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Abstract: We study inflation in the framework of f(T )-gravity in the presence of a canon-

ical scalar field. After reviewing the basic equations governing the background cosmology

in f(T )-gravity, we turn to study the cosmological perturbations and obtain the evolution-

ary equations for the scalar and tensor perturbations. Solving those equations, we find

the power spectra for the scalar and tensor perturbations. Then, we consider a power-law

f(T ) function and investigate the inflationary models with the power-law and intermediate

scale factors. We see that in contrast with the standard inflationary scenario based on

the Einstein gravity, the power-law and intermediate inflationary models in f(T )-gravity

can be compatible with the observational results of Planck 2015 at 68% CL. We find that

in our f(T ) setting, the potentials responsible for the both power-law and intermediate

inflationary models have the power-law form V (φ) ∝ φm but the power m is different for

them. Therefore, we can refine some of power-law inflationary potentials in the frame-

work of f(T )-gravity while they are disfavored by the observational data in the standard

inflationary scenario. Interestingly enough, is that the self-interacting quartic potential

V (φ) ∝ φ4 which has special reheating properties, can be consistent with the Planck 2015

data in our f(T ) scenario while it is ruled out in the standard inflationary scenario.
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1 Introduction

Inflationary scenario was proposed to overcome some of the basic problems of the Hot

Big Bang cosmology such as the flatness problem, the horizon problem and also the mag-

netic monopole problem [1–7]. In addition, growth of the perturbations seeded during

inflationary era can successfully explain the large-scale structure (LSS) formation as well

as the anisotropy observed in the cosmic microwave background (CMB) radiation [8–11].

Therefore, applying the experimental results from LSS and CMB radiation, we are able to

obtain useful information about the inflationary stage of the universe. Important observa-

tional results are represented by the Planck 2015 collaboration [12] that they are obtained

from probing of the CMB radiation anisotropies in both temperature and polarization.

Using these observational results, we can distinguish viable inflationary models and also

constrain them.

In inflation theory, a rapid accelerating expansion is considered before the radiation

dominated era. In the standard inflationary scenario, a canonical scalar field is regarded in

the framework of Einstein’s general relativity (GR) to explain the accelerating expansion of

the inflationary era. Viability of different inflationary models in the framework of standard

inflationary scenario in light of observational results has been extensively investigated in

the literature [13–19]. However, there are other inflationary models represented on the base

of extended theories of gravity. One important class of this category includes the models

based on f(R)-gravity in which the Ricci curvature scalar R in the action is replaced by an

arbitrary function of f(R) [20]. The well-known instance for this class is the Starobinsky R2

inflation [1] which is the first inflationary model and it is based on addition of the term R2

to the Einstein-Hilbert term R in the action. Although this model is the first inflationary

model, it is in well agreement with the experimental data as it has been demonstrated

by the Planck 2015 collaboration [12]. In order to find other inflationary models in the

framework of f(R)-gravity see [21–25].
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Another important class of the inflationary models based on the extended theories

of gravity includes the models founded on the teleparallel gravity (TG) and its extension,

f(T )-gravity. TG was originally proposed by Einstein [26] in an attempt of unifying gravity

and electromagnetism. Later, Einstein left TG because it failed in the attempt of this uni-

fication and also the curvature tensor of the Weitzenbock connection vanishes. It has been

shown that TG can provide an alternative for GR [27]. Then, the idea of the teleparallel

equivalent to general relativity (TEGR) was developed. Subsequently, the TEGR was gen-

eralized to f(T )-gravity by replacing a general f(T ) function instead of the torsion scalar

T in the action [28, 29]. The basic variables in f(T )-gravity are the tetrad fields eiµ where

the Weitzenbock connection instead of the Levi-Civita connection is used to define the

covariant derivative. Consequently, the spacetime has no curvature but contains torsion.

The main advantage of f(T ) theory is the fact that its field equations are second order

which are significantly simpler than the fourth order equations of f(R)-gravity [30–34].

Although, the models based on f(T )-gravity can be regarded as an alternative to f(R)

theories [35], in contrast with f(R) scenario, f(T )-gravity is not dynamically equivalent to

teleparallel action plus a scalar field via conformal transformation [36].

Recently, f(T )-gravity has aroused a great interest in cosmological applications. At

first, f(T )-gravity was proposed as models for inflation [28, 29]. Then, models based on

f(T )-gravity was considered to describe the present accelerating expansion of the universe

without resorting to dark energy (DE) [30–43]. Also, thermodynamics of f(T )-gravity

models has been investigated in [44–46]. Reconstructing of f(T ) theories equivalent to

models based on scalar fields is subject of [47]. LSS formation in the framework of f(T )-

gravity has been regarded in [48, 49]. Cosmological perturbations in f(T )-gravity has been

studied in [50–56]. Also, recently, some inflationary models in the framework of f(T )-

gravity have been investigated in [57–60].

In the present work, we focus on the study of inflation in the framework of f(T )-gravity

in the presence of a canonical scalar field. We choose a power-law form for f(T ) function

in the action and then investigate inflationary models with the power-law and intermediate

scale factors in our setting. The power-law inflation is specified by the scale factor a(t) ∝ tq

where q > 1, and in the standard inflationary scenario based on a canonical scalar field

in the framework of Einstein gravity, it is driven by an exponential potential which is not

consistent with the observational results, as it has been shown in [14, 61]. Besides, the

intermediate inflation is characterized by the scale factor a(t) ∝ exp
[

A(MP t)
λ
]

where

A > 0 and 0 < λ < 1 and it arises from an inverse power-law potential in the standard

inflationary scenario [62–64], that it is not favored by the Planck 2015 data, as it has been

discussed in [14, 64]. In the present work, our main goal is to refine these inflationary

models in light of Planck 2015 results in the framework of f(T )-gravity. To this aim, first

we review the background cosmological consequences of f(T )-gravity and we will consider

them in the slow-roll approximation to find the inflationary potentials responsible for these

models. Then, we will study the cosmological perturbations to obtain the power spectra

for the scalar and tensor perturbations. This makes it possible for us to check the viability

of our model in comparison with the observational data.
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This paper is organized as follows. In section 2, we review the basics equations for the

cosmological background evolution in f(T )-gravity. In section 3, we study the cosmological

perturbations theory in f(T )-gravity and obtain the scalar and tensor power spectra. Then,

in sections 4 and 5, we investigate the power-law and intermediate inflationary models,

respectively, in the framework of f(T )-gravity. Finally in section 6, we summarize the

concluding remarks.

2 f(T )-gravity

In this section, we provide a brief review on the basic equations for background cosmological

evolution in f(T )-gravity. Generalizing the TEGR, we consider the action of f(T )-gravity

as [28, 29]

I =
M2

P

2

∫

d4x e [f(T ) + Lφ], (2.1)

where MP = 1/
√
8πG is the reduced Planck mass and Lφ is the scalar field Lagrangian.

Also, e = det(eiµ) =
√−g where eiµ is the vierbein field which is used as a dynamical object

in TG.

For a spatially flat FRW universe, the modified Friedmann equations in f(T )-gravity

read [30–34]

H2 =
1

3M2
P

(ρT + ρφ) , (2.2)

Ḣ +
3

2
H2 = − 1

2M2
P

(pT + pφ) , (2.3)

where H ≡ ȧ/a is the Hubble parameter and ρφ and pφ stand for the energy density

and pressure of the scalar field, respectively. Also, ρT and pT are the energy density and

pressure due to the torsion contribution, respectively, and they are defined as

ρT =
M2

P

2
(2Tf,T − f − T ) , (2.4)

pT = −M2
P

2

[

−8ḢTf,TT +
(

2T − 4Ḣ
)

f,T − f + 4Ḣ − T
]

. (2.5)

Here f,T = df/dT . For a spatially flat FRW metric, the torsion scalar has a relation with

the Hubble parameter as [30–34]

T = −6H2. (2.6)

Note that in the case of f(T ) = T , eqs. (2.4) and (2.5) yield ρT = 0 and pT = 0 so that

eqs. (2.2) and (2.3) transform to the usual Friedmann equations in the TEGR.

The torsion and scalar field energy densities, independently, satisfy the conservation

equations as

ρ̇T + 3H (ρT + pT ) = 0, (2.7)

ρ̇φ + 3H (ρφ + pφ) = 0. (2.8)
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In this paper, we assume that the matter content of the universe to be a canonical

scalar field. Therefore, the energy density and pressure of the scalar filed, respectively, are

given by

ρφ =
1

2
φ̇2 + V (φ), (2.9)

pφ =
1

2
φ̇2 − V (φ), (2.10)

where φ̇2/2 and V (φ) are the kinetic energy and potential of the scalar field, respectively.

