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Abstract
Genetic Programming (GP) is an evolutionary algorithm that generates
computer programs, or mathematical expressions, to solve complex problems.
In this Guide, we demonstrate how to use GP to develop surrogate models to
mitigate the computational costs of modeling atomic nuclei with ever
increasing complexity. The computational burden escalates when uncertainty
quantification is pursued, or when observables must be globally computed for
thousands of nuclei. By studying three models in which the mean field
depends on the total particle density self-consistently, we show that by con-
structing reduced order models supported by GP one can speed up many-body
computations by several orders of magnitude with a negligible loss in
accuracy.
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1. Introduction

Computational models for many-body quantum systems, such as the atomic nucleus, have
quickly grown in complexity as theories are refined, more experimental data became
available, and computers grew more powerful. In research areas with practical applications,
the demand for more accurate descriptions of physical phenomena, together with a push for
predictions with well-quantified uncertainties, has driven various efforts to create surrogate
models that can learn low-dimensional representations of the underlying system equations.

To overcome the dimensional barrier of nuclear models with many degrees of freedom,
we explore the application of Genetic Programming (GP) [1] for obtaining reduced equations
from data. GP is a type of Artificial Intelligence (Al) that falls under the broader category of
evolutionary computation, which is a subset of Al inspired by biological evolution
mechanisms such as natural selection and stochastic variation [2, 3].

Here we use GP in the context of the reduced basis method (RBM) [4-6] that works by
identifying reduced coordinates as the amplitudes of a reduced basis informed by a small
number of high-fidelity (or full order model, FOM) evaluations of the system. Some of these
developments follow a supervised machine learning (SML) [7] approach whereby various
algorithms are trained to reproduce the dynamics of the reduced coordinates as control
parameters change.

In this work, we explore GP to obtain the reduced equations from data. GP begins with a
randomly generated initial population of individuals—each representing a model/equation
of the control parameters in the reduced coordinates. The algorithm then simulates an
evolutionary process over thousands of generations. During this process, individuals undergo
selection based on their fitness, which evaluates their effectiveness in capturing the under-
lying reduced dynamics of the system. Concurrently, stochastic modifications are made to
their structure, similar to genetic mutations and crossover found in biological DNA. These
modifications help to explore and exploit the search space by creating increasingly effective
models that can discover simple yet accurate equations for the dynamics of the system in
reduced coordinates as a function of the controlling parameters. With this approach we are
able to create reduced-order models in a straightforward manner for describing many-body
quantum systems that would have otherwise posed appreciable challenges with traditional
approaches.

This Guide is organized as follows. The principles of GP are outlined in section 2. Three
illustrative many-body case studies are introduced in section 3. Section 4 describes the
dimensionality reduction techniques employed. In section 5 we present the results of our
numerical tests varying in functional complexity, regularization strength, and the inclusion of
feature selection strategies. This comparative analysis helps to highlight the strengths and
limitations of GP relative to conventional data-driven approaches. Finally, in section 6, we
close by presenting our conclusions and outlook for future directions.
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2. Genetic programming

Evolutionary Computation is a subset of Al inspired by biological evolution mechanisms. A
prominent technique within this domain is the Genetic Algorithm, a search heuristic that
mimics the process of natural selection to find optimal solutions. Genetic algorithms operate
on a population of potential solutions, often represented as fixed-length strings, and apply
bio-inspired operators like selection, crossover, and mutation to iteratively evolve better
solutions. These algorithms are well-suited for optimization and search problems where the
solution space is large and complex. Building upon the foundational principles of Genetic
Algorithms, GP emerges as a specialized extension. In GP, the individuals undergoing the
evolutionary process are not simple parameter strings but are entire computer programs.
While Genetic algorithms are typically employed to find an optimal set of parameters for a
problem with a known structure, GP tackles the more complex challenge of evolving the
structure of the program itself.

Due to the high degree of flexibility of representations and modularity, GP has been
extensively used in numerous machine learning (ML) domains. It has been demonstrated to
be among the most effective approaches for solving binary [8] and multi-label classification
problems [9]. A common application of GP is Symbolic Regression [10, 11], which is the
learning of mathematical expressions to approximate some observed training data. In [12]
contemporary GP-based Symbolic Regression methods are shown to achieve competitive or
better generalization to state-of-the-art ML methods in this domain, while producing simpler
models. Other relevant applications of GP include feature engineering for regression [13]
and classification tasks [14, 15], learning lower-dimensional representations (embeddings) of
high-dimensional spaces through nonlinear transformations [16], ensemble learning with
stacked generalization [17] and boosting methods [18], active learning [19], design of image
enhancement pipelines [20, 21], biomedical image classification [22, 23] and segmentation
[24, 25], and even automating certain ML workflows (aka AutoML) [26, 27]. Recent works
show that GP can be used for enhancing code-generation in Large Language Models
(LLMs) [28].

Examples of applications of Genetic Algorithms and GP to various nuclear-physics
problems, ranging from data analysis to theoretical modeling, can be found in, e.g. [29-37].

There are many possible representations employed in GP but it is common to use
expression trees in tree GP [1], linear sequences of instructions in linear GP [38], and circuit-
type graphs in Cartesian GP [39]. The choice of representation can have a significant impact
on solution reachability since each representation requires different genetic operators
(functions that modify the genotype) that impact how solutions transfer learned knowledge
across generations [40]. In this work, we use tree GP and will refer to it as simply GP.

In GP, the evolving programs are constructed by composing elements belonging to two
specific, predefined, sets: a set of primitive functions F, which appear as the internal nodes of
the trees, and a set of terminal input features 7, and constant values C, which represent the
leaves of the trees. In the context of SML problems, the trees encode symbolic expressions
mapping inputs 7 U C to outputs Y. Figure 1 provides a visualization of how GP-models can
represent a mathematical function as a tree of functions, input features and constant values.
Note that some functions are unary, while other are binary, which results in subtrees with one
or two leaf nodes. In general, GP trees can use functions of any arity, although it is common
to see just unary and binary operators.

