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1 Introduction

Understanding the formal properties of perturbative expansions in quantum field theory is
an old and venerable problem. Since perturbative series are in general factorially divergent,
a useful approach is to consider their Borel transforms, which are analytic at the origin but
have a rich singularity structure in the complex plane. These singularities are expected to
give important information about non-perturbative physics. Some of them are instanton
singularities, corresponding to non-trivial saddle-points of the path integral. There are in
addition renormalon singularities which do not have an obvious semiclassical interpretation.
In the case of instanton singularities, their location in the complex plane correspond to the
values of their actions. In the case of renormalons in asympotically free theories, it was
argued in [1–3] that the corresponding singularities occur at points of the form

`

2|β0|
, ` ∈ Z 6=0, (1.1)

where β0 is the first coefficient of the beta function. When ` > 0, these singularities are
called infra-red (IR) renormalons, and they obstruct Borel summability of the perturbative
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series. The perturbative series is expected to be upgraded to a so-called trans-series,
incorporating exponentially small corrections associated to the IR renormalon singularities.
These corrections are roughly of the form(Λ

κ

)`
, ` ∈ Z>0, (1.2)

where Λ is the dynamically generated scale of the theory and κ� Λ is an external momentum
scale. For observables with an OPE, these corrections have been related to condensates of
operators of dimension ` in the true vacuum [1, 4]. When ` < 0, the singularities (1.1) are
called ultra-violet (UV) renormalons. They do not obstruct Borel summability, but they
contribute to the large order behavior of perturbation theory.

Let us note that (1.1) is supposed to give the position of possible singularities, and not
all of them occur in a given observable. For example, in the Adler current of QCD, which
is a popular example in renormalon physics, the first IR renormalon singularity occurs at
` = 4 (see e.g. [5] for a review of renormalons).

Due to the complexity of realistic quantum field theories, it is not easy to test these
ideas in detail, and the available evidence relies either on large N approximations or on
numerical calculations. For example, in QCD, large Nf techniques seem to confirm (1.1)
for certain observables, and numerical calculations of long perturbative series [6, 7] have
established the existence of renormalon singularities at ` = 1, 4. The same techniques can
be applied to simpler models in lower dimensions. In the two-dimensional, O(N) non-linear
sigma model, correlation functions can be studied analytically in the 1/N expansion, and
one finds an infinite sequence of IR renormalons of the form (1.1) with even positive values
of ` [8–13]. Numerical evidence for renormalons in the two-dimensional principal chiral field
(PCF) has been given in [14].

The study of the non-linear sigma model suggests that theories in lower dimension and
with special properties might provide a powerful testing ground for renormalon physics, and
much interest has been devoted to integrable, asymptotically free theories in two dimensions.
It has been known for a long time that, once one includes an external chemical potential
h coupled to a conserved charge, the free energy of these models, which we will denote
by F(h), can be computed exactly by using the Bethe ansatz [15–24]. At the same time,
for large values of h one can use asymptotic freedom to calculate F(h) in conventional
perturbation theory. Therefore, this observable seems to be rich enough to display all the
subtleties of renormalon physics, and at the same time one expects to be able to study it in
detail thanks to integrability.

In spite of these simplifying features, the analysis of the renormalon structure of F(h)
is not straightforward, and the available results are again based on numerical calculations
or large N approximations. The numerical analysis of the renormalons of F(h) was boosted
by a new method introduced by Volin in [25, 26], which produces long perturbative series
for this observable directly from the Bethe ansatz. This method confirmed the presence of
a renormalon singularity at ` = 2 in the non-linear sigma model [25] and in many other
integrable models, like the Gross-Neveu (GN) model and the PCF [27]. A comprehensive
study of the O(4) non-linear sigma model with these numerical techniques was presented
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in [28, 29]. The free energy of integrable models has been also studied in the 1/N expansion,
both with the Bethe ansatz equations [30–33] and with diagrammatic techniques [33, 34],
and in this framework one can obtain analytic results for the exponentially small corrections
associated to the renormalons.

The study of renormalons with numerical methods or with the large N approximation
has obvious limitations, and it would be desirable to find analytic results at finite N . In
the case of the free energy of integrable models, one could expect that the Bethe ansatz
equations encode the full renormalon structure. This turns out to be the case, as we
explain in this paper. In fact, a closely related analysis of exponentially small corrections
in the sine-Gordon model, directly from the Bethe ansatz, was already performed by Al.
Zamolodchikov in [35]. By using the Wiener-Hopf techniques of [17–19, 35], we provide
for the first time exact analytic results for the trans-series in this class of models, at finite
N , and we compute the very first terms of the leading exponentially small corrections,
including their Stokes constants. These corrections turn out to be manifestly ambiguous, in
agreement with the prescient ideas of F. David [9, 10], and by requiring the cancellation of
ambiguities we can determine the position of the renormalon singularities in the Borel plane.

Our most surprising result is that, for the free energy F(h), the standard expecta-
tion (1.1) about the location of IR singularities turns out to be generically incorrect. For
example, in the GN model and the PCF, we find the expected first IR singularity at 1/|β0|,
followed by an infinite sequence of IR singularities at the positions

`

|β0|
1

1− r
, ` ∈ Z>0, (1.3)

where
rGN = 2

N − 2 (1.4)

for the O(N) GN model, and

rPCF = 1
N

(1.5)

for the SU(N) PCF. These results are illustrated in figure 1. Note that, in the large
N limit, the singularities (1.3) agree with the standard expectation (1.1) (for even `),
so the discrepancy we find is invisible at large N . Similar results hold as well for the
supersymmetric O(N) non-linear sigma model, which also presents unconventional Borel
singularities of the form (1.3).

In the O(N) sigma model, we find an expected first singularity at 1/|β0|, and then a
sequence of singuarities at

`(N − 2)
|β0|

, ` ∈ Z>0. (1.6)

A similar sequence of the form
`N

|β0|
, ` ∈ Z>0, (1.7)

appears also in the PCF. Note that the singularities (1.6) and (1.7), although compatible
with the standard expectations, are very different from the previous ones, since they go
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Figure 1. The figure at the top shows the traditional picture of IR renormalon singularities in
asymptotically free theories, corresponding to (1.1) with an even value of `. The figure at the bottom
shows the actual singularities that are found for the free energy of the Gross-Neveu model and the
principal chiral field, where the correction r is given in (1.4), (1.5), respectively.

away in the large N limit, and thus they might be due to instantons.1 In the PCF we
expect to have singularities combining the sequences (1.3) and (1.7). It turns out that the
location of UV renormalon singularities can be also determined with this method, and it
is compatible with standard expectations. We use similar analytic methods to study a
well-known non-relativistic model: the Gaudin-Yang model. The first Borel singularity of
its ground state energy was determined numerically in [37, 38], and we provide here an
analytic derivation of its location and its Stokes constant.

The result (1.3) is quite unexpected and goes against the standard lore of renormalon
physics. Since extraordinary claims call for extraordinary evidence, we provide many
tests of our formulae. It follows from the theory of resurgence that the analytic results
on renormalons obtained in this paper give falsifiable predictions on the behavior of the
perturbative series. We then generate long perturbative series with the techniques of [25]
and we verify these predictions numerically. In our view, there is very little doubt that
renormalon singularities do occur at these unexpected positions.

This paper is organized as follows. In section 2 we review some background on the
theory of resurgence and on the Bethe ansatz solution for integrable quantum field theories.
In section 3 we analyze in detail the free energy of the GN model, calculate its trans-series
representation at the very first orders, and extract the information about the structure of
IR renormalons. These results are then tested in detail, both analytically and numerically.

1As in [36], we call instanton any solution to the Euclidean equations of motion with finite action.
Instantons can be unstable, and unstable instantons are sometimes called “bounces” in the literature. The
O(N) sigma model with N > 2 and the SU(N) PCF with N ≥ 2 admit unstable instanton configurations.
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In particular, we give what we find is convincing evidence that unconventional renormalon
singularities do really appear. In addition, we show that our methods can also handle
UV renormalons. In section 4 we develop our analytic formalism for bosonic models, and
we present general results for their trans-series structure. We give all the details for the
non-linear O(N) sigma model, its supersymmetric extension, and the PCF, and we present
tests of our results. In section 5 we extend our methods to the Gaudin-Yang model, which
is a non-relativistic version of the GN model. We study analytically the resurgent structure
of its ground state energy, and we find agreement with the numerical results obtained
previously in [27, 37]. Section 6 contains a discussion of the technical and conceptual issues
raised by our results, as well as some prospects for future developments. The paper contains
two appendices. In appendix A, we explain in detail the perturbative calculation of the free
energy for bosonic models, which was first sketched and numerically computed in [17, 18, 21].
In contrast, our computation is performed analytically, by using the mathematical tools
introduced in appendix B.

2 Resurgence and the Bethe ansatz

2.1 Resurgent structures in QFT

We will first discuss some basic aspects of the theory of resurgence which will be needed in
this paper. An excellent introduction to the mathematical formalism of resurgence can be
found in [39], see also [40] for a more comprehensive exposition. A presentation in the context
of instanton and renormalon physics can be found in [36, 41]. A phenomenologically-oriented
review of renormalons can be found in [5].

Let us consider a formal perturbative series ϕ(α), obtained as an asymptotic expansion
of an observable G(α). Here, α will denote a convenient coupling constant, and we will
assume that ϕ(α) has the form

ϕ(α) =
∑
k≥0

ekα
k. (2.1)

Generically, the coefficients ek grow as ek ∼ k!, so the above series is purely formal and has
a zero radius of convergence. The Borel transform of ϕ(α), defined as

ϕ̂(ζ) =
∑
k≥0

ek
k! ζ

k, (2.2)

is analytic at the origin. We will assume that it can be analytically continued to the
full complex plane, and we would like to find the structure of its singularities. This is in
general a difficult problem. One way of detecting these singularities is by looking at the
discontinuities of the Borel resummation of ϕ(α). Let us define the Borel resummation of
ϕ(α) as

s(ϕ)(α) =
∫ ∞

0
ϕ̂(xα)e−ζdζ = 1

α

∫
Cθ
ϕ̂(ζ)e−ζ/αdζ (2.3)

where Cθ = eiθR+ and θ = argα. This function is ill-defined if Cθ passes through a Stokes
ray, joining the origin to a singularity of the Borel transform. One can make sense of the
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Borel resummation in this situation by deforming Cθ slightly above (respectively, below)
the Stokes ray, leading to contours Cθ±. We then define the lateral Borel resummations as

s±θ(ϕ)(α) = 1
α

∫
Cθ±
ϕ̂(ζ)e−ζ/αdζ. (2.4)

The difference between the two lateral resummations gives precise information about the
singularities of the Borel transform. Let us assume that along the Stokes ray forming an
angle θ with the real axis there are singularities of the Borel transform at the locations
A`, ` = 1, 2, · · · . Then, for a large class of perturbative series, the Stokes discontinuity,
defined by

discθs(ϕ)(α) = s+θ(ϕ)(α)− s−θ(ϕ)(α), (2.5)

is given by
discθs(ϕ)(α) = s−θ (Σ) (α), (2.6)

where Σ(α) is a trans-series, i.e. a formal linear combination of factorially divergent power
series involving exponentially small terms (see [39–41] for further details). It has the form,

Σ(α) = i
∞∑
`=1

S` α−b`e−A`/αψ`(α). (2.7)

In this equation, ψ`(α) is a formal power series in α, and S` is called the Stokes constant
associated to the singularity at A`. Note that the value of this constant depends on a
normalization of ψ`(α). In this paper we will choose the normalization ψ`(α) = 1 +O(α).
We will also focus on singularities located on the positive real axis, so that θ = 0, and we
will remove the subscript indicating the angle in (2.4) and (2.6). We finally note that the
(lateral) Borel resummation of a trans-series, which we used in (2.6), is simply obtained by
replacing the formal series ψ`(α) in the trans-series by their lateral Borel resummations.

Let us note that the series ψ`(α) and the Stokes constants S` are in principle completely
determined by the perturbative series ϕ(α), although it is not easy to obtain them explicitly.
One way to obtain numerical information about them is to exploit their connection to the
large order behavior of ϕ(α), since the discontinuity equation (2.6) determines the behavior
of the coefficients ek in (2.1) at large k. Let A1 be the closest singularity to the origin.
Then, one has the following asymptotic formula,

ek ∼
S1
2πA

−k−b1
1 Γ(k + b1)

(
ψ1,0 +O(k−1)

)
, k � 1, (2.8)

where we have written
ψ`(α) =

∑
k≥0

ψ`,kα
k. (2.9)

The subleading singularities A`, with ` > 1, give exponential corrections to this asymptotics
which can be incorporated systematically (see e.g. [40]).

The existence of a trans-series (2.7) giving the discontinuity is closely related to the
existence of a trans-series expansion for the observable G(α). In this paper we will consider
very general trans-series of the form

Φ±(α) = ϕ(α) +
∞∑
`=1

C±` α
−b`e−A`/αϕ±` (α). (2.10)
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Here, ϕ±` (α) are formal power series (normalised to ϕ±` (α) = 1+O(α) ), and C±` are complex
constants (sometimes called trans-series parameters). Let us now assume that G(α) can be
obtained in two different ways, by performing a lateral Borel resummation of Φ±(α) from
above (respectively, below), i.e.

G(α) = s±
(
Φ±
)

(α). (2.11)

The fact that the two lateral resummations of the trans-series Φ±(α) are equal gives an
equation for the discontinuity (2.6), and relates the trans-series (2.7) to Φ±(α). The results
for the discontinuity obtained in this way can then be tested from the large order behavior
formula (2.8). This is the strategy we will follow in this paper to obtain information about
the Borel singularities.

In [33] two different versions of the resurgence program were distinguished. According
to the weak version, observables in QFT with an asymptotic expansion can be written as
generalized Borel–Écalle resummations of trans-series. According to the strong version,
all ingredients of the trans-series can be extracted from the Borel singularities of the
perturbative series2 (except the trans-series parameters, which have to be fixed by other
means). In this paper we will also make some comments on which version of the program
might apply to the cases at hand. A more precise diagnosis of this issue requires however a
deeper analysis.

2.2 Integrable field theories and the Bethe ansatz

In this paper we will consider integrable, asymptotically free field theories in two dimensions.
We will focus on three examples: the O(N) GN model [42], the O(N) non-linear sigma
model [43] and its supersymmetric version [44], and the SU(N) PCF. Starting with the
work of [45, 46], exact expressions for the S-matrix of these theories have been conjectured
and passed many checks. These S-matrix expressions make possible the following exact
computation [15, 16]. Let H be the Hamiltonian of the model, and let Q be a conserved
charge, associated to a global conserved current. Let h be an external field coupled to Q,
which can be regarded as a chemical potential. As usual in statistical mechanics we can
consider the ensemble defined by the operator

H− hQ, (2.12)

as well as the corresponding free energy per unit volume

F (h) = − lim
V,β→∞

1
V β

log Tr e−β(H−hQ), (2.13)

where V is the volume of space and β is the total length of Euclidean time. As pointed out
in [15], we can compute

F(h) = F (h)− F (0) (2.14)
2More precisely, this includes all the formal power series obtained by acting with all possible alien

derivatives on the perturbative series.
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by using the exact S matrix and the Bethe ansatz. One considers the following integral
equation for a Fermi density ε(θ)

ε(θ)−
∫ B

−B
dθ′K(θ − θ′)ε(θ′) = h−m cosh(θ), θ ∈ [−B,B]. (2.15)

In this equation, m is the mass of the charged particles, and with a clever choice of Q, it
is directly related to the mass gap of the theory. The kernel of the integral equation is
given by

K(θ) = 1
2πi

d
dθ logS(θ), (2.16)

where S(θ) is the S-matrix appropriate for the scattering of the charged particles. The
endpoints ±B are fixed by the condition

ε(±B) = 0. (2.17)

The free energy is then given by

F(h) = −m2π

∫ B

−B
ε(θ) cosh(θ)dθ. (2.18)

It will also be convenient to use a “canonical” formalism and introduce the density of
particles ρ and energy density e through a Legendre transform of F(h),

ρ = −F ′(h),
e(ρ)− ρh = F(h).

