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We study the real-time evolution of SU(2) Yang-Mills theory in a (3þ 1)-dimensional small lattice
system after interaction quench. We numerically solve the Schrödinger equation with the Kogut-Susskind
Hamiltonian in the physical Hilbert space obtained by solving Gauss law constraints. We observe the
thermalization of a Wilson loop to the canonical state; the relaxation time is insensitive to the coupling
strength and estimated as τeq ∼ 2π=T with temperatures T at steady states. We also compute the vacuum
persistence probability (the Loschmidt echo) to understand the relaxation from the dynamics of the wave
function.
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I. INTRODUCTION

How an isolated quantum system reaches thermal
equilibrium is one of the fundamental problems in modern
physics. In particular, the thermalization of a non-Abelian
gauge theory is important for understanding the nature of
quark-gluon plasmas observed in relativistic heavy-ion
collision experiments (See Refs. [1,2] for recent reviews).
The analysis of relativistic heavy-ion collision experiments
using a hydrodynamic model implies that hydrodynamics
can be applied from a very early stage after the collision
(∼0.5 fm=c). However, a microscopic calculation based on
kinetic theory shows that the time scale of thermalization
with a small QCD coupling αS is of order α

−13=5
S Q−1

s , where
Qs is the characteristic momentum scale of gluons inside
the colliding nuclei. This timescale is orders of magnitude
larger than the one expected in hydrodynamic models [3,4].
On the other hand, analyses based on the gauge/gravity
duality imply that the thermalization time is the order of the
inverse of temperature 1=ðπTÞ in the large colors and large
’t Hooft coupling limit [5–8]. This rapid thermalization has
been thought of as the universal property of the strongly
coupled gauge theories, and the quark-gluon plasmas
produced in relativistic heavy-ion collision experiments
are thought of as strongly coupled, while the conventional
plasmas are weakly coupled.

Hydrodynamic behavior has also been observed in small
systems of pp and pA collisions [9–11]. This observation
is unexpected because it is usually thought that thermal-
ization does occur due to a large number of degrees of
freedom. There are two possibilities: One is that this is the
property of quantum field theories. Since the dimension of
the Hilbert space is infinite, thermalization does occur even
in small systems. The other is that hydrodynamics works
well before thermalization where the pressure is isotropic,
which is called hydrodynamization. This possibility has
been intensively studied in recent years (see Refs. [2,12] for
recent reviews).
In this paper, we discuss the first possibility of quantum

thermalization. For this purpose, we study the thermal-
ization of the SU(2) Yang-Mills theory in a small isolated
system. We employ the Kogut-Suskind Hamiltonian for-
mulation on a single cubic lattice with open boundary
conditions [13] and numerically solve the Schrödinger
equation. To mimic the situation in heavy-ion collision
experiments, we employ interaction quench from the
strong gauge coupling limit to a weak gauge coupling.
This enables us to avoid the aforementioned problem of
whether thermalization, hydrodynamization, or isotropiza-
tion. Furthermore, the thermalization mechanism will be
purely quantum because there is no kinetic regime on the
small lattice.
The advantage of the Hamiltonian formulation is free

from the so-called sign problem in Monte Carlo simula-
tions, that is, the difficulty of importance sampling due to
the complexity of the path-integral weight [14]. On the
other hand, the disadvantage is the exponentially large
Hilbert space. However, as shown below, we overcome this
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difficulty by considering a small system and explicitly
solving the Gauss law constraints, which numerously
reduces the size of physical Hilbert space, and enables
us to access the real-time dynamics of the Yang-Mills
theory using the standard classical computers. Our finding
has a substantial impact on developing fields of classical
or quantum simulations of lattice gauge theories (see
Refs. [15,16] for review).
This paper is organized as follows. In Sec. II, we briefly

review the Kogut-Susskind Hamiltonian formulation and
show how to construct the physical space and the matrix
element of Hamiltonian. In Sec. III, we discuss the real-
time dynamics by solving the Schrödinger equation. We
show that the results of our numerical simulations exhibit
thermalization, and the thermalization time is of order of
the Boltzmann time, τeq ∼ 2π=T. Section IV is devoted to
summary and outlook. In Appendix, we show the eigen-
values of the Hamiltonian near the ground state.

II. HAMILTONIAN FORMULATION

A. Formulation

We review the Hamiltonian formulation of the lattice
SU(2) Yang-Mills theory, which is often referred to as the
Kogut-Susskind Hamiltonian formulation [13]. We con-
sider a cubic lattice (see Fig. 1). The gauge fields UμðxÞ are
defined on a link emanating from a site x and terminating at
xþ êμ, with êμ¼x;y;z being the unit vector along the μ
direction. UμðxÞ is a 2 × 2 matrix-valued operator, and we
can apply the local SU(2) transformation to UμðxÞ from
left- or right-hand side. Using the generators Ea

Lðx; μÞ, and
Ea
Rðx; μÞ [a ¼ x, y, z], which are nothing but the left- or

right-chromoelectric fields defined on the ends of a link, the
SU(2) algebras are represented as

