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Abstract

In this article, we approach a scalar particle in a background characterized by the Lorentz

symmetry violation through a non-minimal coupling in the mathematical structure of the

Klein–Gordon equation, where the Lorentz symmetry violation is governed by a back-

ground vector field. For an electric field configuration and in the search for solutions of

bound states, we determine the relativistic energy profile of the system, which is char-

acterized by quantized orbits, that is, a relativistic Landau-type quantization. Then, we

particularize our system and analyze it in the presence of a hard-wall potential, from which,

we analytically determine its relativistic energy profile in this confining type.

Keywords: Lorentz symmetry violation; relativistic Landau quantization; hard-wall

potential; bound states

PACS: 03.65.Vf; 11.30.Qc; 11.30.Cp

1. Introduction

The Standard Model (SM) is the best theoretical apparatus that describes in a unified

way the fundamental interactions of nature, with the exception of gravitational interaction.

The non-incorporation of gravitational interaction in the SM is one of the questionable

problems with it. Added to this questioning is the order of magnitude discrepancy between

the cosmological constant predicted by the SM and its value measured from extragalactic

observations [1]. In addition, recent experimental results showed that the proton’s radius

is different from that which the SM predicts [2]. Furthermore, from the point of view of

observational cosmology, observational data indicate that the fine structure constant is

slowly changing [3,4] and there is evidence that neutrinos have mass [5]. All of the cited

examples reinforce the concern to search for theoretical models that can fill these gaps in

the SM.

In recent decades, several theories have been proposed in order to seek answers

that the SM, so far, is not able to provide. For example, supersymmetric theory [6], non-

commutativity theory [7], string theory [8] and the Lorentz symmetry violation (LSV) [9].

LSV has as its main feature privileged directions in spacetime indicating space-like or

time-like anisotropies, or both, in all cases, governed by vector or tensorial fields capable of

interfering with already consecrated laws or theories, consequently, violating one of the

best known principles and important of modern physics proposed by Einstein [10].
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One of the first theoretical manifestations of LSV appears in the description of the

Higgs mechanism in string theory where the Lorentz symmetry is spontaneously broken

through tensor fields [9]. This approach is then analyzed in classical electrodynamics, where

the consequences range from the modification of Maxwell’s equations to measurement

limits in extragalactic quantities [11]. Over time, LSV has been extensively investigated,

not only within field theory or particle physics but also in several other areas that are

not limited only to the high energy scale, gaining great significance and strength for a

possibly theoretical way of answering questions about gaps not yet answered by the SM.

With this, theoretical models with fields of various natures capable of breaking the Lorentz

symmetry were proposed, not to replace the standard model, but as a theoretical proposal

for its improvement. These models make up what we call the Standard Model Extension

(SME) [12,13]. Recently, LSV has been investigated in several branches of physics [14–28].

LSV has also been analyzed in the field of quantum mechanics. For example, in the

non-relativistic context, there are studies on a harmonic oscillator subjected to a Coulomb-

type potential induced by LSV [29], on a quantum particle subjected to the Aharonov–

Bohm effect for bound states, which is induced by the LSV [30], on a spin-1/2 particle

interacting with a quantum ring induced by LSV [31] and on a Dirac neutral particle

subjected to the geometric phases induced by LSV [32,33]. In the relativistic quantum

dynamics of particles, there are studies involving LSV in the Coulomb-type interaction [34],

on relativistic oscillator models [35,36], LSV fields interacting with relativistic Landau

gauge [37], and the possibilities of a relativistic Landau-type quantization induction by the

LSV on a Dirac field [38].

In Ref. [38], Vitória and Belich have used a non-minimal coupling of LSV on the

Dirac equation, where the LSV is governed by a background vector field coupled to the

dual electromagnetic tensor [39]. In the current work, a possible LSV scenario is proposed,

defined by a particular field configuration, which characterizes a Dirac particle interacting

with an electrical field that linearly varies with the axial coordinate. In obtaining finite

degree polynomials of the confluent hypergeometric series, we determine the energy lev-

els of the system, which are analogous to the relativistic Landau levels in Minkowski

spacetime [37,40,41]. We have investigated this non-minimal coupling in the spin-0 rela-

tivistic equation, where we analyzed the induction of a central Coulomb-type potential by

LSV [42]. However, we disregard the terms of quadratic corrections for the Lorentz break

term in the Klein-Gordon equation. Therefore, unlike Ref. [42], in this analysis we consider

all the correction terms from the non-minimal coupling of the LSV in the Klein–Gordon

equation, in order to describe the possible effects, from the theoretical point of view, of

these neglected terms. Therefore, based on Ref. [38] we are proposing the induction of an

electric dipole, which has the capacity to influence a scalar particle, in which the induction

is done through a coupled background vector field, via non-minimal coupling, in the

Klein–Gordon equation.

To date, no experiment has exactly confirmed the violation of Lorentz symmetry,

although there are results that suggest small variations. For example, the authors of [43]

explores the effects of LSV and CPT on the spectroscopy of hydrogen and its antimatter

(antihydrogen) by investigating the 1–2 s and hyperfine transitions, with the aim of es-

tablishing limits on the magnitude of the background fields. Ref. [44] presents the effects

of CPT violation on the physical properties of the anomalous magnetic moment, from

the perspective of quantum electrodynamics, alongside data on the hyperfine structure

of the muon and its anomalous magnetic moment, obtaining more precise magnitudes

of the associated components of the background field. In Ref. [45], restricted maximum

values for background field components for the massive, photonic, and gravitational sectors

are presented.
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To describe the relativistic quantum dynamics of a scalar particle in Minkowski space-

time, we must use the Klein–Gordon Equation (with c = h̄ = 1)

□ϕ − m2ϕ = 0, (1)

where □ = ∂µ∂µ, with µ = 0, i = 1, 2, 3, and m is the rest mass of the scalar particle. Now,

based on Refs. [39,42], consider the non-minimal coupling ∂µ → ∂µ − igF̃µνvν, such that

