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Abstract
Weestablish a fast and reliable benchmarking protocol for predictions ofMuon SpinResonance
observables. To this end, we apply neutronCompton scattering (NCS) to study the nuclear
momentumdistributions of the proton and deuteron in the condensed phase of the isopropyl and
d-isopropyl alcohols. By subtracting the time-of-flightNCS spectra of both compoundswe
demonstrate that the protonmomentumdistribution in theOHgroup of isopropanol and the
deuteronmomentumdistribution in theODgroup in d-isopropyl can be studied selectively. The site-
selective application of theNCSmethod enables the calculation of themagnitude of the frequency
isotope effect for the proton inOHalong the hydrogen bond direction. By comparing themagnitude
of the frequency isotope effect with values predicted for simplemodel potentials we are able to
perform the appraisal of the degree of anharmonicity of theOHproton environment. Assuming that
the effective potential felt by theOHproton along the hydrogen-bond direction can be satisfactorily
described by theMorse potential, we are able to calculate its dissociation constantD and decay
constant a. Finally, assuming that the sameMorse potential describes the local binding ofMuonium in
themioniated isopropyl radical, we are able to predict its width ofmomentum andposition
distributions and the kinetic and zero-point energy. Based on these results, we are able to provide a
conservative bound for themagnitude of the isotope effect on themuoniumhyperfine interaction
without resorting to a complicated and computationally expensivemethodology based on the
application of path integrals.

1. Introduction

1.1.Muon spin rotation and its challenges
Materials science at the nanoscale over last few decades has profited from (and largely owed its success to) the
development of a few very special and unique spectroscopic techniques that do not have the stigma of being
volume-averaged. One of themost prominent examples of such a development owing to the site-specific
method sensitivity is themuon spin resonance (μSR) [1]. The supremacy ofμSR over volume-sensitive nuclear
magnetic resonance (NMR) is bestmanifested in the spin spectroscopy of the solid-state where the
interpretation ofμSR spectra is greatly simplified by the absence of spectral line broadening due to the lack of the
long-range spin-spin couplings (otherwise present in theNMR spectra) thanks to the local detection character of
themuon, acting as a localmagneticmoment probe [2]. Namely, instead of a staticNMRcoil wound around a
macroscopic volume of a sample, one has a fast-moving ’coil-projectile’, themuon particle, picking up signals
from localmagnetic environments. During themuon’s 2.2μs lifetime,muonium can enter into compounds
such asmuonium chloride (MuCl) or sodiummuonide (NaMu) [3]. Due to themass difference between the
antimuon and the electron,muonium (μ+e−, hereinafterMu) ismore similar to atomic hydrogen (p+e−)
than positronium (e+e−) [3]. Its Bohr radius and ionization energy arewithin 0.5%of hydrogen, deuteron,
and tritium, and thus it can usefully be considered as an exotic light isotope of hydrogenwith amass of l/9 of
H [3].
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Themodelling ofMu in condensedmatter systems up to date has dealt with properties such asMu formation
in gases, liquids, and solid insulators, and the rate constants of its reactionswithmolecules [2]. Despite the
unquestioned success in the experimental department, alsoμSR is not entirely free fromproblems as far as
ab initiomodelling is concerned [3]. Themain challenge here is due to the fact that the Zeeman interaction of the
unpaired electron, themuon and of additional nuclei, as well as the electron-muon and electron-nuclear
hyperfine interaction, lead to very complicatedμSR spectra [4]. The variation of themuon-electron coupling
constants with radical structures is similar to that of the analogous knownproton-electron coupling constants.
However, the smallmuonmass greatly amplifies any vibrational isotopic effect in these coupling constants as
well as all other properties dependent on the vibrations of the radical. One could anticipate that formuonium
adductmolecules, the isotope effect is so large that the Born–Oppenheimer approximation (BOA) is invalid, a
situation certainly rarely encountered in the case of ab initiomodelling of electronic and nuclear degrees of
freedom in condensed-matter systems. For isotopomers of theH2

+moleculeWebster andMcKenna showed by a
series of non-adiabatic calculations beyond the Born–Oppenheimer approximation, that the key isotope effect
arises through themass dependence of the zero-point vibrational energy [5]. On thewhole, one has to anticipate
that theMu-adduct species sample points on a property surface well distant from the equilibriumposition. For
example, a variation-perturbation approach, applied to investigate isotope-dependent zero-point vibrational
corrections to one-electron properties of aMuMu adduct watermolecule in its ground electronic state, has
shown that the root-mean-square displacement involving theO–Mu internuclear distance is ca. 11 pmwith a
root-mean-square displacement in the internuclear angle forMuOHof 12.73 degrees andMuOof 14.71 degrees
[5].Ab initiomodelling under such circumstances is very difficult, renderingmostDFTmethods treating nuclei
classically within the BOA completely unusable. This can be demonstrated owing to the recent rapid
development of Path-IntegralMolecular Dynamics (PIMD)modellingmethods [6]. For example, the on-the-fly
ab initio density functional PIMD simulations, which can account for both the nuclear quantum effect and
thermal effect, when applied to the evaluation of the structures and isotropic hyperfine coupling constants
(HFCCs) formuoniated and hydrogenated acetone radicals in vacuo, exposes dramatic deficiencies of theDFT
methodologywith classical nuclei. TheHFCCvalue froma simple geometry optimization calculationwithout
both the nuclear quantum effect and thermal effect is 8.18 MHz, and that by standard ab initiomolecular
dynamics simulationwith only the thermal effect andwithout the nuclear quantum effect is 0.33 MHz at 300 K,
where these twomethods cannot distinguish the difference betweenmuoniated and hydrogenated acetone
radicals. In contrast, the reducedHFCCvalue of themuoniated acetone radical by the PIMD simulation is
32.1 MHz,which is about 8 times larger than that for the hydrogenated radical of 3.97 MHzwith the same level
of calculation [6].

1.2. The need for amass and site-selective dynamic probe
The calculation ofmany properties ofmuoniated radicals starts from the appraisal of the extent of quantum
delocalisation ofMu, both inmomentum and position representation. In general, themomentumdistribution
can be obtained from the Fourier transformof the end-to-end-distribution of the linear (or ’open’) polymer
PIMDcalculation, but not from the ring (or ’closed’) polymer PIMD.Moreover, the PIMDmethods using
generalised Langevin equation (PI-GLE) approach employ a ’trick’ for avoiding the need for a large number of
replicas, as far as the physical temperature of the system is low.However, it is only by using this ’artificial noise’
thermostat with adequate andwell-tested parameters that one can create random fluctuations in themotion of
the nuclei which are similar to the zero-point broadening of the real quantumdelocalization. To speed up the
calculations and base themon the closed-path PIMD scheme, onemight resort to an additional approximation
that the nuclear wave function is node-free so that it can be obtained as the square root of the nuclear density in
coordinate-space, or the square root of the Fourier transformof nuclearmomentumdistribution.

