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Abstract

Three possible strategies have been advocated to solve the strong CP problem. The first is the axion, a
dynamical mechanism that relaxes any initial value of the CP violating angle θ̄ to zero. The second is the
imposition of new symmetries that are believed to set θ̄ to zero in the UV. The third is the acceptance
of the fine tuning of parameters. We argue that the latter two solutions do not solve the strong CP
problem. The θ term of QCD is not a parameter - it does not exist in the Hamiltonian. Rather, it is a
property of the quantum state that our universe finds itself in, arising from the fact that there are CP
violating states of a CP preserving Hamiltonian. It is not eliminated by imposing parity as a symmetry
since the underlying theory is already parity symmetric and that does not preclude the existence of CP
violating states. Moreover, since the value of θ realized in our universe is a consequence of measurement,
it is inherently random and cannot be fine tuned by choice of parameters. Rather any fine tuning would
require a tuning between parameters in the theory and the random outcome of measurement. Our results
considerably strengthen the case for the existence of the axion and axion dark matter. The confusion
around θ arises from the fact that unlike classical mechanics, the Hamiltonian and Lagrangian are not
equivalent in quantum mechanics. The Hamiltonian defines the differential time evolution, whereas the
Lagrangian is a solution to this evolution. Consequently, initial conditions could in principle appear in
the Lagrangian but not in the Hamiltonian. This results in aspects of the initial condition such as θ
misleadingly appearing in the Lagrangian as parameters. We comment on the similarity between the θ
vacua and the violations of the constraint equations of classical gauge theories in quantum mechanics.
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1 Introduction

Experimental searches for the electric dipole moment of nucleons have constrained the electric dipole moment
to be smaller than dn,p ⪅ 10−26 e-cm. It is experimentally interesting to search for this term since an electric
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dipole moment can exist for fundamental particles only when CP symmetry is broken. The experimental
limit is puzzling since there are at least two separate sources of CP violation that contribute to this dipole
moment. The first is a phase that might exist in the quark mass matrix. The second arises from the θ
term of QCD. The sum of these two terms gives rise to an effective CP violating phase θ̄. The experimental
limit on the nucleon electric dipole moment implies θ̄ ⪅ 10−9. Given that these two terms should naively be
O (1) numbers, why should they cancel so precisely? The Strong CP problem is aimed at understanding the
resolution to this fine tuning problem.

The most popular solution to this problem is the axion [1–4]. The axion is a dynamical solution -
irrespective of the value of θ̄, the axion adjusts its field value so as to cancel the net CP violation in the
theory, including the electric dipole moment of nucleons. But, additional solutions to the strong CP problem
have also been proposed. These solutions leverage the fact that θ̄ is radiatively stable - that is, if it was set
to zero at some high scale, then standard model contributions to it are extremely small and not in conflict
with observation. These solutions attempt to solve the strong CP problem by imposing parity (or CP) as a
symmetry of the theory [5–10]. It is believed that the imposition of these symmetries independently forbids
the existence of CP violating phases in the quark mass matrix and sets θ = 0. Since both these terms are
independently set to zero, θ̄ starts from zero and the radiative stability of this term then ensures that there
is no conflict with observation. Another possibility that is sometimes advocated is to simply accept the
observed smallness of θ̄ as an initial fine tuning, even if one cannot associate lofty anthropic philosophies
with the smallness of θ̄.

The main point of this paper is to argue that the strong CP problem can only be solved through dynamical
methods such as the axion and not by either invoking parity (or CP) as a symmetry of the theory or by fine
tuning. This is fundamentally tied to the fact that the θ term of QCD is not a parameter of the theory
that can be set to zero by imposition of symmetries on the Hamiltonian. Rather it reflects a choice of
vacuum state or eigenstate of the QCD vacuum. For a generic initial state, as the universe evolves from
early times, the value of θ is randomly picked in our universe – i.e., it is a consequence of measurement. Thus
θ is set probabilistically. Cancellation of its effects require the choice of parameters in the Hamiltonian to
exactly cancel this random outcome of measurement. Moreover, the Hamiltonian of QCD preserves CP - the
imposition of parity does not add any additional content to the theory. But, a CP preserving Hamiltonian
can have states (or vacua) that break CP. It is the existence of such states that are the origin of θ.

Why is there confusion about these points in the literature? This is due to the fact that when the
stong CP problem is often discussed, it is characterized as a term in the Lagrangrian where it looks like a
parameter, giving rise to the belief that it can be set to zero by imposing symmetries on (or fine tuning) the
Lagrangian. In classical physics, the Lagrangian and Hamiltonian are dual descriptions of the same physical
system. Parameters of the Lagrangian are also parameters of the Hamiltonian. In quantum mechanics this
is not the case - the Hamiltonian is an operator which defines the time evolution of the quantum mechanical
system. The Lagrangian of course appears in defining the path integral – but, the path integral is a solution
to the time evolution operator. Solutions to differential equations require initial conditions. Thus, the
Lagrangian can have terms that are reflective of the choice of initial states to perform the time evolution.
These terms are not determined by the symmetries of the Hamiltonian and thus cannot be set to zero by
imposing restrictions on the Hamiltonian.

The purpose of this paper is two-fold. First, we wish to provide a pedagogic description of the above
physics with illustrative examples. We note that Gia Dvali has articulated the above position many times over
the past decades (e.g., [11]). These issues are also described in other publications such as [12,13]. But, these
points are not widely appreciated. Here we offer a concise argument that illustrates these points. Second, we
highlight the connection between the θ term of QCD and recent work [14–17] on the absence of constraints
in gauge theories. As we will show, in both cases, the proposed physics (θ and constraint violations) does not
exist at the level of the Hamiltonian. Rather, when specific solutions to the time evolution are constructed,
the choice of initial conditions enters the Lagrangian as apparent parameter choices.

