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I IN7R.ODUC 7ION 

Since the problem of the t otal mass  in the Universe has 
appeared as  crucial for its future evolution,  the determinati ­
on of the amount of matter contained in systems at vari ous v o ­
lume s c a l e s  h a s  b e e n  c onsidered with parti cular att enti on . 
Thi s paper i s  devoted t o  thi s problem for flat galaxi e s . 

In spite of a lot  of papers publi shed during the last fif­
ty years , the structure  and the dynami c s  of flat galaxi es  ( a ­
mong whi ch our Milky Way ) i s  n o t  clearly elucidat ed . I t  i s  on­
ly  g enerally a c c epted that the behaviour of such systems is d o ­
minated b y  non-colli si onnal s t ellar dynami cs i . e .  each star 
( and the gas ) moves in the gravitati onnal potential determined 
by all the other stars . The stars behave like a "non colli si on­
nal gravi tati onnal plasma " . However , thi s parti cular "non neu-
tral plasma physi c s " is not well known . Thi s is the reason why 
the amount and the di stribution of mass  in flat galacti c di s c s  
are matters o f  d i s c u s s i on s ;  a n  important question i s  : i s  all 
( or almost  all the matter ) in the vi s i bl e  stars or is there an 
important i nvi sible component ? Many arguments have been rai s ed 
in favor of or against the presence  of a ( more or les s )  massive 
hidden component . 

In the next s e cti on we s ummeri ze  the main arguments and in 
the others we di s c u s s  the problem of the s l ope of the rotat i on 
curves .  The conclusi on i s  that the question i s  not s o  simple 
and that , contrary t o  what i s  too smarly s tate d ,  the observed 
flat rotati on curv e s  c an be tho s e  of galax i e s  wit or without 
hal o s . 

I I  WHY NASSI V l  HALOS AND WHA 7 IN 7HlN ? 
The arguments usually invoked in favor of the pre s ence  of 

a large amount of non visible mas s around galacti c di s c s  are : 
* *  Stability of such di s c s  against the  formati on of bars , 
spiral arms , • • • ( Ostriker et al . ,  1 97 4 ;  Berman and Mark , 1 97 9 ;  
Sellwood , 1 9 8 3 )  
* *  Excitat i on o f  warps in galaxi es  ( Bertin and Cas ertano . 1 98� ) 
* *  The  Oort  problem ( Oort , 1 960 ) : the di s crepancy between 
the count ed density at the sun "that implied  by dynami c s " .  
* *  The  orbit s  of very  di stant s tars supposed  belonging t o  
galacti c systems ( Hawkins , 1 98 3 )  
** The orbi t s  of s at ellite galaxi es  around the Milky Way ( Li n  
and Lynden-Bell , 1 9 7 7 )  
* *  Binary galaxy s tati s t i c s  ( Turner , 1 9 7 6 )  
* *  The  s tability of the  Local Group ( Kahn and Woltj e r ,  1 9 5 9 )  
* *  The differential variati on of the mas s to li ght ratio wi th 
radial dis tance ( Gilmore and Hewett , 1 98 3 )  
* *  The flatnes s  of rotation curves a t  large radi al di stan ce s .  

However , the exi s t ence  o f  hal os i s  s till open t o  di s cus ­
sion  becau s e ,  first , same arguments do not apply in all case s ,  
and then there are not enough correlated data showing that the 
same hal o enables  t o  give a correct interpretati on of the data 
concerning same obj e ct s . 

Of cour s e ,  the nature of the matter the s e  eventual halo s  
c a n  be made of i s  a l s o  open t o  di s cu s s i on ; vari ous pos sibi l i ­
t i e s  have b e e n  considered : gas , snowball s ,  d u s t  and r o cks , 
Jupter-like bodi e s , l ow mas s stars , dead s tars , neutron star s ,  
massive neutrinos , gravitinos ,  monopol e s , • • •  ( di s cu s s i on in 
a paper by Hegyi and Olive ( 1 983 ) ) .  

Hereafter we consider the problem from a dynami cal point 
of view for individual galaxi es . 