Typically, GP is used with the so-called subtree mutation and swap crossover [1]. The
former randomly selects a subtree in the structure of the parent individual and replaces it
with a new, randomly generated tree. The goal of mutation is to develop new traits/skills in
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Figure 1. A diagram showing how mathematical functions can be represented as trees in Tree
Genetic Programming. The gray nodes represent the mathematical functions of different arities,
whereas the white nodes represent the input features and constants (aka terminal nodes).

the population (exploration). The swap crossover exchanges two randomly selected subtrees
between two different parent individuals. The goal here is to transfer learned skills to new
individuals to hopefully find improved combinations of existing skills in the population
(exploitation). The quality of an individual is assessed using a fitness function. The fitness
function is problem specific, but should capture how well an individual accomplished the
task. For example, in symbolic regression, root-mean-squared error and R” are often used as
fitness functions. Algorithm 1 provides pseudo-code for a typical GP algorithm. In the
algorithm, elitism refers to the process of preserving the best individual(s) with respect to the
fitness function across generations. This ensures that the algorithm does not lose progress,
and retains a good-performing individual.

Algorithm 1. Pseudo-code for the typical GP algorithm

1: Create an n-sized initial population of random individuals P
2: Repeat until matching a termination condition (e.g. number of generations):
(a): Calculate fitness V individuals i in P
(b): Initialize child population P’
(¢): Repeat until P’ contains n individuals:

(i): With probability P., choose crossover (transfer)

operator; else choose mutation (1 — P,.)

(ii): Select 2 individuals using a selection algorithm

(iii): Apply the operator to the selected individuals

(iv): Insert the resulting individuals into P’
(d): Replace P with P’ (copy elites from P if elitism is used)
3: Return the best individual(s) in P

In a ML context, GP provides users a different experience in terms of transparency and
interpretability of the final models when compared to more ‘black-box’ models of, e.g. deep
artificial neural networks. This is because GP typically outputs symbolic expressions or
structures representing programs, which are generally interpretable and can be analyzed by
the researcher. By manipulating discrete structures, the inner workings of a GP-based model
are clearer, and the relationships between features and predictions are explicitly defined. As a
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result, evolved solutions can offer valuable insights into how the model arrives at its pre-
dictions, allowing users to understand the algorithmic decisions and relate this to their
domain-knowledge.

Another major advantage of GP is that the evolutionary process tends to promote indi-
viduals (i.e. programs or models) that manipulate relevant input variables in informative
ways, while those relying on redundant or uninformative features are less likely to be
selected for reproduction. As a result, GP naturally performs feature selection during the
search, often eliminating the need for an explicit feature selection step commonly required in
other ML pipelines [41]. Moreover, GP’s ability to evolve modular substructures allows it to
abstract and reuse useful building blocks, further enhancing its capacity to identify important
relationships in the data and construct meaningful features [42]. These properties make GP
particularly well-suited for modeling tasks involving high-dimensional input spaces or
requiring interpretable and low-latency inference, like in this paper.

Beyond the models just being symbolic, GP has the benefit that it evolves a population of
models rather than just a single solution. Having access to a final population of models
unlocks a lot of opportunities that are unavailable to other ML workflows. For example,
while it is customary to just pick the most accurate model from the population on the training
set, it is possible to explore many of the candidate models and use human expertize to select
from those models the one, or multiple, that best align with domain knowledge. Rather than
picking one model from the evolved population, there are methods used in GP to select a
model ensemble to be used in multi-modeling approaches [43]. GP ensembles can leverage
the diversity of patterns to improve stability in deployment and also mitigate single-model
risks.

The populations of solutions can also be studied to gain insight into the system of study.
For example, it is possible to detect patterns regarding which features are common in the
population, or which sets of features commonly appear together in models. This can provide
researchers with key insights into which features provide predictive synergies.

Although GP is not the only ‘white-box’ approach in the spectrum of ML methods, it
allows for unprecedented flexibility of representations and modularity, making it suitable for
numerous tasks. The area of explainable Al receives consistently more attention from both
practitioners and researchers [44] and GP has gained popularity where human-interpretable
solutions are paramount. Real-world examples include medical image segmentation [24],
prediction of human oral bioavailability of drugs [45], skin cancer classification from lesion
images [46], and even conception of models of human visual perception [47]. Besides being
able to provide interpretable models, there is evidence that GP can also help to unlock the
behavior of black-box models [48].

A distinctive advantage of GP, is the flexibility to use any optimization objective or to
perform multi-objective optimization (MOO). For example, ParetoGP algorithm adopts a
MOO approach to balancing expression complexity and accuracy while performing selection
[49], the authors of [9] use parent selection and survival techniques that strive towards a
higher accuracy and a lower age of the individuals in the a steady-state evolution, while in
[50] a two-step parent selection is used by alternating between error and sharpness (i.e.
smoothness of the GP-induced hyperplanes). Whereas many deep learning approaches
require gradient information making them unsuitable for problems where derivatives are
difficult to compute or do not exist [51]. In contrast, GP can use any objective function as
long as there is some way to distinguish between more and less fit candidate-solutions
(individuals) in a population.

ML methods for regression, such as Linear Regression, artificial neural networks [51],
and support vector machines [52], typically rely on error-based metrics (penalty function)
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such as the mean squared error to guide the model optimization. However, in the context of
GP, such penalty functions have been found to be less effective at guiding the search toward
solutions that both (i) exhibit the desired geometric structure of the response surface in the
input space, and (ii) closely fit the target data [53, 54]. To mitigate this issue, [53] proposed
to estimate the optimal linear transformation (slope and intercept) of the GP-generated
expression with respect to the target outputs, allowing the evolutionary process to focus
primarily on discovering the correct functional form or shape of the model. Although
effective, this approach requires recomputing the scaling parameters at every generation for
each individual. Later it was understood that using the coefficient of determination (R2, i.e.
squared Pearson’s correlation) removes the need for explicit linear scaling and translation, as
it directly identifies models that match the shape or form of the target function [49, 55].

Recently [56], emphasized that using R* as the fitness function in GP for SR can lead to
significantly better generalization than standard Root Mean Squared Error (RMSE) alone (
i.e. without scaling), particularly when training on small datasets. Importantly, this
improvement is achieved without the need for computationally expensive linear scaling at
each generation. Instead, scaling is applied only once as a post-processing step after the
evolution. However, their experiments also revealed that while R performs well under low-
noise conditions, its advantage diminishes as noise levels increase, eventually degrading to
the performance level of RMSE or worse. This suggests that R is less robust to noise,
limiting its effectiveness in high-noise regimes. Later, more evidence on the utility of R to
relieve GP from learning coefficients in SR was provided in [57, 58]. In particular, in [58] it
has been found that R* improves generalization of evolved GP models regardless of the
selection scheme and pressure.