The rest of this paper is organized as follows. In Section 2, we discuss these issues in the simple quantum
mechanical case of the hydrogen atom. This discussion is tied to the problem of choosing states of a theory
- but there is no connection to this system and the strong CP problem. We then discuss the case of Bloch
waves in a periodic crystal where θ arises as a choice of energy eigenstate. In this section, we also show
how θ enters the Lagrangian seemingly as a parameter even though it does not appear in the Hamiltonian.
The θ problem is also sometimes described in terms of the quantum mechanics of a rigid pendulum swinging

2



under gravity. Similarities between the periodic crystal and the pendulum are discussed in appendix A. We
apply these lessons to QCD in Section 4. The similarity between the θ vacua and the absence of constraints
in gauge theories is discussed in Section 5. These discussions are of significant import in the search of axion
dark matter - these are discussed in our conclusions in Section 6.

2 Hydrogen Atom

Consider the spherically symmetric Hamiltonian that describes the hydrogen atom:

HH = − 1

2µ2
e

∇2 − α

r
(1)

Here µe is the reduced mass of the atom and α is the fine structure constant. As is well known, even
though the Hamiltonian (1) is spherically symmetric, there are a number of energy eigenstates of (1) that
are not spherically symmetric such as the 2p, 3d, and other excited states. In our universe, when we find a
random hydrogen atom, we expect it to be in the ground state, 1s. We are not surprised by this even though
we know that in our universe, the protons and electrons were initially at very high temperatures and thus
when atoms form during recombination, we expect that the electrons will land in arbitrary bound states of
the hydrogen atom. However, the excited states of hydrogen have very short lifetimes and thus they rapidly
decay to the ground state.

Now suppose we lived in a different universe where the photon had a mass mγ with the mass being
between α2µe < mγ < αµe. The Hamiltonian for this system is

Hm = − 1

2µ2
e

∇2 − q2

r
e−mγr (2)

When α2µe < mγ < αµe, the range of the photon is longer than the Bohr radius (αµe)
−1. This implies that

there are some number of bound states of the electron in this system. For example, we expect some number
of low lying eigenstates of the form 1s, 2s, 2p, etc., to exist, as long as their Bohr radii are shorter than the
range of the electric field. But, when mγ > α2µe these excited states cannot decay to the ground state by
emitting photons because the binding energy α2µe is smaller than the energy needed to emit the massive
photon.

In this world, if we knew that the protons and electrons had initially been at very high temperatures,
when that universe undergoes recombination, we would expect it to populate a number of these energy
eigenstates of Hm. But, since these low lying levels cannot decay, we would expect to find a population of
states in the excited states such as 2s, 2p etc. If observations are made and we only find atoms in the 1s
state, we would be confused - why were the higher energy states that are stable not populated?

In this world, there would then be a “1s” problem with particle physicists devising methods to solve this
problem. What kinds of solutions are possible? Notice we cannot solve this problem by imposing spherical
symmetry on the Hamiltonian and thus believing that this imposition would get rid of states like 2p and 3d.
This is because Hm is already spherically symmetric and this spherically symmetric Hamiltonian nevertheless
has non-spherically symmetric states. Could we imagine some kind of “fine tuning” apparatus that exists at
every point in space to bring the electron to the ground state? What kind of fine tuning mechanism would
we need? When the protons and electrons come from high temperature and the bound states are formed,
the formation of a specific bound state is due to measurement - that is, the observer gets entangled with
various outcomes of the high energy recombination process and probabilistically ends up in some specific
state. Thus, at each point (where the atom exists), we probabilistically obtain one of the many possible
stable eigenstates. The fine tuning mechanism would thus have to be dynamic - it would need to look at the
specific outcome that was probabilistically obtained and send that specific state to the ground state.

We recognize that the particle physicists in this world need to solve this problem through dynamical
mechanisms - they can for example invoke the existence of a light or massless hidden photon that would
allow the metastable states to decay or include additional operators in the theory such as collisions which
would allow for inelastic relaxation.

3



Figure 1: The potential V (x) = −κ cos (x/l). In the absence of quantum tunneling, each well of the potential
is independent of the other wells. Each well would have its own set of energy levels that are exactly degenerate
with the corresponding energy levels in the other wells. In the presence of tunneling, the levels mix with
each other and produce a band structure. There is an analogous structure to this potential in QCD where
we can map the positions x = 0, . . . 2nπl to gauge field configurations that are 0 and non-zero pure gauge
configurations.

3 Periodic Crystal

Now consider the example of a particle in a periodic potential, as is the case in a crystal. The position of
the particle is denoted by x and the lattice spacing is l. The potential is of the form V (x) = −κ cos (x/l).
The quantum mechanical Hamiltonian that describes this system is:

HP = − 1

2m

∂2

∂x2
+ V (x) (3)

What are the energy eigenstates of this Hamiltonian? Naively, one might expect the energy eigenstates
to be a series of states that are localized around the potential well (see Figure 1). Due to the periodicity
of the potential, one might expect a large degeneracy of states with each state localized at different values
around the potential at x = 2πnl for integer n. However, this is not the correct picture – due to quantum
tunneling, these degenerate states all mix together and form a band structure. The lowest lying levels form
the lowest band, with the next highest levels forming the next band and, with high enough barriers, a band
gap existing between these two bands.

The energy eigenstates of this system are described by Bloch waves. These waves are constructed by
observing that the Hamiltonian commutes with the discrete spatial translation operator T that maps states
|x⟩ → |x+ 2πl⟩. This implies eigenstates of HP are also eigenstates of T - thus the energy eigenstates |Ψθ⟩
are of the form T |Ψθ⟩ = e−iθ|Ψθ⟩. θ here is a label that identifies a particular energy eigenstate just like the
labels 1s, 2p etc in the case of the hydrogen atom. θ being a choice of energy eigenstate is not a parameter
in the theory - it does not appear in HP .

Now imagine that we have a series of such crystals that were formed in the early universe at some high
energy. In this universe, would we expect to find all the crystals in the lowest energy eigenstate in the state
with θ = 0? No - in general, we expect to populate all the eigenstates. With this expectation, if we actually
went and did an experiment with these crystals and found that all the crystals were in fact in θ = 0, we
will be confused - why did the higher energy states not get populated? Once again, notice that this problem
cannot be solved by imposing a symmetry like parity, i.e., invariance under x → −x. The Hamiltonian
is already parity symmetric - just like the hydrogen atom was spherically symmetric. But even the parity
invariant Hamiltonian contains states that are no longer invariant under parity. Similarly, just like the case
of the hydrogen atom, if all these crystals started at some high energy, then the specific low energy state
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that they will find themselves in is the probabilistic outcome of measurement/entanglement. There is thus
no fine tuning mechanism that can rigidly set all the θ terms to zero for all these crystals. The only way
to solve this problem would be through some dynamical mechanism where even though the eigenstates with
θ ̸= 0 are populated, the state somehow relaxes to θ = 0.