Equation (1) is rewritten as follows

(∂µ − igF̃µνvν)(∂µ − igF̃µκvκ)ϕ − m2ϕ = 0, (2)

where g ≪ 1 is a coupling constant and F̃µν = 1
2 ϵµναβFαβ is the dual electromagnetic tensor,

with Fαβ = ∂α Aβ − ∂β Aα, and Aµ being the gauge field. This photonic term is inspired

by the four-dimensional Chern–Simons lagrangian term proposed by Carroll, Field, and

Jakiw [11], where vµ is a fixed background vector field, which is part of the photonic sector

of the SME, that is, the sector of CPT-odd gauge, which in turn is characterized by the

violation of CPT symmetry [13]. In Ref. [45], information about the magnitude limits of vµ

can be found, for example, for the CMB polarization, vz = (7.32± 2.94)× 10−45 GeV [46,47],

vz < 10−19 GeV in hydrogen spectroscopy and [24] and vz = (0.57 ± 0.70)H0 × 10−41 GeV

in studies on astrophysical birefringence [48], where H0 is the Hubble constant. We can go

further with Equation (2):

□ϕ − 2ig(∂µϕ)F̃µνvν − g2 F̃µνvν F̃µνvνϕ − m2ϕ = 0, (3)

or

□ϕ + 2ig(⃗v.B⃗)∂0ϕ + 2igv0(B⃗.∇⃗)ϕ − 2ig(⃗v × E⃗).∇⃗ϕ + g2v2
0B⃗2ϕ − g2 (⃗v.B⃗)2ϕ

− g2[(v2
2 + v2

3)E2
1 + (v2

1 + v2
3)E2

2 + (v2
1 + v2

2)E2
3 ]ϕ − m2ϕ = 0, (4)

where we use ∂µ F̃µν = 0. Let us consider, going forward, a Minkowski spacetime with an

axial symmetry described by the following line element

ds2 = −dt2 + dρ2 + ρ2dφ2 + dz2, (5)

with ρ =
√

x2 + y2. We will adopt this symmetry due to the field configuration

to be adopted in this analysis, which will be given in terms of the axial coordinate.

Equation (4) becomes

− ∂2
t ϕ + ∂2

ρϕ +
1

ρ
∂ρϕ +

1

ρ2
∂2

φϕ + ∂2
zϕ + 2ig(⃗v.B⃗)∂tϕ + 2igvt(B⃗.∇⃗)ϕ − 2ig(⃗v × E⃗).∇⃗ϕ

+ g2v2
t B⃗2ϕ − g2 (⃗v.B⃗)2ϕ − g2[(v2

φ + v2
z)E2

ρ + (v2
ρ + v2

z)E2
φ + (v2

ρ + v2
φ)E2

z ]ϕ − m2ϕ = 0, (6)

in which, in natural units, we have [vµ] = [E] = [B] = M and [g] = M−1.

Equation (6) give us the Klein–Gordon equation modified by terms of CPT-odd LSV

governed by a background vector field in a spacetime of axial symmetry. We can see that

Equation (6) differs from the relativistic wave equation determined in Ref. [42] in that it has

too many terms, that is, the quadratic terms in the vector field and in the electromagnetic

field, which are neglected in Ref. [42]. Thus, Equation (6) is the most general case. In

addition, we also can that Equation (6) supports several LSV possible scenarios through

configurations of vector and electromagnetic fields.

LSV has profound implications for our understanding of the universe, and may lead

to new physical theories and a revision of our current models, since these have been

questioned due to discrepancies between predicted and observed and/or experimental
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results. Because LSV is linked to CPT symmetry, a symmetry linked to relativistic particles,

the Dirac equation has been extensively analyzed in the most varied LSV scenarios for all

sectors of the SME [49]. Thus, it is valid to investigate these anisotropic effects of LSV in

the Klein–Gordon equation, since it describes relativistic spin-0 particles, such as the Higgs

boson and the pion.

The structure of the rest of this paper is as follows: in Section 2, we investigate the

possibility of inducing, by LSV, an electric field that characterizes the distribution of an

electric dipole, which influences the relativistic quantum dynamics of a scalar particle in an

analogous way to the relativistic Landau quantization. We generalize our analysis with

the presence of a constant magnetic field which modifies the energy profile of the system.

In Section 3, we analyze the quantum systems analyzed in the previous section, which

interacts with a hard-wall potential, where we can see that the presence of this confinement

potential modifies the relativistic energy levels; in Section 4, we present our conclusions.

2. Landau-Type Quantization Induced by the LSV

2.1. Space-like Background Vector Field

Consider the following vector and electromagnetic field configuration [38]:

vµ = (0, 0, 0, vz); E⃗ =
ϑρ

2
ρ̂; B⃗ = 0, (7)

where vz = const., characterizing a space-like background vector field [10], ϑ is a constant

associated with a volumetric distribution of electric charges, with [ϑ] = M, and ρ̂ is a unit

vector in the axial direction. We can note that this field configuration induces a Landau-type

quantization, that is, we have a “vector potential”

A⃗ = v⃗ × E⃗ =
vzϑρ

2
φ̂, (8)

which it gives a “uniform magnetic field”:

B⃗ = ∇⃗ × A⃗ = vzϑẑ, (9)

where and ẑ is a unit vector in the z-direction. In this case, Equation (6) is rewritten in

the form

−∂2
t ϕ + ∂2

ρϕ +
1

ρ
∂ρϕ +

1

ρ2
∂2

φϕ + ∂2
zϕ − ivzgϑ∂φϕ −

g2ϑ2v2
z

4
ρ2ϕ − m2ϕ = 0. (10)

The solution for Equation (10) is given in terms of the eigenvalues of the abelian

operators p̂z = −i∂z and L̂z = −i∂φ which commute with the hamiltonian, Ĥ = i∂t, that is,

ϕ(ρ, φ, z, t) = R(ρ)θ(φ)Z(z)T(t), (11)

where R(ρ) is the unknown axial wave function, θ(φ) = eilφ, Z(z) = eikz and T(t) = e−iE t,

with l = 0,±1,±2, . . ., −∞ < k < ∞ and E been the angular momentum, linear momentum

and relativistic energy eigenvalues, respectively. Then, by substituting Equation (11) into

Equation (10), we obtain axial wave equation

R′′ +
1

ρ
R′ −

l2

ρ2
R − ϖ2ρ2R + α2R = 0, (12)

with the parameters

α2 = E2 − m2 − k2 + gvzϑl; ϖ =
gvzϑ

2
. (13)
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Now, let us define the variable change w = ϖρ2, then Equation (12) becomes

d2R

dw2
+

1

w

dR

dw
−

l2

4w2
R +

α2

4ϖw
R −

1

4
R = 0. (14)

As we are interested in well-behaved solutions to the function w → 0 and w → ∞

(ρ → 0 and ρ → ∞, respectively). We can note that, for w → 0, we have the solution

R(w) ∼ w
|l|
2 ; for w → ∞, we have the solution R(w) ∼ e−

1
2 w. Then, the ansatz for the axial

wave function is

R(w) = w
|l|
2 e−

1
2 w f (w), (15)

where f (w) is an unknown function.

