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A B S T R A C T 

The Lambda cold dark matter model predicts structure formation across a vast mass range, from massive clusters ( ∼ 10 

15 M �) 
to Earth-mass micro-haloes ( ∼ 10 

−6 M �), resolving which far exceeds the capabilities of current simulations. Excursion set 
models are the most efficient theoretical tool to disentangle this hierarchy in mass. We test the excursion set paradigm by 

combining smoothed initial density fields with a ‘perfect’ collapse model – N -body simulations. We find that a core excursion 

set assumption – small-scale perturbations do not impact larger scale collapse – is approximately fulfilled but exhibits small 
quantitative violations dependent on the smoothing filter. For a sharp k−space cut-off ∼ 20 per cent of mass elements revert 
collapse as the smoothing scale decreases, while only 3.5 per cent do for a Gaussian and 5 per cent for a top-hat. Further, we 
test the simple deterministic mass-mapping M ∝ R 

3 (first-crossing scale to halo mass) relation. We find that particles that are 
first accreted into haloes at the same smoothing scale may end up in haloes of significantly different masses, with a scatter of 
0.4–0.8 dex. We also demonstrate that the proportionality constant of this relation should be considered as a degree of freedom. 
Finally, we measure the mass fraction in different structure morphologies (voids, pancakes, filaments, and haloes) as a function 

of filter scale. Typical particles appear to be part of a large-scale pancake, a smaller scale filament, and a notably smaller halo. 
We conclude that validating predictions of excursion set models on a particle-by-particle basis against simulations may enhance 
their realism. 

Key words: methods: analytical – methods: numerical – galaxies: haloes – dark matter – large-scale structure of Universe –
cosmology: theory. 
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 I N T RO D U C T I O N  

 central prediction of the Lambda cold dark matter ( � CDM)
tandard model of cosmology is that the density field of the early
niverse has significant perturbations on a broad range of scales.
hese perturbations eventually collapse into dense dark matter
aloes, with masses ranging from as large as 10 15 M � (solar masses)
o as small as a few M ⊕ (Earth masses) or even smaller, for Weakly
nteracting Massive Particle (WIMP) or Quantum Chromodynamics
QCD) axion dark matter candidates. 

The observed distribution of galaxies and clusters is closely linked
o the formation of haloes with masses M � 10 9 M �, making precise
odels of the halo mass function (HMF) essential for reliably

nterpreting observations. Further, some observational probes may
epend on the presence of much smaller mass objects. For example,
erturbations in the arcs of strong gravitational lenses may indicate
he presence of haloes of masses M ∼ 10 7 M � and smaller (Koop-
ans 2005 ; Vegetti & Koopmans 2009 ; McKean et al. 2015 ; Hsueh

t al. 2020 ; Gilman et al. 2024 ). Further, if dark matter is composed of
100 GeV WIMPs with a significant self-annihilation cross-section,

t may even be possible to probe the smallest mass haloes M ∼ M ⊕
also known as ‘prompt cusps’, Diemand, Moore & Stadel 2005 ;
 E-mail: agata.wislocka@univie.ac.at 
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ngulo et al. 2017 ; Delos & White 2023a ; Ondaro-Mallea et al.
024 ). Such objects may contribute most of the observable self-
nnihilation signal and might be an important factor in the cosmic
amma-ray background (Delos & White 2023b ; St ̈ucker et al. 2023 ;
elos et al. 2024 ). 
Therefore, it is important to reliably predict the abundance

nd properties of such structures. While the formation of high-
ass objects ( M � 10 8 M �) can be accurately traced with N -

ody simulations, lower mass structures are generally inaccessible
n standard representative volumes due to resolution constraints.
 notable exception are the VVV simulations, which resolve 20
rders of magnitude in mass scale through zoom-in simulations
f highly underdense regions (Wang et al. 2020 ; Zheng et al.
024 ). They, ho we ver, do not represent the general statistics of our
niverse. Analytical approaches are ideally suited to bridging this
ast range of scales, allowing for a deeper understanding of structure
ormation in � CDM beyond what is currently achie v able with N -
ody simulations. 
Arguably, the most successful analytical approaches to predict the

bundance of collapsed structures, or the HMF, are the excursion
et formalism (Bond et al. 1991 ), and peak theory (Bardeen et al.
986 ). Excursion set theory emerged as an impro v ement to the
eminal work of Press & Schechter ( 1974 ) on obtaining an HMF
nalytically. In this approach, the density field is smoothed with a
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ernel at a scale R s , thus allowing one to trace rele v ant non-local
roperties of the environment as local properties of the smoothed 
eld. In the smoothed density field, it is then possible to detect
ollapse that is associated with the scale R s with a simplified 
ethod – for example, a spherical collapse model (Press & Schechter 

974 ) or an ellipsoidal model (Bond & Myers 1996 ). Subsequently,
ecreasing the smoothing scale allows one to identify which volume 
lements collapse on a given scale and then make a prediction 
or the HMF (e.g. Press & Schechter 1974 ; Bond et al. 1991 ;
heth & Tormen 1999 ; Sheth, Mo & Tormen 2001 ; Tinker et al.
008 ; Maggiore & Riotto 2010a ; Despali et al. 2016 ). At its core,
his method is conceptually very simple, yet it delivers surprisingly 
ccurate HMFs even when implemented in its most basic form (see 
.g. Zentner 2007 ; Lapi, Salucci & Danese 2013 , for a comprehensive
e vie w). 

Beyond the HMF, the excursion set method has numerous other 
pplications in cosmology, yielding detailed predictions for various 
tatistical quantities of structure formation. These include conditional 
ass functions (e.g. Shen et al. 2006 ; Rubi ̃ no-Mart ́ın, Betancort-
ijo & Patiri 2008 ; de Simone, Maggiore & Riotto 2011 ; Lapi
t al. 2013 ; Tramonte et al. 2017 ), mass accretion, merger his-
ories and formation times (e.g. Bond et al. 1991 ; Lacey & Cole
993 ; Somerville & Kolatt 1999 ; Somerville et al. 2000 ; Neistein,
acci ̀o & Dekel 2010 ; Simone et al. 2011 ; Lapi et al. 2013 ), and

he mass–concentration relation (e.g. Ludlow et al. 2016 ; Bohr et al.
021 ), among others. 
To achieve agreement with these statistical quantities excursion 

et formalisms tend to employ additional degrees of freedom that 
ften go beyond the original excursion set formulation by Bond et al.
 1991 ) and Press & Schechter ( 1974 ). These degrees of freedom
nclude the choice of the smoothing function for mass-mapping 
Zentner 2007 ; Maggiore & Riotto 2010a ; Leo et al. 2018 ; Delos
024 ) or the first-crossings distribution function (Bond et al. 1991 ;
entner 2007 ; Maggiore & Riotto 2010b ; Farahi & Benson 2013 ;
chneider, Smith & Reed 2013 ; Delos et al. 2024 ), implementations
f stochastic barriers (e.g. Maggiore & Riotto 2010b ; Corasaniti & 

chitouv 2011 ; Ma et al. 2011 ; Achitouv et al. 2013 , 2014 ), direct
odifications of the spherical collapse threshold (Monaco 1995 ; 
ke, Cole & Frenk 1996 ; Jenkins et al. 2001 ; Delos 2024 ; Verza et al.
024 ), accounting for three-dimensionality of collapse (Bond & My- 
rs 1996 ; Chiueh & Lee 2001 ; Sheth et al. 2001 ; Lee 2006 ; Shen et al.
006 ; Sandvik et al. 2007 ; St ̈ucker, Busch & White 2018 ; Musso,
espali & Sheth 2024 ), and other approaches to environmental 
ependence (Catelan et al. 1998 ; Taruya & Suto 2000 ). In particular,
llipsoidal collapse models are especially compelling, as they may 
dditionally capture the anisotropy of collapse of fluid elements. This 
nisotropy, also observed in simulations, leads to the formation of 
ancakes, filaments, and haloes (Sheth et al. 2001 , 2006 ; Sandvik
t al. 2007 ; Ludlo w, Borzyszko wski & Porciani 2014 ). Ho we ver,
ince an accurate calculation of the triaxial effects on the evolution 
f fluid elements is rather challenging, Sheth et al. ( 2001 ) and Sheth &
ormen ( 2002 ) proposed an approximate approach that captures the 
ynamics statistically, with a set of free parameters and a moving 
arrier. If the parameters are calibrated against simulations they allow 

o describe HMF to very high accuracy at the qualitative lev el. F or
his reason this approach has achieved significant popularity. None 
he less, this approach remains an o v ersimplification of the complex
alo formation dynamics, with significant quantitative discrepancies 
eported between simulations and this model (Reed et al. 2006 ; 
obertson et al. 2009 ). 
While more complex excursion set approaches offer valuable high- 
ccuracy descriptions of statistical quantities, it remains uncertain 
hether this impro v ed accurac y stems from a more realistic physical
odel or simply from the increased number of degrees of freedom.
 or e xample, the additional parameters in approximate ellipsoidal 
ollapse models might ef fecti vely compensate for other shortcomings 
n the approach. Contrary to the common view, Delos ( 2024 ) recently
rgued that this impro v ement should not be attributed to the impro v ed
hysical accuracy in ellipsoidal collapse modelling. In particular, 
hey demonstrated that the spherical collapse HMFs agree nearly 
xactly with the analytical prediction from ellipsoidal collapse of 
heth et al. ( 2001 ), when generated with the top-hat and Gaussian
ernels. This e x emplifies how the congruence between the simulation 
nd excursion set HMFs is an offshoot of assuming Markovian 
alks (sharp k−space smoothing) in density, not the veracity of 

he ellipsoidal collapse model. Similarly, in a series of publications, 
ucie-Smith et al. ( 2018 ), Lucie-Smith, Peiris & Pontzen ( 2019 ),
nd Lucie-Smith et al. ( 2024 ) concluded that accounting for the tidal
ffects in the ellipsoidal collapse models has minimal impact on 
he HMFs. At the same time, experiments like those of Ludlow &
orciani ( 2011 ) and L ́opez-Cano et al. ( 2024 ) do uphold the claim
f the importance of accounting for the environmental tidal effects 
n dev eloping impro v ed analytical methods for halo formation.
etermining the true source of impro v ement is in particular rele v ant
hen making predictions about aspects that have not been rigorously 

ested. Less explored areas include predictions related to the cosmic 
eb (Shen et al. 2006 ; Sandvik et al. 2007 ), extrapolations to

cales that remain unresolved in simulations (Angulo & White 
010 ; St ̈ucker et al. 2018 ; Liu et al. 2024 ), or particle-by-particle
redictions of the evolution of individual mass elements (Bond et al.
991 ; White 1994 ; Sheth et al. 2001 ; Monaco, Theuns & Taffoni
002a ; Monaco et al. 2002b ). 
Here, we propose a no v el approach to reliably test the fundamental

ssumptions that are common in all excursion set formalisms. For 
his, we e v aluate the performance of the excursion set approach if
he collapse model – which is typically described by a spherical or
llipsoidal collapse approximation – is instead replaced by a fully 
on-linear simulation with a structure identification algorithm. We 
ill refer to this as an excursion set with a ‘perfect’ collapse model.
he resulting excursion set draws an upper limit to the degree of real-

sm that may be achieved by excursion set models. Higher accuracy 
ay only be achieved if model parameters compensate for the short-

omings in the excursion set paradigm itself (e.g. Verza et al. 2024 ).
We w ould lik e to emphasize that this type of analysis only became

ossible due to the phase-space simulations that do not suffer from
rtificial fragmentation, combined with a tessellation-based structure 
nder, which allows the identification of the morphology (haloes, 
heets, etc.) of fluid elements (St ̈ucker et al. 2020 , 2022 ). These
reakthroughs in computational cosmology enable us to directly test 
ertain assumptions of the excursion set theory for the first time. In
his regard, our work complements that of Robertson et al. ( 2009 )
n the ongoing effort to test the groundwork of the excursion set
heory. 

