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Abstract The screening limit of the three-dimensional half-shell t-matrix for a
sharply cut-off Coulomb potential is analytically derived without reference to par-
tial wave expansion. The numerical solutions of the three-dimensional Lippmann—
Schwinger equation for increasing cut-off radii provide half-shell t-matrices which
are in quite a good agreement with the asymptotic values.

1 Introduction

This is a continuation of a previous article (1} 2) where the screening limit of
the three-dimensional wave function for a sharply cut-off Coulomb potential has
been derived together with the corresponding scattering amplitude (the on-shell
t-matrix). In the screening limit that scattering amplitude converges to a sum of
two terms. One is the expected pure Coulomb scattering amplitude multiplied
with the standard renormalisation factor (2pR)~%"; the other one is new and in-

cludes angular dependent phases eiZi”RSi"%, which oscillate without limit for in-
finite screening radius R. As has been conjectured in (3)) that second term would
disappear after integration over some angular intervals in the sense of a distribu-
tion.

We are now interested in the screening limit of the corresponding half-shell
t-matrix. The pure Coulomb force result for that object is well known (4). Its
derivation goes back to work by (3). Especially its discontinuous property at the
on-shell point is of interest. In (6; [7) this property has been discussed based on a
sharply cut-off Coulomb potential and using a partial wave decomposition. Like in
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our previous paper we felt that a direct three-dimensional approach avoids possi-
bly open questions in that treatment related to the correct summation of the infinite
number of partial wave components. (See (6} [7), where the difficulties are spoken
out leading in fact to incomplete results.) We therefore study the half-shell t-matrix
now based on the screening limit of the three-dimensional wave function for a
sharply cut-off Coulomb potential and investigate its screening limit. The details
of derivation are given in Sect. 2} Numerical solutions of the three-dimensional
Lippmann—Schwinger equation for different cut-off radii are compared with the
asymptotic values in Sect.[3] We summarize and conclude in Sect. 4]

2 The Half-Shell t-Matrix

For a a sharply cut-off repulsive Coulomb potential (for instance for two protons)

62

Vr(r) =O(R—r)— ey

r

the exact three-dimensional wave function inside the potential range is given in
the screening limit by

Pt = AdPTF(—in, 1,i(pr—p-r)) @
with
1 1

A= (2r)2 F(=in,1,2ipR)’ ¥

The normalisation corresponds to the choice of ——¢PT as incoming wave. Fur-
(2m)2
2 . . S
ther n = % for two particles with mass m. Then the screening limit of the half-

shell t-matrix is defined as

1 —ip'r ip-r . .
(V™) = i [ e V)P (im L),

We use the integral representation for the confluent hypergeometric function
. . . 1—1 inl i(pr—pr)t
F(=in, Li(pr—p-m) =Cl=in.1) [ ar (=) Lerrr )
r

with
_in 1) = L
C(—in,1) 27:6 6)

and I" a closed path in the complex 7-plane encircling # = 0 and # = 1 in the positive
sense.
The r-integral is straightforward leading to

/R d3rei(p7p’)-rleiprtefiprt _ —47 | PR _ B PRk _ | %
r 20 pt+ £ pt—Q
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with
Q =+/p*2—2tp-m+ A2, ®)
m=p-p’. )
Thus
2
(H\ — e .
(pIvel") = 27 ACCin, DY (10)
and
in i(pt+Q)R _ i(pt—Q)R _
—/dt 11 e l_e 1. (11
) 1 Q pt+Q pt—Q

Here we like to distinguish the two cases p’ > p and p’ < p and start with

p’' > p, where one can split (11]) as
1-\"1 1
2 - a2
* / ( ) 1 pA2—Q? )

/ <1t>i’71 1
Y = -
t Q2

since the poles of 17212%!22 do not lie between ¢t = 0 and ¢ = 1. One has

ei(pH—Q)R pt Q)R

pt+Q pt—Q

1 1

22 _02 A2\

(13)

It is easily seen that for p’ > p the pole position #p = as a function of p- p’

