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Abstract: In this work celebrating the centenary of quantum mechanics, we review the
principles of the de Broglie–Bohm theory (dBB), also known as pilot-wave theory. We assess
the most common reading of it (the Nomological interpretation based on the notion of
primitive ontology in tridimensional space) and defend instead a more causal and pluralistic
approach, drawing on classical analogies with optics and hydrodynamics. Within this
framework, we review some of the approaches exploiting mechanical analogies to overcome
the limitations of the current dBB theory and perhaps quantum mechanics itself.
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1. Introduction

One hundred years ago, quantum mechanics was founded following Heisenberg’s
fundamental work on matrix mechanics [1,2]. These brilliant results were amplified and
developed by Heisenberg in collaboration with Born, Jordan, Pauli, Dirac [2], and under
the patronage of Bohr, who, in 1927, concluded this prolific period with the introduction
of the principle of complementarity [3], the keystone of what later became known as
the Copenhagen school. At the same time, Schrödinger, building on de Broglie’s ideas,
founded wave mechanics in 1926 and introduced the famous equation that bears his
name [4]. The two approaches of Heisenberg on the one hand and Schrödinger on the other
differed fundamentally in their methods and objectives. Whereas Heisenberg, inspired by
Mach’s positivism and the work of Bohr, Kramers, and Sommerfeld, sought to eliminate
unobservable quantities from quantum theory, Schrödinger wanted to obtain a mechanical
image of the electron in the classical sense but representing it as a vibration extended
in space. Schrödinger’s interpretation of his wave function Ψ(q, t) (defined at time t

at coordinate point q := [q1, . . . , q3N ] in the 3N-dimensional configuration space for N

particles) was strongly criticized by Heisenberg and Bohr, and the story goes that it was
finally Born who officially proposed in 1926 [5] to interpret the density |Ψ(q, t)|2 as a
probability density in configuration space (i.e., eliminating trajectories and determinism
from quantum theory).

The official, orthodox interpretation of quantum mechanics thus completely absorbed
the Schrödinger wave equation into its general formalism, providing it with a powerful
tool without changing the corpus of principles of the Copenhagen interpretation. In fact,
in this theory, the probability |Ψ(q, t)|2d3Nq represents the probability of observing at time
t the system in the 3N-dimensional d3Nq configuration space element. However, this is by
no means a probability of occurrence or presence in the classical sense, as the particles are
not assumed to have trajectories or even a pre-existing experimental measurement (in this
respect, the situation is very different from the classical statistical mechanics used to justify
thermodynamics).
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We could, in principle, stop our little summary of the great history of quantum
mechanics here, but that would of course be a gross oversimplification. Indeed, up to
now we have completely overlooked de Broglie, who, in 1923, developed a very different
image of quantum theory [6]. In fact, unlike the Copenhagen school, which was strongly
dominated by the positivist and instrumentalist currents of his time, de Broglie sought
to unify quantum theory and classical physics in a mechanical vision in which particles
have trajectories but are guided by waves [7–9]. This essentially deterministic vision
differed greatly from Born’s probabilistic and stochastic version, which profoundly rejected
any return to an approach involving particle trajectories in space-time or configuration
space. De Broglie’s point of view also differed sharply from Schrödinger’s approach, which
eliminated trajectories and retained only the wave.

To celebrate the birth of quantum mechanics, we propose to look back at the birth of
de Broglie’s theory, which has often been overlooked. The aim is to recall the assumptions
on which this original dynamical approach is based and also to discuss the particular
conditions and constraints of this theory that would allow it to be generalized. Indeed,
as de Broglie’s approach is essentially based on an analogy with classical mechanics (as
we shall recall, starting with the Hamilton–Jacobi equation), the question immediately
arises as to whether this analogy is complete. Indeed, the Hamilton–Jacobi approach,
which is linked to fluid dynamics and the Euler–Bernoulli equation, is not the most generic
description of an inviscid continuous fluid. In fact, extensions were discussed in the 1950s
by Takabayasi [10] and Schönberg [11] after Bohm’s rediscovery of de Broglie’s theory in
1952 [12]. In this article, we would like to re-analyze these somewhat forgotten approaches
within the context of the modern de Broglie–Bohm theory (dBB) [13–16].

This article is organized as follows: In Section 2, we review the basics of the dBB theory,
with particular reference to Madelung’s hydrodynamic formalism. In Section 3, we discuss
the “mainstream” current interpretation of the dBB theory, i.e., the so-called “nomological”
interpretation of Dürr, Goldstein, and Zanghì (DGZ) [17,18]. We criticize this interpretation
and show its physical limitations. In Section 4, we show how we can move beyond the
nomological interpretation and seek to extend the accepted dBB theory. In that section, we
focus on the Bohm–Vigier research program [19,20] taken up by Valentini [21,22], which
seeks to relax the statistical equilibrium conditions that usually give the famous Born
rule in |Ψ|2. In Section 5, we look at interpretations that seek to modify Bohm’s theory
from a dynamic point of view. This essentially includes Bohm’s approaches involving
stochastic terms. However, we are rather critical of this program and prefer to consider
in Section 6 the extension of the dBB theory involving a vorticity field associated with
particle velocity. We show that this type of theory could nicely extend the framework of the
de Broglie–Bohm approach, while defining a field that could potentially link up with the
research proposed by Bohm–Vigier and Valentini. Finally, we conclude and summarize our
analysis in Section 7.

2. The de Broglie–Kennard–Bohm Theory and the Madelung
Hydrodynamical Approach

First, we briefly summarize the method de Broglie developed to obtain his wave-guided
particle mechanics, based on Schrödinger’s wave theory. In fact, both de Broglie’s [8,9]
approach and Schrödinger’s [4] approach made extensive use of classical analogies with
the famous Hamilton–Jacobi (HJ) mechanics, where classical particles are guided by a
function S(q, t) known as the HJ action (for a technical discussion, see [14,23–25]). In this
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formalism, the guiding formula for the system described by the position variable q(t) is
given by:

mk
d

dt
qk(t) = ∂kS(q(t), t) (1)

with ∂k := ∂
∂qk

, and mk are the particles masses k = 1, . . . , 3N (here, mk are degenerated
three by three: m1 = m2 = m3, . . . , m3N−2 = m3N−1 = m3N). This dynamics corresponds
to the nonrelativistic HJ equation

−∂tS(q, t) = ∑
k

1
2mk

(∂kS(q, t))2 + V(q, t)

= ∑
k

mk

2
(q̇k)

2 + V(q, t) (2)

in the presence of external potential V(q, t) (we use ∂t := ∂
∂t ). −∂tS plays the role of

the energy, and the HJ relation is more generally written −∂tS = H(q, p, t) with H the
Hamiltonian and p = ∂qS(q, t) := [p1 = ∂kS(q, t), . . . , p3N = ∂3NS(q, t)] the momenta of
the particles.

De Broglie’s beautiful central idea was to retain the guiding formula Equation (1) but
modify the HJ wave equation, Equation (2), by replacing it with the Schrödinger equation

i∂tΨ(q, t) = ∑
k

−1
2mk

∂2
kΨ(q, t) + V(q, t)Ψ(q, t) (3)

(in the following, we assume natural units h̄ = c = 1). The mathematical development
begins with the polar equation Ψ(q, t) = R(q, t)eiS(q,t) (R and S being real functions of q

and t), which is inserted into Equation (3) to obtain the pair of equations:

−∂tS(q, t) = ∑
k

1
2mk

(∂kS(q, t))2 + V(q, t) + VΨ(q, t) (4)

∑
k

∂k(R2(q, t)
∂kS(q, t)

mk
) + ∂tR

2(q, t) = 0. (5)

Clearly, Equation (4) is reminiscent of Equation (3) with the additional quantum potential

VΨ(q, t) = ∑
k

−1
2mk

∂2
k R(q, t)

R(q, t)
(6)

which disappears if the Planck constant h̄ vanishes. The dynamics proposed by de Broglie
is thus given by a quantum version of the HJ equation involving VΨ(q, t). The guidance
formula Equation (1) suggests itself, where S(q, t) is now the phase of the wave function Ψ

(i.e., S = − i
2 log (Ψ/Ψ∗))

pk = mk
d

dt
qk(t) = ∂kS(q(t), t) = Im[

∂kΨ(q, t)

Ψ(q, t)
]. (7)

De Broglie’s particle trajectories are obtained by the integration of the first-order differential
equations

m1dq1

∂1S(q(t), t)
= . . . =

m3Ndq3N

∂3NS(q(t), t)
= dt. (8)
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An important relation is obtained by taking the gradient ∂j of Equation (4):

d

dt
vj(q, t) = (∂t + ∑

k

vk(q, t)∂j)vj(q, t) = − 1
mk

∂j(V(q, t) + VΨ(q, t)) (9)

This is Newton’s (second-order) law of motion for the particles in the presence of V(q, t)

and VΨ(q, t). Naturally, in the absence of quantum potential, we recover classical mechanics,
which is just another way of saying that the classical (or quantum) HJ formalism agrees
with the Newtonian formalism in terms of force and acceleration. It should be noted that
the fact that Newton’s laws can be recovered from the HJ formalism does not imply that the
two approaches, HJ and Newton, are equivalent. Indeed, the HJ formalism only considers
a restricted class of motions and trajectory distributions in configuration space that are
compatible with Newton’s laws (we come back to this issue later).

Another remarkable property of de Broglie’s approach is that it gives immediate
meaning to Equation (5), which can be written as:

∑
k

∂k(R2(q, t)vk(q, t)) + ∂tR
2(q, t) = 0.. (10)

where vk(q, t) is an Eulerian velocity field for the probability fluid with density ρΨ(q, t) :=
|Ψ(q, t)|2. The Eulerian velocity is in fluid dynamics equals to the Lagrange particle velocity
d
dt qk(t) := q̇k(t) along a given trajectory of the system (i.e., d

dt qk(t) = vk(q(t), t)). Therefore,
the velocity of the probability fluid coincides with the de Broglie guidance formula obtained
from Equation (4).

From a historical point of view, it is worth noting that although de Broglie began work-
ing on his approach as early as his thesis work in 1923–1925 [6], he did not introduce the
polar representation until 1925–1926 in the context of his double-solution theory [7,26,27]
(we go back to this point later) and only made full use of it when Schrödinger obtained
his equation. In 1926, Brillouin [28] (who worked in the same laboratory as de Broglie)
used polar notation to develop the famous WKB (Wentzel-Brillouin-Kramers) semiclassical
approximation, starting from a h̄ power expansion of quantum HJ. The exact representation
given by Equations (4) and (5) was not introduced by de Broglie until 1927 [7], simultane-
ously with Madelung, who started working on it in 1926 [29,30] (and the representation
is also called the Madelung representation for this reason). De Broglie applied it to both
the nonrelativistic Schrödinger equation (for N particles) [7–9] and the relativistic version
based on the Klein–Gordon equation (which was actually first published by de Broglie) for
one particle [31,32].

De Broglie presented his theory at the famous Solvay Congress in 1927 [8], and it was
discussed by Lorentz, Kramers, Pauli, Ehrenfest, Brillouin, and Einstein. Despite Einstein’s
and Brillouin’s support in principle, the community of physicists working around Bohr
and Born (which included the entire Copenhagen school) as a whole rejected the value of
an approach based on the notion of a deterministic trajectory. Moreover, the non-intuitive
nature of Broglian dynamics did not work in its favor. As a result, de Broglie abandoned
his project in 1928.

Remarkably, de Broglie’s pilot-wave theory was nevertheless rediscovered several
times in the course of the twentieth century. The most famous of these rediscoveries
was of course Bohm’s in 1951–1952 [12,33], and for this reason, the theory is called de
Broglie–Bohm. However, before Bohm, it was also rediscovered by Kennard in 1928 [34]
and critically analyzed by Rosen in 1945 [35]. In particular, Kennard, before Bohm [36],
proposed the first application of the theory to explain quantum measurement processes [34].
The important point is that both Kennard and Rosen do not refer to de Broglie but cite
Madelung’s work. So it is worth saying a word here about Madelung’s hydrodynamical
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theory, which is formally (but not physically) equivalent to de Broglie’s in the nonrelativis-
tic domain.

