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ABSTRACT: We study inflation in the framework of f(7')-gravity in the presence of a canon-
ical scalar field. After reviewing the basic equations governing the background cosmology
in f(T)-gravity, we turn to study the cosmological perturbations and obtain the evolution-
ary equations for the scalar and tensor perturbations. Solving those equations, we find
the power spectra for the scalar and tensor perturbations. Then, we consider a power-law
f(T) function and investigate the inflationary models with the power-law and intermediate
scale factors. We see that in contrast with the standard inflationary scenario based on
the Einstein gravity, the power-law and intermediate inflationary models in f(7T')-gravity
can be compatible with the observational results of Planck 2015 at 68% CL. We find that
in our f(T') setting, the potentials responsible for the both power-law and intermediate
inflationary models have the power-law form V(¢) o ¢ but the power m is different for
them. Therefore, we can refine some of power-law inflationary potentials in the frame-
work of f(T')-gravity while they are disfavored by the observational data in the standard
inflationary scenario. Interestingly enough, is that the self-interacting quartic potential
V(¢) o ¢* which has special reheating properties, can be consistent with the Planck 2015
data in our f(7T) scenario while it is ruled out in the standard inflationary scenario.
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1 Introduction

Inflationary scenario was proposed to overcome some of the basic problems of the Hot
Big Bang cosmology such as the flatness problem, the horizon problem and also the mag-
netic monopole problem [1-7]. In addition, growth of the perturbations seeded during
inflationary era can successfully explain the large-scale structure (LSS) formation as well
as the anisotropy observed in the cosmic microwave background (CMB) radiation [8-11].
Therefore, applying the experimental results from LSS and CMB radiation, we are able to
obtain useful information about the inflationary stage of the universe. Important observa-
tional results are represented by the Planck 2015 collaboration [12] that they are obtained
from probing of the CMB radiation anisotropies in both temperature and polarization.
Using these observational results, we can distinguish viable inflationary models and also
constrain them.

In inflation theory, a rapid accelerating expansion is considered before the radiation
dominated era. In the standard inflationary scenario, a canonical scalar field is regarded in
the framework of Einstein’s general relativity (GR) to explain the accelerating expansion of
the inflationary era. Viability of different inflationary models in the framework of standard
inflationary scenario in light of observational results has been extensively investigated in
the literature [13-19]. However, there are other inflationary models represented on the base
of extended theories of gravity. One important class of this category includes the models
based on f(R)-gravity in which the Ricci curvature scalar R in the action is replaced by an
arbitrary function of f(R) [20]. The well-known instance for this class is the Starobinsky R?
inflation [1] which is the first inflationary model and it is based on addition of the term R?
to the Einstein-Hilbert term R in the action. Although this model is the first inflationary
model, it is in well agreement with the experimental data as it has been demonstrated
by the Planck 2015 collaboration [12]. In order to find other inflationary models in the
framework of f(R)-gravity see [21-25].



Another important class of the inflationary models based on the extended theories
of gravity includes the models founded on the teleparallel gravity (TG) and its extension,
f(T)-gravity. TG was originally proposed by Einstein [26] in an attempt of unifying gravity
and electromagnetism. Later, Einstein left TG because it failed in the attempt of this uni-
fication and also the curvature tensor of the Weitzenbock connection vanishes. It has been
shown that TG can provide an alternative for GR [27]. Then, the idea of the teleparallel
equivalent to general relativity (TEGR) was developed. Subsequently, the TEGR was gen-
eralized to f(7T)-gravity by replacing a general f(7') function instead of the torsion scalar
T in the action [28, 29]. The basic variables in f(T')-gravity are the tetrad fields e;, where
the Weitzenbock connection instead of the Levi-Civita connection is used to define the
covariant derivative. Consequently, the spacetime has no curvature but contains torsion.
The main advantage of f(7") theory is the fact that its field equations are second order
which are significantly simpler than the fourth order equations of f(R)-gravity [30-34].
Although, the models based on f(7T')-gravity can be regarded as an alternative to f(R)
theories [35], in contrast with f(R) scenario, f(T')-gravity is not dynamically equivalent to
teleparallel action plus a scalar field via conformal transformation [36].

Recently, f(T')-gravity has aroused a great interest in cosmological applications. At
first, f(7T')-gravity was proposed as models for inflation [28, 29]. Then, models based on
f(T)-gravity was considered to describe the present accelerating expansion of the universe
without resorting to dark energy (DE) [30-43]. Also, thermodynamics of f(T')-gravity
models has been investigated in [44-46]. Reconstructing of f(7") theories equivalent to
models based on scalar fields is subject of [47]. LSS formation in the framework of f(T)-
gravity has been regarded in [48, 49]. Cosmological perturbations in f(7")-gravity has been
studied in [50-56]. Also, recently, some inflationary models in the framework of f(T)-
gravity have been investigated in [57-60].

In the present work, we focus on the study of inflation in the framework of f(7T')-gravity
in the presence of a canonical scalar field. We choose a power-law form for f(7") function
in the action and then investigate inflationary models with the power-law and intermediate
scale factors in our setting. The power-law inflation is specified by the scale factor a(t) o ¢4
where ¢ > 1, and in the standard inflationary scenario based on a canonical scalar field
in the framework of Einstein gravity, it is driven by an exponential potential which is not
consistent with the observational results, as it has been shown in [14, 61]. Besides, the
intermediate inflation is characterized by the scale factor a(t) o« exp [A(M pt)/\] where
A>0and 0 < A <1 and it arises from an inverse power-law potential in the standard
inflationary scenario [62-64], that it is not favored by the Planck 2015 data, as it has been
discussed in [14, 64]. In the present work, our main goal is to refine these inflationary
models in light of Planck 2015 results in the framework of f(T')-gravity. To this aim, first
we review the background cosmological consequences of f(T')-gravity and we will consider
them in the slow-roll approximation to find the inflationary potentials responsible for these
models. Then, we will study the cosmological perturbations to obtain the power spectra
for the scalar and tensor perturbations. This makes it possible for us to check the viability
of our model in comparison with the observational data.



This paper is organized as follows. In section 2, we review the basics equations for the
cosmological background evolution in f(T')-gravity. In section 3, we study the cosmological
perturbations theory in f(7")-gravity and obtain the scalar and tensor power spectra. Then,
in sections 4 and 5, we investigate the power-law and intermediate inflationary models,
respectively, in the framework of f(7T)-gravity. Finally in section 6, we summarize the
concluding remarks.