Then, by substituting Equation (15) into Equation (14), we obtain confluent hypergeo-

metric Equation [50]

w
d2 f

dw2
+ (|l|+ 1 − w)

d f

dw
+

(

α2

4ϖ
−

|l|

2
−

1

2

)

f = 0, (16)

where f (w) is the confluent hypergeometric function: f (w) = 1F1(a, b; w), with

a =
|l|

2
+

1

2
−

α2

4ϖ
; b = |l|+ 1. (17)

The solution for large values of the confluent hypergeometric power series argument is

1F1(a, b; w) ≈
Γ(b)

Γ(a)
ewwa−b[1 −O(|w|−1)]. (18)

In order to obtain a finite degree polynomial of the confluent hypergeometric series,

we must have a truncation condition for the series A = −n = 0, 1, 2, . . . [50], that is, of this

condition, we obtain

Ek,l,n = ±

√

m2 + k2 + 2mωg

(

n +
|l| − l + 1

2

)

, (19)

where we have defined a cyclotron-type frequency

ωg =
2

m
ϖ ↔ ωg =

gvzϑ

m
, (20)

where we can see that the product gvzϑ is analogous to the product qB0, where q is the

electric charge and B0 is the uniform magnetic field [41].

Equation (19) represents the relativistic energy levels of a scalar particle interacting

with an electric field induced by LSV governed by a constant space-like vector field. We

can notice that these energy levels are analogous to the relativistic Landau levels with

quantized orbits determined by a cyclotron-type frequency defined by the parameters

associated with LSV (20). We can note that by taking g → 0, we recover energy of a free

scalar particle in the Minkowski spacetime.

By comparing Equation (20) with the relativistic energy levels obtained in Ref. [38],

since in the latter, the same field configuration ass that given in Equation (7) is considered,

we can note that the only difference between the results is that in the result of Ref. [38]

there are correction terms associated with the spin of the fermionic particle.

We can rewrite Equation (19) as follows:
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Ek,l,n = m

[

1 +
k2

m2
+

2ωg

m

(

n +
|l| − l + 1

2

)]

1
2

. (21)

Then, by using the approximation (1 + N)σ ≈ 1 + σN, with N ≪ 1, and εk,l,n = Ek,l,n − m

in Equation (21), we have the expression

εk,l,n =
k2

2m
+ ωg

(

n +
|l| − l + 1

2

)

, (22)

which represents the energy spectrum of a particle under effects of an electric field induced

by LSV, where it is analogous to Landau levels [51,52], with orbits quantized through

a cyclotron-type frequency defined in terms of the parameters associated with LSV. By

making g → 0, we recover energy of a free non-relativistic particle in an isotropic medium.

Again, drawing a parallel between Equation (22) and the non-relativistic result defined

in Ref. [38], we can note that the difference between both is that the result of Ref. [38] has a

correction term associated with the spin of the non-relativistic fermionic particle.

2.2. Space-like Plus Time-like Background Vector Field

Here, we establish another possible LSV scenario determined by a background vector

field of space-like plus time-like nature. This possible scenario is determined by a field

configuration defined as follows

vµ = (−vt, 0, 0, vz); E⃗ =
ϑρ

2
ρ̂; B⃗ = B0ẑ, (23)

where vt and B0 are constants. This electromagnetic field configuration has been studied in

induced electric dipole moment systems [53–55]. In this case, Equation (6) is rewritten in

the form

− ∂2
t ϕ + ∂2

ρϕ +
1

ρ
∂ρϕ +

1

ρ2
∂2

φϕ + ∂2
zϕ + 2igvzB0∂tϕ + 2igv0B0∂zϕ − ivzgϑ∂φϕ

+ g2v2
0B2

0ϕ − g2v2
z B2

0ϕ −
g2ϑ2v2

z

4
ρ2ϕ − m2ϕ = 0. (24)

By following the same steps from Equations (10)–(12), we obtain the axial

differential equation

R′′ +
1

ρ
R′ −

l2

ρ2
R − ϖ2ρ2R + β2R = 0, (25)

where ϖ is defined in Equation (13), and we define the new parameter

β2 = E2 − m2 − k2 + 2gvzB0E − 2gv0B0k + g2v2
0B2

0 − g2v2
z B2

0 + vzϑgl. (26)

Equation (25) is analogous to Equation (12). Then, by following the steps from

Equations (12)–(16), we obtain the general solution:

R(w) = w
|l|
2 w− 1

2 w
1F1(ā, b; w), (27)

where b is defined in Equation (17) and

ā =
|l|

2
+

1

2
−

β2

4ϖ
. (28)

To obtain finite degree polynomials of the confluent hypergeometric series, we must

follow the same steps of Equations (18) and (19), that is, by considering the condition
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ā = −n = 0, 1, 2, . . ., we find the following expression for the relativistic energy levels

of system:

Ek,l,n = −gvzB0 ±

√

m2 + k2 + 2mωg

(

n +
|l| − l + 1

2

)

+ g2B2
0(2v2

z − v2
t ) + 2gvtB0k. (29)

We can note that the time-like anisotropies associated with the component vt and the

presence of the uniform magnetic field modify the relativistic energy profile of a scalar

particle interacting with an electric field induced by the CPT-odd LSV. This modification

is explicitly given in terms Evz = −gvzB0 and keff =
√

k2 + g2B2
0(2v2

z − v2
t ) + 2gvtB0k. By

taking vt = 0 into Equation (29), that is, only space-like anisotropies associated with the

component vz in the quantum system, we have

Ek,l,n = −gvzB0 ±

√

m2 + k2 + 2mωg

(

n +
|l| − l + 1

2

)

+ 2g2B2
0v2

z (30)

which represents the relativistic Landau-type levels of a scalar particle interacting with an

electric field and a uniform magnetic field, both induced by the CPT-odd LSV governed

by a space-like constant vector field. Again, we can observe that the presence of the

uniform magnetic field modifies the relativistic energy spectrum of the quantum system,

that is, comparing Equations (21) and (30), there are the most terms Evz = −gvzB0 and

keff =
√

k2 + 2g2B2
0v2

z into Equation (30). By taking B0 → 0 into Equation (30), we obtain

Equation (21). In addition, by making g → 0 in Equations (29) and (30), we recover the

energy of a free scalar particle in the Minkowski spacetime.

