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It is of interest to understand whether or not one can construct a classical field theory description of early
cosmology which would be free of initial singularity and stable throughout the whole evolution. One of the
known possibilities is genesis within the Horndeski theory, which is thought to be an alternative to or a
possible completion of the inflationary scenario. In this model, the strong coupling energy scale tends to zero
in the asymptotic past, t → −∞, making themodel potentially intractable.We point out that despite the latter
property, the classical setup may be trustworthy since the energy scale of the classical evolution (the inverse
of its timescale) also vanishes as t → −∞. In the framework of a concrete model belonging to the Horndeski
class, we show that the strong coupling energy scale of the cubic interactions vastly exceeds the classical
energy scale in a certain range of parameters, indicating that the classical description is possible.
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I. INTRODUCTION

Recently, considerable attention is attracted to cosmo-
logical scenarios without an initial classical singularity.

One of them is genesis [1–5], which assumes that the space-
time is flat in the asymptotic past and the energy density is
initially zero. As time passes, the energy density and the
Hubble rate grow, eventually reaching large values. This
regime occurs due to the domination of exotic matter that
violates the null energy condition (NEC) (if gravity is not
described by general relativity at this stage, required is the
violation of the null convergence condition [6]). Later on,
the energy density of exotic matter is assumed to get
converted into the energy density of usual matter, and the
conventional cosmological evolution sets in. This later
stage may be radiation dominated, in which case genesis
serves as an alternative to inflation. Another option is that
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genesis is followed by inflation; then genesis complements
the inflationary scenario.
A candidate class of theories with exotic matter is the

Horndeski scalar-tensor theories [7–14] with the
Lagrangian containing the second derivatives of the scalar
field and yet with the second-order equations of motion (for
a review, see, e.g., Ref. [15]). Indeed, Horndeski theories
admit healthy NEC-violating stages (for a review, see, e.g.,
Ref. [16]). However, there is an obstacle for constructing
completely healthy genesis models in Horndeski theories,
known as the “no-go theorem” [17–20]. This theorem is
valid in all theories of Horndeski class, and it is worth
recalling its assumptions here. Let hij and ζ denote tensor
and scalar perturbations about a spatially flat Friedmann-
Lemaître-Robertson-Walker (FLRW) classical solution
with an initial genesis epoch (throughout this paper we
work in the unitary gauge). The unconstrained quadratic
actions for these perturbations are

Sss ¼
Z

dtd3xNa3
�
GS

_ζ2

N2
−
F S

a2
ζ;iζ;i

�
; ð1Þ

Shh ¼
Z

dtd3xN
a3

8

�
GT

_h2ij
N2

−
F T

a2
hij;khij;k

�
; ð2Þ

where aðtÞ is the scale factor, NðtÞ is the lapse function and
F S, GS,F T , and GT are functions of cosmic time t. To avoid
ghost and gradient instabilities, one requires that

F S; GS; F T; GT > 0: ð3Þ

The assumptions of the no-go theorem are that the back-
ground is nonsingular at all times, the functions F S, GS,
F T , and GT do not vanish at any time and, crucially, the
integral

Z
t

−∞
aðtÞ½F TðtÞ þ F SðtÞ�dt ð4Þ

is divergent at the lower limit of integration. The
defining property of genesis is aðtÞ → 1 as t → −∞;
therefore, a sufficient condition for the latter property is
that F T and F S are finite as t → −∞. The no-go
theorem states that under these assumptions, there is a
gradient or ghost instability at some stage of the
cosmological evolution; this stage may occur well after
the initial genesis epoch.
The no-go theorem does not hold for theories that

generalize the Horndeski class. This has been demonstrated
explicitly in Refs. [21–23] for the “beyond Horndeski”
theories [24,25]. The latter property enables one to con-
struct completely healthy genesis models in beyond
Horndeski theories [23,26].
Here we consider another option. Namely, as suggested

in Refs. [18,27,28], one works with (unextended)

Horndeski theories and requires that the integral (4) is
convergent:

Z
t

−∞
aðtÞ½F TðtÞ þ F SðtÞ�dt < ∞: ð5Þ

This implies that F T → 0, F S → 0 as t → −∞; as dis-
cussed in Refs. [18,27], one also has GT → 0, GS → 0 as
t → −∞. In this case, the coefficients in the quadratic
action for perturbations about the classical solution tend to
zero as t → −∞. Thus, the class of models suggested in
Refs. [18,27,28] is potentially problematic: not only is
gravity in the asymptotic past grossly different from general
relativity, but also the strong coupling energy scale may be
expected to tend to zero as t → −∞. By considering an
explicit model, we will see below (see also Ref. [29]) that
this is indeed the case: the strong coupling energy scale
vanishes in the asymptotic past.1

At first sight, the latter property makes the whole
construction intractable. However, we pointed out in
Ref. [29] and emphasize here that this is not necessarily
the case. Indeed, the timescale of the classical evolution
tends to infinity, and hence its inverse, the classical energy
scale, tends to zero as t → −∞. So, to see whether or not
the classical field theory treatment is legitimate, one has to
figure out the actual strong coupling energy scale and
compare it to the inverse timescale of the classical back-
ground evolution. The classical analysis of the background
is consistent, provided that the former energy scale much
exceeds the latter.
In this paper, we consider genesis in a restricted class of

Horndeski theories. These genesis constructions were
suggested in Ref. [18], and they obey (5), thus avoiding
the no-go theorem. To estimate the time dependence of the
strong coupling scales at early times, t → −∞, we study
cubic terms in the action for perturbations ζ and hij and
make use of the naive dimensional analysis (the prelimi-
nary study of the scalar sector has been reported in
Ref. [29]). Although our analysis is incomplete, as quartic
and higher-order terms may yield even lower strong

1Let us comment on the issue of geodesic completeness. We
work in the Jordan frame, so the genesis (Minkowskian)
asymptotics ensure that the space-time is past geodesically
complete for conventional matter. On the other hand, tensor
perturbations (gravitational waves) propagate in the effective
FLRW metric with a3eff=Neff ¼ a3GT=N, aeffNeff ¼ NaF T ,
where aeff and Neff are effective scale factor and lapse function,
respectively. The standard geodesic completeness condition [30]R
t
−∞ aeffNeffdt ¼ ∞ is violated in view of (5). It is not clear,
however, whether or not this property, valid for tensor modes
(gravitational waves) only, is problematic. Indeed, the functions
F T and GT are not invariant under field redefinition; as an
example, for F T ¼ GT and upon introducing canonically nor-
malized field one has aðcÞeff ¼ NðcÞ

eff ¼ 1, and the standard geodesic
completeness condition holds. A similar observation applies to
the scalar sector of perturbations.
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coupling energy scales, it does indicate that there may well
be a region in the parameter space where the classical field
theory treatment is legitimate at early times.
This paper is organized as follows. In Sec. II we present

the model and recall the properties of the classical solution
and the quadratic action for perturbations in the asymptotic
past. Section III is dedicated to the analysis of strong
coupling resulting from the cubic action for perturbations.
We conclude in Sec. IV. In the Appendix A we collect
(fairly cumbersome) formulas we used in our calculations.
While in the main text we work exclusively in the Jordan
frame, some new insight is obtained by going to the
Einstein frame; this aspect has to do with the peculiarities
of strong coupling in the case of a singular metric. We
discuss it in Appendix B.

