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ABSTRACT

Aims. Strong gravitational lensing can detect the presence of low-mass haloes and subhaloes through their effect on the surface
brightness of lensed arcs. We carry out an extended analysis of the density profiles and mass distributions of two detected subhaloes,
with the intention of determining whether their properties are consistent with the predictions of the cold dark matter (CDM) model.
Methods. We analysed two gravitational lensing systems in which the presence of a low-mass subhalo has previously been reported:
SDSSJ0946+1006 and JVASB1938+66. We modelled these detections by assuming four different models for their density profiles
and compared our results with predictions from the TNG50 simulation.

Results. We find that the detected subhaloes are well modelled by steep inner density slopes, close to or steeper than isothermal.
The Navarro—Frenk—White (NFW) profile thus needs extremely high concentrations to reproduce the observed properties, which are
outliers of the CDM predictions. We also find a characteristic radius within which the best-fitting density profiles predict the same
enclosed mass. We conclude that the lens modelling can constrain this quantity more robustly than the inner slope. We find that the
diversity of subhalo profiles in TNGS50, consistent with tidally stripping and baryonic effects, is able to match the observed steep inner
slopes, somewhat alleviating the tension reported by previous works even if the detections are not well fitted by the typical subhalo.
However, while we find simulated analogues of the detection in B1938+666, the stellar content required by simulations to explain the
central density of the detection in J0946+1006 is in tension with the upper limit in luminosity estimated from the observations. New
detections will increase our statistical sample and help us reveal more about the density profiles of these objects and the dark matter

content of the Universe.

Key words. gravitational lensing: strong — methods: numerical — methods: observational — cosmology: observations —

cosmology: theory — dark matter

1. Introduction

Strong gravitational lensing is one of the most promising
methods of studying the nature of dark matter. It allows
one to detect low-mass dark subhaloes within the haloes of
lens galaxies and isolated dark haloes along their line of
sight, providing a quantitative test of the cold dark mat-
ter (CDM) paradigm in a halo mass regime and for dis-
tances that are not easily accessible to other techniques. It
also offers a promising method of distinguishing between
CDM and alternative models in which the abundance of low-
mass haloes is suppressed (Vegetti etal. 2014; Birrer et al.

* Corresponding authors: giulia.despali@unibo.it,
felix.heinze@uni-jena.de

2017; Ritondale et al. 2019b; Despali et al. 2018; Hsueh et al.
2020; Gilman et al. 2018, 2020a,b, 2021; Amorisco et al. 2021;
He et al. 2021; Enzi et al. 2021); for example, warm dark mat-
ter (WDM, e.g. Schneider et al. 2012; Lovell et al. 2012, 2014,
Despali et al. 2020) and self-interacting dark matter (SIDM, e.g.
Vogelsberger et al. 2012, 2016; Despali et al. 2019), or models
that create small-scale features such as the granules in fuzzy
dark matter (FDM, e.g. Robles et al. 2017; Powell et al. 2023).
Given that the distortion of lensed images is due to gravity only,
we can directly measure the total mass of the object acting as
a lens independently of its dark or baryonic nature, both in the
case of the main lens galaxy (typically an early-type galaxy) and
additional smaller low-mass haloes (however, see Vegetti et al.
2024 for a discussion on systematic errors induced by baryonic
effects).
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The search for dark matter haloes and subhaloes through
their effect on magnified arcs and Einstein rings has led to three
detections of low-mass dark matter (sub)haloes. A first object
has a mass of Mgy, = (3.51 £ 0.15) x 10° M, in the Hub-
ble Space Telescope (HST, Vegetti et al. 2010b) observations of
the system J0946+1006 and a second perturber has a mass of
Mgy, = (1.9 + 0.1) x 10® M, using Keck adaptive optics imag-
ing (Vegetti et al. 2012) of B1938+666. Moreover, one detection
My = 108902012 pr - wwag reported by Hezaveh et al. (2016) in
ALMA observations of the system SDP.81. In all cases, the sub-
halo mass corresponds to a pseudo-Jaffe (PJ) profile (Jaffe 1983;
Muiioz et al. 2001), i.e. a steeply truncated isothermal profile.
The first two results, combined with the information from non-
detections, have been used to set constraints on the particle mass
of WDM models (Vegetti et al. 2018; Ritondale et al. 2019b;
Enzi et al. 2021). In practice, obtaining reliable and precise fore-
casts for the number and properties of gravitational lens sys-
tems required for more stringent constraints is challenging. As is
demonstrated in the first paper of this series (Despali et al. 2022,
hereafter Paper I), several factors influence the data sensitivity:
the angular resolution of the instrument, the redshift of the lens
and source galaxies, the details of the surface brightness distribu-
tion of the source, the size of the lensed images, the fidelity of the
observed images (e.g. the signal-to-noise ratio) and the threshold
used to define a detection. The results of Paper I were based on
the assumption that dark haloes and subhaloes are well described
by the classic NFW profile (Navarro et al. 1996) predicted by
dark matter simulations, which was not the profile adopted by
the observational analyses that led to the detections. Recent
works by Minor et al. (2021), Sengiil & Dvorkin (2022), and
Ballard et al. (2024) reanalysed the HST observations of the first
two systems using an NFW profile to describe the perturbers,
following the predictions of numerical simulations. The inferred
NFW concentrations required to explain the observed deflec-
tions are substantially above the halo concentration—mass rela-
tion measured in simulations (Duffy et al. 2008; Ludlow et al.
2016; Moliné et al. 2017). Moreover, Sengiil & Dvorkin (2022)
claim that the detection in B1938+4666 is best explained by an
isolated dark halo along the line of sight, located behind the main
lens at z = 1.4, rather than a subhalo. Minor et al. (2021) com-
pare their results on J0946+1006 to the subhalo profiles from the
MlustrisTNG-100-1 hydrodynamical simulation (Pillepich et al.
2018), finding that the inferred subhalo properties are outliers of
the simulated distribution, and thus possibly of the CDM model.

Analyses carried out at other scales report similar trends in
the properties of detected subhaloes. For example, Bonaca et al.
(2019) model the Milky-Way stellar stream GD-1 to constrain
the subhalo mass that could have generated the gap and spur
in the observed distribution of stars. They conclude that the
observed properties of the stream are consistent with a past inter-
action with a subhalo of mass 10°—10% M, and an NFW scale
radius of ry = 20 pc. The subhalo size is smaller than predicted
by numerical simulations that resolve these scales and in which
scale radii are of the order of 50 pc (Moliné et al. 2017), imply-
ing a high concentration. At larger scales, satellite galaxies in
clusters are found to be more efficient lenses than their coun-
terparts in numerical simulations (Meneghetti et al. 2020, 2023;
Ragagnin et al. 2022, 2023), pointing in the same direction.
Power-law (PL) profiles with slopes steeper than the isother-
mal one have also been found for main lensing galaxies, espe-
cially ones belonging to groups or clusters of galaxies (Rusin
2002; Dobke et al. 2007; Spingola et al. 2018). Other than indi-
vidual cases, within the SLACS sample, it has been found that
those lenses with a perturbing companion galaxy are much better
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modelled with a super-isothermal mass density profile, suggest-
ing that the steep slope is likely caused by interactions (Auger
2008). It is thus not surprising that the presence of baryons and
tidal effects (or both) may lead to inner profile slopes that are
steeper than in the classic NFW model.

These results motivate this work and make us wonder if
the current detections are effectively in tension with CDM and
what role uncertainties play in predictions from simulations.
One mechanism that has been proposed as a possible solution
to this tension is the steepening of profiles due to gravother-
mal core-collapse in SIDM models. Velocity-dependent cross-
sections can favour interactions at small scales and, while
initially creating a core, lead to an instability that re-attracts mat-
ter to the centre to form a cuspy structure (Tulin & Yu 2018;
Koda & Shapiro 2011; Kaplinghat et al. 2019; Adhikari et al.
2022; Yang et al. 2023). Nadler et al. (2021) investigated this
possibility and found a better match between the steep sub-
halo slope measured by Minor et al. (2021) and their simula-
tion. However, it is also possible that we only detect struc-
tures belonging to a specific sub-population of particularly com-
pact objects. For example, they could be heavily stripped sub-
haloes, where the density profile has been truncated by the
interaction with the host but retains a central large density.
Previous works, such as Di Cintio et al. (2011, 2013), already
pointed out that the NFW profile might not be a suitable model
for describing the density profiles of subhaloes, especially in
the presence of baryons. Even dark-matter-only simulations
have shown that subhaloes exhibit much higher central den-
sities and are generally more concentrated than isolated field
haloes of comparable mass (Ghigna et al. 2000; Bullock et al.
2001; Kazantzidis et al. 2004; Diemand et al. 2007). Recently,
Heinze et al. (2024, hereafter H23) have studied the total den-
sity profiles of subhaloes in the TNG50-1 hydrodynamical cos-
mological simulation (Pillepich et al. 2018) and proposed a new
fitting function with much steeper inner and outer log-slopes
compared to the ones of the standard NFW profile.

In this work, we take an agnostic approach to observational
data and simulations. We re-model the two perturbers detected
with gravitational imaging in J0946+1006 and B1938+666,
using four different models for the density profile that differ
in terms of slope and mass definition. We evaluate their per-
formance at reproducing the observations and then compare the
inferred parameters to the simulated subhaloes in the TNG50-1
run. In the latter, we measure the total density profiles, consid-
ering both the dark matter and baryonic content of subhaloes:
even if substructures detected with gravitational imaging are
often referred to as dark, they may still contain stars or gas
that are too faint to be detected, but that influence the density
profile. The paper is structured as follows. In Sect. 2, we out-
line the lensing methodology and the considered density pro-
files and summarise the results from H23. In Sect. 3, we instead
describe the observational data used in this work: the systems
SDSSJ0946+1006 and JVASB1938+666. In Sect. 4, we present
the lens modelling results and the corresponding inference of
subhalo properties, which we then compare to simulated sub-
haloes in Sect. 5. Finally, in Sect. 6, we discuss our results and
present our conclusions.

