
MNRAS 534, 3612–3621 (2024) https://doi.org/10.1093/mnras/stae2321 
Advance Access publication 2024 October 9 

Formation of a magnetized hybrid star with a purely toroidal field from 

phase-transition-induced collapse 

Anson Ka Long Yip , 1 ‹ Patrick Chi-Kit Cheong 

2 , 3 , 4 and Tjonnie Guang Feng Li 5 , 6 
1 Department of Physics, The Chinese University of Hong Kong, Shatin, N.T., Hong Kong 
2 Department of Physics & Astronomy, University of New Hampshire, 9 Library Way, Durham, NH 03824, USA 

3 Center for Nonlinear Studies, Los Alamos National Laboratory, Los Alamos, NM 87545, USA 

4 Department of Physics, University of California, Berkeley, Berkeley, CA 94720, USA 

5 Institute for Theoretical Physics, KU Leuven, Celestijnenlaan 200D, B-3001 Leuven, Belgium 

6 Department of Electrical Engineering (ESAT), KU Leuven, Kasteelpark Arenberg 10, B-3001 Leuven, Belgium 

Accepted 2024 October 4. Received 2024 October 4; in original form 2023 November 23 

A B S T R A C T 

Strongly magnetized neutron stars are popular candidates for producing detectable electromagnetic and gra vitational-wa ve 
signals. Gravitational collapses of neutron stars triggered by a phase transition from hadrons to deconfined quarks in the cores 
could also release a considerable amount of energy in the form of gra vitational wa ves and neutrinos. Hence, the formation of a 
magnetized hybrid star from such a phase-transition-induced collapse is an interesting scenario for detecting all these signals. 
These detections may provide essential probes for the magnetic field and composition of such stars. Thus far, a dynamical study 

of the formation of a magnetized hybrid star from a phase-transition-induced collapse has yet to be realized. Here, we investigate 
the formation of a magnetized hybrid star with a purely toroidal field and its properties through dynamical simulations. We find 

that the maximum values of rest-mass density and magnetic field strength increase slightly and these two quantities are coupled 

in phase during the formation. We then demonstrate that all microscopic and macroscopic quantities of the resulting hybrid star 
vary drastically when the maximum magnetic field strength goes beyond a threshold of ∼ 5 × 10 

17 G, but they are insensitive to 

the magnetic field below this threshold. Specifically, the magnetic deformation makes the rest-mass density drop significantly, 
suppressing the matter fraction in the mixed phase. These behaviours agree with those in the equilibrium models of previous 
studies. Therefore, this work provides a solid support for the magnetic effects on a hybrid star. 

Key words: MHD – methods: numerical – software: simulations – stars: magnetic field – stars: neutron. 

1

N  

e  

O  

t  

t  

m  

d  

m  

R
 

o  

1  

p  

s  

a  

q  

s  

�

t  

‘  

s  

s  

i  

g  

p  

n  

e  

s  

h  

1
 

c  

p  

s  

a  

S  

M  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/534/4/3612/7816391 by D
eutsches Elektronen Synchrotron D

ESY user on 09 N
ovem

ber 2024
 I N T RO D U C T I O N  

eutron stars are natural laboratories for studying physics under
xtreme conditions, which terrestrial experiments cannot reproduce.
n the one hand, the density of a neutron star reaches abo v e

he nuclear saturation density ρ0 ∼ 2 . 8 × 10 14 g cm 

−3 , at which
he canonical atomic structure of matter is disrupted. The detailed

icrophysics and the concerning equation of state at supranuclear
ensities still remain elusive. Exotic matter, such as deconfined quark
atter and hyperons, could exist in this ultradense regime (see e.g.
ezzolla et al. 2018 , for a re vie w). 
Several studies have long proposed compact stars that are partly

r wholly composed of deconfined quark matter (Itoh 1970 ; Bodmer
971 ; Witten 1984 ). These stars are typically interpreted as the
roducts of the phase transition of the hadrons in the original neutron
tars. In particular, when the density inside a neutron star reaches
 threshold, a phase transition converting hadrons into deconfined
uarks could happen. If this phase transition only occurs in the
tellar core, the resulting star is usually called a ‘hybrid star’. Since
 E-mail: klyip@phy.cuhk.edu.hk 
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Published by Oxford University Press on behalf of Royal Astronomical Socie
Commons Attribution License ( https:// creativecommons.org/ licenses/ by/ 4.0/ ), whi
he equation of state describing deconfined quark matter is generally
softer’ than that of hadronic matter, a hybrid star generally has a
maller radius and higher compactness than the progenitor neutron
tar. The softening of the equation of state due to the phase transition
n the stellar core could trigger a gravitational collapse and release
ravitational potential energy of the order of ∼ 10 52 erg. Significant
ortions of the released energy could give rise to the emission of
eutrinos and gravitational waves. Detecting these signals provides
vidence of deconfined quark matter. Newly born neutron stars in
upernovae and accreting neutron stars in binary systems are possible
osts for such a phase-transition-induced collapse (see e.g. Weber
999 ; Abdikamalov et al. 2009 for re vie ws). 
The major difficulty in studying these phase-transition-induced

ollapses is that the exact nature of the phase transition is still
oorly known and actively investigated. In the literature, two distinct
cenarios can be found regarding the process of phase transition:
 slow deflagration (Drago, Lavagno & Parenti 2007 ; Mallick &
ingh 2018 ) and a fast detonation (Bhattacharyya et al. 2006 , 2007 ;
ishustin et al. 2015 ). In particular, Drago et al. ( 2007 ) examined

he possible modes of burning of hadronic matter into quark matter
sing relativistic hydrodynamics and a microphysical equation of
tate. They showed that the conversion process consistently takes the
© 2024 The Author(s). 
ty. This is an Open Access article distributed under the terms of the Creative 
ch permits unrestricted reuse, distribution, and reproduction in any medium, 