(2.19)

The canonical observables can also be calculated directly from a Bethe ansatz integral
equation for a rapidity density ξ(θ)

χ(θ)−
∫ B

−B
dθ′K(θ − θ′)χ(θ′) = m cosh(θ), θ ∈ [−B,B]. (2.20)

Then ρ and e relate to B through

ρ = 1
2π

∫ B

−B
χ(θ)dθ, e = m

2π

∫ B

−B
χ(θ) cosh(θ)dθ. (2.21)

This formulation is sometimes more convenient. For example, the integral equation is easier
to solve numerically.

Unfortunately, the solution of the integral equation (2.15) is not known in closed form.
One can solve it either numerically, or in a perturbative expansion for B large. It turns
out that B large means h large, which is the regime in which one can use conventional
perturbation theory, due to asymptotic freedom. The evaluation of F(h) at the very first
orders in a large B expansion was done for the non-linear sigma model in [17, 18], for the
Gross-Neveu model in [19, 20], and for the principal chiral field in [21]. By comparing
this result to a conventional perturbative calculation in the MS scheme, it is possible to
obtain an exact expression for the mass gap in terms of the dynamically generated scale
ΛMS (which we will henceforth call simply Λ).

– 8 –



J
H
E
P
0
8
(
2
0
2
2
)
2
7
9

More recently, Volin found an efficient method [25, 26] to obtain long perturbative
series for F(h) at large B, starting from the canonical formalism. In [27–29, 37, 38] Volin’s
method was used to find trans-series representations for F(h), including exponentially small
corrections due to IR renormalons, in many integrable models. However, most of the results
of this type have been numerical. Analytic results are available only in exceptional cases
(like the one-dimensional Hubbard model at half-filling [47]) or by working in the 1/N
expansion [30–33].

It turns out that, to understand analytically the trans-series structure of F(h), it is
convenient to use the Wiener-Hopf approach of [17, 19, 48], which relies on writing (2.15)
in Fourier space. The standard procedure is to first extend (2.15) to θ ∈ R. To do so, we
extend ε(θ) to the zero function outside [−B,B] and we introduce

g(θ) =


−m2 eθ if θ < −B,

h−m cosh θ if θ ∈ [−B,B],

−m2 e−θ if θ > B.

(2.22)

We also introduce an unknown function Y (θ), defined as the 0 function for θ < 0, and
defined for θ > 0 such that

ε(θ)−
∫ B

−B
dθ′K(θ − θ′)ε(θ′) = g(θ) + Y (θ −B) + Y (−θ −B) (2.23)

is satisfied for all θ ∈ R, where ε is the solution to the original problem (2.15).3

We consider the Fourier transform of the kernel,

K̃(ω) =
∫
R

dθ eiωθK(θ), (2.24)

and its Wiener-Hopf factorization

1− K̃(ω) = 1
G+(ω)G−(ω) , (2.25)

where G±(ω) is analytic in the upper (respectively, lower) complex half plane. We will only
consider the case in which K(θ) is an even function, therefore G−(ω) = G+(−ω). We then
introduce the Fourier transform of the function g:

g̃(ω) = 2h sin(Bω)
ω

+ imeB

2

(
eiBω

ω − i −
e−iBω

ω + i

)
(2.26)

and define
g±(ω) = e±iBω g̃(ω). (2.27)

Similarly, we define the function

ε±(ω) = e±iBω ε̃(ω), (2.28)
3There is some freedom in the extension of g(θ) to the real line which amounts to redefinitions of the

unknown function Y (θ). The choice (2.22), which is inspired by [35, 49], minimizes irrelevant terms in
intermediate calculations.
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where ε̃(ω) is the Fourier transform of ε(θ). Lastly we introduce the convenient definitions

σ(ω) = G−(ω)
G+(ω) , (2.29)

Q(ω) = G+(ω)Ỹ (ω), (2.30)

where Ỹ (ω) is the Fourier transform of Y (θ). The Fourier transform of (2.23) can then be
written as

1
G+(ω)G−(ω) ε̃(ω) = g̃(ω) + eiBωG−1

+ (ω)Q(ω) + e−iBωG−1
− (ω)Q(−ω). (2.31)

It is shown in [17, 19] that Q(ω) satisfies the integral equation

Q(ω)− 1
2πi

∫
R

e2iBω′σ(ω′)Q(ω′)
ω + ω′ + i0 dω′ = 1

2πi

∫
R

G−(ω′)g+(ω′)
ω + ω′ + i0 dω′. (2.32)

The solution Q(ω) determines ε+(ω) through the following equation

ε+(ω)
G+(ω) = 1

2πi

∫
R

G−(ω′)g+(ω′)
ω′ − ω − i0 dω′ + 1

2πi

∫
R

e2iBω′σ(ω′)Q(ω′)
ω′ − ω − i0 dω′. (2.33)

Equations (2.32) and (2.33) are, respectively, the projections of (2.31) into analytic functions
in the upper and lower half plane. They are obtained with the Wiener-Hopf formalism, see
appendix A of [19] for a detailed derivation.

The relationship between h,m and B is determined by the boundary condition (2.17),
which in Fourier space takes the form

lim
κ→+∞

κε+(iκ) = 0. (2.34)

The free energy is then given by

F(h) = − 1
2πmeBε+(i). (2.35)

The above formalism is general and can be applied to all integral equations appearing
in the different integrable models. We will revisit it in some detail in the section on the
bosonic models. However, as pointed out in [19, 35], when G+(0) is finite and non-vanishing,
there is an alternative, simpler formulation (see [49] for a nice presentation). This happens
in the sine-Gordon model analyzed in [35], and in the Gross-Neveu model [19]. In this case,
one obtains an integral equation for an auxiliary function u(ω) defined in Fourier space.
This equation has the form

u(ω) = i
ω

+ 1
2πi

∫
R

e2iBω′ρ(ω′)u(ω′)
ω + ω′ + i0 dω′, (2.36)

where
ρ(ω) = −ω + i

ω − i
G−(ω)
G+(ω) . (2.37)
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The boundary condition (2.34) fixes the value of u(i) as

u(i) = meB

2h
G+(i)
G+(0) , (2.38)

and this can be used to determine the relationship between h,m and B. Finally, once u(ω)
is known, one can find the free energy from the equation

F(h) = −h
2

2πu(i)G+(0)2
{

1− 1
2πi

∫
R

e2iBω′ρ(ω′)u(ω′)
ω′ − i dω′

}
. (2.39)

In this paper we will use these Wiener-Hopf integral equations to obtain information
about the trans-series structure of F(h) and the corresponding Borel singularities.

3 Trans-series and renormalons in the Gross-Neveu model

3.1 Analytic solution

In the O(N) Gross-Neveu model, the basic field is an N -uple of Majorana fermions χ. The
Lagrangian density describing the theory is

L = i
2χ ·

/∂χ+ g2

8 (χ · χ)2 . (3.1)

Our convention for the beta function is

β(g) = µ
dg
dµ = −β0g

3 − β1g
5 − · · · . (3.2)

This model is asymptotically free, and the first two coefficients of its beta function are (see
e.g. [50])

β0 = 1
4π∆ , β1 = − 1

8π2∆ , (3.3)

where
∆ = 1

N − 2 . (3.4)

We consider the setting of [19, 20], where the charge in (2.12) is the quantum version of
Q12, associated to the global O(N) symmetry. We restrict ourselves to N > 4, since the
cases N ≤ 4 are somewhat special, see [19, 33]. The relevant kernel can be found in [19],
and its Wiener-Hopf decomposition is determined by

G+(ω) = e−
1
2 iΥω[1−log(− 1

2 iΥω)]

e−
1
2 iω[1−log(− 1

2 iω)]
Γ
(

1
2 −

1
2 iΥω

)
Γ
(

1
2 −

1
2 iω
) , (3.5)

where
Υ = 1− 2∆. (3.6)
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Since G+(0) = 1 is finite and nonvanishing, we can obtain the free energy from the integral
equation (2.36). In this equation, the key object is the function ρ(ω) introduced in (2.37).
In this case it is given by

ρ(ω) = e
1
2 iΥω[2−log(− 1

2 iΥω)−log( 1
2 iΥω)]

e
1
2 iω[2−log(− 1

2 iω)−log( 1
2 iω)]

Γ
(

3
2 −

1
2 iω
)

Γ
(

1
2 + 1

2 iΥω
)

Γ
(

3
2 + 1

2 iω
)

Γ
(

1
2 −

1
2 iΥω

) . (3.7)

The analytic structure of ρ(ω) is the same as σ(ω), defined in (2.29). Due to the Gamma
functions, it has simple poles along the imaginary axis. In the complex upper half plane
the poles occur at ωn = iξn, with

ξn = 2n+ 1
Υ , n ∈ Z≥0. (3.8)

As we will see, these poles will eventually lead to renormalon singularities. At the same
time, the logarithms in (3.7) lead to two branch cuts starting at ω = 0, going respectively
upwards and downwards along the imaginary axis. In the upper half plane, the discontinuity
is given by

δρ(iξ) = −2ie[2∆(1+log 2)+Υ log Υ]ξ−2∆ξ log ξ sin(π∆ξ)
Γ
(

1
2 −

1
2Υξ

)
Γ
(

3
2 + 1

2ξ
)

Γ
(

1
2 + 1

2Υξ
)

Γ
(

3
2 −

1
2ξ
) . (3.9)

This expression is obtained with the convention δρ(ω) = ρ(ω(1− i0))− ρ(ω(1 + i0)), which
we will use consistently in this paper.

We can now deform the integration contour appearing in (2.36) into a Hankel contour
C around the positive imaginary axis. This contour is made of two rays, one of them to
the left of the imaginary axis, and the other one to the right. If ρ(ω) had only poles, the
contour integral could simply be evaluated by residues. This is exactly what happens when
one does this calculation in the sine-Gordon model [35]. However, since there is also a
branch cut along the imaginary axis we have to be careful. A convenient way to proceed is
to move the branch cut away from the imaginary axis by a small angle δ. Then, as seen in
figure 2, the discontinuity and the poles become disentangled, and the integral along the
path C can be separated into an integral along the discontinuity with angle δ, and a sum
over the residues. The resulting tilted paths corresponding to δ > 0 (respectively, δ < 0)
will be denoted by C±. In the variable ξ = −iω, C± correspond simply to the integrals over
eiδR+, with the respective sign of δ, in harmony with the notation introduced in section 2.1.
The crucial point is that the value of the residues is sensitive to the sign of δ, that is, to the
branch choice of ρ(ω). Explicitly, the residues are given by

ρ±n = Resξ=ξn∓i0 ρ(iξ)

= e∓iπ∆ 2n+1
Υ

2
Υ

(−1)n+1

(n!)2

(2n+ 1
2e

)2n+1 (2n+ 1
2Υe

)− 2n+1
Υ Γ

(
3
2 + 2n+1

2Υ

)
Γ
(

3
2 −

2n+1
2Υ

) , (3.10)

where the plus (minus) sign in ρ±n has to be paired with the branch choice δ > 0 (δ < 0). As
we will see, this ambiguity in the residues will lead to the renormalon ambiguity discovered
by F. David in [9].

– 12 –



J
H
E
P
0
8
(
2
0
2
2
)
2
7
9

ρ±0

ρ±1

ρ±2

ω

C

C+

ρ+0

ρ+1

ρ+2

C

C−

ρ−0

ρ−1

ρ−2

C

Figure 2. The Hankel contour C can be deformed into an integral along the discontinuity of ρ(ω),
denoted by the dashed line, plus a sum over residues. However, due to the branch cut along the
imaginary axis, this can be done in two different ways, which leads to two different integrations
along the discontinuity, corresponding to the contours C±. The residues of the poles ρ±

n will also
depend on this choice, as shown explicitly in (3.10).

From the construction above we obtain the following expression for the function u(iξ):

u(iξ) = 1
ξ

+ 1
2πi

∫
C±

e−2Bξ′δρ(iξ′)u(iξ′)
ξ + ξ′

dξ′ +
∑
n≥0

e−2Bξnρ±n un
ξ + ξn

. (3.11)

A similar argument can be applied in the calculation of the free energy (2.39), and we
obtain

F(h) = − h2

2πu(i)G+(0)2
{

1− 1
2πi

∫
C±

e−2Bξ′δρ(iξ′)u(iξ′)
ξ′ − 1 dξ′

− e−2Bρ(i± 0)u(i)−
∑
n≥0

e−2Bξnρ±n un
ξn − 1

}
,

(3.12)

where un = u(iξn). In the second line, the ambiguity due to the branch cut also applies to
the value of ρ(ω) at ω = i. After using the boundary condition (2.38), we can write this
term as

e−2Bρ(i± 0)u(i) = me−B

2h ρ̃±, (3.13)

where
ρ̃± = e∓iπ∆(2e)∆(1− 2∆)

1
2−∆Γ(∆). (3.14)

In the following, we explicitly check the ambiguity cancellation between the integral
in (3.12) and the exponential terms. It is convenient to first compute the difference between
the two directions of integration, which can be written as a contour encircling the poles of
δρ(iξ′) and the explicit pole at ξ′ = 1:

1
2πi

(∫
C−
−
∫
C+

)
e−2Bξ′δρ(iξ′)u(iξ′)

ξ′ − 1 dξ′ = e−2Bδρ(i)u(i) +
∑
n≥0

e−2Bξn

ξn − 1 unResξ=ξnδρ(iξ).

(3.15)
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In particular, we note that δρ(iξ) has no branch along the positive real line and thus, the
integral only picks the residues of the function, which are related to the residues of ρ(iξ) by

Resξ=ξn δρ(iξ) = ρ+
n eiπ∆ 2n+1

Υ (−2i) sin
(
π∆2n+ 1

Υ

)
. (3.16)

Accordingly, the difference between the two choices of residues in (3.12) yields

e−2B[ρ(i− 0) + ρ(i + 0)]u(i) +
∑
n≥0

e−2Bξn

ξn − 1 (ρ−n − ρ+
n )un. (3.17)

We have ρ(i− 0)− ρ(i + 0) = −δρ(i), which cancels the first term in the r.h.s. of (3.15). In
addition, from the expression for ρ±n in (3.10), we find

ρ−n − ρ+
n = ρ+

n eiπ∆ 2n+1
Υ (2i) sin

(
π∆2n+ 1

Υ

)
. (3.18)

It is now clear that the contribution from ρ−n − ρ+
n cancels the sum in (3.15). This

completes the check that (3.12) is unambiguous and, in particular, imaginary ambiguities
in the exponential corrections arising from the residues cancel exactly with the imaginary
ambiguity arising from the integral. A similar argument can also be applied to u(iξ) and
its integral equation (3.11).

The cancellation mechanism that we have just analyzed is reminiscent of the ambiguity
cancellation between perturbative and non-perturbative sectors typical of the theory of
the resurgence. At the same time, there are obvious differences between the two. For
example, the integral in (3.12) looks like a Borel resummation in the variable B, but one
has to be reminded that the factor u(iξ′) inside the integral depends also on B and, in
particular, comes with its own exponential corrections. However, we conjecture that both
mechanisms are closely related. Indeed, the asymptotic expansion of the integrals above
will lead to formal power series which can be resummed in two different ways, by lateral
Borel resummation. We will assume that these two choices are correlated to the two
choices of branch cuts in the formulae above, and in particular to the two choices for the
residues ρ±n , ρ̃±.

In [17–19], the integrals appearing in the Wiener-Hopf method (3.11)–(3.12) were also
calculated by deforming the contour and picking the discontinuity of the integrand. This
is enough to obtain perturbative expansions, and in those papers the contribution of the
poles was neglected. We will now keep these contributions, which are exponentially small
for large B, but at the same time we will expand the remaining quantities in power series in
1/B. The result will have the structure of a trans-series, with small parameters e−B, 1/B
and logB/B.