2. Methods
2.1. Lensing analysis

In this work, we use the PRONTO lens modelling code originally
developed by Vegetti & Koopmans (2009) and further extended
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by Rybaketal. (2015), Rizzoetal. (2018), Ritondale et al.
(2019a), Powell et al. (2021) and Ndiritu et al. (2025). Here, we
briefly describe the method and we refer the reader to these pre-
vious works for additional details.

In the context of Bayesian statistics, the strong lensing infer-
ence problem is best expressed in terms of the following poste-
rior distribution:

P(din, s)P()P(s|As)
P(d)

P(s,n, Ald) = ey
Here, d is the observed surface brightness distribution of the
lensed images, s the background-source-galaxy surface bright-
ness, i a vector containing the parameters describing the lens
mass and light distribution, and A the source regularisation
level. We represent the lens mass distribution by an elliptical PL
model, with dimensionless surface mass density given by

Ko (2 - %) q 32
2)(7*1)/2'

k(x,y) = (@)

2(g>x* +y
Hence, the unknown set of parameters, 7, includes the mass den-
sity normalisation, kg, the radial mass-density slope, v, and the
axis ratio, ¢ (and position angle). An isothermal profile corre-
sponds to y = 2. In addition, an external shear component of
strength I" and position angle I'y is added to the model. The Ein-
stein radius can be then calculated as (Ritondale et al. 2019a;
Enzi et al. 2020):

Ren = | ———— ; (3
3=y

meaning that for an isothermal spherical lens «y can be inter-
preted as the Einstein radius. We follow Vegetti & Koopmans
(2009) and model the source, s, in a pixellated regularised fash-
ion. The brightness of each pixel in the source plane, as well as
the source regularisation level, A, are thus also free parameters
of the model.

In addition to the main lens, we also modelled the perturber
and optimise for its structural properties (e.g. mass and concen-
tration) and position, contained in a vector, s The analytical
models adopted to describe the density profile of the subhalo are
described in the next section. In order to determine the statis-
tical significance of the subhalo detections, we calculated the
marginalised Bayesian evidence of the perturbed model with
MULTINEST (Feroz et al. 2013),

Epert = f P(In, nyy, s) P(s|As) P(n) dAdsdndn,, @)
and compared that to a smooth model (i.e. a lens without per-
turbing subhaloes),

Emooth = f P(din,s) P(slAs) P(n) dAdsdn. ®)
Both integrals were performed assuming uniform priors on the
parameters, 77, and a uniform prior in logarithmic space on the
source regularisation, A5. We chose the size of the priors to be the
same for the two models. The Bayes factor, Alog E = log Epery —
log Egmooth, Was used to quantify the significance of the detec-
tion, as in previous works (Vegetti et al. 2014; Ritondale et al.
2019b; Despali et al. 2022). These established a threshold of
AlogE > 50 — roughly corresponding to a 10-0- detection —
as a reliable way to limit the rate of false-positive detections.

Ritondale et al. (2019b) showed examples (see their Fig. 3) of
cases where a lower detection threshold was proven to not cor-
respond to a compact correction to the lensing potential, as it
should be for a subhalo. However, other works quote lower
thresholds for the detections in the same systems, still finding
compatible subhalo properties (see Sect. 3 and Fig. 5). In this
work, we provide the Alog E values corresponding to each con-
sidered subhalo model and only use them to compare the signif-
icance of each case to the smooth case.

Here, we do not include multipoles in our lens mass mod-
els and focus on the relative difference between the smooth
and perturbed models. We find that a standard model includ-
ing an elliptical PL profile with external shear, together with
the inclusion of the subhalo, describes the mass models rea-
sonably well, leading to very small residuals (see Figs. A.1-
A.5 in the appendix). However, recent works have shown that
the inclusion of multipoles can influence the dark matter infer-
ence (O’Riordan & Vegetti 2024; Cohen et al. 2024), thanks to
the increased complexity in the mass model of the main lens that
can reduce unexplained features in the residuals (Powell et al.
2021; Nightingale et al. 2024; Stacey et al. 2024). This is thus
a potential limitation of our results. In this work, we consider
subhaloes within the main lens as possible sources of perturba-
tions. Another possibility is that they are caused by a dark halo
located along the line of sight (Despali et al. 2016). It is expected
that such a perturber would be well described by an NFW pro-
file following the concentration—mass—redshift relation. As pre-
vious works have found (see Sect. 3) — and confirmed here —
the two detections have concentrations which are outliers of this
relation and it is thus unlikely that they are well described by
standard isolated haloes. Moreover, both Minor et al. (2021) and
Enzi et al. (2025) have included multipoles in the analysis of
J0946+1006, but this has not solved the discrepancy between the
detection’s properties and CDM predictions. Our analysis aims
to investigate if the stripped profiles of subhaloes could instead
reproduce observations. A further investigation of the effect of
multipoles on these two detections and the interpretation as a
line-of-sight halo is presented in by Tajalli et al. (2025).

2.2. Subhalo density profiles

Here we describe four different density profiles that we used to
model the density distribution of the perturbers:

— a standard (thus not truncated) NFW profile following a
concentration-mass determined by Duffy et al. (2008). The
concentration is not constant, but is determined by the sub-
halo mass and fixed to the mean of the ¢ — m relation for the
virial mass. The NFW density profile (Navarro et al. 1996)
is defined as

p(r) = (©)

where ry is the scale radius (i.e. the location of slope transi-
tion), and py is the density normalisation. The NFW profile
can also be defined in terms of the halo virial mass, M,;, (i.e.
the mass within the radius that encloses a virial overdensity
Ay, defined following Bryan & Norman 1998), and a con-
centration related to the scale radius through rg = ryir/Csup-

— an NFW profile with free concentration, i.e. where we treat
Csub a8 an extra free parameter;
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— a PJ profile (Jaffe 1983; Muiioz et al. 2001). This is defined
as

Porf
r2(r* + rt2)’

p(r) = )

where r is the truncation radius and py is the density normal-
isation.

Generally, the truncation radius is assumed to approximate
well the substructure tidal radius; given the lens parameters
defined in Equation (2), we calculated the mass of the host
lens at the position r of the subhalo as

b 4 —
Miens(< R) = =202 7Y (223, ®)
2 3-y
The PJ truncation radius is then (Jetzer et al. 1998; Bellazzini
2004)

2( Mpy \'°
R[:—(i) R

9
3 2Mlens ( )

Note that the definitions of 7, and the mass of the PJ pro-
file are different with respect to Vegetti et al. (2010b, 2012),
where Mpy was defined as the mass within r; and not the total
mass. However, by comparing the PJ masses inferred in this
work with those of the original papers, we find that the new
definition does not alter the conclusions about the physical
properties of the perturber.

— a PL density profile (not truncated) where the slope is a free
parameter. This is defined as in equation (2), assuming a
spherical mass distribution (¢ = 1) and no external shear.

We then compared our results to numerical simulations and to
the findings of H23, which are summarised in Sect. 2.3.

2.3. TNG50 and the modified NFW profile (mNFW)

The simulated subhaloes analysed in this paper are drawn
from IllustrisTNG, a suite of large-volume cosmologi-
cal gravo-magnetohydrodynamical simulations (Pillepich et al.
2018; Weinberger et al. 2017), performed using the moving-
mesh code AREPO (Springel 2010). They include a large number
of physical processes such as primordial and metal-line cooling,
heating by the extragalactic UV background, stochastic star for-
mation, evolution of stellar populations, feedback from super-
novae and AGB stars, and supermassive black hole formation
and feedback. In order to be able to reliably study the small sub-
galactic scales, we made use of the TNGS50-1 run (Pillepich et al.
2019; Nelson et al. 2019a), which has a dark matter mass reso-
lution of 3.1 X 10° My h™', a baryonic mass resolution of 5.7 x
10* Mg h~!, and a gravitational softening length of 0.288 comov-
ing kpc at z = 0. Haloes and subhaloes were identified with the
SUBFIND algorithm (Springel 2005). SUBFIND produces group
catalogues for haloes (i.e. FOF), as well as subhalo catalogues
that include both centrals (the smooth part of isolated haloes) and
satellites. In this work, we only consider the latter as subhaloes.
We also used the merger trees constructed with the SUBLINK
(Rodriguez-Gomez et al. 2015) algorithm, which are part of the
data released with the TNG simulations (Nelson et al. 2019b).
These were constructed at the subhalo level by identifying pro-
genitors and descendants of each object. Firstly, descendant can-
didates were identified for each subhalo as those subhaloes in the
following snapshot that have common particles with the one in
question. These were then ranked based on the binding energy
of the shared particles, and the descendant of a subhalo was
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defined as the candidate with the highest score. Knowledge of
all the descendants, along with the definition of the first progeni-
tor, uniquely determines the merger trees and thus the history of
each subhalo.

We rely on the results by H23, which modelled the “total”
density profiles (including both baryonic and dark matter) of all
TNGS50-1 subhaloes (also here intended as satellites only) with
masses above 1.4 x 108 M, and tested various fitting functions.
The best-performing model is the “modified NFW profile” (here-
after mNFW), defined by the functional form:

GV [+ ()T

Here, py sets the density normalisation, g is the radius at which
the profile transitions between the inner and outer log-slope, and
a controls both the outer log slope and the sharpness of the
slope transition, thereby determining the shape of the density
profile. H23 showed that the mean inner slope of the total den-
sity profile is close to —2 for all subhalo masses in the range
4 x10% < My,/Mg < 10'2. This implies that the density profile
of subhaloes is (on average) close to isothermal and thus steeper
in both its inner and outer parts than the standard NFW model
that is commonly used to describe the dark matter component.
The mNFW profile is thus close to the PJ definition, in terms of
inner slope and mass distribution. As the log-slope beyond r; is
very steep, most of the subhalo mass is contained within rg, and
thus this value corresponds in practice to a truncation radius. We
thus do not model the detections directly with this profile, but
we extend their results by measuring the lensing and observable
properties of the simulated subhaloes and comparing them to
those of the detections in observational data (see Sect. 5). In this
way, we can also account for the significant scatter around the
mean values of slope and py reported by H23, highlighting the
large diversity of subhalo properties that can be expected due to
the baryonic effects and tidal stripping (Kazantzidis et al. 2004;
Green & van den Bosch 2019; Moliné et al. 2023).

p(r) = (10)

2.4. A note on units

Throughout the paper, we use units of physical kiloparsecs and
solar masses (M), where not specified otherwise. We thus con-
verted the simulation values from comoving kiloparsecs over i
to physical kiloparsecs at the redshifts of the two lenses, and the
same units were adopted for the observational analysis. TNG50-
1 has a softening length of epy. = 0.288 kpc at z = 0 (or comov-
ing kiloparsecs), which we converted to physical kiloparsecs at
the redshifts of the two considered systems.