I I I  71lE. PR.OBLE.f'I OT VI SIBU f'IA.SS II.ND tW711.7ION CUR.VE.S 

The amount of mass  can be determined from observati onal 
data of two types  : the rotat i on curve and the light curve . 
Both can be det ermined for st eady -s tate axis ymmetr i c  flat s y s ­
tems . In the cas e of n o n  axi s ymmetri c s y s t em s , except f o r  v e ­
r y  irregular s ys t ems , bars , spiral arms , rings and other simi ­
lar systems  can be considered as transi ent p ertur l:ati ons in­
volving a small part of the t otal amount of matter , s uperpo­
sed on an axi s ymmetri c average s tate . The n ,  the rotat i on cur ­
ve i s  that curve whi ch gives the velocity v (r )  of any t e st 
mass  eventually travelling along a circular orbit centered at 
the center of the galaxy and of radius r in the mean plane of 
the flat system versus the radial distan c e  r .  

The rotati on curve c an be interpreted dire ctly in t erms 
of the gravitati onnal potential ¢ through the gravi tati onnal 
a c c eleration y since , for cir cular motion , 

y = v 2 ( r ) /r 
Then , if one a s s umes  that the stars move in the gravita­

ti onnal potential due t o  them , y and ¢ can be interpreted in 
term s of the mass density p using the Poi s s on equati on : 

1'1 ¢  = 411Gp 
C omparing the mas s density di stribution to the light cur­

ve one c an find the spatial vari ation of the mass  t o  light ra­
ti o .  

Until l a s t  years , the rotation curve was measured for 
fairly small radi al di s t anc es , say a tenth of kilopar s e c  from 
the center of the galaxy ; it was s upp o s e d  that thes e  curv e s  
should show decreasing tai l s  a c c ording t o  Kepler ' s  l a w  ( v ( r )  � 

1?7r'f"at larger radial di s tanc e s  sinc e ,  there the t e s t  body 
was probably s ubmitted to the attracti on of a point-like mas s  
( Fi g s  1 and 2 ) . The oreti cal models o f  curv e s  withe Keplerian 
tai l s  where fitted to the data ( Fig . 2 ) , for instance using 
formulas like tho s e  of Brandt and Scheer ( 1 9 6 5 ) . 
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Figure 1 .  From Rubi n ,  1 98 3 . Rotat i on curv e s . 
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Rotation curve 
of the Milky Way 

The filled circles 
represent data and the 
solid line a fourth-or-
derleast-squares fit to 
the data. The dashed 
line is the rotation 
curve from the 
Schmidt mass model 

The Schmidt 
model fits the rotation 
curve from the atomic 
hydrogen data inside 
the solar circle well, 
but does not fit the 
data beyond 12 kpc 
from the center. 
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Figure 2 

From Bli tz  
et  al . ,  1 98 3  

Re cent observati ons show that f o r  much larger radial di s ­
tanc e s , the rotation curves usually remain flat : the circular 
velocity does not decrease  like 1 /lr (Figs 1 and 2 ) .  Thi s i s  
often interpreted a s  revealing the presence  o f  a highly mas s i ­
v e  i nvi sible hal o s urrounding t h e  flat system and governing 
i t s  motion . The following dis cus s i on is d evoted to thi s que s ­
tion : A r e  hal o s  n e c e s s ary and/or s uffi ci ent to prod u c e  flat 
rotation curv e s ?  We shall s e e  that , contrary t o  what is t o o  
often thought , t h e  rotation curves can be flat both f o r  s y s ­
t e m s  wi th or wi thout hal os ( mas sive or not ) . 