provided the original work is properly cited. 
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orm of a deflagration and never a detonation. They also estimated the
ncrease in the phase transition propagation velocity due to hydrody- 
amical instabilities and demonstrated that these instabilities are in- 
dequate to convert the deflagration into a detonation. Consequently, 
he conversion process consistently exhibits deflagration and does not 
ransform into a detonation. On the other hand, Bhattacharyya et al. 
 2006 ) treated the phase transition as a two-step process, Initially, the
on version in volves transforming hadronic matter into two-fla v our u
nd d quark matter, followed by the subsequent transition to strange 
uark matter (u, d, and s quarks) in a second step. They employed
elativistic hydrodynamics to calculate the propagation velocity of 
he first front. They observed the development of a detonation wave 
n the hadronic matter during this initial stage. Once this front passes
hrough and leaves behind two-flavour matter, a second front arises, 
acilitating the transformation of the two-fla v our matter into three- 
a v our matter through weak interactions. The time-scale for the 
econd conversion is ∼ 100 s, while the first step takes about ∼ 1 ms.

For a detonation-like con version, the con version front travels at 
 sound speed of ∼ 0.3–0.5 c, where c is the speed of light. If the
adius of the stellar core undergoing the phase transition is ∼ 5 km,
hen the time-scale for such conversion is ∼ 0.05 ms, much smaller 
han that of the dynamical time-scale of the star. In this context,
in et al. ( 2006 ) took the first step to study the phase-transition-

nduced collapse through Newtonian hydrodynamics simulations. 
hey mimicked a phase transition that occurs instantaneously in the 
tellar core by changing the equation of state in the initial time slice of
he simulations. Instead of detailed modelling of the short time-scale 
onv ersion process, the y focused on the dynamics of subsequent 
ollapse due to the phase transition. Abdikamalov et al. ( 2009 )
xtended this work by considering the effect of general relativity and 
ntroducing a finite time-scale for the initial phase transformation. 
hey showed that introducing this finite time-scale only causes small 
hanges in the dynamics. 

On the other hand, neutron stars have the strongest magnetic 
eld found in the Universe. Dipole spin-down models allow for 

he estimation of the surface magnetic field strength of neutron stars.
ith the surface field strength B s , we can classify neutron stars

nto millisecond pulsars with B s ∼ 10 8 −9 G, classical pulsars with 
 s ∼ 10 11 −13 G, and magnetars with B s ∼ 10 14 −15 G. Although there 

s still no direct observation of the interior magnetic field of neutron
tars, arguments based on the virial theorem suggest that it could 
each 10 18 G (see e.g. Ferrer et al. 2010 ; Lai & Shapiro 1991 ; Fushiki,
udmundsson & Pethick 1989 ; Cardall, Prakash & Lattimer 2001 ). 
urthermore, binary neutron star simulations have demonstrated that 

he local maximum magnetic field can be amplified up to ∼ 10 17 G
uring the merger (Price & Rosswog 2006 ; Kiuchi et al. 2015a , b ;
guilera-Miret et al. 2020 ). 
Highly magnetized neutron stars are promising candidates for 

xplaining some puzzling astronomical phenomena, including soft 
amma-ray repeaters and anomalous X-ray pulsars (Mereghetti & 

tella 1995 ; van Paradijs, Taam & van den Heuv el 1995 ; Kouv eliotou
t al. 1998 ; Hurley et al. 1999 ; Mereghetti et al. 2000 ). Moreo v er,
eutron stars can be deformed by the magnetic field, depending on 
he geometry of the magnetic field. A purely toroidal field induces 
rolateness (Kiuchi & Yoshida 2008 ; Kiuchi, Kotake & Yoshida 
009 ; Frieben & Rezzolla 2012 ), while a purely poloidal field causes
blateness to neutron stars (Bocquet et al. 1995 ; Konno 2001 ;
azadjiev 2012 ). These magnetic-field-induced distortions make 

otating neutron stars possible sources for the emission of detectable 
ontinuous gra vitational wa ves (Bonazzola & Gourgoulhon 1996 ). 
o we ver, the actual field geometry inside neutron stars is still
nknown. Stability analyses of magnetized stars suggest that simple 
eometries are subjected to instabilities (Tayler 1957 ; Markey & 

 ayler 1973 ; T ayler 1973 ; Wright 1973 ; Markey & Tayler 1974 ).
agnetohydrodynamics simulations propose a mixed configuration 

f toroidal and poloidal fields as the most fa v oured configuration
Braithwaite & Nordlund 2006 ; Braithwaite & Spruit 2006 ; Braith-
aite 2009 ). This configuration is usually referred to as the ‘twisted

orus’. 
Deconfined quarks and strong magnetic fields are expected to be 

resent inside neutron stars, so studying magnetized hybrid stars 
s necessary to probe the combined effects of these two features.
revious studies have investigated the properties of magnetized 
ybrid stars by constructing equilibrium models (e.g. Rabhi et al. 
009 ; De xheimer, Ne greiros & Schramm 2012 ; Chatterjee et al.
015 ; Isayev 2015 ; Franzon, Dexheimer & Schramm 2016a ; Fran-
on, Gomes & Schramm 2016b ; Mariani et al. 2022 ; Rather et al.
023 ). In particular, Chatterjee et al. ( 2015 ) and Franzon et al.
 2016a ) have demonstrated that the pure field contribution to the
nergy–momentum tensor primarily contributes to the macroscopic 
roperties of magnetized hybrid stars. In contrast, the magnetic 
ffects in the equation of state and the field-matter interactions have
egligible effects on these properties. Moreover, a magnetic field 
educes the central density and prevents the appearance of quark 
atter. Ho we ver, a dynamical study of a magnetized hybrid star

as yet to be realized. Besides, the effects on the configurations of
 magnetized star (e.g. profiles of rest-mass density and magnetic 
eld) due to a phase-transition-induced collapse is still unknown. 
herefore, it is indispensable to confirm whether the magnetic effects 

ound in previous studies can still accurately describe the magnetized 
ybrid stars that are dynamically formed by phase-transition-induced 
ollapses. 