This article is organized as follows: In Section 2 , we summarize
ey ingredients that are common among all excursion set formalisms. 
n Section 3, we describe the details of our simulations, how collapse
long different axes is detected, and how we can use simulations as a
perfect’ collapse model. In Section 4 , we present our measurements
nd test how well different assumptions of excursion sets are fulfilled.
inally, in Section 5 , we discuss the inherent limitations of the
MNRAS 541, 880–898 (2025) 
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xcursion set formalisms. We also discuss which aspects of the
xcursion set formalisms can be improved to enhance their realism. 

 E X C U R S I O N  SET  M O D E L S  

xcursion set formalisms aim to disentangle the hierarchy of struc-
ure formation through four core ingredients: 

(i) The smoothed linear density field is considered a function of
he smoothing scale R – allowing the tracking of rele v ant non-
ocal properties of an object’s environment as local properties of
he smoothed environment. 

(ii) A collapse criterion distinguishes between fluid elements that
re part of a gravitationally collapsed structure and those that are not.

(iii) It is assumed that structure formation can be represented
hrough an excursion set across smoothing scales, i.e. a mass-element
s part of a structure given by the largest smoothing scale at which
he collapse criterion is fulfilled. 

(iv) To define mass functions, it is assumed that the smoothing
cale of collapse can be mapped to a halo mass through a simple
ne-to-one deterministic relation. 

In this section, we will briefly summarize these core concepts
f excursion set formalisms and point out a few popular examples.
inally, we will moti v ate that a simulation may be used as a ‘perfect’
ollapse model to test the core ingredients of excursion sets. By
perfect’, we mean that no simplifying assumptions are made – such
s approximating collapse as spherical or ellipsoidal with a simple
xternal tide model, etc. 

.1 Scale space 

n excursion set formalisms, it is common to define a smoothed linear
ensity field δR ( q ) – where q are Lagrangian coordinates and R is a
moothing scale – by convolving with a filter function 

R = W R � δ. (1) 

f one considers the space of Lagrangian coordinates plus the
moothing scale ( q , R), one may speak of a ‘scale-space’. The
moothed density field can be conveniently e v aluated in Fourier space

 

R = 

˜ W R · ˜ δ, (2) 

here a tilde designates a Fourier transformation. 
Here, we will consider a few common choices of the filter function

s the sharp k-space 

˜ 
 sk ( k R ) = � ( k − k R ) , (3a) 

ith k R = R 

−1 , the top − hat (3b) 

˜ 
 th ( k R ) = 

3 [ Sin ( k R ) − k R Cos ( k R )] 

( k R ) 3 
(3c) 

nd the Gaussian (3d) 

˜ 
 g ( k R ) = exp 

[
− ( k R ) 2 

2 

]
, (3e) 

here θ is the Heavyside step-function. Beyond the linear density
eld at the scale of consideration, the variance is of particular
ele v ance 

2 
R = 

1 

2 π2 

∫ ∞ 

0 
k 2 P ( k ) ˜ W 

2 ( k R ) d k . (4) 
NRAS 541, 880–898 (2025) 
We will briefly discuss some of the characteristics of the abo v e
indow functions. For a more in-depth discussion, we refer the

eader to Bond et al. ( 1991 ) and Maggiore & Riotto ( 2010a ). For the
ase of a sharp- k filter, ˜ W sk , δR performs a Markovian random walk
s a function of R. This makes it the only filter for which purely
nalytic expressions for the HMFs have been obtained. Conversely,
ny other filter leads to correlated random walks, which makes a fully
nalytical treatment difficult. The main drawback of the sharp −k 

unction is its awkward shape in configuration space, with wiggly
eatures extending to infinity, resulting in an ill-defined volume and
y extension, the mass linked to it. On the other hand, the top-hat
unction ˜ W th seems to be the most natural choice when working
ith a spherical collapse model, with the mass associated with a

ollapsed Lagrangian patch well defined in real space. Ho we ver, due
o its sharp feature in configuration space it mirrors the issue of ˜ W sk 

n Fourier space, in turn giving rise to wiggly features in smoothed
ower spectra. The only other commonly used function that a v oids
he issues of sharp boundaries is the Gaussian window function ˜ W g ,
hich has the convenience of being well defined in configuration and
ourier space, although its reach spans all space. In contrast to the
ther two filters, the Gaussian function is also somewhat intuitive if
ne considers more realistic density profiles of haloes, with density
eaking in the centre, gradually dropping with distance, with no
harp (top-hat) or underdense (sharp −k) features weaved into the
rofile. 
In general, filter functions are chosen based on the goal of

eco v ering some target statistic. For example, Schneider et al. ( 2013 )
ave demonstrated that, of these three filters, the sharp k−space
lter is the only one to reco v er the asymptotic low-mass behaviour
f HMFs in warm dark matter cosmologies with a cut-off in the
ower spectrum, as observed in simulations (Benson et al. 2013 ;
api et al. 2013 ; Schneider et al. 2013 ; Schneider 2015 ; Leo et al.
018 ). In contrast, Delos ( 2024 ) has shown that for linear power
pectra without a cut-off, i.e. CDM cosmologies, the top-hat window
unction gives very accurate results for many scenarios when no
pproximations are used in the excursion set formalism. 

Clearly, there is no unique optimal window function for all
cenarios. Therefore, in this article, we will test how well it is justified
o disentangle structure formation in scale space for all three window
unctions. 

.2 The collapse criterion 

xcursion set formalisms define a collapse criterion that distin-
uishes between fluid elements that are assumed to collapse and
hose that do not. While the primary focus of most formulations
f the excursion set (Bond et al. 1991 ) is to distinguish between
aloes and non-haloes, it is possible to consider more general
ollapse definitions that classify collapsed structures into voids,
ancak es (or w alls), filaments, and haloes. To handle these structures
ystematically, we define a morphology rank as a number n that
istinguishes structures as follows: 0 = void , 1 = pancake , 2
 filament , and 3 = halo . We may understand n as the number

f axes of a volume element that have collapsed (see e.g. Falck,
eyrinck & Szalay 2012 ). This definition implicitly assumes that a
olume element within a halo has previously undergone collapse into
 filament and a pancake, representing another form of hierarchical
tructure formation. 

We may then define a collapse criterion as a functional that maps
 smoothed linear density field on to a morphology rank. 

 : δR ( q − q 0 ) → n ∈ { 0 , 1 , 2 , 3 } , (5) 
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hich may be e v aluated separately for each location of interest
 0 . Note that this definition includes translation invariance and, 
s a functional, allows to incorporate aspects of the linear density 
eld beyond the local density δR = δR ( q − q 0 = 0), such as the
eformation tensor. 
While we do not use analytical collapse models in this study, 

e still want to mention two important examples for illustration: 
he most commonly adopted collapse criterion is that of spherical 
ollapse (Press & Schechter 1974 ), which assumes a volume element 
o be collapsed into a halo if the smoothed linear density exceeds a
alue of δc = 1 . 686: 

 sc = 

{ 

3 if δR ≥ δc , 

0 otherwise . 
(6) 

ore sophisticated triaxial or ellipsoidal collapse models may 
istinguish between the collapse along each of the three axes, based 
n the deformation tensor d R,ij = ( ∂ i ∂ j / ∇ 

2 ) δR : 

 ec = 

⎧ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎩ 

3 if δR ≥ f ec , h ( e R , p R ) , 

2 else if δR ≥ f ec , f ( e R , p R ) , 

1 else if δR ≥ f ec , p ( e R , p R ) , 

0 otherwise , 

(7) 

ith three separate barriers for pancake, filament, and halo formation 
hat depend on the ellipticity e R and the prolateness p R of the
eformation tensor d R,ij , which are defined through its eigenvalues 
1 ≥ λ2 ≥ λ3 as e R = ( λ1 − λ3 ) / 2( λ1 + λ2 + λ3 ) and p R = ( λ1 +
3 − 2 λ2 ) / 2( λ1 + λ2 + λ3 ). Examples of triaxial models are the tide-
ree ellipsoidal collapse model of White & Silk ( 1979 ), the ellipsoidal 
ollapse model with tides by Bond & Myers ( 1996 ), the ellipsoidal
pproximation (only for halo formation) from Sheth et al. ( 2001 ),
he (shape-free) triaxial collapse model in St ̈ucker et al. ( 2018 ), or
he Lagrangian perturbation theory expansion of the triple sine-wave 
onsidered by Rampf et al. ( 2023 ). 

In principle, collapse models could incorporate even higher order 
spects of the linear field into the collapse criterion. Ho we ver, it is
nclear a priori how fruitful this approach would be, as other aspects
f an excursion set model, such as mass assignment (Sheth & Tormen
999 ; Verza et al. 2024 ), might fail independently of the degree of
ealism employed in the collapse model. 

.3 The excursion set assumption 

nce a collapse criterion has been defined, it is possible to test
hether this criterion is satisfied when applying filters to the 

inear field at different smoothing scales R. We will write ‘ c R ’
s a short-hand for the collapse criterion e v aluated on the density
eld at smoothing scale R. Generally, we may encounter different 
lassifications at different length-scales. F or e xample, according to 
ne criterion, it may be that a particle is considered part of a halo
 R 1 = 3 on some scale R 1 , but outside of a halo c R 2 < 3 on a
arger scale R 2 ≥ R 1 . It is the core assumption of the excursion
et formalisms that a particle has the morphology rank n R , if it was
etermined to have been collapsed to a structure of this rank on any
arger scale: 

 R = sup { c R ′ | R 

′ ≥ R} . (8) 

In other words, this would mean that the particle is predicted to
e part of a large-scale halo and that the density perturbations on
maller scales are irrele v ant to the collapse question. 