However, despite the sophistication of the PIMD-basedmethodology, the results calculated in vacuowill
always be far off the real valuesmeasured in bulk systems as the explicit presence of solventmolecules has a
major effect on in vacuo ab initio calculations for the quantitative reproduction of experimental data. Clearly,
there is a need for a quick andmodel-freemethod for the appraisal of properties ofmuoniated radicals under
realistic bulk conditions. In this context, the employment of theDeep Inelastic (DINS), or neutronCompton
Scattering (NCS) seems a plausible choice. NCS, as the only neutron-based spectroscopic technique, offers true
mass selectivity by recording a combination ofDoppler-broadened recoil peaks for different nuclei present in
the sample of interest [7–19].Moreover, in the limit of the incoherent and impulse approximations, valid in
NCS, thewidth of aDoppler-broadenedNCS peak of a given nucleus is proportional to its nuclearmomentum
distribution, n(p), being the square of the absolute value of the Fourier transformof the spatial wave function
[7–19]. Importantly, the smallmass of the proton/deuteron (H/D) leads to anNCS recoil peak that is well
separated from the peaks of heavier nuclei, which appear as nearly elastic contributions. This feature, in
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combinationwith the fact thatNCS is sensitive to total bound scattering cross-sections,makesmuoniated
radicals containingH andD ideal candidates for theNCSmeasurements.

This contribution seeks to pave theway towards establishing a robustmodel-free protocol for the appraisal
of basic properties of themuoniated radicals and a reliable benchmarking protocol for the PIMD-based
predictions. As a feasibility study of the newly proposed computational protocol, we analyse here the results of
NCSmeasurements on twomodel bulk systemswith a similar local environment around theOHgroup, the
isopropyl and d-isopropyl alcohol (figure 1).

The idea to perform a tandemNCSmeasurement of a native and deuterated counterpart of the same
molecular system, both differing only in the presence (or absence) ofH(D) in theOHgroup, renders an
otherwisemass-selective technique also site-selective. Namely, by virtue of themass-selectivity, the directNCS
measurement of the deuterated compound yields the characterisation of the deuteronmomentumdistribution
in theODgroup. Furthermore, by subtracting theNCS spectra of both compounds one obtains the selective
spectrumof the protonmomentumdistribution in theOHgroup of the isopropanolmolecule that can then be
comparedwith the deuteronmomentumdistribution in theODgroup in d-isopropyl. This site-selective
application of theNCSmethod enables the calculation of themagnitude of the frequency isotope effect for the
proton inOHalong the hydrogen bond direction. By comparing themagnitude of the frequency isotope effect
with values predicted for simplemodel potentials we are able to perform the appraisal of the degree of
anharmonicity of theOHproton environment. Assuming that the effective potential felt by theOHproton
along the hydrogen bond direction can be satisfactorily described by theMorse potential, we are able to calculate
its dissociation constantD and decay constant a. Finally, assuming that the sameMorse potential describes the
local binding ofMuonium in themioniated isopropyl radical, we are able to predict its width ofmomentum and
position distributions and the kinetic and zero-point energy.Moreover, based on the latter results we provide a
conservative bound for themagnitude of the isotope effect for the hyperfine interaction of themuonium in the
muoniated isopropyl in the condensed phase, all without resorting to a complicated and computationally
expensivemethodology based on the application of path integrals.

2.Materials andmethods

Wehave performed neutron experiments on isopropanol and isopropanol-2-d1 (hereafter referred to as
d-isopropanol), at 250 K and 300 K, by concurrently applying themass-selectiveNCS (MANSE), enabling
distinct separation ofH and/orDpeaks, and neutron transmission (NT) at theVESUVIO+beamline in the
Target Station 1 (TS1) of the ISIS pulsed neutron andmuon source at the RutherfordAppleton Laboratory, UK
[10, 14, 20–29].

Figure 1.Themolecular structure of isopropyl alcohol and d-isopropyl alcohol. The colour indicates the type of atoms: oxygen (red),
carbon (dark grey), and hydrogen (light grey). Atom labels correspond to the standard configuration used as input for the ab initio
calculations. For d-isopropyl alcohol, the hydrogen atom in theOHgroup (H5) is replacedwith a deuteron (D5). TheH9hydrogen
atom (not shown), attached to theC2 carbon atom, is perpendicular to thefigure planewith theC2–H9bond facing downwards. See
text for details.
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Isopropanol (99.0%) and d-isopropanol (98.0%)neat liquid samples were purchased fromSigma-Aldrich.
Two square-shape (90×90mm2) aluminium containers for liquid samples were used for the experiments: one
of 0.5 mm thickness for the isopropanol sample, and one of 1.8 mm thickness for the d-isopropanol sample.
Both liquids were loaded into the containers through a pair of small inlets in the containers frontwalls using a set
of syringes. Following this, the inlets were sealed. The empty containers were then separatelymeasured at the
same temperatures as the samples. Both sample and empty-container neutron transmissions weremeasured as a
function of the incident neutron energies, normalising to the transmission spectrumof the empty instrument, a
protocol routinely applied in broadband transmission experiments onVESUVIO [30–34]. Themass of the
isopropanol sample was 0.89 g. Given the total bound scattering cross-section values ofH,C, andO and the
sample stoichiometry, C3H8O, themass of 0.89 g corresponded to the sample transmission for epithermal
neutrons (above the incident neutron energy of 1 eV) at the level of 0.86. Themass of the d-isopropanol sample
was 1.58 g, which, given the sample stoichiometry, C3H7OD, resulted in the sample transmission for epithermal
neutrons at the level of 0.82.

TheNCS data treatment has been described in great detail elsewhere [9, 10, 35] and thus only themain
points will bementioned here. In essence, in the Impulse Approximation[36] limit, aMANSE spectrum
measured by a particular detector (at a given scattering angle θ) and at a given time-of-flight (TOF) value, t, is a
sumof neutronCompton recoil peaks.Mathematically, [9, 10]

åq = Ä( ) ( ) ( ) ( ) ( )C t
E I E

q
c J x R x, 1

M M M M M M
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whereM is themass of a given nuclear isotope (H,D,C,O from the samples andAl from sample containers),E0
and I(E0) are the incident neutron energy and intensity, respectively, and q is the neutronmomentum transfer.
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with yM being the longitudinal nuclearmomentum for a given nuclide ofmassM,

and sM is the standard deviation of ( )J xM M measured in the units of Å−1. Infitting theNCS data stoichiometric
constraints are applied. The ratios of the relative recoil peak intensities, cM, are fixed according to the values of
the products of the respective total bound scattering cross-sections and numbers of nuclei of a given type per
sample formula unit [37–40]. Equation (1) also includes a convolution product (Ä)with amass-dependent
resolution function, ( )R xM M [9, 35]. The second term in equation (2) accounts for deviations from the impulse
approximation, also known asfinal state effects (FSEs), expressed here in the isotropic lattice limit through the
third-orderHermite polynomial, ( )H xM3 [9, 10, 35].