In this work, based on the framework introduced by Lin et al.
 2006 ), we numerically study the formation of a magnetized hybrid
tar from phase-transition-induced collapse through general rela- 
ivistic magnetohydrodynamics simulations. We have discussed the 
reliminary results of this work in Yip et al. ( 2023 ). Specifically,
e first construct initial magnetized neutron star models before 

he phase transition by the open-sourced code XNS (Bucciantini & 

el Zanna 2011 ; Pili, Bucciantini & Del Zanna 2014 , 2015 , 2017 ;
oldateschi, Bucciantini & Del Zanna 2020 ). We then initiate the
ravitational collapse of a magnetized neutron star by changing the 
quation of state in the central region to a ‘softer’ equation of
tate, which considers deconfined quarks. This phase-transition- 
nduced collapse gives a magnetized hybrid star as the final product.
he whole process is simulated using the new general relativistic 
agnetohydrodynamics code GMUNU (Cheong, Lin & Li 2020 ; 
heong et al. 2021 , 2022 ). The details of the initial neutron star
odels, hybrid star models, and evolutions are described in Section 2 .
he results of the formation process and the properties of the resulting 
tar are presented in Sections 3 and 4 , respectively . Finally , we
rovide the conclusions in Section 5 . 

 N U M E R I C A L  M E T H O D S  

.1 Initial neutron star models 

e construct the non-rotating magnetized neutron star with a purely 
oroidal field equilibrium models in axisymmetry by the open- 
ourced code XNS (Bucciantini & Del Zanna 2011 ; Pili et al. 2014 ,
015 , 2017 ; Soldateschi et al. 2020 ). These equilibrium models serve
s initial data for our simulations. 

We adopt the same way of parametrization as Pili et al. ( 2014 )
or the equation of state and the toroidal magnetic field due to two
MNRAS 534, 3612–3621 (2024) 
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Table 1. Properties of the nine initial neutron star models constructed by the 
XNS code. All numerical values are rounded off to two decimal places. 

Model ρc M g r e B max 

(10 14 g cm 

−3 ) (M �) (km) (10 17 G) 

REF 8.56 1.55 11.85 0.00 
T1K1 8.56 1.55 11.85 3 . 45 × 10 −2 

T1K2 8.56 1.55 11.85 6 . 89 × 10 −2 

T1K3 8.57 1.55 11.85 3 . 44 × 10 −1 

T1K4 8.63 1.55 11.92 1.36 
T1K5 8.81 1.56 12.15 2.63 
T1K6 9.10 1.58 14.43 5.52 
T1K7 8.81 1.59 16.21 6.01 
T1K8 8.27 1.60 18.64 6.14 

Notes . ρc is the central rest-mass density, M g is the gravitational mass, r e is 
the equatorial radius, and B max is the maximum toroidal field strength inside 
the neutron star. All the models have a fixed baryonic mass M 0 = 1 . 68 M �
and the eight magnetized models also have the same toroidal magnetization 
index m = 1. 
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easons. First, since the magnetic effects on equilibrium models are
ell studied by Pili et al. ( 2014 ), their models are good reference
oints to compare with our magnetized hybrid star models formed
fter phase-transition-induced collapses. Secondly, the main focus
f this study is the phase-transition-induced collapse triggered by
he softening of the equation of state instead of the effects coming
rom the details of an equation of state. Hence, we adopt a simplified
quation of state for modelling the neutron stars. 

The initial neutron star models are constructed with a polytropic
quation of state, 

 = Kργ , (1) 

here P is the pressure, ρ is the rest-mass density, and we choose
 polytropic constant K = 1 . 6 × 10 5 cm 

5 g −1 s −2 (which equals to
10 in the unit of c = G = M � = 1) and a polytropic index γ = 2. 
We specify the specific internal energy ε on the initial time slice

y 

= 

K 

γ − 1 
ργ−1 . (2) 

We adopt a magnetic polytropic law for the toroidal magnetic field
 

 φ = α−1 K m 

( ρh� 

2 ) m , (3) 

here α is the laspe function, K m 

is the toroidal magnetization
onstant, h is the specific enthalpy, � 

2 = α2 ψ 

4 r 2 sin 2 θ , ψ is the
onformal factor, ( r, θ ) are the radial and angular coordinates in 2D
pherical coordinates, and m ≥ 1 is the toroidal magnetization index.

The toroidal magnetic field used in our models is equi v alent to a
agnetic field pointing in the φ-direction in spherical coordinates

see e.g. Herbrik & Kokkotas 2017 for a visualization of a toroidal
agnetic field). As mentioned in Introduction, this purely toroidal
eld configuration is expected to be unstable. Ho we ver, since our sim-
lations adopt 2D axisymmetry, the magnetic instabilities due to this
onfiguration are suppressed. Despite this, many models with mixed
elds in the literature still exhibit instability (see e.g. Suvorov &
lampedakis 2023 ). Since the stable magnetic field configuration

s still uncertain, this study serves as an initial exploration into the
ormation of a magnetized hybrid star with a purely toroidal field
onfiguration. 