2.1. GP software

Several open-source GP libraries are available, each addressing different audiences, needs,
and perspectives with their GP implementations. GPLearn offers a scikit-learn-compatible
API in Python for applying tree-based GP in SML problem-solving [59]. Distributed Evo-
lutionary algorithms in Python (DEAP) is a Python-based framework for evolutionary
algorithms, including tree-based GP [60]. Moreover, it offers parallel processing capabilities
and its modular implementation is suitable for rapid prototyping. PushGP evolves programs
in the stack-based Push language, designed to be used as the programming language within
which evolving programs are expressed [61]. General Purpose Optimization Library pro-
vides a unified Python interface for a wide range of algorithms (including tree- and linear-
based GP), supports CPU/GPU computations and batch processing [62]. KarooGP [63] and
TensorGP [64] utilize TensorFlow to accelerate GP through vectorized operations on GPU,
enhancing performance on large-scale problems. Waikato Environment for Knowledge
Analysis (WEKA) is a Java-based software that provides a collection of several ML algo-
rithms, including GP, for data mining and knowledge discovery [65]. HeuristicLab is a C#
framework offering a wide range of algorithms for solving optimization problems, including
GP, with a user-friendly GUI for experiment design and analysis [66]. In this paper, we rely
on a commercially available system, called DataModeler [67]. It offers a user-friendly GUI
and, most importantly, implements several state-of-the-art GP techniques such as Pareto
tournament selection [49], correlation as a fitness function [40, 56], continued fraction
building blocks [40], OrdinalGP [68], model curvature control [69], among others. The
collection of many state-of-the-art features packed into a single tool, as a result of 25 years of
dedicated development, is one its biggest attractions, as open-source implementations fre-
quently use standard methods or only implement a few state-of-the-art methods, which might
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result in under-performance. Moreover, the software provides discounted licenses for uni-
versities, facilitating its adoption in academic research. The developers at Evolved Analytics
also regularly publish their techniques, so while the software itself is not open-source, the
techniques developed by them and used within their tool are.

2.2. GP illustration

To illustrate the application of GP in a Symbolic Regression task, let’s take equation 11.3.24
from the Feynman Symbolic Regression Database [70] that relates flux heat (Flux) to the
power source (Pwr):

Flux = Pwr/(4 * © % r?). (D

Taking into account this equation, we built a data set with 6 variables and 100 data
records. Each data record was pulled from a uniform distribution. Two of the variables are
the real inputs, Pwr and r, two of the variables, rand1 and rand2, are randomly generated, and
two of the features are noise-corrupted versions of Pwr and r, which we will call PwrNoise
and rNoise. The first four features (Pwr, r, rand1, and rand2) are limited to values between 1
and 3. Noise-corrupted versions are generated with 50% noise where NoiseData = Data + ¢
with e being uniformly distributed £25% the range of Data. Random and noisy features were
included here to illustrate the ability of GP to perform automatic feature selection and focus
on only the most informative (noiseless) features. Once the data set is setup, we can proceed
with applying GP to discover the functional relationship.

The first step in using GP is to choose the operator set (choice of mathematical operators).
When setting up the operator set, the goal is to include enough operators so that it is useful,
but not too many such that the search space becomes excessively large. In this case, we
include the following operators, which happen to be the default set in DataModeler [67]: +,
—, %, /, negate, x?, sqrt, inverse, x", and continuedFraction.

Once the operator set is chosen, we can set the termination condition, typically either run-
time or number of generations. In this case, we chose run-time, as it is typically more useful
in application, with generation count more interesting for GP theory. In this example, we set
run-time to 10 s, after which the search terminates. We can also set the number of parallel
searches that we want to use. Typically, we set this to the number of cores available on the
machine. In this case, that means 16 cores, i.e. 16 parallel searches. The search trace on this
example problem is shown in figure 2. We can see that all of the parallel searches found a
highly-fit solution within the time limit. Additionally, we can observe that there is a small
variability between the best-of-the-search solutions which indicates a consistency between
different instances of stochastic search in GP.

Once the GP search is complete, we can extract the evolved models to select a model, or a
model ensemble, as well as explore properties of the evolved populations. Figure 3 shows the
Pareto front plot of the evolved population along with the best model found:

Flux = 0.07957747154594767P—VZr +9.34 10718, @
r

which is the correct model within machine-precision errors. The red points represent the
Pareto front [71] (non-dominated models with respect to complexity and accuracy), while the
blue points represent the rest of the models returned by the search. As discussed, the
population can also be studied directly to reveal important information. For example, we can
look at the percentage of models that include each of the variables in the data set, as shown in
figure 4. This shows that the GP search was able to correctly identify the useful variables and
mostly ignored the noise-corrupted and non-informative variables. It is important to note that
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Figure 2. GP search progress over generations. Each color corresponds to an independent parallel
search (run), with 16 total searches executed on 16 cores. The symbols indicate the fitness of the

best-performing individual in the population at each generation, within each respective parallel
search.
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Figure 3. The Pareto front of GP models with respect to complexity and accuracy for illustration.

The best model found is displayed and shows that the correct model was found by search. The red
points represent the Pareto front of models.

the best model found contains only noise-free features. Since models in the population are
randomly mutated, it is expected that some models may contain uninformative features in
each generation, but the fraction of models with those uninformative features is small
compared to the fraction of models using the informative features. If exploring a problem
with an unknown form, this information could reveal which variables are key to
understanding the system of study.

Although there is much more flexibility and features of GP, this illustration provides a
simple and direct overview of how GP can be applied to a sample data set while providing
some context for how it is applied in the rest of this work.
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Figure 4. The percentage of models that include each variable from the sample data set. Showcasing
GP’s ability to focus on most informative features.

2.3. Linear regression

We benchmark the performance of GP as an alternative to build the reduced expressions for
surrogate models with that of Linear Regression (LR), one of the most widely used SML
methods for regression, known for its simplicity, interpretability, and efficiency. LR assumes
a linear relationship between input variables/features (x) and the output target variable (y),
expressed as a weighted sum of terms: y = [y + 01x; + Ooxp + ... + B, Here, the
coefficients (3 are learnable parameters associated with the intercept and k™ input feature.
Learning of parameters occurs by minimizing the sum of squared residuals (i.e. difference
between the observed target values in the training dataset, and the values predicted by the
linear model).

However, LR exhibits a fundamental limitation: it relies upon a fixed additive structure
where the functional form of the input features and their interactions must be pre-defined by
the user. This constrains LR’s ability to accurately model complex nonlinear relationships or
discover concise and appropriate functional representations of the data. GP, in contrast,
explores and even composes diverse mathematical transformations and interactions without
rigid assumptions.