Note that here we have defined an excursion set on the morphology
ank , whereas the original spherical collapse formulation by Bond 
t al. ( 1991 ) was defined as an excursion set on the smoothed linear
ensity field δR , which is then compared with the spherical collapse
arrier δc (giving a classification n R ). In the case of spherical collapse,
hese two definitions are equi v alent. Ho we v er, defining the e xcursion
et on the morphology rank provides a clear extension for more
eneral collapse models. 
Each collapsing axis has an associated length-scale at which the 

orresponding collapse criterion is first fulfilled. In particular, we 
an define the Lagrangian length-scales of pancakes, filaments, and 
aloes: 

 pancake = sup { R | c R ≥ 1 } (9a) 

 filament = sup { R | c R ≥ 2 } (9b) 

 halo = sup { R | c R = 3 } (9c) 

f the corresponding sets are empty, indicating that a particle has not
ollapsed at any length-scale, these radii are considered undefined. 
ote that these are Lagrangian scales and are therefore related to
ass scales, but they should not be mistaken for the Eulerian extent

f these structures, as the two can differ significantly. Further, note
hat the definitions imply that strictly R pancake ≥ R filament ≥ R halo . 
hat is, every halo is embedded in a larger scale filament, which

n turn is part of an even larger scale pancake. At sufficiently large
cales, these structures are not collapsed at all. The latter aspect
s, for instance, utilized in the EFTofLSS (ef fecti ve field theory of
arge-scale structure) models (cf. Baumann et al. 2012 ; Carrasco, 
ertzberg & Senatore 2012 ), where all highly non-linear scales are

ntegrated out in order to guarantee the applicability of perturbative 
echniques on large-enough scales. 

.4 The mass map 

he previous definitions already allow for the association of each 
uid element with a scale of collapse (for a given collapse model).
o we ver, to obtain predictions, e.g. of the HMF, it is additionally
ecessary to relate the collapse scale to a mass scale. Therefore, all
xcursion set formalisms (that we know of, with the exception of
ahn & Paranjape 2014 ) assume that if a fluid element first satisfies

he halo collapse criterion at a smoothing scale R, then it is part of a
alo with mass 

 halo = M( R halo ) . (10) 

t is worth stressing that this relation is assumed to be deterministic
nd that all fluid elements that fulfil the collapse criterion at the same
moothing scale become part of a halo of the same mass. This is
 point that we will investigate in more detail later. Generally, all
mplementations assume that the mass map should scale as M( R) ∝
 

3 . Ho we ver, there is no universally accepted method for defining
he proportionality constant of the relation, except in the case of
he top-hat filter. Assuming a unit filter normalization, 

∫ 
W R = 1

Maggiore & Riotto 2010a ), one has 

M( R) 

ρm, 0 R 

3 
= 

⎧ ⎪ ⎨ ⎪ ⎩ 

6 π2 sharp k-space , 

4 π/ 3 top-hat , 

(2 π ) 3 / 2 Gaussian , 

(11) 

here ρm , 0 is the mean matter density at z = 0. We will also assume
 11 ) as the baseline for the mass-map in our analysis. 
MNRAS 541, 880–898 (2025) 



884 A. M. Wislocka et al. 

M

2

I  

m  

d  

t  

i  

t  

t
 

a  

e  

i  

T  

f  

f

3

I  

s  

m  

p  

a  

t  

w  

c  

r  

s
 

r  

a

3

A  

a  

i  

(  

m  

c  

b  

b

w  

f  

m  

m  

c  

A  

n  

s  

v
 

p  

s  

i  

t  

F  

o

3

G  

d  

s  

b  

r  

2
 

e  

m

D

N  

a  

b  

c
 

i  

d  

v  

s  

p

ρ

 

a  

b  

fl  

i  

i  

L  

a  

w  

(  

a
 

c  

s  

a  

a  

S  

2  

 

p  

f  

t

D

D

w  

i  

V
 

d  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/541/2/880/8185403 by guest on 17 February 2026
.5 Excursion sets with a perfect collapse model 

n general, excursion set formalisms assume simplistic collapse
odels to describe aspects of the evolution of the fully non-linear

ensity field, such as the HMF. Inaccuracies in the description of
he modelled quantities have often been attributed to shortcomings
n the realism of collapse models. For instance, it is widely accepted
hat an ellipsoidal collapse model instead of spherical collapse leads
o an impro v ed description of the HMF (Sheth et al. 2001 ). 

In the next section, we will discuss how adopting a simulation
s a collapse model is possible. This allows us to test how well
xcursion sets perform if the degree of realism of the collapse model
s maximized. For simplicity, we call this a ‘perfect’ collapse model.
his approach allows us to distinguish between inaccuracies arising

rom the realism of the collapse model and the limitations arising
rom the mathematical structure of the formalism outlined abo v e. 

 SIMULATION  A S  A  COLLAPSE  M O D E L  

n this section, we describe how a fully non-linear simulation can
erve as a collapse model within an excursion set formalism. In the
athematical language we adopted in Section 2 , any functional that

redicts morphology rank for a given linear density field qualifies as
 collapse model. To use a simulation as a collapse model, we may
herefore smooth the linear density field at a scale R, run a simulation
ith such modified initial conditions, and subsequently determine

ollapsed regions in the simulated fields to define a morphology
ank for each particle. The excursion set may then be obtained by
imulations with initial conditions smoothed on many scales. 

In Sections 3.1 –3.3 we will describe how we infer the morphology
ank for particles in a simulation and in Section 3.4 , how we set up
 large number of simulations to mimic excursion sets. 

.1 Equations of motion 

ccording to the current paradigm, DM is collisionless, cold,
nd made up of purely gravitationally (or possibly also weakly)
nteracting particles (Bertone & Tait 2018 ). The equations of motion
EoMs) for such non-relativistic, collisionless, and self-gravitating
atter in terms of a (co-moving) position x ( q , t) and canonically

onjugate momentum p ( q , t) in terms of cosmic time t and inde x ed
y a Lagrangian coordinate q (defined as q = x ( q , t = 0)) are given
y the following ordinary differential equations (e.g. Peebles 1981 ) 

ẋ ( q , t) = a −2 ( t) p ( q , t) (12a) 

ṗ ( q , t) = −a −1 ( t) ∇ x φ( x , t) (12b) 

∇ 

2 
x φ( x , t) = 4 π Gρm , 0 δ( x , t) , (12c) 

here a dot denotes a deri v ati ve w.r.t. cosmic time, a( t) is the scale
actor, φ( x , t) is the peculiar potential, δ( x , t) = 

ρ( x ,t ) −ρm ( t ) 
ρm ( t) 

is the
atter density contrast, ρm 

( t) is the time-dependent background
atter density. These EoMs are solved in the L-GADGET3 N -body

ode that we use for our numerical simulations (Springel 2005 ;
ngulo et al. 2012 ). The perfectly cold limit is already implicit in our
otation, in that we think of the fluid as dispersionless in Lagrangian
pace, i.e. initially, the momentum distribution at location q is single-
alued. 

In this study, we deliberately e xclude an y baryonic effects, as the
rimary objective is to evaluate the assumptions of the excursion
et theory only in the context of DM structure formation. Moreover,
ncorporating baryonic effects is unlikely to significantly influence
NRAS 541, 880–898 (2025) 
he simulation outcomes related to the aspects of our investigation.
or the smallest DM haloes ( M ∼ M ⊕) baryons tend to stream out
f the halo potentials, leaving these structures unaffected. 

.2 The distortion of fluid elements 

iven its cold nature, i.e. the lack of significant primordial velocity
ispersion, the DM distribution is reduced to a three-dimensional
ub-manifold (parametrized by the Lagrangian coordinate q ) em-
edded in a six-dimensional phase-space; this sub-manifold is often
eferred to as the DM phase-space sheet (Abel, Hahn & Kaehler
012 ; Shandarin, Habib & Heitmann 2012 ). 
The EoMs (12) imply a deformation (or distortion) of each fluid

lement comprising this sheet, which is described by the Jacobian
atrix of the Lagrangian map 

 x q ( q , t) : = 

d x ( q ,t) 
d q . (13) 

ote that in general, D x q is not a symmetric tensor. Ho we ver, the
ntisymmetric part only represents an axis rotation, hence it only
ecomes important in a highly non-linear setting, i.e. post shell-
rossing. 

As the phase-space sheet evolves, it gradually creases under the
nfluence of gravity. In this description, the distortion tensor is
irectly related to the relative density change of an infinitesimal
olume of the DM sheet (i.e. fluid element) as the sheet changes
hape. As a direct consequence of mass conservation, the fluid
article density is given by the so-called stream density 

s ( q , t ) = 

ρm 

( t ) 

| det D x q ( q , t ) | . (14) 

At early times, there is a one-to-one mapping between Lagrangian
nd Eulerian space. At later times, the mapping will generally
ecome multi v alued (i.e. ‘multistream’), and multiple Lagrangian
uid elements will map to the same Eulerian coordinate. Specifically,

f one axis collapses along a given direction ξ , then D x q · ξ flips
ts sign at that instant, invalidating the bijective property of the
agrangian mapping. In other words, the fluid element shell-crosses
long ξ . This, in turn, results in a singularity in ρs , as the determinant
ill be zero at that moment. The distortion tensor thus entails all

infinitesimal) information about the three-dimensional deformation
nd possible triaxial collapse of each fluid element. 

In the literature, two distinct methods have been discussed that
an yield the evolution of D x q in a fully non-linear cosmological
etting, with general random initial conditions. These are the GDE
pproach (geodesic evolution equation; Vogelsberger et al. 2008 )
nd the Lagrangian sheet tessellation approach (Abel et al. 2012 ;
handarin et al. 2012 ; Hahn & Angulo 2016 ; Sousbie & Colombi
016 ; St ̈ucker et al. 2020 ). In this paper, we will focus on the former.
Unlike a standard N -body simulation, which follows only particle

ositions and momenta, the advantage of the simulation we employ
or this study is that it follows the per-particle temporal evolution of
he distortion tensor with the GDE, 

˙
 x q = 

d 

d t 

(
d x 
d q 

)
= a −2 D p q (15a) 

˙
 p q = 

d 

d t 

(
d p 
d q 

)
= a −1 T · D x q , (15b) 

here D p q : = 

d p 
d q and T ij = −∂ i ∂ j φ is the tidal tensor. For an

n-depth description of the distortion tensor and the GDE, refer to
ogelsberger et al. ( 2008 ) and Vogelsberger & White ( 2011 ). 
Our modified version of L-GADGET3 (cf. St ̈ucker et al. 2020 , for

etails) uses a standard cosmic-time second-order leapfrog algorithm
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o integrate equations (15) in time. This enables us to follow the
olume distortion o v er time and infer from it the cosmic web
orphology class of all simulation particles. 

.3 Detecting axis collapse 

here is an evident link between axis collapse and the morpholog- 
cal characteristics – voids, pancakes, filaments, and haloes – of 
he cosmic web, within which simulation particles are embedded 
Zel’dovich 1970 ; Bond, Kofman & Pogosyan 1996 ; Falck et al.
012 ; Ramachandra & Shandarin 2017 ; Shandarin & Medvedev 
017 ; St ̈ucker et al. 2020 ). In essence, by tracing particles from
heir initial positions, one can tell which structures they end up 
n, while at the same time recording the correlation between their 
osition and the number of collapsed axes. This tracing of particle 
orphology/collapse constitutes a substantial aspect of the excursion 

et theory. Since we will frequently reference these structural com- 
onents of the cosmic web throughout the text, this subsection details 
he methodology adopted by St ̈ucker et al. ( 2020 ) for classifying fluid
lements into the four morphological categories within the simulation 
ode utilized in this study. 