In total, nine models are constructed, where ‘REF’ is the non-
agnetized reference model and the remaining eight neutron star
odels are magnetized. They are part of the models used in Leung

t al. ( 2022 ). Because we do not intend to perform a comprehensive
tudy of neutron stars with different masses in this work, all models
ave a fixed baryonic mass M 0 = 1 . 68M �. Latest observations of
igh-mass neutron stars are J0348 + 0432 at M = 2 . 01 ± 0 . 04 M �
Antoniadis et al. 2013 ), PSR J0740 + 6620 at M = 2 . 08 ± 0 . 07 M �
Fonseca et al. 2021 ), and PSR J0952 −0607 at M = 2 . 35 ± 0 . 17 M �
Romani et al. 2022 ). These observations imply that the maximum
ass of a neutron star should be abo v e 2 . 0 M �. Hence, the adopted
asses of our models are within the observational constraints on the
aximum mass of a neutron star. Also, the eight magnetized models

ave the same toroidal magnetization index m = 1, but different
alues of toroidal magnetization constant K m 

. They are arranged
n the order of increasing maximum magnetic field strength B max ,
here the model ‘T1K1’ has the lowest strength, and ‘T1K2’ has

he second-lowest strength, so on and so forth. (‘T1’ represents the
oroidal magnetization index m = 1 and ‘K’ indicates the toroidal
agnetization constant K m 

). The configuration of these models
llows a phase transition that occurs inside the stellar core. Table 1
ummarizes the detailed properties of all nine models. It is unlikely
NRAS 534, 3612–3621 (2024) 
o find the strongest magnetic field B max ∼ 10 17 G of our models
n the surface of ordinary pulsars and magnetars. None the less,
his ultrahigh field strength could exist inside the stars because the
oroidal magnetic fields considered are enclosed within the stars.
esides, as mentioned in Introduction, arguments based on the virial

heorem suggest that the interior magnetic field of a neutron star
ould reach 10 18 G (see e.g. Ferrer et al. 2010 ; Lai & Shapiro 1991 ;
ushiki et al. 1989 ; Cardall et al. 2001 ). 

.2 Hybrid star models and evolution 

s mentioned in Introduction, the main focus of this study is
he phase-transition-induced collapse triggered by the softening of
he equation of state. Hence, we adopt the simplified equation of
tate used in Abdikamalov et al. ( 2009 ) for modelling the hybrid
tars. Since the effects coming from the details of an equation of
tate (e.g. finite temperature and magnetic effects considered in
n equation of state) could also affect the internal dynamics of
he star, we leave a complete study focusing on these effects for
uture work. In particular, we assume that the phase transition
ccurs instantaneously in the initial time slice and is induced by
hanging the original polytropic equation to a ‘softer’ equation of
tate for describing hybrid stars. The assumption for the phase
ransition based on Lin et al. ( 2006 ) focuses on the dynamics after
he phase-transition-induced collapse rather than the details during
he short time-scale conversion process. In addition, Abdikamalov
t al. ( 2009 ) have demonstrated that introducing a finite time-scale
or the phase transition only causes small changes in the dynamics,
o this treatment is suitable for describing a fast-detonation type of
hase transition. 
The MIT bag model equation of state, developed by Johnson et al.

 1975 ) at the Massachusetts Institute of Technology (MIT), has been
idely used to model quark matter inside compact stars (see e.g.
eber 1999 ; Glendenning 2012 for a re vie w). The MIT bag model

quation of state for massless and non-interacting quarks is given
y 

 q = 

1 

3 
( e − 4 B) , (4) 

here P q is the pressure of quark matter, e is the total energy density,
nd B is the bag constant. 
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Figure 1. The time evolution of the maximum values of the rest-mass density 
ρmax ( t) (solid line) and the magnetic field strength B max ( t) (dashed–dotted 
line) relative to their initial values ρmax (0) and B max (0) for the simulation 
with the initial model T1K6 and the exponent δ = 3. Model T1K6 has an 
initial maximum magnetic field strength B max = 5 . 52 × 10 17 G and δ is an 
exponent describing the pressure contribution due to quark matter in the 
mixed phase. Dashed lines are the equilibrium values of the two quantities 
obtained at t = 20 ms. Similar damped oscillatory behaviours are observed 
for both quantities and the star is relaxed into a new equilibrium configuration 
after the phase-transition-induced collapse. Importantly, these two quantities 
are coupled in phase during the formation process. Moreo v er, after reaching 
the peak values at t ∼ 0 . 5 ms, the oscillation amplitudes of ρmax ( t) /ρmax (0) 
and B max ( t) / B max (0) are reduced by a factor of e −1 at t ∼ 8 . 5 and ∼ 6 ms, 
respectively. 
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Figure 2. The radial profile of the rest-mass density ρ( r) (top panel) and 
the toroidal magnetic field strength B φ ( r) (bottom panel) in the equatorial 
plane (i.e. polar angle θ = π/ 2) for the simulation with the initial model 
T1K6 and the exponent δ = 3 at t = 0 ms, 0.5 ms, 1.0 ms, 5.0 ms, 
10.0 ms, and 20.0 ms. Model T1K6 has an initial maximum magnetic field 
strength B max = 5 . 52 × 10 17 G and δ is an exponent describing the pressure 
contribution due to quark matter in the mixed phase. The dashed lines in the 
lower panel represent the maximum magnetic field strength position r B . The 
phase-transition-induced collapse causes the star initially oscillates around 
a new equilibrium configuration for both ρ( r) and B φ ( r) and the resulting 
hybrid star eventually obtains a slightly higher central rest-mass density and 
maximum magnetic field strength. Also, the magnetic field inside the star 
becomes more concentrated towards the core with a shift of r B to smaller 
values. Moreo v er, these new configurations of ρ( r) and B φ ( r) are obtained at 
t = 10 ms and remain the same until at least t = 20 ms. 
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For the normal hadronic matter, we adopt an ideal gas type of
quation of state for the evolution 

 h = ( γ − 1) ρε, (5) 

here P h is the pressure of hadronic matter and γ is kept to be 2. 
Either two or three parts constitute the hybrid star formed after 

he phase transition: (i) a hadronic matter region with a rest-mass
ensity below the lower threshold density ρhm 

, (ii) a mixed phase of
he deconfined quark matter and hadronic matter for the region with a
est-mass density in between the lower threshold density ρhm 

and the 
pper threshold density ρqm 

, and (iii) a region of pure quark matter
hase with a rest-mass density beyond ρqm 