2  f(T)-gravity

In this section, we provide a brief review on the basic equations for background cosmological
evolution in f(7T)-gravity. Generalizing the TEGR, we consider the action of f(T')-gravity
as [28, 29]
M2
I= 2P/d4xe F(T) + L), (2.1)

where Mp = 1/v/87nG is the reduced Planck mass and Ly is the scalar field Lagrangian.
Also, e = det(ez) = /—g where ez is the vierbein field which is used as a dynamical object
in TG.

For a spatially flat FRW universe, the modified Friedmann equations in f(7')-gravity
read [30-34]

1

H?> = — 2.2

H+§H2——i( + pg) (2.3)
2 T Toap PR '

where H = a/a is the Hubble parameter and ps and p, stand for the energy density
and pressure of the scalar field, respectively. Also, pr and pp are the energy density and
pressure due to the torsion contribution, respectively, and they are defined as

2

pr = % Qrfr—f-1), (24)
>

pr = *% [*8HTf,TT + <2T74H> fr— f+4H*T] - (2.5)

Here f7 = df /dT'. For a spatially flat FRW metric, the torsion scalar has a relation with
the Hubble parameter as [30-34]
T=—6H? (2.6)

Note that in the case of f(T') = T, eqgs. (2.4) and (2.5) yield pr = 0 and pr = 0 so that
egs. (2.2) and (2.3) transform to the usual Friedmann equations in the TEGR.

The torsion and scalar field energy densities, independently, satisfy the conservation
equations as

pr + 3H (pr + pr) =0,
po +3H (pg + pg) = 0.



In this paper, we assume that the matter content of the universe to be a canonical
scalar field. Therefore, the energy density and pressure of the scalar filed, respectively, are
given by

po = 5B +V(9) (2.9)

po = 58~ V(9), (2:10)

where ¢? /2 and V(¢) are the kinetic energy and potential of the scalar field, respectively.
Substituting pg and pg from the above equations into the conservation equation (2.8) leas
to the evolution equation of the scalar field as

$+3H$+ V=0, (2.11)

where V4 = dV/d¢. Notice that in f(7)-gravity, the set of equations containing the Fried-
mann equations (2.2) and (2.3), and the evolution equation governing the scalar field (2.11)
are not independent of each other. Taking the time derivative of eq. (2.2) and using (2.11),
one can get the second Friedmann equation (2.3). Also, from definitions (2.4) and (2.5)
one can obtain eq. (2.7). In what follows, we take the set of egs. (2.2) and (2.11), which
can uniquely determine the dynamics of the universe.

In the present work, we are interested in investigating inflation in the framework of
f(T)-gravity. To this aim, it is useful to define the Hubble slow-roll parameters as

H
g1 = —m, (212)
é.
iyl = H; (2.13)
(2

From definition (2.12) it is evident that in order to have inflation (¢ > 0), we should
have e; < 1. Therefore, dependent on whether the first Hubble slow-roll parameter £ be
a decreasing function or an increasing function during inflation, we can use the relation
€1 = 1 to determine the initial time or the end time of inflation, respectively [65].

The scalar field responsible for inflation is called “inflaton”. During the inflationary
era, variation of the inflaton ¢ is very slow. Also, during this era, the Hubble parameter H
changes slowly so that we have a quasi-de Sitter expansion. These facts allow us to apply
the slow-roll conditions ¢? < V(¢) and ‘(;5‘ < ‘BH d>|, |V¢‘ in study of inflation. In the
slow-roll approximation, eqs. (2.2), (2.4) and (2.11) can be combined to give

2
V=P (f-2Tf), (2.14)
¢* = —2MpH (fr +2Tfrr) . (2.15)

Note that for a given f(7') and scale factor a(t), with the help of egs. (2.14) and (2.15), one
can find the evolutionary behaviors of the inflationary potential V' and the inflaton ¢ with

respect to the cosmic time t. Then, one can combine the results to specify the inflationary
potential V' (¢).



3 Cosmological perturbations in f(7')-gravity

In this section, we focus on the study of cosmological perturbations in the framework of
f(T)-gravity when a canonical scalar field is present. We work in the longitudinal gauge
which only involves scalar-type metric fluctuations as [66]

ds® = (1+2®) dt* — a*(t) (1 — 20) da?. (3.1)

Here, as usual, two functions ® and ¥ are used to characterize the scalar perturbations
of the metric. We assume that the anisotropic stress vanishes and thus W = & which is
widely found in the standard theory of cosmological perturbations [66]. If we combine the
perturbation equations obtained in [53], then we can get the complete form of the equation
of motion for one Fourier mode ®; with the comoving wavenumber k as

. . k2
Oy + ady, + 420y + ciﬁ@k =0, (3.2)

where the functions «, p and cg are respectively the frictional term, the effective mass, and
the sound speed parameter and they are defined as [53]

2V, 36HH (frr —4H*frr7)

o= TH+ fr—12H2fpr ' (33)
. 2HV, 36HH (frr—4H?frrr)
2 2 »¢ ’ ?
H 6 + + f,T _ 12H2f,TT (3 )
2 frr (3.5)

s = fr— 12H2f,TT'

Moreover, if we use the Friedmann equation (2.3) and the evolution equation (2.11) for the
scalar field, then we can rewrite eq. (3.2) as

. HY . . HH 2);2

a?

This is the equation of motion for the gravitational potential ® in f(7')-gravity in the
presence of a canonical scalar field. We see that this equation is identical with the one
in the standard Einstein gravity [66], except the new sound speed parameter ¢, has been
introduced.

