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Abstract

We investigate the leading-power fragmentation of triply heavy () baryons in high-energy
hadronic collisions. Extending our previous work on the ()3, sector, we release the full
0MG3Q1.0 family of collinear fragmentation functions by completing the description of the
charm channel and delivering novel ()3, functions. These hadron-structure-oriented func-
tions are constructed from improved proxy-model calculations for heavy-quark and gluon
fragmentation, matched to a flavor-aware DGLAP evolution based on the HF-NREVO
scheme. For phenomenological applications, we employ the (SYM)JETHAD multimodular
interface to compute and analyze NLL/NLO™ semi-inclusive Q3¢ plus jet distributions
at the HL-LHC and FCC. This work consolidates the link between hadron structure, rare
baryon production, and resummed QCD at the energy frontier.

Keywords: 0MG3Q1.0 FF release; hadronic structure; precision QCD; rare baryons; omega
sector; heavy flavor; fragmentation; resummation; HL-LHC; FCC

1. Overview

Understanding the mechanisms behind heavy-flavor production in high-energy
hadronic environments is essential for probing the inner workings of strong forces. Heavy
quarks, due to their mass and unique interactions, offer a privileged window into both
Standard Model (SM) dynamics and potential manifestations of Beyond-the-Standard-
Model (BSM) physics, especially in scenarios involving new state coupling preferentially to
heavy flavors. Owing to their large masses, heavy quarks also permit accurate perturbative
Quantum ChromoDynamics (QCD) predictions, making them ideal tools for investigating
strong dynamics at next-generation facilities such as the High-Luminosity Large Hadron
Collider (HL-LHC) [1-4], the Electron-Ion Collider (EIC) [5-10], and the Future Circular
Collider (FCC) [11-17].

Quantum Chromodynamics (QCD), the non-Abelian gauge theory describing the
strong force, is a central pillar of the SM. Formulated on the SU(N,) group with N = 3, it
governs the dynamics of quarks—fermions in the fundamental triplet representation—and
gluons—massless vector bosons in the adjoint octet representation [18-21]. Beyond its
established role within the SM, QCD provides a rich theoretical ground for exploring BSM
physics, including axion models for solving the strong CP problem [22-25], non-Abelian
dark sectors [26,27], quarkyonic matter [28-30], and higher-dimensional operators [31-34].

A particularly relevant sector of QCD concerns the formation of hadrons containing
two or more heavy quarks. Among these, heavy quarkonium states—mesons composed of a
|QQ) pair—hold a prominent position. Their study traces back to the so-called “November
Revolution” of 1974, marked by the independent discoveries of the | /¢ meson at SLAC [35]
and BNL [36], later confirmed by the ADONE experiment in Frascati [37]. These milestones
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significantly deepened our understanding of the strong interaction and the quark content
of matter.

While quarkonia are considered conventional hadrons, the color-neutrality of QCD
allows for more intricate multi-quark structures to form, giving rise to exotic hadrons.
Such states are characterized by quantum numbers that cannot be accommodated within
simple |QQ) or gqq configurations. They fall into two main classes: gluonic excitations,
such as glueballs and hybrids [38-46], and multi-quark states, including tetraquarks and
pentaquarks [19,47-49].

The experimental discovery of X(3872) at Belle in 2003 [50] is widely regarded as the
beginning of the “Second Quarkonium Revolution.” More recently, in 2021, the observation
of X(2900) by LHCb [51] provided the first evidence for an exotic hadron carrying open-
charm quantum numbers, further highlighting the richness of the heavy-flavor sector.

In parallel with the growing interest in exotic matter, the study of heavy-flavor dynam-
ics continues to play a decisive role in unveiling the microscopic composition of hadrons.
Heavy-quark systems provide an exceptional bridge between the perturbative and non-
perturbative regimes of QCD, serving as precision laboratories for testing confinement
mechanisms and hadronization dynamics. Within this landscape, triply heavy baryons,
such as the O3, and Q3p, occupy a singular place in the hadronic spectrum predicted
by QCD. Composed exclusively of charm or bottom valence quarks, these baryons are
free from light-quark contamination and thus offer a pristine environment for exploring
color confinement in the heavy sector [52-57]. As color-singlet bound states of three heavy
quarks, their masses, decay properties, production mechanisms, and potential experimental
signatures have been the focus of extensive theoretical investigations [58-63].

Although most studies have traditionally concentrated on doubly heavy baryons, triply
heavy systems such as ()3, have naturally emerged as their conceptual extension [56,64,65].
The Q)3., predicted to have a mass around 4.8 GeV [66], is expected to be stable under
strong interactions and to decay only weakly, with a lifetime comparable to that of singly
charmed baryons [67]. Its non-observation so far is largely attributed to the formidable
experimental challenges posed by its high production threshold and complex multibody
decay patterns [68,69].

Fragmentation-based computations suggest extremely suppressed yields at current
collider energies, with fragmentation probabilities in the range of 10> to 10~7 and total
cross-sections at the nanobarn level [60,69]. Nevertheless, indirect evidence for their
existence could arise through the decay products of heavier multiquark states, as suggested
by theoretical studies [70] and by recent LHCb observations of pentaquark candidates
containing open charm and strangeness [71-73].

Triply heavy baryons represent a cornerstone in the broader classification of hadrons
within QCD [74-77]. Their internal structure—free from light degrees of freedom—renders
them ideal benchmarks for testing potential models, effective field theories, and lattice-
QCD predictions [61,78,79]. Comparative studies with quarkonia, particularly in terms of
radial excitations and spin splittings, can constrain the parameters governing the heavy-
quark potential, such as the effective coupling and confinement scale [80,81]. Moreover,
analogies with fully heavy tetraquarks (|QQQQ)) and pentaquarks (|]QQQQQ)) [82-84]
suggest that ()3, may be interpreted as the baryonic endpoint of a unified heavy-flavor
spectrum, linking mesonic, baryonic, and multiquark configurations through a common
fragmentation mechanism. This conceptual continuity also manifests in effective-field-
theory formulations, where the nonrelativistic nature of heavy constituents leads to compact
color configurations analogous to atomic systems such as hydrogen or helium [85-90].

Triply heavy baryons containing charm and bottom quarks are particularly promising
for disentangling the interplay of color and confinement at different distance scales. Their
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Coulomb-like internal structure implies ground-state radii inversely proportional to the
product of the heavy-quark mass and the strong coupling constant, resulting in significantly
more compact states than ordinary baryons. This compactness alters the relative importance
of meson-exchange and color-exchange mechanisms, leading to dynamics qualitatively
distinct from those in light-flavor systems. Various theoretical approaches, ranging from
nonrelativistic variational calculations and potential models [91-95] to recent quantum-
computing simulations employing Cornell-type potentials [96], have yielded consistent
predictions for their mass spectra. In particular, the (3. baryon is expected to lie within the
discovery reach of the HL-LHC [1], with even greater prospects foreseen at the FCC [15-17],
and may also be accessible at present and future lepton machines such as Belle II [97].

The ATLAS, CMS, and LHCb experiments have already collected extensive datasets at
V/s =13 TeV and 13.6 TeV, paving the way for dedicated searches for triply heavy baryons.
Future high-luminosity runs will substantially improve the feasibility of these studies,
especially in boosted regimes where modern vertexing and tracking systems can be fully
exploited [98-100]. In this respect, the forward coverage and excellent mass resolution of
LHCb make it the most suitable facility for such analyses, while the FCC—with its projected
100 TeV energy and unprecedented luminosity—would open a completely new window
onto the heavy-baryon sector, pushing experimental sensitivity far beyond current limits.

From a phenomenological perspective, triply heavy baryons offer a compelling case
study due to the distinctive features of their formation mechanisms. In general, the pro-
duction of multiply heavy hadrons is expected to proceed predominantly via parton
fragmentation into baryonic final states (see, e.g., Refs. [101-106]). This mechanism is
inherently sensitive to both perturbative short-distance dynamics and the nonperturbative
processes governing hadronization. For heavy baryons, a widely adopted framework is the
quark-diquark model [107,108], wherein a compact diquark, such as |cc), forms first and
subsequently hadronizes into the full baryon through the capture of an additional heavy
quark [68,109].

This factorized description facilitates the construction of Fragmentation Functions
(FFs), which encode the probability for a parton to produce a specific baryon carrying a
given momentum fraction. Because heavy-quark masses exceed the QCD confinement
scale, the initial conditions for FFs in the heavy sector can be computed by combining
perturbative ingredients with nonperturbative components. These are typically derived
from model parametrizations or from wave function overlaps inspired by potential models
and nonrelativistic effective theories [102,110-114].

Fragmentation into triply heavy baryons has been explored at both leading and next-
to-leading order in a5 [115-120], with particular focus on the constituent—quark and gluon
fragmentation channels. These studies emphasize the importance of diquark correlations,
binding effects, and color configurations in shaping the formation process. Incorporat-
ing higher-order corrections and parton-evolution effects is essential for translating such
theoretical constructs into realistic collider predictions [121-124].

Although no triply heavy baryon has yet been observed experimentally, indirect detec-
tion may occur through decay cascades of exotic multiquark states [125-127]. Tetraquarks
and pentaquarks with hidden or open heavy flavor are routinely produced at the LHC
(see [75,76,128] for reviews), and their decay topologies may feature final states with three
heavy valence quarks. Indeed, ()3, can arise from hadronic transitions of exotic hadrons or
as a decay product in sequential multibody chains [60,93,129].

These motivations underscore the relevance of constructing realistic FFs for triply
heavy baryons not only to advance theoretical control over heavy-quark hadronization
but also to provide phenomenological inputs for searches at current and future col-
liders. In this context, 3. is particularly significant as a possible daughter particle
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in exotic multiquark decays and as a benchmark state for rare-baryon production in
high-energy collisions.

To address this, in Ref. [130], we introduced the OMG3Q1. 0 determinations [131], repre-
senting the first public release of collinear FFs for the ()3, baryon. These functions expand
on recent efforts to characterize rare and exotic hadron production via fragmentation,
complementing studies on doubly and fully heavy tetraquarks [87-90] and fully heavy
pentaquarks [132].