The rawNCS datawere reduced using newly developed routines implemented in theMantidPlot
computational environment [41, 42]. An iterative procedure was applied forNCS data, recorded in the time-of-
flight (TOF)domain by 48VESUVIO+forward scattering detectors at 250 K and 300 K for isopropanol,
d-isopropanol aswell as the empty aluminium containers (hereinafter referred toAlNCS data). The iterative
NCS data treatment protocol consisted of the following steps:

1. RawNCS data were pre-fitted, using equation (1), in order to find the initial intensities andwidths of H (D),
C andOpeaks of the samples as well as Al peaks;

2. the obtained average values of the peak widths and stoichiometrically fixed relative peak intensities were
input into the algorithm calculating the sample-dependent gamma andmultiple-scattering background;

3. gamma andmultiple-scattering backgroundwas subtracted from the rawNCS data;

4. a new fit using equation (1) ofNCS data after the subtraction of gamma andmultiple-scattering background
was performedwith the aimof obtaining the second approximation to the average values of peakwidths;

5. a new set of average peak widths together with fixed relative intensities formed an input to the algorithms
simulating the second approximation to the shapes ofmultiple scattering and gammabackground
corrections;

6. the final subtraction of gamma andmultiple scattering corrections was performed;
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7. after the subtraction of the backgrounds, a final fit of peak widths was performed and the final averaged
values of the peakwidths and relative peak intensities were obtained;

8.fitted curves of the recoil peaks frommasses other than the proton and the fitted curves representing the FSE
contributions to the proton recoil peaks (see the second term in equation (2))were subtracted and the
corrected TOFNCS data;

9. the isolated TOFNCS proton recoil peaks were focused in the longitudinal momentum space of the proton
(hereafter referred to as the proton Y space data) for precision fitting of the protonNMDusing purely
Gaussian expression (expressed as the first part of equation (2));

10. in the case of the TOF NCS deuteron recoil peaks, no longitudinal momentum space focusing was
performed and thefinal values of theDpeakwidthswere obtained as averages over sequential, detector-by-
detector, fitting of the TOFNCS spectra containingD recoil peaks;

11. in order to obtain the proton momentum distribution of the proton in OH, a purely Gaussian fit of the
difference between the focussed proton Y space data of isopropanol and d-isopropanol was performed.
Before subtraction, the protonY space data of d-isopropanol were scaled by the factor of 7/8 reflecting the
ratio of the number of protons in the formula units of both systems.

Beforewe proceed to the detailed description of themain steps ofNCS data treatment, outlined in points
1–11 above, illustrated infigure 2, one important remark is in order. As described in points 9–11 of the protocol,
the recoil peak of hydrogen and deuteron undergo a completely different treatment. The deuteron recoil peaks
arefitted sequentially, detector-by-detector, and the values of thefittedwidths are recorded in order to be
averaged over the entire range of detectors used in the data analysis. The proton recoil peaks, however, after
being provisionally fitted on the detector-by-detector basis, undergo further treatment. They are isolated in the
TOFdomain, transformed into the longitudinalmomentumdomain and then focused and rebinned in this
latter domain for higher precision fitting. Due to this substantial difference in the treatment, the proton and
deuteron recoil peak fitting cannot be easily illustrated in on simple graph.Mathematically, the focusing of
proton recoil peaks in the proton longitudinalmomentum space without their prior isolation (and thus
retaining the deuteron recoil peaks in the focused spectra)would always result in smearing out the deuteron
recoil peaks, a kinematic effect due to different loci of the proton and deuteron recoil lines for each scattering
angle (detector). Converesely, fitting the TOFNSC spectra sequentially, detector-by-detector, does not allow for
the longitudinalmomentum space focusing of either of the two recoiling nuclear species. Thus, as an
illustration, infigure 2 the TOFNCS data treatment scheme is shown only for one chosenVESUVIOdetector.
Such choice retains the possibility of graphically showing the logic behind the data treatment with one drawback,
however. Namely, the procedure of the focusing of the protonNMD in the proton longitudinalmomentum
space is illustrated only as amathematical transformationwithout showing their added benefit of increasing the
signal-to-noise ratio of the proton recoil peak data and thus the precision of the protonNMDfit.

Figure 2 shows data recorded for isopropanol and d-isopropanol at the temperature of 300 K. The datawere
recorded by the detector placed at a distance of 0.52metres from the sample position in the forward scattering
direction at a scattering angle of 63.4 degrees. The position and scattering angle values pertaining to this detector
were obtained via a separate calibration procedure described elsewhere [22, 23]. TheTOFNCS data, prior to
further analysis, were rebinned between 110 and 385microseconds with a binwidth of 3microseconds. The
lower binning boundary was set to a relatively high value of 110microseconds, a procedure routinely applied in
NCS data reduction in order to avoid the contamination of the TOFNCS signals with spurious signals from
resonant neutron absorption in theAu foils of theVESUVIOdetection setup [25–27]. It is worth noting that this
procedure does not affect the precision of the fitting of thewidth of the protonNMD.The reason for this is
twofold. Firstly, thewidth of aGaussian profile can be very robustly estimated from thefits of the recoil peaks as
most of the peak profile is anyway retained between 110 and 385microseconds. Secondly, thefit precision is
augmented by the presence of an additional physical constraint, the requirement that anNMDbe an even
function of the longitudinalmomentumdistribution variable Thus, in principle, it is enough to record one
shoulder of anNMDand then apply symmetrization in order to recover the full profile [9–11, 14, 15, 18, 19,
43–45].

The top andmiddle panels of figure 2 show the raw and the corrected, after the subtraction of the gamma and
multiple scattering background, TOFNCS data for d-isopropanol and isopropanol, respectively. It is worth
noting that upon subtraction of both types of background themagnitude of the errorbars of the TOFNCSdata
does not increase. The reason for this is twofold. Firstly, the gamma-background correction is a result of the
application of an analytical, and thus smooth, function of the time offlight [46]. Secondly, themultiple
scattering correction, being a result of aMonte-Carlo-type calculation, can bemade arbitrarily noiseless by

5

J. Phys. Commun. 3 (2019) 113003 MKrzystyniak et al



increasing the number of events [24]. In practice, already onemillion individual neutron histories propagated
through theMonte-Carlo simulation produces practically noiseless signals [24] .Moreover, the errors of the
fitting parameters (peakwidths and intensities) almost do not propagate through the gamma-background and
multiple-scattering corrections, largely owing to the fact that they result from integration-type of calculations
[24, 46]. In practice, the shapes of both types of corrections do not changewithin the two standard deviations of
the uncertainties of the fitting parameters, which is tantamount to the iterative approach to TOFNCS data
correction andfitting [24, 46].

The coloured solid lines in the top andmiddle panel offigure 2 represent thefitting curves of thefitting
curves calculated using the expression for the total count rate for TOFNCS data (given by Eg. (1)), as well as the
fitting curves representing contributions of recoil peaks of individualmasses to the total count rate. As
mentioned in point 2 of the TOFNCS data treatment protocol described above, the fitting curves were
computed using the stoichiometrically fixed relative peak intensities. The technique of stoichiometricfixing is a
potent tool infitting TOFNCS data as it enhances the precision of the determination of the recoil peakwidths
being the only non-linearfitting parameters of themodel given by Eg. (1). Importantly in the context of the
determination of theNMDwidths and kinetic energy values of deuteron, the stoichiometric fixing greatly
improves the precision of the determination of thewidth of the deuteronNMD.When averaged over results
obtained from all forward scattering detectors, the uncertainty of the deuteronNMDwidth does not exceed
0.2 Å−1, and this value will be used hereinafter as an upper conservative bound.