3. Observational data

We analyse two strong gravitational lensing systems where sub-
halo detections have been claimed in previous works. A sum-
mary of previous analyses of both systems can be found in
Table 1, and the optical/NIR images are shown in Fig. 1. Here
we use the same observations used by Vegetti et al. (2010b) and
Vegetti et al. (2012), but our analysis has a few differences: we
model the lens light and the lensed arc at the same time — without
the need to subtract the former from the image — and we use a
noise map that includes both the background and Poisson noise
in each pixel.
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Table 1. Summary of most relevant works in which the two systems considered here have been modelled — with or without the perturber.

Lens Instrument Band M [10° M) Csub Profile Ref.
B1938  Keck/NIRC2+HST K’+NICMOS 0.19+0.01 - Pl VI2
+666 Keck/NIRC2 K’ - - - L2
HST/NICMOS F160W 03085 185" 00 e NEW ko8
HST/NICMOS F160W 1 ~60 (Ysup = 1.96 £0.12) (NFW S22
70946 HST/ACS F814W - - — GO8
+1006 3.51+0.15 - P] VIO
501%14,302798 ) 15607440, 70.6*175  (NFW M2l
8*8r, 8124183 Ludlow etal. (2016) ~ NFW  N24
5.24j§;§§ 3544370 tNFW  E25
17.8+0:3¢ 250°78 (z=0.243%018 )  NFW  T25
+MUSE +F336W 1.58+24 251848 tNFW  B24

-0.33 -125
+HST/WFC3,WFPC2  +F(160,606,438)W - - - S12
MUSE - - - C20

Notes. The data are shown in Fig. 1. For B1938+666, we report values from: Vegettietal. (2012), Lagattuta et al. (2012), King et al.
(1998), Sengiil & Dvorkin (2022), and Tajalli et al. (2025). For J0946+1006: Gavazzi et al. (2008), Vegetti et al. (2010b), Minor et al. (2021),
Nightingale et al. (2024), Enzi et al. (2025), Ballard et al. (2024), Sonnenfeld et al. (2012), Collett & Smith (2020), and Tajalli et al. (2025).
Minor et al. (2021), Sengiil & Dvorkin (2022), and Ballard et al. (2024) use a truncated NFW profile (tNFW) instead of the classic NFW model.
Tajalli et al. (2025) considered the redshift of the perturber as an extra parameter, as reported together with the concentration. Additionally,
Minor et al. (2021) model the mass distribution of the main lens with and without the inclusion of multipoles, the latter leading to a higher mass
and concentration for the detected subhalo. Nightingale et al. (2024) use a set of four variations for the main lens mass model, which determine
the range of values for M,,, among which we report the minimum and maximum values.

1.00
: 1.0 J0946+1006
B1938+666 FS14W
0.75
0.8
0.50
>< - *
025 0.6
— 0.00
0.4
—0.25
—0.50 0.2
—0.75
0.0

~109 oo

—0.75 —0.50 —0.25 0.00
x["]

025 050 075 1.00

Fig. 1. Images of the two strong gravitational lensing systems used in this paper, where subhalo detections (marked by a white cross) have been
claimed in previous works. Left: image of B1938+666 taken in the K’ band by NIRC2 on Keck. In this case, zi. = 0.881 and z; = 2.059; the pixel
and FWHM (determining the resolution) scales are 10 and 70 milli-arcseconds (hereafter, mas), respectively. Right: HST F814W observations of
the lens J0946+1006. For this system, z;. = 0.222 and z; = 0.609; the pixel size and resolution are 50 and 90 mas, respectively. See Table 1 for a
list of previous analyses of these systems.

3.1. JVAS B1938+666 shifts are z;. = 0.881 and zg = 2.059 (Tonry & Kochanek 2000;

Riechers 2011). In this paper, we use higher-angular-resolution

The B1938+666 system was observed as part of the Jodrell
Bank VLA Astrometric Survey (JVAS; Patnaik et al. 1992), and
discovered to be a gravitational lens based on near-infrared
HST imaging (Kingetal. 1997). In addition to the original
NICMOS/NIC1 F160W HST observations (PropID 7255: PI
Jackson), the lens system was observed by the WFPC2 and NIC-
MOS/NIC2 instruments on HST in the F555W, F814W, and
F160W bands (PropID 7495: PI Falco). The lens and source red-

observations that were obtained using the adaptive optics (AO)
system at the Keck Telescope. These K’ data were obtained with
the NIRC2 instrument as part of the SHARP Phase 1 sample and
were used for both smooth mass models of the lensing galaxy
(Lagattuta et al. 2012) and the analysis by Vegetti et al. (2012),
who first discovered the presence of a dark perturber at the loca-
tion of the brightest part of the northern arc, modelling it with a
PJ profile and obtaining a subhalo mass of Mg, = 1.8 X 108 M.
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To date, this is the lowest mass of (sub)halo detected via grav-
itational imaging. They calculated 30" limits in magnitude and
luminosity of My > —14.5 and Ly < 5.4 x 107 Ly,. Despite
the lower subhalo mass, the limits on its luminosity are not very
stringent because the perturbation is detected in a luminous part
of the arc, and it is thus not possible to distinguish its poten-
tial emission from the arc. As reported in Vegetti et al. (2012),
the limit was estimated by calculating the quadrature sum of the
pixel noise in a 16X 16 pixel square aperture, chosen to match the
tidal radius of the substructure, and then applying a K-correction
to convert the K’ value in a rest-frame V band limit.

Sengiil & Dvorkin (2022) analysed the lower-resolution
HST observations of this system and measured the slope of the
subhalo density profile, finding a best-fit value of yg, = 1.96 +
0.12, which corresponds to a concentration of ~60. The inner
slope is thus close to isothermal, and the concentration is high
compared to the theoretical prediction for this mass range. They
also considered the possibility that the perturbation is caused by
an isolated dark halo along the line of sight. They included the
redshift as an additional free parameter and found a preferred
redshift of z = 1.402f8:?gi, thus preferring a line-of-sight halo
over a subhalo. Recently, Tajalli et al. (2025) modelled the red-
shift of the perturber using the higher-resolution Keck data, find-
ing a preference for an object in the foreground at z = 0.13+0.07.
Here, we do not explore this possibility since we are interested
in comparing different profile models with simulated subhaloes
in hydrodynamical simulations.

3.2. SDSS J0946+1006

We use observations of the gravitational lens system
J0946+1006 observed by the ACS camera on board the
HST as part of the SLACS sample (Bolton et al. 2006). Obser-
vations have revealed the presence of three lensed sources:
two arcs visible in HST observations (Gavazzi et al. 2008)
zs1 = 0.609 (inner lensed arc) and zy, = 2.035 (outer lensed arc,
Smith & Collett 2021) and an additional higher-redshift source
at z;3 = 5.975 detected with MUSE (Collett & Smith 2020). In
this work, we consider observations in the F814W band and
model the inner arc, which also is the one with the highest
signal-to-noise ratio. The detection of a dark perturber of mass
Mg = 3.51 x 10° M, in the north-west part of this arc has been
claimed first by Vegetti et al. (2010b). They also calculated a 30
upper limit luminosity of the subhalo of Ly < 5.0 x 10° Ly.
Based on the residual images, they determined an upper limit
on the magnitude of the substructure in two different ways: by
setting the limit equal to three times the estimated (cumulative)
noise level or by aperture-flux fitting, both inside a 5x5 pixel
window. The aperture is chosen to gather most of the light of the
substructure, which is expected to be effectively point-like given
its low mass. Its presence and location were later confirmed
by other works (Minor et al. 2021; Nightingale et al. 2024;
Ballard et al. 2024; Enzi et al. 2025), while the estimates of its
total mass and properties depend on the assumptions made for
the subhalo profile (see Table 1). The original detection has
been modelled with a PJ (Jaffe 1983; Muifioz et al. 2001) profile
that produces a very compact mass distribution and is thus very
efficient as a lens. Other works instead described the subhaloes
as NFW profiles (classic or truncated). Due to the shallower
inner slope, these require a higher total mass to produce a
lensing effect of the same magnitude. Indeed, Nightingale et al.
(2024) finds a total subhalo mass ~10'! M, by calculating M2%
and assigning it a concentration cyoy following Ludlow et al.
(2016). Their findings are compatible with the predictions from
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Despali et al. (2018): the mass of an NFW profile (following a
concentration—mass relation) must be one order of magnitude
larger than a PJ subhalo to produce a lensing effect of the same
scale. Minor et al. (2021), Ballard et al. (2024) and Enzi et al.
(2025) have instead considered the concentration as an addi-
tional free parameter in the NFW profile, finding best-fit values
that are extreme outliers of the CDM model. Finally, Enzi et al.
(2025) and Tajalli et al. (2025) also modelled the redshift of the
perturber, confirming that it lies very close to the redshift of the
lens, thus preferring a substructure over a halo along the line of
sight.

4. Results of lens modelling

We model the two considered systems with the PRONTO code, as
is described in Sect. 2.1. We first model the main lens, including
both the central galaxy’s mass and light, finding lens parame-
ters consistent with previous works. We then add a second mass
component to describe the perturber and test the density profiles
listed in Sect. 2.2. In each case, we calculate the posterior distri-
bution of the lens and subhalo parameters simultaneously using
MULTINEST (Feroz et al. 2013), using 288 live points, an evi-
dence tolerance equal of 0.5, and a sampling efficiency of 0.8.
In this section, we focus on the posterior distributions of the
subhalo parameters and their physical interpretation while we
show the full posteriors, the best lens models and reconstructed
sources in the appendix (Figs. A.1-A.5).