II. PRELIMINARIES

A. The model

In this paper we follow Ref. [18] and consider a simple
subclass of the Horndeski theories that admits stable
genesis. The general form of the Lagrangian for this
subclass is

L ¼ G2ðϕ; XÞ −G3ðϕ; XÞ□ϕþG4ðϕÞR;

X ¼ −
1

2
gμν∂μϕ∂νϕ; ð6Þ

where R is the Ricci scalar and □ϕ ¼ gμν∇μ∇νϕ. The
metric signature is ð−;þ;þ;þÞ. Unlike the general
Horndeski theory, the Lagrangian (6) involves three arbi-
trary functions G2;3;4 rather than four, and one of these
functions, G4, depends on ϕ only.
We consider this theory at large negative times and study

spatially flat backgrounds. It is convenient to use the
freedom of field redefinition and choose the background
field ϕ as follows:

e−ϕ ¼ −
ffiffiffiffiffiffiffiffi
2Y0

p
t; ð7Þ

where Y0 is a constant. Throughout this paper, we use the
unitary gauge, in which the field ϕ has the form (7) to all
orders of perturbation theory about homogeneous and
isotropic background.2 We also impose the gauge in which
longitudinal perturbations of spatial metric vanish and
disregard vector perturbations, which are trivial. Then
the metric, with perturbations included, is

ds2 ¼ −N2dt2 þ γijðdxi þ NidtÞðdxj þ NjdtÞ; ð8Þ
where

γij ¼ a2e2ζðehÞij;
with

ðehÞij ¼ δij þ hij þ
1

2
hikhkj þ

1

6
hikhklhlj þ � � � :

ζ and transverse traceless matrix h ¼ ½hij� are scalar and
tensor metric perturbations, respectively, while the lapse
and the shift functions involve perturbations:

δN ¼ α; δNi ¼ ∂iβ:

To make contact with Ref. [18], and also for later
convenience, let us rewrite the Lagrangian (6) in terms
of Arnowitt-Deser-Misner (ADM) variables:

L ¼ A2ðt; NÞ þ A3ðt; NÞK
þ A4ðK2 − K2

ijÞ þ B4ðt; NÞRð3Þ; ð9Þ

where Kij and R
ð3Þ
ij are the extrinsic curvature and the Ricci

tensor of the spatial slices, respectively, and we use the
unitary gauge δϕ ¼ 0. There is a one-to-one correspon-
dence between the variables ϕ and X in the covariant
Lagrangian and time variable t and the lapse function N in
the ADM formalism. This correspondence involves the
relation (7) and

eϕ
ffiffiffiffiffi
Y0

X

r
¼ N: ð10Þ

The following expressions convert one formalism to
another [25,33,34]:

G2 ¼ A2 − 2XFϕ; ð11Þ
G3 ¼ −2XFX − F; ð12Þ
G4 ¼ −A4 ¼ B4; ð13Þ

where Fðϕ; XÞ is an auxiliary function, such that

FX ¼ −
A3

ð2XÞ3=2 −
B4ϕ

X
: ð14Þ

The subscripts X and ϕ denote the derivatives with respect
to X and ϕ, respectively. The equations for background are
obtained by settingN ¼ NðtÞ,Ni ¼ 0, γij ¼ a2ðtÞδij in (9),
so that the action reads

Sð0Þ ¼
Z

dtNa3ðA2 þ 3A3H þ 6A4H2Þ: ð15Þ

2A subtle property of the Horndeski theories is the possible
lack of strong hyperbolicity in the harmonic gauge and its
generalizations [31] (see, however, Ref. [32]). We think this is
a peculiarity of generalized harmonic gauges which has to do
with incomplete gauge fixing, whereas in the unitary gauge, weak
hyperbolicity (absence of gradient instabilities) ensures strong
hyperbolicity. In any case, the particular subclass (6) of the
Horndeski theories is strongly hyperbolic even in the generalized
harmonic gauge, at least in the weak field backgrounds [31].
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Explicitly, the equations for background are [35]

ðNA2ÞN þ 3NA3NH þ 6N2ðN−1A4ÞNH2 ¼ 0; ð16aÞ

A2 − 6A4H2 −
1

N
d
dt

ðA3 þ 4A4HÞ ¼ 0; ð16bÞ

where theHubble parameter isH ¼ _a=ðNaÞ and subscriptN
denotes the derivative with respect to the lapse function N.

B. Getting around the no-go theorem

In the theory (6), the coefficients in the quadratic
Lagrangian for tensor perturbations (2) are simply

F T ¼ 2G4 ¼ 2B4; ð17aÞ

GT ¼ 2G4 ¼ 2B4: ð17bÞ

Therefore, the necessary condition (5) for evading
the no-go theorem [together with the genesis condition
aðtÞ → 1 as t → −∞] means thatG4ðϕÞ sufficiently rapidly
tends to zero as t → −∞. The other two Lagrangian
functions in (6) are to be chosen in such a way that the
background solution to the field equations describes
genesis, i.e., a → 1, N → 1 as t → −∞. Note that the
requirement that G4 → 0 as t → −∞ immediately implies
that the strong coupling energy scale tends to zero in the
asymptotic past: G4 serves as an effective Planck mass
squared.
An explicit construction is conveniently described in the

ADM language. An example that we study in this paper is
given in Ref. [18]:

A2 ¼ f−2α−2−δa2ðNÞ; ð18aÞ

A3 ¼ f−2α−1−δa3ðNÞ; ð18bÞ

B4 ¼ −A4 ¼ f−2α; ð18cÞ

where α and δ are constant parameters satisfying

2α > 1þ δ; δ > 0; ð19Þ

and fðtÞ is some function of time, which has the following
asymptotics as t → −∞:

f ≈ −ct; c ¼ const > 0: ð20Þ

The functions a2 and a3 entering (18) are given by

a2ðNÞ ¼ −
1

N2
þ 1

3N4
; ð21Þ

a3ðNÞ ¼ 1

4N3
: ð22Þ

The solution to (16) has the following asymptotics at early
times, t → −∞:

H ≈
χ

ð−tÞ1þδ ; ð23Þ

a ≈ 1þ χ

δð−tÞδ ; N ≈ 1; ð24Þ

where χ is the combination of the Lagrangian parameters:

χ ¼
2
3
þ c

4
ð2αþ 1þ δÞ

4ð2αþ 1þ δÞc2þδ : ð25Þ

Thus, the background indeed describes the genesis stage at
early times.
The purpose of this paper is to see whether the classical

treatment of this stage is legitimate. To this end, we make
use of the naive dimensional analysis and find the early-
time asymptotics of the strong coupling energy scales
dictated by various cubic (and also quadratic) terms in
the Lagrangian for perturbations. These scales have inverse
power-law behavior in t. We compare these scales with the
energy scale characteristic of the classical evolution. The
latter equals the inverse timescale

Eclass ∝
_H
H

∝ ð−tÞ−1 ð26Þ

[another classical energy scale H is lower; see Eq. (23)].
Thus, if the strong coupling energy scales decrease slower
than ð−tÞ−1 as t → −∞, the classical treatment of the
background evolution is legitimate, assuming that inter-
actions of higher than third order do not induce lower
energy scales than cubic ones.

C. Quadratic actions for perturbations

The quadratic action for tensor perturbations is given by
Eq. (2), where the explicit form ofF T and GT is determined
by (17) and (18c). The early-time asymptotics are

F T ∝ ð−tÞ−2α; GT ∝ ð−tÞ−2α; as t → −∞: ð27Þ

The general expressions for the coefficients F S and GS in
the action for scalar perturbations are given in Appendix A
[Eq. (A8)]. They lead to the following early-time asymp-
totics:

F S ∝ ð−tÞ−2αþδ; GS ∝ ð−tÞ−2αþδ; as t→−∞: ð28Þ

In view of (19), (27) and (28), the integral (5) is convergent
indeed. The price to pay is that F T , GT , F S, and GS vanish
in the asymptotic past, which may signalize the strong
coupling problem coming from either a scalar, tensor, or
mixed scalar-tensor sector.
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D. Strong coupling scales from quadratic action

The simplest estimates for strong coupling scales are
obtained by considering interactions of external sources
via exchange of either a tensor or scalar mode. In the
former case, the effective “Planck mass” is of order
F 1=2

T ∼ G1=2
T ∝ ð−tÞ−α. This strong coupling energy scale

is higher than the classical scale ð−tÞ−1 [Eq. (26)],
provided that

α < 1:

We will see in Sec. III D that the same bound follows
from the analysis of cubic interactions of tensor modes.
A bold use of the same argument for scalar mode

exchange would yield the strong coupling scale
F 1=2

S ∼ G1=2
S ∝ ð−tÞ−αþδ=2, which would not give anything

new. Let us be not so bold, however. We recall that in
Horndeski theory and in the absence of extra background
matter, the gravitational interaction of static sources3 at
distances shorter than the evolution scale t is characterized
by effective gravitational constant [37]

Geff ¼
ð _ΘþHΘÞF S þ ð _GT − _ΘGT=ΘÞ2

Θ2F S
;

where the parameter Θ is defined in Appendix A
[Eq. (A5b)] and has asymptotic behavior Θ ∝
ð−tÞ−2α−δ−1 [see Eq. (A11)]. We find that the energy scale
associated with interaction of nonrelativistic sources is
actually of order G−1=2

eff ∝ ð−tÞ−α−δ=2. We again require that
it is higher than ð−tÞ−1 and obtain a stronger bound

αþ δ

2
< 1: ð29Þ

We will see in Sec. III A, however, that the bound obtained
by considering cubic interactions of scalar modes is
stronger than (29) [see Eq. (38)], so quadratic action alone
is insufficient to figure out the range of parameters where
the classical treatment is legitimate.

III. THIRD-ORDER ANALYSIS

We consider interaction terms in various sectors
separately.

A. Scalar sector

We begin with the cubic action involving scalar pertur-
bations only and use the results obtained in Refs. [38–40].
We calculate the unconstrained action in Appendix A. It has
the following form:

Sð3Þ
ζζζ ¼

Z
dtd3x

X17
i¼1

LðiÞ
ζζζ ¼

Z
Ndta3d3x

�
Λ1

_ζ3

N3
þ Λ2

_ζ2

N2
ζ þ Λ3

_ζ2

N2
∂2ζ þ Λ4

_ζ

N
ζ∂2ζ

þ Λ5

_ζ

N
ð∂iζÞ2 þ Λ6ζð∂iζÞ2 þ Λ7

_ζ

N
ð∂2ζÞ2 þ Λ8ζð∂2ζÞ2 þ Λ9∂2ζð∂iζÞ2

þ Λ10

_ζ

N
ð∂i∂jζÞ2 þ Λ11ζð∂i∂jζÞ2 þ Λ12

_ζ

N
∂iζ∂iψ þ Λ13∂2ζ∂iζ∂iψ þ Λ14

_ζ

N
ð∂i∂jψÞ2

þ Λ15ζð∂i∂jψÞ2 þ Λ16

_ζ

N
∂i∂jζ∂i∂jψ þ Λ17ζ∂i∂jζ∂i∂jψ

�
; ð30Þ

where ∂2 ¼ ∂i∂i,

ψ ¼ ð1=NÞ∂−2 _ζ

and Λ1;…;Λ17 are functions of time t. All of them have
power-law behavior at early times t → −∞:

Λi ∝ ð−tÞxi ; ð31Þ
where xi are combinations of the parameters α and δ. The
general formulas for the coefficients Λ1;…;Λ17 are col-
lected in Appendix A.

There is a subtlety regarding the form of the third-order
action (30). It has been claimed in Ref. [40] that the cubic
action for scalar perturbation ζ containing only five differ-
ent terms (rather than 17) can be obtained by integration by
parts. We find it more straightforward to work with all 17
terms. Thus, the conditions for the validity of the classical
treatment of the early genesis, which we are about to derive,
are sufficient but, generally speaking, not necessary: the
reduction to five terms may in principle lead to cancella-
tions and to increase of the strong coupling energy scale as
compared to our analysis.
The naive dimensional analysis proceeds as follows (see

also Ref. [29]). For power-counting purposes, every term

LðiÞ
ζζζ in the cubic Lagrangian (i ¼ 1; 17) is schematically

written as

3To evaluate the interaction between two sources one should
move away from the unitary gauge and rewrite the action in the
Newtonian gauge, explicitly reintroducing the scalar field fluc-
tuations; see Appendix B in Ref. [36] for details.
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LðiÞ
ζζζ ∝ Λi · ζ3 · ð∂tÞai · ð∂Þbi ; ð32Þ

where ai and bi are the numbers of temporal and spatial
derivatives, respectively. One introduces the canonically
normalized field π instead of ζ. Since aðtÞ and NðtÞ tend to
constants as t → −∞, and F S ∝ GS, we have (modulo a
time-independent factor)