Let us now describe the dynamics of this theory using the path integral. The time evolution operator
of this theory is U = exp (−iHP t). This operator can be fully described by providing its transition matrix
elements on a set of basis elements. Choosing the position basis and following the canonical procedure to
derive the path integral for this operator, one obtains the formula:

⟨xf |U (t) |xi⟩ =
∫ x(t)=xf

x(0)=xi

Dx exp(i
∫ τ=t
τ=0

dτ( 1
2mẋ2−V (x))) (4)

This Lagrangian does not contain any θ term. But, clearly, given a solution to the Schrödinger equation
we have to be able to time evolve any initial state. This is resolved by writing an arbitrary initial state
|Ψ(0)⟩ also in the position basis:

|Ψ(0⟩) =
∫

dxi Ψ̃ (xi) |xi⟩ (5)

We then have:

⟨xf |U (t) |Ψ(0)⟩ =
∫

dxiΨ̃ (xi) ⟨xf |U |xi⟩ (6)

Thus, we can pick any initial state we want and obtain the time evolution, including states where θ ̸= 0.
In these computations, the Lagrangian does not depend on θ - the information about θ lives in the initial
state wave-function Ψ̃ (xi), and random initial state wave function should contain a linear combination of
eigenstates of T .

We can now ask a different question - suppose we were only interested in understanding the behavior
of a specific set of eigenstates that all transform with the same eigenvalue θ under spatial translations:
T |Ψθ⟩ = e−iθ|Ψθ⟩. How can we understand just the behavior of this specific sub-space? Since T commutes
with the HP , time evolution cannot take a quantum state that has an eigenvalue θ under T to a state that
has a different eigenvalue. In other words, eigenstates of T with a specific value of θ form a super-selection
sector.

To understand the time evolution of this sector, we can now choose a different position basis, namely:
|[x]θ⟩ which transforms as T |[x]θ⟩ = e−iθ|[x]θ⟩. These are the subspaces of the Hilbert space that are invariant

under T (all states are multiplied by the same phase). The states |[x]θ⟩ are of the form |[x]θ⟩ = ei
θ
2π

x̂
l |[x]⟩.1

defined only for x between x = 0 and x = 2πl where the state |[x]⟩ is periodic and it is obtained as the sum
|[x]⟩ =

∑
j |x + 2πjl⟩ over all integers j (ignoring normalization issues). Let us now compute the matrix

element:

⟨[xf ]θ|U (t) |[xi]θ⟩ = ⟨[xf ]θ|e−iHP δt . . . e−iHP δt|[xi]θ⟩ (7)

where we break the time evolution operator into a number of small steps of size δt. This is the standard
way to compute the path integral. After this stage, the standard procedure involves inserting resolutions of
the identity operator in terms of the chosen basis. Since |[x]θ⟩ are eigenstates of the unitary operator T ,2

we have:

1 =

∫ 2πl

0

dx

∫
dθ |[x]θ⟩⟨[x]θ| (8)

Using this resolution of the identity, (7) becomes:

⟨[xf ]θ|U (t) |[xi]θ⟩ = ⟨[xf ]θ|· · ·
∫

dxj

∫
dθj |[xj ]θ⟩⟨[xj ]θ|e−iHP δt

∫
dxj−1dθj−1|[xj−1]θ⟩⟨[xj−1]θ| . . . |[xi]θ⟩

(9)

1T maps |x⟩ → |x+ 2πl⟩. Thus T x̂T−1 = x̂− 2πl. Hence T |[x]θ⟩ = Tei
θ
2π

x̂
l T−1T |[x]⟩ = e−iθei

θ
2π

x̂
l |[x]⟩ = e−iθ|[x]θ⟩.

2Note that T is generated by the momentum operator, which is Hermitean. Eigenstates of this operator are also eigenstates
of T.
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Now make use of the fact that since T commutes with HP , in all of the transition matrix elements, θ
cannot change. The choice of initial and final states fixes the value of θ for this computation. Then, use
the definition |[x]θ⟩ = ei

θ
2π

x̂
l |[x]⟩ to write the position variables in terms of conventional real numbers and

continue with the standard steps associated with computing the path integral (such as inserting complete
sets of momentum states and performing Gaussian integrals over momentum). This yields:

⟨[xf ]θ|U (t) |[xi]θ⟩ =
∫ x(t)=xf

x(0)=xi

Dx exp(i
∫ τ=t
τ=0

dτ( 1
2mẋ2−V (x)+ θ

2π
ẋ
l )) (10)

Thus, the Lagrangian now explicitly contains θ. But, this θ is not a parameter like the mass of the
particle - it does not appear in the Hamiltonian. Rather, it reflects the fact that in this theory where there
are superselection sectors (or eigenspaces) labelled by the parameter θ, one can compute the time evolution
of a specific eigenspace labelled by θ. This is a boundary condition on the time evolution operator and
this boundary condition is reflected by a change to the Lagrangian where θ appears as a parameter. The
explicit appearance of θ in the Lagrangian does not mean that there aren’t other eigenspaces of the theory
with different values of θ - the spectrum of HP does not change simply because we chose to study the time
evolution of a specific sub-space. Thus, if we found a bunch of crystals that started at high energy and all
of them ended up at θ = 0, we would still be puzzled by why other values of θ were not populated.