½Ea
Lðx; μÞ; UνðyÞ� ¼ −

1

2
σaUμðxÞδμνδx;y; ð1Þ

½Ea
Rðx; μÞ; UνðyÞ� ¼ UμðxÞ

1

2
σaδμνδx;y; ð2Þ

½Ea
Lðx; μÞ; Eb

Lðx; νÞ� ¼ iϵabcEc
Lðx; μÞδμνδx;y; ð3Þ

½Ea
Rðx; μÞ; Eb

Rðx; νÞ� ¼ iϵabcEc
Rðx; μÞδμνδx;y; ð4Þ

where σa¼x;y;z are the Pauli matrices, and other commuta-
tion relations vanish. ϵabc is the Levi-Civita symbol with
ϵxyz ¼ 1. In the Kogut-Suskind Hamiltonian formulation,
the generators are not independent but related through the
constraint

X
a

Ea
Lðx; μÞEa

Lðx; μÞ ¼
X
a

Ea
Rðx; μÞEa

Rðx; μÞ

≕E2ðx; μÞ: ð5Þ

The Hamiltonian is given as the sum of electric and
magnetic parts, H ¼ HE þHB, with

HE ¼
X
x;μ

1

2
E2ðx; μÞ; ð6Þ

HB ¼ −
K
2

X
p∈P

tr½UμðxÞUνðxþ êμÞU†
μðxþ êνÞU†

νðxÞ�

þ ðH:c:Þ; ð7Þ

where P is the set of plaquettes, and “H.c.” represents the
Hermitian conjugate. K is the coupling constant, which is
inversely proportional to the square of the gauge coupling
g. Therefore, we use the words, strong and weak coupling,
for small and large K, respectively.HE is the electric part of
the Hamiltonian, which has the same form as continuum
theory. HB is the lattice version of the magnetic part of the
Hamiltonian; it involves a nonlocal but gauge-invariant
operator of UμðxÞ, which is the famous Wilson loop
operator (see Fig. 1). The Schrödinger equation with the
Hamiltonian defines the dynamics on the physical Hilbert
space jΨi that satisfies the Gauss law constraints:X

μ

½Ea
Lðx; μÞ þ Ea

Rðx − êμ; μÞ�jΨi ¼ 0: ð8Þ

The Gauss law constraints simply state that the total electric
field at a site x must vanish.
For numerical implementation, we rewrite the Kogut-

Susskind Hamiltonian using the so-called Schwinger
bosons [17]. In SU(2), the Hamiltonian of the chromo-
electric fields (6) is the same as that of the quantum rotor.
Therefore, the electric field operator can be understood as
the angular momentum operator, and represented by using
the creation and annihilation operators of the spin doublet
bosons (Schwinger bosons) as

FIG. 1. Schematic representation of the lattice SU(2) Yang-
Mills theory. The gauge field UμðxÞ is defined on a link. The
chromoelectric fields EL and ER are defined on the ends of a link,
and satisfy the Gauss law constraint on the vertices, e.g., ER6 þ
ER9 þ EL10 ¼ 0 at the vertex indicated by the black dot. The
minimal Wilson loop operator is defined as the product of the link
operators on the edges of a unit plaquette colored in the figure.
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Ea
Lðx; μÞ ¼ a†i ðx; μÞ

1

2
σaijajðx; μÞ; ð9Þ

Ea
Rðx; μÞ ¼ b†i ðx; μÞ

1

2
σaijbjðx; μÞ; ð10Þ

where ai¼↑;↓, a
†
i¼↑;↓ (bi¼↑;↓, and b

†
i¼↑;↓) are the annihilation

and creation operators of the Schwinger bosons, which are
defined on the left (right) end of a link. In terms of the
Schwinger bosons, the constraint (5) implies

NLðx; μÞjΨi ¼ NRðx; μÞjΨi; ð11Þ

where NL ¼Pi NLi ¼
P

i a
†
i ai, and NR ¼Pi NRi ¼P

i b
†
i bi are the number operators of the Schwinger bosons.

Therefore, the total number of Schwinger bosons living on
the edges of a link must be the same. Using the Schwinger
boson representation, the electric part of the Hamiltonian is
written only by NL or NR.
Next, we consider the magnetic part of the Hamiltonian.

It is known that the link operator can be written using the
Schwinger bosons as U ¼ ULðaÞURðbÞ with

ULðaÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

NL þ 1
p

 
a†↓ a↑

−a†↑ a↓

!
; ð12Þ

URðbÞ ¼
 

b†↑ b†↓
−b↓ b↑

!
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

NR þ 1
p : ð13Þ

Using the commutation relations between creation and
annihilation operators, Eqs. (9), (10), (12), and (13)
reproduce those between EL;R, and U in Eqs. (1)–(4).
We can label the Hilbert space of the gauge theory by the

number of eigenvectors of the harmonic oscillators. This
enables us to understand the complex wave function of the
gauge theory from the simple picture of the occupation
dynamics of bosons. Furthermore, by truncating the max
occupation number of the Schwinger bosons, we can obtain
the finite-dimensional Hilbert space with manifestly keep-
ing the gauge symmetry.
Two remarks are in order: (i) Truncating the Schwinger