As noted in [19], it is useful to change variables from ξ,B to η, v, as follows:

1
v
− 2∆ log v = 2B, ξ = vη. (3.19)

This change of variables combines 1/B and logB/B terms into v terms with no logarithms.
We will write u(η) for the function obtained from u(iξ) after the change of variables, and
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we introduce the function P (η) through

e−2Bξδρ(iξ) = −2i ve−ηP (η). (3.20)

The integral equation reads now

u(η) = 1
vη
− v

π

∫
C±

e−η′P (η′)u(η′)
η + η′

dη′ + Υ
∑
n≥0

q2n+1ρ±n un
Υvη + 2n+ 1 , (3.21)

where q is defined by
q = exp

(
− 1

Υv

)
v

2∆
Υ . (3.22)

This is the exponentially small variable in the trans-series expansion. The equation (3.21)
is solved by iteration, as follows. The “seed” of the integral equation is

u(η) = 1
vη

+ Υ
∑
n≥0

q2n+1ρ±n un
Υvη + 2n+ 1 . (3.23)

Let us introduce the integral operator

(Df) (η) = − v
π

∫
C±

e−η′P (η′)f(η′)
η + η′

dη′, (3.24)

as well as

T =
∞∑
`=0
D`. (3.25)

Then,
u(η) = (T u) (η). (3.26)

We will now perform a systematic expansion in powers of q. First, we note that the
unknowns uk will have q-series expansions of the form

uk =
∑
s≥0

u
(s)
k qs. (3.27)

They satisfy the equation

1
Υuk = 1

2k + 1 + vDku+ 1
2
∑
n≥0

q2n+1ρ±n un
1 + n+ k

, (3.28)

where
Dku = − v

π

∫
C±

e−ηP (η)u(η)
1 + 2k + Υvηdη, (3.29)

and does not depend on η. We will also write the “seed” of the integral equation as a
q-series:

u(η) =
∑
s≥0

u(s)(η)qs, (3.30)
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where

u(0)(η) = 1
vη
, u(s)(η) = Υ

s−1∑
`=0

ρ±s−1−`
2

u
(`)
s−1−`

2

s− `+ Υvη . (3.31)

In the sum over `, it is understood that only values such that s− 1− ` is even occur. For
example, we have

u(1)(η) = Υ ρ±0 u
(0)
0

1 + Υvη . (3.32)

This leads to a decomposition of the full solution,

u(η) =
∑
s≥0

u(s)(η)qs, (3.33)

where
u(s)(η) =

(
T u(s)

)
(η). (3.34)

We can now plug in this decomposition into the equation for the residues, and we find

1
Υu

(0)
k = 1

2k + 1 + vDkT
1
vη
, (3.35)

while for r ≥ 1 we have

1
Υu

(r)
k = vDkT u(r)(η) +

r−1∑
`=0

ρ±r−1−`
2

u
(`)
r−1−`

2

1 + 2k + r − `
. (3.36)

This gives a recursive equation to solve for the u(r)
k . For example, we obtain

1
Υu

(1)
0 = 1

2ρ
±
0 u

(0)
0

(
1 + 2vΥD0T

1
1 + Υvη

)
. (3.37)

So far we have taken into account the expansion in q, leading to exponentially small
corrections, but we also want to perform a conventional weak coupling expansion. To do
this, we expand the discontinuity function P (η) appearing in the integral operators in power
series, as

P (η) ∼
∞∑
n=1

vn−1
n−1∑
m=0

dn,m(log η)mηn. (3.38)

The coefficients dn,m are explicitly computable. In this way, we obtain a systematic
expansion in both v and q with the structure of a trans-series. Note that the iteration of
the operator D defined in (3.24) will involve multiple integrals with the kernel 1/(η + η′).
These integrals are easy to calculate up to two iterations, but beyond that they are not
straightforward. This already happens in the purely perturbative sector, and that’s one of
the reasons why the method of [25] is more powerful. For this reason, in this paper we will
not obtain long perturbative series attached to the exponentially small corrections, but only
the very leading terms. Once the double expansion of u(iξ) in v and q has been worked out,
we can plug it in (3.12) to obtain the corresponding equation for the free energy. Finally,
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the boundary condition (2.38) gives a trans-series expression for B as a function of log(m/h)
and m/h.

Let us present some explicit results that are obtained with this procedure. For the very
first values of k = 0, 1 one finds,

u0 = Υ− d1,0Υ
π

v +O
(
v2
)

+ q

(
Υ2ρ±0

2 − d1,0Υ2ρ±0
2π v +O(v2)

)
+O(q2),

u1 = Υ
3 −

d1,0Υ
3π v +O

(
v2
)

+ q

(
Υ2ρ±0

4 − d1,0Υ2ρ±0
4π v +O

(
v2
))

+O(q2),
(3.39)

where the coefficients dn,m are defined in (3.38). The free energy reads

F(h) = h2

2πu(i)G+(0)2
{
−1 + me−B

2h ρ̃± + d1,0
π
v +O

(
v2
)

+ q

(
Υ2ρ±0
1−Υ −

d1,0Υ2ρ±0
π(1−Υ)v +O

(
v2
))

+O(q2)
}
. (3.40)

Finally, one needs to calculate u(i) to implement the boundary condition. One can also
calculate this as a trans-series expansion, and at the very first orders we obtain

u(i) = 1− d1,0
π
v +O

(
v2
)

+ q

(
Υ2ρ±0
Υ + 1 −

d1,0Υ2ρ±0
π(Υ + 1)v +O

(
v2
))

+O(q2). (3.41)

In order to make contact with the perturbative expansion obtained in [27], we have
to use the appropriate coupling constant, i.e. appropriate schemes. There are two useful
schemes that have been proposed in this context [25, 27, 51]. In the first scheme, one
introduces a coupling constant α̃ satisfying

1
α̃
−∆ log α̃ = log

(
h

Λ

)
, (3.42)

where Λ is the dynamically generated scale in the MS scheme, and it is related to the mass
gap by [19]

m

Λ = (2e)∆

Γ(1−∆) . (3.43)

Comparing (3.42) to the renormalization group equation it can be easily seen that

α̃ = 2|β0|g2(h) +O
(
g4(h)

)
, (3.44)

where g2(h) is the running coupling constant at the scale h in the MS scheme. We now
need a dictionary relating v to α̃. This follows from the boundary condition (2.38), and it
will involve non-perturbative corrections. One finds

v = α̃

2 + 1
4
[
(∆− 1) log(4)−Υ log(Υ)

]
α̃2 +O

(
α̃3
)

+ e−
2

Υα̃

(
α̃

2

) 2∆
Υ
(
−2−

1
Υ−2Υρ±0
Υ + 1 α̃2 +O

(
α̃3
))

+O
(
e−

4
Υα̃
)
. (3.45)
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Putting all these ingredients together, one finally obtains the trans-series expansion of the
free energy in terms of α̃:

F(h)∼−h
2

2π

{
1−∆α̃+ 1

2∆
[
∆−2+2 log(2)

]
α̃2 +O

(
α̃3
)

+e−
2

Υα̃

(
α̃

2

) 2∆
Υ

2
1

2∆−1−2(1−2∆)2ρ±0
∆(∆−1) − 2

1
2∆−1−1∆(2∆−1)ρ±0

∆−1 α̃+O
(
α̃2
)

+e−
4

Υα̃

(
α̃

2

) 4∆
Υ

2
2

2∆−1−3(1−2∆)2
(
ρ±0

)2

(∆−1)2 +O (α̃)

+O
(
e−

6
Υα̃
)}

∓ im2

8 +m2

8 cot(π∆). (3.46)

The last line is an h-independent term in the free energy. Its imaginary part leads to an IR
renormalon pole. Following e.g. [35], its real part can be identified with −F (0), i.e.

F (0) = −m
2

8 cot(π∆). (3.47)

It will also be useful to give the result for the normalized energy density e/ρ2, since this
is the observable studied in [25, 27, 51]. This requires using yet another scheme, and we
introduce the coupling constant α as

1
α
−∆ logα = log

(2πρ
Λ

)
. (3.48)

We note that
α = α̃+O(α̃2). (3.49)

In terms of this coupling constant, we find

e

2πρ2 ∼
1
4 + ∆

4 α+ 1
8∆(∆ + 2)α2 +O

(
α3
)

+ e−
2
αα2∆ 2∆−2e∆(1− 2∆)∆− 1

2 ρ̃±

Γ(1−∆)

+ e−
2

Υαα
2∆
Υ

(
−(1− 2∆)2ρ±0

8∆(∆− 1) + ∆(1− 2∆)ρ±0
4(∆− 1) α+O

(
α2
))

+ e−
4

Υαα
4∆
Υ

(
(1− 2∆)2(ρ±0 )2

8(∆− 1)2 +O(α)
)

+O
(
e−

6
Υα
)
.

(3.50)

This is our final result for the normalized energy density, which is given in terms of a
trans-series in α. There are various observations that we would like to make on this result.

First of all, note that the first few terms in the r.h.s. of the first line give the perturbative
expansion of this observable, which was computed in [27] to much higher order. Then, we
have two types of exponentially small corrections. The last term in the r.h.s. of the first
line, which is proportional to

e
− 1
|β0|g2(h) (3.51)
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corresponds to an IR renormalon singularity at the expected location (1.1) with ` = 2.
However, there is an infinite series of corrections with exponentials of the form

e
− `

Υ|β0|g2(h) , ` ∈ Z>0. (3.52)

The first two corrections of this type are displayed in (3.50). They lead to the new IR
renormalon singularities located at (1.3).

Our second observation is that the exponentially small contributions are inherently
ambiguous, as indicated by the ± signs in the residues ρ̃±, ρ±n . This ambiguity is ultimately
due to the logarithmic branch cut in the discontinuous function (3.7). We know since the
work of David [9, 10] that this is a standard feature of renormalon contributions in QFT. As
noted above, it is then natural to expect that these two choices in the exponentially small
contributions are correlated with the two possible choices of lateral Borel resummation
of the perturbative series (which, as we know from [27], is not Borel summable along the
positive real axis). More precisely, let us write the r.h.s. of (3.50) as a formal trans-series

Φ±(α) = ϕ(α) + C±0 e−2/αα2∆ +
∞∑
`=1
C±` e−

2`
Υαα

2`∆
Υ ϕ±` (α), (3.53)

where
ϕ(α) ≡

∑
k≥0

ekα
k = 1

4 + ∆
4 α+ 1

8∆(∆ + 2)α2 +O
(
α3
)

(3.54)

is the perturbative series,

C±0 = 2∆−2e∆(1− 2∆)∆− 1
2

Γ(1−∆) ρ̃±, (3.55)

is the coefficient of the first non-perturbative correction, and ϕ±` (α) are formal power series
associated to the `-th exponentially small correction of the form (1.3). Their first overall
coefficient is given by

C±1 = − (1− 2∆)2

8∆(∆− 1)ρ
±
0 . (3.56)

We expect the following exact result
e

2πρ2 = s±(Φ±)(α), (3.57)

where s± are lateral Borel resummations along the positive real axis. We will test some
aspects of this proposal in the next subsection.

We can improve upon the general form (3.53) by noticing that we can factor out the
ambiguous part of the residues in (3.10). In all of our equations, we can replace

e−2Bξnρ±n =
(
e−2Be∓iπ∆

)ξn
rn, (3.58)

where rn are real factors. Therefore, all exponential terms of the same order have the same
ambiguous factor, and we can write

C±` = r`e∓i` π
N−4 , ϕ±` (α) = ϕ`(α), (3.59)
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where r` are real constants and ϕ`(α) are real formal power series. The first one is given by

ϕ1(α) = 1 + c
(1)
1 α+O(α2), (3.60)

with
c

(1)
1 = − 2∆2

1− 2∆ . (3.61)

Due to the factorization (3.59), the real part of the trans-series is identical to the ambiguous
imaginary part, up to overall constants. Since there is only one independent formal power
series associated to each exponentially small correction, it is likely that they can be all
detected through the Borel singularities of the perturbative series, and therefore that the
strong resurgence program defined in [33] holds in this case.

3.2 Testing the analytic results

Although the result (3.50) has been found analytically, we have not provided a rigorous
derivation that it leads to the correct trans-series representation. The reason is that in
the calculation above we have replaced some quantities by their conventional asymptotic
expansions (like for example in the expressions involving the operator (3.38)). It might
happen that this replacement is not valid when we upgrade the expansion to an exact
statement involving Borel resummations, and therefore that we are missing exponentially
small corrections in the trans-series.

We will give now extensive evidence that the trans-series (3.53) that we have obtained
is indeed correct, and in particular that it leads to the right results for the singularities of
the Borel transform of ϕ(α).

A first test is to consider the 1/N expansion of the free energy F(h). As shown
in [19, 20], F(h) can be expanded as

F(h) =
∑
k≥0

∆kFk(h), (3.62)

and the functions Fk(h) for k = 0, 1, can be computed in closed form either from the Bethe
ansatz [19] or directly in field theory [20] (higher order terms were computed numerically
in [33]). Each of these functions is given by a trans-series which was written down explicitly
in [33]. To compare with the results in [33], it is useful to introduce yet another coupling ᾱ
through the following equation4

1
ᾱ
−∆ log ᾱ = log

(2h
m

)
, (3.63)

which is related to α̃ through

α̃ = ᾱ+
[
−∆(1 + log(2)) + log Γ(1−∆) + log(2)

]
ᾱ2 +O

(
ᾱ3
)
. (3.64)

After changing couplings we can expand (3.46) in a series in ∆ with ᾱ fixed. Note that, since
ᾱ is related to the running coupling constant by (3.44), this is indeed a conventional large

4We apologize for the proliferation of couplings.
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N ’t Hooft limit in which Ng2(h) is fixed. In this limit the location of the singularities (1.3)
becomes the conventional one, and we obtain an infinite tower of IR renormalons at the
expected locations. One finds,

F0(h) =− h
2

2π

{
1+O

(
ᾱ3
)

+e−
2
ᾱ

(
− 4
ᾱ
−2+O

(
ᾱ2
))

+e−
4
ᾱ
(
2+O(ᾱ)

)
+O

(
e−

6
ᾱ

)}
,

F1(h) =− h
2

2π

{
−ᾱ−ᾱ2+O

(
ᾱ3
)

+e−
2
ᾱ

( 8
ᾱ2 +−8log(ᾱ)+4πC±

ᾱ
−4+O (ᾱ)

)

+e−
4
ᾱ

(
−16
ᾱ

+O
(
ᾱ0
))

+O
(
e−

6
ᾱ

)}
,

(3.65)

where C± = ±i. This matches precisely the trans-series obtained in [33], which was extracted
from the exact results in [19, 20]. One interesting aspect of this calculation is that the first
two exponential corrections in (3.50), proportional to

e−
2
α , e−

2
Υα , (3.66)

combine in the large N limit. In particular, the ambiguous term in (3.65)

∆4πC±
ᾱ

e−
2
ᾱ (3.67)

comes from the non-conventional exponentially small correction e−
2

Υα . This ambiguous
term is what controls the large order behavior of the non-trivial perturbative series at order
∆, which is due to ring diagrams (similarly to what happens to the non-linear sigma model
analyzed in [34]). This means that the singularity at 1/Υ|β0| encodes the information about
the large order behavior or renormalon diagrams, and it is indeed a renormalon singularity.

The result above has implications for the large N determination of renormalon sin-
gularities. In many examples in field theory, one establishes the existence of renormalon
singularities by studying renormalon diagrams in an appropriate large N limit. This typi-
cally leads to a singularity at 1/|βN

0 |, where βN
0 is the large N limit of β0. One then hopes

that subleading 1/N corrections change this into 1/|β0|. However, in the case at hand, the
1/N corrections split the large N singularity in the Borel plane of the coupling at ζ = 2,
into two different singularities at

ζ = 2, ζ = 2N − 2
N − 4 , (3.68)

which correspond to the conventional singularity at 1/|β0| and the non-conventional one at
1/Υ|β0|, respectively.