The 0MG3Q1.0 set is built from diquark-inspired NLO inputs for both heavy-
quark [119] and gluon [120] fragmentation channels, evaluated at the lowest per-
turbative scale. Evolution to higher energy scales is performed using Dokshitzer—
Gribov-Lipatov—-Altarelli-Parisi (DGLAP) equations in a Variable-Flavor Number Scheme
(VENS) [121,122,133], implemented within the Heavy-flavor NonRelativistic evolution
(HEF-NRevo) scheme [134-138].

The evolved FFs are provided in LHAPDF6 format [139], enabling their direct use
in high-energy simulations and cross-section calculations. They can be interfaced with
resummation-based tools and Monte Carlo generators to deliver predictions for (2. pro-
duction across a wide range of collider settings.

In this review, we expand upon the study outlined in Ref. [130], completing the
release of the hadron-structure-oriented OMG3Q1. 0 sets by fully detailing the ()3, set and
introducing, for the first time, their bottom-flavored counterpart, Qgy,.

Our analysis is carried out within the NLL/NLO™ hybrid-factorization framework,
which embeds the resummation of leading (Leading Logarithmic (LL)), next-to-leading
(Next-to-Leading Logarithmic (NLL)), and selected higher-order (NLL™) energy logarithms
into a collinear structure defined at next-to-leading order. (The NLL/ NLOT notation,
originally introduced in the context of Mueller-Navelet jet studies [140] and later extended
to rare and exotic hadron production [86,87,130], reflects the combined logarithmic and
fixed-order accuracy of the approach, in line with current standards in QCD resummation.)

Among several hybrid schemes proposed for forward observables, we adopt a formula-
tion in which high-energy logarithmic enhancement is consistently merged with fixed-order
collinear elements. This structure, successfully employed in earlier investigations [141,142],
provides a reliable description of large-rapidity processes while maintaining compatibility
with established collinear inputs.

We apply the NLL/NLO™ hybrid formalism to the inclusive production of fully
heavy baryons carrying bottom flavor, ()3, focusing on their fragmentation dynamics and
semi-inclusive features within this resummation-enhanced setting.

The review is structured as follows. In Section 2, we detail the construction of
our collinear fragmentation model for triply heavy baryons. Section 3 introduces the
NLL/NLO(*) scheme and its implementation within our hybrid framework. Numerical
predictions and phenomenological insights are discussed in Section 4, while final remarks
and outlook are collected in Section 5.

2. Heavy-Flavor Fragmentation and the Rare () Sector

In this section, we present the methodology employed to build the hadron-structure-
oriented OMG3Q1.0 family of FFs. These functions describe the collinear VENS fragmen-
tation of the rare (3. and ()3;, baryons, starting from initial-scale inputs for both the
constituent heavy-quark and gluon channels. These inputs are modeled within an effective
diquark framework, which captures the dominant nonperturbative dynamics governing
triply heavy baryon formation.

Section 2.1 opens with a concise overview of heavy-flavor fragmentation across dif-
ferent sectors, from heavy-light hadrons and quarkonia to exotic configurations. We then
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focus on the key aspects of the diquarklike proxy model adopted for triply heavy baryons
in Section 2.2. Section 2.3 describes the modeling of the initial-scale heavy-quark and gluon
inputs, while Section 2.4 presents the timelike DGLAP evolution of the 0MG3Q1 .0 functions
via the HF-NREVO scheme.

The derivation of the OMG3Q1. 0 set relied on extensive symbolic computations, per-
formed with SYMJETHAD—the MATHEMATICA [143] module embedded in the JETHAD
environment [144-149]—which is specifically developed to handle analytic manipulations
in hadron-structure modeling and high-precision QCD.

2.1. Unwveiling the Dynamics of Heavy-Flavor Fragmentation

The fragmentation of heavy-flavored hadrons is more intricate than that of light ones
due to the perturbative nature of heavy-quark masses in their lowest Fock states. While
light-hadron FFs reflect only nonperturbative physics at their starting scale, heavy-flavor
FFs require a mix of perturbative and nonperturbative components.

For singly heavy hadrons (e.g, D, B, Ag), fragmentation proceeds in two
stages [121,150-155]. First, a parton i with large transverse momentum from a hard process
fragments into a heavy quark Q via a perturbative cascade, governed by an Short-Distance
Coefficient (SDC). Since as(mg) < 1, this step is calculable [124,133,156-161].

At a later stage, Q hadronizes into a bound state through a fully nonperturbative
process modeled by either phenomenology [162-167] or effective field theory [151,168-171].
The resulting FF at initial scale pr g ~ mq is given by [150,172]:

H 1d Ho [z
D;“(z,pro) = /Z nyiQ(y/VF,O)D[ng]<y) . (1)

Here, DZQ is the perturbative input, and D?rfQ is a universal nonperturbative function
independent of i and yf . The variable z represents the hadron’s momentum fraction, and
y is that of the intermediate heavy quark.

Evolution from pr o to higher scales is performed using DGLAP timelike equations,
yielding fully evolved VENS FFs. This two-stage logic applies also to quarkonia, where
the lowest Fock state is |QQ). NRQCD [110-114,173-179] enables factorization between
perturbative |QQ) production and nonperturbative hadronization via LDMEs. Quarkonia
are described as linear combinations of Fock states ordered by powers of a5 and the relative
velocity vg.

At low transverse momentum, quarkonium forms via direct |QQ) production and
hadronization. At high transverse momentum, single-parton fragmentation into the
quarkonium dominates. The former matches Fixed-Flavor Number Scheme (FFNS) two-
parton fragmentation [135-138,180-184]; the latter follows a VENS collinear approach with
DGLAP evolution.

Initial-scale FFs for gluon and heavy-quark fragmentation into S-wave, color-singlet
vector quarkonia were first computed at LO in [102,103] and extended to NLO in [185,186].
These laid the ground for VFNS FF sets such as ZCW191 [142,146] and ZCFwW22 for B,
mesons [187,188], which match LHCb measurements [188-190] indicating that Bc(lso)
production rates stay below 0.1% of singly bottomed B mesons.

NRQCD also supports the description of di-J/¢ states [83,191,192] as exotic
tetraquarks [193,194]. Here, fully heavy Ty, formation begins from short-distance |QQQQ)
production and follows the two-stage fragmentation scheme.

The gluon-initiated, color-singlet FF for T4 was computed in [195]. It was combined
with a Q-initiated input, modeled using the Suzuki framework [196-199], to form the
TQ4Q1.0 set. The method was extended to heavy-light tetraquarks in TQHL1.0 [147,200]
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and then improved in TQ4Q1. 1 and TQHL1. 1 [87-90] by refining the [Q — T,(] inputs using
NRQCD modeling [201] (for applications, see Refs. [202,203]).

Recently, Ref. [132] introduced the PQ5Q1. 0 FF set for fully heavy pentaquarks, com-
bining DGLAP evolution with two modeling options: a compact |cccéc) state [204] or a
dicharm—charm—dicharm system [205].

2.2. Rare-Baryon Fragmentation in a Diquark Picture

The quark-diquark model offers a streamlined yet effective framework for describing
baryons as systems where two quarks form a tightly bound diquark interacting with a third
quark [19]. This picture has seen extensive use in hadron spectroscopy and in modeling
production and decay processes of baryons with heavy quarks [206-209]. Diquarks are
typically treated as either spin-0 (scalar) or spin-1 (axial-vector) constituents, with their
internal nonperturbative structure encapsulated in phenomenological form factors.

Scalar diquarks, associated with simpler spin dynamics, require a single form factor,
whereas axial-vector diquarks involve multiple ones to capture richer internal correlations.
Both types have been widely used in modeling baryon formation and in parameterizing
polarized parton distributions, especially in spectator models [210-215].

Early applications of this framework to fragmentation include studies on both light and
heavy baryons [115,116,119,120,216-218], and have been extended to exotic systems like pen-
taquarks [219] and heavy tetraquarks via relativistic diquark-antidiquark models [220-222].

In this work, we follow a widely adopted strategy [115,119,120,223] that treats the
diquark as a scalar. This choice simplifies spin algebra, reduces the number of form
factors, and makes analytic calculations more tractable—an advantage evident in the
modeling of unpolarized baryons with | = 1/2[115,223,224]. Axial-vector diquarks, while
essential for describing spin-3/2 baryons and polarization effects, significantly increase
theoretical complexity. Modeling the polarized fragmentation of the ()3, for instance,
would necessarily require vector diquarks.

Here, the scalar diquark approximation serves as a practical starting point for de-
scribing fragmentation into unpolarized triply heavy baryons like (23.. More complete
spin-sensitive treatments, including axial-vector components, may be developed in future
work. Notably, modeling 23, and ()3, production using scalar diquarks remains compatible
with spin-color symmetry constraints, provided that a two-step mechanism is assumed: the
heavy quark first fragments into a color-antitriplet diquark, which subsequently hadronizes
into the baryon through nonperturbative dynamics.

Although a scalar diquark does not fully reproduce the symmetrization required for
J = 1/2 baryons composed of three identical fermions, this can be effectively restored
through hadronization effects in the nonperturbative part of the FF. This separation mirrors
the NRQCD approach to quarkonia, where color-octet [QQ] pairs are projected onto singlet
states via LDMESs. This interpretation, while not explicitly stated in [119,225], aligns with
the modeling choices therein, where scalar diquarks are used to compute FFs into ()3 and
Q)3p,, yielding physically consistent and phenomenologically viable results.

The initial-scale inputs for the fragmentation functions used in this work are derived
from existing perturbative calculations targeting the production of triply heavy baryons in
a color-singlet configuration. Specifically, we rely on quark-induced channels computed at
LO [118] and NLO [119] and on the gluon-induced NLO result from [120]. These works
model the baryon as a spin-1/2 state composed of three charm or bottom quarks, with a
spin-0 scalar diquark used to simplify the internal dynamics.

Two main production scenarios are considered in the literature. The first is the direct
fragmentation mechanism, where the heavy quark forms the three-quark baryon via a full
three-body interaction. The second, adopted here, is the diquark-based model, where two
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heavy quarks are grouped into a tightly bound scalar diquark that subsequently hadronizes
with a third quark. This approach significantly reduces the complexity of spin and color
algebra, while still capturing the essential features of unpolarized | = 1/2 baryons.