Figure 2.Top andmiddle panels: the raw (black line and points with error bars) and the corrected (red line and points with error bars)
d-isopropanol (top panel) and isopropanol data (middle panel); thefitting curve of the total, corrected TOFNCS data (solid red line),
together with thefitting lines for the individual recoil peaks (thick solid lines) of the hydrogen (black), deuteron (red—top panel only),
carbon (green), oxygen (cyan), and aluminium (magenta). Top panel inset: the close-up of the top panel showing the TOFdata region
of the deuteron recoil peak together. Bottompanel: the hydrogen longitudinalmomentumdistribution in isopropanol (black line and
data), the hydrogen in d-isopropanol, scaled by 7/8 (red line and data), and their difference (blue line and data) together with the
fitting curve (solid blue line) and the hydrogen resolution function in the longitudinalmomentum space (solid red area). See text for
details.
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The bottompanel infigure 2 shows the longitudinalmomentumdistribution of the hydrogen in
isopropanol, the hydrogen in d-isopropanol, and their difference, representing the longitudinalmomentum
distribution of the hydrogen in theOHgroup, togetherwith thefitting curve and the hydrogen resolution
function in the longitudinalmomentum space. The longitudinalmomentumdistribution of the hydrogen has
been scaled by the factor of 7/8 in order to account for a different number of protons in isopropanol and
d-isopropanol. It is worth noting that this scaling can only be performed in the longitudinalmomentum space of
the proton, not in the TOFdomain. The reason for this is that the TOFNCS spectra contain only the
information about the relative number ofmoles of the constituent nuclear species per formula unit of the sample
(see equation (1)). Thus, a subtraction of a normalised and scaled TOFNCS spectrumof d-isopropanol from the
normalised TOFNCS spectrumof isopropanol would inevitably lead to a creation of a negative residual signal in
the TOF region of the deuteron recoil peak and a positive residual signal in the TOF region of the carbon,
oxygen, and aluminium recoil peaks. In otherwords, one cannot apply a single scaling factor to the entire TOF
NCS spectrum in order to isolate the TOFNCS contribution from the hydrogen in theOHgroup of the
isopropanol. Such operationmust be performed after the recoil peak isolation (subtraction of the recoil peaks of
all other nuclear species apart from the hydrogen) in the TOFdomain.Moreover, the isolated in the TOF
domain proton recoil peaks in isopropanol and d-isopropanol correspond to different scattering angles and thus
are not centred at the sameTOF values, thus rendering the peak subtraction less precise an operation. Thus,
focusing on the proton longitudinalmomentum space followed by peak subtraction in the same space seems like
themost numerically stable and precise option.

Finally, let usmention that the longitudinalmomentumdistribution of theOHgroup proton, illustrated as a
solid blue line in the bottompanel infigure 2, can befitted in amore reliable, robust, and precisemanner owing
to the signal differencing procedure outlined above.Namely, all signal fluctuations other than random
Poissonian noise that is present in both longitudinalmomentumdistributions of isopropanol and
d-isopropanol cancel out in this differencing procedure. This is clearly seen in the data shown in the region of
longitudinalmomentummagnitudes between 5 and 10 inverse Angstroms, on the right-hand side of the bottom
panel infigure 2. The resultant difference-curve is thenmuch smoother andmore regular, resulting inmore
precise values of thefitted parameters.Moreover, the resolution function for themeasurement of the proton
longitudinalmomentumdistribution (red solid area in the bottompanel offigure 2) ismuch narrower than in
the case of other nuclearmass-dependent VESUVIO resolution functions [8, 10–12, 47, 48], thus enabling high-
precisionwork. Taken together, data focusing and high-resolution longitudinal nuclearmomentum
distribution spectroscopy yieldwiths of protonmomentumdistributions in isopropanol and d-isopropanol
with the precision better than 0.2 inverse Angstrom. Thus, a value of 0.2 inverse Angstromwill be hereafter used
as an upper conservative bound.

3. Results and discussion

As afirst step in the interpretation of the values of the recoil peakwidths, obtained from theNCS experiments,
an ab initio calculationwas performed. Two sets of simple ab initio calculations with theDensity Functional
Theory (DFT)method B3LYPusing the basis set B3LYP/6–31 g* usingGaussian 98, revisionA11, were
performed in the limit of a single isolatedmolecule: (i) in vacuo calculation, and (ii) a calculation in a solvent
environment of water. In the latter case, the solvent wasmodelled by placing themolecule within the solvent
reactionfield. For this, the self-consistent reactionfield (SCRF)methodology, implemented using the
COnductor-like ScreeningMOdel (COSMO) variant [49] of theCPCMmodel [50], was applied. COSMO is a
variant of the continuum solvationmodels, which uses a scaled conductor boundary condition instead of the
muchmore complicated dielectric boundary condition for the calculation of the polarization charges of a
molecule in a continuum. The optimisation procedure led to a stable configuration and no imaginary
frequencies.

Table 1 shows the predictions for the isotropic average values of thewidths of the proton, carbon and oxygen
momentumdistributions in isopropanol based on theDFT calculation in vacuo and the calculation in a solvent
environment of water. Table 2 shows the results of the analogical calculation for d-isopropanol, also including
the value forD in theODgroup. First, as an aside, it is worth noting that, in the case of the carbon, oxygen, and
deuteron, the above theoretical predictions encourage the conclusion that, in principle, theNCSmethod is
capable of achieving site and solvent selectivity in the idealised case of nearly-perfect resolution.

Taking into account, however, that the single-standard deviation (1-STD) error-levels of the present
measurements of thewidths of C andOmomentumdistributions are around 0.7–0.8 Å−1, this remains still in
the realmof the future vision for themuch-needed upgrade of theNCS technique. Thus, site-selective isotopic
substitution remains at present the only plausible route to achieving site-selectivity of theNCSmethod beyond
the proton, a realisation thatmotivated this work.
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Themain observation from theDFT calculationmentioned above is that, unlike for carbon, for hydrogen,
theDFT-predicted values, both in vacuo and in the presence of thewater solventmodel, are almost independent
on the position of the hydrogen atom in themolecule. Treating the sets of these values as distributions, one can
conclude that the standard deviations of these distributions amount to less than 1%of theirmean values. This is
an encouraging result, bearing inmind thatNCS is not site-selectivelymeasuring the protonmomentum
distributions. Itmeans that in this particular case one can compare thewidths of protonmomentum
distributions fromNCS experiments with doubly-averaged (first over directions in space for each individual
type of proton, and then over different types of protons in themolecule) theoretical predictions. Thus, one can
assume that any discrepancy between the average theoretical prediction and the experimental valuemust signal a
failure of the harmonic approximation to account for the local-effective potentials experienced by all protons in
isopropanol and d-isopropanol. Inwhat follows, our discussion about the degree of anharmonicity in both
molecular systemswill bemotivated by this notion.

Figure 3 shows the values of thewidths of nuclearmomentumdistributions ofH in isopropanol, H in
d-isopropanol, andD in d-isopropanol, obtained from fittingGaussian profile functions to recordedNCS data,
as well as the theoretical predictions for the averageH andDwidths, based on the harmonic ab initioDFT in
vacuo calculation and the calculation in a solvent environment of water.

Table 1.Predictions for the isotropic average values of thewidths of the proton
momentumdistributions in isopropanol based on theDFT calculation in vacuo
and the calculation in a solvent environment of water.