In order to examine the evolution of perturbations, it is appropriate to work with
gauge-invariant variables in order to the result be independent of the coordinate system.
In the theory of cosmological perturbations, we often use the gauge-invariant variable ¢
denoting the curvature perturbation in comoving coordinates, to specify the cosmological
inhomogeneities [66]. Following [53], we assume that the form of { is the same as that
defined in the standard cosmological perturbation theory that it is given by

g:@—g(dﬂrch). (3.7)



Using the above equation together with eq. (3.6), we can obtain

_ HJZk?
= e

Ck Py (3.8)
For the case of a generic expanding universe Ck approaches zero at large length scales,
k — 0, because the dominant mode of @}, is approximately constant. Now, we define the
canonically normalized variable

v = zs(, (3.9)
where
zs = av/2e1Mp, (3.10)

and e; is the first Hubble slow-roll parameter defined in eq. (2.12). Using
egs. (3.7), (3.8), (3.9) and (3.10), we reach the equation of motion for the scalar per-
turbations as

vy + 21{:2—2—;/ =0 3.11
k Cs P UV =V, ( )

where the prime denotes the derivative with respect to the conformal time 7 = [ dt/a. If
the sound speed is equal to the light speed, i.e. ¢s = 1, then the above equation becomes the
well-known “Mukhanov-Sasaki equation” governing the evolution of scalar perturbations
in the standard Einstein gravity [66]. The above equation is similar to the equation of
motion for the scalar perturbations in the k-inflation scenario in which a non-canonical
kinetic term in the action drives an inflationary evolution [67]. This similarity provides
us to follow the approach applied in [68] to solve eq. (3.11) and find the spectrum of the
variable ( = v/zs. This variable can be used to describe the scalar perturbations since it
is directly related to the gravitational potential ® by eq. (3.7). The gravitational potential
® in turn is related to the scalar perturbations that lead to the LSS formation and the
fluctuations of the CMB radiation temperature. Specifically, the fluctuations of the CMB
radiation temperature in large angular scales are expressed as §7 /T ~ ®/3 [66].

During slow-roll inflation, the Hubble rate H, the sound speed c¢s and the first Hubble
slow-roll parameter ¢; change much slower than the scale factor a. Thus, from (3.10) we
have 2 /z, =~ a""/a ~ 2(aH)?. At sufficiently early times, the physical wavelength of the
perturbation a/k is much smaller than the “sound horizon” c¢,H~! and hence the short
wavelength limit condition csk > aH is valid. In this limit, we can neglect the term z7/zg
versus the term c2k? in eq. (3.11). Also, we note that the fluctuation corresponds to a free
scalar propagating in a flat spacetime, and naturally the initial condition takes the form of
the Bunch-Davies vacuum [69]. Therefore, eq. (3.11) can be easily solved to give the short

wavelength solution
e—ics kT

V2e.k’

On the other hand, when the perturbations cross the sound horizon outward it, the term

v = (csk > aH). (3.12)

2" /zs begins to dominate over the term c2k? in eq. (3.11). Consequently, eq. (3.11) gives
rise to the long wavelength solution

v = Crz, (csk < aH), (3.13)



where C} is a constant. To find the constant Cj, following [68], we match the solu-
tions (3.12) and (3.13) at the moment of the sound horizon exit for which c;k = aH,

and consequently we will have
1

Chl? = ——.
Cl 2¢gkz2

(3.14)

Therefore, using egs. (3.9) and (3.10), we obtain the power spectrum for the scalar pertur-
bations in the framework of f(7T')-gravity as

P. = k’im? _ K __ 7 (3.15)
* T 22 212 22 - 8m2Mpcier |, un’ '

which should be evaluated at the sound horizon exit specified by ¢k = aH. This equation
reduces to the standard result for slow-roll inflation if the sound speed is equal to the light
speed (cs = 1).

The scalar spectral index is defined as

- :dlnps
M T S Tk

(3.16)

Since during slow-roll inflation, the Hubble parameter H and the sound speed ¢, are almost
constant, therefore using the relation c¢sk = aH that is valid at the sound horizon exit, we
can obtain the relation

dnk ~ Hdt. (3.17)

Using egs. (2.12), (2.13), (3.15), (3.16) and (3.17), we can obtain
n8:1—281—€2—3851, (3.18)

where we have defined the sound speed slow-roll parameters as

Cs

681 = Hc ] (3.19)
_ ési
Es(i—i—l) = Hgsi . (320)

Furthermore, using egs. (2.13), (3.17), (3.18), (3.19) and (3.20), we can obtain an expression
for the running of the scalar spectral index as

d
dlzsk = —28162 — E9&3 — 3651652. (3.21)

If the sound speed is constant then the sound speed slow-roll parameters in eqs. (3.18)
and (3.21) vanish and we recover the expressions for the scalar spectral index and the
running of the scalar index that we expect in the standard inflationary scenario.

Now we turn to study the tensor perturbations in f(7")-gravity. According to [51], the
equation governing the tensor perturbation h;; can be obtained as

.. . 2 .
hij + 3Hhij — %hi]’ + ’}/hij =0, (3.22)



where we have defined the parameter v as

T
=t (3.23)
fr
The tensor perturbation h;; is symmetric, transverse and traceless, i.e.
hij = hji, 8'hij =0, hy =0, (3.24)

Due to these constraints, the tensor perturbation h;; has only two degrees of freedom which
correspond to two polarizations of gravitational waves. We label the polarization state by r
and for each state we can write h;;(t, z) as a scalar field A" (¢, 2) multiplied by a polarization
tensor &;; which is constant in space and time. Thus, the Fourier transformations of the
tensor perturbation is given by

- dSk r r Likx
hij(t, @) = 2/(%)3/2}1 (t, k) & ™. (3.25)

Using the above relation in eq. (3.22), we get

rr LT kQ r
h"+ (3H+~)h +¥h =0. (3.26)
Applying the relation dr = dt/a in the above equation yields
22, k?
W i o =, (3.27)
Zt a

where the parameter z; is defined as it satisfies the differential equation
Zt i

—=H+ —. 3.28

. +3 (3.28)

The solution of this differential equation is

% = aexp (/ % dt> . (3.29)

If we define the canonically normalized field

o = %hTMp, (3.30)
then eq. (3.27) gives rise to
"
v + </<:2 — Zt) v = 0. (3.31)
2t

Following the same procedure used for the scalar perturbations, we can find the asymptotic
solutions of eq. (3.31) and then we match the solutions at the horizon exit specified by
k = aH. In this way, we get the tensor power spectrum in the framework of f(T')-gravity as

20> H?

Pr=2Py =

3.32
MEE | (3:32)

k=aH

which is sum of the power spectra P}, for two polarization modes of h;;.