This diquark-based strategy corresponds to the so-called indirect or two-step mecha-
nism discussed in Section 2.1 and originally developed in Refs. [119,120]. It separates the
perturbative production of a colored diquark from its nonperturbative hadronization into a
physical baryon, providing a clean and systematic framework for constructing quark and
gluon FFs. Crucially, this setup enables consistent NLO calculations within a VENS scheme.

The underlying formalism is based on the Suzuki model [197], which plays a role
analogous to NRQCD in quarkonium production. It defines a perturbative fragmentation
amplitude where the initiating heavy quark produces a color-antitriplet diquark and a spec-
tator, followed by hadronization into the baryon. The model uses simplifying assumptions,
such as collinearity of final-state momenta, and introduces the nonperturbative content via
a wave function at the origin and an effective diquark form factor.

While the Suzuki model can be used for both direct and diquark fragmentation, it
is particularly effective in the latter, where it provides compact analytic expressions for
the SDCs. This is especially useful when dealing with baryons like ()35, where direct
fragmentation becomes intractable due to the complexity of three-body spin-color struc-
tures. By modeling the diquark as an effective constituent, the Suzuki approach enables an
analytically viable treatment of triply heavy baryon formation.

The method retains sensitivity to internal hadron structure through constituent-level
vertices, spin-dependent terms, and color couplings. Unlike approaches that treat the
baryon as pointlike, it preserves a direct link between the perturbative subprocess and the
nonperturbative wave function.

In the specific implementations of Refs. [119,120], the hadronization step is modeled
using a light-cone distribution amplitude in the spirit of Lepage and Brodsky [226], approx-
imated via a Dirac J-function to enforce collinearity. This simplification embeds the nonper-
turbative content directly into the perturbative expression, eliminating the need to treat the
wave function as an external object. Similar strategies have been applied to heavy-flavor
fragmentation into fully heavy tetraquarks [199,200] and into pentaquark—quarkonium
bound states [132,204,205], where a separation between perturbative and nonperturbative
dynamics is achieved through effective constituent modeling.

This diquark-based Suzuki framework is, thus, well suited for generating analytically
controlled initial conditions for the fragmentation into ()3 baryons in a VENS context,
while offering a solid foundation for future extensions to polarized or spin-3/2 states via
axial-vector diquarks.

A key ingredient in building the initial-scale FFs for (23 baryons is the modeling
of the nonperturbative transition from the constituent diquark D to the final hadron.
Following Refs. [119,120], we employ the phenomenological Peterson—Schlatter-Schmitt—
Zerwas (PSSZ) parametrization [164], widely adopted in heavy-flavor studies and suited to
multi-heavy hadrons. The functional form reads

O3 _ [Pssz), z(1—z)?
DD Q(Z) = D[np] (Z) - NP[(l —Z)2+TPZ}2 4 (2)

with normalization

2

5 —6Tp+4

Np = P pt arctan ——— + arctan ~Intp +
(4—1)

1
1/4Tp—TP ,/4Tp—TP ,/4Tp—TP] _TP} =
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derived by integrating over all hadrons containing the heavy quark [164,172]. The shape
parameter 7p encodes nonperturbative effects and cannot be fixed from first principles.

In singly charmed systems like D mesons, ©p ~ A/m., with A ~ mg, leading to
(z) ~ 1 — /7p, consistent with mass-dependent scaling predictions [150,196,227,228].
For Q3. or ()3, baryons, the heavy masses lie above the perturbative threshold. In line
with [115,119,120], we set Tp = [mq/ (mg +mg)]* = 1/4.

This choice captures the essential features of the hadronization process in the diquark-
based two-step framework [119,120], complementing the perturbative sector derived via
the Suzuki model [197]. The Peterson function reflects realistic momentum sharing in
baryons with multiple heavy quarks and ensures a peaked behavior at large z, as expected
when the final hadron inherits most of the parent parton’s momentum.

Its simple analytical structure, governed by 7p, facilitates implementation within
collinear convolutions. It also aligns well with VENS evolution schemes, ensuring
smooth matching between perturbative and nonperturbative sectors. These features
make the Peterson form a physically motivated and computationally efficient choice for
modeling Dg3Q (2).

The resulting initial-scale FF for a parton i fragmenting into a (33 baryon is given by

. Ld O (2
Di¥Q(z, uppy) = / —yDl-D (y, 1r0), Dp© (> / (4)
z Y y
mirroring the generic structure of heavy-hadron FFs in Equation (1), with substitutions

D2y, uro) — DP(y,uro), (5a)

H z (@) z
D/*? () — D () . 5b
[HP] y D y ( )

Thus, the quark Q in standard hadronization is replaced by a scalar diquark D, which
encapsulates the intermediate stage in the two-step transition from parton to baryon. SDCs
entering Equation (4) are discussed in the next section.

2.3. Initial-Scale Partonic Channels

The diagram on the left of Figure 1 depicts the initial-scale fragmentation process
[Q — Q30] in a diquark-based framework. Double lines represent heavy diquark states,
D = |QQ), or their antidiquark counterparts, D = |QQ). The firebrick blob corresponds to
the nonperturbative hadronization term D[np]HQ = Dg3Q, while the black dot indicates
the scalar diquark coupling vertex.

The calculation includes a scalar diquark form factor at this vertex. Its internal struc-
ture is modeled with a simple pole behavior in transverse-momentum space, governed
by a typical scale of about 5 GeV. To streamline the expression of the initial FF, we omit
the analytic form of this factor, but its impact is fully included via normalization and
diagrammatic structure.

The diagram corresponds to a [Q — (Q, D) + D] splitting. Exchanging Q «+» Q yields
the mirrored process [Q — (Q, D) + D]. While a dedicated analysis of possible production
asymmetries between (3 and 3¢ is beyond the present scope, we assume symmetric
formation. Therefore, predictions focus on inclusive observables averaged over baryons
and antibaryons, with quark and antiquark fragmentation treated equally.
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9%}

Q30

Figure 1. Representative leading-order diagrams for the diquarklike proxy model describing the
initial-scale collinear fragmentation of a constituent heavy quark (left) and a gluon (right) Q3 baryon.
Double lines indicate D or D diquark states, orange blobs denote the nonperturbative hadronization
component of the corresponding FFs, and black dots represent scalar diquark form-factor couplings.
Diagrams created with JaxoDraw 2.0 [229].

The explicit LO and NLO expressions for the heavy-quark-induced initial-scale SDC
were computed symbolically using SYMJETHAD [144-149] and FEYNCALC [230-232]. Our
results reproduce those found in earlier studies, confirming consistency with the prior
literature. The LO expression reads

D (2, HE0) = “?dgo] (z ) + a3 dgm] (2 1ro) - (6)

with a5 = as(5mg) and

SR, o)
dgo] (zuro) = N’Q(z)?m]—‘” , @)
TQ (Z,‘ RQT/Q)
where
Riapq = (@7)/my ®)
s 22 3 3
No(z) :%fBCFZ (1-2)7, )
S5 @Ry s0) = 4(4122 — 80z + 96 + 256/27) + R, ,(82° +522 — 162+ 16) + RL 42, (10)
and
o
T8 @ Ry 0) = (R2 )0+ (43222 (R2, o2 + 22— 16z +16)2. (1)

The parameter fp in Equation (9) is the decay constant for a triply heavy baryon. We
adopt the value fg = 0.25 GeV, in line with common assumptions in the literature [233].
Furthermore, Cr stands for the Casimir factor connected to the emission of a gluon from
a quark. The next-to-leading order correction to the heavy-quark SDC was first derived
for singly heavy mesons in Ref. [109] and subsequently applied to triply heavy baryons in

Ref. [119]. It reads
NLO
50" @ Ryr/0)

[NLO]
dc ( INLOJ ,_.
TQ (Z, RQT/ Q)

z; pr0) = No(z) , (12)
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where

Sg\ILO] (2 Ryy Q) = 967z [R}é/Q (17 — 20z)z*
+ RyZ o (2402% — 16642° + 38132° — 4130z 4 1711)z'
+ Ry (43682° —39,0722° + 140,6352* — 269,1442° + 300,4902” — 189,616z + 52,243)2'°
+ Ry o (209762° —208,04027 + 870,1512° — 2,070,634z + 3,255,1152*
— 3,533,7402% + 2,600,201z% — 1,202,330z + 268,205)z°
+ RY 41— 2)7(11,2562° — 75,08527 — 151,7792° + 2,535,8862°
— 8,913,460z* + 15,864,3552° — 15,844,61922 + 8,395,110z — 1,823,490)z° (13)
+ Ry o4(1—2)*(12,3242° — 22,83077 — 2,045,9732° 4 14,641,2062° — 42,277,6752*
+ 65,338,5902° — 57,387,186z + 26,330,832z — 4,933,872)z*
+ RE o 48(1 — 2)°(5632° + 227227 — 252,3142° 4 1,752,0162° — 5,068,6052"
+ 7,770,780z> — 6,800,544z + 3,505,032z — 849,528)z%
+ 144(1 — 2)8(4128 + 43827 — 36,0632° 4 258,2402°
— 833,328z% 4 1,614,600z> — 1,793,01622 + 676,512z — 198,288)] ,

and

NLO
T %Ry s0) = [R2 )02 +4B — 22 [R2, 022+ (6 — 222 [R2, o 2+ (1 - 2)?)

x [RET/QZ2 + 36(1 - 2)2]2 [RsT/Q 2 +Z2 — 35z + 36} .

(14)

As suggested by LO kinematics (Figure 1, left panel), the initial energy scale is set to
Hro = SmQ.

Our heavy-quark FF differs from that in Ref. [119] in two key ways. First, the nor-
malization factor N (z) in Equation (9) was not computed there but imposed through a
normalization condition. Second, the parameter <E]’T2>, tied to the Suzuki model, warrants a
more refined treatment.

The Suzuki framework incorporates spin effects and effectively mimics TMD fragmen-
tation. In the collinear limit, instead of integrating over the squared transverse momentum
of the outgoing charm quark, one replaces it with its average value, (72), treated as a free
parameter to be fixed phenomenologically. A larger (§2) shifts the FF peak to lower z,
decreasing the overall normalization [234].

Reference [119] used (§2) = 1GeV? as an upper bound. Here, we propose a more
balanced and phenomenologically driven value. This improvement builds upon our
earlier work on charm-to-Tyg FFs [86], which drew insights from the fragmentation of
light [144,235-237] and heavy-flavored hadrons [142,187,238,239] in proton collisions.
These studies typically probe average z values above 0.4.

