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Abstract

Understanding quantum chaos in conformal field theories is extremely im-
portant. Chaotic dynamics can explain why so many systems can be studied
with statistical mechanics, and why systems reach “typical” states so quickly.
Outside of the simplest, highly symmetric systems, all systems are expected
to be described by chaotic dynamics; whether and how these dynamics can
appear in theories with conformal symmetry is thus essential to further
our understanding of most CFTs. Moreover, the AdS/CFT correspondence
suggests that chaotic CFTs are important for understanding black holes,
which themselves are chaotic systems.

However, the highly symmetric structure of these systems can tend to
hide the underlying chaotic behaviour; this unique structure requires us to
find the right language and diagnostics for discussing chaotic phenomena.
In this thesis we make significant progress to this end: we demonstrate
the part of the energy spectrum that is unconstrained by symmetry and
displays chaotic behaviour; we study the link between quantum chaos and the
strange properties of “arithmetic chaos”; we create an effective field theory
for analyzing chaotic behaviour and its link to standard CFT technology;
and we analyze CFTs with a boundary and their AdS/CFT dual, which have
been used to model chaotic black holes.
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Lay Summary

The laws of nature are often sensitive to small changes, as stated by the
butterfly effect: a tiny change in a system (“a butterfly flapping its wings in
Brazil. . . ”) can lead to massive changes given enough time (“. . . can cause a
tornado in Canada”). In this thesis, we further our understanding of such
chaotic phenomena for special types of systems called conformal field theories
(CFTs). These systems obey the same quantum laws that govern the tiniest
systems, but are so symmetric they “look the same” no matter how much
you zoom in or out. These systems are interesting as models of complicated
systems of interacting particles, and can also describe black holes through a
“dictionary” called AdS/CFT that relates CFTs with gravitational systems.
We will show how a CFT can be chaotic and the consequences of chaos on
the structure of a CFT, and deepen our understanding of the AdS/CFT
dictionary.
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Preface

Chapter 1 contains introductory material based on the references therein,
written by myself.

Chapter 2 is a version of a paper published in [1] with Felix Haehl,
Charles Marteau, and Moshe Rozali. All authors were involved equally in
conceptual and theoretical considerations. Felix Haehl, Charles Marteau,
and myself were all equally involved in technical calculations. Moshe Rozali
conceived of the initial version of the project, while I helped guide further
developments of the project and formulate the exact quantities we would
need to calculate. I wrote the first draft for approximately 60 per cent of
the paper, and thoroughly proofread and made edits for all versions.

Chapter 3 is a version of a paper with Felix Haehl and Moshe Rozali,
which has been submitted for publication and is available at [2]. All authors
were involved equally in conceptual and theoretical considerations. Felix
Haehl and myself were equally involved in technical calculations. The project
was conceived by all authors. I wrote the first draft for approximately 50 per
cent of the paper, and thoroughly proofread and made edits for all versions.

Chapter 4 is a version of a paper published in [3] with Felix Haehl and
Moshe Rozali. All authors were involved equally in conceptual and theoretical
considerations. Felix Haehl and myself were equally involved in technical
calculations. Felix Haehl and Moshe Rozali conceived of the project. Felix
Haehl wrote the first draft, while I thoroughly proofread and made edits for
all versions.

Chapter 5 is a version of a paper published in [4] with Moshe Rozali,
Petar Simidzija, James Sully, Christopher Waddell, and David Wakeham. All
authors were involved in conceptual and theoretical considerations, except
for section 5.6 which was independent work done by Chris Waddell and
James Sully. My particular contribution was analyzing large c holographic
CFTs with a boundary to find whether the spectrum of boundary operator
dimensions we found in AdS with an “end-of-the-world brane” can be found
in a BCFT without any additional assumptions. The project was conceived
by James Sully and Moshe Rozali. Petar Simidzija derived the spectrum
of boundary operators in AdS. David Wakeham analyzed the singularities
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in the BCFT and AdS. Chris Waddell performed a top-down analysis of a
holographic model matching the bottom-up description. I proofread and
made edits to the manuscript.
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Chapter 1

Introduction

The primary goal of this thesis is investigating quantum chaotic phenomena
in conformal field theories.

We begin by providing a conceptual overview and motivations, situating
the thesis in the broader field of high energy theory. We then provide a
technical overview for the theories underlying this thesis; chaos, conformal
field theory, and holography. First, we define quantum chaos using the
standard language of quantum mechanics; this section is comparatively less
mathematically technical, focused primarily on physical phenomena and
their mathematical expression. Next we introduce conformal field theories,
focusing on their properties that are relevant for quantum chaos. This section
is mathematically technical, with some results of conformal field theories
being “derived” to familiarize the reader with the technical analysis of
conformal field theories. Finally we introduce holography and the AdS/CFT
correspondence, since it is both a motivation for studying quantum chaos
as well as the topic of one of the projects in this thesis. This section is also
less mathematically technical. The introduction is concluded by providing
summaries of each chapter.

1.1 Motivation and background

Chaotic dynamics are incredibly important for physical systems of all scales,
from black holes to atomic nuclei. Whenever a system is no longer the simple
and symmetric kind found in undergraduate courses, classical and quantum
systems alike begin displaying extremely complicated behaviour. Yet despite
this complexity, we can still categorize these systems in a way that patterns
and predictable phenomena can still be found; chaos is the framework that
allows this. It can explain the approach of systems to thermodynamic
equilibrium or “typical” states, justify the use of statistical mechanics, and
explain various transport phenomena [6–8].