Let us now consider the normalized energy density and its trans-series, (3.50). The
perturbative series (3.54) is known analytically up to order 45 from [27], and we have
generated many more terms numerically for low values of N . As we explained in section 2.1,
one way of accessing its Borel singularities on the positive real axis is to compute the
discontinuity of its lateral Borel resummation. At the same time, since the discontinuity is
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imaginary, our working hypothesis (3.57) indicates that this ambiguous imaginary piece has
to cancel against the imaginary part of the trans-series. Therefore, we should have

disc s(ϕ)(α) ∼ i S0e−
2
αα2∆ + i S1e−

2
Υαα

2∆
Υ
(
1 + c

(1)
1 α+O

(
α2))+O

(
e−

4
Υα
)
, (3.69)

where we recall that disc s(ϕ)(α) is the discontinuity (2.5) at θ = 0. The Stokes constants
S0,1 can be read from (3.55), (3.56) and are given by

S0 = −i
(
C−0 − C

+
0
)

= π(2e)2∆

2Γ(1−∆)2 , (3.70)

S1 = −i
(
C−1 − C

+
1
)

= −(2e(1− 2∆))
2∆

1−2∆

2π

[
sin
(

π∆
1− 2∆

)
Γ
( ∆

1− 2∆

)]2
. (3.71)

The discontinuity formula (3.69) implies that indeed the first two singularities of the Borel
transform of ϕ(α) are at (3.68). The singularity at ζ = 2 controls the leading large order
asymptotics, together with an UV renormalon singularity at ζ = −2, as noted in [27]. We
can now refine the large order analysis of [27]. To get rid of the effect of the UV renormalon
at leading order, we define the auxiliary sequence

sk = 22m−1e2m
Γ (2m− 2∆) + 22me2m+1

Γ (2m− 2∆ + 1) , (3.72)

where em are the coefficients in (3.54). By using the relationship between the large order
behaviour of this series and the discontinuity of the Borel sum, it is easy to see that (3.69)
implies the asymptotic behavior

sk = 22∆ S0
2π +O

( 1
k1−4∆

)
, k � 1. (3.73)

This makes it possible to test our calculation of S0 for various values of N . In figure 3 we
show the sequence sk for N = 7, 8 and its second Richardson acceleration, by using 230
coefficients of the perturbative series. The straight line is the predicted value of S0, which
we can match with 20 digits of precision.

The analysis above tests the first singularity and its Stokes constant, but we would
like to test as well the presence of the second singularity at the non-conventional location
ζ = 2/Υ. One possibility is to remove from the perturbative series the effect of the first
singularity at ζ = 2, and locate the remaining singularities by using Padé approximants of
the resulting Borel transform. We consider then the auxiliary series ēm, which is obtained
by subtracting the effect of the first IR renormalon:

ēm = em − 2−m+2∆ S0
2πΓ (m− 2∆) . (3.74)

We can then inspect the poles of Borel-Padé approximants to this series to see where they
accumulate. As shown in figure 4, which considers the cases N = 7, 8, the singularities
occur at 2/Υ, as expected from (3.69).

It is possible to do a more quantitative test of the unconventional renormalon singularity
appearing in (3.69): one can calculate the discontinuity of the Borel-Padé resummation,
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Figure 3. Plot of the sequence sk in (3.72) for the Gross-Neveu model with N = 7 (left, black)
and N = 8 (right, black) as well as their respective second Richardson transforms (red). The dashed
line is the predicted value 22∆S0/(2π).
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1

2
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-2
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1

2

Figure 4. The poles of the Borel-Padé approximant of the series ēm in (3.74) truncated at 120
terms. The plots correspond to the Gross-Neveu model with N = 7 (left) and N = 8 (right). The
dashed vertical line indicates the predicted position of first unconventional renormalon singularity
ζ = 2/Υ. The black circle indicates the position of the removed IR singularity at ζ = 2.

remove the contribution of the first singularity, and inspect its asymptotic behavior as α
becomes small. We then consider the quantity

f(α) = e
2

Υαα−
2∆
Υ

(disc s(ϕ)(α)
2πi − e−

2
αα2∆ S0

2π

)
∼ S1

2π
(
1 + c

(1)
1 α+O

(
α2
))

+O
(
e−

2
Υα
)
.

(3.75)
The computational strategy is the following: we take a sufficiently high truncation of the
Borel transform of ϕ(α) and calculate its highest diagonal Padé approximant. To calculate
the discontinuity numerically, one could integrate along the rays θ = ±ε and calculate the
difference between these integrals (or just their imaginary part). It turns out to be better
to obtain the discontinuity by calculating the numerical residues of the Padé approximant.
The main source of numerical error is the convergence of the Padé approximation. To
estimate it, we follow [33] and calculate the difference between using the highest diagonal
Padé approximant or the one of one degree lower. In figure 5 we plot f(α) in the cases
N = 7, 8, and we compare it to the expected asymptotic behaviour.5

5Note that, in practice, instead of calculating s(ϕ)(α) and then subtracting the contribution of the IR
renormalon, it is numerically more stable to calculate instead the discontinuity of the Borel resummation of
the series (3.74), particularly for small α.

– 23 –



J
H
E
P
0
8
(
2
0
2
2
)
2
7
9

0.00 0.05 0.10 0.15 0.20

-0.32

-0.31

-0.30

-0.29
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Figure 5. We plot an approximation to f(α), defined in (3.75), for the Gross-Neveu model with
N = 7 (black) and N = 8 (red). The shaded areas represent the error of the corresponding color and
the dashed lines represent the asymptotic behaviour for α� 1 in (3.75). For this plot we truncated
the energy series at 71 coefficients, calculated numerically with at least 400 digits of precision, and
used a [35/35] Padé approximant.

In our view, these tests give very convincing evidence that (3.69) is correct and that
the perturbative series ϕ(α) has an IR singularity at the unconventional location ζ = 2/Υ.
We now provide evidence for the stronger statement (3.57), which tests also the real part
of the coefficients C±0,1 in (3.55) and (3.56). The conjectural equation (3.57) leads to the
asymptotic behavior for small α,

e

2πρ2 − Re (s±(ϕ)(α)) ∼ R0 e−
2
αα2∆ + R1 e−

2
Υαα

2∆
Υ
(
1 + c

(1)
1 α+O

(
α2
))

+O
(
e−

4
Υα
)
,

(3.76)
where

R0 = C
+
0 + C−0

2 , R1 = C
+
1 + C−1

2 . (3.77)

In order to test (3.76), we first calculate e/ρ2 from a numerical solution of the Bethe ansatz
integral equations. To obtain the Borel resummation of the perturbative series, we use
∼ 100 coefficients and we improve the numerical result with a conformal mapping, a strategy
similar to the “Padé-Conformal-Borel” method in [52]. This makes it possible to compute
the l.h.s. of (3.76), which can then be compared to the r.h.s. We show such a comparison
in figure 6 for N = 7 (left) and N = 8 (right). Here the x-axis represents the value of α,
the red dots are the values of the l.h.s. of (3.76), the dashed line is the contribution of the
first IR renormalon in the r.h.s., while the continuous line is the full r.h.s., including the
unconventional renormalon contribution.

3.3 UV renormalons

So far we have focused on renormalon singularities in the positive real axis. These are
eventually due to poles of σ(ω) in (2.29) in the complex upper half-plane. It is tempting to
believe that the poles of σ(ω) in the complex lower half-plane will lead to UV renormalons.
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Figure 6. In these figures we compare the difference between the normalized energy density and the
real part of the Borel resummation of the perturbative series, against the theoretical predictions (3.76)
for the Gross-Neveu model with N = 7 (left) and N = 8 (right). The x-axis is the value of α. The
dots (red) are the numerical calculations of the l.h.s. of (3.76), using a discretisation of 50 points
in the integral equation and 120 coefficients in the perturbative series, evaluated at B = 20/k for
k = 1, . . . , 20. The dashed line (black) is the contribution in (3.76) coming from the leading IR
singularity, while the full line (black) includes also the first two terms of the new, unconventional
renormalon sector.

In order to pick up these poles in the observables, we need to deform the problem such that
it has the same perturbative series but with negative B. Let us then assume that B < 0 and
change6 ρ→ −ρ. We are able to check the perturbative expansion is the same and obtain
analytically the first few terms of the trans-series corresponding to the first UV renormalon.

In this setting, we must deform the contour in (2.36) downwards in the complex plane,
leading to

u(−iξ) = −1
ξ

+ 1
2πi

∫
C±

e2Bξ′δUVρ(−iξ′)u(−iξ′)
ξ + ξ′

dξ′ +
∑
n≥1

e2BξUV
n ρUV,±

n uUV
n

ξ + ξn
, (3.78)

where δUVρ(ω) denotes the discontinuity of ρ(ω) along the negative imaginary axis, which
is due to G−1

+ (ω) rather than G−(ω). Explicitly, it is given by

δUVρ(−iξ) = 2ie−[2∆(1+log 2)+Υ log Υ]ξ+2∆ξ ln ξ sin(π∆ξ)
Γ
(

1
2 + 1

2Υξ
)

Γ
(

3
2 −

1
2ξ
)

Γ
(

1
2 −

1
2Υξ

)
Γ
(

3
2 + 1

2ξ
) . (3.79)

Similarly, the poles ξUV
n are given by the zeroes of G+(ω), which are located at:

ξUV
n = 2n+ 1, n ≥ 1. (3.80)

These poles will lead to a different trans-series structure than in the IR case. The residues
ρUV,±
n and unknowns uUV

n are defined in strict analogy with the IR case. We now introduce
the analogue of (3.19),

− 1
w
− 2∆ log(w) = 2B, ξ = wη. (3.81)

6This change is analogous to the Gaudin-Yang model with repulsive coupling, see [38].
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The variable w, the analogue of the previously introduced v, is positive. With this convention
we have

e2BξδUVρ(−iξ) = −2i(−w)e−ηP (η,−w), (3.82)

where the last argument means that we replace v with −w in the previous definition of
P (η). Thus our integral equation becomes

u
(
i(−w)η

)
= 1

(−w)η −
(−w)
π

∫
C±

e−η′P (η′,−w)
η + η′

u
(
i(−w)η′

)
dη′

+
∑
n≥1

q2n+1
UV ρUV,±

n uUV
n

wη + 2n+ 1 ,

(3.83)

where we introduced
qUV = e2B = e−

1
ww−2∆. (3.84)

It follows from (3.83) that, under w → −v, we find the same perturbative solution as in the
previous analysis.

Let us now consider the boundary condition (2.38), which can be obtained again
from (2.36) by setting ω = i. In deforming the contour downwards we pick up an additional
residue at ω′ = −i, and we find

u(i) = 1− (−w)
π

∫
C±

e−η′P (η′,−w)
η′ − 1/w u

(
i(−w)η′

)
dη′ +

∑
n≥1

q2n+1
UV ρUV,±

n uUV
n

2n

+ e2BρUV,±
0 u(−i),

(3.85)

where
ρUV,±

0 = ρ(−i∓ 0) = e±iπ∆(2e)−2∆(1− 2∆)2∆−1 Γ(1−∆)
Γ(∆) . (3.86)

The value u(−i) can be calculated by using equation (3.83), and one finds at leading order

u(−i) = −1− d1,0
π
w +O

(
w2)+O

(
q3

UV
)
. (3.87)

We now extend the definition of α̃ in (3.42) to account for negative values, in such a way
that the perturbative coefficients of the free energy F(h) remain the same. The appropriate
choice is

1
α̃
−∆ log |α̃| = log

(
h

Λ

)
. (3.88)

In terms of these variables we obtain the following expression for the free energy:

F(h) =−h
2

2π

{
1−∆α̃+ 1

2∆
[
∆−2+2 log(2)

]
α̃2 +O

(
α̃3
)

−e
2
α̃ |α̃|−2∆

(
4(1−2∆)1−2∆ρUV,±

0 −8∆(1−2∆)1−2∆ρUV,±
0 α̃+O

(
α̃2
))

+O
(
e

4
α̃

)}
.

(3.89)
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Notice that the perturbative part is the same as in (3.46), but now α̃ is negative. We can
now make a Legendre transform to obtain the normalized energy density. We need again to
extend the definition of the coupling α in (3.48) to

1
α
−∆ log |α| = log

(2πρ
Λ

)
. (3.90)

We find

e

2πρ2 = 1
4 + ∆

4 α+ 1
8∆(∆+2)α2 +O

(
α3
)

+e
2
α |α|−2∆

(1
4(1−2∆)1−2∆ρUV,±

0 + 1
2∆(1−2∆)1−2∆ρUV,±

0 α+O
(
α2))+O

(
e

4
α

)
,

(3.91)

where α is again understood to be negative. The second line gives the trans-series associated
to the first UV renormalon. Of course, one can push the calculation to obtain higher order
corrections in both α and e2/α.

We can again test our analytic calculation with a resurgent study of the perturbative
series ϕ(α), since the UV renormalon contributes to its large order behavior. We first define
an auxiliary sequence which removes the effect of the IR renormalon at leading order,

dk = 22me2m+1
Γ (2m+ 2∆ + 1) −

22m−1e2m
Γ (2m+ 2∆) , (3.92)

in analogy with (3.72) and [27]. From (3.91) we deduce the large k asymptotics

dk ∼ U0, 2k (U0 − dk) ∼ U1, k � 1, (3.93)

where
U0 = (4e)−2∆

4Γ(∆)2 , U1 = 4∆U0. (3.94)

We match these two coefficients with great precision for all values of N between 5 and 12.
In figure 7 we plot the sequences in (3.93), as well as their Richardson transforms and their
asymptotic values for N = 7, for which we can get an agreement of 16 digits of precision
for U0 and 12 digits for U1.

4 Trans-series and renormalons in bosonic models

4.1 Analytic solution

In this section we will consider the free energy F(h) for various “bosonic” models: the
non-linear sigma model and its supersymmetric version, and the PCF with two different
choices of charges [21, 30, 31]. The analysis of the Bethe ansatz equations of these models
is different from the one we did in the GN model. The reasons is that G+(ω) ∼ ω−1/2 as
ω → 0, and we cannot use the equations (2.36) and (2.39). Instead, we have to go back
to the more general equations (2.32) and (2.33). The procedure is slightly more involved
than in the GN case, since the integral equations cannot be simply solved by iteration, but

– 27 –



J
H
E
P
0
8
(
2
0
2
2
)
2
7
9

20 40 60 80 100

0.0043

0.0044

0.0045

0.0046

0.0047

20 40 60 80 100

-0.005

0.005

0.010

0.015

Figure 7. Plot of sequences dk (left, black) and 2k (U0 − dk) (right, black) for the Gross-Neveu
model with N = 7 as well as their respective second Richardson transforms (red). The dashed lines
are the predicted values U0 (left) and U1 (right).

we will eventually obtain similar results for the trans-series. In particular, we will be able
to establish the existence of unconventional renormalons in the supersymmetric non-linear
sigma model and in the PCF.

In order to incorporate non-perturbative corrections, we deform the integration contour
around the positive imaginary axis in the second term of (2.32) and pick the poles and the
discontinuity of the function, just as we did in (3.11). We will denote the poles of σ(iξ)
along the positive imaginary axis by ξn, and we will label them by an integer n ∈ Z>0. Their
precise location depends on the particular model one is considering, but for the moment
being we will write general formulae, valid for all bosonic models. One finds,

Q(iξ)− 1
2πi

∫
C±

e−2Bξ′δσ(iξ′)Q(iξ′)
ξ + ξ′

dξ′ +
∑
n≥1

e−2Bξn iσ±nQn
ξ + ξn

= 1
2πi

∫
R

G−(ω′)g+(ω′)
iξ + ω′ + i0 dω′.

(4.1)
In this equation, Qn ≡ Q(iξn), δσ(iξ) is the discontinuity of σ(ω) across the positive
imaginary axis, and σ±n is the residue of σ(ω) at iξn ± 0. A similar expression, including
exponentially small corrections, can be obtained from (2.33):

ε+(iκ)
G+(iκ) = 1

2πi

∫
R

G−(ω′)g+(ω′)
ω′ − iκ− i0 dω′ + 1

2πi

∫
C±

e−2Bκ′δσ(iκ′)Q(iκ′)
κ′ − κ

dκ′ −
∑
n≥1

e−2Bξn iσ±nQn
ξn − κ

.

(4.2)
The free energy can then be obtained from (2.35).