I II PROPE.R71 ts 01 SljSl ms /,d 1 7/i SPlicRI CAL Sljf'lf'I C 7Rlj 
We now investi gate the rotati on curves  of s yst ems wi th 

dynami cs governed by a mass  system wi th spheri cal symmetry . 
1 /  P o i..n:t ma.6.6 
First consider a point mas s M at the c enter 0 of the s y s ­

t em . In s uch a system , Newton ' s  l a w  reads 
¢ ( r )  = -GM/r y -GM/r2  v 2 / r  
v ( r )  = l ( GM/r ) � 1 /lr 

Thi s i s  illustrated by the sys tem of the planet s .  
2 / Sph�� i cal ma.6.6 d i .6:t�igu:t i on 
Now a s s ume that the mas s i s  d i stribut ed in space in s uch 

a way that the total mas s within a sphere of radius r is m (r ) .  
Then , using the Gauss  theorem , one finds 

Gm ( r ) /r 2  = v 2 ( r ) /r 
v ( r )  = l ( Gm ( r ) /r ) � l (m ( r ) /r )  

I f  m ( r )  t ends t o  s ome limit m when r + 00 ,  v ( r )  � t/lr , 
but , convers el y , if the rotation cBrve remains flat at large 
distanc e s ,  v ( r )  � e s t  leads t o  m ( r )  � r • 

Thus , i t  i s  imp ortant t o  noti ce that , i f  produced by a 
massive spheri cal hal o ,  a flat rotati on curve impli es  a hal o 
with space density de creasing like 1 /r 2  and s o  an infini te  
mas s .  

�� Remark : A homogene ous hal o ( constant densi t y )  correspond; 
to a mass wi thin the distanc e  r , m ( r ) ,  equal to ( 4/ 3 ) rrp r 3  
(where p denot es  the constant d ensity ) and s o  t o  a cir cular 
velocity v ( r )  = rl ( ( 4/ 3 ) Grrp ) � r , whi ch characteri z e s  a r i -
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gid r o tati on . 

V lTTlC7S OT TLA77lNJNy 
Now let us  c ompare the r o tati on curv e s  produced by the 

m a s s  d i s tribut e d  1 / wi th spherical symmetry 2 /  wi t h  axi sy mme­
try i n  an equatorial plane a c c ording t o  the same law m ( r )  whe ­
re m ( r )  r e s p e ctively denot e s  the mas s i n s i d e  a sphere of r a ­
dius r in the f o r m e r  c a s e  and t h a t  i n s i d e  a c i r c l e  of radius r 
in the latter c as e .  There i s  a fundam ental difference between 
t h e s e  two ca s e s . In the former case th� a c c elerati on t o  whi ch 
a t e s t  s t ar i s  submi t t e d  is equal to 

y ( r )  = v 2 ( r ) /r = Gm ( r ) /r 2  
s o  t hat v 2 ( r )  = /( Gm ( r ) /r )  
i s  a l o cal fun c t i o n  o f  r ,  whe r e a s  i n  t h e  latter c a s e  v ( r )  d e ­
p e nds o n  t h e  whole m a s s  d i s t r i buti on profile m ( r )  from r = 0 
t o  r oo ,  that i s  i n s i d e  and out s i d e  the c i r c l e  of radius r .  

For i n s tan c�the-c a s e  of an exponential di s t r i buti on 
of matter ( s p a c e  d e n s i t y  cr exp ( -r /h ) , m ( r )  t ends t o  a limit 
and v ( r )  b e c om e s  Kepleri an as s o on as r is  of the order of  
the l ength s c al e  h ,  whe r e as i n  the c a s e  o f  an exponential di s c  
m ( r )  tends t o  a limit a t  radial d i s tan c e s  o f  the s am e  order 
but v ( r )  b e c om e s  Kepleri an at much larger d i s tan c e s  ( s e e  Fre e -
man , 1 9 70 ) ,  s i n c e  1 r r r r r 

v 2 ( r )  = 2 (h ) 2 { I o (h ) Ko (h ) - 1 1  (h ) K1 (h ) }  
where I , K , I 1 , K 1 denote B e s s e l ' s  fun c t i on s .  ( Fi g . 3 )  

Th8s , ? o r  a given rotati on curv e , the rati o of the amount 
of matter c ontained c ontained wi thin a radial d i s ta n c e  r in a 
flat model t o  th� in a spheri cally symmetri c model c annot e a ­
s i l y  c ompared t o  1 .  Numeri cal m odels  a r e  n e c e s s ary . 