The best-fit parameters describing the subhaloes and the
associated errors are listed in Table 2: these are the mean values
and 95 confidence intervals calculated by MULTINEST. The third
column reports the logarithmic difference in Bayesian evidence
between the perturbed and smooth model Alog E = log Eper —
log Egmooth: @ positive difference indicates that the perturbed
model is preferred over the smooth case. In most cases, the addi-
tional mass component significantly improves the Bayesian evi-
dence of the model.

4.1. Inferred properties of the detected subhaloes

Figures 2, 3, and 4 report the posterior distributions of the sub-
halo properties for the PJ, NFW, and PL profiles. The right pan-
els of Figs. 2 and 3 show the analytic density and enclosed mass
profiles corresponding to the best-fit subhalo parameters; we dis-
cuss these in detail in Sect. 4.2.

In the case of B1938+666, all four profiles significantly
improve the Bayesian evidence compared to the smooth model
(see Table 2), with the NFW profile with fixed concentration
being the least favourite model. The inferred subhalo positions,
left free to vary, are consistent within the resolution of the data
(70 mas), indicating the stability of the detection. The position
is consistent with Vegetti et al. (2012). For J0946+1006, the PJ,
PL, and NFW profile with free concentration also improve the
Bayesian evidence of the model, and the NFW profile with fixed
concentration is again the least favourite model. We note how the
inferred subhalo position for this model also differs by more than
20 from the other profiles. In this case, the inferred subhalo mass
is extremely high, and it cannot correspond to a dark structure.
This result is compatible with the highest mass value (and the
corresponding subhalo position) calculated by Nightingale et al.
(2024). In practice, an object with such a high mass cannot lie
very close to the arc because it would modify the lensed images
far from the detection location and is thus forced to move (see
Fig. A.3 for the results of the fit with different NFW profiles). For
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Table 2. Parameters of the detected subhaloes.

Lens Profile AlogE M, Mo ] Csub Keub [arcsec] Vsub
PJ 29.8 1.142 £ 0.23 x 108 - - -
B1938+666 NFW free 30.4 2.00 +0.48 x 108 257 £ 70 - -
NFW fix 12.3 3.72+0.87x 10° fixed (8.93f8:;6) - -
PL 26.8 - - 0.001 =£0.006 —-2.44+0.2
PJ 66.5 433 +034 % 10° - - -
J0946+1006 NFW free 78.4 2.23 +£0.23 x 1010 201 + 37 - -
NFW fix 1418  1.09+£0.5x 10> fixed (8.970:¢4 - -
PL 83.1 - - 0.094 +0.023 -2.11 +0.11

Notes. We report the outcome of the nested sampling exploration performed with MULTINEST for each lens and density profile model, in terms
of mean values and the 95 percent confidence interval. The corresponding posterior distributions are shown in Figs. 2, 3 and 4. The significance
of the detection is expressed by the difference in Bayesian evidence to the smooth model (third column): a positive difference indicates that the
perturbed model is preferred. The PJ profile is defined by the subhalo mass, M,,, which also characterises the NFW profile together with the
subhalo concentration, cyp. In the NFW fix case, the concentration is determined by the concentration—mass—redshift relation from Duffy et al.
(2008), and the value reported here corresponds to the mean inferred My,,, while the error is propagated from the uncertainty on the mass. The PL
profile is instead expressed in terms of normalised convergence, kb, and the slope of the profile, yup.

the other three profiles, the subhalo position is instead consistent
within the resolution (90 mas) and with Vegetti et al. (2010a).

While the PJ and NFW models have fixed values for the
inner and outer density profile slopes, when we model the per-
turbers with a (not truncated) PL profile, the slope is left as a
free parameter. In practice, this is defined as in Equation (2), but
assuming spherical symmetry (¢ = 1). Fig. 4 shows the result-
ing posteriors for the subhalo convergence normalisation «y and
inner slope yyy. In both lenses, the subhalo position agrees with
the results of the PJ and NFW profiles (see also Fig. 6 and the
appendix). The extremely compact detection in B1938+666 is
best described by a profile with yg,, = —2.44+0.17, steeper than
isothermal and than all profiles considered so far. The inferred
slope in J0946+1006 is instead yg,p, = —2.1 = 0.11, which is still
compatible with the isothermal slope and thus with the PJ and
mNFW profiles.

Given the intrinsic difference among the adopted profiles
and mass definitions, the inferred subhalo mass differs, and
our measurements are consistent with the trends in previous
works, reported in Table 1. When the concentration is left free
to vary, the resulting best-fit NFW profiles are very compact,
leading to large concentrations, consistent with previous works:
Ccsub = 257 + 70 in B1938+666 and ¢y, = 201 + 38 in
J0946+1006. In practice, this means that the classic NFW pro-
file is not a good description of the properties of the detec-
tions: to reproduce them, the scale radius ry becomes artificially
small, leading to extreme values of concentration. To aid the
comparison with theoretical predictions, in Fig. 5, we plot the
values inferred from the observational analysis together with the
concentration—mass relations measured in numerical simulations
(Dufty et al. 2008; Ludlow et al. 2016; Diemer & Joyce 2019;
Moliné et al. 2017). By construction, the results obtained with
a fixed concentration-mass relation — our black points and the
results from Nightingale et al. (2024) — lie on the analytical pre-
dictions, while all the other measurements show a clear departure
from the numerical predictions. We note, however, that all these
concentration-mass relations result from fitting the dark matter
profiles of haloes in simulations that do not include the effect of
baryons, which may be especially relevant at the mass scales cor-
responding to the detection in J0946+1006. Mastromarino et al.
(2023) measured the concentration-mass relation in the Eagle
cold and SIDM runs (Robertson et al. 2021), comparing the
dark-matter-only and hydro values. At the scale of galaxies with

masses My > 10'? My, the hydro concentrations are higher by
a factor of 2—-3 compared to the dark-matter-only case. It is not
possible to extrapolate their results to the mass range consid-
ered here. Still, their results suggest that the presence of baryons
would not increase the mean concentration enough to reproduce
our values inferred from observations. In Sect. 5, we compare
our results to the subhaloes of TNG50-1, which combines high-
resolution with advanced treatment of baryonic physics.

4.2. A radius of equal enclosed mass

Interestingly, the PJ, PL, and NFW (with free concentration) pro-
files are preferred over the smooth model at roughly the same
level (see Table 2), meaning that they can fit the images equally
well despite their structural differences. To investigate the reason
behind this, we look at their density and enclosed mass profiles,
plotted in the right panels of Figs. 2 and 3. The grey bands mark
the resolution of the data, calculated as the FWHM of the PSF
(divided by two, given that we are looking at a radial profile).
For the PJ and NFW profiles, the steeper inner part of the density
profiles is thus close to the resolution of the data in both cases: in
B1938+666, both r; and r, are unresolved, while in J0946+1006,
they lie right above the resolution limit. This means that the
lensed images can resolve the profiles in the slope transition
region and above but not in the innermost part. The untrun-
cated PL profiles produce an inner slope between the two mod-
els. In the bottom panels, we plot the projected enclosed mass
M,p(< R): this is especially important since gravitational lensing
robustly measures the projected mass distribution — which we
then convert to a 3D profile. For all models that cause a signifi-
cant increase in the Bayesian evidence of the model, the enclosed
mass profiles intersect at roughly the same distance Req from the
subhalo centre: Req = 0.9 kpc for B1938+666 and R.q; = 0.45
kpc for J0946+1006. Note that R.q encloses almost the total mass
of PJ profiles, while the NFW and PL have a larger fraction of the
mass in the outer parts. A counter-example is the NFW profile
with a fixed mass—concentration relation in J0946+1006, which
is a worse fit and does not converge to the same enclosed mass
within the same radius. We can conclude that all subhalo mod-
els are trying to fit the enclosed mass within R rather than the
inner slope, which is not resolved.

To investigate the nature of Ry, in Fig. 6 we visually com-
pare all models in the lens plane, looking at their impact on
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Fig. 2. Left: nested sampling posterior distributions for parameters describing the subhalo in the system B1938+666 for the PJ (orange) and NFW
(blue and gray) profiles. In all cases, we fit for the subhalo mass My, (in Mg) and position (xg and yg,, measured in arcseconds with respect to
the centre of the image). We also plot the posterior of the subhalo position of the PL profile (purple), while the other parameters describing the
models are plotted separately in Fig. 4. We consider two variations of the NFW profile: one (grey) where the concentration cy,, is fixed by the
concentration—mass relation from Duffy et al. (2008) and a case (blue) where cy, is left free to vary. The best-fit values derived from the posteriors
are listed in Table 2. Note that we plot the mass My, in logarithmic space for better comparing the model, and this may give the impression
that the grey contours are reaching the edge of the prior, which is not the case. The black rectangle in the (xq,—Ysub) panel indicates the pixel
scale of the data. The best lens model and reconstructed source for the smooth and smooth+NFW cases are shown in the Appendix in Figs. A.1
and A.4 shows the posterior distribution for all parameters in all considered models. Right: radial density and projected enclosed mass profiles
corresponding to the best-fit subhalo profiles in the left panel, i.e. to the values reported in Table 2 (mean and 95 CL). The profiles are calculated
analytically following the definitions in Sect. 2.2. The vertical dashed lines in the top panel mark the slope transition for the NFW and PJ profiles,
i.e. 7y and ry. In the bottom panel, the dotted lines mark the distance at which the PJ, NFW and PL curves intersect, thus predicting the same mass,
i.e. r,q = 0.9kpc. The grey areas show the data resolution.

the critical lines around the location of the perturbations. Each is reasonable that detectable perturbations would robustly char-
model is represented by a different colour (that matches Figs. 2  acterise the projected surface mass density at their location. A
and 3) and line style, and the inferred subhalo position is marked more systematic analysis is needed to identify its nature, given
by crosses of the corresponding colour. The white circles show  that it would allow us to interpret the detections without the need
R<q. Moreover, we use equation (3) to calculate the Einstein radii  to impose a density profile model. We investigate this scale in a
of the PL model, represented by the dashed purple circle. In  follow-up paper.

