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RESUMO

O Modelo Padrao (SM) da fisica de particulas teve numerosos sucessos na previsao de
resultados experimentais. Apesar disso, a maioria dos fisicos de particulas acreditam
que o SM nao é a teoria final para as interacoes fundamentais, mas uma teoria efetiva
valida apenas em alguma escala de baixa energia. Isso significa que deveria haver fisica
além do SM (BSM). Uma das razoes para esta crenga ¢ o problema da hierarquia, ou
seja, porque a massa de Higgs é muito inferior & escala de Planck. Existem algumas
solucoes para este problema, como supersimetria, dimensoes extras e o Higgs composto.
O Higgs composto é uma das solugoes mais exploradas para o problema de hierarquia
atualmente. Esse modelo estende as simetrias do SM e gera o campo de Higgs como um
boson pseudo-Nambu-Goldstone composto, gerado por uma quebra de simetria. Essa
quebra pode gerar diversos campos de Higgs, como singletos e dubletos. Esta dissertagao
faz uma abordagem abrangente do Modelo Composto de Higgs, com foco principal na
constru¢ao do modelo e no Higgs Composto Minimo como principal exemplo. O primeiro
capitulo define e discute o Problema da Hierarquia. O segundo capitulo fornece uma
revisao completa do mecanismo de Higgs, comecando pelos fundamentos da invariancia
da simetria de calibre e progredindo até a quebra de simetria eletrofraca e as massas dos
bosons de calibre. O capitulo trés investiga as discussoes formais em torno do mecanismo
de Higgs a partir de uma perspectiva da teoria de grupos. Finalmente, o capitulo quatro
apresenta detalhadamente a construgao do Higgs composto, com o modelo minimo servindo

como exemplo concreto.

Palavras-chave: fisica de particulas; modelo padrao; problema da hierarquia; béson de

higgs; higgs composto.



ABSTRACT

The Standard Model (SM) of particle physics has had numerous successes in predicting the
results of experiments. Despite this, most particle theorists believe it is not the final theory
for the fundamental interactions but an effective theory valid only at some low energy
scale. This means that there should be physics beyond the SM (BSM). One of the reasons
for this belief is the hierarchy problem, i.e., why the Higgs mass is so much lower than the
Planck scale. There are a few solutions to this problem, such as supersymmetry, extra
dimensions, and the Composite Higgs. The composite Higgs is one of the most explored
solutions to the hierarchy problem nowadays. This model extends the SM symmetries and
generates the Higgs field as a composite pseudo-Nambu-Goldstone Boson generated by
a symmetry breaking. This breaking can generate several Higgs fields, such as singlets
and doublets. This thesis takes a introductory approach to the Composite Higgs Model,
with a primary focus on the model’s construction and the Minimal Composite Higgs as a
prime example. The first chapter defines and discusses the Hierarchy Problem. The second
chapter provides a thorough review of the Higgs mechanism, starting from the basics of
gauge symmetry invariance and progressing to Electroweak Symmetry Breaking and the
masses of gauge bosons. Chapter three delves into the formal discussions surrounding
the Higgs mechanism from a group theory perspective. Finally, chapter four presents the
composite Higgs construction in detail, with the minimal composite Higgs serving as a

concrete example.

Keywords: particle physics; standard model; hierarchy problem; higgs boson; composite

higgs.
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Chapter 1

INTRODUCTION

1.1  Why should we go beyond?

No one can deny that the SM has had an immense number of successful prediction,
in excellent agreement with experimental results. However, some observations can not be
explained using only the SM, such as dark matter, dark energy, neutrino oscillations, and
the hierarchy problem. The SM is not a final theory of fundamental particles and their
interactions; it is “just” an effective theory, i.e., there is no reason for it to be valid at a

high energy limit, and we expect it not to be!

In order to understand why the SM is an effective theory, one can simply recall
that a complete description of gravity is absent in this theory. More precisely, a partial
description of quantum gravity at a perturbative level can be used when the gravitational
field is not too intense. However, this approach breaks down at the Planck mass scale
E > 4nMp = 10¥ GeV, when gravity becomes significant even at the quantum level.
Some new physics must appear at last at scales of Mp order to overcome the perturbative
limit, giving rise to a “true” elementary quantum gravity theory. We can denote by Agy
the maximum energy scale up to which the Standard Model is a reliable effective theory,

and we then have Agy S Mp.

The example of Quantum Gravity discussed earlier illustrates the effective nature of
the Standard Model (SM). However, it does not imply that the theory’s cutoff is necessarily
at the Planck scale. In fact, we expect the cutoff to be much lower than the Planck scale,
because otherwise one would have to face other difficulties related to electroweak symmetry

breaking, as explained in what follows.

As an effective description, the SM Lagrangian is calculated at the scale Agy by
integrating out the contributions from higher energy dynamics. The surviving terms

in the Lagrangian are those that respect fundamental principles such as the SU(3)¢ X



1 INTRODUCTION 12

SU(2)r, x U(1)y (the SM gauge group), and Lorentz invariance. However, beyond these
invariances, there is little guidance regarding the precise form the Lagrangian should
take. One characteristic we do know must be satisfied is that all terms in the Lagrangian
must have the correct dimension, denoted as [£] = E*, with Agy being the only relevant
scale. Consequently, any SM operator must be proportional to 1/(Agy)? %, with d being
the operator’s energy dimension, enabling us to classify operators based on their energy
dimensions. When constructing models with predictive power, it is crucial to consider the
dimensions of operators. Operators with dimension d > 4 correspond to non-renormalizable
operators which must be suppressed by some factors of the scale of Agy. Operators with
dimension d = 4 describe most aspects of SM fields and define a renormalizable theory.

However, it is worth examining operators with dimension d = 2 more closely.

In the SM, there is only one operator with dimension d = 2, the Higgs mass term.
Since each Higgs field has a dimension of one in energy, the operator must be enhanced by

A%,/]2], in order to have the correct dimension. Mathematically, this can be expressed as
ey HYH, (1.1.1)

where “c” represents a coefficient. The Higgs mass term holds a significant role in Elec-
troweak Symmetry Breaking (EWSB), as it controls the scale of EWSB and, consequently,
the mass of all the particles interacting with the Higgs. Following the discovery of the
Higgs boson, we know that its mass, my, is approximately 125 GeV. This mass value leads
to the mass term being p? = m?% /2 = (85 GeV)?. If we assume that the cutoff of the SM

model lies at the Planck scale, we encounter a lack of naturalness in the Higgs mass term

12

=G~ 107% <« 1. (1.1.2)
SM

c
There is no apparent reason for this to occur, and it gives rise to what is known as the
hierarchy problem!. In the next section, we will discuss this issue in more detail, shedding

light on why we should expect new physics below the Planck scale.

1.2 The Hierarchy Problem

In the preceding section, we briefly touched upon the hierarchy problem without
delving into its intricacies. Nevertheless, it holds significant relevance as the driving force

behind this dissertation. In this section, we aim to elucidate the origin of this problem and

! The naturalness problem, and therefore the Hierarchy problem, may be just a pseudo-problem,
meaning that it can be just a coincidence that the parameter is in the way it is. There are also exciting
anthropic explanations, which may involves a Multiverse hypothesis, [3, 2] that do not need new physics
to solve the problem.
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present potential resolutions. As one might surmise, our primary focus will revolve around
the Composite Higgs Model as a viable solution; alternative approaches are explored in
the literature (see e.g. |4, 3]).

To better understand the hierarchy issue, let us consider a scenario where humanity
possesses complete knowledge of the final nature theory, encompassing all interactions and
particles. This all-encompassing theory, which includes the electroweak interaction and the
electroweak symmetry breaking (EWSB) delivered by the Higgs boson, must accurately
predict the mass-term of the Higgs field, denoted as p?. The Higgs boson mass can be
expressed as m% = 2u2. Assuming the Higgs mass depends on energy and on the other

parameters “py..” of this fundamental theory, one has|2]

e’} d 2
m%=/ dE“TI (B prae), (1.2.1)
0

dE

where, the integration is performed over a range of energy values, which is necessary to
account for contributions across the entire energy scale. This integration should encompass
the energy scale from zero to infinity or at least extend up to a very high cutoff imposed

by this hypothetically more fundamental theory.

The continuous integration region allows us to divide the integral into two parts.
The first part involves integrating up to the cutoff energy of the Standard Model (SM),

while the second part covers the remaining energy range. Mathematically

Asm g2 *  dm?
m2 = / dE H (E;ptrue) _I' / dE—H(Evptrue)
" 0 dE Aoy dE

= 55Mqu + 5BSMm§{. (1.2.2)

The term dpgym?; represents an unknown contribution from energies equal to or higher
than Agy. On the other hand, the term dgym? originates from virtual particles below
the cutoff energy, and their behavior is assumed to be well described by the SM. Before
identifying the specific BSM theory, we cannot make any definitive statements about
6BSMm%I. However, we can estimate 5SMm§{ by considering the diagrams depicted in
Figure (1.1), where only the most relevant contributions are considered, allowing us to

derive a reasonable approximation. This calculation gives rise to [2, 3, 4]

3y? 395 (1 1 3\
Ssmmyy = —Ady — 0 [ =+ ———— | Afy — =5 A3 1.2.3

SMITH = gz SM ~ a2 \ 17 Beostly ) (SM T gaztsw (1.23)
where g, is the Yukawa coupling, gy is a coupling related to the electroweak theory,
Oy is the Weinberg angle, and \ is the self coupling of the Higgs field?. The previous

contributions arise from the top quark, gauge bosons and Higgs self-coupling, respectively.

2 All of these parameters are going to be explained in details in the following chapters.
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Figure 1.1: Diagramically representation of the Higgs boson mass corrections, delivered
by the top quark, gauge boson, and self-coupling, respectively. The y; is the Yukawa
coupling between the Higgs boson and the quark top, the gy is the Higgs coupling to the
electroweak gauge bosons, and the A is the Higgs self coupling.

Quantum loop correction to the Higgs mass due to the SM goes quadratically with the
Agyr, and, therefore, if Agys > 125 GeV, the corrections would be bigger than the Higgs
mass itself since my = 125 GeV. The hierarchy problem becomes evident from this point of
view. We must recognize that we are dealing with this calculation solely in the low-energy
limit to address this issue. Considering the low-energy regime, we can overcome the

divergence problem associated with the quadratic divergences.

Now, the hierarchy problem becomes evident. The “true” mass term receives two
contributions that are entirely unrelated due to the stark difference in their energy scales.
Suppose the value of Agy is large. In that case, the second contribution must be just as
significant as the first one, with an opposite sign, to reproduce the Higgs boson’s light
mass in the SM, as shown in Eq. (1.2.2). In other words, dgsym?; = —dsmm?,. A measure

of fine-tuning can quantify this cancellation between the two contributions, denoted as A

[2]:
A 5SMT%[ _ Sytz (ASM)2 “ <Ai)2 (1.2.4)
m3, 8m2 \ my 450 GeV

The dominance of the top contribution is considered, as the Yukawa coupling plays a

significant role compared to the other terms present in Eq. (1.2.3).

The problem becomes even more evident when we consider a scenario where the
SM is assumed to be valid at very high energy scales, i.e., Agy = 105, In this case, the
fine-tuning measure is estimated to be A = 10?*. This implies that in order to achieve the
required cancellation in the “true” theory description for the Higgs boson mass my, the
two contributions must match up to the 24th decimal place. However, expecting such a
precise cancellation between two completely disconnected contributions is highly unlikely.
In essence, a theory plagued by this issue loses its predictive power as it would necessitate

an experiment capable of determining the two mass contributions with an accuracy of
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Figure 1.2: Diagrams representing the Higgs mass-term contribution due to two-loop
corrections delivered by a new heavy fermionic particle coupled to the Higgs indirectly via
SM gauge bosons.

at least 24 decimal places to estimate my 3. Achieving such a level of precision may be
practically impossible, leading to an inability to comprehend the microscopic origin of
EWSB [2, 4].

The hierarchy problem is not dependent on the chosen renormalization scheme?, and
it goes beyond the issue of canceling divergences. Instead, it arises from the fundamental
challenge of reconciling the vastly different energy scales of electroweak and UV scales
°. Introducing any coupling between the Higgs boson and new physics reintroduces the
quadratic dependence on the energy scale at which the new physics manifests. For instance,
let us consider a new scalar particle that arises from new physics at a scale mg and couples
to the Higgs boson through a four-point interaction. This new scalar interaction leads to
a further contribution in the Lagrangian, AL D \g|H|?|S|?, resulting in a correction to

the Higgs mass, as given by the equation [4]

As
1672

A
{A%v +2m%In (ﬂ) + (higher order cont.)| . (1.2.5)
ms

2 _
my =

By considering the first term inside the bracket®, we observe that the Higgs mass receives

quadratic contributions due to the presence of new physics scales.

The quadratic sensitivity of the Higgs mass persists even when the new states are
not directly coupled to the Higgs but interact with other fields in the Standard Model.

To illustrate this point, let us consider a pair of heavy fermions, denoted as W, that

3 The Hierarchy problem can be viewed as merely a pseudo-problem, suggesting that any cancellation
may merely be a coincidence, leaving us with no actual issue. However, humanity is at a standstill because
we are unsure of the next steps in the scientific exploration of the physical fundamental nature of the
universe. We face several challenges within the Standard Model, and it is essential to investigate all
possible options to solve them. Therefore, the Hierarchy problem must be thoroughly examined to help us
discover new directions in BSM physics.

4 The claim that the hierarchy problem is a mere renormalization issue or disappears in dimensional
regularization is fallacious in both cases, we are not going to this topic, but the reader can go to [5] to
have more information.

5 Here, we denote the UV scales as high energy scales; the UV means Ultraviolet. IR often denotes low
energy scales, meaning Infra Red [6, 7].

6 Repare, there is no physical reason to do it but it is done for the sake of argument.
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are charged under the SM group but do not have direct couplings to the Higgs. Due
to the interaction between the gauge bosons and these new fermions, the Higgs mass
term will acquire “indirect” contributions from diagrams depicted in Figure (1.2). These

contributions lead to [4]

2

2
2 g 2 2 Auvy :
omy (167r2) [CLAUV + 48m7 In (—mF ) + (higher order cont.)| , (1.2.6)

which has the same form of Eq. (1.2.5), showing again the quadratic sensitivity to a new

physics.

With the arguments presented, we can rewrite the hierarchy problem as follows:
“The hierarchy problem is the issue that the Higgs mass mpy is sensitive to any high scales
in the theory, even if it only indirectly couples to the Standard Model” [4]. This lack of
naturalness can be addressed by constraining the scale of new physics to Agy ~ few TeV,
which results in a fine-tuning parameter of A ~ 10. This implies a cancellation of only
one digit between the SM and BSM quantum corrections. Consequently, this new physics
should be within the reach of current or near-future collider experiments’. In this scenario,

the SM cutoff eliminates the large loop contribution from above the TeV scale.

Once the issue involving the Hierarchy problem is clear, an attentive reader may ask:
why do we attribute the problem only to the Higgs boson mass but not to the fermions
and gauge bosons?. The reason is that fermions and gauge bosons have protections against
large quantum corrections, which are suppressed by their small tree-level mass parameter.
The fermion protection arises from the chiral symmetry in the massless limit. For gauge
bosons, the protection is due to the restoration of gauge symmetry in the massless limit

[4]. This protection leads to logarithmic corrections in the cutoff scale of the theory, A,

A
Am, ~ m.ln (—) (1.2.7)
Me
2 2 A
AM2, ~ M2 1n (—) (1.2.8)
Mw

This absence of quadratic divergences in the loop correction of fermion masses is a good
hint towards the idea of Composite Higgs Model (CHM). Instead of being an elementary
field, suppose the Higgs is a composite of a new bunch of heavy fermions, or gauge bosons,
delivered by a new strong sector. In that case, the divergences do not appear in a quadratic
power. The composite Higgs we are going to deal with is about this assumption. In the

following chapters, we will treat this topic more deeply.

" Therefore, the naturalness is restored.
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Chapter 2

THE HIGGS MECHANISM

This chapter is dedicated to elucidating the Higgs Mechanism within the SM. The
mechanism serves the purpose of upholding a fundamental principle known as local gauge

invariance, which we shall revisit and explore in the first section bellow.

2.1 Gauge theories

We embark on our exploration of the Higgs Mechanism by delving into gauge
symmetries, a concept that underpins the foundation of the Standard Model of particle
physics. Symmetries are so crucial in particle physics that it is possible to resume all
interactions as a resulting junction of symmetries and dynamics, as Figure 2.1 shows. There
are two types of symmetries that are foundations of the Standard Model: space-time and
gauge symmetries. Here, we will delve into just the gauge case. Extensive literature exists
on this topic, with notable references including [8, 9, 10| for a comprehensive overview,
and [11, 6] for a more in-depth and didactic approach. We will start our discussion by the

most straightforward case we can: the abelian model.

2.1.1 Abelian gauge theory

In particle physics, quantum field theory, or even classical mechanics, symmetries or
invariances in physical systems are associated with the conservation of specific quantities!.
For instance, a system that exhibits translation invariance leads to the conservation of
momentum. In contrast, invariance under time displacements and rotations correspond to

energy conservation and angular momentum, respectively.

In this context, it is assumed that the reader possesses a certain familiarity with the concepts of field
theory and particle physics. Prior knowledge of these subjects will significantly aid in comprehending the
following discussion.
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O1 O,

O3

Lagrangian

Figure 2.1: The basic structure of the SM. The symmetries and dynamics lays in the
core of the theory, then, putting together in the Lagragian, giving rise to the interactions
representated by the “O’s”. Image from [12].

These conservation laws are well-established principles derived from Noether’s
theorem. To provide an understanding of this theorem, we will briefly discuss it. Our

starting point is writing down the system’s action.

S = /d%ﬁ (i, Outhi) - (2.1.1)

Consider the field behaving like ¢; — ¢; + d.¢; under some transformation, linearly
depending on N parameters € 4. If the system remains unchanged under the transformation,

the action must change at most by a total derivative |13]
6.8 = / d*zd, W (2.1.2)

with W# being a linear function of €4. Under this assumption, it is possible to verify the

existence of a conserved current [7], defined by

oL
jH(E) = W(&Qﬁz — W'u, (213)
ti
B o — |o, (95 OL 5 6; ~ 0 2.1.4
o)

Therefore, we have N conserved currents for each transformation given by e4. This is
Noether’s theorem! It is essential to say that the conservation holds on-shell, i.e., where

the classical equations of motions apply [14]. The transformations considered before were
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global, i.e., the transformation parameter does not depend on the space-time coordinates.

We can define a quantity called charge by using the current

Qle) = /d3xj0(e). (2.1.5)

Integrating Eq. 2.1.4 over the three-space

0 = /d?’:v@uj“ - /d3xaoj°+/d3ﬁ-j’= 80/d3:z:j0+j{]‘-d§
S

= 0p@ + surface term, (2.1.6)

where the divernce theorem was applied. If the fields goes to zero in the infinity, the

surface term goes to zero, leading to [15]
Q) = 0. (2.1.7)

Conservation of a certain charge is then a direct consequence of the existence of symmetry

in the physical system.

Noether’s theorem establishes a profound connection between symmetries and
conservation laws, stating that “every differentiable symmetry of the action of a physical
system with conservative forces has a corresponding conservation law”. As we progress
further, we will draw upon concepts from group theory, making it crucial to understand

symmetries within our context clearly. We will discuss this in more detail in what follows

In field theory there are two types of symmetries: internal symmetry and space-time
symmetry?. Unlike space-time symmetries, internal symmetries do not involve fields with
varying space-time properties. There are two types of internal symmetries: global and local
symmetries. To illustrate what a global symmetry is, let us consider the Lagrangian for

the free electron, denoted by the field 1, which is described by the following Lagrangian®
Lree = i7,0" — my. (2.1.8)

Here, 9 represents a four-component spinor, with each component representing an inde-
pendent field variable, and the v, denotes the conventional Dirac matrices. For further

reference on the notation used, please consult the notation and convention adopted.

One can perform a phase transformation on the field, given by

Y(x) — eY(x), (2.1.9)

2 As discussed in the refs. 11, 13]
3 By applying the Euler-Lagrange equation in this Lagrangian, the world wide famous Dirac equation
is obtained [7].
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where « is a real constant. This transformation belongs to a family of phase transformations
represented by the unitary Abelian group U(1), denoted as U(a) = €™ [6]. The U(1) group
comprises all possible phase transformations parametrized by the real constant a. The
U(1) gauge transformation does not induce any change in the electron’s Lagrangian, Eq.
(2.1.8). We can demonstrate the invariance by considering the transformed Lagrangian,

denoted as L, .., as follows
ree = V1O —my'y, (2.1.10)
where v is the transformed field, i.e., ¢ = U(«a)v. Expanding this expression, we find

/free — efiaz;fy,u(eia lﬂ/}) o me*mzﬁ(emw)
_ efmemizvuﬁ;ﬂﬂ — me e ). (2.1.11)

Since ¢* and e cancel out in each term, we obtain

ree = WO — mapn). (2.1.12)

/

trees 18 equivalent to the original Lagrangian,

Notice that the transformed Lagrangian, £
L free, indicating that the Lagrangian remains invariant under the U(1) gauge transforma-

tion, confirming that there is an U(1) internal symmetry.