In fact, Madelung’s theory [29,30] differs essentially only in the physical interpretation
of trajectories and dynamics calculated from the guidance formula and the HJ equation.
More precisely, Madelung adopts the pure-wave Schrödinger interpretation for a delocal-
ized electron and interprets the ρ(q, t) distribution not as a probability density but rather
eρ(q, t) as the charge density of a hypothetical electron fluid (e being the full electron
charge). This perspective is now completely outdated but the hydrodynamical formalism
is still valuable for the physical description of supraconductivity and superfluidity [37] and
quantum plasma [38] (remarkably the term plasmon was introduced by Bohm and Pines in
the 1950’s [39] and the research work of Bohm on plasma played a role in his rediscovery of
the pilot-wave theory). The description makes use of the fact that formally, the HJ equation
is equivalent to the generalized Euler–Bernoulli equation for an inviscid fluid without
vorticity. To motivate this result, we recall [40] that in classical hydrodynamics (in 3D),
an Eulerian inviscid fluid obeys a pair of equations:

d

dt
v(r, t) = (∂t + v(r, t) ·∇)v(r, t) = −∇

V(r, t)

m
− 1

µ(r, t)
∇P(r, t) (11)

∂tµ(r, t) +∇ · (µ(r, t)v(r, t)) = 0 (12)

with ∇ := ∂
∂r , and where v(r, t), µ(r, t) = mρ(r, t), V(r, t), P(r, t) are, respectively, the

velocity field, the mass density (each particle having the mass m), the external potential,
and the pressure field defined at position r = [x, y, z] and time t in the fluid. Equation (11)
is of course Euler’s equation (i.e., Newton’s dynamical law for the local fluid), and Equa-
tion (12) is a local mass conservation law. Furthermore, we now assume a barotropic fluid,
P = P(ρ), and we have 1

ρ∇P = ∇F with the function F(ρ) =
∫ ρ

dp/ρ. After using the

identity ∇( v2

2 ) = (v ·∇)v + v × Ω (where Ω = ∇× v is the local vorticity), we deduce:

∂tv +∇[
v2

2
+

F + V

m
] = v × Ω (13)

and therefore, taking the curl of Equation (13), we obtain the evolution equation for the
vorticity field

∂tΩ = ∇× (v × Ω) (14)

= (Ω ·∇)v − Ω(∇ · v)− (v ·∇)Ω (15)

Clearly, from Equation (14), we see that if the vorticity field is vanishing, Ω = 0, at a given
time, this will be so at any other time. A stronger result is obtained with Equation (15)
rewritten as d

dt Ω = (Ω ·∇)v − Ω(∇ · v) or with Equation (12) d
dt (

Ω

ρ ) = (Ω

ρ ·∇)v, from
which we deduce that once the condition Ω(r, t) = 0 is assumed at a given space-time point
[r := R(t), t], then Ω(r′, t′) = 0 still holds true at any other space-time point [r′ := R(t′), t′]
belonging to the Lagrangian trajectory of the fluid particle R(t). Considering an irrotational
fluid, we can thus write

v(r, t) = ∇
S(r, t)

m
(16)
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where S(r, t)/m plays the role of velocity potential. Equation (16) is formally identical to the
guidance formula used in the HJ formalism. Moreover, Equation (13) can be rewritten as
∇[∂tS + mv2

2 + F + V] = 0, from which we obtain the generalized Euler–Bernoulli formula:

−∂tS(r, t) =
(∇S(r, t))2

2m
+ F(r, t) + V(r, t) + f (t) (17)

where f (t) is an arbitrary function of time which can be absorbed in the definition of S(r, t).
When this is done, Equation (17) is formally identical to the classical HJ Equation (3) (in
three dimensions) up to the term F(r, t) associated with the “1internal energy” of the fluid.
Note that we can be more explicit concerning the physical meaning of the function F. More
precisely, in the steady regime where the various fields P, ρ, v are not explicit functions of
time t, we can derive from thermodynamics the relation ∇( h

ρ ) =
1
ρ∇P + T∇( η

ρ ), where
η(r) is the density of entropy (entropy per unit volume) and h(r) = ϵ(r) + P(r) is the local
density of enthalpy, the sum of the density of internal energy ϵ and local pressure P. In the
adiabatic case with an η/ρ constant, we therefore have ∇( h

ρ ) =
1
ρ∇P. In this steady regime,

we have h
ρ := F =

∫ ρ
dp/ρ, which shows that F is actually a kind of internal enthalpy.

Madelung’s formalism builds on this hydrodynamic analogy and introduces a quan-
tum fluid of density ρ(r, t) = R2(r, t) associated with Schrödinger’s delocalized electron
but replaces the isotropic pressure field P(r, t) of standard hydrodynamics with a stress
tensor σij(r, t) such that ∇P(r, t) is replaced by ∇· ↔

σ (r, t) in Equation (14). In order to

recover Equation (9) in 3D, we must have 1
ρ∇· ↔

σ= ∇VΨ with Vψ = −1
2m

∇2R
R . The simplest

choice is:

σij(r, t) =
−ρ(r, t)

4m
∂i∂j log (ρ(r, t)) (18)

Using Equation (18), the pair of hydrodynamical relations (11), (12) becomes:

d

dt
v(r, t) = −∇

V(r, t)

m
− 1

µ(r, t)
∇· ↔

σ (r, t) = −∇
V(r, t) + VΨ(r, t)

m
(19)

∂tR
2(r, t) +∇ · (R2(r, t)v(r, t)) = 0 (20)

The analogy with standard and phenomenological hydrodynamics is very strong with the
function F replaced by the quantum potential VΨ. Therefore, Equations (13)–(15) still hold.
Madelung effectively considered an irrotational fluid, Ω = ∇× v = 0, which implies a
velocity potential S(r, t)/m such that the guidance Formula (16) and Euler–Bernoulli law
Equation (17) hold true.

Therefore, having obtained the pair of equations

−∂tS(r, t) =
(∇S(r, t))2

2m
+ VΨ(r, t) + V(r, t) (21)

∂tR
2(r, t) +∇ · (R2(r, t)∇

S(r, t)

m
) = 0 (22)

and used the definition Ψ =
√

ρeiS, with Madelung, we have recovered Schrödinger’s
equation for a single electron and built a hydrodynamical picture of Ψ.

Note that Madelung’s hydrodynamic formalism can be generalized to the N-electron
problem (in 3N-dimensional configuration space), although Madelung himself, inspired by
the work of Schrödinger, who, in 1926–1927, hoped to get rid of the configuration space
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completely, did not do so. Making the link with the de Broglie’s approach presented earlier,
the general idea is to start from the “hydrodynamic” equations in configuration space:

d

dt
pk(q(t), t) := (∂t + ∑

j

pj

mj
∂j)pk(q, t) = −∂k(V(q, t) + VΨ(q, t)) (23)

∑
k

∂k(R2(q, t)
pk

mk
) + ∂tR

2(q, t) = 0. (24)

with pk(q, t) = mkvk(q, t) := mk
d
dt qk(t) the particle momenta. Generalizing Equation (13),

we obtain the relation

∂t pk + ∂k(∑
j

p2
j

2mj
+ V + VΨ) = −∑

j

pj

mj
ωjk (25)

with the impulse vorticity in the configuration space ωjk = ∂j pk − ∂k pj. We deduce the
vorticity equation

∂tωik = −∂i(∑
j

pj

mj
ωjk) + ∂k(∑

j

pj

mj
ωji) (26)

which generalizes Equation (14). With Madelung, we can postulate an irrotational fluid,
i.e., one that cancels out the impulse vorticity: ωij(q, t) = 0. This allows a gradient field to

be created vk(q, t) = pk
mk

= ∂kS(q,t)
mk

, in agreement with de Broglie–Bohm guidance formula,
and the Euler–Bernoulli equation equivalent to the HJ equation of the pair of Equations (4)
and (5) to be justified by integration.

To conclude this section, we would like to make a few important remarks. Firstly, in our
descriptions of de Broglie and Madelung’s methods in relation to HJ and Euler equations,
we did not seek to be rigorous about the equivalence between the approaches. An inter-
esting point to note, however, is that the transition from the classical HJ to Schrödinger
equation is symmetrical in the sense that if we admit the HJ relations (2), and if we adjoin
a probability density ρ(q, t) obeying local conservation ∑k ∂k(ρ(q, t) pk

mk
) + ∂tρ(q, t) = 0

in configuration space, then it is possible in classical physics to formally define a com-
plex number Ψclass.(q, t) =

√

ρ(q, t)eiS(q,t)/a (with a a dimensionless constant; as we have
posited h̄ = 1, if we restore the constant h̄, then a must be replaced by ah̄) satisfying the
nonlinear Schrodinger equation:

ia∂tΨclass.(q, t) = ∑
k

−a2

2mk
∂2

kΨclass.(q, t) + V(q, t)Ψclass.(q, t)− VΨclass.
Ψclass.(q, t) (27)

with the classical analog of the quantum potential VΨclass.
= ∑k

−a2

2mk

∂2
k

√
ρ(q,t)√

ρ(q,t) = ∑k
−a2

2mk

∂2
k |Ψclass.|(q,t)
|Ψclass.|(q,t) .

The presence of this potential in Equation (27) is necessary in order to recover the clas-
sical HJ relation (2) (this issue was discussed by Schiller [41], Rosen [42], Holland [14],
and Vigier [43]). This shows once more the equivalence between different representations
(involving wave functions or hydrodynamical variables) not only in quantum but also in
classical physics.

Another important remark (connected to the previous ones) concerns a postulate
which plays a central role in quantum mechanics and which we have so far omitted to
discuss. It is indeed central to all quantum mechanical problems to assume that the wave
function Ψ(q, t) is continuous, regular, and single-valued. This point is trivially accepted
in textbooks and articles, but it implies that in the Madelung–de Broglie representation,
the phase or action S(q, t) can only be defined to within 2π. Specifically, as noted by Tak-
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abayasi [44] (see also Holland [14], Berry [45], and Bialinicky-Birula [46,47]), if we integrate
the field p = ∇S along a closed contour C in the configuration space, we must have the
quantization condition for the circulation:

∮

C
∑
k

pkdqk = 2πN (28)

with N an integer, which clearly generalizes the semiclassical Bohr–Sommerfeld formula.
A non-zero integer N reveals the presence of phase singularities (or vortices) in the con-
figuration space. These vortices can only appear at points q where the wave function
Ψ(q, t) = A(q, t) + iB(q, t) (A, B ∈ R) cancels out, which occurs at the intersection of sur-
faces A(q, t) = B(q, t) = 0 along open or closed nodal lines where the phase is undefined.
In keeping with the non-rotational nature of the Madelung fluid, this implies (by analogy
with magnetostatics) a localized current term along singularities. According to Holland [14],
in the 3D case, we have

mΩ(x, t) = m∇× v(x, t) = ∑
a

2πNa

∫

La

∂za(λa, t)

∂λa
δ3(x − za(λa, t))dλa (29)

where za(λa, t) are coordinates of a point on the ath nodal line La (λa is a parameter),
and Na is an integer characterizing the vortex. Note that following Kelvin’s theorem in
hydrodynamics, integral (28) is a constant of motion: the vortex can change its shape with
time but integral (28) (i.e., the circulation along a loop) is preserved and carried with the
local Madelung flow. This is clearly a topological property of the Madelung fluid. We
stress that the need for the condition (29) in quantum mechanics has sometimes been used
by some [44,48] to argue that Madelung’s hydrodynamic formalism and the Schrödinger
equation are not equivalent. In our view, however, the controversy only shows that the Ψ

condition of continuity and regularity, implying Equations (28) and (29), is not imposed by
math but by physics. For example, condition (28) is central to explain angular momentum
quantization in atoms. Equation (29) is therefore a topological physical property that must
be postulated in quantum mechanics to agree with experiments. It is also notable that such
a quantization condition is not necessary in classical physics within the framework of HJ
dynamics or Eulerian fluid mechanics (the classical function S(q, t) has not in general to be
continuous up to 2π). This is an important point, and we come back to its significance later.

3. The Nomological Interpretation and Its Problems

Following the results obtained in the previous section, we can clearly see the emergence
of interesting problems concerning the foundations of the dBB theory. We saw with
de Broglie that it was possible to define quantum dynamics for material points guided
by the phase S(q, t) of the wave function Ψ(q, t). This phase obeys a generalized HJ
equation involving a quantum potential VΨ(q, t) acting in configuration space and whose
expression is highly non-classical. Moreover, to achieve equivalence with the Schrödinger
equation, we must also impose the conservation relation for the fluid of density R2(q, t)

in configuration space. In this way we have the trio of Equations (4)–(6) defining the de
Broglie–Bohm dynamics.

However, it is at this point that divergent interpretations arise, and “Bohmians” or
“Broglians” differ as to the right axioms to choose for the theory.

One of the most popular interpretations, dating back to the work of de Broglie and
Bohm, compares Ψ to a pilot wave carrying a solid particle (like a surfer on his wave
or a “tracer” following the hydrodynamical flow). Although the analogy is useful for a
single particle, it poses problems for the N-body case, as the Ψ(q, t) wave generally moves
in configuration space inducing nonlocality between particles (making the pilot-wave
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image less appealing). In particular, the status of hypothetical “empty waves” (and their
undetectability) containing no particle (and therefore energy) is still hotly debated [49–54].