A numerical scan confirmed that (72)r, = 70GeV? ensures (z) > 0.4 and comparable
quark/gluon magnitudes. The same method was applied to |QQQQQ) pentaquarks,

for which we used (72)p,, = 90 GeV? [132]. For (30, we fix (§2)q,, = 60GeV?, guided

Psg (QXYe)

by the FF peak position.

This choice has theoretical backing. Early studies [164,196,227,228] showed that heavy-
quark FFs peak at high z, with binding effects scaling with mg. Consider a D meson with
the lowest Fock state \cq> and momentum k. Assuming equal velocities v = v, ~ vy, ONe
obtains k. = zk = m.v and k; = Agu. From Mp ~ m,, it follows that m.v ~ zm.v + Aqo,
yielding (z)c = 1 — Ay /mc.

To better support the adopted hierarchy of (§2) values across the (030, Tap, and Psq
families, we note that the fragmentation dynamics become increasingly rigid as the number
of heavy constituents grows. This leads to more sharply peaked FFs at large z and, hence,
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to a requirement of smaller (72) to reproduce the same peak location. The observed trend—
from 90 GeV? in the five-quark case down to 60 GeV? in the baryonic one—is therefore
consistent with the reduced phase-space compression in lighter fully-heavy systems. In this
sense, our numerical scan over (72) values is not a blind tuning but rather the final step of
a physically motivated calibration.

This scaling behavior is also supported by theoretical arguments based on the equal-
velocity condition. As discussed in Refs. [164,196,227,228], the relation (z)g ~ 1 — A;/mg
captures the tendency of FFs to peak closer to z ~ 1 for larger heavy-quark masses.
Although originally derived for heavy-light systems, this pattern survives qualitatively
in fully heavy ones, where internal motion is suppressed and binding effects become
comparatively less relevant. Our choices for (72) reflect this reasoning and are fully
compatible with the observed peak positions and normalization patterns in the computed
FFs. A dedicated study of the systematic uncertainty associated with this nonperturbative
input is beyond the scope of the present work, but we are planning a future update of our
FFs sets where this source will be explicitly assessed and included.

Now, we turn our attention to the gluon case. The initial-scale FF for the [g — Q3]
transition in the diquarklike picture is depicted in the right panel of Figure 1. Although
both gluon- and quark-initiated channels are leading in their respective topologies, they
differ in perturbative order: the gluon-induced process includes one extra QCD vertex and
thus appears at higher order in «s.

As mentioned, the [Q — Q3] FF is known at LO and NLO, corresponding to the left
diagram in Figure 1. In contrast, the [¢ — Q3(] contribution starts at O(a?), as illustrated
in the right diagram.

This hierarchy arises because gluons, lacking charm, must generate at least three
charm quarks to form Q3. This involves emitting a [QQ] pair, forming a diquark-like
|QQ) component, and adding a further QCD vertex for baryon formation. Accordingly, we
refer to the gluon FF as NLO, keeping the LO label for the charm-induced one.

Using SYMJETHAD and FEYNCALC, we obtained the explicit form of the NLO gluon
SDC, originally derived in Ref. [120]. One has

Dg (z,pro) = a3 déNLO] (z prp) - (15)

with a5 = as(6mg) and

SNl R, o)
dp (2 r0) = Ny(2) gy 2+, (16)
Te (zRer/q)
where
N, _w 2C273(1 — 2)? 17
g(Z) - 3 fB FZ ( Z) ’ ( )

NLO
S8z Ry ) = 8(162% — 322 +15) + R2 0 222(422 — 202 +17) + RE oz, (18)

and
NLO
TN R 0) = @4+ 2R2,,0)°. (19)
As carried out in the heavy-quark case, we define R?’T /0 = G2/ m2Q, with

(§2) = <q’T2>QSQ = 60GeV? (see Equation (8)). However, here, the gluon-induced LO
kinematics set the starting scale at ur o = 6mg, as shown in the right diagram of Figure 1.
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Q3. collinear fragmentation

2.4. The 0MG3Q1.0 Functions from HF-NREVO

To finalize the construction of our OMG3Q1 .0 collinear FFs for fully heavy Q) baryons,
we apply DGLAP evolution to the initial inputs. Unlike light hadrons, both heavy-quark
and gluon FFs here are subject to nontrivial thresholds, reflecting the perturbative origin of
the underlying splittings (see Figure 1).

As previously noted, the quark channel activates at 5mg, while the gluon one requires
6mq. To incorporate these scales, we adopt the HF-NREVO framework [134-138], designed
to evolve heavy-hadron FFs from nonrelativistic inputs. This method involves three
core elements: physical interpretation of the fragmentation process, DGLAP evolution,
and estimation of MHOUSs through threshold variations.

Originally developed for quarkonium, HF-NREVO has been extended to exotic states
such as Ty baryons [86,87] and now to ()3 [130]. Its dual-channel approach requires a
threshold-sensitive evolution strategy, which we develop here.

We focus on the evolution procedure, leaving matching and uncertainty quantification to
future work. Following HF-NREVO, the heavy-quark FF is evolved first, from its starting scale
HEo = Smg up to 6mg, using only the quark—quark Altarelli-Parisi splitting kernel, P;;. This
stage, being expanded and decoupled, is handled analytically with SYMJETHAD [144-149].

Then, evolution proceeds numerically from Qg = 6mg using APFEL++ [240-242],
leading to the NLO 0OMG3Q1. 0 set, released in LHAPDF format. Future plans include linking
with EKO [243,244].

Though our approach omits light- and bottom-quark channels, current theory lacks
initial FFs for nonconstituent-to-triply-heavy transitions. These channels are thus generated
dynamically by evolution and are expected to be strongly suppressed, as indicated by NRQCD
studies of color-singlet pseudoscalar [102,103,245-248] and vector [102,103,249] quarkonia.

The left (right) panel of Figure 2 illustrates the dependence on the factorization scale
ur of the NLO 0MG3Q1 . 0 functions describing collinear VENS fragmentation into (23, (23)
baryons. For comparison, the left (right) panel of Figure 3 shows the corresponding yr evo-
lution for the NLO TQ4Q1 . 1 functions [87-90], which describe collinear VENS fragmentation
into the tensor tetraquarks Ty (Typ). In both cases, the plots are evaluated at a representative
value of the momentum fraction, z = 0.475 ~ (z), which lies within the typical region where
FFs yield dominant contributions to semihard final states [134,142,144,187,235-239,250].

33, collinear fragmentation

symJETHAD v0.5.4 ) symJETHAD v0.5.4
e, 1 1072 ¢
10—3 __________________________________________ 3
—~
&y
.................................................................................. 1 1074
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L e —
G o
___________ Q w07
____________ N
m 1077 F _
! z = 0.475; 0MG3Q1.0_cs_nlo set z = 0.475; 0MG3Q1.0_cs_nlo set /,/""
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‘ ‘ ,
4x 10" 6x10' 102 2% 10* 3 x 10? 4x10' 6 x 10 102 2 x 10* 3 x 10?
pr [GeV] pr [GeV]

Figure 2. Factorization-scale dependence of the 0MG3Q1.0 NLO FFs describing the ZM-VFNS frag-
mentation of Q3. (left) and Qg (right) rare baryons. The hadron momentum fraction is set to
z = 0475 ~ (z).
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Figure 3. Factorization-scale dependence of the TQ4Q1.1 NLO FFs describing the ZM-VFNS fragmen-
tation of Ty (27 1) (left) and Ty, (27 T) (right) tensor tetraquarks. The hadron momentum fraction is
set to z = 0.475 ~ (z).

A direct inspection of the two figures reveals that the fragmentation channel initiated
by the constituent heavy quark clearly dominates. Its contribution substantially exceeds
those from light partons and from nonconstituent heavy quarks across the entire range
of ur values considered. In the case of ()3p production, this dominance is even more
pronounced, as the charm-initiated FF surpasses the gluon one by roughly two orders of
magnitude. This behavior stands in contrast with the case of the Tyo (2% ") state, where the
gluon FF dominates over the quark FF, with ratios ranging from a factor of 5 to nearly an
order of magnitude.

The prevailing role of the heavy-quark FF in ()35 production reflects the initial-scale
hierarchy between the two partonic channels. Although the gluon FF is enhanced by
DGLAP evolution (fed by timelike partonic splittings), the charm FF shows a smoother
and more stable scale dependence, with no comparable enhancement mechanism. As a
result, the initial hierarchy of about five orders of magnitude between charm and gluon
FFs is reduced to approximately two after evolution.

Despite its smaller magnitude, the gluon FF plays a crucial role in predicting
(semi-)inclusive production rates of ()3 baryons at hadron colliders. This is due to the
dominant behavior of gluon PDFs over quark PDFs, which amplifies the contribution from
the [gg — g¢] partonic subprocess and from gluon-initiated fragmentation. Accordingly,
the simultaneous inclusion of both charm and gluon channels as initial-scale inputs in the
OMG3Q1.0 set enhances the overall robustness and predictive power of our framework.

We stress that no initial-scale FF is provided for nonconstituent heavy quarks at Qp;
instead, these channels emerge dynamically via DGLAP evolution from gluon and charm
contributions. The resulting behavior and growth of this nonconstituent component with
ur are, therefore, strongly influenced by the value of Qy. Notably, the higher Qp adopted in
the ()30 case delays the onset of nonconstituent-heavy-quark fragmentation compared to
the Ty case, where evolution begins at a lower scale.

Finally, we observe that the gluon-to-(23o FF exhibits a gentle increase with pur,
whereas its gluon-to-T,o counterpart shows a mild decrease. In both scenarios, the de-
pendence on the factorization scale is smooth, a feature with valuable phenomenological
implications. Recent analyses have shown that gluon FFs with such smooth ur behavior
act as effective “stabilizers” for high-energy resummed observables involving the semi-
inclusive production of singly [238,239] and multiply [142,187,200] heavy-flavored hadrons.
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This property has been termed the natural stability [251] of high-energy resummation
(see Section 3). It constitutes one of the key ingredients underlying our forthcoming
phenomenological analysis (see Section 4).