When the transformation parameter, «, remains constant, it indicates that the
field undergoes the same transformation at all points in space-time, referred to as a global
symmetry. Now, let us consider the scenario where these transformations become local,
meaning that the transformation parameter becomes a function of position, & — a(z). In
this case, different points in space-time experience distinct transformations. If we apply a
local U(1) transformation to the field

U(z) = e@y(z) (2.1.13)
the Lagrangian takes on the form
! = YO — m'y (2.1.14)
free Y Ou m .
= e_m(@@z'y“@u(eio‘(x)?ﬁ) — me_io‘(z)@@(em(x)z/)). (2.1.15)

Since the transformation parameter depends on the position, it will not be “transparent”

to the derivative, thus

0, (@ eh) = @ p 4 i@, a. (2.1.16)
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This new expression will break the U(1) invariance of the lagrangian, explicitly

e = €@y — mem @iy 4 jem i@ e atyg
= (W70t — mi) + iy Y0, (2.1.17)

The term between parenthesis is just the original Lagrangian, therefore

;”Tee = Lirec + 17" 0,0, (2.1.18)

and we see that there is an extra term spoiling the Lagrangian gauge invariance.

What occurs when we attempt to restore gauge invariance in the local U(1) trans-
formation? This question is intriguing, as imposing local gauge invariance does not have a
direct physical significance. Still, intriguing consequences can emerge from doing so. To
embark on this task, we can recognize that the additional term in Eq. (2.1.18) originates
from the derivative. Hence, modifying the derivative is the most straightforward approach
to restoring gauge invariance. We denote this modified derivative operator as D,,, which

must satisfy the following condition to preserve the Lagrangian’s invariance,
Dy — @D . (2.1.19)

Because it transforms in the same way as the field, we call this operator a covariant
derivative. We must introduce in the derivative a new field with transformation properties
that eliminate the extra term. The construction that accomplishes this is given by

D, =0, —ieA,. (2.1.20)
Here, the “auxiliary” field A, is introduced as a clever technique to restore gauge sym-

metry. Its purpose is to be constructed in a way that ensures the field undergoes U(1)

transformations, transforming like
1
A, — A, + gﬁua. (2.1.21)

The subsequent transformation rule for the field A, referred to as a gauge field,
effectively eliminates the term that compromises local gauge invariance. Additionally,
including the covariant derivative and Eq. (2.1.21) introduces novel characteristics to

the Lagrangian. To observe this, let us combine all the components of the newly gauge-
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transformed Lagrangian in Eq. (2.1.8),

L = iy, D' —mipy
= @E’Yu(au - ieAu)w - mlW
= Liree — i€y, A0, (2.1.22)

By examining this equation, we can confirm its local gauge invariance. The transformed
free Lagrangian includes an additional term, Eq. (2.1.18), which will be nullified as a

result of the gauge field transformation,

/ - . 1
free = ‘Cfree + Z@D,}/Mdjaua - ZG@/J’)/M <AM + Eaﬂo‘/) Q/)
= ﬁfree + i&’y”iﬁ@ua - “Z’YMwauO‘ - i€1§%!‘h¢
= Lpree — i€y, A0, (2.1.23)

The additional term in the last equation signifies that the field A, plays a significant
physical role rather than a mere mathematical artefact. It will engage with the electron
field, leading to observable effects. We can also introduce a kinetic term* that is invariant
under the field transformation, Eq. (2.1.21), to impart dynamics to this field A,. The sole
entity that fulfills all the requirements associated with the field A, is

F,, =0,A, — 0,A,. (2.1.24)

The term above corresponds to the field strength tensor, which appears in the covariant
formulation of electromagnetism. We can identify the field A, as the photon field. Inter-
estingly, through the imposition of local gauge invariance, a new field emerges, and in the
case of the electron, we obtain the electromagnetic field as a bonus. This showcases the
remarkable potential of gauge symmetry. By demanding local gauge invariance, we can
construct an interacting field theory. The final Lagrangian we obtain for the electron is

the Quantum Electrodynamics Lagrangian (QED)

| o 1 )
Loep =Y (17, D" —m) Y —iey, A — ZLFWF# . (2.1.25)

This is the construction of the QED as an abelian gauge theory®.

In the Lagrangian formulation of Quantum Field Theory (QFT), the term associated
with mass is quadratic in the field. In the case of the QED Lagrangian, the electron’s

mass term is represented by (m1)), which is absent in the Lagrangian for the photon

4To be considered acceptable, this dynamical term must maintain both gauge and Lorentz invariance.
5 The term “abelian” is used to describe the U(1) group’s character, which refers to its commutative
nature. In an abelian group, the order of the group elements does not affect the result of their multiplication.



2 THE HIGGS MECHANISM 23

field. It is widely understood that the photon is massless®. However, even if it did possess
mass, it would not be possible to describe it within a gauge invariant Lagrangian. A mass

term of the form .

Lo mass = 2m2A“AH (2.1.26)
violates local gauge invariance since
1 1
ArA, — <AH + —8uoz) (A“ + —8“@) #ArA,. (2.1.27)
e e

Indeed, local gauge symmetry leads to the emergence of a massless field. This intriguing
characteristic motivates us to introduce the Higgs field, as we will delve into and explain

further in the subsequent chapters.

2.1.2 Non-Abelian gauge theories

Now, let us move on to the discussion of non-abelian gauge theories. Non-abelian
gauge theories are built upon gauge groups that are not abelian, such as SO(N) and
SU(N). These theories are necessary to describe self-interacting fields, which abelian

theories cannot capture adequately.

We will use the theory of the strong interaction among colour charges as an example.
This will lead us to the well-known theory of Quantum Chromodynamics (QCD). The
starting point is to recognize that each quark can be found in three possible states, namely
it can possess a red, green or blue colour charges. Then the quark field can be arranged as

a 3-plet of color fields denoted as g; described by a lagrangian
Lfree = Gj (17,0" —m) g;. (2.1.28)

Next we postulate that the strong interaction does not distinguish between these three
colours, i.e. there is no preferred direction in colour space. We can then perform a “rotation”
in this space without affecting the dynamics. Since this field redefinition must not change
total probabilities (i.e. it must not alter the norm of physical states), it must be described
by an unitary operator. We thus postulate that the theory must be symmetric under

SU(3) transformations given by
q(z) = Uq(z) = e @Tag(z), (2.1.29)

where here, U represents an arbitrary 3 x 3 unitary matrix, and a summation over repeated

Latin indices is applied. The T, with a = 1, ..., 8, denotes the eight SU(3) generators, and

6 Actually, the photon mass is subject to an upper limit, as indicated by M, < 10~ eV [11]. However,
this value is minimal because the photon can be considered massless in all practical scenarios.
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«, is the local group parameter.

To proceed from Eq. (2.1.29) towards local gauge invariance, we must consider an
infinitesimal transformation and expand the U matrix in Taylor series [6] to apply the
group action on the field. Under this consideration, we can write the unitary matrix U up

to the first order as

U = e@la 1 4o, ()T, (2.1.30)
where «,(x) are now infinitesimal transformation parameters. Fields and derivatives will
obey

qg — (I+ia,1,)q (2.1.31)
0uqg — (1+ia,13)0,q + 11,q90,0,. (2.1.32)

It is clear that similar to the U(1) case, the last term hampers gauge invariance. Motivated
by our previous discussion, we are enticed to introduce a gauge field similarly, leading to
the covariant derivative

D, = 8, +igT,G", (2.1.33)

and imposing a field transformation
a a 1 a
G, — G, — gaﬂa , (2.1.34)

to eliminate the additional term. It is crucial to emphasize that the two indices in the field
correspond to the Lorentz index, denoted as p = 0, ..., 3, and the group index, represented
by a = 1,...,8. Consequently, we have eight distinct 4-plet gauge fields that can be

identified as the gluon fields, the strong force mediator.

Putting all the pieces together in the transformed Lagrangian, we obtain

L = g(iv,D" —m)q
= q(i7,0" —m)q — g(@"Taq) G}, (2.1.35)

This Lagrangian is not invariant due to the part in parenthesis in the last term. This
arises from the non-abelian nature of the SU(3) group, i.e., the group generators do not
commute among themselves. To have a better view of how the last term transforms, we

can apply the transformation

V'Twg — [(1—ia ) g (v T)[(1 + i, Ty)q]
— ((V'Taq) + iogy" (T, T, — TyT,)q
= (@V"'Taq) = favecn(@V"Teq), (2.1.36)
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where we used the commutation relations between the group generators [6]
[Taa Tb] =i fabc Lo (2.1.37)

We can now see the root of the problem, and we introduce another term to compensate
for the non-abelian behavior of the generator. The modification is made on the field; it
will transform like

a a 1 &
Gu — G,u - ;a,uaa - fabcabGH; (2138)
where the last term ensures that 2.1.35 is gauge invariance.

At the end of the day, what we have is the Lagrangian for Quantum Chromodynamics

(QCD), which, including a dynamical term to the gauge field, assumes the form

_Lae g (2.1.39)

Loop = q(i7,0" —m)q — (@' 1aq)G}, 1Cw

where

Gy, = 9,Gy — 0,6} — gfuncGL G (2.1.40)

Once again, we observe a modification compared to the abelian model. The strength
tensor now contains an additional term”. When we compute the product of the strength

tensor, cubic and quartic terms involving the gauge field arise,
EQCD D) gacG?m + 92“G4”. (2141>

These terms introduce self-interactions, as depicted in Figure 2.2. Consequently, a non-

abelian theory is inherently a self-interacting theory.

Figure 2.2: Self-interaction of the gluon in QCD. The first diagram is due to the cubic
term in G, and the second arises from the quartic term.

Both the non-abelian and abelian gauge theories encounter a similar challenge:

introducing a mass term disrupts the gauge symmetry. We do have to introduce some

" The invariant strength tensor is constructed, not just assumed to be a determined form. Reference
[11] reasonably explains the construction of such a quantity in a pretty general approach.
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new mechanism to give mass to the gauge bosons; in the case of photons, it is okay not to
have a mass term®. However, in the gauge boson in electroweak theory, it is different; it
possesses a measurable mass. How can we escape this apparent “nightmare” for the gauge

theories? The Higgs® has the answer!

2.2 Spontaneous Symmetry Breaking

The previous Section provided a comprehensive overview of local gauge symmetry
and its implications. A remarkable feature is the fascinating emergence of a gauge field
that mediates interactions when enforcing the theory’s invariance. In fact, we consider

local gauge invariance to be a fundamental characteristic of nature.

However, a significant issue arises in the absence of an invariant mass term for the
gauge bosons. This becomes particularly relevant as we observe that gauge bosons have
mass in Weak and Strong interactions. Consequently, a fundamental question emerges.
How can we generate mass for the gauge bosons to account for the observed masses in
the weak and strong interactions? The answer lies in breaking the symmetry. The idea of
breaking the gauge symmetry might sound paradoxical, considering it is a fundamental
feature of nature. Nevertheless, two distinct methods exist to achieve this: explicit and

spontaneous symmetry breaking.

Explicit symmetry breaking is achieved by introducing a new term, by hand, to the

Lagrangian, a therm that breaks the symmetry, so that the total Lagrangian becomes
L= Lsym + £breaking- (22]—>

However, this method has notable drawbacks. Firstly, we lose a crucial guide when
constructing a Lagrangian theory by abandoning gauge symmetry. Symmetries provide
valuable insights into determining the appropriate form of the terms in the Lagrangian.
Disregarding this principle can lead to ambiguity and uncertainty in the theory’s formula-

tion.

Secondly, a mass term introduced by hande, precesely because it breaks the sym-
metry, can lead to problematic unrenormalizable divergences in the weak and strong
interactions [6]. These divergences can render the theory mathematically inconsistent and

hinder its predictive power.

For these reasons, explicit symmetry breaking, in this context!’, proves to be a

8 Since it does not have a measurable mass.

9 The physicist, not the particle.

10We will see that explicit symmetry breaking is a fundamental tool to construct the Composite Higgs
Model, but it has a different approach than here.
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less promising approach and may not be worth the effort. Therefore, it becomes evident
that spontaneous symmetry breaking presents a viable solution to our problems!!. This is

indeed the case, as we will see!

2.2.1 Spontaneously breaking of a global U(1) symmetry

Spontaneous symmetry breaking, also known as hidden symmetry, occurs when the
Lagrangian remains symmetric under certain group transformations, while the physical
vacuum breaks this symmetry [9]. To illustrate this process, let us consider a simple case

with one complex scalar field described by the free Lagrangian

Liree = 0,806 — 12610, (2.2.2)

This equation exhibits global U(1) symmetry, i.e., ¢ — e®¢. Within this Lagrangian,
there are both a dynamical and a mass term. Now, we can extend this by including
a self-interaction term. The simplest term that respects all the symmetries of the free
Lagrangian is

Lim = =) (010). (2.2.3)

It is crucial to emphasize that the potential

V(e) = 1® (670) + A (¢70)", (2.2.4)

must be bounded below. This essential condition ensures that the system possesses a
stable ground state. Without this lowest energy level, the system could have negative
energy and exhibit unstable behavior [6]. Incorporating this interaction term, the complete

equation becomes
L= d,6'0"6 — [;ﬂgbw) A (Ws)z} . (2.2.5)

An important feature can be applied here. The complex scalar field can be parametrized

by two real fields ¢, and ¢, such that

o = (p1 + 1¢2), (2.2.6)

H<ﬂH
[\&)

@==7§%—wﬁ- (2.2.7)

Therefore, the Lagrangian in Eq.(2.2.5) can be rewritten as

1 1 >

A
L= 3 (8u901)2 + 2 (@%)2 D) ( T+ gog) 1 (gaf + @%)2 . (2.2.8)

1 Sadly, not all of our life problems, just the mass term issue.



2 THE HIGGS MECHANISM 28

In quantum field theories, particles are viewed as excited states of the field. These
excitations manifest as quantized fluctuations around the field’s lowest energy state, known
as the vacuum state. The field’s value in this state is called the vacuum expectation value
(VEV). To ascertain the particle spectra, we expand the potential around its minimum at

the lowest energy state 9], expressed as

Vier,p2) = V({e1), (w2)) + Y (gg) (00 — (o)
a=12 “/ lvev
" %a,;,z <a<fa;3/sob) . (Pa = (®a)) (oo — (pp)) + ..., (2.2.9)

where () = ((¢1) (©2))T is the VEV of ¢. One can readily observe that the second term of
the expansion becomes zero when the requirement of VEV being a minimum is imposed!?.
The mixed derivative of this term can be identified as the mass matrix
= ma N
agpaa@b b

(2.2.10)

which can then be diagonalized to identify the system’s mass-eigenstates.

The parameters p and A in Eq. (2.2.5) govern the physical properties of the system’s
minimum. When X > 0 and p? > 0, the system exhibits a non-degenerate minimum state,
as illustrated on the left side of Figure 2.3. In this scenario, there is no breaking of the

symmetry. The unique minimum occurs at (¢;) = (ps) = 0, and the mass matrix is

2
s [ m* 0
Mep = ( 0 m2 ) 9 (2211)

leading to fields with equal mass, with mass eingenvalues of m.

diagonal

Another possibility for the parameter’s value is that we can make A > 0 and p? < 0.
In this case, the potential becomes
2

A
V(p1,p2) = —% (1 +¢3) + 1 (V2 +¢2)". (2.2.12)

The potential minimum is obtained by requiring the first derivatives to be zero,

oV . 2 .
(3901) - = =17 {p1) + M) ((e1)” + {2)”) =0, (2.2.13)
oV . 2 .

(8902) o —p* {p2) + A 2) ({1)” + {2)”) = 0. (2.2.14)

12 Actually, the first derivative only ensure that we have a sadle point, and not a mininum but, remember,
we said that the potential is bounded bellow, what ensure that there are a global minimum.
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Figure 2.3: Left: Here py? > 0, and no symmetry breaking takes place. Right: The
parameter u changes, p? < 0, and the potential assumes a shape where the vacuum
degenerates; choosing one minimum between many equal ones breaks the symmetry. Image
from [8].

The solutions for these equations, apart from the trivial one where the VEV is zero, are

(p1)” + (p2)” = % =’ (2.2.15)

This equation can be rewritten in terms of the field ¢

2 2

:_p_ v
(pT9)” = TOREE (2.2.16)

Figure 2.3, right, illustrates the new potential’s structural representation. The VEV now
forms a circle with a radius denoted by v, as defined in the last equation. This value
results in the spontaneous breaking of the original U(1) symmetry, as the potential must

select a specific vacuum state from the range of possibilities.

Figure 2.4 shows a simple analogy that can clarify this concept. Imagine applying
pressure to a symmetrically positioned needle along its central axis. Initially, the needle
maintains its configuration. However, if the force becomes sufficiently intense, the needle
will bend in a particular direction, causing a breaking in its cylindrical symmetry. The
newly acquired state shares an energy configuration with all other directions, yet predicting

the exact direction of the final state becomes impossible.

Now let us look into what happens with the mass matrix. The second derivatives
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/ y

Figure 2.4: Demonstration of spontaneous symmetry breaking in bending a needle. Image
from [6].

of Eq. (2.2.12) with respect to the real fields are given by

0*V

97 = —1® X (9] + 93) + 2207 (2.2.17)
1

aZ_V _ 2 by 2 2 2\ 2 291

5 = AP+ 9h) + 2205 (2.2.18)
D3
0*V

= 22010 2.2.19

81,018902 ©1¥P2 ( )

Since all the vacuum states are symmetric, we can choose any configuration without losing

generality or physical consequences. Here we pick (p1) = v and (p2) = 0. The mass matrix

222 0
m2, = . 2.2.20
- (20) o

becomes

We now realize that the point <¢Tgb> = 0 does not represent the true minimum. In order
to study the field fluctuations, we can translate the field to the real vacuum state, i.e.,
<¢T¢> = v2. Two new fields can parameterize the fluctuations around the minima, namely

¢ and 7, as in

o) = % v+ n(z) + i€ (x)] (2.2.21)

One represents the real, and the other the imaginary parts of the fluctuations. It is possible
to rewrite the latter equation by using imaginary exponential and disregarding second and

higher order terms in £ and 7, i.e.

(o1 MDY icorvan
¢—( + ﬁ) d : (2.2.22)
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Thus, we have a radial and an angular direction in the field vacuum, as shown in Figure

2.5. With the new parameterization, we can write the Lagrangian as follows

I/((l"jl.: ‘1‘92)

§

AP

-—

— —

Circle of minima
radius v

Figure 2.5: Potential structure for a complex scalar field with A > 0 and p < 0. Image
from [6] with modifications.

1 2 )\ 4
£ = | @m) (0n) + uzﬂ +75 (0:60"€) = B+ =2 (P +)°+E (2.2.23)

2 A 4 4\
The first term in the Lagrangian is nothing more than the Lagrangian for a massive scalar
field 7 (Klein-Gordon Lagrangian), with mass m, = \/2u2. The second term is a kinect
term for a massless field £&. Meanwhile, the third and fourth are interacting terms for the
two fields and a constant term that does not play any role in the model'®. The n-particle
mass can be viewed as a consequence of a restoring force against oscillations in the radial
direction, i.e., the potential in that direction is not free to change. On the other hand, the
massless nature of the {-particle is a consequence of an SO(2) invariance in the Lagrangian;
there is no restoring force against angular oscillations, and you do not have to pay any

energy cost to create that particle in that direction [11].

Let us pause briefly; breathe and ask yourself, what happened here? I.e., we started
from the Lagrangian for a complex scalar field and ended up with a weird Lagrangian
describing massless particles. What is going on? We did nothing but change the notation
to the real degrees of freedom of the system, which allowed us to realize the Lagrangian
properties more accurately. The Lagrangian must describe the same physical system.
Thus, the rise of a massless scalar field should not be due to a mere choice of notation.

Indeed, this is a perfect example of Goldstone’s theorem, which states that massless scalars

13 Since the Lagrangian must be integrated to obtain the action, any constant terms will disappear
during this process, because it will turn to be surface terms that are neglegible if the field goes to zero in
the infinity, which is the case. Therefore, we can ignore it here without any further issues.
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occur whenever a continuous symmetry of a physical system is “spontaneously broken” |[6].
These scalar particles are known as Nambu-Goldstone Bosons. The Goldstone theorem

will be discussed in the next chapter.

Spontaneous symmetry breaking can look like an useless tool by now due to the
issues with the Nambu-Goldstone particles. However, it will be helpful to generate mass
for other particles, as discussed in the following section. Let us just keep going and study

the case of spontaneously broken gauge symmetries.

2.3 The Abelian Higgs Model

We have seen the spontaneous breaking of global gauge symmetry in the last section,

but what happens if the spontaneously broken symmetry is local? Well, let us see!