In this context, the interpretation or reading most often cited today is probably that
associated with the seminal work of DGZ [17,18,55–59], who, drawing on the work of
John Bell [60] (at least at a formal level), very cleverly sought to define a minimalist
formulation of what they called dBB mechanics (however, in this work, we continue to use
the expression dBB theory even for the DGZ approach). In that approach, it is no longer
necessary to invoke the HJ equation, the conservation of probability fluid constraint, or the
polar expression of Ψ, and it suffices to take as starting axioms the guiding formula and the
Schrödinger equation:

{

i∂tΨ(q, t) = ∑k
−1
2mk

∂2
kΨ(q, t) + V(q, t)Ψ(q, t)

mk
d
dt qk(t) = Im[ ∂kΨ(q,t)

Ψ(q,t) ]
(30)

The great austerity and conciseness of this approach explains its pedagogical and philo-
sophical interest. Indeed, by eliminating any reference to the HJ or Newton equation at a
fundamental level, we obtain a description of dBB trajectories reduced to a simple algo-
rithm free of classical metaphysical prejudice. This greatly simplifies the introduction of
this theory at an elementary level. On the other hand, Goldstein, Tumulka, and Zanghì [61]
(but also Valentini [21,22] and de Broglie [43,49]) criticized the quantum potential VΨ for its
mysterious nature. It is in fact very different from a traditional force potential such as the

Coulomb or gravitational force. Indeed, the quantum potential ∑k
−1
2mk

∂2
k R(q,t)
R(q,t) is expressed

as a ratio involving the |Ψ(q, t)| norm and is unchanged if the wave function is multiplied
by an arbitrary constant. What is more, it acts in the configuration space dependent on
all positions q1 . . . , qN in a highly nonlocal manner. It has no universal expression (unlike
the gravitational or electrostatic potential). It does not weaken with distance in a trivial
way, can act in a very specific way between two distant particles but can spare neighboring
ones, and does not appear to have a source (unlike, for example, electric or gravitational
potential). The elimination of any reference to VΨ and the HJ equation therefore seems
a good thing, and this argument has been very often taken up by dBB advocates and
many philosophers.

It is clear, however, that the system of Equation (30) is dissymmetrical, since, on
the one hand, the Schrödinger equation is sufficient on its own (by imposing boundary
conditions and adding a continuity postulate of Ψ) to determine the evolution of the wave
function. In contrast, particle motion q(t) is affected by Ψ. There is no back-action (reac-
tion) of the particle on the wave, contrary to what we might expect from any mechanical
explanation involving the interaction of a Ψ field and particles. Moreover, particles are
of course definable both in configuration space and in three-dimensional physical space.
This is not the case for the wave function, which is defined only in configuration space.
This seems to introduce a strange ontological gap [62]: how can a theory be built with
variables acting in different spaces? It is of course possible to say that the real fundamental
space is the configuration space (this is the choice of the philosopher David Albert [63],
for example), but this does not convince everyone. The configuration space depends on the
number of particles presented. Is it realistic to envisage a universe in which the number of
dimensions changes as the number of particles increases or decreases? This goes against de
Broglie’s remark [9,49]: to have a space of configurations, there must be configurations, in
the sense that the space of configurations presupposes the existence of a three-dimensional
physical space and not the other way round. To avoid all these problems, DGZ [17,58]
(see also [18,59]) proposed interpreting the Ψ wave not as a physical field variable but as
a dynamic or nomological variable, i.e., one associated solely with the notion of a law of
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motion. According to that approach, the “primitive” variables of the theory are the q(t)

coordinates of the particles located in space-time. The wave function does not have the
same status and is rather comparable to the Hamiltonian of classical physics H(q, p), which,
via first-order equations q̇ = −∂H(q, p)/∂p, ṗ = −∂H(q, p)/∂q, determines the motion
of particles.

One problem with this analogy, however, is that the classical Hamiltonian is deter-
mined by physical laws and does not change contingently (it could depend on time, if we
introduced external fields, but this is also fixed by the laws of physics). This is clearly not
the case for the Ψ(q, t) wave function, which is a solution of the Schrödinger equation and
depends on initial (and boundary) conditions Ψ(q, t = 0). The Ψ variable therefore obeys
a dynamic, and this regression of a law dependent on other laws seems hard to swallow.
For this reason, DGZ and the followers of the nomological approach sought to eliminate the
contingency associated with the initial wave function and relied in particular on the wave
function of the universe ΨU , which is supposed to be a solution of the very hypothetical
quantum gravity [64]. If this wave function depends, for example, on the Wheeler–DeWitt
equation, DGZ assumed that this wave function was unique, thus eliminating contingency.
However, on the one hand, quantum gravity remains speculative and, on the other, it is
now accepted since the work of Hartle and Hawking and Vilenkin that the choice of initial
or boundary conditions fixing ΨU is not unique [65]. This strongly weakens the position of
DGZ and their collaborators.

Apart from the reliance on a hypothetical quantum gravity fixing the uniqueness of
the universe’s wave function, there are other, more serious problems which we believe un-
dermine the nomological interpretation of dBB mechanics. DGZ’s insistence on an analogy
with the classical Hamiltonian H(q, p, t) overlooks the fact that the closest mathematical
object to the wave function in classical physics is the action S(q, t) given by HJ Equation (2).

Indeed, comparing the system of equations fixing the classical HJ dynamics:

{

−∂tS(q, t) = ∑k
1

2mk
(∂kS(q, t))2 + V(q, t)

mk
d
dt qk(t) = ∂kS(q(t), t)

(31)

with Equation (30), we see very strong formal similarities. First of all, in both cases, we
have first-order systems of equations for the particle and guiding field dynamics Ψ(q, t)

and S(q, t). Moreover, Ψ(q, t) and S(q, t) both act in 3N-dimensional configuration space
(unlike the classical Hamiltonian, which acts in a 6N-dimensional phase space), so there is
no feedback action of q on Ψ(q, t) and S(q, t). Finally, the classical S(q, t), or more precisely
eiS(q,t), defines the semiclassical WKB limit of Ψ(q, t). So if there is an analogy to be made to
develop the nomological approach, it seems to us to be between the systems of relations (30)
and (31).

But there is a big difference between (30) and (31). Indeed, the meaning given by DGZ
and Allori to the notion of nomological entity has always remained rather vague at the
metaphysical or ontological level (even if their formulation is technically clean). But the
classic (31) system enables us to give a clear meaning to the expression “this is a nomological
property and that is an ontological property”. Indeed, in system (31), the S(q, t) field is by
no means necessary to describe the classical dynamics of the particle: it can be completely
eliminated from the theoretical description (as clearly emphasized by Goldstein). It can be
replaced by the hydrodynamic equations:











d
dt pk(q(t), t) := (∂t + ∑j

pj

mj
∂j)pk(q, t) = −∂kV(q, t)

ωjk(q, t) = ∂j pk − ∂k pj = 0
pk(q, t) = mkvk(q, t) := mk

d
dt qk(t)

(32)
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The zero-vorticity constraint ωjk(q, t) = 0 implies of course that vk(q, t) = pk
mk

= ∂kS(q,t)
mk

,
and to solve the Euler–Newton equation, we must choose as initial condition a velocity
field of zero vorticity, i.e., vk(q, t = 0) = ∂kS(q,t=0)

mk
. This shows that S(q, t) is only a tool in

this description, and of course, in classical physics, we can extend the field of possibilities
by relaxing the zero-vorticity constraint. If this constraint is eliminated, then Newton’s
equation becomes self-sufficient: it is no longer even necessary to speak of an Eulerian
velocity field vk(q, t), the Lagrangian or Newtonian description is sufficient. We have the
fundamental second-order law:

mk
d2

dt2 qk(t) = −∂kV(q(t), t) (33)

However, the situation is completely different for the dBB system of Equation (30). In the
dBB theory, the wave function Ψ(q, t) cannot be eliminated. More precisely, as we saw
in the previous section, using the polar representation, the pair of Equation (30) actually
becomes the triplet:











−∂tS(q, t) = ∑k
1

2mk
(∂kS(q, t))2 + V(q, t) + VΨ(q, t)

∑k ∂k(R2(q, t) ∂kS(q,t)
mk

) + ∂tR
2(q, t) = 0

mk
d
dt qk(t) = ∂kS(q(t), t)

(34)

In this set of Equation (34) the phase S(q, t) and the modulus R(q, t) are fundamentally
entangled. In particular, the quantum potential VΨ(q, t) depends on R(q, t), which appears
in the conservation equation of the probability fluid. When we switch to the Newtonian
quantum Equation (23), we see that the quantum potential is still there, of course, and so
is the wave function Ψ(q, t). In other words, if we start with the hydrodynamic equation
system:























d
dt pk(q(t), t) := (∂t + ∑j

pj

mj
∂j)pk(q, t) = −∂k(V(q, t) + VΨ(q, t))

∑k ∂k(R2(q, t) pk
mk

) + ∂tR
2(q, t) = 0

ωjk(q, t) = ∂j pk − ∂k pj = 0
pk(q, t) = mkvk(q, t) := mk

d
dt qk(t)

(35)

we cannot reduce the dynamics to Bohm–Newton Equation (9) alone, because the quantum
potential requires the wave function by construction, and the probability density always
remains coupled to Ψ(q, t).

In our view [66], this is a very serious objection to the nomological interpretation,
which cannot be sustained. If we nevertheless wish to start from the system of Equation (30),
it is possible to construct a somewhat different interpretation by assuming that in the dBB
theory, it is necessary to introduce as primitive variables (i.e., primitive ontology) both the
positions q(t) of the point particles in real 3D space and the wave function Ψ(q, t) defined
in configuration space. In other words, the variables q and the wave function Ψ (or its polar
representation in terms of functions R and S) are equally real and ontological. This clearly
imply a different primitive ontology not restricted to local beables q but also including the
wave function Ψ defined in the configuration space and acting nonlocally on the particles.
Moreover, such an approach treats the wave function in the dBB theory as a physical entity
with no real perfect classical analogs. Such a so-called “sui generis” position is defended,
for example, by the philosophers Chen [67] and Maudlin [68] (who relies on the minimalist
formulation of Bell (30)) but also independently by the physicist Valentini [21], who has
been developing a competing interpretation to that of DGZ since 1992 and who defines the
phase or action S(q, t) as a real fundamental field.

As an historical note, it is perhaps important to note that debates about the nomological
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or more ontological nature of the Ψ wave function hark back to debates and discussions that
took place in the 19th century about the physical meaning of gravitational and electrical
potentials. Initially simple calculation tools and intermediaries in the work of Lagrange,
Laplace, and Poisson became independent objects in their own right in the work of Faraday
and Maxwell. The big leap was actually made when physicists realized that potentials
obey time-dependent differential equations. They thus became true independent physical
variables (fields) on the same level as q positional variables. The need for initial conditions
for both the field and the particle showed that the field could not generally be eliminated,
and that it was not simply a nomological tool. The analogy with the quantum debate
is clear, and modern philosophers would do well to refer to the history of ideas in their
metaphysical debates.

Note that these ontological approaches come close to the “causal” interpretation
proposed by Bohm and Hiley [13], in which the wave function has no perfect classical
analog, making it impossible to really interpret the quantum potential VΨ as a mechanical
field in the classical sense of the word. According to them, it is a nonlocal information
field (which they call “active information” to differentiate it from Shannon’s information)
with no classical counterpart. This type of field cannot be compared to a signal, as it is not
possible in the dBB theory to identify a source for the quantum potential. Note that some
authors define the notion of “multi-fields” connecting several points defined in real space
in order to talk about the wave function [69]. However, all these alternatives confirm the
fundamentally new character of the wave function as a physical variable, i.e., to use John
Bell’s lexicon, as a “nonlocal beable”.

However, perhaps to soften or weaken our point a little, we do not think that an
extreme position that would consider saying that the Ψ wave function is just something
completely new is the right attitude either. Once again, this would mean overlooking
the importance of de Broglie and Madelung’s hydrodynamic formalism, which suggests
a close kinship between the dBB theory and classical physics. Moreover, we emphasize
that despite some differences with classical forces, the quantum potential is still a good
guide for developing mechanical analogies (i.e., contrarily to stronger claims by Valentini,
DGZ, and Maudlin). On the other hand, we cannot reject in advance the idea that a better
theory will one day replace quantum mechanics by restoring the priority of local variables
in space-time. This was certainly Einstein’s wish, but it was also that of de Broglie, who
sought to develop his theory of the double solution exclusively in space-time and not the
more abstract configuration space. In this context of the double solution [7,49], a return
to the more traditional mechanical explanation is immediately essential, provided we can
explain the presence of nonlocality. This could make sense in recent variants of the double
solution that use retrocausality (see [70,71] for a classical electrodynamical model) as an
alternative relativistic mode of explanation to dBB’s nonlocality [72–74]. It should also be
noted that, irrespective of the desire to eliminate or explain quantum nonlocality (which is
strongly rooted in the work of de Broglie and his collaborators on the double solution [75]),
it is possible to find nonlocal models of quantum solitons that recover certain aspects of
the dBB pilot-wave theory [76,77]. Other elegant approaches based on the hydrodynamic
analogies developed by Couder and Bush [78–81] (and which are strongly linked to the
double solution) have recently made it possible to reproduce dBB-type dynamics [82–86].
In addition, mechanical analogies dating back to de Broglie’s thesis make it possible
to consider the particle as an oscillating system coupled to a vibrating medium (string,
membrane, fluid, etc.), and this in turn makes it possible to develop “acoustic quantum
analogs” reproducing certain specifically quantum properties such as the wave–particle
duality or the quantization of orbits in atoms [87–90].