2p |
is always larger in magnitude than 1 if p > p’p- p’ and smaller than zero if p <
p'p- p'. Therefore we can choose from the very beginning the path I" such that
the pole at t = 1y lies outside that closed path. Since the only singularities of the
integrand is the logarithmic cut between t =0 and r = 1 and the pole at r =0 we
choose the I' like in (1). For the convenience of the reader this is depicted in Fig[I]

The second term in is easily evaluated. If I'" is a circle with infinite radius
the integral is zero. But changing the path I" to that circle one picks up a residue

due to 1» If 19 = 55 > 1 then 1 —fo = |1 —tole™ and ty = |to| ; if 1o < O then

in
-1 =1 —to|ez”r and ty = |to|e™. In both cases <1t—ot°> = <|1|tot‘0‘> e .

Consequently

RN 20\ M
2 1-\"1 1 i [ |pP—p — (14)
t p2t2 _ QZ AZ A2

Now to the first term in (12), denoted as Y;. Again as in (1) we split the in-
tegral between r = € and ¢ = 1 — € into two parts, choosing for instance t = 1/2

as intermediate border and perform a partial integration for the integral fgl/ % to
remove the pole . In this way we get

le./zeer (me+ (1—e2m) (/ /1 8) (15)
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Fig. 1 The original path of integration I" used in Eq.

and

el
pt+ £ B pt—Q

pr+Q)R ei(pt—Q)R]

1 in
1—
/Zdt< t) li
€ t t Q

-1 1=\ 1
in \t Q

Nl—

ei(pt+.Q)R ei(ptf.Q)R

pt+Q B pt—Q

1 /2 _.d 1 [eitrrr  ip—2)r
e d Q| p+Q  p-Q
The integral [, around ¢ = 0 is easily evaluated:
J 1—¢ in 11 | pt+2)R  Lilpt—Q)R
t(—) == _
/zero t t Q pt +Q pt — 9
2i 1
= A—;cosARef’”E(l i) (17)

It cancels exactly against the lower limit contribution at r = € in (T6).
The integral [, vanishes as O(€) and the upper limit (1 —€) in the last integral
in (15) can be replaced by 1. Thus as an intermediate result we have

-0 (@)

1 /2 .d 1
1 —e 2 —/ drt™™M —(1—¢)"M—
(e )m 0 a5

1 1—e\"11
+(1—€_2”n)% dt <[) ;5

2
2
Q= T opATAL (19)

The lower integration limit € could be replaced by O since only integrable
logarithmic singularities remain. The differentiation in t leads to several parts.
Only the pieces proportional to R will survive in the screening limit as will be

argued below. They are given as
eiR(pH—.Q) do eiR(pt—Q) 4o 0
e <p+dt> E) (p_a’t>( )

R % 11—\ 1
1—*2’”7—/dt— —
(1=e )no <f>9

EHQIR i
fron g

(P Q)R ei(pt—Q)R‘|

P_0')R

pt+ £ pt—Q

AR Li(pr-Q)R

pt+Q B pt—Q

] (18)

with
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The contribution from the lower limit # = O is evaluated by the method of
steepest descent for R — oo, We use

QR(PIEQ) _ iRA iRt (pFEE) (21)
dQ p-u
pEt — =Pt @2)
dr |, A

and obtain

R 1— in 1 iR(pt+Q) Q iR(pt—Q) Q
(1_[27”1)*/& L e B iy
n Jo t Q| pt+Q dt pt— dt

- o (=B (422 e

— (1 —¢72m)

Now all contributions related to the arbitrary r = 1/2 border should cancel each
other. This is indeed the case. By the same method of steepest descent the asymp-
totic contribution from the upper limit = 1/2 in can be gained substituting
t =1/2 — 7 and using

R e:l:iR(.Q’:I:p/Z)efiRT(p:F%)’ (24)
dQ ~5 +p-p'

| = (25)
dr t=1/2 Q

as

(1 ¢ 2 R /% (1=t in | [ piR(pr+2) a2 oiR(p1—2) 40
—e — S T et
1 o) e pmra \"ar )T e "
1 (1— e 27M)eiRE er R 6)
Y o - .
inQ’ p2+Q  p/2—&