Lequeux ( 1 9 8 3 ) has c ompared the d i s tributi on of ma� s c o � ­
r e s p onding t o  s imple phenomenol ogi cal m od el s of  r o t ati on cur ­
v e s , H e  has p l o t t e d  t h e  rati o Y o f  t h e  m a s s  m ( r )  i n s ide a sphe ­
re of radius r in s om e  m6dels wi th r o t ati on curv e s  like tho s e  
indexed b y  1 and 2 o n  Fig . 4 t o  that i n  a sphe r i c a l  � o � el wi th 

hv ( r ) /GM 

· T  

' ' 
' 

Exponential d i s c  : m ( r )  cr { h 2  - ( h 2 +  hr ) exp (- £ ) }  
h 

Figure 3 - Rotat i on curv e s ; from Fre eman , 1 9 70 
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same rotation curves  versus the radius a of the whi ch s epara­
tes the two first linear branches with different s l op e s  ( m e a ­
s u r e d  in uni ts  o f  t h e  radius R a t  whi ch the s l o p e  of curve 2 
changes ) .  Model 1 has a s till flat rotati on curve at large 
radial di stan c e s  whereas model 2 has a Kepl erian rotat i on cur­
ve  for r > R .  

Fig .  4 shows that Y i s  o f  course equal t o  1 i n  the c a s e  
of t h e  spheri c al model , smaller than 1 i n  t h e  other c a s e s , and 
smaller in c a s e  2 than in cas e 1 for any a/R between 0 and 1 .  

I t  follows that flat rotation curve s can be obtained for 
flat system s  of smaller mas s than spheri cal system s  wi th same 
rotati on curve s . 

VI DYNA�I CAL lTTlC7S OT TLA 77lNJNq 

Other indications of dynami cal effe cts of flattening haire 
r e c ently been pointed out s eparately by Tohline and Kalnaj s 
( 1 983 ) . 

Tohline ( 1 983 ) has shown that using numerical s imulati ons 
he could obtain flat rotation curves  and that " c old di s c s " 
( i . e .  di s c s  of stars mainly i n  quas i - cir cular orbi t s ) can be 
s tabilized  against bar or spiral arm formation wi thout dark h� 
l o s  i f  dynami c s  i s  governed by interacti ons between two bodi es  

Y = 
M {R ) 

1._R_V_2_(R_)/_G ________ Spherical 

Flat disks 

- - - - - - -

0.5 ... ... 2 ... .... 

model 

o ...__._ ________ __..__ __________ __..__ __ �=----
o 0.5 1 a/R 

Figure 4 - The mass m ( r )  inside  radius r for vari ous galacti c 
m oaels : spheri cal model ( horiz ontal line at  the top ) , and 
flat di sk models wi th rotati on curves as defined in the insert 
Model 2 has a Keplerian rotation curve fo r > R ( Lequeux, 1 98 3 )  



of the form Gm1 m2 { 1 t �} (where m1 and m2 are the m a s s e s  of 
r2 a 

the bodi e s  and a i s  of the order of the kilopar s e c ) ,  instead 
of the purely Newtonian interacti on law . Typi cally the c orre c ­
ti on t erm i s  t h e  s olut i on of a two dimensi onal Poi s s on equati ­
on and d e s cribes the attraction between two parallel infini t e ­
l y  long rods . 

Kalnaj s ( 1 9 8 3 )  could fit data for rotat i on curv e s  and 
light curv e s  corresponding to constant mas s  to light rati o s ,  
for three galaxi e s  with only a disk  component and for another 
with a disk and a small bulge component . 

Finally , from the results ment i oned i n  SectR  V and VI we 
can conclude that flattening i s  imp ortant for dynami c s . Final ­
ly , the u s ual arguments invoked in favor of the presence  of 
mas sive hal o s , espe cially the flatn e s s  of the rotati on curve 
at large radial di s t an c e s  are not s uffi ci ent and do not enabl e 
t o  d e cide clearly . 