(based on the maximum 

ensity achieved, this may or may not be present in practice). 
ith this picture, the equation of state for hybrid stars is given

y 

 = 

⎧ ⎨ 

⎩ 

P h for ρ < ρhm 

, 

αq P q + (1 − αq ) P h for ρhm 

≤ ρ ≤ ρqm 

, 

P q for ρqm 

< ρ, 

(6) 

here 

q = 1 −
(

ρqm 

− ρ

ρqm 

− ρhm 

)δ

(7) 

s a scale factor to quantify the relative contribution due to 
adronic and quark matters to the total pressure in the mixed 
hase. The exponent δ adjusts the pressure contribution due to 
uark matter. We set three values of δ ∈ { 1 , 2 , 3 } to investigate
he dynamical effects of varying quark matter contributions. We 
hoose ρhm 

= 6 . 97 × 10 14 g cm 

−3 , ρqm 

= 24 . 3 × 10 14 g cm 

−3 , and
 

1 / 4 = 170 MeV. The abo v e equation of state model for hybrid
tars (including the parameters αq , δ, ρhm 

, ρqm 

) is similar to that in
bdikamalov et al. ( 2009 ). 
We employ the new general relativistic magnetohydrodynamics 

ode GMUNU (Cheong et al. 2020 , 2021 , 2022 ) to evolve the
tellar models in dynamical spacetime. GMUNU solves the Einstein 
quations in the conformally flat condition approximation based on 
he multigrid method. 

We perform 2D ideal general-relativistic magnetohydrodynamics 
imulations in axisymmetry with respect to the z-axis and equa- 
orial symmetry using cylindrical coordinates ( R, z). The compu- 
ational domain co v ers [0,100] for both R and z, with the base
rid resolution N R × N z = 32 × 32 and allo wing 6 adapti ve mesh
efinement (AMR) levels (effective resolution = 1024 × 1024). 
he refinement criteria of AMR is the same as that in Cheong
t al. ( 2021 ) and Leung et al. ( 2022 ). Our simulations adopt a
otal Variation Diminishing Lax Friedrichs (TVDLF) approximate 
iemann solver (T ́oth & Odstr ̌cil 1996 ), third-order piecewise
arabolic method (PPM) (Colella & Woodward 1984 ) for re- 
onstruction and third order accurate stability preserving Runge- 
utta (SSPRK3) time integrator (Shu & Osher 1988 ). The re-
ion outside the star is filled with an artificial low-density ‘at-
osphere’ with rest-mass density ρatm 

∼ 10 −10 ρc ( t = 0). Since 
e are restricted to purely toroidal field models and axisymme- 

ry for the simulations, we do not use an y div ergence cleaning
ethod. 
MNRAS 534, 3612–3621 (2024) 
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M

Figure 3. The 2D profile of the rest-mass density ρ for the simulation with the initial model T1K6 and the exponent δ = 3 at t = 0 ms (upper left), 0.5 ms 
(upper middle), 1.0 ms (upper right), 5.0 ms (lower left), 10.0 ms (lower middle), and 20.0 ms (lower right). Model T1K6 has an initial maximum magnetic 
field strength B max = 5 . 52 × 10 17 G and δ is an exponent describing the pressure contribution due to quark matter in the mix ed phase. We observ e the ejection 
of matter from the star into its surrounding ‘atmosphere’ during its evolution. By defining the material within the atmosphere as possessing a rest-mass density 
ρ equal to or less than 10 −2 of the lower threshold density ρhm 

(i.e. ρ ≤ 6 . 97 × 10 12 g cm 

−3 ), we find that only around 0.1 per cent of the initial baryonic mass 
M 0 (0) of the star is expelled into the atmosphere after 20 ms of evolution. Therefore, the overall shape of the 2D profile of ρ within the star preserves well 
throughout the evolution. 
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 F O R M AT I O N  DY NA MIC S  

or each of the nine equilibrium models, we perform simulations
or three times, once for each value of the exponent δ ∈ { 1 , 2 , 3 } .
onsequently, 9 × 3 = 27 simulations are performed in total. 
Since all simulations exhibit the same behaviour, we take one

f them as an example to describe the features of the formation
ynamics. Here, we choose the simulation with an initial maximum
agnetic field strength B max = 5 . 52 × 10 17 G (i.e. initial model
1K6) and an exponent δ = 3. The exponent δ = 3 corresponds

o a more substantial phase transition effect, which fa v ours the
emonstration of the formation dynamics. 
Due to the appearance of the quark matter in the stellar core, the

ressure in the core reduces, and the star starts to contract. When
he density in the core rises to a level where the pressure gradient
alances the gravitational force, the star then bounces back and forth.
ince the ideal gas equation of state is employed for the evolution
f the hadronic matter, shock waves form at every pulsation and
issipate the kinetic energy of the oscillation into thermal energy.
hen these shock waves reach the stellar surface, a small amount

f matter is ejected from the star and goes into the artificial low-
ensity atmosphere until it crosses the outer numerical boundary (see
.g. Cordero-Carri ́on et al. 2009 ; Thierfelder, Bernuzzi & Br ̈ugmann
011 ). Eventually, the oscillation is damped due to this shock heating
NRAS 534, 3612–3621 (2024) 

p  
ffect (also numerical dissipation discussed in Appendix A ), and the
tar reaches a new equilibrium configuration of a hybrid star. 

