fermionic fields and other so-called Ramond-Ramond forms
which for our purposes are irrelevant. The 10-d gravitational constant G10 can be related
to the string length ℓs and the coupling constant gs

15 as

16πG10 = (2π)7g2sℓ
8
s . (II.86)

With this very brief introduction of some of the fundamental concepts, and objects in
bosonic string theory we are now ready to start elaborating on Maldacenas conjecture.

II.4.1.1 Maldacena Conjecture

The conjecture proposed by Maldacena as the first explicit realization of the holographic
principle ancres around the different interpretations of D3-branes in type IIB string theory.
Where in the case of the closed string theory in the low energy limit the D3-branes are
solutions to the SUGRA action. Meanwhile for the open string theory case the presence
of a stack of D3-branes form a non-abelian gauge theory. A crucial point in type IIB
string theory key is that the strength of gauge interactions and gravitational interactions
in these constructions are different. This allows for the possibility of evaluating one realm
of interactions meanwhile the other one remains small.
As it was mentioned in the previous section that closed strings describe theories of gravity,
open strings hence describe gauge interactions. To disentangle the type of interactions of
interest a typical procedure is to consider a low energy limit. For instance the low energy
limit of the open string sector of the theory reduces to a gauge field theory. In other string
theories this is not necessary the case as for instance in Heterotic String theory. Here we
will elaborate on each string sector separately to then bring maldacenas argument together
with its constituents.

Closed Strings

One can show that a set of Dp-branes can be identified as black p-brane solutions in
SUGRA which Polchinski did in [99]. Black p-branes are a kind of higher dimensional
generalizations of black hole solutions in GR. One can find the D3-brane solution with
an appropriate metric ansatz in which its solution to the SUGRA action Eq. (II.85) is
found, by imposing self-duality for the field strength F5 = ∗F5. See [100] for a concrete
derivation, however it is more useful to consider the stack of D3 branes simultaneously,
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instead of looking at the solution for a single D3 brane. The metric for the stack of
D3-branes with the dilaton can be shown to take the following form

ds2 = H(r)−
1
2
(
−dt2 + dx̄2

)
+H(r)

1
2
(
dr2 + r2dΩ2

5

)
, (II.87)

where

H(r) = 1 +
L4

r4
, (II.88)

in the case where one considers p = 3 i.e., D3 branes. Here the geometric warp factor is
related to the dilaton as

eϕ = 1 . (II.89)

Furthermore the AdS curvature length scale L is given by

L4 = 4πgsNℓ
4
s , (II.90)

where gs is the string coupling, N is the number of coincident D3 branes, and ℓs is the string
scale. Considering the two limits off r, when r → ∞ one retrieves 10-d flat Minkowski
space as H → 1, whereas in the limit r → 0 where H → L4

r4
the metric for a coincident

stack of D3 branes reduces to

ds2 =
r2

L2
ηµνdx

µdxν +
L2

r2
dr2 + L2dΩ2

5 . (II.91)

By imposing the coordinate transformation r2 = L2/z one obtains

ds2 =
L2

z2
(
dt2 + dx̄2 + dz2

)
+ L2dΩ2

5 , (II.92)

where the first part of the metric is pure AdS5 and the second part is a five sphere of radius
L. Hence the metric for a stack of D3 branes has reduced into the topological product of
AdS5 and an S5 sphere

AdS5 × S5 . (II.93)

This decoupling of closed strings is illustrated in Fig. (II.3) for the decoupling of Type IIB
string theory in the background geometry of a stack of D3-branes into Type IIB String

15The string coupling constant is not a free parameter but it is set as the asymptotic expectation value
of the dilaton.

Figure II.3: Left: Type IIB string theory on the background geometry of the stack of D3
branes where the throat depicts the geometry. Right: In the low energy limit one retrieves
Type IIB string theory on AdS5 × S5 which is decoupled from 10d SUGRA modes.
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Figure II.4: Left: Stack of D3-branes pictured by the squared block with open strings
attaching the D3-branes, along with open string which attach the D3 branes at both ends.
Right: In the low energy limit i.e., decoupling of the open strings on the stack of D3-branes
one obtains N = 4 SUSY YM which is decoupled from 10d SUGRA modes.

theory on AdS5 × S5 with decoupled 10d massive SUGRA modes. It is important to
remember that SUGRA is a valid approximation of Type IIB string theory in the low
energy limit provided string and quantum effects can be neglected. String effects are
negligible if the string scale is small in comparison to the AdS length L whereas quantum
effects can be omitted if the 10-D gravitational constant is considered small compared to
the AdS length L. These limits are formulated as follows

ℓs << L , G10

L8
<< 1 . (II.94)

From the perspective of the bakground SUGRA solutions, the gauge theory is present in
the original metric before concerning with the r → 0 limit. Hence in our new AdS5 × S5

geometry the gauge theory will ”live” in the limit r → ∞ or z → 0, which corresponds
to nothing else than Minkowski space. This can be shown by analyzing pure AdS space
in this limit where it becomes global AdS and in Poincare coordinates this corresponds to
Minkowski space. So the gravitational theory is within AdS5 whereas the gauge theory is
on the boundary of AdS5 which is Minkowski space.

Open Strings

Here the D-3 branes are perceived as 4-D hypersurfaces at which open strings can end
with Dirichlet boundary conditions [100]. The associated action for the open strings can
be written terms of its separate contributions as

S = Sbrane + Sbulk + Sint (II.95)

where Sbrane is the 4d action on the brane, Sbulk is the action in the bulk space-time, and
Sint describes the interactions amongst the brane with the bulk. Surprisingly the bulk
action Sbulk is the corresponding SUGRA action with massive string modes. In the low
energy limit i.e., α′ → 0 we may only consider terms linear in α′, hence omitting the
interaction term Sint as it scales like α′2. Furthermore one also finds that the massive
string modes drop out at which the bulk theory becomes free SUGRA. This is illustrated
in Fig. ( II.4) for the decoupling of open strings on the stack of D3-branes. We find that
by considering a stack of N coincident D-3 branes in a low energy limit, the theory of the
brane is described by the lagrangian

L =
1

4πgs
Tr

(
1

4
GµνGµν +

1

2
Dµϕ

iDνϕi + [ϕi, ϕj ]2
)
. (II.96)
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Provided the lagrangian presented just above one may realize that this lagrangian is noth-
ing else than the lagrangian for N = 4 SYM with the symmetry group SU(Nc), and
coupling constant gs = 4πg2YM . An interesting fact is that one can make the identification
between the number of D3-branes and the number of colors in the symmetry group of
SYM

N = Nc . (II.97)

Conjecture & t’Hooft Limit

Maldacenas conjecture is the exact equivalence between

N = 4, SUSY SU(Nc) YM = IIB String theory on AdS5 × S5 . (II.98)

From the previous subsections we have seen that for N coincident D-3 branes in the closed
string perspective are described by IIB string theory on AdS5 × S5, whereas in the open
string perspective they are equivalent to N = 4 SYM with SU(Nc) gauge symmetry.
With this conjecture at hand, it becomes very useful to relate the parameters between the
different theories.
On the LHS of the conjecture, we have the gauge theory, that is primarily determined by
the number of colors Nc, it’s t’hooft coupling, and its gauge coupling gs. Whereas on the
RHS of the conjecture in the low energy limit we have classical SUGRA on AdS5 × S5.
The intrinsic parameters of the theory are the string length ℓs, the 10-d gravitational
constant G10, and the size of the AdS space L. The parameters of the theories are related
to each other in the following ways, first, the string coupling constant is related to the
gauge coupling of SYM like

gs =
g2YM
4π

, (II.99)

whereas the t’Hooft coupling is related to the fraction of sizes between the string scale
and AdS (L

ℓs

)4

= g2YMNc = λt . (II.100)

From this limiting case one may ask what can one learn from it? Lets first consider the
case when the field theory is weakly coupled i.e., small values of the t’Hooft coupling which
implies that the curvature radius L needs to be much smaller than the string scale. The
conclusion from this is that the gravitational side of the correspondence strongly curved
in the regime when the field theory is weakly coupled. Whereas in the limit where the
gravitational theory is weakly curved one realizes that this means on the field theory side
that it is strongly coupled.
A few remarks are in place, first of that the conjecture is claimed to be true for all
couplings however, we understand neither gravity or gauge theories at arbitrary large
couplings. However we have elaborated that classical SUGRA is a good approximation to
type IIB string theory in the low energy limit, where we also elaborated on what regime
in the parameters of SUGRA this persists. Then one can immediately ask what regime of
parameter space does this correspond to in the gauge theory(L

ℓs

)4

= g2YMNc = λt ,
G10

L8
∝ N2

c . (II.101)

The second relation comes from the realization of two facts, first that the 10-d gravitational
constant is proportional to the string coupling constant gs. This in turn one can relate
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to the t’Hooft coupling and directly to the number of colors in the gauge group. This
imposes the following limits

Nc → ∞ , λt >> 1 , (II.102)

which is the t’Hooft limit of N = 4 SYM in the strong coupling regime. This result is of
utmost importance as it states that one can understand a strongly coupled gauge theory
in the large Nc limit using a classical gravitational theory in one dimension higher and
in particular for this case using classical SUGRA. One can conclude that the AdS/CFT
correspondence is a strong/weak duality. The possible exploration into strongly coupled
Non-Abelian gauge theories with the aid of the AdS/CFT correspondence has been one
of the biggest theoretical triumphs of the present generation in theoretical physics.
One crucial advancement facilitated by the correspondence has been the ability to describe
gauge theories that are not conformal. Initially, this was accomplished by considering small
perturbations of N = 4 supersymmetric Yang-Mills theory in the ultraviolet (UV), which
then evolves into interacting non-conformal field theories (CFTs) in the infrared (IR). In
certain cases, these interacting non-CFTs exhibited behavior reminiscent of confinement.
In the gravitational dual theory, the solutions are asymptotically AdS near the UV bound-
ary and are deformed within the bulk. For example, in cases of confinement-like behavior
in the gauge theory, this is associated with bulk deformation caused by the presence of a
black hole in the interior of the five-dimensional (5D) space.
Since QCD is neither an actual CFT nor is it supersymmetric a huge amount of research
has been put into the question of whether the ADS/CFT correspondence can aid our
understanding of QCD and theories that closely resemble it.

II.4.1.2 Field/Operator Correspondence & Holographic Dictionary

The intent of this section is to overview how to relate observables between the gauge theory
and the gravitational theory [101, 102]. This great achievement of utilizing Maldacenas
conjecture was done by the works of Witten and Gubser [96, 98] . We will formulate this
here as a holographic dictionary, which is of utmost necessity provided that we want to
understand how quantities in the field theory to their gravitationally equivalent theory. To
start things off we state the famous W-GKP (Witten- (Gubser, Klebanov, Polyakov))16

relation

ZO[ϕ0]N=4 = Zϕ[ϕ0]IIB , (II.103)

which states the equivalence between the partition functions of the two theories17. Where
the boundary operator Os are related to the partition function of Type IIB string theory
for the field ϕ evaluated at its UV boundary ϕ0. The field value in the bulk theory at
the UV boundary ϕ0 in the string theory corresponds to the source of the operator O
in the N = 4 SUSY YM theory. To concretize our discussion we will concern ourself
with the t’hooft limit of the gauge theory and hence in the gravitational theory omit
string/quantum corrections. On the LHS of Eq. (II.103) we have the partition function of
N = 4 SUSY YM, which we can formulate as

ZN=4 =

∫
D[. . . ] exp

[
−SN=4 +

∫
d4xO(x)ϕ0(x)

]
, (II.104)

16The formulation of W-GKP presented above is the most powerful formulation as it states an exact
equivalence between the partition functions of a CFT in D dimensions living on the boundary of D+1 AdS
space. Here we will discuss it in its somewhat less powerful formulation for convenience.

17This equivalence was performed in Euclidian space
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where D[. . . ] is a functional integration over all the SUSY YM fields, and SN=4 is the
SUSY YM action. We will formulate the partition function of SUSY YM as follows

ZN=4 =

〈∫
d4xO(x)ϕ0(x)

〉
(II.105)

where ⟨. . . ⟩ is to be understood that an intergration over all SUSY YM fields have been
made. On the RHS of Eq. (II.103) we can in the absence of string or quantum effects
employ the fact that Type IIB string theory simplifies to classical SUGRA and reformulate
the partition function as

Zϕ[ϕ0]IIB = e−SSUGRA(ϕ0) . (II.106)

By combining our brief statements regarding the LHS/RHS of Eq. (II.103) We find the
following reformulation of the W-GKP〈∫

d4xO(x)ϕ0(x)

∣∣∣∣∫ d4xO(x)ϕ0(x)

〉
= e−SSUGRA(ϕ0) . (II.107)

In Eq. (II.107) we have on the LHS of the equivalence the generating functional of an
operator O(x) acting on the source ϕ0, whereas on the RHS we have the partition function
of the evaluated on shell action of SUGRA. Now one can attain a direct relation between
n-point correlation functions for the operators O(x) w.r.t., functional derivatives of the
bulk fields with ϕ0 being the source

⟨O(x1) . . .O(xn)⟩ =
δnSSUGRA

δϕ(x1) . . . δϕ(xn)
|ϕ→ϕ0 . (II.108)

An important caveat with the above-stated equivalence is that the correlation functions
most often contain singularities that must be cured. This can be done in two ways, one
possible solution is to tune the boundary conditions such that no singularities appear, and
secondly resort to holographic renormalization, in which one renormalizes the gravitational
action by adding local counter terms. In this thesis, we will mainly resort to holographic
renormalization which will be further elaborated on in a future chapter of this thesis.

At this point, it is worthwhile to embrace the immense power of the above-mentioned
equivalence. With this at hand, one can calculate n-point correlation functions of strongly
coupled gauge theories only by knowing SUGRA in a weakly curved regime. As the
AdS/CFT correspondence itself, is a duality of a strong/weak nature it may also be used
in the reverse to understand strong SUGRA by looking at n-point correlation functions at
weak coupling.

Now it is due time to start relating the observables on each side of the equality i.e.,. the
matter fields in the SUGRA and the operators of the field theory. This procedure just
described above is what is known as the field/operator correspondence. In the following,
we will demonstrate this for the simplest case of a massive scalar field whose equation of
motion (EoM) is (

1√
g
∂µ

√−ggµν∂ν −m2

)
ϕ(t, x̄, z) , (II.109)

and by Fourier transforming the EoM with a plane wave decomposition i.e., ϕ(t, x̄, z) =
eipµx

µ
ϕp(z), one find

z2∂2zϕp(z)− z(d− 1)∂zϕp(z)− (ηµνp
µpνz2 +m2L2)ϕp(z) = 0 . (II.110)
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We are mainly interested in the UV regime i.e., z → 0 for the mode equation, where one
finds the behavior ϕp(z) ∼ z∆. Then by substituting it back into the mode equation one
can obtain relations for the exponents ∆ like

∆± =
d

2
±
√(

d

2

)2

+m2L2 , (II.111)

where ∆± are the roots to the equation ∆(∆ − d) = m2L2. We can now expand our
solution for ϕ in the UV regime as

ϕ(t, x̄, z) = ϕ1(t, x̄)z
∆− + ϕ2(t, x̄)z

∆+ , (II.112)

where the functions ϕ1, ϕ2 are yet undetermined. From the AdS metric one can observe
that it possesses a dilatation invariance under the simultaneous set of transformations
18 x → λx, and z → λz. By applying this to the UV expansion on the solution of ϕ,
one realizes that if the scalar field ϕ shall respect the dilatation invariance ϕ1, ϕ2 must
transform as ϕ1(x) → λ−∆−ϕ1 , ϕ2 → λ∆−−dϕ2. At this point, one can realize that
there is a relationship between scalar fields of mass m in AdS space whose boundary
data corresponds to a conformal scalar operator O of dimension ∆. Then by dimensional
analysis also conclude that ϕ1 corresponds to the source of the operator O, with ϕ2 being
the vacuum expectation value of O. In realizing this one can show that the two-point
correlator behaves as

⟨O(x1)O(x2)⟩ ∼
1

(x1 − x2)2∆
. (II.113)

As an example, it is worthwhile mentioning what the interpretation is of the two-point
correlator for the case when the scaling dimension ∆ = 4, what its interpretation is
on the gravitational side. To consider operators with scaling dimension 4 implies that
in the gravitational theory, one is considering a massless scalar field, which in the case
of SUGRA can be identified as the dilaton. In the case of N = 4 SUSY YM the
operator with scaling dimension ∆ = 4 has been shown to correspond to O = TrF 2.
This is known as the first explicit example of the relation between bulk fields and
boundary operators. This logic concerning bulk fields and boundary operators can
be applied to for instance higher spin fields, fermionic fields, and interpretations of
the metric itself. This provides what we denote here as a holographic dictionary on
what corresponding field content in the bulk theory is interpreted as in the dual QFT.
Below we present a table at which we provide a comprehensive table of the relevant
quantities on both sides of the correspondence and how to think of them on the other side.

Field Theory Bulk Theory

Generating Functional Partition Function

Scalar Operator O Scalar Field ϕ

Fermionic Operator Oψ Dirac field ψ

Energy Momentum Tensor Tµν Metric fluctuation δgµν
Scaling Dimension ∆ Mass of bulk scalar m

II.4.1.3 Finite Temperature & Phase Transitions in AdS/CFT

So far, in our discussions of the AdS/CFT correspondence, whether concerning the equiv-
alence of different theories or relating physical observables between the two theories, we

18For clarification and completeness x = xµ = (t, x̄)
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have exclusively focused on zero temperature scenarios. While this serves as an excellent
starting point for testing and establishing the correspondence, numerous physical phenom-
ena occur in the presence of temperature. Consequently, the AdS/CFT correspondence
at zero temperature lacks direct phenomenological applications.
Therefore, we need to elaborate on how the inclusion of temperature is achieved. In QFT,
when examining a physical process at finite temperature as opposed to zero temperature,
a Wick rotation of the time direction is necessary. This rotation compactifies the temporal
direction onto a circle. So what is the analogue of performing a Wick rotation on the time
direction in a QFT on the gravitational theory of the correspondence? One finds a rather
remarkable feature that the inclusion of large temperatures in the gravitational theory of
the correspondence on obtains black hole like solutions. Particularly in String Theory one
finds that the stack of D3-branes becomes a stack of black D3 branes, which is the string
theoretical description of black holes in extra dimensions. In Sec. (II.4.1.1) we claimed
that one can show that a stack of D3 branes can be identified as black 3-brane solutions
in SUGRA with the metric being

ds2 = H(r)−
1
2
(
−f(r)dt2 + dx̄2

)
+H(r)

1
2
(
f(r)−1dr2 + r2dΩ2

5

)
, (II.114)

where H(r) defined as before, whereas f(r) is the geometrical blacking factor

H(r) = 1 +
L4

r4
, f(r) = 1− r4h

r4
. (II.115)

By performing an analogous analysis of the various limits of the 5-d coordinate r we find
that in r → ∞ we recover 10-D Minkowski on the boundary. Whereas in the r → 0 limit
we find that the Eq.(II.114) metric for the stack of D3 branes becomes

ds2 =
L2

z2
(
−f(z)dt2 + dx̄2 + f(z)−1dz2

)
+ L2dΩ2

5 , (II.116)

where we have used the same substitutions as before with f(z) =
(
1− z4

zh4

)
. For the AdS5

part of the metric we can by inspection see that it is almost identical up to the blackning
factor and one can therefore realize that the AdS5 geometry now has the inclusion of a
Black Hole. The metric space of AdS5×S5 has been modified to AdS5−Schwarzchild×S5

by the inclusion of temperature effects [97]. The black hole present in the AdS5 geometry
one can assign an associated temperature to it and an entropy from the governing laws
of black hole thermodynamics by Hawking [103–105]. In doing so one finds that the
temperature and entropy are given by

Th =
1

πzh
S(zh) =

L3

4z3hG5
, (II.117)

where zh is the location of the BH horizon, and G5 is the 5-d gravitational constant. Since
temperature and entropy are physical quantities, it is natural to identify the temperature
and entropy of the black hole to the temperature and entropy of the gauge theory, i.e.,
N = 4 SUSY YM. As temperature is independent of couplings this can be done directly,
however for the entropy this is not as straight forward let us delve more into this. The
5-d gravitational constant is defined as G5 =

π
2
L3

N2
c
, the BH entropy can be simplified into

SBH =
1

2
π2T 3N2

c , (II.118)
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Field Theory Bulk Theory

Finite T QFT AdS Schwarzchild
Temperature T BH Hawking Temperature Th

Entropy Hawking Beckenstein Entropy Sh
Phase Transition Black Hole Instability.

Table II.3: Extention of the table of the Holographic dictionary to QFT’s at finite tem-
perature.

where we also replaced the expression of temperature to have entropy as a function of
temperature for clarity. Lets compare this with the Stefan Boltzmann entropy density of
an ideal plasma of N = 4 SUSY YM in the large Nc limit

SYM =
2

3
π2T 3N2

c . (II.119)

This is already quite striking that they are very similar and only off by a prefactor of
3/4, then one may wonder is this a shortcoming of the correspondence or have we missed
something? One important detail to bear in mind here, when matching the entropy
densities between the BH and SB plasma of N = 4 SUSY YM, we must not forget that
the BH entropy is matched to what the corresponding entropy density is for N = 4
SUSY YM at strong coupling. Hence not in the weak coupling regime which is what the
expression above is accounting for. By including the leading order 1

λ correction to the
entropy density of weakly coupled N = 4 SUSY YM [106] one finds

SBH
SYM

=
3

4
+

1.69

λ
3
2

+ . . . , (II.120)

where one can conjecture that if all the 1/λ corrections were to be accounted for one would
obtain an exact result. A striking aspect is that there are lattice results [107–109] which
support this claim where they find that the ratio of entropy densities between a strongly
coupled plasma and the BH entropy are close to 1.
With the identifications of temperature, entropy and by employing the fundamental laws
of thermodynamics, we have the possibility of formulating the thermal evolution of a
Strongly coupled QFT. This is achieved by utilizing the thermal description of a black
hole in a gravitational theory with d+1 dimensions. One may ask how does a phase
transition in the thermal QFT translate into for a gravitational theory with a black hole.
This certainly depends on the type of PT of interest but in general terms a PT in the field
theory is described by the indication of an instability of the black hole. To conclude this
section we state that the AdS/CFT correspondence in thermal contexts by performing a
wick rotation of the time direction in the field theory one end up introducing a BH on
the other side. We will add these finding to our holographic dictionary table written out
above with the additions A few final remarks to conclude this section

• In the discussion above, we have outlined a thermodynamic theory of N = 4 SUSY
YM through a particular string theory in its corresponding low-energy limits. This
approach, known in the literature as a top-down approach, starts from the string
theory and derives the corresponding field theory. Conversely, in a bottom-up ap-
proach, one starts with a field theory of interest and attempts to construct a string
theory that approximates it.

• In the previous subsection we also looked at the procedure of obtaining correlation
functions of the field theory, and this is straightforwardly extended to correlation
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functions at finite temperature by substituting the vacuum solution metric with the
BH one [110,111].

• Finally as the energy momentum tensor of the field theory is dual to the fluctuations
of the metric one can also study hydrodynamics of the field theory by doing a
fluctuation analysis of the BH metric on the gravitational side of the correspondence.
This was shown explicitly by [110, 112–115] for N = 4 SUSY YM, and has had
large amount of success in the paradigm of using holography for hydrodynamics and
ultimately Heavy Ion Collisions.

In this thesis we will work in the bottom up approach for studying the confinement phase
transition of non SUSY SU(Nc) Yang-Mills theory in hope to calculate its associated GW
spectra making use of the gauge/gravity duality.
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GWs at Strong Coupling





CHAPTER III

Gravitational Waves from Dark
Yang-Mills with Holography

III.1 Motivation

FOPTs in the early universe can emit GWs with sufficient strength for detection in present
and future experiments [57, 61, 116]. This would serve as a compelling evidence of new
physics, considering that both the Electroweak and QCD phase transitions in the SM are
understood to be crossovers. Such GWs could enable exploration of otherwise inaccessible
sectors, such as dark sectors where interactions with the SM are merely gravitational or
extremely weak [117–119]. One compelling scenario where dark sectors are at play regards
CDM – a particle interacting with the standard model solely through gravity or weakly via
a mediator. The specific sector describing CDM remains elusive, with numerous models
proposed in the literature for strongly interacting models [120–128].
In this realistic context, GWs emerge as an essential tool for shedding light on the prop-
erties of these otherwise inaccessible dark sectors. In this Part of the thesis which is
comprised of [5, 6], we analyze the confinement FOPT in SU(Nc) pYM theory using Im-
proved Holographic QCD (IhQCD) for Nc ≥ 3. IhQCD is a non-critical string theoretical
model whose intent is to approximate SU(Nc) pYM theory whose holographic construc-
tion is of the bottom up type. SU(Nc) pYM theories are frequently appearing in model
building for BSM physics, for instance, in string theory [129–133], Composite Higgs/Twin
Higgs models for resolving the EW hierachy problem [134–136], and in dark matter model
building [117, 126, 137–139]. These theories are minimal in the sense that the theory in-
volves only the confinement scale Λ and the number of colors, Nc as free parameters.
Therefore theys serve as good benchmark models for understanding GWs from FOPTs
of strongly coupled theories. To initiate this exploration, we perform a fit of the free pa-
rameters of IhQCD to the equilibrium thermodynamical properties obtained from Lattice
QCD, focusing on the groups Nc = 3, 8. This provides with crucial insight of what to ex-
pect as Nc grows. The equilibrium thermodynamics computed with Lattice QCD exhibit
only minor changes between the groups SU(3) and SU(8).
Initially, regarding the kinetic term of the effective action, we relied on a phenomenological
ansatz from [140], which we used in [5]. Here we will present a well-founded ansatz for
the kinetic term based on qualitative calculations, which potentially encompasses a sizable
uncertainty factor. This refinement is expected to significantly influence the outlook for
GW observability in future experiments, such as µAres DECIGO and BBO.
The outline of this chapter is as follows: In Sec. (III.2), we will review the IhQCD model
and compute its equilibrium thermodynamics. Then, in Sec. (III.3), we will discuss some
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properties of the large SU(Nc) plasma, and outlining the procedure for fitting to SU(8)
data.

Then we will proceed to construct an effective potential using the free energy landscape
approach [5, 140–144], and for the kinetic term, we will impose an ansatz based on direct
calculations. Utilizing our effective action, we will calculate the GW signal by employing
the LISA Cosmology Working Group (CWG) [91] template for the PT parameters β, α,
vw, and κ(α).

Given that we are dealing with strongly coupled theories, one may question the validity
of the LISA CWG semi-analytic templates, which were verified only for simulations of
weakly coupled theories. We will not address this concern in this thesis, but instead we
will simply make use fo what is available having these concerns in mind. We will however
demonstrate how the dynamics of large Nc impact, the PT parameters, including the wall
velocity, drawing upon recent works by [83,84].

Finally, we will discuss our results and outline prospects for future work.

III.2 Review of Improved Holographic QCD

The gauge/gravity duality [93, 97] has emerged as one of the most powerful tools for
understanding strongly coupled gauge theories, with notable successes in fields such as
Heavy-ion collisions [145, 146]. This duality hinges on the remarkable correspondence
between strongly coupled gauge theories in D dimensions and weakly coupled gravitational
theories in D+1 dimensions. While the original formulation of the conjecture was based
on a conformal SUSY theory, recent advancements have extended its applicability to non-
conformal scenarios. The IhQCD model, which is the focus of interest here, represents a
significant step forward in constructing gravitational duals for QCD-like theories.
IhQCD [147–150] is a 5-D bottom-up model of holographic QCD theories inspired by
non-critical string theory for describing the gluon sector of pYM theories. The model
is designed to reconstruct many features of observed in QCD like linear confinement,
resembling hadron spectrum, asymptotic freedom in the UV and a finite temperature
phase diagram structure that matches SU(Nc) pYM theory. The inclusion of matter fields
for chiral symmetry breaking are doable by adding tachyonic D-branes or for instance an
axion. However, here we will omit such an inclusion and study the SU(Nc) deconfinement
phase transition with varying the number of colors Nc. The model IhQCD is composed of
a 5-D Einstein-Dilaton theory with a non-trivial Dilaton potential. The model consists of
a metric gµν whose fluctuations are dual to the energy-momentum tensor, the dilaton Φ
which is dual to (λYM , T rF

2) and an axion dual to (θYM , T rF ∧ F ).

The axion part of the theory can be neglected here as its contribution to the action is
N−2
c suppressed and does not come to play for the thermodynamics 1. In the Einstein

frame, the 5-D action which describes this model both at zero and finite temperature is
given by

S5 =−M3
pN

2
c

∫
d5x

√
g

(
R− 4

3
(∂Φ)2 + V (Φ)

)
+ 2M3

p

∫
∂M

d4x
√
hK , (III.1)

whereMp is the plank mass, Nc is the number of colors, R the Ricci scalar, g the metric and
V (Φ) is the dilaton potential. The second term in the action is the Gibbons Hawking term

1In the large Nc which is the case of study here these effects becomes completely negligible.
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that depends on the induced metric h on the boundary, and K is the extrinsic curvature

Kµν = ∇µnν =
1

2
nρ∂ρh

µν ,K = habKab . (III.2)

The quantity governing the dynamics of the theory is the dilaton potential V (Φ), which
is partially chosen by non-critical string theory, and also chosen such to generate a quali-
tatively accurate phenomenology of the theory. The dilaton potential is employed in the
same manner as by the original authors [148,150] defined as

V =
12

ℓ2

(
1 + V0λ+ V1λ

4
3 (log[1 + V2λ

4
3 + V3λ

2]
1
2 )
)
, (III.3)

where λ = exp(Φ), and ℓ is the AdS length that sets the scale of the fifth dimensional
coordinate. The parameter V0 and V2 are related to the coefficients of the SU(3) YM
β-function

V0 =
8

9
b0 , V2 = b40

23 + 36 b1
b20

81V1

2

, (III.4)

with b0 = 22/(3(4π)2) and b1/b
2
0 = 51/121. These values emerge from imposing a linear

relation between λ and the the ’t Hooft coupling λt of the YM theory in the UV, κλ = λt.
Other normalizations are possible, but do not influence the physical results [150]. The free
parameters of the potential (V 1, V 3) will be the primary discussion of the next section of
how to determine these with available lattice data. As previously mentioned the dynamics
of the model are encoded in V (λ), where the small/large λ limits determines the solution
of the system in the UV/IR. Here we mention the most important features encoded in
V (λ) in Eq. (III.3). For more details about the vacuum solutions and its structure we
refer to [147,149] and also section 2 in [148].
From the identification of the dilaton with the t’Hooft coupling in the UV, one can infer
that for λ ≪ 1, the Yang-Mills (YM) theory is in a weakly coupled regime where asymp-
totic freedom prevails. Conversely, in the limit λ≫ 1, corresponding to the deep infrared
(IR), one expects to encounter confinement-like behavior. However, directly comparing
the t’Hooft coupling λt with the profile of λ in the deep IR is less straightforward due to
the intricate nature of the latter.

• In the UV i.e. small λ: V (λ) needs to have a power law expansion in the UV

V (λ) ∼ 12

ℓ2
(1 + v0λ+ v1λ

2 + ...) , (III.5)

in which the coefficients of this expansion are the ones related to the YM β-function
as in Eq. (III.3). From Eq. (III.5) the relations between the coefficients vi to the
YM β-function are

b0 =
9

8
v0 , b1 =

9

4
v1 −

207

256
v20 . (III.6)

In the vicinity of the UV boundary at r → 0 the geometry asymptotes to AdS with
logarithmic corrections:

b(r) =
ℓ

r

[
1 +

4

9

1

log rΛ
− 4

9

b1
b20

log(− log rΛ)

(log rΛ)2
+ . . .

]
, (III.7)

b0λ(r) = − 1

log rΛ
+
b1
b20

log(− log rΛ)

(log rΛ)2
+ . . . (III.8)
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The scale Λ can be used to set the energy scale of the theory. Λ can be thought of
as the holographical analog to the strong coupling scale in perturbative YM theory.
Alternatively, one can fix the energy scale by choosing the mass of the lightest
glueball or the critical temperature of the confinement phase transition, This is the
prescription we have employed in this thesis for phenomenological purposes.

• In the IR i.e. large λ: For accurate behavior of confinement, and no bad singularities
V (λ) shall maintain the form

V (λ) ∼ λ4/3(log λ)1/2. (III.9)

With these powers in the exponents of λ, log λ one obtains a linear glueball spectra
m2
n ∼ n, we will only consider this case here. Furthermore for the scale factor and

the dilaton with such a potential in the IR limit where r → ∞ becomes

b(r) ∼ e−(
r
r )

2

, λ(r) ∼ e(
r
r )

3/2 ( r
L

)4/3
. (III.10)

L remains fixed once Λ is determined as L is the lengths scale of the IR physics.

As our intention is to study the confinement phase transition, we need to consider the
finite-temperature counterpart of this theory. As discussed in Sec. (II.4.1.3), introducing
finite temperature in the field theory entails invoking a black hole (BH) solution on the
gravity side. In the holographic interpretation, the confinement phase transition manifests
as the instability of the BH solution, transitioning from a stable BH solution to a thermally
excited vacuum state2. By performing a Wick rotation of the field theory to compactify
time on a circle of size β = 1

T , two distinct solutions emerge.

• Thermal Gas Solution: This solution is equivalent to the vacuum solution except for
the compactification along the time direction

ds2 = b20(r)(dr
2 − dt2 + dxmdxm). (III.11)

This solution corresponds to a thermal excitation above the vacuum and is often
referred to as a thermal gas of gravitons at temperature T. This is a thermal ensemble
of the same original solution, in which it inherits all the correct non-perturbative
features like (confinement, glueball spectra, etc..)

• AdS Black Hole Solution: are of the form

ds2 = b2(r)

(
dr2

f(r)
− f(r)dt2 + dxmdxm

)
, (III.12)

these solutions are characterized by their black hole horizon rh where f(rh) = 0.
These solutions, provided they exist correspond to a deconfined phase. To realize this
one can consider the confining string tensions analog in the holographic picture [?],
doing so one finds that it is proportional to Minr(

√
gtt · grr) = 0. The temperature

of the system is given by the hawking temperature of the black hole i.e.

Th ≡ |ḟ(rh)|
4π

, (III.13)

The picture of this system for an arbitrary temperature T in the gravity theory is that
one has the black hole solution which is surrounded by the thermal gas. By considering
the canonical ensemble partition function in the large Nc limit, it becomes the sum over

2This type of PT is known as a Hawking-Page Phase Transition [151]
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saddle points evaluated at temperature T, in which one determines the governing phase
by the contribution which dominates the partition function at that temperature. This
therefore imposes a regularity condition at the BH horizon that the temperature of the
BH is equal to that of the thermal gas i.e.

Th = T . (III.14)

If the aforementioned condition is not fulfilled a conical singularity appears which needs to
be dealt with accordingly. More about this in Sec. ( III.4). By inspecting Eq. (III.13) one
can realize that because the blackening factor f(rh) is absolute valued, there are either
zero or two values of rh at each temperature Th.
These BH horizon position values rh identifies two branches, there is the Big BH (BBh)
branch for small values of rh and the corresponding small BH (SBh) branch for large values
of rh. The Big BH branch is thermodynamically stable whose evolution with decreasing
temperature describes the SU(Nc), whereas the Small BH branch is thermodynamically
unstable see Fig. ( III.1). However, the Small BH branch and its dynamics are essential for
the tunneling [5] between the different vacua. More about this in the upcoming sections. A
firm requirement on the AdS BH in Einstein-Dilaton gravity is that their UV asymptotics
are equal to those in the thermal/vacuum solution.
Hence to impose this practically one needs to set f(0) = 1, such that the BH metric
coincides with the thermal gas/vacuum one. As the metrics of the BH/TG coincide in
the UV by requirement of the solutions this also imples that they must obey the same
UV boundary conditions. To phrase the aforementioned statement in a different way
this means that the integration scale Λ i.e. the holographic correspondence to the strong
coupling scale needs to be equal. Starting from the black hole ansatz of Eq. (III.12), the
Einstein equations are written as

6
ḃ2

b2
+ 3

b̈2

b2
+
ḃ

b

ḟ

f
=
b2

f
V (III.15)

6
ḃ2

b2
− 3

b̈2

b2
=

4

3
Φ̇2 (III.16)

f̈

f
+ 3

ḃ

b
= 0 (III.17)

Φ̈ +

(
ḟ

f
+ 3

ḃ

b

)
Φ̇ +

3b2

8f

dV

dΦ
0 (III.18)

where the dilaton potential is given in Eq. (III.3). The thermal gas equations of motion are
obtained by setting f(r) = 0 and replacing b(r) → b0(r). From the equations of motions
Eq. (III.15) and the action Eq. (III.57) of the theory we start to elaborate on how one
attains the thermodynamics of this system. Recalling from Sec. (II.4.1.3) we have the
physical temperature in terms of the hawking temperature of the BH, where the entropy
is given by the Hawking-Beckenstein [152] formula

S =
Area

4G5
= 4πM3

pN
2
c V3b(rh)

3 , (III.19)

where G5 = 1/(16πM3
pN

2
c ) is the 5D Newton constant and V3 is the volume of 3D space.

The free energy difference at a fixed temperature β−1 is given by the difference of regu-
larized on-shell actions of the respective solutions i.e.

F =
β

V3
(Sdec. − Sconf.) . (III.20)
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In Eq. (III.20) the respective on-shell actions are regulated by regulators ϵ, ϵ̃ which are
not necessarily evaluated at the same r. By taking the difference between the on-shell
actions one can avoid the calculation of counter terms which for more involved geometries
such as the ones we study renders a major simplification3. This regularization technique
is guaranteed to work even for finite values of the regulators ϵ, ϵ̃ since they are constructed
by invariants of the induced boundary metric and the boundary values of the dilaton λ.
One can even go further to say that the explicit form of the counter terms are not even
needed at all due to the aforementioned reasoning.
A simplification concerning the solutions to this systems is that one can realize that since
the dilaton profile λ(r) grows monotonically from 0 at r → 0 to λ → ∞ at large r. This
also implies that the horizon position rh corresponds to a finite value λh. This allows one
to make use of the so-called gubser gauge [153], where λ is used as the radial coordinate
along the fifth dimension.4 To get back to the thermodynamics of the system we can note
that the sign of F indicates the energetically favorable phase, with F < 0 corresponding
to the deconfined phase. The critical temperature Tc is defined at F = 0. In practice, the
free energy can be computed by integrating the thermodynamic relation dF = −dS/dT
along both black hole branches [148]:

F = −
∫ λh

∞
b(λ̃h)

3 dT

dλ̃h
dλ̃h . (III.21)

Fig. (III.1) shows the temperature and the free energy of the BH solutions. Once the essen-
tials for quantities of a system i.e. (T, S,F) are obtained, the remaining thermodynamics
are obtained using standard relations

P = −F , ρ = F − TS , ∆ = ρ− 3P . (III.22)

The remaining relevant thermodynamic properties of the plasma are for instance

cv = −T d
2F
dT 2

, c2s =
s

cv
, ω =

P

ρ
. (III.23)

With the thermodynamics at hand, one can perform comparisons with lattice data. For a
rigorous introduction to lattice gauge theory and how their observables are constructed we
refer the reader to Refs. [154–157]. Fig. (III.1) displays the equilibrium thermodynamics
of the system in which the Big BH branch describes the thermodynamics of the deconfined
phase of pure SU(Nc) to the limit of meta-stability at Tmin. The states on the small BH
branch emerge the Big BH branch at Tmin that is profound to observe at the maximum
value of the free energy in Fig. (III.1). The thermodynamic states along this branch are
both locally thermodynamically unstable and also dynamical unstable. This is evident by
observing the specific heat cv = s/c2s along this branch, implying that the sound speed
is c2s < 0 in the small BH branch. For explicitness we point out that we are here only
plotting the high T phase its metastable region, and spinodal region [158, 159] where it
traverses the small BH branch as we assume that the energy and entropy density in the
confined phase to quickly drop to zero5. For recent studies about the evolution of the
small BH branch and its implications on PT phenomenology see [158–161].