The integral equation (4.1) was analyzed in detail in [17–19, 21] at the perturbative level,
in order to obtain an exact expression for the mass gap. In the perturbative approximation
we neglect all exponentially small corrections and introduce a function

q(x) = Q(0)

( ix
2B

)
, (4.3)

where the subscript (0) means that we keep only the perturbative part. This function
satisfies the integral equation [17, 18]

q(x) + 1
π

∫ ∞
0

e−yγ(y/2B)
x+ y

q(y)dy = r(x), (4.4)
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where the function γ(ξ) is defined by

δσ(iξ) = −2iγ(ξ), (4.5)

and r(x) is the perturbative part of

1
2πi

∫
R

G−(ω)g+(ω)
ω + ix/2B dω. (4.6)

In the bosonic models we will consider, the functions G+(iξ) and γ(ξ) have the following
expansion around the origin:

G+(iξ) = k√
ξ

(
1− aξ log ξ − bξ +O(ξ2)

)
,

γ(ξ) = 1 + 2bξ + 2aξ log ξ +O(ξ2).
(4.7)

The coefficients a, b depend on the details of the model. As noted in [17, 18], the function
r(x) can be expanded in a series in 1/B and log(B)/B, and this suggests a similar ansatz
for q(x). As shown in appendix A one has,

r(x) = −kh(2B)1/2
[
Br0(x) +O

(
B−1/2)], q(x) = −kh(2B)1/2

[
Bq0(x) +O

(
B−1/2)],

(4.8)
where we have only written down the dominant terms. By plugging this expansion in (4.4),
one obtains a series of B-independent integral equations which can be solved for q0(x)
and the subleading functions in the expansion. This solution leads then to a perturbative
expression for F(h). In [17, 18, 21], the integral equations were solved numerically, and the
result for F(h) involved numerical constants which were fitted to known numbers (like γE
and π).

Although in our study of the non-perturbative corrections we will only need the leading
contributions in 1/B, we have obtained a fully analytic derivation of the perturbative
expression for F(h) quoted in [17, 18, 21], at next-to-leading order in the 1/B expansion.
For example, in (B.18) we give an explicit solution for the function q0(x) appearing
in (4.8). This derivation, which is of independent interest, is presented in appendix A, while
appendix B explains how to solve the integral equations explicitly. Some ingredients of this
computation will be used in the following.

In order to derive the exponentially small corrections, we first have to calculate
Q1 = Q(iξ1). Since we are only after the leading contribution in 1/B and e−2B , e−2Bξ1 , we
can focus on the leading order term of the perturbative part of Q1. This quantity satisfies
the equation

Q1 + 1
π

∫ ∞
0

e−2Bξγ(ξ)Q(iξ)
ξ1 + ξ

dξ +O
(
e−2Bξ1) = 1

2πi

∫
R

G−(ω)g+(ω)
iξ1 + ω

dω. (4.9)

The integral in the l.h.s. of (4.9) is calculated in the perturbative approximation. We keep
the leading order term for q(x) in (4.8). Using the result (B.19) we obtain,

1
π

∫ ∞
0

e−2Bξγ(ξ)Q(iξ)
ξ1 + ξ

dξ = −kh

√
B

2π
4− π
ξ1

(
1 +O

(
B−1/2)). (4.10)
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Let us now calculate the r.h.s. of (4.9). Splitting g+(ω) in terms proportional to h and m,
the contribution from the h part in (A.1) is

ih 1
2πi

∫
R

G−(ω)
iξ1 + ω

1− e2iBω

ω
dω = −kh

√
B

2π
4
ξ1

(
1 +O

(
B−1/2)). (4.11)

This result is computed in the same way as the perturbative part r(x), see figure 16: for
the term 1/ω in the integrand, we deform the contour downwards, picking the pole at
ω = −iξ1, which gives a contribution subleading in 1/B. For the term −e2iBω/ω, we deform
the contour upwards, picking the discontinuity of G−(ω). This integral has to be computed
by using the same trick as in (A.4). Let us now consider the contribution from the m part
in (A.2):

imeB

2
1

2πi

∫
R

G−(ω)
iξ1 + ω

(
e2iBω

ω − i −
1

ω + i

)
dω = −meB

2
G+(iξ1)−G+(i)

ξ1 − 1
(
1 +O

(
B−1/2)).

(4.12)
To compute this term we proceed as before: we deform the contour downwards for the
term 1/(ω + i) and upwards for the term e2iBω/(ω − i). This last term yields a subleading
contribution, which we ignore. Plugging all the above results in (4.9), we obtain

Q1 = −kh(2B)1/2
√
π

2
1
ξ1
− meB

2
G+(iξ1)−G+(i)

ξ1 − 1 +O
(
B0). (4.13)

In principle, there are exponential correction to the boundary condition that one needs
to calculate. However, they do not contribute at leading order to the free energy. We
can then turn our attention to (4.2). There are three sources of leading non-perturbative
corrections to this quantity. The first one is due to the exponentially small corrections in
the last term of (4.2). The two other sources of corrections are in the first term of (4.2).7

In the integrand of
1

2πi

∫
R

G−(ω)g+(ω)
ω − i dω, (4.14)

there is a simple pole at ω = i, coming from (A.2), as well as a pole at ω = ξ1. The first
pole is responsible for the first IR renormalon, located at (1.1) with ` = 2. The second pole
leads generically to an IR singularity in an unconventional location, as we will see. We find

1
2πi

∫
R

G−(ω)g+(ω)
ω − i dω = perturbative part + meB

4π e−2Bρ±

+ ihe−2Bξ1σ±1
G+(iξ1)
ξ1(ξ1 − 1) − imeB

2 e−2Bξ1σ±1
G+(iξ1)
(ξ1 − 1)2 + · · ·

(4.15)

where
ρ± = 2πiResω=i±0

G−(ω)
(ω − i)2 . (4.16)

7There is a fourth potential source of non-perturbative corrections in the second term of the r.h.s. of (4.2)
that originate from the non-perturbative corrections to Q, however these are subleading in 1/B.
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After using the boundary condition, we obtain the simple expression

F(h) = −k
2h2

4 B

{
1− 2iσ±1 e−2Bξ1

(ξ1 − 1)2 ξ1
+ · · ·

}
− m2

8π2 ρ
±G+(i), (4.17)

where the · · · include both perturbative and non-perturbative corrections. The term outside
the brackets is due to the contribution of the pole at ω = i to the integral (4.14), and it is
independent of B.

In order to make contact with the standard expansions we need to introduce an
appropriate coupling constant. Following [25, 27, 51], we introduce

1
α̃

+ ξ log α̃ = log
(
h

Λ

)
, (4.18)

where
ξ = β1

2β2
0

= a+ 1
2 , (4.19)

and a is the constant appearing in the expansion (4.7). As in the GN model, this coupling
is related to the running coupling constant in the MS scheme by (3.44). In terms of this
coupling, we have

F(h) = −k
2h2

4α̃

1− 2iσ±1
(
e−

2
α̃ α̃1−2ξ

)ξ1 1
(ξ1 − 1)2 ξ1

(
G+(i)2

2πk2

(
m

Λ

)2
)ξ1

+ · · ·


− m2

8π2 ρ
±G+(i).

(4.20)

The term in the last line is independent of h. Its imaginary part leads to an IR renormalon,
while its real part can be identified, as in the GN model, with −F (0), i.e. the ground state
energy. We then obtain the general formula,

F (0) = m2

4π Re
(
iG+(i)G′−(i± 0)

)
. (4.21)

It is convenient to pass to the canonical formalism with e, ρ, in which one uses instead the
coupling

1
α

+ (ξ − 1) logα = log
(

ρ

2cβ0Λ

)
. (4.22)

Here, c is a convenient constant introduced in [27], which varies from model to model. One
obtains in the end

e

ρ2 = α

k2

{
ϕ(α) + C±0 e−

2
αα1−2ξ + C±1

(
e−

2
αα1−2ξ

)ξ1 (1 + · · · ) + · · ·
}
. (4.23)

In this expression we have included the full perturbative series ϕ(α), which is of the
form (2.1). The coefficients of the exponentially small corrections are given by

C±0 = −ρ± G+(i)k2

32π2β2
0c

2

(
m

Λ

)2
,

C±1 = 2iσ±1
(ξ1 − 1)2 ξ1

(
G+(i)2k2

32πβ2
0c

2

(
m

Λ

)2
)ξ1

.

(4.24)
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(4.23) is our final expression for the trans-series expansion of the normalized energy density,
displaying two different types of exponentially small corrections. They lead to two IR
renormalon singularities, at ζ = 2 and ζ = 2ξ1. Let us note that, as we will see in the
next section, the coefficients C±0,1 are simpler than they look, since G+(i), β0 and k are the
ingredients that compute the mass gap m/Λ in most models.

Although we have not worked out the details, the trans-series corresponding to UV
renormalons could be obtained exactly as we did in the GN model in section 3.3.

4.2 Results for the different models

In the previous section we derived a general formula (4.23) for the trans-series of all bosonic
models. We will now write it in some detail for each specific model, and we will compare it
with the large N results obtained previously in [33, 34]. This will provide a first, analytic
test of our results.

(i) Non-linear O(N) sigma model. We consider the choice of charges made in [17, 18].
The different parameters characterizing this model are given by

∆ = 1
N − 2 , β0 = 1

4π∆ , ξ = ∆, c = 1, k = 1√
π∆

, (4.25)

and the relation between the mass gap and the dynamically generated scale in the MS
scheme is given by [17, 18]

m

Λ =
(8

e

)∆ 1
Γ(∆ + 1) . (4.26)

The Wiener-Hopf decomposition of the kernel was determined in [17, 18], and one has

G+(ω) = e−
1
2 iω[(1−2∆)(log(− 1

2 iω)−1)−2∆ log(2∆)]
√
−i∆ω

Γ(1− i∆ω)
Γ
(1

2 −
1
2 iω
) . (4.27)

The structure of IR singularities in the Borel transform is mostly determined by the poles
of σ(iξ), in addition to the ω = i pole identified in (4.14). The latter is a singularity at
ξ = 1, corresponding to (1.1) with ` = 2. Then, there is a sequence of singularities at

ξ` = `

∆ , ` ∈ Z>0. (4.28)

These are the singularities (1.6). They are suppressed at large N , and they have the right
weight to correspond to the action of an `-instanton (see e.g. [26]). By using the ingredients
above, we find that the coefficients C±0,1 in (4.24), when N > 3, are explicitly given by

C±0 = −e±iπ∆

2

(64
e2

)∆ Γ(1−∆)
Γ(1 + ∆) ,

C±1 = e∓
iπ
2 (1+ 1

∆) 16
(
2∆−1∆

)1/∆ Γ
(

1
2∆ −

1
2

)
e2∆2Γ

(
3
2 −

1
2∆

) . (4.29)
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In the large N limit (which corresponds to ∆ → 0), only the first singularity at ζ = 2
survives, and we obtain

e

π∆ρ2 = α− 1
2e−

2
αα2 + · · ·+ ∆

{
e−

2
αα2

(
∓ iπ

2 + log(α)− γE + 1− 3 log(2)
)

+ · · ·
}

+O
(
∆2). (4.30)

The discontinuity matches the one found with renormalon diagrams in [34]. It can be verified
that (4.30) agrees with the result of [33] for the non-linear sigma model. In particular, the
exponentially small correction given by the second term in the r.h.s. of (4.30) agrees with
the large N correction found in [33]. This is easily seen in (4.20), where the h-independent
term in the r.h.s. agrees with the corresponding term found in [33]. In addition, from (4.21)
we obtain the free energy when h = 0:

F (0) = m2

8 cot(π∆). (4.31)

This result extends the result of [53] to all orders in 1/N . It was quoted in [54], and by
comparing it with the result for the GN model (3.47) we verified the duality N − 2→ 2−N
between the GN and the NLSM noted in [54].

An additional check of (4.30) can be made by comparing with the numerical results
of [28, 29] when N = 4. We obtain

e

ρ2 =
(
πα

2 + · · ·
)
∓ i4πe e−

2
αα± i4πe2 e−

4
αα+ · · · (4.32)

which matches their results. In this case, σ±1 is purely imaginary, and the first exponentially
small correction with a real part should be of order e−8/α, since it comes multiplied by
(σ±1 )2. This is what is found in [28, 29].

As for the O(3) non-linear sigma model, we cannot use directly our generic N results.
A key difference in (4.27) when ∆ = 1 is that G+(−i) 6= 0 which adds another set of
exponentially small corrections of order e−2B to (4.1) and (4.2) (and, in principle, additional
e−2`B contributions). These are structurally similar to the ones that come from the poles
of σ(ω), and they have a non-trivial series in powers of 1/B and logB/B. However, their
overall coefficient is purely real and unambiguous. To leading order we have

F(h) =−h2
{

1
4πα̃

(
1− α̃2 + · · ·

)
(4.33)

− 16e−
2
α̃

πe2α̃3

(
1+ 1

4 α̃ (2 log α̃−2γE +6−10 log 2)+ · · ·
)

+O
(
e−

4
α̃

)}
∓ im

2

16 ,

where the leading ambiguous imaginary term still comes from the pole at ω = i in (4.14).
There are higher order exponentially small corrections coming from the ambiguous poles of
σ(ω) at ξ = 2k. The normalised energy density can be written as

e

πρ2 = α+ α2

2 + · · · ∓ i16π
e2 e−

2
α

+ e−
2
α

α

(64
e2 + α

32
e2 (logα− γE − 5 log 2 + 3) + · · ·

)
+O

(
e−

4
α

)
. (4.34)
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Note that at leading exponential order we get a non-trivial, real-valued series in α and logα,
but only a single imaginary ambiguous term. The large order behaviour of the perturbative
series is only sensitive to the latter term, missing completely the structure of the real
exponentially small correction. This shows that in this example it is unlikely that the strong
version of the resurgence program applies. Another particularity of N = 3 is that due to
the simple form of σ(ω) there are no UV renormalons.

(ii) Non-linear supersymmetric O(N) sigma model. We consider this model in the
setting of [22] (see also [27] for additional details). Its parameters and mass gap are given by

∆ = 1
N − 2 , β0 = 1

4π∆ , ξ = 0, c = 1, k = 1√
π∆

,
m

Λ = 22∆ sin(π∆)
π∆ . (4.35)

As in [22], we consider N > 4. The Wiener-Hopf decomposition of the kernel was obtained
in [22], and one has

G+(ω) = e−
1
2 i(1−2∆)ω[1−log(− 1

2 i(1−2∆)ω)]e−i∆ω[1−log(−i∆ω)]

e−iω[1−log(− 1
2 iω)]√−i∆ω

Γ
(

1
2−

1
2 i(1−2∆)ω

)
Γ(1− i∆ω)

Γ
(

1
2−

1
2 iω
)2 .

(4.36)
The position of the IR singularities can be deduced from the poles of σ(iξ), and one

finds two different sequences:

ξ` = `

1− 2∆ , ξ′` = `

∆ , ` ∈ Z>0. (4.37)

These correspond to the sequences (1.3) and (1.6), respectively. The first sequence is
similar to the non-conventional IR singularities found in the GN model, We expect these
two sequences to mix as we calculate non-perturbative corrections, so that the generic
singularity occurs at

`1
1− 2∆ + `2

∆ , `1, `2 ∈ Z>0. (4.38)

Since the second sequence in (4.37) is suppressed at large N we will focus on the first
sequence. From the residues at the leading singularities, we find,

C±0 = 0,

C±1 = e∓
iπ
2 (1+ 1

1−2∆) π2
1

1−2∆ (1− 2∆)
2−2∆
1−2∆

4∆Γ
(

∆
2∆−1

)2
sin
(
π−π∆
2∆−1

) . (4.39)

Therefore, the conventional IR singularity at ζ = 2 is absent in this model. This clarifies
the difficulties found with the numerical analysis of this example in [27], at finite N . The
first singularity in the Borel plane is located at ζ = 2ξ1, i.e.

ζ = 2
1− 2∆ . (4.40)
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In the large N limit, this singularity moves to ζ = 2 and one finds

e

π∆ρ2 = α+ e−
2
α

(
−α

2

2 +O
(
α3
))

+ e−
2
α∆

(
2
(
α+O

(
α2))± iπ

2
(
α2 +O

(
α3)))

+O
(
∆2
)
.

(4.41)

Once again, the discontinuity matches the one found with renormalon diagrams in [34]. As
in the case of the GN model, this shows that the unconventional IR singularity at (4.40) is
indeed of the renormalon type, since at large N it encodes the factorially divergent sequence
of renormalon ring diagrams studied in [34].

In this case, the general formula (4.21) gives F (0) = 0.