We start with the simplest example: a local U(1) symmetry. Eq. (2.2.5) describes

a complex scalar field; the first step is to make it invariant under a local U(1) gauge
transformation, namely

P — e Dp, (2.3.1)

Just as in section 2.1, the partial derivative in the Lagrangian must be replaced by the
covariant one,

D, =0, —iqA,, (2.3.2)

and the gauge field transforms as
1
A, — A, + gﬁua. (2.3.3)

Putting all this information together and introducing a dynamical term to the gauge field,

one has )
L=~ FuF"™ + D' D"6 — 1?66+ A (619)° (2:34)
where
F,=90,A,-0,A,. (2.3.5)
Once again
6 = — (¢ +iga) (2:3.6)
fr—y _— 1 > .
\/5 ®1 ¥2
1
= — 1 . 2.3.7
¢ NG (1 — i) ( )

When #? > 0, we have just the QED Lagrangian for a charged scalar particle of

mass /i, plus an extra self-interaction term and the field A, remains massless.
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or < U, spontaneous symmetry breaking appears. € potentlial nas a continuum
For p? < 0 t try breaking The potential h ti

of absolute minima, corresponding to a continuum of degenerate vacua at

2

(¢)? =&

v
£ -2 (2.3.8)

Here, the same procedure done in the last section can be used, i.e., shift the fields to
rewrite the Lagrangian in terms of perturbations around the true vacuum. Therefore, the

Lagrangian with perturbations around the true vacuum is

1 1 1
L = _ZF;WFHV + 5 [@ﬂ? - ung]Q + 5 [auf + un (v + 77)]2
2 272
) {vn LIS 1 . (2.3.9)
Doing the math and working out all the terms, we get
1 v 1 2 92 1 2 1 2 2 1 2
L = — ZFWF” + 3 (¢°v®) A A" + 3 (Oum)” — 5 (230%) n* + 3 (0,8)
Massive \;gctor Field Massive §galar Field Nambu—Goldstone Boson
2 M o & Ay 2) 2 2 2
| AA o+ 5+ 5 ) = (P +E) = Ao (” + &)
Interact;:zg Term
+ [quAL0"E + q A, (nd"E — £0")] - (2.3.10)

~-
Kinetic Mixing Terms

As expected from the previous section, the n-field now has a mass corresponding to the
radial fluctuation. The gauge field A, seems to have acquired a mass, as shown in the
first term in the Lagrangian. Nevertheless, the £-field, which we identify as the Nambu-
Goldstone particle, is again present with some weird mix of terms involving its derivatives
and the other fields. These terms can be represented in Feynman diagrams as in Figure
2.6, and we see that they would naively correspond to a scalar field being converted to
a vector field. These kind of terms represent off-diagonal contributions, that shows us
to beware in interpreting the Lagrangian. Indeed, the particle spectrum in £ does not

represent the correct one. A proper choice of gauge can reveal the true degrees of freedom

Figure 2.6: Mixing interaction between the gauge boson and the Goldstone field.
of the model. To do this, note that at first order

[v + n(x)] @/, (2.3.11)

Sl -

6= % v+ () + i€(z)] =
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Using the freedom of gauge transformation, we can choose a(z) = —¢(x)/v in Eq. (2.3).

The gauge transformation becomes

1
A, — A, ——0.. 2.3.12
0 S i€ ( )
The field transforms as )
—i(x) /vy
—e =—(Ww+nx)). 2.3.13
¢ ¢ NG (v+n(z)) ( )
Since the Lagrangian is locally gauge invariant, we put all the pieces together
1 uv 1 2.2 I 1 2 1 2\ .2
L = = FuF —l—§(q v?) A, A +5 (0um) —5(2)\0 )n
Massive ‘;zctor Field Massive ;glla’r Field
2 1
+ [qQAMA“ (m) + %) Y~ 4_1)\774] : (2.3.14)

~
Interacting Term

plus an irrelevant constant [11].

In our choice of gauge, the Nambu-Goldstone was removed, and we ended up with
an n-field with mass m? = 2\v?, and a massive vector field A,. The &-particle is no longer
in the Lagrangian, and the boson field has become massive. In fact, fixing the gauge has
explicitly shown us that the formerly ¢-field has become the longitudinal component of the
massive vector field A,. After the symmetry breaking, we had four degrees of freedom: two
scalars and two helicity states of the massless gauge field. After the symmetry breaking,
we end up with a massive scalar particle, n, plus three helicity states of the massive gauge
field A, the same degrees of freedom, but in a different configuration. It is usual to say
that the massless Nambu-Goldtone boson was “eaten” by the massless photon to become
a massive vector boson [6]. The “new” massive boson 7 is known as the Higgs boson, and
this process of generating mass by dynamical means is known as the Higgs mechanism.
The gauge we have used is known as the unitary gauge, or U-gauge [11]. In that gauge,
only states that appear in the Lagrangian are the physical ones. The unitarity of the
S-matrix and the complete set of Feynman rules for the model are evident in this gauge
[11].

Peter Higgs and others who worked on the issue of mass in gauge theory had an
excellent motivation behind generating mass via spontaneous symmetry breaking [16].
In order to see this argument, consider a free massless U(1) theory, in which the gauge
boson propagator goes like ~ ip~2 [6]. By introducing an interaction with some constant

background field with a strength ¥, the propagator will change. The 1 particle irreducible
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(1PI) interaction for this model can be computed, as pictured in Figure 2.7 7], by

p—2 + E(—ZE)E—FE(—E)E(—ZE)E—F...
N s N - 7 N - v
Free Theory 1PI (1PI)?
= ! 1+Z+(E)2+<2)3+
p? p*  \p? p°
i =21 2)‘1
- Zl == (1= (2.3.15)
p? Z:; {pz] p? ( P’

‘ — +

Figure 2.7: The propagator of the interaction theory can be obtained by computing all
the 1PI insertions.

If the background field strength is given by —iX = ig?(¢)?, the expression before
can be rewritten as

L ) A A

2 L 2.3.16
p? p? p* P p p p? — ¢*(9)? ( )

where the ¢ is again the electric charge. Surprise, surprise, the interaction between the
massless gauge boson with a background field has shifted the mass pole of the A-field to
p? = m? = ¢*(¢)*>. And more: by giving mass, a new degree in the polarization in the
field arises [16]. Is it not shocking? This event indicates that generating mass dynamically
to the gauge boson is possible [16]. Once there is the Yang-Mills theory, the Goldstone
Theorem, and the indication that the gauge field mass can be generated by interacting
with another field, the puzzle of giving mass to the gauge bosons has a natural solution in

the Higgs Mechanism.

The model discussed in this section, of course, is not observed in nature. There is
no observation of a massive photon, at least until now. The U(1) model was only a toy
model to explain how the mechanism works. We are now able to extend it to a non-abelian

model, which, by the way, applies to the entire Standard Model of particle physics.
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2.4 The Glashow-Weinberg-Salam Model

After discussing the Abelian Higgs, it is straightforward to consider extending the
approach to a non-Abelian case. Indeed, this step is crucial in order to construct the

electroweak model, known as the Weinberg-Salam model.

2.4.1 Non-Abelian Higgs Model

The discussion of the non-abelian model will be constructed for the SU(2) group,
one of the fundamental groups of the electroweak interaction. We start by taking the

Lagrangian for a complex scalar field

£ = (0,0) (0"9) — 10'o — A (610)". (24.1)

The field ¢ is a doublet of SU(2), which explicitly is given by

« 1 '

P B (2.4.2)
oF V2 \ 3+ iy

At this point, it is not difficult to notice that the Lagrangian is invariant under SU(2)

phase transformations, such as
¢ — ¢ = el T2, (2.4.3)

where a = 1,2, 3 and 7, are the three groups generators.

To promote the symmetry to a local one, we must take o, = a,(x) and, as done

before, the covariant derivative must be introduced,
. Tayra
D, =0,+ zg;W#. (2.4.4)

Here we have three new fields, W¢(x), due to the “gauging” of the SU(2) group. Consider

infinitesimal gauge transformations

o(r) = ¢'(x) = (1 + %a . T) o(z), (2.4.5)

where the bold symbol is an abbreviation for three components, i.e., 7 = (71, 79, 73) and

similarly to the other entities. The gauge fields will transform as

1
W,—->W,—--0,a—axW,. (2.4.6)
g
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Here, the difference between an Abelian gauge field transformation, Eq. (2.3.12), and a
non-abelian one is evident. The extra term of the latter equation is due to the vectorial
nature of the field W, under SU(2) transformations; it is rotated even if e is independent

of x [6]. Putting the covariant derivative in the Lagrangian leads to

1 1%
Wi W

- (8ﬂ¢ + ’ig’r : W#gf))T (8“¢+ igr : W“qb) —V(9)

L = D.'D'é—V(p)—-
1

Wi W (24.7)

where
V() = 1266 + A (610)°, (2.4.8)

and the gauge field kinetic term is given by
W, =0,W,-0,W,—gW, xW,. (2.4.9)

Again, the last term in the equation above is a consequence of the non-abelian nature
of the SU(2) group; that is, it occurs because the group generators 7’s do not commute

among themselves [6].

The potential structure, Eq. (2.4.8), reminds us of the already studied potential
where the p parameter led to two different physical situations. The p? > 0 case, where
there is no symmetry breaking, and the exciting case of u? < 0 which leads to the SU(2)
symmetry breaking. In the latter, the potential has a minimum located at a finite value ¢,

where )
1

~ox

Of course, the vacuum manifold at which the potential is minimized is invariant under

S0 =3 (& + 0%+ 0+ 63) = (24.10)

SU(2) transformations. As done before, the appropriate way to study the symmetry

breaking is expanding the field ¢(z) around a particular minimum, namely

P11 = 2 = @1 =0,
12
pr = -5 =% (2.4.11)
A
Since a simple rotation can connect all the vacua points, there is no physical implication
in choosing a particular state. The system’s choice of one specific VEV is the symmetry’s

spontaneous breaking [6].

We develop the model around its minimum. To do it, we write the field in terms of
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fluctuations, &; 2 3(x) and h(z) as [6, 17|

_ i § +1i&y
o ﬂ((wh(@)—%)
_ L( 1+ igs /v z‘(&—z’@)/v)( 0 )
V2 ilG +ig) v 1—igs/v v+ h(z)
1 1 0
- ﬁ[”f'g(‘”)} <U+h(x)>

L ire@pm 0
7 < v b > . (2.4.12)

It is possible to get rid of the exponential in the last equation by doing a gauge transfor-

12

mation, just as we did in the abelian case by using the U-gauge, i.e.

, 1 0
— o imé(@)/v
— ¢Pp=c¢ = — : 2.4.13
6 by 6 ﬁ<v+h(x)> 24.13
The &-fields are the ones that will be absorbed by the gauge fields; therefore, they do not

appear in the final Lagrangian.

Based on the current situation where the Goldstones are no longer present in the
Lagrangian, our focus now shifts to the mass terms of the gauge bosons. These bosons
are expected to have acquired mass due to the symmetry-breaking process. In order to
accomplish this task we can substitute ¢g of the Eq. (2.4.13) into the Lagrangian in Eq.
(2.4.7). The term of interest is [6]

2

9 _ (s "9y
‘Z§T-WM¢ = <z27' Wu¢> <z27' W“qb)
s ws o owioawz\ (o]
8 Wj+zW3 Wj’ v
9202 1\2 2\2 3\ 2
= T )"+ (W) (W)’ (2.4.14)

the symbol | |? is an abbreviation of ( )7( ). Upon comparing the equation above to the
gauge boson mass term, %M QBi, it becomes evident that the mass is My, = %gv. As a
result, the Lagrangian describes a massive scalar field, h(x) ( the Higgs field), and three
massive gauge fields. The scalar degrees of freedom, originating from the Goldstones,

subsequently became the longitudinal polarizations of the massive vector bosons.

The Higgs mechanism offers a pathway to introduce masses to gauge bosons. Explic-
itly adding the mass term to the Lagrangian, however, renders the theory unrenormalizable

and leads to a loss of predictive power. However, if the symmetry is spontaneously broken,
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it remains present but is “hidden” by the ground state choice, allowing the model to retain

its renormalizability and predictive power.

We can now extend the Higgs mechanism to a “real” theory that describes nature,

as we do in the following subsection.

2.4.2 The electroweak symmetry breaking

With all the tools we have lectured about, we are in the position of going forward
and formulating the Higgs mechanism so that the gauge bosons W and Z become massive
and the photon remains without mass. The model where this is done is called the Glashow-
Weinberg-Salam model (GWS)', and it unifies two of the four known fundamental forces
of nature, the electromagnetic and weak forces, at an energy of v = 246 GeV. This model
has has been shown to be renormalizable by Gerardus 't Hooft and Martinus Veltman
20, 21].

We introduce four real scalar fields ¢; to achieve our goals. Based on the phe-
nomenology of the electromagnetic and weak interactions [6], it was known that the gauge
symmetry corresponding to these interactions is a product of two simple groups of the
SU(2)r x U(1)y group®. For a scalar field, we have

2

L= ‘ (i@u —igT - W, — ig’%Bu) ol — V() (2.4.15)

where T are the three generators of SU(2)r, Y is the U(1)y generator, and the potential
V(¢) is the one in Eq. (2.4.8). This Lagrangian has the same structure as before, plus
the U(1) group term. The scalar field must be constructed as a group’s representation
to develop a group invariant model. The most economical choice possible is an isospin
doublet with weak hypercharge Y =1 [6]

= ¢+
¢ ( e ) , (2.4.16)

4 Some textbooks refer to this model just as Weinberg-Salam model [6, 11]. What can be unfair to
Glashow, who gave significant contributions to the field, as in [18], and won the Nobel prize together with
Weinberg and Salam. By the way, his supervisor, Julian Schwinger, gave the idea for his Nobel prize work
during his Ph.D. studies. There is an excellent Glashow interview [19] about this topic on YouTube.

15 The Y stands for hypercharge. The L stands for “left”, indicating the left-chiral nature of particles
and how they transform under the group action. It is a way of categorizing particles based on their
behavior under the weak interaction. So, particles not carrying a charge under these groups are often
called “right-handed” particles. The presence of SU(2), in the Standard Model means that only particles
with left-chiral properties interact via the weak interaction, while right-handed particles do not. For
further information about this topic, please consult the references [6, 11, 7, 21].
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where

¢r = M, (2.4.17)

V2
%. (2.4.18)

Here, the “+” superscript signifies that the doublet component carries an electric charge,

¢0

whereas the “0” indicates that the field equation is electrically neutral.

Now, it is time to break the symmetry to generate mass for the gauge bosons, but
not the photon, of course. To induce a spontaneous symmetry breaking, we demand, as

before, the parameter p? < 0 and A > 0 and choose a particular vacuum expectation value

1 (0
by = NG ( ) ) . (2.4.19)

Why is this a good VEV choice? As one may know, for a vacuum state to be symmetric

¢o. One appropriate choice is

(invariant) under a group, i.e., Gy = ¢g, where G is the group transformation [4, 11].
However, we desire the symmetry breaking to generate the boson’s masses. Let us see

what happens when we apply the group generators to the vacuum state

1 oy, 1 0 1 0) 1 v

T ¢y = T§Z50——2\/§ 10)(@)——2\/§<0>7€0,bmk6n!

s s 1 (o =i N[0\ 1 [ -

T ¢y = T§Z5o——2\/§ ; 0><v>__2\/§< 0 )#O,brok‘en!
3 5,1 1 0 0) 1 0

T°¢y = T§Z50——2\/§ 0 _1><U>——2\/§(_U>7é0,broken!

1 0
Y = Yy =+1¢pg = — 0, broken!
Po s%0 Po 7 ( ” > #
Where we have used that T' = (1/2)7, the T being the Pauli matrices [6]. We also use that
the scalar field has hypercharge of 41, by construction [21]. In the previous equations, the
field VEV is clearly not symmetric; it breaks all the generators of both groups. Nonetheless,

a combination of 7% and Y is not broken [21], indeed

LYY, 1, 1 [(Ye+1 0 0
<T+2>¢°_2(T+Y)¢°_2\/§< 0 Y¢—1><v>

1 10 0
= — =0, unbroken! (2.4.20)
v2\0 0 v

Hence, the generator ) = (T3 + %) is a system symmetry. This @) is the electric
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charge operator, also known as the Gell-Mann—Nishijima relation for the electric charge.
This operator gives rise to the U(1)gyy, i.e., it is the group generator, representing the
electromagnetic group, and the Q is the (electric) charge conserved'®. This result is
astonishing; the scalar field’s VEV breaks the SU(2);, x U(1)y to the electromagnetic
group, in other words

SUR2), xU(l)y = U(1)gum. (2.4.21)

Breaking the symmetry gives mass to the gauge bosons and more. It keeps a group intact,
which explains why the charge is conserved!” and how the photon remains massless. If
you wonder what would happen if the field’s VEV were differed, the answer is almost
nothing! The thing is, it is always possible to rotate the vacuum state to another one.
Hence, the physics should not be different by just changing the VEV. Indeed, when a
rotation is performed in the Eq. (2.4.19), there will be no breaking in the U(1)gys; in fact,
what will change is the Gell-Mann—Nishijima relation, leading to another definition for
the electric charge. Therefore, any VEV state will be electrically neutral and preserve the

electromagnetic group [21, 22|.

The gauge boson masses are obtained by substituting the vacuum expectation value

¢p in the Lagrangian, whose the relevant term is [6]

2

‘ <—ig% W, — z’%B#> é
1 gW3+4gB, g (W, —iW?) 0
(Wl + ZWQ) —gW2 +4'B, v
1 / /
S [(w )+ (W2)7] + 202 (4B — gW]) (4B — W)

8
1
8
1 1 g =gy \ [ W
T W*W*M—&(W?’ B, )
2 M 8 K _gg/ g/2 B#
1
8"

V2 [ (W3)? 2gg’W3B“+g’QBi] (2.4.22)

2

where W+ = (W' F W?) //2 are the mass eingenstates. Therefore, as the mass term

must be MZWTW~, we have
1
My = 59 (2.4.23)
There are some mixing terms between the B, and the W?, i.e., off-diagonal terms, meaning

that the actual field states are not the mass eigenstates. Nevertheless, it is possible to

16 Remember, by Noether theorem, the presence of a symmetry in the system implies in a conserved
charge [11].
1T A pretty good day on the job, I would say!
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rewrite this mixing term in a more convenient form

1 2 1 2
502 [g (Wi’) - ZQg'WjB“ + QIZBi] = 502 [ng’ - g’B,J
+ 0[gW2+gB.]". (2.4.24)

Now, it is clear that the terms inside the brackets are the two orthogonal mass eigenstates,
one with eigenvalue zero and the other with eigenvalue %vQ. By naming the new orthogonal
states as the physical fields Z, and A,, we can identify the Eq. (2.4.24) with

1

1
5M§Zﬁ + §M§AZ, (2.4.25)

therefore, upon normalizing the fields [6]

A, = AT with My =0, (2.4.26)
g2 +gl2
W3 —4¢B 1
ZN = % with MZ = 5’0\/ 92 + 9/2. (2427)

Of course, at this point, the astute reader must have guessed that the A-field is the photon
field, massless, and the Z-field is another massive gauge boson field. The M, = 0 is
achieved by construction; we have made our choices to make it possible. Therefore, it is

not a prediction but a consistency check of the model.
By introducing the world-famous Weinberg angle, 6y, defined as [6]

/

I tan by, (2.4.28)
g

we can express the A- and Z-fields as

Ay = cos(Ow) B, + sin(0y ) W2, (2.4.29)
v A

= —sin(fw)B, + COS(ew)WS.

One can also express the W-mass using the Weinberg angle by combining Eqgs. (2.4.23)

and (2.4.27), leading to
My

Z

= cos Oy . (2.4.30)

The inequality Mz # My, originates from the mixing between Wj’ and B,,. When 0y =0
there is no mixing, and the Z- and W-mass equality is restored. The ratio My, /My is a
standard model’s prediction and, thus, a path to test it. Another SM prediction is the p

parameter, which is an expression of the gauge bosons masses and the Weinberg angle,
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which, respects the following relation

2
My (2.4.31)

P M2 cos? Oy

It turns out that p is the parameter that specifies the relative strength of the neutral and

charged current weak interaction. Experimentally, the parameter value is [23]
Pezp = 1.01013 £ 0.00005, (2.4.32)

a good agreement with the theory, mainly when we think that no loop corrections
were considered in here. As we will see, the custodial symmetry is responsible for this
parameter being equal to 1 in the SM. In extensions of the SM, it is desirable to have this
symmetry to protect this parameter from significant corrections and avoid discrepancies

from experimental data.

Until now, we have just worked on the exciting terms for our symmetry-breaking
discussion in Eq. (2.4.15), i.e., the mass terms. However, other terms leads to physical
consequences as well [11]. Also, we have not discussed the Higgs field during the symmetry-
breaking process. Indeed, we focused only on the vacuum state, Eq. (2.4.19). To see the
terms involving the Higgs field, we should repeat the steps we took in the non-abelian

Higgs model and introduce a perturbation around the minimum, namely

1 0
Po = NG ( o+ h(z) > : (2.4.33)

where the h(z) is the Higgs field'®. By substituting this doublet into the Lagrangian in
Eq. (2.4.15), one obtains the interacting terms between the gauge bosons and the Higgs,
together with the kinetic term to the Higgs boson. Putting all the pieces that contain the
Higgs field together, including the potential, one gets [17]

1
£Higgs - §auhauh - AUQhQ — )\Uh/g — 2h4, (2434)

where we have used that v = p?/\. As a result, the Higgs mass is
M}? =2 \* = —24%, (2.4.35)

the parameter A is the Higgs self-coupling. We will turn to this expression later during
the composite Higgs discussion. It is necessary to stress that the Higgs mass is not a
Standard Model prediction; we do not know the parameter A, but there are some physical

constraints, such as vacuum stability and the perturbative limit to theory [17].

