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Abstract
TheQuantumNatural Gradient (QNG)method enhances optimization in variational quantum
algorithms (VQAs) by incorporating geometric insights from the quantum state space through the
Fubini-Studymetric. In this work, we extendQNGby introducing higher-order integrators and
geodesic corrections using the Riemannian Euler update rule and geodesic equations, deriving an
updated rule for theQuantumNatural Gradient withGeodesic Correction (QNGGC).We also
develop an efficientmethod for computing theChristoffel symbols necessary for these corrections,
leveraging the parameter-shift rule to enable directmeasurement fromquantum circuits. Through
theoretical analysis and practical examples, we demonstrate thatQNGGC significantly improves
convergence rates over standardQNG, highlighting the benefits of integrating geodesic corrections
into quantumoptimization processes. Our approach paves theway formore efficient quantum
algorithms, leveraging the advantages of geometricmethods.

1. Introduction

Quantumcomputing represents a significant leap in computational science, enabling the resolution of problems
that are fundamentally intractable for classical algorithms by leveraging quantummechanical principles. Among
the leading strategies in near-term quantum computing are Variational Quantumalgorithms (VQAs) [1–3],
which are tailored to harness the power of current noisy intermediate-scale quantum (NISQ) devices. A
prominent example of VQAs is theVariational QuantumEigensolver (VQE) [4], a hybrid quantum–classical
algorithmdesigned tofind the ground state energy of quantum systems a task of paramount importance in areas
such as quantum chemistry,materials science and condensedmatter physics. VQEoperates by iteratively
optimizing a parameterized quantum state, known as an ansatz, using a combination of quantumand classical
computations. Quantumprocessors are employed to prepare andmeasure the quantum state, while classical
optimization algorithms adjust the parameters of the ansatz tominimize the cost function. This synergy between
quantum evaluations and classical optimization enables VQE to efficiently explore the solution space,making it
a powerful tool for solving complex problems such as those found inHigh-Energy Physics applications [5].

Optimization techniques are crucial to the performance of VQAs, as they directly influence convergence
rates and the quality of the solutions obtained.While traditionalmethods like vanilla gradient descent (GD) are
commonly used due to their straightforward implementation, the unique challenges of quantumoptimization
landscapes characterized by non-convexity, noise, and barren plateaus demandmore sophisticated techniques
to enhance convergence and performance.

TheQuantumNatural Gradient (QNG) algorithm [6], a generalization of the natural gradient [7], is an
advanced optimization technique that enhances the optimization process by incorporating the geometry of the
parameter space into the update rules. Unlike standard gradient descent, which assumes aflat parameter space,
QNG leverages a Riemannianmetric defined by the Fubini-Studymetric or,more generally, by theQuantum
Fisher InformationMatrix (QFIM) [8], capturing the infinitesimal changes in distances between quantum states
and aligning parameter updates with the natural curvature of the quantum statemanifold. A key factor inQNG’s
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superior performance, as shown in [9], is its ability to identify regions of high negative curvature early in the
optimization process, significantly accelerating convergence. These regions play a crucial role in guiding the
optimization along paths that lead to faster descent.

Following the foundational work by [6], several extensions of theQNGhave been developed to broaden its
applicability and robustness. For example, theQNGwas extended to handle noisy and nonunitary circuits,
making itmore suitable for realistic quantumdevices that are subject to imperfections and decoherence [10].
Other works propose using simultaneous perturbation stochastic approximation techniques to approximate the
QFIM inQNG [11]. Recently, [12] introduced twomethods that significantly reduce the resources needed for
state preparations required forQNG: the RandomNatural Gradient and the Stochastic-CoordinateQuantum
Natural Gradient.

The design of the ansatz, which serves as the parameterized quantum circuits inVQAs, plays a pivotal role in
the algorithm’s success. The choice of ansatz directly influences the expressiveness and trainability of the
quantum circuit, as well as its efficiency in hardware simulations, thus significantly impacting the overall
performance of theVQA [13–15]. Awell-designed ansatzmust strike a balance between complexity and the
capacity to accurately represent the target state,making the selection of the ansatz a crucial factor in the effective
implementation of VQAs.

InQNG, Riemannian geometry [16–18] provides the framework to understand the geometric structure of
the parameter space. The Fubini-Studymetric, after Tikhonov-Regularization due to its general ill-definition in
VQA, is a Riemannianmetric that defines the intrinsic geometry of the quantum state space, guiding the
optimization process by aligning parameter updates with themanifold’s curvature. Christoffel symbols describe
howdirections change as vectors are transported along this curved space, while geodesics represent the shortest
andmost efficient paths. Accurately computing these geodesics is essential for incorporating higher-order
curvature corrections inQNG, enhancing optimization precision and overall performance.

The concept of using geodesic corrections to enhance optimization onmanifolds wasfirst introduced in
classical optimization [19] and further developed in subsequent work [20], primarily applied to nonlinear least
squares problems under specific curvature assumptions. Thesemethods underscored the crucial influence of
manifold geometry in enhancing optimization performance.More recently, geodesic corrections were
incorporated into natural gradient optimizationwithin classicalmachine learning, demonstrating improved
convergence by preserving higher-order invariance properties [21]. The formalismpresented in [21] is related to
our approach. Building on these foundational ideas, ourwork integrates geodesic corrections into theQuantum
Natural Gradient (QNG), specifically designed for variational quantumalgorithms. This approach exploits the
unique geometric properties of the quantum state space, enabling optimization that respects and utilizes the
manifold’s inherent curvature for improved performance.