In classical physics, chaos is often defined via “the butterfly effect”; small
differences in initial conditions (e.g. the position and velocities of particles)
lead to exponentially diverging trajectories as time goes on. Videos of double
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1.1. Motivation and background

Figure 1.1: An image showing the effect of small changes in a chaotic system,
a double-pendulum. The two pendulums start with almost exactly the same
position, but end up at wildly different positions as time goes on. This image
was taken from [5].

pendulums or billiards bouncing in oddly shaped cavities can show this
beautifully; even if they start nearly at the same point, the objects start
following wildly different trajectories, as if there was no connection between
their starting points.

When we try to apply this logic to quantum mechanics, the story gets
trickier. We can quantize any classical system, so the existence of chaos in
the classical system should impact some part of the quantized system. But
the entire concept of “trajectories” loses meaning in quantum mechanics,
where we only have probability amplitudes to work with. There are also
quantum mechanical systems with no simple classical analog; an intrinsically
quantum definition of chaos is thus needed for these systems.

Moreover, classical chaos is usually a consequence of non-linearities in the
equations of motion; the superposition of two chaotic trajectories need not
be a valid trajectory itself. But the Schrodinger equation is, by definition, a
linear equation of motion, so where can quantum chaos come in?

One way it can come in is random matrix universality. By looking at the
allowed energies of a quantum chaotic system, nearby energy levels look like
they just come from a random matrix[8–11]. This matches the intuition that
chaos means “random” dynamics; the Hamiltonian of a system determines
both how a system evolves in time and its energies, so “random” dynamics
should come with “random” energy levels. Random matrix universality was
first put forward to explain the energies of heavy atomic nuclei [12], and
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1.1. Motivation and background

has been found in many classically chaotic systems after being quantized
[13–15]. Importantly, it is a feature of the coarse-grained statistics of the
energy levels, not their fine-grained features; one needs to do some kind of
averaging, for example over small energy windows, to see random matrix
universality.

Another way quantum chaos comes in for systems with many degrees of
freedom (e.g. a system with many particles) brings back exponential growth,
but in a new context. This is the idea of scrambling; if one makes a small
perturbation that affects only a few degrees of freedom in a chaotic system,
that perturbation will grow exponentially quickly until all the degrees of
freedom are affected [16–18]. For example, one could add some energy to
a few particles in a system, and chaotic dynamics will spread this change,
affecting every particle in the system. Scrambling has been demonstrated in
many systems [19–23], most famously in black holes and (as we will soon see,
their related) systems with enormous amounts of symmetry called conformal
field theories (CFTs).

CFTs arise naturally as limits of systems containing many interacting
particles, the Ising model being one of the most famous [24, 25]. They are
systems with an enormous amount of symmetry, such that they “look the
same” when zooming in or out on the system. In other words, the dynamics
are the same at any length scale. Thanks to this symmetry, CFTs come with
a unique structure that makes them much simpler to analyze compared to
other quantum field theories.

In the last 25 years, CFTs have become even more interesting thanks to
the fascinating discovery that certain CFTs in d spacetime dimensions can
actually describe systems of quantum gravity in one spacetime dimension
higher[26–28]. This is the famous AdS/CFT correspondence, a type of
“holography” where two systems in different numbers of dimensions describe
each other. It has become one of the most active fields in the quest to
understand (and define!) quantum gravity.

Holography is one of the major reasons understanding chaos in CFTs is
so timely. The fact that scrambling occurs when the spacetime is a black hole
background, together with the AdS/CFT correspondence, tells us that CFTs
should also contain scrambling. Moreover, the calculations one does in gravity
seem to inherently probe only the coarse-grained information of the CFT
[29, 30], and this coarse-grained information shows that certain high energy
states in gravity obey random matrix universality [31–35]; thus holographic
CFTs must also contain random matrix universality. Understanding chaos
in CFTs, both in the sense of random matrix universality and scrambling, is
essential.
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However, chaos can be difficult to see in symmetric systems. The symme-
tries tend to “wash away” any consequences of chaos, as they cause the theory
to acquire a unique structure that cannot come from a random matrix [36].
For example, in a system with conserved angular momentum, states with
different angular momentum are completely unrelated, and the symmetry
can be exploited to generate new states from old ones. If chaos exists in
these systems, it needs to be understood in terms of their unique structure,
and the parts of the theory that are unrelated by symmetry and can have
chaos in them need to be identified.

Many results on the relationship between chaos and the general structure
of CFTs have been discovered in the last several years, including: scrambling
in two-dimensional CFTs [21, 37], the coefficients of three-point functions [38–
41], the eigenstate-thermalization hypothesis [42, 43], and defining ensembles
of CFTs [44–46].

In this thesis, we make several contributions to the understanding of chaos
in conformal field theories. We demonstrate how random matrix universality
can appear in two-dimensional conformal field theories, and its connection
to their rich structure of symmetry. We show how “arithmetic chaos” and
proper quantum chaos are connected, and discover that the gravity result
that predicts random matrix universality in CFTs can be re-discovered from
simple assumptions. We analyze scrambling in higher-dimensional CFTs,
creating an effective theory to capture it and find a deep connection to
CFT structure. Finally, we improve our understanding of the AdS/CFT
correspondence by looking at CFTs with boundaries, which can be models
for black holes.