This cancels exactly against the first part in (I8)). Further the last integral in (I8))
contributes at the lower limit 7 = 1/2 for R — oo

- 1—t\"11
1— —27”1/ - -
(1—e )édt( ; ) 0

iR(Q'+p/2) , '—p/2)
{;, el,ﬁ / dre®e(pt ) ¢ 7 ol / dre~Re(r- ] 27)
2 0 5

ei([)t+Q)R -1 ei(ptf.Q)R -1
pt+Q pt—Q

_)2(1 727’(1])

It is easily seen that for |p- p| # 1 the exponents p + 4 o |, 1/2 # 0 and there-
fore that limit is O(E) and can be neglected. By analogous steps one finds that also
the contribution from the upper limit # = 1 of that last integral in is O(%) in
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the screening limit. Therefore we obtain from and adding the remaining
parts of the differentiation

je2 M ) . . in . . in
Y, — (1—e’2””)—l;221“(1—in)Rm {elm <p—L.) 4 omiRA (p+ E) ]

1oz (1-1\"1
1—e 20 —/ dr | —— —
tll=e )iTI 0 ( t > Q
in 1 dOQ\ |eiprt R Li(p—Q)R Pi(PIHQ)R 40 ¢
1= Qar - - s\p+—— )+
11—t Q dt pt+Q pt—Q (pt+Q) dt
Since there are no vanishing denominators nor pt £ £2 = 0 inside the range

of integration the remaining integral is O (%) and one ends up with the screening
limit

T

) ie2N . [ RA p-u in _iRA p-m in
Y 4,(176 ﬂn)@F(l*lT])Rm e (p*T) +e! <p+T)(2_9)

Then taking together with one finally arrives at

; %n T CEN\ N . CmN N
Ya(l—e_Z””)l;?F(l—in)R’” -e’RA (p—pT) +eiRA (p+p7) _
in
Ami 2 21\!

Thus like for the screening limit of the on-shell scattering amplitude given
in (1) there result two terms, one, as expected, R-independent and another still
dependent on R.

Now we turn to the case p’ < p and start again from , which for a suitable
path I" can again be brought into the form (I2). In this case the pole 7y from
lies on the real axis betweent =0 and r = 1.

Since the path I" encircles the cut the integral

1-\"1 1
2 [ dt - =0 31
/r < t > t p’r2 — Q2 G

as is trivially seen by replacing the path I" by a circle with infinite radius.
Thus we are left with the first term in (I2)) which can be brought into the form

v / 0 (1—t>m li ei(pt+Q)R B ei(m*‘Q)R(pt—i—Q) 32)
—_— 5 .
r t tQ | pt+Q 2P"(¢‘ﬁT.>

We deform the path I into I'” such that the lower part of I is moved between 0
and 1 into the upper half plane, as shown in Fig. 2] Thereby the path crosses the

(pt —Q)?

—‘iff)]-

(28)
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2 . .
pole atfp = ZA—', which leads to a residue:

P

/ m(l_vmll<—prmqm+9)—_“” 2=\
p()le t 1 .Q 2p'.(t_ A2 ) a AZ A2 '

2pm

We used the fact that at the pole pt = Q.

Next we further deform the path I'” such that it encircles ¢ = 0 coming from ieo
and returning back to iee in the positive sense and encircling ¢ = 1 again coming
from ico and returning back to ico in the positive sense. This new paths I and I
are displayed in Fig[2]

We get

-1\
y— [a(=t) 1L
i) t t Q| pt+Q pt—Q

1—\"11
at|— ) -=
+r,<t)t.(2

Ari 2 2 m
—’”(p P ) : (34)
AT\ A2

Because of the pole at r = 0 we separate the integral fl—o into three parts (see
Fig.[2) which read