Now, by following the same steps as Equations (21) and (22), we obtain the

following expression:

εk,l,n = −gvzB0 +
k2

2m
+ ωg

(

n +
|l| − l + 1

2

)

+
g2B2

0(2v2
z − v2

t )

2m
+

gvtB0k

m
, (31)

which represents the Landau-type levels of a non-relativistic particle interacting with an

electric field and a uniform magnetic field, both induced by the CPT-odd LSV governed by

a space-like plus time-like constant vector field. We can note that the Landau-type levels

are influenced by the time-like anisotropies associated with the constant component vt of

the background vector field, that is, by comparing Equations (22) and (31), we can observe

that Equation (31) has the greatest term keff =
√

k2 + g2B2
0(2v2

z − v2
t ) + 2gvtB0k − 2gvzB0m.

By taking vt = 0 into Equation (31), that is, only space-like anisotropies associated with the

component vz in the quantum system, we have

εk,l,n = −gvzB0 +
k2

2m
+ ωg

(

n +
|l| − l + 1

2

)

+
g2B2

0v2
z

m
, (32)

where we obtain the Landau-type levels of a particle interacting with an electric field and

a uniform magnetic field, both induced by the CPT-odd LSV governed by a space-like

constant vector field. In particular, the presence of the uniform magnetic field yields the

effective quantum number keff =
√

k2 + 2g2B2
0v2

z − 2gvzB0m. Finally, by making B0 → 0

we recover Equation (22).

3. Landau-Type Quantization Induced by the LSV in the Presence of a
Hard-Wall Potential in System

In this section, we analyze the two systems treated in Section 2 in the presence of a

hard-wall confining potential, that is, a scalar particle in a cylindrical box and subjected to
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an electromagnetic configuration immersed in a background governed by a constant vector

field of space-like and time-like nature.

In recent years, the hard-wall confining potential has been studied in various quantum

mechanics systems. In the relativistic case, this potential type has been investigated, for

example, in the quantum behavior of a neutral fermion [56], on a scalar particle subjected

to Aharanov–Bohm potential in a spacetime with torsion [41], and on Dirac and Klein–

Gordon quantum oscillators in global monopole spacetime [57]; in the non-relativistic

case, there are studies on the harmonic oscillator in elastic media [58] and on a quantum

particle interacting with a magnetic screw dislocation [59]. It is worth remembering that

the hard-wall confining potential has been extensively investigated in quantum systems in

non-inertial frames since it is induced by uniform rotation in frames [60]. In this context, the

hard-wall potential has been studied on scalar bosons [61], in systems of spin-0 particles and

spacetime with curvature [62], on a massive scalar field by interacting with a magnetic screw

dislocation [63] and in a particle described by the Duffin–Kemmer–Petiau Equation [64].

Then, let us restrict the scalar particle to a region with the following boundary condition:

R

(

ρ0 =

√

w0

ϖ

)

= 0, (33)

where ρ0 is a fixed value of axial coordinate. From the mathematical point of view, the

boundary condition given in Equation (33) is the Dirichlet boundary condition; from the

physical point of view, Equation (33) represents a hard-wall confining potential in the

system, that is, the axial wave function vanishes at a fixed arbitrary radius ρ0. Now, let

us consider the particular cases α2 ≫ 4ϖ and β2 ≫ 4ϖ where the parameters α2 and β2

are defined in Equations (13) and (26), respectively. The condition α2 ≫ 4ϖ gives us the

information E2 − m2 ≫ gvzϑ(2 − l) + k2, that is, since −∞ < k < ∞, k must be fixed

and finite as well. From a physical point of view, the total energy is greater than the rest

energy of the scalar particle, which means that the particle has significant kinetic energy,

arising from the effects of LSV. From condition β2 ≫ 4ϖ, we have E2 − m2 + 2gvzB0E ≫

gvzϑ(2 − l) + k2 + 2gvzB0k + g2B2
0(v

2
z − v2

0). Again, k must be fixed and finite and the total

energy is greater than the rest energy of the scalar particle. Furthermore, our interest is

in considering quadratic terms associated with the LSV, so this condition reinforces that

vz ̸= vt. In addition, for the parameters of the confluent hypergeometric function a to be

large, a fixed value for b, that is, the fixed quantum number l, and the fixed radius ρ0, the

confluent hypergeometric function can be written in the form [65]:

1F1(a, b; w0) ∝ cos

(

√

2w0(b − 2a) +
π

4
−

bπ

2

)

. (34)

Going forward, let us analyze the effects of the hard-wall confining potential (33) on

the systems treated in the previous Section 2.

3.1. Space-like Background Vector Field

In this case, the field configuration is given in Equation (7) and the parameters of

the confluent hypergeometric function are a = |l|
2 + 1

2 − α2

4ϖ and b = |l| + 1. Then, by

substituting Equations (34) and (15) into Equation (33), we have

Ek,l,n̄ = ±

√

m2 + k2 +
π2

ρ2
0

(

n̄ +
|l|

2
+

3

4

)2

− mωgl, (35)

where n̄ = 0, 1, 2, . . . are the radial modes and ωg is defined in Equation (20).
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Equation (35) represents the relativistic energy profile of a scalar particle under effects

of an electric field induced by the CPT-odd LSV governed by a space-like vector field and

subjected to the hard-wall confining potential. We can observe that the presence of a hard-

wall potential in the quantum system modifies the relativistic Landau-type levels defined

in Equation (19). This modification can be seen by comparing Equations (35) and (19). By

taking g → 0 (ωg → 0) we recover the relativistic energy levels of a scalar particle under

effects of hard-wall confining potential in the Minkowski spacetime [37,41].