We now review the technical details that will allow the reader to under-
stand the results of this thesis. We work in natural units, with c = ℏ = kB = 1.
The technical overview is based largely off [8, 11, 25, 47–52]. We assume the
reader is familiar with quantum mechanics and special relativity, and has
seen some basics about quantum field theory and general relativity (although
we will review the most relevant parts of them). Definitions of key terms are
denoted by italics and can be found in the glossary beginning on page xx,
while important facts and key takeaways are denoted by bolded statements.
Footnotes are used primarily for clarifications and non-essential information.
At the end of each subsection, we provide summaries.
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1.2. Chaos in quantum systems

1.2 Chaos in quantum systems

Whenever we want to explain some physical phenomenon or general charac-
teristic in a physical system governed by quantum mechanics, we have to do
so using the theoretical building blocks of quantum mechanics:

• States that are vectors in a Hilbert space |ψ⟩ ∈ H, which gives us the
physical state of the system at a given time. These are usually defined
with respect to a specific basis of states. These states come with an
inner product or “overlap”, ⟨ψ1|ψ2⟩ ∈ C.

• The Hamiltonian operator H that evolves these states forward in time
according to the Schrodinger equation H|ψ(t)⟩ = i∂t|ψ(t)⟩ ⇔ |ψ(t2)⟩ =
eiH(t2−t1)|ψ(t1)⟩. We can often think of the Hamiltonian as a matrix.
The Hamiltonian also tells us the energy levels En or spectrum of our
system via its eigenvalues, H|En⟩ = En|En⟩. Energy eigenstates are a
common basis of states.

• The other operators Oi that correspond to measurements, along with
their expectation values ⟨ψ|O|ψ⟩, and correlation functions/correlators
⟨ψ|O1 · · · On|ψ⟩. If we work in the Heisenberg picture, where operators
evolve in time instead of states, then O(t) = e−iHtO(0)eiHt.

With these building blocks, we can say what state our system is in, how it
will evolve in time, the allowed energies, what the results of any measurement
could be in that state, and how different measurements are statistically
correlated; in other words, any question we could ever want to answer.

What does it mean, in terms of these building blocks, for a quantum
system to be chaotic? In classical mechanics, the standard definition of chaos
for a particle (similar definitions exist for a more general classical system)
is that under a small change in initial position, the change in the particle’s
path x(t) grows exponentially in time:

Classical chaos: x2(0) = x1(0) + δx =⇒ |x2(t)− x1(t)| ≈ δxeλt . (1.2.1)

However, this definition cannot work for quantum chaos. Because of the
probabilistic nature of quantum mechanics, the “particle’s path” is not
a well-defined observable. The “difference” (overlap) between two states
⟨ψ1(t)|ψ2(t)⟩ also can’t be used, since this overlap is actually constant in
time.

Two primary approaches exist to defining what is meant by quantum
chaos. The first focuses on the Hamiltonian and energies of a system, and
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1.2. Chaos in quantum systems

is called random matrix universality. The second focuses on operators and
correlation functions, and is called scrambling. Both are deeply linked
to classical notions of chaos, and have been discovered analytically and
numerically in a variety of systems.

1.2.1 Random matrix universality

The idea that quantum chaotic systems should be related to random matrices
goes back to Wigner and Dyson [9, 10] trying to understand the energy levels
in complex systems such as heavy atomic nuclei. Their first insight was
that instead of trying to precisely model and predict the exact spectrum of
these systems theoretically, you could “smooth out” the spectrum, looking
only at its approximate and average, or coarse-grained , behaviour of the
spectrum. For example, one could ask about the probability that two energy
levels are close together, or the average number of energy levels close to
a given level. Thus, one should focus on spectral statistics, rather than
the exact, discrete spectrum. This can be achieved explicitly by doing a
microcanoncial average, where one averages energy-dependent quantities
over a small window of energies, then replacing any erratic, non-continuous
behaviour with approximate smooth behaviour.1 However, any method of
coarse-graining is expected to be equivalent (e.g. averaging over coupling
constants).

The second insight was that many of these statistics could be understood
by assuming that, in a narrow enough energy window and away from the
smallest and largest energies in the spectrum, the Hamiltonian was essentially
a random matrix. By this we mean that if we only examine states that lie in
some energy window [E −∆E,E +∆E], which we achieve by multiplying
the Hamiltonian with a projection operator P[E−∆E,E+∆E], we expect

H P[E−∆E,E+∆E] ≈ a random matrix. (1.2.3)

The intuition is that these Hamiltonians are so complex, and any structure
they have is only visible for the most precise questions, that one could

1Explicitly, we can write an energy-dependent function f(E) as

f(E) = ⟨f(E)⟩+ f̃(E) ,

⟨f(E)⟩ ≈ 1

∆E

∫ E+∆E/2

E−∆E/2

dE′ f(E) ,
1

∆E

∫ E+∆E/2

E−∆E/2

dE′ f̃(E) ≈ 0
(1.2.2)

where ⟨f(E)⟩ is a smooth function called the coarse-grained or averaged f(E), while f̃(E)
are the erratic fluctuations. We will often use angle brackets to refer to this (or similar)
types of averaging procedures.
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1.2. Chaos in quantum systems

possibly model them by a random matrix.2 The upshot would be their
coarse-grained, average statistics could be discovered by doing an average
over an appropriate ensemble of random matrices. In other words, the
spectral statistics in quantum chaotic systems should be the same as in
random matrix theory . This statement is called random matrix universality .