F ollowing D x q o v er time pro vides insight into the infinitesimal
olume deformation and rotation, equations (15), at discrete locations 
entred on the N -body particle positions (St ̈ucker et al. 2020 ).
he non-symmetric aspects of the tensor describe rotations, while 

he symmetric aspects represent the volume deformation along the 
hree dimensions. In the absence of rotations, D x q is symmetric and 
herefore can be diagonalized with real eigenvalues, in which case the 
iagonal elements are simply the eigenvalues that, in turn, describe 
he stretching of the axes in the principle axis frame (i.e. the initial
rientation of the axes). This rotation-less scenario occurs as long 
s the evolution remains linear. However, the growth of gravitational 
nstability in time leads to non-linear evolution – acti v ating the non-
ymmetric components of D x q – and finally collapse along one, two, 
r all three of the axes. As the evolution of the sheet progresses
rom linear to non-linear, the orientation of fluid elements inevitably 
hanges, as the DM sheet begins to twist and eventually folds. This
olding marks the moment of shell-crossing, and a fluid element at 
ts location is turned inside out. 

This sign flip, or rotation, can be traced by comparing the initial
Lagrangian) and final (Eulerian) orientation of a fluid element. The 
imulations of St ̈ucker et al. ( 2020 ), which we employ, use the degree
f rotation as a classification scheme for collapse. Specifically, they 
onsider the singular-value decomposition (SVD) of D x q ( t): 

 x q = USV 


 , (16) 

where S is a diagonal matrix with singular values s i along the 

iagonal, and U and V are orthogonal matrices, where V and U 

mpart the orientation to a volume element in the Lagrangian and 
he Eulerian configurations, respectively. Simply put, the SVD can 
e thought of as a generalization of the eigenvalue decomposition 
o non-symmetric matrices, so that here, the s i quantifies the 
egree of stretching of the principal ax es. The y define the rotation
ngles 

i = cos −1 ( v i · u i ) , (17) 

where v i and u i are the column vectors of V and U . The αi 

ndicate the degree of rotation of those axes with respect to their
nitial orientation. St ̈ucker et al. ( 2020 ) have found that particles that
re part of different types of structures (voids, pancakes, filaments, 
nd haloes) show very different evolution of αi . Along the axes
here a structure is not collapsed αi is very close to zero, whereas

ts value along collapsed dimensions tends to vary rapidly between 
 and π . 

For this reason, the simulation traces the time-maximum angle 

max ,i ( t) = sup { αi ( t 
′ ) | t ′ ≤ t} (18) 

o determine axis collapse. If the maximum angle of an axis exceeds
 threshold of ν = π/ 4 this axis is classified as collapsed. Following
ur notation introduced in Section 2.2 we can define the number of
ollapsed axes identified by the simulation for each fluid element: 

 = 

3 ∑ 

i= 1 

� ( αmax ,i − ν) , (19) 

here � is the Heaviside step function. St ̈ucker et al. ( 2020 ) observed
hat n is relatively insensitive to the precise value of ν, as αmax ,i is
ypically either close to 0 for axes that have not collapsed or close to π
or those that hav e. Further, the y hav e found that this classification is
ell able to distinguish between different morphologies and we will 

ssume that n corresponds to the morphology rank so that structures
an be distinguished based on n as described in Section 2.2 (0 = void ,
 = pancake , etc.) We refer the reader to St ̈ucker et al. ( 2020 ) for
urther details. 

Note that in our set-up, n may refer either to the target morphology
r to a collapse classification criterion (denoted as ‘ c’ earlier)
epending on the context. We will clarify this in the corresponding
laces in the text. 

.4 An excursion set of simulations 

or the purpose of our investigation we build a simulation set
hat mimics an excursion set. We do this by e v aluating the abo v e-
escribed morphology classification for a variety of linear density 
elds that are smoothed on different scales by simulating each of

hose initial conditions. 
We initialize each of our simulations at z = 49 ( a = 0 . 02) and

e set the cosmological parameters to �m 

= 0 . 3051, �� 

= 0 . 6948,
 = 0 . 676, n s = 0 . 961, and σ8 = 0 . 8154. For all simulations, we
se a box size of L = 40 h 

−1 Mpc with N = 256 3 particles, of mass
 � 3 × 10 8 M �h 

−1 , to trace the dark matter sheet and a larger
umber of up to N = 512 3 released N -body particles. Since, in this
ork, we are not concerned with the accuracy of the internal structure
f haloes and our interest lies simply in identifying the collapse times
f various structures, we calculate forces only with a pure particle
esh approach with N pm 

= 512 3 grid elements leading to a force
esolution of ε = 70 kpc . The choice of these settings was guided by
arrying out a convergence test, which demonstrated that a higher 
article mesh resolution does not affect collapse times significantly 
see Appendix A for details). 

F or our inv estigation, we choose a set of 16 different smoothing
cales R i for each of the three window functions discussed in
ection 2.1 , so that σ 2 

i : = σ 2 
R i 

takes on a range of pre-specified
alues. We modified the MUSIC (Hahn & Abel 2011 ) program to
se equation ( 4 ) together with a � CDM power spectrum P ( k) to
utput fields truncated with the appropriate cut-off, as shown in the
op panel of Fig. 1 . We select the target variances as σ 2 

i = i, where
 = [1 , ..., 16], and throughout this paper, we refer to each simulation
y its corresponding target variance. Note that the measured variance 
f the initial conditions 〈 δ2 

R 〉 often turned out slightly different to the
arget variance due to cosmic variance. We show the relation between
MNRAS 541, 880–898 (2025) 
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M

Figure 1. Top: the initial power spectra ( z = 49) generated with the ˜ W sk 

(continuous), ˜ W th (dotted), and ˜ W g (dashed) smoothing on 16 different scales, 
normalized to the CDM spectrum (black). Each spectrum uses a sharp cut 
in Fourier space to approximately achieve the target variance σ 2 

i . The two 
teal dash–dotted lines indicate the min. (left) and max. (right) k modes of our 
simulation volume. Bottom: the characteristic mass associated with each k R 
scale as a function of the measured variance of the simulation for the sharp 
k-space (SK), top-hat (TH), and Gaussian (G) filters. 
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Figure 2. An illustration of an evolving Lagrangian field in the excursion 
set framework. (a) A well-defined case, where if one was to draw a vertical 
line starting from any point q , the n R would decrease hierarchically with 
increasing R. The colour coding associated with the structure rank is white 
for n R = 0 (void) , orange for n R = 1 (pancake) , blue for n R = 2 (filament) , 
and cyan for n R = 3 (halo) . (b) An ill-defined example, where n R no longer 
decreases in a stepwise manner (e.g. a fluid particle to the right of the plot 
un-collapses from a pancake to a void and then collapses straight into a 
filament). 
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he variance of the density field and the characteristic mass scale as
n equation ( 11 ) in the bottom panel of Fig. 1 . 

 E M U LATION  E X C U R S I O N  SETS  WITH  

IMULATION S  

mulating excursion sets with our suits of simulations allows us to
est basic assumptions of the excursion set theory independent of the
ssumed collapse model. 

.1 The excursion set assumption 

he assumption that structure formation can be represented as
n excursion set that progresses from large to small scales (see
ection 2.3 ) is a powerful tool for understanding the hierarchical
mergence of structures. In particular, it simplifies the picture by
ecoupling the formation of large-scale structures from density
erturbations on smaller length-scales. We may phrase the necessary
ssumption: 

If a volume element appears to collapse in the linear field smoothed
n some scale, then it will become part of a structure of that length-
cale – independently of the perturbations on smaller scales. 

This assumption may be stated in condensed form as 

 R ≥ n R if R 2 ≤ R 1 (20) 
NRAS 541, 880–898 (2025) 

2 1 
nd is a direct consequence of equation ( 8 ) if c R = n R is defined
hrough a perfect collapse model. In particular, it implies that no
olume elements ‘un-collapse’ when smoothing scales are decreased.
 or e xample, let us consider a Lagrangian volume element that
ollapses in a simulation with some large smoothing scale R 1 into
 filament ( n R 1 = 2). In that case, it should also collapse into a
lament (or a halo) in any simulation with a smaller smoothing
cale R 2 < R 1 . Ho we ver, it should not become part of a lower rank
tructure ( n R 2 < 2) like a pancake or void. 

To illustrate this concept, consider Fig. 2 , where we plot the
volution of a Lagrangian field q with increasing smoothing scale
. In the left panel we present a well-defined excursion set example

mploying a perfect tri-axial collapse model, where n R consistently
ncr eases with decr easing R. The tri-axial nature is represented by
he rank of each element, colour-coded to indicate its morphology
ype: white for n R = 0 (void) , orange for n R = 1 (pancake) , blue for
 R = 2 (filament) , and cyan for n R = 3 (halo) . We will maintain

his colour scheme to represent the morphology classes of fluid
lements in all subsequent figures depicting our simulations. In
he right panel, we demonstrate a contrasting example where the
ehaviour in scale-space violates the excursion set assumption, as
ome regions of n R = 1 revert to n R = 0. This panel also highlights
nstances of non-hierarchical collapse behaviour, where elements
ransition directly from n R = 0 to n R = 2 (see Section 2.2 ) as R 

ecreases. 
Further, in Fig. 3 we show the final snapshot ( z = 0) of the same

lice through the evolved density field within our simulation box.
ach slice has evolved from different initial conditions, with the
harp k-space cut-off ˜ W sk applied to the P ( k) (corresponding to σ 2 

2 ,
2 
6 , σ

2 
10 , and σ 2 

14 from the top-left to the bottom-right), as described
n Section 3.4 . These snapshots depict the final distributions of
imulation particles at their current coordinates x in the Eulerian
rame. 

In general, decreasing the smoothing scale primarily introduces
dditional small-scale structure while preserving structure that has
lready existed on larger scales. Moreover, structures appear to move
p in their morphology rank when the smoothing scale is decreased.
 or e xample, filaments may additionally fragment into smaller scale
aloes embedded in the larger filament. Pancakes, on the other hand,
ay fracture into smaller filaments and haloes. 
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Figure 3. Thin slices through the DM sheet in Eulerian space at z = 0 after 
evolving from four different initial conditions, with σ 2 

2 , σ
2 
6 , σ

2 
10 , and σ 2 

14 , 

smoothed with the ˜ W sk filter. As σ 2 increases (more small-scale k modes 
included in the initial P ( k)), more collapsed structures emerge on smaller 
scales – haloes (cyan), filaments (blue), pancakes (orange), and voids (white). 
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Fig. 3 suggests that the excursion set assumption holds well on a
ualitati ve le vel. We will further e v aluate this quantitati vely in the
ollowing subsection. 

.2 Testing the excursion set assumption 

lthough Fig. 3 demonstrates that structures typically tend to mo v e
pwards in their morphology rank when adding small-scale pertur- 
ations in Eulerian space, we need to use a Lagrangian perspective 
o test equation ( 20 ) quantitatively. 