The description we have provided above is based on the Hamiltonian point of view - we take the
Schrödinger equation as the fundamental axiom of quantum mechanics and regard the path integral as
a solution to this equation. Would we get a different result if we had instead chosen to define the theory
entirely using the path integral? For example, we could simply say that the Lagrangian that we are interested
in studying is:

L =
1

2
mẋ2 − V (x) +

θ

2π

ẋ

l
(11)

In this Lagrangian, θ certainly looks like a parameter. What is the quantum theory associated with this
Lagrangian? Notice that we should not expect anything different from our prior discussion since V (x) is
still a periodic potential. Thus, discrete translations T are still a symmetry of this theory and thus we would
expect to see a band structure in the energy eigenstates due to Bloch’s theorem. Let us now take (11) and
compute the canonical Hamiltonian from it using the canonical commutation relations between the position
x and momentum p, [x, p] = i. This yields:

Hθ =
1

2m

(
−i

∂

∂x
− θ

2πl

)2

+ V (x) (12)

The θ in Hθ looks like a parameter. What can we say about the eigenstates of Hθ and HP ? It is easy to check
that if Ψk (x) is an eigenstate of Hθ then ei

θ
2π

x
l Ψk (x) is an eigenstate of HP with the same eigenvalue. There

is thus a 1-to-1 map between these two Hamiltonians and they produce the same dynamics. Specifically, the
band structure of HP is also present in Hθ and any problem associated with picking eigenstates in HP are
also found in Hθ.

This result thus corrects a misconception. It is claimed that pure derivative terms such as θ in (11) do
not change classical physics but do affect quantum mechanics. This is incorrect - θ does not affect the overall
quantum dynamics either. The theory with a θ parameter (12) and one without θ are identical theories with
a simple relabeling of states.

The above path integral in (10) (and its analog in QCD) is often thought of as a starting point of the
quantum theory as opposed to a solution to the Schrödinger equation. One might be tempted to take this
path integral as defining the quantum theory. However, we see that the restriction of states to a specific
θ-sector has not only put a θ parameter in the action, it has restricted the measure to integrate only over
field configurations that are invariant under x → x+2πl, which is an unnatural projection in position space.
Once we (or the universe) ‘measures’ the value of θ, then such a path integral is a useful way to parameterize
the physical effects of this particular sector. It does not, however, describe the full Hilbert space and cannot
be used to ask what might be typical initial conditions for the wave function.

6



4 QCD

The discussion around the periodic crystal in Section 3 shares many similarities with the θ problem in QCD.
To see the analogy, one must construct the Hamiltonian of QCD, including dealing with the gauge invariance
of the classical theory. The classical theory includes a set of gauge fields Aa

µ. Following Jackiw [12], the
simplest gauge to build a Hamiltonian is temporal or Weyl gauge with Aa

0 = 0, and one can construct the
Hamiltonian out of the field operators Aa

i and their conjugate momenta Πa
i ≡ −Ea

i :

ĤW =

∫
d3x

(
1

2

(
Êa · Êa + B̂a · B̂a

)
+ (terms with quarks)

)
(13)

where Ba = ∇ × Aa − (g/2)fabcAb ×Ac and fabc are the structure constants of the gauge group. This
Hamiltonian is invariant under the remaining spatial gauge transformations. This remaining gauge group
is topologically non-trivial. This means that there are gauge transformations that cannot be continuously
deformed to the identity. These transformations, called large gauge transformations, can be labeled by an
integer n. Thus, there are naive vacuum states, such as that with ⟨0|Aa

i |0⟩ = 0, and gauge equivalent vacua
|Un⟩ ≡ Un|0⟩ generatied by large gauge transformations. The non-trival topology of the gauge group means
that the path in field space from |Un⟩ to |0⟩ is non-trivial (involves not pure-gauge configurations) and thus
has an energy barrier.

The situation is thus similar to that of the case of the crystal. The states |0⟩ and |Un⟩ mix due to quantum
tunneling and the spectrum of QCD develops a band structure. The energy eigenstates of HP were labeled
by a parameter θ - similarly, the energy eigenstates of QCD can also labeled by a parameter θ. Since the |θ⟩
are eigenstates of the full QCD Hamiltonian, no transitions are possible from one value of θ to a different
value, thus each θ defines a super-selection sector.

The purpose of this section is not to reproduce Jackiw’s lecture notes, but to discuss what natural values
of θ to expect. So what state should we expect the universe to be in? A generic initial condition would most
naturally be an arbitrary wave functional of fields. Such a state would be a linear combination of states in
different θ sectors. A hot early universe would eventually cool down to a linear combination of low-energy
states with different θ values, with matter in each part of the wave functional entangled with the θ value
through interactions (say, with the neutron electric dipole moment). Similar to the examples of the hydrogen
atom with a massive photon or the electron in a crystal, the value of θ will be chosen probabilistically. Thus,
this cannot be a result of tuning a Hamiltonian parameter to zero, but would be an accident, one not even
driven by anthropic reasoning (see, for example, [18, 19]). Similarly, θ cannot be set to zero by a symmetry
argument (i.e., imposing CP as a symmetry of the Hamiltonian), in the same way that rotational symmetry
does not prevent one from finding a rotationally non-invariant state of the hydrogen atom.

Similar to the construction discussed in Section 3, if we are solely interested in the physics of a specific
θ, one can construct a path integral which time evolves just this sector. In the case of the crystal, we
constructed states that were invariant under discrete spatial translations. For QCD, we need states that are
invariant under large gauge transformations. These transformations change the winding number of gauge
configurations, measured by the operator GG̃. Using this fact, the Lagrangian to time evolve a specific θ
sector, results in the additional term θGG̃ appearing in it. But again, this θ is not a parameter of the full
Hamiltonian. Rather, it is reflective of the fact that the physics has been restricted to a specific sub-sector
of the Hilbert space.