This kind of damped oscillatory behaviour can be clearly seen in
ig. 1 , which shows the time evolution of the maximum values of

he rest-mass density ρmax ( t) (brown solid line) and the magnetic
eld strength B max ( t) (dark cyan dashed–dotted line) relative to their

nitial values ρmax (0) and B max (0). ρmax is al w ays located at the
entre of the star, but B max is at a position away from the centre
see Fig. 2 for details). The equilibrium values obtained at t = 20 ms
re plotted with dashed lines. We observe similar damped oscillatory
ehaviours for both quantities and and the star is relaxed into a
ew equilibrium configuration after the phase-transition-induced
ollapse. Importantly, these two quantities are coupled in phase
uring the formation process. Moreo v er, after reaching their peak
alues at t ∼ 0 . 5 ms, the oscillation amplitudes of ρmax ( t) /ρmax (0)
nd B max ( t) / B max (0) are reduced by a factor of e −1 at t ∼ 8 . 5 and

6 ms, respectively. 
We illustrate the radial profiles of the rest-mass density ρ( r) (top

anel) and the toroidal magnetic field strength B φ( r) (bottom panel)
n the equatorial plane (i.e. polar angle θ = π/ 2) at t = 0 ms (grey
olid lines), 0.5 ms (red dashed–dotted lines), 1.0 ms (orange dashed–
otted lines), 5.0 ms (yellow dashed–dotted lines), 10.0 ms (green
ashed–dotted lines), and 20.0 ms (blue dotted lines) in Fig. 2 . These
rofiles show that the phase-transition-induced collapse causes both
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Figure 4. The 2D profile of the absolute value of the toroidal magnetic field strength | B φ | for the simulation with the initial model T1K6 and the exponent 
δ = 3 at t = 0 ms (upper left), 0.5 ms (upper middle), 1.0 ms (upper right), 5.0 ms (lower left), 10.0 ms (lower middle), and 20.0 ms (lower right). Model T1K6 
has an initial maximum magnetic field strength B max = 5 . 52 × 10 17 G and δ is an exponent describing the pressure contribution due to quark matter in the 
mixed phase. We observe that the overall shape of the 2D profile of | B φ | within the star preserves well throughout the evolution. 
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oth ρ( r) and B φ( r) of the star initially oscillates around a new
quilibrium configuration, and the resulting hybrid star eventually 
btains a slightly higher central rest-mass density and maximum 

agnetic field strength. In addition, the magnetic field inside the 
tar becomes more concentrated towards the core with a shift of
he maximum magnetic field strength position r B (dashed lines) 
o smaller v alues. Furthermore, ne w configurations of ρ( r) and
 φ( r) are obtained at t = 10 ms and remain until at least t = 20
s. This agrees with the fact that the oscillation amplitudes of

max ( t) /ρmax (0) and B max ( t) / B max (0) have already decreased by a
actor of e −1 at t ∼ 8 . 5 and ∼ 6 ms, respectively, as discussed in
ig. 1 . 
We also plot the 2D profiles of the rest-mass density ρ in Fig. 3

nd the absolute value of the toroidal magnetic field strength | B φ | in
ig. 4 at t = 0 ms (upper left), 0.5 ms (upper middle), 1.0 ms (upper
ight), 5.0 ms (lower left), 10.0 ms (lower middle), and 20.0 ms
lower right). In particular, the 2D profile of ρ in Fig. 3 shows that
ome matter is ejected from the star into its surrounding ‘atmosphere’ 
uring its evolution. To estimate the amount of ejected matter, we 
efine the matter within the atmosphere as having a rest-mass density 
equal to or less than 10 −2 of the lower threshold density ρhm 

(i.e.
≤ 6 . 97 × 10 12 g cm 

−3 ). We find that only about 0.1 per cent of the
nitial baryonic mass M 0 (0) of the star is expelled into the atmosphere
fter 20 ms of evolution. Accordingly, we observe that the o v erall
hapes of the 2D profiles of both ρ and | B φ | within the star preserve
ell throughout the evolution. 
s

 PROPERTIES  O F  T H E  RESULTI NG  

AGNETI ZED  H Y B R I D  STARS  

s discussed in Sections 1 and 2 , although the magnetic effects on
olytropic stars (e.g. Pili et al. 2014 ) and hybrid stars (e.g. Franzon
t al. 2016a ) have already been studied, the stellar properties are only
tudied through equilibrium modelling. In addition, it is not apparent 
ow a phase-transition-induced collapses affects the configurations 
f a magnetized star (e.g. profiles of rest-mass density and magnetic
eld). Thus, it is necessary to investigate whether the magnetic 
ffects found by equilibrium modelling are still valid for describing 
he magnetized hybrid stars that are dynamically formed by phase- 
ransition-induced collapses. 

Hence, to better examine the magnetic effects on the properties 
f our resulting magnetized hybrid star models, we plot in Fig. 5
ifferent microscopic and macroscopic quantities against the max- 
mum magnetic field strength B max of the stars. The data points of
ur resulting magnetized hybrid star models formed from phase- 
ransition-induced collapses are arranged into three sequences with 
hree values of δ ∈ { 1 , 2 , 3 } , where δ is an exponent quantifying the
ressure contribution due to quark matter in the mixed phase. Here,
e define the equatorial radius and polar radius of the resulting
ybrid stars as the radial positions where the rest-mass density ρ
s less than or equal to 10 −2 of the lower threshold density ρhm 

i.e. ρ ≤ 6 . 97 × 10 12 g cm 

−3 ). We also plot the data points of our
nitial neutron star models before the phase transition collapses (red 
quares) as a comparison. 
MNRAS 534, 3612–3621 (2024) 
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M

Figure 5. Plots of various stellar quantities against the maximum magnetic field strength B max in our hybrid star models: central rest-mass density ρc (top left 
panel), baryonic mass fraction in the mixed phase M mp /M 0 (bottom left panel), equatorial radius r e (top middle panel), polar-to-equatorial radius ratio r p /r e 
(bottom middle panel), and gravitational mass M g (top right panel). Data points are shown for three sequences with δ ∈ { 1 , 2 , 3 } and compared with initial 
pre-collapse neutron star models (squares), where δ signifies the pressure contribution from quark matter in the mixed phase. Quantities in magnetized hybrid 
star models vary similarly with B max as initial models, showing insensitivity for B max � 3 × 10 17 G and notable changes for B max � 5 × 10 17 G. Thus, the 
magnetic effects on the stellar properties of the initial neutron star equilibrium models still accurately describe the resulting magnetized hybrid stars after the 
phase-transition-induced collapses. In addition, δ minimally affects r e , r p /r e , and M g across all B max values. In contrast, ρc and M mp /M 0 noticeably increase 
with δ for B max � 3 × 10 17 G, becoming less sensitive for B max � 5 × 10 17 G. Furthermore, we compare the normalized gravitational mass M g /M 

∗
g against 

B max (bottom right panel) with models from Franzon et al. ( 2016a , stars), where M 

∗
g represents the gravitational mass of non-magnetized reference models. 