3. NLL/NLO™" Hybrid Factorization at Work

The first part of this section offers a brief overview of recent phenomenological ad-
vances in QCD high-energy resummation (see Section 3.1). The second part presents
the formal definition of our rare-baryon-sensitive observables, formulated within the
hybrid high-energy and collinear factorization framework at NLL/NLO™ accuracy (see
Section 3.2).

3.1. Phenomenology of the Semi-Hard QCD: A Brief Overview with Open Directions

Accurate predictions for high-energy observables rely on factorizing long-distance
dynamics from short-distance effects in hadronic collisions. This is achieved via
the collinear framework [252,253], where nonperturbative inputs are separated from
perturbative computations.

However, in specific phase-space regions, large logarithmic corrections emerge, in-
creasing with the perturbative order and jeopardizing the series” convergence. In such
regimes, standard collinear factorization must be enhanced by all-order resummations.
In the semi-hard QCD regime [254], where /s > Q > Aqcp, logarithms like In(s/Q?)
appear at each perturbative order and require resummation [255-258].

The Balitsky-Fadin-Kuraev-Lipatov (BFKL) formalism [259-262] performs such re-
summations, accounting for all (s Ins)” terms (LL) and & (a5 Ins)" terms (NLL). Within
BFKL, scattering amplitudes are expressed as convolutions of a universal Green’s func-
tion with two transverse-momentum-dependent emission vertices (impact factors), which
describe forward-particle production.

The Green'’s function obeys an integral equation with a kernel known at NLO [263-269];
higher-order corrections are actively studied [270-275]. The main limitation in BFKL-based
predictions at NLL stems from the restricted set of NLO off-shell impact factors avail-
able. These include the following: (i) partonic ones (quarks/gluons) [276,277], (ii) forward
jets [278-282], and (iii) light hadrons [283]. Other NLO-computed impact factors address
the following: (iv) virtual photo to vector meson transitions [284], (v) light-by-light scatter-
ing [285-290], and (vi) Higgs production in the infinite top-mass limit [291-293] and finite
top-mass corrections [294,295], with NNLO extensions in [296].

Several LO channels have also been explored: Drell-Yan [297,298], heavy-quark
pairs [299-301] and forward ]/ at moderate transverse momenta [302-305]. Gold-plated chan-
nels offer ideal probes for BFKL signatures at hadron colliders, including the following: Mueller—
Navelet dijets at NLO [140,282,306-319], correlated dihadron production [235,236,320-322],
multijet topologies [323-335], hadron-plus-jet [144,237,250,336-338], Higgs-plus-jet [339-343],
heavy-light dijets [141,344], and heavy-flavor hadrons [142,187,188,238,239,251,299-302,345-349].

Clean tests of BEKL dynamics are provided by forward single-particle production, which
probes the small-x proton Unintegrated Gluon Distribution (UGD) driven by BFKL evolution.
The examples include the following: light vector meson leptoproduction [350-363], exclusive
quarkonium photoproduction [364-368], inclusive Drell-Yan [298,369-371], and b-tagged
jet emission [372-374].

Small-x UGDs also inform collinear fits of Parton Distribution Functions (PDFs) with
small-x resummation [375-381] and connect to twist-two gluon TMDs [212,213,382-391].
Refinements of this connection are found in [392,393], while the role of UGDs in dipole
cross-sections is explored in [394,395].
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Analyses of small-x resummed observables in Higgs and heavy-flavor production have
also been developed via the HELL method [378,396], grounded in the Altarelli-Ball-Forte
(ABF) framework [397-403]. This approach integrates collinear factorization with high-
energy resummation, incorporating key theorems of high-energy factorization [404—411]
and offering a complementary perspective on small-x QCD.

A major challenge for BFKL predictions in Mueller-Navelet jet production lies in the
destabilizing effect of NLL corrections. These terms, although of the same formal order
as LL ones, carry opposite sign, which leads to instabilities in the resummed series. This
becomes critical when probing Missing Higher-Order Uncertainties (MHOUSs) through
variations in the energy scales.

As aresult, predictions may become unphysical at large jet rapidity separations, and az-
imuthal correlations can show abnormal trends across rapidity ranges. Several mitigation
strategies have been proposed. Among them, the Brodsky-Lepage-Mackenzie (BLM)
scale-setting scheme [412—415], tailored for semi-hard observables [310], has achieved
partial stabilization, especially for azimuthal observables, with modest improvement in
data agreement.

Still, BLM’s effectiveness is limited in processes like dihadron or hadron-plus-jet
emissions, where it suggests optimal renormalization scales well above the natural
ones [144,237,255]. This causes the suppression of total cross-sections and a deteriora-
tion in event statistics.

Encouraging signals of improved stability under higher-order effects and scale varia-
tions have recently emerged in Higgs-sensitive final states [339,416-424]. The trend was
first observed in the semi-inclusive production of A, hyperons [238] and bottom-flavored
hadrons [239] at the LHC and traced back to the behavior of ZM-VENS collinear FFs, which
drive heavy-flavor production at high pr.

Follow-up studies on vector quarkonia [142,146], charmed B mesons [187,188], exotic
tetraquarks [86-90,147,200], and rare ) baryons [130] have confirmed that this so-called
natural stability of QCD high-energy resummation [251] is a robust feature, inherently linked
to final states involving heavy flavor.

3.2. High-Energy Resummation at NLL/NLO™

We consider the process given in Figure 4:
p(Pa) + p(Py) = Qup(F1,y1) + X + jet(Gz,y2) (20)

where a fully bottomed, rare baryon ()3, is semi-inclusively detected together with a light
jet. The outgoing objects feature high transverse-momentum values, |71 2| > Aqcp, and the
large distance in rapidity is AY = y; — y».

High transverse momenta and rapidity separations allow for semi-hard final-state
configurations. Furthermore, the transverse-momentum ranges must be sufficiently high
to ensure that ZM-VFNS collinear fragmentation dominates the production mechanism of
heavy hadrons.

The incoming proton four-momenta are decomposed in terms of Sudakov vectors,
which satisfy P? = P? = 0 and 2(P, - P,) = s. Therefore, one rewrites q; and g, as

2
21

28

q12 = X12Pp — Pyo+ 121, 5712,2 = —Q%,zL . (21)

%

The final-state object’s longitudinal fractions, x;,, depend on rapidities such as

dx
X1

2
X7 28 Th X1X78
—>. Thus, one has d =+ —1°2°
7 ’ Y12 717!

2

]/1’2 = :t% In

f andAY =y, —yp =1In
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Figure 4. Hybrid collinear factorization for semi-inclusive Q03¢ plus jet production at hadron colliders.
Firebrick ovals represent the collinear FFs for rare baryons. Gray arrows indicate the light-flavored
jet. The orange blob denotes the proton collinear PDFs. The BFKL Green’s function (blue oval) is
linked to the two singly off-shell emission functions via Reggeized gluon lines. Diagram created with
JaxoDraw 2.0 [229].

At LO in pure collinear QCD, the cross-section for the process in Equation (20) reduces
to a one-dimensional convolution involving proton PDFs, hadron FFs, and partonic hard-
scattering kernels. Explicitly, one obtains

dU[I;’O“H“%“‘*ﬂ—z/ldx /1dx fal(Xa, #E) fo (%5, 1F) 1%13%(&) A%, (22)
dndodqidsg, Gy Ty TSR RV REL | e ) dandndz 2007, 7

Here, the indices (a,b) run over quarks, antiquarks, and gluons; f,, denotes the
proton PDFs, DS¥ denotes the FFs in the Q3 baryon, xa,b denotes the longitudinal
momentum fractions of the incoming partons, z is the momentum fraction of the frag-
menting parton carried by ()35, and dd, , represents the partonic cross-sections for the
corresponding subprocesses.

In contrast, deriving the high-energy resummed cross-section within our hybrid
factorization framework requires a two-step procedure. The first step implements the high-
energy factorization dictated by BFKL resummation, while the second introduces a collinear
refinement through the inclusion of PDFs and FFs. The resulting differential cross-section
naturally admits a Fourier expansion in the azimuthal-angle difference, with coefficients

that encode the underlying dynamics of the process. We obtain

JoNLL/NLO* 1
dy,dy,dgidgodgrdg, — (27)2

C(IJ\ILL/NLOJr +2 Z COS(?’[((P . 7_[)) CL\TLL/NLO+ . (23)

n=1

with ¢ » being the final-state azimuthal angles and ¢ = ¢; — ¢». Here, ¢; » denotes the az-
imuthal angles of the final-state particles, and ¢ = ¢1 — ¢ is their difference. The azimuthal
coefficients are computed within the BFKL framework and encode the resummation of
the LL and NLL energy logarithms. Our calculation is performed in the MS renormaliza-
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tion scheme [425], which ensures a consistent treatment of perturbative corrections and
ultraviolet divergences. We obtain

27 dU.NLL/NLO*

27
C,EILL/NLO+ = / d d¢pp cos(n(p — —
o A0 Jy A2 cos(n(p =) dy1dyz d[41] d|72|d¢1dgo

AY oo
— L /+ dv EAY&S (FR)XNLO(H/U)
§ e (24)

X

22 (jix) {ﬂNLO(w v, 1] 1) [FO(n,v, 2], %2)]*
@) AY&x(n,V)f(V)} .

Here, we define &s(yr) = as(ptr), Ne/ 71, with N, denoting the number of QCD colors and
Bo = (11N, — 2ny)/3 denoting the leading coefficient of the QCD p-function, where ¢
denotes the number of active quark flavors. We adopt a two-loop running for the strong
coupling, initialized at as(Mz) = 0.118, and consistently account for a variable flavor
number 7 along the evolution.