π ¼
ffiffiffiffiffiffiffiffi
2GS

p
ζ ∝ ð−tÞ−αþδ=2ζ: ð33Þ

The fact that the coefficient here tends to zero as t → −∞ is
crucial for what follows. In terms of the canonically
normalized field π one rewrites (32) as4

LðiÞ
ζζζ ∝ Λ̂i · π3 · ð∂tÞai · ð∂Þbi ; ð34Þ

where

Λ̂i¼ΛiG
−3=2
S ¼Λið−tÞ−ð3=2Þðδ−2αÞ ∝ ð−tÞxi−ð3=2Þðδ−2αÞ: ð35Þ

Now, the dimension of Λ̂i is 1 − ai − bi, so the strong

coupling energy scale associated with the term LðiÞ
ζζζ is

Eζζζ;ðiÞ
strong ∝ Λ̂−1=ðaiþbi−1Þ

i ∝ ð−tÞ−ðxiþ3α−3δ=2Þ=ðaiþbi−1Þ: ð36Þ

By requiring that Eclass ≪ Eζζζ;ðiÞ
strong , where Eclass is the energy

scale of the classical evolution (26), we find the condition
for the legitimacy of the classical treatment of the early
evolution:

xi þ 3α −
3

2
δ < ai þ bi − 1; for all i ¼ 1; 17: ð37Þ

We collect the properties of the 17 terms in the cubic
Lagrangian (30), as well as the resulting constraints on α
and δ coming from (37), in Table I.
By inspecting this table we find that all constraints (37)

are satisfied provided that

0 < δ <
1

4
; 2 − 3δ > 2α > 1þ δ; ð38Þ

where we also recall (19). This completes the analysis of
the scalar sector.

B. Scalar-tensor-tensor sector

The cubic interaction terms involving two tensors and
one scalar are [40]

Lζhh ¼ a3
�
d1ζ

_h2ij
N2

þd2
a2

ζhij;khij;kþd3ψ ;k

_hij
N

hij;kþd4
_ζ

N

_h2ij
N2

þd5
a2

∂2ζ
_h2ij
N2

þd6ψ ;ij

_hik
N

_hjk
N

þd7
a2

ζ;ij
_hik
N

_hjk
N

�
: ð39Þ

General expressions for coefficients di are collected in
Appendix A; in our particular class of models (6) we have

d4 ¼ d5 ¼ d6 ¼ d7 ¼ 0:

All di have again power-law asymptotic behavior:

di ∝ ð−tÞyi ; ð40Þ

with yi being combinations of α and δ. The structure of the
terms in the Lagrangian is

LðiÞ
ζhh ∝ di · ζh2 · ð∂tÞai · ð∂Þbi ; ð41Þ

TABLE I. Strong coupling analysis for the scalar sector ofmetric
perturbations. The columns are (i) the terms in the cubic Lagran-
gian; (ii) the dimension of the coefficient Λ̂i; (iii) the exponent of
the asymptotic behavior xi; (iv) the number of temporal derivatives
ai; (v) thenumberof spatial derivativesbi; and (vi) the condition for
the absence of strong coupling obtained from (37).

Term ½Λ̂i� xi ai bi Condition

Λ1ð_ζ=NÞ3 −2 1 − 2αþ 3δ 3 0 2αþ 3δ < 2

Λ2ð_ζ=NÞ2ζ −1 −2αþ 2δ 2 0 2αþ δ < 2

Λ3ð_ζ=NÞ2∂2ζ −3 2 − 2αþ 3δ 2 2 2αþ 3δ < 2

Λ4ð_ζ=NÞζ∂2ζ −2 1 − 2αþ 2δ 1 2 2αþ δ < 2

Λ5ð_ζ=NÞð∂iζÞ2 −2 1 − 2αþ 2δ 1 2 2αþ δ < 2

Λ6ζð∂iζÞ2 −1 −2α 0 2 2α − 3δ < 2

Λ7ð_ζ=NÞð∂2ζÞ2 −4 3 − 2αþ 3δ 1 4 2αþ 3δ < 2

Λ8ζð∂2ζÞ2 −3 2 − 2αþ 2δ 0 4 2αþ δ < 2

Λ9∂2ζð∂iζÞ2 −3 2 − 2αþ 2δ 0 4 2αþ δ < 2

Λ10ð_ζ=NÞð∂i∂jζÞ2 −4 3 − 2αþ 3δ 1 4 2αþ 3δ < 2

Λ11ζð∂i∂jζÞ2 −3 2 − 2αþ 2δ 0 4 2αþ δ < 2

Λ12ð_ζ=NÞ∂iζ∂iψ −1 −2αþ 2δ 2 0 2αþ δ < 2

Λ13∂2ζ∂iζ∂iψ −2 1 − 2αþ 2δ 1 2 2αþ δ < 2

Λ14ð_ζ=NÞð∂i∂jψÞ2 −2 1 − 2αþ 3δ 3 0 2αþ 3δ < 2

Λ15ζð∂i∂jψÞ2 −1 −2αþ 2δ 2 0 2αþ δ < 2

Λ16ð_ζ=NÞ∂i∂jζ∂i∂jψ −3 2 − 2αþ 3δ 2 2 2αþ 3δ < 2

Λ17ζ∂i∂jζ∂i∂jψ −2 1 − 2αþ 2δ 1 2 2αþ δ < 2

4Since ζ ∝ ð−tÞα−δ=2π,we have _ζ ∝ ð−tÞα−δ=2ð _π þ const · π=tÞ.
The second term here generates additional vertices in the inter-
actionLagrangianwritten in terms ofπ. However,we are interested
in energies exceeding ð−tÞ−1, for which _π ≫ π=t, so these addi-
tional vertices are negligible. In other words, along with the
Lagrangian (34) there is an interaction term t−1 · Λ̂i · π3·
ð∂tÞai−1 · ð∂Þbi , and it is straightforward to check that the strong
coupling scale associatedwith the latter term ishigher than the scale
(36) inferred from the Lagrangian (34), provided that the scale (36)
is higher than the classical scale ð−tÞ−1. So, it is sufficient to
consider the Lagrangian (34) only.
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where h is the notation for tensor perturbation. We
introduce canonically normalized scalar perturbation π
via (33) and also canonically normalized tensor perturba-
tion (recall that F T ¼ GT)

qij ¼
ffiffiffiffiffiffiffiffi
2GT

p
hij ∝ ð−tÞ−αhij: ð42Þ

In terms of the canonically normalized fields, the terms in
the Lagrangian read

LðiÞ
ζhh ∝ d̂i · πq2 · ð∂tÞai · ð∂Þbi ; ð43Þ

where

d̂i ∝ diG
−1=2
S G−1

T ∝ ð−tÞyi−½ðδ=2Þ−3α�: ð44Þ

Therefore, the strong coupling energy scale is

Eζhh;ðiÞ
strong ∝ d̂−1=ðaiþbi−1Þ

i ∝ ð−tÞ−fyi−½ðδ=2Þ−3α�g=ðaiþbi−1Þ: ð45Þ

The requirement that Eclass ≪ Eζhh;ðiÞ
strong gives

yi þ 3α −
δ

2
< ai þ bi − 1: ð46Þ

The properties of the terms in the Lagrangian (39) as well
as the explicit forms of inequality (46) are given in Table II.
We find that the condition (46) is weaker than the bound
(38) obtained by considering the scalar sector.