18 Or, as said before, the perturbation in the radial direction in the potential
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2.4.3 The quark masses

Until now, we have said nothing about the fermions masses. The fact is that the
Higgs mechanism is also needed to give them mass. The weak interaction is chiral and
maximally party-violating [24]|, meaning that the SU(2) gauge bosons only couple to
left-handed particles and right-handed antiparticles [25], i.e., particles that have the group
charge. This is an experimental observation that was taken into account to construct
the SM. Of course, there is also the SU(3) group, but we will not delve into the strong
interaction since it plays no role in the composite Higgs model construction; the interested
reader can take a look at Ref. [26] for an excellent and pedagogical discussion about the

symmetry of the strong interaction group.

In the Standard Model, the left-handed fermions, leptons, and quarks form pairs of

SU(2) fundamental representations. They can be collected in three generations of SU(2)

L = (“*), (”m>, <WI>, (2.4.36)
€r Kmr TL
o = ("), (™). (™ (2.4.37)
B dL ’ ST ’ bL ’ o

where ¢ = 1,2,3 index the generations. The leptons (e, y1, 7, Ve, v, ;) are the electron,

doublet pairs

tau, muon, and their neutrinos, respectively. The quarks (d, u, s, c,b,t) are the down, up,
strange, charm, bottom, and top, respectively. The left-handed fermions transform as

Weyl spinors'®. The right-handed fermions are

63% = {eg, lr, TR}, V;%:{VBR,I/#R,I/TR}, (2.4.38)

u;% = {U’R7 CR, tR} ) d% = {dR7 SR, bR} . (2439>

these right-handed particles are uncharged under the SU(2). The right-handed neutrinos
have not yet been observed but were included for completeness. In fact, it is an open
question in particle physics where the neutrino masses come from; the interested reader

can read this at reference [28]. In practice, the fields behave under the SM group action as

L— L'=¢®F]
SU(2);, : ‘ , (2.4.40)
R—R =R
Uy : Lo L= el 2.4.41
19 Left-handed particles transforms as (%, O) and right-handed weyl spinors transforms as (O7 %) under

the SU(2)r, x SU(2)r. A pretty good treatment of the Lorentz group and its representations can be
found in Refs. [13, 27].



2 THE HIGGS MECHANISM 45

Here L and R represents all the left- and right-handed fermions, respectively. Due to this

behavior, we can construct a table with electroweak SM charges, Table 2.1.

Field ‘ L' ep vg Q' urp dr H
SU2).| 2 1 1 2 1 1 2
vy -5 -1 0 b 3k

Table 2.1: Standard model fermions. In the first line, the numbers indicate the representa-
tions, where 2 represents the fundamental representation of SU(2),, and O is a singlet of
the same group. The second line is the hypercharge.

Using the information collected so far, it is possible to write down the interacting
terms between the fermions and the gauge bosons, together with the kinetic terms. The
procedure is standard: replace the partial derivative with the covariant one, with some

necessary modification, and the result is
ST T o a q .~ T a g
Low = iL (&9 —ig oW~ z%wa) Li+iQ (&9 —ig oW~ Z%YQE) Q:
. g/ . . g/ .
+ ey (z;? — z’EYQIB) el + iy <a — Z'EYZ,B) v
. g/ . —. g/ .
+ ity (a — Z'EYUE) up + idyg (6) — z’EYdB> . (2.4.42)

The symbols with a hash are called slash, and means @ = v*9,,, where the v, are the Dirac
matrices. The Y and Y7, are the hypercharge of the left-handed fields, and Y,, Y, Y, and
Y, for the right-handed fields’ hypercharges [24].

Cutting to the chase, we now go to the mass. For reasons that will be clear later,
we will focus our discussion only on the quark masses. If one considers the Dirac mass
term to the fermion |7]

Lonass D —m (U Up+Uplp), (2.4.43)

it is evident, due to Eq. (2.4.40), that this term is not invariant under local SU(2) gauge
transformation. The chiral nature of the electroweak interaction is the criminal guilty
of this crime. There is no way to construct an operator to couple with the left-handed
particle having the correct quantum numbers by using only the leptons and gauge bosons.

Therefore, we must include the Higgs boson to save the day, once more.

Focusing on the quarks and including all three generations, we have
Lmass — _}i?@zﬁsdﬁ - Ygézgz;uf% + h.c. (2444)

where ¢ = irp¢* and h.c. represents the hermitian conjugate terms. The Y’s in the last

equation are the Yukawa three-dimensional matrices. After the Higgs acquires its VEV,
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one gets
r v v v
mass \/5 \/§ \/§

The last equation is in a matricial form. To find the masses, the matrix must be diagonalized,
leading to [24]

Y dydl, — ==Y ujuh+ hee. = ——= [ dpYadg + UrYyug] + hoc. (2.4.45)

V2

Each quark acquires a mass given by

(

Lmass =
V2

yd ZZLdR — yu ﬂLuR + h.c.. (2446)

mldw) — Y (dw) (2.4.47)

This is the quark mass we were looking for. Keep this expression in mind; we will get back

to it soon!

Much more can be discussed about the fermionic sector of the electroweak interaction,
such as the mixing between the generations, but for the CH debate present in this text,

what was presented is sufficient to proceed to the next topic.

2.5 Explicit symmetry breaking: A first sight

Before finishing this chapter, it is worth examining the behavior of the potential
described in Eq. (2.4.8) by introducing a perturbation term that explicitly breaks the

underlying symmetry. The potential, then, becomes

V(e) = 120'p + X (670)° — e, (2.5.1)

where the parameter € > 0 and the field ¢ is a doublet given by Eq. (2.4.2). The new
term changes the potential’s vacuum configuration. To see that we can differenciate the
potential with respect to the fields and make it equal to zero, i.e., we are looking at the

sadle point of the potential. By doing this procedure, we get

0

(07:5/1«) = (1720 (67 + 05+ 5+ 0i) | o = 0, (2.5.2)
0

(07;/3) = [+ 20 (0 + 0+ g5+ i) ds —e =0, (2.5.3)

where k = 1,2,4. The field configuration that satisfies both equations is the vacuum state
[29]. Substituting the usual VEV configuration, Eq. (2.4.11), the relations above will turn
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to
ov
oV
(87%) ’VEV = [P+ 20 v—e=0, (2.5.5)
thus
2 4 oa?] = = 2.5,
[+ 200 = — (2.5.6)

Notice that in the limit of € — 0 we recover the usual VEV configuration. The field can

be expressed in terms of fluctuations around the minimum?°

_ b &1 +1&
W=7 ( (0 + h(a) — &y ) ' (257)

Putting this into the potential one finds

2

A 2
V= E@+8+8+0+0]+7[8+8+8+ 0+ —e(w+h)
’ A
= % (512 +&+&6+ h2) + 1 (5% + €2+ 532,) v? + interation terms.
1 2
= 3 (1 +20°) (§+ 6+ &) + %hZ + interation terms. (2.5.8)

using Eq. (2.5.6), we reach

1 2
V= 5 (E) (G+&E+8)+ %hz + interation terms. (2.5.9)
v

This result is surprising. By adding a perturbation that breaks explicitly the symmetry,

the Golstones modes have acquired a mass
‘ (2.5.10)

me = 4/ —. 5.
¢ v

The Nambu-Goldtones become pseudo Nambu-Goldtone Bosons (pNGB) [29]. Why dis
this happen? Remember that in the previous sections, we identified the Nambu-Goldstones
as a perturbation on the angular direction in the potential. Due to vacuum degeneracy,
no energy cost is associated with moving along the valley of the potential, suggesting
that the mass term in this direction becomes zero [3|. Adding the € term breaks the

vacuum degeneracy. Indeed, Eq. (2.5.5) shows that the perturbation has lifted the vacuum

20 We already have done this procedure in Eq. (2.4.12), but now, we are not going to the U-gauge once
we want to see what the perturbation effect into the Goldtones modes
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manifold. Figure 2.8 depicts the potential’s format with and without explicit symmetry
breaking. Now, there is a cost moving along the angular direction, and, therefore, the

¢-fields became massive.

V(9) V(¢)

| P |$3]

U

NGB [Mode

pNGB‘ Mode

Figure 2.8: Left: There is no explicit symmetry breaking, therefore, the vacuum is
degenerate. This situation is what happens in the fields ¢,. Right: The vacuum has been
lifted, and the symmetry is explicitly broken, turning the NGB into pNGB. Image inspired
by reference [30)].

Despite the exciting effect of generating mass to the gauge bosons, the breaking
term in the Lagrangian brings an unwanted effect. Calculating quantum corrections
to observables in terms of Goldstone-boson loop diagrams will generate nonanalytic
corrections in the symmetry-breaking parameter such as eln(e) [29]. The procedure of
explicitly breaking symmetry will be used in the Composite Higgs construction. Then, we

must ensure that nonanalytic terms will not appear in the model.

Now, we are ready to enter the composite Higgs model. Hold on tight. The journey

is just beginning!
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Chapter 3

GROUP THEORY STRUCTURE

During this section we are going through a small stroll into group theory. The
entire Composite Model is built mainly on group theory arguments. Therefore, it is helpful
to discuss this foudations; of course, some group theory knowledge is desirable in order to
understand the arguments, but it is not required. Indeed, most of the references do not

cover this topic [2, 31]. Hence, it is possible to comprehend the model without this study.

3.1 Goldstone theorem

In chapter two, we have used the statement of Goldstone’s theorem; now, we will
discuss it more deeply. It is crucial not just in the Higgs mechanism but also in the

Composite Higgs models.

Let ¢ be an n-tuplet of fields describing a theory, which transforms in some
representation! of a global symmetry Lie group G. In an interacting theory, these fields

are subject to a potential V' (¢;), in which the minima define the vacuum manifold

This manifold is the crucial aspect of the spontaneous symmetry breaking. If it is a single
point, there is no symmetry breaking, but if the manifold is not trivial, the symmetry is
spontaneously broken since the field must choose one of the minima points. Moreover,
if this is the case, any transformation of the symmetry group G, will move the vacuum
configuration from one point to another within the vacuum manifold. If ¢¢, ¢} € Vp, then

there is a g € G such that
$o = 9o (3.1.2)

1Tt is assumed that the reader is familiar with group theory. For any questions or uncertainties about
this topic, please refer to Ref. [32, 33, 34]
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It may happen that some elements of the group will keep the original state unchanged.
We will denote by H this subgroup that leaves the vacuum invariant. If we consider a

point ¢g, the group H is defined as the set of elements in G that leave ¢y unchanged
H={h€G|hpy= o} . (3.1.3)

The field ¢ is called the order parameter of the symmetry G.

By taking advantage of these definition, Goldstone’s Theorem can be stated as

follows.

Theorem 3.1.1 (Goldstone’s theorem). If a continuous and global symmetry G is sponta-
neously broken to H, then there will be massless particles called Goldstone bosons. The

number of these Goldstone bosons is given by

dim (G/H) = dimG — dim*H.

To show how this theorem arises, supose the field ¢ is in an N dimensional
represention of G, and that it has compotents ¢ = (¢, ..., ¢;) with i = 1,..., N. Applying
the exponential map to the field

¢ — ¢ =T = [1+ia' T +..] ¢ =~ ¢ +ia ' T¢, (3.1.4)

where we considered the o as an infinitesimal parameter and, thus, considered terms only

up to the first order in the expansion. Each component of the field will change by
3¢, = ia™ (T1)] ¢, (3.1.5)

with the (TA) being the group generators in the representation taken. Putting the
transformed field in the potential and expanding it around d¢ = 0 up to the first order,

we have

_ a0V
V(p+6¢) = V(p) +ia 90, (

The potential is symmetric under group transformations, therefore, it must remain un-

™) ¢,. (3.1.6)

changed, leading to

L0V

oo (T4)) ¢; = 0. (3.1.7)

V(g+d¢) = V() =

Now, take the derivative with respect to ¢;,

ov 0*V

J ANk B
i (T + 0pi0¢; (T%); 0| =0, (3.1.8)




3 GROUP THEORY STRUCTURE 51

where the factor o was dropped down since it is arbitrary. At the VEV, the first term

goes to zero, since it is a minimum of the potential, while the remaining term is

o2V o
(360l =0 (5.9

for A=1,...,dimG. The second derivative can be identified as the mass matrix and, thus,
MY (T%¢y), = 0. (3.1.10)

There are three situations where the equation above is satisfied. First, the vacuum state
itself can be zero, ¢y = 0; in this case, there is no symmetry breaking, and no particles are
expected. Secondly, (T Agzﬁo)i = 0 is null, meaning that, for the generators that annihilate
the vacuum, which is the case of the H generators no particle is created. Last but not
least, for the case (TAngO)Z, # 0, we have M% = 0, i.e. states with mass eigenstates equal

to zero are created. These are the Goldstone bosons!

This is proof of the theorem at the level of classical field theory, which shall be
enough for our purpose of motivating the theorem. The reader interested in the quantum

treatment can consult Ref. [7]. We, now, go to see where the Higgs boson lives?.

3.2 The Higgs house

This section intend to show the group theory foundation of the Higgs mechanism.
We start our discussion considering a physical system described by a Lagrangian with
spontaneous symmetry breaking, i.e., the Lagrangian is invariant under a Lie group G, but
the vacuum state is invariant just under a subgroup #H of G [29]|. The breaking pattern
will generate n = dim[G] — dim[H] Nambu-Goldstones. These massless particles will be
described by n fields, ¢;, that are real functions on Minkowski space, M*. As done before,

the fields can be arranged in an n-vector

¢1

é = %2 . (3.2.1)

Pn
The vector defines an n-dimensional vector space?

V= {¢ : M* - R"[¢; : M* =R continuous} . (3.2.2)

2 The boson, not the physicist.
3 Which is also a manifold.
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Now, we define a map ¢ that associates, in a unique way, to each pair (g,¢) € G X V an

element oy (g, ¢) € V, videlicet

F:GXV = V (3.2.3)
(g7¢> = &V‘

Here we are following the notation from the references [35, 36|, where the barred arrow
denotes the action of a function at the element level, i.e., while f : A — B indicates a
function which has a domain in A and a codomain B, the f : A — B indicates that a

particular function f associates to an argument A a value B.

The map described in Eq. (3.2.3) aims to define the operation of the group G on
the vector space V', known as a group action. This operation is a homomorphism from

one group to another and satisfies the conditions [29]

ple,¢) = ¢ VoeV (3.2.4)
P(g1,9(92,0)) = ¢(g192,6) V g91,92€G and V ¢ € V. (3.2.5)

The latter equation is the criterion for a map to be a homomorphism, ensuring that the
group structure is preserved during the process. We now choose as the origin of the vector
space V the system’s vacuum state ¢y. Using the group action, we can make a definition

we will use later?.

Definition 3.2.1 (Orbit). Given a set X on which a group G acts and = € X, the set of

all images defined as

Ox) ={g-z[geg},
is the orbit of X' [33].

The Figure 3.1 shows an orbit of the group action. Since the system’s ground state is
invariant under the subgroup #, the ¢ must map the vacuum to itself for all the subgroup
elements. Reformulating @ : (h, ¢g) +— ¢o for all b € H. We can define concept of stabilizer

as follows.

Definition 3.2.2 (Stabilizer). Given a set X which a group G acts on and = € X, the
subgroup defined as

G.={9-v=2|g€q},

is the stabilizer of = [33].

4We will have to use some definitions taken from the references with modifications in some cases to
make them more reliable. According to [32], “A good definition should be precise, economical, and capture
a simple, intuitive idea. If in addition, it is easy to work with, so much the better.”; a thought we will
work to follow!
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Figure 3.1: The orbit O(z) of a group action.

The stabilizer is also called little group. Clearly, H is the stabilizer of ¢.
Given a subgroup H of G, we define the left coset as

Definition 3.2.3 (Left Coset). If H is a subgroup of G and ¢ € G, the subset of G
constructed as
gH={g-h|[heH}

is called the left coset of H [33].

The definition of the right coset is straightforward, as the name suggests. All the left

cosets together form a group defined as follows.

Definition 3.2.4 (Quotient Group). If H is a normal subgroup, then the set of all left

cosets of H

G/H={gH|geG},

forms a group called the quotient, or factor, group [33|. The group operation is defined by

gH-gH =g -gH.

A normal subgroup is one satisfying the property of gHg ' = H for all ¢ € G. It is crucial
to stress that the quotient group is not contained in G°. The G/H is a group where each
element is by itself a subset of G. Figure 3.2 illustrates this structure. By looking at this
image, it is also possible to see that the cosets of the factor group either completely overlap

or are completely disjoint [29]; the pink contours do not intersect each other.

The reader must be asking about the reason for all these definitions. It turns
out that the NGBs live in the coset G/H; what we are going to do is use the definition

5 Indeed, the elements of each coset in the quotient group are contained within G. However, the elements
of G/H represent distinct cosets, meaning these elements are not individual elements of G, but rather sets
of elements.
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Figure 3.2: Illustration of the quotient group. Left: Pictorial representation of the group
g, its elements represented by the black. The H subgroup is pictured by the blue contour
that contains the unitary element, e, as the green dot. Right: The elements of the group
G/H are represented by the pink contours. Each left coset ¢g;H represents an element of
the quotient group, where ¢g; € G. Note that the subgroup H is itself the group’s unity
element.

presented before to prove this statement. We start this task by applying the group action

(3.2.3) in the quotient group. In this sense we have a new map, namely

ogmu:G/HxXV — V (3.2.6)
(gh.¢) — .

This group action has the interesting property of mapping the origin onto the same vector
in R™ under all elements of a given coset gH € G/H [29]

©(gh, o) = p(g,0(h,¢0)) = ©(g9,¢0) ¥ g€ G and h € H; (3.2.7)

where we have used Eq. (3.2.5) and the fact that the vacuum state is invariant under the
action of any element of H. This feature ensures that the map is surjective, i.e., all the
points in the vacuum manifold have a correspondent group action elements. The image of
the group action is the entire codomain [36]. Consider now two elements gy, g2 € G, with

g1 ¢ goH. Assuming that (g1, ¢o) = ©(ga, o), one can show that|29]

g0 = (e, do) = (g1 91, %0) = (91" ©(g1, b0))
= (g1 ", (g2, d0)) = (g1 " g2, Do)- (3.2.8)

Here, we have reached a contradiction. The last equation is true only if g;'gs € H,
or, equivalently, go € ¢g1H, which contradicts the assumption of go ¢ ¢;H and, thus,

(g1, o) # ©(92, o). In conclusion, the map is a one-to-one relationship, i.e., an injection
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[36]. With the two properties before, we can state that the mapping is bijective [36] and,
hence, can be inverted on the ¢(g, ¢y) image. By taking advantage of the definitions
of orbit, Defn. (3.2.1), and stabilizer, Defn. (3.2.2), the bijection relationship can be
established in a much more straightforward manner through the Orbit-Stabilizer Theorem,

stated as

Theorem 3.2.1 (Orbit-Stabilizer theorem). For each point x € X, there is a bijection
between the orbit O(x) and set of left cosets of the stabilizer G, [32]. The bijection is
given by

g-x+— gG,.

How the theorem applies in our case may need to be clarified, but things get better when
we call a spade a spade. We are considering the origin ¢, thus, our orbit is given by g - ¢

for g € G. The stabilizer of ¢, is the subgroup H, therefore, the bijection we have is
g Po— gH. (3.2.9)

the g- ¢y is, clearly, an element of V', hence, there is a bijection between the Goldstones and
the factor group. All the definitions and properties above were to conclude that there exists
an isomorphic mapping® between the factor group G/H and the vector space V, i.e. the
NGB’s fields. While two isomorphic groups may exhibit differences in the characteristics
of their elements, they share identical structures regarding subgroups, cosets, classes,
and other related properties. Crucially, isomorphic groups inherently possess identical
representations [37]; they are the same group for practical effects! The Goldstones, indeed,
live in the coset G/H.