3As a regularization scheme this often goes under the name subtraction scheme
4This coordinate frame choice will together with the 5-D coordinate r be the prior ones used in this

work, they may be interchanged at certain places.
5As the Dof in the confined phase scales as O(N0

c ) are neglected even modeling the low T phase with [?],
one quickly realizes that in the large N limit it becomes negligible
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Figure III.1: Thermodynamical properties for the pYM deconfined plasma being depicted
by the BBH branch of the solutions. In the top row we have the free energy as a function
of temperature, the entropy density, and the temperature evolution as a function of the
dilaton field value at the BH horizon. Bottom row we have the speed of sound of the
plasma as a function of temperature, trace of the EM tensor, and finally the equation of
state. Figures created by E.Morgante

III.3 Quark Gluon Plasma Thermodynamics and Lattice
Observables

In first principle approaches for understanding the confinement phase transition, the con-
ventional order parameter is the vacuum expectation value of the Polyakov Loop. This
exhibits a jump at Tc [157, 162, 163] indicating a FOPT for Nc ≥ 3. Here we argue that
in holographic setups the relevant order parameter is λh i.e., the dilaton field value at the
horizon position.6 Here we elaborate on how the equilibrium thermodynamics from lattice
can be used to infer an accurate behavior for IhQCD, and what impact different SU(N)
groups have on the model parameters of IhQCD i.e., (V1 , V3).
The QGP fairly close to confinement Tc ≤ T ≃ 3.5Tc has the characteristic feature that
the pressure posessess a steep increase from approximately zero in the confined phase
and approaches the Stefan Boltzmann (SB) limit of a free gas7. We address our focus to
this region and in particular consider the region Tc ≤ T ≃ 2.5Tc, as our available data

6Since we have made a calculation of the polyakov loop vev within holography to see that by changing
λh one obtains a jump in the polyakov loop VEV.

7It shall be emphasized that we refer to p/pSB |T=Tc ∼ 0, which quickly rises to the SB limit PSB =
(N2

c − 1)π2/45
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is centered around this regime. So our focus of this section is to elaborate on how the
IhQCD model parameters i.e., (V1 , V3) are fitted against lattice data as in [150] and how
this procedure can potentially be improved. We will illustrate the approach by providing
a direct comparison between it and the approach used in [150]. This is described in the
gravitational theory as follows
In the gravitational theory the dynamics of the QGP at tmperatures T > Tc is governed
by the Big-Black hole branch of solutions. As the QGP cools down and reaches the critical
temperature T = Tc where the deconfined phase becomes meta-stable is encoded in the
gravitational theory by the presence of a BH instability. This can be seen from top left
figure in Fig. ( III.1) of how the free energy crosses zero at T = Tc. The QGP for Tc ≳ T
enters a supercooled regime which is observed in the gravitational theory by following the
BBH branch of the free energy in Fig. (III.1).
The thermodynamical observables for fitting the parameters V1, V3 are the Latent heat per
unit volume and the pressure per unit volume. The main dimensionfull parameter of pure
SU(Nc) YM theory is the strong coupling scale ΛQCD which fixes the overal energy scale
of the theory. One can rescale the actual strong coupling scale to adjust for considering
the theory/dynamics to take place at different energy scales. In [150] values of the pa-
rameters V 1, V 3 were obtained by looking at the dimensionless Latent heat, and pressure
at a fixed temperature which they took to be T = 2Tc. With the dilaton potential where
V0, V2 are related to the YM beta function coefficients, where it was found in [150] that
for SU(3) with V1, V3 V1 = 14, V3 = 170 quantitatively matches the data fairly well. Here
the intent is to compare the strategy presented by [150] with a χ2 fit on the available
SU(8) lattice data used in [164]. By calculating the thermodynamics for different values
of (V1, V3) one can understand that for increased V1 the thermodynamics reaches the Free
Gas limit faster, whereas for decreasing V3 the latent heat increaces. This understanding
was also emphasized in [150]. Recent work on how adequate fitting procedures should be
done in holographic QCD models were recently presented in [165].
To perform the χ2 fit we proceed by using the scalar variables and their numerical relations
to the thermodynamic functions T, S,F introduced in Sec. (III.8.1). We generate a set of
BH solutions for a large range of λh values for an array of values of the free parameters
(V1, V3). Then for this set of λh values given certain values of V1 , V3 we find the critical
temperature T(λch,V1,V3) in which F(λch, V1, V3) = 0 by using a bisectional method to find
the corresponding λch

8. Provided this data we evaluate the thermodynamic quantitites
i.e., P (T )/T 4, Lh/T

4 at the lattice data points as a function of T/Tc which we compute
for each set of parameter values (V1, V3) in the array. We make a discrete array due to
computational complexity. Then we perform the χ2 estimation of all the parameter com-
binations (V1, V3) at all points and take the (V1, V3) values whose averaged value of the χ2

is minimized.

8This one can certainly improve by implementing some gradient descent method but for our purposes
the aforementioned technique is sufficient
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Figure III.2: The outcome of the different fitting procedures. To the upper figures we
display the pressure/energy density in the continium limit of the available lattice data for
SU(8) in [164]. The purple line is the one in which we perform the χ2 parameter scan, and
in green is with only fitting to a point. To the right we can see how the fitting procedures
affect predictions of thermodynamics, for instance the energy density ρ. The lower figures
display the available lattice data of [166] for SU(3) with the same color coding.

For the case of SU(8) we find the following values

V 1 = 12.0 , V 3 = 150 . (III.24)

The thermodynamics of the system by going from SU(3) to SU(8) is not expected to
change very much as indicated in various literature [164]. In the figure above we show the
overall difference in the different fitting procedures. We can directly observe that there
is not a significant difference by performing a fit by inspection to a point in comparison
with a full χ2 estimator. The overall χ2 estimation is improved by roughly a factor
of 2 by performing the parameter scan over V 1, V 3 in the pressure/latent heat. We
find that for the quantities that are fitted the difference is minor but that the effect of
the different fitting procedures becomes more evident for the TD observables we predict.
Nevertheless this is still not a significant effect however the outcome could potentially have
been anticipated. In Fig. (III.2) the upper plots are for the SU(8) case whereas the lower
figures are for SU(3). We consider the continiuum limit of the pressure in the left figures
which we fit against, whereas in the right figures, we illustrate the effect the different
fitting strategies have on an observable. However, going from SU(8) to arbitrary large Nc

is only possible through the lattice but due to the numerical daunting task of going to
very large Nc we will resort to the AdS/CFT correspondence. Nevertheless, to perform
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the fit for SU(8) as it is the largest group currently accessible in finite T, we use it as a
benchmark point for what would to be expected for an even larger N.

III.4 Effective action

As explained previously in [5], the most natural order parameter is the horizon position
λh. The effective action with order parameter λh is obtained in several steps and this
section intends to elaborate on these steps. First, it is necessary to discuss how the
actions are regularized as we have not explicitly emphasized any direct counterterms in
the actions. This will be discussed in Sec. (III.4.1) which explains the regularization
procedure in these holographic constructions. Then we explain the assumptions for the
BH/TG metrics needed to calculate the effective potential using a free energy landscape
approach, similar to Refs. [140–142, 144]9. Finally, we elaborate on how to calculate a
kinetic term to fully formulate our effective action given our imposed metric assumptions
and calculated effective potential at hand.

III.4.1 Regularized Action

We define the effective action as the difference between the classical action of a black hole
solution and that of the thermal gas solution with the same ambient temperature T :

Seff = SBH − STG . (III.25)

When discussing the tunneling rate, we want to interpolate between the small and big BH
solutions with a fixed temperature T . Hence, we consider metric-field configurations for
the order parameter λh (or, equivalently, rh), that solve the Einstein equations up to a
possible conical singularity at the BH horizon. The conical singularity arises whenever the
Hawking temperature Th differs from the ambient temperature T of the thermal graviton
gas. Since we will ultimately discuss bubble nucleation, we assume the order parameter
rh is a function of position in 3-space, and, assuming spherical symmetry, we will write
rh = rh(ρ). To simplify the problem, we will assume that the r dependence of the solution
is not affected by the fact that rh is not constant in space. In other words, we will take

λ(r, ρ) = λrh(r) , (III.26)

where on the RHS we indicated the solution of the EoM obtained for a constant rh, as it
was obtained in [5,148], and the ρ dependence is intrinsic through rh(ρ). This is consistent
with an expansion in the powers of spatial derivatives. An analogous equation holds for
the scale factor b(r).

Both terms on the RHS of Eq. (III.25) are divergent as r → 0. They thus need to be
regularized with a cut-off at some small r = ϵ, which can be sent to 0 after the subtraction
has been taken. For the divergence to cancel in the difference, two conditions have to be
met:

1. First, the intrinsic geometry of the 4-dimensional boundary must coincide for the
BH/TG solutions, up to terms that vanish in the UV limit [168].

2. In IhQCD, one also has to assume that the value of the dilaton field at the cutoff
must be the same. Furthermore, since we want the BH and TG to represent two
phases of the same physical theory, the strong coupling scale Λ needs to be the same
for both theories [148]. This is analogous to the statement that the strong coupling
scale Λ does not shift due to finite T effects.

9See also [167] for an interesting example applied to the Hawking-Page phase transition
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The first condition implies that the proper length of the time circle and the proper volume
of 3-space must be the same at the cut-off,

βb0(r)|cut−off = β̃b(r)
√
f(r)|cut−off (III.27)

V3b
3
0(r)|cut−off = Ṽ3b

3(r)|cut−off (III.28)

The second condition, instead, can only be met if the two solutions are evaluated at
different positions of the cut-off, such that 10

λ0(ϵ) = λ(ϵ̃) , (III.29)

where ϵ̃ = ϵ+ δϵ and δϵ≪ ϵ is of higher order in the ϵ expansion, and must be determined
taking into account the UV expansion of λ0 and λ.

The conditions above can now be applied to refine the metric ansatz for the BH and the
TG backgrounds. Our starting point is the thermal gas metric

ds2 = b20(r)
(
dr2 − dt2 + dx⃗2

)
, ϕ = ϕ0(r) (III.30)

and the AdS black hole one

ds2 = b2(r)

(
dr2

f(r)
− f(r)dt̃2 + d⃗̃x2

)
, ϕ = ϕ(r) . (III.31)

We left implicit the dependence of the functions b0, b, f, ϕ0, ϕ on rh. The conditions (III.27)
and (III.28) imply that

dt̃ =
b0(ϵ)

b(ϵ̃)
√
f(ϵ̃)

dt , dρ̃ =
b0(ϵ)

b(ϵ̃)
dρ , (III.32)

where ρ = (x⃗2)1/2. The UV behavior of the metric and field configuration can be derived
from the Einstein equation applied to the ansatz Eq. (III.53), (III.31), neglecting the x⃗
dependence of these functions. Up to the first logarithmic correction, one obtains [148]:

b0(r) =
ℓ

r

[
1 +

4

9

1

log rΛ
+ . . .

]
, (III.33)

λ0(r) = − 1

b0

1

log rΛ
+ . . . , (III.34)

for the thermal gas and, for the black hole,

b(r) = b0(r)

[
1 + G(rh)

r4

ℓ3
+ . . .

]
, (III.35)

λ(r) = λ0(r)

[
1 +

45

8
G(rh)

r4 log rΛ

ℓ3
+ . . .

]
, (III.36)

f(r) = 1− C(rh)

4

r4

ℓ3
. (III.37)

Solving for λ0(ϵ) = λ(ϵ̃) using Eqs. (III.34) and (III.36), one obtains

δϵ ≡ ϵ̃− ϵ =
45

8

G(rh)
ℓ3

ϵ5(log ϵΛ)2 . (III.38)

10We employ a different convention w.r.t., Ref. [148], indicating with a tilde quantities related to the BH
metric, instead of to the TG one. This leads to an opposite sign in Eq. (III.38), which anyway does not
affect the result for the effective potential.
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III.4.2 Metric Ansatz for the Effective action

In the previous subsection, we reviewed how the regularized on-shell action is retrieved in
the IhQCD model which relies on the so-called subtraction scheme to not have to resort to
counter terms. Furthermore, we set the stage for the calculations in the coming subsections
where we will take the reader through how we obtain our effective action. First, we have
to allure the reader of what the appropriate metric ansatz is for the BH and the TG as we
construct the effective action employing the strategy as the original authors of the model
i.e. by working in the subtraction scheme.

III.4.2.1 Black Hole Metric

In this section, we will construct the correct ansatz for the black hole metric. Let us first
analyse its behaviour in the vicinity of the horizon. We start from the case of constant rh.
We can expand f, b as

f(r) ≈ ḟh(r − rh) , b(r) ≈ bh , (III.39)

obtaining

ds2 = b2h

(
dr2

ḟh(r − rh)
+ ḟh(r − rh)dt

2 + (dx⃗)2
)
. (III.40)

We can now define

y =
2bh

(ḟh)1/2

√
rh − r with y > 0 , (III.41)

φ = 2πTt with 0 < φ < 2π , (III.42)

In terms of which the metric (restricting ourselves to the r, t directions) is

ds2 = dy2 + y2

(
ḟh
4πT

)2

dφ2 . (III.43)

This is the metric of a cone, y being the distance from the tip, φ the angular direction
and the opening angle α of the cone is

sinα =
ḟh
4πT

=
Th
T

(III.44)

For sinα = 1 the singularity at the cone tip disappears, and the metric becomes flat.
Otherwise, the metric can be regularized by cutting the cone surface close to the tip, at
some small ys, and smoothly gluing a spherical cap of radius Rs = ys tanα, as shown in
Fig. (III.3). In polar coordinates, the metric on the spherical cap is

hconeµν = diag
(
R2
s, R

2
s sin θ

2, b(y)2, b(y)2, b(y)2
)
, (III.45)

with 0 < θ < π/2− α. The regularized region contributes to the total action as

SBHcone = −M3
pN

2
c

∫
d5x

√
g[R− 4

3
(∂ϕ)2 + V (ϕ)] . (III.46)

The matter contribution is regular, and goes to zero as the cap is shrunk. The relevant
term is the Einstein-Hilbert one, which can be easily evaluated using

√
g = R2

s sin θb(y)
3 ≈ R2

s sin θ b
3
h (III.47)
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Figure III.3: Visualization of the cone singularity at the BH horizon and of its regulariza-
tion by means of a spherical cap. Figures created by E.Morgante

and

R = 2/R2
s + . . . , (III.48)

where the dots are terms containing the derivatives ∂θb ∝ Rs → 0. The integral extends
over the area of the spherical cap, which is 2πR2

s(1− sinα). The resulting action is thus

SBHcone, geom = −M3
pN

2
c V3b

3
hArea (2/R

2
s) = −4πM3

pN
2
c V3b

3
h

(
1− Th

T

)
. (III.49)

We now let rh be position-dependent, rh(ρ), following a procedure described in Ref. [144].
The coordinate y in Eq. (III.42) now depends on ρ:

y =
2bh(rh(ρ))

(ḟh(rh(ρ)))1/2

√
rh(ρ)− r . (III.50)

If we start from the metric of Eq. (III.31) and perform the change of coordinates from r
to y in the usual way, the non-vanishing derivative ∂ρy induces off-diagonal terms that are
not present in Eq. (III.45). The manifold is not a cone anymore, and the above discussion
is not valid.

In order to have a tractable conical singularity, we proceed as follows. We start from
the metric in Eq. (III.31), and perform the change of variable of Eq. (III.42) with constant
rh, without restricting it to the region r → rh. We obtain

ds2 = b(r)2 diag

(Q4

4

y2

f(r)
,− f(r)

4π2T 2
, 1, ρ2, ρ2 sin2 θ

)
, (III.51)

with Q = ḟ
1/2
h /bh. Now we can promote rh → rh(ρ) and change coordinates using

Eq. (III.50), obtaining the new metric gBH
µν with entries

gBH
rr =

b(r)2

f(r)

gBH
tt = −b(r)2f(r)

gBH
ρρ = b(r)2

[
1 +

r′h(ρ)
2

f(r)

(Q(rh)− 2(rh − r)Q′(rh)

Q(rh)

)2
]
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gBH
ρr = gBH

rρ = −b(r)2 r
′
h(ρ)

f(r)

Q(rh)− 2(rh − r)Q′(rh)

Q(rh)

gBH
θθ = b(r)2ρ2

gBH
φφ = b(r)2ρ2 sin2 θ , (III.52)

where, once again, we left implicit the dependence of b(r), f(r) on rh, which is now a func-
tion of ρ. Anyway, we stress that, neglecting the ρ dependence in the Einstein equations,
the asymptotic behaviour of Eqs. (III.33)-(III.37) is still valid, and, in the UV, the only
dependence of b(r), f(r) on rh(ρ) is through G(rh) and C(rh). This is important because,
as we are going to see, the UV behaviour of the metric is the only relevant entity for
determining the action. Notice that, for simplicity of notation, and in contrast to the
discussion in Sec. (III.4.1), we do not distinguish between ρ and ρ̃ coordinates. Rather, we
will explicitly rescale the relevant metric components in the thermal gas metric discussed
below.

III.4.2.2 Thermal Gas Metric

We now turn the attention to the metric of the thermal gas. Even though, in this case,
there is no horizon and no order parameter rh, one must reintroduce it in such a way
that the solution matches the UV behaviour of the BH one, in the sense discussed in
Sec. (III.4.1).

We start from the simple metric of Eq. (III.53). As discussed in Sec. (III.4.1), we need
to modify it to have, at the UV cut-off r = ϵ, the same physical 3-volume and the same
proper length of the time circle as for the BH metric. Thus, we improve the metric as
follows:

ds2 = b20(r)

(
dr2 − b(ϵ̃)2

b0(ϵ)2
f(ϵ̃) dt2 +

b(ϵ̃)2

b0(ϵ)2
dx⃗2
)

(III.53)

This ansatz is enough to get a finite effective action for constant rh. Notice that, assuming
ϕ0 only depends on r, the equations of motion for ϕ0 and thus their solution are not affected
by the new metric.

In the next step, one would like to further improve this metric, including terms that
depend on r′h(ρ), vanish in the r′h(ρ) → 0 limit, and reproduce the divergent behaviour
of the BH metric in the UV, in such a way that the difference of the two actions remains
finite also at order r′h(ρ). Unfortunately, we were not able to determine such a metric. We
discuss below in Sec. (III.4.4) how we circumvented this problem for to obtain the kinetic
term. Following the logic above, we nevertheless define a “best guess” for the TG metric,
which will use to validate our estimate of the kinetic term in Sec. (III.4.4):

gTG
rr = b20(r)

gTG
tt = −b20(r)

b(ϵ̃)2

b0(ϵ)2
f(ϵ̃)

gTG
ρρ = b20(r)

b(ϵ̃)2

b0(ϵ)2

1 + r′h(ρ)
2

f(ϵ̃)

(
Q(rh)− 2(rh − ϵ̃

ϵr)Q′(rh)

Q(rh)

)2


gTG
ρr = gTG

rρ = −b20(r)
b(ϵ̃)2

b0(ϵ)2f(ϵ̃)
r′h(ρ)

Q(rh)− 2(rh − ϵ̃
ϵr)Q′(rh)

Q(rh)

gTG
θθ = b20(r)

b(ϵ̃)2

b0(ϵ)2
ρ2
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gTG
φφ = b20(r)

b(ϵ̃)2

b0(ϵ)2
ρ2 sin2 θ , (III.54)

III.4.3 Effective potential

We compute the effective action as the classical action of the system evaluated on a
particular field and metric configuration:

S =−M3
PN

2
c

∫
d5x

√
g

[
R− 4

3
(∂ϕ)2 + V (ϕ)

]
+ 2M3

PN
2
c

∫
∂M

d4
√
hK + Sct , (III.55)

where the second piece is the Gibbons-Hawking action computed on the boundary surface
and the last one is the counterterms action. The latter cancels when subtracting the
thermal gas contribution, and we will neglect it in the following. On a BH solution, the
spherical cap term in Eq. (III.49) has to be included in S. Taking the trace of the Einstein
equation, the Ricci scalar becomes

R =
4

3
(∂ϕ)2 − 5

3
V (ϕ) . (III.56)

and the action simplifies to

S =
2

3
M3
PN

2
c

∫
d5x

√
g V (ϕ) + 2M3

PN
2
c

∫
∂M

d4
√
hK . (III.57)

Equation (III.57) is valid everywhere except, in the BH case, on the regularized tip of the
cone, the action of which has to be added separately.

The Einstein equations can be used to further simplify the first term. Being interested
in the effective potential Veff(λh), we can neglect the ρ dependence of b, f, gµν and all
derivatives ∂ρ in the eom. One can use the eom for constant rh, derived in App. A of
Ref. [148]:

6
ḃ2

b2
+ 3

b̈

b
+ 3

ḃ

b

ḟ

f
=
b2

f
V (III.58)

6
ḃ2

b2
− 3

b̈

b
=

4

3
Φ̇2 (III.59)

f̈

f
+ 3

ḃ

b
= 0 . (III.60)

The Einstein-Hilbert (bulk) term of Eq. (III.57) is a total derivative ( [148], App. C)

Sr
′
h=0

EH,BH =
2

3
M3
PN

2
c

∫
d5x

√
g V (ϕ) = 2M3

PN
2
c β

∫
d3x

∫ rh

ϵ̃
dr

d

dr
(f b2 ḃ)

= −2M3
PN

2
c β

∫
d3xf(ϵ̃) b(ϵ̃)2 ḃ(ϵ̃) (III.61)

for the BH and

Sr
′
h=0

EH,TG = 2M3
PN

2
c β

∫
d3x

b(ϵ̃)4f(ϵ̃)1/2

b0(ϵ)4

∫ ∞

ϵ
dr

d

dr
(b20 ḃ0) =

= −2M3
PN

2
c β

∫
d3x

b(ϵ̃)4f(ϵ̃)1/2

b0(ϵ)2
ḃ0(ϵ) (III.62)
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for the TG, where the contribution at r → ∞ vanishes as the singularity is of a “good”
type [148].

The Gibbons-Hawking term is computed as follows. One starts from defining the bound-
ary manifold as F = 0 with F = ϵ − r in the thermal gas case and F = ϵ̃(rh(ρ)) − r for
the black hole. Then the definition of the outgoing normal vector follows: nα = ∂αF .
The trace of the extrinsic curvature K is defined as K = −∇αn

α, where ∇ is a covariant
derivative. We then obtain the Gibbons-Hawking action

Sr
′
h=0

GH,BH =M3
pN

2
c β

∫
d3x b(ϵ̃)2

(
8f(ϵ̃)ḃ(ϵ̃) + b(ϵ̃)f ′(ϵ̃)

)
, (III.63)

for the black hole and

Sr
′
h=0

GH,TG = 8M2
pN

2
c β

∫
d3x

b′0(ϵ)b(ϵ̃)
4
√
f(ϵ̃)

b0(ϵ)2
, (III.64)

in the thermal gas case. Note that these two results do not match those of [148], because
of the different definition of ϵ, ϵ̃ and of the 3-space coordinate rescaling. Anyway, taking
the difference, we find the same result.

Finally, the effective action for r′h = 0 is

Sr
′
h=0

eff =

∫
dt

∫
d3xVeff(λh) = Sr

′
h=0

BH − Sr
′
h=0

TG

(III.65)

where Sr
′
h=0

BH is obtained as the sum of Eqs. (III.61), (III.63) and (III.49), and Sr
′
h=0

TG is the
sum of Eqs. (III.62), (III.64). After expanding the functions b, b0, f, ϵ̃ as in Eqs. (III.33)-
(III.38) one finds a finite value after subtraction:

Sr
′
h=0

eff =M3
PN

2
c β

∫
d3x

[(
15G(rh)−

C(rh)

4

)
− 4πb(λh)

3

(
1− Th

T

)]
(III.66)

III.4.4 Kinetic term

In this section, we discuss how we can estimate the kinetic term for the order parameter
λh, inspired by the calculation performed in Ref. [144] for the Randall-Sundrum and for
the Witten-Sakai-Sugimoto models. Furthermore in appendix. (III.8.2) we will also display
the kinetic term and effective action used in [5] for estimating the GW spectra of SU(3)
YM theory.

We allow rh varying in position x⃗, and the dependence of b, f, λ on rh(x⃗) must be taken
into account. We assume that, for a given value of rh, the metric functions take the same
value as in the case where rh is constant. In other words, we neglect in the equations of
motion all the derivatives with respect to x⃗. We instead include these derivatives in the
action, in particular in the calculation of the Ricci scalar, the kinetic term of ϕ and the
extrinsic curvature.

Compared to Ref. [144], in IhQCD, the task is complicated by the fact that the functions
b, b0, f are not known analytically, and by the logarithmic corrections to AdS in the UV,
which require extra care when taking the expansion. In addition, and differently from the
constant rh case, the prescriptions in Eqs. (III.27), (III.28) are not sufficient to determine
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Figure III.4: Normalization coefficient of the kinetic term, in function of λh. Shown in
black dashed, the analytic ansatz of Eq. (III.67). In red, the improved ansatz, cutting off
the region where the former goes to zero. Figures created by E.Morgante

unambiguously a valid ansatz for the thermal gas metric, such that the divergences in the
action SBH − STG cancel at order (∇rh)2.
Given the above difficulties, we limit ourselves to an educated guess of the kinetic term,

which we will validate below. Firstly, the action is proportional to M3
pN

2
c . A factor

of β comes from integrating along the time component
∫
dt. Next, we notice that the

terms depending on r′h(ρ) in Eq. (III.52) are, in the UV limit r → 0, proportional to
(1− 2rhQ′/Q)2. Finally, the kinetic term, after subtracting the actions of the BH and of
the TG solutions, must come from the behaviour in the UV of the scale factor, the cut-off
ϵ, and the blackening factor f . These are parametrized in terms of 45/8G and C/4. Hence,
our ansatz for the kinetic term is

Sr
′
h=0

eff =M3
pN

2
c β

∫
d3x (∇⃗λh)2

(
∂rh
∂λh

)2(45

8
G(rh) +

C(rh)

4

)(
1− 2rh

Q′(rh)

Q(rh)

)2

,

(III.67)
where we left implicit the dependence of rh on x⃗.

A final improvement to our ansatz can be made by noticing that the second term in
parentheses in Eq. (III.67) becomes zero around λh ∼ 0.3. Although this is not a problem
in principle, around that point higher order terms can change this result. Hence, we con-
sider an improved kinetic term obtained by glueing a constant piece around this spurious
zero.

In order to compare with existing literature, [5, 140], it is useful to write the action as

S =
4π

T

∫
d3x

(
c(λh)

N2
c

16π2
(∇⃗λh(x⃗))2 + Veff(λh(ρ), T )

)
(III.68)

The coefficient c, which in Ref. [5] was allowed to vary in the range 0.3 − 3 and is often
assumed to be 1 in other models [140], varies between 10−6 and 10−2 in the range of
interest, depending on λh. The numerical value is plotted in Fig. (III.4).

We can use the coefficient c to define a canonically normalised field λ̃h as

dλ̃h =
√
2c
Nc

4π
dλh , λ̃h =

Nc

4π

∫ λh

0
dλ′h

√
2c(λ′h) (III.69)
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Figure III.5: Effective potential as a function of λh (left) and of the canonically normalized
field λ̃h (right). Figures created by E.Morgante

such that the action takes the form

S =
4π

T

∫
d3x

(
1

2
(∇⃗λ̃h(x⃗))2 + Veff(λ̃h(x⃗), T )

)
(III.70)

where, with slight abuse of notation, we wrote Veff(λh(λ̃h(x⃗)), T ) as simply Veff(λ̃h(x⃗), T ).
Fig. (III.5) show the effective potential, plotted as function of λh and of λ̃h.

We check the validity of our ansatz Eq. (III.67) as follows. We use Eq. (III.56) to write
the action without referring to the potential V (ϕ). We then compute the action on the BH
and the TG solution, with the metric of Sec. (III.4.2.1, III.4.2.2), including the dependence
of b, f, ϵ̃ on rh(x⃗):

b = b(r, rh(ρ)) , f = f(r, rh(ρ)) , ϵ̃ = ϵ̃(rh(ρ)) , (III.71)

where rh(ρ) can be seen as a boundary condition in solving for b, f, λ. Again, at any given
position x⃗ and for a fixed value of rh(x⃗), we assume for b, f, λ the same value that they
take in the constant rh case. In particular, the UV dependence is that of Eqs. (III.33)-
(III.38). Being interested in spherical bubble configurations, we use spherical coordinates
with ρ = (x⃗2)1/2 but this is not essential for our result.

Once specified the metric, the computation of the action is straightforward, although
tedious. The result can be expanded to second order in r′h(ρ), with r′′h(ρ) ∼ O(r′2h ),
integrating by parts the terms containing r′′h, thus obtaining the kinetic term from the
piece proportional to (r′h)

2.

The Gibbons-Hawking action is a boundary term, and has to be evaluated at the UV
cutoff. The Einstein-Hilbert action, instead, involves a bulk integral, which requires some
extra work. In obtaining the effective potential, a key step was to recognize that the
integrand was a total derivative with respect to r, in Eq. (III.61). This allowed us to
rewrite the action as a boundary term, evaluated at the UV cutoff. Including the space
dependence of rh, we were not able to prove this explicitly in this case. We nevertheless
assumed this was the case. We then expand the metric and λ inside the integral, and
integrated in dr the resulting expression, obtaining a valid boundary term evaluated at
the UV cutoff. The action computed this way contains terms diverging as ϵ−n with n ≤ 4,
as log ϵ and as log(− log ϵ). The latter are not computed consistently, in the sense that
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they arise from integrating the UV expansion, but are of higher order compared to the
UV expansion of Eqs. (III.33)-(III.38).

We finally consider the finite part of the action obtained in this way. The result agrees
with Eq. (III.67) up to a factor O(1 − 10), depending on the precise choice made for the
r′h terms in the TG metric. Although we could not derive a finite and scheme independent
result, we consider Eq. (III.67) a valid ansatz, possibly up to an O(1 − 10) uncertainty
factor.

III.5 Bubble Nucleation and Large Nc dependence

The motivation of extensively working toward formulating an effective action [169, 170]
is to understand phase transitions of field theories. The process of nucleating bubbles of
true vacuum in a universe filled with false vacua is controlled by the effective action which
we have just found in the previous section. The bubble nucleation is driven by two differ-
ent types of fluctuations either thermal or quantum, that are considered in the different
temperature regimes and leads to considering two different actions for the nucleation. For
instance, in the high-temperature regime, one works with a O(3) symmetric action which
is always present and incorporates both thermal and quantum fluctuations, meanwhile, in
the low/zero temperature limit there are only quantum fluctuations and one then obtains
a O(4) symmetric action. In this work, we will primarily work with the O(3) symmetric
action. The O(3) symmetric action accounting for spherical symmetry in Eq. (III.70),
and performing the integration along the angular directions (θ, ϕ) and the time direction
becomes

S =
4π

T

∫
dρρ2

(
1

2
(∇⃗λ̃h(ρ))2 + Veff(λ̃h(ρ), T )

)
. (III.72)

In which we are working with the canonically normalized field λ̃(ρ) introduced in the
previous Sec. (III.4.4). Before we can evaluate Eq. (III.72) we need to solve for the bubble
profiles acquired by tunneling between the BBH and the confined Phase. This is done by
solving the so-called bounce equation which is nothing else than the associated equations
of motion from the effective action, for our case of relevance of O(3) symmetric solutions
the equations of motion are

d2λ̃h
dρ2

+
2

ρ

dλ̃h
dρ

− dVeff (λ̃h, T )

dλ̃h
= 0 . (III.73)

Eq. (III.73) is solved by imposing the following boundary conditions that λ̃h(0) =
λ̃0 , λ̃h(∞) = 0, for each temperature T where the derivative conditions are set as
λ̃h(0,∞) = 0. Studying the bubble profiles whose shapes entails information about the
bubble wall thickness if one is in a thin, intermediate, or thick wall regime. With the bub-
ble profiles at hand and being able to evaluate the integral for the effective action, we are
now ready to explore the bubble nucleation dynamics with increasing Nc. The probability
of nucleating a bubble of true vacuum out of the meta-stable vacuum is initially governed
by the bubble nucleation rate per unit volume [170] for a thermal transition O(3)

Γ(T ) = T 4

( S
2πT

) 3
2

e−
S
T . (III.74)

In Eq. (III.74) the effective action that goes into that is given by Eq. (III.70), where the
explicit N2

c dependence is in Eq. (III.68). Eq. (III.70) is the action used for calculat-
ing the bounce action and the bubble nucleation rate per unit volume is calculated with
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Figure III.6: Nucleation rate per Hubble volume Γ/H4, for an increasing number of colors
Nc. In the Nc = 10 purple line the jagged edge is due to numerical difficulty at that
intermediate value. Figure created by E.Morgante

Eq. (III.74) [170–172].11 Hence one may realize that in the strict large Nc limit bubble
nucleation will not occur as the instanton action mediating the phase transition i.e. S be-
comes infinite. In practice we are mainly interested in two aspects of upscaling the number
of colors, first that we work with a large enough N such that we dont have to account for
finite Nc corrections, finally to understand at what limit does bubble nucleation become
so suppressed that the PT cant complete.
The first consequence of looking at what happens in the large Nc limit governs the nucle-
ation temperature Tn, which is determined by the condition that the nucleation rate per
Hubble volume per Hubble time equals 1, i.e.,

Γ(T )

H4
= 1 . (III.75)

From Eq. (III.75) one can deduce that this condition is satisfied for Γ(T ) ∼ 15012. In
the next section we will visualize explicitly what the impact on the PT parameters are
with increasing Nc = 3...1000. This will also have crucial impact on the percolation
temperature, that roughly indicates the end of the phase transition. It is defined as the
time when the probability P of remaining in the false vacuum is reduced by O(30)%
[175–177]

P(t) = e−I(tp), (III.76)

I(t) =
4π

3

∫ t

tc

dt′Γ(t′)a(t′)3r(t, t′)3 , (III.77)

where

r(t, t′) =

∫ t

t′
dt′′

vw
a(t′′)

(III.78)

11Here we have omitted the contribution from the functional determinant which could potentially have
sizable effects see for instance [171–173].

12Analogous discussion of looking at large N for phase transitions with holography can be found in [81,
174]. However in this work we will show explicitly when bubble nucleation becomes completely suppressed
with increasing Nc
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is the radius at time t of a bubble emitted at t′. In this work we have treated the bubble
wall velocity to be a constant. One region of special interest is the case right when the
bubble nucleation rate becomes so suppressed that it becomes close to/reach Tmin. Tmin is
the minimal temperature at which the BH solution exists and posessess the interpretation
that the confinement PT shall have completed before the system reaches Tmin. An essential
point regarding evaluation of the nucleation/percolation temperatures for Nc values such
that one supercools down to Tmin, is that the instanton action must vanish at the turning
point since there is no barrier for nucleation.
When the system has supercooled down to Tmin, and traversing the TD-unstable Small
Black Hole (SBH) branch, it signifies entry into the spinodal instability regime [158,159].
Recent work [159] has demonstrated that completing the phase transition (PT) in this
manner can serve as a potent source for gravitational waves (GWs). The study reveals
that the emitted GWs and amplification period of the unstable modes can be qualitatively
understood through a hydrodynamic approximation of the dynamics.

Moreover, the authors provide a parametric estimate of the degrees of freedom (DoF)
required to suppress bubble nucleation to the extent that the system reaches the metastable
limit. Their findings suggest this limit could be achieved for N ∼ 105. In contrast, our
model suggests the potential attainment of this limit at Nc ∼ 104. This is indicative as
around here it becomes more and more challenging to compute the percolation temperature
Tp.

III.6 Gravitational Waves

We now focus on calculating the GW spectrum based on the results and studies presented
in the previous sections, where we formulated an effective action valid for all Nc and
explored the dynamics of bubble nucleation. To estimate the power and spectral shape of
the GW spectrum, we adopt the semi-analytic templates provided by the LISA Cosmology
working group LISA (CWG) [90, 91, 178]. We also display in Appendix. (III.8.2) the
calculated PT parameters with the effective action we had at hand by the time of that
publication. That shall serve as a direct comparison to the change in results by comparing
the SU(3) case presented here in this section with the result from [5]. In Appendix. (III.8.2)
we also elaborate on the LISA CWG template which was used for calculating the GW
spectras presented here.

To compute the GW spectrum with the templates provided by the LISA CWG, we
must specify the energy scale of the theory. Pure YM theories are characterized by a
single energy scale, with all other scales being proportional to this one. Equivalent choices
include the mass of the lightest glueball, the strong coupling scale Λ13 the confining string
tension, or the critical temperature Tc. In SU(3) IhQCD, one finds m0 ≈ 5.1Λ and
m0 ≈ 6Tc, which align well with lattice results [149, 150]. In the subsequent analysis,
we will employ Tc to set the energy scale, as it facilitates natural comparisons with the
nucleation and percolation temperatures.

An immediate caveat with this approach is that the templates from the collaboration
may not be adequate or accurate for strong phase transitions occurring in strongly coupled
theories. Nonetheless, we must rely on these results for now, awaiting hydrodynamic
simulations in cases where the phase transitions are stronger. The semi-analytic GW
spectra templates require only four parameters, a noteworthy simplicity given the highly
non-linear dynamics of phase transitions. The essential phase transition parameters for

13defined as the energy at which the perturbative coupling constant formally diverges
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utilizing these semi-analytic templates include the inverse duration of the phase transition
in units of the Hubble time (β/H), the energy liberated during the phase transition (α),
the kinetic energy of the bubble walls (κ(α)), and finally, the bubble wall velocity (vw).
In this study, our focus lies on a dark confining sector devoid of matter, i.e., dark pYM
theory. In this scenario, the true vacuum bubbles are expected to experience substantial
plasma friction due to strong interactions. As a result, we find it reasonable to assume
that the confining phase transition proceeds via non-runaway bubbles, allowing us to solely
consider the contribution from sound waves to the GW spectra [179,180]. Our results below
will support this claim. While it is theoretically possible to account for turbulence, the
uncertainties surrounding this contribution remain debatable. Consequently, we regard
our assumption as a conservative estimate. Additionally, we acknowledge the presence
of a short-lived source, introducing a suppression effect on the magnitude of the GW
spectra [181–184] .

From the previous section of studying the bubble nucleation dynamics and its corre-
sponding large Nc dependence, we have access to the nucleation and percolation tem-
perature of the PT. With these essential results, we can calculate the first of four PT
parameters, i.e., β/H which characterizes the number of nucleated bubbles per Hubble
volume and it is evaluated at the percolation temperature Tp. For a fast phase transition,
one can approximate Γ ∼ exp[β(t− tp)], and the inverse duration of the phase transition
is given by

β

H
= T

(
dSB
dT

) ∣∣∣∣
T=Tn

. (III.79)

In Fig. (III.7) we demonstrate explicitly how β/H varies with Nc. In our case for Nc =
3 . . . 1000 we observe that β/H ∝ N−1 which is in agreement lattice simulations for the
surface tension [185], which may indicate that a thin wall approximation might be valid.
This is also visible in Fig. (III.7) in which we also performed a fit to the data and obtained
a similar scaling. For Nc = 104 we see an indication that we are entering a different
bubble wall profile as the nucleation temperature Tn ≃ Tmin in which the scaling for
β/H ̸= N−1

c . These results are in alignment with [174,186] in their figure 13, to the right.
The implication of our results regarding the scaling of β/H as a function of Nc indicates
that in the regime of Nc = 3 . . . 1000 for SU(N) pYM theory the scaling for the surface
tension would go linearly with Nc. We will discuss below about the connection between
the evolution of the kinetic term c(λ) and the emerging relation between β/H and Nc as
this makes the discussion more intricate.
Secondly, we need to compute the strength of the phase transition α, i.e. the amount
of energy released during the phase transition that is available to convert into the fluid
motion of the plasma. We define it as

α =
4

3

∆θ

∆w
=

1

3

∆ρ− 3∆p

∆w
. (III.80)

where θ is the trace of the energy-momentum tensor, w is the enthalpy, and ∆ indicates
that we take the difference of the corresponding values in the deconfined and confined
phases. As well here in Fig. (III.7) we demonstrate how the strength of the transition
increases by additional colors in the plasma. A somewhat surprising result from that
is the moderately small effect of ∼ O(30)% for an increase in the dof by 4 orders of
magnitude.
In a cosmological phase transition the parameter which is the hardest one to predict is the
bubble wall velocity vw and has obtained large attention over recent years. To calculate
the wall velocity even in weakly coupled theories is a daunting task where many recent
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advances has emerged [66–74]. Recently it has been been realised that making use of local
thermal equilibrium (LTE) can aid the calculations of the wall velocity significantly [75,77].
The calculated wall velocity obtained using the LTE approximation can always be thought
of as an upper limit to the wall velocity since external friction forces are omitted in these
calculations. LTE has been shown to be a viable tool for bubble wall velocity estimation in
both weakly and strongly coupled theories [75–77,84].Besides LTE in the case of strongly
coupled theories holography has also been shown to be a valuable tool for predictions of
the wall velocity [79–83].