boson occupation numbers at a certain value is equivalent
to representing the Kogut-Susskind theory with the
j-dimensional irreducible representation of SU(2) up to
jmax ¼ ðNL þ NRÞ=2. The limit jmax → ∞ may recover
Wilson’s formulation of lattice gauge theories. (ii) The
magnetic part of the Hamiltonian (7) does change the
number of the Schwinger bosons on each link with
satisfying the constraint (5), while the electric part of the
Hamiltonian (6) just counts their numbers. Therefore, they
can be understood as the kinetic and interaction terms of the
Schwinger bosons. Without magnetic interactions (K ¼ 0)
corresponding to the strong coupling limit, the gauge
theory is reduced to free harmonic oscillators. As K

increases, the fluctuations by the magnetic Hamiltonian
become relevant, and then the gauge theory becomes
strongly correlated. In what follows, we study such strongly
correlated dynamics of the Yang-Mills theory by quenching
the magnetic Hamiltonian and solving the time-dependent
Schrödinger equation after the quench. We note that larger
K demands larger jmax for full quantitative analysis since
the effect of the truncation of the Hilbert space becomes
more relevant as the typical occupation number increases.

B. Construction of physical states

Here, we explicitly construct the physical states on a
single-cubic lattice by solving the Gauss law and Uð1Þ
constraints (see Refs. [17–22] for more general and other
constructions of the Hilbert space). For convenience, we
label links by integers L ≔ f1; 2;…; 12g as shown in
Fig. 2. We express the vertices and the plaquettes by
ordered triples, V ≔ fð1;2;6Þ; ð2;3;7Þ; ð3;4;8Þ; ð1;4;5Þ;
ð6;9;10Þ; ð7;10;11Þ; ð8;11;12Þ; ð5;9;12Þg, and by ordered
quadruples, P ¼ fð1; 2; 3; 4Þ; ð1; 6; 9; 5Þ; ð2; 7; 10; 6Þ;
ð3; 7; 11; 8Þ; ð4; 8; 12; 5Þ; ð9; 10; 11; 12Þg, respectively.
The Gauss law constraint (8) needs to be satisfied at

each vertex. Let us focus on the vertex ð1; 2; 6Þ ∈ V. The
local state is expressed by jN1↑N1↓ijN2↑N2↓ijN6↑N6↓i ¼
jj1m1ijj2m2ijj6m6i with ja ¼ ðNa↑ þ Na↓Þ=2 and ma ¼
ðNa↑ − Na↓Þ=2 (a ¼ 1, 2, 6). The spin basis is useful for
solving the Gauss law constraint, while the number basis is
useful for calculating the matrix elements. We use both
representations in the following. The Gauss law constraint
implies that the local state is the spin singlet. Since a state
of the vertex is a composition of three spin states, we can
express the singlet state by using the Wigner 3-j symbols� j1
m1

j2
m2

j6
m6

�
as

jj1; j2; j6i ≔
Xj1

m1¼−j1

Xj2
m2¼−j2

Xj6
m6¼−j6

�
j1 j2 j6
m1 m2 m6

�

× jj1; m1ijj2; m2ijj6; m6i; ð14Þ

FIG. 2. Labels of links on the single cubic lattice model.
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which satisfies the standard normalization condition
hji; jj; jkjjl; jm; jni ¼ δilδjmδkn. We note that jj1; j2; j6i
is nonvanishing only if the triangle conditions jj1−j2j≤
j6≤j1þj2 and j1 þ j2 þ j6 ∈ Z are satisfied. We also note
that the Wigner 3-j symbols have the symmetry proper-

ties under permutations:
� j1
m1

j2
m2

j6
m6

�
¼
� j2
m2

j6
m6

j1
m1

�
¼� j6

m6

j1
m1

j2
m2

�
¼ ð−1Þj1þj2þj6

� j2
m2

j1
m1

j6
m6

�
¼ ð−1Þj1þj2þj6� j1

m1

j6
m6

j2
m2

�
¼ ð−1Þj1þj2þj6

� j6
m6

j2
m2

j1
m1

�
. To respect the

symmetry properties, we introduce the permutated states
defined as

jji; jj; jki ≔ ½sgnðσÞ�j1þj2þj6 jj1; j2; j6i; ð15Þ

where sgnðσÞ is the sign of permutation σ ¼
�
1

i
2

j
6

k

�
(Not

to be confused with 3-j symbol). On the other hand, the
Uð1Þ constraint NLðx; μÞjΨi ¼ NRðx; μÞjΨi implies the
vertices connecting to a link shear the same spin j. For
example, for the vertices (1,4,5) and (1,2,6) connecting to
the link 1, the local states are expressed as jj01; j4; j5i and
jj1; j2; j6i, respectively. The Uð1Þ constraint means
j01 ¼ j1. Eventually, we can express a physical state by
using the states of spins on links, j ¼ ðj1; � � � j12Þ as

jji ≔
Y

ði;j;kÞ∈V
jji; jj; jki

¼ jj1; j2; j6ijj2; j3; j7ijj3; j4; j8ijj1; j4; j5ijj6; j9; j10i
× jj7; j10; j11ijj8; j11; j12ijj5; j9; j12i: ð16Þ

Since ji has no upper bound, the dimension of the physical
Hilbert space is infinite. In numerical simulations, we
truncate the spin’s maximum value, jmax, to make the
dimension of the Hilbert space finite. We show the jmax
dependence of the dimension of the physical Hilbert space
in Table I.