V I I  DYNA�I CALLY Sllt CONSI S 7lN7 �ODlLS 

Thus , it is n e c e s s ary to build up dynami cally s elf c on s i &  
t ent models i n  whi ch t h e  potential i s  that det ermined b y  the 
m a s s  di stri buti on through the Poi s s on equati on and the mas s 
di stributi on i s  governed by the motion of each s tar in the po­
tential determined by  all  the  others . 

Thi s can be done using numeri cal simulation of a large 
number of individual parti c l e s , or , as di cus s ed hereafter , 
using a s tati sti cal d e s cription of the system s  bas e d  on di s tr� 
buti on functi ons , 

The models that will now be c onsidered are con cerned with 
with self consi stent , axi s ymmetri c ,  s teady state three dimen­
s ionnal though flat s tar system s .  We analys e the pos sible sta­
tes : stability is not inve stigat ed . 

3 6 1  

The s e  models are fully dynami cal , i .  e .  each s t ar moves in 
the potenti al du t o  the others and the p o s sible orbit s  are po­
pulated  a c c ording t o  di stribut i on functi on s  of the  form  Yf 
where * * *  f i s  a functi on with a functi onal f orm s ati sfying 
condi t i on s  expre s si ng physi cal properti e s  detailed  hereafter 

* * *  y is a functi on equal t o  1 i f  the maximum radial 
di s tanc e  r eached by a s tar is l ower than s ome fini te  radius R 
determining the space dimensi on of the syst em , and equal t o  0 
i n  other c as e s . The length R i s  a functi on of the parameters 
appearing i n  f,  Thi s  last  condi t i on introduce s  a smooth and n� 
tural cut - off in the di stributi on function that t ends to O 
when r + R .  

The first paper of a s er i e s  devoted t o  such models appea­
red i n  1 976  ( Lafon , 1 976 ) . The distributi on function adopted 
i s  a sum of " c oarse grain" di s tributi on functi ons d e s cribing 
"well-mi x e d "  systems  i . e .  systems  for whi ch all c ontinuous 
smo oth functions ( mean velocity , mass den s i t y ,  • • •  ) at each 
point i s  independent of the "pha s e "  of each star on i t s  orbit 
but depends only on the populati on of the orbit s  rea ching thi s 
point ( ( Lafon , 1 9 76 ;  Mello and Brody , 1 972 ;  Lynden-Bell , 1 96 7 ) . 
I t  c an be exp r e s s e d  under the form 
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Yf ( t;; , E )  = Y L: a .  e xp ( a . E  + b . 1; )  
i l l l 

wi th I; = rv/1 ( 2 E 0 ) E = ( u/ 2 E 0 ) 2  + ( 1; /r ) 2  + ( ¢ ( r ) k 0) 
whe r e  u ,  v ,  ¢ ( r ) , E r e s p e ctiv ely denote  t h e  radial and the 
t engential v el ocity

0
c omponent s ,  the gravi tati onnal p ot ential , 

s om e  energy uni t . I t  i s  al s o  as sumed that this functi on s at i s ­
t h e  foll owing physi cal c ondi t i on s , likely , at  l e a s t  a s  a z er o  
o r d e r  appr oximat i on ,  as re sults f r o m  obs ervations : 

f > 0 3 f / 3 E  < 0 
For di s t ri buti on fun c t i on s  wi t h  one t erm or two t erms 

wi t h  opp o s i t e  signs in the sum , this r e s p e c tively i mpli e s  
functi ons of the form ( Lafon , 1 9 76 ) 

f { t;;: E )  = a exp ( aE + bi; ) 
f ( i; , E )  = a exp ( b i; ) ( exp ( a1 E )  - e xp ( a2E ) )  2 

wi th a > 0 ,  a < 0 and a > O ,  a 1 < a2 taken arbi trarily p o s i t i v e  ( changing 
t a t i on of the s y s t e m ) .  

< 0 r e s p e ct i v ely ; b was 
its sign r ev e r s e s  the r o -

I s o -f curves  c or r e s p onding t o  a fun c t i on of the lat t e r  
f o r m  a r e  s h own o n  Fi g .  5 .  T h e y  l o ok like  t h o s e  d e r i v e d  from 
obs ervati ons . 