Thismanuscript presents a comprehensive approach to incorporating geodesic corrections into theQNG
for applications in variational quantumalgorithms. In section 2, we provide an overview of differential geometry
and geodesic equations, establishing the foundationalmathematical context. Section 3 delves into optimizing
idealized variational quantum circuits usingQuantumNatural GradientDescent (QNG), emphasizing its
effectiveness in quantumoptimization. Section 4 introduces higher-order integrators and derives the update
rule for theQuantumNatural Gradient withGeodesic Correction (QNGGC). As the update rule relies on the
Christoffel symbols of the second kind, section 5 is dedicated to efficiently computing these symbols using the
parameter-shift rule, enabling directmeasurements fromquantum circuits. In section 6, we apply the derived
update rule to various examples: Examples 1 and 2 involve analytical calculations for numerical simulations,
while Example 3 utilizes quantum software, specificallyQiskit [22], for practical simulations. Finally, in
section 7, we provide an outlook on potential extensions and future research directions, highlighting the
integration of geodesic corrections into quantumoptimization frameworks.

2.Differential geometry and geodesic equations

To establish our notation, wewill briefly review essential concepts in differential geometry relevant to ourwork.
For readers interested in further details, we recommend [17] and [18] for introductions tailored to physicists,
and [16] formore comprehensive technical discussions.

Amanifold is a topological space that locally resembles Euclidean space and supports a consistent coordinate
system.More formally, an n-dimensionalmanifold is a set equippedwith a collection of coordinate charts
{( )}j ÎU ,i i i I , where I is an index set and each Ì Ui is an open subset , andj  U:i i

n is a homeomorphism,
meaning thatUi is locally similar to n. For to be a differentiablemanifold, the transitionmaps between
overlapping charts,  ( ) ( )j j j jÇ  Ç- U U U U:j i i i j j i j

1 , must be smooth (infinitely differentiable). This smooth

structure allows us to perform calculus on themanifold.
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ARiemannianmanifold is a differentiablemanifold equippedwith ametric tensor gij, which is a
symmetric, positive-definite tensor field assigning an inner product to each tangent space Tp at a point
Îp . In local coordinates {x i}, themetric tensor defines the line element:

( )=ds g dx dx , 1ij
i j2

where gij= gji, and the indices i, j run from1 to n, with n being the dimensionality of themanifold. Themetric
allows formeasuring lengths and angles on themanifold. The length of a smooth curve [ ]g  a b: , is given
by:

( ) ( )òg
g
t

g
t

t=L g
d

d

d

d
d . 2

a

b

ij

i j

A geodesic on amanifold is a curvewhose velocity vector remains parallel to itself along the curve,
representing the straightest possible path given themanifold’s geometry. This property is formally expressed by
stating that the geodesic has zero covariant acceleration, which accounts for the curvature of themanifold rather
than the usual notion of acceleration in Euclidean space.Mathematically, a curve γ(τ) is a geodesic if it satisfies
the geodesic equation:

( )
t t t

+ G =
d x

d

dx

d

dx

d
0, 3

i

jk
i

j k2

2

where τ is an affine parameter along the curve, and G jk
i are theChristoffel symbols of the second kind, defined

by:

( ) ( )G = ¶ + ¶ - ¶g g g g
1

2
. 4jk

i il
j lk k lj l jk

TheChristoffel symbols define the covariant derivative, whichmaps tensorfields to other tensor fields,
adapting to the curvature of themanifold. Specifically, the covariant derivative of a vector fieldVj is defined as:

( ) = ¶ + GV V V , 5i
j

i
j

ik
j k

This expression generalizes the notion of directional derivatives to curvedmanifolds and ensures invariance
under changes of coordinates.

The exponential map is a tool in Riemannian geometry that relates the tangent space at a point to the
manifold. Given a tangent vector Î v Tp , the exponentialmap Expp maps v to a point on themanifold

reached by traveling along the geodesic starting at pwith initial velocity v. Formally,

( ) ( ) ( )g=vExp 1 , 6p

where γ(τ) is the geodesic satisfying the initial conditions γ(0)= p and  ( ) ( )g = =g t
t t=

v0 d

d 0
. By rescaling the

parameter v by a factor of ò, the following relation holds:

( ) ( ) ( )g= vExp . 7p

To approximate ( ) vExpp locally, we expand γ(ò) for small ò using a Taylor series:

( ) ( ) ( ) ̈ ( ) ( ) ( )g g g» + + + 


vExp 0 0
2

0 . 8p

2
3

This expansion provides insight into the behavior of the geodesic near the starting point p. Thefirst-order
term, ( ) ( )g g+ 0 0 , corresponds to the initial position and velocity, providing a linear approximation of the

geodesic. The second-order term, ̈ ( )g 0
2

2

, accounts for curvature effects, refining the approximation by

incorporating the geodesic’s acceleration. Since ̈ ( )g 0 is given by evaluating the geodesic Equation (3) at τ= 0, it
encodes the local curvature effects at the starting point.

In the context of quantum information, particularly for theQNG, themanifold of interest is the parameter
space of quantum states, where themetric tensor relevant for us is defined by the Fubini-Studymetric. This
metric provides a Riemannian structure that captures the infinitesimal distance between quantum states,
facilitatingmore efficient optimization in variational quantumalgorithms. In the next sections, we review how
to apply the Fubini-Studymetric to theQuantumNatural Gradient and how to distinguish geodesic corrections
toQNG from the perspective of the exponentialmap.

3
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3.Optimizing idealized variational quantum circuits with quantumnatural gradient

This section provides an overview of VQAs and their optimization, focusing on idealized variational quantum
circuits. For amore comprehensive understanding, refer to [1–3] for reviews of VQAs and [6] for details
onQNG.