For illustration, consider Fig. 4 , where we present the morphology 
lassification in the final snapshots of two different ˜ W sk smoothed 
imulations, σ 2 

5 (top) and σ 2 
10 (bottom). The panels on the left show 

he simulation points plotted in Eulerian space (indicated with an 
E’), while in the panels on the right, the points are plotted in
agrangian space (indicated with an ‘L’), that is, at their locations in

he initial conditions. The colours indicate morphology classification, 
s outlined in Section 4.1 . Note that haloes take up the least volume
n Eulerian space and voids the most. Ho we ver, in Lagrangian space,
aloes take up the most volume because they are the densest and
ost massive structures with the most particles. We again note that 
ost structures that exist in Lagrangian space at σ 2 

5 also exist in the
2 
10 simulation. 
Fig. 5 shows the σ 2 

10 distribution of particles in Lagrangian space 
nly, but this time the colouring reflects whether that simulation 
xhibits additional collapse with respect to the σ 2 

5 simulation: grey 
or no difference ( n 10 = n 5 ), black for collapse ( n 10 > n 5 ), and red
or un-collapse ( n 10 < n 5 ). Thus, the grey and black regions are
onsistent with the excursion set assumption, while the red regions 
re not expected. In the leftmost panel, corresponding to ˜ W sk , we 
ote that most of the volume is black or grey, showing that the
ssumption is o v erall quite reasonably satisfied. We observe similar
ffects in the ˜ W th (middle) and ˜ W g (right) smoothed simulations, but 
ith considerably smaller un-collapsed regions. Ho we ver, we also 
ote that a small fraction of Lagrangian space seems to un-collapse
ue to the perturbations from smaller scales – a phenomenon that, 
y construction, cannot be captured in the excursion set paradigm. 
A closer examination of Fig. 5 reveals that the un-collapsing 

egions are pre-dominantly located near the boundaries of haloes in 
he σ 2 

5 simulation. That these regions are the most affected by smaller
cale perturbations is understandable since these particles are just at 
he threshold of reaching their halo by z = 0, and a small difference
n the initial conditions may push them o v er the edge. Further, the
oherence scale of the difference field seems more closely related to
he smoothing scale of the σ 2 

5 than of the σ 2 
10 simulation. We may

herefore speculate that most of the un-collapsing happens due to the
erturbations that lie just below the cut-off scale of the σ 2 

5 simulation.
his can be seen in more detail in Fig. C1 in the appendix, where the
ame plot is shown for additional examples. 

For a quantitative assessment, we analyse the complete set of 
onfusion matrices corresponding to ˜ W sk , ˜ W th , and ˜ W g from top to 
ottom in Fig. 6 . In each confusion matrix, e very ro w corresponds
o all particles associated with a specific morphology in the σ 2 

i 

imulation (with n i = 3 , 2 , 1, or 0 for the respective column panels).
ach pixel in the same ro w sho ws which fraction of these particles

s also collapsed to a compatible structure in the σ 2 
j simulation. That

eans n j = 3 for haloes, n j ≥ 2 for filaments, n j ≥ 1 for pancakes,
nd for voids we compare to n j = 0. 

Elements left of the diagonal ( σ 2 
j < σ 2 

i ) show the progression of
he excursion set: the more small-scale perturbations are added, the 

ore likely it is that a point collapses. The closer σ 2 
j is to σ 2 

i , the
ore likely it is that particles have collapsed to the same type of

tructure they were selected by at σ 2 
i , until the fraction corresponds

o 1 at the diagonal by definition. 
Elements right of the diagonal ( σ 2 

j > σ 2 
i ), show the fraction of

articles that have the same (or a consistent) morphology also at
igher variance. F or e xample, in the second column panel, we see
MNRAS 541, 880–898 (2025) 
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Figure 5. The difference of the two upper simulations σ 2 
10 − σ 2 

5 , but for all three window functions, ˜ W sk , ˜ W th , and ˜ W g , from left to right. The particle distribution 
is the same as in σ 2 

10 . Particles belonging to the same morphology class as in σ 2 
5 are shaded grey, those which collapsed along more axes n 10 > n 5 are marked 

in black, and the cases where n 10 < n 5 , i.e. un-collapsed particles are coloured red. 
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articles that are in a filament at σ 2 
j = 5 and are also in a filament (or

alo) at higher variances. According to the excursion set assumption,
ll of the elements to the right of the diagonal should be at 100 per cent
or all filters. Ho we ver, in the simulations smoothed with ˜ W sk , we
bserv e that the y are approximately 90 per cent instead – indicating
hat around 10 per cent of the mass un-collapses from filaments to
ower rank structures. This deviation from 100 per cent gradually
mpro v es as we look to the ˜ W th and ˜ W g panels, where the un-collapsed
raction levels at ∼ 4 per cent and ∼ 2 per cent for the two filters,
espectively. 

For the halo, filament, and pancake cases, the deviation of the
lements at the top right of the diagonal from unity indicates the
egree of the excursion set assumption violation. A key insight from
ig. 6 regarding the ˜ W sk smoothed simulations is that the major
n-collapsing events occur when �σ 2 ≤ 1, corresponding to the
onfusion matrix squares directly adjacent to the diagonal, where the
ifferences range from 5 per cent to 13 per cent. 
Beyond this point the fractions remain relatively constant, indicat-

ng that perturbations on much smaller length-scales indeed do not
mpact the collapse of larger scale regions. Ho we ver, perturbations
n slightly smaller length-scales do affect their collapse. For the˜ 
 th and ˜ W g smoothed simulations, the un-collapsed fractions with

he successive �σ 2 = 1 steps are visibly more uniform, with no
ignificant un-collapsing events occurring at any particular �σ 2 .
n both cases the un-collapsing is rather broadly distributed across
he entire �σ 2 range, with deviations from the diagonal reaching 1
er cent to 4 per cent for the top-hat and 1 per cent to 3 per cent for
he Gaussian filters, with no particular pattern. 

For voids, the diagram needs to be read in the reverse order. The
xcursion set assumption implies that everything that is part of a
oid at the scale σ 2 

i must also be void at all larger scales ( σ 2 
j < σ 2 

i ).
herefore, all pixels to the left of the diagonal are expected to be
t 100 per cent . As with the other column panels, we can see that
he fractions are generally of order 90 per cent and that most of the
ifference comes from scales that are very close to the diagonal for
he ˜ W sk smoothed simulations. In contrast, for ˜ W th and ˜ W g cases, this
ifference is at most 2 per cent and 1 per cent, respectively. 

.3 The simulation excursion set 

ince the simulation represents a perfect collapse model, we may
sk what happens if we follow through with the excursion set
NRAS 541, 880–898 (2025) 
rocedure, but use the simulated morphology classification. Using
he simulation classification as a collapse model in equation ( 8 ), we
et the simulation excursion classification: 

 R, ES = sup { n R ′ | R 

′ ≥ R} (21) 

nder the excursion set assumption, the relationship should hold as
 R, ES = n R . 
Figs 7 –9 demonstrate the result of emulating this excursion set

ith simulations smoothed with all three windows in the two top
anels of each figure, again with the Eulerian and Lagrangian
lices left and right, respectively. The middle rows show the
imulations with the smallest fixed scale smoothing σ 2 

16 and the
ottom panels show the difference between the excursion set and
2 
16 , with the following colour assignment: n ES − n 16 = 0 (white),
 ES − n 16 = 1 , 2 , 3 (black, blue, red), with ES denoting excursion
et. As anticipated from the previous results, the observation of
n-collapsing throughout the 16 runs indicates that the excursion
et of the ˜ W sk smoothed simulations contains many more collapsed
tructures. While voids largely remain intact, haloes, filaments, and
ancakes are notably more spread out and smoother in the excursion
et plot shown in Fig. 7 . Overall, the excursion set generated from
hese simulations leads to un-collapse of 20 per cent of all simulation
articles, irrespective of morphology, relative to the σ 2 

16 realization.
n this example, we also observe that particles identified as haloes
n the excursion set are the least affected by changes to the ICs,
ith 16 per cent undergoing un-collapse with respect to σ 2 

16 . In
ontrast, as many as 44 per cent of pancakes and 48 per cent of
laments in the excursion set experience un-collapse compared to
2 
16 . Similarly, in line with the findings from Fig. 6 , we observe a
ecrease of the o v erall un-collapsed re gions when comparing the
xcursion sets generated from the top-hat (Fig. 8 ) and the Gaussian
Fig. 9 ) smoothed simulations with their respective σ 2 

16 . While the
otal fraction of particles undergoing un-collapse between the top-
at excursion set and the fixed scale simulation is 5 per cent, this
alue is even lower in the Gaussian window example, amounting to
ust 3.5 per cent. When focusing only on the fraction of particles
lassified as haloes, filaments, or pancakes in the excursion sets that
n-collapse in σ 2 

16 , we observe differences of 5 per cent, 10 per cent,
nd 6 per cent for the ˜ W th case and 4 per cent, 6 per cent, and 4 per cent
or the ˜ W g case, respectively. As in the ˜ W sk example, haloes are
he least affected by changes in the ICs, while filaments are the

ost impacted. In both instances, the smoothing of the collapsed
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Figure 6. Four confusion matrices per filter: ˜ W sk (top), ˜ W th (middle), and ˜ W g (bottom), each showing the total of particles from σ 2 
i run, which are assigned 

to the same morphology, or to one of higher rank, in run σ 2 
j . I.e. the ‘ ≥ pancake’ confusion matrix quantifies the fractions of pancake particles from σ 2 

i that 

are either pancakes, filaments, or haloes in σ 2 
j . Moving to the right of the main diagonal, the smoothing scale of the comparison simulation decreases, while 

moving to the left, the scale increases. The excursion set theory assumption implies that everything to the right of the main diagonal, in the three plots from the 
left, should be white. Conversely, everything to the left of the main diagonal in the ‘void = void’ confusion matrix should also be white. 
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tructures in the excursion sets is hardly visible in the figures and
s predominantly observed around haloes, while in the bottom panel 
f Fig. 7 , it is evident that the filament and pancake regions are also
ignificantly affected by un-collapse. These values are summarized in 
able 1 . 
We conclude that the excursion set assumption does draw an 

ppropriate picture on a qualitative level and that it also works
easonably well with the ˜ W sk smoothing and surprisingly well with ˜ 
 th and ˜ W g smoothing on a quantitati ve le vel. In this section, 
e demonstrated that the core assumptions of the excursion set 
old extremely well in practice with a Gaussian window, slightly 
orse with a top-hat and significantly worse with a sharp k−space 
indow functions. That is, if we combine a perfect collapse model 
a simulation) with a sharp k-space filtering method, then we find
uantitati ve de viations from the core assumption on the particle-by-
article basis of order 20 per cent. This implies that an excursion set
ormalism using ˜ W sk for smoothing, along with a maximally physical 
ollapse model, should yield a 20 per cent error. 