Here, we introduce the tensor-to-scalar ratio defined as
Py
Ps ’

The tensor-to-scalar ratio is an important inflationary observable that is strictly constrained

r (3.33)

by the Planck 2015 observational data [12]. Hence, it can be used to distinguish viable
inflationary models in light of the observational results. Another inflationary observable is
the tensor spectral index defined as

_ dIn Py
=k

that specifies the scale dependence of the tensor power spectrum. The accuracy of current

(3.34)

experimental devices is not adequate to measure the tensor spectral index but we may be
able to determine it in the future.

In order to obtain a simpler relation for the tensor power spectrum in our f(7')-gravity
model, it is convenient to define the parameter

il
0= —. 3.35
5H (3.35)
If § < 1 then we can neglect the term 7/2 relative to the Hubble parameter H in eq. (3.28)
and therefore the resulting equation yields the standard solution z; = a. Consequently,

eq. (3.32) reduces to the standard expression for the tensor power spectrum in the frame-
work of Einstein gravity as

2H?

20/2 :
T Mp | —om

This relation must be calculated at the time of horizon crossing for which k& = aH. This

P, = (3.36)

time is not exactly the same as the time of sound horizon crossing for which csk = aH,
but to lowest order in the slow-roll parameters this difference is negligible [68]. Therefore,
using egs. (3.15), (3.33) and (3.36), the tensor-to-scalar ratio is obtained as

r=16ce. (3.37)
Also, using egs. (2.12), (3.17), (3.34) and (3.36), we can obtain the tensor spectral index as
ny = —2¢;. (3.38)

From eqs. (3.37) and (3.38), we conclude that the inflationary observables are not indepen-
dent and there is a so-called “consistency relation” between them as

r=—8¢c3n,. (3.39)
For the case of ¢, = 1, this equation turns into the conventional consistency relation
r = —8ny being valid in the standard inflationary framework based on the Einstein gravity.

We see that the consistency relation in f(7')-gravity is different from the usual one in
the standard inflationary model and therefore, in principle, inflation in f(7')-gravity is
phenomenologically distinguishable from the standard inflationary model based on the
Finstein gravity.



4 Power-law inflation in f(T)-gravity

In the previous section, we studied the cosmological perturbations in the framework of
f(T)-gravity and obtained the expressions for the inflationary observables. In this section,
we will apply the obtained results for the power-law inflation. It has been shown that in the
standard inflationary setting, the power-law inflation is driven by an exponential potential
which is not favored in light of the recent observational data [14, 61]. This motivates us to
check viability of the power-law inflation in comparison with the Planck 2015 data in the
framework of f(T)-gravity.

We consider the f(T") function in the action (2.1) to have the power-law form [30, 39]

T n
=1 (g ) (4.1
0
where T and n are constant. In the case of n = 1, eq. (4.1) recovers the TEGR, i.e.
f(T) =T. From eq. (3.5), we see that the f(7') model (4.1) leads to a constant sound
speed as
1
2
= . 4.2
ST o1 (4.2)
Here, due to having a physical speed of scalar perturbations, the sound speed should be

real and subluminal, i.e. 0 < ¢2 < 1 [70]. This limits the parameter n to be in the range of
n > 1. In addition, from eq. (4.2) the sound speed slow-roll parameters (3.19) and (3.20)
vanish in our f(T')-gravity model (4.1).

In this section, we focus on the power-law inflation with the scale factor

alt) = a; (t)q (4.3)

where ¢ > 1 is a constant parameter and a; is the scale factor of the universe at the initial
time of inflation ¢;. Throughout this paper, we normalize the scale factor of the universe
relative to its value at the present time so that ag = 1. It should be noted that there is not
a certain value for a; and ¢; because from Linde’s idea of eternal inflation [6, 7], we infer
that the initial conditions of inflation are uncertain.

The power-law scale factor (4.3) yields the Hubble parameter as

H= % (4.4)
Also, the first Hubble slow-roll parameter (2.12) becomes
1
€1 = —, 4.5
1=y (4.5)

which is constant and hence the other Hubble slow-roll parameters vanish. Since the first
slow-roll parameter is constant and cannot reach unity, then inflation never ends and it is
needed to introduce an additional reheating process to the final stages of inflation to make
exit from the inflationary phase possible for this model. However, in [61] the authors has
shown that invoking a non-canonical scalar fields can resolve this central drawback of the
power-law inflation.

,10,



Within the framework of f(7") model (4.1), we are interested in determining the form
of the inflationary potential for the power-law inflation (4.3). For the case of n = 1 which
corresponds to the TEGR, i.e. f(T) = T, egs. (2.14) and (2.15) yield the potential and
scalar field with respect to time as

3¢ 4
V(t) - (Mpt)ZMP’ (4.6)
¢(t) = \/2qIn (Mpt) Mp, (4.7)

respectively. Eliminating ¢ in the above equations, we find the inflationary potential as
_/2(_ o
V(6) = q2e V(i) ah, (4.8)

which is the familiar result that we expect in the standard inflationary framework based
on the Einstein gravity [14, 61].
Moreover, for n > 1, from eqgs. (2.14) and (2.15) we obtain

(2n-1) (-T, 6¢%> \"
V() = = (M}S) (_T0t2> M, (4.9)
n/2 n(2n — n—1
o) = 22D (L (4.10)

respectively. Combining the two above equations, we obtain the inflationary potential
driving the power-law inflation in our f(7')-gravity framework as

¢ m
= — 4.11
v =v(5r) (4.11)
where the parameters of m and Vj are given by

2
m= " (4.12)

n—1

— 2 " —
=g <(n4nq1) ) (MT;) ) b (4.13)

As we see, in our f(T')-gravity scenario with n > 1, the potential corresponding to the

power-law inflation has a power-law form that this class of potentials includes the simplest
chaotic inflationary models [5], in which inflation starts from large values for the inflaton,
¢ > Mp.

The scalar power spectrum in our f(7") model (4.1) with n > 1 is obtained from
eq. (3.15) as
_ P@en -1

Ps(t) = = It (4.14)

csk=aH
As we mentioned before, the power spectrum of the scalar perturbations should be evalu-
ated at the sound horizon exit. Applying the relation c;k = aH, we specify the time of the

1
1k -1
ty = | — 20— . 4.15

(az‘Q\/?n— 1) (4.15)

sound horizon exit as

— 11 —



Replacing this into eq. (4.14) gives the scalar power spectrum in terms of the comoving
wavenumber k as

Ps(k) =

(2n —1)*¢° (aiqv% - 1) q%l, (4.16)

8m2 M3 t7k
We see that in our f(T') scenario, like the standard inflationary scenario, the power-law
inflation leads to a power-law power spectrum for the scalar perturbations. Therefore, we
can easily calculate the scalar spectral index from eq. (3.16) as

e —1— (1_21 (4.17)
which does not have scale dependence so that it gives rise to a vanishing running of the
scalar spectral index, dng/dInk = 0, which is in agreement with the Planck 2015 observa-
tional data at 68% CL [12]. Also, the above result does not depend on the parameter n
and hence, the scalar spectral index in our f(7') model is the same as one in the standard
inflationary scenario.