the case of B1938+666 (left panel), the three best-fitting pro-

files produce an extremely similar effect that is needed to fit the i i P i

very compact mass distribution of the subhalo, while the NFW 5. Comparing observations and simulations

model with fixed concentration barely modifies the critical lines In this section, we use the TNG50-1 simulation to compare
with respect to the smooth model. The perturber in J0946+1006 simulated subhaloes with the results of the previous section.
(right panel) is more massive, and thus produces a larger vari- H23 already showed that the classic NFW model does not pro-
ation in the critical lines, with a visible difference between the vide a good description of subhalo density profiles in TNGS50
models. Here, we also compare to the results by Minor et al. because the measured inner logarithmic slopes are steeper, and
(2021) who modelled the same system: with their model, they the NFW cannot model the external truncation. This is due to
inferred a robust radius 6. = 1kpc, defined by Minor et al. the combined effects of baryons at the centre of satellites and
(2017) as the radius within which the mass measurements is haloes and tidal stripping. In this section, we search for simu-
robust. We plot it here as the dashed white circle — assuming lated analogues of the two detections, compare to the results of
as a centre our best-fits subhalo position (which may differ from Minor et al. (2021) and discuss their properties in terms of den-
their original result). Interestingly, the three radii plotted here sity profiles, projected mass, stellar content, merger history, and
do not match: it is intriguing that R.q does not yet correspond lensing effect.

to an obvious quantity related to gravitational lensing theory. Minor et al. (2021) used the TNG100-1 simulation, while
However, 66, also depends on the macro model, and thus part we can count on the higher-resolution TNG50-1 run: the spa-
of the difference between their value and ours could be due to tial resolution, defined by the gravitational softening, improves
the difference in the underlying mass distribution of the lens. It from epm. = 0.74 comoving kpc to epm» = 0.28 comoving
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Fig. 3. Same as Fig. 2 but for the lens system J0946+1006. Here, the NFW profile with concentration fixed by the concentration—mass relation is
a worse fit to the data than the other models: a symptom is the best-fit position of the subhalo, which is very different and more uncertain than for
the other profiles. Moreover, the enclosed mass in the bottom-right panel does not converge within a radius similar to the other two profiles, i.e.
Req = 0.45 kpc. The best models and the full posterior distributions can be found in the appendix in Figs. A.1 and A.5.
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Fig. 4. Posterior distribution of the PL. model parameters: the slope, b,
and the convergence normalisation, log(x,,), measured in arcseconds.
The dashed lines mark the slope of an isothermal profile.

kpc; similarly, the dark matter particle masses decreases from
mpp = 7.5 X 10% Mg to mpy = 4.5 x 10° My, This provides us
with a better resolution at the centre of haloes, and we are able to
measure density profiles down to lower halo masses. However,
all simulations are prone to numerical effects, and we discuss our
limitations in Sect. 5.4. We chose the simulation snapshots that
are closest to the lens redshift, z;, of each lens: snapshot 84 at
z = 0.2 and snapshot 53 at z = 0.89.

5.1. Finding analogues of the detections in CDM

We start by comparing the inner slopes inferred from the data
with the PL model (see Fig. 4) to those of simulated subhaloes.
We used the inner slopes calculated in H23 by fitting a mod-
ified Schechter profile to the simulated data, i.e. a PL profile
with exponential truncation. The two panels of Fig. 7 show the
cumulative and differential distribution of subhalo slopes in dif-
ferent mass bins. Here, we use all TNGS50 subhaloes, indepen-
dently of their host halo mass, to determine how common the
inferred slope is in the entire population. As is discussed in
Sect. 2.3, we consider only satellites as subhaloes and did not
consider the isolated haloes in the SUBFIND catalogue. In addi-
tion, we choose two bins corresponding to the inferred mass
ranges for the two detections (see Table 2). The distribution
for subhaloes with Mg, < 4 X 10° My is essentially identical
to that of the entire population, while the distribution for the
higher mass bin moves to shallower slopes. When looking only
at density slopes, the detection in J0946+1006 is thus compat-
ible with the slopes of 25.6 per cent of subhaloes in the range
4%10° My < My, < 5% 10'9 M. The perturber in B1938+666
is instead more compact and has a steeper — and thus rarer — pro-
file slope that is compatible with 8.8 per cent of subhaloes in the
lower-mass range, 4 X 108 My < Mgy, < 4 % 10° Mo,

However, this comparison is not yet complete, since we have
shown in Sect. 4.1 that the subhalo profiles must match not only
in terms of slope but mostly in the enclosed mass. Moreover,
the histograms are binned using the total subhalo mass, while
the most robust mass measurements through lensing correspond
to the enclosed mass within the radius at which different profile
definitions converge (see Figs. 2 and 3).

We now proceed to a more thorough comparison in the
parameter space of projected quantities. We adopted the defini-
tions of Minor et al. (2021), who used y,p(R.) and Mop(< R.),
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Fig. 5. Comparison of the NFW models from our analysis (black circles and blue squares) and previous works with concentration—-mass-redshift
relations derived from N-body simulations. All results are expressed in terms of the virial mass of haloes M,;;, except for Moliné et al. (2017)
who measured the relation using My, i.e. the mass within the radius enclosing an overdensity of 200. In this case, the relation has an additional
dependence on the distance of the subhalo from the centre of its host halo. Since the observational results are derived in projection (on the lens
plane), we cannot determine the three-dimensional distance from the host centre, and we plot a range of relations for distances between 0.1R,;, and
R,;;. Given that it was calibrated on subhaloes rather than isolated haloes, it naturally predicts higher concentrations at the low-mass end. In each
panel, the coloured symbols and error bars show our inferred values from the analysis of the observations (black circle and blue square) and the
results from previous works (empty symbols), listed in Table 2. Sengiil & Dvorkin (2022) used a fixed mass My, = 10° M, and varied the inner
slope of the profile (that we report in the table), from which they estimated a corresponding concentration but did not provide uncertainties in this
quantity.
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Fig. 6. Zoom on the location of the two detections to highlight the differences in the critical lines and subhalo position between the considered
models (lines and crosses of the corresponding colour). The circles marks (i) the radius, R.q, at which the PJ and NFW profiles produce the same
enclosed mass (solid white), (ii) the Einstein radius, Re;,, calculated with Equation (3) for the PL profile (purple), (iii) the size corresponding to the
robust mass defined for J0946+1006 by Minor et al. (2021, dashed white). In the case of B1938+666, the perturber is very compact, and the three
best models have very similar critical lines. In J0946+1006, the larger subhalo mass translates into larger visible differences among the models.

i.e. the average log-slope of the surface density profile around a
characteristic radius and the projected mass within the same dis-
tance. In the case of B1938+666, we chose R. = R.q = 0.9kpc,
since this scale corresponds to ~ 5.9epym . at z = 0.881, and
thus is reasonably well resolved. In the case of J0946+1006,
Req = 0.45kpc=~1.9€epy,» at z = 0.222, which is not enough
to guarantee good convergence, as we discuss in more detail
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in Sect. 5.4. In the latter case, we thus choose the same value
adopted by Minor et al. (2021), R, = 1kpc; this has the advan-
tage of being both reliable in terms of resolution and comparable
to their work.

We calculate y,p(R.) and Mop(< R.) from the PJ, NFW,
and PL analytical profiles that best fit the observational detec-
tions, i.e. those shown in Figs. 2, 3 and 4 and corresponding
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to the values in Table 2. In the simulation, the projected mass
within the chosen radius M)p(< R.) is calculated by summing
up the masses of all subhalo particles that lie within a cylin-
der with a radius, R., from the centre of the subhalo. The
average 2D log-slope around the characteristic radius yp(R.)
is calculated by computing the surface density profile around
R. using five bins consisting of cylindrical shells and fitting a
power law to the data points (the considered range is shown
by the purple band in the bottom panel of Fig. 8). Both quan-
tities are computed for 1000 random orientations to account for
potential biases due to projection effects. Moreover, we com-
pute the average values for the top 10 percent lines of sight
with the highest values of y,p(R.) and M>p(< R.) respectively.
Minor et al. (2021) only considered subhaloes hosted by haloes
of Miaio ~ 103 My, i.e. the typical mass of lens galaxies. Given
that the simulation provides us with a (50 Mpc)® volume instead
of (100Mpc)? — and thus fewer objects — we relax the selec-
tion criteria to include larger statistics and consider host haloes
with total masses of 5 x 10'2—5 x 10'3 M and stellar masses
of 10'°-10"3 M,. Mastromarino et al. (2023) show that haloes
selected in this range of viral masses have a distribution of Ein-
stein radii similar to that of observed lens samples.

The top panel of Fig. 8 shows the comparison results in the
parameter space defined by y,p(R.) and Mrp(< R.): the grey
points show the averages taken over all lines of sight, while the
top 10 per cent values are coloured by the fraction of stellar
mass of each subhalo. On the left, we see that many subhaloes
match the NFW profile that best fits the detection in B1938+666.
The PJ and PL profiles are also compatible with simulated sub-
haloes, although they lie at the edge of the distribution. However,
we must note that there is a large difference between the grey
and coloured points, indicating that high-density projections are
needed to reproduce the observed results. The subhaloes are
dark-matter-dominated, i.e. with a fraction in stellar mass lower
than ~5 per cent. In the right panel, we are able to find a few sub-
haloes matching the inner slope predicted by the PL and NFW
profiles for the detection in J0946+1006. In this case, the frac-
tion of stellar mass of the subhaloes is higher but still less than
15 per cent. These are close to the constraints from Minor et al.
(2021), represented by the black cross. However, they did not
find any good match when performing the same measurements
on the TNG100-1 subhaloes, concluding that this detection is an
outlier of CDM. As we discuss in more detail in Sect. 5.4, we
believe that the difference in our results is explained by the bet-
ter resolution of TNG50-1, which allows us to measure the inner
density profiles of subhaloes more reliably.