Distinct group elements ghy, ghs, ghs, ... € G are associated to the same element in
G/H, as can be seen in Figure 3.2. We can choose a representative element of G for each
element in G/H, denoted by §. Hence, any group element g € G can be written as g = gh,
for some h € ‘H. For a compact and path-connected group [4], each element g and h can

be expressed by using the exponential map, so that we have [37|
g = §(Oh() = BT gioaT" (3.2.10)

where (€4, ) are the group parameters [34], which may be promoted to fields, and the
(T4, T%) are the generators of G and H, respectively [4]. In terms of the isomorphism we
established, each ¢ is uniquely associated with an element of G/H, i.e., a coset gh with an

appropriate §. Since the g is the representative of the group G we say that the g is the

6 An isomorphic map is a map that is homomorphic and, in addition, has a one-to-one relation between
the domain and the image. This injective property ensures the invertibility of the map.
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representative of the coset gH such that

¢ = (g, do) = ¢(gh,0). (3.2.11)

Using the maps defined before, we have

(g’ o) = (g, ¢(gh,0)) = v(g'gh,0) = ©(f.do) = &', f € g'(GH). (3.2.12)

This result shows us that in order to obtain an element ¢’ from another ¢, we multiply the
left coset gH by an element ¢’. This is the indication that we can “travel” from different

cosets by multiplying them by elements of the group G
¢ 5 ¢
Lo
gH 5

g gH

This process uniquely defines the Goldstone bosons’ transformation properties within an

appropriate selection of variables that parameterize the elements of the quotient G/#H [29].

3.3 Custodial symmetry

In Chapter 2 we have mentioned custodial symmetry as the principle behind
protecting the p parameter. In this section, we will delve into this topic more deeply. Refs.
[3, 25, 38| inspired the following discussion. For a general approach about the custodial
symmetry in a model with multiple Higgs doublets, please see Ref. [39]. The custodial

symmetry is discussed in the framework of Composite Higgs models in [40, 41].

After all our discussion about the gauge bosons and the electroweak sector, we are

led to the Lagrangian in Eq. (2.4.15), namely
2
Ltiggs = (Duo)' D'¢ — 1°66 — A (¢19) " (3.3.1)

The Higgs Lagrangian is invariant under the SM SU(2);, x U(1)y group. Consider, as we

did before, the Higgs doublet
oF
H=¢= <¢0 , (3.3.2)

From now on, to explicitly indicate that we are dealing with the Higgs boson, the notation
for the doublet will be H.

" Paper [41] is a classic in Composite Higgs Models.
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Expanding the potential in terms of the doublet four components, we get

V() = 12 (83 + @3+ 63+ 63) + A (03 + 03 + 03 + 93)°. (3.3.3)

All four field components have the same interactions and couplings. Here, the accidental
symmetry comes up. You are right if you noticed this is symmetric under SO(4) transfor-
mations! It happens that the Higgs four-plet spans a four-dimensional vector space, where
the field components can be used as the basis for this space since they are orthogonal.
As shown in Ref. [2], the SO(4) group is locally isomorphic to SU(2), x SU(2)g, which
expressed as SO(4) ~ SU(2), x SU(2)g. We can, therefore, put the Higgs doublet in a

representation of the left and right groups

o= (ﬁ, H) - (_‘b;_ (j;) . (3.3.4)

This is a bi-doublet where H and H is each one a doublet of SU(2);. They are rotated by
an SU(2)y, transformation, delivered by Uy, from the left side of the bi-doublet

SUQ2),: ® = UL, (3.3.5)
while an SU(2) g transformation Ug acts on the right side
SUQ2)g: @ — ®UJ. (3.3.6)
Therefore, both groups act in the bi-doublet as
SU(2), x SU2)g : & — ULdUL. (3.3.7)

This transformation acts explicitly on the Higgs matrix entries as follows

SUQ2)r

0
SU(Z)LI:(—QSCb_ C(Z;—(i)—) .

By using the bi-doublet notation, the Lagrangian is expressed as

1
Litiggs = §Tr D@ — V(®), (3.3.8)

with
V(®) = Tr (1®) + A [Tr (d1d)]”. (3.3.9)
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This potential is invariant under the SO(4) transformations, in fact, the lagrangian is
invariant under global SO(4) transformations, i.e., when there is no covariant derivative
and no gauge bosons

Lo = Tr [0,210"®] — V(). (3.3.10)

However, going to the covariant derivative, i.e., coupling the Higgs boson to the gauge
bosons, the above Lagrangian becomes not invariant (or variant) under global group
transformations. The fact is that when we gauge the electroweak group, we break the
symmetry by not gauging the entire group. To ilustrate this, we write down the covariant

derivative applied to the fields

9 ax .Y

Under global SU(2), transformations, the B,, does not change, it is an SU(2)p field, and

the W gauge bosons transforms as:
T Wo — Upr,WeUT, (3.3.12)
therefore, using Eq. (3.3.5), we have
Wi® = (UprWiU]) (Up®) = Upr Wi, (3.3.13)

which leaves the lagrangian invariant under arbitrary SU(2), transformations. However,
the story changes when we consider the right group. Under arbitraty global SU(2)g
transformation, the W’s fields does not suffer any action, just as the B, (it has a trivial
transformation under U(1)y and no transformation under the remain elements of the

SU(2)g group), leading a behaviour under SU(2)g action described by
7B, — UL B, # or°B,U}, (3.3.14)

which does not lead to and SU(2)g invariance, i.e., the term £¢'B, in the Lagrangian
breaks the custodial symmetry, because we privilege third generator of the SU(2)g group,
T3. Tt is analogous to introducing a vector in a three-dimensional space since it must point
to a direction, the spherical symmetry is broken, and the system now has a privileged
direction. The situation is depicted in Figure 3.3. If we consider the limit where ¢’ = 0, the
full symmetry, SO(4), of the entire Lagrangian is acquired. In this scenario, the covariant
derivative becomes

D, = (8, —igT -W,). (3.3.15)



3 GROUP THEORY STRUCTURE 59

And the kinectic term in the lagragian behaves under SU(2);, x SU(2)g transformation as
2
Tv [(D,®)D"d] — Tr Uau (UL¢U;> —ig <ULT-WMU£> (UchU;)‘ }

= T

=

2
“UL (0,8 — igT - W,®) U;’ }

= T

—

T
{ (UL (0,® — igT - W, @) UL| [UL (8, — igT - W, @) U} }
= T |Up(0,@ — igT - W,0) U, (8,@ — igT - W, @) U}

= Tr [Up(0,@ — igT - W,0)' (3,0 — igT - W,®) U}

= T |(,2 — igT - W,®)! (9,® — igT - W, )|

= Tr [(D,®)'D"®], (3.3.16)
where we have used the propertie of trace which states that Tr (P~'AP) = Tr (A) [42].
Thus, in the limit as ¢’ — 0, the Higgs sector of the Standard Model exhibits a global
symmetry SU(2), x SU(2)g. This symmetry was not imposed when the model was built,

therefore, it is called accidental symmetry. Since global SU(2)g is broken by the small

parameter, it is said that this symmetry is approximate, or softly broken [43].

After the Higgs gets its VEV, the fully SO(4) symmetry is broken to the SO(3).

To see the breaking in action, consider the VEV in the bi-doublet representation

(@) = % ( ’ 2 ) | (3.3.17)

this expression cleary breaks the chiral symmetry
Up(®) # () (®)U} # (). (3.3.18)

However, the case where SU(2);, = SU(2)g remains intact

V2 V2 V2

This is the custodial symmetry! The case SU(2), = SU(2)g is known as SU(2)y, the

vectorial or diagonal group. When discussing representation, the bidoublet is a 2 ® 2

UL(®)VUT = Uy, (i]l) Ul = (i) ULUS = =1 = (@) . (3.3.19)

representation of SU(2);, x SU(2)r group; when the symmetry breaking, SU(2), X
SU((2)r — SU(2)y, takes place, the representation goes like 2 ® 2 — 3 @ 1. Therefore,
we have a triplet given by ¢**, ¢ and ¢~, which are the goldstones eaten by the gauge
bosons, and a singlet, ¢°, the physical Higgs.

Since the coupling ¢ is small, the SM has an approximate custodial SU(2)y



3 GROUP THEORY STRUCTURE 60

SU(2);, x SU(2)r

Figure 3.3: Group theory of the Higgs sector of the SM. The Higgs potential has a global
SU(2)r, x SU(2)r symmetry, shown as the gray ruled part. This symmetry is explicitly
broken to the local EW Standard Model group (SU(2), x U(1)y), represented in blue,
by gauging only a part of the SU(2)r group. When the EWSB takes place, the global
symmetry SU(2), x SU(2)g is broken to the diagonal (or vectorial) group SU(2)y, where
SU(2);, = SU(2)g, represented by the red part of the image. The SU(2)y is the custodial
symmetry. The remaining U (1) gy, is the intersection of the vectorial and SM group. Image
inspired by Weinberg in Ref. [44].

symmetry leading to the protection of the p parameter at tree level. The protection
extends even at the loop level, where the leading corrections to the parameter due to the

Higgs boson, Figure 3.4, is given by [25]

11GFM%811129W1 M}%
p— n s
24+/272 M2

p~1 (3.3.20)

with G being the Fermi constant [6]. When ¢’ — 0, sin® 6y — 0, the correction goes to

zero, protecting the parameter.

/ \

Figure 3.4: Corrections to the W and Z boson masses due to Higgs loops.

The discussion in this section was intended to show why custodial symmetry is

necessary and desired in BSM models. Extending the SM is typically a tricky business
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because the model is extremely successful in numerous predictions, including the so-called
electroweak precision tests. Any SM extension must agree with these tests®. If the model
satisfies this custodial symmetry, one at least can be recomforted that constraints on the

p parameter are unlikely to be violated.

81t is like changing the wheel of a moving car, which should continue to move (and the car is on fire).
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Chapter 4

THE COMPOSITE HIGGS MODEL

In this chapter we will go through the Composite Higgs model. I expect to elucidate
how the model is built, including some formal aspects, and how it works. As a concrete
example, we will discuss the Minimial Composite Higgs Model (MCHM), the simplest
reliable model that mimics the Standard Model.

As a starting point, we will briefly discuss the model’s main idea and how it is

constructed.

4.1 The main idea

The composite Higgs scenario is a simple and graceful solution to the hierarchy
problem. As the name suggests, we will suppose that the Higgs is not a point-like particle
but a composite state with a finite size, namely [g. This bound state will be a product of
a new confining interaction, i.e., a new strong sector characterized by a confinement scale
my = 1/ly above the TeV scale. The finite size of the Higgs will affect the mass corrections
in Eq. (1.2.1). At low energy levels, the quanta (photon) do not have the resolution to
“see” what is inside the Higgs, the composite state behaves as an elementary particle, and
the integrand in Eq. (1.2.1) grows linearly with £, just like in the SM. The finite size
effects become apparent as F approaches and surpasses m,. Similar to the scenario where
a proton is hit by a virtual photon with a wavelength smaller than the proton radius, the
composite Higgs is transparent to high-energy quanta, causing a decline in the integrand
[2]. Therefore, the linear SM behaviour is replaced by a peak around E ~ m,, followed by
a quick decline. The Higgs mass generation phenomenon gets localized at m, = 1/ly, and

my is insensitive to much higher energies.

Since we need a bound state, a new strong interaction must be included!. At least

! One can ask why we do not use the good and old QCD sector to generate the Higgs as a compound
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a part of the new composite sector must take place in a strongly-coupled non-perturbative
regime. The composite sector emerges from an even more fundamental theory at a very
high scale Ayy > TeV, whose precise value will not matter to us given that the whole
point of the construction is precisely to make the EW scale insensitive to it [2]. There is
also the need to include the SM particles in the model, i.e., all the particles we know as
elementary ones. Since the gauge fields must be elementary, the new sector must respect
the SM gauge symmetry, and, therefore, the symmetry group G of the new interaction

must contain at least one SU(2), x U(1)y subgroup.

Imposing a new symmetry group means introducing new effects, particles, dynamics
and even new symmetry breaking. Since we are going to construct a new strong sector,
QCD will serve as an inspiration for this new model, more specifically the theory of pions®.
As said before, we will use a strong sector respecting a global symmetry G as a starting
point. The Higgs must arise as a composite state from this sector, described effectively as
a NGB. Therefore, the symmetry must be broken spontaneously to a subgroup Hiopai,
leading to dim(G)— dim(H yop) massless Goldtone bosons living in the coset G/H. In
order to generate mass to the Higgs, it must become a pNGB, which is accomplished by
introducing explicit symmetry breaking, delivered by the interaction of the new sector to
the elementary sector. Figure (4.1) illustrates the structure discussed. There is also another
source of an explicitly breaking of G by gauging a subgroup Hjauge, leading to dim(Hgquge)
gauge bosons. Among the NGB, a total of dim(Hjquge)— dim(Hgauge N Hgiobar) must be
absorbed to give mass to the gauge bosons; the remaining dim(G) - dim(H jauge U Hgiobat)
are the pNGB of the theory. The group H = Hgauge N Hgiobar is broken, being the one
containing the SM electroweak group [45], so that it is gauged and preserved by the strong

dynamics [4], as is shown in Figure (4.2).

Composite Sector Elementary Sector

m.) exact G W, B, G,

Ig{_g ;35_[ g fL? fR? (tR?)

Figure 4.1: The basic composite scenario structure. The (¢g?) indicates the possibility of
the top quark being a part of the composite sector. Image from [2].

As we already know, a viable model requires the inclusion of Grw in Hgauge N Hgiobal-

Thus, the simplest group one can choose is Gew = Hgauge = Hgiobar- In order to have the

state. If the Higgs were a composite state of QCD, we would have reached an energy scale to “break” it,
i.e., we already reached a resolution that would be sufficient to see inside a hypothetical composite Higgs
confined by QCD.

2We are not going to discuss this model here, but the interested reader can take a look at the references
[4, 5] for an excellent approach to the topic.
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Higgs as a pNBG, we must have of dim(G)— dim(Hgiopa;) > 4. The simplest group choice
that can be made is G = SU(3). However, this choice brings large corrections to the p
parameter due to the lack of a custodial symmetry [45]. By introducing the custodial
symmetry® as an extension of the subgroup Hgiopar, namely Hyopa = SU(2)1, X SU(2)g =~
SO(4), the issue with the p parameter is solved. The minimal choice for the global
symmetry in this scenario is G = SO(5), leading to the emergence of the Higgs as the only
pNGB.

Figure 4.2: Symmetry Breaking pattern of the Composite Higgs scenario. Image from [4].

It may be worth mentioning that the concept of CHM is inspired by the successful
understanding of pion dynamics based on chiral symmetry breaking in QCD. In the
two-flavor version of QCD, the global symmetry is approximately G = SU(2); x SU(2)g.
The quark condensate (Gq) spontaneously breaks this symmetry to H = SU(2).4+r. The
three Nambu-Goldstone bosons in the coset G/H are identified as the world-famous pions,
described by a Lagrangian where the global symmetry is realized non-linearly [48]. We
will not enter deeper into this discussion; despite its obvious importance, the interested

reader can find a good pedagogical approach in the references [3, 4].

One needs more than the entire group structure treated so far to ensure a realistic
model; one also needs to guarantee the necessary non-derivative interactions to make one
of the Goldostones a realistic Higgs candidate. This is provided by a mechanism called

vacuum misalignment, which we will discuss in the next section.

3Tt may seem that the custodial symmetry is mandatory to the composite models, this is not really
true. Indeed, the custodial symmetry brings protection to the oblique parameters [4]. However, there
are other paths to address this issue, such as imposing extra symmetries to the model. An interesting
example of a model that does not have custodial symmetry is discussed in [46, 47].
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4.2 Vacuum misalignment

One of the most essential concepts behind the composite Higgs scenario is a
mechanism by which the composite Higgs boson effectively behaves like an elementary
one. This mechanism is called vacuum misalignment, which shifts the unbroken group,
H — H', and breaks the electroweak group to U(1)gps, as shown in Figure (4.3). To delve

into this concept, we must enter into the group theory basis of the model.

Figure 4.3: Representation shift due to the vacuum misalignment. The ¢ is the degree of
misalignment, representing the squared ratio of the electroweak symmetry breaking VEV
and the G — H scale. Image from [4].

We start our discussion by remembering that a spontaneous symmetry breaking
occurs not due to an explicit term in the lagrangian, but by the system’s dynamic by istself,
and can be diagramatically expressed by G — H. In order to generate this symmetry-
breaking, we assume that the vacuum state of the composite sector is not invariant under
the entire new composite group but, instead, invariant just under the subgroup H C G.
We choose a base of linearly independent generators in the Lie algebra of G to study this
symmetry breaking. Taking the group generators, T, and splitting them into the broken
(A=a=1,...,dim[G/H]) and unbroken (A =a = 1,...,dim[H]) leads to

(T4} = {T*,T%}. (4.2.1)

The Lie algebra of the subgroup H is generated by the set {7°}. By choosing the vacuum

state of the system as F , the group generators must satisfy

T°F = 0, (4.2.2)
T°F # 0, (4.2.3)

hence, the unbroken generator preserves the vacuum state, whereas the broken one does

not and form a linearly independent set of vectors over the real numbers [2].
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Any choice of the basis in the algebra of G would be equally good. Once the group
is broken by gauging the electroweak group, the reference system must be such that Gy,
is embedded in H, i.e., the SM group generators must be included among the {7%}’s
generators. Therefore, we do not have to entail many assumptions about the G — H
breaking pattern; in such a way, we have the freedom to choose any G group as long as
it contains the Gy as its subgroup®. Table (4.1) shows several symmetry choices to the

Composite Higgs model.

g H C Ng ry = rsu@2)xsu() (Fsu@xu@))
SO(5) SO(4) v 4 4=(2,2)
SU(3) x U(1)  SU(2) x U(1) 5 2.1/2+ 10
SU(4) Sp(4) v 5 5=(1,1)+(2,2)
SU(4) [SU(2)2 xU() v* 8 (2,2)12=2-(2,2)
SO(7) SO(6) v 6 6=2-(1,1)+(2,2)
SO(7) Go v O T 7=(1,3)+(2,2)
SO(7) SO(5) x U(1) v* 10 100 = (3,1) + (1,3) + (2,2)
SO(7) [SU2)]3 v 12 (2,2,3)=3-(2,2)
Sp(6) Sp(4) x SU(2) Vv 8 (4,2) =2-(2,2)
SU(5) SUM) xU(1) v* 8 4 5+4,5=2-(2,2)
SU(5) SO(5) v 14 14=(3,3)+(2,2) +(1,1)
SO(8) SO(7) v 7 7=3-(1,1)+(2,2)
SO(9) SO(8) v 8 8=2-(2,2)
SO(9) SO(5) x SO(4) v* 20 (5,4)=(2,2)+(1+3,1+3)
[SO(5))? SO(5) v 10 10 = (1,3) +(3,1) +(2,2)
SU(4) X U(l) SU(3) X U(l) 7 3_1/3 + :§+1/3 +190=3-1¢p + 2:!:1/2
SU(6) Sp(6) v o4 14=2-(2,2)+(1,3)+3-(1,1)
[SO(6)]? SO(6) V¢ o115 15=(1,1)+2-(2,2)+(3,1) +(1,3)

Table 4.1: The first two columns depict patterns of symmetry breaking G — H in some
Lie groups. The third column indicates whether the custodial symmetry is present in
the model. The fourth column provides the dimension of the coset. In contrast, the fifth
column lists the representations of the NGBs under H and SO(4) ~ SU(2),, x SU(2)r.
in the case of a lack of custodial symmetry, the representation showed is the one from
SU(2), xU(1)y. When there are more than two SU(2) groups in H and multiple potential
decompositions, the highest number of bi-doublets is presented. Table from [49].

Despite the vast number of constructions possible, the set of different composite
Higgs models with N Nambu-Goldstone bosons is finite. This holds for the following

reasons. Given that the number of subgroups H of a group G is finite, the number of

4The freedom here is incredible; however, ensuring that the model aligns with the experiments is
crucial. Furthermore, the model can exhibit multi-step symmetry breaking patterns, as G — H' — H".
Such models are not very common due to the requirement of introducing an additional NGB field at each
step of the symmetry breaking process, which complicates the construction significantly.
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Figure 4.4: Size of same simple groups G and the minimum number of broken generators.
The G2, F'4, E6, and ET are the five exceptional simple Lie groups. Image from [48].

cosets G/H with N generators is also finite for a fixed group G. An astute reader might
imagine that by increasing the size of G, there could be an infinite set of group-subgroup
pairs with precisely the same number of broken generators. Well... not at all. As the size
of G grows, examining its maximal subgroups reveals that the minimum number of broken
generators also increases. For simple groups, this is visually depicted in Figure 4.4%; for
the group families SU(n), Sp(2n), and SO(n), the trend shown in the figure holds for
arbitrarily large n. More generally, when the group is semi-simple, G = G; X Gy X ...,
the maximal subgroups are either the maximal subgroup of one of the factors G; or the
diagonal subgroup of two equal factors, i.e., G; x G; — G;. Given that a finite number of
groups generate a precise number of Nambu-Goldstone Bosons, a natural question arises:
which groups are responsible for this generation? Table 4.2 provides the answer, detailing

the groups that produce up to eight NGBs.

As said in the last chapter, the Goldstones are the parameters of local transforma-
tions in the direction of the broken generators {f“} In the case of the Higgs mechanism,
these directions are the angular direction in the potential. Hence, we are led to the already
known Ansatz [2]°

B(z) = e F, (4.2.4)

where the @ is a scalar field describing the theory of symmetry breaking. In the exponential,
the 6, are fields, one for each broken generator, among which we must identify the four
real components of at least one Higgs doublet. Extra components can be present as other
scalars enlarging the Higgs sector. Of course, the Higgs VEV breaks the electroweak

symmetry down to the electromagnetic group once we have to reproduce the SM.