Here, we are interested in investigating the tensor perturbations for the power-law
inflation in our f(7") model. First, we calculate the parameter ¢ from eq. (3.35) and obtain

n—1
-

We see that if ¢ > n — 1 then § < 1. We assume this condition to be valid and we will
verify it later in the present section. This assumption allows us to use eq. (3.36) for the

5 =

(4.18)

tensor power spectrum that it leads to

2 2
Pi(t) = a

= (4.19)

k=aH
We must calculate this at the time of horizon exit specified by the relation k = aH as
1
t = (ﬁ]c) o (4.20)
aiq
Substituting eq. (4.20) into eq. (4.19) gives
9 2
Pyk) = 24 (ai‘-’> o (4.21)

w2 M2\ tlk

With the help of above relation, eq. (3.34) gives a scale-invariant tensor spectral index as

2

- (4.22)

nyg =
We note that the tensor spectral index, like the scalar spectral index, does not depend
on the parameter n and therefore, it is identical to the one for the standard inflationary
scenario. Also, using egs. (4.16) and (4.21) in definition (3.33), we find the tensor-to-scalar

ratio as
16

—_— (4.23)
q(2n — 1)2@-1

r =
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Figure 1. Prediction of the power-law inflation in f(7")-gravity in r — ns plane in comparison with
the Planck 2015 results. The black lines indicate the predictions of the power-law inflation (4.3) in
our f(T) model (4.1) with different values of n. The marginalized joint 68% and 95% CL regions
of Planck 2013, Planck 2015 TT+lowP and Planck 2015 TT,TE,EE+lowP data [12] are specified
by grey, red and blue, respectively. The case of n = 1 denotes the model f(T) = T corresponding
to the TEGR.

Now, we can use eqs. (4.17) and (4.23) to plot the prediction of the power-law inflation
in the f(7') model (4.1) in 7 — ng plane. The plot is demonstrated in figure 1 for different
values of the parameter n while the parameter ¢ is varying. Also, the marginalized joint
68% and 95% CL regions allowed by the Planck 2015 data [12] have been specified in the
figure. We see that in contrary to the case of the TEGR (n = 1), in our f(7') model (4.1)
with n 2 2, the prediction of the power-law inflation (4.3) can lie inside the 68% CL region
of Planck 2015 TT,TE,EE+lowP data [12]. Therefore, we conclude that in f(7')-gravity,
the plower-law inflation can be resurrected in light of the Planck 2015 observational results.

Here, we check validity of the assumption 0 < 1 that we made before to use eq. (3.36)
for the tensor power spectrum. From eq. (4.17), we see that a favored value for the
scalar spectral index according to Planck 2015 TT,TE,EE+lowP data at 68% CL (ns; =
0.9644 £ 0.0049) [12], is obtained for g ~ 57. Now, if we take ¢ ~ 57 then from eq. (4.18)
for n = 2, 3 and 4, we obtain § ~ 0.02, 0.04 and 0.05 which satisfy the condition § < 1
and consequently our assumption is valid.

In eq. (4.11) we found that the inflationary potential responsible for the power-law
inflation in our f(7") scenario has a power-law form. From eq. (4.12) we see that for n = 2
the power m for the inflationary potential varies in the range 2 < m < 4. In the standard
inflationary, the power-law potential (4.11) with a power in this range, is not favored by
Planck 2015 TT,TE,EE+lowP data [12], as it has been shown in [14]. But we see that
in our f(7T') inflationary model, the power-law potential (4.11) with 2 < m < 4 can be
consistent with Planck 2015 TT,TE,EE+lowP data [12] at 68% CL. Interestingly enough,
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is that in our model, we can refine the self-interacting quartic potential V' (¢) oc ¢* which
has special reheating properties [71, 72]. This potential in our model corresponds to n = 2
that can be compatible with the Planck 2015 results at 68% CL while it is ruled out in the
standard inflationary scenario [14]. In [73, 74], the authors have investigated some ideas to
improve the prediction of the quartic potential in comparison with the observational data.

In the following, we estimate the inflationary observables in our model explicitly. We
choose n = 2 and ¢ = 57. As a result, from eq. (4.17), we find the scalar spectral index
as ng = 0.9643 that is in agreement with Planck 2015 TT,TE,EE+lowP data at 68% CL
(ns = 0.9644 £ 0.0049) [12]. Also, using eq. (4.23), we see that our model predicts the
tensor-to-scalar ratio as r = 0.0530 which lies inside the 68% CL region of Planck 2015
TT,TE,EE+lowP data [12] (see figure 1). From eq. (4.22), the tensor spectral index is
obtained as m; = —0.0357 which satisfies the consistency relation (3.39). The current
experimental devices are not sufficiently accurate to measure the tensor spectral index ny
with a suitable accuracy and the predicted value for this observable can be checked by
more precise measurements in the future.

In the remaining of this section, we turn to check the validity of our discussion in the
context of the e-folds number from the end of inflation. The e-folds number is used to
express the amount of inflation and is defined as

N=In (%> ; (4.24)

a

where a. is the scale factor at the end of inflation. This definition is equivalent to
dN = —Hdt. (4.25)

The CMB anisotropies correspond to the perturbations whose wavelengths crossed the
Hubble radius around N, = 50 — 60 before the end of inflation [72, 75]. This result can be
obtained with the assumption that during inflationary era, a slow-roll inflation has occurred
that it leads to a quasi-de Sitter expansion of the universe with H ~ constant. Furthermore,
evolution of the universe after inflation is assumed to be governed by the standard model
of cosmology. In the present work, we have used these two assumptions, hence we can take
the e-folds number corresponding to the horizon crossing as N, =~ 50 — 60 from the end
of inflation. Since inflation with the power-law scale factor (4.3) cannot end by slow-roll
violation, we follow the logic of [13] and introduce an extra parameter t. related to the
time in which an unspecified reheating mechanism is triggered to end of inflation. Now,
we can solve the differential equation (4.25) for the power-law scale factor (4.3) and get

t = tee N, (4.26)

where we have used the initial condition N, = N(t.) = 0 from eq. (4.24).
Substituting eq. (4.26) into (4.14), one can get the scalar power spectrum in terms of
the e-folds number as