(iii) Principal chiral field. We consider the PCF in the setting discussed in [21].
One has,

∆ = 1
N
, β0 = 1

16π∆ , ξ = 1
2 , c = 4, k = 1√

2π(1−∆)∆
,

m

Λ =
√

8π
e

sin(π∆)
π∆ .

(4.42)
The Wiener-Hopf decomposition of the kernel was obtained as well in [21], giving

G+(ω) = e−iω[−(1−∆) log(1−∆)−∆ log(∆)]√
−2πi(1−∆)∆ω

Γ(1− i(1−∆)ω)Γ(1− i∆ω)
Γ(1− iω) . (4.43)

As in previous examples, there is a conventional IR singularity at ζ = 2, which was
already detected in [27]. The position of the other IR singularities is determined by the
poles of σ(iξ), and one finds a situation very similar to the one in the supersymmetric
non-linear sigma model, with two different sequences of poles:

ξ` = `

1−∆ , ξ′` = `

∆ , ` ∈ Z>0. (4.44)

These correspond to the sequences (1.3) and (1.7), respectively. We expect these two
sequences to mix, as in (4.38), so that the generic singularity occurs at

`1
1−∆ + `2

∆ , `1, `2 ∈ Z>0. (4.45)

For N ≥ 2, the next-to-leading IR singularity occurs at

ζ = 2
1−∆ . (4.46)

The coefficients in (4.23)8 are given by,

C±0 = ∓i 2
e(1−∆)∆ ,

C±1 = ±i
2Γ
(

∆
1−∆

)
e

1
1−∆ (1−∆)Γ

(
1

1−∆

) . (4.47)

8The following expressions are only valid for N > 2. For N = 2, (4.24) holds but does not correspond
to (4.47), instead we get the same results as the non-linear sigma model with N = 4, as expected.
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In this case, both coefficients are purely imaginary. In the large N limit, the unconventional
renormalon at (4.46) moves to ζ = 2, where it combines with the conventional renormalon,
and one finds,

e

2πρ2 = ∆
(
α+ · · · ∓ 4i

e e−
2
α + · · ·

)
+O

(
∆2
)
. (4.48)

This matches the large N result of [33], which was obtained from the large N limit of
the Bethe ansatz integral equations. Note that the infinite sequence of IR renormalons
found for this model at large N in [33] is in fact due to the unconventional sequence of IR
singularities located at ζ = 2ξ`, where ξ` is given in (4.44).

We can also inspect the SU(N) principal chiral field with a different choice of conserved
charges coupled to h, as is discussed in [27, 30–32]. In this setting, the kernel changes so
we must use

G+(ω) = 2i∆ω (1− iω)√
−iω

Γ(1− i∆ω)
Γ
(
1− ∆

2 −
i∆ω

2

)
Γ
(
1 + ∆

2 −
i∆ω

2

) , k =
2 sin

(
π∆
2

)
π∆ , (4.49)

while ∆, β0, ξ and m/Λ remain the same as in (4.42). The first notable change is that the
analytic structure of σ(ω) changes and we only have the singularities ξ′` in (4.44), while
the sequence ξ` is absent. This means that at large N only the conventional IR singularity
survives. Due to the presence of multiple particles, the definition of the free energy in the
setting of [30, 31] is now

F(h) = − m

8 sin(π∆)2

∫ B

−B
ε(θ) cosh θdθ = − meB

8 sin(π∆)2 ε+(i), (4.50)

and we find

F(h) = −
h2 log h

m

16π∆2 cos
(
π∆
2

)2

1∓ i
(
h2

m2 log h

m

)− 1
∆
(
π∆2/2

)1+ 1
∆

sin2/∆
(
π∆
2

) + · · ·

∓ im2

8 sin2(π∆)
.

(4.51)
We can compare the large N limit of (4.51) with the results of [30–32]. When ∆→ 0, it
becomes

∆2F(h) = − h2

16π

{
log h

m
+ · · ·

}
∓ im

2

8π2 , (4.52)

where · · · represents the perturbative series. This series was computed exactly and explicitly
in [30]. It is simple to check that the imaginary part of the Borel resummation of this
perturbative series is such that it cancels exactly the ambiguous term in (4.52), while the
real part matches the exact formula for the free energy at large N . This provides further
confirmation that the exponentially suppressed terms we have obtained yield in fact the
correct trans-series.

We finally note that the general formula (4.21) gives F (0) = 0 for the SU(N) PCF.
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4.3 Testing the analytic results

The results of the previous section provide many predictions for the resurgent structure of
the perturbative series of F(h) in three different bosonic models. In this section we give
numerical evidence for these predictions. In particular, as in the GN model, we want to
establish beyond any reasonable doubt the presence of unconventional IR singularities. One
tool that we will use in all examples is the following: in order to display the subleading
singularity, it is convenient to extract the effect of the leading IR renormalon from the
perturbative series. Similarly to the auxiliary sequence (3.74) for the GN model, this is
done by looking at

ēm = em − 21−2ξ−m
(
C−0 − C

+
0

2πi

)
Γ (m+ 2ξ − 1) , (4.53)

where em are the coefficients of the series ϕ(α) in (4.23). Let us now test the results for the
different models.

(i) Non-linear O(N) sigma model. The first analytic prediction we want to test is
the value of the Stokes constant for the first IR singularity. To do this, we consider the
leading behavior of the discontinuity

g(α) = 1
2πi e

2
α

(
α

2

)2∆−1
disc s(ϕ)(α). (4.54)

According to our analytic results, when α→ 0 this converges to

2−2∆

π
S0, (4.55)

where
S0 = −i

(
C−0 − C

+
0

)
= 64∆e−2∆π∆

Γ(∆ + 1)2 (4.56)

is the corresponding Stokes constant. The function (4.54) can be calculated numerically
from the perturbative series, for small values of α, and then extrapolated to α→ 0 using
higher Richardson transforms, for various values of N . In table 1 we compare this numerical
extrapolation to the analytic prediction (4.55), (4.56) for 5 ≤ N ≤ 12, the last stable digit
is underlined. As one can see, the agreement is excellent.9 An equivalent test can be made
for (4.34), where it is easier to simply inspect the large order behaviour of em since there
are no UV effects, and we find an agreement to 45 digits.

According to our analysis, the next IR singularities occur at the sequence (1.6). Due
to the factor of N − 2 the corresponding exponential corrections are very suppressed for,
say, N ≥ 5, therefore they are relatively difficult to pinpoint. Still, they can be seen quite
clearly as singularities of the Borel-Padé approximant of the series ēm. In figure 8 we show
this for N = 5, 6. When N = 5 the first singularity at ζ = 2(N − 2) is absent, since the
prefactor σ±1 vanishes, but we can clearly see the next singularity at ζ = 4(N − 2) = 12.
When N = 6, the singularity at ζ = 2(N − 2) = 8 is also apparent.

9In fact, we were able to guess the analytic form of S0 from the numerical results.

– 37 –



J
H
E
P
0
8
(
2
0
2
2
)
2
7
9

N g(α→ 0) numeric 2−2∆S0/π

5 0.5408034195 0.54080341956810599941
6 0.3691310652 0.36913106521716834229
7 0.276879748 0.27687974850323657588
8 0.2202608806 0.22026088067984630698
9 0.182307842828 0.18230784282845334782
10 0.1552340062 0.15523400619586855091
11 0.1350114307 0.13501143072958418153
12 0.11936355749 0.11936355749143292096

Table 1. Leading behavior of the discontinuity of the Borel sum, as given by (4.54), for the
non-linear O(N) sigma model, 5 ≤ N ≤ 12. We compute the leading coefficient directly from the
Borel sum of the perturbative series (second column) and compare it to the value extracted from
the trans-series coefficient (third column).

5 10

-4

-2

2

4

5 10

-4

-2

2

4

Figure 8. The poles of the Borel-Padé approximant of the series ēm in (4.53), for the O(N)
non-linear sigma model, truncated at 120 terms. The plots correspond to N = 5 (left) and N = 6
(right). The leftmost dashed line (black) indicates the predicted position of the pole ζ = 2(N − 2),
the rightmost dashed line (red) is at ζ = 4(N − 2) and the black circle indicates the position of the
removed IR singularity at ζ = 2. For N = 5 the first singularity occurs at ζ = 4(N − 2).

In order to obtain a quantitative test of the coefficient C±1 in (4.24), we consider the
analogue of the quantity (3.75) in the GN model. For a general bosonic model, we define

f(α) = 1
2πi e

2ξ1
α α(2ξ−1)ξ1

(
disc s(ϕ)(α)−

(
C−0 − C

+
0
)
e−

2
αα1−2ξ

)
. (4.57)

Its asymptotic behavior at small α is

f(α) ∼ 1
2πi

(
C−1 − C

+
1
)
, α→ 0. (4.58)

We plot f(α) for small values of α with N = 6 in figure 9. With 120 coefficients in the
perturbative series we find agreement to 6 digits.

We can also test the real part of the trans-series parameters, as we did for the Gross-
Neveu case. We predict, for the non-linear sigma model, that

e

ρ2 −
α

k2 Re (s±(ϕ)(α)) ∼ R0 e−
2
αα2−2∆ +O

(
e−

4
∆α
)
, (4.59)
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Figure 9. Plot of the function f(α) in (4.57) for the O(N) non-linear sigma model with N = 6
(black), as well as its respective second Richardson transforms (red). The dashed line is the predicted
asymptotic value. The shaded areas correspond to error estimates from the convergence of the
Padé approximant.

where

R0 = C
+
0 + C−0

2k2 = −π2
(8

e

)2∆ cot(π∆)
2Γ(∆)2 , (4.60)

There is no contribution from the first pole because

C+
1 + C−1

2k2 = 0 if N ∈ N≥4. (4.61)

We plot some values of the l.h.s. of (4.59) for N = 5, 6 against the prediction of the r.h.s. in
figure 10. We match R0 with 18 digits of agreement. Because the trans-series terms of order
e−

4
∆α are very exponentially suppressed, we do not have enough precision to discern their

effect. We also inspected the real part of (4.34) with a similar strategy, finding the correct
exponential behaviour to leading and subleading power of α and matching the coefficients
with relative error of 10−3.

(ii) Supersymmetric non-linear O(N) sigma model. In this case, the conventional
IR singularity at ζ = 2 is absent. The unconventional renormalon at (4.40) can be clearly
seen in the poles of the Borel-Padé approximant of the series em, as shown in figure 11 in
the cases N = 6, 7. Like before, given enough terms in the perturbative series ϕ(α), we
can study C±1 in (4.39) numerically for very small values of α of (4.57), and compare the
predicted value with the numerical extrapolation. This is shown graphically in figure 12,
for N = 6, 7. The agreement is again excellent, achieving 6 digits of precision with only
68 coefficients in the perturbative series. This provides a clear test of the result for the
trans-series (4.23) in the case of the supersymmetric non-linear sigma model. We can
also test the real part of the coefficient C±1 by comparing the Borel resummation with the
normalized energy density. We find an agreement of 4 digits with the predicted value for
N = 7, 8, using again only 68 coefficients in the perturbative series.
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0.2 0.4 0.6 0.8 1.0 1.2

-0.20

-0.15

-0.10

-0.05

Figure 10. In this figure we plot the difference between the normalized energy density and the real
part of the Borel resummation of the perturbative series, against the theoretical prediction (4.59) for
the O(N) sigma model with N = 5 (black) and N = 6 (red). The x-axis is the value of α. The dots
are the numerical calculations of the difference, using a discretisation of 50 points in the integral
equation and 90 coefficients in the perturbative series, evaluated at B = 20/k for k = 1, . . . , 20. The
dashed line is the theoretical prediction.
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Figure 11. The poles of the Borel-Padé approximant of the series em truncated at 65 terms. The
plots correspond to the N = 1 supersymmetric O(N) non-linear sigma model with N = 6 (left) and
N = 7 (right). The dashed line (black) indicates the predicted position of the pole ζ = 2/(1− 2∆).
Note that for this model C±

0 = 0 so there is no IR renormalon singularity at ζ = 2.

0.0 0.2 0.4 0.6 0.8 1.0

-0.040

-0.035

-0.030

-0.025
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-0.056

-0.054

-0.052
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Figure 12. Plot of the function f(α) in (4.57) for the N = 1 supersymmetric O(N) non-linear
sigma model with N = 6 (left, black) and N = 7 (right, black) as well as their respective second
Richardson transforms (red). The dashed line is the predicted asymptotic value. Note that for this
model C±

0 = 0 so this is the leading exponentially small correction. The shaded areas correspond to
error estimates from the convergence of the Padé approximant.
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1.4632

1.4634
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1.4638
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1.4642

Figure 13. Plot of sequence s̃k in (4.62) for the PCF model with N = 4 (left, black) and N = 5
(right, black) as well as their respective second Richardson transforms (red). The dashed line is the
predicted asymptotic value.

(iii) Principal chiral field. Let us finally test our analytic results for the trans-series in
the case of the PCF. First of all, we can improve on the results of [27] and test the Stokes
constant associated to the first IR singularity at ζ = 2. To do this, we consider the sequence

s̃k = 22m−1e2m
Γ(2m) + 22me2m+1

Γ(2m+ 1) , (4.62)

which as explained in [27] removes at leading order the effect of the UV renormalon. By
using the value of C±0 in (4.47), we find the following prediction for the asymptotic value at
large k,

s̃k ∼
2

eπ(1−∆)∆ , k � 1. (4.63)

This can be tested by using the perturbative series ϕ(α) and its Richardson transforms. A
verification for N = 4, 5 is shown in figure 13. We find 12 digits of agreement for N = 4,
and 10 digits for N = 5, by using 200 terms of the perturbative series or, equivalently, 99
terms of the sequence s̃k.

We can now test the location and the Stokes constant of the first unconventional
renormalon at (4.46). As in the examples above, the location can be verified from the poles
of the Borel-Padé approximant. Two examples are shown in figure 14, for N = 4, 5. To test
the Stokes constant of this singularity, we consider again the function (4.57). In figure 15
we show the numerical extrapolation of this function for N = 4, 5, as compared to the
predicted asymptotic value (C−1 − C

+
1 )/(2πi). The agreement is again very good, matching

the coefficient to 6 digits.
Since C±0,1 are purely imaginary, we expect the real part of the Borel summation to match

e/ρ2, up to the effects of the next-to-next-to-leading renormalon sector at 2ξ1 (see (4.44)).
We checked that the difference between the real part of the Borel resummation and the
numerical calculation of the normalised energy density agrees with C+

0 + C−0 and C+
1 + C−1

being zero to 6 and 4 digits of precision, respectively. This difference is exponentially
suppressed beyond order e−

2ξ1
α .

We believe that these tests provide very clear evidence for the unconventional renormalon
predicted from our analytic formulae.
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Figure 14. The poles of the Borel-Padé approximant of the series ēm (4.53) for the PCF, truncated
at 120 terms. The plot on the left corresponds to N = 4 (left) while the one in the right corresponds
to N = 5. The dashed line indicates the predicted position of first unconventional renormalon
singularity ζ = 2/(1−∆), and the black circle indicates the position of the removed IR singularity
at ζ = 2.
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Figure 15. Plot of the function f(α) defined in (4.57) for the PCF with N = 4 (left, black) and
N = 5 (right, black), as well as their respective second Richardson transforms (red). The dashed line
is the predicted asymptotic value (C−

1 − C
+
1 )/(2πi). The shaded areas correspond to error estimates

from the convergence of the Padé approximant.

5 Trans-series and renormalons in the Gaudin-Yang model

The Gaudin-Yang (GY) model [55, 56] describes non-relativistic spin 1/2 fermions interacting
through a delta function potential. It can be regarded both as an exactly solvable model
for a Luttinger liquid, and as toy model for a superconductor. We refer to [57] for a review,
and to [38] for additional background.