Perhaps one could decide that the path integral that time evolves a specific θ sector simply defines the
full quantum theory, making θ a fundamental parameter of the time evolution, thus rejecting the Schrödinger
equation (and thus the Hamiltonian) as the fundamental axiom of quantum mechanics. However, in the field
basis, this is an artificial imposition, similar to that in the crystal example. It is the full spectrum of the
Hilbert space that gives rise to the band structure and thus these θ vacua. The path integral is a Green’s
function that describes the time evolution of a basis, and it is the construction of this basis that makes the
θ vacua meaningful. One could perhaps try to justify this identification by imposing an identification of
states related by large gauge transformations. This would be equivalent to taking an electron in a crystal
and imposing periodic boundary conditions – i.e., putting the electron on a circle. However, as we show
in Appendix A, the Hilbert space still contains the full phase structure due to the topological non-trivial
sectors.
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To illustrate these points further, consider the theory of classical electrostatics. This is a linear theory
(just like quantum mechanics) and is thus fully described by its Green’s functions. One can choose various
boundary conditions for the Green’s functions and obtain different kinds of solutions to the theory. For ex-
ample, one can pick free space boundary conditions and obtain the conventional Coulombic Green’s function
of the theory. This Green’s function can be used to obtain the electric potential of any arbitrary charge
distribution in space. This general Green’s function is analogous to the path integral without θ in it since it
is not restricted to charges in any specific part of space. Alternately, one can also construct Green’s functions
by choosing boundary conditions appropriate for the interior of a hollow conductor described by the spatial
region Ω. This Green’s function can be used to obtain the electric fields of any charge distribution inside Ω.
Further, if we construct Green’s functions G1,2 for two non-overlapping conducting regions Ω1,2, the charges
in Ω1 cannot influence the fields in Ω2 and vice versa. Thus, we can indeed think of G1,2 as “super-selection”
sectors and these Green’s functions are analogous to path integrals with θ in them since they can only be
used to describe fields inside the specific regions Ω1,2. Would we now say that there are an infinite number
of distinct theories of electrostatics described by the “parameters” Ω, or rather that there is one theory of
electrostatics with a wide range of boundary conditions Ω? Since the universe could have produced a wide
range of possible conducting shapes, if we happened to live inside a perfectly spherically symmetric box,
would we not be confused? Would the imposition of spherical symmetry solve this problem even though
the spherically symmetric theory of electrostatics is nevertheless allowed to contain conductors of arbitrary
shape?

Before concluding this section, we clarify certain statements usually made in the context of the Lagrangian
regarding θ and the phase ϕq of the determinant of the quark mass matrix. It is well known that all the
physical CP violating effects in the QCD vacuum arise from the sum θ̄ = θ+ϕq. In a sector with a particular
θ, this is clear from the path integral where one can perform a redefinition of the quark fields via a chiral
rotation. This rotation shifts the parameters θ and ϕq by equal and opposite amounts [20]. Thus, physical
observables only depend upon this sum.

If physical observables only depend on θ̄, why are we allowed to talk about θ separately from ϕq? The
Hamiltonian picture provides a clear understanding of the physics. Consider two Hamiltonians. The first, H
is the QCD Hamiltonian with a particular phase ϕq. The second, H

′ is the same Hamiltonian with the quark
field operators redefined by a chiral rotation, and thus has a different quark mass phase, ϕ′

q. Both of these
describe the theory of QCD coupled to massive quarks. Both H and H ′ are Hamiltonians whose spectrum
consists of a band structure with the eigenstates labeled by the parameters θ and θ′, respectively. Since the
physical CP violating effects are set by θ̄ = θ+ ϕq, we can always find θ′ so that θ̄ = θ+ ϕq = θ′ + ϕ′

q. That
is, there is a map from the spectrum of the Hamiltonian H to the spectrum of H ′. This is loosely described
as shifting the phase from the determinant of the quark mass matrix to θ. But, once we fix the parameter
ϕq, the Hamiltonian still contains a spectrum labelled by θ, leading to a set of quantum states each of which
will exhibit different CP violation θ̄ = θ + ϕq.

Let us also see how the massless quark solution solves the strong CP problem. From the Lagrangian
and path integral perspective, there is a redefinition of the quark fields represented by a chiral rotation
that shifts the θ term in the action but leaves the quark mass matrix invariant. This is because there is
a U(1) symmetry in the classical Lagrangian (e.g., let’s say the up quark is massless – then this would be
proportional to a phase rotation of the right-handed up quark), and thus suggests that the θ angle is not
physical. However, this solution is in fact a dynamical solution – the U(1) chiral rotation plays the role of
the Peccei-Quinn (anomalous) symmetry. Since the approximate symmetry is both spontaneously (through
chiral symmetry breaking) and explicitly (through the mixed QCD anomaly) broken at the QCD scale, the
associated axion is also at that scale – it’s the η′ [11]. Thus, for all θ sectors of the theory, the η′ finds its
minimum at zero CP violation. When the quarks have a non-zero mass, the η′ receives a mass both from the
anomaly and from the explicit non-zero quark masses. Thus, the η′ has an “axion quality problem” wherein
its minimum is no longer at the location where θ̄ is canceled.

5 Gauge Theories and Constraints

The θ term in the Lagrangian of QCD is not a parameter of the Hamiltonian - it is instead the consequence
of restricting time evolution to a specific vacuum sector of the theory. This phenomenon, where the initial
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conditions of the quantum state being time evolved changes the Lagrangian in the path integral, arises more
broadly in gauge theories. In gauge theories, there are two kinds of classical equations - the constraint
equations that impose requirements on the initial states (such as Gauss’s law in electromagnetism) and
dynamical equations. But, the classical equations are not the fundamental equations of nature - rather, they
are identities that follow from quantum mechanics. Quantum evolution is described by a single first order
differential equation - the Schrödinger equation. This equation can time evolve any initial state, including
states that violate the classical constraints. The information about states that violate constraints does not
live in the Hamiltonian. But, since the Lagrangian emerges as a solution to the dynamical equations, it
can be impacted by boundary conditions. As we will see below, the time evolution of quantum states that
violate the constraint equations can appear in the Lagrangian in the form of Lorentz breaking background
fields. But, these background fields are not new degrees of freedom - rather they are indicative of the fact
that we are choosing to time evolve a specific kind of initial state - this is exactly like the case of θ. For
simplicity, we will restrict our arguments to electromagnetism, but they can be broadly extended to both
general relativity and QCD.