Substituting ρφ and pφ from the above equations into the conservation equation (2.8) leas

to the evolution equation of the scalar field as

φ̈+ 3Hφ̇+ V,φ = 0, (2.11)

where V,φ = dV/dφ. Notice that in f(T )-gravity, the set of equations containing the Fried-

mann equations (2.2) and (2.3), and the evolution equation governing the scalar field (2.11)

are not independent of each other. Taking the time derivative of eq. (2.2) and using (2.11),

one can get the second Friedmann equation (2.3). Also, from definitions (2.4) and (2.5)

one can obtain eq. (2.7). In what follows, we take the set of eqs. (2.2) and (2.11), which

can uniquely determine the dynamics of the universe.

In the present work, we are interested in investigating inflation in the framework of

f(T )-gravity. To this aim, it is useful to define the Hubble slow-roll parameters as

ε1 ≡ − Ḣ

H2
, (2.12)

εi+1 ≡ ε̇i
Hεi

. (2.13)

From definition (2.12) it is evident that in order to have inflation (ä > 0), we should

have ε1 < 1. Therefore, dependent on whether the first Hubble slow-roll parameter ε1 be

a decreasing function or an increasing function during inflation, we can use the relation

ε1 = 1 to determine the initial time or the end time of inflation, respectively [65].

The scalar field responsible for inflation is called “inflaton”. During the inflationary

era, variation of the inflaton φ is very slow. Also, during this era, the Hubble parameter H

changes slowly so that we have a quasi-de Sitter expansion. These facts allow us to apply

the slow-roll conditions φ̇2 ≪ V (φ) and
∣

∣φ̈
∣

∣ ≪
∣

∣3Hφ̇
∣

∣,
∣

∣V,φ

∣

∣ in study of inflation. In the

slow-roll approximation, eqs. (2.2), (2.4) and (2.11) can be combined to give

V =
M2

P

2
(f − 2Tf,T ) , (2.14)

φ̇2 = −2M2
P Ḣ (f,T + 2Tf,TT ) . (2.15)

Note that for a given f(T ) and scale factor a(t), with the help of eqs. (2.14) and (2.15), one

can find the evolutionary behaviors of the inflationary potential V and the inflaton φ with

respect to the cosmic time t. Then, one can combine the results to specify the inflationary

potential V (φ).
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3 Cosmological perturbations in f(T )-gravity

In this section, we focus on the study of cosmological perturbations in the framework of

f(T )-gravity when a canonical scalar field is present. We work in the longitudinal gauge

which only involves scalar-type metric fluctuations as [66]

ds2 = (1 + 2Φ) dt2 − a2(t) (1− 2Ψ) dx2. (3.1)

Here, as usual, two functions Φ and Ψ are used to characterize the scalar perturbations

of the metric. We assume that the anisotropic stress vanishes and thus Ψ = Φ which is

widely found in the standard theory of cosmological perturbations [66]. If we combine the

perturbation equations obtained in [53], then we can get the complete form of the equation

of motion for one Fourier mode Φk with the comoving wavenumber k as

Φ̈k + αΦ̇k + µ2Φk + c2s
k2

a2
Φk = 0, (3.2)

where the functions α, µ and cs are respectively the frictional term, the effective mass, and

the sound speed parameter and they are defined as [53]

α = 7H +
2V,φ

φ̇
− 36HḢ

(

f,TT − 4H2f,TTT

)

f,T − 12H2f,TT
, (3.3)

µ2 = 6H2 + 2Ḣ +
2HV,φ

φ̇
− 36HḢ

(

f,TT − 4H2f,TTT

)

f,T − 12H2f,TT
, (3.4)

c2s =
f,T

f,T − 12H2f,TT
. (3.5)

Moreover, if we use the Friedmann equation (2.3) and the evolution equation (2.11) for the

scalar field, then we can rewrite eq. (3.2) as

Φ̈k +

(

H − Ḧ

Ḣ

)

Φ̇k +

(

2Ḣ − HḦ

Ḣ

)

Φk +
c2sk

2

a2
Φk = 0. (3.6)

This is the equation of motion for the gravitational potential Φ in f(T )-gravity in the

presence of a canonical scalar field. We see that this equation is identical with the one

in the standard Einstein gravity [66], except the new sound speed parameter cs has been

introduced.

In order to examine the evolution of perturbations, it is appropriate to work with

gauge-invariant variables in order to the result be independent of the coordinate system.

In the theory of cosmological perturbations, we often use the gauge-invariant variable ζ

denoting the curvature perturbation in comoving coordinates, to specify the cosmological

inhomogeneities [66]. Following [53], we assume that the form of ζ is the same as that

defined in the standard cosmological perturbation theory that it is given by

ζ = Φ− H

Ḣ

(

Φ̇ +HΦ
)

. (3.7)
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Using the above equation together with eq. (3.6), we can obtain

ζ̇k =
H

Ḣ

c2sk
2

a2
Φk. (3.8)

For the case of a generic expanding universe ζ̇k approaches zero at large length scales,

k → 0, because the dominant mode of Φ̇k is approximately constant. Now, we define the

canonically normalized variable

v = zsζ, (3.9)

where

zs = a
√
2ε1MP , (3.10)

and ε1 is the first Hubble slow-roll parameter defined in eq. (2.12). Using

eqs. (3.7), (3.8), (3.9) and (3.10), we reach the equation of motion for the scalar per-

turbations as

v′′k +

(

c2sk
2 − z′′s

zs

)

vk = 0, (3.11)

where the prime denotes the derivative with respect to the conformal time τ ≡
∫

dt/a. If

the sound speed is equal to the light speed, i.e. cs = 1, then the above equation becomes the

well-known “Mukhanov-Sasaki equation” governing the evolution of scalar perturbations

in the standard Einstein gravity [66]. The above equation is similar to the equation of

motion for the scalar perturbations in the k-inflation scenario in which a non-canonical

kinetic term in the action drives an inflationary evolution [67]. This similarity provides

us to follow the approach applied in [68] to solve eq. (3.11) and find the spectrum of the

variable ζ = v/zs. This variable can be used to describe the scalar perturbations since it

is directly related to the gravitational potential Φ by eq. (3.7). The gravitational potential

Φ in turn is related to the scalar perturbations that lead to the LSS formation and the

fluctuations of the CMB radiation temperature. Specifically, the fluctuations of the CMB

radiation temperature in large angular scales are expressed as δT /T ≈ Φ/3 [66].

During slow-roll inflation, the Hubble rate H, the sound speed cs and the first Hubble

slow-roll parameter ε1 change much slower than the scale factor a. Thus, from (3.10) we

have z′′s /zs ≈ a′′/a ≈ 2(aH)2. At sufficiently early times, the physical wavelength of the

perturbation a/k is much smaller than the “sound horizon” csH
−1 and hence the short

wavelength limit condition csk ≫ aH is valid. In this limit, we can neglect the term z′′s /zs
versus the term c2sk

2 in eq. (3.11). Also, we note that the fluctuation corresponds to a free

scalar propagating in a flat spacetime, and naturally the initial condition takes the form of

the Bunch-Davies vacuum [69]. Therefore, eq. (3.11) can be easily solved to give the short

wavelength solution

vk =
e−icskτ

√
2csk

, (csk ≫ aH). (3.12)

On the other hand, when the perturbations cross the sound horizon outward it, the term

z′′s /zs begins to dominate over the term c2sk
2 in eq. (3.11). Consequently, eq. (3.11) gives

rise to the long wavelength solution

vk = Ckz, (csk ≪ aH), (3.13)

– 6 –
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where Ck is a constant. To find the constant Ck, following [68], we match the solu-

tions (3.12) and (3.13) at the moment of the sound horizon exit for which csk = aH,

and consequently we will have

|Ck|2 =
1

2cskz2s
. (3.14)

Therefore, using eqs. (3.9) and (3.10), we obtain the power spectrum for the scalar pertur-

bations in the framework of f(T )-gravity as

Ps ≡
k3

2π2
|ζ|2 = k3

2π2

|vk|2
z2s

∣

∣

∣

∣

∣

csk=aH

=
H2

8π2M2
P c

3
sε1

∣

∣

∣

∣

csk=aH

, (3.15)

which should be evaluated at the sound horizon exit specified by csk = aH. This equation

reduces to the standard result for slow-roll inflation if the sound speed is equal to the light

speed (cs = 1).