5.2. Properties of the simulated analogues

To highlight the range of subhalo properties that could match the
detections, we now look at their total and stellar masses, den-
sity profiles, luminosities, and merger histories. In the bottom
panels in Fig. 8, we plot the total subhalo mass M, as a func-
tion of Myp(< R.) and colour the points by their stellar mass.
For both systems, a certain value of M,p(< R.) corresponds to
total subhalo masses that span one order of magnitude. More-
over, while the total stellar masses are low for the B1938+666
detection (M, < 10%5 M), those required to match the proper-
ties of J0946+1006 are higher (1083 My < M, < 10'° M) and
thus may be problematic for a subhalo detection that does not
correspond to a visible satellite. We fit the mean linear relation
between the total and projected mass as

log(Mgub) = A + Blog(Map), an
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Fig. 7. Comparison between the yy,, inferred from observations with
the PL model (see Fig. 4) and the inner slopes of subhaloes from the
TNGS50-1 simulation. In the latter, the slope has been measured for all
subhaloes in H23 (see their Fig. 9). The bottom panel shows the dis-
tribution of slopes of all subhaloes (black) and two mass bins roughly
corresponding to the range of the detections. The coloured vertical lines
and shaded areas correspond to the observed values (Table 2). In the top
panel, we show the cumulative distribution for all subhaloes and the sec-
ond mass bin, and we report the corresponding fractions of subhaloes
that are compatible with the observed slopes in the two mass bins, high-
lighting the one that better corresponds to the detection in each case
with the horizontal lines and corresponding numbers.

finding (A, B) = (—3.95+0.2, 1.65) in the left panel and (A, B) =
(—0.08 £ 0.4,1.13) in the right one. These are plotted as solid
(mean) and dotted (standard deviation) black lines.

We now select simulated subhaloes that lie close to the
detections in the plane defined by y,p(R.) and Mp(< R.) and
investigate their properties more in detail. The selection of such
analogues is shown by the orange boxes in the top panels of
Fig. 8: for B1938+666, we chose subhaloes that match the whole
range of 2D slopes between the NFW and PJ results, given
that they all correspond to dark-matter-dominated structures; for
J0946+1006, we instead excluded systems that match the PJ
slope, given that they are all baryon-dominated (M,/Mg,, > 0.5).
First, we compare the luminosities of simulated subhaloes to
the upper limits that have been estimated from observations:
Ly < 5.4 x 107 Ly, for B1938+666 and Ly < 5 X 10° Lyg
for J0946+1006. We use the absolute magnitudes in V band
(Buser 1978) provided in the TNGS50-1 subhalo catalogue based
on the summed-up luminosities of all the stellar particles of
each subhalo. In this calculation, we did not include any extinc-
tion effect by dust, which may lower the luminosities presented
here. We think that this simplifying assumption does not sig-
nificantly influence our conclusion, since (i) the two host lens
galaxies are massive ellipticals and no dust effect (such as a dust
lane) is observed in the lensed images and (ii) the subhaloes
lie away from the luminous part of the lens galaxy. However,
this is a potential source of systematics. The resulting values for
the analogues are shown in Fig. 9 as orange circles and com-
pared to the general population of subhaloes (black dots). In
both cases, the analogues of the detection have higher luminosi-
ties than the mean population, and this is particularly evident
in the case of J0946+1006 (right panel). While the left panel
shows that all analogues are compatible with the upper limit
set for B1938+666, on the right, we see the opposite: all sim-
ulated analogues are too bright to correspond to the subhalo in
J0946+1006. As discussed in Sect. 3, we point out that the upper
limit is more stringent for J0946+1006, given that the detection
is located in a relatively dark part of the image, while it could be
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Fig. 8. Top: log-slope of the surface density profile around r = R.q = 0.9 kpc (for B1938+666) or r = 1kpc (for J0946+1006) against the projected
total mass enclosed within the same distance. See Fig. 13 for the J0946+1006 results at r = Ry, which we believe are affected by resolution. The
coloured points indicate the top 10 percent of lines of sight that yielded the largest density values, colour-coded by the stellar-to-total mass ratio.
The grey dots indicate the averages over all 1000 lines of sight. The larger points show the slope and mass values inferred from our lens modelling
for the PJ (orange circle), NFW with free concentration (blue diamond) and PL (pink square) profiles. In the right panel, we also compare to the
measurement by Minor et al. (2021). Bottom: total subhalo mass as a function of the enclosed projected mass. Points are coloured by the total
stellar mass of the subhalo. The mean and standard deviation used in Equation (11) are represented by the solid and dotted black lines.

not as accurate for B1938+666. Nevertheless, this confirms that
the subhalo detection in J0946+1006 is in tension with the pre-
dictions from numerical simulations. These considerations may
not hold if the detected object was an isolated halo along the
line of sight and not a subhalo: the simulated luminosities may
change, as well as the observational limits, since an object fur-
ther away from the lens may be harder to see; moreover, the
mass and concentration of an isolated halo may differ from the
values calculated from subhaloes. The possible effect of dust is
thus mostly relevant for J0946+ 1006, where the simulated values
may be lowered and brought in agreement with the observational
limit. We note however that, for this to happen, the observed
luminosity should decrease by more than two orders of magni-
tude.

We then plot the density profiles of the analogues in Fig. 10
and compare them with the analytical profiles from Figs. 2 and
3. As was found in many previous works, the population of low-
mass subhaloes (left panel, matching the B1938+666 detection)
spans a wide range of properties due to the diversity in accretion
history and tidal disruption. We also note that, for some systems,
the inner part of the density profile may be affected by low par-
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ticle number, even if we are well above the spatial resolution
limit — we discuss this in more detail in Sect. 5.4. In the right
panel, we see that the selected subhalo profiles nicely reproduce
the blue curve (i.e. the NFW profile inferred for the J0946+1006
detection) well beyond the region that was used to measure the
inner slope. At the same time, the subhaloes present a wide range
of truncations in the outskirts, signalling different levels of tidal
stripping and, possibly, infall times, as already reported in H23.
To investigate this hypothesis, we analyse the subhalo merger
trees, already described in Sect. 2.3. For each object, it is pos-
sible to walk the tree backwards to determine when it formed
as an independent structure and when it then fell into the host
halo. Here, we want to compare the infall properties of subhaloes
identified as possible analogues of the detections to the general
population of subhaloes in the same mass range and at the same
redshift. We select the main haloes that host the analogues and
follow the merger trees of all their subhaloes in the mass ranges:
2x 108 My < Myw(z = 0.89) < 5 x 10° M, for B1938+666
and 10° My < Myp(z = 0.2) < 4 x 10'" Mg, for J0946+1006.
We plot the distribution of infall redshift and mass for the ana-
logues (orange) and the entire population (grey) in Fig. 11. For
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Fig. 10. Subhalo density profiles of the simulated subhaloes that best match the observational inference (B1938+666 on the left and J0946+1006
on the right), i.e. the same shown in orange in Fig. 9. The purple band shows the radial range used to measure the slope, y,p, for Fig. 8. The
vertical lines mark the softening of the simulation (vertical solid line), and the value commonly used in simulation as a reliable resolution limit
(i.e. 2.3epm «, vertical dashed line) and the resolution of the observational data.

B1938+666, the distribution of infall redshifts, z;,s, is similar
for the analogues and the general population, while the infall
masses Miys of the analogues show a clear peak. The effect is
more prominent for the detection in J0946+1006, where we find
a difference in the distribution of infall times that excludes some
of the most recent mergers, and Mi,s shows a clear preference

towards very high masses. This means that the observed sub-
haloes are only compatible with descendants of more massive
structures that may host a baryonic core and that have been sub-
jected to stripping during their life in the host halo. Both these
effects contribute to creating the observed compact mass dis-
tributions. However, as is seen in Fig. 9, subhaloes with infall
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Fig. 11. Properties of simulated subhaloes at infall. We used the merger trees to track the subhalo evolution and measure their properties at infall,
i.e. at the redshift where they first entered their host halo. We plot the normalised distribution of infall redshifts z;,y (leff) and the mass at infall
Minean (right). The orange histograms show the distribution of the subhaloes selected as analogues, i.e. those lying within the orange boxes in
the top panels of Fig. 8 for which we show the density profiles in the bottom panels of the same figure. The grey histograms show instead the
distribution for all subhaloes in the same host haloes and with final masses between 2 X 108 My < M(z = 0.89) < 5 x 10° M, for B1938+666

and 10° My < Myyp(z = 0.2) < 4 x 10'! M, for J0946+1006.

masses corresponding to J0946+1006 are indeed too massive
and contain too many stars to be an actual counterpart of the
detection.

5.3. Einstein radii of the subhaloes

Given the results of the previous section, it is clear that subhaloes
of a given total mass can produce a range of lensing effects,
depending on their density profiles. H23 found that the mNFW
model describes the average density profile of subhaloes, but
individual subhaloes within the same mass bin differ in terms of
inner slope and concentration. The spread correlates with other
subhalo properties, such as the infall time or the baryonic con-
tent. Given that the lensing effect is directly dependent upon the
density distribution, it is natural to expect a spread in the lens-
ing properties of subhaloes as well. Here, we extend their results
by calculating scaling relations for the subhalo Einstein radius,
R.in, as a function of subhalo mass, Mg,,, and the circular veloc-
ity peak, Vimax. We chose a lensing configuration with the lens
(the subhalo) at a redshift of z;. = 0.2 and the source at a red-
shift of zg = 0.609, corresponding to J0946+1006. We undertake
separate analyses for the smoothed particle surface density maps
created from (i) the particle data and (ii) the best mNFW profile
fits of each subhalo. Here, we present the latter and discuss the
potential biases introduced by the spatial and mass resolution of
the simulations when using only particle data in Sect. 5.4. To
analyse the lensing effect of the analytical mNFW profiles, we
integrate the best-fitting spherical density profile in the z direc-
tion to obtain a surface density profile, and = we construct a cir-
cular map of 20482 pixels with a field of view of 2r. In order to
resolve the Einstein radii of subhaloes with very different radial
extents, the field of view of the ray tracing computations (which
is only a part of the total field of view of the entire surface den-
sity map) is adaptive — to a minimum of 0.1 arcseconds depend-
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ing on r,, and within this field of view, 20482 rays are traced. We
find the (equivalent) Einstein radius R.j, by measuring the area
enclosed by the tangential critical line and computing the radius
of the circle that has the same area, following the approach of
Meneghetti (2022).