Variational quantum circuits are constructed using a family of parameterized unitary transformations. For
an n-qubit system, the state space is represented by aHilbert space of dimensionN= 2n, which can be
decomposed as a tensor product of two-dimensional spaces: ( )= Ä N n2 . The parameterized circuits are
typically composed of sequences of unitary transformations:

( ) ( ) ( ) ( ) ( )q q q q=U V U V U V U , 9l l l 2 2 2 1 1 1

whereVj are fixed unitary operators, andUj(θj) are parameterized gates.Here, θ= (θ1,K, θl) is the vector of
parameters, and the index l denotes the total number of parameterized gates in the circuit. EachUj(θj) is defined
as:

( ) ( )q =
q

-U e , 10j j
i K

2
j

j

withKj beingHermitian operators.
The goal of VQE is tominimize a cost function, typically defined as the expectation value of an observable Ô

with respect to the quantum state |ψ(θ)〉=U(θ)|ψ0〉:

( ) ( )∣ ˆ∣ ( ) ( )q q qy y= á ñ O , 11

where |ψ0〉 is the initial state. The objective is tofind the optimal parameters θ* thatminimize ( )q .
The optimization is typically performed using gradient descent, updating the parameters iteratively:

( ) ( )q q  qh= -+  , 12t t t1

where ( )≔ ( ) ¶ ¼ ¶ = ¼
q q
¶
¶

¶
¶

, , , ,l1 l1 denotes the gradient operator with respect to the parameter vector

θ= (θ1,K, θl).
Equation (12) can be interpreted as an approximation of the solution to an ordinary differential equation

(ODE) using the Eulermethod:

 ( ) ( )q  ql= -  , 13

where η= òλ is the learning rate, withλ being a time scale constant that affects the speed but not the trajectory of
the system, and ò is the step size.

However, this ODE is not invariant under reparameterizations of the parametersθ. For instance, if we
rescale the parametersθ→ 2θ, the gradientwould scale as 1

2
, leading to inconsistencies in the

optimization process.
The core of this issue lies in the differential geometric nature of the gradient. The parameter update q

transforms as a vector in the tangent space qT , while the gradient is a covector (or 1-form) in the
cotangent space *qT . Since theODE in Equation (12) attempts to relate objects in different spaces with distinct
transformation rules, it is not an invariant relation.

QNGalleviates this issue by approximately solving an invariantODE. The key idea is to apply the inverse
metric g−1 to the gradient vector, yielding the natural gradient ( ) q- g 1 . The resultingODEbecomes:

 ( ) ( )q  ql= - - g , 141

which is now a vector in qT , thereby resolving the typemismatch in Equation (12).
This newODE is invariant under reparameterizations, ensuring that the forward Euler approximation:

( ) ( )q q  qh= -+
- g , 15t t t1

1

remains consistent across different parameter spaces. Themetric tensor gij is recognized as the Fubini-Study
metric, derived from the real part of theQuantumGeometric Tensor [23]:

( ∣ ) ∣ ∣ ( )y y y y y y= á¶ ¶ ñ - á¶ ñá ¶ ñg Re . 16ij i j i j

It is important to note that themetric tensor inVQAs does not always define a legitimate Riemannianmetric,
as it is often degenerate,meaning itmay not be invertible. To address this issue, regularization techniques such as
Tikhonov regularization are applied by adding a small constantmultiplied by the identitymatrix (λI) to the
metric, ensuring it is well-defined and invertible. Additionally, the computation of thismetric tensor becomes
increasingly intensive as the number of parameters in the circuit grows. Therefore, approximations, such as
block-diagonal or diagonal forms, are crucial for practical applications [6].

Thus, QNGutilizes a regularized approximated, often diagonal or block-diagonal, inversemetric tensor to
performparameter updates that respect the intrinsic geometry of the quantum state space, leading to improved
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convergence speed and accuracy in optimizationwithinVQAs. In the next section, we explore how this
approach can be further refined through higher-order integrators and the inclusion of geodesic corrections.

4.Higher-order integrators and geodesic correction

The forward Eulermethod, commonly used in theQNG, provides only a first-order approximation to the exact
solution of the natural gradient ordinary differential equation (ODE). For higher accuracy, higher-order
integrators should be employed.

To further refine this approach, we can use the Riemannian Eulermethod, which leverages the exponential
map to update the parameters, ensuring that the updates alignwith the geometry of themanifold. Using (7), the
Riemannian Euler update rule is given by:

( ) ( ( ) ( )) ( )g q q  ql= = -q+
-  gExp , 17t t t t1

1
t

where

( ) ( )g q=0 , 18t t

 ( ) ( ) ( ) ( )g q  ql= - - g0 . 19t t t
1

Here, the exponentialmap Exp translates the current parameterθt along the geodesic defined by the natural
gradient. This approach is effective because it preserves invariance properties under reparameterization, owing
to the characteristics of the exponentialmap.However, directly computing the exponentialmap is challenging,
as it requires solving the geodesic equation exactly. To approximate this computation, we explore using the first
and second-order derivatives as detailed in section 2.

Thefirst derivatives approximate the geodesic as:

( ) ( ) ( ) ( ) ( )g g g q q  qh» +  = -+
-  g0 0 , 20t t t t t t1

1

where the learning rate η= òλ. This approximation corresponds to the naiveQuantumNatural Gradient update
rule, utilizing only the first-order information. For amore precise approximation, we can incorporate second-
order information from the geodesic equation, we have:

( ) ( ) ( ) ̈ ( ) ( )g g g g» + +  0 0
1

2
0 . 21t t t t

2

Evaluating the geodesic Equation (3) at τ= 0 gives:

 ̈ ( ) ( )[ ( ) ( )] ( )g G q g g= -0 0 , 0 . 22t t t t

Here,Γ[ · , · ]denotes the action of the connection (Christoffel symbols) as a bilinearmap on tangent vectors; in
components, it corresponds to  g gGlm

i l m.
The resulting update rulewith the geodesic correction is:

  ( ) ( )[ ( ) ( )] ( )q q g G q g g= + -+  0
1

2
0 , 0 . 23t t t t t t1

2

Wenow combine all the relevant equations and heuristically allow the correction term in Equation (23) to
depend on a tunable parameter b rather than being fixed to η2. In other words, η2 is too small to effectively
capture the geodesic correction effect. This approach is justified because we use an approximate Fubini-Study
metric, such as a diagonalmetric, and fully capturing the curvaturemay require going beyond a second-order
approximation in (17). Such higher-order corrections would be computationally intensive. To avoid this
complexity, we adjust the correction termflexibly with the parameter b, allowing us to capture the geodesic
correction effects without the need for exact higher-order terms, which are computationally demanding.