By following the same steps as Equations (21) and (22), we obtain the energy spectrum

of a non-relativistic particle in a LSV background defined by the field configuration given

in Equation (7) and subjected to the hard-wall confining potential:

εk,l,n̄ =
k2

2m
+

π2

2mρ2
0

(

n̄ +
|l|

2
+

3

4

)2

−
lωg

2
. (36)

By comparing Equations (22) and (36), we can note that the presence of the hard-wall

potential in the non-relativistic quantum system modifies the energy spectrum. In addition,

by making g → 0, we recover the energy levels of a particle subjected to the hard-wall

potential in an isotropic environment [37].

3.2. Space-like Plus Time-like Background Vector Field

Now, the field configuration is given in Equation (23) and the parameters of the con-

fluent hypergeometric function are ā = |l|
2 + 1

2 − β2

4ϖ and b = |l|+ 1. Then, by substituting

Equations (34) and (27) into Equation (33), we have the expression

Ek,l,n̄ = −gvzB0 ±

√

m2 + k2 +
π2

ρ2
0

(

n̄ +
|l|

2
+

3

4

)2

− mωgl + g2B2
0(2v2

z − v2
t ) + 2gvtB0k, (37)

which represents the relativistic energy levels of a scalar particle under effects of an electric

field and uniform magnetic field, both induced by the CPT-odd LSV governed by a space-

like plus time-like vector field given in field configuration (23), under effects of a hard-wall

confining potential. We can note that the presence of the time-like constant component

of the background vector field and of the uniform magnetic field modifies the relativistic

energy profile of the system, that is, by comparing Equations (35) and (37), there are the

greatest terms Evz = −gvzB0 and keff =
√

k2 + g2B2
0(2v2

z − v2
t ) + 2gvtB0k in Equation (37).

By taking vt = 0 into Equation (37), that is, only space-like anisotropies associated with the

component vz in the quantum system, we have

Ek,l,n̄ = −gvzB0 ±

√

m2 + k2 +
π2

ρ2
0

(

n̄ +
|l|

2
+

3

4

)2

− mωgl + 2g2B2
0v2

z , (38)

which represents the relativistic energy spectrum of a scalar particle interacting with an

electric field plus a uniform magnetic field both induced by the CPT-odd LSV associated

with the space-like constant vector field. Again, we can observe that the presence of

the uniform magnetic field modifies the relativistic energy spectrum of the quantum

system, that is, by comparing Equations (35) and Equation (38), there are the greatest

terms Evz = −gvzB0 and keff =
√

k2 + 2g2B2
0v2

z in Equation (38). In addition, by making

g → 0 in Equations (37) and (38), we recover the energy of a free scalar particle in the

Minkowski spacetime.
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By following the same steps as Equations (21) and (22), we have the expression

εk,l,n̄ = −gvzB0 +
k2

2m
+

π2

2mρ2
0

(

n̄ +
|l|

2
+

3

4

)2

−
lωg

2
+

g2B2
0

2m
(2v2

z − v2
t ) +

gvtB0k

m
, (39)

that is, the above expression is the energy profile of a particle under effects of elec-

tric and magnetic fields induced by the CPT-odd LSV associated with the space-like

plus time-like background vector field subjected to a hard-wall confining potential.

We can observe that the presence of the time-like constant component of the back-

ground vector field and of the uniform magnetic field modify the relativistic energy

profile of the system; by comparing Equations (36) and (39), there is the greatest term

keff =
√

k2 + g2B2
0(2v2

z − v2
t ) + 2gvtB0k − 2gvzB0m in Equation (39). By making vt = 0 in

Equation (39), that is, only space-like anisotropies associated with the component vz in the

quantum system, we have

εk,l,n̄ = −gvzB0 +
k2

2m
+

π2

2mρ2
0

(

n̄ +
|l|

2
+

3

4

)2

−
lωg

2
+

g2B2
0v2

z

m
, (40)

which represents non-relativistic energy spectrum of a particle interacting with an elec-

tric field plus a uniform magnetic field both induced by the CPT-odd LSV associated

with the space-like constant vector field. Again, we can observe that the presence of

the uniform magnetic field modifies the relativistic energy spectrum of the quantum sys-

tem, that is, by comparing Equations (36) and Equation (40) there is the greatest term

keff =
√

k2 + 2g2B2
0v2

z − 2gvzB0m in Equation (40). In addition, by taking g → 0 in Equa-

tions (39) and (40), we recover the energy of a particle under effects of a hard-wall confining

potential in an isotropic environment [37].

4. Conclusions

We have analyzed a scalar particle in an environment with CPT-odd LSV that is

governed by a constant background vector field. Our analysis starts with a non-minimal

coupling in the Klein–Gordon equation, where in this non-minimal coupling, there is the

dual electromagnetic field coupled to the background vector field that can be of a space-like

nature, time-like nature, or both at the same time, which governs anisotropies in spacetime,

thus characterizing LSV in the quantum system. Given this, from a theoretical point of view,

we propose a possible configuration of an electromagnetic field on an LSV background

governed by a space-like vector field, which induces an electric field that varies linearly

with the axial coordinate.

We show that this configuration, in this background, is analogous to the Landau gauge

configuration for relativistic solutions of bound states due to the induction of a kind of

“uniform magnetic field” defined in terms of the parameters associated with LSV. So, in the

search for solutions of bound states, we determine the relativistic energy profile of a scalar

particle in this background, which is analogous to the relativistic Landau levels, where

the quantized orbits are described by a cyclotron-type frequency defined in terms of the

parameters associated with LSV.