Fig. 12 shows the resulting distribution of R.i, as a function
of subhalo mass and V.. Here, instead of the subhalo mass,
Mgy, obtained from the particle data, we compute the subhalo
mass Mgy mnew by integrating the analytic profile. This is neces-
sary to reach the small scales corresponding to the Einstein radii
of the subhaloes. As can also be seen in Fig. 10, it is well known
that the inner parts of the density profiles are affected by artificial
core formation (see also the next section) which would lower the
density and thus the lensing power. We thus use the analytical
best-fit profiles to integrate the projected mass and calculate the
Einstein radius. In this way, it is possible to look at subhaloes
with low mass and small Einstein radii that would otherwise not
be properly resolved due to resolution limitations. This does not
mean that the density profiles of subhaloes (and the associated
fits) are free from noise, which is also represented by the large
scatter at low masses. However, integrating the analytical profile
does not introduce a significant bias in the total projected mass
in the mass regime we are interested in (M, < 10'"Mg) — see
the appendix for a more detailed discussion.

Despite the clear correlation, we see a significant scatter
around the mean at fixed subhalo mass or at fixed R.;,. Gravita-
tional lensing robustly measures the projected mass in the region
covered by the lensed images, while the total subhalo mass is
inferred via a model for the density profile. These results show
how using a mean profile (such as the NFW or the mNFW)
may not be sufficient to interpret lensing data, given that a cer-
tain Einstein radius could match a wide range of total masses.
Moreover, subhaloes with lower R, may simply become non-
detectable (although present), and the more lensing-efficient
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ones will dominate the sample. The light blue line represents
the best-fit relations. For the top panels, they are given by:
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Generally, the scaling relations values also depend on the red-
shifts of the lens and source. However, the lens and source
configuration do not strongly affect the slope of the relations.
Because of the Vy.x— Mgy relation, the scaling of Rej, with Vijax
is not surprising, but the scatter of the Rej,—Vmax relation turns
out to be much smaller than for the R.i,— My, relation.

5.4. The effect of resolution

It is well known that measurements from simulations can suf-
fer from numerical uncertainties if performed at scales close
to the spatial resolution or using low-mass (sub)haloes that are
traced by a few particles. Moreover, low-mass subhaloes at the
limit of resolution can be subjected to artificial disruption, alter-
ing their predicted number and properties (van den Bosch et al.
2018; Green et al. 2021). Here, we do not try to correct poten-
tial artificial disruption and use the TNGS50-1 subhalo catalogues

as they are. In this section, we thus present tests that we per-
formed to quantify possible resolution limitations of our analysis
(beyond what already discussed in the previous sections) and the
strategies to circumvent them.

As is described in Sect. 5.3, we calculated the subhalo Ein-
stein radii both directly from the particle distribution and from
the analytical profiles. Using the latter allowed us to partially
circumvent resolution systematics and study a larger range of
subhalo lensing properties (shown in Fig. 12) compared to the
results obtained from discrete particle data. For the particle data,
we used PY-SPHVIEWER (Benitez-Llambay 2015) to create sur-
face density maps of 20482 pixels for each individual subhalo.
For each map, we chose a camera looking at the subhalo from
infinity so that the map is rendered using a parallel projection.
The field of view was chosen so that every particle of the sub-
halo is still contained within the map. Based on the position of 32
neighbouring particles, the smoothing length was calculated for
each individual particle, and the minimum smoothing length was
set to the softening length of TNGS50. The density values of each
pixel were normalised such that the total mass of the subhalo
equals the sum of the pixel values. The side length of the field of
view for the ray tracing was set to 2 arcseconds, and 5122 rays
were traced within it. In Fig. 13, we now compare those mea-
surements (here in grey) to the Einstein radii derived from the
particle data. Given the limits imposed by the discreteness of the
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particle distribution and by the resolution of the simulation, it
was, in fact, possible to reliably measure R, only for subhaloes
with My, > 10'°©M,. In this range, the overall distribution of
points looks similar, but the values calculated from the particle
distribution have a larger scatter, particularly towards small val-
ues of Reiy. In the Rein—Vimax Space, it is particularly clear that the
data points below the softening length epy . are those that devi-
ate the most from the relation obtained from the analytic profiles.
For the analytical profiles, the limitations are instead determined
by the number of pixels in the surface density maps, the field
of view and the number of rays in the ray tracing computation.
These limitations can lead to a small amount of artificial scatter
for a few low-mass subhaloes with small Einstein radii, which
can be mitigated by increasing the resolution even further. How-
ever, this is less significant than the intrinsic resolution limits of
the simulations.

A similar resolution effect can also affect our measurements
of the projected mass and slope presented in Fig. 8. Here, we
repeat the measurement at the redshift of J0946+1006 using
R. = Req = 0.45kpc instead of R. = lkpc. As is discussed
in Sect. 5.1, this value is close to the spatial resolution limit
of the simulation, and thus our measurement of the projected
slope y2p, based on five radial bins around R, may be biased.
The results are shown in the right panel of Fig. 13, which should
be compared to the top-right panel of Fig. 8. Indeed, the slopes
measured at this inner radius are shallower because of the arti-
ficial core of the central part of the profiles, highlighting the
need to be careful in the treatment of simulations. This happens
despite the high stellar mass of the haloes. Considering the dif-
ference in the spatial and mass resolution between TNG50-1 and
TNG100-1, this measurement is done at a resolution level similar
to the results presented in Minor et al. (2021). We thus believe
that their reported lack of analogues of the detected subhalo was
mostly driven by resolution effects. A similar effect at the low-
mass end can be appreciated in the bottom-left panel of Fig. 8,
where the resolution limit and the smaller number of particles in
subhaloes in the mass range My, < 10° M conspire to create
an even clearer density core. We remark that this happens even
though all these objects are defined by a few hundred particles.

6. Discussion and conclusions

This paper explores the tension between the high concentration
of subhaloes detected with gravitational imaging and the pre-
dictions from CDM cosmological hydrodynamical simulations.
In the first part of the paper, we re-analysed the gravitational
lensing observations of two systems, where a perturber has been
detected in optical data (HST and Keck-AO): J0946+1006 at
z =0.22 and B1938+666 at z = 0.881. We modelled the lensing
signal of the main lenses and the detected subhaloes, exploring
four options for the density profile model of the latter: an NFW
profile with fixed or variable concentration, a PJ and a PL profile.
Here we summarise our main results:

1. We find that all models for the perturbers lead to an
increase in Bayesian evidence relative to a smooth model
(see Table 2). Hence, we confirm both detections at a high
statistical significance. We find that three models for the den-
sity profile (PJ, PL, and NFW with free concentration) are
preferred by the data — over the smooth model alone — at
about the same significance level. While the NFW, PJ, and
PL models agree on the subhalo position within the resolu-
tion of the data, the inferred total mass can vary up to ~1
order of magnitude as expected from the profiles.
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2. The three models that fit the data well predict the same value
of projected enclosed mass within a certain characteristic
radius, Req. This indicates that in these observations it is not
possible to constrain the inner slope of the subhaloes’ density
profiles — which indeed lie at the limit of the data resolution
— while what is important from a lensing point of view is the
amount of mass concentrated within Req. This radius of equal
enclosed mass could be a more robust estimator for subhalo
detections via gravitational lensing, given that it would allow
one to bypass the need for specific models of the density and
mass profiles.

3. The detections correspond to extremely dense objects: when
interpreted as NFW subhaloes within the main lens, they
have concentrations much higher than those predicted by
numerical simulations. The best NFW fit is found to have
Mg, = (2.026 + 0.401) x 108 My, and cqp = 256 + 74 in
B1938+666 and Mg, = (2.23 + 0.23) x 10'0 M, and cgyp =
201+37 in J0946+1006. These values are extreme outliers of
the concentration-mass-redshift relations measured in dark
matter simulations and commonly used to describe NFW
profiles (see Fig. 5). Comparing our models, we can thus
conclude that the classic NFW profile is not a good descrip-
tion of the detected subhaloes, given that the inner slopes
inferred from the lens modelling are close to or steeper than
isothermal. This is consistent with previous analyses of the
same datasets (Minor et al. 2021; Sengiil & Dvorkin 2022;
Ballard et al. 2024) and with the results of Heinze et al.
(2024), who measured the density profiles of subhaloes in
TNGS50 and found an average inner slope close to —2.

We then compared our best models to the predictions of the
highest-resolution run of the IllustrisTNG sample, i.e. TNG50-1
(Pillepich et al. 2018; Nelson et al. 2019b). Heinze et al. (2024)
already modelled the density profiles in TNG50-1, finding that
the average inner slopes of subhaloes in the hydro run are steeper
than the NFW profile and closer to isothermal, albeit with a large
scatter. This is due to the combined effect of baryons and tidal
stripping and becomes possible because of the high resolution of
the simulation, which allows us to measure the density slopes at
small scales reliably. We are thus interested in seeing if we can
find objects that resemble the two detections among this diver-
sity of profiles. We compared observations and simulations in
the parameter space defined by y»p(R.) and Mrp(< R.), i.e. the
average log-slope of the surface density profile around a charac-
teristic radius and the projected mass within the same distance.

4. Only ~8.8 per cent of subhaloes in TNGS50-1 have inner
slopes as steep as the detection in B1938+666, indicating
that this is not a typical subhalo. However, we are able to find
simulated analogues that match the detections in all the con-
sidered quantities: slope, enclosed mass, baryonic content,
and luminosity. These subhaloes are dark-matter-dominated,
and their density profile spans a wide range of inner slopes
that match the values inferred by all three considered pro-
file models. This is consistent with the known spread in the
properties of low-mass subhaloes, which are influenced by
their tidal history. The Ly luminosities, calculated from the
stellar particles of the simulations, are all consistent with the
upper limit set by observations.