.4 Morphology mass fractions 

o far, we have focused on the particle-by-particle contrast of the
xcursion sets generated with different window functions and the 
xed scale σ 2 

16 simulations. As already discussed in Section 1 , the
xcursion set formalism has many other useful applications, such 
s predicting HMFs, which offer valuable insights into the cosmic 
MNRAS 541, 880–898 (2025) 
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Figure 7. The excursion set constructed from the 16 simulations smoothed 
with ˜ W sk (top), the σ 2 

16 output (middle), and their difference (bottom). 
The colour scheme of the difference plot is as follows: white indicates no 
difference, while black, blue, and red correspond to differences of 1 , 2 , and 3, 
respectively, in the morphology rank n R . The simulation particles are plotted 
in Eulerian space (left panels) and Lagrangian space (right panels). 
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Figure 8. Same as Fig. 7 , but for simulation ICs smoothed with ˜ W th . 
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ass distribution within haloes at all scales rele v ant to the chosen
osmology. This methodology can also be extended to explore the
ass distribution in other structures, such as pancakes and filaments.
o we ver, gaining a more comprehensive understanding requires data

hat are not easily accessible through approaches relying on standard
tructure finders. Using our simulations, we can not only identify the
orphologies of the structures into which the simulation particles

ollapse, but also obtain a general understanding of the scales at
hich these structures form when combined with the excursion set

ramework. 
We calculate the cumulative mass fraction F ( < σ 2 ) or F ( > R) for

ach morphology class. We do this by identifying the scale of the first
and largest) collapse in the excursion set, as defined by equation (9)
nd determining the fraction of particles with a collapse scale larger
han the considered scale. Recount that in our way of counting here,
very particle embedded in a filament will also be considered part of
 pancake, and so on. 

The top panel of Fig. 10 shows the cumulative distributions
f particle fractions associated with pancakes (stars), filaments
hexagons), and haloes (diamonds) based on the excursion set of
NRAS 541, 880–898 (2025) 
imulations obtained with the ˜ W sk smoothing. 1 In the plot, the upper
 -axis indicates the Lagrangian length smoothing scales, while the
o wer x -axis sho ws the corresponding v alues of σ 2 . We observe that
ypical particles appear to be part of a large-scale pancake, a smaller
cale filament, and a notably smaller halo. For example, the median
article (where F = 0 . 5) is part of an R ∼ 1 . 8 Mpc h 

−1 pancake,
n R ∼ 0 . 8 Mpc h 

−1 filament, and an R ∼ 0 . 5 Mpc h 

−1 halo. In
ppendix B we also show the same plot, but for the example of the˜ 
 th smoothed simulations. 
At the smallest considered smoothing scale ( R ∼ 0 . 14 Mpc h 

−1 )
which is already considerably smaller than what most cosmolog-

cal simulations resolve – the morphology fractions for pancakes,
laments, and haloes are 88 per cent, 78 per cent, and 68 per cent,
espectively. Since the mass fractions are growing moderately in this
e gime, we would e xpect that in most cosmological simulations of
rder 80 –90 per cent of particles are embedded in a pancake (or
igher), 70 –80 per cent in a filament (or halo), and 60 –70 per cent
n a halo. The exact numbers may naturally vary based on the
pecifics of the classification (see Knebe et al. 2011 , 2013 ; Angulo &
ahn 2022 , for a comprehensi ve re vie w). Additionally, we anticipate

hese values to rise considerably if simulations were extended to
he physical cut-off in the power spectrum, such as in a neutralino
osmology (St ̈ucker et al. 2018 ; Wang et al. 2020 ). 
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Figure 9. Same as Fig. 7 , but for simulation ICs smoothed with ˜ W g . 

Table 1. The un-collapsed fractions of particles between the three excursion 
sets and the reference σ 2 

16 of the three suites of smoothed simulations. U 

indicates the number of un-collapsed particles of the given type X. The 
fractions are taken with respect to the number N of X particles collapsed in 
the excursion set and N Total = 256 3 . 

˜ W sk ˜ W th ˜ W g 

X U X /N X 

Halo 0.16 0.05 0.04 
Filament 0.48 0.1 0.06 
Pancake 0.44 0.06 0.04 

Total 0.2 0.05 0.035 
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Figure 10. Top: the mass fractions of particles in pancakes (stars), filaments 
(hexagons), and haloes (diamonds) as a function of the smoothing scale 
σ 2 and R. The turquoise curve represents F ( < σ 2 ) of collapsed particles 
from St ̈ucker et al. ( 2018 ). Bottom: the particle fraction in structures of the 
excursion set radii. Both panels show the distributions for the ˜ W sk smoothed 
excursion set of simulations. 
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We can compare our results to existing predictions from excursion 
ets. In particular, the mass fractions of pancakes and filaments were 
reviously explored by Shen et al. ( 2006 ). In this work, excursion sets
n density with three separate barriers for pancakes, filaments, and 
aloes (based on approximations of the ellipsoidal collapse model) 
ere used to explore the formation of such structures. They found 

hat, in a � CDM Universe, at z = 0, abo v e 99 per cent of all mass
s contained in pancakes, 72 per cent in filaments, and 46 per cent
n haloes, with M > 10 10 M �. Since their resolved mass is exactly
n the range of the sharp −k mass at our smallest resolved scale

2 × 10 10 M �, we can compare these numbers approximately to 
urs. Clearly, the model of Shen et al. ( 2006 ) strongly o v erpredicts
he mass in pancakes. This is also confirmed by a variety of other
tudies based on cosmic web classification schemes (Buehlmann & 

ahn 2019 ), which tend to find numbers between 11 per cent and
2.5 per cent for the mass in structures with n ≥ 1. 
In the top panel of Fig. 10 , we also plot F ( < σ 2 ) adapted from fig. 9

f St ̈ucker et al. ( 2018 ) (turquoise). Their triaxial collapse model has
een designed to describe the first collapse of voids towards pancakes
or single-stream regions to multistream regions). The authors used 
andom walks of the deformation tensor to determine statistics of 
ingle-stream regions ( n = 0). The fraction of mass in pancakes –
iven by the remaining collapsed material – appears to be very well
redicted by this approach. Consequently, it can be concluded that, at
he very least, an accurate description of the full hierarchy of three-
imensional collapse requires accounting for the full deformation 
ensor and is challenging to achieve using ef fecti ve density barriers,
s is done for haloes (Sheth et al. 2001 ). 

The bottom panel of Fig. 10 shows the differential mass fractions,
epresented by the first crossing distribution d F / d log 10 R, as a
unction of scale, while Fig. 11 (and the supplementary Fig. B2 )
hows a σ−scaled first crossing distribution d F / d ln σ = f ( σ ), as a
unction of σ for all smoothing kernels: ˜ W sk (blue), ˜ W th (yellow), 
nd ˜ W g (purple). The plots reveal that large-scale pancakes appear 
ore significant compared to haloes, whereas small-scale pancakes 

ppear less dominant. We may conclude that most of the smaller
cale web patterns of the Universe will likely be accreted into larger
MNRAS 541, 880–898 (2025) 
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Figure 11. The multiplicity functions f ( σ ) obtained from the sharp −k (SK), 
top hat (TH), and Gaussian (G) smoothed simulations, accompanied by 
functions of Press & Schechter ( 1974 ) (dotted) and Tinker et al. ( 2008 ) 
(continuous) in black, where the region within 10 per cent of the Press & 

Schechter curve is shaded grey. The diamonds represent the GDE halo 
particles (see Sections 3.2 and 3.3 ), whereas the circles represent the FoF 
haloes. 
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cale pancakes. Further, in Fig. 11 we also plot the theoretical first
rossing distribution f ( σ ) of Press & Schechter ( 1974 ) (black dotted)
nd the fitting function of Tinker et al. ( 2008 ) (black continuous).
he region within 10 per cent of the Press & Schechter prediction is
haded grey. We also plot two sets of halo f ( σ )s obtained by applying
he excursion set formalism to our simulations. In method (1) halo
articles were identified within the simulation via the GDE scheme
see Sections 3.2 and 3.3 ); we plot these as diamonds. In method (2)
articles comprising haloes were identified via the friends-of-friends
 FoF ) algorithm, with linking length 0.16, of GADGET4 (Springel
t al. 2021 ); these we plot as circles. For (2) the same excursion set
ssumption was applied – a particle is assigned the largest halo mass
f all σ 2 

i . Notice how the (1) and (2) functions differ significantly
orm one another, with FoF haloes al w ays containing smaller particle
ractions per σ , as compared to the results obtained with the GDE
ethod. The contrast between the FoF and GDE f ( σ )s of the top-hat

nd Gaussian smoothed simulations is notably smaller than that of
he sharp −k example. In general, more particles fulfil the condition
o count as belonging to a halo, according to the halo finder in
he sharp −k smoothed simulations – a consequence of the extent
f the ˜ W sk in real space. Ho we ver, the ef fect of such smoothing
ppears to impact the GDE morphology assignment algorithm more
han ˜ W th and ˜ W g do. Fig. 11 demonstrates that the GDE method is

ore permissive in classifying particles as collapsed into structures,
eading to higher collapsed fractions. In line with our previous results,
he Gaussian and top-hat points are in a very tight agreement, while
he sharp −k simulations result in a higher fraction of mass collapsed
nto all structures on all scales, which is reflected in Fig. 7 . Note
ow the f ( σ ) obtained with a ‘perfect’ collapse model, which is
lso clearly of triaxial nature, lie significantly closer to the simple
nalytical result of spherical collapse model, than it does to the
mpirically obtained Tinker et al. ( 2008 ) function. It is a surprising
esult, given that the latter is motivated by triaxial (ellipsoidal)
ollapse, even if not directly derived from it. At the same time,
ll three excursion sets of simulations result in higher numbers of
ollapsed haloes than the two predictions suggest. For completeness
e also plot the filament and pancake multiplicity functions in
ppendix B , Fig. B2 . 
NRAS 541, 880–898 (2025) 
.5 Collapse scale to mass relation 

o far, we have tested the general assumptions of excursion set
ormalisms, particularly in terms of how the hierarchy of structure
ormation progresses across scale-space. Ho we v er, e xcursion sets are
ery commonly used to predict the mass functions of haloes, which
equires an additional assumption. It is typically assumed that when
 particle first satisfies a collapse criterion at a smoothing scale R s ,
t becomes part of a halo with mass M ∝ R 