To overcome the limitation of LR and make it more expressive, we designed a custom
feature transformation pipeline that augments the original input space with various functional
forms (e.g. powers, roots, logarithms, exponentials) and interaction terms (products and
quotients). Recognizing the risk of overfitting due to the inflated feature space and fixed data
size, we incorporate regularization techniques (such as L1 [72], L2 [73], ElasticNet [74], and
up to two consecutive feature selection steps. The method is based on the Extremely Ran-
domized Trees ensemble [75]—a method that combines decision-tree regression models
similar to Random Forests [76], but with stronger randomization of the split point when
inferring trees. Specifically, instead of exhaustively enumerating all possible splits to choose
the one that minimizes a given loss function, it randomly chooses a set of splitting points and

9
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then selects the best from those. This strategy was shown to report a better generalization
ability and faster run-times when compared to Random Forests. Moreover, it was found to be
particularly useful when dealing with high-dimensional and noisy data [75]—the reason why
we employed Extremely Randomized Trees in the first step of our feature selection pipeline.
The second feature selection step uses LR itself for refinement as it keeps the input features
with above-median absolute coefficients. This allows us to focus on strong predictors based
on linear influence.

Both feature transformations, regularization and feature selection steps are treated as
hyperparameters of the pipeline, which are tuned by means of cross-validation. This strategy
not only enhances LR’s ability to model non-linearities but also ensures a fairer comparison
with GP. Full implementation details and reference to the source code are provided in
Appendix.

3. Many-body case studies

3.1. Modified Gross—Ppitaevskii equation

The first case study considered is a modified version of the one-dimensional modified Gross—
Pitaevskii equation (MGPE), which is a nonlinear Schrodinger equation originally intro-
duced to describe the ground state of identical bosons (Bose—FEinstein condensate). The
MGPE used in this study can be written as:

2
[_% + kx? + qp(x)"]qﬁi(x) = Ei¢l-(x), 3)

The mean-field Hamiltonian for a single-particle wave function ¢; consists of a trapping term
proportional to x%, as well as an interaction term depending on the total particle density p. In
its original form [77], the particle density appears linearly, i.e. ¢ = 1. In this work, we
modified the original equation to include more general, even fractional, powers of the
density, resulting in three total control parameters @ = {k, g, c}. We also extended the
MGPE to fermions. In this case, the particle density can be written as:

N
pe) = 2l8,0P, )

where N is the number of fermions.

These extensions stem from our desire to construct a simple model with a parametric
dependence that mimics the fractional power density terms present in some nuclear models.
As such, equation (3) should be viewed as an illustrative case for the non-affine and non-
linear parametric dependence that challenges the application of some reduced-order model
techniques [4, 6].

3.2. Skyrme density functional theory

The second case study is the description of the complex nucleus **Ca using nuclear Density
Functional Theory (DFT). DFT is widely used in nuclear physics to describe complex atomic
nuclei in a self-consistent framework. In nuclear DFT, the nucleons (protons and neutrons)
interact through an effective interaction in the medium described by the energy density
functional (EDF) of densities and currents.

The first DFT framework used in this study is a non-relativistic Skyrme-DFT (SDFT). In
the simplest time-even variant, one considers local particle (p), kinetic (7), spin-current

10
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tensor (J), and spin-orbit current (J) densities (see [78, 79] for more details). Each of these
densities is a function of the spatial coordinate r, e.g. p = p(r). In the following, this set of
densities is denoted as {p} = {p, 7, J, J}. The total energy of the nucleus can be written as a
functional of {p}:

E=El(p] = [HOdr, )

where H(r) is the Hamiltonian density.
The Skyrme EDF [78, 80, 81] can be expressed through densities {p} as

H(r) = Ho(r) + H(r), (6)
with

Hir) = CL p} + C/* p,Ap, + Clpmi+ C T}
+C/Np V- @)

where the isospin index ¢ labels isoscalar (+ = 0) and isovector (¢ = 1) densities. The Skyrme
EDF coupling constants (here: controlling model parameters) are denoted as
(cr, crPe, ¢, ¢/, ¢V}, This functional is supplemented by the Coulomb term that
describes the electromagnetic interaction, for which the coupling constant is fixed.

By varying the energy functional E[{p}] with respect to the densities {p} one obtains the
mean-field, or Hartree—Fock, Hamiltonian /. In the absence of nucleonic pairing, the single-
nucleonic wave functions are obtained by solving the self-consistent Hartree—Fock eigen-
problem:

ﬁ[{p}]d), = e, (8)

which is a coupled nonlinear integro-differential equation as the densities {p} are built from
single-particle wave functions ¢; as in equation (4).

3.3. Covariant nuclear density functional theory

The second DFT framework we consider is the covariant DFT (CDFT) approach, also known
as relativistic mean-field theory. The basic assumptions of CDFT are similar to those of the
Skyrme-DFT. Since the underlying formalism is relativistic, the Hamiltonian density is
replaced by the Lagrangian density whose effective degrees of freedom are nucleons and
mesons [78, 82-84]. This Lagrangian density consists of a nucleon-nucleon interaction
mediated by various mesons alongside nonlinear meson interactions [85, 86]:

- § e
L = w |:gs¢_(gv V;L+ZPT . b[t+§(1 +TS)A;L)’VM:| w

G e

— Mg by, - bV VY, ©)

gV, v+

where the nucleon fields are denoted by 1, meson fields by ¢, V, and b, and the Lagrangian
coupling constants (controlling parameters) are {gs, &, &» K, A, Ay, (}. From this
Lagrangian density, coupled equations can be derived for the meson fields (the Klein—
Gordon equations) and the nucleonic wave functions ¢; (the Dirac equation). For links
between CDFT and SDFT, see [78].
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Table 1. Ranges of the parameters used to train and test the reduced order model in the
three case studies considered. The MGPE parameters are dimensionless. The DFT
parameters J and L are in MeV. 492 evaluations of the MGPE were used for training
the reduced models, and 212 evaluations were sampled across the same parameter
range for testing. 49 evaluations of the SDFT and CDFT models were used for training
the reduced models, and 49 for testing them in both cases, sampled from the ranges
specified in the table under the subscripts ‘train’ and ‘test’, respectively.

Case study Parameter Range
MGPE R [0.5, 3-0]train and test
q [72-0’ 2~0]train and test
o [0.5, 3.0Jrain and test
SDFT J [25, 35]lrain, [20, 43]tesl
L [20, 6O]traina [10’ 90]tcst
CDFT J [30, 40T erain [28, 50]cest
L [50, 130]train,[40, 160]est

Figure 5. Densities p(x) obtained in MGPE for the 492 training evaluations across the parameters
listed in table 1. The inset shows the three principal components defined in equation (10) for k=1,
2, 3. All quantities are in arbitrary units.