The scalar spectral index is defined as

ns − 1 ≡ d lnPs

d ln k
. (3.16)

Since during slow-roll inflation, the Hubble parameter H and the sound speed cs are almost

constant, therefore using the relation csk = aH that is valid at the sound horizon exit, we

can obtain the relation

d ln k ≈ Hdt. (3.17)

Using eqs. (2.12), (2.13), (3.15), (3.16) and (3.17), we can obtain

ns = 1− 2ε1 − ε2 − 3εs1, (3.18)

where we have defined the sound speed slow-roll parameters as

εs1 ≡ ċs
Hcs

, (3.19)

εs(i+1) ≡
ε̇si
Hεsi

. (3.20)

Furthermore, using eqs. (2.13), (3.17), (3.18), (3.19) and (3.20), we can obtain an expression

for the running of the scalar spectral index as

dns

d ln k
= −2ε1ε2 − ε2ε3 − 3εs1εs2. (3.21)

If the sound speed is constant then the sound speed slow-roll parameters in eqs. (3.18)

and (3.21) vanish and we recover the expressions for the scalar spectral index and the

running of the scalar index that we expect in the standard inflationary scenario.

Now we turn to study the tensor perturbations in f(T )-gravity. According to [51], the

equation governing the tensor perturbation hij can be obtained as

ḧij + 3Hḣij −
∇2

a2
hij + γḣij = 0, (3.22)
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where we have defined the parameter γ as

γ ≡ Ṫ f,TT

f,T
. (3.23)

The tensor perturbation hij is symmetric, transverse and traceless, i.e.

hij = hji, ∂ihij = 0, hii = 0. (3.24)

Due to these constraints, the tensor perturbation hij has only two degrees of freedom which

correspond to two polarizations of gravitational waves. We label the polarization state by r

and for each state we can write hij(t, x) as a scalar field hr(t, x) multiplied by a polarization

tensor ξrij which is constant in space and time. Thus, the Fourier transformations of the

tensor perturbation is given by

hij(t, x) =

2
∑

r=1

∫

d3k

(2π)3/2
hr(t, k) ξrij e

ikx. (3.25)

Using the above relation in eq. (3.22), we get

ḧr + (3H + γ) ḣr +
k2

a2
hr = 0. (3.26)

Applying the relation dτ = dt/a in the above equation yields

hr ′′ +
2z′t
zt

hr ′ +
k2

a2
hr = 0, (3.27)

where the parameter zt is defined as it satisfies the differential equation

żt
zt

= H +
γ

2
. (3.28)

The solution of this differential equation is

zt = a exp

(
∫

γ

2
dt

)

. (3.29)

If we define the canonically normalized field

vrk =
zt
2
hrMP , (3.30)

then eq. (3.27) gives rise to

vrk
′′ +

(

k2 − z′′t
zt

)

vrk = 0. (3.31)

Following the same procedure used for the scalar perturbations, we can find the asymptotic

solutions of eq. (3.31) and then we match the solutions at the horizon exit specified by

k = aH. In this way, we get the tensor power spectrum in the framework of f(T )-gravity as

Pt = 2Ph =
2a2H2

π2M2
P z

2
t

∣

∣

∣

∣

k=aH

, (3.32)

which is sum of the power spectra Ph for two polarization modes of hij .
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Here, we introduce the tensor-to-scalar ratio defined as

r ≡ Pt

Ps
. (3.33)

The tensor-to-scalar ratio is an important inflationary observable that is strictly constrained

by the Planck 2015 observational data [12]. Hence, it can be used to distinguish viable

inflationary models in light of the observational results. Another inflationary observable is

the tensor spectral index defined as

nt ≡
d lnPt

d ln k
, (3.34)

that specifies the scale dependence of the tensor power spectrum. The accuracy of current

experimental devices is not adequate to measure the tensor spectral index but we may be

able to determine it in the future.

In order to obtain a simpler relation for the tensor power spectrum in our f(T )-gravity

model, it is convenient to define the parameter

δ ≡ |γ|
2H

. (3.35)

If δ ≪ 1 then we can neglect the term γ/2 relative to the Hubble parameter H in eq. (3.28)

and therefore the resulting equation yields the standard solution zt = a. Consequently,

eq. (3.32) reduces to the standard expression for the tensor power spectrum in the frame-

work of Einstein gravity as

Pt =
2H2

π2M2
P

∣

∣

∣

∣

k=aH

. (3.36)

This relation must be calculated at the time of horizon crossing for which k = aH. This

time is not exactly the same as the time of sound horizon crossing for which csk = aH,

but to lowest order in the slow-roll parameters this difference is negligible [68]. Therefore,

using eqs. (3.15), (3.33) and (3.36), the tensor-to-scalar ratio is obtained as

r = 16c3sε1. (3.37)

Also, using eqs. (2.12), (3.17), (3.34) and (3.36), we can obtain the tensor spectral index as

nt = −2ε1. (3.38)

From eqs. (3.37) and (3.38), we conclude that the inflationary observables are not indepen-

dent and there is a so-called “consistency relation” between them as

r = −8c3snt. (3.39)

For the case of cs = 1, this equation turns into the conventional consistency relation

r = −8nt being valid in the standard inflationary framework based on the Einstein gravity.

We see that the consistency relation in f(T )-gravity is different from the usual one in

the standard inflationary model and therefore, in principle, inflation in f(T )-gravity is

phenomenologically distinguishable from the standard inflationary model based on the

Einstein gravity.
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4 Power-law inflation in f(T )-gravity

In the previous section, we studied the cosmological perturbations in the framework of

f(T )-gravity and obtained the expressions for the inflationary observables. In this section,

we will apply the obtained results for the power-law inflation. It has been shown that in the

standard inflationary setting, the power-law inflation is driven by an exponential potential

which is not favored in light of the recent observational data [14, 61]. This motivates us to

check viability of the power-law inflation in comparison with the Planck 2015 data in the

framework of f(T )-gravity.

We consider the f(T ) function in the action (2.1) to have the power-law form [30, 39]

f (T ) = T0

(

T

T0

)n

, (4.1)

where T0 and n are constant. In the case of n = 1, eq. (4.1) recovers the TEGR, i.e.

f(T ) = T . From eq. (3.5), we see that the f(T ) model (4.1) leads to a constant sound

speed as

c2s =
1

2n− 1
. (4.2)

Here, due to having a physical speed of scalar perturbations, the sound speed should be

real and subluminal, i.e. 0 < c2s ≤ 1 [70]. This limits the parameter n to be in the range of

n ≥ 1. In addition, from eq. (4.2) the sound speed slow-roll parameters (3.19) and (3.20)

vanish in our f(T )-gravity model (4.1).

In this section, we focus on the power-law inflation with the scale factor

a(t) = ai

(

t

ti

)q

, (4.3)

where q > 1 is a constant parameter and ai is the scale factor of the universe at the initial

time of inflation ti. Throughout this paper, we normalize the scale factor of the universe

relative to its value at the present time so that a0 = 1. It should be noted that there is not

a certain value for ai and ti because from Linde’s idea of eternal inflation [6, 7], we infer

that the initial conditions of inflation are uncertain.

The power-law scale factor (4.3) yields the Hubble parameter as

H =
q

t
. (4.4)

Also, the first Hubble slow-roll parameter (2.12) becomes

ε1 =
1

q
, (4.5)

which is constant and hence the other Hubble slow-roll parameters vanish. Since the first

slow-roll parameter is constant and cannot reach unity, then inflation never ends and it is

needed to introduce an additional reheating process to the final stages of inflation to make

exit from the inflationary phase possible for this model. However, in [61] the authors has

shown that invoking a non-canonical scalar fields can resolve this central drawback of the

power-law inflation.
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Within the framework of f(T ) model (4.1), we are interested in determining the form

of the inflationary potential for the power-law inflation (4.3). For the case of n = 1 which

corresponds to the TEGR, i.e. f(T ) = T , eqs. (2.14) and (2.15) yield the potential and

scalar field with respect to time as

V (t) =
3q2

(MP t)
2M

4
P , (4.6)

φ(t) =
√

2q ln (MP t)MP , (4.7)

respectively. Eliminating t in the above equations, we find the inflationary potential as

V (φ) = 3q2e
−
√

2
q

(

φ

MP

)

M4
P , (4.8)

which is the familiar result that we expect in the standard inflationary framework based

on the Einstein gravity [14, 61].

Moreover, for n > 1, from eqs. (2.14) and (2.15) we obtain

V (t) =
(2n− 1)

2

(−T0

M2
P

)(

6q2

−T0t2

)n

M4
P , (4.9)

φ(t) =
6n/2

n− 1

√

n (2n− 1) q

3

(

q√
−T0 t

)n−1

MP , (4.10)

respectively. Combining the two above equations, we obtain the inflationary potential

driving the power-law inflation in our f(T )-gravity framework as

V (φ) = V0

(

φ

MP

)m

, (4.11)

where the parameters of m and V0 are given by

m =
2n

n− 1
, (4.12)

V0 =
2

(2n− 1)

(

(n− 1)2

4nq

)n
(−T0

M2
P

)

M4
P . (4.13)

As we see, in our f(T )-gravity scenario with n > 1, the potential corresponding to the

power-law inflation has a power-law form that this class of potentials includes the simplest

chaotic inflationary models [5], in which inflation starts from large values for the inflaton,

φ > MP .