C. Scalar-scalar-tensor sector

In the one tensor and two scalar case, the cubic action is
written as [40]

Lζζh ¼ a3
�
c1
a2

hijζ;iζ;j þ
c2
a2

_hij
N

ζ;iζ;j þ c3
_hij
N

ζ;iψ ;j

þ c4
a2

∂2hijζ;iψ ;j þ
c5
a4

∂2hijζ;iζ;j þ c6∂2hijψ ;iψ ;j

�
:

ð47Þ

All coefficients are given in Appendix A and in our
particular class of models (6) we have

c4 ¼ c5 ¼ 0:

Thecoefficients again havepower-lawbehavior,ci ∝ ð−tÞzi ,
where zi are combinations of α and δ. The terms in the

Lagrangian have the following form: LðiÞ
ζζh ∝ ci · ζ2h ·

ð∂tÞai · ð∂Þbi . We apply the same procedure as before,
express the Lagrangian in terms of canonically normalized

fields, LðiÞ
ζζh ∝ ĉi · π2q · ð∂tÞai · ð∂Þbi with

ĉi ∝ ciG−1
S G−1=2

T ∝ ð−tÞzi−ðδ−3αÞ ð48Þ

and find that the condition Eclass ≪ Eζζh;ðiÞ
strong is equivalent to

zi þ 3α − δ < ai þ bi − 1: ð49Þ

The results are summarized inTable II.We again find that the
bounds are weaker than in the scalar case.

D. Tensor sector

The Lagrangian involving three tensors was derived in
Ref. [41]:

Lhhh ¼ a3
�

μ

12N3
_hij _hjk _hki

þ F T

4a2

�
hikhjl −

1

2
hijhkl

�
hij;kl

�
; ð50Þ

where μ ¼ _ϕXG5X. In our class of models (6) we have
μ ¼ 0, so there is only one term to analyze. With
F T ∝ ð−tÞ−2α, the Lagrangian expressed through the
canonically normalized field is

Lhhh ∝ F T · ð2GTÞ−3=2 · q3 · ð∂tÞaT · ð∂ÞbT : ð51Þ

In the three tensor case we have the following strong
coupling energy scale:

Ehhh;ðTÞ
strong ∝ ðF T · ð2GTÞ−3=2Þ−1=ðaTþbT−1Þ ∝ ð−tÞ−α=ðaTþbT−1Þ;

ð52Þ

where aT ¼ 0 and bT ¼ 2 in view of (50). Therefore, the

requirement Eclass ≪ Ehhh;ðTÞ
strong gives

TABLE II. Strong coupling analysis for the mixed sectors of
metric perturbations. The columns are the same as in Table I.

Term
½d̂i�ð½ĉi�
for LζζhÞ

yiðzi
for LζζhÞ ai bi Condition

Two tensors and one scalar
d1ζð _hij=NÞ2 −1 −2αþ δ 2 0 2αþ δ < 2

d2ζhij;khij;k −1 −2αþ δ 0 2 2αþ δ < 2

d3ψ ;kð _hij=NÞhij;k −1 −2αþ δ 2 0 2αþ δ < 2

Two scalars and one tensor
c1hijζ;iζ;j −1 −2αþ δ 0 2 α < 1

c2ð _hij=NÞζ;iζ;j −2 1 − 2αþ 2δ 1 2 αþ δ < 1

c3ð _hij=NÞζ;iψ ;j −1 −2αþ 2δ 2 0 αþ δ < 1

c6∂2hijψ ;iψ ;j −1 −2αþ 2δ 2 0 αþ δ < 1
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α < 1: ð53Þ

Of course, this bound could have been obtained directly by
inspection of the last term in the original Lagrangian (6):
the coefficient G4 serves as the effective Planck mass
squared, so the strong coupling scale is G1=2

4 ∝ G1=2
T ∝

ð−tÞ−α. Other terms in (6) do not contain cubic self-
interactions of transverse traceless hij.
We summarize our results in Fig. 1. The black framed

triangle in this figure shows the region (38) where the early-
time asymptotics of the classical energy scale is lower than
the asymptotics of the strong coupling scales found by
studying all cubic interactions between the perturbations.
As we discussed in Sec. III A, the actual region of the
parameter space, where the latter property holds, may be
larger than our triangle.

IV. CONCLUSION

We have studied the nonsingular genesis scenario in the
framework of the Horndeski theory, which is capable of
avoiding the gradient instability at the expense of potential
strong coupling problem. The model of genesis presented
in Ref. [18] has been used as an example that gives an
explicit asymptotic solution at early times (t → −∞). The
parameters α and δ that determine the Lagrangian of this
model were chosen in the range consistent with stable
genesis, i.e., violation of the no-go theorem [18].
We have seen that with the additional restrictions on α and

δ, the classical genesis solution is away from the strong
coupling regime inferred from the study of all cubic

interactions of metric perturbations: scalar, mixed and
tensor. These restrictions came from the requirement that
all characteristic energy scales, associatedwith cubic action,
must be larger than the classical energy scale (in ourmodel it
is Eclass ∝ _H=H). This opens up the possibility that the
Universe starts up with a very low quantum gravity energy
scale (the effective Planck mass asymptotically vanishes as
t → −∞), and yet its classical evolution is so slow that the
classical field theory description remains valid. We pre-
sented the healthy region of parameters α and δ in Fig. 1.
In Appendix B we also noted a nontrivial point con-

cerning the strong coupling regime in models with singular
metric. Namely, in that case, healthy behavior of the
coefficients in the quadratic action does not necessarily
imply that the classical treatment of the background
evolution is legitimate.
Even though our analysis has led to a promising out-

come, it is certainly incomplete, as there is no guarantee
that the fourth- and higher-order interactions will give
strong coupling energy scales higher than or equal to the
ones we have found by studying the cubic interactions. We
plan to turn to this issue in the future.
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APPENDIX A: EXPLICIT EXPRESSIONS USED
IN THE SECOND- AND THIRD-ORDER

CALCULATIONS

In this Appendix, we give complete expressions for
Lagrangians which are quadratic and cubic in metric
perturbations in the unitary gauge. These expressions are
valid in the general Horndeski theory whose Lagrangian is

L¼G2ðϕ;XÞ−G3ðϕ;XÞ□ϕþG4ðϕ;XÞR
þG4X½ð□ϕÞ2− ð∇μ∇νϕÞ2�þG5ðϕ;XÞGμν∇μ∇νϕ

−
1

6
G5X½ð□ϕÞ3−3□ϕð∇μ∇νϕÞ2þ2ð∇μ∇νϕÞ3�: ðA1Þ

In each of the sectors, after writing the general expressions,
we specify to our particular model (6) and (18).