® For further information about the exceptional simple Lie groups, please take a look at [50].
6 Even though the reference [2] calls it an Ansatz, it has an explication lying in the group theory, as we
will clarify it later on.
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SU(2) x SU(2) content Ty H G/H
(2,2) (2,2) SU(2) x SU(2) SO(5)/SU(2)?
(2.2) + (11) (2,2) +(1,1) SU(2) x SU(2) SO(5) x U(1)/SU(2)?
’ ’ 5 SO(5) SU(4)/SO(5)
(2,2) + (1,3) SU(2) x SU(2) SU(2) x SO(5)/SU(2)?
(2,2) +(1,3) 7 Ga SO(7)/G
’ : 7 SO(7) SO(8)/SO(7)
(1,2,2) + (3,1,1) SU(2)3 SU(2) x SU(2) x SO(5)/SU(2)3
2% (2,2) SU(2) x SU(2) SU(4)/(SU(2)% x U(1))
4+4 SU(4) SU(5)/SU(4) x U(1)
8 SO(7) -
2 % (2,2) (2,4) SU(2) x SO(5) Sp(6)/(SU(2) x SO(5))
(1,2,2) +(2,1,2) SU(2)3 —
8, SO(8) SO(9)/SO(8)
(1,2,1,2) +(2,1,2,1) SU(2)* SO(5)2/SU(2)*

(2,2)+2x (1,1)
(2,2) +2x(1,1)

SO(5) x U(1)2/SU(2)?

SUR) xSUR)  gy9) x S0(5)/(SU2)? x U(1))

1+5 SO(5) SU(4) x U(1)/S0(5)
6 SU(4) SO(7)/SU(4)
1+7 Go SO(7) x U(1)/G2
(1,1) +(2,2) + (1, 3) SU(2)? SU(2) x SO(5) x U(1)/SU(2)?
8 SO(7) -
1+7 SO(7) SO(8) x U(1)/S0(7)
(2,4) SU(2) x SO(5) Sp(6)/(SU(2) x SO(5))
(22)+ 1,1 +(1,3) (1,5) + (3, 1) SU2) x SO(5)  SU(2)% x SU(4)/(SU(2) x SO(5))
(1,2,2) +(2,2,1) SU(2)3 -
(1,1,1) +(1,2,2) + (3,1,1) SU(2)? SU(2)2 x SO(5) x U(1)/SU(2)?
8, SO(8) SO(9)/S0(8)
(1,1,2,2) +(2,2,1,1) SU(2)* SO(5)2/SU(2)*
3 2
(2,2) +3 x (1,1) SU(2)? SS?J((Z)) >><< Isjg()f))/ /SSIIJJ((?)Q
SU(4) x U(1)2/SO(5)
(2,2)+3 x (1,1) 2x1+5 SO(5) SU(2) x SU(4)/(SO(5) x U(1)
1+6 SU(4) SO(7) x U(1)/SU(4)
7 SO(7) SO(8)/S0(7)
(1,2,2) + (3,1,1) SU(2)3 SU(2)2 x SO(5)/SU(2)3
SO(5) x U(1)*/SU(2)?
(2,2) +4 x (1,1) SU(2)? SU(2) x SO(5) x U(1)/SU(2)?
SU(2)? x SO(5)/(SU(2)? x U(1)?
SU(4) x U(1)3/S0(5)
3x1+3 S0(5) SU(2) x SU(4)/S0(5)
(2,2) +4 x (1,1) SO(7) x U(1)?/SU(4)
2x1+6 SU() SU(2) x SO(7)/(SU(4) x U(1))
1+7 SO(7) SO(8) x U(1)/S0(7)
(1,5) + (3,1) SU(2) x SO(5)  SU(2)% x SU(4)/(SU(2) x SO(5))

(1,1)+(1,5)+ (2,1)

(1,1,1) + (1,2,2) + (3,1, 1)

2x(2,1,1) + (1,2,2)
8y
(1,1,2,2) + (2,2,1,1)

SU(2) x SO(5) -

SU(2)? SU(2)% x SO(5) x U(1)/SU(2)?
SU(2)3 SO(5) x SU(3)/(SU(2)® x U(1))
SO(8) SO(9)/S0(8)

SU(2)* SO(5)2/SU(2)*

Table 4.2: Composite Higgs Models with up to eight Nambu-Goldstone Bosons (NGBs)
are organized according to their scalar field content. The symmetries permitted in the
scalar sector from an IR perspective are specified. Table from [48].
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The composite sector, in isolation, has a spontaneous symmetry breaking pattern
G — H leading to NGB’s 6 fields, with no potential, arbitrary vacuum state, and,
consequently, massless. Their VEV is unobservable since any constant configuration 6
corresponds to an equivalent vacuum that can be reached by applying a G transformation
like exp[—i (0a) T 4]. Moreover, it is possible to eliminate any VEV, (6;), by a redefinition
of the fields of the type ® — exp[—i (6;) TA”]CI; The subgroup H is not broken in this
situation, so the EWSB does not happen [2, 30, 31|, as illustrated geometrically on the
left of Figure (4.5).

Figure 4.5: Representation of the Vacuum misalignment mechanism. Left: The composite
sector in isolation leads to a vacuum state of the field ® aligned with the reference vacuum
F and there is no EWSB. Right: When the interaction between elementary and composite
sectors is introduced, the true vacuum state is shifted by an angle 6 with respect to the
reference vacuum, the Higgs acquires a non-zero VEV, and the EWSB takes place. The
electroweak VEV is the projection of the vacuum into the H space. Image adapted from
the references [30, 31].

The situation changes when the elementary sector is considered. The symmetry is
explicitly broken due to the gauging of the electroweak group and couplings to the SM
fermions”. Now that the fields € acquire a potential, the VEV is not arbitrary and the field
acquires a mass. It is no longer possible to perform a group transformation to eliminate
these fields; they have become observable. In this case, the Ggy C H is broken by shifting
the true vacuum <<f>> with respect to the H-preserving vacuum F , leading to a vacuum
misalignment, as shown on the right of Figure (4.5). It is expected that the entire EWSB
effect, including masses of SM particles, is controlled by the projection of <(§> onto the H
plane [2]. Therefore, the EWSB scale will be determined by

v = fsin((0)), (4.2.5)

" Saying that a symmetry is explicitly broken is the same as saying that it is not an exact symmetry.
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where f = ‘<<§>’ represents the scale of spontaneous breaking in G — H.

It is possible to have a large value of (#). However, composite Higgs construction
gains significance and diverges from technicolor® when the misalignment angle is small,
i.e., (#) ~ 1, creating a gap between the scale f and the EWSB scale v. This gap is widely

expressed as [31]

,02

F.

As & — 0, with v fixed, the composite sector decouples from low-energy physics by sending

¢ = (4.2.6)

its typical scale f to infinity. Only the Goldstone boson Higgs persists in the spectrum
in this limit, and all other bound states decouple. The theory consistently converges
to the Standard Model as ¢ tends to zero, rendering the composite Higgs effectively
elementary. Experimental validations of the SM, especially its accurate portrayal of
electroweak precision physics, can be systematically restored with a small enough &. The
composite model is, therefore, attractive when the misalignment angle is small, leading to

the condition. )

(Y
P2

This condition is not automatically satisfied [2]; one must be concerned about it and

3 =sin?((0)) < 1. (4.2.7)

introduce mechanisms to ensure that Eq. (4.2.7) is valid. Some options exist to make it
happen, such as collective symmetry breaking or imposing extra symmetries to the model,
such as a Zy symmetry [4]. We are not going through this topic during our discussions,

but instead, an assumption to be checked later on.

Now, we will discuss a composite Higgs model’s construction, to exemplify how it

can be done.

4.3 The Minimal Composite Higgs Model

We will use the Minimal Composite Higgs Model (MCHM)? to illustrate how to
build the Higgs as a pNGB. As said before, the assumptions we have to make about the
group structure of the new sector are pretty mild; it must just have the SM Electroweak
group as its subgroup and a 4-plet to be identified as the Higgs field. The MCHM is built
on the basis of an SO(5) group broken into the SO(4) subgroup. As one can check [2], the
SO(4) is locally isomorphic to the chiral group SU(2); x SU(2)g group, and, therefore,
contains the EW group. The discussion starts with the construction of the Higgs and the

gauge bosons Lagrangian using the linear o-model.

8 For a good, and crash, review about the technicolor see [51].
9Here the term “minimal” refers to the minimal construction which is endowed with the Custodial
SO(4)c Symmetry [4, 3].
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4.3.1 Linear realization

As a starting point for our discussion, we identify the group structure of the model.
Once we adopt the SO(5) — SO(4) breaking pattern and SO(4) ~ SU(2),, x SU(2)g, the
SU(2)r, group can be identified as the SM one, and the third generator of SU(2)r as the
SM hypercharge, i.e., Y = t% . As one may have noticed, the SO(5) has 10 generators,

acting on the fundamental 5 representation, conveniently taken to be T4 = {T“,T\i},

A=1,...,10, where [2]
T 0 7% 0
T =Ty = | L L To =8 , 4.3.1

T __L ish i g5
(T)U_ 75 (0185 — 9307). (4.3.2)

where, in the first equation, a = 1,...,6 and a = 1, 2, 3; while, in the second one, i =1, ..., 4

and I,J =1,...,5. These generators are normalized as
Tr [TAT"] = 6*7. (4.3.3)

The T, the first six generators, span the unbroken SO(4) sub-algebra and are defined
in Appendix B, Egs. (B.22) and (B.23). The T' are the broken generators associated
with the NGB’s. We have a total of four broken generators, leading to four Goldstones

transforming as 4 = (2, 2) of the unbroken group.

The T4 generators of SO(5) have the structure [3]

T4 = " G/ : (4.3.4)

G/H

It is now clear that the vacuum satisfying Eqs. (4.2.2) and (4.2.3) is

(4.3.5)

sl
Il
—~ O O O O

We are interested in the Nambu-Goldstone bosons, so there is nothing fairer than to expand

10 This assumption will bring some issues when we consider the fermionioc particles, but, for now, it is
enough consider just this structure.
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the field around fluctuations in the directions of the broken generators, as explained before,

leading to
- v Vi 6
= LT . (4.3.6)
f+o(x)

The II are the four NGB’s and the o(x) is a resonance of the new composite sector, and
the 0 is a 4-vector with zero in all the components. The Goldstone matrix is defined as
(4.3.7)

being
Ul =¢

As demonstrated in the Appendix C, the equation above can be expressed in a more

convenient manner as
Tysa — [1 — cos (%)] ﬁgf sin <%> %
U [H] = (1) 4r i ) (4.3.8)
— S11 <?> T COS <?>

where I = V ﬁTﬁ, and 1444 is the unit matrix in four dimensions. Applying the last

relation to Eq. (4.3.6) we are left with
(4.3.9)

| e

B+ n@)
f

One can see that the unbroken generators’ action on the ® leads to an rotation of the
(4.3.10)

fourplet I
$ — TP e I — T,
We now turn our sight to the model’s Lagrangian. Since we are considering a real scalar

field, even as an effective theory, we have [2]
2
, (4.3.11)

1"T"93"T" 2
EC:?MDW¢—E<®@—f>

which we will study in the perturbative weakly-coupled regime g, < 47. This Lagrangian
must be invariant under SO(5) transformations acting on the field d as

, g=e"" € 50(5). (4.3.12)

gD

However, after the field acquires a VEV, the symmetry is brokey to the SO(4) subgroup.
The minimization condition of the potential is, clearly, <¢3T><<§> = f?. Introducing Eq.



4 THE COMPOSITE HIGGS MODEL 73

(4.3.9) into the Lagrangian, we are led to

1 )2 2 2
Lo = 5(9“08“0 _ Qf) o — g;f(f?’ - %*04 (4.3.13)

1 o 2 f2 Ly 1I . - f2 HZ . 11 9 T2
+ 5<1+?) {ﬁsm <7>8MHT6 H+@(F—sm (ﬂ)aman}.

Here we see that the resonance mass is
My = guf- (4.3.14)

Typically, the resonances from a strong sector lies in the same range of the symmetry
breaking scale, namely f, which is much larger than the EW scale. Some exciting properties
arise from the Lagrangian. By expanding around II = 0, it is easy to see that there is an
infinite set of local interactions between an arbitrary number of Goldstone fields but only
two derivatives. Every interaction, i.e. leg insertion, is weighted by the symmetry-breaking
factor f due to the NGB entering the Goldstone matrix as I /f. Analogously to the Pion
in QCD, the f is called the “Higgs decay constant” |[2].

The 4-plet II can be expressed in terms of the two Higgs Doublet components

hu
H = (m) : (4.3.15)

by using the Eq. (B.31), as

1T, —i (hy — hl)

. I 1 hy + hl

= | 2| ™7 sl (4.3.16)
Il V2 | i(hg—hY)
114 hg + hIl

As shown in Apenddix B, the Higgs doublet can be expressed as

1 (T +dll
He— [ 27" (4.3.17)
\/§ H4 — ZHg

The theory is of course also invariant under four non-linearly realized transformations

associated with the broken generators [2]. Using that

I1* = [ + 113 + I3 + 113, (4.3.18)
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we can write

1

11 I, + 411, \ | 2
H = (HH)? = — (H—'H T 'H>
|H | ( ) \/§ 2 —tlly 4+ ll3 10, — Il
1 1 1
= E(H§+H§+H§+HZ)2:EH, (4.3.19)

and )
(0.11)" = 20,1101, (4.3.20)

so that the Lagrangian, ignoring the resonances'!, becomes

fo f? -n2<\/§’H’>8MHT8MH+ r lz‘H‘Q—siﬁ(mH')](6‘uIH|2)2-

2P\ f siHp |7 f
(4.3.21)
As the endpoint, we have reached the Lagrangian for the Higgs dynamics and
self-interaction. We still have to introduce the gauge bosons and fermions to the model to
mimic the Standard model. However, before that, we will see how the CCWZ construction
can be used to construct the composite model. The following sections will discuss the

physical consequences of the Higgs Lagrangian.

4.3.2 Gauge sector

The new composite sector must contain the SM group and, hence, its particles,
including the gauge bosons, discussed in the last chapter. In this section, we will introduce

these particles by gauging the SM group, as we have done before.

The procedure of gauging a group is to promote the ordinary derivative to a
covariant one in the Lagrangian. Since we want the SM group, we gauge its generators,
i.e., the generators of SU(2), x U(1)y. The SO(4) is locally isomorphic to the chiral
group SU(2); x SU(2)g [2], which indicates to us how to choose the generators to be
gauged: the entire SU(2); group generators and, in some way, the generator of U(1)y
as one among the generators of SU(2)g. The generator chosen is the third generator of
the right chiral group, a choice made due to the transformation behaviour of the NGB
under the group generators, the only one that has the right hypercharge and a proper

transformation rule [2, 5| . Putting all this information together, we are led to

0,8 — D,® = (0, — igWoTg —ig'B,Th) ®. (4.3.22)

' The resonances are strongly suppressed at low energy levels by the decay constant. Therefore, we can
ignore them here without any further concern
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The gauging process also leads us to elementary kinetic terms for the gauge bosons

1

1
TV W — 1Bl (4.3.23)

« 4 J1 72

L=

At low energies, the EW gauge bosons propagators and self-interaction vertices are equal
to the SM [2]. The fields, (W, B,), and the coupling strength, (g, g'), are the SM ones.
Since we have chosen to gauge not the entire group but the SM generators, the group

symmetry G is explicitly broken.
In Eq. (4.3.21) we faced the Lagrangian for the Higgs doublet, not for the field .

Hence, how should the covariant derivative be applied to the Higgs doublet? Inasmuch as
the Higgs sector in the composite model must be the SM one in low energies, the covariant
derivative is expected to be the same as in the SM. Indeed, this is precisely the case here.

The change from the ordinary derivative to the covariant in the Higgs doublet is |2, 52]
B |
O.H — D,H = (0, —igW} 5 T Bu§ H, (4.3.24)

where the 7, are the Pauli matrices. Ignoring the resonances, we have

2 L, (V2|H 2 HP? L, (V2|H
LeD 2|‘}]:’|2s1n2< f| |) (D, H)' D"H + 8|]];|4 [2|f2| — sin® <—J|C |>] (8H|H|2)2.

(4.3.25)
The last term remains unchanged; the derivative is still ordinary because |H|? is a singlet
[5]. The consequences of the new sector Lagrangian to the gauge bosons can be observed

by computing the physical couplings. We do this job through the Higgs VEV in the unitary

1 0
(H) = 7 (v N h(x)> : (4.3.26)

where the h(x) describes the physical Higgs fluctuations. Putting the VEV into the term
(DMH)T D' H leads to

gauge

T 2
(D) D) = (V fh(x)) (30— iows s - ig'5,5) (V fh(x)) -

It is important to notice that

H? = 2 (V + b)) (4.3.27)
O H|? = (V + h(x)) 9,h. (4.3.28)

There is just one term in which the covariant derivative, and consequently, the gauge
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bosons, appear. Taking this first element of the Lagrangian (4.3.25) and considering only

the relevant terms, we are left with

T /. 2

2 2|H V+h|g*f* (0 LB, + W3 Wl —iW? 0
f 5 Sin2 \/_’ ||D“H|2 D) SiIlQ + 9 f g K + K , K ¢ ©

2|H| f Wi+iw?2 LB, +W3) \1

f? 2
+ 5 (V—+ h)2 (0,h) } ) (4.3.29)

As a result we get
f? -2\/§|H| 2 o V4 h(z) [¢*f - 2, 24"
D, H|* = e £
2|H|? Ty D, HI = sin f 4 Wi W+ 2 cos Oy

f? 2
TP } | 530

where we have used the SM eigenstates and the Weinberg angle, as we did in the last

chapter, namely [53]

wtxw?

we = W F W) (4.3.31)
V2

W3 —4¢'B
z, =097 (4.3.32)

/92 +g/2

g°+yg

Observe that from Eq. (4.3.29) to Eq. (4.3.30), the left and right side’s relations have
changed, i.e., we passed from “C” to “=". The reason is that Eq. (4.3.29) has mixing

terms involving the gauge bosons and the Higgs bosons derivative. However, when we
use the eigenstates, these terms are not present anymore [5, 52|. Therefore, we have an

equality relationship.

Finally, the entire Lagrangian in (4.3.25) becomes

2 12 m 2
Lo o sin? L) {9 / <W5W“ L L ) e / - (0,h)?

fola 2cosbw ) T 2(V + h(z))
f? (V+h(z)’ oV +hiz) )
T 7 | @uh)”, (4.3.34)

which can be rewritten as

2 £2
5 g°f sin2v+h($)

Lo 1 7

A A 1
WHw—H a = (8,h)*. 4.3.35
( # +260sé’w)+2(“) ( )
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The sine can be expanded by using Taylor expansion around h = 0, leading to

sin? —V Th = sin® <K)
f f

() (1) [ (7)o ()] ()
) (s) v () )

—sin2<z)+lsin(ﬁ)ﬁ+cos(g> (E)Z_ESHI(%) (E)S_I_
N f) o2\ F)f AN VAV

(4.3.36)

Substituting the last expression into the Lagrangian, the first term of the expansion gives

rise to the gauge bosons mass terms, given by

212
g o (V i Lt
4.3.

LoD 5 Sin (f) (WW +20050W (4.3.37)

therefore ; v

i v
My = My cos Oy = 97 sin = %, (4.3.38)
where we have used v

v = fsin 7 (4.3.39)

with v ~ 246 GeV the EW VEV. From Eq. (2.4.31), we can see that at tree level, the
relation p = 1 holds in the minimal composite models. This is because the custodial

symmetry is present in the model after the EWSB; the Higgs VEV breaks the symmetry
to the custodial symmetry, SO(4) — SO(3), >~ SU(2)., like in the SM.

In order to write down the interacting terms, it is convenient to rewrite Eq. (4.3.36)
by using the definition of £ = v?/f? and considering the misalignment angle small. The

result is

sin2v+h = (2)2
fooo\f

The interacting terms between the Higgs and the gauge bosons become

1+2 1—5h+(1—2§ ( > ——g\/T( >

(4.3.40)

2
Lint = |1+2 1—§%+(1—2§)<%) +...

M2
(M&VWJW—“ + TZZ#Z“> . (4.3.41)
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Consequently, the hV'V vertex deviation with respect to the SM is [2]

CH
Ry =V TE <, (4.3.42)
Invv

where g7, = 2my, /v. The vertex with two Higgsses is changed by

_ g;?;ﬁ[/v 1
Ryy = S 1 2€ (4343)
hhVV

Hence, the composite model brings observable deviations from the SM. Due to the current
LHC measures status, a SM coupling deviation up to around 20% is allowed, giving a
bound of £ < 0.4 [30], which, in terms of the composite sector scale reads f = 389 GeV.
The deviations vanish as the parameter & — 0 while keeping v constant by doing f — oo.

In this scenario, the composite Higgs essentially behaves like an elementary particle.