The scalar power spectrum in our f(T ) model (4.1) with n ≥ 1 is obtained from

eq. (3.15) as

Ps(t) =
q3(2n− 1)3/2

8π2(MP t)
2

∣

∣

∣

∣

∣

csk=aH

. (4.14)

As we mentioned before, the power spectrum of the scalar perturbations should be evalu-

ated at the sound horizon exit. Applying the relation csk = aH, we specify the time of the

sound horizon exit as

ts =

(

tqik

aiq
√
2n− 1

)
1

q−1

. (4.15)
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Replacing this into eq. (4.14) gives the scalar power spectrum in terms of the comoving

wavenumber k as

Ps(k) =
(2n− 1)3/2q3

8π2M2
P

(

aiq
√
2n− 1

tqik

)

2
q−1

. (4.16)

We see that in our f(T ) scenario, like the standard inflationary scenario, the power-law

inflation leads to a power-law power spectrum for the scalar perturbations. Therefore, we

can easily calculate the scalar spectral index from eq. (3.16) as

ns = 1− 2

q − 1
, (4.17)

which does not have scale dependence so that it gives rise to a vanishing running of the

scalar spectral index, dns/d ln k = 0, which is in agreement with the Planck 2015 observa-

tional data at 68% CL [12]. Also, the above result does not depend on the parameter n

and hence, the scalar spectral index in our f(T ) model is the same as one in the standard

inflationary scenario.

Here, we are interested in investigating the tensor perturbations for the power-law

inflation in our f(T ) model. First, we calculate the parameter δ from eq. (3.35) and obtain

δ =
n− 1

q
. (4.18)

We see that if q ≫ n − 1 then δ ≪ 1. We assume this condition to be valid and we will

verify it later in the present section. This assumption allows us to use eq. (3.36) for the

tensor power spectrum that it leads to

Pt(t) =
2q2

π2(MP t)
2

∣

∣

∣

∣

k=aH

. (4.19)

We must calculate this at the time of horizon exit specified by the relation k = aH as

tt =

(

tqik

aiq

)
1

q−1

. (4.20)

Substituting eq. (4.20) into eq. (4.19) gives

Pt(k) =
2q2

π2M2
P

(

aiq

tqik

)
2

q−1

. (4.21)

With the help of above relation, eq. (3.34) gives a scale-invariant tensor spectral index as

nt = − 2

q − 1
. (4.22)

We note that the tensor spectral index, like the scalar spectral index, does not depend

on the parameter n and therefore, it is identical to the one for the standard inflationary

scenario. Also, using eqs. (4.16) and (4.21) in definition (3.33), we find the tensor-to-scalar

ratio as

r =
16

q(2n− 1)
3q

2(q−1)

. (4.23)
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Figure 1. Prediction of the power-law inflation in f(T )-gravity in r−ns plane in comparison with

the Planck 2015 results. The black lines indicate the predictions of the power-law inflation (4.3) in

our f(T ) model (4.1) with different values of n. The marginalized joint 68% and 95% CL regions

of Planck 2013, Planck 2015 TT+lowP and Planck 2015 TT,TE,EE+lowP data [12] are specified

by grey, red and blue, respectively. The case of n = 1 denotes the model f(T ) = T corresponding

to the TEGR.

Now, we can use eqs. (4.17) and (4.23) to plot the prediction of the power-law inflation

in the f(T ) model (4.1) in r − ns plane. The plot is demonstrated in figure 1 for different

values of the parameter n while the parameter q is varying. Also, the marginalized joint

68% and 95% CL regions allowed by the Planck 2015 data [12] have been specified in the

figure. We see that in contrary to the case of the TEGR (n = 1), in our f(T ) model (4.1)

with n & 2, the prediction of the power-law inflation (4.3) can lie inside the 68% CL region

of Planck 2015 TT,TE,EE+lowP data [12]. Therefore, we conclude that in f(T )-gravity,

the plower-law inflation can be resurrected in light of the Planck 2015 observational results.

Here, we check validity of the assumption δ ≪ 1 that we made before to use eq. (3.36)

for the tensor power spectrum. From eq. (4.17), we see that a favored value for the

scalar spectral index according to Planck 2015 TT,TE,EE+lowP data at 68% CL (ns =

0.9644± 0.0049) [12], is obtained for q ≈ 57. Now, if we take q ≈ 57 then from eq. (4.18)

for n = 2, 3 and 4, we obtain δ ≈ 0.02, 0.04 and 0.05 which satisfy the condition δ ≪ 1

and consequently our assumption is valid.

In eq. (4.11) we found that the inflationary potential responsible for the power-law

inflation in our f(T ) scenario has a power-law form. From eq. (4.12) we see that for n & 2

the power m for the inflationary potential varies in the range 2 < m . 4. In the standard

inflationary, the power-law potential (4.11) with a power in this range, is not favored by

Planck 2015 TT,TE,EE+lowP data [12], as it has been shown in [14]. But we see that

in our f(T ) inflationary model, the power-law potential (4.11) with 2 < m . 4 can be

consistent with Planck 2015 TT,TE,EE+lowP data [12] at 68% CL. Interestingly enough,
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is that in our model, we can refine the self-interacting quartic potential V (φ) ∝ φ4 which

has special reheating properties [71, 72]. This potential in our model corresponds to n = 2

that can be compatible with the Planck 2015 results at 68% CL while it is ruled out in the

standard inflationary scenario [14]. In [73, 74], the authors have investigated some ideas to

improve the prediction of the quartic potential in comparison with the observational data.

In the following, we estimate the inflationary observables in our model explicitly. We

choose n = 2 and q = 57. As a result, from eq. (4.17), we find the scalar spectral index

as ns = 0.9643 that is in agreement with Planck 2015 TT,TE,EE+lowP data at 68% CL

(ns = 0.9644 ± 0.0049) [12]. Also, using eq. (4.23), we see that our model predicts the

tensor-to-scalar ratio as r = 0.0530 which lies inside the 68% CL region of Planck 2015

TT,TE,EE+lowP data [12] (see figure 1). From eq. (4.22), the tensor spectral index is

obtained as nt = −0.0357 which satisfies the consistency relation (3.39). The current

experimental devices are not sufficiently accurate to measure the tensor spectral index nt

with a suitable accuracy and the predicted value for this observable can be checked by

more precise measurements in the future.

In the remaining of this section, we turn to check the validity of our discussion in the

context of the e-folds number from the end of inflation. The e-folds number is used to

express the amount of inflation and is defined as

N ≡ ln
(ae
a

)

, (4.24)

where ae is the scale factor at the end of inflation. This definition is equivalent to

dN = −Hdt. (4.25)

The CMB anisotropies correspond to the perturbations whose wavelengths crossed the

Hubble radius around N∗ ≈ 50− 60 before the end of inflation [72, 75]. This result can be

obtained with the assumption that during inflationary era, a slow-roll inflation has occurred

that it leads to a quasi-de Sitter expansion of the universe withH ≈ constant. Furthermore,

evolution of the universe after inflation is assumed to be governed by the standard model

of cosmology. In the present work, we have used these two assumptions, hence we can take

the e-folds number corresponding to the horizon crossing as N∗ ≈ 50 − 60 from the end

of inflation. Since inflation with the power-law scale factor (4.3) cannot end by slow-roll

violation, we follow the logic of [13] and introduce an extra parameter te related to the

time in which an unspecified reheating mechanism is triggered to end of inflation. Now,

we can solve the differential equation (4.25) for the power-law scale factor (4.3) and get

t = tee
−N/q, (4.26)

where we have used the initial condition Ne ≡ N(te) = 0 from eq. (4.24).

Substituting eq. (4.26) into (4.14), one can get the scalar power spectrum in terms of

the e-folds number as

Ps(N) =
(2n− 1)3/2q3

8π2(MP te)
2 e2N/q. (4.27)
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To find an expression for the scalar spectral index ns, we note that in the relation aH = csk,

the Hubble parameter H is approximately constant during slow-roll inflation, and also the

sound speed cs is constant for our f(T )-gravity model. Consequently, by use of eq. (4.25),

we will have

d ln k ≈ −dN, (4.28)

which is valid around the sound horizon exit. Therefore, using eqs. (4.27) and (4.28)

in (3.16), we obtain

ns = 1− 2

q
, (4.29)

which is independent of the e-folds number and consequently gives a vanishing running of

the scalar spectral index, dns/d ln k = 0. This is in agreement with our previous result

obtained by use of the comoving wavenumber.