1. Second-order Lagrangian in the scalar sector

We start with the second-order Lagrangian. In the scalar
sector we have

N ¼ 1þ α; Ni ¼ ∂iβ; γij ¼ a2e2ζδij: ðA2Þ
The quadratic Lagrangian for perturbations reads [40]

α

0 0.25 0.50
0

0.5

1.0

FIG. 1. The space of parameters α and δ determining the
Lagrangian functions (18). The region above the blue line
corresponds to the parameters which yield the Minkowski
spacetime as t → −∞ and evade the no-go theorem of Ref. [18].
The area below the green line (α < 1) is the region free of the
strong coupling problem inferred from the tensor sector analysis
at the cubic level. Similarly, regions below the red (α < 1 − δ)
and orange (2α < 2–3δ) lines are obtained by the analysis of the
mixed and scalar sectors, respectively. The black-framed area
shows the allowed range of the parameters α and δ free of the
strong coupling problem inferred from the analysis of all cubic
interactions and free of instabilities.
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Lss ¼ a3
�
−3GT

_ζ2

N2
þ F T

a2
ζ;iζ;i þ Σα2 −

2

a2
Θαβ;ii þ

2

a2
GT

_ζ

N
β;ii þ 6Θα

_ζ

N
−

2

a2
GTαζ;ii

�
; ðA3Þ

where

F T ¼ 2

�
G4 − X

�
ϕ̈

N2
G5X þ G5ϕ

��
; ðA4aÞ

GT ¼ 2

�
G4 − 2XG4X − X

�
H

_ϕ

N
G5X − G5ϕ

��
; ðA4bÞ

Σ ¼ XG2X þ 2X2G2XX þ 12H
_ϕ

N
XG3X þ 6H

_ϕ

N
X2G3XX − 2XG3ϕ − 2X2G3ϕX

− 6H2G4 þ 6

�
H2ð7XG4X þ 16X2G4XX þ 4X3G4XXXÞ −H

_ϕ

N
ðG4ϕ þ 5XG4ϕX þ 2X2G4ϕXXÞ

�

þ 30H3
_ϕ

N
XG5X þ 26H3

_ϕ

N
X2G5XX þ 4H3

_ϕ

N
X3G5XXX − 6H2Xð6G5ϕ þ 9XG5ϕX þ 2X2G5ϕXXÞ; ðA5aÞ

Θ ¼ −
_ϕ

N
XG3X þ 2HG4 − 8HXG4X − 8HX2G4XX þ

_ϕ

N
G4ϕ þ 2X

_ϕ

N
G4ϕX

−H2
_ϕ

N
ð5XG5X þ 2X2G5XXÞ þ 2HXð3G5ϕ þ 2XG5ϕXÞ: ðA5bÞ

Variation of this action with respect to the Lagrange
multipliers α and β leads to the linearized constraint
equations

Σα −
Θ
a2

∂2β þ 3Θ
_ζ

N
−
GT

a2
∂2ζ ¼ 0; ðA6aÞ

Θα − GT

_ζ

N
¼ 0: ðA6bÞ

The solution to these equations is

α ¼ GT

Θ
_ζ

N
; ðA7aÞ

β ¼ 1

aGT

�
a3GSψ −

aG2
T

Θ
ζ

�
: ðA7bÞ

Upon inserting these expressions into (A3), one finds
[42] that the unconstrained second-order action for the
scalar metric perturbation ζ is given by Eq. (1), where the
coefficients have the following form:

F S ¼
1

a
d
dt

�
a
Θ
G2
T

�
− F T; ðA8aÞ

GS ¼
Σ
Θ2

G2
T þ 3GT: ðA8bÞ

The sound speed is given by c2s ¼ F S=GS.

For our specific Lagrangian (6) with G4 ¼ G4ðϕÞ and
G5ðϕ; XÞ ¼ 0, expressions (A4) have the form of (17),
while for Σ and Θ we have the following expressions:

Σ ¼ XG2X þ 2X2G2XX þ 12H
_ϕ

N
XG3X þ 6H

_ϕ

N
X2G3XX

− 2XG3ϕ − 2X2G3ϕX − 6H2G4 − 6H
_ϕ

N
G4ϕ; ðA9aÞ

Θ ¼ −
_ϕ

N
XG3X þ 2HG4 þ

_ϕ

N
G4ϕ: ðA9bÞ

In 3þ 1 decomposition these formulas read

Σ ¼ −3H2

�
B4 −

1

6H2
ðA2 þ 3NA2N þ N2A2NNÞ

−
1

2H
ðNA3N þ N2A3NNÞ

�
; ðA10aÞ

Θ ¼ 2H

�
NA3N

4H
þ B4

�
; ðA10bÞ

where we use the relation
ffiffiffiffiffiffi
2X

p ¼ 1
ð−tÞN which is obtained

from the gauge condition (10). The asymptotic behavior of
the coefficients in the model (18) is given by Eq. (28), and
we use in what follows the asymptotics

Σ ∝ ð−tÞ−2α−δ−2; Θ ∝ ð−tÞ−2α−δ−1: ðA11Þ

TOWARDS EVADIXNG THE STRONG COUPLING PROBLEM IN … PHYS. REV. D 102, 023519 (2020)

023519-9



2. Third-order action

a. Scalar sector

Complete third-order action for scalars α, β and ζ is given in [38–40] and has the following form:

Lsss ¼ −
a3

3
ðΣþ 2XΣX þHΞÞα3 þ a3

�
3Σζ þ Ξ

_ζ

N
þ ðΓ − GTÞ

ζ;ii
a2

−
Ξ
3a2

β;ii

�
α2

− 2aΘαζ;iβ;i þ 18a3Θαζ
_ζ

N
þ 4aμα

_ζ

N
ζ;ii −

Γ
2a

αðβ;ijβ;ij − β;iiβ;jjÞ

þ 2μ

a
αðβ;ijζ;ij − β;iiζ;jjÞ − 2aΘαβ;iiζ − 2aΓαβ;ii

_ζ

N
− 2aGTαζζ;ii − aGTαζ;iζ;i

þ 3a3Γα
_ζ2

N2
þ 2a3μ

_ζ3

N3
þ aF Tζζ;iζ;i − 9a3GT

_ζ2

N2
ζ þ 2aGTβ;iζ;i

_ζ

N
− 2aμβii

_ζ2

N2

þ 2aGTβ;ii
_ζ

N
ζ þ 1

a

�
3

2
GTζ − μ

_ζ

N

�
ðβ;ijβ;ij − β;iiβ;jjÞ − 2

GT

a
β;iiβ;jζ;j; ðA12Þ

where

Ξ ¼ 12
_ϕ

N
XG3X þ 6

_ϕ

N
X2G3XX − 12HG4

þ 6

�
2Hð7XG4X þ 16X2G4XX þ 4X3G4XXXÞ −

_ϕ

N
ðG4ϕ þ 5XG4ϕX þ 2X2G4ϕXXÞ

�

þ 90H2
_ϕ

N
XG5X þ 78H2

_ϕ

N
X2G5XX þ 12H2

_ϕ

N
X3G5XXX

− 12HXð6G5ϕ þ 9XG5ϕX þ 2X2G5ϕXXÞ; ðA13Þ

Γ ¼ 2G4 − 8XG4X − 8X2G4XX − 2H
_ϕ

N
ð5XG5X þ 2X2G5XXÞ þ 2Xð3G5ϕ þ 2XG5ϕXÞ; ðA14Þ

μ ¼
_ϕ

N
XG5X: ðA15Þ

We insert solutions (A7) to the constraints5 into the Lagrangian (A12) and find the unconstrained cubic6 Lagrangian for ζ.
The expressions for the coefficients of the 17 terms in formula (30) are given by (in square brackets we also show the
interaction type for convenience)

5It is worth noting that to obtain the unconstrained cubic action, it is sufficient to solve the constraint equations for the Lagrange
multipliers to the first order in perturbations. Indeed, let αi be the Lagrange multipliers and ζA be dynamical variables (in our case there
is one such variable ζ). The quadratic and cubic part of the action has the form Sð2Þ þ Sð3Þ ¼ αAαþ αBζ þ ζCζ þ cubicðα; ζÞ, where A
and C are symmetric matrices. To quadratic order, the solution to the constraint equation is α ¼ αð1Þ þ αð2Þ, where the first-order term
obeys

2Aαð1Þ þ Bζ ¼ 0 ðA16Þ

and αð2Þ ¼ Oðζ2Þ. One inserts α ¼ αðζÞ back into the original action to obtain the unconstrained action and finds that the contribution of
αð2Þ to the unconstrained cubic action is 2αð2ÞAαð1Þ þ αð2ÞBζ; i.e., it vanishes due to (A16). So, the unconstrained cubic action is obtained
by plugging the first-order solution for αi back into the original action; see Ref. [43].

6Actually, direct substitution of constraints (A7) into the cubic Lagrangian (A12) gives 18 terms. One of them, namely Λ18∂2ζð∂iψÞ2,
can be straightforwardly reduced to other ones by integrating by parts.
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Λ1½_ζ3=N3� ¼ −
G3
T

3Θ3
ðΣþ 2XΣX þHΞÞ þ G2

TΞ
Θ2

−
GTGSΞ
3Θ2

þ ΓG2
S

2ΘGT
−
2ΓGS

Θ
þ 3ΓGT

Θ
þ μ

�
2 − 2

GS

GT
þ G2

S

G2
T

�
;

Λ2½ð_ζ2=N2Þζ� ¼ 3G2
TΣ

Θ2
þ 9GT −

3G2
S

2GT
;

Λ3½ð_ζ2=N2Þ∂2ζ� ¼ G3
TΞ

3a2Θ3
−
GTGSΓ
a2Θ2

þ 2ΓG2
T

a2Θ2
þ μ

a2

�
6
GT

Θ
− 4

GS

Θ

�
;

Λ4½ð_ζ=NÞζ∂2ζ� ¼ 3GTGS

a2Θ
−
2G2

T

a2Θ
; Λ5½ð_ζ=NÞð∂iζÞ2� ¼ −

G2
T

a2Θ
þ 2GTGS

a2Θ
;

Λ6½ζð∂iζÞ2� ¼
F T

a2
; Λ7½ð_ζ=NÞð∂2ζÞ2� ¼ ΓG3

T

2a4Θ3
þ 3

μG2
T

a4Θ2
;

Λ8½ζð∂2ζÞ2� ¼ −
3G3

T

2a4Θ2
; Λ9½∂2ζð∂iζÞ2� ¼ −

2G3
T

a4Θ2
;

Λ10½ð_ζ=NÞð∂i∂jζÞ2� ¼ −
ΓG3

T

2a4Θ3
− 3

μG2
T

a4Θ2
; Λ11½ζð∂i∂jζÞ2� ¼

3G3
T

2a4Θ2
;

Λ12½ð_ζ=NÞ∂iζ∂iψ � ¼ −
2G2

S

GT
; Λ13½∂2ζ∂iζ∂iψ � ¼ 2GTGS

a2Θ
;

Λ14½ð_ζ=NÞð∂i∂jψÞ2� ¼ −
ΓG2

S

2ΘGT
−
μG2

S

G2
T
; Λ15½ζð∂i∂jψÞ2� ¼

3G2
S

2GT
;

Λ16½ð_ζ=NÞ∂i∂jζ∂i∂jψ � ¼ GTGSΓ
a2Θ2

þ 4
μGS

a2Θ
; Λ17½ζ∂i∂jζ∂i∂jψ � ¼ −

3GTGS

a2Θ
:

For our specific model (6) and (18) we have

Ξ ¼ 12
_ϕ

N
XG3X þ 6

_ϕ

N
X2G3XX

− 12HG4 − 6
_ϕ

N
G4ϕ; ðA17aÞ

Γ ¼ GT ¼ F T ¼ 2G4; ðA17bÞ

μ ¼ 0: ðA17cÞ

In ADM formalism we have

Ξ ¼ A3 þ
3

2
N2A3NN − 12HB4; Γ ¼ 2B4: ðA18Þ

The asymptotic behavior of these combinations is

Ξ ∝ ð−tÞ−2α−1−δ; Γ ∝ ð−tÞ−2α: ðA19Þ

Making use of these expressions, we find the early-time
asymptotics of all Λi, listed in Table I.