It was shown in [83, 84] that in the case of small amount of supercooling in a strongly
coupled FOPT using Eq 8 in [83] may provide a reasonable estimate of the wall velocity.
Here we intend to use this formula as a means to try to provide with an estimate of the
bubble wall velocity as a function of Nc. Here we write out the ”fits” to the data of how
the different PT parameters like nucleation temperature, β/H and the wall velocity in
the simple wall approximation Eq. 8 [83].

1− Tn
T

≈ 3× 10−5N0.9
c (III.81)

β

H
≈ 107N−0.85

c (III.82)

vω,s.w ≈ 8× 10−5N0.9
c (III.83)

The fits are only properly valid for Nc = 3 . . . 1000, meanwhile for Nc = 104, the results
start to deviate from the fit. This is related with the fact that the nucleation temperature
in this case comes very close to the minimal temperature. Provided a direct comparison
between the result presented here and in [5] for the PT parameters and their intricate
dependence on the input data i.e., c(λh) , Nc. Therefore we emphasize the utmost necessity
for an even more careful study in order to reveal all the dynamics at play. Hence given the
intricate structure and partially spurious features of our kinetic term we find it necessary
to also study the impact of the kinetic term throughout the process of tunneling.
We will perform this study in two steps first we will calculate the PT parameters and GW
spectra with the full kinetic term and its evolution with λh. In the second part we will
make a comparison with setting the kinetic term parameter c to three fixed values and
evaluate the GW spectra in these cases. The values of c we will take under consideration
are c = 1 , 10−3 , 10−5. These values represent important point in the variation of the full
kinetic term and its value troughout the tunneling process and for the positions of the
barrier. We will discuss each parameter point individually

• c = 1: This is a natural parameter point and a direct extension of our previous
study in [5] to explore the large Nc dependence and how the dynamics of the PT
changes and hence what is the expected amplification of the GW spectrum due
to additional supercooling. We illustrate these effects in figure ... where one can
find several important insights, first that already at Nc ∼ 102 one hits the limit of
supercooling i.e., nucleation becomes so suppressed that the false minima will have
enough time to evolve into a saddle point. The effective enhancement in the peak of
the GW spectra is not significantly large in the case which is due to primarily two
reasons. There would effectively not be any significant magnification in the amount
of latent heat released in the FOPT in this case as

• c = 10−3: In Fig. (III.4) of the improved curve, one can see that this value of the
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Figure III.7: Phase transition parameters (α , β/H , vw,s.w from [83] both as a function of
Nc and nucleation temperature Tn). The grey region Tn ≤ Tmin, is marked out as Tmin
is the lowest temperature at which the meta-stable deconfined phase can exist. Figures
created by E.Morgante
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Figure III.8: The evaluated peak frequency of the GW spectra [91] where we analyze the
kinetic term and the magnitude of its prefactor. The top left plot is the full kinetic term
incorporating its evolution see Fig. (III.4). In the top right figure we have analyzed the
value c = 1, in the bottom left we have c = 10−3, bottom right c = 10−5. We display
each curve for two choices of the critical temperature Tc = 0.05, 50 GeV, and for in total 4
different values of the wall velocity vw = 1 , 10−2 , 10−4 , vs.w where vs.w is obtained using
results from [83,84]. Figures created by E.Morgante

kinetic term coefficient for the values of λh is mainly the dominant one throughout
the tunneling process. This also displays itself directly as we can see that it closely
resembles the scenario when the full kinetic term is accounted for. Hence it reveals
the insight that what matters is the magnitude of the value of the kinetic term
coefficient at the temperature of Tc , Tn,p of the false vacua.

• c = 10−5: Since we can see from Fig. ( III.4) that the analytic evolution of the
kinetic term coefficient has the spurious feature of having a ”pole” like structure at
λh = 0.3−0.4 which is around the regimes where the maxima of the effective potential
is. Hence it is of utmost importance to proceed with future investigations of this
matter to resolve this issue, and an alternative approach by the author of this thesis
is in the making by utilizing hydrodynamical quantities to formulate an effective
action. Therefore we wanted to investigate the qualitative features of the FOPT in
the regime of very small c to try to understand its impact on the bounce calculations.
Some non-trivial features present themselves, like an intermediate decrease in the
GW spectra between Nc = 3 − 100. One possible reason for this spurious feature
may be due to numerical issues as the tunneling becomes more and more intractable
to calculate as the PT becomes so fast that one essentially tunnels right at Tc.
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Statement of a potential upper limit on GWs from these models due to the presence of
a minimal temperature and hence a ”cap” on the amount of supercooling. This bound
on the FOPT is therefore a potential upper bound on the predicted GW spectra. In the
case which Nc, c(λh) are valued such that one is close to have Tn ≃ Tmin shall imply from
the value of β/H ∼ 2 · 104, α ∼ 0.38, vw,(s.w) ≃ 0.2 [83,84] in the case with the full kinetic
term. However the interplay between the Nc scaling and the value of the kinetic term
however by comparing the cases with c = 1, c = 0.001 becomes more interesting as their
relative scalings against each other to counteract their impact may be more non-trivial.

III.7 Discussion & Conclusions

GWs resulting from FOPTs in the early universe serve as clear indicators of new physics,
especially considering that phase transitions in the SM of particle physics—specifically, the
EW and QCD phase transitions—are known to be cross-overs. In this study, we explore
a well-motivated theory that inherently predicts a FOPT, namely SU(Nc) YM theory for
Nc ≥ 3. We treat this theory as decoupled from the SM plasma, with interactions limited
to gravity, which is a plausible scenario, particularly in the context of particle candidates
for CDM, and in the string landscape.

Building upon our prior research [5], we address some of its limitations and expand the
scope of study from SU(3) to SU(Nc). Each section and its contents are elaborated on in
chronological order. In Sec. ( III.2), we start off with a brief review of the IhQCD frame-
work, which successfully reproduces lattice results for the equilibrium thermodynamics of
SU(Nc) YM theory. We delve into the solution of the associated equations of motion and
reveal how basic thermodynamic relations are derived from a holographic construction.

Moving on to Sec. ( III.3), we present a qualitative overview of the temperature evolution
of the plasma. Additionally, we provide insights into the fitting process for the lattice data
of equilibrium thermodynamics. Initially, we revisit the fitting methodology employed
in [150], where the free parameters of the dilaton potential were determined to ensure
pressure and latent heat per unit volume matched the data for a point at T = 2Tc. While
this approach yielded satisfactory results, our goal was to assess potential improvements.
Introducing a χ2 minimization with parameters V1 and V3, we observed an enhanced
overall fit with a reduction in χ2 by a factor of 2.

In Sec. (III.4), we guide the reader through the step-by-step calculation of the effective
action. The qualitative picture that the reader should have in mind is that here we con-
struct the effective action on the gravity side of the correspondence i.e., the dual to the 4-D
quantum effective action. We begin by reviewing on-shell regularized actions within the
subtraction scheme, offering the necessary motivation for the correct black hole/thermal
gas (BH/TG) metric ansatz. Following this, we calculate the effective potential and con-
clude by determining the kinetic term. In comparison to our previous work in [5], we
find that the coefficient c(λh) associated with the kinetic term is roughly three orders of
magnitude smaller than our initial assumption14. The derivation of the effective action
with a justified kinetic term constitutes the primary result of this work. The subsequent
results of this paper explore the implications of this finding on bubble nucleation, the large
Nc dependence, phase transition parameters, and the GW spectrum.
In Sec. (III.5), we leverage our effective action to scrutinize bubble nucleation, exploring
its large Nc dependence and the influence of the new kinetic term coefficient. We calculate
both nucleation and percolation temperatures as functions of Nc and employ these values

14In our previous work we imposed a kinetic term of the form [140]
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to compute the GW spectra, discussed in Sec. ( III.6). Here, we elucidate how the PT
parameters, the PT rate β/H, the amount of latent heat α, the wall velocity vw, and the
nucleation temperature Tn—depend on Nc. Striking results emerge, such as the nearly
linear increase in the duration of supercooling with Nc, in comparison to the results found
in [174,186]. Additionally, we find that β/H ∝ A/Nc, where A is a constant.
Despite considering the very large Nc regime, we observe that α experiences only a
∼ O(10)% correction for Nc = 3...1000, suggesting a mild dependence on latent heat
with increasing Nc, in alignment with quantitative arguments in the lattice community.
Moreover, we illustrate theNc dependence on vw(Nc) through recent advancements [83,84],
indicating a small wall velocity, as suggested by various works [82, 83, 159]. We combine
these findings to illustrate the GW peak frequencies dependency on the number of colors,
as depicted in Fig. (III.8). It becomes evident that despite additional supercooling with
increasing Nc, the impact of the small kinetic term in the effective action dominates, re-
sulting in an overall suppression of the GW spectra by roughly three orders of magnitude.
The precise correlation between the evolution of the kinetic term coefficient c(λh) and the
predicted N2

c scaling in the effective action remains intriguing.
As we have seen in this work that an understanding of the relation among the two is
essential for an understanding of the types of bubbles one nucleates and the potential GW
phenomenology of these theories. The fact that in these holographic constructions of pYM
the excistence of a cut-off in the amount of supercooling which was also emphasized in [84]
to understand the prohibitance of obtaining very large wall velocities. This allures the
question what would the ”optimal” configuration for the kinetic term coefficient c(λh), and
N2
c with Tp ≳ Tmin for maximizing the potential GW spectra. Could this be a universal

upper bound on the GW spectra in these models? Furthermore the fact that as the PT
can supercool down until Tmin and enter a spinodal instability regime in which the modes
with the lowest β/H were to be within the instability band in which one may ask how
much would this alter the GW phenomenology for SU(Nc) pYM theories. We plan to
elaborate on this in the enar future.
Although the signals presented here are considerably weaker than previously anticipated
by the community [5, 187–190]. The conclusions drawn from calculations of the effective
action, the amount of supercooling, and the relatively small wall velocities [81,83,84], the
overall motivation for using GWs to probe dark sectors remains compelling. This is par-
ticularly true since gravitational interactions are guaranteed to be present between visible
and dark sectors, making GWs a robust avenue for exploration.
Main result: Previous estimates regarding the GW signal from SU(3) YM theory have
been demonstrated to be overestimated by as much as five orders of magnitude. This
discrepancy arises when incorporating a more precise formulation of the effective action
and an actual estimate of the bubble wall velocity instead of imposing phenomenologi-
cal optimism. Notably, the GW template formulas provided by the LISA CWG suggest
utilizing the maximum velocity between the terminal velocity and the sound speed. This
underscores the critical importance of theoretical accuracy in predicting stochastic GW
backgrounds if our community hopes to have a realistic chance of observation. While we
do not assert that our work fully addresses this need, it unequivocally highlights significant
gaps in our understanding.
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III.8 Appendix

III.8.1 SU(3) Thermodynamics with IhQCD using Scalar Variables

To solve the system of the equation given by Eq. (II.9)-(II.7) we employ the approach of
scalar variables introduced in section 7 in [148], where the number of equations and the
order of the equations get reduced into an equation system comprised of 2 equations which
are both first order. To employ this mathematical trick one first has to go over to using
λ = Nce

Φ, and the main idea is to use λ as the radial coordinate since the way the scalar
functions are defined they are invariant under diffeomorphisms of the radial coordinate.
The scalar variables defined as

X(λ) =
λ′(λ)

3A′(λ)
, Y (λ) =

f ′(λ)

4f(λ)A′(λ)
, (III.84)

then by performing these substitutions into the equations of motion and manipulating
them one obtains the following set of first-order equations

λ
dX

dλ
= −4

3

(
1−X2 + Y

)(
1 +

3

8X

λd log V

dλ

)
(III.85)

λ
dY

dλ
= −4

3

(
1−X2 + Y

) Y
X

(III.86)

Y → Y (λh)

log
(
λh
λ

) , Y (λh) =
9λhV

′(λh)

32V (λh)
(III.87)

X → −4

3
Y (λh). (III.88)

The first two equations are the evolution equations for X, Y, meanwhile, the last two
lines describe the Boundary condition one imposes at the black hole horizon position λh
(BHH) position.So given our potential V (Φ) expressed in V (λ) to solve the above system
of equations one numerically integrates from an initial value denoted λ0 which shall set to
be small such that one remains deep in the UV to the dilaton field value at the black hole
horizon λh. The zero temperature solution is retrieved in this set of equations by simply
setting Y = 0.
The boundary conditions one imposes at the horizon is a series expansion in λ for values
very close to the set BH horizon value λh so one can incorporate more terms for higher
precision. The numerical technique is that one integrates from a value ϵ away from the
actual value of the horizon λh which is indicated by the arrows that for X, Y given a
particular λh one approaches these values. The numerical procedure used here is that for
a λ0 value, which remains fixed and chosen to be small provided that the solutions X,Y
remain in numerical control. Having the previously mentioned property in mind, then
perform numerical integration of the equations for a large set of λh values, and interpolate
between different solutions given that the step-size is small enough not to induce any
possible errors. Once the functions X,Y are determined with enough BH solutions such
that the interpolation in between them does not induce errors the metric functions are
then determined as

A(λ) = A(λ0) +

∫ λ

λ0

dλ̃

3X(λ̃)λ̃
, (III.89)

g(λ) = log f(λ) =

∫ λ

λ0

4Y (λ̃)

3X(λ̃)λ̃
dλ̃ (III.90)
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f ′(λ)

f(λ)
= g′(λ) = −4Y (λ)

l
exp

{(
−4

3

∫ λ

λ0

X(λ̃)

λ̃
dλ̃

)}
. (III.91)

From the set of equations Eq. (III.89) -Eq. (III.91) provided the solutions for X,Y i.e.
Eq. (III.85) - (III.86), for a large enough set of λh values along with the appropriate
boundary conditions at the horizon i.e. Eq. (III.88), Eq. (III.87), the metric functions
b(λ) = exp{A(λ)}, f(λ) are determined by knowledge of X,Y . By combining Eq. (III.90),
Eq. (III.91) one can determine f ′(λ) so that the metric functions A(λ), f(λ), f ′(λ) are
unambiguously determined as functions of the scalar variables X,Y . Furthermore with
the equations Eq. (III.89) - Eq. (III.91) we can use the expressions previously showed in
Sec. (III.2) to calculate the relevant thermodynamical properties in terms of the scalar
variables. From the thermodynamical basic quantities like S, T,F we can also go further
and reduce a direct equation for s

T 3 in terms of the dilaton potential and the scalar
variables. This is Eq 7.38 in [148] which we illustrate here

s

T 3
=

4π2(12Mpℓ)
3

ℓ6
e−4

∫ λh
0

dλ
λ
X(λ)

V (λh)3
. (III.92)

This equation allows one to directly get access to one of the lattice observables only by
knowledge of the scalar variable X, and the dilaton potential. One can also find an equally
useful relation regarding the temperature of the system

T (λh) =
Y (λ0)

πℓ
e
A0−

∫ λh
λ0

1
λ̃

1
X(λ̃)

dλ̃
, (III.93)

where one obtains the temperature at a fixed λh from the initial condition on A0, the
UV value of the scalar variable Y (λ0) and integration of the scalar variable X. These
equations are more under control numerically and provided that one has imposed a UV
numerical cutoff value i.e. λ0 and accounted for appropriate normalization the solution
remains numerically stable. One can obtain the system’s free energy by using the first
law of thermodynamics once one has the entropy of the system which is given by the
Beckenstein Hawking formula Eq. (III.19). The free energy is given by

F(λh) =

∫ ∞

λh

dλ̄hS(λ̄h)
dT (λ̄h)

dλ̄h
, (III.94)

where one in practice imposes a cut-off for the integration range at some value Λh >>
λh,min. Hence the value of Λh provides a systematic check on the validity of Eq. (III.94).
Nevertheless with these formulas and expressions at hand and how they are related to
the scalar variables one has everything that is needed to study the equilibrium thermo-
dynamics of the system. To determine the critical temperature Tc = T (λh,c), one finds
the corresponding λh value which makes F(λh) = 0. Even though one has the relation for
the entropy density directly expressed in terms of the scalar variable X and the dilaton
potential one cannot circumvent the fact that one needs Tc to set the appropriate scale.
In the last part of this section we intend to illustrate the findings of the fit-to-lattice data
found in [5] making direct use of the scalar variables illustrated here.

With (T,F , S) given by Eq. (III.92) - Eq. (III.94), we can calculate the energy density
ρ, pressure P , and θ = ρ − 3P and compare them to lattice results. Lattice observables
of equilibrium thermodynamical quantities are extracted mainly in the continuum limit15,

15For an extensive introduction into lattice gauge theory and how their observables are constructed we
refer to Refs. [154–157].
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Figure III.9: SU(3) equilibrium thermodynamics from [166] in dotted points and where
the lines are the prediction from IhQCD for the dilaton potential parameters V1 = 14 V3 =
170. The y-axis ends at the SB-limit for the thermal gas limit of π

2

15 .

where the error induced by the lattice spacing gets minimized. As shown in this thesis
by performing a more quantitative fitting procedure one may obtain better results for the
overall fit. The results of the fit to the lattice data in [5] are shown in Fig. (III.9), together
with the parameter values for V1 , V3.

III.8.2 GW spectra from SU(3) pYM with old kinetic term.

The intent here is to provide a comparison to the results regarding the GW spectra shown
above from the results obtained in [5]. Here we employed the same strategy as explained
above where instead of calculating the kinetic term imposed the phenomenological ansatz
as in [140]

c
T 2
cN

2
c

16π2
(∇⃗λh)2 , (III.95)

and we varied c in the range, of 0.3−3. The bounce action here was the sum of Eqs. (III.66)
and (III.95), computed on the bounce solution:

SB =
4π

T

∫
dr r2

[
c
N2
c

16π2
(∂rλh(r))

2 + Veff(λh(r), T )

]
(III.96)

where we assumed an O(3) symmetric action, as we were interested in thermal tunneling.
The bounce solution is obtained using the shooting method with boundary conditions
λh(r → ∞) = λBBH

h and ∂rλh(r)|r=0 = 0. We double-checked our results using the
publicly available code FindBounce [191]. The tunneling rate per unit volume and time is
then [170]

Γ = T 4

(SB
2π

)3/2

e−SB . (III.97)

We start by estimating the nucleation and percolation temperatures as functions of the
critical temperature Tc. The nucleation temperature Tn is determined by the condition
that the nucleation rate per Hubble volume per Hubble time equals 1, i.e., Γ(T )/H4 = 1.
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α β/H (vw = 1) β/H (0.1) β/H (0.01)

Tc = 50MeV 0.343 9.0 ×104 8.6× 104 8.2× 104

100GeV 0.343 6.8× 104 6.4× 104 6.1× 104

Table III.1: Values of β/H and α for different wall velocities and critical temperatures.
All entities are evaluated at the percolation temperature Tp = 0.993Tc.
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Figure III.10: Gravitational wave spectra estimated with our effective action for IHQCD
and the projected sensitivity curves for future GW experiments: Square Kilometer Array
(SKA) [61], µAres [59], LISA [57], DECIGO/BBO [116], Einstein Telescope (ET) [55], and
Cosmic Explorer (CE) [53]. For illustration, we choose a critical temperature Tc = 50MeV
and Tc = 100GeV, and the contours denote vw = 1 (gray), vw = 0.1 (red) and vw = 0.01
(blue).

For c = 1, we obtain Tn = 0.992Tc for Tc = 100GeV and Tn = 0.993Tc for Tc = 50MeV.
Having Tn close to Tc is not unexpected, as it could be estimated from thermodynamics
using some lattice input (see e.g. Ref. [192]). At that point we were able to calculate
α , β/H, and κ(α) in the case where the wall velocity is assumed to be close to one with
Eq. (III.100). At the time of this publication, we treated the bubble wall velocity as a free
parameter due to its significant intricateness and large spread of what one may expect
within the community at the time. In Tab. (III.1) we present the calculated values for
α , β/H evaluated at the percolation temperature Tp.

Here, we only concerned ourselves with the sound wave contribution to the GW spec-
trum [179, 180], also including the suppression of having a short-lived source [181–184].
We employed the templates presented in the works of the LISA Cosmology Working
Group [91,178].

In the context of gravitational waves emitted from FOPT’s numerous numerical studies
[91, 178, 180, 193, 194] provides the literature with an estimated GW spectrum based on
knowledge of the parameters α, β/H, vw, g∗, T∗. The GW spectra in [91] is parametrized
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as a broken power-law

dΩGW,0
d ln f

= 0.687FGW,0K
3
2 (H(T∗)R(T∗))

2 Ω̃GWC

(
f

fp,0

)
, (III.98)

where the prefactor FGW,0 = (3.57 ± 0.05) · 10−5
(
100
g∗

) 1
3
accounts for the redshift. The

expression for K describes the fraction of kinetic energy available during the transition

K =
κ(α)α

1 + α
, (III.99)

where
κ(α) =

α

0.73 + 0.083
√
α+ α

, (III.100)

is the efficiency factor for wall speeds vw ≈ 1, which gets modified for lower wall velocities
[85]. The scaling of K in Eq. (III.98) indicates that we in this work have a short lived
source which induces a suppression to the spectrum of GWs. Furthermore the term R(T∗)
is the mean bubble separation evaluated at the percolation temperature, can be related
to the inverse transition rate β, as

R(T∗) =
(8π)

1
3

β
max (cs, vw) . (III.101)

The term Ω̃GW ≈ 10−2 stems from the numerical simulation as a residual prefactor, and
the function C(f/fp,0) describes the spectral shape

C(x) = x3
(

7

3 + 4x2

) 7
2

, (III.102)

fp,0 being the peak frequency redshifted until today

fp,0 =26

(
β

vw(8π)
1
3H(T∗)

)( zp
10

)
×

×
(

T∗
100GeV

)(
g(T∗)

100

) 1
6

µHz . (III.103)

The term zp ≈ 10 appears from the numerical simulation, and T∗ denote the temperature
when the PT has completed and the GW’s are being emitted at this temperature. The
aforementioned set of equations are valid when the duration of the sound waves are less
than a Hubble time.
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CHAPTER IV

QCD Axions and Mini-Clusters

IV.1 Introduction

The QCD axion [47,195] is a hypothetical pseudo-scalar particle that emerges within the
solution to the strong-CP problem proposed by Peccei and Quinn (PQ) [27, 28, 196]. As
reviewed in Sec II.2.1 one introduces a new global U(1)PQ symmetry with a scalar field
which is PQ charged. The axion is the angular direction of the scalar Φ after the spon-
taneous symmetry breaking (SSB) of the U(1)PQ symmetry. QCD anomalies explicitly
break the PQ symmetry, reducing it to an approximate global symmetry. More generally,
pseudo-scalar particles that couple derivatively to Standard Model (SM) fields are referred
to in the literature as axion-like particles (ALPs) [197]. Axions and ALPs arise in various
SM extensions through SSB or from string compactification [198].
Along with this theoretical motivation, the QCD axion is also an excellent particle can-
didate for explaining the missing dark matter CDM observed [199–202]. Here we will
consider the QCD axion as the particle candidate of CDM produced through the mis-
alignment mechanism which was introduced in Sec II.2.2.3. We will allure the possibility
that the axion possesses a large initial velocity a mechanism referred to as kinetic mis-
alignment [203, 204], despite the conventional assumptions regarding the misalignment
mechanism.
In this case, the PQ symmetry is broken explicitly not only by QCD anomalies but also
by the radial direction of the PQ field. For instance, a global symmetry is generally not a
fundamental field property and gets spoiled by quantum effects. Nevertheless the quality
of the PQ symmetry has to be protected from these effects in order not to jeopardize the
solution of the strong-CP problem [205–207], models in which the PQ symmetry is an ac-
cidental symmetry explicitly broken by quantum effects have been constructed [208–212].
In particular, we intend to explore if there are distinct properties of axion-mini clus-
ters emerging from pre-inflationary QCD axions within the kinetic misalignment (KM)
mechanism. Here we have remained agnostic about the UV dynamics that source the
non-zero initial axion velocity but have merely focused on potential observational signa-
tures. Since KM can be accessibly realized in the pre-inflation scenario, we focus on this
case, which consists of invoking non-standard scenarios for the formation of the axion
inhomogeneities [213–215].

As the relic abundance of axions becomes immensely altered for specific benchmark val-
ues of its initial velocity, we utilize this property in the context of the mass function of
axion mini clusters (AMCs). In this work, we explore how the characteristic mass of AMCs
is affected by different axion production mechanisms. We first provide a brief review of the
production of axion DM in the standard misalignment and the KM mechanisms. Then, we
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elaborate on the motivation concerning different regimes of the KM mechanism before an-
alyzing its various impacts on the characteristic minicluster mass function as a function of
the axion mass. After AMCs form around matter-radiation equality (MRE), the clumping
of these structures proceeds to present time. The merging process of the clumping of the
matter is a complicated and numerically extensive process typically comprising of N-body
simulations [216]. Even though numerical simulations are in place to be able to make
confident predictions, the intention here is to draw attention to a scenario that could serve
as a motivation for N-body simulations in the future. Here we employ a semi-analytic
approach from the evolution of a linear density contrast such as the Press-Schechter (PS)
formalism [217,218].

IV.2 Standard scenario

We consider a SM-singlet complex scalar field Φ, the PQ field, which extends the SM
content and which is described by the effective Lagrangian

L = LQCD + |∂µΦ|2 − V (Φ) + Lint , (IV.1)

where LQCD captures all QCD effects in the SM. The PQ field potential responsible for
the SSB of U(1)PQ at the energy scale va with coupling λΦ,

V (Φ) =
λ2Φ
2

(
|Φ|2 − v2a

2

)2

, (IV.2)

and where the term Lint is responsible for the interaction of Φ with other beyond-SM
physics, leading to an effective coupling of the field with gluons and other SM particles.
The Lagrangian in Eq. (IV.1) is invariant under the continuous shift symmetry

a→ a+ α va , (IV.3)

for a generic value of α that corresponds to a rotation in the complex plane Φ → ei αΦ.
After SSB, the complex scalar field can be decomposed in polar coordinates as

Φ =
1√
2
(S + va) e

i a/va , (IV.4)

where the angular direction is the axion a and the radial direction is the saxion S, such
that the saxion vacuum mass is mS = λΦ va.

After SSB, the Lagrangian in Eq. (IV.1) reads

L = LQCD +
g2s
32π

a

va
TrGµνG̃

µν +
1

2
(∂µa)

2 − VQCD(a) , (IV.5)

where gs is the QCD gauge coupling of the strong force, and Gµν is the gluon field with dual
G̃µν . The effective QCD axion potential VQCD(a) arises from the interaction of the axion
with QCD instantons around the QCD phase transition [219] and leads to a mass term for
the axion, which would otherwise remain massless in the absence of an explicit breaking of
the U(1)PQ symmetry. QCD terms break the continuous symmetry in Eq. (IV.3) explicitly,
while leaving a residual ZN discrete shift symmetry with N vacua, a→ a+nπ fa, with n a
natural number and fa = va/N is the axion decay constant. Here, we set N = 1. Because
of this, the exact form of the axion potential is periodic around the temperature at which
the QCD phase transition occurs, TQCD ≃ 150 MeV. At high temperatures, the shape of
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the potential is well approximated by a cosine potential meanwhile, for T ≪ TQCD the
shape of the potential is well approximated by its zero temperature prediction which can
be computed at the next-to-leading order within perturbation theory [220–222]. Here, we
adopt the parametrization

VQCD(a) = χ(T ) (1− cos θ) , (IV.6)

where θ(t) ≡ a(t)/va is the axion angle and χ(T ) is the QCD topological susceptibility.
Much of the recent effort has been devoted to the numerical evaluation of the functional
form of χ(T ) [29–37]. A fit to the numerical results from lattice simulations is [33]

χ(T ) ≃ χ0 ×

1 , for T ≲ TQCD ,(
T

TQCD

)−b
, for T ≳ TQCD ,

(IV.7)

where χ0 ≃ 0.0216 fm−4 and b ≃ 8.16. At any temperature T , the mass of the axion is
m(T ) =

√
χ(T )/fa, so the axion can be effectively regarded as a massless scalar field as

long as the QCD effects can be neglected for T ≫ TQCD. In the opposite limit T ≪ TQCD,
the mass squared of the axion at zero temperature is [47]

m2
a ≡ m2(T = 0) =

mumd

(mu +md)2
m2
π f

2
π

f2a
, (IV.8)

where mu, md are the masses of the up and down quarks, mπ ≃ 140MeV is the mass
of the π meson, and fπ ≃ 92MeV is the pion decay constant. Numerically, this gives

ma = Λ2
a/fa, with Λa = χ

1/4
0 ≃ 75.5MeV.

The equation of motion for the axion field obtained from the Lagrangian in Eq. (IV.1)
is

θ̈ + 3H(T ) θ̇ − 1

R2(T )
∇2θ +m2(T ) sin θ = 0 , (IV.9)

where a dot is a differentiation with respect to the cosmic time t, R = R(T ) is the scale
factor, and H(T ) ≡ Ṙ/R is the Hubble expansion rate. This expression for the evolution
of the axion field is a Klein-Gordon equation in the potential of Eq. (IV.6). At any time,
the axion energy density is

ρa(T ) =
1

2
f2a θ̇

2 +
1

2

1

R2
f2a (∂µθ)

2 +m2(T ) f2a (1− cos θ) . (IV.10)

Equation (IV.9) is solved by evolving the axion field starting from the initial conditions
θ = θi and θ̇ = θ̇i which are imposed when the saxion field begins to oscillate [203]. We refer
to θi as the initial misalignment angle, while the initial velocity is usually set as θ̇i = 0.1 In
the naive estimation of the axion abundance, Eq. (IV.9) gets solved by considering super-
horizon modes for which the gradient term is negligible. More elaborate treatments have
to rely on the lattice simulation of Eq. (IV.9) and the interaction of the axion with the
radial component of the PQ field. These computations are extremely demanding and lead
to conflicting results in the literature. The string network that develops in fully solving
Eq. (IV.9) has a spectrum that spans all frequencies from the infrared cutoff ∼ H to the
ultraviolet (UV) cutoff ∼ fa, with a spectral index q. Current simulations can explore
scales down to a size in which the behavior seems to be dominated by the UV spectrum

1An alternative production mechanism which is valid for a large initial value of the saxion field is
parametric resonance [223–226].
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with q < 1 [41], however recent results seem to be challenged once even more refined grids
are used [45]. In this work, we qualitatively remark the differences between the various
misalignment scenarios, for which we rely on solving Eq. (IV.9) for super-horizon modes,
and we neglect the contribution from strings.

In the misalignment mechanism, the axion field starts to roll about the minimum of
the potential once the Hubble friction is overcome by the potential term [199–202]. This
occurs around the temperature Tmis

osc defined implicitly as

3H(Tmis
osc ) ≈ m(Tmis

osc ) , (IV.11)

where generally m(Tmis
osc ) ≪ ma. We assume the standard radiation-dominated phase,

during which the Hubble rate is

H(T ) =
π

3

√
g⋆(T )

10

T 2

MP
, (IV.12)

in which g⋆(T ) is the number of relativistic degrees of freedom at temperature T [48] and
MP is the reduced Planck mass. With this assumption, we obtain (see, e.g. Ref. [49])

Tmis
osc ≃


(√

10
π2 g⋆(Tmis

osc )
MP ma

)1/2
, Tmis

osc ≲ TQCD ,(√
10

π2 g⋆(Tmis
osc )

MP ma T
b/2
QCD

)2/(4+b)
, Tmis

osc ≳ TQCD .

For example, an axion field of mass ma ≃ 26µeV would begin to oscillate at Tmis
osc ≃

1.23GeV. In the absence of entropy dilution, the axion number density in a comoving
volume after the onset of oscillations is conserved,

d

dt

[
ρa(T )/m(T )

s(T )

]
= 0 , (IV.13)

where s(T ) = (2π2/45) g⋆s(T )T
3 is the entropy density and g⋆s(T ) is the number of

entropy degrees of freedom at temperature T [48]. This last expression gives the present
axion density fraction,

Ωa =
ρa(T⋆)

ρcrit

ma

m(T⋆)

g⋆s(T0)

g⋆s(T⋆)

T 3
0

T 3
⋆

, (IV.14)

where T⋆ is any temperature such that T⋆ < Tmis
osc , T0 is the present CMB temperature,

and the critical density is given in terms of the Hubble constant H0 as ρcrit = 3M2
P H

2
0 .

The energy density in Eq. (IV.10) is approximated in the limit in which the kinetic energy
can be neglected and for a quadratic potential such as

ρa(T⋆) ≃
1

2
m2(T⋆) f

2
a θ

2
i , (IV.15)

where θi is the initial value of the misalignment angle at temperatures T ≫ Tmis
osc . As an

order of estimate, for fa ≃ 1012GeV the correct relic density that matches the observed
DM is obtained for initial field values θi ≃ O(1).2

The left panel of Fig. (IV.1) shows the axion relic abundance Ωah
2 as a function of

θi for fa = 1015GeV, corresponding to the axion mass ma ≈ 5.7 neV, in the standard
misalignment case (i.e., taking θ̇i = 0). Since the axion potential is symmetric, hereafter
without loss of generality we assume θi ≥ 0. The solid black and the dotted blue lines in

2Astrophysical constraints provide a lower bound on the decay constant requiring fa ≳ 107 GeV [50,51].
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Figure IV.1: Standard scenario. Left panel: Axion relic abundance for fa = 1015GeV,
taking θ̇i = 0. Right panel: Misalignment angle required to match the whole observed
DM abundance. The two lines show the comparison between numerical (solid black) and
analytical (dotted blue). Figure made by B.Barman

Fig. (IV.1) correspond to the results obtained from the numerical solution of Eq. (IV.9)
and the analytical solutions in Eq. (IV.14), respectively. The analytical solution with the
quadratic approximation in Eq. (IV.15) underestimates the relic abundance when θi ≃ π,
due to the presence of the non-harmonic terms in the QCD axion potential [49, 227–
229]. The red horizontal band showing to Ωah

2 ≃ ΩDMh
2, where ΩDMh

2 ≈ 0.12 is the
DM abundance today from the P lanck satellite measurements [21]. The right panel of
Fig. (IV.1) depicts the misalignment angle required to produce the whole observed DM
abundance in the standard scenario as a function of the QCD axion mass. The slope
changes for ma ≈ 4.8 × 10−11 eV, corresponding to the DM axion mass at which the
oscillations in the axion field begins around the QCD phase transition Tmis

osc = TQCD. For
fa ≫ 1012GeV, the initial misalignment angle must be tuned so that fa θ

2
i is approximately

constant to give rise to the observed abundance. For fa ≪ 1012GeV, the abundance of cold
axions is much smaller than that of DM unless the initial misalignment angle gets tuned
to θi ≈ π. In this region of the parameter space, the relevant non-harmonic contributions
to the QCD axion potential break the analytic derivation sketched in Eq. (IV.15), and a
numerical solution of Eq. (IV.9) is needed.

IV.3 Kinetic misalignment mechanism

A non-negligible initial rotations of complex scalar fields could arise through the Affleck-
Dine mechanism [230]. When applied to the PQ field, baryogenesis can be addressed by
transferring the PQ charge associated to the rotation of the PQ field to the SM chiral
asymmetries, which in turn generate the baryon asymmetry through baryon number-
violating processes such as electroweak sphaleron processes [231]. For the sake of generality,
we remain agnostic about the detailed mechanism that generate the initial kick of the axion
and study the implication caused by such an assumption, although various scenarios have
been discussed in the literature in relation with the pre-inflation QCD axion, see e.g.
Refs. [51, 203,204,231–237].

Our intention with this work is neither to elaborate on how the initial kick is generated
in the early Universe nor extensively work out its detailed dynamics once different patches

85



CHAPTER IV. QCD AXIONS AND MINI-CLUSTERS

reach causal contact. We assume that the initial kick is provided by some mechanism
acting around the phase transition and we look into what observational consequences this
provides.

IV.3.1 Overview

So far, we have reviewed the computation of the DM abundance in the standard scenario in
which the initial value of the axion field velocity gets set to zero. Recently, the possibility
has been considered that the axion field possesses a non-zero initial velocity θ̇i ̸= 0, which
is so large that the potential barriers can effectively be ignored, in the so-called kinetic
misalignment (KM) mechanism [203,204].

In the KM mechanism, the axion possesses an initial velocity θ̇i ̸= 0 corresponding to
the rotation of the PQ field Φ in the complex field plane and an overall asymmetry of the
PQ charge. At any time, the Noether charge density associated to the shift symmetry of
the axion field in Eq. (IV.3) is

nθ = i
[
ΦΦ̇∗ − Φ∗Φ̇

]
= θ̇ f2a , (IV.16)

with the corresponding yield Yθ ≡ θ̇f2a/s(T ). A necessary condition to generate an initial
velocity of the axion field consists in the field value of the radial mode S to be initially much
larger than the axion decay constant, S ≫ fa, as it occurs in the early Universe. Provided
that the PQ potential is sufficiently flat, the desired conditions can be realized by either
imposing the appropriate initial conditions of inflation, primordial quantum fluctuations,
or in supersymmetric models with flat directions in the superpotential. Another possibility
to generate the initial misalignment velocity θ̇i ̸= 0 can emerge from axion models where
the axion potential becomes tilted by introducing an explicit symmetry breaking term
induced by a higher-dimension potential of the form

VPQ−break =M4
P

(
Φ

M

)n
+ h.c. , (IV.17)

where n > 0 is an integer and M is a new energy scale lying well beyond the SM. The
addition of the potential in Eq. (IV.17) would lead to an explicit breaking of the PQ
symmetry, and would provide an initial kick to the angular direction of Φ [203].

Two distinct regions exist for this mechanism: in the weak KM regime, the initial
velocity allows the axion to explore a few different minima of the potential, while in the
strong KM regime the initial axion velocity is so large that the potential barriers can
effectively be ignored, and the onset of coherent oscillations gets delayed. In the following
subsections, we discuss DM production in these different regimes.

IV.3.2 Weak kinetic misalignment

At high temperatures T ≫ Tmis
osc , the potential term in Eq. (IV.9) can be safely neglected

and the oscillations in the axion field are damped by the Hubble friction. Therefore, the
expression θ̈+ 3H(T ) θ̇ ≃ 0 predicts θ̇ ∝ R−3 for any cosmological model. This result can
also be obtained from the conservation of the Noether charge nθ in Eq. (IV.16) [203]. For
this reason, if the field possesses a non-zero initial velocity, the kinetic energy term would
dominate over the potential energy term and the total energy density would scale as a
kination field [238],

ρa ∝ θ̇2 ∝ R−6 . (IV.18)
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Figure IV.2: Weak KM. Axion relic abundance for fa = 1015GeV. Left panel: θi = 1
(black) and θi = 0 (blue) for Yθ > 0. Right panel: Yθ > 0 (black) and Yθ < 0 (blue),
for θi = 1. We show a comparison between numerical results (solid) and the analytical
approximation with a quadratic QCD axion potential (dotted). The dashed red line shows
the limit of strong KM. Figure made by N.Bernal

Since in a radiation dominated cosmologyH(R) ∝ R−2, the axion field in this configuration
would scale as [204]

θ(R) ≃ θi − 2nπ +
θ̇(Ri)

H(Ri)

[
1− Ri

R

]
, (IV.19)

with n being a natural number that counts how many times the axion crosses a potential
barrier, and θi = θ(Ri) is the initial misalignment angle. Equation (IV.19) can be restated
in terms of the the dimensionless redshift-invariant yield Yθ ≡ f2a θ̇/s(T ) as

θ(T ) ≃ θi − 2nπ +
Yθ
f2a

s(Ti)

H(Ti)

[
1−

(
s(T )

s(Ti)

)1/3
]
, (IV.20)

where Ti is the photon temperature at R = Ri. The standard misalignment scenario in
Eq. (IV.15) is recovered in the limit Yθ = 0 and n = 0. In this case, Tmis

osc does not vary
with respect to the standard misalignment scenario and Eq. (IV.11) holds. At later times,
the Hubble rate dampens the oscillations and the QCD potential becomes relevant.