To end this section, we think there is another argument in favor of the ontological



Entropy 2025, 27, 399 13 of 36

(i.e., not just nomological) nature of the Ψ(q, t) field. Indeed, we have not mentioned the
conditions of continuity, regularity, and single-valuedness of Ψ(q, t), which are however
clearly implicitly presupposed in Equations (30), (34), or (35) and which imply the validity
of topological quantization relations (28) and (29). As we indicated at the end of Section 2,
these conditions are guided by physics and experience rather than mathematical necessity.
It should be noted that in the framework of classical wave optics based on Maxwell’s
equations, such quantization conditions are observed and appear natural because the
classical electromagnetic field is assumed to have a continuous ontological nature (in the
classical framework, it was a vibration of the Ether). Discontinuities in the field are generally
admitted only in rapid or violent transient phenomena or during interaction with material
interfaces. Moreover, discontinuities or dislocations are generally only approximation in
optics, and they always must fulfill the conditions (28) and (29). In other words: wave-fields
like continuity.

Returning to de Broglie–Bohm quantum mechanics, we think that what is mentioned
above argues a little more strongly for the ontological nature of the Ψ(q, t) field as a beable
(even if nonlocal and despite important issues related to the physical meaning of empty
waves [49–54,73]). Note once again that the continuity postulate on Ψ(q, t) is not true in
general in classical physics. Importantly, in classical HJ theory, the S(q, t) action can be
multivalued, as in the case of classical particle scattering by Coulomb potentials generating
S discontinuities due to the presence of caustics. In that example, “two Riemann sheets”
are connected by a caustic to separate the incoming and outgoing solutions of the HJ
equation and the associated part of the hyperbolic orbits. In real space, all incoming and
outgoing trajectories can intersect (this type of phenomenon does not occur in the dBB
theory—see below). Similarly, in classical Eulerian hydrodynamics, the circulation of
the velocity field around a vortex in a potential fluid is not quantized by an integer N

(moreover, in hydrodynamics, the velocity field is still regular and continuous). An often-
commented-on feature of the dBB theory [14] is that, unlike in the classical case (see [91],
for example), the trajectories of predicted particles cannot intersect in configuration space.
The multivaluedness of S(q, t) in quantum physics (around phase singularities) does not
affect the continuity of congruent trajectories in configuration space. This property leads to
an apparent mismatch between classical and quantum theory in the regime of so-called
“surrealist” trajectories, where a dBB particle that from a classical point of view should
pass from point A to point A’ in fact ends its trajectory at point B’, which again classically
would be the logical termination of a trajectory originating from point B [92–94]. This issue
is strongly related to the empty-wave problem (see, in particular, [52–54]). Remarkably,
this accusation of surrealism collapses completely if we take into account the fact that dBB
trajectories can be physically reconstructed experimentally using the weak measurement
method, which allows us to visualize the “anticrossing” behavior of dBB trajectories
in the two-slit experience [95] and in situations where the trajectories are surreal and
nonlocal [96] (we stress that surrealistic trajectories have also been recently observed in the
context of quantum hydrodynamic analogs [97,98]). This anticrossing of dBB paths can
be eliminated if we couple the dBB particle to an environment which, due to decoherence
in a larger configuration space, allows the particles trajectories to cross. Some of these
counter-intuitive phenomena had already been discussed and analyzed by de Broglie and
Brillouin at the Solvay Congress in 1927 [8]. Note that, from a Newtonian point of view, it
is the singularity induced by the quantum potential VΨ(q, t) at the points where the wave
function cancels out (which typically occurs in interference phenomena) that is responsible
for the repulsive force between the dBB trajectories of the congruence (this has been for
example experimentally analyzed from the perspective of hydrodynamical analogies [99]).
Once again, the absence of this potential allows the trajectories to cross each other in the
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classical regime. All these examples show important differences between the classical S

action, or velocity potential, and its quantum version, i.e., dBB’s S action. In this context,
we can observe that the interpretation of the wave function as a physical field is naturally
advanced to explain the phenomena of superconductivity and superfluidity at very low
temperatures, where a set of bosons are carried by the same Ψ(q) wave at the lowest energy
level. Quantum vortices are observed for example in superconductors (quantized flux),
and Bose–Einstein condensates or polaritonic fluids, and the multivaluedness of the phase
S(q, t) is clearly interpreted using the Madelung formalism (see, e.g., Feynman [37]). We
believe that all this makes more sense if the field Ψ(q, t) has a clear ontological character
in line with what is admitted for classical waves (in optics or acoustics, for example) even
if we must also consider the quantum nonlocality associated with Ψ(q, t) as a completely
new feature absent from classical ontology.

4. Can We Complete or Extend dBB Mechanics? The Case of Born’s Rule

The previous section emphasized the new and original physical character of the wave
function Ψ(q, t) or quantum potential VΨ(q, t) as a physical (ontological) variable or cause,
which, although defined in configuration space (or as a multifield), is indispensable to the
description of the quantum system. However, not all advocates of de Broglie’s theory agree
on the meaning of VΨ. Some authors, such as DGZ [17] and Valentini [21], refrain from
referring to this quantity at a fundamental level, as they believe it suggests too classical a
mechanical explanation. Others, such as Holland [14] and Bohm and Hiley [13], consider
the quantum potential to be a good explanatory tool that also provides a link with the
classical world. Note that Bohm, Hiley, and Holland do not suggest a return to classical
ontology, as is clear from their use of the active information analogy, which emphasizes the
non-mechanical character of VΨ.

In the remainder of this article, we would like to follow Holland’s suggestions regard-
ing the explanatory power of the quantum potential. Indeed, the very motivation behind
Bohm’s theory is to be able to re-establish causality (hence the name causal interpretation
attributed by Bohm). So we start from the premise that it is a pity to deprive ourselves
of the mechanical and classical analogies that the quantum potential and hydrodynamic
formalism provide, even if we then have to deviate from them in the end. The situation is
similar to that of de Broglie, who, deeply rooted in history, sought to establish a link be-
tween Hamilton–Jacobi’s classical mechanics, geometrical optics, and quantum physics [9].

Another central motivation for this analogy-based approach is the close relationship
between dBB’s pilot-wave theory and de Broglie’s research into the double-solution the-
ory [7,49], which he began in 1923–1925. In this approach, particles are assumed to be
“hump fields” or solitons, localized around the dBB trajectory and moving with it (the
soliton is assumed to be guided by the phase of the Ψ wave function). The double solution
suggests a hydrodynamic analogy in which particles are extended objects immersed in a
quantum fluid that Bohm and Vigier named the subquantum medium [13,20,43]. In this
context, Madelung and de Broglie’s hydrodynamic analogies take on their full meaning
and merit further study.

In the same vein, we remind the readers that over the last two decades, a great deal of
theoretical and experimental work has focused on the hydrodynamic analogies suggested
by Couder–Fort and Bush’s experiments with bouncing drops or walkers [78–81]. In these
purely classical systems, drops bounce off an oil bath oscillating at a constant frequency,
generating waves that guide the drop as it moves over the bath. The interaction of these
waves with obstacles and the immediate environment retroacts on the drop, suggesting de
Broglie–Bohm-type guiding behavior. This defines a framework that is also of great interest
to Madelung–de Broglie hydrodynamic analogies.
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The central point, in our view, is that de Broglie–Bohm’s theory, by proposing an
explanatory and causal model for quantum mechanics, also allows us to glimpse potential
strategies for going beyond or complementing it. This aspect has been often underlined
by the creators of this theory since de Broglie, Bohm, and Vigier [20,43,49], who envisaged
the pilot-wave theory as a guide to obtaining a theory that would go beyond quantum
mechanics and perhaps enable a better understanding of the theory of elementary particles
(the quantum theory of relativistic fields) and also create a link with Einstein’s theory of
general relativity for a possible unification of quantum physics and gravitation (which is
still at the sketching stage).

To be more explicit in what follows, we would like to consider different possibilities
for extending or completing the dBB formalism, based on the hydrodynamic analogies
suggested by the Madelung and de Broglie formalism (cf. Equation (35)) and relaxing or
modifying some of the fundamental assumptions. More specifically, we consider two possi-
bilities, concerning either (i) the notion of probability and Born’s law ρ(q, t) = R2(q, t) or
(ii) dynamics and the irrotational postulate ωij(q, t) = 0. In this section, we briefly describe
and review possibility (i), which has already been discussed at length in the literature and
is the source of much controversy. Possibility (ii) is discussed in the following sections.

The idea of relaxing Born’s rule ρ(q, t) = R2(q, t) dates back to the early work of de
Broglie [7,27], who, from 1926 to 1927, understood that to recover quantum mechanics
and its statistical prediction, it was necessary to impose this formula in the postulates.
In fact, de Broglie introduced the statistical formulation in a short 1926 paper focusing
on photons [27]. In 1927, de Broglie generalized his postulate to all particles, after be-
coming aware of Born’s theory [7,31]. For de Broglie, unlike Born, probabilities are not
fundamental and must be derived from additional postulates about the initial conditions of
particles. These initial conditions, and therefore the statistical postulate, are much more
contingent in nature than they were for Born and the Copenhagen school. Inspired by the
masters of 19th-century statistical physics, de Broglie imagines that particles are initially
distributed in such a way as to satisfy Born’s rule and demonstrates that if this is true at
one instant, it will be true at all times. More precisely, let us assume that the conservation
law ∑k ∂k(R2(q, t) pk

mk
) + ∂tR

2(q, t) = 0 in which |Ψ|2 := R2 is associated with the guiding
field is true but is not necessarily a probability density. According to what we mentioned
in Section 3, the Ψ(q, t) field is indeed a fundamental physical property and cannot be
reduced to a probability field. We therefore need to develop a second conservation law to
deal with the distribution of particles in configuration space, assuming that the universe
contains a large number of identically prepared copies in the same Ψ and V fields but with
different q(0) initial conditions. The local conservation law for this fluid is written in all
generality (as in classical physics):

∑
k

∂k(ρ(q, t)
pk

mk
) + ∂tρ(q, t) = 0 (36)

with, in general, ρ(q, t) ̸= |Ψ|2(q, t). By comparing with the local conservation law for R2,
we deduce the relation

[∂t + ∑
k

pk

mk
∂k](

ρ(q, t)

R2(q, t)
) :=

d

dt
(

ρ(q, t)

R2(q, t)
) = 0 (37)

which shows that the function f (q, t) := ρ(q,t)
R2(q,t)

is an integral of the motion along the

trajectory of the system q(t) [20,43,49]. Basically, this formula is very similar to Liouville’s
theorem in classical statistical physics (although the latter is written in phase space and
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not configuration space). Indeed, if we write δP(q, t), the probability of presence in the
configuration space element δ3Nq we have

δP(q, t) = ρ(q, t)δ3Nq = f (q, t)δΓ (38)

where the quantity δΓ := |Ψ|2(q, t)δ3Nq plays the role of a measure conserved in config-
uration space (we have d

dt δΓ(q(t), t) = 0). Since, by conservation of the probability fluid,
we must also have d

dt δP(q(t), t) = 0, we find again the relation d
dt f (q(t), t) = 0, which is

exactly the same derivation as for Liouville’s theorem and allows us to interpret f (q, t) as a
probability density with respect to the Γ measure in configuration space.

In this formalism, de Broglie’s statistical postulate, which we call the quantum equi-
librium postulate, is to impose f = 1 everywhere at time t = 0, knowing that this will
remain true for all times t along the dBB trajectories q(t). This postulate resembles the
microcanonical equilibrium postulate in statistical physics, but once again, it is obtained in
3N-dimensional configuration space, not 6N-dimensional phase space, and the dΓ measure
plays an essential role, replacing the dΓphase := d3Nqd3N p measure in phase space in ordi-
nary statistical physics. The problem, of course, is that even if this microcanonical postulate
seems natural, since it introduces a form of equiprobability with respect to the Γ measure
in configuration space, it is nonetheless contingent and in no way necessary to the dynamic
theory of dBB. Other choices are possible: for example, we could consider f constant and
different from zero only in a trajectory tube and f = 0 outside. Ultimately, we could also
choose f (q, t) = cδ3N(q − q0(t))/|Ψ(q, t)|2, where q0(t) is a particular dBB trajectory and c

a normalization constant (it can be checked that this distribution satisfies the constraint
d
dt f (q(t), t) = 0). Since then, this point concerning microcanonality has been criticized,
notably by Pauli and Keller [100,101], as arbitrary.