_1)3/23
Py(N) = MQQN/Q (4.27)
8m2(Mpt,)?
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To find an expression for the scalar spectral index ng, we note that in the relation a H = ¢k,
the Hubble parameter H is approximately constant during slow-roll inflation, and also the
sound speed c¢; is constant for our f(7T')-gravity model. Consequently, by use of eq. (4.25),
we will have

dlnk ~ —dN, (4.28)

which is valid around the sound horizon exit. Therefore, using eqs. (4.27) and (4.28)

in (3.16), we obtain

2
ne—=1-2 4.29
. (4.29)

which is independent of the e-folds number and consequently gives a vanishing running of
the scalar spectral index, dns/dIlnk = 0. This is in agreement with our previous result
obtained by use of the comoving wavenumber.

Now, we want to get the tensor power spectrum with respect to the e-folds number.
We noticed before that the tensor power spectrum should be evaluated at the time of
horizon exit where aH = k. To lowest order in the slow-roll parameters, we can ignore
the difference between the time of horizon exit and the sound horizon exit in the slow-roll
regime [68]. Therefore, we can insert eq. (4.26) into (4.19) and reach

2¢* 2N/
Pi(N) = ————=eV/1. (4.30)
w2 (Mpte)
Here, we can use egs. (4.27) and (4.30) in (3.33) and obtain the tensor-to-scalar ratio as
16
= — 4.31
(2n —1)*q e
Moreover, with the help of egs. (3.34), (4.28) and (4.30), the tensor spectral index reads
2
ng = —-—. 4.32
1=y (4.32)

We see that the inflationary observables ng, r and n; for the power-law inflation become
independent of the e-folds number in our f(7')-gravity scenario. This situation is similar
to that of the standard inflationary model where these quantities depend only on the
parameter ¢ appeared in the power-law scale factor a oc t¢ [13, 61]. Now, we estimate
these inflationary observables again and compare them with our previous results obtained
by use of the comoving wavenumber. For this purpose, we take n = 2 and ¢ = 57 again,
and find ngy = 0.9649, » = 0.0540 and n; = —0.0351 from eqs. (4.29), (4.31) and (4.32),
respectively. We see that these results are very close to those found before by use of the
comoving wavenumber. This verifies the validity of our discussion in the context of e-folds
number for the power-law inflation in our f(7')-gravity model. The small deviations in
the results obtained by use of the e-folds number relative to those calculated by use of the
comoving wavenumber arise from two reasons. The first reason is that in eq. (4.28), we
neglected from the slow-roll Hubble parameters relative to unity while their contributions
are included in the calculations on the base of the comoving wavenumber. The second one
is that to get eq. (4.30), we ignored the difference between the times of horizon exit for the
scalar and tensor perturbations but this difference is considered in the calculations based
on the comoving wavenumber.
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5 Intermediate inflation in f(T')-gravity

In this section, we are interested to study the intermediate inflation in the framework of
f(T)-gravity. The scale factor of intermediate inflation takes the form

a(t) = a; exp [A(Mpt)ﬂ , (5.1)

where A > 0 and 0 < XA < 1 [62-64]. Furthermore, a; indicates the scale factor at the
initial time of inflation. This scale factor leads to the Hubble parameter as

AN
(Mpt)
In addition, the first Hubble slow-roll parameter (2.12) reads
1—A
R -
AN(Mpt)

which is a decreasing function during inflation. Therefore, like the power-law inflation, the
intermediate inflation cannot end without introducing an additional reheating process to
the final stages of the inflationary phase. An idea to overcome the end of intermediate
inflation problem has been proposed in [64].

Here, we want to determine the inflationary potential corresponding to the intermediate
inflation in our model. We first concentrate on the case of n = 1 for which our f(T)
model (4.1) recovers the TEGR, i.e. f(T) = T. For this case, egs. (2.14) and (2.15) lead to

3A2\? A
V(t) = TG (5.4)
2A(1— A
o(t) =2 ()\)(Mpt))‘/QMp, (5.5)
that can be combined to result in the inverse power-law inflationary potential
8A (1 )\) 2(1;>\) (Zs _4(1;>\)
V(¢) = 3(AN)* | ——= — M}, (5.6)
A Mp

which we expect for the intermediate inflation in the framework of Einstein gravity [62—64].
For n > 1, using eqs. (2.14) and (2.15), we obtain the inflationary potential and scalar
field in terms of the cosmic time ¢ as

V(t) = (2”2_1)<j\/?[2{2;>n1

VBAN

2n
4

n(2n — 1/2
S 202n (2n — 1) AN (1 — [\fAA( A )} " .

[2n (1 —\) 4+ A — 2](Mt)( At

respectively. Eliminating ¢ between these equations gives the inflationary potential as

Vo) =vo( 1) (5.9
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where the parameters of m and V| are defined as

B An (1 —N)
T oA A 2 (5.10)

2n

2n(A—1)—A+2

n(8—7\)+A—2
2n

2 3V2(2n — 1) AN
% _ M4 — — (511)
P 12 (n—1)(2—X)
( [2n(A—1)—A+2)? ) ( Ty ) 2n
n(1-2X) M3,

We see that in our f(7') model (4.1) with n > 1, the potential responsible for the interme-
diate inflation, like the one driving the power-law inflation, has the power-law form (5.9),
but with a different expression for the power m.

Now, we are in position to obtain the scalar power spectrum in our f(7') scenario (4.1)
with n > 1. From eq. (3.15) we have

Put) = (2n — 1)%/2(AN)3

C8r2 (1= \) (Mpt)> P (5.12)

csk=aH

From the relation c;k = aH, the time of sound horizon exit reads

A-1 AN k SN

— A—1

ty = W_ M3t 5.13
{ LI (aiA)n/2n - 1Mp> ] } P (5.13)

AN
where W is the Lambert function defined as solution of the equation ye¥ = z [76]. In the

complex plane, the equation ye¥ = x has a countably infinite number of solutions which
are denoted by Wy (z) with k varying over the integers. For all real > 0, the equation
has exactly one real solution which is represented by y = W(x) = Wy(z). For all real =
in the range x < 0, there are exactly two real solutions. The larger one is represented by
y = W (z) while the smaller one is denoted by y = W_;(z).