C. Matrix element of Hamiltonian

Let us evaluate the matrix element of the Hamiltonian
H ¼ HE þHM. Because jji is an eigenstate of HE, the
matrix element of HE is just the sum of eigenvalues of
spins:

hj0jHEjji ¼
X
i∈L

jiðji þ 1Þ
2

δj0;j: ð17Þ

For the magnetic part, more calculations are involved.
Since HM consists of the sum of plaquettes, let us, first,
focus on the single plaquette trðU1U2U

†
3U

†
4Þ. Noting

Ui ¼ ULðaiÞURðbiÞ, we can write trðU1U2U
†
3U

†
4Þ as

trðU1U2U
†
3U

†
4Þ ¼ trð½URðb1ÞULða2Þ�½URðb2ÞU†

Rðb3Þ�
× ½U†

Lða3ÞU†
Rðb4Þ�½U†

Lða4ÞULða1Þ�Þ:
ð18Þ

Here, we employed the cyclic property of the trace. It is
useful to express the matrices on each vertex as

URðb1ÞULða2Þ ¼
�
Lþþðb1; a2Þ Lþ−ðb1; a2Þ
L−þðb1; a2Þ L−−ðb1; a2Þ

�
; ð19Þ

URðb2ÞU†
Rðb3Þ ¼

�
Lþ−ðb2; b3Þ −Lþþðb2; b3Þ
L−−ðb2; b3Þ −L−þðb2; b3Þ

�
; ð20Þ

U†
Lða3ÞU†

Rðb4Þ¼
�−L−−ða3;b4Þ L−þða3;b4Þ

Lþ−ða3;b4Þ −Lþþða3;b4Þ

�
; ð21Þ

U†
Lða4ÞULða1Þ¼

�−L−þða4;a1Þ −L−−ða4;a1Þ
Lþþða4;a1Þ Lþ−ða4;a1Þ

�
; ð22Þ

where we define

Lþþðb; aÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NL þ 1

p ðb†↑a†↓ − b†↓a
†
↑Þ

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NR þ 1

p ; ð23Þ

L−þðb; aÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NL þ 1

p ð−b↓a†↓ − b↑a
†
↑Þ

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NR þ 1

p ; ð24Þ

Lþ−ðb; aÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NL þ 1

p ðb†↑a↑ þ b†↓a↓Þ
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

NR þ 1
p ; ð25Þ

L−−ðb; aÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NL þ 1

p ð−b↓a↑ þ b↑a↓Þ
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

NR þ 1
p : ð26Þ

This expression enables us to express the plaquette as the
sum of L’s,

TABLE I. jmax dependence of the dimension of the physical Hilbert space d.

jmax 0 1=2 1 3=2 2 5=2 3 7=2
d 1 32 1013 14,879 148,678 1,007,699 5,410,350 23,403,554
jmax 4 9=2 5 11=2 6 13=2 7 15=2
d 87,426,119 285,115,818 841,734,227 2,264,663,617 5,671,695,596 13,279,002,317 29,457,092,444 62,092,681,444
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trðU1U2U
†
3U

†
4Þ ¼

X
s1;s2;s3;s4¼�1

Ls1s2ðb1; a2ÞLs2s3ðb2; b3Þ

× Ls3s4ða3; b4ÞLs4s1ða4; a1Þ: ð27Þ

Each Ls0sðb; aÞ locally acts on the Hilbert space, so that it is
enough to consider the action of Ls0sðb; aÞ on a single
vertex. Let jj1; j2; j6i be a local state on the vertex
ð1; 2; 6Þ ∈ V. Since Ls0sðb; aÞ is written by the creation
and annihilation operators, it is easy to calculate the action
of Ls0sðb; aÞ. Remembering jj; mi ¼ jN↑; N↓i with j ¼
ðN↑ þ N↓Þ=2 and m ¼ ðN↑ − N↓Þ=2, we can calculate
a†↑jj; mi as

a†↑jj; mi ¼ a†↑jN↑; N↓i
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N↑ þ 1

q
jN↑ þ 1; N↓i

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jþmþ 1

p ����jþ 1

2
; mþ 1

2

�
: ð28Þ

Similarly, we obtain

a↑jj; mi ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
jþm

p ����j − 1

2
; m −

1

2

�
; ð29Þ

a†↓jj;mi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j −mþ 1

p ����jþ 1

2
; m −

1

2

�
; ð30Þ

a↓jj; mi ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
j −m

p ����j − 1

2
; mþ 1

2

�
: ð31Þ

Using these relations, we find

Ls1s2ðb1; a2Þjj1; j2; j6i ¼
Xj1

m1¼−j1

Xj2
m2¼−j2

Xj6
m6¼−j6

�
j1 j2 j6
m1 m2 m6

�

×

 
s1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj1 þ s1m1 þ 1þs1

2
Þðj2 − s2m2 þ 1þs2

2
Þ

ð2j1 þ 1Þð2j2 þ 1þ s2Þ

s ����j1 þ s1
2
;m1 þ

1

2

�����j2 þ s2
2
;m2 −

1

2

�

− s2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj1 − s1m1 þ 1þs1

2
Þðj2 þ s2m2 þ 1þs2

2
Þ

ð2j1 þ 1Þð2j2 þ 1þ s2Þ

s ����j1 þ s1
2
;m1 −

1

2

�����j2 þ s2
2
;m2 þ

1

2

�!
jj6;m6i: ð32Þ

Since Ls1s2ðb1; a2Þ commutes with the Gauss law con-
straint, the right-hand side of Eq. (32) must be proportional
to jj1 þ s1=2; j2 þ s2=2; j6i, i.e.,