In the weak KM regime, the value of the misalignment angle θi in Eq. (IV.19) required to
match the observed DM abundance is modified by the presence of the initial velocity term
θ̇(Ri)/H(Ri). The parameter space for the KM mechanism is non-trivial and depends on
the direction of the velocity θ̇i which changes the sign of the yield Yθ.

Fig. (IV.2) (left panel) shows the dependence of the axion relic abundance Ωah
2 on the

redshift-invariant yield Yθ > 0, for a fixed PQ breaking scale fa = 1015GeV and for the
choices θi = 1 (black) or θi = 0 (blue). The solid and the dotted lines correspond to the
numerical solution and its analytical approximation obtained by considering a quadratic
QCD axion potential instead of Eq. (IV.6). The approximation is in good agreement with
the numerical result unless for values of the misalignment angle in Eq. (IV.20) near θ ≃
(1+2n)π, corresponding to the peaks in the cosine potential. For small initial velocities, the
axion energy density is dominated by the potential, therefore a larger initial misalignment
angle θi ≈ 1 gives rise to a higher relic abundance as in the case of standard misalignment.
However, when the kinetic energy starts to dominate, the energy density rapidly grows as
Ωah

2 ∝ Y 2
θ . This behavior halts once the initial kinetic energy is large enough so that the

field climbs the top of the potential, θ = (1+2n)π. A higher value for Yθ allows the crossing
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Figure IV.3: Kinetic misalignment. Parameter space that reproduces the whole observed
DM abundance for fa = 1015GeV (Left) and fa = 1012GeV (Right). Black and blue lines
correspond to Yθ > 0 and Yθ < 0, respectively. Figures created by N.Bernal.

of the potential barrier, oscillations taking place when the axion starts to roll down the
potential, and hence a smaller relic abundance in generated. A minimum for Ωah

2 occurs
when oscillations start at the minimum of the potential where θ = 2nπ. Increasing values
for Yθ allow the axion field excursion to cross several potential barriers, and therefore the
relic abundance experiences the oscillating behavior shown in Fig. (IV.2). Furthermore,
when the kinetic energy completely dominates over the potential, Ωah

2 loses its dependence
on the initial misalignment angle θi, and it asymptotically approaches the strong KM
regime, see Eq. (IV.24) in the following section. The right panel of Fig. (IV.2) shows the
results for Ωah

2 once fixing θi = 1 and for the yields Yθ > 0 (black) or Yθ < 0 (blue).
For positive values of the misalignment angle, the choices Yθ > 0 and Yθ < 0 correspond
to an axion climbing up or rolling down further in the potential well, respectively. We
emphasize that in the case of weak KM, the oscillation temperature is the same as in the
standard misalignment scenario, so that there is no delay the onset of oscillations.

We now fix the relic abundance of axions to that of the observed DM, and study the
corresponding parameter space {θi, |Yθ|} for which this is achieved. This is shown in
Fig. (IV.3) for the different choices fa = 1015GeV (left panel) and fa = 1012GeV (right
panel). In both panels, the black lines correspond to Yθ > 0, while blue lines correspond
to Yθ < 0. For fa = 1015GeV, the axion is confined in the potential well containing
its minimum and it is not able to explore other minima, i.e. there are only solutions
corresponding to n = 0 in Eq. (IV.19). For Yθ < 0, the solution features a spike-like
behavior, corresponding to the first funnel-shaped region appearing in the right panel of
Fig. (IV.2). In the case Yθ < 0, the axion field has a negative moderate initial velocity
that makes it roll down further in the potential well so that the field value becomes smaller
than θi when the oscillations begin; this leads to a suppression in the relic abundance and,
as a consequence, a larger θi is required to compensate. A similar behavior is shown for
fa = 1012GeV, however in this case different solutions to Eq. (IV.19), corresponding to
higher values of n, give rise to the observed DM abundance. In this scenario, the axion
has enough kinetic energy to explore different minima, and therefore different solutions
corresponding to the same initial axion angle appear. As the total axion energy density
is dominated by the kinetic term, the new solutions tend to be independent of θi.

A similar behavior occurs when plotting the contours describing axion DM over the
plane {ma, Yθ}, see Fig. (IV.4). The left panel shows the region Yθ > 0 for the initial
axion angles θi = 0 (blue) and θi = 1 (black), whereas the right panel shows the cases
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for Yθ > 0 (black) and Yθ < 0 (blue) assuming θi = 1. To reproduce the same observed
abundance in the KM scenario, the case for θi = 0 requires a larger value of Yθ compared
to the case θi = 1. The dotted lines mark the area, to the left of the line, for which the
weak KM regime holds, while the strong KM regime applies to the right, see Eq. (IV.23)
below. All solutions with different initial values of θi (left panel) or the yield Yθ (right
panel) converge to the solution given by the red solid line in the strong KM regime.
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Figure IV.4: Weak kinetic misalignment. Left panel: Yield Yθ as a function of the DM
axion mass ma, for the values of the initial misalignment angle θi = 0 (blue) and θi = 1
(black). Right panel: |Yθ| as a function of the DM axion mass ma, assuming θi = 1
and considering either Yθ > 0 (black) or Yθ < 0 (blue). In both panels, the red dotted
line separates the regimes of weak (to left) and strong (to right) KM. Figures created by
N.Bernal.

IV.3.3 Strong kinetic misalignment

Contrary to the previous case where an initial velocity allows the axion to explore a few
minima, in the strong KM the kinetic energy is so large compared to the potential barrier
that the potential is effectively flat. In this scenario, the oscillations in the axion field are
delayed with respect to the cases of the standard misalignment and weak KM [203, 204].
The initially dominant axion kinetic energy K = ȧ2/2 eventually becomes equal to the
maximum of the potential barrier Vmax = 2m2(T ) f2a at the temperature T skm

osc , defined
implicitly by the equality

|θ̇(T skm
osc )| ≡ 2m(T skm

osc ) . (IV.21)

If at T = Tmis
osc the kinetic energy density is larger than the potential barrier, the axion

oscillations are delayed until the kinetic energy falls below the potential energy. With
m(Tmis

osc ) ≈ 3H(Tmis
osc ), this condition is satisfied for

|θ̇(Tmis
osc )| = |θ̇(Ti)|

s(Tmis
osc )

s(Ti)
=

|Yθ|
f2a

s(Tmis
osc ) ≳ 6H(Tmis

osc ) , (IV.22)

which corresponds to the red dotted line appearing in the panels of Fig. (IV.4). In terms
of the yield, this gives

|Yθ| > 6 f2a
H(Tmis

osc )

s(Tmis
osc )

. (IV.23)
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To obtain the present relic abundance, we employ the conservation of n(T )/s(T ) from
the onset of field oscillations to present time,

ρa(T0) = C ρa(T skm
osc )

ma

m(T skm
osc )

s(T0)

s(T skm
osc )

≃ C |θ̇(T skm
osc )| f2a ma

s(T0)

s(T skm
osc )

= C |Yθ|ma s(T0) , (IV.24)

where we used the fact that in the strong KM scenario, the axion energy density is com-
pletely dominated by the kinetic energy. Although the analytical estimate predicts C = 1,
a numerical analysis favors C ≃ 2 [203]. The result in Eq. (IV.24) is the red dashed line
in Fig. (IV.2), and the red solid lines in Fig. (IV.4). As evident from Eq. (IV.24), in this
limit the axion DM relic abundance is independent of the initial misalignment angle and
the sign of Yθ. The transition between the weak and the strong KM regimes occurs at
fa ≃ 2.2× 1011GeV, corresponding to ma ≃ 26µeV.

The KM mechanism allows us to explore the region of the parameter space correspond-
ing to relatively large values of the axion mass.3 Equations (IV.21)–(IV.24) allow us to
compute the value of T skm

osc required to match the observed DM abundance, via the relation√
χ(T skm

osc )

s(T skm
osc )

≃ ρDM

2 C s(T0)
√
χ(T0)

, (IV.25)

which, setting C = 2, yields a value that is independent on the axion mass,

T skm
osc =

[
4 g⋆s(T0)

g⋆s(T skm
osc )

χ0

ρDM
T
b/2
QCD T

3
0

] 2
6+b

≃1.23GeV . (IV.26)

Thus, in the strong KM scenario, axions start to oscillate at a smaller temperature T =
T skm
osc instead of the value obtained in the conventional scenario Tmis

osc given in Eq. (IV.13)
and, as a consequence, the onset of coherent oscillations is delayed.4 We have shown the
value of the temperature at which the axion field is set into motion as a function of its
mass in Fig. (IV.5). The line denoted “Strong KM” is the value given in Eq. (IV.26),
and the two tilted lines to the left denote the result in Eq. (IV.13). A summary of the
conditions satisfied by the three different misalignment mechanisms discussed is given in
Tab. (IV.1).

Mechanism Initial velocity Oscillation temperature

Standard scenario θ̇i = 0 3H(Tmis
osc ) = m(Tmis

osc )

Weak KM θ̇i ̸= 0 3H(Tmis
osc ) = m(Tmis

osc )

Strong KM θ̇i ̸= 0
|θ̇(T skm

osc )| = 2m(T skm
osc )

with |θ̇(Tmis
osc )| > 2m(Tmis

osc )

Table IV.1: Conditions for the various scenarios of misalignment mechanism discussed in
the text.

3Axions heavier than O(10−1) eV are in tension with observations from horizontal branch stars and
other astrophysical measurements [239].

4A delay in the onset of oscillations also occurs in the trapped misalignment case [240,241].
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Figure IV.5: The temperature of the primordial plasma at the onset of axion field oscilla-
tions Tosc as a function of the axion mass. The tilted dotted line corresponds to the cases
of standard misalignment or weak KM regimes in Eq. (IV.13), while the horizontal dotted
line is the result in the strong KM regime in Eq. (IV.26).Figure made by N.Bernal

IV.4 Axion miniclusters

An axion minicluster is a dense, virialized clump of axions described by a mass M0 and
an overdensity δ parametrizing the local overdensity in the axion energy density. AMCs
are generally discussed within the post-inflation framework, in which the PQ symmetry
is spontaneously broken after inflation and the axion field at the time of the onset of
oscillations is spatially inhomogeneous over different Hubble patches. However, such a
scenario is difficult to realize as the KM is easily accommodated within the inflation period
and due to the properties of the PQ potential in Eq. (IV.2). In more detail, if the PQ
scalar field is driven to large values after the post inflationary PQ breaking, its angle will
be randomized over different Hubble patches, leading to a net Yθ ≈ 0 and to an absence
of KM effects in this picture. In addition, since the initial velocity θ̇i cannot exceed the
mass of the radial mode mS = λΦfa, where the coupling is bound to be λ2Φ ≤ 4π by
perturbativity arguments, the energy scale fa is severely constrained in this scenario. At
the same time, the argument does not hold if the PQ symmetry is spontaneously broken
before or during inflation and it is not restored afterwards (the pre-inflation scenario),
because the assumption that H ∝ R−2 does not apply.

For the reasons above, we focus on the pre-inflation scenario, in which the axion field
is homogeneous over the observable Universe and would not generally exhibit defects
or seeding substructures. In this scenario, the axion field experiences the same initial
conditions across the whole observable Universe; in particular, the axion would have the
same initial velocity potentially leading to KM. Nevertheless, miniclusters can arise if
additional features are considered. For example, a subdominant population of primordial
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black holes could trigger the nucleation of axion overdensities around them [242, 243].
Overdensities with δ ∼ O(1) can also arise from tachyonic instability and/or resonance
instability if the axion potential contains a small explicit breaking term [244,245], although
the present analyses have been carried out only for the standard scenario and in the linear
regime.

In the scenario depicted above, a sizable overdensity can be formed when the axion
field starts rolling close to the hilltop of the potential [246]. This is a configuration that
is accompanied with the formation of domain walls not attached to strings and thus
extremely dangerous cosmologically, even for NDW = 1 [227, 247]. Nevertheless, the fine
tuning required for the initial conditions is relaxed once the thermal effects from the
interactions with the QCD sector are taken into account [245], so that axion clumps also
form for a wider range of initial conditions avoiding the fine tuning. This is consistent
with the requirements imposed on the axion decay constant fa: in this regime, quantum
fluctuations induce perturbations in the axion field of size σa = HI/(2π), where HI is
the Hubble scale during inflation, so that the PQ symmetry is restored whenever σa >
fa [227, 247]. However, this region is not within the values of interest in this analysis,
since we consider a relatively large axion decay constant fa ∼ 1015 GeV while the energy
scale of inflation for a single-field slow roll model is bound as HI ≲ 2.5× 10−5 MP at 95%
confidence level (CL) [22].

IV.4.1 Formation and properties

The energy density associated with an AMC at formation is [248]

ρAMC ≈ 140 (1 + δ) δ3 ρeq , (IV.27)

where ρeq is the energy density in DM at MRE. The comoving size of the fluctuations at the
onset of oscillations is rH = 1/(RH)osc,

5 leading to an AMC of radius req = rH Req/δ at
the time when the overdensity perturbations decouple from the Hubble expansion and start
growing by gravitational instability, rapidly forming gravitationally bound objects [89,248–
252], with the corresponding mass

M0 =
4π

3
(1 + δ) ρDM

s(Tosc)

s(T0)

(
1

H(Tosc)

)3

. (IV.28)

The mass scale in Eq. (IV.28) corresponds to the heaviest AMCs that are formed at MRE.
Bound structures are formed with all masses belowM0, down to the smallest physical scales
at which the oscillatory behavior of the axion field exerts an effective “quantum” pressure
which prevents further clumping. This so-called Jeans length λJ = 2π/λJ corresponds to
the wave number [253,254]

kJ =
(
16πGρDMm

2
aR
)1/4 ≃ 710

(
ma

µeV

)1/2

pc−1, (IV.29)

where the last expression holds at MRE. Perturbations grow for modes k > kJ .

Numerically, Eq. (IV.28) in different regimes reads

M0 =


1.7× 10−14M⊙ (1 + δ)

(
ma
µeV

)−3/2
, for Tosc ≲ TQCD ,

1.1× 10−10M⊙ (1 + δ)
(
ma
µeV

)− 6
4+b

, for TQCD ≲ Tosc ≲ T skm
osc ,

2.1× 10−11M⊙ (1 + δ) , for Tosc ≳ T skm
osc ,

(IV.30)

5In the following, we generally refer to Tosc to indicate either Eq. (IV.11) or Eq. (IV.21).
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Figure IV.6: The characteristic minicluster mass, for δ = 1. The two dotted lines corre-
spond to the cases of standard scenario or the weak KM regime, and to the strong KM
regime. Figure made by L.Visinelli

where the first two lines are found in the case where the onset of oscillations is not delayed
by the presence of KM so that Eq. (IV.13) holds, while the third line is obtained in the
strong KM regime where Eq. (IV.26) holds.

The first two lines of Eq. (IV.30) apply in the pre-inflation scenario which, although
less explored, could nevertheless lead to the formation of miniclusters as discussed in
Sec. (IV.3). The first line in Eq. (IV.30) corresponding to the case Tosc < TQCD is realized
for an initial misalignment angle θi ≪ 1 which, in the pre-inflation scenario, corresponds
to relatively large values of fa. This is consistent with the requirement that the Hubble
rate at the end of the inflation epoch for single-field inflation models is bound as HI ≲
2.5×10−5MP at 95% CL [22] at the wave number k0 = 0.002Mpc−1 which, together with
the bound fa ≳ HI/(2π) valid for the pre-inflationary scenario, implies ma ≲ 0.6µeV. The
KM regime allows achieving different values of the DM axion mass according to the initial
velocity, with a wider possibility for the AMC mass ranges. In particular, AMCs can be
as heavy as ∼ 10−9M⊙. This effect is ultimately due to the delayed onset of oscillations
occurring in the KM regime, where the AMC mass is independent of the DM axion mass
since the temperature in Eq. (IV.26) is constant.

The results in Eq. (IV.30) for the AMC mass M0 are sketched as a function of the DM
axion mass ma by the black solid in Fig. IV.6. The star labels the typical AMC mass
obtained with a DM axion of mass ma = 20µeV using the second line in Eq. (IV.30).
The first kink to the left corresponds to the change in the behavior of the susceptibility in
Eq. (IV.7) near T ∼ TQCD, while the second kink at heavier axion masses corresponds to
the change from the weak to the strong KM regimes, see Fig. (IV.5). The moment where
the axion field begins to oscillate coincides with the transition from being frozen at the
configuration θ = θi to an oscillatory behavior with dust-like equation of state wa ≈ 0.
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In the KM scenario, the axion initially behaves as a kination field with wa ≈ 1 and
the transition could occur at lower temperatures, i.e. at T = T skm

osc < Tmis
osc , as discussed

in Sec. (IV.3.3). For this reason, axion mini clusters formed in the strong kinetic regime
are heavier than those formed in the standard scenario. The gray band to the left of the
plot marks the mass region in the post-inflationary scenario which is excluded by the non-
observation of tensor modes in single-field inflation by the P lanck satellite collaboration.

The lighter gray band marks the region where the bound fa > HI/(2π) applies, which is a
condition that describes the breaking of the PQ symmetry occurring during inflation. Note
that, this bound applies for the quartic coupling λΦ = O(1) appearing in the “Mexican
hat” potential in Eq. (IV.2) that is invoked to parametrize the symmetry breaking of the
PQ field. Since λΦ = m2

S/f
2
a , where mS is the mass of the radial mode S, this requirement

applies whenmS is of the same order as fa. For lighter modes, the PQ symmetric phase can
alternatively be obtained by adding a term describing a non-minimal interaction ξ R |Φ|2
to the Lagrangian in Eq. (IV.1), where ξ is the non-minimal coupling strength, along
with a new scale M that couples to the Ricci scalar so that M2 = M2

Pl − ξ |Φ|2 (see
Refs. [255–257] for applications of the non-minimal coupling).

So far, the treatment has overlooked the role of density fluctuation growth, which is
referred in the literature as the “fragmentation” of the field. It has been shown that
fragmentation might play an important role in the dynamics, as it introduces an addi-
tional scale which could alter the description above [258]. For a model of the axion-like
particle, fragmentation occurs in a sizable part of the parameter space, leading to heavier
miniclusters than in the standard scenario [259]. Fragmentation is expected to occur also
for the QCD axion [258], although a study of this is not yet available. The picture is
complicated by the fact that the analytical tools used to study the linear regime could not
suffice when the axion mass largely exceeds the Hubble rate at the trapping temperature
in Eq. (IV.21) (for which fragmentation is “complete”), and a more sophisticated analysis
in terms of lattice computation has to be invoked.

IV.4.2 Growth of structures

At around MRE, axion miniclusters form at scales below the threshold in Eq. (IV.28),
populating the decades in mass according to a halo mass function (HMF) dn/(d lnM)
which provides the number density n as a function of the logarithmic mass M . The
bottom-up clumping of axion miniclusters begins already around the time of matter-
radiation equality when these structures form. Recent progress on the merging process
has focused on the formation of axion “minihalos” with a HMF derived from N-body
simulations [216,260], which can be understood in terms of semi-analytical modeling [217,
218, 261, 262], and is well approximated by using the standard Press-Schechter (PS) and
Sheth-Tormen formalisms.

Even though numerical simulations are in place to be able to make confident predictions,
the intention here is to draw attention to a scenario that could serve as a motivation for
N-body simulations in the future. Here, we intend to estimate how the HMF becomes
modified in the KM case to the standard case, following the PS formalism [263]. The
PS formalism is based on two key assumptions: i) at any time, the density contrast of
a spherically-symmetric overdense region of size R collapses into a virialized object once
it evolves above a critical overdensity δc. For the critical value of the linear density
contrast for spherical collapse during the matter domination is δc ≈ 1.686. To quantify

94



IV.4. AXION MINICLUSTERS

this criterion, we introduce the overdensity fuzzed over the spherical region,

δs(x, t) =

∫
d3x′ δ(x′)W (x+ x′, R) , (IV.31)

where W (x, R) is a kernel function that smooths the spatial overdensity over the spherical
region of radiusR. ii) The density contrast is distributed as a normal distribution, specified
by the variance

σ2(z,R) =

∫
d3k

(2π)3
|δk(R)|2 T 2(k, z) |W (k, R)|2 , (IV.32)

where |δk(R)|2 is the power spectrum of the fluctuations, T (k, z) is the transfer function,
and W (k, R) is the Fourier transform of the kernel function W (x, R) that smooths the
density field δ(x) over the spherical region of radius R.

The HMF derived from these premises is parametrized as

dn

d lnM
=
ρDM

M
f(σ) | dσ

d lnM
| , (IV.33)

where the multiplicity function f(σ) is defined within the PS formalism as

f(σ) =

√
2

π

δc
σ
e−

1
2

δ2c
σ2 . (IV.34)

The method described above is extremely efficient in describing the distribution of the
high-end mass spectrum of the HMF. Since our interest is in the heaviest virialized objects
that form within the theory, we specialize the treatment to find an approximate solution
for the maximal mass of the minihalo Mmax(z) at redshift z. The power spectrum of the
fluctuations |δk(R)|2 is accessible from lattice simulations in the early Universe [43,44] and
from N-body simulations [216]. Since we are interested in estimating the maximal mass of
axion structures at redshift z, we adopt the approximation in Ref. [218] of a white-noise
power spectrum truncated at the comoving scale kosc at which coherent field oscillations
begin. Normalization of the power spectrum ensures that the integral of the power spec-
trum equates the square of spatial fluctuations averaged over different horizons [264] and
it is here set as P0 = (24π2/5) k−3

osc [218]. In principle, the transfer function depends on
the relative value of k for the Jeans wavelengths at MRE and today. In practice, these
Jeans lengths are too small to yield a significant modification over the white-noise spec-
trum. Here, we use the fact that in the spherical collapse model, the fluctuations collapse
and grow to size M at redshift z < zeq as isocurvature modes with δ(M) ∝ a so that
the transfer function can be approximated as a linear scale factor. Finally, we assume a
Gaussian kernel function, whose Fourier transform is again a Gaussian function in k = |k|
of the form

W (k, R) = exp
(
−k2R2/2

)
. (IV.35)

With this choice, the mass of a structure today that extends to a region of size R is
M = (2π)3/2ρDMR

3.

With this parameterization, the standard deviation in Eq. (IV.32) is approximated by
the analytic function

σ(z,R) =
1 + zeq
1 + z

√
3

5

√
π erf(x)− 2x e−x2

x3
, (IV.36)
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where x = koscR and erf(x) is the error function. Collapse occurs when σ(z,R) ≥ δc.
More generally, the mass of the heaviest objects that form at redshift z, Mmax(z), is found
implicitly from the expression

σ(z,Mmax(z)) = δc , (IV.37)

where σ2(z,M) is the variance corresponding to Eq. (IV.32) once R is expressed in terms
of M . The results for z = 0 are reported in Fig. (IV.6) (blue line), where the kink at
ma ∼ 10−5 eV corresponds to the effects of the kinetic term in the initial conditions.
Whenever there exists a mechanism that grants a large initial kinetic energy for the axion
field, the field would begin coherent oscillations in a colder universe, allowing for heavier
axion miniclusters at MRE. The clumping of such heavier building blocks also leads to an
increased value of the maximal mass, with observational consequences. Note, however, that
these large miniclusters would probably not survive tidal stripping from other astrophysical
objects such as brown dwarfs and main sequence stars, especially in high-density regions
such as the Galactic center [265–267].

IV.4.3 Stripping

It is not guaranteed that AMCs survive tidal stripping from compact objects in galaxies,
such as brown dwarfs and stars. In all DM models, tidal interactions destroy small-scale
clumps [268,269], such as axion miniclusters [265]. Recent N-body simulations have proven
that the stripping mechanism is crucial for the population of miniclusters in galaxies [266].
In general, it could be expected that the larger and heavier miniclusters produced in the
strong KM regime would be more prone to get tidally disrupted by compact objects.

The effect of the encounter of the minicluster with an individual compact object of mass
M with relative velocity vrel is that of increasing the velocity dispersion of the bounded
axions. An encounter that occurs close enough would deposit sufficient energy so that the
minicluster is completely disrupted. This occurs for an impact parameter b smaller than
the critical value [270,271]

b < bc ≡
(
GMRAMC

vrel vAMC

)1/2

, (IV.38)

where the velocity dispersion of the minicluster is v2AMC = GMAMC/RAMC. The proba-
bility of disruption for a minicluster moving in a stellar field of column mass density S
is [265]

pdisr = 2π S
GRAMC

vrel vAMC
. (IV.39)

In the vicinity of the solar system, it is generally found pdisr = O
(
10−2

)
and miniclusters

generally survive the stripping process. However, this result depends on the density of
the minicluster and not on its mass or radius separately. Since the density of miniclusters
given in Eq. (IV.27) is related to the spherical collapse model and not to the cosmological
history, we generally expect that at the lowest order in which this approximation holds, the
probability of disruption would not change among the different scenarios of misalignment
mechanisms. Near the Solar system, Eq. (IV.39) yields pdisr ≈ 2%.

IV.4.4 Microlensing

Now we discuss a possible method to distinguish between the different misalignment sce-
narios using microlensing. Bound structures made of axions such as miniclusters, mini-
cluster halos, and axion stars can impact lensing from distant sources. For a point-like lens
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of mass M , the characteristics of the microlensing event are determined by the Einstein
radius [272,273]

RE(x) =

√
4GN M

c2
DLDLS

DS
≈ 4.3×103 km

[
x(1−x)DS

kpc

M

10−10M⊙

]1/2
, (IV.40)

where DS , DL, and DLS are the distances between the source and the observer, the lens
and the observer, and the source and the lens, respectively, and x = DL/DS .

Although lensing can occur from axion miniclusters and halos [218,266,274,275], these
structures can generally not be modeled as point lenses, as their Einstein radius lies within
their mass distribution, so that the internal density profile must be known to estimate
the lensing power. Extended objects generally lead to weaker limits due to the smaller
magnification of the lens [276,277].

Here, we focus on the lensing of light coming from a distant source when the lensing
object is an axion star, which is generally a much more compact object than a miniclus-
ter [278–282]. Axion stars belong to the class of real scalar field oscillatons [283–286] in
which the field occupies the lowest energy state that is allowed by the Heisenberg uncer-
tainty principle. An axion star of mass Mas is generally produced in the dense core of
axion miniclusters through the mechanism of gravitational cooling [287] with the relax-
ation time τas [288]. Although the decay rate in two photons does not significantly affect
the stability of axion stars on a cosmological time scale, self-interactions of type 3 a → a
can lead to the decay of axion stars with a decay rate that depends on (ma/fa)

2 [289].

An axion star can efficiently lens the light from a distant source, as their radius is
typically smaller than their corresponding Einstein radius. Recently, a single microlensing
event observed by the Subaru Hyper Suprime-Cam (HSC) collaboration after observing
in M31 (DS = 770 kpc) for 7 hours [290] has been interpreted in terms of an axion star of
planetary mass [291] (see also Ref. [243]). However, the result is of difficult interpretation
in the standard scenario of the misalignment mechanism, since such massive stars would
only form for the lightest QCD axions, for which the post-inflation scenario does not
hold. Although the AMCs formed in the strong KM regime are generally much heavier,
the axion stars formed within them are not expected to differ much from those of the
standard scenario, since the mass of the axion star is only mildly dependent on that of

the host AMC as Mas ∝M
1/3
AMC [292]. For this reason, the KM regime cannot be invoked

to produce the heavy axion stars which are needed to explain the microlensing results in
Ref. [291]. One issue with the derivation of the axion star properties is that the formulas
used rely on the results of Ref. [292] which are obtained for ultralight axions for which
the mass scale greatly differs from that of the QCD axion. Although this can be justified
since the set of equations describing the system (the Newton-Poisson equation) possesses
a scaling property, a dedicated simulation proving this is yet lacking.

IV.5 Conclusions

An explicit breaking term in the Peccei-Quinn (PQ) symmetry could give rise to a non-
zero velocity term for the axion field. This scenario, called kinetic misalignment (KM), has
been explored in the literature in relation with baryogenesis. Even if the models of KM
presented in the literature typically correspond to a PQ symmetry breaking happening
during inflation, in this work we focused on the low-energy dynamics of an axion featuring
a non-zero velocity, being agnostic about how it was produced in the early Universe.
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Here, we have discussed further implications for the delayed onset of the oscillations in
the axion field that appear in the KM scenario. In the standard scenario, the DM axion
mass depends on the relative size of the inflation scale with respect to the axion energy
scale: in the pre-inflation regime, the initial misalignment angle can be tuned to achieve
a specific mass scale according to the result in Fig. (IV.1), while in the post-inflation
regime the mass is fixed by the dynamics of the axion field that yields θi = O(1). In KM
scenarios, different values of the DM axion mass can be explored because of the presence
of the non-zero initial velocity as a new parameter upon fixing θi, see Fig. (IV.4).

One aspect that has been explored here is the formation of axion miniclusters (AMCs)
and minihalos in KM regimes, as a possible tool that leads to distinctive signatures from
the standard scenario. AMCs are generally formed in the post-inflation regime with typical
mass M0 ∼ 10−11 M⊙. In KM scenarios, the non-zero velocity term allows for a wider
mass range for the AMCs: the mass of the AMCs is larger than what is obtained in the
standard scenario because the axion field begins to oscillate in a colder universe with a
larger comoving scale, as shown in Fig. (IV.6). In this regime, AMCs are more diffuse
and heavier, so assuming that the fraction of axions in bounded structures is the same,
there would be fewer of them and they would be affected by tidal stripping the same way
as in the standard scenario. The clumping of heavier AMCs would lead to larger halos of
mini clusters, with the typical mass today that could be orders of magnitude above what
has been expected so far, and could affect the analysis of the microlensing events from
minicluster halos.

Future directions would involve employing a numerical solution of the equation of mo-
tion, including the effects of explicit symmetry breaking. For example, the dynamics of the
axion can be resolved by modifying the recent open-source numerical routine MiMeS [293].
The properties of AMCs can only be assessed through more sophisticated analyses that
account for the evolution of the PQ field and require modification of existing open-source
codes that are already available [43]. A similar analysis involving the implementation of a
Boltzmann solver can be performed in the pre-inflationary scenario, where the KM regime
would be additionally constrained by isocurvature fluctuations, as has been discussed in
Ref. [51].
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CHAPTER V

QCD Axion Strings and
Gravitational Waves

V.1 Introduction

The recent discovery of GWs by the LIGO/Virgo collaborations have catapulted the search
for GW signals in various frequency domains that are already taking data and more will
emerge in the next decade. One of these regimes regards GW searches in the nanohertz
regime by the aid of PTA experiments such as European Pulsar Timing Array [294], the
Parkes Pulsar Timing Array [295] and the North American Nanohertz Observatory for
Gravitational Waves (NANOGrav) collaboration [296, 297]. PTA data allow probing the
SGWB in the nHz frequency range by keeping track of the correlated GW fluctuations from
millisecond pulsars at the time of arrival. Here we analyze the next to most recent data set
given by the NANOGrav collaboration which is their 12.5-year 1 data set and interpret the
data as an SGWB of primordial origin. Recently, the NANOGrav collaboration reported
the evidence for a stochastic process from analyzing 12.5 years based on 45 pulsars [298].
The reported signal may be interpreted as an SGWB signal of amplitude A∗ ∼ O(10−10−
10−15) for frequencies f ∼ 30 nHz and a mild spectral index. At present, it is not clear
whether the detected signal truly originates from an SGWB process due to i) the tension
with previous PTA SGWB upper limits in the same frequency range, and ii) the lack of
quadrupole correlations, a smoking gun for SGWB [299]2.

If the detected signal found by the PTA collaborations is indeed a component of the
SGWB, it could be explained by various processes such as PBH formation [300,301], phase
transitions in the early Universe [302, 303], models of inflation in the early Universe [304,
305], or the GW signal emitted by a network of cosmic strings [306–308]. Here we explore
a model that is able to predict both an SGWB but also provides with a CDM candidate
which is a missing tile in the cosmic puzzle. In this work, we provide a possible explanation
of the NANOGrav detection in light of the model we studied in Ref. [2], where the QCD
axion is the CDM and GW emission from axionic strings are studied in light of an NSC
in the early Universe. Our work intends to shed light on the possible models of the QCD
axion and of the NSC that has the capability of being probed in future GW detectors.

This chapter is organized as follows. We introduce non-standard cosmological models in

1By the time this work was done, we only had the NANOGrav 12.5-year data release and hence we will
center the discussion about that whereas in the ed of the paper we will mention how the results of this
paper may change by considering the latest data releases.

2In the most recent data release further evidence for a quadrupole correlation amongst the pulsars are
becoming more evident, which is a crucial step towards an SGWB detection.
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Sec. (V.2), and we review the axion model in Sec. (V.3). The method to compute the GW
spectrum within the theory is explained in Sec. (V.4). We show the results in Sec. (V.5),
which are further discussed and concluded in Sec. (V.6).

V.2 Setup of the cosmological model

In the standard picture, the expansion of the Universe is governed by the energy density
of the relativistic bath produced right after inflation, until radiation is red-shifted away
and matter domination begins. Within this picture, BBN successfully reproduces the
abundance of various light elements with extreme precision, provided that the standard
cosmological model holds up to temperatures TBBN ∼ 5MeV [309–314]. The content of
the Universe for temperatures T > TBBN has not been explored, since a relic from the
pre-BBN period has yet to be identified. One such relic could be the DM particle if it
decouples from the plasma, or the GW spectrum released by some process in the pre-BBN
era. Proposed probes comprise the effects on the chemical [315–319] and kinetic [320]
decoupling temperatures of the weakly interacting massive particle, as well as the altered
energy density of thermal [321] and non-thermal axions [49]. Gravitational waves from
early phase transitions or from topological defects could also be a gateway to explore the
pre-BBN epoch [322,323].

Here, we model the pre-BBN era as follows. Soon after inflation ends, the expansion
rate of the Universe is dominated by an exotic (non-radiation) component ϕ, whose energy
density ρϕ is larger than that of the relativistic species at temperature T . We refer to this
early stage as the NSC period. Candidates for the exotic component which is responsible
for the NSC period include massive moduli fields [46, 201, 324, 325] and fast “kination”
fields [238,326–330].

The NSC period lasts until the exotic component either dilutes or decays away. Here, we
focus on this latter case in which the details of the NSC are determined by the value of the
decay rate Γ and the equation of state wϕ of the exotic component. We treat the equation
of state as a free parameter ranging over −1/3 < wϕ < 1/3, excluding a post-inflation
accelerated epoch where wϕ < −1/3. We also do not consider the case in which the exotic
fluid redshifts faster than radiation wϕ > 1/3, because in this scenario the energy density
of axionic strings is not enhanced with respect to the standard results [2].

For a massive scalar field, the shape of the self-interacting potential determines the
value of wϕ. For example, the equation of state for a massive moduli field moving in the
potential V (ϕ) ∝ ϕ2j with j > 0 is wϕ = (j−1)/(j+1) [46], so that for j = 1 the field rolls
in a quadratic potential and the dust-like case wϕ = 0 is recovered. The effective equation
of state for a massive field can attain negative values when the massive field dominates
the expansion rate under the exponential potential [331–334]

V (ϕ) = V0 exp (−λϕ/MPl) , (V.1)

where V0 and λ are constant and MPl is the reduced Planck mass. The self-interaction
potential of the form as in Eq. (V.1) arises in string models for the moduli fields associ-
ated with the geometry of the extra dimensions [e.g. Ref.][]Green:1987sp, in theories of
modified gravity [335–337], or from supersymmetry breaking in models of gaugino conden-
sation [338–340]. In particular, for 2 < λ2 < 3, the Universe expands with the equation of
state −1/3 < wϕ < 0 [333,341].

Depending on the nature of the exotic component, its interaction with radiation can
be described by the Lagrangian term L ∝ gϕψ̄ψ if ϕ is a massive scalar field, where ψ
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is the spinor describing an electron and g a new coupling. Here, we do not include the
details of the coupling between radiation and the exotic component ϕ; instead, we describe
the conversion of the energy density ρϕ into radiation ρR through energy conservation
as [342–347]

ρ̇ϕ = −3(1 + wϕ)Hρϕ − Γρϕ , (V.2)

ρ̇R = −4HρR + Γρϕ , (V.3)

3H2 = 8πG(ρϕ + ρR) . (V.4)

The decay rate Γ regulates the conversion rate of the exotic component into radiation.
This set of equations describes a NSC in which the energy density ρϕ dominates the
expansion rate of the pre-BBN Universe before decaying into radiation, which thermalizes
on timescales ≪ 1/Γ. When ρϕ equates the energy density in radiation, the Universe
transitions to the radiation-dominated period at the temperature Tϕ. In order not to alter
the results of BBN, we require Tϕ > TBBN.

V.3 The QCD axion

The QCD axion is a hypothetical pseudo-scalar particle of zero-temperature mass [47]

ma = 6.2µeV

(
1012GeV

fa/NDW

)
, (V.5)

where fa is the axion decay constant and NDW is the “domain wall number”, see e.g.
Sec. 2.7.1 in Ref. [252]. Here, we set NDW = 1. The mass of the axion arises from QCD
instanton effects and depends on temperature so that ma(T ) =

√
χ(T )/fa, where the

QCD topological susceptibility is normalized at zero-temperature as χ(0) = m2
af

2
a [219].

The abundance of axions produced through non-thermal mechanisms after the PQ sym-
metry breaking occurs could explain the missing DM in the Universe [199,201,202].3 The
computation of the present abundance proceeds through the vacuum realignment mech-
anism, for which the axion field a in units of fa, the so-called axion angle θ = a/fa,
reads

θ̈ + 3Hθ̇ +m2
a(T ) sin θ = 0 . (V.6)

Given an initial value of the axion angle, θi drawn randomly from the uniform distribution
[−π, π] when the PQ phase transition occurs, the solution to Eq. (V.6) is a constant value
of θ = θi as long as the Hubble friction is much larger than the axion mass. Coherent
oscillations in the axion field begin at around the time tosc given by

H(tosc) ≈ ma(tosc) , (V.7)

after which the number of axions in a comoving volume is fixed and the axion energy
density evolves as a matter-like field. The temperature of the plasma at tosc is Tosc.

V.3.1 Axions from strings

If PQ symmetry broke either after inflation or was temporarily restored right after infla-
tion, an emergence of topological defects that eventually decay will contribute to the DM
axion budget [39, 349]. The string network contains about one axionic string per Hubble

3A thermal axion component is also expected from processes scattering off pions and nucleons [348].
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volume and is approximated to have a linear mass distribution of string core size ∼ 1/fa
and a linear mass density [39,350]

µeff(t) = πf2a ln (fat) . (V.8)

The string network evolves by emitting a spectrum of axions and GW, either by wiggles
on long open strings or self collapse of closed strings. The cold portion of the spectrum
of axions emitted from axionic strings might significantly contribute to the present energy
density of axions [39–41,43–45,350–367].

To describe the power loss of the network into radiation, we consider the dissipation
of the energy Eloop = µeffℓ of a closed loop with length ℓ into axions and gravitational
waves [356–359],

Ploop =
dEloop

dt
= κµeff + γGWGµ

2
eff , (V.9)

where γGW ≈ 65 and κ ≈ O(0.1) are dimensionless quantities describing strings moving
at relativistic speed [368–370]. Contrarily to the previous literature, we have set κ ≈ 0.15
which characterizes the predominant energy loss into axions, instead of using the value
κ = 0 which would describe the predominant release of energy into gravity wave modes.
Since the ratio of the power loss in gravity waves and axions is of the order of Gf2a ≪ 1,
the string network mainly dissipates energy into axions. While sub-Planckian, the value
of fa is larger than in the standard scenario for an equation of state wϕ < 1/3, leading to
an enhanced GW emission.