Random matrix theory is described by defining a probability distribution
over the space of D ×D Hermitian matrices and performing averages with
it. We focus on the most basic example, the Gaussian Unitary Ensemble
(GUE):

P (H) ∝ exp

{
−D

2
Tr
(
H2
)}

, H = H† ,

⟨· · · ⟩P ≡
∫
dHP (H) · · · ,

(1.2.4)

i.e. we calculate averages by integrating over all Hermitian matrices weighted
with the probability distribution P (H). Each matrix can be thought of as a
Hamiltonian for a system in a D ≡ dimH dimensional Hilbert space. There
are two other Gaussian ensembles, which differ by the discrete symmetries
they possess: the Gaussian Orthogonal Ensemble (GOE), which models
systems with time-reversal symmetry; and the Gaussian Symplectic Ensemble
(GSE), which models systems with time-reversal but not rotational symmetry.
We will take the large D limit D ≫ 1.

Note that here the angle brackets indicate an ensemble average, not a
quantum correlation function; the meaning of the angle brackets will usually
be clear from context, and we will often drop the P subscript.

For any system, we primarily characterize the statistics of energy levels
via the density of states (a function of energy) and its Legendre transform,
the partition function (a function of temperature)

ρ(E) =
∑
n

δ(E − En) = Tr δ(E −H) , (1.2.5)

Z(β) =
∑
n

e−βEn =

∫
dEρ(E)e−βE = Tr e−βH . (1.2.6)

δ(x) is the Dirac delta function. Both are fully determined by the energy
levels of the system. The partition function from statistical mechanics is
used to calculate expectation values and correlators for systems at a fixed

2Note that (1.2.3) is a basis-dependent statement; we could always diagonalize any
Hamiltonian with its energy basis |En⟩, making it just a diagonal list of energies. The
claim is that the Hamiltonian looks like a random matrix in a non “fine-tuned” basis, i.e. a
basis that doesn’t depend on the energies of the system.
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1.2. Chaos in quantum systems

inverse-temperature β > 0 i.e. systems in a thermal state or in the canonical
ensemble. For example, for regular quantum operators we can calculate their
correlation function in a thermal state as

⟨OiOj⟩β =
1

Z(β)
Tr
{
e−βHOiOj

}
. (1.2.7)

The statistical quantity we are most interested in is the “connected
two-point function of the density of states”, i.e. the spectral correlations,

⟨ρ(E1)ρ(E2)⟩P,conn. ≡ ⟨ρ(E1)ρ(E2)⟩P − ⟨ρ(E1)⟩P ⟨ρ(E2)⟩P . (1.2.8)

where we are averaging over the ensemble of random matrices. This measures
the correlation of energy levels; if the presence of an energy level at E1 had
no effect on whether there was an energy level at E2 ̸= E1, the connected
correlator would be zero. In the GUE, the connected correlator for small
energy differences ω ≡ E1 − E2 is

〈
ρ
(
Eav +

ω

2

)
ρ
(
Eav −

ω

2

)〉
conn.

≈ ⟨ρ (Eav)⟩ δ(ω)−
sin2

(
πω ⟨ρ (Eav)⟩

)
(πω)2

.

(1.2.9)

This form of the spectral correlations is called random matrix statistics. The
first term is just the auto-correlation of an energy level with itself, and is not
unique to random matrix theory. It is present for any system under some
coarse-graining and any ensemble. The second term, known as the “sine
kernel”, is responsible for eigenvalue repulsion; it is negative and gets larger
as ω gets smaller (until ω ∼ ⟨ρ (Eav)⟩−1). Indeed, for ω ≫ ⟨ρ (Eav)⟩−1, the
sin2(· · · ) in the numerator oscillates sufficiently rapidly that we can replace
it with its average value of 1

2 in integrals that the spectral correlations appear
in. In this situation, the correlator actually takes a nearly universal form for
any Gaussian ensemble,

〈
ρ
(
Eav +

ω

2

)
ρ
(
Eav −

ω

2

)〉
conn.

≈ − 1

βπ2ω2
, β =


1 GOE

2 GUE

4 GSE

. (1.2.10)

The interpretation is that the probability of finding two energy levels close
to each other decreases the closer they get.

The statement of random matrix universality is that, under some method
of coarse-graining and in certain energy ranges, the spectral correlations
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in any chaotic system exactly matches that of random matrix
theory (using the correct ensemble for the symmetries of the system). In
other words, the statistical properties of certain pairs of energies are the
same in quantum chaotic systems and random matrix theory. For example, if
a system has no discrete symmetries, its connected correlator should contain
eigenvalue repulsion (1.2.10) for appropriate energy differences.

Any method of coarse-graining is believed to be equivalent; microcanonical
averaging is the most standard, but one could also average over some pa-
rameters that appear in the theory (e.g. coupling constants) or over a true
ensemble if one is defined.

We can also express random matrix universality in terms of the partition
function, through what is called the spectral form factor . This is defined
by taking the product of two partition functions with different inverse-
temperatures and coarse-graining:

⟨Z(β1)Z(β2)⟩ =
∫
dE dω

〈
ρ
(
E +

ω

2

)
ρ
(
E − ω

2

)〉
e−(β1+β2)E+

β1−β2
2

ω .