σ [Å−1]

T=250 K T=300 K

Atomno.

Atom

label in vacuo inwater in vacuo inwater

1 C 12.4 12.3 12.7 12.6

2 C 13.1 13.1 13.3 13.3

3 C 12.4 12.3 12.7 12.5

4 O 12.0 11.9 12.5 12.4

5 H 5.0 5.0 5.1 5.0

6 H 5.0 5.0 5.0 5.0

7 H 5.0 5.0 5.0 5.0

8 H 5.0 5.0 5.0 5.0

9 H 5.1 5.1 5.1 5.1

10 H 5.0 5.0 5.0 5.0

11 H 5.0 5.0 5.0 5.0

12 H 5.0 5.0 5.0 5.0

Table 2.Predictions for the isotropic average values of thewidths of the proton
momentumdistributions in d-isopropanol based on theDFT calculation in
vacuo and the calculation in a solvent environment of water.

σ [Å−1]

T= 250 K T= 300 K

Atomno.

Atom

label in vacuo inwater in vacuo inwater

1 C 12.3 12.2 12.5 12.5

2 C 13.0 13.1 13.1 13.3

3 C 12.4 12.3 12.7 12.6

4 O 12.2 12.2 12.7 12.7

5 D 6.1 6.0 6.1 6.0

6 H 5.0 5.0 5.0 5.0

7 H 5.0 5.0 5.0 5.0

8 H 5.0 5.0 5.0 5.0

9 H 5.1 5.1 5.1 5.1

10 H 5.0 5.0 5.0 5.0

11 H 5.0 5.0 5.0 5.0

12 H 5.0 5.0 5.0 5.0
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Asmentioned above, in the case ofH in isopropanol and d-isopropanol both the experimental values and the
theoretical predictions are for the values averaged about all proton types in themolecules, reflecting themass-
resolved and site-averaged nature of theNCSmeasurements of the hydrogenmomentumdistributions.
However, in the case of theDmomentumdistributionmeasurement in d-isopropanol, theNCS is effectively
site-selective as there is only one type ofD sites in thismolecule, corresponding toD in theODgroup. Clearly, all
the experimental values shown infigure 3 are systematically below their respective DFTpredictions, calculated
within the harmonic approximation (HA).Moreover, the viral theorempredicts, in the case of pronounced
anharmonicity of the local effective potential experienced by the nuclei, that the average nuclear kinetic energy
becomes less than half of the total energy of the particle confined in the potential [51]. Taken together, the results
shown infigure 3 signal a failure of the harmonic approximation to account for the local-effective potentials
experienced by all protons in isopropanol and d-isopropanol.

The next step in our appraisal of the local effective potential experienced byH andD in isopropanol and
d-isopropanol is summarised infigure 4. The top panel offigure 4 shows the ratios of the kinetic energies ofH in
OH in isopropanol andD inOD in d-isopropanol, obtained from thewidths ofNMDs using the expression:


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whereMH andMD aremasses ofH andD in amu and the Planck constant is =2.04meV0.5 amu0.5 Å.
It is worth noting that, by virtue of error propagation, the error of the ratio of the kinetic energies given by Eg.

(3) can bewritten as:
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where sD H and sD D are one- standard deviation (1-STD) error of the values of thewidths of the proton and
deuteronmomentumdistributions, sH and s ,D respectively. The bottompanel offigure 4 shows the values of
the 1-STD errors of the ratio given by equation (3), simulated for the average value of sH and sD from figure 3
and the values of sD H and sD D of 0.2 and 0.4 inverse Angstrom, respectively. It is worth noting that, for the
values of the 1-STD errors, sD D in the range of 0.4 inverse Angstrom, the ratio of the kinetic energies of the
hydrogen and deuteron is capped by the value of 0.2. Thus, in our further discussionwewill use the value of 0.2

as an upper conservative bound for the 1-STD error,D⎡
⎣⎢

⎤
⎦⎥.

E

E
kin H

kin D

,

,

Figure 3.The values of thewidths of nuclearmomentumdistributions ofH in isopropanol (black filled squares), H in d-isopropanol
(red open squares), andD in d-isopropanol (blue open triangles), obtained fromfittingGaussian profile functions to recordedNCS
data. The theoretical predictions for the average values of thewidths ofH andDmomentumdistributions, based on the ab initioDFT
in vacuo calculation and the calculation in a solvent environment of water are shown in themain figure and the inset as: (i) solid black
and blue lines for the averageHwidth in isopropanol in vacuo and inwater solvent calculation, respectively; (ii)dashed black and blue
lines for the averageHwidth in d-isopropanol in vacuo and inwater solvent calculation, respectively, and (iii) dotted black and blue
lines for theDwidth inOD in d-isopropanol in vacuo and inwater solvent calculation, respectively.
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Infigure 4 the experimental values of
⎡
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,
are contrastedwith predictions from the harmonicDFT

calculation performed in vacuo andwith the continuous solvent (water)model, taking into account the
Boltzmann population factors for differentmodes of vibrations projecting ontoH inOH in isopropanol andD
inOD in d-isopropanol.

Additionally, the value of the isotope effect for the nuclear kinetic energy in the case of harmonic local
effective potentials experienced byH andD, calculated at T=0 K, is shown infigure 4 as a constant solid line
and represents a result from the theory of the quantumharmonic oscillator:
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It is worth noting that the theoretical ratio plotted infigure 4, Ekin(H inOH)/Ekin(D inOD), was not taken
to be the ratio of the reducedmasses ofD inOD andH inOH, being 1.373. The reason for that is that theNCS
method is probing the total nuclear kinetic energies not the energies of the individualmodes of vibration of the
nuclei. The total nuclear kinetic energies are functions of the Boltzmann-population-weighted first-moments of
the atom-projectedVDOSdistributions. These quantities are in turn calculated taking themasses of the freely
recoiling nuclei within the Impulse Approximation. Physically, the values of thesemasses are given by the
conservation of the total kinetic energy andmomentumof the system consisting of an impinging neutron and a
target nucleus that recoils after the collisionwith the neutron during theCompton scattering event.
Mathematically, the conservation of the nuclear kinetic energy andmomentumduring aCompton event is
reflected in the fact that the longitudinalmomentumdistributions of all nuclear species are centred at the values
of zero. This fact is clearly seen in the bottompanel offigure 2 forH inOH. The centre of the longitudinal

Figure 4.Top panel: Themagnitude of the isotope effect for the nuclear kinetic energy ofH inOH in isopropanol andD inOD in
d-isopropanol. Thefilled squares areNCS experimental results. The solid black line is the result of the ab initioDFT calculation in
vacuo, and the solid blue line is the result of an analogic calculationwith the continuous solvent (water)model. The solid grey line
represents the value of the isotope effect for the nuclear kinetic energy in the case of harmonic local effective potentials at T=0 K. See
text for details. Bottompanel: The values of the 1-STD errors of the ratio given by equation (3), simulated for average value of sH and
sD fromfigure 3 and the values of sD H and sD D of 0.2 and 0.4 inverse Angstrom, respectively.