M g /M 

∗
g increases similarly with B max in our models and those of Franzon et al. ( 2016a ). Hence, we find agreement across different methods in supporting the 

magnetic effects on hybrid stars. 
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We find that all microscopic and macroscopic quantities of the
esulting magnetized hybrid star models vary with the B max in similar
ays as those of the initial neutron star models before the phase-

ransition-induced collapses. Specifically, for B max � 5 × 10 17 G,
ll microscopic and macroscopic quantities vary strongly with B max ,
rrespective of δ. When B max � 3 × 10 17 G, all quantities vary
lightly with B max . Hence, these behaviours confirm that the magnetic
ffects on the initial neutron star equilibrium models still accurately
escribe their corresponding magnetized hybrid star models formed
rom phase-transition-induced collapses. 

Here, we highlight how the magnetic field af fects dif ferent micro-
copic and macroscopic quantities of a star in detail for completeness.
n the one hand, the central rest-mass density ρc (top left panel) and

he baryonic mass fraction of the matter in the mixed phase M mp /M 0 

bottom left panel) decrease with B max . These decreasing behaviours
ould be understood in terms of magnetic pressure. As the magnetic
ressure becomes more dominant due to the increasing B max , matter
s pushed off-centre to a greater extent. As a result, the rest-mass
ensity ρ in the stellar core reduces, giving a smaller ρc . Moreo v er,
s described in equation ( 6 ), reducing ρ in the core contributes to
 smaller fraction of matter that undergoes the phase transition and
hus gives a smaller M mp /M 0 . 
NRAS 534, 3612–3621 (2024) 
On the other hand, the equatorial radius r e (top middle panel), the
olar radius to equatorial radius ratio r p /r e (bottom middle panel)
nd the gravitational mass M g (top right panel) all increase with
 max . The increase in M g is due to the increasing contribution of

he magnetic field to M g [corresponds to the increasing B 

2 term of
quation (B1) in Pili et al. 2014 , e.g.]. The other two increasing
rends could be interpreted in terms of magnetic deformation. As
he matter is pushed off-centre by the increasing magnetic pressure,
oth r p and r e increase and the star then deviates from spherical
ymmetry. Previous studies of magnetized neutron star equilibrium
odels (e.g. Kiuchi & Yoshida 2008 ; Kiuchi et al. 2009 ; Frieben &
ezzolla 2012 ) indicate that a purely toroidal field deforms the

tars to prolate shape, corresponding to r p /r e > 1. Thus, increas-
ng B max of the toroidal field in our models causes the increase
n r p /r e . 

We also examine the effect of pressure contribution due to quark
atter δ on different quantities of the hybrid stars. δ has a negligible

ffect on r e , r p /r e , and M g for all values of B max . On the contrary,
c and M mp /M 0 increase substantially with δ for B max � 3 × 10 17 

 but they become less sensitive to δ for B max � 5 × 10 17 G.
hese increasing trends could be interpreted in relation to pressure

eduction. With the increasing value of δ, the contribution due to
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uark matter to the total pressure becomes more important and the 
ressure reduction is enlarged. As a result, this enlarged pressure 
eduction makes the star collapse to a configuration with a higher ρc 

nd M mp /M 0 . 
We compare our resulting hybrid stars with Franzon et al. ( 2016a ).

he magnetized hybrid star models considered in this study are 
lso in axisymmetry, but the magnetic field is purely poloidal. 
 poloidal field would make the stars oblate instead of prolate. 
lso, these models have a different baryonic mass M 0 = 2 . 2M �.
hese equilibrium models are constructed by solving the coupled 
axwell–Einstein equations. They also employed a more realistic 

quation of state with both magnetic and thermal effects taken into 
ccount. 

We plot the normalized gravitational mass M g /M 

∗
g against B max 

bottom right panel) to compare with the models computed in 
ranzon et al. ( 2016a , grey stars), where M 

∗
g is the gravitational

ass of the non-magnetized reference models. We observe that 
 g /M 

∗
g increases with B max similarly for the models in our sim-

lations and Franzon et al. ( 2016a ). Besides, this previous study
lso found that the magnetic field reduces the central baryon 
umber density and hinders the appearance of matter in quark 
nd mixed phases. These also agree with the trends of ρc and 
 mp /M 0 for our models. Accordingly, despite the disparity in field 

eometry, baryonic mass, and construction method, our models 
gree qualitatively with the models in the previous study. This 
imilarity provides additional support that the properties of hybrid 
he properties of the magnetized hybrid stars presented here are 
obust. 

 C O N C L U S I O N S  

n this paper, we studied the formation of a magnetized hybrid 
tar by performing 2D axisymmetric general-relativistic magnetohy- 
rodynamics simulations. We first found that the maximum values 
f rest-mass density and magnetic field strength in the stars rise
lightly after a phase transition. The magnetic field also becomes 
ore concentrated towards the centre. In addition, the magnetic 
eld and the rest-mass density are coupled during the process. We 

hen investigated the properties of the resulting magnetized hybrid 
tars. Both macroscopic and microscopic quantities of the hybrid 
tars are not sensitive to the magnetic field until B max � 5 × 10 17 G,
here all quantities change significantly . Specifically , the magnetic 
eformation decreases the rest-mass density dramatically, leading to 
 substantial reduction in the matter fraction in the mixed phase. 
imilar trends for these quantities are found compared with Franzon 
t al. ( 2016a ). 