Using Eq. (V.9), the shrinking of a loop with initial size ℓi is described by the expression

dℓ

dt
= κ− ℓ

d lnµeff
dt

, (V.10)

where ℓ = ℓ(t, ℓi) is the size at time t. Although the loop length could vary between
arbitrary sizes, numerical simulations show that the initial length of the large loop at
its formation tracks the time of formation as ℓ(ti) = αti, where α is an approximately
constant loop size parameter which gives the fraction of the Hubble horizon size at which
loops predominantly form [358,371,372].

Owing to the small power loss in GWs, we approximate the evolution of the string
network in a scaling regime with the emission proceeding through axions. The energy
density of the radiated axions follows the evolution ρa + 4Hρa = Γstr→a, where Γstr→a is
the energy lost in the emission of axions per unit time. The number density of axions
emitted from strings within the modes of angular wavenumber k ≈ 1/ℓ(ti) ≈ H(ti)/α to
infinity is [41]

nstra =

∫ t

dt′
Γstr→a(t

′)

H(t′)

(
R(t′)

R(t)

)3 ∫ dk

k
F (k), (V.11)

where R(t) is the scale factor at t and the spectral energy density is defined in terms of a
spectral index q > 1 as [41,356,357]

F (k) =
q − 1

αq−1

(
k

H

)−q
. (V.12)

The spectral energy density F (k) is properly normalized over the frequency range consid-
ered.

It has been alternatively assumed that strings efficiently shrink emitting all of their
energy at once, leading to a flat power spectrum per logarithmic interval with a harder
spectral index q = 1, an infrared cutoff at the wave mode k ≈ H and a ultraviolet cutoff
at k = fa [354,373,374].
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V.3.2 Gravitational Waves from Axionic String Loops

Here, we compute the subdominant SGWB emitted from axionic string loops. The fraction
of the critical energy density released into the GW spectrum per unit logarithmic interval
of frequency is

ΩGW(t, f) =
1

ρc(t)

dρGW

d ln k
. (V.13)

The evolution of the string loop is described by Eq. (V.10), where the shrinking rate is not
driven by the emission into GWs but rather into Goldstone bosons. GWs emitted at time
t′ with the modal frequency femit redshift to f = femitR(t

′)/R(t) at a later time t > t′.

The axionic string network emits GWs as long as the axion is massless. When coherent
axion oscillations begin, the string network dissipates due to the formation domain walls,
and the energy density of GWs emitted so far redshifts as radiation to present time,

ΩGW(t0, f0) =
ρc(tosc)

ρc(t0)

(
R(tosc)

R(t0)

)4

ΩGW(tosc, f) , (V.14)

where ρc(t) is the critical density of the Universe at time t and the frequency f0 =
fR(tosc)/R(t0) accounts for the redshift of the peak wavelength.

We decompose the fractional energy density of GWs emitted by the string network loops
in terms of the distribution of power mode of emission n as

ΩGW(tosc, f) = γGW

∑
n

n−4/3

N Ω
(n)
GW(tosc, f) , (V.15)

where N =
∑

n n
−4/3, the power spectrum of index q = 4/3 characterizes the emission

of GW modes from loops with cusps [372, 375], and the contribution from the mode n at
time t reads [376]

Ω
(n)
GW(tosc, f) =

1

ρc(t)

2n

f

ξ

α
× (V.16)∫ tosc

ts

dt′
Gµ2eff(t

′)

t4i

(
R(t′)

R(t)

)5(R(ti)
R(t′)

)3

.

In Eq. (V.16), the time ti at which the loop forms is obtained from inverting the redshift
expression for the emitted frequency. Since the sum in the expression for the total emission
converges slowly, higher emission modes significantly contribute to the total power. The
thermal history of the Universe prior tosc, thus the choice of the NSC, enters Eq. (V.16)
through the scale factors appearing in the integrand.

V.4 Method

We have solved numerically the set of coupled kinetic equations describing the decay
of the exotic field ϕ into radiation in Eqs. (V.2)-(V.4), as a function of the parameters
(Tϕ, wϕ) and assuming that the radiation energy density is negligible at temperatures well
above Tϕ. We recover the time dependence of the Hubble rate H, which is fed into the
equation of motion for the QCD axion field in Eq. (V.6) which describes the vacuum
realignment mechanism (vrm). Since we are considering temperatures well above those
at which matter-radiation equality occurs, the axion is a subdominant field during the
pre-BBN epoch and does not appear in Eqs. (V.2)-(V.4).
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The axion angle θ = a/fa, where a is the axion field, evolves according to Eq. (V.6),
starting from the initial condition θ(ti) = θi and θ̇(ti) = 0 (a dot is a derivation with
respect to cosmic time) at some time ti well before the time tosc at which the axion
acquires a non-zero mass, see Eq. (V.7). The initial value of the axion angle is fixed
as θi = π/

√
3 [377, 378]. The evolution of the axion field is sensitive to the total energy

content of the Universe through the value of tosc, which depends on the value of the Hubble
rate H. If coherent oscillations begin during a NSC, the abundance of axions differs from
the standard result for a given value of fa. This is extremely relevant if the transition
temperature Tϕ lies below the GeV [49].

The present number of axions per comoving volume resulting from the vacuum realign-
ment mechanism just described, nvrma , and from axionic string emission nstra . For the string
contribution, we have integrated Eq. (V.11) numerically to include the time-varying linear
mass density in Eq. (V.8) that characterizes the axionic string. The total number density
of cold axions gets contributions from both string decay and vacuum realignment mecha-
nism, and the resulting present energy density of axions is a function of fa, wϕ, and Tϕ.
The value of fa is then fixed by assuming that the axion is the DM particle, so that the
value of the DM axion mass and the axion energy constant depend on the parameters wϕ
and TRH [2].

V.5 The QCD axion and NANOGrav

The results from NANOGrav-12.5 yr searches from PTA data [298] are reported in terms
of the power-law spectrum of the characteristic strain

hc(f) = A∗

(
f

fyr

) 3−γ
2

, (V.17)

where fyr = 1yr−1 is a reference frequency, A∗ is the amplitude at fyr, and the parameter
γ is related to the spectral tilt. The fractional energy density in GWs associated with the
strain is [306]

ΩGW(f) =
2π2

3H2
0

f2h2c(f) ≡ Ωyr
GW

(
f

fyr

)5−γ
, (V.18)

where Ωyr
GW = 2π2f2yr/(3H

2
0 ).

The NANOGrav collaboration reports the fit of the strain in Eq. (V.17) to thirty bins
within the frequency range f ∈ (2.5, 90) nHz. However, the excess is reported by fitting
only the first five bins in the signal-dominated frequency range f ∈ (2.5, 12) nHz, while
bins of higher frequencies are assumed to constitute of white noise. The constraint derived
on the (A∗, γ) space of parameters reads approximately log10A∗ ∈ (−15.8,−15.0) and
γ ∈ (4.5, 6.5) at 68% confidence level (CL).

We assess the cosmological scenario presented against these experimental results, con-
sidering the GW signal from axionic strings given in Eq. (V.14). We obtain the spectral
tilt and the amplitude by inverting the relations in Eqs. (V.17)-(V.18) as [306]

γ = 5− d lnΩGW(t0, f)

d ln f

∣∣∣∣
f=f∗

, (V.19)

A∗ =

√
3H2

0

2π2
ΩGW(t0, f∗)

f2yr

(
fyr
f∗

)5−γ
, (V.20)
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Figure V.1: The colored curves represent the amplitude A∗ (vertical axis) and the spectral
tilt γ (horizontal axis) of the SGWB predicted from axionic string, for different values of
Tϕ. From left to right, Tϕ ∈ (5, 10, 15, 20, 25)MeV. The color codes different values of the
equation of state wϕ along each line, as given by the color bar to the right of the figure.
The solid and dashed black lines indicate the detection of (A∗, γ) respectively at 68% and
95%, as inferred by the analysis of the NANOGrav collaboration [298]. Figure made by
L.Visinelli

where the quantities are computed at the reference frequency f∗ = 5.6 nHz which is the
geometric average of the signal-dominated frequency range considered.

In Fig. (V.1) we compare the results of the NANOGrav collaboration with the pre-
diction of the SGWB from axionic strings in our model. The constraints on the strain
A∗ (vertical axis) and the spectral tilt γ (horizontal axis) from the NANOGrav collab-
oration are shown at 68% CL (solid black line) and 95% CL (dashed black line). Each
color curve is a prediction of the model for different values of Tϕ. From left to right,
Tϕ ∈ (5, 10, 15, 20, 25)MeV. The color codes the value of the equation of state wϕ of the
exotic component that controls the NSC, which varies within the region wϕ ∈ (−0.3, 0).
Lines in blue represent models with a dust-like equation of state, wϕ ≈ 0, for which the
model predicts a SGWB signal within 95% limit reported with a relatively low value
of the transition temperature Tϕ ≲ 10MeV. For these models, the GW strain ampli-
tude lies between log10A∗ ∈ (−14.9,−14.4) with a spectral index γ ∼ 4.3. Lines with
a red shade represent models with wϕ ≲ −0.2. For these models, the expected SGWB
from the axionic string network is within 68% limit, with the amplitude in the range
log10A∗ ∈ (−15.3,−14.6) and a spectral tilt γ ≈ (4.7 − 4.8). The NANOGrav data then
favor a negative equation of state wϕ ≲ −0.2.

Note, that the QCD axion is the DM particle in the model we consider, with the value
of ma sensibly differing from the result expected in a standard cosmological model. In
particular, for the target parameter space that reconciles the NANOGrav results, we ex-
pect ma ∈ (0.01, 1)µeV [2]. In turns, the axion energy scale in our model is expected to
be larger than the corresponding quantity in the standard cosmology, yielding to a sizable
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SGWB which could potentially be detected by next-generation detectors across different
GW frequencies. The predictions of the model would need to be confirmed through a direct
detection of the QCD axion, whose light mass is in reach of “A Broadband/Resonant Ap-
proach to Cosmic Axion Detection with an Amplifying B-field Ring Apparatus” (ABRA-
CADABRA) [379, 380] and “UPconversion Loop Oscillator Axion Detection experiment”
(UPLOAD) [381,382].

V.6 Discussion & Conclusion

If the SGWB signal is confirmed, we will have a precious insight into the physics of the
early Universe. More data is needed to confirm the result and, in this case, to distinguish
different models that candidate to explain the results in either astrophysical or cosmolog-
ical setups. Models in which a spontaneous symmetry breaking leads to a string network
whose GW emission can potentially explain the NANOGrav results in terms of a SGWB
have been recently discussed in the literature [262, 307, 383]. Our model presents key dif-
ferences from these models since i) the axionic string in our model does not last until the
present time and it is dissipated in the early Universe as soon as the QCD axion acquires
a mass, and ii) the axionic string network predominantly emits axions before decaying,
with a subdominant spectrum of GWs. While the GW spectrum from axionic strings can
be generally neglected, the GW strain is potentially detectable in future detectors for the
region of the parameter space we consider in this work, wϕ ≤ 0.

The results are summarized in Fig. (V.1), where we show the prediction of the ax-
ionic string model proposed in light of the NANOGrav-12.5 yr results (solid black line
is for 68% detection, and dashed black line is for 95% detection), for different values of
the transition temperature Tϕ (colored lines) and of the equation of state for the exotic
field governing the NSC (color scale). Our model predicts an SGWB within the 95%
limit of the PTA data when considering dust-like scenarios with wϕ ≈ 0 and a relatively
low transition temperature Tϕ ≲ 10MeV. For these models, the GW strain amplitude
lies between log10A∗ ∈ (−14.9,−14.4) with a spectral index γ ∼ 4.3. For the case of
a background model whose equation of states satisfies wϕ ≲ −0.2, the expected SGWB
from the axionic string network is within 68% limit, with the amplitude in the range
log10A∗ ∈ (−15.3,−14.6) and a spectral tilt γ ≈ (4.7 − 4.8). The preferred region of the
parameter space hints at background models wϕ ≲ −0.2, with a transition temperature
Tϕ ≲ 100MeV. Although we have not specified the underlying model for the exotic com-
ponent that drives the background cosmology during NSC, a theory for the self-interacting
potential of a scalar field that leads to wϕ < 0 has been presented in Eq. (V.1).

At the time of conducting this work, we analyzed the NG 12.5-year data set [62,
384]. Subsequently, newer data releases from NG and other PTA collaborations have
emerged [385–388], presenting a significant update since the 12.5-year dataset. It is im-
portant to reassess our findings in light of these recent data, given the potentially transfor-
mative insights they offer. The latest data indicate a softer spectral index, around 3, with
a comparable strain amplitude. For our model, this suggests an earlier reheating tem-
perature, together with a softer equation of state, and the potential scenario of ωϕ ≥ 0.
However, these hypotheses require validation through data analysis. Nevertheless, this
qualitative understanding unveils intriguing possibilities and points towards a more phe-
nomenologically viable regime for our model. Furthermore, such analysis could illuminate
preferred mass regions for the DM axion. This work hinted at a preferred mass range of
O(10−8)eV for the QCD axion to constitute the CDM abundance right in range for the
ABRACADABRA experimental setup [379, 380]. Hence there is a potential great deal of
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complementarity between the time of reheating of the universe and its equation of state,
together with the preferred mass range for a CDM candidate and all of this can be inferred
from the interpretation of the PTA data. Finally, the revelation of the axion theory can
appear by considering its associated gravitational wave relics, which in fact might be the
”smoking gun” because present axion experiments are very model-dependent.

107





Part III

PTA’s & µ-Distortions





CHAPTER VI

Primordial Gravitational Waves from
Pulsar Timing Arrays (PTAs)

VI.1 Introduction

The discovery of the first GW signal by the LIGO/VIRGO [52] collaboration has started
a new era in astrophysics and cosmology. GWs offer a new avenue to explore the physics
of the very early universe, since they travel almost entirely undisturbed through space-
time. While LIGO and other ground based GW detectors are most sensitive to GWs
with kilo-Hertz frequencies, here we focus on much longer wavelengths down to nano-
Hertz (nHz). GWs in that frequency range are searched for by PTA experiments such
as the EPTA [389,390], NANOGrav [296,384] and PPTA [391,392], as well as their joint
collaboration, the IPTA [393,394].

In fact, there is now mounting evidence for a stochastic gravitational wave back-
ground (SGWB) in the nHz range from the observation and timing of pulsars by several
PTA collaborations (NANOGrav [62, 395], PPTA [396], EPTA [397] and IPTA [388]).
Such a signal is expected from GW emission from supermassive black hole binaries (SMB-
HBs) [398–400], but it can also be due to so far unknown new physics sources such as
FOPTs [5,302,303,395,401–403], annihilating DW networks [404], CSs [306–308,405–407],
axion dynamics [303,408], or induced by large scalar fluctuations [300,301,409–411].

An interesting aspect of the PTA frequency range is that, due to causality, it re-
quires sources which are active down to cosmological temperatures of a few Mega-
electronvolt (MeV). This is exactly the time when we start to have, at least indirect,
constraints on the content and dynamics of the universe, from observations of the CMB,
BBN and neutrino decoupling. Thus, while there are many mechanisms known to pro-
duce sufficiently large GW signals to explain the PTA data, it is non-trivial to write down
concrete models which satisfy all existing constraints.

In this chapter we identify a few well defined benchmark models that can be confronted
with both the GW data and cosmological constraints. Our focus here is on simplicity,
i.e. to introduce as few new fields, parameters and couplings as possible, that nevertheless
allow a consistent cosmological history. This also reduces the penalty for having too
many parameters in Bayesian model comparison, which can in particular plague models
of FOPTs, for which the signal parameterisation can be quite complicated even for simple
underlying models. Some open questions that motivate this work is whether the frequency
spectrum of the PTA observations can already discriminate between different models,
whether the data from different PTAs can be consistently explained within these models,
and which other cosmological observables can be used to identify or rule out different
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explanations of the signal. In this thesis we will only provide with a summarized version
of manuscript [7], mainly highlighting the parts the author of this thesis contributed.
Therefore the other benchmark models like an FOPT, scalar induced GWs and the part
on bosonic instability are omitted here. A brief summary of the findings of [7] for these
explanations will be found in Sec. (VI.5).

In Sec. (VI.2), we introduce the models and their GW spectra. These are axion and ALP
models that serve as benchmarks for GWs from global CSs, DWs. The GW spectra of
these models are confronted with the PTA data using the enterprise software suite [412,
413] and the rapid fitting tool ceffyl [414], as discussed in more detail in Sec. (VI.3).
Cosmological constraints in general and also separately for each model are discussed in
Sec. (VI.4). There we also present the results of our fits to the PTA data and identify
the regions of parameter space that satisfy all cosmological constraints. We conclude with
some thoughts about the necessary steps for addressing the GW inverse problem [415], in
anticipation of upcoming data releases by the PTA collaborations.

VI.2 Primordial sources of GWs in the nano-Hertz regime

A variety of models and scenarios can give rise to a primordial SGWB, see e.g. Ref. [416]
for a review. Our goal here is not a comprehensive overview, but to study a selection of
simple, but concrete, models that can produce a GW signal compatible with the current
PTA data. This allows us to also confront the models with cosmological and laboratory
constraints which provide complementary insight into their viable parameter space.

An important consideration is the magnitude and frequency range of the signal. To fully
explain the observed excess noise, the GWs should today have a fractional energy density
Ω2
h ∼ 10−9 in the (10−9 – 10−8)Hz range. GWs of this frequency are produced before

matter-radiation equality, and thus subject to dilution by a redshift factor F ∼ 10−5

between production and today. The largest possible amplitude is further constrained by
the fraction of the total energy density carried by the source at the time of production
ΩS , and by the ratio of the typical length scale of the source divided by the Hubble radius
at production, (LH∗), to some power. Thus, the expressions for the peak amplitude can
all be cast in a form

Ωh2 ∼ F Ω2
S(LH∗)

n , (VI.1)

where the power n depends on the type of source and the expression should be evaluated
at the time of GW production. Consistency and causality imply that these factors cannot
exceed unity, but they can easily suppress the signal by several orders of magnitude in
realistic models. Said differently, most scenarios that give rise to primordial GWs will fail
to produce a sufficiently large signal.

We therefore focus on models and scenarios that are known to produce large GW signals
at least in parts of their parameter space, which are also the models that will first be
observed, or constrained, by future GW searches.1 Since it will appear frequently below,
let us also define the reduced Planck scale here as MP = 2.4× 1018GeV.

VI.2.1 Meta-stable topological defects, remnants of symmetry breaking

Spontaneous symmetry breaking in the early universe is accompanied, in many extensions
of the SM, by the production of topological defects such as CSs and DWs [352, 418]. If

1In the context of LHC searches for new physics, the term ”supermodels” was used for such scenar-
ios [417].

112



VI.2. PRIMORDIAL SOURCES OF GWS IN THE NANO-HERTZ REGIME

symmetry breaking happens after inflation, these topological defects can carry a significant
fraction of the total energy density in the early universe, and they give rise to GW spectra
with distinct features.

Of particular relevance for GW production are networks of CSs from the breaking of a
global U(1) symmetry, or networks of annihilating DWs from the breaking of a discrete
symmetry. A simple and well studied model that gives rise to CSs is that of ALPs with
post-inflationary Peccei-Quinn (PQ) breaking. For DWs, we consider two scenarios. In
aligned axion models [419,420] the QCD axion is accompanied by several heavier partners,
which necessarily couple to photons and gluons and thus reheat the visible sector after
DW annihilation. Instead in heavy ALP models [421] the ALPs could also decay to dark
radiation after DW annihilation, thus leading to a “dark DW” scenario [422]. In the
following we introduce these scenarios in more detail.

VI.2.1.1 Global (ALP) Strings

CSs are one-dimensional objects originating from the spontaneous breaking of a U(1)
symmetry. Here we will solely discuss global strings, i.e. strings stemming from breaking
a global U(1) symmetry, for instance, an ALP string network. The core of the CS has a
typical size that is of the order of the inverse of the symmetry-breaking scale, usually much
smaller than the horizon scale. This allows us to employ the Nambu-Goto approximation,
where CSs are one-dimensional infinitely thin objects whose tension µ is in units of energy
per unit length. The string tension of ALP strings is given by

µ = 2πn f2a log(fat) , (VI.2)

where fa is the symmetry-breaking scale for an ALP string network with winding num-
ber n = 1. The network forms when the temperature of the universe is of the order of the
PQ symmetry-breaking scale through the Kibble mechanism [423],

Tf ≃ fa . (VI.3)

This implies that there is a UV cut-off for the network associated with the time of forma-
tion, but this is in frequency ranges far above our region of interest. Once the network
is formed it evolves towards an attractor solution that is independent of the initial condi-
tions, the so called scaling regime. This is the result of equilibration between the competing
effects of string recombination and the Hubble expansion.

GWs from strings are primarily radiated off loops. For global strings, this happens
shortly after the loops are produced. GWs are only a subcomponent of the total emission
from CS networks, with the main radiation emitted from long strings and loops going
into axions. We base our quantitative analysis on the GW spectrum that was obtained in
Ref. [45] from numerical simulations. In the scaling regime, it takes the form

Ωscaling(f)h2 ≃ 0.8× 10−15

(
fa

1014GeV

)4
(
1 + 0.12 log

[(
fa

1014GeV

)(
10−8Hz

f

)2
])4

.

(VI.4)
If the U(1) symmetry was exact, the string network would exist until today and would be
subject to strong bounds from the non-observation of gravitational imprints on the CMB.
We therefore consider a scenario where the U(1) is only approximately realized. The
amount of symmetry breaking can be parameterized by the axion mass ma (the Goldstone
boson associated with the symmetry). Once the Hubble rate falls below the mass, DWs
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form and lead to the rapid annihilation of the string network given that there is only
one minimum in the axion potential (see below for multiple minima). The time of the
decay can be related to a pivot frequency today at which the spectrum deviates from the
form given above and transitions to a ∝ f3 slope in the IR. The pivot frequency can be
expressed in terms of the mass as

fpivot ∼ 3× 10−9Hz
( ma

10−14 eV

) 1
2
, (VI.5)

which is the annihilation frequency of the string network. We use a smooth step function
for interpolating the GW spectra between the regime f > fpivot described by Eq. (VI.4)
and a ∝ f3 dependence in the IR regime.

Before moving on, let us note that in the literature there is an ongoing debate about
whether the GW spectrum features the log enhancement that is apparent in Eq. (VI.4).
When these simulations are carried out, technical constraints force one to only consider
times close to the creation of the network when log(fa/H) = O(1 – 10). While there are
many simulations in this regime [41,383,424,425] that agree up to order one factors, there
is disagreement on how one should extrapolate these results to log(fa/H) = O(10 – 100)
which is the relevant regime for predictions on GWs in PTAs. Suggestions reach from
an exactly scale invariant spectrum [425, 426] to the log4 enhanced one [41, 383] that we
are showing. The analytic observation that the string tension is expected to have a log
enhancement together with other considerations on the scaling of the number of strings per
Hubble patch leads semi-analytic approaches to suggest an in-between behavior [427–429].

The main consequence of this choice is that it changes the value of fa towards larger
values by a factor of up to O(10) to explain the amplitude. When comparing the PTA
fit to the strength of other constraints these effects partially cancel, however, since also
other observables such as the axion abundance are predicted to be log enhanced if the GW
amplitude is (see Sec. (VI.4.1.1) for more details). A minor effect is that a log enhancement
leads to a small slope in the scaling regime.

VI.2.1.2 Annihilating ALP/Axion DWs

DWs are two-dimensional topological defects that form due to the spontaneous breaking
of a discrete symmetry. We refer the reader to Ref. [418] for a review of their cosmology,
which we briefly summarize here. After the breaking of the symmetry, different patches in
the universe populate the different degenerate minima. At the intersections of the patches
the field has to interpolate between these ground states, which leads to a concentration
of energy in thin two-dimensional sheets, the DWs. They carry a characteristic energy
per area, or surface tension, σ. Subsequently, these networks evolve to minimize the area
of the DWs, while radiating the majority of the released energy as particles and a small
fraction as GWs.

Numerical simulations show that the evolution rapidly reaches a scaling regime, with
roughly one DW per Hubble volume. The typical curvature radius is on the order of
O(H−1) and the energy density is given by

ρDW ≃ AσH , (VI.6)

where H is the Hubble rate and the area parameter A ≃ O(1) is a numerical prefactor
extracted from simulations. In a model with a single real scalar field with broken Z2

symmetry, its value is A = 0.8 ± 0.1 [430]. For larger numbers of degenerate minima,
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NDW > 2, it is slightly bigger [431], but we will restrict our discussions to the case of
NDW = 2 below.

As the universe cools down and the Hubble rate decreases, the total energy ∝ H2 is
depleted faster than the one in the DW network. Thus the energy fraction in the DW
network is growing as

ΩDW ≃ Aσ

3M2
PH

, (VI.7)

and eventually comes to dominate the energy density at a temperature

T 2
dom =

Aσ

πMP

√
10

g∗(Tdom)
. (VI.8)

In order not to overclose the universe, DWs must be unstable and decay at temperatures
above Tdom. This requires an explicitly symmetry-breaking term in the Lagrangian, lifting
the degeneracy between the vacua. We denote by Vbias the energy difference between
minima. This difference generates a volume pressure which leads to the annihilation of
the network once the pressure becomes comparable to the surface tension in the walls. In
a radiation-dominated universe, the network then annihilates at a temperature [431]

Tann ≃ 20MeV

(
σ

TeV3

)− 1
2
(
Vbias

MeV4

) 1
2

. (VI.9)

In order to avoid overclosure, Vbias has to satisfy V
1/4
bias ≳ 0.03MeV

(
σ/TeV3

)1/2
. The net-

work’s energy is located in the DWs that are moving at relativistic velocities. Additionally,
the scalar particles that get radiated from the DWs also possess large inhomogeneities.
Both contribute to an anisotropic stress that leads to the emission of GWs. The majority
of GWs get emitted right before the network annihilates, when its energy ΩDW is largest.
The GW spectrum can be found from numerical simulations [418] and its peak amplitude
and frequency are found to be

Ωpeak
GW h2 ≃ 2.8× 10−18

(
σ

TeV3

)2( Tann
10MeV

)−4

,

fpeak ≃ 1.1× 10−9Hz

(
Tann

10MeV

)
.

(VI.10)

Here we included redshift factors assuming that annihilation takes place during radiation
domination at temperatures close to 10MeV that lead to the correct frequencies for PTAs.
We follow Ref. [404] and assume that away from the peak the spectral shape is given as

ΩGW(f)h2 = Ωpeak
GW h2 × S(f/fpeak) , S(x) =

4

x−3 + 3x
. (VI.11)

The behavior for frequencies below the peak as f3 is dictated by causality, while the f−1

above the peak is found in numerical simulations. Additionally, there will be a cutoff at
much larger frequencies that is correlated with the time when the network is first formed.
These frequencies are, however, way too large to be relevant for the PTA data we consider.

So far, the discussion has been fairly model-independent. We will now explore two
explicit models, where the DWs arise in a generic ALP model or in a clockwork realization
of the QCD axion. While the two scenarios lead to almost identical GW spectra, their
cosmological signatures are quite distinct.
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We first consider the case of an ALP as the pseudo Nambu-Goldstone boson generated
from the spontaneous breaking of an anomalous U(1) symmetry, which we will refer to as
a Peccei-Quinn symmetry, at a scale fa. The Lagrangian takes the form

L = ∂µΦ
†∂µΦ− λ

(
Φ†Φ− v2a

2

)2

− V (a) , (VI.12)

where Φ = ρ/
√
2 exp{(ia/va)} is a complex scalar field and the axion a is its angular

part. The potential of Eq. (VI.12) is such that the U(1) symmetry is spontaneously
broken, with a vev ⟨Φ⟩ = va/

√
2 and a ∈ [0, 2πva). The term V (a) in Eq. (VI.12) is the

anomaly-induced U(1) breaking under the influence of a strongly coupled gauge theory
with dynamical scale Λ ≃ √

mafa. This explicitly breaks the U(1) symmetry into its ZNDW

subgroup. The conventional form of such explicit breaking at zero temperature is

V (a) = Λ4

(
1− cos

a

fa

)
, (VI.13)

where fa = va/NDW. The tension of ALP DWs in the absence of finite temperature effects
can be estimated as [418]

σ = 8maf
2
a . (VI.14)

We will work under the assumptions that va < Trh, such that the U(1) symmetry is
restored after inflation and the network forms as the universe cools down, and that there
is a large separation of scales between va and Λ. This initially leads to the formation of a
CS network which persists until the time of DW formation when H ≈ ma. Since NDW ≥ 2,
there are multiple DWs attached to every string and the network is stable. Shortly after
this time, the combined network is dominated by the dynamics of the DWs and one can
neglect any effect the remnant strings have on the evolution. GWs produced by strings, as
well as cosmological constraints such as those coming from Neff , are negligible with respect
to the contributions from DWs. This is because, as will be clear from Sec. (VI.4.1.2), the
decay constant fa is much lower than in the CS scenario discussed above.

In addition, the global U(1) symmetry is expected to be broken quantum gravity ef-
fects. Therefore, additional breaking terms, if not accidentally aligned with the anomalous
breaking, lift the degeneracy between the minima. They provide the necessary Vbias for
the network to annihilate, with the temperature of annihilation given by Eq. (VI.9).

In addition to the generic ALP model, we consider DWs in models of the QCD ax-
ion, i.e. models that solve the strong CP problem. One such scenario is that of axion
alignment [419] realized by a clockwork mechanism. Here a collection of N axions that
individually respect a shift symmetry

ϕi → ϕi + Ci , (VI.15)

is considered, where Ci is a real-valued transformation parameter. One then assumes that
N − 1 of these shift symmetries get explicitly broken into their discrete subgroups, giving
rise to the potential for N − 1 linear combinations of the axions. The remaining flat
direction is then identified as the QCD axion with its associated gluon coupling in, for
instance, the Kim-Shifman-Vainshtein-Zakharov (KSVZ) model.

The main advantage of this scenario is that it gives a light QCD axion with an exponen-
tially enhanced effective decay constant Fa ∼ fae

N , while the actual symmetry breaking
scales fa can be much lower, e.g. around the TeV-PeV scale, thus making the model
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testable at particle physics experiments. This also ensures that the symmetry breaking
can take place after reheating, and thus a DW network, made from the N − 1 heavy
axions predicted by the model, can form. Ref. [419] found that the DWs are long-lived
and survive until the QCD axion potential becomes relevant. For simplicity we take equal
masses ma and equal decay constants fa for all the heavy axions. In terms of these, the
DW tension is again given by Eq. (VI.14).

Different from the generic ALP model, here the network is destabilized by QCD in-
stantons at the time of the QCD phase transition. This lifts the degeneracy between
the different minima by ∆V ≃ Λ4

QCD, and the annihilation temperature can be predicted
as [419]

Tann ∼ 1GeV

(
g∗(Tann)

80

)− 1
4
(

ΛQCD

400MeV

)2(107GeV

fa

)√
10GeV

ma
. (VI.16)

Up to order-one factors, the GW spectrum obtained in Ref. [419] agrees with Sec. (VI.10),
and we will therefore use the latter for both models. The main difference instead is that
in the aligned axion model, also the heavy axions couple to the SM via the usual axion
couplings [432]. Shortly after DW annihilation, the energy is therefore transferred back to
the visible sector via decays of the heavy axions into SM particles. As discussed in more
detail in section VI.4.1.2, these two DW scenarios are therefore subject to very different
cosmological constraints.

VI.3 PTA data and fitting method

Since 2020, three of the currently operating PTA observatories, NANOGrav [62],
EPTA [397] and PPTA [396] have reported strong evidence for a common-spectrum red
process across pulsars in their data. Similar results were found by the joint IPTA [388]
collaboration combining previous data releases of the former three. Although the evidence
for the interpulsar Hellings-Downs correlations [299] required for establishing the obser-
vation of a GW signal is still not conclusive, it is intriguing to attribute this signal to a
SGWB.

We here operate upon the assumption that the putative SGWB signal is of cosmolog-
ical origin and assume that the potential SGWB from SMBHBs is subdominant in the
frequency range we consider. We fit the GW signals produced by the sources discussed in
Sec. (VI.2) to pulsar timing data. For PTA data this fit is typically done in terms of the
timing-residual cross-power spectral density,

Sab = Γab
H2

100

8π4
Ωh2(f)

f5
. (VI.17)

Here, Γab denotes the overlap reduction function between two pulsars a and b and
H100 = 100 km s−1Mpc−1. However, a thorough Bayesian analysis of this quantity for PTA
data is a computationally expensive task. Hence, fast refitting techniques have been devel-
oped to reinterpret free-spectrum fits (to the entire PTA or for each pulsar individually) in
terms of arbitrary SGWBs, resulting in the development of the ceffyl analysis suite [414].
In this vein, we perform a PTA free-spectrum refit in ceffyl to the NANOGrav 12.5 year
dataset [384] and the second data release (DR2) of IPTA [388,394]. The kernel density es-
timator (KDE) representation required by ceffyl for the NANOGrav dataset is provided
by the collaboration [433]. For the IPTA data, the KDE is created reproducing the 30-
frequency-bin free-spectrum fit with enterprise [412] and enterprise extensions [413].
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We verified that ceffyl reproduces the best-fit regions for a simple power-law SGWB that
were obtained by NANOGrav and IPTA. Furthermore we also checked that this remains
true for broken power-law signals by comparing the best-fit regions obtained with ceffyl

to those from a full enterprise run for the bosonic instability scenario in [7]. We use
PTMCMCSampler [434] to sample the respective parameter spaces of our signal models, ex-
cept for the CW model for which we evaluate the likelihood on a regular grid. An overview
of the priors we use in our Bayesian analysis can be found in Sec. (VI.7.1).

Following the NANOGrav searches for a general common-spectrum signal [62] and for
a SGWB from FOPTs [395], we use only the five lowest-frequency bins of the NANOGrav
data, corresponding to frequencies below f ≲ 12.5 nHz. These bins give the strongest
contribution to the signal-to-noise ratio (SNR) of the NANOGrav signal [62]. For consis-
tency, we cut the IPTA data at the same frequency. Due to the longer observation period
of 30 years, this corresponds to twelve bins in the IPTA 30-component free-spectrum fit.

Intuitively, the most robust insight into the low-frequency regime can be obtained by
combining data from different PTA collaborations. However, this is a very challenging
task. The different datasets comprise pulsars observed by multiple collaborations,2 timed
over various observation periods at different times and with different telescopes. A consid-
erable amount of care has to be taken to properly account for all correlations between the
individual measurements due to overlaps in the timing data as well as instrument-specific
noise contributions. In order to address this, EPTA, NANOGrav and PPTA, as well as the
Indian Pulsar Timing Array (InPTA) project, have formed the joint IPTA consortium.
While the current evidence in the individual PTAs could only be established with the
respective latest data releases, IPTA was able to detect the common spectrum combining
data available in 2016 and before. Hence, the question arises what can be expected when
all currently available measurements are taken into account.

Clearly, a forecast with a proper account of pulsar overlaps is beyond the scope of this
work. To approximate the signal reconstruction obtained in a future IPTA release, we here
employ a naive combination by multiplying the likelihoods of the NANOGrav 12.5 year
data and IPTA DR2, where we again evaluate the likelihood of each experiment using
ceffyl, i.e. treating the two datasets as independent. In addition to the overlap discussed
above, this procedure evidently double-counts pulsars, as IPTA includes the nine-year
NANOGrav data. However, not all pulsars in the nine-year dataset have been observed
for a sufficient amount of time to contribute to the frequency bins we consider, somewhat
reducing the number of double-counted pulsars. Nonetheless, a significant overlap between
the two datasets remains. Consequently, while we still present the naive combination as a
rough indicator for how the results might change in the near future, the corresponding fit
should be taken with caution.

VI.4 Cosmological constraints and final results

As discussed in Sec. (VI.2), to explain the large observed signal, the GW sources should
constitute a significant fraction of the total energy density in the universe at the time of
GW production, and are therefore likely to be subject to other cosmological constraints.
Furthermore, the frequency range puts the time of GW production close to that of nu-
cleosynthesis and neutrino decoupling at T ≲ 1MeV and T ≈ 2MeV, respectively. More

2Currently, IPTA includes timing measurements of 65 millisecond pulsars, of which 24 are observed by
more than one PTA.
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precisely, the frequency today can be written as [435]

f0 =
a∗
a0
H∗

f∗
H∗

≈ 10−9Hz× T∗
10MeV

f∗
H∗

, (VI.18)

where T∗ is the temperature of the universe at the time of production. Causality requires
the last factor to be larger than unity, therefore GWs in the frequency range probed by
NANOGrav cannot be produced much before the time of nucleosynthesis.

Overall, the following constraints are considered for each model:

• The abundance of relativistic degrees of freedom, commonly expressed as ∆Neff ,
should satisfy the current constraints ∆NBBN

eff ≤ 0.39 at 2σ and ∆NCMB
eff ≤ 0.29 at

2σ [21] confidence level (CL), at the relevant temperatures.

• Big Bang Nucleosynthesis should not be affected significantly, which roughly
implies that the universe should look standard model like at temperatures below
1MeV. More precise constraints on the allowed amounts of energy influx into the
SM thermal bath during and after BBN are available e.g. in Refs. [310,436] and are
taken into account when relevant.

• If the energy in the GW source leads to significant late time reheating, then
the universe should reheat to TRH ≳ 2MeV such that also the neutrino sector is re-
thermalised [436,437]. Furthermore the dilution of previously produced baryon
and dark matter (DM) abundances has to be taken into account.

• Spectral distortions of the CMB can be induced by late decays of particles [438,
439] or by large fluctuations in the plasma or even decoupled sectors [4,440], and thus
can both directly and indirectly constrain models that produce large GW signals at
low frequencies. The current limit on µ-type spectral distortions from COBE/FIRAS
is µ < 4.7× 10−5 [441], which could be improved to µ < 3× 10−8 by future missions
such as PIXIE [442].

• If the energy stored in the GW source is partially converted to non-relativistic dark
matter, its abundance should not exceed the observed value today ΩDMh

2 ≤ 0.12.
If this becomes a significant fraction of the total dark matter, also isocurvature
constraints apply.

• The large energy anisotropies typically required to produce GWs may lead to the
formation of primordial black holes or dark matter mini-clusters. Their
abundance should obviously agree with observational constraints.

While above these cosmological observations are discussed as constraints, more precise
measurements in the future will allow us to discriminate between different sources of
GWs. Below we show this in particular for the case of constraints on ∆Neff , which is
expected to improve by an order of magnitude in the coming decade [443,444], and for the
case of CMB spectral distortions, which could be improved by several orders of magnitude
in the not too distant future [445,446].

VI.4.1 Meta-stable topological defects, remnants of symmetry breaking

VI.4.1.1 Global (ALP) Strings

In Fig. (VI.1) we show the preferred parameter space in which cosmic strings from the
spontaneous breaking of a U(1) symmetry can explain the PTA signal. This region changes
slope around ma ≈ 10−14 eV. For lower masses, the network decays at temperatures below
1MeV and the PTA signal is due to the almost scale invariant part of the spectrum, for
larger masses the ∝ f3 tail of the spectrum that gets created in the decay of the network
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Figure VI.1: Best-fit regions from fitting the GW signal from an ALP string network (cf.
Sec. (VI.2.1.1) to NANOGrav (blue) and IPTA (orange) data, as well the naive combina-
tion of both (green). Left: Fitted GW spectrum and input data for the refitting (violins).
Right: Contours of the ALP mass ma and decay constant fa. The regions above the
solid lines are excluded by constraints from reheating and Neff , as discussed in the text.
The projected sensitivity of PIXIE is indicated by the dotted line. The full triangle plot
including 1D posteriors is shown in Sec. (VI.4). Figures were created by S.Schenk

gives the signal. The NANOGrav data seems to prefer the former scenario, while IPTA
favors the latter.