Electromagnetism is the theory of an abelian gauge boson Aµ. We will work in the Schrödinger picture.
One needs a Hamiltonian constructed from the gauge field and its conjugate momentum. Further, due to
gauge freedom, a gauge needs to be picked to define the Hamiltonian. Pick the Weyl gauge where A0 = 0.
The physical degrees of freedom are thus the spatial components Ai of the gauge boson and the conjugate
momentum Π̂i. Using the fact that Π̂j = −Êj , we have

[Âj (x) , Êj′ (x
′)] = −i δ (x− x′) δjj′ (14)

The Hamiltonian constructed from these operators is:

ĤW =

∫
d3x

(
1

2

(
Ê · Ê+ B̂ · B̂

)
+ Ĵ · Â+ ĤJ

)
(15)

where J and ĤJ denote the current and the Hamiltonian of the current.
Much like the operator T that commuted with HP in Section 3, the operator Ĝ = ∇ · Ê− Ĵ0 commutes

with ĤW . It is thus possible to describe the time evolution generated by ĤW in terms of the eigenstates of
Ĝ. These states have the form:

Ĝ (x) |Ψs⟩ = J0
s (x) |Ψs⟩ (16)

Notice that Ĝ (x) is the Gauss law operator. Eigenstates of Ĝ that have zero eigenvalue are quantum
states that preserve Gauss’s law. However, the operator Ĝ also allows for eigenstates which have a non-zero
eigenvalue. In these states, Gauss’s law does not hold - the divergence of the electric field need not exactly
match the charge density of the current. This difference is captured by the eigenvalue J0

s (x) - this is simply
a c-number function. It is not a new degree of freedom or a new parameter - it is simply an eigenvalue of
the operator Ĝ, analogous to θ in Section 3. For the pendulum or for QCD, we do not restrict the Hilbert
space to the sector of the theory where θ = 0. There is a tendency to do so for electromagnetism (and
other gauge theories) due to the desire to preserve Gauss’s law. But, from the quantum perspective, this
restriction is unnecessary. Is there anything logically wrong in using the Schrödinger equation to evolve a
state with J0

s (x) ̸= 0?

First, note that the Hamiltonian ĤW is invariant under the transformation
⃗̂
A → ⃗̂

A + ∇α (x) for any
c-number function α (x) of space - this is an operator statement, independent of any choice of quantum state

that is being time evolved by ĤW . This symmetry forbids the generation of operators of the form A⃗.A⃗ that
would indicate a mass for the photon. Thus, in the absence of any other currents being turned on, this
theory describes a massless photon even when J0

s ̸= 0.
At this stage, one can construct a path integral that solves the time evolution generated by ĤW . The

canonical procedure will produce the Lagrangian:

LW = −1

4
FµνF

µν + LJ −A · J (17)

where LJ is the Lagrangian for the current J . Notice that this Lagrangian is not Lorentz invariant - this is
unsurprising since we picked time slices to define the Hamiltonian and picked a gauge A0 = 0 with respect

9



to that time slicing. This breaking of Lorentz is however innocuous - the theory is causal, the photon is
massless and the speed of light is still the same for all massless particles. These are the physical consequences
of Lorentz invariance that we actually care about.

Notice that J0
s (x) does not enter this Lagrangian. This is also unsurprising - the path integral was

constructed to solve the time evolution of the entire Hilbert space of the theory and it was not restricted
to any specific sub-space. Indeed, if one obtains the classical equations of motion from this Lagrangian (or,
more formally, by using the Schwinger-Dyson procedure), one does not obtain Gauss’s law since there are
no variations associated with A0 which has been fixed to be 0. Therefore, the fact that one can evolve any
quantum state (including states that violate Gauss’s law) using ĤW is reflected in the fact that the classical
equations that follow as an identity from this quantum dynamics lack the constraint equation that would
have forbidden the possibility of evolving states that violate the Gauss’s law constraint. This is similar to
eq. (6) where θ did not appear in the Lagrangian of the crystal when we were interested in constructing the
time evolution of any state in the Hilbert space with arbitrary values of θ.

Let us now restrict our attention to a specific sector of electromagnetism with a specific eigenvalue J0
s (x).

That is, we consider states |[A]s⟩ that are eigenvalues of Ĝ and compute the transition matrix elements:

⟨[Af ]s|e−iĤW t|[Ai]s⟩ = ⟨[Af ]s|e−iĤW δt . . . e−iĤW δt|[Ai]s⟩ (18)

To proceed further, we need to insert a resolution of unity in between the infinitesimal time steps δt in
the above approximation. But, since Ĝ commutes with ĤW , we know that there are no transitions possible
between states of different eigenvalues J0

s . It is thus sufficient to insert the states:

|[A]s⟩ = P̂s|A⟩ (19)

where P̂s is the projector from the field basis state |A⟩ to the appropriate eigenspace. This projection
operator is implemented as a delta function:

P̂ = Πt,x δ
(
Ĝ (x)− J0

s (x)
)

(20)

We insert these states at each point in the path integral and implement the delta function using its
integral representation

δ
(
∇ ·E (x, t)− J0 (x, t)− J0

s (x)
)
=

∫
DA0 e

iδt
∫
d3xA0(x,t)(∇·E(x,t)−J0(x,t)−J0

s (x)) (21)

With these insertions and proceeding using standard techniques [15], we get the Lagrangian

L̃EM = −1

4
FµνF

µν +AµJ
µ +AµJ

µ
s + LJ (22)

where the field Jµ
s is the background classical field Jµ

s =
(
J0
s (x) , 0, 0, 0

)
. In this Lagrangian, Js looks like

a parameter - a background classical field that was added to the Lagrangian in a seemingly ad-hoc way,
similar to how θ would naively appear as a parameter in the Lagrangian of the crystal or QCD. But, the
origin of Js in this case is identical to the origin of θ terms. Neither of them exist as parameters in the
Hamiltonian. They do not appear in the Lagrangian that evolves generic states of the theory. Their origin
does not represent new physics or new degrees of freedom - they are merely states that are part of the full
Hilbert space of the theory. Since their origin is coupled to the existence of operators that commute with
the full Hamiltonian, their eigenspaces are super-selection sectors. Thus, one can restrict time evolution to
any specific super-selection sector and this restriction results in these terms appearing as parameters in the
Lagrangian.