In response to such criticisms, Bohm, Vigier, and de Broglie [20,43,49] defended the
idea that the f = 1 microcanonical distribution corresponding to quantum equilibrium
would be an attractor state due to the chaotic complexity of a system’s dBB interactions
with its environment. Inspired by Boltzmann’s strategies, they tried to demonstrate that the
quantum entropy −

∫

dΓ f log f naturally relaxed to a maximum for the state f = 1. To this
end, they also introduced the hypothesis of molecular chaos in a hypothetical subquantum
medium interacting with the system under consideration.

Much later, Valentini [21,22] took up Bohm-Vigier’s program, but eliminated the too
hypothetical subquantum medium and replaced the Boltzmannian approach with that
of Gibbs, using coarse-grained averages to average the information and thus create an
entropy-increasing mixture. The ultimate aim was still to justify the approach to quantum
equilibrium, this time invoking a loss of information due to our approximation in the treat-
ment of the complexity of dBB particle motion. Valentini and his colleagues demonstrated
with the help of numerous numerical examples [102,103] that a density initially based in a
non-equilibrium state f ̸= 1 tends rapidly in general towards the homogeneous state f = 1.
This argument, which resembles Gibbs’ in classical statistical physics, works essentially
because of the highly nonlinear nature of dBB mechanics (in particular, because of the
complexity of the quantum potential VΨ(q, t)). An alternative (advocated by one of the
present authors [104,105]) is to connect the information loss associated with Valentini’s
coarse-grained averages to the quantum entanglement of a subsystem with a thermal
bath (thermostat) already assumed to be in a state of quantum equilibrium. The idea is that,
due to quantum coupling, a subsystem initially in a state very different from f = 1 will
be attracted (relaxation) to the microcanonical f = 1 state. This mode of relaxation is not
independent of Valentini’s approach.

It is important to note that no deviation from quantum equilibrium, i.e., from Born’s
rule, has ever been observed experimentally. Clearly, if this were to happen, the conse-
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quences would be far-reaching. For example, as Valentini was quick to point out [106],
due to the nonlocality of dBB mechanics, any deviation from the f = 1 law could in
principle be used to send a signal faster than light. This is, of course, in violation of the
non-signaling theorem used in the discussion of Bell’s theorem, which prohibits such effec-
tive supraluminal communication. However, this theorem is based, among other things,
on the validity of Born’s rule, and its weakening would lead to new physics. An original
possibility, for example, would be to exploit measurements of arrival times predicted
by the dBB theory [107,108] in a quantum non-equilibrium regime. Valentini’s current
hope [22,109,110] is that such violations may one day be detectable via fluctuations in
primordial cosmic radiation that cannot be explained by Born’s rule (this presupposes a
state of primordial quantum non-equilibrium). This research is of course very interesting
and deserves further studies.

We cannot end this section without mentioning the competing approach to that of
Valentini, Bohm, and Vigier advocated by DGZ, which posits Born’s law as somehow
inevitable and natural [55]. This approach is based on the Boltzmannian notion of typicality
and assumes that for the universe system taken as a whole, the |Ψ(Q, t)|2 distribution
(where Q takes into account all particles) is not associated with a statistical distribution
(because there is only one Universe). However, according to DGZ, |Ψ(Q, t)|2d3N := dΓ is
still the most natural probability measure for describing the configuration space, as it is
equivariant. Indeed, if we are looking for a distribution ρ that is an explicit function of
|Ψ|2, i.e., ρ = F(|Ψ|2), then the only admissible solution is F(x) = x, i.e., ρ = |Ψ|2, and this
property is preserved with time: if ρt0 = |Ψt0 |2 holds true at a given time, it will be true
at any other times ρt = |Ψt|2. The dΓ measure is therefore a priori the obvious choice to
weight the configuration space of the Universe. To give a physical meaning to the weight or
measure dΓ, we need to consider a very large set of quantum-identical subsystems. In other
words, we assume that our universe has N factorizable subsystems described by the same
wave function ψ(qi, t) (3M is the dimension of each i subsystem and qi ∈ R

3M ). For these N

subsystems, we then have a global effective wave function ψ(q1, t)ψ(q2, t) . . . ψ(qN , t). Ap-
plying the law of large numbers (Bernoulli) to this long sequence of systems weighted by the
Γ measure shows that with high probability the statistical distribution 1

N ∑i δ3M(q − qi(t))

(with q ∈ R
3M) tends towards |ψ(q, t)|2. The word very probable, or typical, stands for

“almost every system”, i.e., it implies in the overwhelming majority of cases the empirical
validity of Born’s rule at the statistical level for sufficiently large samples (N >> 1). Fluctu-
ations to the rule become negligible, i.e., atypical.

The consensual part of DGZ’s deduction concerns the application of the law of large
numbers, which is also used by Valentini in his deductions. In our view, there are two
points of criticism in DGZ’s analysis. The first is semantic, and the least important, although
it is a source of confusion. DGZ and their colleagues [15,16,55] use the term typicality
measure instead of the more common term probability used in the literature. We believe
this is linked to a historical confusion: contrary to what they claim, a probability is not a
relative statistical frequency; it is the tool invented by the masters of probability theory,
from Bernoulli to Laplace, Borel, and Kolmogorov, which enables us to reproduce these
statistical frequencies. We claim there is no need to introduce a new notion, typicality, to
replace the more accepted notion of probability. To be more precise, the motivation behind
the introduction of typicality instead of probability stems from the desire to move away
from the apparent circularity present in the application of the law of large numbers, which,
according to philosopher David Wallace, can be summed up as follows:

We cannot prove that in the long-run relative frequencies converge to probabilities. What

we can prove, is that in the long-run relative frequencies converge to probabilities . . .
probably [111].
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With typicality (seen as an independent notion), we try to write “in the long-run relative

frequencies converge to probabilities ... typically” instead. However, this is far from a consensus
and is certainly not the view of the majority of specialists working in the field of probability
(mathematicians, statisticians, physicists, and philosophers). In this context, we note that
typicality advocates often rely on the complexity and diversity of meanings associated
with the word probability (different among frequentists, Bayesians, etc. [112]) to justify
the introduction of a new, supposedly clearer concept of typicality. But in our view, there
is more discourse than evidence here, and we think it is better to clarify old notions
before introducing new ones [113]. We also note that DGZ’s introduction of typicality into
quantum mechanics was preceded by the work of Hugh Everett III, who, in 1957 [114],
already used typicality to justify quantum statistics within the framework of many-worlds
theory (MW). In our view, our arguments also render the whole of MW theory completely
obsolete (see [113,115,116]). It is however not the place of this review to defend our critique
in detail, and we refer here to works defending [16,117,118] or criticizing [113,116,119,120]
typicality for further analysis.

Moreover, the point that has generated the most debate concerns the need to use
the equivariant measure dΓ, which in fact amounts to postulating from the outset the
microcanonality or equiprobability f = 1 for the Universe. In fact, despite its logical
simplicity, there is nothing imposing the equivariance rule as the most natural. We have
seen that the equally elegant distribution f (q, t) = cδ3N(q − q0(t))/|Ψ(q, t)|2 could be
chosen by Nature but clearly has not! The degree of contingency of a probability law
cannot be eliminated by decree, and only physics (i.e., experience) decides what is typical
and what is not [113]. In other words, the quantum equilibrium rule, being contingent,
is still not, despite DGZ’s elegant reasoning, a law of nature, and in fact, its justification
always seems to be deferred to a particular choice of initial conditions of the Universe (in
connection with cosmology). The merit of Bohm, Vigier, and Valentini’s program, in our
view, is that it offers the promise of a better understanding of the robustness of this Born
rule (via coupling with a thermostat, for example).

5. Dynamical Completion of the dBB Dynamics: Bohm’s Proposal and
Its Critics

As we saw, many de Broglians (DGZ [61], Valentini [21]) have strongly criticized
Bohm’s formulation in terms of quantum potentials VΨ and his use of Newton’s law. The
quantum potential suggests highly complex and, in the words of DGZ and Valentini,
inelegant dynamics. Moreover, apart from the criticisms already made, it seems that the
quantum potential suggests a coupling force between trajectories (this is the analogy with
Madelung’s tension field, which presupposes an interaction force between several fluid
elements, i.e., several trajectories). In this case, however, there are not several systems at
once: a single dBB trajectory is realized, and it seems strange to see an influence of the
collective on the individual in this dBB theory.

This curious impression, already noted by Kennard and Rosen [34,35], is reinforced if

we express VΨ in the hydrodynamical form VΨ(q, t) = ∑k
−1
2mk

∂2
k

√
ρ(q,t)√

ρ(q,t) = ∑k
−1
4mk

[
∂2

k ρ(q,t)
ρ(q,t) −

(∂k log ρ(q,t))2

2 ], which brings out the (quantum equilibrium) probability density ρ = R2.
In fact, most of these criticisms are unjustified. For example, similarity with a real fluid
does not necessarily imply the existence of several simultaneously existing trajectories (this
is not so in the classical HJ formalism), nor should the density R2(q, t) be fundamentally
interpreted as a probability density: De Broglie, Kennard, Rosen, and Bohm are very clear
on that point. The wave function has an ontological status not an epistemic one, and R is
before all a dynamical variable, not the square root of ρ. In fact, the rejection of the quantum
potential seems more a matter of taste than of substance.
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If we accept that point, then we can follow Bohm in some of his suggestions: that
is what we do in the following. Rigorously speaking, Bohm [12] considers the system of
Equation (35) to be the starting point, and so the zero-vorticity condition ωij(q, t) = 0 plays
an essential role. It defines a constraint on quantum Newton dynamics, and this constraint
is specifically Eulerian in nature, i.e., it is defined on the velocity field in configuration
space. In other words, the relation pk = ∂kS(q, t) defines a subset or class of dBB trajectories
obeying the Newton–Bohm law and subject to the constraints given in (34) or (35). Bohm,
in 1952 [12], clearly suggested that the condition of null vorticity could be relaxed, i.e., that
we could perhaps abandon the guiding condition pk = ∂kS(q, t). However, it appears
that there are at least two ways of understanding this abandonment of constraint. Bohm’s
version, which we briefly outline, and Schönberg’s more interesting one, which we discuss
in the next section.

Bohm’s suggestion is to start from the new system

{

i∂tΨ(x, t) = ∑k
−1
2mk

∂2
kΨ(x, t) + V(x, t)Ψ(q, t)

mk
d2

dt2 qk(t) := −∂k(V(q(t), t) + VΨ(q(t), t)
(39)

instead of (30) and see how these relations can be modified, either by adding nonlinear
terms to the Bohm–Newton equation or to the Schrödinger equation, in order to induce a
kind of forced relaxation towards the guiding condition mk q̇k(t) = pk(q(t), t) = ∂kS(q(t), t).
Let us note that (39) amounts to adding Newton’s relation to hydrodynamic Equations (34)
or (35) deprived of the guiding formula mk q̇k(t) = pk(q(t), t) = ∂kS(q(t), t). In fact, to be
more precise, in that theory, we can always define a Lagrangian fluid velocity in accordance
with Lagrange’s definition of a Madelung fluid, i.e., pk(x(t), t) = ∂kS(x(t), t) = mk ẋk(t)

with xk(t) a fluid trajectory. However, this fluid trajectory (path line of a “fluid molecule”)
is no longer generally identifiable in Bohm’s (39) approach with the actual particle trajectory
qk(t) ̸= xk(t).

The problem is that this new dynamic is much richer than the original de Broglie–
Bohm theory, because the Newton–Bohm law mk

d2

dt2 qk(t) := −∂k(V(q(t), t) + VΨ(q(t), t)

contains many solutions that contradict quantum mechanics and make the theory unsta-
ble and not very credible. For example, as discussed in [121], according to that theory,
an electron in the ground state of the hydrogen atom is not subject to any force because
the repulsive quantum potential rigorously balances the attractive Coulomb potential.

Therefore, according to Newton–Bohm’s law m
d2q(t)

dt2 = 0, the electron’s motion can, in
such an atom ground state, follow an inertial motion at constant speed and could there-
fore escape to infinity. Of course, this is not so in the dBB theory where the electron is
at rest. Furthermore, according to that theory and for the same atomic example, we can
construct an unrealistic statistical ensemble with particles all having a velocity in the z

direction: the Eulerian velocity field in this statistical ensemble is given by an arbitrary
function of x, y, i.e., v(x, y, z) = U(x, y)ẑ (and should not be confused with the Eulerian
velocity field deduced from the wave function, which predicts vdBB = ∇S/m = 0). We can
introduce a probability density ρ(x, y, z) = F(x, y) given by an arbitrary function of x and
y (we have local probability conservation ∇ · (ρv) = ∂z(FU) = 0). This distribution is not
confined in the atom potential, which demonstrates the a priori non-physical nature of the
model. Further numerical calculations confirm the instability of Bohm’s proposal [121,122].
Hence, without the addition of nonlinear terms (of unknown precise form) in (39) forcing
the particle system to converge towards dBB trajectories obeying the guidance formula
mk q̇k(t) = pk(q(t), t) = ∂kS(q(t), t), it is impossible to accept such an approach.