In a minimal scenario ALPs in this parameter space are expected to be cosmologically
stable with negligible SM interactions. As the ALP strings continuously radiate ALPs
during the evolution of the network, they create an abundance of both relativistic and
non-relativistic ALPs contributing to Neff and DM respectively. For the contribution
towards Neff we obtain using Eq. (21) of Ref. [383],

∆Neff = 0.4

(
fa

1015GeV

)2( log(fa/ma)

80

)3

. (VI.19)

Using this relation, the present bound on ∆Neff corresponds to an ALP decay constant
of fa ≲ 1015GeV. It is therefore at tension with all of the parameter space favored by
the fit. At this point it is however worth mentioning that other predictions concerning
the log scaling as discussed in Sec. (VI.2.1.1) might lead to a milder tension. Assuming
that this is a viable explanation, the non-relativistic ALPs also contribute to DM.3 In
order to not overproduce DM, very small masses of ma ∼ 10−22 eV are required. At
least the NANOGrav data would still be consistent with such a scenario, our figure only
ends at ma ∼ 10−18 eV due to our choice of priors. Alternatively, also a period of late
matter domination can improve the viability of the model, while still yielding observable
GWs [2, 427, 429, 447]. For completeness, let us also mention one further constraint, even
though it is always weaker than Neff . In order for the string network to form, the global
symmetry should be broken after inflation and reheating. The current Planck bound on the
Hubble scale [21] at the end of inflation, Hinf ≤ 6 × 1013GeV, one finds that the highest
temperature of the post-inflationary universe is Tmax ∼ 5 × 1015GeV. The constraint
fa ≤ Tmax is therefore also indicated in Fig. (VI.1).

3This Ultralight DM is too fuzzy however to allow for the observed structure formation and can therefore
only constitute a small fraction of the total dark matter [383].
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Overall, it appears that the global CS scenario is not a viable explanation for the current
PTA data. Nevertheless, future GW probes in the nHz range will be able to test viable
regions of parameter space (see e.g. Fig. 11 of [4]), and it could easily be that most of the
current signal is of astrophysical origin. A complementary probe of such a scenario would
also be provided by future measurements of µ-distortions, as shown by the dotted line in
Fig. ( VI.1). We therefore decided to keep it in our list of simple benchmark models.

VI.4.1.2 Annihilating ALP/Axion DWs

To explain the available PTA data with DWs, the network needs to annihilate close to
BBN. In order to produce a sufficient amount of GWs, it needs to comprise at least
a fraction of the total energy, ΩDW ∼ 0.1. Annihilating DWs mainly decay into non-
relativistic particles, which in our models are the heavy axions and ALPs. They necessarily
have to decay further, in order to not overclose the universe. At this point we have to
distinguish between the ALP and the aligned axion model.

In the ALP model, for simplicity, we assume that the ALPs subsequently decay to some
form of dark radiation, which will contribute to ∆Neff . Assuming efficient annihilation,
we can set ρDW ≃ ρd where ρd is the energy density in dark radiation, and obtain

∆Neff ≃ 1.6

(
gs(T )

10

)5/6 maf
2
a

MPT 2
, (VI.20)

where the temperature should be taken at the time of annihilation, T = Tann. Besides
∆Neff constraints, DW networks that are decoupled from the SM were shown in Ref. [4]
to exhibit µ-distortions. We follow their approach to compute the induced µ-distortions
and impose the constraints from FIRAS as well as the expected sensitivity of the PIXIE
proposal. There are two more technical constraints that we impose. First we require
that the DW network annihilates sufficiently before it would start to dominate the energy
density of the universe, Tdom ≲ 4Tann. On the other hand we also require that Tdom ≳
Tann/4, to ensure that plasma effects on the DWs are negligible [421]. This should ensure
that our results are in the region where the simulations of the GW spectra can be trusted.

Fig. (VI.2) shows the range of axion masses and annihilation temperatures Tann preferred
by the fit of the ALP DW GW spectrum to NANOGrav (blue) and IPTA (orange) data, as
well as the combined fit (green). Here fa takes values between 5× 104GeV and 107GeV,
with smaller values preferred for larger ma and for NANOGrav, while IPTA prefers values
closer to the upper end of the range, as can be seen in the full triangle plot in Fig. (VI.5).
Only a small part of the parameter space is disfavored by Neff limits. We indicate them
for two characteristic values of fa in the figure. As discussed above, our estimate of the
GW signal is only reliable in a certain window, which here is the region between the
dashed lines. Finally PIXIE would be able to probe the region below the dotted line. It is
apparent that especially at small annihilation temperatures µ-distortions provide a strong
independent probe of the model going much beyond the Neff limit. Within the range of
decay temperatures favored by the fit their reach is however limited.

In the aligned axion model, we expect instead that the heavy axions rapidly decay to
SM particles after DW annihilation. Therefore, we do not expect constraints from Neff or
spectral distortions. Instead, one needs to make sure that the decay products of the heavy
axions do not jeopardize BBN. To estimate this, we compare their decay rate into gluons
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Figure VI.2: Fit results of the ALP DW model from Sec. (VI.2.1.2) to NANOGrav (blue),
IPTA (orange) and their combination (green). Left: Best-fit GW spectrum alongside the
free-spectrum fit (violins). Right: 68% and 95% CL fit region in terms of the axion
mass ma and annihilation temperature Tann. In the region between the dashed lines, our
description of the GW spectrum in terms of the scaling regime is valid. The region below
the solid lines is excluded by Neff for fa = 105 GeV (black) and for fa = 107 GeV (grey).
The dotted line shows the projected sensitivity of PIXIE. The full triangle plot including
1D posteriors is shown in Fig. (VI.5). Figures were created by S.Schenk
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Figure VI.3: Fit results of the aligned QCD axion DW model from Sec. (VI.2.1.2) to
NANOGrav (blue), IPTA (orange) and their combination (green). Left: Best-fit GW
spectrum alongside the free-spectrum fit (violins). Right: 68% and 95% CL fit region
in terms of the axion mass ma and decay constant fa. In between the dashed lines our
description of the GW spectrum in terms of the scaling regime is valid. The full triangle
plot including 1D posteriors is shown in Fig. (VI.6). The collider projections from LHC
Run 2 in grey are taken from Ref. [448], whereas the projections from searches by FCC
and CLIC are from Ref. [449]. Figures were created by S.Schenk
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and photons with the Hubble rate, i.e. Γa→gg/γγ ≃ H(T ), where the decay rate at leading
order of an axion into two gluons is given by

Γa→gg ∼
1

64π

(Cggαs
2π

)2 m3
a

f2a
≃ 1.67× 1011 s−1

( ma

10GeV

)3(107GeV

fa

)2

, (VI.21)

with αs = 0.1 and Cgg = 1. Our primary concern will be the decay into gluons for
ma ≥ 1GeV. This rate is fast enough to ensure decays before the onset of nucleosynthesis.
In fact it guarantees that the relic axions will almost instantly decay after the DW network
annihilates for all values of ma and fa considered here.

We show the 68% and 95% CL contours as a function of the axion mass and decay
constant in Fig. (VI.3). The technical constraints discussed for the ALP case also apply
here. Again we see that the best-fit region fully agrees with the range of validity of the DW
simulations we are using, and there are no conflicts with cosmological bounds. It should
be noted though that the best-fits shown on the left of Fig. (??) disagree substantially.
This difference is due to the heavy axion model possessing effectively only one parameter,
with the surface energy σ ∝ f2ama and the annihilation temperature Tann ∝ 1/(fa

√
ma)

both being controlled by the same combination of parameters. This leads to the peak of
the spectrum sitting at higher frequencies than the range probed by PTAs, while for the
ALP model the peak can be freely adjusted and the fit prefers parameters where it falls
into this range.

Furthermore, it can be interesting to ask whether the heavy axions in this model can
be probed in the laboratory, in particular at the LHC. It was shown in Ref. [448] that the
production of axions in the decay of electroweak bosons provide a particularly sensitive
probe for heavy axions in the (1 – 100)GeV mass range. While the projected collider
reach of the LHC (grey shaded region) is not sufficient to probe the best-fit region, it is
still interesting to see that collider probes of such scenarios are in principle possible. In
particular, a future linear electron-positron collider such as CLIC with a center-of-mass en-
ergy of 3TeV can explore the best-fit region for axion masses above ma ≳ (10 – 100)GeV,
whereas a circular collider like FCC-ee would not be able to probe the required decay
constants [449].

A potentially important constraint on DWs as a source for the PTA signal comes from
the formation of PBH during the annihilation of the domain-wall network. Closed domain
walls of typical radius r ∼ H−1 ∼ t will form a BH when their linear size becomes smaller
than their Schwarzschild radius rS ∝M ∝ r3 [450–452]. According to a recent study [452],
in the parameter space where the PTA signal is reproduced an overabundance of PBH is
produced. Still, we believe that the current understanding of this process does not allow
to claim the exclusion. First, the scaling regime r ∼ t is expected to be violated when
the Schwarzschild radius becomes comparable to r, but dedicated simulations are lacking.
Secondly, the assumption r = t implies a monochromatic spectrum, which is not expected
to be realized in a consistent cosmological history. Last, the evolution from the start of
the annihilation process Tann until the time of BH formation T∗ is still very uncertain,
and its impact on fPBH is parametrized by the ratio (T∗/Tann)

α, with α ≃ 7− 28. Given
these large uncertainties, we refrain from showing these constraints in our figures, but we
stress their potential relevance and encourage a dedicated analysis, which goes beyond our
current scope.
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VI.5 Summary of remaining Benchmark models

As stated in the declaration of the author’s contributions to the paper this section is
intended as a brief summary of the omitted section of [7] in which the author did not
contribute. The other benchmark models of interest in [7] were an Abelian Higgs model
with classical scale invariance as a benchmark for GWs from supercooled FOPTs, ALP
models featuring bosonic instabilities, and a single field inflationary model for secondary
GWs from large density fluctuations. These benchmark models were challenged against the
same or other relevant cosmological constraints as for the axion/alp strings and DW cases.
We will discuss the results of the fits to the PTA data for each benchmark model separately.
The most recent data release by the PTA collaborations are in overall agreement with the
IPTA dataset presented here so the summarized results will mainly revolve around that
dataset. In table Tab. (VI.1) the best-fit data point is presented for all benchmark models
as in table 1 in [7]. For details on the models and the fitting procedures of the benchmark
models to the PTA data we refer the reader to [7].

• Supercooled FOPT: The model of concern here was the Coleman-Weinberg model
by considering the loop corrections to the potential for radiative symmetry breaking.
The results of this benchmark model is revealed in figure 3 of [7] where the right
figure displays 2-d contour plots of the posteriors of the PTA data regions by IPTA
and 12.5 year NANOGrav data. The axis are for different values of the gauge
coupling g and the mass scaleM = e−

1
3
+γE µR

4π such that the zero T VeV and mass of
scalar can be related to the mass scale M . In the right plot in figure 3 of [7] several
statments can be made first these FOPTs needs to be very supercooled and hence
one may imagine that the bubble wall collision contribution is the dominant one in
this setup. Furthermore to be compatible with the the IPTA data large amounts
of entropy dilution is present so many DM and baryogenesis mechnanism may be
spoiled due to the large initial dilution of order O(1010). Interesting consequence
of the model presented in [7] is that the percolation temperature is so low that
nucleosynthesis would have already started and as the plasma reheats after the PT
a second epoche of nucleosynthesis would be necessary. The reheating dynamics
here one needs to elaborate on is the fact that there is a light scalar present close to
BBN so its decay is necessary. the authors in [7] discuss some possibilities for viable
decay channels and illustrate the point that future colliders may be able to test such
a scenario like FCC-ee.

• Bosonic Instability late preheating: Here an alp coupled to a dark photon was
considered which produces GWs by a tachyonic instability in the production of dark
photons due to the oscillations of the alp. This setup possessess two components the
alp being a CDM candidate meanwhile the Dark Photon will act as extra relativistic
degrees of freedom. One can see from figure 7 in [7] that there is a tension between
∆Neff and the preferred parameter points by the PTA collaborations. There has
also been recent works realizing that the alp in these models also tend to overproduce
CDM [453–455] and these issues have also been spotted when concerned with models
with parametric resonances instead of a tachyonic instability [258, 456, 457]. One
may also ask if one could instead deplete the energy into the SM plasma, however
in such a scenario as this it is very hard as the axion is very light with a large decay
constant hence very long lived and perturbative decay rates will be very tiny.

• Scalar Induced GWs: In this scenario to reproduce the PTA signal one needs an
amplitude of the scalar perturbations of the order Aζ ∼ 10−2 − 10−1, which peak
momenta around (106 − 107)Mpc−1. The qualitative difference here is that these
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GWs are generated during inflation so the constraints on these sources can be slightly
different. In the right figure 8 of [7] one can note that µ- distortions puts contraints
on a large region of available parameter space in these scenarios. Furthermore the
impact of Primordial Black hole Production and their intrinsic gaussianities may
play a crucial role for this source of SGWBs to being able to reconcile the PTA data
without being excluded. In [7] they made a case study for a single field inflation
model with an inflection point, known to have large scalar fluctuations and PBH
production however they were not able to fulfill CMB contraints with this model.

VI.6 Conclusions

In this chapter, we have proposed and studied benchmark models that can produce GWs in
the frequency bands probed by PTA experiments. By focusing on models with a minimal
set of free parameters, we were able to identify the best-fit regions for each model directly in
terms of the model parameters such as the masses of the new particles and their couplings.

Fitting a large variety of models to two different PTA datasets was in particular enabled
by using the new tool ceffyl, which dramatically speeds up obtaining the viable parameter
regions. We fit our models to two datasets, the 12.5 year NANOGrav search and the data
from IPTA DR2 (which includes the NANOGrav nine-year data). For some models, the
best-fit regions disagree at 95% CL. This was more pronounced for models that feature a
sharper peak, since IPTA seems to prefer a flatter spectrum. It will be interesting to see
if this discrepancy disappears with more data, or if there is a difference in the way the
noise is subtracted.

In addition to the PTA data, we include a variety of cosmological constraints on the
models. The main results are shown in Fig. (VI.1 -VI.3), where the constraints are su-
perimposed on the regions preferred by PTA data. Let us briefly summarise the results
for the individual models. GWs from topological defects also provide a good fit of the
PTA data, however constraints from Neff rule out the global cosmic string scenario, while
domain walls are viable both if they annihilate into a dark sector or into the visible sector.
In the former case, CMB spectral distortions are predicted in range of future probes, while
the latter case future colliders will be sensitive to parts of the parameter space preferred
by the PTA signal.

On more general grounds, we observe the following. First, since the signal is very large,
the source must at some point carry a significant fraction of the total energy density in the
universe. Hiding this energy in a dark sector fails in most models due to Neff constraints,
with the exception of the dark ALP DW model, which seem to be a very efficient source
of GWs. This bound might tighten in the future and will remain an important constraint
(or hint) for these models. The obvious alternative is to transfer the energy back to the
visible sector after the GWs are produced. If this happens through particle decays, as in
the domain wall scenarios, the models may be probed by laboratory experiments in the
future.

One aspect that should not be neglected is naturalness, or how likely these models can
be realised in nature. Often, a large separation of scales is implicitly required in these
models. An example is the bias term in DW models, which is many orders of magnitude
smaller than the other mass scales that appear there, and which has to be tuned such
that the DWs annihilate shortly before they start to dominate the energy density of the
universe. There are also typically more parameters required in each model than those
which determine the GW signal, but which could impact other observables.
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model parameter best-fit value

CS, ALP ma axion mass unconstrained

fa axion decay constant 2.3+0.1
−0.2 × 1015GeV

DW, ALP ma axion mass unconstrained

fa axion decay constant 3.0+2.3
−2.6 × 1015GeV

Tann annihilation temperature 18.9+7.3
−9.1MeV

DW, heavy axion ma axion mass unconstrained
fa axion decay constant unconstrained

Table VI.1: Best-fit values of the model parameters obtained in ceffyl for the NANOGrav
12.5-year dataset. The corresponding models are presented in Sec. (VI.2 - VI.4).

While here we have taken the next step in establishing simple and testable models, in
most cases additional model building and more detailed phenomenological studies will be
required. Furthermore, the prediction of the GW signal is still affected by large uncertain-
ties, which are at least of order one in most models, and which often rely on extrapolation
from complicated numerical simulations that are only available for a limited set of param-
eters. The large fluctuations in energy density associated with GW production can also
have other observable consequences like the formation of dark matter substructures and
mini-clusters. One may also wonder if the tension in the Hubble rate determination can
be improved in one of these scenarios.

An important question that we have not addressed here is what happens if an astro-
physical background of GWs is included in the fit. It will probably open up the parameter
space in most models, since not all of the GW signal has to be explained. Furthermore it
will be interesting to see if a primordial component of the stochastic GW background can
be distinguished from the contribution of SMBHBs. Certainly precise predictions of the
spectral shape of the GW signals are essential for this task.

VI.7 Appendix

VI.7.1 Priors, full fit results and best-fit parameters

For completeness, here we show the full results of our fits of PTA data to the various
model parameters, including the 1D posterior probabilities. The best-fit results of the
model parameters for the NANOGrav 12.5-year dataset are shown in Tab. (VI.1). The
priors used for the fits in ceffyl are listed in Tab. (VI.2). The results for CS from ALPs
are shown in Fig. (VI.4). The posteriors for DW networks from ALPs and heavy axions
are depicted in Fig. (VI.5-VI.6), respectively.
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model parameter prior type prior range

CS, ALP ma axion mass log-uniform (10−21 – 10−9) eV
fa axion decay constant log-uniform (1012 – 1018)GeV

DW, ALP ma axion mass log-uniform (1 – 104)GeV
fa axion decay constant log-uniform (103 – 108)GeV
Tann annihilation temperature uniform (3 – 100)MeV

DW, heavy axion ma axion mass log-uniform (1 – 104)GeV
fa axion decay constant log-uniform (105 – 108)GeV

Table VI.2: Parameter priors used in ceffyl for the models presented in Sec. (VI.2 -
VI.4).
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Figure VI.4: 1D and 2D posteriors for the
fit to the ALP CS model of Sec. (VI.2.1.1 -
VI.4.1.1). Figures were created by S.Schenk
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CHAPTER VII

Sound Waves from Dark Sector
Anisotropies

VII.1 Introduction

Dark sectors that only interact with our visible Universe gravitationally are well moti-
vated - they often arise in string theory compactifications, or more generally appear in
models with hidden sectors that address the dark matter or other puzzles of the standard
model (SM). Gravitational waves have emerged as a prominent new way to probe such dark
sectors. This is possible if the dark sector features large anisotropies , which then compen-
sate the intrinsic weakness of the gravitational interactions. Sizeable anisotropies can be
present in the dark sector in the form of topological strings or domain walls [350,352,423],
or can be produced for example in first order phase transitions [88, 458, 459] or by scalar
field dynamics [456,460,461].

Here we present a new way to detect the presence of such large anisotropies in a dark
sector via their effect on the spectrum of the cosmic microwave background (CMB). The
dark sector anisotropies are damped via gravitational interactions with the baryon-photon
fluid, which is heated up in the process. If this happens shortly before the CMB is emitted,
the photons do not have enough time to re-thermalise, and this process leads to a deviation
of the CMB from a perfect black body spectrum [438,462,463].

These spectral distortions of the CMB are tightly constrained by existing observations,
and can therefore be used to probe dark sector models that feature large anisotropies
around the time of CMB emission. The constraints we obtain below are based on mea-
surements dating back to the nineties, but already provide competitive bounds on the
parameter space of some scenarios. With current technology, they could be improved by
about four orders of magnitude, and we show that such measurements would dig deep into
previously unconstrained parameter regions of dark sectors.

Dark sector anisotropies induce both acoustic waves in the baryon-photon fluid as well
as gravitational waves (GWs). The latter also lead to spectral distortions, as was shown
in Ref. [446]. We find however that there is a large class of dark sector models for which
the contribution from acoustic waves dominates, and thus our mechanism often leads to
significantly stronger constraints. In the case of non-decaying cosmic string and scaling
seed networks the spectral distortions caused by acoustic waves were already discussed
in [464,465]. We discuss this phenomenon in general here and provide estimates applicable
to a plethora of dark sectors. Besides the aforementioned cosmic strings, this includes
models with domain walls, very late first order phase transitions, or scalar fields undergoing
parametric resonance.
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In Sec. (VII.2) we provide an overview of µ-distortions and qualitatively discuss the
conditions under which dark sectors can source observable distortions. From there, the
reader only interested in the reach of this new probe is advised to jump to Sec. (VII.6),
where we apply our techniques to various dark sectors that are well-known GW sources.
Sec. (??) instead provide more technical details: In Sec. (VII.3) we show that the induction
of sound waves in the photon fluid through the dark sector can be decoupled from the
subsequent damping, and derive an expression for the resulting µ-distortions. Analytic
results for the acoustic energy caused by different types of dark sectors are obtained in
Sec. (VII.4). Then in Sec. (VII.5) we put our analytical estimates to the test by comparing
them to numerical results of a dark sector toy model.

VII.2 CMB spectral distortions

It is well known that the CMB spectrum is to a good approximation a black body spectrum.
Any deviation of the spectrum from this shape, so called spectral distortions, however,
encode valuable information about physics in the early universe. In principle any non-
thermal injection or removal of energy from the photons causes such a distortion. Whether
a distortion is observable depends, aside from the size of the distortion, on whether efficient
processes to thermalize the spectrum again are present.

At high red-shift, and correspondingly large temperatures, processes changing the pho-
tons momentum, like Compton scattering, as well as photon number changing processes,
like double Compton scattering, are present. In this regime any distortions of the CMB
are therefore quickly erased. This changes for redshifts z ≲ 2 × 106 when photon num-
ber changing processes become ineffective. From this point onwards the photon number
is a conserved quantity and one has to introduce a chemical potential µ to capture the
equilibrium distribution. It becomes non-zero if energy is injected into the plasma at this
point. Below red-shifts of z ≲ 5× 104 Compton scattering also becomes inefficient at re-
distributing the momentum among the photons, such that any distortion sourced at later
times is directly imprinted onto the CMB spectrum.

The source of energy injection we are interested in here is the damping of sound waves
in the baryon-photon fluid. A sound wave in the plasma with momentum k is rapidly
damped once its wavelength λ = 2π/k falls below the diffusion scale, which is the distance
a photon covers by random walking between scattering events. For modes in the range
8 × 103 Mpc−1 ≲ k ≲ 2 × 103 Mpc−1 this happens for redshifts 5 × 104 ≲ z ≲ 2 × 106

leading to a µ-distortion. 1

In the inflationary paradigm the primordial fluctuations, measured at the largest scales
as CMB fluctuations and in structure formation, are predicted to be approximately flat
and therefore extend to the small scales sourcing µ-distortions. In this paper we how-
ever investigate dark sectors with turbulent dynamics which, through their gravitational
coupling to the photon fluid, lead to additional fluctuations at those small scales and
therefore source additional µ-distortions, while leaving the scales relevant for CMB fluc-
tuations and structure formation untouched. The details of the gravitational coupling
between the different sectors are discussed below. We find that the coupling is strongest
around the time a mode crosses the horizon (blue in Fig. (VII.1)). Past this point the
energy of the acoustic wave in the baryon-photon fluid is approximately constant until

1For larger wavelength modes where the damping occurs for z ≲ 5 × 104 the photon momenta are
not redistributed resulting in a y-distortion. This is also produced through the Sunyaev-Zeldovich effect
[438,462] limiting the sensitivity to new physics. Our results for µ-distortions can be generalized by using
the respective window function (see Section VII.3 and [466]).
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Figure VII.1: The evolution of the horizon scale (blue), the scale a photon free streams be-
tween consecutive scattering events and diffusion scale that is approximately the distance
traveled by a photon in a random walk as a result of all the scattering events in one Hubble
time. Once a mode passes the diffusion scale the energy stored in the acoustic oscillation
is damped. If this happens during red-shifts marked in red on the x-axis a µ-distortion is
sourced, singling out the modes marked in red on the y-axis as the dominant messengers
of new physics. These modes enter the Horizon as early as a ≈ 10−9 allowing us to search
for new physics back to when the photon temperature was ≈ 1− 0.1 MeV. Figure created
by W.Ratzinger
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the mode crosses the diffusion scale (green in Fig. (VII.1)) at which point the acoustic
energy is turned into bulk energy. We have highlighted on the x-axis of Fig. (VII.1) the
times at which this injection of energy leads to a µ-distortion. The modes that cross the
diffusion scales during these times, highlighted on the y-axis, are therefore the dominant
messengers of new physics. We can read off that these modes enter the horizon as early
as a ≈ 10−9 corresponding to photon temperatures of ≈ 0.1 − 1 MeV. Indeed we find in
Sec. (VII.6) that the sensitivity of spectral distortions is diminished for scenarios in which
the anisotropies appear at higher temperatures. It is conceivable that energy is injected
into high k modes that are already past the damping scale or even free streaming scale
and converted into bulk energy of the plasma in a fraction of a Hubble time. However we
find that this process is highly inefficient due to the large separation between the damping
and free streaming scale and the horizon at the times of interest.

Since the interaction between the different sectors is purely gravitationally, we find,
perhaps unsurprisingly, that the induced spectral distortions are proportional to the energy
comprised by the dark sector Ωd. Furthermore the amplitude δd and characteristic scale k∗
of the fluctuations determine the magnitude of the distortions. Larger fluctuations clearly
lead to bigger distortions. On the other hand a miss-match between the characteristic scale
k∗, where the fluctuations are largest, and the Horizon, where the gravitational coupling
is strongest, leads to a reduction of the distortions. An example for the last factor would
be a first order phase transition, where the bubble radius at collision can be much smaller
than the Hubble radius.

VII.3 Source of µ-distortions through gravitational interac-
tion

The generic setup we have in mind is a dark sector that only comprises a subdomi-
nant amount of the total energy Ωd ≪ 1 but develops large anisotropies at some point
δρd/ρd = δd ≈ 1. Since Ωd ≪ 1, metric and density fluctuations in other sectors present in
the universe remain small, which allows us to treat them perturbatively, linearizing their
dynamics. It is then beneficial to work in Fourier space. We use the following definitions
for the Fourier transform and the dimensionless power spectrum P:

ϕ(k) =

∫
d3x ϕ(x) exp(−ikx) ; ⟨ϕ(k)ϕ∗(k′)⟩ = 2π2

k3
Pϕ(k)(2π)3δ(3)(k− k′) . (VII.1)

We furthermore use the conformal Newtonian gauge for the scalar metric perturbations

ds2 = a2(τ)
[
(1 + 2Ψ(x, τ))dτ2 − (1 + 2Φ(x, τ))dx2

]
, (VII.2)

where the equations of motion for the potentials Φ,Ψ are given by

3aH
(
Φ̇− aHΨ

)
+ k2Φ =

3a2H2

2
(Ωγδγ +Ωnδn +Ωdδd) , (VII.3)

Φ + Ψ = −6a2H2

k2

(
Ωγσγ +Ωnσn +

3

4
(1 + wd)Ωdσd

)
. (VII.4)

Here overdots denote derivatives w.r.t conformal time τ , and δ and σ denote the energy
fluctuation and shear in the respective sectors. For times well before matter-radiation
equality, a ≪ aeq, the three relevant sectors are the baryon-photon fluid γ, the neutrinos
n and the dark sector d. The shear is defined as the longitudinal traceless part of the
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energy-momentum tensor σ = −(k̂ik̂j − 1
3δij)T

i
j/(ρ + p). Finally, wd is the equation of

state parameter of the dark sector.

It is clearly visible that the scalar metric perturbations induced by δd are suppressed
by Ωd, thus justifying the linearised treatment. More generally the linearized treatment
holds as long as either Ωd, δd or H2/k2 is small and none of them are larger than 1.
Furthermore since all other sectors only couple to the dark sector via gravity, also their
induced perturbations are suppressed. This also allows one to neglect the back-reaction
effects of gravity onto the dark sector and one can therefore study its dynamics using an
unperturbed metric. In the following, we will assume that all fluctuations in the baryon-
photon fluid and the neutrinos as well as the potentials are initially zero. The effects of
other uncorrelated fluctuations like e.g. inflationary ones can be studied independently,
as usual in linear perturbation theory.

For modes deep inside the horizon, k ≫ aH, one can solve for the gravitational potentials
directly by neglecting the first term on the right side of Eq. (VII.3). One finds that the
gravitational potentials decay as Φ,Ψ ∝ a2H2/k2 if the fluctuations don’t keep growing
after their generation, which is a reasonable assumption during radiation domination.
Therefore the gravitational coupling between the sectors quickly becomes negligible after
horizon entry. For our specific case, it suggests that the amplitude of fluctuations in the
baryon-photon fluid is set within about one Hubble time after horizon entry or after the
dark sector fluctuations have been created, whichever happens later for a given mode.
We can also anticipate the strength of the gravitational interaction being suppressed for
modes that are deep inside the horizon when the dark sector develops its fluctuations.
The details of this suppression are discussed in the next section.

For the times well before recombination, the baryon-photon fluid is well described by
the tight-coupling approximation (TCA, e.g. [467,468]) and the energy density in baryons
can be neglected, leading to

δ̇γ +
4

3
kvγ = −4Φ̇ (VII.5)

v̇γ − k

(
1

4
δγ − σγ

)
= kΨ (VII.6)

σγ =
16

45

k

τ̇C
vγ , (VII.7)

where vγ = ik̂iT
j
γ,0/(ργ + pγ) is the longitudinal part of the fluid velocity relative to the

cosmological rest frame. The TCA takes advantage of the fact that all moments of the
photon distribution past the velocity are suppressed by the high Compton scattering rate
τ̇C = aneσC ≫ k, where σC is the Compton cross-section and ne the free electron density,
which can be approximated as τ̇C = a−2 4.5 × 10−7 Mpc−1 well before recombination.
When solving these equations numerically we also take into account the free streaming
neutrinos, see Sec. (VII.8.1).

The equations above can be combined to get a damped harmonic oscillator. We will
first do so in the limit that the mode is already deep inside the horizon and neglect the
gravitational potentials

δ̈γ + k2
(
16

45

1

τ̇C
δ̇γ +

1

3
δγ

)
= 0 . (VII.8)

In the given limit that aH ≪ k ≪ τ̇C the general solution to this problem is approximated
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as

δγ =

[
A sin

(
kτ√
3

)
+B cos

(
kτ√
3

)]
exp

(
− k2

k2D(τ)

)
. (VII.9)

This solution is interpreted as damped acoustic waves traveling in the baryon photon fluid
with the relativistic speed of sound of cs = 1/

√
3. The diffusion scale kD appearing here

is determined by the equation d
dτ k

−2
D = 8

45
1
τ̇C

. During radiation domination it is given

as kD =
√

135
8 τ̇C aH as long as the free electron density is constant up to dilution by

expansion. This effect is also known as Silk damping [469] and is attributed to photons
performing a random walk with typical step length ∆x ≈ 1/τ̇C while doing N ≈ τ̇C

aH steps
per Hubble time. The diffusion scale is then the distance typically traversed by a photon
in a Hubble time, 1/kD ≈ ∆x

√
N . Fluctuations on scales smaller than 1/kD are therefore

quickly erased. The energy of the acoustic waves is converted into photon bulk energy in
this process.

From the discussion so far two important scales have emerged: the Horizon scale at
which the gravitational coupling is strongest and we, therefore, expect the dark sector to
efficiently source acoustic waves, and the diffusion scale. As can be seen in Fig. (VII.1),
the modes of interest, marked in red on the y-axis, pass these two scales at scale factors
a that are always separated by about two orders of magnitude or more. This means that
we can separately discuss the generation of acoustic waves from dark sector anisotropies
and the conversion of these acoustic waves into a µ distortion. After they are generated,
but before the onset of damping, the amplitudes of the sound waves A,B, and therefore
also the energy in acoustic waves, remains approximately constant.

In the remainder of this section we obtain an expression for the µ distortion generated by
the diffusion of the acoustic waves, while the computation of the acoustic energy induced
by different sources is postponed to the following sections. Relative to the total energy in
the relativistic baryon-photon fluid, the acoustic energy is given as

ϵac =
ρac
ργ

=
1

V

∫
V
d3x

[
1

8
δ2γ(x) +

2

3
v2γ(x)

]
=

∫
d log k ϵac(k) , (VII.10)

where we defined the spectral acoustic energy in the last step which is given as

ϵac(k) =
1

8
Pδγ (k) +

2

3
Pvγ (k) =

1

8
[PA(k) + PB(k)] (VII.11)

in terms of the power spectra for δγ , vγ and A,B respectively.

When the acoustic waves get damped by diffusion, this energy becomes part of the
photon bulk energy. If this happens between adc = 5×10−7, when photon number changing
processes such as Double Compton scattering becomes inefficient, and aµ,y = 2 × 10−5,
when Compton scattering stops redistributing the momentum between the photons, then a
µ-distortion gets sourced besides an increase in the bulk temperature. The approximation
commonly used to determine the µ-parameter is

µ ≈ 1.4

∫
d log k

∫ ∞

aµ,y

d log a
dϵac(k)

d log a
exp

(
−
(adc
a

)5/2)
, (VII.12)

where dϵac(k)
d log a is the acoustic “power” transmitted to the bulk energy and it is given as [467]

dϵac(k)

d log a
=

15

4

τ̇C
aH

Pσγ =
64

135

k2

τ̇CaH
Pvγ =

8

3
Pvγ

d

d log a

(
k2

k2D

)
≈ 2ϵac(k, a)

d

d log a

(
k2

k2D

)
,

(VII.13)
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where we used in the last step that due to the oscillation time scale being much shorter
than the damping time scale 1/k ≪ 1/kD one can approximate ϵac ≈ 4

3Pvγ in Eq. (VII.11).
In the limit that the acoustic energy takes on a constant value ϵlimac (k) before damping, we
have ϵac(k, a) = ϵlimac (k) exp

(
−2k2/k2D(a)

)
during the period of damping, such that we can

write the µ-parameter as

µ =

∫
d log k ϵlimac (k)W(k), (VII.14)

where we have introduced the window function [466]

W(k) ≈ 1.4

∫ ∞

aµ,y

d log a exp

(
−
(adc
a

)5/2) d

d log a
exp

(
−2

k2

k2D(a)

)
(VII.15)

≈ 1.4

exp

−( k

1360 Mpc−1

)2
(
1 +

(
k

260 Mpc−1

)0.3

+
k

340 Mpc−1

)−1


(VII.16)

− exp

[
−
(

k

32 Mpc−1

)2
] .

This remarkably easy expression allows one to calculate the µ-distortion a dark sector
causes, given the spectral acoustic energy before damping.2 This value can then be com-
pared to current bounds and the detection threshold of future experiments. In Fig. VII.2
we show the numerical results of a toy model that neatly summarize this section. The dark
sector is assumed to be radiation like such that Ωd = const. while the sound waves are
sourced, and the fluctuations are modeled as being zero until a∗ = 10−7 and as δd = sin(kτ)
afterwards.3 The shear in the dark sector is set to zero. We show the evolution for one
mode that is still outside the horizon at a = a∗ and one that is already inside. Indeed it
can be clearly seen that the acoustic energy is constant between generation and damping,
justifying our separation approach.

VII.4 Analytic Estimate of the Induced Acoustic Energy

We now obtain an analytic estimate for the acoustic energy ϵlimac caused by fluctuations
in a dark sector, which together with the results from the previous section allows us to
compute the µ distortions. We assume that the fluctuations are generated at a fixed time
a = a∗. For modes that enter the horizon around or after a∗ (k ≲ a∗H∗), we find that the
contribution of the photons and neutrinos to the gravitational potentials is of the same
order as the one from the dark sector (Ωdδd ≈ Ωγδγ ≈ Ωnδn). The coupled system of
equations can therefore only be solved numerically. Instead for modes that already are
inside the horizon, k > a∗H∗, the amplitudes of δγ and δn remain suppressed by some
power of a∗H∗/k, as discussed above. They can therefore be neglected when solving for
the gravitational potentials. We therefore restrict our analytic treatment to k > a∗H∗.

2In the literature the window function is commonly defined with respect to a primordial spectrum rather
than the acoustic energy spectrum and therefore represents a convolution of the dynamics of horizon entry
and damping (e.g. [466]). Our definition is universally applicable, although one would have to discuss
horizon entry separately.

3As we will argue in Sec. ( VII.5.3), δ̇d(kτ) only changes on time scales 1/k for sub-horizon modes
making this an unphysical choice with δ̇d(kτ) being discontinuous at a∗. We only use this ansatz here for
demonstration as well as for rough estimates in the following section.
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Figure VII.2: Sourcing of acoustic waves through a gravitationally coupled dark sec-
tor and subsequent damping by diffusion. The toy dark sector here is radiation like
(Ωd = const. ≪ 1) and its density fluctuations are zero until a∗ = 10−7 before evolving as
δd = sin(kτ) (top row). The resulting gravitational potential (second row) causes acous-
tic oscillations in the baryon-photon fluid (third row). Since the gravitational potential
rapidly decays after a mode has entered the horizon (vertical blue line) the amplitude of
the acoustic oscillations quickly levels off resulting in an approximately constant acoustic
energy ϵlimac (k) (bottom row, dashed line). The same effect also leads to the acoustic oscil-
lations being suppressed for the high k mode (right side) that is already inside the horizon
when the fluctuations in the dark sector develop. Finally the acoustic oscillations are
damped for both modes once they cross the diffusion scale (green line). At this point the
acoustic energy is injected into the bulk photon energy, leading to a sizeable µ-distortion
for modes where this happens between 5 × 10−7 ≲ a ≲ 2 × 10−5. Figure created by
W.Ratzinger
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To make further progress we again combine Eq. (VII.5) and Eq. (VII.6) but this time
keeping the potentials and dropping the diffusion damping, since we now want to solve for
times well before the mode crosses the damping scale, to find

δ̈γ +
1

3
k2δγ = −4Φ̈− 4

3
k2Ψ . (VII.17)

To get rid of the second time derivative of Φ, we define δ̃γ = δγ +4Φ. As the gravitational
potential decays, at late times we have δ̃γ ≈ δγ . Since we consider a sub-horizon mode,
we can continue with only the last term on the left-hand side of Eq. (VII.3), which allows
us to solve for the potentials in terms of δd and σd directly:

¨̃
δγ +

1

3
k2δ̃γ = 4a2H2 Ωd

[
δd +

3

2
(1 + wd)σd

]
≡ S(τ). (VII.18)

The right hand side acts as a driving force or source S(τ) for the harmonic oscillator. The
Greens function for this differential equation is G(τ) =

√
3/k sin

(
kτ/

√
3
)
, such that we

can formally solve the above equation (adapted from e.g. [460,470]) and find

ϵlimac (k) =
1

8
Pδγ (k, τlim) +

2

3
Pvγ (k, τlim) (VII.19)

=
3

8

1

k2

∫ τlim

τ∗

dτ ′
∫ τlim−τ ′

τ∗−τ ′
dτ ′′ cos

(
kτ ′′√
3

)
PS(k, τ ′, τ ′ + τ ′′) . (VII.20)

Here τlim is chosen large enough such that ϵlimac has approached a quasi constant value and
δ̃γ ≈ δγ holds, and τ∗ is the time when the fluctuations in the dark sector appear. We have
furthermore introduced the unequal time correlation spectrum of the source PS(k, τ, τ ′),
defined as

⟨S(k, τ)S∗(k′, τ ′)⟩ = 2π2

k3
PS(k, τ, τ ′) (2π)3δ(3)(k− k′) . (VII.21)

To make further progress we will have to specify the characteristics of the source S(k, τ).
Assuming that the equation of state of the dark sector wd is known then so is the time
dependence of Ωd ∝ a1−3wd . We will hereafter assume that the dark sector behaves
radiation-like such that Ωd = Ωd,∗ = const. The time dependence of δd(τ) and σd(τ) is,
however, more intricate and closely related to the spatial structure of the dark source.
Since energy is a conserved quantity, the dynamics of its fluctuations δd(τ) feature some
universal properties as we will see shortly. We therefore drop the shear σd(τ) from the
source term in order to simplify the discussion.

VII.4.1 Spatial Structure

It is reasonable to assume that the mechanism that causes the fluctuations in the dark
sector has an intrinsic length scale or at least a finite range of scales over which sizeable
fluctuations get produced. We assume here that there is only one characteristic scale k∗
that due to causality has to lie within the horizon when the fluctuations get produced,
a∗H∗ < k∗.