_A\ M
[a()"1L
bed t tQ
1

ie . .
= dt~~+(1—e*2’”7)/ det M1 — )M —
zero i€ Q

ol(PIH+Q)R ei(pt.Q)R]

pt+ £ pt—Q

PP+ Q)R ei(pt—.Q)R]

pt+Q pt—Q

ol(PIH+Q)R ei(psz]

1 Q)R i(pt—Q)R
PR il l%)

pt+Q pr—Q

The integral [, is

‘ 1-t\"11
L)
zero t tQ

3

2 o 1
=e 2M(1— e727”7)A—12cosARe*”1 —.

ei(pt+Q)R ei(plfﬂ)R z . e—27n 1 1 [eAR
p+Q  p—-Q _/_Lﬂ (€€i9)M gei® A { A

Fig. 2 The modifications of I" used in Eqgs.

A

eiAR:l

(36)
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Further

vjoo . 1
(1 —8_27”7)/ dir= (1 — 1)1 =
ie Q0

pt+Q B pt—Q

Si(PIHQ)R ei(pt.Q)R]

joo

i(pr+Q)R  i(pi—Q)R
ey | Ly gy L[ LPOR
in Q| pt+Q pt—Q .
L
1 joo d 1 ei(pt+Q)R ei(pt—.Q)R
— | dttT M —(1—1)""— - . 37
+in.ie dt( ) Q| pt+Q pt—Q 7)

There is no contribution at the integration limit ico and the lower limit contri-
bution cancels against (36)). Thus we are left with the intermediate result

in .
ami ( p*—p* o 1o d 1
Y=—— j— —/ dr= M= (1) —
A2< A2 = pTASRLLNo
p 1\ 11 [eilpr+@R  Lilpi—Q)R
t P —_—
+ n ( t ) t Q

pt+Q B pt—Q
The differentiation leads again to a piece explicitly proportional to R

joo in i(pt+Q)R dQ i(pt—Q)R _dQ
YRE(l_efzﬂn)B/ d[(lt> lle@ (p+ dt)_e(p (p d;\3})
0

n. t Q pt+ £ pt—Q

where we could put the lower limit of the integration to zero. The integral con-
verges at the upper limit noting

Q(it) — —itp+ 22 (40)
p
p-m
— = —p+—. 41
dt P ipT @1
Using
AP EQ)R Heju‘lmefm(p:p"AJ) (42)

in the limit 7 — 0 we extract the leading behavior of Yg

p 2mi\ M
—omn IR ¢ 1 [ ira —Re(p-P= p-m
k= (—e m)n/odf( ir) A? e ) (p - A )

| iR = R(p+BE) <p+ pAJ)]

i kY5 1 . -H . ™
= (l _e—Znn)%e—Lﬂp |:€IRAR (p— pT) /Od»r»r_’ne*RT(P*pT)
+e RAR (p+ pT.) /d”—ineRT(HpA')]
0

_mny b b iRA (PN ipa p-m\7
= (1) e F LRI m){e (p ) te (p+ )(4)

A

ol(PIH+Q)R ei(psz]

pt+Q pt—Q

(38)
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Next we regard the integral [ from
1\

/dl <t) li

g t t Q2

i 11\ 1

—(-em) [ () o

( ¢ ) 1 ( t > t Q

To evaluate the leading contribution from the lower limit = 1 we need

pt+ £ pt—Q

(P Q)R ei(pt—Q)R‘|

P+ Q)R  Li(pt—Q)R

- ] . (44)

pt+Q pt—Q

ei(ptiQ)R_}eiR(pip’)e*RT(P:F%) 45)
and obtain

1
dt-- — (1—e ™M)ie~™ —
L p

oR(p+p") /dre_RT(p_%) B
p+r Jo

iR(p—p') _ pp
ep,p/ /Od'ce RT(“ v )1 . (46)

Since p + p{;—‘,’/ =p(1+£p-p') #0for 6 # 0, 1, which we exclude, the integrals in

are O (%)
Finally the additional terms resulting from the differentiation in (38)) are given
as