With the gauge sector clarified, we turn our eyes to the fermionic sector.

4.3.3 Fermionic sector

After discussing the gauge sector in the composite model, it is natural to aim
to describe the fermions in this model. Despite the noble goal, our journey could be
easier. Unlike the gauge construction, we have yet to determine how the fermions must
be embedded in the model. The reason is that we need to learn how they transform
under the groups G and H. Since the most significant fermionic contribution to the Higgs
potential comes from the top and bottom quarks [2, 47|, they will be our example during

the discussion.

With no background information about how to start the job proposed, one could
think of using the SM Yukawa interaction fields,

Ly ukawa = —GrYy:Htg — Gy Hop + . . ., (4.3.44)
to construct the new model Lagrangian, i.e.
ECompYuk = ECompYuk (H7 qr, th bR) . (4345>

Here, the ¢y, is the third generation of quarks, ¢, = (t,b.)T, H = i, H* and g, = qz’yo,
7° being a Dirac matrix'?[25]. The guess made in Eq. (4.3.45) is not correct; the SM
fermions do not have a well-defined transformation rule under the composite groups, G and

H; hence, it is not known how to construct invariant terms to the Lagrangian. Moreover,

12 Take a look at the notation and convention section.
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the fermions have a dependence on the representation. Thus, the NGB matrix must
be such that constructing the interacting terms involving the Higgs and the fermions is

possible. We need to change the guess in order to have a consistent theory.

The issue remains even if one takes the fermion field to a linear representation of G,
namely
qr, — QL’ tr — IR? br — BR? (4346)

because the symmetry is broken to H; therefore, the fields must also be in a representation
of the latter. However, ensuring that the field is embedded in a representation of the
unbroken group is not enough since the quarks should be fundamental degrees of freedom
in energies scales above the symmetry breaking, indicating that they must be some

representation of G.

Let us address the issue of how to construct invariant terms to the Lagrangian.
For this, remember that a field T of a theory that respects the symmetry G transforms

according to the group action defined in the last section, namely
T YW =p(g,X), Vgeg. (4.3.47)
Now, let us define a new field as [2]

T = @U ), X). (4.3.48)

Here the U~ is the inverse Goldstone matrix defined in the previous section. By acting
with a group element ¢ on this field, the transformation must be in both elements of the
group action since the Goldstone matrix also has transformations under the symmetry

group, i.e.

,8(9,X))  (as per Eq. (4.3.47))
9,7) (¢ is homomorphism)

=¢(h,7T), (4.3.49)
where we have used the inverse of the Goldstone matrix transformation rule, that is
Ut 9] =hut gt (4.3.50)

As a conclusion, Eq. (4.3.49) showed us that under G transformations the field defined in
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Eq. (4.3.48) behaves like
T YO =50RT)="" V heH. (4.3.51)

An action of G results in a transformation under H due to the factor g~! present in
the Goldstone inverse matrix transformation rule that compensates the term of the G

transformation [2]. With this result in hands, we use it to define a new fermion field as

QL =¢U ], Q,), (4.3.52)
which, clearly, transforms under G as
(9 _ ~ _ M
Qr— Q) =¢h, QL) =Qy (4.3.53)

The same idea can be applied to the right-handed fermions. Dressing the new fields with
the inverse Goldstone matrix, leads to entities with a well-defined transformation rule,

and, hence, one can use this properties to build the Lagrangian
£fe7‘mionic = Cfermionic (QLa TR, BR) . (4354>

We still have to face the fermion representation issue. Once the composite sector
has, a priori, no requirement about the particle representation, the fermions are not
necessarily embedded into the exact representation of the symmetry group G. We must
write down the explicit expression of the fields in order to determine the allowed operators.
We have the freedom to choose the fermion representations. Therefore, we are going to
discuss the simpliest one, the fundamental representation. Valuable treatments of other

representations are present in |2, 5].

When a general group SO(N) with fundamental representation denoted by CIN| is

broken to a subgroup SO(N — 1), the fundamental representation decomposes as [43]
ON 5 ON=1 g 1 (N2, (4.3.55)

where the 1N~ is a singlet'® of SO(N — 1). Therefore, we are able to decompose a

fundamental representation of SO(5) into representations of SO(4) as
QP =QF+..., (4.3.56)

where the Q[il] is a singlet representation of the unbroken group!*. Of course, the same

13 Any tensorial representation will have at least one singlet in its decomposition; of course, there is not
too much to talk about the representation of the remaining elements of the decomposition [5].

4 Here is important to stress that the Q[L‘l] is a incomplet fiveplet of SO(5), it has zero at some
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argument is applied to the other fermions, in our case Br and Tk. Hence, the Lagrangian

must, for sure, contain at least the singlet representation
—[4 —[a
Lfermz’om'c 0 _yt)\tQ[L}T][%‘l] - yb)‘bQ[L]B][g} (4357)

We have no clue about the remnant fields in the decomposition in Eq. (4.3.56), indicated
by the dots; nonetheless, we know how to build at least one invariant operator. Our task
will be embedding the fields in the fundamental representation, identifying the singlet

component, and using it to write down the interactions.

After defining the decomposition of the representation, we must ensure that the
fields in Eq. (4.3.57) can represent the SM field. We do it by studying how the field
decomposes under the Gpyy. Taking advantage of Eq. (4.3.55), we see that a fundamental
representation of SO(5), !, decomposes, under the SO(4) group, as

OBl — O g 14 (4.3.58)

with (4 being in the fundamental representation of SO(4) and 11l the singlet. However,
the unbroken group is isomorphic to the chiral group, SO(4) ~ SU(2), x SU(2)g. As
discussed in 2] the fundamental representation of SO(4) behaves as (2,2) of SU(2), x
SU(2)r, indicating the decomposition under the chiral group

o4 - 202, (4.3.59)

where 2 is the fundamental representation of SU(2), g. We have defined the third generator
of the right group as the hypercharge operator, Y = t%, therefore, the fundamental
representation of SO(4) decomposes as two doublets with opposite charges, +1/2, as

shown in [2| . Rewriting the last equation with the respective hypercharge leads to
(4.3.60)
At the end of the day, we have

OFl 5O g1 2, 925 @15, (4.3.61)

where the 0 indicates that the singlet has no hypercharge. In the SM, the decomposition of
the quarks under the Gpy are 215, 1573, 1_13 for the gz, tg, bg, respectively. Therefore,
we must face a severe issue; the quarks can not be embedded into the representations of
the SO(5) satisfyng the correct quantum number. To solve this problem, we add a new

unbroken group to the model, namely U(1)y, and make the hypercharge a combination of

components.
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the third generator of SU(2)r and the new group generator
Y =Tp + X. (4.3.62)
Since the new group remains intact, the breaking pattern becomes
SOB)xU(l)x = SO(4) xU(1)x. (4.3.63)

The new group plays no role in the symmetry breaking; no extra Goldstone appears.
Moreover, the U(1)x group commutes with the SO(5) [2], and thus, all the SM gauge
bosons are neutral under the new group. Extra interacting terms must be added when
fields have a X charge. For the fundamental representation, the choice of charge X = 2/3

under U(1)x will result in the decomposition |[2]
0¥ W a1 5 2. 02, 019 (4.3.64)
3 3 3 6 CH

The second and third elements of the decomposition have the correct quantum numbers
of the g7, and tg, respectively. Therefore, we can embed them into these representations.
Nonetheless, the bg can not be one of the representations shown above due to the wrong
hypercharge; the solution is to change the X charge. In this case, we choose X = —1/3,

decomposing as

(4]

1
3

0% >0 o1 52, @2, 014 (4.3.65)
3

the last term being adequate to embed the br. As an endpoint to the representation issue,

we have the £z being embedded in D[;}, bg in D[_s]l, and ¢z, in D[;] when coupled to the tg,
3 3 3

or ¢, in D[i when coupled to the bg.
3

It is helpful to take a moment to clarify the notation used above to ensure everything
is as straightforward as possible. The 2/3 and —1/3 values are in the first terms before
the arrow and in both terms after the arrow in Eqgs. (4.3.64) and (4.3.65), represent the
charge under the U(1)x group. The subscripts on the last three terms on the right-hand
side of these equations refer to the total hypercharge, given by Eq. (4.3.62). Specifically,
these subscripts result from summing 2/3, —1/3, and the values shown in Eq. (4.3.61).
One way to interpret this is to consider that before the SO(4) group is decomposed, there

is no T generator with charge in the representation, as the group is still SO(5)*.

With all the ingredients collected, it is now possible to construct the invariants.
Thus, the next step is to build them explicitly. We approach first the top quark construction.

The starting point is embedding the fermions in an incomplete, linear representation of

15 While the notation here might appear confusing at first glance, rest assured, it truly is!
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SO(5). For the right top, we have 2]

(4.3.66)

~
eyl
|
o o o o

tr

Since the elements of the unbroken group are in block-diagonal form, with the first 4 x 4
block made of an SO(4) rotation and “1” in the remaining entry, the choice made for
the representation is clearly a singlet under the unbroken group '¢. Moving forward, we
need to embed the ¢ into D[f]g, it also must be a doublet of SU(2),. As shown in Ref.
[2] , the chiral group representgations can be written in the bidoublet form, i.e., a (2,2)
representation, where, as in Eq. (B.43), the bidoublet can be expressed in terms of two

complex doublets, namely

VARV
U= (V_, \1/+):( - +>. (4.3.67)
vt gl

Since it transforms like a doublet under SU(2);, and has the correct T = —1/2 charge,

we choose the U_ to be ¢y,
tr, e
— — U = . 4.3.68
qL (bL> (11/{) ( )

Hence, by inspection ¥ = t¢;, ¢ = b; and vY = ‘If‘i = (. Putting these outcomes in Eq.
(B.45) the fourplet of SO(4) is

—ibg,
w1 | —bp
= . 4.3.69
QL \/5 —’itL ( )
tr,

—br o4
Q= —ity, | = < t > : (4.3.70)

16 Remember, the underline indicates a linear representation of G, and the result of embedding the tz
in this representation.
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In order to finally write down the interacting terms, we “dress” the quarks representations
of SO(5) with the Goldstone matrix !”. By Eq. (4.3.52), the left-chiral quarks will become

Tyws — [1 — CoS H)} it g (U4) 0 (4]
QL = @ (U [H] 7QL> - sin (H) ﬁ_T o8 n 0
f) 1 f
Tyxa — [1 — cos E)} ﬁﬁ;} g
e - ST (4.3.71)

We have used Eq. (C.26) for the inverse Goldstone matrix. When constructing the

invariant, we will use the ), which is given as

— — _ T49s — [1 — cos (Eﬂ LIITER <E> 1
Q; = @T (U—l [11] 7QL> = QLU[H] = (g%} O) % o I{T 112 fH II
_ _ — Sin (7> Bl COS <7)
_[4] o\ | On”
q; - {]l4x4— 1 — cos <— Tz }
. N H) i v/ . (4.3.72)
- n

The simbol “7™ in the group action is just to indicate that the action has changed, since
the conjugate field is not a column vector, but a line vector instead, so the Goldstone

matrix action and form must be different. Clearly, the above representation can be split

in two others
— I\ ] o’
Qr = 6[21] : {]14x4 — |1 —cos (7)} e } ) (4.3.73)

1

_ I I
Q, = sin <?> 7 o (4.3.74)
These entities belong to the representations
Q, € 4%, (4.3.75)
-~ 3
Qr € 1% (4.3.76)
: 3

Dressing now the right top quark with the Goldstone matrix leads to

- [1 — COoS <E>} it _ gy (0) O 0
TR — ('5 (U—l [H] 7ZR) — X A f 112 f) 1o
sin <E> o cos (U tr
f) 1 f
—tprsin (E> ar
— t fH = (4.3.77)
R COS (7>

1T They must be appropriately dressed to join the party, right?
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Making the same procedure before, the Ty is split as

m\ 17"

IR = —tRSiH <7> ﬁ, (4378)

II
Tr = tgrcos (7), (4.3.79)

belonging to

Tn € 4, (4.3.80)

3
Tp e 14 (4.3.81)

3

As discussed before, we always have the singlet representation in the decomposition of
fundamental representations; for this reason, we chose this representation to build the
invariants. However, one may ask if the choice for the 44 would lead to a different term
and, even more, to a different physics. Well, no! Here, both representations are not

independent of each other; this can be seen as

(@) (@) +Q,Te = (@), @' = (QUm), (U MLy
- (@)I@Ry:o, (4.3.82)

since T'p and @ , were constructed to be orthogonal. As a consequence, it does not

matter what representation we choose. For the sake of simplicity, we select the singlet

I1 t 211 ~
tr cos <7> = %sin (7) Q[L‘ﬂ -1

representation. The invariant is, then

_ (T gy I
0~ [an (1)1

( I1
<

= sin

2\/_11
. tR . <1l — 2H3 + H4
~ 2/ Sm( f ) (b 1) (il'h - H2>

1 211 ~
= ——sin (—) q Htg, (4.3.83)

TH) bL (i1l — ) + ¢, (ill5 + H4)]

where in the last step Eq. (B.28) was used'®. By replacing the II, just like in Eq. (4.3.19),

18 The convention being used for the matrix gamma is the Eq. (A.1) .
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the expression before can be rewritten as

Q,Tr = 2\/%|H| sin (2@[{') 7, Htp. (4.3.84)

One question may appear after reading the equation above; the ¢y is a singlet under the
SO(4) group, but the g, is a doublet under the SU(2), and, therefore, is not a singlet
under the unbroken group. Confused? Here, the product GL[;T is a singlet; in this sense,
the Higgs operator acts on the left quark doublet, making the result a singlet. Introducing

the couplings and constants the generalized Yukawa Lagrangian for the top is

Ly = _ytf@LTR + h.c.
= _2\1//%{H| sin (2\/§|H|> G Htr + hec. | (4.3.85)

where the y; is the composite Yukawa coupling, a free parameter, and f is the breaking
energy scale. By letting the Higgs'® make its magic, the symmetry is spontaneously broken
by the VEV, which is given by H — (H) = (V/\/Z O)T since the Il is the SM Higgs.
After the EWSB, we are led to

o el Sm<2\/§\(H>| oy

_2\/§|<H>| f > qL<H>tR+h.C.

—% sin (%) cos (%) trtg + h.c.
_%\/@/1 — Etptr + hec.

1-86)
= —uf whh{ + h.c. (4.3.86)
Eq. (4.3.39) were used together with the expression ¢ = v?/f2. By comparing with Eq.

(2.4.47), the equation above makes evident the quark mass parameter

)

. (4.3.87)

my = Yo f

Having found the top mass, we can analyze the interaction with the SM Higgs. We

introduce the mass obtained into the Lagrangian, but we go to the unitary gauge where

19 The particle, not the physicist, of course.
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the potential has fluctuations around its minimum, i.e., (H) =V + h(z). As a result, one

gets

2V2|(H)| f
my 1 i 2v/2|(H)|
H)|\/e(1-¢) f

_ V2my 1 “in (Q(V—l—h)) (fL ;‘)L) (%) tr + h.c.

L, = — bo sin (2\/§‘<H>|> G, (H)tgr + h.c.

) GL<E[>tR -+ h.c.

2(V+h)JE(1=¢) f
L L sin 2VAR)Y 5 c
- SR ( 7 ) Trtn + h.c. (4.3.88)

Small perturbation around the minimum means that the A is small. Hence, we can expand

the sine in the previous equation as Taylor series around h = 0 [54]

sin—2<v+h) = sin (ﬁ)—i—cos (g)%—lsin (g) (%)2—1—
f f ) r 2 f f
. (V \%4 h . 9 K
= 2sin <7> cos (7) +2? [1—23111 (f)}
— 4h—2 sin (V> cos (K) +
f? / /

= 2/6/1-¢ +2 (1—2¢) — ;2
= 2\/5(1—§)+25\/Z(1—2§)—45—25 E(1—6)+... (4.3.89)

Returning to the Lagrangian

L, = ”;t it [\/ 1—¢)+2- \/1—25

E/1I—€+...

§(1-
. 4ﬁg 5(1—§)+...} the.
_ h1l—2 R
= —multrtr |:1 + — T—¢ —6 - 2?5 + :| + h.c.
= —mft — l<:5—htt - h2tt +. (4.3.90)

This is the composite Lagrangian for the top quark, which provides the top mass and
interactions with the SM Higgs. The term htt is a SM-like interaction but with a modified

coupling k5. Expressing it in terms of the composite and the SM couplings leads to

1—2¢

kP =
t 1_§7

(4.3.91)
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where the superscript 5 indicates we have embedded the fermions in the fundamental
representation. It is essential to highlight that this modification is not unique to the model;
it depends on the representation in which we embed the fermions. A different choice of
representation would have led to a different coupling modification [2]. The third term in

the top Lagrangian is absent in the SM, whose coefficient is
= -2 (4.3.92)

In the elementary Higgs limit, when & — 0, the coupling modification reduces to the SM
parameters, k7 = 1 and ¢ = 0. More about these modifications and their consequences

will be said in the following sections.

Moving forward to the bottom quark®’, we must have the right-handed one as a
singlet under the unbroken group. The procedure is almost the same done with the top
quark, with the difference in the U(1)x charge. Taking into account the decomposition

pattern in Eq. (4.3.65), the bottom can be expressed as

, (4.3.93)

o O O O

br

just in the same fashion as the top. There is a difference with the left-handed spinor; now,
we must embed it in a representation that decomposes under SO(4) as a T eigenstate of
+1/2; thus, it is chosen to match with the ¥, in Eq. (B.43)

tr i
0 = oy, — , (4.3.94)
" (bL> i (‘I"i>

Substituting ¢, = %, by, = ¥% and U* = ®¢ = 0 in Eq. (B.45), the embedded
representation of SO(4) is

—ity,

a_ 1 h 4.3.95

W=7 | (4.3.95)
b

Putting the left fourplet into an SO(5) is, once more, straightforward when we take a look

207 realize that I may be redundant here, as the explanation for the bottom quark closely mirrors that
of the top quark, with only minor differences. However, I prefer to be repetitive rather than risk making
the information unclear or confusing for the reader.
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at the broken and unbroken generators, namely

—itr
tr [4]
1 . qy,
E— b = . 4.3.96
QL V2 ZbL ( 0 ) ( )
L
0

Dressing the bottom singlet with the Goldstone matrix, we have

Tywa — [1 — oS <E>] ﬁﬁQT —sin () O 0
BR — ¢7 (Ufl [H} 7§R) — 4x4 A f IT f)
sin (H) or cos (4 br
f) f
—Bpgsin <E> ur
= AT (4.3.97)

the same math as of the right top quark. As before, we choose the singlet of the

decomposition

I
Br = bgcos (7) Br € 19 (4.3.98)
3

One will find the same expression of Eq. (4.3.71) when dressing the ¢, i.e.,

_[4 i
o (i [oes(3)] %) oo
L= (I 54O ' o
sin 7) " 1

but with a different left fourplet. The singlet one is, evidently

—

(I Ty 4
Qr = sin 7T q QL € 1_% (4.3.100)

The singlet is the only representation used to construct the invariant; thus, we are not

going into the other presentation for the reasons we have already discussed. The invariant
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turns out to be

Q,Br =

brp . (1I IT o PR II,
= —ﬁsm (7) CoS (7) <th t;, —iby bL> I,

= br sin (E) (% b > L+ 11y
2V/2I1 f)\E T L 1y

= 2\/%|H| sin (@) 7, Hbg. (4.3.101)

Hence, the composite bottom Lagrangian is given by

Ly = ~yfQ, Br + h.c.
wlf . [2V2H]
— S1n
2V2|H| f

After the EWSB the Higgs acquires its VEV, leading to

2 -
£ = —% sin (TV) brbr + h.c.

= —M sin (%) coS (%) brbr + h.c. = —y,f €<12—_§)BLbR + h.c.

= —mybb, (4.3.103)

) G, Hbg + h.c. . (4.3.102)

where the new bottom mass is

€0-9

4.3.104
5 (43.104)

my = Y f

In the unitary gauge and considering fluctuations around the potential’s minimum, the

Lagrangian turns out to be
_wf <in 2(V + h(x))
2V/2 f
2 h)\ -
- ™ gn ( (Vf+ )) Bubi + h.c.. (4.3.105)

2\/§(1=¢)

-

> l_)LbR + h.c.
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Expanding in Taylor series as was done in Eq. (4.3.89)

R L N3 (e LY VY L ey NS
' 2,/€(1—-¢) v v?

= —mybb — /cg%hzb - c,",’%h%b T (4.3.106)

Where the couplings are

kP = : (4.3.107)

= =2, (4.3.108)

just as for the top quark. Please do not think that this is a general feature of composite
Higgs models. It results from embedding both fermions in the same SO(5) representation.
If we have chosen to embed them in different representations, the story would be different,
e.g., if the top had been taken to be in the 5 and the bottom in the spinorial 4 of SO(5) the
couplings would not be equal, k, = ki # k? = k;. The dependence on just one parameter
¢ is also a coincidence of this specific case, which comes about because there was only one
invariant operator for both top and bottom quarks. There exist representations for which
the dependence is not of this type [2]. Since the construction done before makes use of the

fundamental representation, it is often refered as MCHMj5 [30, 31].