Finally, just like in the case of the crystal and QCD, we can map the physics of the above Hamiltonian to
that of a Hamiltonian where the background appears. States with background charge J0

s (x) are constructed
as

|[A]s⟩ = ei
∫
d3xA·∇Φs |0⟩ ≡ Us|0⟩ , (23)

where ∇2Φs = J0
s (x), and where |0⟩ is the usual vacuum of electromagnetism, i.e. with an absence of

background charge. This is a unitary transformation that effectively shifts background charge between
states,

Us′ |[A]s⟩ = |[A]s+s′⟩ (24)
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where |[A]s+s′⟩ has background charge J0
s (x) + J0

s′(x). Under this unitary transformation the Hamiltonian
transforms as

ĤW → U†
s ĤWUs =

∫
d3x

(
1

2

(
(Ê−∇Φs)

2 + B̂2
)
+ Ĵ · Â+ ĤJ

)
(25)

In parallel with the crystal and QCD cases, while ∇Φs appears in this Hamiltonian as a parameter, the
dynamics of this theory is the same the dynamics of ĤW when one includes the full Hilbert space of quantum
states, including those that violate Gauss’s law. There is also an additional similarity between states that
violate Gauss’s law and the θ term in 1+1 dimensional QED. In this theory, the θ term is simply a source-less
background electric field that arises from the choice of vacuum of the electromagnetic vector potential A.
States that violate Gauss’s law are also source-less background electric fields that reflect a different choice
of initial condition for A.

6 Conclusions

In classical mechanics, the Hamiltonian and the Lagrangian are functions that are Legendre transformations
of each other. They are treated on equal footing and parameters in one can be mapped to parameters in the
other. This is not the case in quantum mechanics. In quantum mechanics, the Hamiltonian is an operator
which defines the dynamical equation of motion whereas the Lagrangian is still a function that appears in the
path integral. The path integral is a solution to the equation of motion. Solutions to differential equations
require initial conditions and thus, it is possible, in principle, for the Lagrangian to depend explicitly on the
initial conditions. In linear quantum mechanics, no such dependence is possible in the Hamiltonian. In this
paper, we have displayed explicit examples of this phenomenon in the case of the θ term of QCD and states
that violate Gauss’s law in electromagnetism.

Given this understanding, what can we say about solutions to the strong CP problem? The θ vacua
exist (i.e. cannot be eliminated by imposing parity as a symmetry on the Hamiltonian) and the value of θ
chosen by our universe is the probabilistic outcome of measurement. This randomly chosen value needs to
be nearly exactly canceled by an actual parameter in the theory - namely, the argument of the determinant
of the quark mass matrix. A fine tuned cancellation would require tuning an initial parameter of the theory
against the probabilistic outcome of measurement.

Naively, there might seem to be at least two strategies that are theoretically possible. The first is the
dynamical mechanism of the axion. In this case, no matter what the initial value of θ̄, the axion field
dynamically adjusts itself to cancel θ̄. Our result considerably strengthens the theoretical case for an axion.
Moreover, given that that the initial value of θ is a random value produced as a result of measurement, it is
exceedingly likely that this random value will be different from the initial value of the axion field. Thus, if
the axion exists, it is likely to have a cosmological abundance, motivating the search for axion dark matter.
Note that we include the possibility of a massless quark into this class of solution. This is because, as we have
seen, when there is a massless quark, the η′ effectively acts as an axion and dynamically cancels θ. Indeed,
this is the same phenomenology that occurs in composite axion models where one considers a massless quark
that is confined under some other gauge group. If the confinement scale is high, this massless quark would
be consistent with observations, but the confined sector results in the existence of a composite axion [21] at
low energies.

The second possibility is the possibility of significantly altering the spectrum of QCD so that either the θ
vacua are not eigenstates of the Hamiltonian or their spectrum is dramatically altered. Proposals along the
latter vein include dynamics that leads to an accumulation of vacua around θ = 0 [11] which may result in the
high energy QCD states preferentially decaying to these states with small values of θ. Alternatively, one may
consider the possibility of a non-abelian gauge theory that is not invariant under large gauge transformations
(thus eliminating the θ vacua) but is still invariant under a smaller set of gauge transformations that may
be sufficient to maintain the masslessness of the gauge field. In both of these cases, while θ would be small,
there would still be a CP violating phase from the determinant of the quark mass matrix. But, this could
be eliminated by imposing CP as an additional symmetry of the theory.

In the case of electromagnetism (and more broadly, gauge theories), we see that we can start with a
Hamiltonian that allows for the existence of a Lorenz invariant vacuum (such as ĤW ). Nevertheless, this
Hamiltonian contains states that break Lorentz symmetry. The space of states that break Lorentz symmetry
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includes states that violate constraints such as Gauss’s law. Generically, just as in the case of θ vacua, we
would expect to live in a universe where the quantum state violates Gauss’s law. Why do we then live in
a universe where Gauss’s law appears to be well preserved? Similar to the case of the strong CP problem,
this issue has to be addressed dynamically. Unlike the case of the strong CP problem where the axion has
not been experimentally discovered, the dynamical mechanism that can suppress violations of Gauss’s law
is known and empirically verified - namely, the expansion of the universe.
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A Pendulum in Gravity

We briefly discuss the quantum mechanics of a pendulum in gravity that is often discussed in the context of
θ vacua. Consider a particle of mass m attached to a rigid rod oscillating in a gravitational field as shown in
figure 2. Denote the angle between the pendulum and the vertical by x. The rigidity of the rod allows it to
swing all the way from x = 0 to x = 2π. The potential experienced by this particle is V (x) = −mg cos (x),
similar to the periodic potential of a particle in a crystal as discussed in Section 3. We expect the physics of
these two systems to be similar. Let us see how this works out.

Begin by constructing the Hilbert space of the theory. The pendulum moves along a circle. One cannot
cover the circle by a single global co-ordinate patch – we can pick two patches, one that covers the top part
of the circle and the other the bottom half. The Schrödinger equation can be written using these coordinate
patches and quantum states that obey the respective equations can be obtained. We need to specify boundary
conditions at the patches where the states overlap. We require the quantum states to be continuous at these
boundaries. But, note that since two quantum states that differ by an overall phase are in fact the same
quantum state, these quantum states are not elements of the space of complex functions, but are rather
elements of the space of complex projective functions. Functions that are continuous in the projective space,
and are thus allowed quantum states, can be discontinuous in the space of complex functions. The Hilbert
space of this theory is thus larger than simply the space of periodic complex functions on the circle.