1 g (1—t\"1 (/=in 1d4dQ
t—em [Car () -
(1-e )ino ( t > .Q{(l—t th)
ei(pt+.Q)R ei(ptf.Q)R ei(pt+.Q)R re) ei(ptf.Q)R 1e)

- - s\p+— |+ 7———F=w \p——- 4D

pt+Q pt—Q (pt+Q) dt (pt—Q) dt
It can be shown that along the imaginary #-axis the imaginary part of pr £ Q is
always positive. Therefore that integral, too, vanishes like O (1%) in the screening

limit.
Thus we are finally left for p’ < p with

Coggy b3 1 : iRA P-ENT o pp p-m\n
+(1—e m’)ﬁe 2 PRnF(l_m) [e (P—T) +e (P+T)(4)

This is now to be compared with (30), repeated for the convenience of the reader
and valid for p’ > p




10 W. Glockle et al.

We see that the R-independent part jumps from p’ < p to p’ > p by a factor
e~ ™ whereas the oscillating R-dependent part jumps by a factor ¢>*.

Lastly we turn to the half-shell t-matrix given in (I0). The asymptotic value of
A as derived in (1) is

1 x :
— e I 2pR) (1 4-im) (50)
(2m)2
and therefore the prefactor in (I0) using (6) is asymptotically
62 62 nn in
—2n AC(—in,1) — i3 2pR) "M (1 +in). (51)
(2m)2 (2m)?

This leads for p’ < p to the half shell t-matrix element in the screening limit

A2

iRA <; <p, pA..)>in +eiRA (; (p+ I’A">)in] , (52)

where we used I' (1 +in)(1 —in) = 1

sinhmn *
On the other hand the pure half shell t-matrix is well known (4) and given for

p' <pby

2\ 7"
VlEl) L2 I1(2pR) (1 + i)~ r-r
P |VRITR 27‘[26 p m A2

e? L
(27)? A?

T e N L(p-p\"
(Wl ™) = setrrim o (E5-) - 63

Therefore for p’ < p we find the following result in the screening limit

<p ,|VR‘lIIR(+)> _ e*inanpR <p ,|VC"{IPC(+)>

e 1 SiRA <; (P— pA..)>iTI _;'_e*iRA (; <p_|_ pA.)>”7] . (54)

(27)2 A2
The first term is the expected one as given in (6)). But there is, like for the on-
shell t-matrix, an additional term, which only after integration over some angular
region would disappear in the screening limit.
In case of p’ > p the pure half shell t-matrix differs by a factor e~*" and is

/

e\ _ € sz (2 =?\"
(B Vel ) = e I (1 +im) 45 ENES

2?2 A2

Therefore in this case and using (49) we find the following result in the screen-
ing limit

<p ,|VR‘lP1§+)> _ e*inanpR <p ,|VC‘%C(+)>

ez 1 SiRA <; (p— pA..))in 4o iRA (; (p+ T))in](%)

27n

—e

(27)% A2
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The first term has the same structure as above, but the second one differs by
the factor 2™ from the one above.

3 Numerical Results

It is interesting to compare the derived asymptotic forms (54) and (56) to the nu-
merical solutions of the Lippmann—Schwinger equation for the sharply cut off
Coulomb potential with different cut-off radii. As is well known (1} |8)) this equa-
tion can be written as a two-dimensional integral equation

oo 1

1 1

T(q',q,x') = EV(q’,q,X’,l)Jr / dq'q"” / dX”V(q’,q”,X’,X”)WT(q”,q,x’@?)
0 | T T

where
2
v(q,q,% ,x) = /dfpV(q’,q,x’er V1-x2y/1-x2cos @) (58)
0

and m is the reduced mass of the system.
For the sharply screened Coulomb potential of the range R considered in this
paper

i 1 —cos(QOR)

V(g = _— 59
(d,9.9) =55 R (59)
where Q = 1/¢'* + ¢? — 24’ qy and the integral over ¢ in Eq. (58) is carried out

numerically.