This leads to the following update rule, incorporating the geodesic correction into theQNG:

( ) ( ) ( )[ ( ) ( )] ( )q q q  q G q  q  qh= - -+
- - -  

b
g g g

2
, . 24t t t t t t t1

1 1 1

This is equivalent, in components, to the expression:

( ) ( ) ( )( ( ) ( ))( ( ) ( )) ( )q q h q q q q q q q= - ¶ - G ¶ ¶m m m m m m m m m
+   g

b
g g

2
. 25t t

ij
t j t lm

i
t

lj
t j t

mj
t j t1

where θμ denotes the components of the parameter vectorθ in a local coordinate, and ≔¶
q
¶
¶j j .

The update rule in Equation (24) shows that the correction termdepends on theChristoffel symbols of the
second kind. In the next section, wewill discuss how to compute these symbols efficiently.
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5. Computing the christoffel symbols with the parameter-shift rule

TheChristoffel symbols are essential components in the update rule (24), as they capture the curvature of the
parameter space defined by the Fubini-Studymetric. Traditionally, the Christoffel symbols are computed by
differentiating the Fubini-Studymetric (16), which involvesfirst calculating themetric tensor and then deriving
theChristoffel symbols through classical differentiation. This approach relies heavily on classical post-
processing and does not fully utilize information available fromparameterized quantum states.

To enable direct estimation of theChristoffel symbols, we reformulate their computation using the
parameter-shift rule specifically adapted to parameterized quantum circuits. Thismethod allows theChristoffel
symbols to be directly estimated frommeasurement outcomes, bypassing the need for classical differentiation
andmaking the processmore efficient and directly linked to quantum state preparation. For a detailed overview
of the parameter-shift rule and its application in deriving the Fubini-Studymetric, please refer to the appendix
and the relatedwork in [24].

The Fubini-Studymetric for a pure variational quantum state |ψ(θ)〉 can be represented as a second-order
tensor:

( ) ∣ ( )∣ ( ) ∣ ∣ ( )q q q
q q

y y= -
¶

¶ ¶
á ñ q q

¢
=¢g

1

2
26j j

j j

2
2

1 2
1 2

To evaluate this second derivative, we apply a parameter-shift rule [25, 26] adapted forfidelity overlaps,
following the formulation introduced in [24]. Thismethod uses central finite differences with shifts of±π/2,
yielding an exact expression for themetric from four circuit evaluations.

/

/

/

/

( ) [∣ ( )∣ ( ( ) ) ∣

∣ ( )∣ ( ( ) ) ∣
∣ ( )∣ ( ( ) ) ∣
∣ ( )∣ ( ( ) ) ∣ ] ( )

q q q

q q

q q

q q

y y p

y y p

y y p

y y p

=- á + + ñ

- á + - ñ

- á + - + ñ

+ á - + ñ

g e e

e e

e e

e e

1

8
2

2

2

2 . 27

j j j j

j j

j j

j j

2

2

2

2

1 2 1 2

1 2

1 2

1 2

where e j1
and e j2

are unit vectors in the parameter space. If themetric tensor is assumed to be diagonal (i.e.,
=g 0j j1 2

for j1≠ j2), the expression simplifies considerably and reduces the number of required evaluations:

( ) [ ∣ ( )∣ ( ) ∣ ] ( )q q qy y p= - á + ñg e
1

4
1 . 28jj j

2

In this scenario, the Christoffel symbols can be computed directly from the derivatives of themetric tensor using
the higher-order parameter-shift rule, enabling their estimation directly from the quantum circuit. For the
diagonal case, the results are summarized in the following proposition:

Proposition 1.TheChristoffel symbols of the second kind for the diagonalmetric (28) are given by:

( )
( )∣ ( ) ( )∣ ( )

( )∣ ( ) ( )∣ ( )

( )∣ ( ) ( )∣ ( ) ( )

q q q q

q q q q

q q q q

q
d y y p

p
y y p

p

d y y p
p

y y p
p

d y y p
p

y y p
p

G = - + + + + -

+ - + + + + -

- - + + + + -

g
e e e e

e e e e

e e e e

1

16 2 2

2 2

2 2
. 29

jk
i

ii

ij i k i k

ik i j i j

jk j i j i

2 2

2 2

2 2

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎡

⎣
⎢

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎤

⎦
⎥

Proof 1. See Appendix A.3.

The computation of themetric tensor andChristoffel symbols involves evaluating combinations of state
overlaps at each step of the update rule algorithm (24). Specifically, the Christoffel symbols (29) require six
distinct expectation values. For instance, one of these overlaps can be expressed as:

∣ ( )∣ ( ) ∣ ∣ ∣ ( ) ( )∣ ∣ ( )†q q q qy y p
p

p
p

á + + ñ = á + + ñe e U U e e
2

0
2

0 . 30i k i k
2 2

This overlap can be intuitively interpreted as the probability ofmeasuring all qubits of the quantum state
( ) ( )∣q q p+ + ñpU U e e 0i k2

in the computational basis at |0〉. If l denotes the number of variational parameters

in the quantum circuit generating the state |ψ(θ)〉, then computing the full Fubini-Studymetric requiresO(l2)
quantum circuits of depth 2d, and theChristoffel symbols requireO(l3) quantum circuits of the same depth.
Here, d refers to the depth of a single execution of the variational ansatz, i.e., the number of sequential gate layers.
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For the diagonal approximation of themetric, the cost reduces toO(l) quantum circuits, while the Christoffel
symbols requireO(l2) quantum circuits, both still with depth 2d.

6. Application examples

In this section, we present examples to illustrate the practical application of the previously developed theories.