3 
s , as outlined in equation

 11 ). This mapping between collapse scales and the assumed halo
ass is a crucial ingredient that we can examine with our excursion

et of simulations. 
Consider Fig. 12 , where we label each particle in Lagrangian

pace by the predicted halo mass, based on the default mass mapping
 11 ), for the excursion sets obtained from the simulations that have
een smoothed with the different filter functions. Additionally, in
he rightmost panel, we also show each particle labelled by the mass
 FoF of the halo it has been assigned to in a CDM (no smoothing)

imulation 2 with an FoF halo finder with linking length 0.16. 
We note that our collapse criterion is more permissive than the

raditional FoF definition. For FoF haloes, it is possible for particles
hat have entered the group to leave it again, e.g. when they reach
heir first orbital apocentre at the splash-back radius. In contrast, in
he GDE framework we consider any particles that have ever gone
hrough any 3D crossing, as permanently associated with a halo –
aturally also including particles at their splash-back radii. The effect
f this difference can be seen in Fig. 11 , whereby the multiplicity
unctions of FoF haloes are systematically below f ( σ ) of the GDE
alo particles, which implies more mass collapsed into haloes per
moothing scale in the latter case. Further, we point out that the
xcursion sets may label particles that are part of the same structure
ith different masses, because some particles have only become part
f the same structure at smaller smoothing scales. It is clear that
he true collapse scale-to-mass relation is not a simple one-to-one
elation, and is likely to be significantly more complex. In Fig. 12 ,
he excursion set masses correlate reasonably well with the actual
alo masses, but deviations are quite large in amplitude. 
To e v aluate this more quantitati vely, in Fig. 13 we sho w the relation

etween the excursion set collapse scale (indicated through mass, as
n equation 11 ) versus the measured masses of haloes of the same
articles in a CDM simulation. We have to restrict this comparison
o particles that are both part of an FoF halo in the simulation and
ave collapsed according to the simulation excursion set. We show
his in tw o w ays: (1) the gre yscale, background he x bin distribution
f particle counts, with finer two-dimensional binning and (2) blue
iolin distributions of six coarsely binned counts along the x -axis.
he orange circles indicate the medians of particle counts in the x -
xis bins, and the diagonal white-dashed lines show the benchmark
 FoF masses. Notice that the excursion set mass distribution is not

ontinuous (we hav e e xactly 16 masses corresponding to our sets of
moothed simulations), and due to our choice of y -axis binning, there
re horizontal gaps in the hexbin distribution. Likewise, due to our
mall simulation volume ( L = 40 Mpc), there is a lack of particle
ounts in high-mass haloes ( > 10 13 M �h 

−1 ) in the simulations,
iving rise to horizontal data gaps. 
We find two key insights from this figure: (1) the median

elation tends to have an offset from the naiv e e xpectation from
quation ( 11 ). For the considered window functions the offset is
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Figure 12. Lagrangian plots of excursion set mass assignment to simulation particles collapsed into haloes, based on the scale of collapse σ 2 
i according to the 

excursion set assumption. The first three panels show the results from the suite of simulations ran with initial P ( k) smoothed with the ˜ W sk , ˜ W th , and ˜ W g , from 

left to right. The rightmost panel shows the FoF haloes from a CDM (no smoothing) simulation. 

Figure 13. The background hexagonal plot shows the particle count n in the 2D bins, while the violin plots (blue) show the count distribution along the y -axis 
in the 16 bins corresponding to each M ES . Medians of the M FoF distributions w.r.t. to the M ES (orange points). The benchmark masses (white dashed) and the 
diagonal shifted along the y -axis by a factor α to match the medians (white dash–dotted). 

Figure 14. Two estimators of the logarithmic scatter in the mass-map. The 
stars indicate the standard deviation, and the circles are a percentile-based 
estimate. While the precise amplitude depends on the details of the filter and 
the estimator, the o v erall amplitude ranges between 0.4 and 0.8 dex (shaded 
area). 
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= 0 . 26 , 0 . 45 , 0 . 85 for ˜ W sk , ˜ W th , and ˜ W g respectively. We suggest
hat the pre-factor of the mass map should generally be considered as
 degree of freedom that may be fitted in excursion set models. This
ay account for the uncertainty associated with the halo definition 

nd the ef fecti ve scale of the smoothing function. (2) The collapse
cale-to-mass relation is much more complicated than commonly 
ssumed. Particles that collapse at a singular smoothing scale often 
nd up in haloes of different masses (see also White 1994 ; Sheth et al.
001 ; Monaco et al. 2002a ; Achitouv et al. 2013 ; Hahn & Paranjape
014 ). This will make it challenging to reliably predict masses, even
hen adopting a ‘perfect’ collapse model. 
We e v aluate this scatter quantitati vely in Fig. 14 . Here, we show

wo estimates of the scatter amplitude of M FoF in fixed bins of M ES .
he first estimate is the standard deviation in log-space 

log 10 M 

= 

√ 

〈 ( log 10 M − 〈 log 10 M〉 ) 2 〉 (22) 

nd the second is half the extent of the 68 per cent interval 

 68 per cent , log 10 M 

= 

1 

2 
( log 10 M 84 per cent − log 10 M 16 per cent ) , (23) 

here M 84 per cent and M 16 per cent are the 84th and 16th percentiles, 
espectively. If M FoF would follow a lognormal distribution at fixed 
 ES , then the two estimators should lead to identical results. 
We find that the estimator � 68 per cent , log 10 M 

generally gives smaller 
alues than σlog 10 M 

by about 0.2 dex, showing that the error 
istribution is not perfectly lognormal. Overall, amplitudes range 
etween 0.4 and 0.8 dex, and the scatter seems to be relatively
onstant with mass, generally not changing by more than 0.2 dex
n the range below M � 10 13 M �h 

−1 . The scatter can be even a bit
maller at higher masses, but the measurement is likely unreliable 
ere due to finite-size effects and a very limited sample. Interestingly,
he ˜ W sk leads to a slightly smaller scatter in the mass map than the
ther filters at masses M ∼ 10 11 M �h 

−1 . 
Independently of these details, we may summarize that excursion 

ets with a ‘perfect’ collapse model still have at least an uncertainty of
rder 0 . 4 –0 . 8 dex in the mass map. Lucie-Smith et al. ( 2024 ) reported
MNRAS 541, 880–898 (2025) 
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(also calibrated with simulations), yielding slightly different M values. 

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/541/2/880/8185403 by guest on 17 February 2026
 similar mass scatter within this range (for 10 11 –10 13 . 4 M � h 

−1 

aloes), in their halo collapse model based on convolutional neural
etworks (see also L ́opez-Cano et al. 2024 ). Impro v ements in the
ollapse model cannot reduce this uncertainty; instead, it is rather
ue to the limitations imposed by the spherical kernel that is used to
raverse scale-space (see also Hahn & Paranjape 2014 ; Lucie-Smith
t al. 2024 ; Verza et al. 2024 ). 

 DISCUSSION  A N D  C O N C L U S I O N  

xcursion sets are an invaluable tool to predict and understand
he formation of structures. While they are primarily utilized to
redict statistical quantities, such as HMFs, they may also be used to
nfer detailed particle-by-particle predictions, such as those related
o accretion and merger histories, as well as the formation of all
ypes of structures like voids, pancakes, filaments, and haloes. Such
redictions are crucial for understanding structure formation beyond
cales that can be resolved reliably in simulations. Ho we ver, to make
uch predictions, excursion sets must be tested thoroughly at scales
hat can be resolved in simulations. 

Historically, e xcursion sets hav e been primarily e v aluated based on
heir ability to reproduce the simulated HMF. Ho we ver, in the era of
recision cosmology, they have taken a backseat role to simulation-
ased fits (e.g. Jenkins et al. 2001 ; Sheth et al. 2001 ; Reed et al. 2003 ,
006 ; Warren et al. 2006 ; Tinker et al. 2008 ; Despali et al. 2016 ;
erza et al. 2024 ) and HMF emulators (e.g. Monaco et al. 2002a ,
 ; Bocquet et al. 2020 ). These simulation-derived HMFs typically
chiev e an accurac y better than 10 per cent for all common halo mass
efinitions and can include possible non-universal behaviour of the
MF. It must be stressed that, by definition, these mass functions are

imited only to the regime where simulations can be performed and,
s such, have little to no predictive capability beyond their calibrated
ange, consequently yielding no analytical insights. Predictions of
nresolved quantities – such as the abundance of very low-mass
aloes – thus still rests on excursion set models. If their accuracy
ere impro v ed, these models could yield v ery economic alternativ es

o the large simulations required to calibrate high-accuracy mass
unctions. Such development would facilitate quick exploration of
lternative cosmological models. 

The aspect of modelling, which has typically been optimized and
mpro v ed upon, is the model describing the collapse of Lagrangian
olume elements. Examples include spherical collapse (Press &
chechter 1974 ; White & Silk 1979 ; Bond et al. 1991 ), 3D ellipsoidal
ollapse (Bond & Myers 1996 ; Sandvik et al. 2007 ), ef fecti ve density-
ased ellipsoidal collapse (Sheth et al. 2001 , 2006 ), triaxial collapse
Monaco 1995 ; Monaco et al. 2002a , b ; St ̈ucker et al. 2018 ), energy-
ased spherical collapse (Musso & Sheth 2021 ), and virial-equation-
ased collapse (Musso et al. 2024 ). 
In this paper, we have shown that excursion sets can also be

reated using a ‘perfect’ collapse model, namely, a simulation. This
equires running several simulations with initial conditions smoothed
n successively reduced scales. Collapse may be detected using
onventional methods like an FoF classification or more advanced
ethods that distinguish between different structure morphologies,

s we have adopted here. 
This ‘excursion set of simulations’ has allowed us to (1) test

ssumptions of the excursion set models independently of the adopted
ollapse model, (2) define an upper limit to the possible realism of
xcursion set models, and (3) identify bottlenecks in the current
aradigm. 
NRAS 541, 880–898 (2025) 
In this paper, we have tested two core assumptions of excursion
ets. The first assumption states that collapse does not revert when
ecreasing Lagrangian smoothing scales. We find that this assump-
ion is o v erall satisfied surprisingly well and the quantitativ e accurac y
epends significantly on the applied window function. For the sharp
−space filter, we find that up to 20 per cent of fluid elements un-
ollapse across the resolved scales, whereas for the Gaussian and
op-hat windows, this percentage is only of order 3.5 per cent and
 per cent. This degree of accuracy may be a reassurance for any
odels attempting to disentangle structure formation in scale-space.
o we ver, we also note that the best possible excursion set formalism

or Peak model) may not surpass this level of accuracy unless a more
ptimal window function or other degrees of freedom are chosen to
ompensate for this effect. For instance, it would be interesting to
arry out a particle-by-particle analysis with the smooth −k space
lter proposed by Leo et al. ( 2018 ). They smooth the sharp transition
rom kR to 0 of the ˜ W sk by introducing a free parameter β.
otably, the HMF prediction with this filter only impro v es that
f the sharp k−space filter for WDM with free-streaming mass in
he order of 10 10 M � h 

−1 , corresponding to ∼ 1 keV DM and the
mallest smoothing mass we calculate for the ˜ W sk 

3 (Fig. 1 ). While
heir analysis focuses only on improving the HMF predictions, we
nticipate it might, at best, increase particle-by-particle accuracy to
 level comparable to that of the top-hat and Gaussian filters. 

The second assumption we tested concerns the simple determin-
stic mass-mapping relation (equation 11 ), which accounts for the
mount of mass enclosed within a (spherically symmetric) filter scale.
his process requires mapping the Lagrangian smoothing scale –
here the collapse criterion is first fulfilled – to an estimated halo
ass and is essential for inferring HMFs, merger histories, etc. By

omparing the collapse smoothing scales with actual halo masses
rom a CDM simulation, we found two key insights: 

(i) Deviations from the standard mass relation : The proportional-
ty constant in the conventional M ∝ R 

3 relation often deviates from
aiv e e xpectations and should be treated as a degree of freedom
n excursion set formalisms (see also Maggiore & Riotto 2010a ).
eports of excursion set models performing better with collapse
arriers abo v e (e.g. Verza et al. 2024 ) the standard spherical collapse
hreshold δc = 1 . 686 may stem from misattribution of this degree
f freedom. Alternative parametrizations of this relation have also
een proposed – such as those for sharp and smooth k−space filters
e.g. Schneider 2015 ; Leo et al. 2018 ) – but still require calibration
gainst simulations. Additionally, Hahn & Paranjape ( 2014 ) found
 strong correlation between the scatter in excursion set-predicted
asses (at fixed halo masses) and the shape of Lagrangian patches.
 articularly, the y found them to be mostly aspherical for low-mass,
nd spherical for high-mass haloes, which raises questions about
ocusing on spherically symmetric smoothing functions in excursion
et analysis (see also Achitouv et al. 2014 ). 