Let us see how to construct this Hilbert space. We wish to represent the quantum states on the circle using
the position space basis states |[x]⟩ defined between 0 ≤ [x] ≤ 2π with the end points identified. But, the
state |[x]⟩ and eiα|[x]⟩ are the same physical state even though they are represented by two different complex
functions. The states |[x]⟩ and eiα|[x]⟩ are members of the same equivalence class |[[x]]⟩, |[x]⟩ ≡ eiα|[x]⟩.
To construct the Hilbert space, we can pick any element of each of these equivalence classes |[[x]]⟩. The
operators we use to define the theory should be insensitive to the choice of elements in the equivalence class.
The position basis is thus the set eiα([x])|[x]⟩ where we have picked an element from every equivalence class
|[[x]]⟩. The phase α ([x]) can vary with position. Focus on the momentum operator −i d

dx . Clearly, this

operator acts differently on the complex function Ψ (x) and eiα(x)Ψ(x), even though the latter is obtained
by picking a different set of representatives from the equivalence classes of position vectors. To define the
quantum theory properly, we should introduce a non-dynamical gauge field into the theory to absorb the
choice of gauge in the Hilbert space. The momentum operator is thus:

−i
∂

∂x
→ −i

∂

∂x
+A (x) (26)

where the gauge field A (x) shifts as A → A − ∂α when we choose a different set of representatives so that
Ψ (x) → eiα(x)Ψ. This is simply a covariant derivative on the Hilbert space, that suitably changes when
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Figure 2: A bob is attached to a rigid rod. The angle between the bob and the vertical is x. The Hilbert
space of this pendulum is the space of all continuous quantum states that can be defined on the circle. Since
quantum states that differ by an overall phase are in fact the same quantum state even if they are distinct
complex functions, the Hilbert space of this theory is larger than being the set of all continuous complex
functions on the circle.

different phases are picked for the basis. When we do quantum mechanics on R1 (or any topologically trivial
manifold), we do not worry about this since any choice of α can be gauged away.

But, the circle is topologically non-trivial, leading to a more complex structure on the Hilbert space. Let
|0⟩ denote the set of basis states |[x]⟩ where all the states have exactly the same phase. Alternately, we can
choose a different set of basis states denoted by |n⟩ where the basis states are of the form eiαn([x])|[x]⟩ with the
requirement that the function αn ([x]) is continuous in the interval 0 ≤ [x] ≤ 2π with αn ([2π])− αn ([0]) =
2πn for integer n. On the circle, basis choices αn and αm with n ̸= m are distinct - they cannot be
smoothly deformed into each other. The circle thus has topologically distinct sets of basis vectors |n⟩, with
n = 0,±1,±2 . . .. That is, we have position vectors |[x]m⟩ = eiαm([x])|[x]⟩ and |[x]n⟩ = eiαn([x])|[x]⟩ which
are distinct when m ̸= n, significantly enhancing the size of the Hilbert space. The basis states |0⟩ . . . |n⟩
are analogous to the vacua that were naively constructed for QCD where the gauge field states |0⟩, . . . |Un⟩
are topologically distinct choices to construct the Hilbert space of the theory. But, exactly like the case in
QCD, quantum tunneling mixes all the basis states |0⟩ . . . |n⟩ together.

How do we construct the energy eigenstates of this system given this enhanced Hilbert space? Cover
the circle with two co-ordinate patches and match the quantum state smoothly where the patches overlap.
Take the first co-ordinate patch P1 to be all the points on the circle except the point x = 0 ≡ 2πn and the
second to be all the points except for x = π ≡ (2n+ 1)π for integer n. The match needs to be continuous in
the space of complex projective functions and not the space of complex functions. The θ vacua arise while
performing this match. Now, each co-ordinate patch is just a line segment. In each of these co-ordinate
patches, we can describe the Hilbert space using the position basis - specifically, we can pick representatives
eiα(x)|x⟩ from the equivalence class |[[x]]⟩. On each patch, we can smoothly deform any gauge choice to a
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constant. Without loss in generality, take the constant in P1 to be 0 and the constant in P2 to be θ. The
Hamiltonian then takes the form:

H1 =
1

2m

(
−i

∂

∂x

)2

+ V (x) (27)

H2 =
1

2m

(
−i

∂

∂x
− θ

2π

)2

+ V (x) (28)

where H1,2 are the Hamiltonians in the first and second patch respectively. As described earlier, the con-
jugate momentum of x is shifted by θ to account for the gauge freedom in the choice of basis elements.
Consider eigenfunctions Ψ1,2 of H1,2 with the same energy E. These are related by Ψ1 (x) = ei

θx
2π Ψ2 (x)

in the regions where Ψ1,2 are both defined. Now Ψ2 is defined at the point x = 0 while Ψ1 is not.

But, using the relation Ψ1 (x) = ei
θx
2π Ψ2 (x), we can compute limx→0Ψ1 (x) = limx→0e

i θx
2π Ψ2 (x) and

limx→2πΨ1 (x) = limx→2πe
i θx
2π Ψ2 (x). Since Ψ2 is a well defined function at x = 0 ≡ 2nπ, we have

limx→2πΨ1 (x) = eiθlimx→0Ψ1 (x). We thus see that the energy eigenstates of this system are states that
obey the equation H1Ψ1 = EΨ1 with the boundary condition limx→2πΨ1 (x) = eiθlimx→0Ψ1 (x). These
are precisely the energy eigenstates of the periodic crystal. θ looks like a boundary condition or parameter
choice - but it isn’t. θ labels the various possible choices of position state basis vectors that could have been
picked in P2 and it is thus once again tied to picking the right elements in the Hilbert space.

One can ask if such θ vacua exist if the circle is obtained from R3, as is the case in our universe, as R3

is simply connected and the Hilbert space can be constructed from the position basis in the conventional
manner. A simple physical example is a charged particle confined to a loop of wire. Naively, the particle
could have wave functions that are exactly periodic (and thus trivial under the translation operator T ). One
could then create the same setup with a magnetic flux through the loop of wire (but zero magnetic field
in the region of the wire). Famously, there is an Aharonov-Bohm phase when the particle wave function
is translated around the wire. Thus, decoupling all else, this would be a quantum theory of a particle on
a circle with a particular phase boundary condition (i.e., confined to a particular θ sector of the Hilbert
space). Finally, one could create the same loop in a quantum state with a linear combination of magnetic
fluxes. States of the particle on the wire would now live in a linear combination of theta sectors, which are
ultimately connected by a decoupled part of the theory – the source of the magnetic field.
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