6.1. Example 1 : single qubit
In this example, we examine a single qubit scenario. For theVQE, we take the ansatz state defined as:

∣ ( ) ∣ ∣ ( )qf q q
q
q

ñ = ñ + ñ =q
qe

e
cos 0 sin 1

cos

sin
. 31i

i0
2

0
0

2
0

1

1

⎡
⎣⎢

⎤
⎦⎥

whereθ= (θ0, θ1).
TheHamiltonian forwhichwewant tofind the ground state isH=σx, where the energy is expressed in

dimensionless units in this pedagogical VQE example. Thus, the cost function for the system is:

( )∣ ∣ ( ) ( ) ( ) ( )f q f q q q= á ñ =f H sin 2 cos 2 , 320 1

and its gradient vector is:

( ) ( )
( ) ( ) ( )

q
q q
q q

¶
¶

=
-

f 2 cos 2 cos 2
2 sin 2 sin 2

. 330 1

0 1

⎡
⎣

⎤
⎦

The Fubini-Studymetric for this single qubit example, using Equation (16), is given by:

( ) ( )
q

=F
1 0
0 sin 2

. 342
0

⎡
⎣

⎤
⎦

TheChristoffel symbols of thismetric, calculated using Equation (4), have the following nonzero
components:

( ) ( ) ( )q qG = -2 sin 2 cos 2 , 3511
0

0 0

( )
( )

( )q
q

G = G = 2
cos 2

sin 2
3601

1
10

1 0

0

Figure 1 demonstrates the impact of geodesic corrections on optimization performance. The inclusion of
geodesic corrections inQNGGC significantly enhances convergence speed (in terms of steps) compared toGD
andQNG, as depicted in subplots (a) and (b), whereQNGGC rapidly approaches the target energyE*=− 1.

Subplot (c) shows the normof the geodesic correction term, ( )( ( ) ( ))( ( ) ( ))q q q q qG ¶ ¶m m m m m g gb
lm
i

t
lj

t j t
mj

t j t2
, which

plays a crucial role in guiding the optimization process, particularly in the initial iterations. The subsequent
reduction of this norm towards zero indicates that the convergence of the gradient is being effectivelymanaged,
leading tomore stable updates. Subplot (d) illustrates the optimization paths in the parameter space, where
QNGGCprovides amore direct and efficient trajectory compared toGD andQNG.This behavior underscores
the advantage of leveraging curvature corrections, resulting inmore precise and adaptive parameter updates.

6.2. Example 2: two-qubit simulation of the hydrogenmolecule (H2)
In this example, we focus onfinding the ground state of the hydrogenmolecule (H2) using a two-qubit
variational quantum eigensolver (VQE) approach. TheHamiltonian for the system is given by [27]:

( ) ( )a s s bs s= Ä + Ä + ÄH I I , 37z z x x

whereα= 0.4 andβ= 0.2. In thisHamiltonian,σz andσx are Paulimatrices that represent spin operators acting
on individual qubits. The energy is expressed inHartree atomic units, which is standard formolecular electronic
structure simulations. ThisHamiltonian has four eigenvalues:

( )a b b b a b= + = = - = - +h h h h4 , , , 4 , 381
2 2

2 3 4
2 2

with the ground state corresponding to theminimumeigenvalue h4. The corresponding eigenvector is the
ground state, ∣y ñmin , which is expressed as:

∣ ∣ ( )∣ ( )y b a a bñ µ - ñ + + + ñ00 2 4 11 . 39min
2 2

The ansatz for theVQE is designed to approximate this ground state. It is given as follows (refer tofigure 2 for
a visual representation):
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∣ ( ( ) )( ( ) )( ( ) ( ))∣ ∣ ( )y q q q qñ = Ä ñ Ä ñCRY CRX R R2 2 0 0 40q q q q y y, , 0 10 1 0 1

whereRy(θ) denotes the single-qubit rotation operator defined as /( )q = qs-R ey
i 2y , and the entangling

gates act between two qubits, q0 and q1, as ( ) ∣ ∣ ∣ ∣q = Ä ñá + Ä ñáCRX I X0 0 1 1q q,0 1
and ( )q =CRY q q,0 1

∣ ∣ ( ) ∣ ∣qÄ ñá + Ä ñáI R0 0 1 1y . Please refer to Appendix B for details on the cost function and its gradient.
In this example, we consider a variational ansatz with three parameters θ= (θ0, θ1, θ2), resulting in a 3× 3

Fubini-Studymetric F, which is calculated as:

Figure 1.Performance of GD,QNG, andQNGGCwith varying correction parameters (b= η2, b= 0.05, and b= 0.2). The initial
parameters (θ0, θ1) are set to [π/12,π/12], corresponding to a specific initial quantum state defined in Equation (31). A learning rate
η= 0.05 is used for all optimizers. (a) Shows the evolution of the energy cost function over 30 iterations, demonstrating the improved
convergence behavior ofQNGGC relative toQNGandGD. (b)Depicts the logarithmic energy difference, ( )DElog10 , whereΔE
represents the gap between the current energy and the target energyE*=− 1. The current energy is computed as the expectation value
〈f(θ)|H|f(θ)〉 at each step. (c)Displays the normof the geodesic correction term across different correction parameters b, highlighting
the impact of geodesic corrections during optimization. (d) Shows the trajectory of the parameters θ0 and θ1 throughout the
optimization process, illustrating how eachmethod navigates the parameter space. TheQNGGCpaths aremore direct, emphasizing
the benefits of incorporating geodesic corrections.

Figure 2.An example of the ansatz described in (40).
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( ) ( )
( ) ( )

( ) ( ) ( ) ( ) ( ( ) ( ))
( )

q q
q q

q q q q q q
= -

- -
F

1 0 cos sin
0 1 cos sin

cos sin cos sin 1 cos 2 cos 2
41

1 1

0 0

1 1 0 0
1

2 0 1

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

To avoid singularities in Fwhenupdating the parameters in theVQE,we apply Tikhonov regularization by
adding a small constantλ as amultiple of the identitymatrix I. The inverse Fubini-Studymetric F−1 and the
Christoffel symbols for this example are provided inAppendix B.

Figure 3 demonstrates thatQNGGC significantly outperformsGDandQNG, rapidly reducing the energy
cost and achieving faster convergence to the target energy. The geodesic correction helpsQNGGCnavigate the
parameter spacemore effectively, avoiding inefficient trajectories and reaching optimal fidelity faster than the
othermethods.