3.4. Parameter ranges

Table 1 shows the ranges of parameters explored in the three case studies. As an illustrative
example, figure 5, pertaining to the MGPE, shows the density p(x) for a system with N = 5
for various values of the control parameters.

The control parameters in both DFT frameworks, for example C/ in equation (7) and g5 in
equation (9), determine how the solutions, including the nucleonic wave functions ¢;,
change. For calibration purposes, these parameters are usually expressed in terms of nuclear
matter properties (see [78, 87, 88] for definitions and discussion). In the following, we
explore two of those parameters that are common to both frameworks: J —the symmetry
energy, and L—the symmetry energy slope for symmetric nuclear matter [78]. That is, in this
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Figure 6. Neutron densities p(r) for 48Ca calculated in (a) SDFT and (b) CDFT within the parameter
ranges listed in table 1. For both cases, 49 training and 49 testing parameter sets were evaluated,
but 9 of the CDFT testing evaluations were excluded due to convergence issues. The inset shows
the three principal components (in fm™) defined in equation (10) for k = 1, 2, 3.

case o = {J, L}, figure 6 shows the neutron density p,(r) of “8Ca for 49 different values of
these parameters for both frameworks. The parameters are varied within the ranges specified
in table 1, while keeping the other coupling constants fixed at their calibrated values [89, 90].

In all our case studies, the quantum many-body problem is solved using a self-consistent
approach, typically involving iterative cycles in which the densities are fixed to compute the
wave functions, which are then used to update the densities until convergence is reached.
These calculations can become computationally intensive given their intrinsic high-dimen-
sional structure. In the following section, we present an approach based on dimensionality
reduction techniques enhanced through GP as an effective way to speed up such calculations.

4. Dimensionality reduction

Dimensionality reduction techniques aim to significantly reduce the active degrees of free-
dom when solving complex numerical problems while still retaining key features. These

13
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approaches have been broadly applied in the physical sciences and are particularly powerful
tools in the context of uncertainty quantification, where one typically needs to evaluate
expensive computer models many times. The RBM [4, 5] is such a dimensionality reduction
technique that falls under the reduced order modeling umbrella [91, 92].

The RBM identifies a reduced set of coordinates to approximate quantities of interest and
then constructs governing equations to describe how those coordinates change with respect
to controlling parameters. These reduced coordinates are the amplitudes of a reduced basis of
the solution to the parametrized equations one is solving. For the case studies we outlined in
the previous section, the RBM approximation could be applied to the densities p, taking the
form:

plx; @) = p(x; a) = Y a(a)p(x), (10)
k

where x denotes the set of spatial variables, usually represented by a high-dimensional grid
of size NV, and n < N is a small number of coefficients a;(a) that are latent reduced
coordinates dependent on the control variables a.

The reduced basis, pi(x), is usually informed by previous solutions for different values of
«a, called snapshots, such as those presented in figures 5 and 6. To construct the basis p; one
can apply the proper orthogonal decomposition based on a singular value decomposition
(SVD) of a set of snapshots and retaining only the n singular vectors corresponding to the
lowest singular values. This has the benefit of better capturing the variability across the
training space with a smaller reduced basis, imposing a natural ranking of importance to the
basis elements, and introducing additional numerical stability from using an orthogonal
basis. A fast (exponential) decay of the singular values will mean that a good approximation
can be obtained with a small number 7.

The insets of figures 5 and 6 show the reduced basis functions p; for k=1, 2, 3 for our
case studies. The corresponding singular values are shown in figure 7. For SDFT and CDFT,
the decay of singular values is very fast: It is seen that three reduced basis components with
the highest singular values dominate. For MGPE, the decay pattern is significantly slower.
This will negatively impact the error budget of the MGPE density emulator.

Once the reduced coordinates have been identified, the next step consists of obtaining
equations that describe the response of the latent variables to changes in the control variables
a;(c). In many RBM applications, this is done through the Petrov-Galerkin projection of the
original equations into a subspace spanned by test functions. For a system of only one
unknown function expanded by n reduced basis, for example, this projection scheme would
create n equations to be solved for the n unknown coefficients ay.

This approach for constructing the reduced equations is well motivated and can provide
certain accuracy guarantees, though if one wishes to apply it to the quantum many-body
systems described in section 3, it presents three main challenges:

1. Nonlinear and non-affine operators. Here the challenge lies in the inability to pre-
compute the Petrov-Galerkin projections in the offline (training) stage of building the
emulator to avoid any scaling of size A/. This situation is encountered, e.g. for the MGPE
with fractional powers of o [6]. The RBM literature explores techniques to precompute the
required projections when non-affine operators are present, the Empirical Interpolation
Method being one of the most widely applied (see [93] for a recent nuclear physics appli-
cation). Yet when the operators are both nonlinear and non-affine, the applicability of
subspace projection-based model reduction schemes become very limited.

2. Scalability. The bulk of the speedup gained when applying the RBM to solve a
parametrized differential equation lies in the reduction of the expensive, high-fidelity
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Figure 7. Decay of the singular values of the SVD of the density p for MGPE (3), and for the
neutron density in **Ca for SDFT (7) and CDFT (9). The singular values for each density type have
been normalized with respect to the first respective value sy, and their exponential decay for all
three cases validates the approximate expansion in equation (10). The decay is much faster in the
realistic cases of SDFT and CDFT because the controlling parameters « have been varied over
physically calibrated regions [89, 90], while the parameters for the MGPE were varied on a
unphysical wide range for the sake of illustration purposes.

calculation to one that scales well with the size n of a reduced basis. If the exponent o in
equation (3) is an integer instead of a fraction, the projection equations can be pre-computed
to avoid any dependence on the original spatial domain of size A/. However, for a reduced
basis expanding the involved wavefunctions ¢;(x) the number of terms in the equations will
scale roughly® as n? for a fixed o. This, in turn, can limit the possible speed up that can be
obtained by an RBM emulator [90].

3. Reduced model degrees of freedom. Oftentimes, we are interested in understanding how
the wave functions that describe the many-body system change with the controlling para-
meters . In many cases, however, one aims instead at estimating the global properties of the
system, such as the particle density p(x;c), and a detailed information on individual states is
not needed. In such cases, if the expansion in equation (10) for the system density is accurate
enough, we would be interested in focusing on studying only how the density coefficients
ai(a) of p(x; a) change with the controlling parameters . However, since the density is
defined as a function of the solutions to the differential equation (see, for example,
equation (4)), it is not possible to use the Petrov-Galerkin projection scheme to separate
equations for the reduced coordinates a; of p(x; o) only, and the full system has to be solved
to obtain the density. This, in turn, can limit the speed of an RBM emulator.