In order to generalize our system, we generalize our possible configuration pro-

posed through the induction of a uniform magnetic field by LSV and by the presence

of anisotropies governed by the constant temporal component of the background vector

field that governs LSV. In this context, we show that the relativistic Landau-type levels

are modified by the vector field of time-like background and by the uniform magnetic

field induced.
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Finally, we consider a particular case of the confluent hypergeometric function to

impose the presence of a hard-wall potential in the analyzed systems. Then, we determine

the relativistic energy profile of a scalar particle under the effects of LSV, which is confined

in a cylindrical symmetry box, characterizing, then, the presence of the hard-wall confining

potential in the quantum system. We show that the presence of this type of confinement

potential drastically changes the relativistic energy profile of the systems analyzed. In all

the analyzed cases, we determine the energy levels in the non-relativistic case, and we can

observe that the characteristics imposed by LSV in the relativistic energy levels are similar

in the non-relativistic cases.

Funding: This research received no external funding.

Data Availability Statement: The original contributions presented in this study are included in the

article. Further inquiries can be directed to the corresponding author.

Conflicts of Interest: The author declares no conflicts of interest.

References

1. Weinberg, S. Cosmology; Oxford University Press: New York, NY, USA, 2008.

2. Pohl, R.; Nez, F.; Fernandes, L.M.P.; Amaro F.D.; Biraben, F.; Cardoso, J.M.R.; Covita, D.S.; Dax, A.; Dhawan, S.; Diepold, M.; et al.

Laser spectroscopy of muonic deuterium. Science 2016, 353, 669–673. [CrossRef] [PubMed]

3. Songaila, A.; Cowie, L.L. Astronomy: Fine-structure variable? Nature 1999, 398, 667. [CrossRef]

4. Songaila, A.; Cowie, L.L. Astrophysics: The inconstant constant? Nature 2004, 428, 132.

5. Fukuda, Y.; Hayakawa, T.; Ichihara, E.; Inoue, K.; Ishihara, K.; Ishino, H.; Itow, Y.; Kajita, T.; Kameda, J.; Kasuga, S.; et al. Evidence

for Oscillation of Atmospheric Neutrinos. Phys. Rev. Lett. 1998, 81, 1562–1567. [CrossRef]

6. Müller-Kirsten, H.J.W.; Wiedemann, A. Introduction to Supersymmetry, 2nd ed.; Word Scientific: River Edge, NJ, USA, 2010.

7. Douglas, M.; Nekrasov, N. A. Noncommutative field theory. Rev. Mod. Phys. 2001, 73, 977. [CrossRef]

8. Becker, K.; Becker, M.; Schwarz, J. String Theory and M-Theory; Cambridge University Press: Cambridge, UK, 2007.

9. Kostelecký, V.A.; Samuel, S. Spontaneous breaking of Lorentz symmetry in string theory. Phys. Rev. D 1989, 39, 683. [CrossRef]

10. Belich, H.; Costa-Soares, T.; Santos, M.A.; Orlando, M.T.D. Violação da simetria de Lorentz. Rev. Bras. Ensino Fís. 2007, 29, 1.

11. Carroll, S.M.; Field, G.B.; Jackiw, R. Limits on a Lorentz-and parity-violating modification of electrodynamics. Phys. Rev. D 1990,

41, 1231. [CrossRef]

12. Colladay, D.; Kostelecký, V.A. CPT violation and the standard model. Phys. Rev. D 1997, 55, 6760. [CrossRef]

13. Colladay, D.; Kostelecký, V.A. Lorentz-violating extension of the standard model. Phys. Rev. D 1998, 58, 116002. [CrossRef]

14. Colladay, D.; Kostelecký, V.A. Cross sections and lorentz violation. Phys. Lett. B 2001, 511, 209. [CrossRef]

15. Lehnert, R. Threshold analyses and Lorentz violation. Phys. Rev. D 2003, 68, 085003. [CrossRef]

16. Lehnert, R. Dirac theory within the Standard-Model Extension. J. Math. Phys. 2004, 45, 3399. [CrossRef]

17. Altschul, B. Compton scattering in the presence of Lorentz and CPT violation. Phys. Rev. D 2004, 70, 056005. [CrossRef]

18. Shore, G.M. Strong equivalence, Lorentz and CPT violation, anti-hydrogen spectroscopy and gamma-ray burst polarimetry. Nucl.

Phys. B 2005, 717, 86. [CrossRef]

19. Aghababaei, S.; Haghighat, M.; Motie, I. Muon anomalous magnetic moment in the standard model extension. Phys. Rev. D 2017,

96, 115028. [CrossRef]

20. Bluhm, R.; Kostelecký, V.A.; Lane, C.D. CPT and Lorentz Tests with Muons. Phys. Rev. Lett. 2000, 84, 1098. [CrossRef] [PubMed]

21. Bluhm, R.; Kostelecký, V.A.; Lane, C.D.; Russell, N. Clock-Comparison Tests of Lorentz and CPT Symmetry in Space. Phys. Rev.

Lett. 2002, 88, 090801. [CrossRef]

22. Andrianov, A.A.; Espriu, D.; Giacconi, P.; Soldati, R. Anomalous positron excess from Lorentz-violating QED. High Energy Phys.

2009, 0909, 057. [CrossRef]

23. Alfaro, J.; Andrianov, A.A.; Cambiaso, M.; Giacconi, P.; Soldati, R. Bare and Induced Lorentz and CPT invariance Violations in

QED. Int. J. Mod. Phys. A 2010, 25, 3271. [CrossRef]

24. Gomes, Y.M.P.; Malta, P.C. Laboratory-based limits on the Carroll-Field-Jackiw Lorentz-violating electrodynamics. Phys. Rev. D

2016, 94, 025031. [CrossRef]

25. Martín-Ruiz, A.; Escobar, C.A. Local effects of the quantum vacuum in Lorentz-violating electrodynamics. Phys. Rev. D 2017,

95, 036011. [CrossRef]