Figure 4 highlights the performance of the optimizers when initialized near a plateau in the cost landscape.
Despite theflat region, QNGGC efficiently escapes and converges faster to the ground state compared toGD
andQNG.

Figure 5 presents averaged results over 50 runswith random initializations, highlightingQNGGC’s robust
performance across varied starting conditions.

6.3. Example 3: transversefield isingmodel
To enhance our previous results, we extend our approach to simulations involving larger qubit systems,
including 4 and 7 qubits, using the quantum softwareQiskit [22].We employ the parameter-shift rule to
compute both the gradient andChristoffel symbols. The ansatz used inVQE is the EfficientSU2 ansatz [13], with
one repetition as the circuit depth and linear entanglement for simplicity, as illustrated infigure 6.Our objective
is to determine the ground state energy of the Transverse Field IsingModel [28]under open boundary
conditions:

( )å å= - -+H Z Z h X , 42
i

i i
i

i1

Figure 3.Comparison of the convergence of GD,QNG, andQNGGC. The initial parameters (θ0, θ1, θ2) are set to [− 0.2,− 0.2, 0],
corresponding to the initial state defined by the ansatz in Equation (40). The learning rate is η= 0.05 for all optimizers, and b= η2 for
QNGGC. (a) Shows energy convergence. (b)Plots ( )DElog10 , whereΔE is the energy difference from the target energyE*≈− 0.82462
Hartree. (c)Displays the normof the geodesic correction term inQNGGC. (d) Illustrates thefidelity convergence rate. The
optimization runs for 30 iterationswith a regularization termλ= 10−6.
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whereZi andXi are Pauli operators acting on the i-th qubit, with the transverse field strength denoted by h
andfixed at h= 10 for our simulations. All simulations are performed in dimensionless units by setting the spin
coupling strength to J= 1; hence, both the energy and transverse field h are expressed in units of J. Thismodel

Figure 4. Same conditions as infigure 3, except the initial parameters (θ0, θ1, θ2) are set to [π/2,π/2, 0], and b= 0.4. This configuration
ismore challenging due to the proximity of the initial state to a flat region of the cost landscape (plateau), which slows down
optimization.

Figure 5.Convergence ofGD,QNG, andQNGGCaveraged over 50 runswith random initial points. Learning rates and bwere tuned
using grid search. The left plot shows energy convergence, while the right plot displays ( )DElog10 . All optimizers were run for 10
iterations, withλ set to 10−2.
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captures the interplay between nearest-neighbor spin interactions and a transversemagnetic field, driving the
systembetween distinct quantumphases. For smaller values of the transverse field h, the spins tend to align along
the z-direction, corresponding to a ferromagnetic ordered phase. As h increases, the systembecomes
increasingly disordered and transitions into a paramagnetic phase. The critical point at h= 1marks the
quantumphase transition between these phases, where spontaneous symmetry breaking and critical quantum
fluctuations occur.

To benchmark the effectiveness of our optimizers, we present in figure 7, similar to previous examples,
(∣ ∣)á ñ -H Elog10 0 to evaluate how quickly and accurately each optimizationmethod converges to the ground

state energy. This provides insights into their efficiency and robustness. Parameter tuningwas conducted using a
grid search to identify the optimal settings for each optimizer.

7. Conclusions and outlook

In thismanuscript, we extended theQNGmethod by incorporating higher-order integration techniques
inspired by the Riemannian Euler update rule and a geometric perspective, leading to the development of an

Figure 6.EfficientSU2 ansatz for 4 qubits with one repetition circuit depth and linear entanglement.

Figure 7.Convergence comparison ofGD,QNG, andQNGGC for the Transverse Field IsingModel. The upper plot shows results for
the 4-qubit system, and the lower plot for the 7-qubit system, averaged over 50 runswith random initializations. Subplot (a) plots

( )DElog10 , and (b) shows the normof the geodesic correction term.Optimizers were run for 30 iterations for the 4-qubit system and
50 iterations for the 7-qubit system. The regularizationwas set toλ= 10−6.
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update rule based on geodesic equations.We introduced a tunable parameter b to heuristically adjust the effect
of the geodesic correction, allowing forflexible integration of higher-order information. Through various
examples, we demonstrated thatQNGGCoffers amore effective optimization strategy compared to traditional
QNGbymore closely following the direct optimization path. To compute theChristoffel symbols directly from
quantum circuits, we proposed amethod using the parameter-shift rule, enabling direct evaluationwithin
quantum circuits.

WhileQNGGCoffers improved convergence through geodesic corrections, it also introduces additional
computational overhead. Gradient descent (GD) requires onlyO(l) circuit evaluations per iteration (with l
denoting the number of variational parameters) and nometric-related overhead, but typically suffers from slow
convergence. QNG improves convergence at a cost ofO(l2) circuits for evaluating the Fubini-Studymetric.
QNGGC further enhances convergence by incorporating curvature corrections via Christoffel symbols,
increasing the cost toO(l3). Although this complexity ismanageable for small, shallow quantum circuits, itmay
become prohibitive in larger or noisier quantum circuits.

A promising direction for reducing this cost to a constant per iteration is the use of simultaneous
perturbation stochastic approximation (SPSA) [29], which is particularly well suited to such noisy, deep circuits,
and has already demonstrated advantages for efficiently computing the Fubini-Studymetric [11]; a similar
strategy could be applied to the computation of Christoffel symbols aswell. In this work, we focused on small,
shallow quantum circuits and the geometric structure underlying the rederivation ofQNG from the
Riemannian exponentialmap, aswell as its extension to higher-order integrators that lead toQNGGC.We leave
the exploration of deeper, noisy quantum circuits to future research.Once the computational cost is reduced
through SPSA or other stochastic techniques, the framework could be extended further and find broader
applications, such as time-dependent optimizationmethods inspired by differential geometry and themetric
tensor formalism.
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AppendixA. Parameter-shift rule andmetric tensor calculation