(1.2.11)
This is most commonly presented by analytically continuing the inverse-
temperatures, β1,2 → β ± iT ,3 with T being thought of as time (which is
unfortunately the standard notation in chaos literature, despite T meaning
temperature in almost all other contexts). Then plugging in (1.2.9) gives the
connected part of the spectral form factor,

⟨Z(β + iT )Z(β − iT )⟩conn.

=

∫
dE dω

〈
ρ
(
E +

ω

2

)
ρ
(
E − ω

2

)〉
conn.

e−2βE+iTω

= min

(
T

4πβ
e−2βE0 , Z(2β)

)
.

(1.2.12)

3The reason for this continuation is that under this analytic continuation, the spectral
form factor looks like a thermal two-point function (1.2.7) with the matrix elements stripped
off,

1

Z
Tr

{
e−βHO(t)O(0)

}
=

1

Z

∑
m,n

e−βEm+it(Em−En)|⟨m|O|n⟩|2 ,

where we’ve inserted two complete sets of energy eigenstates. If we split the Boltzmann
factor up (which is a common method of regularizing the thermal two-point function in
quantum field theories), we get

1

Z
Tr

{
e−

β
2
HO(t)e−

β
2
HO(0)

}
=

1

Z

∑
m,n

e−
β
2
(Em+En)+it(Em−En)|⟨m|O|n⟩|2 .

Relabelling β → 2β and t → T , and using the density of states, we get (1.2.12) after
removing the matrix elements |⟨m|O|n⟩|2 and normalization 1

Z
.
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1.2. Chaos in quantum systems

Figure 1.2: A plot showing the general form of the spectral form factor for
some fixed β. We see the transition between the dip, ramp, and plateau.

where E0 is the ground state energy. The first term comes from eigenvalue
repulsion (1.2.10), and is known as the linear ramp (the other Gaussian
ensembles have the appropriate factor of 2). The second term comes from
the auto-correlation term, and is known as the plateau. The time where the
ramp transitions into the plateau is called the Heisenberg time tH ∼ ⟨ρ(E)⟩,
when the spectral form factor begins probing neighboring energy levels.

Note that (1.2.12) is just the connected part of the spectral form factor;
in the full spectral form factor for a real physical system (1.2.11), the discon-
nected part | ⟨Z(β + iT )⟩ |2 dominates at early times, but begins decaying
until being overtaken by the ramp. This initial behaviour is called the “dip”;
the time the dip transitions into the ramp is called the ergodic or Thouless
time tE , and is theory-dependent. We show the general dip-ramp-plateau
behaviour in Figure 1.2

The fact that the connected part of the spectral form factor is not zero is
a consequence of the fact that we are coarse-graining the product of partition
functions (for example, by taking an ensemble average or averaging over
windows of time T ). If we weren’t, and we just had Z(β+ iT )Z(β− iT ) with
no averaging, then obviously this is disconnected by definition; it is just the
product of two functions.

10



1.2. Chaos in quantum systems

Random matrix universality and symmetry: An important note is
that thus far, the Hamiltonians we have considered (e.g. (1.2.4)) do not have
any additional symmetry. If a Hamiltonian has symmetry, only the
symmetry-unconstrained part of the spectrum can exhibit random
matrix statistics. In other words, all the consequences of this symmetry
on the spectrum must be discovered and fixed, and whatever part of the
spectrum of energies that remains can have correlations in the energy levels
that look like random matrix theory.

As an example, consider SU(2) symmetry: the Hamiltonian has conserved
angular momentum with the conserved charges [H,Ji] = 0, i = x, y, z, and
we analyze the spectrum of energies/states. We categorize states by their
energy E, their (total) angular momentum j2 ≡ l(l + 1), l = 0, 1/2, 1, . . .,
and the eigenvalue of Jz m = −l,−l + 1, . . . l. In summary, the spectrum
is given by the states |E, l,m⟩. We can have multiple states with the same
value of l and m but different energies, however the Hamiltonian will never
evolve a state from one value of l or m into a different value. Thus, right
away we know that energies/states with different l and m are unrelated by
the Hamiltonian.

This categorization of states also shows how symmetry constrains the
spectrum of energies. For any state |E, l,m⟩, there must exist states with
the same energy and total angular momentum but with m raised or lowered
by one,

(Jx ± iJy)|E, l,m⟩ ∝ |E, l,m± 1⟩ , m ̸= ±l . (1.2.13)

where once m = ±l, we cannot raise or lower the state anymore. Thus,
starting with the “highest weight state” m = l generates 2l additional states
in the spectrum with the same energy, which clearly cannot be a spectrum
coming from a random matrix. This also tells us that the structure of the
Hamiltonian in a basis other than the energy basis4 is

⟨i, l,m|H|j, l′,m′⟩ = δl,l′δm,m′H
(l)
i,j (1.2.14)

(δi,j is the Kronecker delta), where the matrix on the right hand side does
not depend on m.

However, this structure tells us nothing about what specific energies

the highest-weight states have, i.e. it tells us nothing about the matrix H
(l)
i,j .

Thus the energies of the highest weight states in a given angular momentum
sector (i.e. all states with a given l) are the symmetry unconstrained part of
the spectrum and can exhibit random matrix statistics.