Ls1s2ðb1; a2Þjj1; j2; j6i

¼ λs1s2ðj1; j2; j6Þ
����j1 þ s1

2
; j2 þ

s2
2
; j6

�
ð33Þ

is satisfied. By comparing the wave functions of
Ls1s2ðb1; a2Þjj1; j2; j6i and jj1 þ s1=2; j2 þ s2=2; j6i, we
obtain

λþþðj1; j2; j6Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2þ j6 þ j1 þ j2Þð1 − j6 þ j1 þ j2Þ

ð2j1 þ 1Þð2j2 þ 2Þ

s
;

ð34Þ

λ−−ðj1;j2;j6Þ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj6− j1− j2Þð−1− j1− j2− j6Þ

ð2j1þ1Þð2j2Þ

s
; ð35Þ

λþ−ðj1;j2;j6Þ¼−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ j6þ j1− j2Þðj6− j1þ j2Þ

ð2j1þ1Þð2j2Þ

s
; ð36Þ

λ−þðj1;j2;j6Þ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ j6− j1þ j2Þðj6þ j1− j2Þ

ð2j1þ1Þð2j2þ2Þ

s
: ð37Þ

Similarly, we also obtain

Ls2s3ðb2; b3Þjj2; j3; j7i

¼ λs2s3ðj2; j3; j7Þ
����j2 þ s2

2
; j3 þ

s3
2
; j7

�
ð38Þ

Ls3s4ða3; b4Þjj3; j4; j8i

¼ λs3s4ðj3; j4; j8Þ
����j3 þ s3

2
; j4 þ

s4
2
; j8

�
: ð39Þ

In contrast, we have to be careful for the calculation of
Ls4s1ða4; a1Þjj1; j4; j5i because the ordering (4,1) in
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Ls4s1ða4; a1Þ is opposite to (1,4,5) in jj1; j4; j5i. This can be
done by using the permutation property (40) as

Ls4s1ða4; a1Þjj1; j4; j5i
¼ Ls4s1ða4; a1Þð−1Þj1þj4þj5 jj4; j1; j5i

¼ λs4s1ðj4; j1; j5Þð−1Þj1þj4þj5

����j4 þ s4
2
; j1 þ

s1
2
; j5

�

¼ ð−1Þs1þs4
2 λs4s1ðj4; j1; j5Þ

����j1 þ s1
2
; j4 þ

s4
2
; j5

�
: ð40Þ

Here we used the fact that 2ðj1 þ j4 þ j6Þ is an even integer
in the last line. We obtained the phase factor ð−1Þðs1þs4Þ=2
in addition to λs4s1ðj4; j1; j5Þ. We note that this phase
factor comes from the signature of the permutation
ð1; 4; 5Þ → ð4; 1; 5Þ. From these results, we get

trðU1U2U
†
3U

†
4Þjj1; j2; j6ijj2; j3; j7ijj3; j4; j8ijj4; j1; j5i

¼
X

s1;s2;s3;s4¼�1

λs1s2ðj1; j2; j6Þλs2s3ðj2; j3; j7Þ

× λs3s4ðj3; j4; j8Þλs4s1ðj4; j1; j5Þð−1Þ
s4þs1

2

×

����j1 þ s1
2
; j2 þ

s2
2
; j6

�����j2 þ s2
2
; j3 þ

s3
2
; j7

�

×

����j3 þ s3
2
; j4 þ

s4
2
; j8

�����j1 þ s1
2
; j4 þ

s4
2
; j5

�
: ð41Þ

In the same way, we can show trðU1U2U
†
3U

†
4Þjji ¼

trðU4U3U
†
2U

†
1Þjji.

In order to evaluate other plaquettes, we need the
formula of the phase factor. For a given plaquette
ði; j; k; lÞ ¼ p ∈ P, we can define the set of vertices:
Vp ¼ fði; j; cijÞ; ðj; k; cjkÞ; ðj; k; cjkÞ; ðk; l; cklÞ; ðl; i; cliÞg,
where cmn is the link that shares the vertex with the links m
and n. For ði; j; cijÞ ∈ Vp, there exists the corresponding
vertex ða; b; cÞ ∈ V that differs only the ordering from
ði; j; cijÞ. Equation (40) implies that the phase factor comes
from the signature of permutations, so that we define the
signature of ði; j; cijÞ ∈ Vp as

sgnði; jÞ

≔
	þ1 if ði; j; cijÞ is the even permuation of ða;b; cÞ
−1 if ði; j; cijÞ is the odd permuation of ða;b; cÞ :

ð42Þ

The phase factor of the action Lsisj is given as
½sgnði; jÞ�ðsiþsjÞ=2. For example, for the plaquette p ¼
ð1; 6; 9; 5Þ, we have Vp ¼ fð1; 6; 2Þ; ð6; 9; 10Þ; ð9; 5; 12Þ;
ð5; 1; 4Þg, and the corresponding vertex of ð1; 6; 2Þ ∈ Vp is
ð1; 2; 6Þ ∈ V. Then, c16 and sgnð1; 6Þ are c16 ¼ 2, and
sgnð1; 6Þ ¼ −1.