Substituting eq. (5.13) into (5.12), the scalar power spectrum is obtained in terms of
the comoving wavenumber k as

)\A—)\l <aiAA\/27k;7—1Mp) “] }A' (5:-14)

Now, we can use the above result in eq. (3.16) and get the scalar spectral index as

2 — 3\
=1 ~
n +1_)\{W1

132 (o
Ps(k):(m)?’(zn 1)32{)\ 1

872 (1 — \) Ax !

—1
+ 1} . (5.15)

AN k A1
A—1 aiA)\\/Qn — lMp

The above equation yields the running of the scalar spectral index as

A
AN k A1
A (2 a 3)\) W1 |:>\—1 <aiA)\\/2n71Mp) :|

A 3"
2 AN k A
(1-X) {W—l [H(m) ] +1}

dns
dlnk

(5.16)
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In order to study the tensor perturbations for the intermediate inflation in our f(7')-
gravity scenario, first we note that eq. (3.35) leads to
n—1)(1-AX
UEET) -
A)\(M Pt)
which is suppressed as time last during inflation. Therefore, it makes sense to suppose
that § < 1 at the time of horizon exit. We will verify the validity of this assumption later
in this section. The assumption 0 < 1 allows us to use eq. (3.36) for the tensor power
spectrum that it leads to

2(AN)?

Py(t) = ST ( )2(1_>\) (5.18)

w2 (MPt) ol

The relation k = aH results in the time of horizon exit to be
A—1 AN Eoyve )
— A—1
= _ Mzt 1

f { V- A—l(aiA)\Mp> ” P (5.19)

Using this in eq. (5.18), we will have

24202 [N =1
Pi(k) = { W_4

2(A—1)
X

A
A ko7
Eilemm) ) e

From the above result together with eq. (3.34), one finds

AN k Pt
A—1 aiA)\Mp

Also, the tensor-to-scalar ratio results from egs. (5.14) and (5.20) as

2 AN

ng = 2{W_1 + 1} . (5.21)

oy =2
AN k At
16{—W_1 [H (v H

r= eEys (5.22)

o [ k) )

So far, we have calculated the relations corresponding to the inflationary observables

in terms of the comoving wavenumber. Now, we are able to check the viability of our infla-
tionary model in light of the Planck 2015 results. We calculate the inflationary observables
at the pivot scale k, = 0.05 Mpc™' as adopted by the Planck 2015 collaboration [12]. We
fix the scalar power spectrum in eq. (5.14) at the pivot scale as In [1010775 (k:*)] = 3.094
from Planck 2015 TT,TE,EE+lowP data combination [12]. As a result, we will have an
equation that results in a value for the parameter a; for each set of the parameters n, A
and \. Consequently, we can plot the r — ng diagram for our model by use of egs. (5.15)
and (5.22) for different values of n and A while X is varying in the range 0 < A < 1. This di-
agram is shown in figure 2 and also the marginalized joint 68% and 95% CL regions allowed
by the Planck 2015 data [12] have been specified in the figure. In figure 2, we see that the
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Figure 2. Same as figure 1, but for the intermediate inflation (5.1) in our f(7')-gravity scenario (4.1)
with different values of n and A.

standard intermediate inflation based on the Einstein gravity (n = 1) is disfavored in light
of the Planck 2015 results. This result is in agreement with [14, 64]. However, if we choose
n 2 2 then the intermediate inflation in our f(7")-gravity scenario can be consistent with
the Planck 2015 data. For instance, for n = 2 and A = 1 (or A = 10°), the prediction of our
model can lie within the 68% CL region favored by Planck 2015 TT, TE,EE+lowP data [12].

Now, we test the prediction of our model in the dng/d In k—ng plane in comparison with
the observational results of Planck 2015. To this aim, we consider n = 2 and A = 1. Subse-
quently, we use eqs. (5.15) and (5.16) to plot dns/dInk versus ns. The plot is represented
in figure 3 and we conclude that the prediction of intermediate inflation in our f(T')-gravity
scenario can lie inside the joint 68% CL region of Planck 2015 TT,TE,EE+lowP data [12].

In the following, we proceed to estimate the inflationary observables in our model
explicitly. We choose n = 2 and A = 1. With this selection, if the parameter \ varies
in the range 0.321 < A < 0.329, then the result of intermediate inflation can be placed
within the joint 68% CL region favored by Planck 2015TT,TE,EE+lowP data [12]. For
the aforementioned range of A, the parameter ¢ varies in the interval 0.020 < ¢ < 0.026,
where we have used eq. (5.17) for § and it has been evaluated at the time of horizon exit
given by eq. (5.19). Therefore, the assumption § < 1 which we have used before to apply
eq. (5.18) for the tensor power spectrum, is valid.

It should be noted that as the parameter A approaches 2/3, the scalar power spectrum
approaches the scale-invariant Harrison-Zel’dovich spectrum with ng = 1 that it is ruled
out by the Planck 2015 results [12]. For the values of X\ in the interval 2/3 < X < 1,
we will have a blue-tilted spectrum (ns > 1) that it is also ruled out by the Planck
2015 data [12]. However, we choose A = 0.325 in what follows. As a result, we find the
inflationary observables from egs. (5.15), (5.16) and (5.22) as ng = 0.9646, dns/dInk =
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Figure 3. Prediction of the intermediate inflation (5.1) in our f(T')-gravity scenario (4.1) in
dns/dIn k —ng plane in comparison with the Planck 2015 results. The prediction of our model with
n =2 and A =1 is shown by a black line. The grey, red and blue marginalized joint 68% and 95%
CL regions correspond to Planck 2013, Planck 2015 TT+lowP and Planck 2015 TT, TE,EE+lowP
data [12], respectively.

0.0004 and r = 0.0684, respectively, that they are inside the joint 68% CL region for Planck
2015TT, TE,EE+lowP data [12]. Additionally, eq. (5.21) gives the tensor spectral index as
nt = —0.0463 which also satisfies the consistency relation (3.39).