4|i, l,m⟩ =
∑

n an|En, l,m⟩ is a linear combination of energy eigenstates with the same
l and m.
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1.2. Chaos in quantum systems

Random matrix universality has been demonstrated in many systems,
particularly those whose classical analog is also chaotic e.g. a particle moving
in a two-dimensional stadium with non-circular walls. However, many of
these systems have a low number of degrees of freedom. Chaos in systems
with many degrees of freedom is a new field; while random matrix universality
still applies, such systems can come with additional structure that makes
chaos more rich, as we discuss next.

Summary: Quantum chaotic systems are often defined as systems where
the statistical correlation between energy levels matches that of random
matrix theory. These correlations cause the spectral correlations to contain
eigenvalue repulsion (1.2.10), and cause the spectral form factor to contain a
linear ramp (1.2.12). Symmetry tends to wash away the presence of chaos in
the spectrum unless we focus on the energy levels that symmetry does not
constrain.

1.2.2 Scrambling

The random matrix theory approach to chaos focuses on the Hamiltonian
and energy levels of the system. In the scrambling approach to quantum
chaos, we focus instead on the other building blocks of a quantum theory:
operators and their correlation functions. The idea is to look at systems
with many degrees of freedom, e.g. many particles on a lattice interacting,
and examine what happens if just a few of those particles are perturbed. In
any system where the particles interact the perturbation will spread to the
other particles, but in a chaotic system this spread is exponentially fast!

We motivate this using the standard classical definition of chaos, (1.2.1).
We can recast this in terms of the Poisson bracket,

Classical chaos: {x(t), p(0)} ≡ δx(t)

δx(0)
= eλt . (1.2.15)

When we quantize a classical system, Poisson brackets become commutators
i{·, ·} → [·, ·], and classical variables become operators. This suggests that we
could look for exponential growth in quantities like operator commutators.

A candidate that works well for this purpose in systems with many
degrees of freedom N5 is the commutator squared for a system at finite

5Note that the number of degrees of freedom N and the dimension of the Hilbert space
D are not the same. For example, a one-dimensional Harmonic oscillator is considered to
have a single degree of freedom N = 1, as it only comes with a single position operator
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1.2. Chaos in quantum systems

temperature β,

−⟨[V (t),W (0)]2⟩β = ⟨V (t)W (0)W (0)V (t)⟩+ ⟨W (0)V (t)V (t)W (0)⟩
− ⟨V (t)W (0)V (t)W (0)⟩ − ⟨W (0)V (t)W (0)V (t)⟩ ,

(1.2.16)

where on the left hand side we stress that we are taking a thermal correlation
function (1.2.7), i.e. calculating the expectation value of the commutator in
a system at inverse-temperature β. V (0) and W (0) are operators involving
only a few different degrees of freedom each (e.g. if we had a system of 100
particles, V (0) and W (0) would excite particles 1 through 4 and 85 through
87 respectively). For simplicity, we assume their t = 0 two-point function is
equal to 1, ⟨V (0)V (0)⟩ = ⟨W (0)W (0)⟩ = 1.

The physical intuition is that the commutator measures how much per-
turbing the system with W (0) affects a later measurement of V (t). Since
they involve different degrees of freedom at time t = 0, we expect that they
shouldn’t impact each other significantly up until the so-called relaxation
time tr;

6 the commutator should be small compared to the number of degrees
of freedom. However, for chaotic systems the dynamics are expected to cause
all degrees of freedom to be “intermixed” with each other exponentially
quickly as time goes on, and so V (t) will start to involve W (0)’s degrees of
freedom. Thus for chaotic systems, we expect that heuristically

−⟨[V (t),W (0)]2⟩ ∼

{
1
N t ≲ tr
1
N e

λt tr ≪ t≪ ts
. (1.2.17)

This behaviour is what we call scrambling . The operator V (t) grows
exponentially with Lyapunov exponent λ in the space of degrees of
freedom, up until the scrambling time ts ≡ λ−1 logN . At the scrambling
time, the operator is “scrambled” among all the degrees of freedom in the
system, as shown in Figure 1.3. In other words, small perturbations of
chaotic systems with many degrees of freedom grow exponentially fast, until
all the degrees of freedom are affected.

When operators are local, i.e. associated with a particular position in
space, scrambling still occurs. The spatial spread of the correlator can take

x and its conjugate momentum p. However, the harmonic oscillator has infinitely many
energy eigenstates, so D = ∞. Meanwhile, the prototypical many-body system, a chain of
N spin- 1

2
particles at fixed positions has N degrees of freedom (one for each spin), and the

basis states are fully specified by saying whether each spin is up or down, so D = 2N .
6tr is the time scale associated with the exponential decay of the thermal two-point

function ⟨V (t)V (0)⟩.
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1.2. Chaos in quantum systems

Figure 1.3: A cartoon of scrambling. The dots represent the degrees of
freedom (e.g. a lattice of particles that interact with each other). The blue
region represents the degrees of freedom that the operator V (t) involves,
while the red region represents the degrees of freedom for W (0). We see that
the blue region grows in time until it includes all degrees of freedom at the
scrambling time ts.

different forms, but we focus on so-called “ballistic spreading”,

−⟨[V (x, t),W (0, 0)]2⟩ ≈ 1

N
e
λ
(
t− x

vB

)
, tr ≪ t≪ ts . (1.2.18)

vB is the butterfly velocity , and describes the speed at which scrambling
spreads throughout the spatial system.