10

J. Phys. Commun. 3 (2019) 113003 MKrzystyniak et al



momentumdistribution for the proton in theOHgroup in thisfigure corresponds to the zero value of the
longitudinalmomentum as calculated for the value of the freely recoiling proton of themass of 1.0079 amu. For
the case ofD inOD, the same property is reflected in the fact that the TOFNCSdata treatment of the recoil peaks
ofD in d-isopropanol always results in the recoil peak positions in the TOFdomain that correspond to the value
of zero longitudinal nuclearmomentumof the freely recoilmass ofD, i. e., 2.015 amu (see the top panel in
figure 3). The physical picture pertaining to themomentumdistributions ofH inOHandD inOD is thus that
they both correspond to the distributions of all nuclearmomentum components of allmodes of vibrations that
have non-zero contributions to themotions ofH inOHandD inOD functional groups. Although the bulk of
contributions to these distributions comes from the nuclear stretchingmodes, there are also non-negligible
contributions fromothermodes of vibrations, such as bendingmodes for example. Thus, there is no single
effectivemode of vibration and a single values of effectivemass pertaining to thismode that is representative for
the nuclearmotion ofH inOHandD inOD. In other words, the effectivemean forces acting on ofH inOHand
D inOD are not aligned along the directions of theOHandODbond respectively but rather reflect complicated
interplays between all vibrationalmodes.

It is worth noting that, the theoretical predictions taking into account Boltzmann population factors yield
kinetic energy isotope effect that is decreasingwith increasing temperature. This is the reflection of the fact that,
as temperature increases, the high-energy vibrationalmodes contributing to themotion ofD inOD are being
populated faster than themodes in the case ofH inOH. In consequence, the temperature-weightedmean values
of the atom-projected vibrational densities of states (and thus the average kinetic energy values) shift towards
higher energies faster in the case ofD inOD. In otherwords, the trends represented by solid black and blue lines,
when extrapolated toT=0 K,would reach the value of 1.41. As an aside, we remark that an interesting solvent
effect is clearly visible in theoretical prediction depicted infigure 3.Namely, the presence of the solvent (water)
seems to shift the theoretical prediction towards lowermagnitudes, as compared to the prediction in vacuo. This
indicates that, unlike the absolute values of the nuclear kinetic energy forH andD, the site-selective values of the
magnitude of the isotope effect for the kinetic energies can potentially be used as observables of choice for the
detection of solvent-induced nuclear quantum effects. Of course, this observation is of preliminary character
and needs further confirmations bymeans ofmore sophisticated ab initiomethodology (e. g., ab initiomolecular
dynamics or simulations). Notwithstanding the last remark, a clear departure is visible infigure 4 for theNCS
data from the harmonic approximation results. Firstly, the experimental values are placed systematically higher
than any harmonic vibration prediction. Secondly, the temperature trend for the experimental data is opposite
as compared to the theoretical predictions. This result further corroborates the notion of the anharmonic
character of the local-effective potentials ofH inOH in isopropanol andD inOD in d-isopropanol in the
condensed phase.

Further insight into the possible shape of the local effective potential experienced byH inOHandD inOD in
condensed phases of isopropanol and d-isopropanol can be gained owing to the analysis of trends visible is
spectroscopicmeasurements for systemswith hydrogen bonds, performed byMcKenzie et al [52]. Thefirst
observation is that themagnitudes of the isotope effect for the nuclear kinetic energy, observed in ourNCS
experiments, are well within the range of values observed for the longitudinal O–H(D) stretchingmode for
hydrogen to deuteron isotopes is observed experimentally, varying from0.85 to 2.0 [52–55]. In contrast, for the
torsional/bendingmodes, the isotope effects are consistent with the semi-classical harmonic ratio of 1.41
[52–55]. Thus, the vibrational frequency isotope effect is expected to correlate well with the nuclear kinetic
energy isotope effect forH(D) in hydrogen bonds like those formed byH(D) inOH (OD) in isopropanol and
d-isopropanol. Both systems investigated here belong to the class of weakly hydrogen-bonded systems. Unlike
the nearly harmonic weak hydrogen bonds,moderate toweak hydrogen bonds are anharmonic at the bottomof
their effective BOpotential energy curve. This type of anharmonicity can be verywell parametrised using the
Morse potential [52]. TheMorse potential energy function is of the form:

= - - -( ) ( ) ( )( )V r D e1 6a r r 2e

where r is the distance between the atoms, re is the equilibriumbond distance,D is the potential well depth
(defined relative to the dissociated atoms), and a is the attenuation length that controls thewidth of the potential.
TheMorse potential, rather than being defined by equation (6), is often rewritten in a form inwhich the zero of
the potential energy is shifted down by subtracting the value of the dissociation constantD, which gives:

= - - = -- - - - - -( ) ( ) ( ) ( )( ) ( ) ( )V r D e D D e e1 2 7a r r a r r a r r2 2e e e

The Eigen energies of the Schrodinger equationwith theMorse potential can bewritten in terms of its
original variables as:

 = + - +( ) [ ( )] ( )/ / / / /E a D M n a D M n D2 1 2 2 1 2 4 8n
2
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Assuming that in our systems the degree of the departure from the harmonicity is small and that one can still
use the result of the virial theorem stating that the average kinetic energy of a nucleus in the potential of aweak
hydrogen bond amounts to half its total energy,Ekin=½E0, one obtains the following formula for the nuclear
kinetic energy of a nucleus ofmassM in theMorse potential:

 = - ( )/ /E a M D a M16 2 16 9kin Morse,
2 2 2 2

Consequently, themagnitude of the kinetic energy isotope effect for theMorse potential can be expressed as
[52]:

 = - -( ) ( ) (( ) ( )) ( )/ / / /E H E D a MD a MD2 1 2 8 1 2 8 10kin Morse kin Morse, ,
2 2 2 2

Interestingly, using equation (10), one can obtain the upper and lower conservative bounds for the
magnitude of the kinetic energy isotope effect that can possibly stem from theMorse potential. Noting that the

combination of theMorse potential parameters given by  /a MD82 2 must always yield positive values, the
values of ( ) ( )/E H E Dkin Morse kin Morse, , are bounded frombelowby =( ) ( )/E H E D 2kin Morse kin Morse, , (for the
asymptotic condition,   ¥/a MD82 2 ), and, for  /a MD8 0,2 2 from above by

=( ) ( )/E H E D 2 .kin Morse kin Morse, , Thus, the set of two inequalities given by <( ) ( )/E H E D 2kin kin or
>( ) ( )/E H E D 2kin kin can be thought of ‘selection rules’ for theMorse potential, in asmuch as the relation
=( ) ( )/E H E D 1.41kin kin is the ‘selection rule’ for the harmonic potential. In practice, however, even for large

anharmonicity (  /a MD82 2 ∼0.2−0.25), the ratio ( ) ( )/E H E Dkin Morse kin Morse, , only decreases from the
harmonic limit to about 1.1–1.2 [52]. Taking into account the selection rules developed above for the case of the
Morse potential, the values of themagnitudes of the isotope effect shown infigure 4would signify that the local
effective potential experienced byH inOHandD inOD in both alcohols under investigation are not consistent
with the assumption that the underlying potential is of theMorse type.However, if one takes into account the
1-STD errors of the experimental values of themagnitudes of the isotope effect, being of the order of 0.2, the
experimental values do fall within the range of values allowed for the harmonic andMorse potentials.
Mathematically, one cannot solve exactly equation (9) using themean experimental values of the kinetic energies
ofH inOHandD inOD.One can, however, solve this equation in a least-squares-sense taking into account
1-STD errors of themeasured kinetic energy values. This procedure is summarized graphically infigure 5.
Treating the nuclearmassM as a continuous variable one can graphically solve equation (9) byfinding the values
of the parameters of theMorse potential,D and a, that solve this equation for the given (known from theNCS
experiment) values of Ekin(MH) andEkin(MD), taking into account the 1-STD errors of Ekin(MH) andEkin(MD).
This procedure is shown infigure 5 for two temperatures, at whichNCSwere performed, T=250 K and
T=300 K. Assuming a andD fulfil equation (9) at both T=250 K andT=300 K, we obtain
a=2.2±0.2 Å−1 andD=6713±515 meV. Interestingly, the obtained values of a andD fall within the range
ofMorse potential parameters tabulated in the literature for simplemolecular systems [56].