Now, we want to get the tensor power spectrum with respect to the e-folds number.

We noticed before that the tensor power spectrum should be evaluated at the time of

horizon exit where aH = k. To lowest order in the slow-roll parameters, we can ignore

the difference between the time of horizon exit and the sound horizon exit in the slow-roll

regime [68]. Therefore, we can insert eq. (4.26) into (4.19) and reach

Pt(N) =
2q2

π2(MP te)
2 e

2N/q. (4.30)

Here, we can use eqs. (4.27) and (4.30) in (3.33) and obtain the tensor-to-scalar ratio as

r =
16

(2n− 1)3/2q
. (4.31)

Moreover, with the help of eqs. (3.34), (4.28) and (4.30), the tensor spectral index reads

nt = −2

q
. (4.32)

We see that the inflationary observables ns, r and nt for the power-law inflation become

independent of the e-folds number in our f(T )-gravity scenario. This situation is similar

to that of the standard inflationary model where these quantities depend only on the

parameter q appeared in the power-law scale factor a ∝ tq [13, 61]. Now, we estimate

these inflationary observables again and compare them with our previous results obtained

by use of the comoving wavenumber. For this purpose, we take n = 2 and q = 57 again,

and find ns = 0.9649, r = 0.0540 and nt = −0.0351 from eqs. (4.29), (4.31) and (4.32),

respectively. We see that these results are very close to those found before by use of the

comoving wavenumber. This verifies the validity of our discussion in the context of e-folds

number for the power-law inflation in our f(T )-gravity model. The small deviations in

the results obtained by use of the e-folds number relative to those calculated by use of the

comoving wavenumber arise from two reasons. The first reason is that in eq. (4.28), we

neglected from the slow-roll Hubble parameters relative to unity while their contributions

are included in the calculations on the base of the comoving wavenumber. The second one

is that to get eq. (4.30), we ignored the difference between the times of horizon exit for the

scalar and tensor perturbations but this difference is considered in the calculations based

on the comoving wavenumber.
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5 Intermediate inflation in f(T )-gravity

In this section, we are interested to study the intermediate inflation in the framework of

f(T )-gravity. The scale factor of intermediate inflation takes the form

a(t) = ai exp
[

A(MP t)
λ
]

, (5.1)

where A > 0 and 0 < λ < 1 [62–64]. Furthermore, ai indicates the scale factor at the

initial time of inflation. This scale factor leads to the Hubble parameter as

H =
Aλ

(MP t)
1−λ

MP . (5.2)

In addition, the first Hubble slow-roll parameter (2.12) reads

ε1 =
(1− λ)

Aλ(MP t)
λ
, (5.3)

which is a decreasing function during inflation. Therefore, like the power-law inflation, the

intermediate inflation cannot end without introducing an additional reheating process to

the final stages of the inflationary phase. An idea to overcome the end of intermediate

inflation problem has been proposed in [64].

Here, we want to determine the inflationary potential corresponding to the intermediate

inflation in our model. We first concentrate on the case of n = 1 for which our f(T )

model (4.1) recovers the TEGR, i.e. f(T ) = T . For this case, eqs. (2.14) and (2.15) lead to

V (t) =
3A2λ2

(MP t)
2(1−λ)

M4
P , (5.4)

φ(t) = 2

√

2A (1− λ)

λ
(MP t)

λ/2MP , (5.5)

that can be combined to result in the inverse power-law inflationary potential

V (φ) = 3(Aλ)2
[

8A (1− λ)

λ

]

2(1−λ)
λ

(

φ

MP

)− 4(1−λ)
λ

M4
P , (5.6)

which we expect for the intermediate inflation in the framework of Einstein gravity [62–64].

For n > 1, using eqs. (2.14) and (2.15), we obtain the inflationary potential and scalar

field in terms of the cosmic time t as

V (t) =
(2n− 1)

2

(

M2
P

−T0

)n−1
[ √

6Aλ

(MP t)
1−λ

]2n

M4
P , (5.7)

φ(t) =
2[2n (2n− 1)Aλ (1− λ)]1/2

[√
6Aλ

(

MP√
−T0

)]n−1

[2n (1− λ) + λ− 2] (MP t)
n(1−λ)+λ

2
−1

MP , (5.8)

respectively. Eliminating t between these equations gives the inflationary potential as

V (φ) = V0

(

φ

MP

)m

, (5.9)
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where the parameters of m and V0 are defined as

m =
4n (1− λ)

2n (1− λ) + λ− 2
, (5.10)

V0 = M4
P









2
n(8−7λ)+λ−2

2n 3λ/2(2n− 1)
2−λ
2n Aλ

(

[2n(λ−1)−λ+2]2

n(1−λ)

)1−λ(
−T0

M2
P

)

(n−1)(2−λ)
2n









2n
2n(λ−1)−λ+2

. (5.11)

We see that in our f(T ) model (4.1) with n > 1, the potential responsible for the interme-

diate inflation, like the one driving the power-law inflation, has the power-law form (5.9),

but with a different expression for the power m.

Now, we are in position to obtain the scalar power spectrum in our f(T ) scenario (4.1)

with n ≥ 1. From eq. (3.15) we have

Ps(t) =
(2n− 1)3/2(Aλ)3

8π2 (1− λ) (MP t)
2−3λ

∣

∣

∣

∣

∣

csk=aH

. (5.12)

From the relation csk = aH, the time of sound horizon exit reads

ts =

{

λ− 1

Aλ
W−1

[

Aλ

λ− 1

(

k

aiAλ
√
2n− 1MP

)
λ

λ−1

]}1/λ

M−1
P , (5.13)

where W is the Lambert function defined as solution of the equation yey = x [76]. In the

complex plane, the equation yey = x has a countably infinite number of solutions which

are denoted by Wk(x) with k varying over the integers. For all real x ≥ 0, the equation

has exactly one real solution which is represented by y = W (x) ≡ W0(x). For all real x

in the range x < 0, there are exactly two real solutions. The larger one is represented by

y = W (x) while the smaller one is denoted by y = W−1(x).

Substituting eq. (5.13) into (5.12), the scalar power spectrum is obtained in terms of

the comoving wavenumber k as

Ps(k) =
(Aλ)3(2n− 1)3/2

8π2 (1− λ)

{

λ− 1

Aλ
W−1

[

Aλ

λ− 1

(

k

aiAλ
√
2n− 1MP

)
λ

λ−1

]}

3λ−2
λ

. (5.14)

Now, we can use the above result in eq. (3.16) and get the scalar spectral index as

ns = 1 +
2− 3λ

1− λ

{

W−1

[

Aλ

λ− 1

(

k

aiAλ
√
2n− 1MP

)
λ

λ−1

]

+ 1

}−1

. (5.15)

The above equation yields the running of the scalar spectral index as

dns

d ln k
=

λ (2− 3λ)W−1

[

Aλ
λ−1

(

k
aiAλ

√
2n−1MP

)
λ

λ−1

]

(1− λ)2
{

W−1

[

Aλ
λ−1

(

k
aiAλ

√
2n−1MP

)
λ

λ−1

]

+ 1

}3 . (5.16)
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In order to study the tensor perturbations for the intermediate inflation in our f(T )-

gravity scenario, first we note that eq. (3.35) leads to

δ =
(n− 1) (1− λ)

Aλ(MP t)
−λ

, (5.17)

which is suppressed as time last during inflation. Therefore, it makes sense to suppose

that δ ≪ 1 at the time of horizon exit. We will verify the validity of this assumption later

in this section. The assumption δ ≪ 1 allows us to use eq. (3.36) for the tensor power

spectrum that it leads to

Pt(t) =
2(Aλ)2

π2(MPt)2(1−λ)

∣

∣

∣

∣

∣

k=aH

. (5.18)

The relation k = aH results in the time of horizon exit to be

tt =

{

λ− 1

Aλ
W−1

[

Aλ

λ− 1

(

k

aiAλMP

)
λ

λ−1

]}1/λ

M−1
P . (5.19)

Using this in eq. (5.18), we will have

Pt(k) =
2A2λ2

π2

{

λ− 1

Aλ
W−1

[

Aλ

λ− 1

(

k

aiAλMP

)
λ

−1+λ

]}

2(λ−1)
λ

. (5.20)

From the above result together with eq. (3.34), one finds

nt = 2

{

W−1

[

Aλ

λ− 1

(

k

aiAλMP

)
λ

λ−1

]

+ 1

}−1

. (5.21)