26. Lehnert, R.; Potting, R. Vacuum Cerenkov Radiation. Phys. Rev. Lett. 2004, 93, 110402. [CrossRef]

27. Lehnert, R.; Potting, R. Cerenkov effect in Lorentz-violating vacua. Phys. Rev. D 2004, 70, 125010. [CrossRef]

http://doi.org/10.1126/science.aaf2468
http://www.ncbi.nlm.nih.gov/pubmed/27516595
http://dx.doi.org/10.1038/19426
http://dx.doi.org/10.1103/PhysRevLett.81.1562
http://dx.doi.org/10.1103/RevModPhys.73.977
http://dx.doi.org/10.1103/PhysRevD.39.683
http://dx.doi.org/10.1103/PhysRevD.41.1231
http://dx.doi.org/10.1103/PhysRevD.55.6760
http://dx.doi.org/10.1103/PhysRevD.58.116002
http://dx.doi.org/10.1016/S0370-2693(01)00649-9
http://dx.doi.org/10.1103/PhysRevD.68.085003
http://dx.doi.org/10.1063/1.1769105
http://dx.doi.org/10.1103/PhysRevD.70.056005
http://dx.doi.org/10.1016/j.nuclphysb.2005.03.040
http://dx.doi.org/10.1103/PhysRevD.96.115028
http://dx.doi.org/10.1103/PhysRevLett.84.1098
http://www.ncbi.nlm.nih.gov/pubmed/11017453
http://dx.doi.org/10.1103/PhysRevLett.88.090801
http://dx.doi.org/10.1088/1126-6708/2009/09/057
http://dx.doi.org/10.1142/S0217751X10049293
http://dx.doi.org/10.1103/PhysRevD.94.025031
http://dx.doi.org/10.1103/PhysRevD.95.036011
http://dx.doi.org/10.1103/PhysRevLett.93.110402
http://dx.doi.org/10.1103/PhysRevD.70.125010


Symmetry 2025, 17, 1070 12 of 13

28. Kaufhold, C.; Klinkhamer, F.R. Vacuum Cherenkov radiation and photon triple-splitting in a Lorentz-noninvariant extension of

quantum electrodynamics. Nucl. Phys. B 2006, 734, 1. [CrossRef]

29. Bakke, K.; Belich, H. On the influence of a Coulomb-like potential induced by the Lorentz symmetry breaking effects on the

harmonic oscillator. Eur. Phys. J. Plus 2012, 127, 102. [CrossRef]

30. Belich, H.; Silva, E.O.; Ferreira, M.M., Jr.; Orlando, M.T.D. Aharonov-Bohm-Casher problem with a nonminimal Lorentz-violating

coupling. Phys. Rev. D 2011, 83, 125025. [CrossRef]

31. Bakke, K.; Belich, H. Quantum holonomies based on the Lorentz-violating tensor background. Phys. G Nucl. Part. Phys. 2013,

40, 065002. [CrossRef]

32. Bakke, K.; Belich, H. Abelian geometric phase for a Dirac neutral particle in a Lorentz symmetry violation environment. Phys. G

Nucl. Part. Phys. 2012, 39, 085001. [CrossRef]

33. Bakke, K.; Silva, E.O.; Belich, H. He-McKellar-Wilkens effect and scalar Aharonov-Bohm effect for a neutral particle based on the

Lorentz symmetry violation. J. Phys. G Nucl. Part. Phys. 2012, 39, 055004. [CrossRef]

34. Vitória, R.L.L.; Belich, H.; Bakke, K. On the effects of the Lorentz symmetry violation yielded by a tensor field on the interaction

of a scalar particle and a Coulomb-type field. Ann. Phys. 2018, 399, 117. [CrossRef]

35. Vitória, R.L.L.; Belich, H. Effects of a linear central potential induced by the Lorentz symmetry violation on the Klein–Gordon

oscillator. Eur. Phys. J. C. 2018, 78, 999. [CrossRef]

36. Vitória, R.L.L.; Belich, H. On the Dirac oscillator subject to a Coulomb-type central potential induced by the Lorentz symmetry

violation. Eur. Phys. J. Plus 2020, 135, 247. [CrossRef]

37. Vitória, R.L.L.; Belich, H. On a massive scalar field subject to the relativistic Landau quantization in an environment of aether-like

Lorentz symmetry violation. Eur. Phys. J. Plus 2020, 135, 123. [CrossRef]

38. Vitória, R.L.L.; Belich, H. Effects of a Landau-Type Quantization Induced by the Lorentz Symmetry Violation on a Dirac Field.

Adv. High Energy Phys. 2020, 2020, 4208161. [CrossRef]

39. Belich, H.; Costa-Soares, T.; Ferreira, M.M., Jr.; Helayël-Neto, J.A. Non-minimal coupling to a Lorentz-violating background and

topological implications. Eur. Phys. J. C. 2005, 41, 421. [CrossRef]

40. Medeiros, E.R.F.; de Mello, E.R.B. Relativistic quantum dynamics of a charged particle in cosmic string spacetime in the presence

of magnetic field and scalar potential. Eur. Phys. J. C. 2012, 72, 2051.

41. Vitória, R.L.L.; Bakke, K. Aharonov–Bohm effect for bound states in relativistic scalar particle systems in a spacetime with a

spacelike dislocation. Int. J. Mod. Phys. D 2018, 27, 1850005. [CrossRef]

42. Vitória, R.L.L.; Belich, H. A Massive Scalar Field under the Effects of the Lorentz Symmetry Violation by a CPT-Odd Nonminimal

Coupling. Adv. High Energy Phys. 2019, 2019, 8462973. [CrossRef]

43. Bluhm, R.; Kostelecký, V.A.; Russell, N. CPT and Lorentz Tests in Hydrogen and Antihydrogen. Phys. Rev. Lett. 1999, 82, 2254.

[CrossRef]

44. Bluhm, R.; Kostelecký, V.A.; Russell, N. Testing CPT with Anomalous Magnetic Moments. Phys. Rev. Lett. 1997, 79, 1432.

[CrossRef]

45. Kostelecký, V.A.; Russell, N. Data tables for Lorentz and CPT violation. Rev. Mod. Phys. 2011, 83, 11. [CrossRef]

46. Minami, Y.; Komatsu, E. New Extraction of the Cosmic Birefringence from the Planck 2018 Polarization Data. Phys. Rev. Lett.

2020, 125, 221301. [CrossRef]

47. Nilsson, N.A. Le Poncin-Lafitte, Reexamining aspects of spacetime-symmetry breaking with CMB polarization. Phys. Rev. D 2024,

109, 015032. [CrossRef]

48. Carroll, S.M.; Field, G.B. Is There Evidence for Cosmic Anisotropy in the Polarization of Distant Radio Sources? Phys. Rev. Lett.