In the last step of our appraisal of the local-effective potential experienced byH inOH in isopropanol, we
calculate the degree of the delocalisation in space andmomentumof themuoniated variant of the isopropanol.
We start by noting that it is plausible to assume that the Born–Oppenheimer approximation (BOA) is valid for

Figure 5.The least-squares-sense solution of equation (9) for theMorse potential parameters,D and a, using the experimentally
obtained values of the nuclear kinetic energy ofH inOH in isopropanol andD inOD in d-isopropanol. See text for details.
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the case ofH,D, andMu-substitutedmolecular species. The reasons to assume this are twofold. Firstly, the
assumption of the validity of the BOA and the lack of non-adiabatic effects have already been tested both
theoretically [57] and experimentally [58, 59] for the case of the neutronCompton scattering on lightweight
nuclei.Mathematically, the theory predicts that the BOAviolation inNCSwould be reflected in a build-up of
satellite peaks at the low-energy transfer shoulders of themain recoil peaks (that are present in the ideal case of
the absence of non-BOA effects) [57]. Such non-BOA effect would bemost pronounced in the case of
lightweight nuclei [57]. In the longitudinalmomentumdistribution domains, such non-BOA effects would have
led to shifts of the centroids of nuclear longitudinalmomentumdistributions ofH andD towards lower values of
the longitudinalmomentum [57]. However, no such effects have been experimentally observed in theNCS
spectroscopy [58, 59]. Such is the case also for the nuclearmomentumdistributions ofH in isopropanol andD in
d-isopropanol discussed in this work.Namely, no additional shifts of the centroids towards lower values of the
longitudinal nuclearmomentumhave been observed here during theNCSdata treatment described above.

When the hydrogen is substituted by a positivemuon, the nucleus-to-electronmass ratio falls from a value of
1836.15 to 206.77with the resulting atommuonium,Mu, behaving like a light isotope of hydrogen [60]. One
could anticipate that formuonium-substitutedmolecules, the isotope effect is so large that the BOA is invalid.
However, non-adiabatic and non-BOA effects are extremely small as observed by themuon-spin resonance and
predicted by theoretical calculations forMu-substitutedmolecular species and solid-state defect centres, at least
in their ground electronic states [61]. For example, for isotopomers of the hydrogenmoleculeWebster and
McKenna showed, by a series of non-adiabatic calculations beyond the Born–Oppenheimer approximation,
that the key isotope effect arises through themass dependence of the zero-point vibrational energy but
essentially the same single potential-energy curve underlies the nuclear dynamics of all nuclear isotopic species
[62]. On thewhole, this result indicates the so-called trivial isotope effect, which, in order to be accounted for, in
essence does not require resorting to non-adiabatic calculations. The reason for this is that the electronic
structure for the protonic andmuonic species is identical within the Born–Oppenheimer approximation,mass
effects beingmanifest only through differences in zero-point vibrationalmotion and the alteration of the
vibrationalmodes. A further theoretical study of themuonium-substituted speciesMuCO· andMuCO+ also
points out on the trivial isotope effect being themere consequence of themass ratio of the isotopic species. It was
namely indicated that the vibrational frequencies of the C–Mubond in the radicalMuCO· increase by a factor
close to a value of three, as expected for harmonic vibrationswhere the frequency varies inversely with the square
root of the reducedmass for aMu–Cbond [63]. Furthermore, another study of vibrational behaviour of the
carbon-muoniumbond in themuoniated ethyl radical points out that, despite the great disparity inmass of the
hydrogen andmuonium isotopomers, themere effect of the isotopic substitution is that the zero-point
vibrational level lies significantly higher on the potential surface forMu and theC–Mubond executes large
amplitude vibrations comparedwith aC–Hbond, with themean-square displacement for theC–Mubond
being three-time larger than the figure for theC–Hbond [60]. However, using the relation between the
magnitude of the force constant acting on the nuclear species in a bond, themagnitude of themean-square
displacement and the value of the zero-point energy for the stretchingmode of theC–Hbond, the authors arrive
at the conclusion that values of the equilibrium stretching force constant are essentially isotope independent,
despite the fact that theC–Mubond executes large-amplitude vibrations and the zero-point vibrational energy
of C–Mu is large comparedwith aC–Hbond [60]. Using the language of theNCS one could thus state that the
effectivemean forces acting onMu in theC–Mubond andH in theC–Hbond and their respective potentials are
essentially the same. This is a significant observation as it essentially lies at the foundation of the so-called steric
isotope effect [60]. Namely, the isotopic substitution introduces overcrowding if, as is supposed, amuonium
atomhas a larger steric requirement than hydrogen [60]. The energetic consequence of the steric isotope effect is
that there is an isotopic shift, induced by steric interaction, in the zero-point vibrational energy [60].

Taken together, the experimental and theoretical results discussed above point out that one can assume that
muon and proton are governed by almost identical potential-energy surfaces in analogous species [61].
Moreover, the notion of the equilibriumor Born–Oppenheimer structure can be used in the above
considerations as a benchmark for the estimate of themagnitude of the isotope effect as long as the BOA is
considered valid in themuoniated radicals. Importantly, the BOA leads to a potential energy surface that is a
function of nuclear positions but not of nuclearmasses. The validity of the BOA forMu-substitutedmolecules
has often been questioned on the qualitative level. However, as we have seen in the discussion in the last few
paragraphs, the quantitative theoretical assessments lead to the conclusion that the departure from the BOA
manifests as an increase in force constant confining themuon of notmore than a fewper cent. The effect on
observablemolecular properties, such as the vibrational frequencies, root-mean-square displacements and the
widths of nuclearmomentumdistributions, varying as /k m , -( ) /mk 1 4 and ( ) /mk 1 4 respectively, are likely to
be very small [61]. Thus, the isotope effects are primarily due to zero-point energy in the ground vibrational
state.
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Assuming that both hydrogen andMu inOH in isopropanol experience the sameMorse potential, one can
calculate the kinetic energies of both particles according to equation (9). Taking the parameters of the potential
as a=2.2 Å−1 andD=6713 meV, one gets ( ) ( )/E H E Mukin Morse kin Morse, , =0.34, thus a value higher than one
third, assumed in the case of the harmonic approximation and also a result typical for theMorse potential [61].
Using the definition of the kinetic energy (equation (3)) and assuming that thewidth of the protonmomentum
distribution inOH is 4.7 Å−1, we get the prediction for thewidth of theMumomentumdistribution of 2.7 Å−1.
Inverting between thewidth of themomentum and spatial delocalisation (using theHeisenberg uncertainty
principle forGaussianwave packets), we get the prediction for the extent of the spatial delocalisation of theMu
in themuoniated isopropyl radical of 0.37 Å.