4 Since there is only one characteristic scale, the fluctuations that become
separated by distances greater than 1/k∗ are uncorrelated,

⟨δd(x)δd(y)⟩ ≈ 0 ; |x− y| > 1/k∗ . (VII.22)

4Generalisation of our results is however straight forward as long as one may consider the different
length scales independently.
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Distributions where there is no correlation past a certain scale are commonly referred to
as “white”. For concreteness we will use

⟨δd(x)δd(y)⟩ = Aδd exp

(
−|x− y|2k2∗

2

)
=⇒ Pδd(k) = Aδd

√
2

π

k3

k3∗
exp

(
− k2

2k2∗

)
,

(VII.23)

where Aδd parameterises the amplitude of the fluctuations. The common feature of white
distributions in three dimensions is that their power spectrum falls off as k3 in the infrared,
while the UV behavior depends on the exact shape. Had we chosen a distribution with
compact support in position space, the power spectrum would fall off as a power-law in
the UV instead of exponentially. A power-law in the UV might lead to potentially larger
signals in cases where the energy injection happens shortly before CMB emission, such
that only the UV tail overlaps with the window function. The exponential fall off therefore
represents a conservative choice. The power spectrum gives the value of the unequal time
correlation spectrum when one chooses both times to be the same Pδd(k, τ) = Pδd(k, τ, τ)
and therefore gives the amplitude of the fluctuations at a given time. Since, the power
spectrum falls for k > k∗ and the gravitational interaction for modes deeper inside the
horizon is weaker, we can already anticipate that the acoustic energy becomes dominated
by modes with k ≲ k∗. For this reason, we only consider these modes in the following i.e.
we only deal with length scales that are large enough such that there are no correlations
past them.

VII.4.2 Time Evolution

Here we will make the Ansatz that the energy fluctuations of the dark sector can be
described as a stationary statistical process past τ∗. This means that the unequal time
correlation spectra can be factorized into a time autocorrelation function and a power
spectrum. The power spectrum becomes constant past τ∗ and the autocorrelation function
Aδd only depends on the difference in time

Pδd(k, τ, τ ′) = Pδd(k)Aδd(k, τ − τ ′) θ(τ − τ∗)θ(τ
′ − τ∗) . (VII.24)

Let us start by considering a dark sector with relativistic dynamics. In this case, one
naively expects that the only relevant time scales are 1/k∗ and 1/k. Because energy
is a conserved quantity though, a change of δd on sub-horizon scales corresponds to a
displacement of energy over a distance of ≈ 1/k. This is why the only time scale for
energy fluctuations to change is given by ≈ cd/k, where cd ≤ 1 is the typical velocity of
energy transport in the dark sector.5

Since the energy fluctuations have this universal behavior, we limited the discussion to
them and dropped the shear σd from the source S. In general we expect the shear to be of
the same size as the density fluctuations δd and this approximation therefore introduces
an O(1) uncertainty.

Below we calculate the acoustic energy for two examples. In the first case the en-
ergy fluctuations exhibit a stochastic behavior and the autocorrelation therefore decays as
Aδd(k,∆τ) → 0, |∆τ | → ∞. For the other, we take a periodic, deterministic behavior as
one expects if the dark sector comprises a fluid with waves itself.

5Note that since the radiation dominated FRW universe possesses no time-like Killing vector field, there
is no global energy conservation. On super-horizon scales modifications of energy conservation by pressure
fluctuations become relevant as e.g. observed in models of cosmic seeds [471,472].
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Figure VII.3: Acoustic energy ϵlimac (k) induced by sound waves in a dark fluid, normalized
to the magnitude of the dark fluctuations Ω2

d,∗Pδd . The efficiency is roughly constant
for super-horizon modes k < a∗H∗, while it is suppressed for modes that are inside the
horizon k ≳ a∗H∗ when the fluctuations develop at a∗. Solid lines show the result from a
numerical simulation including the contributions of the neutrinos and baryon-photon fluid
to the gravitational potentials, while the dotted lines show the estimate Eq. (VII.30). For
k ≫ a∗H∗ the suppression falls as ∝ (a∗H∗/k)

2 in the resonant case cd = cγ = 1/
√
3

(green) and as ∝ (a∗H∗/k)
4 in the off-resonant cases, once the discrepancy in frequency

becomes relevant. Figure created by W.Ratzinger

Stochastic Source: Free Scalar Field

For a relativistic scalar field with Gaussian fluctuations, the autocorrelation function of
the energy fluctuations for k ≪ k∗ is given by

Aδd(k,∆τ) = sinc(k∆τ) , (VII.25)

as we show explicitly in Sec. (VII.8.2). Since the autocorrelation decays much faster than
a Hubble time if k ≫ a∗H∗, we approximate ϵlimac as

ϵlimac (k) = Ω2
d,∗Pδd(k)

6

k2

∫ ∞

τ∗

dτ ′a4(τ ′)H4(τ ′)

∫ ∞

−∞
dτ ′′ cos

(
kτ ′′√
3

)
sinc(kτ) (VII.26)

= Ω2
d,∗Pδd(k) 2π

(
a∗H∗
k

)3

, (VII.27)

where we used a = τ H∗a
2
∗ during radiation domination to solve the first integral. This

estimate holds only for modes that are inside the horizon at a∗. The numerical results
we present below suggest that for super horizon modes the efficiency of inducing acoustic
waves is directly proportional to the amplitude Pδd(k). We therefore use

ϵlimac (k) ≈ Ω2
d,∗Pδd(k)

π

2π + (k/a∗H∗)
2

1

1 + k/(2a∗H∗)
, (VII.28)

to estimate the acoustic energy for all regimes with O(1) accuracy.

Deterministic Source: Fluid

If the dark sector is comprised of a fluid itself with speed of sound cd the autocorrelation
is

Aδd(k,∆τ) = cos(cdk∆τ). (VII.29)
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In this case there is no sensible approximation that allows one to factorize the double
integral in Eq. (VII.20). Therefore we directly use the results from solving the full equa-
tions of motion numerically, including backreaction from photons and neutrinos, to discuss
the behaviour. To do so we model the fluctuations in the dark sector as 0 up to τ∗ and
as δd = sin(cdk(τ − τ∗)) afterwards. This corresponds to Pδd(k) = ⟨sin2⟩ = 1/2. In
Fig. (VII.3) we show the results for ϵlimac normalized by Ω2

d,∗Pδd for various dark speeds
of sound. As one can see the efficiency of inducing acoustic waves takes on a constant
O(1) value in all cases for modes outside the horizon at a∗. For modes inside the hori-
zon the efficiency falls off as (a∗H∗/k)

2 and as (a∗H∗/k)
4 once the potential offset in

frequency between the driving force cdk and k/
√
3 of the driven oscillator δγ becomes

relevant (
√
3− cd)k/(a∗H∗) ≳ 1. We therefore suggest using

ϵlimac (k) ≈ Ω2
d,∗Pδd(k)

π

2π + (k/a∗H∗)
2

1

1 + (1/3− c2d) (k/a∗H∗)
2 , (VII.30)

which matches the numerical result up to a factor of ≲ 2 for the cases shown in Fig. (VII.3).

One can interpret the results Eq. (VII.28) and Eq. (VII.30) as follows: Naively one ex-
pects a suppression by (a∗H∗/k)

4 for modes inside the horizon, k > a∗H∗, that stems from
the potentials decaying as Φ,Ψ ∝ (a∗H∗/k)

2. The potentials are however approximately
constant and keep driving the acoustic oscillations in the baryon-photon fluid for a whole
Hubble time after a∗, corresponding to many oscillations Nosc ∝ k/a∗H∗ ≫ 1 of the mode.
The energy of a harmonic oscillator driven by a stochastic source or in resonance grows
as ∝ Nosc or ∝ N2

osc which leads to a milder suppression by (a∗H∗/k)
3 and (a∗H∗/k)

2

respectively.

VII.5 Detailed analysis of a simple model: λϕ4-Theory

To confirm the validity of our analytic estimates, we now consider a toy model for which a
full numerical treatment is feasible. We have chosen a model consisting of two real scalar
fields ϕ, ψ with the potential

V (ϕ, ψ) =
1

4
λϕ4 +

1

2
g2ϕ2ψ2 . (VII.31)

This model has been studied in great detail in the context of preheating e.g. [223–225,
473–475]. We consider ⟨ϕ⟩ = ϕi ≪ mPl and ⟨ψ⟩ = ⟨ϕ̇⟩ = ⟨ψ̇⟩ = 0 as the initial conditions.
In this case, the energy density of the fields is always subdominant Ωd ≪ 1 in contrast to
the preheating scenario where the field ϕ with ϕi > mPl initially drives inflation.

In addition to deriving all the parameters needed to estimate the acoustic energy ana-
lytically as described above, we solve the dynamics of the model from first principles using
a lattice simulation, which allows us to extract δd(k, τ) and σd(k, τ). Using these we solve
for δγ(k, τ) and arrive at the acoustic energy. We recommend the reader only interested
in the application of the analytic estimates to skip forward to the next section.

We follow [474, 475] in our analysis and define the angular frequency ω∗ =
√
λϕi giving

the typical curvature of the potential as well as the resonance parameter q = g2/λ. For
simplicity, we fix the latter at q = 1 in this work. Furthermore, we assume that both
ϕ and ψ possess Gaussian fluctuations originating from inflation that are frozen before a
mode enters the horizon

Pϕ,ψ =

(
HI

2π

)2

; Pϕ̇,ψ̇ ≈ 0 , (VII.32)
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where HI ≫ ω∗ denotes the Hubble parameter during inflation. We assume that after
inflation the universe reheats and undergoes the same evolution as in the standard ΛCDM
case, with our dark sector acting as a purely gravitationally coupled spectator. At the
times relevant for generating µ-distortions the universe is still radiation dominated.

VII.5.1 Analytic Estimate

The field ϕ starts to oscillate once the Hubble rate drops to Hosc = ω∗. The energy in
the field ϕ is initially ω2

∗ϕ
2
i /4 and dominates the dark sector such that one can estimate

Ωd,osc ∝ (ϕi/mPl)
2. Past aosc the dark sector behaves like radiation such that Ωd ≈ const.

To go beyond an order of magnitude estimate, one has to solve the equation of motion for
the homogeneous component of ϕ and finds

Ωd,osc ≃ 0.2

(
ϕi
mPl

)2

. (VII.33)

The oscillations of ϕ lead to a time-dependent effective mass of the field ψ, which cause its
fluctuations to grow exponentially. As shown in e.g. [473] the equation of motion for the
Fourier modes of the field ψ can be recast into the Lamé equation. From the corresponding
instability chart, one can read off that the modes with k ≲ ω∗aosc experience exponential
growth. The mode growing the fastest is k∗ ≈ ω∗aosc/

√
2 with its energy density growing

as ∝ exp(0.3ω∗aoscτ). The energy in the fluctuations is initially ≈ ω2
∗H

2
I /(2π)

2 while
the energy in the homogeneous ϕ field is ≈ ω2

∗ϕ
2
i /4. Due to the exponential growth this

difference is overcome around

a∗ ≈ aosc
2

0.3
log

(
πϕi
HI

)
. (VII.34)

At this point, the energy in the fluctuations starts to dominate, causing the energy density
to become fully inhomogeneous in line with the definition of a∗ in the previous chapters.
This allows us to calculate a∗H∗ = aoscω∗ · aosc/a∗. For the simulations presented in the
following we fixed HI/ϕi = 10−4, which gives a∗ ≈ 70 aosc and a∗H∗ ≈ aoscω∗/70.

Once the fluctuations dominate, the energy gets split between the two fields and their
respective kinetic and gradient contributions. If the system virializes quickly, the energy
will be distributed evenly between the four, and there will be no correlations between
them. If each separate contribution has O(1) fluctuations we find ⟨δ2d⟩ = Aδd = 1/4, such
that we can use Eq. (VII.23) to estimate Pδd(k).
As a final step, we need to make an assumption about the temporal behavior of δd(k, τ).

Similar to the case of the free scalar field, the energy fluctuations are due to the random
interference of the field modes. If anything, one expects the potentially turbulent interac-
tion of the field modes at a∗ to lead to a faster decrease in the autocorrelation function.
We, therefore, use Eq. (VII.28) with the parameters derived above to analytically estimate
the induced acoustic energy.

VII.5.2 Numerical Treatment

Using CosmoLattice [476, 477] we solve the full equations of motion of the interacting
ϕ and ψ-field on a discretized space-time using a second-order Velocity Verlet algorithm
(equivalent to using a leapfrog algorithm). The evolution of the background metric is
set to behave like a radiation dominated universe, independently of the dark sector. We
simulate a box with N = 1024 sites along each spatial direction with a comoving length
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of L = 2πaosc/(0.015 ω∗) and periodic boundary conditions. The fields in this box are
evolved by time steps of dτ = 0.05 aosc/ω∗. While this choice compromises between
covering the dynamics close to the horizon at a∗ and resolving the UV dynamics, once the
system becomes fully non-perturbative, we ran simulations with higher spatial resolution
and smaller time steps to ensure that none of our results are affected by the poor UV
resolution of the run presented here.

We start the simulation at ai = aosc/10 and use the initial conditions given above. We
cut the inflationary spectrum off for k > 1.3 aoscω∗ to cover the full instability band in
ψ, while at the same time only including modes with k ≪ aH|a=ai = 10 aoscω∗ such that
Pϕ̇,ψ̇ ≈ 0 holds. After fixing q = 1 and HI/ϕi = 10−4, the only remaining free parameters
are ϕi and λ, or equivalently ϕi and ω∗. The dependence on these two is however fully
covered by the scaling relations discussed above, with ϕi controlling Ωd and ω∗ the typical
momentum scale k∗. We keep these relations explicit when showing our results below.

We modified CosmoLattice to calculate and output δd(k, τ) and σ̃d(k, τ) in time-
intervals of ∆τ = 0.5 aosc/ω∗. Here we defined

σ̃d(k, τ) = (1 + w)σd(k, τ) . (VII.35)

This is more convenient for numerics, since it does not require knowledge of the average
pressure in the dark sector. The details of how we calculated these quantities can be found
in Sec. (VII.8.3). To obtain the power spectra of these quantities, we group them in radial
bins of width kIR = 0.015 ω∗ and average over them. To keep the computational cost and
required storage down, we limit ourselves to 70 bins that are spaced out linearly at low k
and logarithmically at high k and only use up to 1000 modes per bin.6 By interpolating
between the saved values of δd(k, τ) and σ̃d(k, τ) as well as Ωd(τ) one can solve for the
perturbations in the visible sector for each single mode(see Sec. (VII.8.1)). With this
approach one doesn’t have to make any assumptions about the time evolution like we did
in Sec. (VII.4.2). To obtain the induced acoustic energy ϵlimac or µ-distortion we then take
the power spectra of Pδγ (k, τ) and Pvγ (k, τ) by averaging over the modes in one bin again
and use Eqs. (VII.11) and (VII.13).

VII.5.3 Numerical Results

In Fig. (VII.4) we show the evolution of various energy components in the dark sector. Up
to aosc the energy is almost exclusively stored in the quartic potential while the dynamics
of ϕ remains overdamped by Hubble friction. Around aosc, ϕ starts to oscillate and the
energy in the dark sector red-shifts like radiation, resulting in Ωd taking on the value
given in Eq. (VII.33). The fluctuations stored in ψ are subdominant around aosc but
start growing exponentially due to the instability caused by the coupling to the oscillating
ϕ-field. The black, dashed line shows the analytic estimate obtained by looking up the
growth coefficient in the instability chart of the Lamé equation

Ωψ(τ) ≈
1

3

(
HI

2πmPl

)2

exp(0.3ω∗aosc(τ − τosc)) . (VII.36)

Once the energy in fluctuations of ψ catches up to the energy in the ϕ-field, there is a back-
reaction that decreases the amplitude of oscillations of the homogeneous part of ϕ while

6Our method is equivalent to the type II, version 1 powerspectrum from the CosmoLattice|

technical note [478], except for limiting the number of modes per bin. CosmoLattice|

includes modes up to
√
3/2 NkIR, while we limited ourselfs to 1/2 NkIR, which explains

why the spectra calculated by CosmoLattice| directly extend to slightly higher momenta

than the once calculated by our methods in Fig. (VII.5).
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Figure VII.4: Evolution of energy components in the dark sector. Around aosc the ϕ-field
starts oscillating and the energy initially stored in the quartic potential (red) starts going
back and forth between the potential and kinetic energy (orange). The dark sector tran-
sitions from vacuum to radiation like scaling and its total energy (blue) asymptotes to
the value given in Eq. (VII.33) (dotted, black). The instabilities induced by the coupling
(purple) in ψ lead to its energy (green) growing exponentially past aosc. The mode func-
tions of ψ can be approximated by solutions to the Lamé equation, leading to the estimate
given by the dashed black line. The horizontal black line marks a∗, the time when the
energy in the homogeneous ϕ field equals the energy in inhomogenities of ψ as estimated
in Eq. (VII.34). At this point the perturbative treatment breaks down, making the lattice
analysis necessary. Past this point the majority of energy is stored in fluctuations of ϕ
and ψ. Figure created by W.Ratzinger
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Figure VII.5: Evolution of power spectra of the ϕ and ψ-field (top row) as well as energy
fluctuations δd and shear σ̃d in the dark sector (second row). In the third row we show
the induced acoustic energy in the baryon-photon fluid through gravitational coupling.
See Section VII.5.3 for discussion. In the bottom row we furthermore show the resulting
spectrum of gravitational waves as discussed in Section VII.6.1. The vertical, black, dotted
line marks the horizon scale at a∗, k ≈ aoscω∗/70, and the dashed line gives our estimate
for the fastest growing mode in ψ, k∗ ≈ aoscω∗/

√
2. The thick, black, solid and dashed lines

show the analytic estimates discussed in the text. Both solid lines feature the exponential
decay in the UV as a result of our conservative choice in Section VII.4.1 with the actual
UV tail falling off more gradually. Figure created by W.Ratzinger
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at the same time introducing sizeable inhomogeneities in ϕ. Shortly after a∗ the energy
becomes dominated by the gradient and kinetic terms, corresponding to fluctuations of ϕ
and ψ, with the potential energy decreasing.

The evolution of the fluctuations in the fields can be seen directly from the top row of
Fig. (VII.5). While the fluctuations in the ϕ field only oscillate as they enter the horizon,
leading to the fringe pattern, the fluctuations in the ψ field grow exponentially in the
instability band k ≲ aoscω∗ with the modes around k∗, marked by the vertical dashed line,
growing the fastest. At a/aosc = 60, as the system approaches a∗, we can see first signs
of a back-reaction in the form of additional induced fluctuations in ϕ. Past a∗/aosc = 70
both spectra feature a primary peak that keeps moving to higher k as time progresses.
This can be understood as the onset of thermalization as ϕ and ψ particles/waves scatter
off one another [479–481]. Somewhat surprisingly there forms a secondary peak in the
spectrum of ψ around k ≈ 0.1 aoscω∗. We can only speculate that this might be the result
of the homogeneous part of ϕ being damped and the instability band therefore moving to
lower k.

In the second row of Fig. (VII.5) we show the evolution of power spectra of the density
fluctuations in the dark sector as well as the shear. Initially the spectrum of density
fluctuations is due to the interference of fluctuations of ϕ with its homogeneous component
that still dominates the energy. The spectrum is therefore also initially flat, as expected,
and shows an oscillatory pattern similar to that of the modes entering the horizon. Around
a∗ ≈ 70 aosc, the fluctuations in the energy density are well described by the analytic
estimate Eq. (VII.23) with the parameters derived in Sec. (VII.5.1) (straight, black line).
Our estimate describes the energy fluctuations well for the Hubble time following a∗, which
is when we expect most of the acoustic energy in the baryon-photon fluid to be sourced.
At later times the peak moves to higher k as a result of the scattering processes discussed
above. The evolution of the shear is similar although it develops a much more pronounced
secondary peak at late times.

In Fig. (VII.6) we show the evolution of the energy fluctuation δd(k, τ) and the shear
σ̃d(k, τ) for two modes in the infrared tail of the spectrum. We furthermore show the
average amplitude of modes in the respective bin. As there is no clear pattern visible
between the two different realisations for the same k, a stochastic description seems to be
appropriate. In line with our discussion in Sec. (VII.4.2), we want to furthermore stress
the difference in the evolution of δd(k, τ) and σ̃d(k, τ) around a∗. The shear shows O(1)
variations on time scales ∆a/aosc ≈ 1 ≈ k∗∆τ that can be related to the characteristic
scale ∆τ ≈ 1/k∗. The energy fluctuations on the otherhand only grow as ∝ [k(τ − τ∗)]

2

and take on their late time amplitude after ∆τ ≈ 1/k. This can also be seen from
Fig. (VII.5) where the infrared tail of the power spectrum of the energy fluctuations is
given as ∝ k3 · [k(τ − τ∗)]

4 ∝ k7 at the times a/aosc = 80 − 100 shortly after a∗ before
asymptoting to the final ∝ k3. This behavior can be understood as the energy density is
conserved on sub-horizon scales and we therefore have ρ̇(k, τ) = ikjρ(k, τ), which leads
to ρ(k, τ) ∝ k(τ − τ∗) assuming that the corresponding current jρ(k, τ) jumps to its final
amplitude around a∗. Since the current jρ(k, τ) is however the momentum density and
itself conserved, one finds ρ(k, τ) ∝ [k(τ − τ∗)]

2.

In Fig. (VII.7) we show the autocorrelation function of δd(k, τ) and σ̃d(k, τ) for the same
values of k, calculated by averaging over the modes in the respective bin and times between
a/aosc = 200−1000. For comparison we also show the analytic approximation Eq. (VII.25)
for the energy fluctuations of a free scalar field (Sec. (VII.8.2)). As one can see there is
good qualitative agreement in that they both have a central peak of width ≈ 1/k. As
argued in Sec. (VII.4.2) this is also expected from energy conservation. Finding these two
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Figure VII.6: Top row: Evolution of the energy fluctuation δd(k, τ) and the shear σ̃d(k, τ)
for two modes (orange and green) in the infrared tail of the spectrum (k = 0.05 aoscω∗).
The straight and dotted line give the real and imaginary part respectively. The gray
envelope indicates the evolution of the power spectrum ∝

√
P(k, τ) as calculated by

averaging the amplitude of all mode-functions in the respective bin. Bottom row: Same
as above, zoomed in on the Hubble time past a∗ ≈ 70 aosc. The black dotted lines indicate
the amplitude of the energy fluctuations growing ∝ [k(τ − τ∗)]
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Figure VII.7: Autocorrelation of the energy fluctuation δd(k, τ) and the shear σ̃d(k, τ) for
same momentum as in Fig. (VII.6) (k = 0.05 aoscω∗). For the energy fluctuation we show
for comparison the sinc that we find analytically in Sec. (VII.8.2) for a free scalar field
(black). Figure created by W.Ratzinger
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Figure VII.8: Close-up of the acoustic energy spectrum at the final time of the simulation.
The blue line represents the physical result, while the orange line stems from a simulation
in which the shear of the dark sector was neglected. The straight black line gives the
analytical estimate, with the black dashed line indicating a k−4 power law that seems more
appropriate to describe the UV tail than the exponential decay of the analytic estimate.
The vertical, black dotted and dashed line give the horizon at a∗ and the estimate of the
fastest growing mode in the ψ-field, k∗. Figure created by W.Ratzinger

features makes us confident that our lattice version of the energy density indeed resembles
the continuum one.7 We also find qualitative agreement for the autocorrelation of the
shear from the lattice simulation and the free scalar field. Both have features on small
time scales related to the peak momentum k∗ and on time scales related to k. It should
however be mentioned that the autocorrelation function of the shear varies much more
when varying the momentum k.

Given the evolution of fluctuations in the dark sector as shown in Fig. (VII.6), we can
numerically solve the equations for fluctuations in the baryon-photon fluid on a mode-
per-mode basis. This allows us to calculate the acoustic energy and the result is shown
in the third row of Fig. (VII.5) and in Fig. (VII.8). From the time evolution shown in
Fig. (VII.5) we see that the majority of acoustic energy is induced in the Hubble time
after a∗ (a/aosc ≈ 70− 150) and the energy becomes constant shortly after. Our analytic
estimate in Eq. (VII.28) with the parameters derived in Sec. (VII.5.1), shown in black,
accurately estimates the main features of this final spectrum: A steep fall off for modes
larger than the peak momentum k∗, a flat plateau for momenta between k∗ and the horizon
at a∗ (vertical, dotted, black line) and a k3 infrared tail for momenta outside the horizon
at a∗. Unfortunately our simulation does not properly cover super-horizon scales, but
from what we can see the spectrum becomes steeper at the horizon in good agreement
with our estimate.

In Fig. (VII.8) we show a close-up of the acoustic energy spectrum at the final time of
the simulation. We furthermore show the result of a calculation in which we neglected the
shear of the dark sector when solving for the perturbations in the baryon-photon fluid.
We find that both calculations as well as the analytic estimate agree to within ≈ 20% in

7We first tried to do this analysis for an axion coupled to a vector, using the same code as in [454].
This model and its lattice implementation are more complicated since they involve vectors. We were not
able to construct an energy density on the lattice that showed these characteristics of energy conservation
without decreasing the time step of the simulation by a lot, making the simulation unfeasible. We leave a
systematic investigation of this issue for future work and recommend checking these features when running
similar simulations.
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the plateau region. Neglecting the shear, however, results in underestimating the acoustic
energy by a factor of ≈ 2 − 3 in the IR and UV tail of the spectrum. Furthermore we
find that in the UV the spectrum falls of as k−4 rather than the exponential suppression
suggested by the analytic estimate.

VII.6 Application to sources of GWs

Our mechanism of sourcing µ-distortions is only efficient if the dark sector features a
sizeable amount of energy Ωd ≲ 0.04 that has O(1) perturbations on scales close to the
horizon. The upper bound on the energy here stems from the current Neff bound discussed
below. If the dynamics of the dark sector are furthermore relativistic, they efficiently
produce gravitational waves. Such models have received a large amount of attention
recently due to the detection by LIGO [52] and hints stemming from pulsar timing arrays
(PTAs) [62, 388, 396, 397]. In the following, we want to compare the reach of searches for
GWs and spectral distortions for some of these models.

Before doing so, let us clarify that the inverse statement, i.e. that all sources of primor-
dial GWs feature large perturbations close to the horizon scale, is not necessarily true. A
counter example would be strings originating from a broken local U(1) gauge symmetry.
In this case, GWs are mainly produced from the tiniest string loops that only populate a
small fraction of the Hubble volume at a given time. Therefore the source is point-like,
whereas for the dark sectors we are considering, GWs get sourced over the whole Hubble
volume.

For these sectors the resulting GW spectrum is peaked around the characteristic scale
k∗ and the peak amplitude can schematically be parameterized as [179,482,483]

ΩGW,peak ∝ Ω2
d ·
(
a∗H∗
k∗

)α
· P2

δd
(k∗) . (VII.37)

Just like the induced acoustic energy, the energy in GWs is suppressed by Ω2
d. The

suppression originating from the characteristic scale being inside the horizon potentially
differs though from Equations Eq. (VII.28) and Eq. (VII.30), with the model dependent
power α taking the values 1 and 2. If the new physics comprising the dark sector does not
feature spin-2 degrees of freedom, gravitational waves can only get sourced in second-order
processes resulting in the suppression by P2

δd
≲ 1. Further suppression of the GW signal

occurs if the dynamics are non-relativistic, but we are not considering this case below.

Experiments and Cosmological Bounds

At the lowest frequencies and correspondingly largest scales, the amount of GWs
becomes limited by the non-detection of B-modes in the CMB polarization by
Planck+BICEP2+Keck [484], and we show the resulting limit in cyan in the following
plots. Furthermore, the gravitationally induced scalar fluctuations would alter the result-
ing CMB perturbation pattern. In our age of precision cosmology, deriving such bounds
is done by refitting the angular perturbations from scratch. However, such an analysis is
beyond this work. Instead, we take inspiration from searches of symmetry-breaking relics
carried out in e.g [485–487]. They found that the fraction in the angular power spectrum
stemming from the new physics is limited to a couple of percent over a wide range of
angular scales l. To visualize the remaining uncertainty, we show an aggressive bound,
limiting the amount of induced fluctuations to 2% of the inflationary ones up to the CMB
pivot scale, Pδγ < 0.02P inf

δγ
for k < 0.05Mpc−1, as well as a more conservative bound
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corresponding to 10% out to scales of k < 0.005Mpc−1. Here P inf
δγ

≈ 16 · Pξ ≈ 32× 10−9

denotes the amount of inflationary fluctuations inferred form the Planck 2018 dataset [21].
We calculate Pδγ ≈ 4ϵac using the formulas given in Section VII.4. The resulting bound
is shown in red.

At smaller scales, we use the results from Sec. (VII.3) and Sec. (VII.4) to calculate
the µ-distortions resulting from induced acoustic waves and show the results in green.
We furthermore calculate the µ-distortions stemming from the interaction of the GWs
emitted by the dark sector with the baryon-photon fluid [442, 488, 489]. We show the
resulting bound in pink. The actual observable distortion would perhaps be the sum
of these two effects, but we show them separately to highlight the magnitude of each
source of distortion. As thresholds for the detection of a µ-distortion we consider the
existing bound from COBE/FIRAS µ < 4.7 × 10−5 at 95% confidence level [441, 490] as
well as the sensitivity of the future missions PIXIE µ ≲ 3 × 10−8 [445] and Voyage2050
µ ≲ 1.9× 10−9 [446].

At even shorter scales, we fit the GW spectrum to the to-be-confirmed detection by
pulsar timing arrays [62,388,396,397] using the first 5 frequency bins from the NANOGrav
12.5yr dataset [62] and the hierarchical method proposed in [303,491]. Direct fits including
modeling of pulsar noise have been carried out for a number of the models discussed
below [395, 404, 492, 493] and the results largely agree with the hierarchical method. We
show the resulting 2σ region of the fit as an orange area. Furthermore, we show the reach
of the planned square kilometer (SKA) array after taking data for 20 years [61, 118, 494]
as an orange line.

Since we consider dark sectors with relativistic dynamics, they will inadvertently act as
a form of radiation not interacting with the baryon-photon fluid and therefore contribute
to the effective number of neutrinos Neff . At recombination its contribution is given as

∆Neff =
8

7

(
11

4

) 4
3 ρd
ργ

∣∣∣∣
T=Trec

. (VII.38)

The Planck 2018 dataset constrains ∆Neff < 0.3 at 95% confidence level [21] and the next
generation of ground-based telescopes (CMB Stage-4) is expect to achieve a sensitivity of
∆Neff < 0.03 [443], which we show as a gray surface and line respectively.

VII.6.1 λϕ4-Theory

Let’s start with the model we already considered in great detail in Sec. (VII.5). In
Fig. (VII.5), we show in the bottom row the evolution of the energy density spectrum
of gravitational waves. As one can see, similar to the acoustic energy, the energy in grav-
itational waves is sourced in the Hubble time following the back-reaction of the ψ-field
on ϕ, a/aosc ≈ 70 − 150. One might therefore try to estimate the peak amplitude with
Eq. (VII.37) and α = 2, which has been observed to give a decent estimate for similar
models. Very roughly one can set Pδd(k∗) ≈ 1. It has also been observed that the peak
of the GW spectrum lies typically about a factor 2 higher than the characteristic scale of
the source kpeak ≈ 2k∗ (see e.g. [460]). We show the resulting estimate as a black cross
in Fig. (VII.5). Somewhat surprisingly, the actual peak of the GW spectrum lies a factor
≈ 4 below the characteristic scale k∗, and the estimate only corresponds to a secondary
peak at higher k. The peak amplitude, however, is estimated to be within a factor of 2. In
Fig. (VII.5) we have furthermore indicated the k3 power law that one expects for ΩGW(k)
for scales outside the horizon at a∗ [416,495] (dotted, black line).
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To derive the bounds and reach of future experiments we use the spectra found in our
lattice simulation and extrapolate them as ∝ k3 in the infrared and conservatively as 0 in
the UV. The relic abundance, the energy in GWs and wave vectors k are redshifted taking
into account the changing number of relativistic degrees of freedom in the SM plasma in
order to compare them to the future and present bounds mentioned above. The results
are shown in Fig. (VII.9). We find that at low effective masses ω∗ ≲ 10−22 eV the model
is most stringently constrained by the non-observation of B-modes in the CMB (cyan). At
intermediate values 10−23 eV ≲ ω∗ ≲ 10−13 eV the spectral distortions induced by acoustic
waves will be detectable by future missions. We find that for this model, as for all other
ones that we discuss, the contribution from the GWs to the distortion is negligible. At
even larger masses, the model can be tested by SKA, but in the parameter space still
allowed by the Neff constraints the signal is too weak to explain the recent findings of
today’s PTAs.

For this model, all bounds relying on scalar fluctuations are rather weak compared to
the examples that we discuss below. The reason is that the characteristic scale lies deep
inside the horizon when the perturbations arise k∗/(a∗H∗) = O(100) and this factor enters
with a power of -3 in the estimate Eq. (VII.28). In the case of an axion coupled to a dark
photon [303, 453, 457, 460, 496–506] featuring a similar instability this ratio is typically of
the same order (possibly with the exception of [507]) and we expect comparable results.
The situation is different for the related scenario of axion fragmentation [456,461,508–510],
where this ratio can be of O(1) and we expect that the spectral distortions could be much
larger than recently estimated in [258], where only the GWs were considered.

VII.6.2 Unstable Remnants of post-inflationary Symmetry Breaking

Symmetry breaking in the early universe is one of the most anticipated predictions for
BSM physics, emerging in many extensions of the standard model e.g. [511,512]. Here we
will assume that the symmetry breaking takes place after inflation resulting in a universe
filled with topological defects or a network of scaling seeds. We restrict ourselves to the
study of domain walls from the breaking of a discrete symmetry, as well as cosmic strings
resulting from the breaking of a global U(1), which appear for instance, in axion-like
particle (ALP) scenarios with post-inflationary Peccei-Quinn breaking.

VII.6.2.1 Domain Walls

Domain walls (DWs) [350, 352, 423] are two dimensional topological defects that emerge
from the breaking of a discrete symmetry. The parameter controlling the DWs dynamics
after formation is the surface tension σ. By considering that every Hubble patch with
volume 1/H3 contains a sheet of DW with area 1/H2 one can show that

ΩDW ≃ 0.5
σ

m2
PlH

, (VII.39)

where the O(1) prefactor is inferred from simulations during radiation domination [418].
This picture furthermore suggests that the system has O(1) density fluctuations at the
horizon scale. As one can see the relative amount of energy in DWs grows as the universe
cools down, leading to strict bounds on σ in order to not over-close the universe. Observ-
ability therefore motivates a scenario in which the degeneracy of the vacua related by the
symmetry is broken by an additional term in the potential Vbias. The introduction of Vbias
causes the walls to experience volume pressure, that leads to the annihilation of the net-
work once the energy in the volume becomes comparable to the energy in the surface area
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Figure VII.9: Constraints and future probes of the λϕ4-model introduced in Sec. (VII.5).
Here ω∗ determines the temperature T∗ at which the fluctuations come to dominate the
energy in the dark sector and the initial amplitude ϕi gives the energy in the dark sector
Ωd. The gray area and line give the current and future bounds resulting from Ωd increasing
Neff at recombination. For T∗ below O(102 eV) the scenario is constrained by fits to CMB
fluctuations (red) as well as the non-observation of B-polarization modes (cyan). For the
wide range of annihilation temperatures of (102 − 107) eV spectral distortions are able to
probe this scenario with the future missions PIXIE (straight) and Voyage2050 (dotted).
We show the bound including only the contribution from scalar acoustic waves in green
and the one from only considering GWs in pink. At temperatures above 105 eV the model
becomes testable by the future pulsar timing array SKA (orange line). Figure created by
W.Ratzinger
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Figure VII.10: Left: Constraints and future probes of domain walls in terms of the an-
nihilation temperature of the network Tann and the surface tension σ. See the text and
Fig. (VII.9) for discussion. We have picked two benchmarks A and B. Right: On the top
we show the GW signal for the benchmarks in relation to the power law integrated noise of
SKA. While SKA can not distinguish the two scenarios, the induced spectral distortion is
drastically different as can be seen from the bottom panel. Figure created by W.Ratzinger

of the DWs. In a radiation dominated universe the time of DW annihilation corresponds
to the following temperature [418]

Tann ≈ 10 MeV
( σ

TeV3

)− 1
2

(
Vbias

MeV4

) 1
2

. (VII.40)

The GWs from annihilating DWs were first studied analytically [513, 514] and later on
quantitatively using lattice simulations [418, 430, 515–517]. On the lattice one finds that
the GW spectrum is peaked at kpeak = 2πaannHann and the peak amplitude at emission
is given as [430]

ΩGW,peak,ann ≃ 0.02 Ω2
DW,ann . (VII.41)

This is exactly what one expects from Eq. (VII.37) for a source with dynamics on the
horizon scale and O(1) density fluctuations. The shape of the spectrum is ∝ k3 for
k < kpeak and ∝ k−1 for k > kpeak.

To estimate the acoustic energy induced by the DWs we use the spectrum given in
Eq. (VII.23) and set the normalisation to Aδd = 1. Since the spectrum peaks at ≈ 2k∗
we set k∗ = kpeak/2. We have no reason to expect that the energy fluctuations δd(k, τ)
show a deterministic behavior and therefore use Eq. (VII.28). The DWs are expect to
source acoustic energy for the whole time that the network exists with the biggest contri-
bution stemming from the time of annihilation when the relative energy in the network
is largest. As a conservative estimate we only take this contribution into account and set
a∗H∗ = aannHann and Ωd,∗ = ΩDW,ann in Eq. (VII.28).

In order to not over-close the Universe, we assume that the remnants of the DW network
rapidly decay into dark, massless or light particles that consequently contribute toNeff . We
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take into account the appropriate redshift to arrive at the results shown in Fig. (VII.10).
We again find that the spectral distortions are dominantly produced through the damping
of acoustic waves as can be seen by comparing the green and pink dotted line. The amount
of acoustic energy and gravity waves is approximately the same ϵac ∼ ΩGW ∝ Ω2

d, but only
a small fraction of the energy in gravity waves is injected into the photons, while all of
the acoustic energy is converted when the modes cross the diffusion scale.

Since the fluctuations are horizon sized, there is no suppression of the acoustic energy,
resulting in stronger signals when compared to the model considered above, while still
being compatible with the Neff -bound. As can be seen from Fig. (VII.10), in parts of the
parameter space Tann = 103 − 105 eV the existing COBE/FIRAs data already constrains
the distortions induced through acoustic waves (green area), slightly improving upon the
bound from Neff .

On the right side of Fig. (VII.10) we sketch the GW spectrum for two benchmark points
together with the expected sensitivity of SKA.8 Since PTAs are only sensitive to the UV
tail of the spectrum, if the annihilation temperature is below Tann ≲ 107 eV, SKA is not
able to distinguish between the two benchmarks. On the bottom we show the acoustic
energy density spectra in relation to µthr,PIXIE/W(k), where µthr,PIXIE = 3 × 10−8 is the
threshold for detection by PIXIE and W(k) is the window function given in Eq. (VII.15).
Broadly speaking the overlap of the acoustic spectra with µthr,PIXIE/W(k) gives the size
of the signal compared to the threshold in accordance with Eq. (VII.14). It becomes
clear that the benchmarks, although indistinguishable by the SKA measurement, lead to
drastically different µ-distortions. This goes to demonstrate the role spectral distortions
might have in the upcoming age of multi-messenger cosmology. The future missions PIXIE
and Voyage2050 will go far beyond all other probes in this range.