Another way of looking at the problem is to consider a Hamiltonian formulation
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instead of the Newtonian one. In that approach, we replace Equation (39) by the equiva-
lent system















i∂tΨ(x, t) = ∑k
−1
2mk

∂2
kΨ(x, t) + V(x, t)Ψ(x, t)

q̇(t) = ∂HΨ(q(t),p(t))
∂p

ṗ(t) = − ∂HΨ(q(t),p(t))
∂q

(40)

which contains the Hamiltonian HΨ(q, p, t) = ∑k
1

2mk
p2

k + V(q, t) + VΨ(q, t), with pk and qk

the canonical variables associated with the particles, not to be confused with the variables
obtained from the Madelung formalism and associated with the wave function (here
the distinction between the positions variables x associated with Ψ and the variables q

associated with the particles is particularly useful). The problem is similar to what happens
in the Newtonian formulation: the congruence of trajectories in the 6N-dimensional phase
space obtained from the Hamiltonian HΨ(q, p, t) defines a much larger set than that of
simple dBB trajectories subject to the mk q̇k(t) = pk(q(t), t) = ∂kS(q(t), t) constraint. If,
for example, we are interested in the problem of quantum equilibrium, it is natural in that
theory to start from the probability density η(q, p, t) in phase space, and it is well known
that this distribution obeys Liouville’s theorem

[∂t + ∑
k

q̇k
∂

∂qk
+ ṗk

∂

∂pk
]η(q, p, t) :=

d

dt
η(q(t), p(t), t) = 0 (41)

However, this theorem admits several a priori possible solutions to define the notion of
equilibrium, and the simplest would seem to be the microcanonical equilibrium η(q, p, t) =

η0 = const., which is not observed experimentally. Other possibilities are of course possible,
for example:

η(q, p, t) = cδ3N(q − q0(t))δ
3N(p − p0(t)) (42)

η(q, p, t) = f (q, t)|Ψ(q, t)|2δ3N(p − ∂qS(q, t)) (43)

η(q, p, t) = |Ψ(q, t)|2δ3N(p − ∂qS(q, t)) (44)

Equation (42) corresponds to a single trajectory q0(t), p0(t) and a state of strong quantum
non-equilibrium. Equations (43) and (44) are close to Vigier and Valentini’s formulation
discussed before, where the wave function plays its role as an attractor. Only Equation (44)
corresponds to a quantum equilibrium with f (q, t) = 1 (see [44,49]). Bohm’s generalized
theory (40) in phase space thus creates a much larger inventory of possibilities than the
usual dBB version, and thus a priori adds problems to the existing formulation rather than
solving them. Indeed, only the addition of extra terms (Bohm suggests expressions of the
type G[p − ∂qS(q, t)]) in the fundamental equations

{

i∂tΨ(x, t) = ∑k
−1
2mk

∂2
kΨ(x, t) + V(x, t)Ψ(q, t) + G1[p − ∂xS(x, t)]

mk
d2

dt2 qk(t) := −∂k(V(q(t), t) + VΨ(q(t), t) + G2[p − ∂qS(q, t)]
(45)

could potentially force motions to stick to de Broglie–Bohm trajectories guided by the wave
function: all of which remains rather speculative. It should be noted that despite these
shortcomings, this in no way prejudices Bohm’s general project, which was very much
inspired by Fürth’s stochastic mechanics of the 1930s [123], and which attempted to establish
a link between Heisenberg’s uncertainty principle and the Brownian stochastic motion of
a particle subjected to fluctuating forces. The idea inspired Bohm, who, in collaboration
with Vigier [20] and later Hiley [13], introduced stochastic fluctuating terms into the dBB
dynamics to force convergence to quantum equilibrium over long time scales. Numerous
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other works flourished in the 1950s and 1960s around stochastic quantum mechanics (the
most famous being Nelson’s theory [124] see also [125–127]), most of them attributing an
important role to the “osmotic velocity” [123], which, for a particle, is written as vosm =

D∇(log ρ), where D = h̄
2m = 1

2m is a quantum diffusion constant characterizing the
“subquantum medium” [20]. We must mention here a very important extension of that
work which concerns stochastic electrodynamics (see in particular the work of de La Peña
and Cetto [128,129] or [130]) which analyzes the link between the dBB pilot waves and
stochastically modeled vacuum fluctuations.

One criticism of this project may be that it departs sharply from de Broglie’s initial
desire to re-establish causality and determinism (even though de Broglie later supported
the introduction of stochastic aspects into his double solution with his thermodynamics
of the isolated particle). Moreover, the possible extension of the stochastic approach to
the multi-particle problem poses new fundamental problems, since fluctuating quantum
forces are also nonlocal, which sets them apart from the classical stochastic forces associated
with local collisional processes. Interestingly, DGZ and Tumulka [131], following an idea
of Bell [132] and Vink [133], have more recently reintroduced stochastic dynamics and
nonlocality into the dBB version of quantum field theory (QFT) to account for the creation
and disappearance of particles in these theories (in particular, Goldstein studied Nelson’s
theory in detail in the 1980s [134]).

6. Extension of the de Broglie–Bohm Framework Involving Vorticity and
Clebsch Potentials

In order to motivate the present discussion, it is important to recall how the HJ theory
is generally introduced and justified in classical mechanics [14,23,24]. Starting from a
Hamiltonian H(q, p, t) we assume the existence of a canonical transformation, q, p → Q, P

such that with the new variables, the Hamiltonian H′(Q, P, t) cancels out. Such a canonical
transformation is introduced, for example, by means of a generating function F(q, Q, t)

such that p = − ∂F
∂q , P = − ∂F

∂Q , and H′ = H + ∂tF. If H′ = 0, we have, according to

Hamilton’s equations Q̇ = 0 = Ṗ, i.e., Q and P define constants of motion. Let α := Q,
S(q, α, t) := F(q, Q, t), and β = P; then, we have

−∂tS(q, α) = H(q,∇S(q, α, t), t) (46)

p = ∇S(q, α, t) (47)

β = −∂S(q, α, t)

∂α
(48)

Following Jacobi’s theorem, the action S(q, α) defines a complete integral of HJ Equa-
tion (46) with the momenta pk = mk q̇k given by the guidance Formula (47). This solution
is characterized by 3N non-additive constants α defining a family of trajectories in the
configuration space. The other 3N constants of integration β given by (48) characterize
each specific orbit or trajectory of the family requiring 6N integration constants for their
complete definition.

However, there are a number of points to bear in mind here. Firstly, Jacobi’s method
and result are much more general than our brief description based on a specific choice of
generating function. Other choices of generating functions, such as F2(q, P, t), F3(p, Q, t),
or F4(p, P, t), would be just as suitable for reaching the same general conclusion. Another
historical remark is that de Broglie was quick to appreciate that the existence of families
of trajectories associated with the S(q, t) function meant that a statistical element was
introduced into the pilot-wave theory he was proposing. Traces of this can be found as
early as 1925 [27,135–137], when he anticipated Born’s rule even though the Schrödinger
equation had not yet been discovered! For this reason, we can truly say that the pilot-wave
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theory, i.e., dBB mechanics, preceded the Copenhagen interpretation.
A more critical remark is that there is no guarantee that we can always find a complete

integral S(q, α, t) solution to HJ Equation (46). The method often used is the separation
of variables, but it does not always work [14]. In fact, it seems preferable to look at the
problem the other way round. Postulating HJ Equation (46), which is a nonlinear equation
dependent on a field S(q, t), we can always define a class or family of trajectories using the
guiding Formula (47): this is the central postulate associated with Equation (31) in classical
mechanics and Equation (34) in dBB mechanics. All this becomes clearer if we start from
the hydrodynamic formalism. In fact, the HJ method in classical mechanics is merely a
means of describing the dynamics of a set of trajectories in configuration space, based on
the analogy with a fluid without pressure P (the only forces coming from the external field
V(q, t)) as visible from Equation (32). The HJ description is limited to potential motion,
i.e., postulating irrotationality ωij(q, t) = 0. This is a restricted class of motion obeying
Euler’s equation, i.e., Newton’s. The same is of course true in dBB mechanics (see Equa-
tion (35)) with the difference that in this quantum theory, there is a Madelung–de Broglie
internal tension field necessary to explain the quantum forces associated with VΨ(q, t).

This immediately suggests possible generalizations in both classical and dBB quan-
tum physics. Indeed, if we remove this restriction to potential motions ωij(q, t) = 0, it
becomes possible to obtain a much larger class of sets of trajectories in configuration space,
containing those described by the HJ equation as a special case. Such an approach is well
known in hydrodynamics for inviscid fluids [138] and electromagnetics (e.g., magnetohy-
drodynamics) [139,140], where Clebsch potentials are introduced to describe velocity fields
with vorticity. It then becomes possible to imagine extensions of Madelung’s formalism to
fluids with non-zero vorticity fields. As demonstrated by Schönberg and Takabayasi [10,11],
it even becomes possible to generalize Schrödinger’s equation to take into account such
non-potential particle motion. Remarkably, a relativistic extension to the Klein–Gordon
equation was independently proposed by Dirac [141] in the limit of zero quantum poten-
tials, and its “dBB” generalization was proposed by Takabayasi and Schönberg [10,11] (for
the Klein–Gordon equation and Dirac’s equation for half-spin particles).

In the following, we restrict ourselves to the nonrelativistic regime in a configuration
space of dimension three (N = 1) in order to simplify the analysis, although Clebsch
potentials can in principle be discussed for N > 1. We start with

{

(∂t + v(r, t) ·∇)v(r, t) = −∇
V(r,t)+VΨ(r,t)

m

∂tR
2(r, t) +∇ · (R2(r, t)v(r, t)) = 0

(49)

without Madelung’s constraint Ω(r, t) = ∇× v(r, t) = 0. Following Euler, we can always
write in a region where Ω(r, t) ̸= 0

mΩ(r, t) = ∇α(r, t)×∇β(r, t) (50)

where α and β are the so-called Euler or Clebsch potentials. This representation can be
justified by using Pfaff–Darboux’s theorem [138,142,143]. Comparing with the definition
for Ω(r, t), this leads to the Clebsch decomposition

mv(r, t) = ∇S(r, t) + α(r, t)∇β(r, t) (51)

which is however not unique, since the following gauge transformations are allowed [138]:
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S → S′ = S + f (α, β, t)

α → α′ = g(α, β, t)

β → β′ = h(α, β, t) (52)

if ∂ f
∂β + g ∂h

∂β = α, ∂ f
∂α + g ∂h

∂α = 0. Using the Lagrangian description of a fluid, Clebsch and
Hankel (see [142,143] for a clear discussion of the historical proofs but also [139] where the
connection with Euler’s work is done) showed that for consistency the potentials obeyed
the conditions

(∂t + v(r, t) ·∇)α(r, t) :=
d

dt
α(r(t), t) = 0

(∂t + v(r, t) ·∇)β(r, t) :=
d

dt
β(r(t), t) = 0 (53)

It must be noted that Equation (51) looks very similar to the HJ guidance formula for a
charged particle in an external magnetic potential A(r, t) yielding mv(r, t) = ∇S(r, t)−
eA(r, t), where e is the electric charge of the particle.