It is tempting to put our estimates of the kinetic energy, space andmomentumdelocalisation of theMu in
isopropyl alcohol in the context of the literature results on nuclear quantum and spin dynamics ofMu in
condensedmatter.Mu,when embedded in solid-state systems is usually shown to be dominated by the tendency
to formbondswith adjacent atoms. For example, forMu in silicon the values of the zero-point energy are,
depending on its position between the two Si atoms in the lattice, between 240 and 270 meV, for themotion
along the bond direction, and between 540 and 560 meVwhen themotion perpendicular to the bond is included
[64]. These amounts of zero-point energy are sufficient to place the average position of themuon at the silicon-
silicon bond centre. However, because of the extraordinary lightmass of themuon, the inclusion of the zero-
pointmotion expands the bond by 0.88 Å.Moreover, if one replaces themuonwith a proton the corresponding
extension is about 0.86, and 0.84 Å for the deuteron [64]. Fromour estimates we are unable to predict the
magnitude of the hydrogen bond extension in themuoniated isopropyl.We can, however, assess the amount of
the zero-point energy of theMu. Taking the kinetic energy of the proton inOH in isopropanol as 132.5 meV at
T=300 K and scaling it by 1/0.34we obtain an estimate of 389.8 meV for the kinetic energy and 779.6 meV for
the zero-point energy of theMu in themuoniated isopropanol at the same temperature. This value is ca. 40%
larger than the value reported for theMu in the silicon lattice. Thus, one can anticipate that this amount of the
zero-point energymay elongate the hydrogen bond in themuoniated isopropyl beyond the value of 0.88 Å.

Themagnitude of the zero-point energy can also be used to predict the transition from the classical to the
quantumdiffusion regime ofMu in solid-state systems. It is predicted that the transition between the classical
and quantumMudiffusion takes place at a temperatureT*∼ν0, where ν0 is the vibrational frequency of the
particle in its potential well [65]. For example, forMu atoms in crystals,T* can be estimated to be on the order of
several hundredKelvin [66, 67]. Inspired by this result, we can provide an upper conservative bound for the
temperature corresponding to the onset of the classical hopping of theMu in the isopropyl in the liquid phase at
ambient conditions. Our estimate that themagnitude of the zero-point energy of theMu in the liquid
isopropanol is of the order of ca. 9000 K and 188.4 THz, respectively, 2 orders ofmagnitudemore than the values
reported for solids. Thus, quantumdiffusion of theMu ismuchmore likely at ambient conditions in the liquid
isopropanol than inmany solid-state systems.

Last but not least, the isotope effects on the zero-point energy betweenMu, hydrogen, and deuteron in
molecular and solid-state systems are widely discussed in the context of the validity of the predictions for the
magnitudes of the hyperfine coupling constants inμSRwork [61], a discussion that originallymotivated the
NCSwork presented here. As a starting remark it is worth noticing that the classical or equilibrium structures of
different isotopomers of the same systemwould be the same in the Born–Oppenheimer approximation, leading
to identical equilibriumbond-lengths and identical spin density on deuteron, proton ormuon, with their
hyperfine constants scaling according to their gyromagnetic ratios [61]. However, experimentally this is not the
case, both for rigid ormoreflexiblemolecules, a natural consequence of the different zero-point energies for
muon and proton, and deuteron [61]. The relatively rigid structures of C60X (themonohydride isotopomers
withX=D,H,Mu) provide a simple introduction to hyperfine isotope effects [61]. The influence of the
different zero-point energies of the three isotopes on themagnitude of the hyperfine coupling is evenmore
pronounced if the local-effective potential energy curve is anharmonic, such as the one describingD,H,Mu in
C60X,which is verywell approximated by theMorse potential [61]. Contrary to the harmonic case, there are
now twomain contributions to the isotope effect on the hyperfine coupling, the harmonic and the anharmonic
one. Stretching and rockingmodes as well as themotion transverse to the original double bond for C60X project
on themotion ofH andMudifferently. The net effect is that the position distribution ofMu ismuchmore
asymmetric and skewed towards the softer side of the potential than the position distribution ofH. In such a
scenario, the anharmonic contribution comes from the different average bond lengths and the harmonic
contribution from the different root-mean-square excursions ofH andMu from theminimumof the potential
energy surface [61]. In consequence, the different amounts of zero-point energy forH andMu, equal to 220 and
590 meV respectively, are distributed in space completely differently, leading to completely different sampling
byH andMuof the unpaired electron spin density. One can imagine that, as theMubond is stretched to
breaking point, hyperfine constants increase to the respective atomic values [61]. On thewhole, the spin density
on the deuteron, proton andmuon is higher than the equilibrium-geometry value by 2%, 3% and 10%,
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respectively, leading to overall isotope effects of 1%betweenC60D andC60H, and about 7%betweenC60H and
C60Mu. Taking into account that our estimate of the zero-point energy ofMu in isopropyl is ca. 32% larger than
the value for C60Mu,we can anticipate that the overall isotope effect for the hyperfine interaction between
isopropyl and itsmuoniated counterpart is expected to be at least one third larger, i.e. in the region of 10%.
Moreover, one can treat this estimate as lower conservative bound, as it assumes that the isopropyl is a rigid
molecular system.However, inmuoniated organic radicals with softer internalmodes such as hindered
rotations, hyperfine isotope effects can reach up to 20%. These largemagnitudes of the isotope effects aremainly
due to the averaging over bond angles (largely absent in the case of rigidmolecules) and the role played by the soft
modes [61].

We close our discussion by remarking that the estimates of the kinetic and zero-point energy, as well as the
position andmomentumdelocalisation of theMu in themuoniated isopropylmolecule in condensed phase is
by nomeans an exact calculation, butmerely afirst step towards further elucidation of the nuclear and spin
dynamics ofMu in this important system.One can imagine that, in the future,muchmore precise ab initiowork,
based for example on the PIMDapproach, will be available. To this end, one can envisage a computational
protocol inwhich our estimates are treated as additional constraints for the PIMDcalculation, hopefully guiding
it towards amuch better agreementwith experiment.

4. Summary

In this work, we have employed the combination ofNCS and ab initio single-molecule vibrational calculation in
order to perform a critical appraisal of the nuclear quantumdynamics of protons and deuterons in isopropyl and
d–isopropyl in the condensed phase. Based on the classical results for themagnitude of the isotope effect for
model inter-particle potentials, wewere able to assess the degree of the isotope effect on nuclear and spin
dynamics ofMu inmuoniated isopropyl. TheNCS technique has been employed for thefirst time as a tool
sheddingmore light on the nuclear and spin dynamics of theMu in the condensed phase. The obtained results
can serve as conservative constraints for future precise ab initio calculations of properties ofmuoniated radicals
in condensedmatter systems andmolecules.
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