Solving the two-dimensional equation is a difficult numerical problem
because V(q',¢,x) shows a highly oscillatory behavior, especially for large R. We
solved for positive energies where

:
t=E.m +ie="+tie (60)
m

by generating the corresponding Neumann series and summing it up by Pade. In
each iteration the Cauchy
singularity was split into a principal-value integral (treated by subtraction) and
a O-function piece. All details about our numerical performance are given in (I)).
By solving we obtain all matrix elements 7(¢’,¢,x; qo); they can be chosen
on-shell (as investigated in (1)), half-shell or totally off-shell. Here we are inter-
ested in the half-shell elements, 7'(¢’,qo,x; qo), and show examples in Figs.|3|and
We choose just five (more or less arbitrary) values of x = —0.91,—-0.50, 0.03,
0.62 and 0.90, which corresponds to the following angles 6 between vectors q’
and q: 6 =155.5°, 120.0°, 88.3°, 51.7° and 25.8°. Then for each fixed value of x
we display the half-shell matrix elements 7 (q’,qo,x; qo) as a function of ¢’. The
analytical asymptotic forms of Egs. and (56) are given by the line and the
numerical results are shown with symbols. We concentrate on the ¢’ region in the
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Fig. 3 The real (leff) and imaginary (right) part of the half-shell t-matrix T'(¢’,q0,x; o)
for the sharply cut-off Coulomb potential with the cut-off radius R = 80 fm. The solid
line represents the asymptotic analytical expression given in (34) and (5€). The dots
show our numerical results. From top to bottom five different values of x are chosen:
ax=-091,bx=-0.50,cx=0.03,dx=0.62, e x=0.90

Fig. 4 The real (leff) and imaginary (right) part of the half-shell t-matrix T(q’,qo,x; qo)
for the sharply cut-off Coulomb potential with the cut-off radius R = 200 fm. The solid
line represents the asymptotic analytical expression given in (34) and (36). The dors
show our numerical results. From top to bottom five different values of x are chosen:
ax=—-091,bx=-0.50,cx=0.03,dx=0.62,ex=0.90

vicinity of gg where the most interesting structures appear and skip the region of
higher ¢’ values, where T(¢’,qo,x; qo) tends to zero showing more or less rapid
oscillations. As in (1)) we restrict ourselves to the system of two protons scatter-
ing solely by the Coulomb force at E Il,“b = 13 MeV. This gives go ~ 0.396 fm~'.
Two cases of the cut-off radii R = 80 fm (Fig. 3) and R = 200 fm (Fig. ) are
considered.

In the case of R = 80 fm the real part of T'(¢,qo,x; qo) is usually by one order
of magnitude bigger than the imaginary part. The exception is x = 0.62, where
the both parts are comparable. The analytical asymptotic form agrees rather well
with the numerical result for the real part. The agreement is in fact very good in
the region of ¢’ < g and a bit less satisfactory for ¢’ > go. For the imaginary
part there are clear deviations between the analytical and numerical results, which
become more pronounced for x > 0. In particular the analytical results show much
more oscillatory behavior for ¢’ > go. Note also a sharp structure around ¢’ = gq
which develops for the imaginary part at x > 0.

For R = 200 fm the real part of T(q,qo,x; qo) is clearly dominant for all the
considered values of x. The analytical asymptotic form shows much more oscilla-
tions than for R = 80 fm. It is clear that in order to trace these oscillations, many
more points in the numerical solution would be required. Despite this fact, one can
see at least fair agreement between the asymptotic analytical results and numeri-
cal solutions at the calculated points in the case of the real part. For the imaginary
part, like in the case of R = 80 fm, the agreement is worse. This is presumably
caused by limitations of our numerical treatment.

4 Summary and Conclusions

We investigated the screening limit of the three-dimensional half-shell t-matrix
for a sharply cut-off Coulomb potential. We used the screening limit of the three-
dimensional wave function for a sharply cut-off Coulomb potential derived in
(15 12). Our direct three-dimensional approach avoids problems related to the sum-
mation of the infinite number of partial wave components. Numerical solutions of
the three-dimensional Lippmann—Schwinger equation for large cut-off radii agree
fairly well with the asymptotic values.
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