VII.6.2.2 Global Strings

Cosmic Strings (CSs) [350, 423], one dimensional topological defects, are remnants of a
spontaneous U(1) symmetry breaking. The essential parameter controlling the dynamics
of the strings is the symmetry breaking scale fϕ that determines the string tension. We
will base our analysis in the following on the findings of [383]. There it is found that the
energy density in the string network is given as

Ωs(a) ≃ 1.0 · log2
(

fϕ
H(a)

)(
fϕ
mPl

)2

, (VII.42)

during radiation domination once the system has entered the scaling regime. The time-
dependent logarithmic factor log(fϕ/H) = O(100) enters here, since parameters like the
string tension and the number of strings per Hubble patch show this scaling in case of
the breaking of a global U(1) symmetry. The existence and extent of this logarithmic
dependence still remains debated for observables like the emitted GWs [383,425,429,487]
though. According to [383] the energy of emitted GWs is given as

ΩGW (k) ≃ 0.2 · Ω2
s|aH=k . (VII.43)

Similar to the example of domain walls, we will again consider the possibility that an
explicit breaking of the U(1) symmetry enforces the annihilation of the network. This
breaking is parameterized by the mass mϕ of the pseudo Nambu-Goldstone boson. Once

8While for our parameter scan we use the exponential suppression in the UV from Eq. (VII.23), for this
sketch we show a power law that we think is more realistic. The majority of the signal is due to the peak
such that this introduces only a small uncertainty in the parameter scan.
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Hubble drops to H∗ = mϕ, the field settles in its true minimum resulting in the formation
of domain walls that collapse the network. Ref. [383] finds that the GW spectrum features
a peak at kpeak = 2πa∗H∗ with the amplitude at the peak and higher frequencies given by
the formula above and falls off as k3 for lower frequencies.

To determine the Neff bound we use that the energy in relativistic Nambu-Goldstone
bosons at emission is [383]

Ωϕ ≈ 0.3 · log2
(

fϕ
H(a∗)

)(
fϕ
mPl

)2

. (VII.44)

Part of these bosons will become non-relativistic and contribute to the DM density. We
refer the reader to [383] for the derivation of the DM abundance as well as other bounds
arising from structure formation (see also [518,519]).

To estimate the acoustic energy induced by strings, we employ largely the same ar-
guments and procedures as shown for the DWs: As a conservative estimate, we limit
ourselves to the contribution of the strings leaving aside the bosons. We therefore plug
k∗ = kpeak/2, Aδd = 1 and Eq. (VII.42) into Eq. (VII.28) to get the estimate. To account
for the continuous induction of acoustic energy during the scaling regime, we replace the
exponential suppression for k > kpeak by only a logarithmic dependence ∝ log4(k/kpeak),
in which we assumed that this is only due to the time dependence of Ωs(a). The results
are shown in Fig. (VII.11). We are additionally showing the reach of the future space-
based interferometer LISA adopted from [383] as an orange line. The region in which the
resulting DM overcloses the universe is shown in blue and the bounds arising from struc-
ture formation in purple. It should be mentioned that if our assumption of the density
fluctuations being of horizon size at annihilation k∗ = πa∗H∗ also holds true at late times,
the stronger (purple shaded) bound is applicable. Interactions among the bosons could
possibly relax this assumption though leading to a less stringent bound (solid purple).

In the parameter space in which the pseudo Nambu-Goldstone bosons contribution to
DM is not overclosing the universe, SKA and LISA only probe the UV tail of the GW
spectrum, which renders them insensitive to the decay of the network and therefore mϕ.
Since for mϕ ≳ 10−22eV the period in which acoustic waves are sourced is shortened,
spectral distortions offer an opportunity to estimate or at least constrain mϕ in most of
the parameter space with detectable GWs.

Before moving on, let us compare our results to the ones obtained in [464,465] for non-
decaying networks of scaling seeds. Both papers consider the spectral distortions due to
gravitationally induced acoustic waves in the baryon-photon fluid, just as we do in this
paper. Ref. [464] considers the case of cosmic strings and found that only µ ≈ 10−13 can
be reached without being in tension with CMB observations, while our analysis suggests
that distortions as large as µ ≈ 10−9 − 10−10 are possible.9 In [465] the breaking of
an O(N) symmetry with N ≥ 4 was studied that features no topological artefacts but a
network of scaling seeds with quasi constant Ωd and dynamics of horizon size. This system

9It should be mentioned that [464] concerns the case of local strings. Global strings effectively radiate off
their energy as Goldstone bosons preventing the formation of small loops, while local strings predominantly
decay into gravitational waves and therefore form small loops. This makes the two scenarios drastically
different when it comes to the emission of gravitational waves. We seem to agree with [464] that the
gravitational drag from a surrounding fluid only concerns the largest scales of the respective network,
as can be seen from our estimate Eq. (VII.28) decaying as k−3 and the integration over the loop-length
in [464] being dominated by the largest loops. Therefore, in this regard the two scenarios should be similar
and this does not necessarily explain the tension between our results. Ref. [464] introduces a wiggliness
parameter that potentially enhances the distortion. If this parameter is proportional to log(fϕ/H) the two
estimates can be reconciled.
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Figure VII.11: Present and future constraints on cosmic string networks resulting from
the breaking of a global U(1) at the scale fϕ. We assume that the network annihilates at a
temperature Tann due to an explicit breaking of the symmetry parameterized by the mass
of the resulting pseudo Nambu-Goldstone boson mϕ. Additionally to the bounds shown in
Fig. (??), we also show the reach of the interferometer LISA searching for GWs. Further
constraints on this parameter region arise due to the emitted axions making up a fraction
of DM and featuring large isocurvature perturbations in conflict with Lyman-α observa-
tions (purple). For annihilation temperatures Tann ≥ 105eV the most severe constraint
comes from overproducing axion DM. Again the great complementarity between GWs and
spectral distortion experiments shall be emphasized, with the later being sensitive to the
mass (at least for mϕ > 10−22 eV). Figure created by W.Ratzinger

is therefore very similar to cosmic strings. They find that present CMB bounds allow for
µ ≈ 10−9 for non-decaying networks in good agreement with our result.

VII.6.3 Phase transitions

Many theories of BSM physics predict a first-order phase transition (FOPT) in the post-
inflationary universe (see e.g. [88, 458, 459]). These FOPT proceed through bubble nu-
cleation and bubble collisions at relativistic speeds and are therefore a great source of
GWs [520,521]. We consider the case in which the FOPT takes place in a purely gravita-
tionally coupled sector as in [118,119,435] and only consider the sound wave contribution
to the GW spectrum [91, 178]. While this is often the dominant source of GWs from
thermal FOPTs, this is a conservative estimate of the GW spectrum since it neglects
contributions from bubble collisions and turbulence.

The parameters describing such a system are the energy density in the dark sector Ωd
that can readily be exchanged for the contribution to Neff using Eq. (VII.38), the amount
of energy freed in the phase transition relative to the one in the dark fluid αd,

10 the time

10The situation commonly discussed only concerns the case where the universe is filled with one fluid.
When dealing with multiple fluids the introduction of αd and Ωd is necessary as opposed to only using
α = Ωdαd/(1 + αd). Since the bubble walls only couple to the fluid in the dark sector, the matching
conditions are only imposed on the dark sector and as a result the efficiency of generating sound waves
depends on αd as opposed to α [119].
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Figure VII.12: Current and future constraints on a phase transition in a dark sector, in
terms of the SM plasma temperature at the time of the transition and the released energy
relative to the energy in the dark fluid αd, for different values of ∆Neff and the inverse

duration of the phase transition β
H . We only take into account the effects of the sound

waves in the dark fluid caused by the transition. At temperatures T∗ = 1 − 10 eV the
scenario is constrained by CMB fluctuations in (red) and the non-observation of B-mode
polarization in the CMB in (cyan). In the temperature range of T∗ = 10− 106 eV spectral
distortions from acoustic waves (green) can probe the scenario. Strong phase transitions in
a dark sector saturating the Neff bound can already be constrained by the COBE/FIRAS
results. At temperatures T∗ = 105 − 107 eV the scenario can in the future be detected
by SKA, while the present Neff bound (top row) rules out the NANOGrav signal being
generated this way. For convenience we have converted αd to α = Ωdαd/(1 + αd) on the
left y-axis. Figure created by W.Ratzinger
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of the transition which we will give as the temperature T∗ of the SM plasma at the time,11

as well as the inverse time scale of the transition β. To keep our discussion simple we
further set the wall velocity vw ≃ 1 and restrict us to a speed of sound cd = 1/

√
3 in the

dark sector, 12 which allows us to estimate its acoustic energy relative to its total energy
as

ϵac,d =
ρac,d
ρd

=
κ(αd)αd
1 + αd

; κ(αd) =
αd

0.73 + 0.083
√
αd + αd

, (VII.45)

where κ gives the efficiency factor for converting the released energy into sound waves as
found in [85].

The energy density of GWs coming from the sound waves which are emitted from
a dark sector with nucleated bubbles of sub-horizon size is [179]

ΩGW (k) ≃ 0.16

(
k

kpeak

)3( 7

4 + 3(k/kpeak)

)7/2

· Ω2
d∗ ·

H∗
β

·
(
κ(αd)αd
1 + αd

)2

. (VII.46)

The first term is again an O(1) prefactor for k = kpeak = 2a∗β/
√
3 and determines the

shape of the spectrum, while we can identify the other terms with the factors in the rough
estimate of Eq. (VII.37).

The density fluctuations in the relativistic dark sector, just as in the baryon-photon
fluid, are related to the acoustic energy via Aδd = ⟨δ2d⟩ = 4ϵac,d in the virial limit. Again
we set k∗ = kpeak/2, but in this case we use Eq. (VII.30) to determine the gravitationally
induced acoustic waves. This is justified, since one expects that δd only shows a stochastic
behavior for a time ≈ 1/β while the walls are present and proceeds with the deterministic
propagation of sound waves for the remaining Hubble time following the transition.

The ratio β/H∗ determines if the PT completes mainly driven by the expansion of a
few nucleated bubbles or by the nucleation of new bubbles everywhere in space. Large
values of β/H∗ correspond to faster nucleation rates which means that more bubbles will
nucleate inside the Hubble horizon until the PT has completed, and hence their bubble
radii get smaller. One expects an inverse relation between β/H∗ and the amplitude of the
GW spectrum. Since β/H∗ determines the average bubble radius at the time of collision,
it also controls the peak frequency of the GW spectrum. For very strong FOPTs one
might have to reformulate the definition of β/H∗ as it may become inappropriate and was
emphasized in [522,523].

In Fig. (VII.12) we show our results. Similar to the previous examples we find that spec-
tral distortions bridge the gap between phase transitions detectable by CMB fluctuations
(T∗ = 1 − 10 eV) and by PTAs such as SKA (T∗ = 105 − 107 eV). The probes relying on
scalar mediation are however particularly strong for αd ≪ 1. In this case the fluctuations
in the dark sector are small Pδd ≪ 1, which suppresses the GWs relative to the sourced
acoustic waves, as one can see by comparing Eq. (VII.37) with Eqs. (VII.28) and (VII.30).
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Figure VII.13: Current and future constraints on a first order phase transition at tempera-
ture T∗ releasing a relative energy α into the SM-plasma. For temperatures below ≈ 2MeV
the released energy α leads to tensions in BBN and CMB measurements of the baryon to
photon ratio (blue). The sound waves caused by the phase transition source GWs that
can explain the NANOGrav hint (orange, filled) and in the future can be detected over a
wide range of parameter space (orange line). The green area and lines show the current
and future sensitivity to spectral distortions caused by the sound waves. At temperatures
above ≈ 1MeV the sound waves and therefore spectral distortions are expected to be
reduced due to damping by neutrino diffusion. Figure created by W.Ratzinger

VII.6.4 Comment on Directly Coupled Sectors

Clearly, one can obtain stronger bounds from spectral distortions if there are additional
interactions between the new physics sector and the SM plasma besides gravity. In this
sense, the bounds presented above can be interpreted as lower limits since gravity is
always present. Studies of such scenarios will need to make specific assumptions about
the nature of the coupling and can therefore not be carried out in a model-independent
way as we did in Sec. (VII.3 and Section VII.4), but case by case as was done e.g. for
cosmic strings [524,525].

In light of the recent findings by PTAs, we here want to briefly comment on the case in
which a phase transition directly causes sound waves in the SM plasma and subsequently
emits GWs. From the previous section, we saw that GWs from PTs in decoupled sectors
can not explain the NANOGrav data due to the Neff bound. If the energy released in the
PT is instead directly deposited into SM degrees of freedom, the Neff constraint does not
apply. One can therefore consider the case where the PT sources sound waves in the SM
plasma directly, which then produce the GWs.

Since the walls now directly source the acoustic energy in the baryon-photon fluid, we
no longer rely on the gravitational coupling. Instead the acoustic energy spectrum can
be constructed from the total acoustic energy given in [85] and assuming a white noise
spectrum

ϵac(k) =
κ(α)α

1 + α

√
2

π

k3

k3∗
exp

(
− k2

2k2∗

)
, (VII.47)

11The dark sector, if it is thermal, must not have the same temperature as the SM plasma. If it posses
one relativistic degree of freedom its temperature is necessarily smaller. See [118,119] for further details.

12In figure VII.3 we show the effect of varying the sound velocity and find that the suppression in the
amount of acoustic energy is small as long as the changes don’t exceed ≈ k∗/(a∗H∗) ≈ β/H∗. It has
been found though that even small changes in both the sound velocity and the wall velocity can have an
significant impact on the efficiency factor κ, entering both the GW and acoustic energy estimate. [85]
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with k∗ = a∗β/
√
3. To estimate the GW signal strength, we use the formulas from the

previous section, setting Ωd → 1 and replacing αd → α. With these changes we arrive
back at the expression for the case where there is only one fluid present [179].13

The results are shown in Fig. (VII.13). An energy injection around or after BBN at
T ≈ 1 MeV leads to a possible tension between the baryon to photon ratio obtained from
BBN and CMB measurements. The resulting current bound on α and its temperature
dependence has been investigated in [436], and we show it in blue. As can be seen, this
bound already excludes a decent chunk of the 2σ-region of the NANOGrav fit (orange,
filled). However we find that the remaining region can be probed by future distortion
experiments, provided that our above estimate holds. Furthermore we obtain a significant
overlap of the parameter space testable by SKA and spectral distortions.

The previously mentioned conclusions come, however, with the following caveat: At the
beginning of BBN around T ≈ 1 MeV, the neutrinos decoupled from the rest of the SM
plasma. Similar to the decoupling of photons, one has to expect that all perturbations
on sub-horizon scales might be significantly damped due to the diffusion of neutrinos.
We anticipate that this effect would reduce the reach of distortion searches for PT tem-
peratures above 1 MeV. The previously mentioned effect covers a significant region of the
viable parameter space shown by the red line in Fig. (VII.13). For transition temperatures
close to 1 MeV, in that region, a reduction of the GW amplitude is plausible as well as
their emission and the damping by ν-diffusion are taking place simultaneously. We leave
a detailed study of these effects to future work.

VII.7 Conclusion

Spectral distortions caused by gravitationally induced acoustic waves in the baryon-photon
fluid provide a powerful probe of new physics. We showed that the induction of the
acoustic waves via the gravitational coupling and the subsequent damping due to dif-
fusion can be separated. Since the latter is completely determined by SM physics, the
µ-distortions can be calculated solely from the amplitude or equivalently the energy of the
waves (Eq. (VII.12)).

We here for the first time presented a general, analytic estimate of this acoustic energy
caused by a purely gravitationally coupled sector (Eqs. (VII.28) and (VII.30)). This
estimate only relies on a few parameters describing the dynamics of the dark sector. The
most important amongst them are the amount of energy constituted by the dark sector,
the amplitude of its energy fluctuations as well as the ratio between the typical length
scale of the fluctuations and the horizon when the fluctuations are generated. While we
restricted ourselves to studying sectors with relativistic dynamics, we expect that the
results from Sec. (VII.4) can be generalized to non-relativistic dynamics easily.

We continued by studying a particularly easy model consisting of two scalars in all detail.
Solving for the dynamics in the dark sector using a lattice simulation and afterwards
calculating the acoustic waves numerically allowed us to get the acoustic energy from first
principles. We compared the result obtained in this way to our analytic estimate and
found agreement to within O(1) factors, in the peak region even to within 20%.

Finally our analytic estimate allowed us to evaluate the spectral distortion signal for
several dark sector scenarios. We were able to demonstrate that dark sectors with energy
fluctuations present at temperatures between ≈ 10−106 eV are either already constrained

13For transition temperatures below ≈ 1 MeV the neutrinos are decoupled and there are technically two
sectors. Since the energy in the baryon-photon fluid is still Ωγ ≈ 1, we make this simplifying assumption.
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by the non-observation of spectral distortions or can be probed in the future. These regions
of parameter space are not constrained by other probes relying only on gravitational
coupling like Neff , CMB fluctuations and GWs. A particular interesting opportunity lies
in the possible interplay with GW observations by PTAs. Here spectral distortions might
be key in lifting observational degeneracies on the parameter space of various models.

VII.8 Appendix

VII.8.1 Numerics of Fluctuation Dynamics

To find the µ-distortion and/or acoustic energy ϵlimac we solve Eqs. (VII.3) to (VII.6)
numerically, supplemented with the free streaming neutrinos. To describe the neutrinos
we have to go past the first three moments of the phase-space distribution δ, v and σ.
We adopt the conventions used in [526] and write density fluctuations as deviations in
temperature Θ(x, p̂, τ) = δT

T̄
(x, p̂, τ). After Fourier transforming x → k the momenta of

the distribution are defined as

θl = il
∫ 1

−1

dη

2
Pl(η)θ(η) , (VII.48)

where Pl is the lth Legendre polynomial and η = k̂ · p̂. The first three moments can be
related via δ = 4θ0, v = 3θ1 and σ = 2θ2 to the definitions used in the main text. For free
streaming neutrinos the dynamics of Θn(x, p̂, τ) are described by the Boltzmann equation
without a scattering term, which in the expansion introduced above becomes [468,526]

θ̇n,0 + kθn,1 = −ϕ̇ (VII.49)

θ̇n,1 − k

(
1

3
θn,0 −

2

3
θn,2

)
=
k

3
ψ (VII.50)

θ̇n,l − k

(
l

2l + 1
θn,l−1 −

l + 1

2l + 1
θn,l+1

)
= 0 ; l ≥ 2 . (VII.51)

We truncate this hierarchy by neglecting moments l > lmax = 4 and follow [468] to close
the system of equations using

θn,lmax+1 =
2lmax + 1

kτ
θn,lmax − θn,lmax−1 . (VII.52)

As initial conditions we consider the gravitational potentials as well as all the fluctua-
tions in the SM sector to be zero and supply the fluctuations of the dark sector either as an
analytic Ansatz or as an interpolation of the values we get from the lattice simulation. To
calculate ϵlimac we set τ̇−1

C = 0 to decouple the generation of the acoustic energy completely
from the damping. When calculating the µ-distortion directly without the separation ap-
proximation derived in Section VII.3, one needs to include τ̇C when solving the differential
equations and calculate the time integral in Eq. (VII.12) numerically using the solutions.

VII.8.2 Free Scalar Field

Below we calculate the energy fluctuations and their autocorrelation functions for a single
relativistic scalar field ϕ with Gaussian fluctuations

Pϕ(k) = Aϕ

√
2

π

k3

k̃3∗
exp

(
− k2

2k̃2∗

)
, (VII.53)
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where 1/k̃∗ is the characteristic length scale of fluctuations in the field as opposed to
the energy density. We assume that the modes of the field are virialized such that
Pϕ̇(k) = ω2

kPϕ(k), where ω2
k = k2 + m2 is the frequency of the respective mode. For

a free scalar field the mode functions follow the equation of motion of an unperturbed
harmonic oscillator, which is why the autocorrelation of both ϕ and ϕ̇ is given as cos(ωkt),
while the cross-correlation is given as

⟨ϕ(k, t)ϕ̇∗(k′, t′)⟩ = 2π2

k3
Pϕ(k)ωk sin

(
ωk(t− t′)

)
(2π)3δ(3)(k− k′) . (VII.54)

Energy Fluctuations

The energy density of the field is

ρϕ =
1

2

(
ϕ̇2 +∇ϕ2 +m2ϕ2

)
(VII.55)

and its Fourier coefficients are given as

ρϕ(k) =
1

2

∫
d3p

(2π)3
ϕ̇(p)ϕ̇(k− p) +

[
m2 − p · (k− p)

]
ϕ(p)ϕ(k− p) . (VII.56)

The mean energy density can be calculated as

ρϕ =
1

V
⟨ρϕ(k = 0)⟩ =

{
3Aϕk̃

2
∗ ωk ≈ k

Aϕm
2 ωk ≈ m

(VII.57)

for the relativistic and non-relativistic case, respectively, and V denotes the volume one is
averaging over. When calculating the correlation of energy fluctuations ⟨ρϕ(k)ρ∗ϕ(k′)⟩ we
encounter the following kinds of correlators between Gaussian variables:

⟨ϕ(p)ϕ(k− p)ϕ∗(p′)ϕ∗(k′ − p′)⟩ (VII.58)

=⟨ϕ(p)ϕ∗(p′)⟩⟨ϕ(k− p)ϕ∗(k′ − p′)⟩+ ⟨ϕ(p)ϕ∗(k′ − p′)⟩⟨ϕ(k− p)ϕ∗(p′)⟩ (VII.59)

=(2π)3δ3(k− k′)
[
(2π)3δ3(p− p′) + (2π)3δ3(p− (k′ − p′))

] 2π2
p3

Pϕ(p)
2π2

|k− p|3Pϕ(k− p) ,

(VII.60)

where we assumed k ̸= 0 and therefore ⟨ϕ(p)ϕ(k − p)⟩ = 0. Putting it all together we
arrive at

Pρϕ(k, t, t+∆t) =
k3

2π2
1

2

∫
d3p

(2π)3
2π2

p3
Pϕ(p)

2π2

|k− p|3Pϕ(k − p)· (VII.61)[ (
ω2
pω

2
k−p + (m2 − p · (k− p))2

)
cos(ωp∆t) cos(ωk−p∆t)+

2ωpωk−p(m
2 − p · (k− p)) sin(ωp∆t) sin(ωk−p∆t)

]
.

We can further evaluate this expression for k ≪ k̃∗. In this case we approximate p = p−k
except when evaluating ωp and ωk−p in the sine and cosine, since we want to keep track of
the time evolution. The p-integral is dominated by modes with p ≈ k̃∗ and we therefore
approximate

∆ω = ωp − ωk−p ≈
{
k · p/|p| ωk̃∗ ≈ k̃∗

k · p/m ωk̃∗ ≈ m.
(VII.62)
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We then find by using trigonometric identities

Pρϕ(k, t, t+∆t) ≈ k3

2π2

∫ ∞

0
d log p

2π2

p3
P2
ϕ(p)ω

4
p

∫
S2

dΩp
4π

cos(∆ω∆t) . (VII.63)

The last integral in this expression is the autocorrelation function of the energy fluctua-
tions. In the relativistic case it does not depend on |p|, while in the non-relativistic we
can approximate |p| ≈ k̃∗ and introduce the typical velocity of energy transport in the
dark sector as cd = k̃∗/m to find

Aδϕ(k,∆t) =

{
sinc(kt) ωk̃∗ ≈ k̃∗

sinc(cdkt) ωk̃∗ ≈ m.
(VII.64)

We argued in the main text that the only relevant time scale for the autocorrelation of the
energy density is cd/k, with cd the typical velocity of energy transport. Here we showed
this explicitly.

Shear

The space-space part of the energy momentum tensor of a scalar field is given by

Tij ≈ ∇iϕ∇jϕ , (VII.65)

where we neglected contributions proportional to gij that exclusively contribute to the
trace. We find the shear by going to Fourier space and projecting out the longitudinal
traceless component

σϕ(k) =
1

ρϕ + pϕ

[
1

k2
kiTij(k)kj −

1

3
Tii(k)

]
. (VII.66)

From there the steps are the same as for the energy density and we arrive at

Pσϕ(k, t, t+∆t) =
1

(ρϕ + pϕ)
2

k3

2π2
2

∫
d3p

(2π)3
2π2

p3
Pϕ(p)

2π2

|k− p|3Pϕ(k − p)· (VII.67)[(
k̂p
)(

k̂(p− k)
)
− 1

3
p(p− k)

]2
cos(ωp∆t) cos(ωk−p∆t) .

When we expand the cosines again for k ≪ k̃∗, we find

cos(ωp∆t) cos(ωk−p∆t) =
1

2

(
cos
(
2ωk̃∗t

)
+ cos(∆ωt)

)
. (VII.68)

To arrive at the autocorrelation function one would need to carry out the integration. But
we are content here with only showing that for a non-conserved quantity like the shear
indeed both time scales 1/k̃∗ and 1/k enter. This can already be seen from the above

expression with the cos
(
2ωk̃∗t

)
term not canceling.

VII.8.3 Simulation of the λϕ4-Theory

Energy Density

When working with a Velocity Verlet (VV) or Runge Kuta type integrator both the fields
and their time derivatives or equivalently momenta are given at the same point in time.
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This is not the case for a leapfrog integration scheme, but can easily be achieved by
introducing a half time step for the momenta, to recover the Velocity Verlet procedure.
From these one can calculate the total energy as discussed in e.g. [476]. In principle a
generalization to an energy density is straight forward. The only term one has to treat
carefully is the gradient energy

Egrad =
1

2

∑
x

3∑
i=1

∆+
i ϕ∆

+
i ϕ , (VII.69)

where ∆±
i ϕ denote the components of the forward and backward gradient

∆±
i ϕ(x) = ±ϕ(x± dx êi)− ϕ(x)

dx
, (VII.70)

where dx is the spacial lattice spacing and êi the unit vector in direction i. These reproduce
∇iϕ(x) only up to O(dx) but ∇iϕ(x ± dx/2 êi) to O(dx2). We therefore employ the
following averaging scheme to get an energy density that is correct up to O(dx2)

ρtot(x) =
1

2

∑
Φ∈{ϕ,ψ}

[
Φ̇Φ̇ +

1

2

3∑
i=1

(∆+
i Φ∆

+
i Φ+∆−

i Φ∆
−
i Φ)

]
+ V (ϕ, ψ) . (VII.71)

This scheme has the added benefit of reproducing the energy that is used in CosmoLattice

when consistently evolving the scale factor or checking energy conservation

Etot =
∑
x

ρtot(x) . (VII.72)

The expressions given here and below only hold in a flat space-time but can easily be
generalized to expanding backgrounds using the α-time concept of CosmoLattice [476,
477].

Shear

The shear is the longitudinal-traceless component of the anisotropic stress. For a scalar
field it is given as the outer product of the gradient Eq. (VII.65) and we have to find an
averaging scheme again to achieve O(dx2) accuracy, since ∇iϕ and ∇jϕ are positioned
on different sites of the lattice for i ̸= j. In principle a scheme where one averages after
taking the product is possible but we choose to go with a scheme using

∆sym
i ϕ(x) =

1

2

ϕ(x+ dx êi)− ϕ(x− dx êi)

dx
, (VII.73)

since this is used for the simulation of gravitational waves in CosmoLattice and the
involved transverse-traceless projections [527]. We then have

Tij ≈
∑

Φ∈{ϕ,ψ}

∆sym
i Φ∆sym

j Φ . (VII.74)

After going to Fourier space Tij(k) with k = dk n with dk the infrared cut-off of the lattice
and n ∈ Z3, we apply the following projector to find the shear

σ̃(k) =
1

ρ

3∑
i,j=0

(
p̂sym
i (k)p̂sym

j (k)− 1

3
δij

)
Tij(k) , (VII.75)

where multiplying by −ipsym
i (k) in Fourier space corresponds to applying ∆sym

i in position
space

psym
i (k) =

1

dx
sin (dx ki) . (VII.76)
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CHAPTER VIII

Summary and Conclusions

In this thesis, our objective has been to explore the following question:

”To what extent can gravitational waves contribute to our understanding of
the particle physics of the very early universe?”

We have tackled this question by investigating various models and scenarios, which are well
motivated by the limitations of the Standard Model of particle physics and the ΛCDM
model of cosmology. Each part, along with its chapters and contents, is discussed in
chronological order.

In Part. (I) of this thesis, we delve into the possibility of an observable SGWB from the
confinement FOPT in SU(Nc) pYM dark sector. We considered the dark sector to interact
very weakly with the SM and merely through gravitational interactions. Such a scenario
is well-motivated and realistic in the context of CDM. Given the strong coupling nature
of the theory, we needed techniques capable of addressing such challenges, leading us to
resort to the AdS/CFT correspondence. Specifically, we employed the IhQCD model to
characterize SU(Nc) pYM theories for Nc ≥ 3, by initially conducting a fitting procedure
with the model to lattice equilibrium thermodynamics.

Subsequently, we constructed both an effective potential and an effective action to fa-
cilitate the calculation of the thermal tunneling rate and obtain the relevant parameters
for estimating the GW spectra. For the effective potential, we utilized the free energy
landscape approach, while for the kinetic term, we initially relied on an ansatz inspired
by previous phenomenological studies. Later, we refined this approach through adequate
calculations.

The results of these endeavors [5, 6] were remarkable. Initially, we observed an O(1)
agreement with previous work when employing the ansatz from phenomenology. However,
upon performing a more comprehensive calculation, we discovered a suppression of roughly
three orders of magnitude in the peak amplitude of the GW spectra in SU(3) YM theory.
Finally we emphasize that these theories possess a finite amount of supercooling through
their holographic construction. This also provides the conclusion that there may be an
universal upper bound on the GW spectra emitted from these theories.

In Part. (II) of this thesis, the objective was to investigate the detectability of different
configurations and initial conditions for the QCD axion, either through GWs or via its
gravitational clumping of substructures. In Chap. ( IV), we examined the effects of the KM
mechanism on axion mini clusters and minihalos to identify potential distinctive features
from the standard scenario.

Our findings revealed that in the KM scenario, the mass range of AMCs is broader
compared to the standard case, as the axion starts oscillating later than in the conventional
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scenario. This leads to the primary conclusion that in the KM scenario, AMCs are heavier,
and the clumping of such AMCs could result in halos that are orders of magnitude heavier.
This, in turn, would directly impact microlensing events arising from minicluster halos.

We investigated a recent microlensing event observed by the Hyper Suprime-Cam (HSC)
to assess whether an AMC formed in the KM regime could account for the event. While
axion stars formed in the standard case could only be explained by the lightest viable QCD
axion, we discovered that although AMCs in the KM regime are significantly heavier, the
mass dependence from axion stars to AMCs is too weak to viably describe the event.

In Chap. (V), we delved into an investigation to determine whether the GW signal from
a network of QCD axion strings, subjected to modified cosmological histories, could po-
tentially explain the then-current data from the NANOGrav 12.5-year dataset. Despite
exhibiting a GW signal of sufficient strength within the PTA band to reconcile with the
data, this exploration also provides valuable insights into the nature of the CDM candidate
and sheds light on the reheating phase of the universe.
Part. (III) of this thesis was devoted to understanding if new physics sources like
metastable topological defects from approximate global U(1) symmetries could generate
GWs large enough to explain the recent PTA datasets without being ruled out by other
cosmological constraints. Furthermore we also explored the possibility of a new type of
constraints stemming from µ-distortions due to damping of acoustic sound waves in the
photon baryon fluid. From Chap. (VI) we find that alp strings are most likely ruled out by
constraints stemming from ∆Neff and that the PTA data may serve as an independent
constraint on meta-stable global strings.
However we also find that DWs have regions of viable parameter space both in the cases
where the excess energy density is hidden in dark radiation or if there are decays into the
SM plasma present. For the case in which the energy density of DWs are within a Dark
Sector µ-distortions will prove to be a strong constraint and may alleviate the underlying
nature of the PTA source in this case. For the case in which the DWs are connected to
QCD through a clockwork mechanism, the ALPs in this framework may be searched for
with future colliders primarily through ALP decays into gluons.
In Chap. (VII) we found that µ-distortions through the damping of dark sector density
fluctuations into the photon baryon fluid from only gravitational interactions is a far
stronger probe for new physics than what was presented in [442] by making use of GWs.
As also found and emphasized in [442] that µ-distortions allows us to bridge the gap be-
tween existing constraints from CMB and PTAs. The great complementarity between
sources emitting µ-distortions thorugh DS density fluctuations and gravitational waves
allows for a present multimessenger probe of GWs in the PTA range.
In the following paragraphs, I present my overarching conclusions drawn from this thesis.
This work has explored the possibility of utilizing different sources of GWs to understand
the particle physics of the early universe, yielding many exciting findings. These are in-
deed thrilling times, with PTA and LVK collaborations already collecting data, where a
potential source of a SGWB may be identified in the coming years. Furthermore, the
construction of LISA and ET will allow us to probe the physics of the early universe and
improve our understanding of the dynamical evolution of binary mergers.

With these significant ongoing and future experimental endeavors in mind, my final
conclusion is that theoretical predictions and frameworks for consistent and accurate pre-
dictions are now more timely than ever. The necessity for tools beyond perturbation
theory, especially in the context of strongly coupled theories and dynamics involving non-
perturbative phenomena, is essential for our community to progress. Part 1 of this thesis
represents an attempt in this direction. Part II-III of this thesis allure the possibility that
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we may already have seen or will see signals of new physics in the coming years from PTAs
or through µ-distortions.
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sion falls as ∝ (a∗H∗/k)

2 in the resonant case cd = cγ = 1/
√
3 (green) and

as ∝ (a∗H∗/k)
4 in the off-resonant cases, once the discrepancy in frequency

becomes relevant. Figure created by W.Ratzinger . . . . . . . . . . . . . . . . 139

VII.4 Evolution of energy components in the dark sector. Around aosc the ϕ-field
starts oscillating and the energy initially stored in the quartic potential (red)
starts going back and forth between the potential and kinetic energy (or-
ange). The dark sector transitions from vacuum to radiation like scaling and
its total energy (blue) asymptotes to the value given in Eq. (VII.33) (dot-
ted, black). The instabilities induced by the coupling (purple) in ψ lead to
its energy (green) growing exponentially past aosc. The mode functions of
ψ can be approximated by solutions to the Lamé equation, leading to the
estimate given by the dashed black line. The horizontal black line marks a∗,
the time when the energy in the homogeneous ϕ field equals the energy in
inhomogenities of ψ as estimated in Eq. (VII.34). At this point the pertur-
bative treatment breaks down, making the lattice analysis necessary. Past
this point the majority of energy is stored in fluctuations of ϕ and ψ. Figure
created by W.Ratzinger . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143
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VII.5 Evolution of power spectra of the ϕ and ψ-field (top row) as well as energy
fluctuations δd and shear σ̃d in the dark sector (second row). In the third
row we show the induced acoustic energy in the baryon-photon fluid through
gravitational coupling. See Section VII.5.3 for discussion. In the bottom
row we furthermore show the resulting spectrum of gravitational waves as
discussed in Section VII.6.1. The vertical, black, dotted line marks the hori-
zon scale at a∗, k ≈ aoscω∗/70, and the dashed line gives our estimate for
the fastest growing mode in ψ, k∗ ≈ aoscω∗/

√
2. The thick, black, solid and

dashed lines show the analytic estimates discussed in the text. Both solid
lines feature the exponential decay in the UV as a result of our conservative
choice in Section VII.4.1 with the actual UV tail falling off more gradually.
Figure created by W.Ratzinger . . . . . . . . . . . . . . . . . . . . . . . . . . 144

VII.6 Top row: Evolution of the energy fluctuation δd(k, τ) and the shear σ̃d(k, τ)
for two modes (orange and green) in the infrared tail of the spectrum (k =
0.05 aoscω∗). The straight and dotted line give the real and imaginary part
respectively. The gray envelope indicates the evolution of the power spectrum
∝
√
P(k, τ) as calculated by averaging the amplitude of all mode-functions

in the respective bin. Bottom row: Same as above, zoomed in on the Hubble
time past a∗ ≈ 70 aosc. The black dotted lines indicate the amplitude of
the energy fluctuations growing ∝ [k(τ − τ∗)]

2 initially. Figure created by
W.Ratzinger . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

VII.7 Autocorrelation of the energy fluctuation δd(k, τ) and the shear σ̃d(k, τ) for
same momentum as in Fig. (VII.6) (k = 0.05 aoscω∗). For the energy fluctua-
tion we show for comparison the sinc that we find analytically in Sec. (VII.8.2)
for a free scalar field (black). Figure created by W.Ratzinger . . . . . . . . . 146

VII.8 Close-up of the acoustic energy spectrum at the final time of the simulation.
The blue line represents the physical result, while the orange line stems from
a simulation in which the shear of the dark sector was neglected. The straight
black line gives the analytical estimate, with the black dashed line indicating
a k−4 power law that seems more appropriate to describe the UV tail than
the exponential decay of the analytic estimate. The vertical, black dotted
and dashed line give the horizon at a∗ and the estimate of the fastest growing
mode in the ψ-field, k∗. Figure created by W.Ratzinger . . . . . . . . . . . . 147

VII.9 Constraints and future probes of the λϕ4-model introduced in Sec. (VII.5).
Here ω∗ determines the temperature T∗ at which the fluctuations come to
dominate the energy in the dark sector and the initial amplitude ϕi gives
the energy in the dark sector Ωd. The gray area and line give the current
and future bounds resulting from Ωd increasing Neff at recombination. For
T∗ below O(102 eV) the scenario is constrained by fits to CMB fluctuations
(red) as well as the non-observation of B-polarization modes (cyan). For the
wide range of annihilation temperatures of (102−107) eV spectral distortions
are able to probe this scenario with the future missions PIXIE (straight) and
Voyage2050 (dotted). We show the bound including only the contribution
from scalar acoustic waves in green and the one from only considering GWs
in pink. At temperatures above 105 eV the model becomes testable by the
future pulsar timing array SKA (orange line). Figure created by W.Ratzinger 151
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VII.10 Left: Constraints and future probes of domain walls in terms of the annihila-
tion temperature of the network Tann and the surface tension σ. See the text
and Fig. (VII.9) for discussion. We have picked two benchmarks A and B.
Right: On the top we show the GW signal for the benchmarks in relation to
the power law integrated noise of SKA. While SKA can not distinguish the
two scenarios, the induced spectral distortion is drastically different as can
be seen from the bottom panel. Figure created by W.Ratzinger . . . . . . . . 152

VII.11 Present and future constraints on cosmic string networks resulting from the
breaking of a global U(1) at the scale fϕ. We assume that the network
annihilates at a temperature Tann due to an explicit breaking of the symmetry
parameterized by the mass of the resulting pseudo Nambu-Goldstone boson
mϕ. Additionally to the bounds shown in Fig. (??), we also show the reach
of the interferometer LISA searching for GWs. Further constraints on this
parameter region arise due to the emitted axions making up a fraction of
DM and featuring large isocurvature perturbations in conflict with Lyman-
α observations (purple). For annihilation temperatures Tann ≥ 105eV the
most severe constraint comes from overproducing axion DM. Again the great
complementarity between GWs and spectral distortion experiments shall be
emphasized, with the later being sensitive to the mass (at least for mϕ >
10−22 eV). Figure created by W.Ratzinger . . . . . . . . . . . . . . . . . . . 155

VII.12 Current and future constraints on a phase transition in a dark sector, in
terms of the SM plasma temperature at the time of the transition and the
released energy relative to the energy in the dark fluid αd, for different values
of ∆Neff and the inverse duration of the phase transition β

H . We only take
into account the effects of the sound waves in the dark fluid caused by the
transition. At temperatures T∗ = 1 − 10 eV the scenario is constrained by
CMB fluctuations in (red) and the non-observation of B-mode polarization
in the CMB in (cyan). In the temperature range of T∗ = 10− 106 eV spectral
distortions from acoustic waves (green) can probe the scenario. Strong phase
transitions in a dark sector saturating the Neff bound can already be con-
strained by the COBE/FIRAS results. At temperatures T∗ = 105 − 107 eV
the scenario can in the future be detected by SKA, while the present Neff

bound (top row) rules out the NANOGrav signal being generated this way.
For convenience we have converted αd to α = Ωdαd/(1+αd) on the left y-axis.
Figure created by W.Ratzinger . . . . . . . . . . . . . . . . . . . . . . . . . . 156

VII.13 Current and future constraints on a first order phase transition at tempera-
ture T∗ releasing a relative energy α into the SM-plasma. For temperatures
below ≈ 2MeV the released energy α leads to tensions in BBN and CMB
measurements of the baryon to photon ratio (blue). The sound waves caused
by the phase transition source GWs that can explain the NANOGrav hint
(orange, filled) and in the future can be detected over a wide range of pa-
rameter space (orange line). The green area and lines show the current and
future sensitivity to spectral distortions caused by the sound waves. At tem-
peratures above ≈ 1MeV the sound waves and therefore spectral distortions
are expected to be reduced due to damping by neutrino diffusion. Figure
created by W.Ratzinger . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158
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