Also, the tensor-to-scalar ratio results from eqs. (5.14) and (5.20) as

r =

16

{

−W−1

[

Aλ
λ−1

(

k
aiAλ

√
2n−1MP

)
λ

λ−1

]}

2−3λ
λ

(2n− 1)3/2
{

−W−1

[

Aλ
λ−1

(

k
aiAλMP

)
λ

λ−1

]}

2(1−λ)
λ

. (5.22)

So far, we have calculated the relations corresponding to the inflationary observables

in terms of the comoving wavenumber. Now, we are able to check the viability of our infla-

tionary model in light of the Planck 2015 results. We calculate the inflationary observables

at the pivot scale k∗ = 0.05Mpc−1 as adopted by the Planck 2015 collaboration [12]. We

fix the scalar power spectrum in eq. (5.14) at the pivot scale as ln
[

1010Ps (k∗)
]

= 3.094

from Planck 2015 TT,TE,EE+lowP data combination [12]. As a result, we will have an

equation that results in a value for the parameter ai for each set of the parameters n, A

and λ. Consequently, we can plot the r − ns diagram for our model by use of eqs. (5.15)

and (5.22) for different values of n and A while λ is varying in the range 0 < λ < 1. This di-

agram is shown in figure 2 and also the marginalized joint 68% and 95% CL regions allowed

by the Planck 2015 data [12] have been specified in the figure. In figure 2, we see that the
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Figure 2. Same as figure 1, but for the intermediate inflation (5.1) in our f(T )-gravity scenario (4.1)

with different values of n and A.

standard intermediate inflation based on the Einstein gravity (n = 1) is disfavored in light

of the Planck 2015 results. This result is in agreement with [14, 64]. However, if we choose

n & 2 then the intermediate inflation in our f(T )-gravity scenario can be consistent with

the Planck 2015 data. For instance, for n = 2 and A = 1 (or A = 106), the prediction of our

model can lie within the 68% CL region favored by Planck 2015 TT,TE,EE+lowP data [12].

Now, we test the prediction of our model in the dns/d ln k−ns plane in comparison with

the observational results of Planck 2015. To this aim, we consider n = 2 and A = 1. Subse-

quently, we use eqs. (5.15) and (5.16) to plot dns/d ln k versus ns. The plot is represented

in figure 3 and we conclude that the prediction of intermediate inflation in our f(T )-gravity

scenario can lie inside the joint 68% CL region of Planck 2015 TT,TE,EE+lowP data [12].

In the following, we proceed to estimate the inflationary observables in our model

explicitly. We choose n = 2 and A = 1. With this selection, if the parameter λ varies

in the range 0.321 . λ . 0.329, then the result of intermediate inflation can be placed

within the joint 68% CL region favored by Planck 2015TT,TE,EE+lowP data [12]. For

the aforementioned range of λ, the parameter δ varies in the interval 0.020 . δ . 0.026,

where we have used eq. (5.17) for δ and it has been evaluated at the time of horizon exit

given by eq. (5.19). Therefore, the assumption δ ≪ 1 which we have used before to apply

eq. (5.18) for the tensor power spectrum, is valid.

It should be noted that as the parameter λ approaches 2/3, the scalar power spectrum

approaches the scale-invariant Harrison-Zel’dovich spectrum with ns = 1 that it is ruled

out by the Planck 2015 results [12]. For the values of λ in the interval 2/3 < λ < 1,

we will have a blue-tilted spectrum (ns > 1) that it is also ruled out by the Planck

2015 data [12]. However, we choose λ = 0.325 in what follows. As a result, we find the

inflationary observables from eqs. (5.15), (5.16) and (5.22) as ns = 0.9646, dns/d ln k =
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Figure 3. Prediction of the intermediate inflation (5.1) in our f(T )-gravity scenario (4.1) in

dns/d ln k−ns plane in comparison with the Planck 2015 results. The prediction of our model with

n = 2 and A = 1 is shown by a black line. The grey, red and blue marginalized joint 68% and 95%

CL regions correspond to Planck 2013, Planck 2015 TT+lowP and Planck 2015 TT,TE,EE+lowP

data [12], respectively.

0.0004 and r = 0.0684, respectively, that they are inside the joint 68% CL region for Planck

2015TT,TE,EE+lowP data [12]. Additionally, eq. (5.21) gives the tensor spectral index as

nt = −0.0463 which also satisfies the consistency relation (3.39).

In eq. (5.9) we found that within the framework of our f(T ) model (4.1), the in-

flationary potential corresponding to the intermediate inflation takes the power-law form

V (φ) = V0(φ/MP )
m in which the power m is determined by eq. (5.10). For the allowed

range 0 < λ < 2/3, from eq. (5.10) the parameter m varies in the interval 2n
n−1 < m < 2n

n−2 .

In the case of our study, if we take n = 2 and λ = 0.325 then eq. (5.10) gives the power

m = 5.268. We see that in our f(T )-gravity model (4.1), the prediction of the power-law

potential (5.9) with m = 5.268 can be in agreement with the Planck 2015 data at 68% CL,

while in the standard inflationary scenario, this potential is disfavored by the observational

results [14].

In what follows, we again verify validity of our results for the inflationary observables

by use of the e-folds number from the end of inflation. We note that inflation with the

intermediate scale factor (5.1) cannot stop by slow-roll violation. To overcome this problem,

we again follow the approach of [13] and use the additional parameter te which refers to the

time in which an unknown reheating process begins to happen to stop inflation. In this way,

we can solve the differential equation (4.25) for the intermediate scale factor (5.1) and find

t =

[

(MP te)
λ − N

A

]1/λ

M−1
P , (5.23)

where we have used the initial condition Ne ≡ N(te) = 0 from eq. (4.24).
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If we insert t from eq. (5.23) into (5.12), the scalar power spectrum turns into

Ps(N) =
A2/λλ3(2n− 1)3/2

8π2 (1− λ)

[

A(MP te)
λ −N

]
3λ−2

λ
. (5.24)

The above equation together with eqs. (3.16) and (4.28) give rise to

ns =
2 + λ

[

A(MP te)
λ + 3−N

]

λ
[

A(MP te)
λ −N

] . (5.25)

Also, we can apply eq. (4.28) for the above relation which yields

dns

d ln k
=

2− 3λ

λ
[

A(MP te)
λ −N

]2 . (5.26)

In order to get the tensor power spectrum in terms of the e-folds number, we note that

we can ignore the difference between the times of horizon exit for the scalar and tensor

perturbations, as discussed in the previous section. Consequently, we can use eq. (5.23)

in (5.18) and obtain

Pt(N) =
2A2/λλ2

π2

[

A(MP te)
λ −N

]− 2(1−λ)
λ

. (5.27)

Substituting eqs. (5.24) and (5.27) into (3.33), one can get

r =
16 (1− λ)

(2n− 1)
3
2λ

[

A(MP te)
λ −N

] . (5.28)

Furthermore, by use of eqs. (4.28) and (4.30) in (3.34), we find

nt = − 2 (1− λ)

λ
[

A(MP te)
λ −N

] . (5.29)

So far, we obtained the inflationary observables in terms of the e-folds number N . To

compare these observables with observation, we should evaluate them at the horizon exit

corresponding to the e-folds number N∗ ≈ 50−60. To determine the parameter te in terms

of the other parameters of the model, we fix the amplitude of the scalar power spectrum in

eq. (5.24) as ln
[

1010Ps (N∗)
]

= 3.094 from Planck 2015 TT,TE,EE+lowP data [12]. Now,

we want to estimate the inflationary observables again and compare them with our previous

results calculated by use of the comoving wavenumber. As before, we consider n = 2, A = 1

and λ = 0.325. Now if we take N∗ = 60, then by use of eqs. (5.25), (5.26), (5.28) and (5.29),

we obtain ns = 0.9654, dns/d ln k = 0.0004, r = 0.0702 and nt = −0.0456, respectively.

Notice that for N∗ = 50, the results are very close to those obtained for N∗ = 60. We

conclude that the results obtained by use of the e-folds number are approximately close to

those obtained before by use of the comoving wavenumber. This confirms the validity of

our study in the context of e-folds number for the intermediate inflation in our f(T )-gravity

scenario.
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6 Conclusions

Here, we first represented a brief review on the background cosmology in f(T )-gravity in

the presence of a canonical scalar field. Then, we studied the cosmological perturbations in

the framework of f(T )-gravity. We obtained the necessary equations governing the scalar

and tensor perturbations and solved them to find the scalar and tensor power spectra.

Subsequently, we obtained the relations of the inflationary observables for our model. We

found that the consistency relation for the inflationary model based on f(T )-gravity is

different from the one for the standard inflationary model based on the Einstein gravity.