The problems that arise when employing the projection framework motivate the devel-
opment of alternative approaches to obtain reduced equations for a given reduced-order
model. The GP framework explored in this Guide offers a very effective avenue. Under this
framework, we build expressions that explicitly relate the small set of coefficients ai(a) of
the reduced basis expansion of p(x;c) in equation (10) to changes in the controlling para-
meters «. We achieve this by solving the underlying many-body equations for a training set

S For n = 10 and o = 4 this accounts for exactly 715 terms on each projection equation, for example.

15



J. Phys. G: Nucl. Part. Phys. 52 (2025) 102001 | Bakurov et al

Table 2. Summary of the GP hyper-parameters. P(C) and P(M) indicate the crossover
and the mutation probabilities, respectively. CF represents the continued fraction
operator d/(b + c¢/a) and RP represents the rational polynomial function
b+d+NHa+c+e).

Parameter Values

Number of runs 16

Population size 300

Functions (F) {+.—.x, /., —x, CE, x>, x "', RP, Jx, ¢", log(x), x", x'/3, x*}

Selection Pareto tournament selection size 30

Genetic operators {subtree crossover, subtree mutation, depth-preserving sub-
tree mutation}

P(C) 0.9

P(M) 0.1

Maximum complexity 1000 (Visitation Length [94])

Stopping criteria 5 min

of parameters o and define the set of optimal coefficients {a; ()} as:

{ai(a)} = argmin|] p(x; @) — > ax(@) p, )|, (11)
{a} k

that is, for a fixed basis size n and each « in the training set, we find the coefficients a; that
best approximates the respective density according to the L2 norm. The L2 norm is defined
as Hf(x)H2 = f[f(x)|2dx. The GP approach is then used in a traditional ML regression
problem: Given the observed relationship between @, and « in the training set, we build a
functional relationship with the objective of generalizing to unobserved parameters c.

Through our developed framework, we are able to create very effective reduced order
models by leveraging the best characteristics of both the RBM and GP methods. A good set
of reduced coordinates is easily identified by the SVD traditionally performed in RBM
applications, effectively compressing high-dimensional densities into a manageable set of
coefficients a;. The GP can then focus on discovering parsimonious expressions to describe
the dynamics of this small set of coefficients as a function of «, an easier task than if we
attempted to find direct GP expressions for p(x;a). In the next section we present our results
of applying this framework to the case studies considered.

5. Results

For the computational tests, we selected three basis components n =3 in all case studies.
Both the reduced coordinates, i.e. the coefficients of the reduced basis pi(x), and the gov-
erning equations are learned from the training data with the parameter ranges listed in
table 1. The reduced basis pi(x) is obtained following a SVD on a set of self-consistent
solutions, and the optimal coefficients are obtained by means of equation (11). We treat each
coefficient as a separate function a;(«), and as such, we apply the LR and GP frameworks to
obtain independent expression for each.

For GP we used the commercially available DataModeler system [67]. The GP parameter
set used is shown in table 2, including the hyper-parameters used for GP, along with cross-
validation settings. The hyper-parameters reported were from the default set within
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Table 3. Summary of the four methods used to calculate the densities of the case
studies. The Full Order Model (FOM) represents the high-fidelity MGPE and DFT
calculations. Poly-2 is the second-order expansion in model parameters c.

Method  Specification

FOM Finite element method with an iterative solver with grid size of 300.

LR Regularized LR with custom feature transformation and selection pipeline,
built using scikit-learn API [97, 98].

Poly-2 Second order polynomial fit without regularization built using scikit-learn
API [97, 98].

GP Symbolic expressions generated using the commercially available Data-
Modeler system [67].

DataModeler. Since this default set performed well within this work, it was not necessary to
perform a computationally expensive hyper-parameter search. While it was not necessary
here, there are common practices within GP for tuning hyper-parameters [95]. Some of these,
include strategies that dynamically adapt GP’s hyper-parameters during the evolutionary
search, as a function of observable evolutionary dynamics [96].

The coefficient of determination R*> was used as the fitness function [40, 58] as it was
found to converge quickly and generalize well, even when only a few data points are
available [56].

A common practice in GP is to protect operators from undefined mathematical behavior
by defining some ad hoc behavior at those points, such as, for instance, returning the value 1
in the case of a potential division by zero to make it possible for GP to synthesize constants
by using x/x [1]. However, these techniques were shown to have several shortcomings in the
vicinity of mathematical singularities [53]. In this study, programs that produced invalid
values were automatically assigned low fitness values, making them unlikely to be selected.
By reducing the selection probability of solutions that produce invalid values, we expect to
obtain models whose fitness landscape is less ‘sharp’ [50].

In addition to the more expressive LR models obtained via the transformation pipeline
described in section 2.3, we also include a standard second-order polynomial model com-
posed by squared terms and multiplicative interactions between input features. This model
represents the simplest form of nonlinear regression and serves as a baseline for comparison.
For example, modeling the coefficients of the neutron density a,(«) as a function of para-
meters of J and L, the second order polynomial is:

Bo+ BiL+ Bad+ B3L?+ s LJ+ BsJ? (12)

where the coefficients [3; are adjustable parameters.

Once the reduced models were trained (see appendix A.4 for the obtained mathematical
expressions, and table 3 for the model descriptions), we tested their generalization ability on
a test set of previously unexplored combinations of parameters «. The first test consisted of
qualitatively comparing the predictions of each method with the optimal coefficients defined
in equation (11).

In the case of the modified MGPE equation (3), figure 8 shows the dependency of the
three basis coefficients a; as a function of x when the other two parameters {g, o} are kept
constant. As can be seen, GP has appreciably better performance in reproducing these
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Figure 8. Evolution of the three coefficients a; in the density reduced order expansion (10) for the
MGPE (3) as a function of the dimensionless parameter x at ¢ =1 and ¢ = 1.25. The FOM results
(solid line), are compared to the LR (dashed line), Poly-2 (dotted line), and GP (dash-dotted)
calculations. The vertical dashed line at x = 3 divides the region into interpolation (x < 3) and
extrapolation (x > 3), with GP being the only method that fully recovers the behavior in the
extrapolated region. We obtained similar results when varying g and o while keeping other
parameters constant.

optimal coefficients compared to the other methods. In particular, it excels in extrapolating
beyond the dashed vertical line which depicts the maximum parameter value x = 3 used for
the training of models, see table 1. This suggests that GP has learned expressions that can
extrapolate the reduced dynamics with less overfitting.