This work takes the first step to dynamically studying magnetized 
ybrid stars. Several natural extensions should be considered to 
odel them more realistically. First, a more realistic equation of state, 
hich includes thermal and magnetic effects, should be adopted. 

n addition, since magnetized stars with purely toroidal fields are 
xpected to be unstable, the suppression of instability in this work 
s mainly due to the restriction to 2D axisymmetry. The effects of
urely poloidal fields and the twisted torus configurations should 
lso be investigated. Since these field geometries extend to the outer 
egion of neutron stars, a force-free/resistive magnetohydrodynamics 
olver is necessary for more realistic modelling. Also, 3D simulations 
ithout axisymmetry should be conducted to include the instability 
f magnetic fields. Finally, as most observations suggested that 
eutron stars rotate, rotations should also be included in future 
tudies. 
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Figure A1. The time evolution of the maximum rest-mass density ρmax ( t) 
(top panel), the maximum magnetic field strength B max ( t) (middle panel), 
and the minimum lapse function αmin ( t) (bottom panel) relative to their initial 
values ρmax (0), B max (0), and αmin (0) for the simulation with the initial model 
T1K6 and the exponent δ = 3 at low (dashed line), medium (solid line), and 
high (dotted line) resolutions. The medium resolution here is the resolution 
used in the simulations of the current study. We observe that all three quantities 
at different refinement levels undergo damped oscillation similarly, and they 
all eventually obtain a new equilibrium value, which is slightly higher than the 
initial value. The difference in the refinement level only affects the damping 
time-scales and slightly changes the final equilibrium values of these two 
quantities. In particular, a lower refinement level corresponds to a higher 
numerical dissipation and thus gives a shorter damping time-scale. Therefore, 
the numerical dissipation does not affect the qualitative behaviour of the star 
in our simulations. 
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PPENDIX  A :  RESOLUTION  STUDY  

part from the shock heating effect mentioned in Section 3 , numer-
cal dissipation also plays a role in the damping of the oscillation
f the star in our simulations. Here, we demonstrate that numerical
issipation does not affect the simulation results qualitatively. Fig. A1
hows the time evolution of the maximum rest-mass density ρmax ( t)
top panel), the maximum magnetic field strength B max ( t) (middle
anel), and the minimum lapse function αmin ( t) (bottom panel),
elative to their initial values, ρmax (0), B max (0), and αmin (0) for the
imulation with the initial model T1K6 and the exponent δ = 3 at
ow (red dashed line), medium (grey solid line), and high (blue dotted
ine) resolutions. The medium resolution here is the resolution used
n the simulations of the current study. Since AMR is used in our
NRAS 534, 3612–3621 (2024) 

q

imulations, the grid spacings for both R and z ( 
R or 
z) are
ot uniform, but are assigned according to the AMR level of each
e gion. The re gion containing the star has the finest grid spacing
 
R min and 
z min ) of the whole domain. The low, medium, and
igh resolutions allow 5, 6, and 7 AMR levels in the domain,
espectively. These resolutions also correspond to the finest grid
pacing 
R min = 
z min ≈ 290, 140, and 70 m, respectively. We
bserve that all three quantities at different refinement levels undergo
amped oscillation similarly, and they all eventually obtain a new
quilibrium value, which is slightly higher than the initial value. The
ifference in the refinement level only affects the damping time-
cales and slightly changes the final equilibrium values of these
wo quantities. In particular, a lower refinement level corresponds
o a higher numerical dissipation and thus gives a shorter damping
ime-scale. Therefore, the numerical dissipation does not affect the
ualitative behaviour of the star in our simulations. 
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Figure B1. The first 5 ms time evolution of the maximum values of the 
rest-mass density ρmax ( t) (top panel) and the magnetic field strength B max ( t) 
(bottom panel) relative to their initial values ρmax (0) and B max (0), for the 
simulation with the initial model T1K6 and the exponent δ = 3 for two 
cases: one with an instantaneous initial phase transition (i.e. τconv = 0 . 00 ms, 
solid line) and the other one with τconv = 0 . 05 ms (dashed line). The current 
study assumes an instantaneous initial phase transition, and τconv = 0 . 05 ms 
corresponds to a phase-transition time-scale in the order of a detonation-like 
conv ersion. We observ e that the finite τconv does not change the qualitativ e 
behaviour of both quantities and only produces a slight time lag. Therefore, the 
qualitative dynamics of phase-transition-induced collapses remain unaffected 
by imposing a finite time-scale in the order of a detonation-like conversion 
for the initial phase transition even in the presence of a magnetic field. 
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PPEN D IX  B:  FINITE  TIME  F O R  T H E  INI TI AL  

HASE  TR A N SITION  

n Abdikamalov et al. ( 2009 ), it has been shown that imposing a
nite time-scale in the order of a detonation-like conversion for 

he initial phase transition (i.e. τconv = 0 . 05 ms) does not affect
he dynamics of phase-transition-induced collapses qualitatively and 
nly contributes a slight time lag for the case without a magnetic
eld. Here, we show that imposing such a finite time-scale for

he initial phase transition does not affect the simulation results 
ualitati vely e ven with a magnetic field. Fig. B1 illustrates the
rst 5 ms time evolution of the maximum values of the rest-mass
ensity ρmax ( t) (top panel) and the magnetic field strength B max ( t)
bottom panel) relative to their initial values ρmax (0) and B max (0). We
onsider a simulation with the initial model T1K6 and an exponent 
= 3, comparing two cases: one with an instantaneous initial phase 

ransition (i.e. τconv = 0 . 00 ms, grey solid line) and the other with
 finite time-scale of τconv = 0 . 05 ms (red dashed line). The current
tudy assumes an instantaneous initial phase transition and the value 
f τconv = 0 . 05 ms corresponds to a time-scale of phase transition in
he order of a detonation-like conversion. We observe that the finite 
conv does not change the behaviour of both quantities qualitatively 
nd only produces a slight time lag. Consequently, imposing a 
nite time-scale for the initial phase transition in the order of a
etonation-like conversion does not qualitatively affect the dynamics 
f phase-transition-induced collapses even when there is a magnetic 
eld. 
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