We will focus on the basic observable of this model, namely the normalized ground
state energy density e(γ) as a function of the dimensionless coupling constant γ. This
observable can be calculated exactly with the Bethe ansatz, and at the same time it has a
weak coupling expansion as a power series in γ. The exact answer is obtained from Gaudin’s
integral equation for the density of Bethe roots, which can be written as

f(x)
2 + 1

2π

∫ B

−B

f(y)
(x− y)2 + 1dy = 1, −B < x < B. (5.1)

The endpoint of the interval, B, is related to the coupling γ by

1
γ

= 1
π

∫ B

−B
f(x)dx, (5.2)
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while e(γ) is given by

e(γ) = −γ
2

4 + π2
∫ B
−B f(x)x2dx(∫ B
−B f(x)dx

)3 . (5.3)

Note that e(γ) depends on γ through B, and the weak coupling limit γ → 0 corresponds to
the limit of large B, as usual in this type of problems. In [27, 37], the perturbative series
e(γ) was obtained up to very high order. It was found numerically that it is factorially
divergent, and that its first singularity in the Borel plane is located at

ζ = π2. (5.4)

We will now deduce this result analytically, directly from the integral equation (5.1), by
applying Wiener-Hopf techniques similar to the ones we have used in the previous sections.
These techniques were applied to the Gaudin-Yang model in [58, 59], in order to extract
the perturbative piece of e(γ).

We first note that we can write Gaudin’s integral equation (5.1) as in (2.31), i.e. in
the form

1
G+(ω)G−(ω) f̃(ω) = g̃(ω) + eiBωG−1

+ (ω)Q+(ω) + e−iBωG−1
− (ω)Q−(ω), (5.5)

where f̃(ω) is the Fourier transform of f(x) (which is extended to the zero function outside
the interval [−B,B], as we have done in previous examples), and

g̃(ω) = 2 sin(Bω)
ω

. (5.6)

In this case, the Wiener-Hopf decomposition of the kernel is given by (see e.g. [38, 58, 59])

G+(ω) = e
1

2π iω[log(− 1
2π iω)−1]

√
π

Γ
(1

2 −
1

2π iω
)
, (5.7)

and due to the parity of the problem G−(ω) = G+(−ω). The quantities γ, e(γ) can be
obtained from f̃(ω) as follows,

π

γ
= f̃(0), e(γ) = −γ

2

4 − π
2 f̃ ′′(0)
(f̃(0))3 . (5.8)

We note that, by using (5.5), f̃ ′′(0) can also be obtained as [58]

− f̃ ′′(0) = f̃(0)
2 − g̃′′(0)− 2 d2

dω2

[
eiBωQ+(ω)

G+(ω)

]
ω=0

. (5.9)

The function Q(ω) ≡ Q+(ω) satisfies the equation (4.1), where

ξn = π(2n− 1), n ∈ Z>0, (5.10)

and
σ±n = Resω=iξn±0 σ(ω) = ± 2π

(n− 1)!2
(2n− 1

2e

)2n−1
. (5.11)
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The r.h.s. of (4.1), where g+(ω) = eiBω g̃(ω), can be computed in this case by using the trick
explained in figure 16: the term involving the exponential e2iBω is computed by deforming
the integration contour into a Hankel contour around the imaginary axis, in the complex
upper half plane. The remaining term is computed by calculating residues in the lower half
plane, where G−(ω) is analytic. One finds

1
2πi

∫
R

G−(ω′)g+(ω′)
ω + ω′ + i0 dω′ = 1

ξ
(G+(iξ)− 1) +

∑
n≥1

e−2Bξn iσ±nG−(iξn)
ξn(ξn + ξ)

− 1
2πi

∫
C±

e−2Bξ′δG−(iξ′)
ξ′(ξ′ + ξ) dξ′.

(5.12)

We want to obtain a trans-series representation of e(γ), as we did in the relativistic
models in previous sections. The perturbative part of the functions appearing in the
Wiener-Hopf construction has been obtained in [58, 59]. One finds,

f̃(0)(0) = 2B + log(Bπ) + 1
π

+O
(
B−1),

−f̃ ′′(0)(0) = 2
3B

3 + log(Bπ)− 1
π

B2 +O(B),
(5.13)

where the subscript (0) refers to the perturbative part. Let us now compute the very
first exponential correction, at leading order in 1/B. As in our analysis of the bosonic
models, the first ingredient we need is Q1 = Q(iξ1), where ξ1 = π is the location of the first
singularity. By evaluating (4.1) at ξ = π we find

Q1 = 1
π

(G+(iπ)− 1)− 1
4π2B

+O
(
B−2)+ iσ±1 e−2Bπ

π2

(1
2 + 1

8πB +O
(
B−2)) . (5.14)

We now need the first non-perturbative correction to the function Q(ω), which we will
denote by Q(1)(ω). This function satisfies the integral equation (4.1), in which we keep
systematically the quantities of order e−2Bπ, and we obtain in this way

Q(1)(ω) = iσ±1 e−2Bπ

π(−iω + π)

(
1 + 1

4πB −
3

32π2B2 +O
(
B−3))

+ 1
2πi

∫ ∞
0

e−2Bξ′δσ(iξ′)Q(1)(iξ′)
−iω + ξ′

dξ′.
(5.15)

To compute Q(1)(ω), we iterate the driving term once in the first line of (5.15), and express
the resulting integral in terms of the exponential integral function:∫ ∞

0

e−x

x+ z
xa−1dx = Γ(a)ezEa(z). (5.16)

It follows from (5.5) that
f̃(0) = 2

(
B +Q(0)

)
, (5.17)

and by using the result for Q(1)(ω), we obtain

f̃(1)(0) = 2iσ±1 e−2Bπ

π2

[
1 + 1

2πB +O
(
B−2)− iσ±1 e−2Bπ

2π

(
1 + 1

2πB +O
(
B−2))] . (5.18)
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From (5.9) we deduce

−f̃ ′′(1)(0) = 2iσ±1 e−2BπB2

π2

[
1 + log(Bπ) + 3/2

Bπ
+O

(
B−2)

− iσ±1 e−2Bπ

2π

(
1 + log(Bπ) + 3/2

Bπ
+O

(
B−2))]. (5.19)

Combining all these results, we obtain the following expression for the coupling as a function
of B, including non-perturbative corrections,

γ = π

2B −
log(Bπ) + 1

4B2 +O
(
B−3)− iσ±1 e−2Bπ

2πB2

(
1 +O

(
B−1))

− (σ±1 )2e−4Bπ

4π2B2

(
1 +O

(
B−1))+O

(
e−6Bπ). (5.20)

For the energy we find:

e(γ) = π2

12 −
π

4B +O
(
B−2)+ 3iσ±1 e−2Bπ

4πB2

(
1 +O

(
B−1))+ 5(σ±1 )2e−4Bπ

8π2B2

(
1 +O

(
B−1))

+O
(
e−6Bπ). (5.21)

Once we express it in terms of γ, we obtain the result

e(γ) = π2

12 −
γ

2 +O(γ2)± ie−π2/γγ
(
1 +O(γ)

)
+ π2

2 e−2π2/γ(1 +O(γ)
)

+O
(
e−3π2/γ). (5.22)

The first exponential correction is precisely what was found in [37, 38], based on the large
order behavior of the perturbative series. We also confirm the conjecture in [38] that the
Stokes constant associated to this correction is purely imaginary. As indicated in (5.22),
there are additional exponentially small corrections, corresponding to singularities located
at ζ = nπ2, n ∈ Z>0.

6 Conclusions and prospects

In this paper we have developed analytic techniques to find the Borel singularities of the
free energy in integrable, asymptotically free quantum field theories in two dimensions.
These techniques are based on the Wiener-Hopf approach to the Bethe ansatz integral
equations, and they provide a very simple picture of the singularity structure: given the
Wiener-Hopf factorization of the kernel (2.25) into two functions G±(ω), the position of
IR renormalons is determined by the poles of G−(ω)/G+(ω) in the complex upper half
plane, while the position of UV renormalons is determined by the poles in the lower half
plane. In addition to these sequences of singularities, there is also generically an isolated
IR renormalon at the expected position (1.1) with ` = 2. We have calculated explicitly
the very first terms of the trans-series associated to these singularities, and we obtained in
particular analytic expressions for their Stokes constants. This makes it possible to test in
detail these predictions with resurgent methods, based on the large order behavior of long
perturbative series.
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The first consequence of our analysis is that the location of generic IR renormalon
singularities in the free energy is not as expected from the pioneering work of Parisi [1, 2]
and ’t Hooft [3]. According to the standard lore, renormalon singularities are located
at (1.1), and this has been the guiding principle in renormalon physics for forty years (see
e.g. [5]). These expectations were based on semi-quantitative analysis, large N estimates,
and the OPE expansion of [4]. Our analysis makes it clear that the location of renormalon
singularities in QFT is more general than (1.1). The unconventional renormalons uncovered
in our study have the property that, at large N , they become indistinguishable from the
conventional ones, therefore they can not be detected with large N techniques. In fact, the
sequence of large N renormalons appearing in the GN model and the PCF, and studied
in [19, 20, 27, 33], comes from the new, unconventional renormalons at finite N . One of
the general lessons of our paper is then that large N estimates, based on particular classes
of diagrams, are not reliable in order to determine the location of Borel singularities, and
subleading diagrams in the 1/N expansion can change this location. A similar phenomenon
was recently observed in [60, 61], where changing the class of diagrams under consideration
altered considerably the structure of Borel singularities.

We should note that our calculations have been made with a choice of scheme for the
coupling constant which arises naturally from the Bethe ansatz (this was dubbed the “TBA
scheme” in [33]). One could wonder whether our results on the position of the singularities
would change if we used, say, the MS scheme.10 The answer to this question depends
crucially on the convergence properties (or not) of the beta function in that scheme. If the
beta function involves itself non-perturbative corrections (as argued in e.g. [62] in the case
of QCD), these would change the pattern of singularities in the Borel plane. However, for
most of the models considered in this paper, the beta function in the MS scheme is known
to be a convergent series in the large N limit (see e.g. [63]). Therefore, non-perturbative
corrections to the beta function, if present, should be suppressed at large N , and do not
have an impact on the unconventional renormalons found in this paper.

Although our results show that the standard expectation (1.1) is not a universal property
of renormalons, it is possible that it still holds for obervables which are vevs of products of
operators. In this case, it is believed that IR renormalon singularities are associated to the
different operators appearing in the OPE [1, 4]. Since F(h) is not an observable of that
type, considerations based on the OPE do not apply in principle to the free energy studied
in this paper. For this reason, it would be very interesting to consider correlation functions
in integrable models, where the OPE applies. It is conceivable that information on their
renormalon structure could be obtained from their form factor representation. For the PCF
at large N , a relatively compact representation of this type exists for some correlators [64].
This and similar results might be the starting point for a study of the resurgent structure
of correlation functions in integrable, asymptotically free theories.

Finding a physical interpretation of the singularities that we have unveiled, and of the
associated trans-series, is challenging. It is not clear whether they can be interpreted as
condensates, since they lead to terms of the form (1.2), but where ` is now rational. Our

10We would like to thank Marco Serone for a discussion on this point.
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results are also problematic for semi-classical interpretations of renormalons. For example,
it has been argued in [65] that renormalons in the PCF might be related to “fractons”, i.e.
fractionalized instantons that appear in twisted compactifications (see [66, 67] for related
work on two-dimensional models). One piece of evidence cited for this connection is that
the action of fractons matches the location of traditional renormalon singularities. However,
since the renormalons found in this paper have a different location in the Borel plane, they
seem to pose a basic problem for the semiclassical interpretation of [65].

In view of the results in this paper, it would be important to find general principles
which determine the structure of renormalons in quantum field theory. It has been proposed
that renormalization group ideas can be used to find the location of Borel singularities (see
e.g. [68, 69] for early work in this direction), and it would be interesting to see how this
program can be applied to the relatively simple observable studied in this paper.

In the three bosonic models that we have considered, we have found a subleading
sequence of singularities whose location is proportional to N − 2 in the (supersymmetric)
sigma model, and to N in the principal chiral field. Therefore, they have the correct
scaling with N to correspond to (unstable) instantons of these theories. It would be
very interesting to test whether the corresponding trans-series can be reproduced with
instanton methods.

In addition to opening conceptual problems on the interpretation of the new singularities,
our work can be also much improved on a computational level. The Wiener-Hopf method
is very useful to obtain the very first coefficients of the trans-series, but it is not practical
to compute higher order terms. For that, we would need for example an extension of
Volin’s method which incorporates non-perturbative effects. It would be also nice to
complete our analysis and study UV renormalons in the bosonic models. One should
also extend our considerations to the mother of all quantum integrable systems, namely
the Lieb-Liniger model [70]. The leading IR singularity of the ground state energy of
this model was detected numerically in [37], but extending our tools to this case is not
completely straightforward.

Finally, an important issue is how the findings of this paper relate to the two versions
of the resurgence program considered in [33]. According to the weak version of the program,
every observable with an asymptotic expansion can be written as a Borel-resummed trans-
series. Our results fully validate this version for the free energy and are backed by numerical
evidence. Meanwhile, the strong version of the program requires in addition that all the
formal power series appearing in the trans-series can be eventually produced from a resurgent
decoding of the perturbative sector. In this case, our results are not conclusive. As we
discussed in section 4.2, the O(3) non-linear sigma model might be a counter-example for
the strong resurgence program, since there is a real, exponentially small correction which
can not be detected through the large order behavior of the perturbative series. However,
this might be an exception rather than the norm, and in [28, 29] substantial evidence was
given that the strong resurgence program was valid for the O(4) non-linear sigma model. It
would be very interesting to know which version of the resurgence program is implemented
in the different models that we studied, and a more thorough application of our analytic
framework should be able to answer this question.
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Figure 16. The contour of integration in (4.6) is first deformed to Cε, which is then further deformed
in two different ways for the different terms in the integrand.
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A The perturbative expansion of bosonic models

In this appendix we will present the perturbative calculation of F(h) for the bosonic models.
This calculation was done in [17, 18, 21], and it leads to remarkable exact results for the
mass gap of integrable models. It has been extensively used in followup papers, like [22, 23].
However, as far as we know, the details of the calculation in [17, 18, 21] have not been
presented anywhere, and we hope that the derivation given here will be useful for future
studies. In addition, we will use the results in appendix B to provide a full analytic
calculation, since we will be able to solve in closed form the integral equations that were
solved numerically in [17, 18, 21]. We should mention that Volin’s method [25, 26] gives a
different analytic derivation of the expression for F(h).

The first step in solving (4.4) is to compute the driving term r(x), by deriving the
perturbative part of (4.6). We will do this to next-to-leading order in 1/B. To organize the
computation, we split the function g+(ω) in two parts:

g
(h)
+ (ω) = ih1− e2iBω

ω
, (A.1)

g
(m)
+ (ω) = imeB

2

(
e2iBω

ω − i −
1

ω + i

)
. (A.2)
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To compute the contribution of g(h)
+ (ω) to r(x), we deform the contour of integration from

R to Cε, in which we add a small semicircle around the origin of radius ε in the lower half
plane, as shown in figure 16. We then split g(h)

+ (ω) into the terms 1/ω and −e2iBω/ω. For
the first term, we deform the contour downwards, picking the pole at ω′ = −ix/2B in the
integrand of (4.6), as shown in the bottom right of figure 16. For the second term, we
deform the contour upwards, leading to a Hankel contour H around the discontinuity of
G−(ω), as shown in the top right of figure 16. After the change of variable ω′ = iy/2B
we obtain:

r(h)(x) = hG+(ix/2B)2B
x
− h

2πi

∫
H

e−y

(y + x)y (2B)G−(iy/2B)dy. (A.3)

We want now to write the integral over the Hankel contour H as an integral along the
discontinuity of G−(iy/2B). Once this is done, we can expand the discontinuity at large B
and integrate term by term, by using (4.7). However, the first term of this expansion goes
like y−3/2 and leads to a divergent integral when y approaches 0. So the leading term in
the expansion of G−(iy/2B) has to be computed with the following trick:

kh(2B)3/2

2π

∫
H

e−y

(y + x)y3/2 dy = kh(2B)3/2

2π

(∫
H

e−y − 1
(y + x)y3/2 dy +

∫
H

1
(y + x)y3/2 dy

)
.