The resummation kernel entering the exponent of Equation (24) reads

XN (n,v) = x(n,v) + asx(n,v), (25)

where

x(n,v) = —29g —ZRe{l[J(l 42—11 —i—iv)} (26)

The functions x(n,v) represent the LO eigenvalues of the BFKL kernel, g is the
Euler-Mascheroni constant, and ¢(z) = I"(z) /T (z) denotes the digamma function, i.e., the
logarithmic derivative of the Gamma function. The term {(n,v) in Equation (25) encodes
the NLO correction to the kernel:

2
X(n,v)=xMn,v)+ Fo x(n,v) (—X(n,v) +10/3+2In Iﬁ;) , (27)

8N, He
The baryon’s mass is fixed to mq,, = 3m;, with m; = 4.5 GeV denoting the bottom
mass. We note that this choice, although widely adopted in phenomenological studies, does
not account for the baryonic binding energy. For triply heavy systems like ()3, this energy
is non-negligible due to the weak repulsive interactions and the limited kinetic energy of
bottom quarks, as discussed in quark model analyses [426]. Recent lattice and potential-
model studies [427] estimate the ()3, mass to be slightly below 3m;, with corrections
of a few hundred MeV. Since our predictions are only mildly sensitive to this variation
and the theoretical uncertainties on the initial FFs dominate, we opted for the fixed-mass
prescription for simplicity. On the light-flavor side, the jet does not carry a heavy mass
scale, so its transverse mass reduces to the transverse momentum, |7>|. The characteristic
function ¥ (n,v) appearing in the BEKL exponent was derived in Refs. [428,429], and it is

given by

fnv) = —3{ Zix(n,v) — 60(3) - $4 + 29(n,v) + 29(n, )

e (5o (10 2) 2 Yo (1 1) o]
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with
x—1/2 ivtn/2
9n,v) = — [y dx =g { ( (%) )+le ) + Liz(—x)
+ Inx|p(n+1) — (1) +In(1+x) + Z }Lz k+n [ (—1)"]}
o e k=1 (29)
= kgom{w (k+n+1)—¢'(k+1)
+ (=)L [Byk+n+1) + Bylk+1)] — %} ,
where . .
N Y R N
and
Lip (x / aznd =9 (31)
The singly off-shell emissions functions read
]-"%\,IZLO(n,v, Gi2|,x12) = Fip(n,v, |1, ,x1/2)+as(;4R)]:"1,2(n,v, Ji2l,x12) . (32)

Here, the LO expressions portraying the production of a forward hadron and a forward
jet are given by

Fa(n,v, |G, ) _2\/7—'211/ 1 Xh iz Xh>2w 1[CAfg( <Xh) Zf” (xh)] (33)

a=q,q

and

N Cr o 9y
Fi(n,v, |yl xp) =24 =g 12!

fg )+ Y folyy ] (34)
b=q.q

with Cg = (N? —1)/(2N,) and C4 = N, denoting the Casimir factors in QCD. The f(v)

term embodies the logarithmic derivative of LO functions:

i d F
£0) = 5 g5t )+l D) &8

In Equation (24), the remaining ingredients are the NLO corrections to the emission
functions, denoted by ]3'1,2. The NLO term associated with the forward hadron was derived
in Ref. [283], and its explicit expression is reported in Appendix A. For the forward jet, we
follow the prescription outlined in Refs. [281,283].

To enable practical implementation, we introduce a jet selection function (jet algorithms
are typically categorized into two classes: cone-type and sequential-clustering algorithms.
For an in-depth overview, see Refs. [430,431]. A widely used example of the latter is the (anti-)x |
algorithm [432,433]) evaluated within the Small-Cone Algorithm (SCA) [434,435], using its
cone-type implementation [282] with a jet radius of R = 0.5. The analytical expression of
the NLO jet emission function is given in Appendix B.

Establishing a direct phenomenological comparison between our hybrid factorization
approach and fixed-order QCD predictions would necessitate a dedicated computational
framework able to evaluate NLO distributions for two-particle final states in hadronic
collisions. At present, such a tool does not appear to exist within the available literature or
public codes.

As a practical alternative, we benchmark our results against fixed-order expectations
by truncating the azimuthal-coefficient expansion in Equation (24) at O(a3). This defines
an effective high-energy fixed-order approximation, denoted HE-NLO™, which preserves
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the leading-power asymptotic behavior of full NLO calculations, while neglecting terms
suppressed by inverse powers of the partonic center-of-mass energy.
The MS expression for the azimuthal coefficients at HE-NLO™ accuracy reads

—+00

AY
CHENLO™ — %/ dvad (ug) [1+ & () AYx (n,v)] FYO (n, v, |G|, x1) [FY (n, v, |G|, x2)]*, (36)

with the resummation kernel being expanded and truncated at O(«;). For the sake of
comparison, we will also provide results within pure LL accuracy:

L0 = 0 [y VB 42 (1) Fi (v, il x0) (Falo, v, el 22 B7)

Equations (24)-(37) define the structure of our hybrid factorization formalism. Follow-
ing the BFKL approach, the hadronic cross-section is written as a transverse-momentum
convolution of the Green’s function with two off-shell emission functions (impact factors),
which embed collinear PDFs and FFs, thus bridging high-energy and collinear dynamics.

The NLL/NLO™ label denotes the full resummation of energy logarithms at next-
to-leading-logarithmic accuracy based on NLO-calculated perturbative inputs. The “+”
superscript in Equation (24) highlights the inclusion of selected next-to-NLL terms, specifi-
cally the cross-product of the two NLO impact-factor corrections.

Renormalization and factorization scales are set according to the natural kinematic choice:

HR = HF = UN =My +Mmy, , (38)

with m;, denoting the transverse masses of final-state particles.

For collinear PDFs, we use the NNPDF4.0 NLO set [436,437], accessed via the
LHAPDFv6.5.4 interface [139]. These distributions are extracted from global fits based
on the replica method [438], a strategy rooted in neural network training and now broadly
adopted in multi-dimensional analyses of proton structure [439-444]. For a critical discus-
sion of inter-set correlations and uncertainty propagation, see Ref. [445].

Unless otherwise stated, all results presented in this review are obtained within the
MS renormalization scheme [425].

4. Rare () Baryons from HL-LHC to FCC with JETHAD

The numerical results shown in this review were produced using JETHAD, a flexible
and modular framework built upon a hybrid architecture of PYTHON- and FORTRAN-based
components. Originally designed to handle a wide range of physical distributions across
diverse theoretical approaches [144-149], JETHAD provides a unified environment for the
computation, control, and analysis of high-energy observables. In our study, the gener-
ation of differential distributions relied on selected FORTRAN 2008 modules, while data
refinement and post-processing were performed using the embedded PYTHON 3.0 analyzer.

An overview of the current JETHAD version (v0.5.1) is given in Section 4.1; note
that this version is not yet publicly released. The uncertainty estimation strategy adopted
throughout the analysis is discussed in Section 4.2, and the applied selection criteria for
final-state particles are described in Section 4.3. The phenomenological results for the
Q3p-plus-jet system, including rapidity-interval and transverse-momentum distributions,
are presented in Sections 4.4 and 4.5, respectively.

This analysis builds upon and generalizes the findings of Section 4.2 in Ref. [132],
which was limited to ()3.-plus-jet final states.
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4.1. The JETHAD v0.5.4 Technology

The JETHAD project was initiated in late 2017 to address the growing need for precise
predictions of semi-hard hadron [235,236] and jet [237,312,314] final states at the LHC,
proposed as sensitive channels to probe high-energy resummation effects in QCD. From the
outset, JETHAD has aimed to provide a dedicated numerical framework for the computation
and analysis of high-energy observables.

The first named release, v0.2.7, enabled a comparative study of BFKL and DGLAP
dynamics in semi-inclusive hadron+jet production [144]. Subsequent versions introduced
support for forward heavy-quark pair production (v0.3.0 [301]), Higgs and pr-spectrum
observables (v0.4.2 [339]), and a Python-based analyzer interfaced with the Fortran core
(v0.4.3[141]).

Advancements in heavy-flavor phenomenology followed with v0.4.4 [238], in-
corporating ZM-VFNS predictions at NLO. The forward Drell-Yan module Rvouic
(DYNAMIS) [371] was added in v0.4.5, while integration with the LEXA code in
v0.4.6 [359] enabled low-x studies using small-x TMD densities.

With v0.4.7 [142], JETHAD expanded into quarkonium production via NRQCD frag-
mentation. Versions v0.5.0 [146] and v0.5.1 [188] brought improved MHOU treatment,
a broader range of transverse-momentum observables [140,250], and support for matching
to collinear factorization [416—419,421].

The v0.5.2 release marked the debut of SYMJETHAD, a MATHEMATICA-based [143]
plugin for symbolic calculations in high-energy QCD. Successive versions added full
support for exotic hadrons [87] and rare-hadron production [130], with v0.5.3 and v0.5.4,
respectively.

From its core architecture to its specialized modules, JETHAD is designed for computa-
tional efficiency. Its multidimensional integrators are optimized for parallel execution and
dynamically select the most effective algorithm based on the integration’s features.

Process definitions are handled via a structure-based interface, where final-state parti-
cles are instantiated as objects with properties like mass, charge, kinematic ranges, and ra-
pidity labels. These are generated from a master database and injected into process modules
through a dedicated controller.

Initial-state configurations are equally flexible. A particle-ascendancy attribute identifies
the production mechanism (hadro-, electro-, or photoproduction), activating only the
relevant computational modules.

Built as an object-oriented system, JETHAD is agnostic to the specific physical process
under study. While originally tailored to high-energy QCD and TMD factorization, its
modular architecture allows the seamless integration of alternative theoretical frameworks
through additional (super)modules. These are incorporated via a built-in point-to-routine
mechanism, making JETHAD a versatile tool for phenomenological studies.

A public release of JETHAD, offering a standardized computational platform for diverse
high-energy processes and formalisms, is planned in the near future.

4.2. Uncertainty Quantification

A conventional method to assess the impact of MHOUSs involves studying the sensitiv-
ity of observables to variations of the renormalization and factorization scales around their
central value. MHOUSs constitute a leading source of theoretical uncertainty [145], and they
are estimated by jointly varying pr and yr within the interval of yy /2 to 2uy. The di-
mensionless parameter C;, = pur/pn = pr/pin, shown in the plots of Sections 4.4 and 4.5,
encodes this variation.

An additional source of uncertainty stems from proton PDFs. Previous studies on
high-energy processes [144,145,237,239] have shown that different PDF sets or replicas
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within the same set have only a marginal impact on predictions. We therefore adopt the
central member of the NNPDF4. 0 set throughout our analysis.

Further uncertainties may arise from the collinear improvement of the NLO BFKL
kernel, which incorporates renormalization-group (RG) terms to ensure a smooth inter-
polation with DGLAP in the collinear limit, as well as from the choice of renormalization
scheme [446-452]. Nonetheless, their impact on semi-hard rapidity-sensitive observables
remains within the MHOU bands [145].