Using these definitions, we find the matrix element of the
magnetic part as

hj0jHMjji ¼ −K
X
p∈P

X
sl¼�1;l∈p

Y
ði;j;cijÞ∈Vp

× ½sgnði; jÞ�siþsj
2 λsi;sjðji; jj; jcijÞδj0;jþsp

2
; ð43Þ

where sp is a vector whose components are defined as

ðspÞi ¼
	
si ∈ f1;−1g if i ∈ p

0 else
: ð44Þ

In summary, the physical state is given in Eq. (16), and the
matrix element of the Hamiltonian is expressed as

hj0jHjji ¼
X
i∈L

jiðji þ 1Þ
2

δj0;j − K
X
p∈P

X
sl¼�1;l∈p

Y
ði;j;cijÞ∈Vp

× ½sgnði; jÞ�siþsj
2 λsi;sjðji; jj; jcijÞδj0;jþsp

2
: ð45Þ

III. REAL-TIME SIMULATION

A. Interaction quench

We consider the single cubic lattice with open boundary
conditions, shown in Fig. 1. We truncate the Schwinger
boson occupation number at jmax ¼ ðNR þ NLÞ=2. For
example, if we consider the lowest truncation jmax¼1=2,
the dimension of the local Hilbert space is 5. In the number
basis jNL↑NL↓ijNR↑NR↓i, these are explicitly given as
j00ij00i; j10ij10i; j10ij01i; j01ij10i; j01ij01i. Therefore,
the dimension of the full Hilbert space is 512∼2×108.
The full Hilbert space is so large that we cannot manage it in
numerical simulations except the lowest jmax. However, the
majority of the Hilbert space represents the redundancy
associated with the gauge symmetry, and we need only the
subspace (physical Hilbert space) obtained by solving the
Gauss law constraints (8). This process significantly reduces
the dimension of the Hilbert space, e.g., from 512 to 32 for
jmax ¼ 1=2. By explicitly solving the Gauss law constraints,
we can do numerical simulations with larger jmax.
We numerically solve the time-dependent Schrödinger

equation, i∂tjΨðtÞi ¼ HjΨðtÞi, in the physics Hilbert
space and Hamiltonian constructed in the previous section.
As an initial state, we choose the Fock vacuum defined by
aiðx; μÞjΨð0Þi ¼ biðx; μÞjΨð0Þi ¼ 0. The Fock vacuum is
the eigenstate of the electric Hamiltonian (6), that is, the
ground state of the Hamiltonian at the strong coupling limit
K ¼ 0. We study the real-time dynamics after the magnetic
Hamiltonian is switched on at t ¼ 0. We solved the time-
dependent Schrödinger equation based on the leap-frog
type discretization. We decompose the time-dependent
Schrödinger equation into two real-valued equations:
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∂tRe½jΨðtÞi� ¼ HIm½jΨðtÞi�; ð46Þ

∂tIm½jΨðtÞi� ¼ −HRe½jΨðtÞi�: ð47Þ

We regard the real and imaginary parts as “position” and
“velocity” and apply the leap-frog integrator. This method
is applicable only when the Hamiltonian is real-valued in
some basis.1 The numerical resources needed to obtain the
following results, e.g., with jmax ¼ 4 (d ¼ 87, 426, 119)
are 262 TFlops*hr for each K.

B. Thermalization time

We show the time evolution of the Wilson loop after the
interaction quench in Fig. 3. We clearly see the Wilson loop
rapidly reaches some equilibration value and fluctuates
around it. The fluctuation around the long time average
decreases as K increases, which is less than 1% for K > 5,
while it is about 15% for K ¼ 1 (see Table II). To reveal
whether the Wilson loop reaches the thermal state or not,
we computed the canonical ensemble average of the same
Wilson loop operator, ðTre−βHtrU□Þ=Z, where Tr repre-
sents the trace over the physical Hilbert space, β ¼ 1=T is
the inverse temperature, and Z ¼ Tre−βH is the partition
function. We choose β so that the canonical average of the
Hamiltonian ðTre−βHHÞ=Z equals the expectation value in
real-time evolution hΨðtÞjHjΨðtÞi ¼ hΨð0ÞjHjΨð0Þi ¼ E,
where E is the total energy that is equal to zero in our state.
We found that the long-time average is in accord with the
canonical ensemble average. This implies the Wilson loop
gets equilibrated to the thermal state. Since the fluctuations
for K ¼ 1, 2 are not small, we focus on the time evolutions
for K ¼ 5, 10, 15, 25 in the following.
Let us evaluate the timescale of relaxation to the thermal