In eq. (5.9) we found that within the framework of our f(7") model (4.1), the in-
flationary potential corresponding to the intermediate inflation takes the power-law form
V(¢) = Vo(¢/Mp)™ in which the power m is determined by eq. (5.10). For the allowed
range 0 < A < 2/3, from eq. (5.10) the parameter m varies in the interval % <m < %
In the case of our study, if we take n = 2 and A = 0.325 then eq. (5.10) gives the power
m = 5.268. We see that in our f(7T)-gravity model (4.1), the prediction of the power-law
potential (5.9) with m = 5.268 can be in agreement with the Planck 2015 data at 68% CL,
while in the standard inflationary scenario, this potential is disfavored by the observational
results [14].

In what follows, we again verify validity of our results for the inflationary observables
by use of the e-folds number from the end of inflation. We note that inflation with the
intermediate scale factor (5.1) cannot stop by slow-roll violation. To overcome this problem,
we again follow the approach of [13] and use the additional parameter t, which refers to the
time in which an unknown reheating process begins to happen to stop inflation. In this way,
we can solve the differential equation (4.25) for the intermediate scale factor (5.1) and find

A
where we have used the initial condition N, = N (t.) = 0 from eq. (4.24).

/
t= [(Mpte)A - N} 1 AM;H (5.23)
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If we insert ¢ from eq. (5.23) into (5.12), the scalar power spectrum turns into

A2AN3(2n — 1)3/2 A =2
(V) = A(Mpte)" — N . .24
P SN A(Mpto)* — N] (5.24)
The above equation together with egs. (3.16) and (4.28) give rise to
24 A [A(Mpte)/\ +3- N}
ns = (5.25)
A [A(Mpte)A - N}
Also, we can apply eq. (4.28) for the above relation which yields
dng 2 — 3\
— 2
dlnk (5-26)

A[A(Mpte)A - Nr‘

In order to get the tensor power spectrum in terms of the e-folds number, we note that
we can ignore the difference between the times of horizon exit for the scalar and tensor
perturbations, as discussed in the previous section. Consequently, we can use eq. (5.23)
in (5.18) and obtain

2 A2/A)\2 _20=x)
Substituting egs. (5.24) and (5.27) into (3.33), one can get
16 (1 — A
. 161 =N | (5.28)
(2n — 1)2 A [A(Mpte)A - N}
Furthermore, by use of egs. (4.28) and (4.30) in (3.34), we find
2(1—-A

A [A(Mpte)’\ - N} '

So far, we obtained the inflationary observables in terms of the e-folds number N. To
compare these observables with observation, we should evaluate them at the horizon exit
corresponding to the e-folds number N, ~ 50 — 60. To determine the parameter t. in terms
of the other parameters of the model, we fix the amplitude of the scalar power spectrum in
eq. (5.24) as In [10'°P; (N,)] = 3.094 from Planck 2015 TT,TE,EE+lowP data [12]. Now,
we want to estimate the inflationary observables again and compare them with our previous
results calculated by use of the comoving wavenumber. As before, we considern =2, A =1
and A = 0.325. Now if we take N, = 60, then by use of egs. (5.25), (5.26), (5.28) and (5.29),
we obtain ng = 0.9654, dns/dInk = 0.0004, » = 0.0702 and n; = —0.0456, respectively.
Notice that for N, = 50, the results are very close to those obtained for N, = 60. We
conclude that the results obtained by use of the e-folds number are approximately close to
those obtained before by use of the comoving wavenumber. This confirms the validity of
our study in the context of e-folds number for the intermediate inflation in our f(7")-gravity
scenario.
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6 Conclusions

Here, we first represented a brief review on the background cosmology in f(7T)-gravity in
the presence of a canonical scalar field. Then, we studied the cosmological perturbations in
the framework of f(T')-gravity. We obtained the necessary equations governing the scalar
and tensor perturbations and solved them to find the scalar and tensor power spectra.
Subsequently, we obtained the relations of the inflationary observables for our model. We
found that the consistency relation for the inflationary model based on f(7T')-gravity is
different from the one for the standard inflationary model based on the Einstein gravity.
Consequently, in principle, inflation in f(7T)-gravity is phenomenologically distinguishable
from the standard inflationary model based on Einstein’s general relativity.

Next, we considered the f(7") function in the action to have the power-law form f(7T") =
To(T/Tp)™ where n > 1. For n = 1, the TEGR is recovered, i.e. f(T') = T. Then,
we investigated the power-law inflation characterized by the scale factor a(t) o t? where
q > 1. In the Einstein gravity, the power-law inflation arises from the exponential potential
V(¢) x exp [—\/%((b/]\/[p)] that is not favored in light of the Planck 2015 data. But,
in our inflationary setting based on f(7)-gravity, if we choose n 2 2 then the power-law
inflation can be in agreement with the Planck 2015 results at 68% CL. In our scenario, the
power-law inflation arises from the power-law potential V' (¢) o< ¢™ where m = 2n/(n —1).
For n 2 2, the power m varies in the range 2 < m < 4. In the standard inflationary model,
the power-law potential with this range of m is not favored according to the Planck 2015
data while in our inflationary model, this potential can be consistent with the observational
data. Interestingly enough, is that the self-interacting quartic potential V(¢) o< ¢* which
has special reheating properties, can be consistent with the Planck 2015 data in our f(7')-
gravity scenario while it is ruled out in the standard inflationary setting.

Within the inflationary framework of f(T')-gravity, we also examined the intermedi-
ate inflation with the scale factor a(t) o exp [A(Mpt))\:|, where A > 0 and 0 < A < L.
In the standard inflationary scenario based on the Einstein gravity, the intermediate in-
flation is driven by the inverse power-law potential V(¢) o d~A1=N/A that it is not
compatible with the Planck 2015 data. But in our f(T')-gravity model, the potential
responsible for the intermediate inflation takes the power-law form V(¢) o ¢™ where
m=4n (1 —X)/[2n (1 — X) + A — 2]. We found that for n = 2 and 0 < A < 2/3, the inter-
mediate inflation driven by the power-law potential in our f(7)-gravity scenario, can be
consistent with the Planck 2015 results.

We further checked the validity of our discussion in the context of the e-folds number
for the power-law and intermediate inflations in our f(7")-gravity model. Using the e-folds
number, we computed the inflationary observables and found that their values are close to
those obtained before by use of the comoving wavenumber.
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