Consequently, in principle, inflation in f(T )-gravity is phenomenologically distinguishable

from the standard inflationary model based on Einstein’s general relativity.

Next, we considered the f(T ) function in the action to have the power-law form f(T ) =

T0(T/T0)
n where n ≥ 1. For n = 1, the TEGR is recovered, i.e. f(T ) = T . Then,

we investigated the power-law inflation characterized by the scale factor a(t) ∝ tq where

q > 1. In the Einstein gravity, the power-law inflation arises from the exponential potential

V (φ) ∝ exp
[

−
√

2/q (φ/MP )
]

that is not favored in light of the Planck 2015 data. But,

in our inflationary setting based on f(T )-gravity, if we choose n & 2 then the power-law

inflation can be in agreement with the Planck 2015 results at 68% CL. In our scenario, the

power-law inflation arises from the power-law potential V (φ) ∝ φm where m = 2n/(n− 1).

For n & 2, the power m varies in the range 2 < m . 4. In the standard inflationary model,

the power-law potential with this range of m is not favored according to the Planck 2015

data while in our inflationary model, this potential can be consistent with the observational

data. Interestingly enough, is that the self-interacting quartic potential V (φ) ∝ φ4 which

has special reheating properties, can be consistent with the Planck 2015 data in our f(T )-

gravity scenario while it is ruled out in the standard inflationary setting.

Within the inflationary framework of f(T )-gravity, we also examined the intermedi-

ate inflation with the scale factor a(t) ∝ exp
[

A(MP t)
λ
]

, where A > 0 and 0 < λ < 1.

In the standard inflationary scenario based on the Einstein gravity, the intermediate in-

flation is driven by the inverse power-law potential V (φ) ∝ φ−4(1−λ)/λ that it is not

compatible with the Planck 2015 data. But in our f(T )-gravity model, the potential

responsible for the intermediate inflation takes the power-law form V (φ) ∝ φm where

m=4n (1− λ) / [2n (1− λ) + λ− 2]. We found that for n & 2 and 0 < λ < 2/3, the inter-

mediate inflation driven by the power-law potential in our f(T )-gravity scenario, can be

consistent with the Planck 2015 results.

We further checked the validity of our discussion in the context of the e-folds number

for the power-law and intermediate inflations in our f(T )-gravity model. Using the e-folds

number, we computed the inflationary observables and found that their values are close to

those obtained before by use of the comoving wavenumber.
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[15] N. Okada, V.N. Şenoğuz and Q. Shafi, The Observational Status of Simple Inflationary

Models: an Update, arXiv:1403.6403 [INSPIRE].

[16] M.W. Hossain, R. Myrzakulov, M. Sami and E.N. Saridakis, Variable gravity: A suitable

framework for quintessential inflation, Phys. Rev. D 90 (2014) 023512 [arXiv:1402.6661]

[INSPIRE].

[17] M.W. Hossain, R. Myrzakulov, M. Sami and E.N. Saridakis, Class of quintessential inflation

models with parameter space consistent with BICEP2, Phys. Rev. D 89 (2014) 123513

[arXiv:1404.1445] [INSPIRE].

– 23 –

http://creativecommons.org/licenses/by/4.0/
http://dx.doi.org/10.1016/0370-2693(80)90670-X
http://inspirehep.net/search?p=find+J+"Phys.Lett.,B91,99"
http://dx.doi.org/10.1103/PhysRevD.23.347
http://inspirehep.net/search?p=find+J+"Phys.Rev.,D23,347"
http://dx.doi.org/10.1016/0370-2693(82)91219-9
http://inspirehep.net/search?p=find+J+"Phys.Lett.,B108,389"
http://dx.doi.org/10.1103/PhysRevLett.48.1220
http://inspirehep.net/search?p=find+J+"Phys.Rev.Lett.,48,1220"
http://dx.doi.org/10.1016/0370-2693(83)90837-7
http://inspirehep.net/search?p=find+J+"Phys.Lett.,B129,177"
http://dx.doi.org/10.1016/0370-2693(86)90611-8
http://inspirehep.net/search?p=find+J+"Phys.Lett.,B175,395"
http://dx.doi.org/10.1142/S0217732386000129
http://inspirehep.net/search?p=find+J+"Mod.Phys.Lett.,A1,81"
http://inspirehep.net/search?p=find+J+"JETPLett.,33,532"
http://dx.doi.org/10.1016/0370-2693(82)90373-2
http://inspirehep.net/search?p=find+J+"Phys.Lett.,B115,295"
http://dx.doi.org/10.1016/0370-2693(82)90541-X
http://inspirehep.net/search?p=find+J+"Phys.Lett.,B117,175"
http://dx.doi.org/10.1103/PhysRevLett.49.1110
http://inspirehep.net/search?p=find+"Phys.Rev.Lett.,49,1110"
http://arxiv.org/abs/1502.02114
http://inspirehep.net/search?p=find+EPRINT+arXiv:1502.02114
http://dx.doi.org/10.1016/j.dark.2014.01.003
http://arxiv.org/abs/1508.04760
http://inspirehep.net/search?p=find+EPRINT+arXiv:1508.04760
http://arxiv.org/abs/1403.6403
http://inspirehep.net/search?p=find+EPRINT+arXiv:1403.6403
http://dx.doi.org/10.1103/PhysRevD.90.023512
http://arxiv.org/abs/1402.6661
http://inspirehep.net/search?p=find+J+"Phys.Rev.,D90,023512"
http://dx.doi.org/10.1103/PhysRevD.89.123513
http://arxiv.org/abs/1404.1445
http://inspirehep.net/search?p=find+J+"Phys.Rev.,D89,123513"


J
H
E
P
0
1
(
2
0
1
6
)
1
3
1

[18] M.W. Hossain, R. Myrzakulov, M. Sami and E.N. Saridakis, Evading Lyth bound in models

of quintessential inflation, Phys. Lett. B 737 (2014) 191 [arXiv:1405.7491] [INSPIRE].

[19] C.-Q. Geng, M.W. Hossain, R. Myrzakulov, M. Sami and E.N. Saridakis, Quintessential

inflation with canonical and noncanonical scalar fields and Planck 2015 results,

Phys. Rev. D 92 (2015) 023522 [arXiv:1502.03597] [INSPIRE].

[20] H.A. Buchdahl, Non-linear Lagrangians and cosmological theory, Mon. Not. Roy. Astron.

Soc. 150 (1970) 1 [INSPIRE].

[21] S. Pi and T. Wang, 1/R Correction to Gravity in the Early Universe,

Phys. Rev. D 80 (2009) 043503 [arXiv:0905.3470] [INSPIRE].

[22] Q.-G. Huang, A polynomial f(R) inflation model, JCAP 02 (2014) 035 [arXiv:1309.3514]

[INSPIRE].

[23] M. Rinaldi, G. Cognola, L. Vanzo and S. Zerbini, Inflation in scale-invariant theories of

gravity, Phys. Rev. D 91 (2015) 123527 [arXiv:1410.0631] [INSPIRE].

[24] M. Artymowski, Z. Lalak and M. Lewicki, Inflationary scenarios in Starobinsky model with

higher order corrections, JCAP 06 (2015) 032 [arXiv:1502.01371] [INSPIRE].

[25] L. Sebastiani and R. Myrzakulov, F(R) gravity and inflation,

Int. J. Geom. Meth. Mod. Phys. 12 (2015) 1530003.

[26] A. Unzicker and T. Case, Translation of Einstein’s attempt of a unified field theory with

teleparallelism, physics/0503046 [INSPIRE].

[27] K. Hayashi and T. Shirafuji, New General Relativity, Phys. Rev. D 19 (1979) 3524

[INSPIRE].

[28] R. Ferraro and F. Fiorini, Modified teleparallel gravity: Inflation without inflaton,

Phys. Rev. D 75 (2007) 084031 [gr-qc/0610067] [INSPIRE].

[29] R. Ferraro and F. Fiorini, On Born-Infeld Gravity in Weitzenbock spacetime,

Phys. Rev. D 78 (2008) 124019 [arXiv:0812.1981] [INSPIRE].

[30] P. Wu and H.W. Yu, The dynamical behavior of f(T ) theory, Phys. Lett. B 692 (2010) 176

[arXiv:1007.2348] [INSPIRE].

[31] P. Wu and H.W. Yu, f(T ) models with phantom divide line crossing,

Eur. Phys. J. C 71 (2011) 1552 [arXiv:1008.3669] [INSPIRE].

[32] H. Wei, X.-P. Ma and H.-Y. Qi, f(T ) Theories and Varying Fine Structure Constant,

Phys. Lett. B 703 (2011) 74 [arXiv:1106.0102] [INSPIRE].