The exponential growth of the correlator is a consequence of the decay of
the third and fourth terms in (1.2.16), called out-of-time-ordered correlators
(OTOCs),

⟨V (t)W (0)V (t)W (0)⟩ ≈
(
1− 1

N
eλt
)
, tr ≪ t≪ ts . (1.2.19)

This correlator is often what is explicitly calculated to show scrambling,
however the commutator is more physically motivated.

It’s important to note that the scrambling time is always less than the
ergodic time tE , when random matrix statistics begins to take over. Thus,
scrambling is often called early time chaos, while random matrix statistics is
called late time chaos.

One can show that, unlike in classical chaos, there is a limit to how fast
operators can scramble:

Chaos bound: λ ≤ 2π

β
. (1.2.20)
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Maximal chaos and hydrodynamics

Physical systems that saturate the bound (1.2.20) are called maximally
chaotic. Black holes are one example of a maximally chaotic system; the
commutator squared for operators that create a few particles in a black
hole background grows exponentially [16]. In [53], it was proposed that
the presence of scrambling in maximally chaotic systems is due to
hydrodynamics.

Hydrodynamics is the effective theory for conserved quantities, such as
energy and momentum. That is, it describes the dynamics of conserved quan-
tities (e.g. the transport of energy and momentum throughout the system) on
length and time scales where the only relevant degrees of freedom are those
that are directly related to these conserved quantities. These dynamics ap-
pear in any theory with no other long-lived, low-energy (i.e. gapless) degrees
of freedom, and thus hydrodynamics is extremely general and important for
many physical phenomena.

[53] showed that a hydrodynamic effective field theory can easily contain
scrambling, matching perfectly with many known maximally chaotic systems
(including black holes). This suggests that maximal chaos is hydrodynamic
in nature. One of the main predictions of this link is that the two-point
correlation function of the energy density T 00(t, x) contains a unique structure
called pole skipping . In general hydrodynamic theories, the Fourier transform
of the energy density two-point function can be written as

⟨T 00(ω, k)T 00(−ω,−k)⟩ ≈ f(ω, k)

g(ω, k)
, (1.2.21)

and generally has a line of poles for imaginary frequencies ω = iω̃(k) due
to zeroes in the denominator, g(iω̃(k), k) = 0. But for a hydrodynamic
theory that contains maximal chaos, there is a single point on this line where
the singularity is “skipped” due to a simultaneous zero in the numerator
f(ωs, ks) = 0. The location of this point is explicitly related to scrambling;
the pole is skipped at ωs = iλ, ks = i λ

vB
, where λ is the Lyapunov exponent

and vB is the butterfly velocity from (1.2.18).
In summary, if scrambling in a maximally chaotic theory is explained by

hydrodynamics, the energy density correlator should behave as

⟨T 00(ω, k)T 00(−ω,−k)⟩ ≈ f(ω, k)

g(ω, k)
, f

(
iλ, i

λ

vB

)
= g

(
iλ, i

λ

vB

)
= 0 .

(1.2.22)
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Summary: Quantum chaotic systems are sometimes defined as those where
perturbations of a few degrees of freedom grow exponentially quickly in time.
We can measure this by the exponential growth of certain thermal correlation
functions, i.e. the commutator squared (1.2.17) and the OTOC (1.2.19). This
growth is bounded, and systems that saturate this bound are proposed to be
connected to hydrodynamics.

1.3 Conformal Field Theories

Common to many areas of physics is the focus on symmetries; systems with
a large number of symmetries are often much simpler to describe, and can
often be fully determined from those symmetries alone. The hydrogen atom
remains one of the only quantum systems we can describe analytically thanks
to its spherical symmetry. And as we saw in section 1.2.1, symmetric systems
can still exhibit chaos.

For quantum field theories, one of the most powerful symmetries is
conformal symmetry . Roughly speaking, conformal symmetry means that
the system looks the same no matter how far you “zoom in” on the system.
Such a symmetry can arise in various condensed matter systems, and has
gained further importance due to the link to gravity, which we will discuss in
section 1.4. This symmetry provides an overwhelming amount of structure
to physical systems, allowing us to categorize them in a unique and powerful
way. As our goal is to understand how chaotic phenomena appear within
this structure, here we lay out its fundamentals. To understand these, we
must first review some of the basics of standard quantum field theory.

This section is quite technical and pedagogical, with the goal of in-
troducing and justifying enough conformal field theory to understand the
calculations in the rest of the thesis. The bold statements and their clarifi-
cation around (1.3.37), (1.3.42), (1.3.48), (1.3.74), (1.3.82), and (1.3.84) are
the key takeaways, i.e. the relationship between operators and states, how
states can be categorized as (quasi-)primaries or descendants, the existence
of the OPE, the relationship between the thermal partition function and the
Euclidean time circle, and modular invariance.

1.3.1 Review of quantum field theory

Quantum field theories are systems where the fundamental objects are
fields that can create and annihilate particles, rather than the particles
themselves. One motivation for considering fields instead of particles is that
in a relativistic system, where the Einstein relation tells us E = mc2, the
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1.3. Conformal Field Theories

creation of particle-antiparticle pairs becomes expected if the energy is high
enough. Moreover, a relativistic single-particle quantum mechanics ends up
violating causality. By utilizing quantum fields (the quantum equivalent of
classical fields e.g. the electric and magnetic fields), these issues are avoided.