This section provides a brief review of the parameter-shift rule and its application in computing both the
gradient and themetric tensor for variational quantum algorithms. The parameter-shift rule allows for the direct
estimation of gradients and higher-order derivatives on quantumhardware. For further details, we refer the
reader to [24–26, 30].
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A.1. Parameter-shift rule for gradient estimation
The parameter-shift rule provides amethod to calculate the derivative of an expectation valuewith respect to a
parameter θi in a quantum circuit. Consider an observable Ô and a parameterized quantum state |ψ(θ)〉; the
expectation value of the observable is given by:

ˆ ( ) ( )∣ ˆ∣ ( ) ( )q q qy yá ñ = á ñO O . A1

The derivative of this expectation valuewith respect to the parameter θi can be computed using the
parameter-shift rule as:

ˆ ( ) [ ˆ ( ) ˆ ( )] ( )q q q¶ á ñ = á ñ + - á ñ -O O s O se e
1

2
, A2i i i

where s is the shift in the parameter, typically = ps
2
, and ei is the unit vector in the direction of θi.

A.2. Fubini-studymetric
Toderive the Fubini-Studymetric tensor gij(θ), we begin by examining the infinitesimal distance between
nearby quantum states in the parameter space. Themetric tensor captures the local geometric structure of this
space, reflecting how the quantum state |ψ(θ)〉 evolves under small displacements [6, 8, 23].

We start by considering the normalization condition of the quantum state:

( )∣ ( ) ( )q qy yá ñ = 1. A3

Differentiating this conditionwith respect to the parameters θ i gives:

( )∣ ( ) ( )∣ ( ) ( )q q q qy y y yá ¶ ñ + á¶ ñ = 0. A4i i

Differentiating Equation (A4)with respect to the parameters θ j, we obtain:

( )∣ ( ) ( )∣ ( ) ( )∣ ( ) ( )∣ ( ) ( )q q q q q q q qy y y y y y y yá ¶ ¶ ñ + á¶ ¶ ñ + á¶ ¶ ñ + á¶ ¶ ñ = 0. A5i j i j i j j i

Next, consider the quantum state |ψ(θ+ δθ)〉near |ψ(θ)〉, where δθ is the displacement vector. Using a
Taylor expansion, we express the shifted state as:

∣ ( ) ∣ ( ) ∣ ( ) ∣ ( ) ( ) ( )q q q qy dq y y dq y dq dq dq+ ñ = ñ + ¶ ñ + ¶ ¶ ñ + 
1

2
. A6i

i
i j

i j 3

Taking the inner product of |ψ(θ)〉with this expanded state, we get:

( )∣ ( ) ( )∣ ( ) ( )∣ ( ) ( ) ( )q q dq q q q qy y y y dq y y dq dq dqá + ñ = + á ¶ ñ + á ¶ ¶ ñ + 1
1

2
. A7i

i
i j

i j 3

Thefidelity between the states |ψ(θ)〉 and |ψ(θ+ δθ)〉 is given to quadratic order in δθ by:



∣ ( )∣ ( ) ∣ ( )∣ ( ) ( )∣ ( )
[ ( )∣ ( ) ( )∣ ( ) ]
[ ( )∣ ( ) ( )∣ ( ) ]

[ ( )∣ ( ) ( )∣ ( ) ] ( )

q q dq q q dq q dq q
q q q q
q q q q

q q q q

y y y y y y
y y y y dq

y y y y dq dq

y y y y dq dq

á + ñ = á + ñá + ñ

= + á ¶ ñ + á¶ ñ

+ á¶ ñá ¶ ñ

+ á ¶ ¶ ñ + á¶ ¶ ñ +

1

1

2
A8

i i
i

i j
i j

i j i j
i j

2

Using Equations (A4) and (A5), we get



∣ ( )∣ ( ) ∣ ( )∣ ( ) ( )∣ ( )

( ( )∣ ( ) ( )∣ ( ) ) ( )

q q dq q q q q

q q q q

y y y y y y

y y y y dq dq

á + ñ = + á¶ ñá ¶ ñ

- á¶ ¶ ñ + á¶ ¶ ñ +

1

1

2
A9

i j

i j j i
i j

2 ⎡
⎣

⎤
⎦

Using the approximation for the Fubini-Study distance between quantum states,

( ) (∣ ∣ ∣) ∣ ∣ ∣ (( ∣ ∣ ∣ ) ) ( )y f y f y f= á ñ » - á ñ + - á ñy f d P P, arccos 1 1 , A102 2 2 2 2

and thefidelity expansion up to second order, it follows that the infinitesimal squared distance is given by

( ) ( ( )∣ ( ) ( )∣ ( ) )

( )∣ ( ) ( )∣ ( ) ( )

( ) ( ) q q q q

q q q q

y y y y

y y y y q q

= á¶ ¶ ñ + á¶ ¶ ñ

- á¶ ñá ¶ ñ

q q dqy y +d P P

d d

,
1

2

. A11

i j j i

i j
i j

2 ⎡
⎣

⎤
⎦

Thefirst term in (A11) ismanifestly real. The second term is also real because from the normalization
condition (as shown in Equation (A4)), we have
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[ ( )∣ ( ) ] ( )q qy yá ¶ ñ =Re 0. A12i

Therefore, the infinitesimal squared distance is given by the real part of the quantumgeometric tensor:

( ) [ ( )∣ ( )
( )∣ ( ) ( )∣ ( ) ] ( )

( ) ( ) q q

q q q q

y y

y y y y q q

= á¶ ¶ ñ

- á¶ ñá ¶ ñ
q q dqy y +d P P

d d

, Re

. A13

i j

i j
i j

2

This directly defines the Fubini-Studymetric as:

( ) [ ( )∣ ( ) ( )∣ ( ) ( )∣ ( ) ] ( )q q q q q q qy y y y y y= á¶ ¶ ñ - á¶ ñá ¶ ñg Re . A14ij i j i j

Thus, the Fubini-Studymetric tensor gij (θ) quantifies the infinitesimal squared distance between nearby
quantum states in the parameter space, providing a geometric interpretation of the state evolution. To express
thismetric tensor in terms ofmeasurable quantities, we employ the parameter-shift rule, which enables direct
computation on quantumhardware. The resulting expressions for themetric tensor components are given in
(27) for the full form and (28) for the diagonal approximation.