(ii) Significant uncertainty in the mass relation : The mass-
apping relation exhibits substantial uncertainty of order 0.4–0.8

ex. This stochasticity ef fecti vely introduces additional smoothing in
he mass-weighted HMF. A similar observation was made by Hahn &
aranjape ( 2014 ), who incorporated mass scatter into a modified
MF expression, achieving better agreement with simulations. In

uture work we could address these insights by running simulations
n a larger volume to increase the sample of high-mass haloes
 ≥ 10 13 M � h 

−1 ), confirming the extent of mass scatter at these



Excursion sets with a ‘perfect’ collapse model 895 

s
p
t
w
b  

i

t  

e

a
c  

d  

m  

o
t

L
fl
s  

a
o  

a  

a
t
m  

d

t
m  

a
a  

t
e  

a  

m
a

A

T  

w
a  

J
u
s
i  

A
p
1
b

D

A
f

4

l

R

A
A  

A  

A
A
A  

A  

B
B  

B
B
B  

B  

B
B
B
B
B
C  

C
C
C
D
D
D  

D  

D  

D
E
F
F
G  

H
H
H
H  

I
J  

K
K
K
L
L
L
L  

L
L  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/541/2/880/8185403 by guest on 17 February 2026
cales. While this effect is unlikely to significantly impact HMF 

redictions in CDM universes, it could be crucial in cases where 
he mass function has sharp features, such as those in universes 
ith a power spectrum cut-off. Whether the excursion set theory can 
e impro v ed in such cosmologies by including this effect will be
nteresting to investigate in future studies. 

These insights highlight the necessity for further research in order 
o understand how the halo mass of a collapsed fluid element can be
fficiently determined from additional simple criteria. 

Further, we showed that multiplicity functions f ( σ ) obtained with 
 ‘perfect’ collapse model, which is by nature triaxial, lie significantly 
loser to the analytical result of Press & Schechter ( 1974 ) than they
o to the Tinker et al. ( 2008 ) function, even though the latter is
oti v ated by the ellipsoidal collapse model. All three excursion sets

f simulations result in higher numbers of collapsed haloes than the 
wo predictions suggest. 

Lastly, we have also used our excursion sets to measure the 
agrangian scales of pancakes, filaments, and haloes that typical 
uid elements may be part of. Interestingly, the typical Lagrangian 
cales of pancakes tend to be significantly larger than those of haloes
nd filaments. Approximately 50 per cent of particles will be part 
f a halo with R � 0 . 5 Mpc h 

−1 , a filament with R � 0 . 8 Mpc h 

−1 ,
nd a pancake with R � 1 . 8 Mpc h 

−1 . Our measurements can serve
s a benchmark for anisotropic collapse models, 4 and they suggest 
hat an appropriate treatment of the cosmic web requires collapse 

odels based on the full deformation tensor, rather than ef fecti ve
ensity-based descriptions (Shen et al. 2006 ). 
Based on the findings of our investigation, we conclude that testing 

he detailed predictions of excursion set models against simulations 
ay guide enhanced models, as well as help to build better intuition

bout hierarchical clustering. We will continue to explore these 
venues in future work, where we will investigate the extent to which
he approximate collapse models can accurately represent the triaxial 
volution of a cosmic fluid element. Finally, we also note that due
ttention should be given to exploring the excursion set theory for
erger tree statistics and conditional mass functions in vein of the 

pproach adapted by us in this work. 
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PPENDI X  A :  C O N V E R G E N C E  TEST  

e conducted a convergence test on the σ 2 
16 simulation, with the

harp −k smoothing. Given that this simulation has the smallest-
cale smoothing, it is the most susceptible to undesirable effects of
ll the simulations in our sample. Namely, the particle-mesh spacing
f 78 kpc h 

−1 in an N pm 

= 512 3 simulation is only moderately
maller compared to the ∼ 140 kpc h 

−1 smoothing radius of σ 2 
16 . Such

roximity in scales raises a concern that the size of a collapsing region
ay approach or fall below the force resolution limit, potentially

educing the number of particles assigned to high morphology rank
ue to delayed collapse in our simulations. 
As a benchmark for convergence testing we ran a simulation with

he particle mesh resolution of N pm 

= 1024 3 (particle-mesh spacing
f 39 kpc h 

−1 ) in contrast to N pm 

= 512 3 , which we chose for the
imulations used in our analysis. We refer to the former as N 1024 

nd N 512 to the latter in what follows. In addition, we increased the
article deposit level parameter eightfold in the N 1024 simulation.
his parameter controls the number of additional ‘f ak e’ particles
reated in the process of defining the density field in high-density
egions. 

In Fig. A1 we plot the relative error 

 = 

a 512 − a 1024 

a 1024 
(A1) 

f collapse times a x into pancakes (rosy brown), filaments (grey),
nd haloes (teal), between the two simulations, where the benchmark
alue is 0 (light-grey dashed). The boundaries enclosing the shaded
egions represent the 90th (top) and the 10th (bottom) percentiles
f the N 512 distribution relative to N 1024 (light-grey dashed), while
he medians of the distributions are shown as coloured dashed lines.
e gativ e values of ε indicate that those particles experience delayed

ollapse in the higher resolution simulation relative to N 512 , that is,
 512 < a 1024 , while positive ε implies delayed collapse a 512 > a 1024 

n the lower resolution simulation. 
For all three morphology classes a 512 > 0 for the overwhelming
ajority of particles. This means that in the lower resolution

imulation most of the particles indeed collapse later relative to the
enchmark simulation. Ho we ver, the relati ve error for the collapse of
he first axis (pancake) remains within ∼ 5 per cent for 80 per cent of
articles collapsed along at least one axis, through nearly the entire
volution of the simulation volume. For the second axis collapse
filament) ε is also ∼ 5 per cent at earlier times, increasing to

7 per cent at later times for 80 per cent of the particles. Unsurpris-
ngly, the biggest deviation from the N 1024 benchmark occurs in the
ollapse time of the third axis (halo), where 80 per cent of particles
emain within ε = 10 per cent until a � 0 . 95. At a = 1 the relative
rror reaches 25 per cent (not visible in the plot). The complexity
f chaotic conditions in the environment of particles accreting on
o haloes acts to diminish the predictive abilities of simulations.
espite these variations, all of the median error curves stay well
ithin the ε ∼ 2 –3 per cent of the benchmark for ∼ 70 per cent of

he simulation’s evolution, with slightly higher error ( ε ∼ 5 per cent )
t earlier times. 
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Figure A1. The relative error ε of collapse times into pancakes (rosy 
brown), filaments (grey), and haloes (teal), between the N 512 (ours) and 
N 1024 (benchmark) simulations as a function of the scale factor a 1024 of the 
benchmark simulation. The boundaries around the shaded regions are the 
90th (top) and the 10th (bottom) percentiles of the N 512 distribution about 
N 1024 (light-grey dashed). Medians of the distributions are plotted as coloured 
dashed lines. 
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Figure B1. Top: the mass fractions of particles in pancakes (stars), filaments 
(hexagons), and haloes (diamonds) as a function of the smoothing scale σ 2 

and R. The turquoise curve represents F ( < σ 2 ) of collapsed particles from 

St ̈ucker et al. ( 2018 ). Bottom: the particle fraction in structures of the ES 
radii. Both panels show the distributions for the ˜ W th smoothed excursion set 
of simulations. 

Figure B2. The multiplicity functions f ( σ ) for pancakes (stars) and fil- 
aments (hexagons). The halo (diamonds) f ( σ )s from Fig. 11 are plotted 
faintly in the background for reference. 

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/541/2/880/8185403 by guest on 17 February 2026
Given the minor level of difference in collapse times between these 
wo simulations, we conclude that using N pm 

= 512 3 does not have a
ignificant impact on the conclusions reached in this work. Therefore, 
e chose the lower particle-mesh resolution for this work as it saves
n simulation run time – a N 512 simulation requires significantly less 
ime, ∼ 1 d, as compared to 4 d for a N 1024 simulation. We expect
imilar behaviour in � CDM simulations, hence we are confident that 
he force resolution of 78 kpc h 

−1 is also an appropriate choice in
his case and will not significantly impact our conclusions. 

PPEN D IX  B:  MASS  F R AC T I O N S  

Here, we also present the mass fraction F ( < σ 2 ) plot for
he example of the top-hat smoothing function. Notice how the 
urquoise curve, adapted from St ̈ucker et al. ( 2018 ), is not as
ood a match for the the mass fraction of n ≥ 1 regions, as it
as when the smoothing was carried out with the sharp −k space
lter. The reason for the discrepancy observed in Fig. B1 is the
 act that St ̈uck er et al. ( 2018 ) also utilized the sharp −k space
lter for generating their random walks. Therefore, their results 
re more rele v ant for simulations smoothed out with this particular
lter. 
Out of curiosity, in Fig. B2 we show the multiplicity functions 

 ( σ ) for pancakes (stars) and filaments (hexagons), resulting from
xcursion sets of our top-hat (yellow), Gaussian (violet), and sharp −k 

blue) smoothed simulations. For reference, we also plot the f ( σ )s
f haloes from Fig. 11 faintly in the background. An interesting 
eature, which stands out in this figure, is the behaviour of the small-
cale end of the pancake f ( σ )s. Notice how, contrary to what is
bserved in the filament and the halo examples, the top-hat and 
aussian excursion sets result in higher mass fractions winding 
p in pancakes of scales with σ > 0 . 5, compared to the sharp
k function. 
MNRAS 541, 880–898 (2025) 
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M

Figure C1. Difference plots of �σ 2 = σ 2 
i − σ 2 

j , where i > j . Top: three examples of �σ 2 = 1, where the scale of un-collapsing is most prominent. Bottom: 

evolution of the difference field with increasing �σ 2 (rightwards direction) for σ 2 
5 . 
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PPENDIX  C :  UN-COLLAPSE  

ig. C1 presents several examples in Lagrangian coordinates, where
n-collapse (red regions) is observed for different values of �σ 2 in
imulations smoothed with the sharp −k space window function. This
lot complements Fig. 6 , where it can be seen that as the scale of
moothing decreases, so does the scale of un-collapsed objects with
NRAS 541, 880–898 (2025) 

Published by Oxford University Press on behalf of Royal Astronomical Society. This is an 
( https://cr eativecommons.or g/licenses/by/4.0/), which permits unrestricted reus
n increasing �σ 2 . The gre y re gions represent coordinates where
here is no difference between σ 2 

i and σ 2 
j , while the black patches

ndicate a higher rank of collapse in σ 2 
i with respect to σ 2 

j . 
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