b. Mixed sectors

First, let us turn to the case of two tensors and one scalar.
One has [40]

d1 ¼
3GT

8

�
1 −

HG2
T

ΘF T
þ GT

3

d
Ndt

�
GT

ΘF T

��
; ðA20aÞ

d2 ¼
F S

8
; ðA20bÞ

d3 ¼ −
GS

4
; ðA20cÞ

d4 ¼
GT

8ΘF T
ðG2

T − ΓF TÞ þ
G2
T

4

d
Ndt

�
μ

ΘF T

�

þ μ

4

�
GS

GT
− 1 −

HG2
T

ΘF T

�
6þ

_GS

NHGS

��
; ðA20dÞ

d5 ¼
μGT

4Θ

�
F SGT

F TGS
− 1

�
; ðA20eÞ

d6 ¼ −
μ

2

GS

GT
; ðA20fÞ

d7 ¼
μ

2

GT

Θ
: ðA20gÞ

Several coefficients vanish due to (A17):

d4 ¼ d5 ¼ d6 ¼ d7 ¼ 0:
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The asymptotics of the remaining coefficients are given in
Table II.
We now write formulas for the two scalar and one tensor

case [40]:

c1 ¼ F S; ðA21aÞ

c2 ¼
Γ
4Θ

ðF S − F TÞ þ
G2
T

Θ

�
−
1

2
þHΓ

4Θ

�
3þ

_GT

NHGT

�

−
1

4

d
Ndt

�
Γ
Θ

��
þ μF S

GT
þ 2HGTμ

Θ
− GT

d
Ndt

�
μ

Θ

�
;

ðA21bÞ

c3 ¼ GS

�
3

2
þ d
Ndt

�
Γ
2Θ

þ μ

GT

�

−
�
3H þ

_GT

NGT

��
Γ
2Θ

þ μ

GT

��
; ðA21cÞ

c4 ¼ GS

�
−
G2
T − ΓF T

2ΘGT
−
2Hμ

Θ
þ d
Ndt

�
μ

Θ

�

þ μ

G2
T
ðF T − F SÞ

�
; ðA21dÞ

c5 ¼
G2
T

2Θ

�
G2
T − ΓF T

2ΘGT
þ 2Hμ

Θ
−

d
Ndt

�
μ

Θ

�

−
μ

G2
T
ð3F T − F SÞ

�
; ðA21eÞ

c6 ¼
G2
S

4GT

�
1þ 6Hμ

GT
− 2GT

d
Ndt

�
μ

G2
T

��
: ðA21fÞ

We again make use of (A17) and obtain

c4 ¼ c5 ¼ 0:

Other coefficients have asymptotics listed in Table II.

APPENDIX B: EINSTEIN FRAME: STRONG
COUPLING PROBLEM IN MODELS WITH

SINGULAR METRIC

In this Appendix we point out that when dealing with
singular metric, one should keep in mind the potential
strong coupling problem, even if it does not show up at
quadratic order. To this end, we consider the theory (6) and
make the conformal transformation of the metric:

g̃μν ¼ ΩðϕÞgμν; ðB1Þ

where ΩðϕÞ is a conformal factor. The new metric has the

standard FLRW form ˜ds2 ¼ −Ñ2dt2 þ ã2dx2, where

Ñ2 ¼ ΩN2; ã2 ¼ Ωa2: ðB2Þ

We take ΩðϕÞ ¼ 2G4ðϕÞ=M2
Pl and thus move from the

Jordan frame and the Lagrangian (6) to the Einstein frame
and the Lagrangian

L̃ ¼ G̃2ðϕ; X̃Þ − G̃3ðϕ; X̃Þ□̃ϕþM2
Pl

2
R̃; ðB3Þ

with X̃ ¼ − 1
2
g̃μν∂̃μϕ∂̃νϕ, □̃ϕ ¼ g̃μν∇̃μ∇̃νϕ, where the

functions G̃2, G̃3 and G̃4 are combinations of the Jordan
frame G2, G3 and G4, and R̃ is the Ricci scalar for the
metric g̃μν.
Since G4 ¼ B4 is given by (18c), it is straightforward to

find the asymptotics of the Einstein frame background
solution in terms of cosmic time τ ∝

R ffiffiffiffi
Ω

p
Ndt ∝

−ð−tÞ1−α. We consider the case α < 1, in which strong
coupling is absent in the tensor sector, and get

ã ∝
1

ð−τÞα=ð1−αÞ ; ðB4aÞ

H̃ ∝
1

ð−τÞ ; ðB4bÞ

eϕ ∝
1

ð−τÞ1=ð1−αÞ : ðB4cÞ

The cosmological evolution starts at τ → −∞. Notably,
themetric is singular in this asymptotics, ã → 0 as τ → −∞,
but the Hubble parameter and its derivatives vanish. A
similar solution was called “modified genesis” in Ref. [17],
where it was assumed that such solutions are healthy. The
analysis of this paper shows, however, that this is not
necessarily the case: away from the solid triangle and above
the blue line in Fig. 1, our model suffers from the strong
coupling problem. Indeed, the range of parameters in which
the model is healthy (not healthy) is invariant under field
redefinition (conformal transformation in our case).
To emphasize the subtlety of the situation, let us consider

linearized theory in the Einstein frame. The metric is

ds̃2 ¼ −Ñ2dt2 þ γ̃ijðdxi þ ÑidtÞðdxj þ ÑjdtÞ; ðB5Þ

where

γ̃ij ¼ ã2e2ζðehÞij; δÑ ¼ Ñ α̃; δÑi ¼ ∂iβ̃; ðB6Þ

and thus

α̃ ¼ α; β̃ ¼ β=
ffiffiffiffi
Ω

p
; ζ̃ ¼ ζ: ðB7Þ

The scalar perturbation ζ̃ ¼ ζ has the same action as in the
Jordan frame, so in terms of the Einstein frame variables
one has
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S̃ss ¼
Z

Ñdtã3d3x
�
G̃S

_ζ2

Ñ2
−
F̃ S

ã2
ζ;iζ;i

�
; ðB8Þ

where

G̃S ¼
GS

Ω
; F̃ S ¼

F S

Ω
: ðB9Þ

The asymptotic behavior of the latter coefficients is

G̃S ∝ ð−τÞδ=1−α; F̃ S ∝ ð−τÞδ=1−α: ðB10Þ

Unlike in the Jordan frame, these coefficients tend to ∞ as
τ → −∞. Naively, this behavior suggests that not only is
there no danger of strong coupling, but the theory becomes
free in the asymptotic past. Were the background metric
nonsingular, this would indeed be the case. In our model
with a singular Einstein frame metric, the naive expectation
fails: the model is strongly coupled as τ → −∞ (away from
the solid triangle and above the blue line in Fig. 1). We
conclude that in models with a singular metric, the study of
the quadratic action for perturbations is insufficient for
analyzing the strong coupling problem.
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