[33] K. Karami and A. Abdolmaleki, f(T ) modified teleparallel gravity models as an alternative

for holographic and new agegraphic dark energy models,

Res. Astron. Astrophys. 13 (2013) 757.

[34] K. Karami, A. Abdolmaleki, S. Asadzadeh and Z. Safari, QCD ghost f(T )-gravity model,

Eur. Phys. J. C 73 (2013) 2565 [arXiv:1202.2278] [INSPIRE].

[35] G.R. Bengochea and R. Ferraro, Dark torsion as the cosmic speed-up,

Phys. Rev. D 79 (2009) 124019 [arXiv:0812.1205] [INSPIRE].

[36] R.-J. Yang, Conformal transformation in f(T ) theories, Europhys. Lett. 93 (2011) 60001

[arXiv:1010.1376] [INSPIRE].

[37] R.-J. Yang, New types of f(T ) gravity, Eur. Phys. J. C 71 (2011) 1797 [arXiv:1007.3571]

[INSPIRE].

– 24 –

http://dx.doi.org/10.1016/j.physletb.2014.08.051
http://arxiv.org/abs/1405.7491
http://inspirehep.net/search?p=find+J+"Phys.Lett.,B737,191"
http://dx.doi.org/10.1103/PhysRevD.92.023522
http://arxiv.org/abs/1502.03597
http://inspirehep.net/search?p=find+J+"Phys.Rev.,D92,023522"
http://inspirehep.net/search?p=find+J+"Mon.Not.Roy.Astron.Soc.,150,1"
http://dx.doi.org/10.1103/PhysRevD.80.043503
http://arxiv.org/abs/0905.3470
http://inspirehep.net/search?p=find+J+"Phys.Rev.,D80,043503"
http://dx.doi.org/10.1088/1475-7516/2014/02/035
http://arxiv.org/abs/1309.3514
http://inspirehep.net/search?p=find+J+"JCAP,1402,035"
http://dx.doi.org/10.1103/PhysRevD.91.123527
http://arxiv.org/abs/1410.0631
http://inspirehep.net/search?p=find+J+"Phys.Rev.,D91,123527"
http://dx.doi.org/10.1088/1475-7516/2015/06/032
http://arxiv.org/abs/1502.01371
http://inspirehep.net/search?p=find+J+"JCAP,1506,032"
http://dx.doi.org/10.1142/S0219887815300032
http://arxiv.org/abs/physics/0503046
http://inspirehep.net/search?p=find+EPRINT+physics/0503046
http://dx.doi.org/10.1103/PhysRevD.19.3524
http://inspirehep.net/search?p=find+J+"Phys.Rev.,D19,3524"
http://dx.doi.org/10.1103/PhysRevD.75.084031
http://arxiv.org/abs/gr-qc/0610067
http://inspirehep.net/search?p=find+J+"Phys.Rev.,D75,084031"
http://dx.doi.org/10.1103/PhysRevD.78.124019
http://arxiv.org/abs/0812.1981
http://inspirehep.net/search?p=find+J+"Phys.Rev.,D78,124019"
http://dx.doi.org/10.1016/j.physletb.2010.07.038
http://arxiv.org/abs/1007.2348
http://inspirehep.net/search?p=find+J+"Phys.Lett.,B692,176"
http://dx.doi.org/10.1140/epjc/s10052-011-1552-2
http://arxiv.org/abs/1008.3669
http://inspirehep.net/search?p=find+J+"Eur.Phys.J.,C71,1552"
http://dx.doi.org/10.1016/j.physletb.2011.07.042
http://arxiv.org/abs/1106.0102
http://inspirehep.net/search?p=find+J+"Phys.Lett.,B703,74"
http://dx.doi.org/10.1088/1674-4527/13/7/001
http://dx.doi.org/10.1140/epjc/s10052-013-2565-9
http://arxiv.org/abs/1202.2278
http://inspirehep.net/search?p=find+J+"Eur.Phys.J.,C73,2565"
http://dx.doi.org/10.1103/PhysRevD.79.124019
http://arxiv.org/abs/0812.1205
http://inspirehep.net/search?p=find+J+"Phys.Rev.,D79,124019"
http://dx.doi.org/10.1209/0295-5075/93/60001
http://arxiv.org/abs/1010.1376
http://inspirehep.net/search?p=find+J+"Europhys.Lett.,93,60001"
http://dx.doi.org/10.1140/epjc/s10052-011-1797-9
http://arxiv.org/abs/1007.3571
http://inspirehep.net/search?p=find+"Eur.Phys.J.,C71,1797"


J
H
E
P
0
1
(
2
0
1
6
)
1
3
1

[38] P. Wu and H.W. Yu, Observational constraints on f(T ) theory,

Phys. Lett. B 693 (2010) 415 [arXiv:1006.0674] [INSPIRE].

[39] E.V. Linder, Einstein’s Other Gravity and the Acceleration of the Universe,

Phys. Rev. D 81 (2010) 127301 [arXiv:1005.3039] [INSPIRE].

[40] G.R. Bengochea, Observational information for f(T) theories and Dark Torsion,

Phys. Lett. B 695 (2011) 405 [arXiv:1008.3188] [INSPIRE].

[41] K. Bamba, C.-Q. Geng, C.-C. Lee and L.-W. Luo, Equation of state for dark energy in f(T )

gravity, JCAP 01 (2011) 021 [arXiv:1011.0508] [INSPIRE].

[42] R. Myrzakulov, Accelerating universe from F(T) gravity, Eur. Phys. J. C 71 (2011) 1752

[arXiv:1006.1120] [INSPIRE].

[43] Y. Zhang, H. Li, Y. Gong and Z.-H. Zhu, Notes on f(T ) Theories, JCAP 07 (2011) 015

[arXiv:1103.0719] [INSPIRE].

[44] K. Bamba and C.-Q. Geng, Thermodynamics of cosmological horizons in f(T ) gravity,

JCAP 11 (2011) 008 [arXiv:1109.1694] [INSPIRE].

[45] R.-X. Miao, M. Li and Y.-G. Miao, Violation of the first law of black hole thermodynamics in

f(T ) gravity, JCAP 11 (2011) 033 [arXiv:1107.0515] [INSPIRE].

[46] K. Karami and A. Abdolmaleki, Generalized second law of thermodynamics in f(T)-gravity,

JCAP 04 (2012) 007 [arXiv:1201.2511] [INSPIRE].

[47] M. Hamani Daouda, M.E. Rodrigues and M.J.S. Houndjo, Reconstruction of f(T) gravity

according to holographic dark energy, Eur. Phys. J. C 72 (2012) 1893 [arXiv:1111.6575]

[INSPIRE].

[48] B. Li, T.P. Sotiriou and J.D. Barrow, Large-scale Structure in f(T) Gravity,

Phys. Rev. D 83 (2011) 104017 [arXiv:1103.2786] [INSPIRE].

[49] S. Nesseris, S. Basilakos, E.N. Saridakis and L. Perivolaropoulos, Viable f(T ) models are

practically indistinguishable from ΛCDM, Phys. Rev. D 88 (2013) 103010

[arXiv:1308.6142] [INSPIRE].

[50] J.B. Dent, S. Dutta and E.N. Saridakis, f(T) gravity mimicking dynamical dark energy.

Background and perturbation analysis, JCAP 01 (2011) 009 [arXiv:1010.2215] [INSPIRE].

[51] S.-H. Chen, J.B. Dent, S. Dutta and E.N. Saridakis, Cosmological perturbations in f(T)

gravity, Phys. Rev. D 83 (2011) 023508 [arXiv:1008.1250] [INSPIRE].

[52] R. Zheng and Q.-G. Huang, Growth factor in f(T ) gravity, JCAP 03 (2011) 002

[arXiv:1010.3512] [INSPIRE].

[53] Y.-F. Cai, S.-H. Chen, J.B. Dent, S. Dutta and E.N. Saridakis, Matter Bounce Cosmology

with the f(T) Gravity, Class. Quant. Grav. 28 (2011) 215011 [arXiv:1104.4349] [INSPIRE].

[54] K. Izumi and Y.C. Ong, Cosmological Perturbation in f(T) Gravity Revisited,

JCAP 06 (2013) 029 [arXiv:1212.5774] [INSPIRE].

[55] A. Behboodi and K. Nozari, Braneworld Cosmological Perturbations in Teleparallel Gravity,

Phys. Lett. B 750 (2015) 601 [arXiv:1505.06572] [INSPIRE].

[56] A. Behboodi, S. Akhshabi and K. Nozari, Scalar perturbation potentials in a homogeneous
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