1997, 79, 2394. [CrossRef]

49. Bakke, K.; Belich, H. Spontaneous Lorentz Symmetry Violation and Low Energy Scenarios; LAMBERT Academic Publishing:

Saarbrücken, Germany, 2015.

50. Arfken, G.B.; Weber, H.J. Mathematical Methods for Physicists, 6th ed.; Elsevier: New York, NY, USA, 2005.

51. Furtado, C.; Moraes, F. Landau levels in the presence of a screw dislocation. Europhys. Lett. 1999, 45, 279. [CrossRef]

52. Marques, G.A.; Furtado, C.; Bezerra, V.B.; Moraes, F. Landau levels in the presence of topological defects. J. Phys. A Math. Gen.

2001, 34, 5945. [CrossRef]

53. Aharonov, Y.; Casher, A.; Topological quantum effects for neutral particles. Phys. Rev. Lett. 1984, 53, 319. [CrossRef]

54. Ribeiro, L.R.; Furtado, C.; Nascimento, J.R. Landau levels analog to electric dipole. Phys. Lett. A 2006, 348, 135. [CrossRef]

55. Furtado, C.; Nascimento, J.R.; Ribeiro, L.R. Landau quantization of neutral particles in an external field. Phys. Lett. A 2006,

358, 336. [CrossRef]

56. Haouat, S.; Benzekka, M. On the quantum behavior of a neutral fermion in a pseudoscalar potential barrier. Phys. Lett. A 2013,

377, 2298. [CrossRef]

57. Bragança, E.A.F.; Vitória, R.L.L.; Belich, H.; de Mello, E.R.B. Relativistic quantum oscillators in the global monopole spacetime.

Eur. Phys. J. C. 2020, 80, 206. [CrossRef]

http://dx.doi.org/10.1016/j.nuclphysb.2005.11.001
http://dx.doi.org/10.1140/epjp/i2012-12102-3
http://dx.doi.org/10.1103/PhysRevD.83.125025
http://dx.doi.org/10.1088/0954-3899/40/6/065002
http://dx.doi.org/10.1088/0954-3899/39/8/085001
http://dx.doi.org/10.1088/0954-3899/39/5/055004
http://dx.doi.org/10.1016/j.aop.2018.10.004
http://dx.doi.org/10.1140/epjc/s10052-018-6479-4
http://dx.doi.org/10.1140/epjp/s13360-020-00259-1
http://dx.doi.org/10.1140/epjp/s13360-020-00202-4
http://dx.doi.org/10.1155/2020/4208161
http://dx.doi.org/10.1140/epjc/s2005-02240-y
http://dx.doi.org/10.1142/S0218271818500050
http://dx.doi.org/10.1155/2019/8462973
http://dx.doi.org/10.1103/PhysRevLett.82.2254
http://dx.doi.org/10.1103/PhysRevLett.79.1432
http://dx.doi.org/10.1103/RevModPhys.83.11
http://dx.doi.org/10.1103/PhysRevLett.125.221301
http://dx.doi.org/10.1103/PhysRevD.109.015032
http://dx.doi.org/10.1103/PhysRevLett.79.2394
http://dx.doi.org/10.1209/epl/i1999-00159-8
http://dx.doi.org/10.1088/0305-4470/34/30/306
http://dx.doi.org/10.1103/PhysRevLett.53.319
http://dx.doi.org/10.1016/j.physleta.2005.08.046
http://dx.doi.org/10.1016/j.physleta.2006.05.069
http://dx.doi.org/10.1016/j.physleta.2013.07.012
http://dx.doi.org/10.1140/epjc/s10052-020-7774-4


Symmetry 2025, 17, 1070 13 of 13

58. Maia, A.V.D.M.; Bakke, K. Harmonic oscillator in an elastic medium with a spiral dislocation. Phys. B Condens. Matter. 2018,

531, 213. [CrossRef]

59. Furtado, C.; Bezerra, V.B.; Moraes, F. Quantum scattering by a magnetic flux screw dislocation. Phys. Lett. A 2001, 289, 160.

[CrossRef]

60. Bakke, K. Relativistic bounds states for a neutral particle confined to a parabolic potential induced by noninertial effects. Phys.

Lett. A 2010, 274, 4642. [CrossRef]

61. Castro, L.B. Noninertial effects on the quantum dynamics of scalar bosons. Eur. Phys. J. C. 2016, 76, 61. [CrossRef]

62. Santos, L.C.N.; Barros, C.C., Jr. Relativistic quantum motion of spin-0 particles under the influence of noninertial effects in the

cosmic string spacetime. Eur. Phys. J. C. 2018, 78, 13. [CrossRef]

63. Vitória, R.L.L. Noninertial effects on a scalar field in a spacetime with a magnetic screw dislocation. Eur. Phys. J. C. 2019, 79, 844.

[CrossRef]

64. Hosseinpour, M.; Hassanabadi, H. DKP equation in a rotating frame with magnetic cosmic string background. Eur. Phys. J. Plus

2015, 130, 236. [CrossRef]

65. Abramowitz, M.; Stegum, I.A. Handbook of Mathematical Functions; Dover Publications Inc.: New York, NY, USA, 1965.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual

author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to

people or property resulting from any ideas, methods, instructions or products referred to in the content.

http://dx.doi.org/10.1016/j.physb.2017.12.045
http://dx.doi.org/10.1016/S0375-9601(01)00615-6
http://dx.doi.org/10.1016/j.physleta.2010.09.046
http://dx.doi.org/10.1140/epjc/s10052-016-3904-4
http://dx.doi.org/10.1140/epjc/s10052-017-5476-3
http://dx.doi.org/10.1140/epjc/s10052-019-7359-2
http://dx.doi.org/10.1140/epjp/i2015-15236-8

	Introduction
	Landau-Type Quantization Induced by the LSV
	Space-like Background Vector Field
	Space-like Plus Time-like Background Vector Field

	Landau-Type Quantization Induced by the LSV in the Presence of a Hard-Wall Potential in System
	Space-like Background Vector Field
	Space-like Plus Time-like Background Vector Field

	Conclusions
	References