For the **Ca neutron density in SDFT and CDFT, figure 9 shows the evolution of the third
coefficient a3(L, J) in the reduced basis expansion (10) as a function of the two controlling
parameters L and J. The figure shows the optimal (target) coefficients, obtained from the
FOM calculations (11) as gradient-colored solid lines, and compares three of them with the
calculations using the different methods listed in table 3, as colored dashed lines. In SDFT,
all models demonstrate high generalization performance in predicting the coefficient a3(L, J).
In contrast, for CDFT, the second-degree polynomial model does not extrapolate accurately,
particularly at higher values of L (L > 125). Although visual comparison may suggest
comparable accuracy between custom LR and GP, the symbolic expressions in appendix A.4
reveal that GP-derived models are significantly more compact. This contributes not only to
improved inference efficiency but also to greater interpretability, reinforcing GP’s advantage
in scientific model discovery.

The second test we developed for the methods specified in table 3 focused on a quanti-
tative assessment of their performance. For our purpose, the two main qualities we seek in a
reduced-order model are its speed and its accuracy. We define the speed of the emulator—
once it has been trained and all relevant quantities have been precomputed—as the time it
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Figure 9. Evolution of the third coefficient as(L, J) in the “8Ca neutron density reduced basis
expansion (10) as a function of the two controlling parameters L and J for the case of SDFT (a)
and CDFT (b). The color grading curves represent the optimal coefficient a; (equation (11))
obtained from the FOM calculations, with circles marking training parameters and squares marking
the testing parameters. The dashed and dotted lines show the LR, Poly-2, and GP results for three
values of J, one in the training region and two in the testing (extrapolation) region.

takes to map controlling parameters « to the quantities of interest, in this case the amplitudes
of the reduced basis for the particle densities for the two quantum many-body systems. We
quantify the accuracy for a given parameter «; through the relative root mean squared error
(or L? norm) between the density obtained from the high-fidelity solver and the one obtained
from the reduced order model:
Relative Error (o) = 1290 = 0 )l (13)
[l pGxs apll

where p is the approximation in equation (10) with coefficients ay(c;) predicted by the
respective method.
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Figure 10. Computational Accuracy vs Time plot for (a) MGPE, (b) SDFT, and (c) CDFT density
calculations. The squares show individual calculations for the testing parameters using the reduced
order models with LR, Poly-2, and GP. A total of 212 (a), 49 (b), and 40 (c) testing parameters are
shown. The horizontal lines represent the median relative error (equation (13)) for each method,
with the FOM line representing the ‘best case scenario’. The vertical lines represent the average
time of the calculations for each of the methods. For FOM, the time is orders of magnitude slower
and hence it is not shown.

Figure 10 shows the trade-off between accuracy and speed, quantified as the relative error
(vertical axis) and the inference times (horizontal axis) for the test parameters across the
studied systems. Individual predictions for the testing parameters are represented by squares.
The plots clearly show that the GP-based models achieve the fastest inference times while

20



J. Phys. G: Nucl. Part. Phys. 52 (2025) 102001 | Bakurov et al

maintaining a low error. In the MGPE case, GP outperforms all other models in both
accuracy and speed. Both GP and custom LR achieve relative errors that are at the theoretical
limit of ~1.5% (horizontal black line), which means that any further improvement in pre-
cision will come from increasing the number of bases beyond n = 3, and not from obtaining
more accurate coefficients a;(«).

For the SDFT framework, LR yields a smaller error—on top of the theoretical limit of
~0.007%—but at the cost of significantly longer inference times; GP, however, performs
inference in more than one order of magnitude faster while only slightly compromising the
prediction quality with an error of ~0.01%. In the CDFT case, GP and custom LR report
similarly small errors—also comparable with the theoretical limit of ~0.03%—but GP does
so with more than an order of magnitude faster inference than LR. In all cases, all methods
provide appreciable speedups between 4 and 6 orders of magnitude when compared with the
standard FOM solvers.

It is worth noting that the faster inference times of GP-based models are a direct con-
sequence of their compact functional form (see appendix A.4) and reduced data pre-
processing requirements. In particular, both custom LR and Poly-2 models require 0-1
scaling of the input data at each inference event, which contributes to higher run-times. On
the other hand, GP models operate directly on raw input values. This justifies the fact that
even a relatively simple second-order polynomial lags behind GP in terms of run-times.

6. Conclusions and outlook

In this Guide we developed and presented a general framework based on GP to aid in the
construction of reduced order models used in expensive nuclear physics computations. The
GP approach employs evolutionary algorithms to propose, test and evolve a set of candidate
governing equations that control how response variables change with respect to controlling
variables. With the specific application to three many-body case studies, we used the GP
approach to create the mathematical expressions that describe the change in the reduced
coordinates of high-dimensional solutions. By using the GP approach to build the equations,
we have been able to successfully craft effective reduced-order models for these systems,
allowing speedup gains of 5-6 orders of magnitude in comparison to their respective full-
order solvers at a negligible loss in accuracy.

It should be noted that although surrogate models based on reduced-order modeling, such
as the RBM used here, have provided spectacular success in terms of many orders of
magnitude computational speedup gains at negligible loss in accuracy, certain classes of
problems are not amenable to these approaches. Furthermore, in general, the development of
the surrogate model requires an appreciable upfront effort to construct, often necessitating
access to and manipulation of the underlying complex equations of the full system.

Future work on using information on the underlying operators to inform the evolution
algorithm and the construction of implicit equations [99-101] relating the control variables
and the response variables could further improve the performance of the built surrogate
models and also help in the interpretability of the obtained equations obtained through GP.
The development of a pipeline to straightforwardly build effective and more interpretable
reduced order models for nuclear science will enable a broad adoption of uncertainty
quantification approaches [102], and allow the theory to provide data across thousands of
nuclei necessary to face modern challenges in this new era of discovery [103].
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Appendix

In this work, we use GP and compare its performance to construct nonlinear and inter-
pretable emulators against an augmented version of LR. LR is one of the most popular and
frequently used SML tools for regression. It is known for its simplicity, computational
efficiency and interpretability. It assumes a linear relationship between k input variables/
features (x) and the output target (y). Formally: y = Gy + 51x; + Box2 + ... + (,X,,, where y
is the target, 3y is the intercept, and (3 is a learnable weight associated with input feature x;.
The learnable weights and the intercept are usually estimated from the data using Ordinary
Least Squares (OLS) estimation procedure to minimize the sum of squared residuals (i.e.
difference between the observed target values in the training dataset, and the values predicted
by the linear model). Formally: mqin i n — )71»)2, where . is the model’s prediction for
L

data instance i.