A.3. Proof of the proposition
Using the higher-order derivatives strategywith the parameter-shift rule, the differentiation of themetric (28)
with respect to θj is given by:

( ) ( )∣ ( )

( )∣ ( ) ( )

q q q

q q

y y p
p

y y p
p

¶ = - + +

+ + -

g e e

e e

1

8 2

2
. A15

k j j j k

j k

,

2

2

⎡
⎣⎢

⎤
⎦⎥

Using the definition of theChristoffel symbols (4), for a diagonalmetric tensor, the Christoffel symbols are
determined by the following specific cases:

1. For i= j= k:

q
G =

¶

¶g

g1

2
,ii

i

ii

ii
i

2. For i= j≠ k:

q
G =

¶

¶g

g1

2
,ik

i

ii

ii
k

3. For i= k≠ j:

q
G =

¶

¶g

g1

2
,ij

i

ii

ii
j

4. For j= k≠ i:

q
G = -

¶

¶g

g1

2
,jj

i

ii

jj

i

5. For i≠ j≠ k:

G = 0.jk
i

The case i= j= k is ignored as shifting the same parameter twice disrupts distinctmixed derivative
calculations.

Using theKronecker delta notation, the expression can be summarized as:

( )d
q

d
q

d
q

G =
¶

¶
+

¶

¶
-

¶

¶g

g g g1

2
, A16jk

i

ii

ij
ii
k ik

ii
j jk

jj

i⎜ ⎟
⎛
⎝

⎞
⎠

where δij is the Kronecker delta, defined as:

d =
=
¹

i j

i j

1 if ,

0 if .
ij

⎧
⎨⎩

By substituting Equation (A15) into Equation (A16), we obtain thefinal expression for theChristoffel
symbols for the diagonalmetric (29). ,
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Appendix B.Detail calculation for example 2

In this appendix, we provide the detailed expressions for the inverse Fubini-Studymetric and theChristoffel
symbols for Example 2, which simulates theHydrogenmolecule (H2).

B.1. Inverse fubini-studymetric
The inverse Fubini-Studymetric F−1, after applying Tikhonov regularization, is given by:

( ) ( ) ( ) ( ) ( )
( )( ( ) ( ) ( ) ( ) ( ) ( ))

( ) ( ) ( ) ( )
( )( ( ) ( ) ( ) ( ) ( ) ( ))

( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( )( ( ) ( ) ( ) ( ) ( ) ( ))

( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

( )
( ) ( ) ( ) ( ) ( ) ( )

( )
( ) ( ) ( ) ( ) ( ) ( )

l l q l q q
l l l q l q q q

q q q q
l l l q l q q q

q
l l q l q q q

q q q q
l l l q l q q q

l
q q

l l q l q q q
q

l l q l q q q
q q

l l q l q q q
l

l l q l q q q

+ + + - +
+ + + + - + +

-
+ + + + - + +

-
+ + + - + +

-
+ + + + - + +

+

+

+ + + - + +

-
+ + + - + +

-
+ + + - + +

+
+ + + - + +

q
l l q l q q q+ + + - + +

3 4 3 2 cos 4 4 1 cos 2 cos 2

1 2 4 3 2 cos 4 4 1 cos 2 cos 2 cos 4
8 cos cos sin sin
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4 sin 2
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1 2 4 3 2 cos 4 4 1 cos 2 cos 2 cos 4

1

1
8 cos sin

2 4 3 2 cos 4 4 1 cos 2 cos 2 cos 4
4 sin 2

2 4 3 2 cos 4 4 1 cos 2 cos 2 cos 4
8 cos sin
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⎟
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⎟
⎟
⎟

B.2. Christoffel symbols
TheChristoffel symbols G jk

i for this example are given

by:

where theChristoffel symbols G jk
i were generated usingMathematica [31] and are presented here exactly as

printed by the software, in compactmatrix form:
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Mathematica formats functions symbolically, such asCos[θa] for ( )qcos a andSin[θa] for ( )qsin a ,
where a= 0, 1.We retain this notation to preserve the symbolic structure and ensure consistencywith the
software’s output.
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B.3. Ansatz, cost function, and gradient
The ansatz given in Equation (40) can be expanded as follows:

∣ ( ( ) ( ))∣
( ( ) ( ) ( ) ( ) ( ) ( ))∣
( ( ) ( ))∣
( ( ) ( ) ( ) ( ) ( ) ( ))∣ ( )

y q q
q q q q q q
q q
q q q q q q

ñ = ñ
+ - ñ
+ ñ
+ + ñ

cos cos 00

cos cos sin cos sin sin 01

sin sin 10

cos cos sin cos sin sin 11 . B1

0 1

0 2 1 1 0 2

0 1

1 2 0 0 1 2

Using this ansatz and the hydrogen,H2, Hamiltonian, we derive the following cost function:

( ) ( )( ( ) ( ) ( ) ( ) ( ) ( ))
( ) ( )( ( ) ( ) ( ) ( ))

( ) ( ) ( )( ( ) ( ) ( )) ( )

q q q q q a q q a q b q q q
q q a q q b q q
q q q b a q q q

= - + +
- +
+ -

 , , , 2 cos sin sin cos sin cos sin

2 sin cos cos cos sin sin
2 sin cos cos 2 sin cos sin B2

0 1 2 3
2

0
2

1
2

2
2

1 1 1 2

2
0 1 1

2
2 1 2

0 0 2 1 1 2

The gradient of the cost functionwith respect to the parameters θ0, θ1, and θ2 is expressed as:

( )( ( ) ( ) ( ) ( ))

( )( ( ) ( ) ( )) ( )
q

q a a q a q b q q

q b q a q q

¶
¶

= - + + +
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
sin 2 2 cos 2 cos 2 2 sin 2 sin

cos 2 2 cos sin 2 sin 2 , B3
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