Although we have not yet introduced electromagnetic fields into our discussion of the
dBB theory, we recall that for a nonrelativistic spinless particle obeying the Schrödinger
equation in the presence of a magnetic potential A and an electric potential V, we have:

i∂tΨ(r, t) =
−1
2m

(∇− ieA(r, t))2Ψ(r, t) + eV(r, t)Ψ(r, t) (54)

This corresponds to Madelung’s hydrodynamic representation

{

−∂tS(r, t) = (∇S(r,t)−eA(r,t))2

2m + VΨ(r, t) + eV(r, t)

∂tR
2(r, t) +∇ · (R2(r, t)v(r, t)) = 0

(55)

which, together with the guidance formula mv(r, t) = ∇S(r, t) − eA(r, t), defines the
associated dBB mechanics. The second-order Newton’s dynamics yields

m(∂t + v(r, t) ·∇)v(r, t) = e[E(r, t) + v(r, t)× B(r, t)]−∇VΨ(r, t) (56)

which contains the Lorentz force term e[E(r, t) + v(r, t) × B(r, t)] acting upon the parti-
cle, where E(r, t) = −∂tA(r, t)−∇V(r, t) and B(r, t) = ∇× A(r, t) are the electric and
magnetic fields, respectively. Note, in particular, that the vorticity of the velocity field
is non-zero and linked to the magnetic field by mΩ(r, t) = −eB(r, t). Returning to our
Clebsch potentials, the electromagnetic analogy suggests the identification

eAe f f .(r, t) = −α(r, t)∇β(r, t)

eVe f f .(r, t) = α(r, t)∂tβ(r, t)

eEe f f .(r, t) = ∂tα(r, t)∇β(r, t)− ∂tβ(r, t)∇α(r, t)

eBe f f .(r, t) = −∇α(r, t)×∇β(r, t) (57)

where we have introduced effective potentials associated with α and β (note that this
constitutes a quadrivector eA

µ
e f f .(x) = α(x)∂µβ(x) where Aµ := [V, A], x := [t, x], ∂µ =

[∂t,−∇]). This immediately leads to the generalized Madelung equations for the fluid with
vorticity in the presence of effective electromagnetic fields and real fields A, V:
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









−∂tS(r, t) = [∇S(r,t)+α(r,t)∇β(r,t)−eA(r,t)]2

2m + VΨ(r, t) + α(r, t)∂tβ(r, t) + eV(r, t)

∂tR
2(r, t) +∇ · (R2(r, t)v(r, t)) = 0

mv(r, t) = ∇S(r, t) + α(r, t)∇β(r, t)− eA(r, t)

(58)

These equations are completed by the conditions (53) and we deduce the set of fundamental
equations proposed by Schönberg:











i∂tΨ(r, t) = −1
2m [∇+ iα(r, t)∇β(r, t)− ieA(r, t)]2Ψ(r, t) + [α(r, t)∂tβ(r, t) + eV(r, t)]Ψ(r, t)

(∂t + v(r, t) ·∇)α(r, t) := d
dt α(r(t), t) = 0

(∂t + v(r, t) ·∇)β(r, t) := d
dt β(r(t), t) = 0

(59)

Explained in another way: the Schönberg theory we have just described allows us to find
solutions to the pair of hydrodynamic equations

{

m(∂t + v(r, t) ·∇)v(r, t) = e[E(r, t) + v(r, t)× B(r, t)]−∇VΨ(r, t)

∂tR
2(r, t) +∇ · (R2(r, t)v(r, t)) = 0

(60)

in the presence of vorticity Ω ̸= 0. The condition for this is the introduction of two Clebsch
fields α, β nonlinearly coupled to the Ψ wave function according to Equation (53) and
with the generalized guidance condition mv(r, t) = ∇S(r, t) + α(r, t)∇β(r, t)− eA(r, t).
Note that Equation (59), or equivalently, Equations (53) and (58), can be derived using a
variational principle based on the Lagrangian

L = −R2[∂tS + α∂tβ + eV +
[∇S + α∇β − eA]2

2m
]− (∇R)2

2m
(61)

Several important properties follow from this dynamics. First, note that we have Ee f f .(r, t)+

v(r, t)× Be f f .(r, t) = 0 from which we deduce Ee f f .(r, t) · Be f f .(r, t) = 0, and the effective
Lorentz force Fe f f = e[Ee f f .(r, t) + v(r, t)× Be f f .(r, t)] therefore vanishes. Newton–Bohm’s
dynamical law thus becomes

m(∂t + v(r, t) ·∇)v(r, t) = e[E(r, t) + v(r, t)× B(r, t)]−∇VΨ(r, t) (62)

as in Equation (62). A second remark concerns the vorticity of the velocity field which implies:

mΩ(r, t) + eB(r, t) = −eBe f f .(r, t) = ∇α(r, t)×∇β(r, t) (63)

Moreover, from Equation (57), it is immediately clear that we have the first set of
Maxwell’s equations:

∂tBe f f .(r, t) = −∇× Ee f f .(r, t) (64)

∇ · Be f f .(r, t) = 0 (65)

which implies the formula ∂tBe f f .(r, t) = ∇× [v(r, t)× Be f f .(r, t)]. Therefore, we obtain
the hydrodynamic equation for the vorticity field Ω:

∂t[mΩ(r, t) + eB(r, t)] = ∇× (v(r, t)× [mΩ(r, t) + eB(r, t)]) (66)

which generalizes Equation (14).
To conclude this section, it is important to note that the Clebsch parameters introduced

here do not necessarily form a global representation of the field in the entire configura-
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tion space (here three-dimensional). In fact, Pfaff–Darboux’s theorem is only valid lo-
cally [138,139,142,143]. In some cases, it may be necessary to introduce more than one pair
of Clebsch potentials (at least 3N − 1 pairs of parameters are needed in a 3N-dimensional
configuration space [144]). This is linked to the topology and helicity of the velocity field,
which we do not discuss here (see [138,139,145]).

6.1. The Quantum Rankine Vortex

To illustrate Schönberg’s theory, let us consider the case of a vorticity tube, which is
the quantum analog of Rankine’s classical hydrodynamic model for an idealized tornado.
In this model, we suppose no real electromagnetic field and the vorticity is induced by
the presence of effective fields according to Equation (57). For a vortex with cylindrical
symmetry around the z axis, we use the Clebsch potentials

α(r, t) = f (ξ)

β(r, t) = φ + g(t) (67)

where ξ =
√

(x2 + y2), z, φ are cylindrical coordinates, and f (ξ), g(t) are two unknown
functions. This choice implies the effective fields:

eAe f f .(r, t) = −α(r, t)∇β(r, t) = − f (ξ)

ξ
ϕ̂

eVe f f .(r, t) = α(r, t)∂tβ(r, t) = f (ξ)
dg(t)

dt

eEe f f .(r, t) = ∂tα(r, t)∇β(r, t)− ∂tβ(r, t)∇α(r, t) = −d f (ξ)

dξ

dg(t)

dt
ξ̂

eBe f f .(r, t) = −∇α(r, t)×∇β(r, t) = −1
ξ

d f (ξ)

dξ
ẑ (68)

This induces a vorticity

mΩ(r, t) = −eBe f f .(r, t) =
1
ξ

d f (ξ)

dξ
ẑ (69)

corresponding to a tornado surrounding the z axis.
To be consistent, we look for a velocity field given by the guidance formula

mv(r, t) = ∇S(r, t) + α(r, t)∇β(r, t) such that the motion is azimuthal. The wave function
solution of Equation (59) is assumed to be Ψ(r, t) := R(ξ)eiNφe−iEt, where N ∈ R describes
the orbital momentum and E the particle energy (note that N is not necessarily an integer
but this is later assumed). The velocity field v = vφϕ̂ is then written

mvφ(ξ) =
N

ξ
− eAe f f ,φ(ξ) =

N + f (ξ)

ξ
(70)

which can also be justified by calculating the velocity circulation on an integration contour
around the z axis. The energy conservation obtained from the generalized HJ Equation (58)

reads E =
(mvφ)2

2m + eVe f f + VΨ and leads to the radial Schrödinger equation:

0 = 2m[E − (N + f (ξ))2

2mξ2 − f (ξ)
dg(t)

dt
]R(ξ) +

1
ξ

dR(ξ)

dξ
+

d2R(ξ)

dξ2 (71)

Note that fluid conservation is automatically preserved since ∇ · [|Ψ|2v] = 1
ξ ∂φ[vφ(ρ)R2(ξ)] =

0. To further constrain the model, we need Equation (53). The condition d
dt α(r(t), t) = 0 is

automatically, fulfilled but the constraint d
dt β(r(t), t) = 0 becomes
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0 =
dg(t)

dt
+

vφ(ξ)

ξ
(72)

After combining with Equation (70), we obtain

dg(t)

dt
= −vφ(ξ)

ξ
= −N + f (ξ)

mξ2 (73)

Moreover, in order for Equation (73) to be true, N + f (ξ) must be proportional to ξ2. This is
only possible for a constant effective magnetic field −eB0 = 1

ξ
d f (ξ)

dξ , which, after integration,
leads to

f (ξ) =
−eB0ξ2

2
+ f0 =

−eB0ξ2

2
− N (74)

where the constant f0 must be −N to satisfy Equation (73). We deduce g(t) = eB0
2m t = −ω̃t

and therefore β = φ+ ω̃t, where ω̃ is an angular Larmor frequency for the Clebsch potential
β. We have

vφ(ξ) = − eB0

2m
ξ = ω̃ξ

Ω = − eB0

m
= 2ω̃ (75)

The constant vorticity Ω is twice the angular frequency ω̃, a property already obtained
with the classical Rankine tornado. In the end, this allows us to rewrite Equation (71) as:

0 = [2mE + NeB0 +
e2B2

0ξ2

4
]R(ξ) +

1
ξ

dR(ξ)

dξ
+

d2R(ξ)

dξ2 (76)

To complete the description of our tornado, we assume that the vorticity is constant and
confined within a tube of radius ξ0 and such that Ω = 0 outside the tube (or filament). In the
external domain, the fluid is irrotational, so let us assume α = β = 0 for ξ > ξ0. According
to the guiding formula, the velocity field in this domain is given by the standard de Broglie–
Bohm formula mv(r, t) = ∇S(r, t) with the wave function Ψ′(r, t) := R′(ξ)eiN′φe−iE′t as
above, with N′ and E′ a priori different from N and E in the inner domain (ξ < ξ0). Note
that N′ ∈ Z, as usually assumed. We thus have

mvφ(ξ) =
N′

ξ
(77)

From the energy conservation (i.e., HJ equation), we have E′ = (mvφ)2

2m + VΨ and deduce
the radial Schrödinger equation:

0 = 2m[E′ − N2

2mξ2 ]R
′(ξ) +

1
ξ

dR′(ξ)
dξ

+
d2R′(ξ)

dξ2 (78)

The two domains of the vortex are connected by assuming the continuity of the velocity
field at ξ = ξ0, which imposes the equality vφ(ξ0) = N′

mξ0
= − eB0

2m ξ0 by comparing (75)
and (77) and therefore the constraint

N′ = − eB0

2
ξ2

0 (79)
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Moreover, by imposing the continuity of E and N, which is equivalent to assuming the
continuity of the phase of the wave function, we have N = N′ and E = E′. The two radial
Equations (76) and (78) are greatly simplified, since the potential energy terms and their
radial first derivative are also continuous. We can thus group (76) and (78) into

0 = [2mE + N2 (ξ
2 − 2ξ2

0)

ξ4
0

Θ(ξ0 − ξ)− N2

ξ2 Θ(ξ − ξ0)]R(ξ) +
1
ξ

dR(ξ)

dξ
+

d2R(ξ)

dξ2 (80)

where we removed the notation R′(ξ) for the external domain since we have a single
continuous radial wave function for the whole space (θ(x) is the Heaviside function with
θ(x) = 1 for x ≥ 0 and zero otherwise). To solve this equation, it is convenient to use the
variables τ := ξ/ξ0 and R(ξ) := G(τ), and Equation (80) becomes:

0 = [ε + N2(τ2 − 2)Θ(1 − τ)− N2

τ2 Θ(τ − 1)]G(τ) +
1
τ

dG(τ)

dτ
+

d2G(τ)

dτ2 (81)

with ε = 2mEξ2
0. In the domain τ > 1, outside the vortex, (81) reduces to a Bessel equation

with the general solution

R(ξ) = G(τ) = C1 JN(
√

ετ) + C2YN(
√

ετ) = C1 JN(
√

2mEξ) + C2YN(
√

2mEξ) (82)

where JN and YN are the Bessel functions of the first and second kind, respectively
and C1, C2 are two constants. Note that in the absence of a vorticity core, i.e., if B0 = 0,
the only physical solution is the usual Bessel function JN(

√
2mEξ). In particular, if N > 0,

we have JN(0) = 0, and the wave function indeed vanishes along the z axis in order to
agree with the existence of the phase singularity on the nodal line. If we now assume
B0 ̸= 0, the solution G(τ) near the origin is given by the expansion

G(τ) = C0(1 +
2N2 − ε

4
τ2 + O(τ3)) (83)

with C0 a constant. Note that the sign of the curvature at the origin is negative only
if ε > 2N2, i.e., E >

N2

mξ2
0
. This is clearly understood if we write G(τ) = W(τ)

√
τ leading to

the Schrödinger equation

0 = [ε + N2(τ2 − 2)Θ(1 − τ)− N2 − 1
4

τ2 Θ(τ − 1)]W(τ) +
d2W(τ)

dτ2 (84)

This corresponds to the problem of a particle interacting with a one-dimensional potential

barrier Ue f f (τ) = N2(2 − τ2)Θ(1 − τ) +
N2− 1

4
τ2 Θ(τ − 1) whose value decreases monoton-

ically towards zero for τ → +∞ and such that the maximum value Ue f f (0) = 2N2 is
reached at the origin τ = 0. From this, we deduce that Equation (84), and therefore (81),
admits a convergent solution only if ε > 0. On the other hand, if ε > Ue f f (0) = 2N2, then
the energy is greater than the barrier and the wave function must decrease in amplitude.
In the opposite case, if 0 < ε < 2N2, the wave function must enter the barrier by tunneling,
which explains qualitatively the behavior at the origin in Equation (83).

A numerical solution to Equation (81) was obtained by setting G(0) = C0 = 1,
d

dτ G(0) = 0 and using a Runge–Kutta 4 routine in Matlab. Figure 1 shows two solutions
for the N = 1 case and corresponding to ε = 3 > 2 and ε = 1 < 2, respectively.