5. The detection in J0946+1006 is more massive, and thus dif-
ferent profiles produce visibly different lensing properties,
such as the critical curves and caustics. In this case, the
inferred inner slope is shallower and compatible with ~25.6
per cent of simulated subhaloes. However, the slope is pro-
duced by a significant stellar component: in this case, the
luminosities of simulated subhaloes are all higher than the
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upper limit set by the data, and thus excluded. Given that
this detection is located in a relatively dark part of the lensed
arc (see Fig. 1), it cannot correspond to a satellite with a
large detectable stellar mass. Moreover, the distribution of
infall times and infall masses clearly peaks at high values
that are consistent with a large satellite. The properties of the
detection in J0946+1006 are thus in tension with the prop-
erties of subhaloes predicted by CDM hydro simulations -
even though here we could find similar slopes and enclosed
masses. This indicates either that this system is in tension
with the CDM model or that baryonic physics in CDM sim-
ulations is currently not able to produce the full range of sub-
halo properties required by observations.

6. Finally, we have discussed how spatial and mass resolution
may influence our results. In J0946+1006, we find more
subhaloes that match the slope and enclosed mass of the
detection, compared to Minor et al. (2021), thanks to the
improved resolution compared to TNG100-1, which allows
us to measure the inner slope of the profiles more reliably.
We also calculated the Einstein radii of the simulated sub-
haloes, demonstrating that it is more stable to derive them
from the analytical profiles calculated by H23, while the par-
ticle distribution introduces noise. We provide scaling rela-
tions between the subhalo mass, My, with (i) the projected
enclosed mass of the two detections M»p and (ii) the subhalo
Einstein radius, R.i,, predicted from the simulations.

In summary, we confirm that the two detections are best

explained by extremely compact mass distributions. This is most

likely due to the impact of baryonic physics; however, there
could be alternative explanations for the measured high concen-
tration based on non-standard dark matter descriptions, such as
velocity-dependent SIDM models. Nadler et al. (2021) explore
the possibility that a velocity-dependent SIDM model may pro-
duce very compact subhaloes even without baryonic effects,
finding a better agreement in terms of the slope but not the total
projected mass. However, our results indicate that the latter is
the most important quantity that simulations must reproduce:
the results presented in Figs. 2 and 3 suggest that the consid-
ered observations cannot resolve the inner slope of the profile

— and thus are not sensitive to it — while they can constrain the

projected mass enclosed within Req.

Here, we have only considered subhaloes within the main
lensing galaxy as counterparts of the detections. However, these
could also be isolated dark haloes along the line of sight, which
are predicted to be more numerous than subhaloes (Li et al.
2016; Despali et al. 2016; Amorisco et al. 2021). Their proper-
ties could differ from the ones of subhaloes: in particular, we
cannot exclude that a halo located further away from the lens
could be consistent with the upper limit in luminosity for the
J0946+1006 detection. However, it remains to be seen if iso-
lated haloes — which do not suffer from tidal stripping or other
interactions that lead to compact mass distributions — can explain
the observed properties of the detections. The interpretation of
the (sub)halo detections in the context of dark matter physics
heavily relies on theoretical models; given that the NFW pro-
file is not a good description for these objects, previous con-
straints based on classic numerical models may need to be revis-
ited. For instance, if many subhaloes are more concentrated than
the classic NFW model, we may ask why we have not detected
more dark objects with strong lensing. Deep surveys with the
next generation of telescopes will hopefully provide us with
new objects over a larger mass range, increasing the statistical
sample and revealing more about the dark matter content of the
Universe.
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Appendix A: Lens models

For simplicity, in Sect. 4 we show and discuss only the posterior distribution of subhalo parameters calculated with MULTINEST.
In practice, these are optimised simultaneously to infer the parameters describing the main lens and source regularisation. For each
model, we thus have the full posterior distribution that can be used to identify degeneracies between the parameters, as well as a
mass model and source reconstruction. In Fig. A.1, we show some examples of how the inclusion of a perturbed improves the mass
model and the residuals. In Fig. A.4 and Fig. A.5, we plot the complete posterior distribution for the smooth model (green) and the
three best subhalo models: PJ, PL and NFW with free concentration. The parameters describing the main lens are: the surface mass
density normalisation «, the ellipticity e, the position angle 6,, the PL slope 7y, the external shear strength I" and its position angle
Or. The source regularisation is Ag;. For J0946+1006, we infer a slope of the main lens y; = 2.58 + 0.02 that is steeper than what
has been reported by previous works (Sonnenfeld et al. 2012; Ballard et al. 2024; Minor et al. 2021; Enzi et al. 2025), but close to
the recent result by Tajalli et al. (2025). We believe that the difference can be explained by the effect of modelling only the brightest
source lensed by this system (as in this paper) or both sources at two different redshifts. Additional potential sources of difference lie
in the data masking and the model for the lens light. The difference in slope does not alter our conclusions on the subhalo properties,
given that all works agree on its location and high concentration. In Fig. A.2 and A.3, we zoom-in on the detection location in
J0946+1006 to show which models are able to clearly remove the residuals from the model and that the NFW models with fixed

concentration (and position) cannot reproduce the surface brightness of the arc correctly.
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Fig. A.1. Lens modelling results of the two lenses: B1938+666 in the K’ Keck band (left) and J0946+1006 in the F814W band (right). For each
lens, we present the result of the smooth model and the model that includes the NFW profile with free concentration. In each case, we show (i) the
best-reconstructed model and critical lines, including both the light of the central galaxy and the main arc, (ii) the residuals between the data and
the best model, calculated as (data-model) and (iii) the corresponding best-reconstructed source with the caustics. The posterior distributions for
all models are shown in Fig. A.4 and A.S.
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Appendix B: Subhalo Mass Bias and additional scaling relations

Here we compare the subhalo masses obtained by integrating the best modified NFW profile fits with the masses obtained by
summing up the individual masses of all the particles in the simulation that are bound to the subhalo.

The top panels of Fig. B.1 illustrate the results of this analysis. In the left panel, the subhalo masses obtained by integrating
the best modified NFW profile are plotted against those obtained from the particle data for all the subhaloes in the TNG50 sample.
Here, one can already see that the modified NFW profile can accurately reproduce the actual subhalo masses with only small errors.
Overall, the modified NFW profile is biased in the sense that the inferred masses are, on average, underestimated. This is especially
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Fig. A.2. We zoom on the detection location in J0946+1006 and show the residuals between the model and the data for all considered variations
of subhalo properties. In each panel, the dashed blue line shows the critical curve predicted by the model, and the black contours trace the surface
brightness of the arc. In the first panel, we see a clear red spot at the edge of the lensed arc, which is close to the detection location and indicates that
the smooth model cannot correctly reproduce the surface brightness distribution. The NFW models with fixed concentration (second panel) and
position (third panel) cannot remove this excess, while the residuals reach the noise level when the NFW is allowed to have a higher concentration
(fourth panel) or when we use a PJ or PL profile (last two panels).
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Fig. A.3. Contours showing the surface brightness distribution of the lensed arc of J0946+1006 when modelled with the inclusion of an NFW pro-
file. The three cases shown here correspond to panel 1-4 in Fig. A.2 and highlight that, among these, only the NFW model with free concentration
(dashed blue line) is able to produce the extended shape of the arc’s edge which matches the surface brightness of the observes arc.

true for subhaloes with M, > 10'! M, where the most likely cause for the underestimation is the fact that the central bumps with
an increased density are not parametrised by the model.

For 79.4 per cent of the subhaloes, the deviation from the true mass is less than 5 per cent, and for 26.3 per cent of the subhaloes,
the deviation is less than 1 per cent. The right panel shows in more detail how much the masses are underestimated in each mass
bin. One can see that the best mass estimates are obtained for subhaloes with masses in the range 10° My < Mgy, < 10'° Mg, which
is close to the range in which the modified NFW profile provides the best fits for the individual and average subhalo density profiles.

In Sect. 5.3, we calculated linear scaling relations between the Einstein radius R.;,, the subhalo mass and circular velocity.
Another relation with a small scatter can be found when looking at how the Einstein radius obtained from the best mNFW profile
fit Rein.mnrw Scales with Mgy, mnpw 75! (see the bottom panel of Fig. B.1). The best power law fit for this relation is given by:

Mo mNEW T

108 M, kpc™!

_1,0.970.01
) (B.1)

Reinmnew = (0.0147" + 0.0001")(

The existence of this scaling relation can be easily explained using a scaling relation for the ry parameter of the modified NFW
profile from Heinze et al. (2024):

~1.6£0.1
Vmax )

102 km s~! (B.2)

M b 0.9+0.1
su
rs = (10.2+£0.1) kpC (m) (

According to this equation, dividing the subhalo mass by r; leads to the approximate cancellation of Mgy, and V6 is left. This
results in the scaling we find in the Rejnmnrw — Vimax relation in Equation (13) and therefore the exponent in Equation (B.1) is

approximately equal to 1.
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Fig. A.4. Full posterior distributions for the system B1938+666, including the parameters describing the lens, source regularisation and subhalo.
We show the smooth model (gree) and the perturbed models that include a subhalo described as PJ, PL. or NFW with free concentration.
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Fig. A.5. Full posterior distributions for the system J0946+1006.
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Fig. B.1. Top—Ileft: the subhalo masses obtained by integrating the best modified NFW profile fits are plotted against the subhalo masses obtained
from the particle data of the TNG50 simulation. The dashed orange line indicates where both masses are equal. Top — right: the mean relative
errors of the subhalo masses obtained by integrating the best modified NFW profile fits are plotted against the true subhalo masses obtained from
the simulation data for each mass bin. The standard deviations are indicated by the error bars. Bottom: Scaling of the Einstein radius (obtained

by using the best modified NFW profile fits) with M, mnew 75! The colour-coding indicates the concentration cy. The blue line shows the best
power law fit.
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