In particular, Ref. [145] explored the transition from the MS [425] to the MOM [453,454]
renormalization scheme, finding that MOM predictions for rapidity distributions are
systematically enhanced yet still compatible with MS results within the MHOU envelope.
A fully consistent MOM-based analysis would require PDFs and FFs evolved in that scheme,
which are currently unavailable.

Finally, uncertainty bands in our predictions combine MHOUs with the statistical
errors from multidimensional integration (see Section 4.3). The latter are kept below the 1%
level, owing to the performance of the JETHAD integration routines.

4.3. Observables and Kinematics

We focus on two primary observables: the rapidity-interval distribution, correspond-
ing to the cross-section differential in the rapidity separation AY = y; — y» between the
two final-state particles, and the transverse-momentum distribution differential in | |.

The rapidity-interval observable is directly connected to the Cy angular coefficient
introduced in Section 3.2. It is obtained by integrating Cy over the transverse momenta
and rapidities of the final-state particles, while keeping the rapidity gap AY between the
pentaquark and the light jet fixed. Its expression reads

% _ /l‘izl i) Jﬂzl i) mm(y{ ,AY-&-y% ) dy, C([}reS] ) (39)
| |min |2 |min max(y", AY+y3) Ya=y1—AY

Here, the label “[res]” identifies the resummation scheme adopted: NLL/NLO™,
HE-NLO™, or LL/LO. To eliminate one of the rapidity integrals, specifically that over 5,
we insert the constraint §(AY — (y1 — y2)).

The transverse momentum of the forward ()3 state is restricted to 60 < |g;|/GeV < 120,
in accordance with the requirements of the ZM-VFNS approach, which assumes energy
scales sufficiently above the heavy-quark evolution thresholds. The accompanying jet is
selected in a slightly lower momentum window, 50 < |72|/GeV < 60, in line with current
LHC and prospective HL-LHC analyses [455].

This xwasymmetric pr configuration serves multiple purposes. It enhances sen-
sitivity to genuine high-energy dynamics by reducing contamination from fixed-order
effects [144,312,313], while suppressing large Sudakov logarithms arising from nearly back-
to-back kinematics [456—461], which would otherwise require additional resummation.
Moreover, it reduces radiative instabilities [462,463] and helps preserve energy-momentum
conservation at the partonic level [464].

As for rapidity coverage, we follow the current experimental setup. Rare baryons are
assumed to be detected within the barrel calorimeter acceptance [465], |y| < 2.5, while
jets are allowed in the extended range |y| < 4.7, which includes both barrel and endcap
regions [455].

The second observable under consideration is the transverse-momentum spectrum of
the ()3 state:

d — , w*z‘max Aymax min(ymaxl AY+ymaX)
M — /ﬂ A d|172| A dAY/ 1A 2 dy; Cl[rjg] .
dim| 72/ Aymin max(yin, AY-+y5in) ya=y1—AY
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This distribution is differential in the transverse momentum of the Q3 baryon, |7/,
and integrated over the jet transverse-momentum range 40 GeV < |7>| < 120 GeV within
a fixed AY bin. The same rapidity cuts are applied to the ()3, and jet final states.

The |7; | spectrum provides a valuable testbed for probing the interplay between the
NLL/NLO™ factorization framework and alternative resummation approaches. Varying
|71| from 10 to 100 GeV allows us to explore a wide kinematic domain, where additional
logarithmic enhancements may become relevant. Previous analyses on high-energy Higgs
production [339] and heavy-jet tagging [141] have validated the robustness of our hybrid
approach in the moderate-p region, particularly when |71 | ~ |72].

At large |7, threshold logarithms are expected to become significant, marking the
onset of the hard regime (|7;| > |72|™®). In contrast, the low-pr region (|71| < |72|™") is
dominated by soft logarithms. Hence, studying the |7 | spectrum offers both a nontrivial
consistency check of our framework and a starting point for the inclusion of additional
resummation techniques.

4.4. Rapidity-Differential Distributions

Figure 5 displays the rapidity-differential distributions for the semi-inclusive produc-
tion of (3, plus jet systems at /s = 14 TeV (HL-LHC, left) and 100 TeV (nominal FCC,
right). As mentioned, the analysis is carried out in the NLL/NLO™ hybrid framework
and uses the OMG3Q1 . 0 FFs in combination with NNPDF4 .0 proton PDFs [436,437], as imple-
mented in JETHAD v0.5.4. Rapidity intervals are constructed using uniform AY bins of
fixed width AY = 0.5, covering the region 2.5 < AY < 6.5.

P(Pa) + p(P) = Qap(1Gil, y1) + X + et (|2l y2) p(Pa) + p(B) = Qau(|Gils 41) + X + jet (1@, y2)
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Figure 5. Rapidity-differential distribution for the semi-inclusive detection of ()3} plus jet systems at
/s = 14 TeV (HL-LHC, left) and 100 TeV (nominal FCC, right). The ancillary panels below the main
plots show the ratio of LL/LO or HE-NLO™ predictions to the NLL/NLO™ baseline. The uncertainty
bands account for the combined effects of MHOUSs and multidimensional phase-space integration.
The analysis employs NNPDF4.0 NLO proton PDFs [436,437] in combination with 0MG3Q1.0 NLO FFs
for heavy baryons [131].

Each main panel is accompanied by an ancillary subplot that shows the ratio of LL/LO
and HE-NLO™ predictions to the NLL/NLO™ baseline. This layout facilitates a transparent
assessment of the impact of higher-order corrections and high-energy logarithmic enhance-
ments across the full AY range. Uncertainty bands combine multi-dimensional phase-space
integration errors with MHOUS estimated through scale variations.

The predicted cross-sections span a wide and phenomenologically relevant range,
from approximately 102 pb in the smallest-AY bin to above 30 pb in the largest one. As
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expected, the overall yield is significantly enhanced at FCC energies, with an increase of
roughly one order of magnitude compared to HL-LHC. This scaling reflects the amplified
gluon luminosity at high energies and the corresponding boost in heavy-flavor fragmenta-
tion probabilities in the forward region. The large-AY bins, although experimentally more
challenging, are particularly promising for probing the high-energy dynamics encoded in
the NLL/NLO™ formalism.

All AY distributions exhibit a coherent trend: the differential cross-section declines
monotonically with increasing rapidity separation. This suppression originates from
the competing influence of two mechanisms. On the one hand, the partonic scattering
amplitude grows with energy and, hence, with AY, as dictated by the structure of high-
energy logarithms and their resummation. On the other hand, this growth is mitigated by
damping effects arising from the convolution with PDFs and FFs within the structure of
the singly off-shell emission functions (see Equations (33) and (34)).

From the perspective of resummation, two important remarks are in order. First,
the predictions demonstrate notable robustness with respect to MHOUSs. The corresponding
uncertainty bands remain confined within a factor of 1.5 for both HL-LHC and FCC
kinematics (see first ancillary panels in Figure 5). Although these bands might appear
sizable compared to fixed-order expectations, they are remarkably narrow in the context of
high-energy factorization. In fact, traditional BFKL-based analyses for light-hadron or jet
production observables [144,235-237] frequently report higher-order corrections that span
up to one or two orders of magnitude with respect to the leading baseline. In contrast, our
results for ()3, production remain under tight control throughout the full AY spectrum.

Second, the transition from LL/LO to NLL/NLO™ accuracy leads to a visible im-
provement in perturbative stability. The uncertainty bands at NLL/NLO™ are consistently
narrower than their LL counterparts and progressively converge toward them in the large-
AY region, eventually showing partial overlap. This convergence pattern is consistent with
previous analyses of exotic hadron production in semi-hard regimes [86,88-90,132,200],
reinforcing the view that single-parton fragmentation into heavy-flavored rare baryons
offers a particularly stable and reliable probe of high-energy QCD dynamics.

Figure 6 presents the corresponding AY distributions for the tensor Ty, (27) reso-
nance, often regarded as the bottomed analogue of the X(6900) candidate [83]. These
results enable a direct comparison between two distinct realizations of fully heavy-hadron
production in the semihard regime of QCD: a baryonic configuration, represented by ()3,
and a tetraquark one. Despite sharing identical kinematic cuts and theoretical accuracies,
the two channels exhibit markedly different behaviors, both in absolute magnitude and in
their response to increasing collider energy.

The O3, mode displays substantially larger cross-sections than those obtained for
Ty (271), with typical differences spanning two to three orders of magnitude across the
explored AY range. Moreover, the growth in rate when moving from /s = 14 TeV to
100 TeV is more pronounced for the baryon, reflecting the stronger enhancement driven
by the higher efficiency of heavy-flavor fragmentation in the triple-heavy system. This
behavior underscores the dual phenomenological role of ()3, production: it is simultane-
ously sensitive to the nonperturbative structure of the fragmentation mechanism and to
the resummed logarithmic growth typical of high-energy dynamics.

From the viewpoint of theoretical stability, the LL uncertainty bands for (23, remain
more widely separated from the NLL baseline than in the tetraquark case, approaching it
only gradually as /s increases. This indicates that predictive convergence under MHOUSs
and higher-order corrections emerges more clearly at FCC energies, where the resummation
effects become fully manifest. For the tetraquark, by contrast, the LL and NLL bands already
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exhibit a moderate overlap at 14 TeV, pointing to a weaker sensitivity to the high-energy
logarithmic structure of the kernel.

P(Pa) + p(Ps) = Tup(2TH)(I41], 1) + X + jet(|@l, y2) p(P.) + p(P) = T (2t1)(1@1], 1) + X + jet(|@l, y2)
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Figure 6. Rapidity-differential distribution for the semi-inclusive detection of Ty, (27") plus jet
systems at /s = 14 TeV (HL-LHC, left) and 100 TeV (nominal FCC, right). Ancillary panels below
the main plots show the ratio of LL/LO or HE-NLO™ predictions to the NLL/NLO™ baseline. The
uncertainty bands account for the combined effects of MHOUSs and multidimensional phase-space
integration. The analysis employs NNPDF4 .0 NLO proton PDFs [436,437] in combination with TQ4Q1. 1
NLO FFs for tensor heavy tetraquarks [131].