The assumption of linearity reduces the ability of LR to produce models in complex and
multi-dimensional feature spaces. This structural rigidity makes it fundamentally different
from symbolic regression methods, like GP, which simultaneously search for both the
functional form and parameters of a mathematical expression to best fit the data. To over-
come this limitation and enhance the expressiveness of LR, we use a custom feature
transformation pipeline. This pipeline integrates tailored feature transformations, including
several mathematical functions (such as logarithmic and exponential functions, roots,
powers, etc.), and feature interactions (products and quotients). These transformed features
are concatenated with the original inputs and the bias term. However, when the feature space
is inflated and comprises potentially highly nonlinear relationships, the risk of overfitting
becomes particularly high. For this reason, we include several levels of feature selection and
weight-decay regularization in our pipeline. In this way, our goal is to make LR more
competitive (and comparable) to GP in the capture of complex patterns. Additionally, we
include a standard second-order polynomial LR model with multiplicative interaction terms
as a baseline for comparison.

We use randomized cross-validation to find the most suitable hyper-parameters for our
pipeline. This includes the choice of feature transformations, feature interactions, feature
selection and regression model-specific parameters such as regularization strength (these
aspects are described in detail in the following sections). In total, 250 parameter settings are
sampled and the best models are selected after aggregating validation errors from 3 fold
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cross validation. To perform the experiments, we use predictive models, cross-validation and
pipeline construction tools provided by scikit-learn [97, 98]. Full details about our LR
models, pipeline composition and training are provided in our source code available at [104].

A.1. Feature transformation

Different combination of feature transformations for LR are seen as different hyper-para-
meter values in our pipeline. These transformations range from polynomials, such as
{x2, x3}, to more complex terms {/x, ¥X, e, In(x), x~!}. We include two types of feature
interactions, one through multiplication (e.g. x; X x,) and another through division (e.g.
x1/x2). In such a way, LR can be equipped with simpler or more complex feature spaces,
balancing model interpretability and complexity. Exploring the space of feature transfor-
mations in this manner allows for a fairer comparison with GP. Recall that GP operates on a
highly expressive feature space, and can employ arbitrary powers (e.g. square and cube),
roots (e.g. square and cube roots), logarithms, and exponentials. In this sense, our custom
feature engineering process for LR allows it to approximate the expressiveness of GP,
ensuring that the comparison between methods is equitable.

A.2. Feature selection

We are aware that inflating the input feature space by applying a variety of transformations
introduces significant challenges in the SML context. Deliberately increasing the proportion
of features relative to the number of data instances (which remains fixed) is expected to
penalize the generalization of estimated regression coefficients (i.e. leads to overfitting). To
mitigate this challenge, we incorporate up to two consecutive steps of feature selection. In
the first step, we allow the pipeline to perform feature selection that uses a tree-based
ensemble strategy, called Extremely Randomized Trees (ExtraTrees) [75], known for its
robustness and computational efficiency. The ExtraTrees method fits multiple randomized
decision trees to the training data in parallel, and then aggregates their results. The inference
of randomized trees relies on randomly choosing a set of splitting points and then selects the
one that minimizes a given loss function, instead of exhaustively enumerating all possible
splits. Among them is the feature importance ranking provided by each tree. Note that in
decision tree learning, features that are more frequently used at the top of trees (where the
first splits occur) are considered more important. The aggregation across multiple trees
allows to reduce variance and dependency from a single model’s output [105]. The second
step of feature selection is optional and implements a refinement of the previous step. It
involves a LR model to make the selection based on the predictive power of the remaining
features and their linear relationship with the target variable. This results in potentially
simpler and possibly more interpretable models.

A.83. Regularization

While feature selection helps to reduce the dimensionality of the input space, it does not fully
eliminate the risk of overfitting. To further improve the generalization ability of our models,
we also incorporate regularization techniques. Regularization adds an explicit penalty term to
the regression loss function, discouraging overly complex models and helping to prevent the
model from fitting the noise. Several levels of regularization are included, L1 regularization
(Lasso) [72], L2 regularization (Ridge) [106], and a combination of the two (ElasticNet)
[74]. L1 regularization promotes model sparsity and is useful in high-dimensional tasks (i.e.
when there are many input features), especially if many are expected to be irrelevant. L2
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regularization is frequently used when the input features are expected to be informative but
their impact has to be reduced to avoid overfitting, and/or if they are highly correlated
(multicollinear). Formally, a L1 term is given by A\>_;_,|5, while a L2 term is given by
2D r—o ﬁi. ElasticNet uses combines and balances both L1 and L2.

Note that regularized LR has long been used in scientific applications. Sparse-identifi-
cation of nonlinear dynamics (SINDy) is a popular method for discovering governing
equations in dynamic systems [107]. Essentially, it utilizes LR with the L1 regularizing term
to promote sparsity, yielding smaller models, which can offer better interpretability, con-
sidered an appealing property. SINDy has been successfully applied to find governing
equations in many different applications [108—112]. Nevertheless, SINDy-like approaches
present an obvious disadvantage: nonlinear relationships are combinatorial in input variables
and must be manually pre-defined, requiring some degree of expertize. This can be parti-
cularly limiting when applied to problems where valuable nonlinear relationships are
unexpected and is one of the advantages we expect from GP.

A.4. Expressions

In this appendix we present the discovered mathematical expressions for the case studies
described in section 3 when using the three surrogate methods (LR, Poly-2, and GP) sum-
marized in table 3. The coefficients a; are dimensionless in all cases since the respective
dimensions of the densities in equation (10) is carried out by the respective principal
components p;. The parameters of the MGPE are themselves dimensionless, so we write
direct equations between them and the response variables a;. For the case of SDFT and
CDFT we write the equations in terms of the dimensionless parameters J = J/MeV
and L = L/MeV.

A4.1. MGPE

as (%, g, o)Lr = +0.002./% /G + 0.032./7q> + 0.469./5q — 0.107/% — 0.014x%¢> — 0.083k%q

0.3247 0526k  0.505k7
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+0.0330% — 0.17502 + 04210 — 0.059
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ai(k, g, 0)poly—2 = —1.023 K% + 0.154 kq + 0.006 ko + 1.778 k + 0.016 q2 + 0.210 go
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+

ai(x,

a(k,

a (K,

A.4.2. SDFT
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A.4.3. CDFT
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