equilibrium. We show the log plot of the deviation from the
long-time average in Fig. 4. The log plot shows linear
decreasing behavior in time, which implies the exponential
damping of the deviation, htrU□ðtÞi − htrU□i ∼ e−t=τeq ,
with htrU□i being the time average after thermalization.
Although the strength of the expectation values strongly
depends on K, the timescale of thermalization is insensi-
tive. There is an ambiguity to determine the thermalization
time due to oscillations of expectation values. We, here,
employ a linear fit using the peaks of the normalized
deviation log jhtrU□ðtÞi=htrU□i − 1j from t ¼ 0 to t ¼
25β in Fig. 4. The timescales of thermalization are
summarized in Table II, which are typically τeq ∼ 6.5 × β ∼
2πβ ¼ 2π=T. The timescale 2π=T is known as the
Boltzmann time [23,24].
For typical temperature of the quark-gluon-plasma

produced in RHIC, T¼200MeV, τeq ∼ 2π=T is 6 fm=c.

This is an order of magnitude larger than the timescale
expected from the hydrodynamic model (∼0.5 fm=c), and
the thermalization timescale 1=ðπTÞ ∼ 0.3 fm=c, observed
in calculations based on the gauge/gravity duality [5–8].
Next, to deepen understanding of the thermalization

from the dynamics of the wave function, we compute the
vacuum persistent probability, which is also known as the
Loschmidt echo or fidelity in the context of quantum
chaos [25] and dynamical quantum phase transition [26].

FIG. 3. Time evolution of the Wilson loop defined on the
plaquette colored in Fig. 1 in units of β for K ¼ 1 (top, blue),
K ¼ 2 (top, red), K ¼ 5 (bottom, blue), K ¼ 10 (bottom, red),
K ¼ 15 (bottom, green), and K ¼ 25 (bottom, magenta). The
dashed lines show the canonical ensemble average. The values of
β are shown in Table II.

TABLE II. Time average after thermalization htrU□i, the
canonical ensemble average htrU□ican of the Wilson loop, and
the corresponding inverse temperature β:σ, τeq, and τLE are the

normalized standard deviation
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðhtrU□i=htrU□i − 1Þ2

q
, the re-

laxation time to the thermal state, and the timescale of the
exponential decay of the Loschmidt echo, respectively.

K 1 2 5 10 15 25

htrU□i 0.726 0.842 0.883 0.711 0.548 0.358
htrU□ican 0.759 0.865 0.896 0.714 0.549 0.361
β 0.937 0.491 0.196 0.0800 0.0422 0.0171
σ 0.15 0.075 0.014 0.0014 0.0014 0.0047
τeq=β 9.5 6.4 6.4 6.4 6.6 7.4
τLE=β � � � � � � � � � 0.23 0.28 0.40

1It was found to be less efficient in our case, but for a generic
Hamiltonian, we can solve the unitary evolution jΨðtÞi ¼
e−iHtjΨð0Þi based on the Krylov subspace method.
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The Loschmidt echo is defined as PvacðtÞ ¼ jhΨð0ÞjΨðtÞij2,
and quantifies the deviation of the state at time t [jΨðtÞi]
from the initial state t ¼ 0 [jΨð0Þi]. We show the time
evolution of the logarithm of the Loschmidt echo after the
interaction quench in Fig. 5. The wave function rapidly
spreads out to the entire physical Hilbert space, and then
after the timescale where the Wilson loop gets equilibrated,
the spreading also stops and fluctuates around equilibrium
values. We can see three characteristic time regions: early,
intermediate, and late time. At the early time, the logarithm
of the Loschmidt echo shows a quadratically decreasing,
logPvacðtÞ ≃ −η2t2. The value of η depends on the strength
of the interaction. We can nicely fit the data as η ∼ 2.5 × K,
which is independent of the temperature. At the intermedi-
ate time, logPvacðtÞ is linearly damping with oscillations,
−t=τLE. Again, this is oscillating, so that we employ a linear
fit using points at the peak positions. It is, however, not
easy to evaluate τLE for K ≤ 5 because no clear peaks are
found. We here only evaluate τLE for K > 5, which leads
to the typical timescale, τLE ∼ 0.3 × β ∼ 1=ðπTÞ. This is

comparable to the thermalization timescale observed in
calculations based on the gauge/gravity duality [5–8]. At
the late time, logPvacðtÞ fluctuates around −10.

C. jmax dependence

Finally to see the dependence of the truncation of spins
(i.e., the jmax dependence), we show the time evolution
of the Wilson loop by changing jmax in Fig. 6 with an
intermediate coupling K ¼ 10. We also show the jmax
dependence of the normalized deviation of the sameWilson
loop from its long-time average in Fig. 7. We see that the
relaxation timescale is insensitive to the choice of jmax, in
particular for jmax > 2, where the dimension of the Hilbert
space is larger than 106. In this case, the quantitative

FIG. 4. Normalized deviation from the long-time average in
units of β, log jhtrU□ðtÞi=htrU□i − 1j, for K ¼ 5 (blue), K ¼ 10
(red), K ¼ 15 (green), and K ¼ 25 (magenta). The values of β are
shown in Table II. The black dotted-line shows −t=ð2πβÞ.