Finally, the [Q3;, + jet] channel proves to be significantly more efficient than the
tetraquark one in amplifying the genuine resummed signal relative to its fixed-order
limit. This is a nontrivial and noteworthy outcome, as rapidity-interval distributions are
generally regarded as less responsive to high-energy dynamics than transverse-momentum
observables. In this case, however, the semihard production of a rare, fully heavy baryon
exhibits a clear and robust imprint of high-energy resummation, establishing ()3, as a
benchmark system for probing QCD in the forward regime and as a prime target for future
experimental investigations at the HL-LHC and FCC.

4.5. Transverse-Momentum-Differential Distributions

Figure 7 presents the transverse-momentum-differential spectra for the (339 baryon,
reconstructed in semi-inclusive (3 plus jet final states at /s = 14 TeV (HL-LHC,
left panels) and 100 TeV (FCC, right panels). The results are shown for two AY
slices, 2 < AY < 4 (top) and 4 < AY < 6 (bottom), with |§;| sampled in uniform bins of
10 GeV width.

The overall magnitude of the cross-section is enhanced at higher collider energies,
with the FCC yielding rates over two orders of magnitude larger than the HL-LHC, partic-
ularly in the low-|{; | region. For fixed /s, increasing the AY interval leads to a moderate
suppression of the spectrum, driven by phase-space limitations and steep falloffs in par-
ton luminosities.

All distributions exhibit a smooth and monotonic decline with growing |7; |, consis-
tently across all energy and rapidity configurations. No local maxima or structures are
present, as expected in collinear QCD where soft and semihard emissions dominate the
forward phase space. The hybrid resummation captures these features by balancing energy
logarithms with collinear constraints.

The NLL/NLO™ curves at 14 TeV display a sharper decrease at high |7; |, while the
corresponding FCC predictions are flatter and more extended, benefiting from enhanced
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fluxes at large partonic center-of-mass energies. In all setups, the separation between the
NLL/NLO™ baseline and its LL or HE-NLO™ approximations widens with increasing |71,
most notably at the FCC. This trend reinforces the role of transverse-momentum observables
as powerful diagnostics of high-energy resummation effects in rare baryon production.
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Figure 7. Transverse-momentum-differential distributions for the semi-inclusive detection of ()3, plus
jet systems at /s = 14 TeV (HL-LHC, left) and 100 TeV (nominal FCC, right), and for 2 < AY < 4
(lower) or 4 < AY < 6 (lower). Ancillary panels below the main plots show the ratio of LL/LO or
HE-NLO™ predictions to the NLL/NLO™ baseline. The uncertainty bands account for the combined
effects of MHOUSs and multidimensional phase-space integration. The analysis employs NNPDF4. 0
NLO proton PDFs [436,437] in combination with 0MG3Q1 .0 NLO FFs for heavy baryons [131].

The increasing gap between NLL/NLO™ and HE-NLO™ at large |7;| is physically
motivated. While the BEKL formalism is optimal for symmetric configurations (|71 | ~ |72]),
the region where |7;| > |7>| lies outside its natural domain. In such asymmetric configu-
rations, DGLAP-like collinear logarithms and possible threshold enhancements become
relevant, pointing to the need for extended frameworks capable of interpolating between
high-energy and threshold resummation [278,281,282].

Moreover, the pattern of the LL/LO over NLL/NLO™ ratio reflects a subtle interplay
among different NLO effects. Jet emission channels tend to receive negative corrections
at NLO [278,281,282], while the fragmentation side can behave differently: In particular,
the gluon coefficient Cq, is positively shifted at NLO [283], while other components expe-
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rience negative contributions. Depending on the kinematic region and hadronic process,
these effects may partially cancel or amplify each other.

In summary, the transverse-momentum distributions of the ()3 baryon remain stable
under MHOU variations across the full range of |71/, as evident from the moderate size
of uncertainty bands in Figure 7. These findings strengthen the case for using rare heavy
baryons as clean probes of semihard QCD, both at current and future colliders, within a
VFNS-based fragmentation picture.

5. Future Perspectives

We presented a comprehensive study of the leading-power fragmentation of fully
heavy ()3 baryons, with particular attention to the triply bottom case, (23, as a novel and
promising probe of hadronic structure and high-energy QCD. Our investigation builds
upon and extends previous analyses of the (23, sector, for which we released the OMG3Q1.0
collinear FFs within a VENS. These FFs were constructed from a diquark-inspired proxy
model, widely used in the modeling of singly heavy baryons and heavy quarkonia, where
the fragmentation process is described as a convolution between perturbative SDCs and a
nonperturbative hadronization component.

A distinctive feature of the 0MG3Q1.0 formulation was the simultaneous inclusion
of both constituent-heavy-quark and gluon channels at the initial scale, which made
)3, baryons an ideal benchmark for testing the HF-NREVO evolution scheme [134-138].
Through a two-step analytic/numeric DGLAP evolution strategy, the effects of heavy
thresholds and channel-specific matching were accurately implemented. These ingredients
provided the basis for a robust hybrid NLL resummation analysis of ()3, plus jet production
at HL-LHC and FCC energjies.

Building on these results, the present work broadens the scope to triply bottom baryons
and rare ()3 states in general, aiming at a systematic exploration of their fragmentation
properties and their phenomenological relevance in collider experiments. To this purpose,
we introduced an updated class of hadron-structure-oriented collinear FFs that incorporate
improved modeling of the nonperturbative component for heavy-quark fragmentation,
capturing both compact and diquarklike configurations. The semi-inclusive production
of ()3 plus jet systems was then analyzed within the JETHAD framework and its symbolic
module (sym) JETHAD [144-149], combining NLL high-energy resummation with NLO™"
collinear dynamics.

Our results confirm and generalize the concept of natural stability [251] previously ob-
served for ()3, [130], now seen to emerge also for ()3, observables across a broad energy
spectrum. This stability arises from the VENS collinear fragmentation at high transverse mo-
mentum and plays a crucial role in suppressing resummation-related instabilities, including
unresummed threshold logarithms and NLL artifacts. Furthermore, transverse-momentum
and rapidity-interval distributions for ()3, states display an excellent discriminating power be-
tween resummed and fixed-order predictions, further enhancing their value as precision tools.

The relevance of triply heavy baryons extends beyond perturbative QCD. Their valence
structure, dominated by three heavy quarks, makes them sensitive to the partonic content
of the colliding hadrons in nontrivial ways. In particular, rare () baryons can serve as
indirect probes of intrinsic heavy flavor, especially intrinsic charm and bottom [466-470],
through the enhancement of specific fragmentation channels at large momentum fractions
or forward rapidities. The simultaneous inclusion of heavy-quark and gluon inputs in our
FFs ensures that such effects can be properly captured and tested.

Another compelling direction concerns the role of triply heavy baryons as multipur-
pose tools for probing soft-QCD phenomena. Their fragmentation patterns may encode
spin and momentum correlations among constituents, offering a window into the nonper-
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turbative dynamics of hadron formation. As such, ()3 production provides a novel testbed
for the interplay between hadronic structure and high-precision resummation techniques.
Future progress may involve benchmarking our FFs against determinations from global
fits, leveraging machine learning methods already applied to the fragmentation of lighter
hadrons [471-478].

In this context, future theoretical updates will aim to incorporate additional resum-
mation strategies, such as soft-gluon [460,461,479,480] and jet-radius logarithmic resum-
mations [481-485], as well as jet-angularity techniques [486—488]. Moreover, potential
synergies with the saturation formalism at small-x [489-505], and with studies of angular
asymmetries in dijet and heavy-hadron production, could further expand the reach of our
framework [479,480,506-521].

Altogether, our study lays the foundation for a detailed phenomenological program
dedicated to triply heavy baryons, supporting their potential role in upcoming collider
experiments. In this regard, precision measurements of rare ()3 production may com-
plement other channels, such as |/ plus a heavy-flavor-tagged jet [522], in mapping the
heavy-flavor content of the proton and exploring its link with exotic hadron structures.

Looking ahead, data from the future FCC [11-17] and other next-generation collid-
ers [4-9,523-553] will offer unique opportunities to test the predictions presented here.
These efforts will deepen our understanding of hadronization mechanisms, probe poten-
tial manifestations of intrinsic charm or bottom, and uncover new connections between
perturbative QCD and the nonperturbative landscape of exotic hadron formation.
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ABF Altarelli-Ball-Forte;

BFKL Balitsky—Fadin-Kuraev-Lipatov;

BLM Brodsky-Lepage-Mackenzie;

BSM Beyond the Standard Model;

DGLAP Dokshitzer-Gribov-Lipatov—Altarelli-Parisi;
EIC Electron-Ion Collider;

FCC Future Circular Collider;

FFNS Fixed-Flavor Number Scheme;

FFs Fragmentation Functions;

HF-NRevo Heavy-Flavor Non-Relativistic Evolution;
HL-LHC High-Luminosity Large Hadron Collider;

LL Leading Logarithmic;

MHOUSs Missing Higher-Order Uncertainties;
NLL Next-to-Leading Logarithmic;

PDFs Parton Distribution Functions;

PSSz Peterson—Schlatter-Schmitt-Zerwas;
QCD Quantum Chromodynamics;

SCA Small-Cone Algorithm;

SDC Short-Distance Coefficient;

UGD Unintegrated Gluon Distribution;
VFNS Variable-Flavor Number Scheme.
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Appendix A. NLO Correction for the Heavy-Hadron Singly Off-Shell
Emission Function

The next-to-leading order correction to the forward heavy-hadron singly off-shell
emission function was derived analytically in Ref. [283]. One has
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The scale s is a typical BFKL energy-normalization parameter, commonly chosen as
so = pc. In addition, we defined =1—Jdand v = —5 ! +iv. The LO DGLAP splitting
functions P;;(6) are given by
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2
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whereas the 7, ; 3 functions are given by
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with » F) representing the Gauss hypergeometric function.
The plus prescription in Equations (A2) and (A5) stands as follows:

/ dx S 17x / ar /=11 f / dx (A10)

with f(x) denoting any regularly behaved generic function at x = 1.

Appendix B. NLO Correction for the Light-Jet Singly Off-Shell
Emission Function

The NLO correction to the forward light-jet singly off-shell emission function has been
derived analytically in the small-cone approximation [282]. One writes

~ . o 1/2 r1
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where R depicts the radius of the jet cone.
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