The velocity field is therefore cylindrically symmetrical, surrounding the core of the
vortex. The resulting quantum system is virtually indistinguishable from the irrotational
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case, in which the vortex is a nodal line (specifically, if ξ0 → 0). A comparison of the
quantum fields is shown in Figure 2.

Figure 1. Radial profile R(ξ) = G(τ) of the wave function solution of Equation (81) for the choice
N = 1 and for two values of the normalized energy ε. The dotted vertical line separates the inner
(τ < 1) and outer (τ > 1) domains of the quantum Rankine vortex. Vorticity is constant in the inner
domain and cancels out in the outer domain.

Figure 2. (a) Two-dimensional profile of the quantum Rankine vortex (for N = 1) in the x–y

plane compared with (b) the profile of the ideal Bessel vortex (corresponding to B0 = 0 and zero
vorticity). The concentric circles are dBB trajectories. The red circle corresponds to the critical radius
ξ =

√

x2 + y2 = ξ0 separating the inner and outer domains of the Rankine vortex.
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It is important to note that the discussion here of the Rankine vortex (in its quantum
version) is in line with the results obtained in pure classical hydrodynamics for an Eulerian
fluid. Moreover, in the usual derivation of Rankine vortex properties, the pressure p(r, t)

can be obtained by integration of the Newton–Euler law. The same is possible here for
the quantum potential Vψ(r, ) replacing the pressure field: Starting from the formula

m
v2

φ

ξ = ∂
∂ξ VΨ(ξ) and using Equation (75) and (77), by integration, we can obtain the

quantum potential in the two domains ξ < ξ0 and ξ > ξ0. By assuming continuity of these
potentials at the core-vortex boundary ξ = ξ0, we obtain:

VΨ(ξ) =
N2

2mξ4
0

(ξ2 − 2ξ2
0)Θ(ξ0 − ξ)− N2

2mξ2 Θ(ξ − ξ0) + C (85)

where C is a constant. The same result is directly obtained from our general HJ Equation (80),
which fixes the constant C = E.

6.2. Remarks

To conclude this analysis of Schönberg’s theory, several remarks are useful and impor-
tant. First of all, it is important to remember that the primary motivation for this theory is
to extend Schrödinger’s quantum theory, based on Madelung–de Broglie’s hydrodynamic
analogy. Based on the idea that the description of a quantum fluid endowed with Ω ̸=
vorticity makes sense, we are directly led through the introduction of Clebsch potentials
whose coupling with the Ψ wave function is nonlinear and non-trivial. This is particularly
apparent in the Lagrangian function (61). Takabayasi suggested that the introduction of
these Clebsch potentials might have something to do with the theory of nuclear forces and
mesons, which had reached an impasse in the 1950s. However, for us, what is important
is that in the dBB theory, Clebsch potentials extend the class of possible particle motions
beyond the standard HJ guiding formula limited to irrotational motions.

It is interesting in this context to recall that Dirac reached similar conclusions in his clas-
sical theory of the electron [141]. Indeed, limiting ourselves to the standard HJ theory based
on irrotational motion, we must have the guiding formula mv(r, t) = ∇S(r, t)− eA(r, t)

in the presence of a magnetic field. It is clearly impossible within the framework of this
classical theory to imagine a probabilistic cloud of electrons which, at a given instant
t, would be motionless in a magnetic field (because then, from Ω = 0, we would have
B = 0). This shows that the HJ theory is limited within the classical framework and is
only a subclass of the Newtonian theory. The hydrodynamic formalism makes all this clear.
The irrotationality postulate Ω is not general enough. Thus, it seems natural to assume
that the same applies to dBB’s quantum theory. If, as we believe, following de Broglie,
that theory is the natural completion of classical theory (due to its ontological clarity and
historical continuity with the work of Hamilton, Jacobi, and others), then the introduction
of Clebsch potentials seems self-evident.

From this point of view, the de Broglie–Bohm theory is not only an ontological ap-
proach that gives meaning to quantum mechanics; it is also a means of extending or
anticipating possible extensions of quantum mechanics. In other words, it becomes use-
ful for imagining new forms of physics beyond current quantum theory. Of course, one
question we must ask ourselves here is why we do not see the presence of these Clebsch α

and β potentials in the laboratory. Two suggestions are possible here. Firstly, in line with
the literature on hydrodynamics and the Kelvin–Helmholtz theorem, we can assume that
quantum fluids are currently strongly dominated by the irrotational regime Ω = 0. In fact,
in Eulerian fluid mechanics, vortices are particular regions of space where this vorticity
is confined to the core region. By analogy with that work, we can assume that the same
applies to the dBB theory. The example of the Rankine vortex shows that indeed, that
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region of non-zero vorticity can be completely isolated from the environment, where the
quantum fluid can be considered as irrotational.

It is also important to note that vortices associated with nodal lines in the usual
Schrödinger theory (without Clebsch potentials) are very difficult regions to study and
probe experimentally, since in these regions, the probability of presence given by Born’s
rule tends towards zero. This is where the link with the work of Valentini and Bohm–Vigier
comes in. It is entirely possible that regions of non-zero vorticity were created in the early
universe (close to the Big Bang). These regions could still have a detectable effect via their
effect on particle dynamics. Moreover, vortex nodal lines obeying the standard Schrödinger
equation (i.e., in the absence of α and β) are known to be highly chaotic regions for dBB
dynamics. In Valentini’s theory, where relaxation to quantum equilibrium is paramount,
the presence of vortices plays an essential role in monitoring relaxation to quantum equilib-
rium and Born’s law. However, the presence of non-zero vorticity domains (sort of dBB
cosmic strings) could disturb these processes and could represent regions of space-time
where particles out of quantum equilibrium are captured and trapped. This deserves
further investigation.

Another point that deserves a more extensive analysis (but which we only touch
on briefly because of its great complexity) concerns the link between Clebsch’s formal-
ism and Pauli’s theory of half-spin particles developed by Bohm, Schiller, and Tiomno
in a hydrodynamic form [13,14,146]. In Pauli’s theory, single electrons are described by

Ψ(r, t) =

(

Ψ↑(r, t)

Ψ↓(r, t)

)

two-component spinors, of which we can give a hydrodynamic

representation. To do this, we write

Ψ(r, t) =

(

Ψ↑(r, t)

Ψ↓(r, t)

)

= R(r, t)eiS(r,t)





cos ( ϑ(r,t)
2 )e−i

φ(r,t)
2 (r,t)

sin ( ϑ(r,t)
2 )e+i

φ(r,t)
2 (r,t)



 (86)

which contains four real fields R, S, ϑ, and ϑ with a clear kinetic and dynamic interpretation.
The simplest quantity is R defined by Ψ†(r, t)Ψ(r, t) = R2(r, t) and which is associated, like
in the usual dBB theory, with the Born probability distribution (i.e., assuming quantum
equilibrium). The two internal angles ϑ, φ define the local orientation of the spinor field.
In fact, local spin can be introduced by the formula

Σ(r, t) =
1
2

Ψ†(r, t)σΨ(r, t) =
1
2

n̂(r, t)Ψ†(r, t)Ψ(r, t) (87)

which involves the Pauli matrices σx, σy, σz grouped together in the form of a vector operator

σ = σxx̂ + σyŷ + σzẑ and whose direction n̂ =







cos φ sin ϑ

sin φ sin ϑ

cos ϑ






(in spherical coordinates)

is a unit vector characterized by the internal angles ϑ, φ which vary continuously in the
space-time of the Pauli field. The last parameter, the phase S(x, t), is clearly a generalization
of the HJ action and, in particular, it can be shown that the dBB probability fluid velocity,
which also defines the particle velocity, is given by

v(r, t) = ∇
S(r, t)

m
− e

m
A(r, t)− 1

2m
cos ϑ∇φ(r, t) +

∇× Σ(r, t)

mΨ†(r, t)Ψ(r, t)
(88)

In this expression, the first term and second term is the usual de Broglie–Madelung velocity
in the presence of magnetic potential A(r, t). The fourth term is a magnetic term associ-
ated with the particle’s spin current. It was omitted by Bohm, Schiller, and Tiomno [146]
but must appear if we consider Pauli’s theory as the nonrelativistic limit of Dirac’s equa-
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tion [13]. Finally, the third term is a special case of the Clebsch representation for the spin
fluid with α = − cos ϑ and β = φ/2. All this suggests a link between the particle’s spin and
the Clebsch parameters, but this is neither certain nor obligatory, as we can also introduce
these parameters without any reference to spin, for example in the Klein–Gordon equation,
which is associated with a zero-spin particle. Furthermore, as Schönberg and Takabayasi
showed [10,11], the Clebsch potential formalism can be extended to the relativistic Dirac
equation for half-spin particles, meaning that the representation (88) can in fact be general-
ized by adding new Clebsch terms α∇β not necessarily connected to spin.

To conclude this section, following de Broglie, we started from the idea that the classi-
cal HJ theory is transformed, in quantum physics, into the dBB theory. Since the HJ theory
represents only one possible subclass of Newtonian mechanical motion (i.e., the class of
irrotational motions with zero vorticity), it becomes natural to look in the quantum do-
main for the broadest completion corresponding to motions not necessarily limited by the
zero-vorticity constraint. This is the theory proposed by Schönberg and Takabayasi [10,11],
and offers a natural extension of the Schrödinger equation. Such a completion would
clearly be impossible to formulate in the minimalist description of Bell and DGZ, which is
limited to a formalism without quantum potential. This shows once again the importance
of mechanical analogies and historical links with methods developed in the 19th century in
optics, mechanics, and hydrodynamics.

7. Conclusions

A final word at the end of this work obviously concerns the title of our article. It is
directly inspired by the one used by Albert Einstein, Boris Podolsky, and Nathan Rosen,
who, in 1935, wrote the famous EPR article entitled “Can quantum-mechanical description
of physical reality be considered complete?” [147]. The EPR authors were clearly trying to
show that the answer to their question is no. For them, relativistic locality was fundamental,
and they deduced a contradiction with quantum mechanics, implying its incompleteness.
However, the deduction presupposed locality, and there are two other alternatives: either
quantum theory is nonlocal and complete, which is the anti-realist view generally associated
with Bohr’s name [148] (for a recent critique of Bohr’s analysis see [149]), or nonlocal and
incomplete (which is consistent with the dBB theory). Following Bell’s work [60], we know
that the alternative chosen by EPR is not tenable: Bell demonstrated that quantum theory
was necessarily nonlocal (whether it is complete or not). More precisely, we would even
have to say non-(locally) causal, because Bell’s locality is replaced by local causality (Bell’s
theorem demonstrates the negation of this property) and we can even include a postulate
of statistical independence in addition to local causality in Bell’s reasoning, which amounts
to admitting the absence of super-determinism (a hypothesis we abandoned in our recent
work inspired from de Broglie’s work [72–74]).

Now, the question we were asking in this article was a little different. Is the dBB theory
really complete? We think we demonstrated through the many historical examples and
technical details that the dBB theory, which is the oldest hidden-variable theory empirically
equivalent to quantum mechanics, was in fact a research program. The creators of this
theory have always been clear about their goal: to better understand current quantum
mechanics so as to one day be able to surpass it. In this sense, the dBB theory cannot be
complete. We tried to show in this work that the dBB theory, whose centenary we are
celebrating, is extremely rich in physics and mathematics. This theory is strongly based on
analogies between optics, fluid mechanics, and the quantum theory intuited by Louis de
Broglie as early as 1923–1925. Clearly, we do not believe that this theory can be reduced to
the minimal form taught and popularized in recent years on the basis of Bell’s work (even
if this minimalist approach may be of pedagogical interest in certain cases). In fact, the dBB
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theory draws heavily on the work of Hamilton and Jacobi, and even earlier on the work of
Maupertuis and Lagrange in mechanics and Fermat in optics.

An important element of this review on the different ways or alternatives of completing
or modifying the dBB theory is that they are not really independent. For example, the idea
of introducing dynamical fluctuations into the laws of motion could affect the way quantum
equilibrium is discussed. Similarly, the idea of introducing vorticity into the quantum fluid
could affect the way we see particles (according to Bohm and Vigier [20], for example, we
could envisage, in agreement with Takabayasi and Schönberg [10,11], that particles are
kind of mini vortices of very small dimensions carried by the fluid forming a subquantum
medium and affected by Brownian fluctuations). Vorticity could also have an impact on
relaxation to quantum equilibrium (this is related to the work of Valentini [150]). Last but
not least, this makes a deep connection with de Broglie’s double-solution approach [49,72],
as vortices and other topological structures within a fluid are good candidates for soliton
models. In fact, what we see is that all these approaches are part of the same general project:
that of better understanding quantum mechanics in order to go beyond it.

All this suggests the importance of a hydrodynamic description in understanding and,
if possible, extending the dBB theory. We considered different scenarios for the possible
extension of dBB theory, either at the statistical or dynamic level. All are interesting
and open up possibilities for a better understanding of quantum mechanics. Basically,
the underlying idea is that defended by Bell when he said:

“I’m quite convinced of that: quantum theory is only a temporary expedient” [151].
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