FIG. 5. Time evolution of the logarithm of the vacuum
persistent probability in units of β for K ¼ 5 (blue), K ¼ 10
(red), K ¼ 15 (green), and K ¼ 25 (magenta). The values of β are
shown in Table II.

FIG. 6. Time evolution of the Wilson loop defined on the
bottom plaquette in Fig. 1 in units of β for K ¼ 10, and jmax ¼
3=2 (yellow), jmax ¼ 2 (cyan), jmax ¼ 5=2 (magenta), jmax ¼ 3
(red), jmax ¼ 7=2 (green), and jmax ¼ 4 (blue). The values of β
for K ¼ 10, and jmax ¼ 3=2 (yellow), jmax ¼ 2 (cyan), jmax ¼
5=2 (magenta), jmax ¼ 3 (red), jmax ¼ 7=2 (green), and jmax ¼ 4
(blue) are 0.03034, 0.04093, 0.05127, 0.06173, 0.07134, and
0.07996, respectively. The dashed lines show the canonical
ensemble averages.

FIG. 7. Normalized deviation from the long-time average in
units of β, log jhtrU□ðtÞi=htrU□i − 1j, for K ¼ 10 and jmax ¼
3=2 (yellow), jmax ¼ 2 (cyan), jmax ¼ 5=2 (magenta), jmax ¼ 3
(red), jmax ¼ 7=2 (green), and jmax ¼ 4 (blue). The black dotted
line shows −t=ð2πβÞ.
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discussion of the relaxation time is possible within the
numerically reachable jmax.
To see the jmax dependence of the absolute value of the

Wilson loop. We show the canonical average of the Wilson
loop (corresponding to stationary values in Fig. 6) by
changing jmax in Fig. 8 with an intermediate coupling
K ¼ 10. Using the linear and quadratic polynomial fitting,
we estimate the canonical average with jmax → ∞ as
1.33� 0.08 (linear), and 1.50� 0.13 (quadratic). The
largest three jmax are used for the linear fitting, while all
jmax are used in the quadratic fitting. Here the errors are
estimated from the 95% confidence interval. We show the
fitting curves in Fig. 8. Although the two estimations give
the consistent results within the error bars, each data
strongly depends on jmax as seen in Fig. 8, and results
in large extrapolation errors. This result implies that we
may need larger jmax for the complete quantitative research.

IV. SUMMARY AND OUTLOOK

We have studied the real-time evolution of the SU(2)
Yang-Mills theory in a (3þ 1)-dimensional small lattice
system after interaction quench. We have numerically
solved the Schrödinger equation in the reduced Hilbert

space obtained by explicitly solving the Gauss law con-
straints. We have observed the thermalization to the
canonical state; the relaxation time τeq is insensitive to
the strength of the coupling constant, and scaled by the
Boltzmann time 2π=T. The observed thermalization is very
rapid compared with conventional matters, but it is still an
order of magnitude larger than the one expected from the
hydrodynamic model.
We hope that our numerical simulations in small systems

share essential features of nonequilibrium dynamics with
real QCD, although we need to confirm it by conducting a
more comprehensive study in future works, e.g., checking
the jmax, system size, and initial-state dependences of the
relaxation time, changing the lattice geometry, generalizing
to the SU(3) group, and so on. In particular, the strong jmax
dependence is observed in the absolute value of the Wilson
loop, although the relaxation time is less insensitive to jmax.
We may elaborate on these in future research.
Furthermore, using our formulation, we can attack

important problems of nonequilibrium QCD. For example,
we can compute the Kubo formula and estimate transport
coefficients in a small system. We can also compute the so-
called out of time-order correlators, and confirm whether
the lattice Yang-Mills theory saturates the maximum bound
on the quantum Lyapunov exponent conjectured on the
basis of the gauge/gravity duality [27].
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APPENDIX: EIGENVALUES OF THE
HAMILITONIAN

We show the eigenvalues of the Hamiltonian near the
ground state in Table III.

FIG. 8. Extrapolation of the canonical average of the Wilson
loop to jmax → ∞ for K ¼ 10. Blue dots show the canonical
average of the Wilson loop at each jmax. Blue solid and red
dashed curves show the results of the linear and quadratic
polynomial fittings, respectively.

TABLE III. Smallest ten eigenvalues of the Hamiltonian and the relative error jjðH − EnÞjψnijj=jjEnjψnijj with
jψni being the eigenvector for jmax ¼ 4.

1 2 5

K −En error × 10−10 −En error × 10−10 −En error × 10−10

n ¼ 0 3.469117 2.79713 10.605675 3.88412 37.056150 54.1126
n ¼ 1 1.629849 12.5664 7.448886 99.9802 31.451932 3.23442
n ¼ 2 1.130174 7.8021 7.053874 51.3475 31.133443 0.189302
n ¼ 3 1.130174 11.1765 7.053874 3.1379 31.133443 35.0567

(Table continued)
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