(A.4)
Here, k is the prefactor appearing in the first line of (4.7). The first integral in the r.h.s.
is no longer singular at y = 0 and it can be computed by deforming the contour upwards
and picking the discontinuity of y−3/2. The second integral can be evaluated by picking
the residue at y = −x, and it cancels the leading term of the function hG+(ix/2B)2B/x
appearing in (A.3). We finally obtain the following expression for r(h)(x) at NLO in a
1/B expansion:

r(h)(x) = −kh(2B)1/2
[
2BK

π

ex − 1
x3/2 +

(
1− K

π

) −a log(2B) + a log(x) + b

x1/2 +O
(
B−1/2)],

(A.5)
where K is the Airy operator, defined in (B.1), and k, a, and b are as in (4.7).

To compute the contribution from g
(m)
+ (ω) to r, we deform the contour downwards for

the term −1/(ω + i) and upwards for e2iBω/(ω − i). This yields

r(m)(x) = meB

2
2B

2B − x
[
G+(ix/2B)−G+(i)

]
− meB

2
1

2πi

∫ ∞
0

dy e−y(2B) discG−(iy/2B)
(2B − y)(y + x) .

(A.6)
Taking into account that meB will give an additional factor

√
B when replaced with h (as

we will see in e.g. (A.28), in the computation of the boundary condition), the expansion of
r(m)(x) at order B1/2 is given by

r(m)(x) = −meBG+(i)√
π

[
−(2B)1/2 k

G+(i)

√
π

2

(
1 + K

π

) 1
x1/2 +

√
π

2 +O(B−1/2)
]
. (A.7)
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By combining the two pieces (A.5) and (A.7), we can organize r in the following way:

r(x) = −kh(2B)1/2 [Br0(x) + log(2B)r2,1(x) + r2,0(x)]

− meBG+(i)√
π

[
(2B)1/2r1(x) + r2(x)

]
+O

(
B0), (A.8)

where

r0(x) = 2K
π

ex − 1
x3/2 , (A.9)

r1(x) = − k

G+(i)

√
π

2

(
1 + K

π

) 1
x1/2 , (A.10)

r2,1(x) = −a
(

1− K
π

) 1
x1/2 , (A.11)

r2,0(x) =
(

1− K
π

)
a log(x) + b

x1/2 , (A.12)

r2(x) =
√
π

2 . (A.13)

The next step is to solve the integral equation (4.4) order by order in 1/B. We thus
propose the ansatz

q(x) = −kh(2B)1/2 [Bq0(x) + log(2B)q2,1(x) + q2,0(x)]

− meBG+(i)√
π

[
(2B)1/2q1(x) + q2(x)

]
+O

(
B0). (A.14)

Equating terms of the same order in (4.4) yields the following integral equations:(
1 + K

π

)
q0(x) = r0(x), (A.15)(

1 + K
π

)
q1(x) = r1(x), (A.16)(

1 + K
π

)
q2,1(x) = r2,1(x) + a

K
π

(xq0(x)), (A.17)(
1 + K

π

)
q2,0(x) = r2,0(x)− K

π
(ax log(x)q0(x) + bxq0(x)), (A.18)(

1 + K
π

)
q2(x) = r2(x). (A.19)

The function q0(x) can be solved explicitly, and the solution is written down in (B.18). The
integral equation (A.16) is trivially solved by

q1(x) = − k

G+(i)

√
π

2
1
x1/2 . (A.20)

As we will see in a moment, we do not need the explicit form of q2,1(x), q2,0(x) and q2(x),
but only their integrals, which are calculated in appendix B.
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Before considering the computation of F(h), we need one last ingredient, which is the
boundary condition (2.34). Imposing this condition will yield a relation between h, m and
B. In the following we compute ε+(iκ) at large B. The integral

1
2πi

∫
R

G−(ω)g+(ω)
ω − iκ dω (A.21)

in (4.2) can be computed with the same methods we used for r(x), and we obtain

1
2πi

∫
R

G−(ω)g+(ω)
ω − iκ dω = − meB

2(κ+ 1)G+(i) + kh(2B)1/2

πκ

[
2
√
π − log(2B)

B
aI0

+ 1
B

(
aI1 + bI0 + I0

κ

)]
− kmeB

πκ(2B)1/2

√
π

2 +O(B−1) (A.22)

where

I0 = −1
2

∫ ∞
0

e−y
√
y

dy = −
√
π

2 , (A.23)

I1 = −1
2

∫ ∞
0

e−y
√
y

log(y)dy =
√
π

2 (γE + log(4)). (A.24)

We also need to compute the second piece of (4.2), which in perturbation theory is given by

1
π

∫ ∞
0

e−xγ(x/2B)
2Bκ− x q(x)dx

= −kh(2B)1/2

2πκ

[
〈q0〉+ 1

B

(
a log(2B)〈qa2,1 − xq0〉+ a〈qa2,0 + x log(x)q0〉

+ b〈qb2,0 + xq0〉+ 〈xq0〉
2κ

)]
− meB

πκ

G+(i)√
π

[ 〈q1〉
(2B)1/2 + 〈q2〉

2B

]
+O(B−1). (A.25)

In this equation we have expressed the integrals in terms of the moments introduced in (B.13),
and we split the functions q2,1(x) and q2,0(x) in terms proportional to the constants a, b
appearing in (4.7):

q2,1(x) = aqa2,1(x), (A.26)
q2,0(x) = aqa2,0(x) + bqb2,0(x). (A.27)

Let us now propose the ansatz

meB = kh(2B)1/2
√
π

G+(i)

[
c0 + c1√

B
+ log(2B)c2,1

B
+ c2,0

B
+O

(
B−3/2)] . (A.28)

The boundary condition (2.34) then yields four equations, obtained by equating contributions
of the same order in B. The solution to the system is given by

c0 = 1, c1 = 0, (A.29)

c2,1 = −2aI0
π3/2 −

a

π3/2 〈q
a
2,1 − xq0〉, (A.30)

c2,0 = 2(bI0 + aI1)
π3/2 − 1

π3/2

[
a〈qa2,0 + x log(x)q0〉+ b〈qb2,0 + xq0〉+ 〈q2〉

]
. (A.31)

– 51 –



J
H
E
P
0
8
(
2
0
2
2
)
2
7
9

In particular, for the computation of c1 we need the moment 〈q1〉, which can be straightfor-
wardly computed from its expression in (A.20):

〈q1〉 = − k

G+(i)
π

2 . (A.32)

The remaining moments are presented in appendix B. The boundary condition (A.28) can
also be inverted to express B as a function of log(h/m):

B = log
(
h

m

)
+ 1

2 log log
(
h

m

)
+log

(
k
√

2π
G+(i)

)

+
(
c2,1 + 1

4
)
log log

(
h
m

)
log
(
h
m

) +
1
2 log

(
k
√

2π
G+(i)

)
+c2,1 log(2)+c2,0

log
(
h
m

) +O
(
log−2(h/m)

)
. (A.33)

We now have all the ingredients to compute F(h), which is obtained by evaluating (A.22)
and (A.25) at κ = 1, and using the boundary condition (A.28). We note that the coefficients
c2,1 and c2,0 would a priori contribute to the order we are working, but they cancel in this
step. The result is

F(h) = −k
2h2

4

{
B−a log(2B) 4

π3/2
(
I0 + 1

2〈q
a
2,1−xq0〉

)
+ 4
π3/2

[
a
(
I1− 1

2〈q
a
2,0 +x log(x)q0〉

)
+ b
(
I0 − 1

2〈q
b
2,0 + xq0〉

)
+ I0 − 1

2〈q2〉 − 1
4〈xq0〉

]
+O

(
B−1/2)}. (A.34)

Using the results of appendix B, examples B.1 and B.2, we can evaluate all the integrals
and we find

F(h) = −k
2h2

4

{
B + a log(2B) + a

(
γE − 1 + log(4)

)
− b− 1 +O

(
B−1/2)}. (A.35)

Finally, we express B in terms of log(h/m) using (A.33), and we obtain

F(h) = −k
2h2

4

{
log

(
h

m

)
+
(
a+ 1

2

)
log log

(
h

m

)
+ log

(
k
√

2π
G+(i)

)

+ a
(
γE − 1 + log(8)

)
− b− 1 +O

(
log−1/2(h/m)

)}
. (A.36)

This is the result quoted in [21].

B The Airy operator

Let us consider the integral operator K defined by

(Kf)(x) =
∫ ∞

0

e−y

x+ y
f(y)dy. (B.1)

We will call K the Airy operator, since it is closely related to the Airy functions (see
e.g. [71, 72]). It has a continuous spectrum and its eigenvalues and eigenfunctions are
known explicitly [73], ∫ ∞

0

e−y

x+ y
χp(y)dy = λpχp(x), (B.2)
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where
λp = πsech(πp), p ≥ 0, (B.3)

and
χp(x) =

√
2p sinh(πp)

π

ex/2√
x
Kip

(
x

2

)
. (B.4)

Here, Kν(x) is the modified Bessel function. These eigenfunctions satisfy the normalization
condition ∫ ∞

0
e−xχp(x)χp′(x) dx = δ(p− p′). (B.5)

The expression (B.4) is more useful than the one appearing in [73]. One way to obtain it is
to use the observation in [74] that K commutes with the Schrödinger operator

H = − d2

du2 + e2u, (B.6)

whose eigenfunctions are well-known to be given by (B.4) (see e.g. [75]). The following
integral identities are useful to perform explicit computations,

c(µ; p) =
∫ ∞

0
xµe−xχp(x) dx = (2λp)1/2Cp,0

(
1
2 + ip

)
µ

(
1
2 − ip

)
µ

Γ(µ+ 1) ,

c′(µ; p) =
∫ ∞

0
xµ log(x)e−xχp(x) dx

= c(µ; p)
(
ψ

(1
2 − ip+ µ

)
+ ψ

(1
2 + ip+ µ

)
− ψ(µ+ 1)

)
,

(B.7)

and they hold for Re(µ) > −1. In this equation, ψ(z) is the digamma function, and

Cp,0 = (p tanh(πp))1/2. (B.8)

We can use these results to give an explicit solution to the integral equation,

q(x) + 1
π

∫ ∞
0

e−y

x+ y
q(y)dy = r(x), (B.9)

as
q(x) =

∫ ∞
0

dp
(

1 + λp
π

)−1
〈χp|r〉χp(x), (B.10)

where
〈χp|r〉 =

∫ ∞
0

e−xχp(x)r(x) dx. (B.11)

In particular, the moments of q(x) can be computed in closed form in terms of integrals
over p:

〈q〉n =
∫ ∞

0
xne−xq(x)dx =

∫ ∞
0

(
1 + λp

π

)−1
〈χp|r〉c(n; p) dp, (B.12)

where c(n; p) is given by (B.7). We will denote

〈q〉 = 〈q〉0 =
∫ ∞

0
e−xq(x) dx. (B.13)
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Example B.1. Let us solve the integral equation (A.15). We denote

s(x) = ex − 1
2x3/2 . (B.14)

We have,
〈r0|χp〉 = 4

π
λp〈s(x)|χp〉, (B.15)

where
〈s|χp〉 =

coth
(πp

2
)

23/2 (p2 + 1)
√
p csch(πp)

. (B.16)

We now use the expression (B.4) and the well-known integral representation of the Bessel
function

Kν(x) =
∫ ∞

0
du e−x cosh(u) cosh(νu)du (B.17)

to conclude that

q0(x) = 2
π

ex/2√
x

∫ ∞
0

du e−
x
2 cosh(u)

∫ ∞
0

dpcos(pu)
1 + p2 = ex/2√

x

∫ ∞
0

du e−
x
2 cosh(u)−u

= ex/2√
x

(
K1

(
x

2

)
− 2 e−x/2

x

)
.

(B.18)

In particular,
〈q0〉 =

∫ ∞
0

e−xq0(x)dx =
√
π(4− π). (B.19)

This integral can also be computed by using (B.12). One also finds,

〈xq0〉 =
√
π

∫
R

dp sech(πp)p
2 + 1/4
p2 + 1 =

√
π

(3π
4 − 2

)
. (B.20)

Example B.2. We will now compute the remaining integrals appearing in (A.34). Com-
bining the integral equations (A.15) and (A.17), we obtain:

qa2,1(x)− xq0(x) = −
(

1 + K
π

)−1 (
1− K

π

) 1√
x
−
(

1 + K
π

)−1 (
xq0(x)

)
. (B.21)

By using again (B.12) we find,〈(
1 + K

π

)−1 (
1− K

π

) 1√
x

〉
=
∫ ∞

0
dp
(

1 + λp
π

)−1 (
1− λp

π

)
〈χp|1/

√
x〉 〈χp〉

= 2
√
π

∫ ∞
0

dp sech(pπ) tanh2(pπ/2) =
√
π

( 4
π
− 1

)
,

(B.22)

as well as〈(
1 + K

π

)−1 (
xq0(x)

)〉
=
∫ ∞

0
dp
(

1 + λp
π

)−1
〈χp|xq0〉 〈χp〉

=
∫ ∞

0
dp2p tanh(pπ/2)√

π

[
π2csch2(pπ/2)

2 − 2πcsch(pπ)
p

]

=
√
π

(
π

2 −
4
π

)
.

(B.23)
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The inner product 〈χp|xq0〉 can be computed by using the explicit expressions (B.4)
and (B.18). We conclude that

〈qa2,1 − xq0〉 = −
√
π

(
π

2 − 1
)
. (B.24)

To compute 〈qb2,0 + xq0〉, we realize that this combination of q functions satisfies the
same equation as in (B.21), but with a change of sign in the r.h.s.:

qb2,0(x) + xq0(x) =
(

1 + K
π

)−1 (
1− K

π

) 1√
x

+
(

1 + K
π

)−1 (
xq0(x)

)
. (B.25)

Therefore, we have
〈qb2,0 + xq0〉 =

√
π

(
π

2 − 1
)
. (B.26)

We also have
q2(x) =

√
π

2

(
1 + K

π

)−1
1, (B.27)

and we obtain
〈q2〉 =

√
π

2

∫ ∞
0

dp
(

1 + λp
π

)−1
〈χp〉2 = π3/2

8 . (B.28)

The most difficult calculation involves qa2,0(x) + x log(x)q0(x). From (A.15) and (A.18)
we obtain

qa2,0(x) + x log(x)q0(x) =
(

1 + K
π

)−1 ((
1− K

π

) log(x)√
x

+ x log(x)q0(x)
)
. (B.29)

We are ultimately interested in computing 〈qa2,0 + x log(x)q0〉. By using (B.7) and other
integral formulae, we find

〈χp|x log(x)q0〉 =
√
p sinh(πp)√

2

{
πcsch2

(
πp

2

)(
ψ

(
− ip

2

)
+ ψ

( ip
2

)
+ γE + log(4)

)
− 4csch(πp)

p
(ψ(−ip) + ψ(ip) + γE + log(4))

}
, (B.30)

and one eventually obtains

〈qa2,0 + x log(x)q0〉 =
√
π
(

(γE + log(4)) Ie + πIs − Ic
)
, (B.31)

where
Ie =

∫
R

dp
(

πp

sinh(πp) −
1

cosh(p)

)
= π

2 − 1 (B.32)

can be calculated easily, and

Ic =
∫
R

dp 1
cosh(πp) (ψ (−ip) + ψ (ip)) ,

Is =
∫
R

dp p

sinh(πp)

(
ψ

(
− ip

2

)
+ ψ

( ip
2

))
.

(B.33)

To calculate these integrals, we consider the contours Cc and Cs, shown respectively in the
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Figure 17. Integration contours for the calculation of the integrals (B.34). They are oriented coun-
terclockwise.

left and right drawings in figure 17, and the corresponding integrals

Ic =
∫
Cc

dz
cosh(πz) (ψ (−iz) + ψ (iz)) ,

Is =
∫
Cs

dz (z − 2i)2

sinh(πz)

(
ψ

(
− iz

2

)
+ ψ

( iz
2

))
.

(B.34)

By using the well-known property of the digamma function,

ψ(z + 1) = ψ(z) + 1
z

(B.35)

one can reduce the calculation of Ic,s to elementary integrals and residues. One finds in
the end,

Ic = −2γE + π − 4 log(2), Is = −γE − 2 log(2) + 3
2 . (B.36)

We conclude that

〈qa2,0 + x log(x)q0〉 =
√
π

2
(
−γE(π − 2) + π − 2π log(2) + 4 log(2)

)
. (B.37)
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