As the above discussion suggests, the choice of representation directly affects the
physics of the new model therefore, there is almost an unlimited number of variations and
combinations to construct the model. The choice of the group on which the new sector is
based is also arbitrary. All the freedom in the construction leads to a rich and vast number
of viable models that may solve not just the hierarchy issue but other unsolved problems
in the SM, such as baryon asymmetry, dark matter puzzle, Higgs vacuum stability, and

many others.

4.3.4 Partial compositeness paradigm

Until now, we have discussed only the elementar sector of the composite scenario.
However, two issues arise promptly. First, the expression we found as corrections to the SM
vertices tells very little about the composite Higgs model. Of course, there is a deviation
from the values expected by the SM prediction, but experiments would not be able to
tell if this discrepancy is due to the new strong sector or any other BSM scenario [30].
Secondly, we have described the theory so far as an effective field theory, and at high
energy scales, there is a need to consider the effects of the resonances from the new sector.
Since their masses are expected to be higher than the TeV scale, only the terms interacting

with the elementary sector are relevant to the discussion. The mixing terms also solve the
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first issue; they bring signatures that may differ from other models.

There are two methods for introducing mixing. The most straightforward approach

would be to introduce a new kind of Yukawa coupling, as in [5]
£billinear = _thLOfS'TR - yb@LogBR + h-C~, (43109)

where the O% and O are scalar operators. These operators are constructed with bricks?!
(fields) in the strong sector. This kind of operator brings interactions called bilinear [3] in
the same fashion as technicolor models. The issue with this solution is that the operators’

dimension is 1, allowing invariants in the form of
2 2
Loperator = M7 (0%)” + M (0%)". (4.3.110)
This messes up the entire construction we have done here since it reintroduces the hierarchy

problem. This is the wrong path!

Using linear interactions is the correct manner of introducing the mixing between
the composite and elementary sectors. The composite operator, made of field present in
the new sector, couples linearly with only one field at the time, Figure 4.6 illustrates the

bilinear and linear interactions. Putting this idea in mathematical language, we have|5|
Elinear = yLQL(’)ﬁ — thTRO%R — beBRO%R + h.C. (43111)

Here, 1's couplings are dimensionless coefficients, and the operators have a dimension of
5/2 in energy. This is the partial compositeness paradigm [31]. Fermionic operators create
particle states with identical quantum numbers to those of elementary fermions. These
operators can be related to resonances of the new strong sector, known as the fermion

partner. Therefore 2]

(0]oF|@) # o,
(0]0fQ) # o

where ) and T are fermionic resonances. When the Higgs acquires the EW VEV, the

fermions and their partners will mix.

When in four-dimensional space-time??, the dimensional analysis shows that the

21 Reminding you of the title of this thesis.
22 The dimensional analises can be made for any theory, even in higher dimensions than four. However,
the dimension of the fields, couplings, constants, and so on, can be different in higher dimensions.
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Figure 4.6: Types of interactions between the elementar and composite sectors. Left:
bilinear interaction, the composite operator is scalar and reintroduce the hierarchy problem.
Right: linear interaction, the composite operator is fermionic and there is no hierachy
issues coming from it. Image from [30].

fermionic operator must be of the form

L, L
O — -V (4.3.112)

with ¥ the fermionic resonance®®. Writing down the Lagrangian for this field, together

with mass terms

Elinear = —f [y—LQL\IfL + yt—RTR‘I/tR + yb—RBR\Ibe + hC] - f‘If‘If (43113)
4dm 4m 4r

The resonances can be integrated out at low energy levels, and the Yukawa transmutes to

approximately 2]

g ~ LR (4.3.114)
4

gy ~ LI (4.3.115)
47

Partial compositeness introduces new interactions and contributions that can be

experimentally measured. It is crucial for developing a UV-complete model.
* x Kk K x

We could calculate the Higgs masses and parameters from the new strong sector, but
this is beyond the scope of our current discussion. These calculations must be performed
at the loop level, and the Coleman-Weinberg potential must be determined [2, 7]. Detailed
methodologies can be found in Refs. [30, 5, 52]. The primary objective of this dissertation

is to demonstrate the composite construction and the symmetry-breaking pattern.

23 The 1/4r is just a normalization factor, do not let it bother you.
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Chapter 5

CONCLUSIONS

This dissertation provides a fundamental understanding of the Standard Model and
Higgs physics, focusing on the principles of the Composite Higgs Model. It also delves
into the role of group theory in particle physics and its significance in advancing our

understanding of these concepts.

At the heart of our analysis lies the examination of the Minimal Composite Higgs
Model (MCHM), serving as the focal point of our inquiry. Through meticulous scrutiny of
its intricacies, we uncover its potential to address the limitations of the Standard Model,

thereby offering fresh insights into the mechanics of electroweak symmetry breaking.

In essence, this dissertation contributes another brick to the ongoing construction of
our understanding of the Composite Higgs Model and its implications for particle physics.
As we continue to unravel the mysteries of the universe, the Composite Higgs Model stands

as a promising avenue for exploring new physics beyond the Standard Model paradigm.
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Appendix A

CONVENTIONS AND NOTATIONS

The text follows, basically, the same notation of Ref. [13].

Since this is a dissertation that discuss a high energy physics’ topic, we will use

natural units
h=c=1.

The metric signature is

Na = (diag)(1,—1,—-1,—1) =

oS O O =
|
—_
(e

The greek indices are assumed to have the values of © = 0, ..., 3 while spatial indices are
denoted by Latin letters, 7, 7,... = 1,2, 3, unless explicitly mentioned otherwise, in both

cases.

The Dirac matrices used are the ones in the standard chiral representation

s (10 (o0 7 . (o1
L T O ) AL SR A

With the matrices in hands, we define the Dirac conjugation

P =Ty

Pauli matrices will appear for a while during the text, they are

71:01 7220—2' 73:1 0.
10/ i 0] 0 —1
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We also define
= (1), = (1),
The derivatives are denoted by
8 o 2 2
Ql:%, 8,@ :80—V
We will also use the slash notation, developed by Feynman, given by:
A = AH7H7 (A1>
in particular
& = ’Yuau-

In the case of any further convetion and notation be used, it will be explained

during the text.
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Appendix B

A LITTLE BIT ABOUT THE SO(4)
GROUP

Our intention here is to make some definitions of the SO(4) group that is usefull in

the composite caculations.

As already said a couple of times, there is an isomorphism between the SO(4) and

the chiral group, i.e.,

SO(4) ~ SU(2);, x SU(2)z, (B.1)

meaning that they have the same algebra [32, 33, 37]. Therefore, it is possible to construct
a presentation of the chiral group using the representation of the SO(4). In order to do it,
consider a II four-plet in the fundamental representation of S O(4), a (2, 2) representation
of SU(2), x SU(2)g is constructed as |2]

1 1 .
Y = — (it 1% + 1y I1*) = —7IT°, B.2
\/§ ( 2x2 ) \/§ ( )

where a = 1,2,3 and ¢ = 1,2, 3, 4. Following the Section of notations, we have that 7 are

the Pauli matrices and
7ti = {iTa, ]lgxg} . (BB)

The matrix ¥ is also called a pseudo-real bidoublet, the pseudo reality comes from the
fact that
2* = 7—227—27 (B4)

and since it is a representation of the chiral group, it transforms as usual

> — U BUL. (B.5)
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The SU(2) group has the algebra defined by the Lie brackets',
[t,¢7] = ie*P17, (B.6)

where the greek letters runs from one up to three, € are the Levi-Civita symbol, and
t* = 7%/2 are the group’s generators [34]. Turning to the SO(4) group, they can be
separated in two different SU(2) set of generators, namely t* = {t¢,t%}. The two sets of
generators obey the SU(2);, x SU(2)p algebra [2]

[t%,t/z_ = ] (B.7)
[%,t%: = P, (B.8)
[g,tﬁ_ = 0. (B.9)

To see how the field transforms under the group transformation, we make use of the

exponential map

Uy = eatd (B.10)
Up = ¢4t (B.11)

being the J, the infinitesimal transformation parameter. Applying the transformation in
the field, we have, at the first order

UpY = %% = (loxo +i655) ¥ = ¥+ isLtg % (B.12)

@

DU, = De 03t = 5 (Loyo + i05t%) = 5 — i%%t4, (B.13)
Therefore, in the first order, the change in the field induced by the transformation is

5Ly = iagt;fz:mg%z, (B.14)
Ta

SrY = —idENt% = —isky 5

(B.15)

To the fourplet, the transformation acts as

S.I1 = iskTe, (B.16)
Spll = i65 TSI, (B.17)

just in case the reader has forgotten, here II has four components, so it is not a usual

three-dimensional vector, and the 7% has not had the same form of ¢*, since they are

! By the way, this is the exact algebra than the SO(3) group, and, therefore, they are isomorphic to
each other.
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different generators. With this in hands, we can find the form of the generators, in order
to do it we put Eq. (B.2) in Eq. B.14, namely,

| 1 . .
5.8 = O | —F1 ) = —F6,1T
- - (ﬁ ) N
_ 1 —i [ Loty ' L= z o j
v (zéaTLH> faa (Tg),, TV, (B.18)

from the first to the second line, we have used the transformation in Eq. (B.16). The
equation before holds for any infinitesimal transformation parametrized by 6%. Due to Eq.

(B.14) together with the result we got above, we have

— R — ——LJ Z
5L = 25”2 \/_5a (T3),,1T, (B.19)

replacing the > by the Eq. B.2, leads to

—55—7 IV = —55 : (TO‘) I (B.20)
V2 J /2
Therefore, by inspection
Y R — T _
T(T7),; = 5 (B.21)

This equation can be inverted solved in terms of the generator, leading to

) |
(TE)yy = 7T [From] = =5 [casnd?0] + (9057 - o367) | (B.22)

The same procedure can be done to the right generator, 7§, leading to

(TR),; = 7T [7r7] | = =5 [eammd?d] — (0761 = 3701)] - (B.23)
Since these generators span a vectorial space, they must satisfy the completeness and

normalization relations, namely

Tr [TfTL’B] —Tr [T;;Tg] = 5°8, Tr [Tng] —0, (B.24)
23: [(TSM (TD)w + (TR) 5 (Tg)kl] = —% (607" — 6267%) (B.25)
23: [(Tf)m (Tg)kl - (Tg)ij (Tg)kl] = _%Q’jkl’ (B.26)

a=1

where €51 is the four dimensional Levi-Civita anti-symmetric tensor.

Once the generators of the SO(4) groups are defined, we turn ourselves to putting

the Goldstones into a group representation. As said in the text, in the minimal composite
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Higgs models, the SU(2) group is identified to be the SM left-handed group, while the
U(1)y is identified as the being the group generated by the third generator of SU(2)g,
where we are disregarding the U(1)y, since the Higgs boson is a singlet under this group.
We, thus, need a (2, 2) representation of the chiral group and a hypercharge of 1/2. The
goldstone matrix, X, has precisely the properties we need [2]; this can be easier seen by

noting that the matrix can be written as

= (H H) - (_h]ilz ZZ) : (B.27)

where

H =it H*, (B.28)
and H = (hy hd)T, writing down the components index notation

Z;j = (515?]; + 523-]‘[;, (B.29)

~

with the hat letters varing from one until two, i.e., ¢ = 1,2. By using Eq. (B.2) we have,
that

(Z'TaHa + ]12><2H4)

(0 It {0 —ill? I3 0
7 +1 +
Inmt o il1? 0 0 —II

1 <H4+iH3 z’H1+H2>

Sl Sl

Ve it -2 1t — e

Therefore, by inspection of the equation above and Eq. (B.27) we get
By 1[I + 112

H— _ L () (B.31)
ha) V2 \II* —iII®

A relevant question may appear: how does the ¥ matrix transform under the chiral group?

Let us start by applying a transformation of the left group
Y= ULy, (B.32)
using Eq. (B.29), we can write it down by using indices

X = (Un)i 2y = (Ui <513-F[,; + 5231{,;) (B.33)
= 0,;((Up)it Hy, + 055 (Un)y Hy, (B.34)
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to respect the transformation low of the group, both H and H transform a doublet of
SU(2)r |5]. To determine the behavior of the Goldstone matrix under the SU(2)g group,
we use the generators in Eq. (B.23) and the transformation law in Eq. (B.17), by starting

with the first generator

0 0 —1 I, —1IIy
R R
iéleﬁ:—(s—l 0 L0t o s (B.35)
R 2 o =10 o0 I, 2 | —11,
1 0 0 0 I, +11,

Such a transformation will triguer a change in H, which can be calculated with help of Eq.

(B.21),
" O + 6112\ 4of (1% 44113 _@ﬁ (B.36)
V2 \ett =3 ) ove it —m2) 2 7 '

therefore, the bidoublet does not have a well-defined transformation rule under the first

generator of the SU(2)g group. For T3 we have

0 0 1 0\ /I +11;
. Bl o o0 o 1||O SR | 411
iSRRI = — %2 o I e (B.37)
2 1-1 0 0 0] |1, 2 | -In
0 —1 0 0/ \I, —II,
leading to
1 (611" + o112 oF ([ —II* — 4113 6F
sH—— 0T S T (B.38)
V2 \ 6IT* — 36113 2v/2 \ —ill! 4 112 2

thus, the second generator also does not lead to any well-defined transformation rule. For

the last generator, the third one, we get

0 —1 0\ (1L —II,
. SEl1 0 o |1 SR 410
R — o I e (B.39)
210 0 1 I, 2 | +11,4
0 0 -1 0/ \II4 —II3
and, then
1 (4611 + o112 SE (4112 — 112 oR
SH— — [0 T =B (U T ) - %2y (B.40)
V2 \ 6% — 46113 2v/2 \ 11 + iI1* 2

therefore, the reason why identify the third generator of SU(2)g as the hypercharge
becomes evident. The H has the correct hypercharge to be the SM Higgs boson, i.e., +1/2.
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It is equivalente to say that the bidoublet, or fourplet, decomposes as
4: == (2, 2) — 21/2, (B41)

under the SM SU(2), x U(1)y subgroup.

We have found the representation in which we desire to put the Goldstones on,
which includes the Higgs in the SM correct representation. The procedure must be followed
for the fermions as well. We must consider complex SO(4) fourplet when dealing with
these fields. In the same fashion, we did in Eq. (B.2), the complex ¥ can be expressed as

1

U = LQ (! +iTa®) = ﬁwi, (B.42)

or, explicitly,

1 [ *+id P ! 1 (o g
V= E (_w2 + ,l'wl w4 o Zwii) - E (‘Iﬂi \I/flt) = (\1177 \I[+)7 <B43>

where 9" is a complex component of the representation (2, 2) of the chiral group. Differently
from the Goldstones case, these bidoublet does not satisfy the pseudo-reality condition in
(B.4); because of this, we dub it as complex doublet (2, 2), [2]. Under the SU(2);, x U(1)y
each of the “doublets”, of ¥, has opposite hypercharges, represented by the minus and plus

signal in the last two equations. Therefore, the representation decomposes as
4, = (2, 2)c — 2+1/2 @ 2,1/2. (B44)

This 4. representation of SO(4), i.e. a fourplet, can be construct using (B.43),

—PY — i
-1 pr — gl
b=— 5 (B.45)
V2 W — 1w
ol + o

The constructions and definitions presented here may look vague and nonsensical.
However, as we will see, they will be helpful when constructing the Minimal Composite

Higgs model.
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Appendix C

GOLDSTONE MATRIX

We desire to show that the Goldstone matrix can be expressed as Eq. (4.3.8). We
start our task by writing the broken generators, Eq. (4.3.2), explicitly

0 0001 00 000

0 0000 [0 0 001
flz_%ooooo,f%—%ooooo, (C.1)

0 0000 00 000

-1 000 0 0 -100 0

00 0 00 000 0 0

oo 0 00 oo 0 0 0
T3:—£ 00 0 0 1], T4:—£ 000 0 0 (C.2)

00 0 00 000 0 1

00 —-100 000 —10
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We use these matrices to rewrite the argument in the exponential

0000 —i 0000 0
0000 O 0000 —i
RVZ) ~ V2 [ TL(2) Iy (z)
0000 0 0000
I i 0000 0 03 00
0000 0000 0]
0000 0000 O
II3(x) I14(x)
+\/§0000—z+ﬁ00000 =
0000 0000 —i
00 i 0 000 i 0)]
0 0 0 0 I
0 0 0 0 I
1 T
=3 0 0 0 ongz?. (C.3)
0 0 0 0 Il

Replacing in the exponential and expanding as Taylor series, we have [54]

N 2 3 00 n
HFF@T _ 5 1+§+% (;) +% (%) + ... :Z% <§> . (C.4)
! | !

There is a recursion relation of the matrix multiplication. To obtain this formula, we start

by calculating the multiplications

H% 1,11, IIII3 II4II, O
11,11, Hg 1,115 IL.II, O
mt=ar=— |3l II, 13 I3, 0 |, (C.5)
I,00, T,00, TI,00; 112 0
0 0 0 0 112

0 0 0 0 I
0 0 0 0 Il

m=art=-I| 0 0 0 0 Il | =I*n, (C.6)
0 0 0 0 I,
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where
I1? = 7 + 115 + 3 + 113, (C.7)
Using the equations before, we find
= = 1%, (C.8)
m = 1ir = —II*7® = [I*n, (C.9)
70 = o1 = ntr?, (C.10)
7" =II*7? = —II°x, (C.11)
therefore, one concludes that
ot = (=) 11", (C.12)
2D — (—1)? 11272, (C.13)
with n =0,1,2,3,... . Making use of the last relation, the series in (C.4) can be split into
terms of odd and even powers, as in [52]
. S T S eV | O
fF=1
‘ * 2 an + 1)L * nzzo (2n 1 2)1 20 "
00 1 n I 2n+1 9 1 n I 2(n+1)
=1+ (Q(n +)1>' <7> () X (<n+)1>]v (7) - (©19
n=0 ’ n=0 )
The first term can be easily identified as the Taylor series of the sine [54]
: o - (_1)” 2n+1
SIN T = nz% ml’ . (Cl5)

The second term needs to be massaged a little in order to make it recognizable,

= (D" sy (D, — (=" .,
Z[z(nﬂ)]!‘”( =2 @2n)! " _(_1)2(2n)!x

n=0 n=1

(C.16)
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C GOLDSTONE MATRIX

Putting all the pieces together yields
2 II
W) [1 — cos <—>}
f

0

er :]l+zsin (E> + (—
IT f IT
0 0 0 0 I
0 0 0 0 Il
=1+ %sin <E> 0 0 0 0 I
/ 0 0 0 0 I
-1, —-II, —-IIs —-II, O
2 ILIL, ILI0; ILI 0
) - LI, T2 TLII; ILI, O
[1 — Cos (—)} 300, I, 112 I, 0 |, (C.17)
/ I,00, T, I, I3 0
0 0 Ir?

0

operations on it, namely

This equation can be simplified by using the definition of the vector ﬁ, and making some

(C.18)

~ I
n=|_?1,
IT3
I,
ﬁT = (Hl I, II3 H4) ’ (0-19)
IT; 13 TILI; T30 TIL,I0,
. I1 I, T2 T, I,I00
T (Hl M, Il H4> e P (C.20)
I1; INII; IL,II;  II5 L4005
11, 10, TI0, T, 113
With these results in hands, the first two terms in Eq. (C.17) can be expressed as
0 0 0 0 I
0 0 0 0 II . i
1 I 2 Tsya sin (%) %
1+ —sin| — 0 0 0 0 I3 | = =7 , (C21)
II f sin <E> L 1
0 0 0 0 I )
-1, -II; —II, O
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meanwhile the third term becomes

H% ILII, ILI03 II1I4
LI, 12 LI ILIL
- {1 — COS (%)} 00, I, 012 TI310
11,01, II400, 114105 Hi

0 0 0 0 112

|~ [1 T8 Gﬂ T ! . (C.22)

T )

o O o O

=

Putting all the pieces together, brings us to the final result

S G U

It is worth stressing that this equation holds for any SO(N) — SO(N —1) symmetry

breaking with the generators in the fundamental representation |2, 5]. It is not hard to

| e

(C.23)

see it. The general form of the broken generators for symmetry breaking patterns of
SO(N) = SO(N —1) is
i i i i
(T )U =~ (5165 — o7.62) (C.24)

where i = 1,.... N — 1 and I,J = 1,..., N. Thus, substituting in the Goldstone matrix

argument
0o .- 0 I
I,
V2 ~ 1
1—I;(2)T" = = : C.25
7 () 7 : (C.25)
My
I, - —Iy_,4 0

This is the same matrix of the Eq. (C.3), but in N x N dimesion. The calculations will

be the same, but for N dimensions, leading to the same format of~ the Goldstone matrix.

Since we have arrived this far, it is worth also mentioning the inverse of the

Goldstone matrix. Since it is orthogonal, its transpose 2],

B Tysa — [1 — cos (%)] ﬁgf —sin
Ui = sin <H> nr

o e

(C.26)

|3 =4

? 0 COS
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