Form of iso-f curves in the �. £-plane for distribution 

functions j 

Form of iso-f curves in the u, i·-plane for distribut10n 

functions f 

Fi gure 5 � I s o -f curve s  from Lafon , 1 9 76 



Nume rical models  have been constructed for di s tributi on 
functi ons of both forms . Typi cal r e sults are shown on Fi gs 6 
t o  1 7 . A s p e c i al s y s t em of uni t s  was u s e d  u s ed for t he s e  cur­
ves in order t o  allow s cale chang e s .  

* * *  Unit o f  length arbi trary 
* * *  Unit of p o t ential B ,  the p o t ential at the center 

of the s y s t em ; B = £ ¢ ( 0 )  
* * *  Uni t  o f  m a s s  M,  t hat g enerating a0pot enti al 

equal t o  B at the di s t an c e  A ;  
M = BA/G 

* * *  Subs equent unit of v e l o ci t y  : v , that of a s tar wi th 
kin eti c energy p e r  uni t mas s eq8al t o  B;  v 2 /2 = B 

All the c urv e s  c orresp ond t o  s y s t e m s  wi th a t o£al m a s s  
equal t o  1 .  Parameters for Figs . 6  t o  9 ,  1 0  t o  1 3 ,  1 4  t o  1 7  
are di splayed i n  t abl e s  1 ,  2 ,  3 r e s p e ctively . 

The s e  r e s u l t s  p oint out the f o l l owing features : 
* * *  The s y s t ems are s t ro ngly non linear and s e l f - consi s ­

t ent ; rotati on curv e s  very s i milar in the inner part are ob­
tained for fairly diffe rent di s t ri buti on functi ons . The inner 
p art of the r ot ati on curve is al s o  ins e n s i tive to the c entral 
mass density . Same r emark conc erning the curve repres enting 
the p e r c entage p ( r )  of the total mass wi thin the circle of r a ­
dius r .  At the s a m e  tim e , the central d e n s i t y  i s  highly s en s i ­
tive t o  the parameters a . , b of  the di stribution fun c t i on .  

* * *  The rotati on cu�ve i s  always flat , s ometimes  upr i s i ng 
at large radi al di s t an c e s ,  never Keplerian , without massive 
hal o .  The flatn e s s  s e ems linked t o  the s m o othne s s  of the de­
crease  of the di stribution fun cti on c l o s e  t o  the edge of the  
sy s t em . The  non Keplerian behavi our app ears as an effect  of  
the non cir cular , highly ellipti c with very small � rea ching 
large radi al di s t an c e s  , whi ch are always p r e s ent and should 
never b e  neg l e cted in the outer parts of the system : l e s s  
p opulat ed n o n  cir cular orbi t s  l eads t o  smaller cir cular rota­
t i on velociti e s . 
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* * *  Thi s i s  cons i s t ent wi th a s t e e p  density d e c r e a s e  in 
the outer parts of the �·-· s_·L,�· e_i_ll �· ------------------
Table 1 Da ta for 

Figure Curve a b Radius Total Mass -
Figs 6 t o  9 - 5 3.764 l .049 

La fon , 1 9 7 6  - 5 3.852 l .304 
3 - 5  3.8 1 4  l.547 
4 - 5 3.680 l.804 
5 - 5  3.416 1.055 
6 - 5 2.850 2.4 1 0  

- 5  1 .151 2.893 
dashed - 5 Ng 2.850 2.397 
crosses - 5  Ng 2.850 3. 1 .15 

Tabl e 2 - Data for 
Figs 1 0  t o  1 3  

Figure Curve b Radius Total Mass a, a, 
Lafon , 1 9 76 

1 - 3 - 0.5 3.868 l .203 
2 - 3  - 0.5  3.808 1 .337 
3 - 3  - 0.5  3.205 l.976 
4 - 3  - 1 . 4. l.698 
5 - 3  - 1. 3.6 1 7  2. 1 59 
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Table 3 - Data for Figure Curve Radius Total Mass a, a, 

Fig s  1 4  t o  1 7  
- 4  - 0.5 4.338 2.789 

Lafon , 1 976 - 4  -0.5 4. 3.220 

-4 - 1  4.703 2.884 

- 4  - 1  4.127 3.704 
- 4  - 1  4. 3.826 

V I I  I CONCLILS ION 

To s ummari z e , obs ervati onnal data s uch as  rotat i on curv e s  
and light curv e s  c annot be interpreted in t erms of s t ellar dy­
nami c s  and galacti c structure in a simple direct  way : the 
"inversion probl e m "  is compli cated and must be inves ti gated 
c auti ously . In part i c ular , fairly different s tellar systems 
can correspond to curv e s  with very similar arcs . 

7hlll , though the p4e4ll! ce ot a (ma 4 4 i ve 04 n ot )  da4k hal o 
cann ot le ex cluded a p4i o4i , it i 4  n o t  p o 4 4 iile to inte4 t h i 4  
p4e4ill ce t4om t h e  on ly t o p o l o gy (tlatn e4 4 )  ot t h e  4otat i on 
CU/l.V.e • 

Additi onnal models fitting observati onnal data both with 
rotation curves and light curv e s  related in a s el f  c on s i s t ent 
dynami cal way are n e c e s s ary in each parti cular cas e .  Such 
models are being i nve stigated now.  

0 0 0 0 0  0 0 0 0 0  0 0 0 0 0  
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Figure 6 Fi gu re 8 

- - . . 

... 

1.25 

2.6 3,0 

6 Potential versus radial distance for models based on distribution functions of the form 1 using the data given in Table 1 The d;1'hl·d 
line� .:-orrespond to Ng's (1967) results for models with total mass equal to I. The crosses correspond to Ng's model with mass l.]5 

7 Surface density versus radial distance for models based on distribution functions of the form 1 using the data given in Table 1 I l:l· 
dashed lines correspond to Ng's (1967) results for models with total mass equal to I .  The crosses correspond to Ng's model with mass I >  

8 Rotation curves for models based on distribution functions of the form 1 using the data given in Table 1 The dashed lines com .. �ro.mJ 
to Ng's ( 1967) results for models with total mass equal to l. The crosses correspond to Ng's model with mass 1.25 

9 Percentage of total mass within a circle of radius r as a function of r for models based on distribution functions of the form 1 u,111� 
the data given in Table 1 The dashed lines correspond to Ng's (1967) results for models with total mass equal to l .  The crosses correspl1nJ t. 

Ng's model with mass 1.25 

Note : NG E . W . , Astrophys . J . ,.1..2.Q , 1 96 7 ,  787  
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1.4 .. .2 2.6 3.0 2.2 2.6 3,0 
Figure 1 0  Figure 1 2  

�L:' 3,0 A��'iAL o&tNcE 1•0 1'4 ,,. 2'2 2.6 3.0 

F igure 1 1  Figure 1 3 
1 0 Potential versus radial distance for models based on distribution functions of the form 2 using the data given in Table 2 
1 1  Surface density versus radial distance for models based on distribution functions of the form 2 using the data given in Table 2 
1 2 Rotation curves for models based on distribution functions of the form 2 using the data given in Tablt 2 
1 3 P�rce�tage of to�l mass within a circle of radius r as a function 0f r for models based on distribution functions of the form 2 using 

1e data given m Table �, 

Figure 1 4 

m 
0 

1.4 1.s 
Figure 1 6 

.2 2.6 
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Figure 1 5 F i g ure 1 7 
1 4 Potential versus radial distance for models based on distribution functions of the form 2 using the data given in Table 3 
1 5 Surface density versus radial distance for models based on distribution functions of the form 2 ilsing the data given in Table J 
1 6 Rotation curves for models based on distribution functions of the form 2 using the data given in Table 3 
1 7 Percentage of

.
total mass within a circle of radius r as a function of r for models based on distribution functions of the form 2 usm11-

the data given in Table J 