These theories have a very unique mathematical structure, quite different
from the standard quantum mechanical systems in section 1.2.7 Thankfully,
conformal field theories recover some of that familiar structure, but because
they are a specific example of quantum field theories, we very briefly mention
some of their basic theoretical framework.

We consider a theory in d dimensions with coordinates xµ, µ = 0, 1, · · · ,
d− 1. Throughout this thesis, we will often work in Euclidean coordinates,
i.e. all of our dimensions will be spacelike. This is a standard trick for
quantum field theories in general, as it makes the convergence of various
quantities much easier to deal with. We can always go back to Minkowski
spacetime by analytic continuation of the time coordinate τ ≡ x0 → −it ≡
−ix0; τ is Euclidean or imaginary “time”, and t is Minkowski or regular time.
The remaining coordinates will often be specified by x⃗, i.e. xµ = (x0, x⃗).

Theories will live in a geometry given by the metric gµν(x), which deter-
mines lengths via

ds2 = gµν(x)dx
µdxν , µ, ν = 0, 1, · · · , d− 1 . (1.3.1)

We can change coordinates x′µ(x), which also changes the metric via

g′µν(x
′) = gσρ(x)

∂xρ

∂x′µ
∂xσ

∂x′ν
. (1.3.2)

Flat Euclidean space Rd in Cartesian coordinates is given by the simplest
non-trivial metric, gµν = δµν = diag(1, · · · , 1). Unless otherwise specified,
this is the geometry and coordinates we always use.

Correlation functions and the path integral: The primary quantities
we are interested in for quantum field theories are correlation functions of

7A comment on terminology; in most of high energy physics, the word “theory” is
often synonymous with the word “system”. This is in contrast to the more general use
of the word in e.g. the theory of general relativity (or even worse, the use of theory in
the phrase quantum field theory itself!), where it means the more general scientific and
mathematical framework that describes a whole class of physical systems. Thus when we
refer to e.g. “a conformal field theory”, we mean a particular physical system with some
specified dynamics and observables, described by conformal field theory. We apologize for
this confusion, and hope that context will always make the meaning clear.
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1.3. Conformal Field Theories

local operators Oi(xi), primarily in the vacuum i.e. ground state:

⟨O1(x1) · · · On(xn)⟩ ≡ ⟨0|O1(x1) · · · On(xn)|0⟩ . (1.3.3)

We can generalize to states other than the vacuum |0⟩, or to correlation
functions at a finite temperature as in (1.2.7). The fact that we are using
local operators in a continuous geometry is one of the primary distinctions
between a quantum field theory and standard quantum mechanics. Examples
of such operators are the creation of a particle or the energy density at some
position.

To calculate these correlation functions, we introduce the Euclidean path
integral

Z ≡
∫
[dΦ] e−S[Φ] . (1.3.4)

Φ(x) refers to the collection of fundamental fields in our quantum field theory
(e.g. those that create and annihilate particles), which are all functions of
position. The action

S[Φ] ≡
∫
ddxL(Φ(x), ∂µΦ(x)) (1.3.5)

is a functional of these fields (i.e. it takes the functions Φ(x) and spits out a
number), where L(Φ(x), ∂µΦ(x)) is the Lagrangian density. The meaning of∫
[dΦ] is that we are integrating over all possible field configurations, i.e. all

possible functions Φ(x). The fields can be simple functions or have multiple
components (e.g. they can be scalars, vectors, spinors, tensors, etc).

If we are quantizing a classical field theory, then both Φ(x) and S[Φ(x)]
are just their classical counterparts. The classical equations of motion are
given by the principle of least action, i.e. δS = 0 for any variation of the
fields Φ(x)→ Φ(x) + δΦ(x).

The simplest example of a quantum field theory is the free scalar field in
flat space with mass m:

S[ϕ] =

∫
ddx

1

2
ϕ(−□δ +m2)ϕ , □δ ≡ δµν∂µ∂ν . (1.3.6)

Because it will be relevant for Lorentz invariance and gravity calculations,
we also give the action for a scalar field in an arbitrary curved space,

S[gµν , ϕ] =

∫
ddx
√
−g1

2
ϕ(−□g +m2)ϕ , □g ≡

1√
−g

∂µ
(
gµν
√
−g ∂ν

)
,

(1.3.7)
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where g ≡ det gµν .
We can use the path integral to calculate time-ordered correlators,

⟨T{O1(x1) · · · On(xn)}⟩ =
∫
[dΦ] e−S[Φ]O1(x1) · · · On(xn)∫

[dΦ] e−S[Φ]
,

T{O1(x1) · · · On(xn)} ≡ Oi1(xi1)Oi2(xi2) · · · Oin(xin) where

x0i1 > x0i2 > · · · > x0in .

(1.3.8)

Using the path integral automatically time-orders the operators. In the
following we will usually drop the time-ordering symbol, and implicitly have
x01 > x02 > · · · > x0n, with alternate orderings as in e.g. (1.2.19) indicated
appropriately.

The operators must be expressed in terms of the fundamental fields in
order to calculate them via the path integral. In conformal field theories we
won’t need to use the path integral to find our correlators, but keeping the
path integral definition in mind will be useful for certain aspects, and it will
reappear in other situations as well. (1.3.8) shows that the path integral is
actually the zero temperature partition function, hence why it is labelled as
Z.

A common way of obtaining correlation functions is by adding “sources”
Ji(x) for each operator to the path integral, creating the generating func-
tional ,

Z[Ji(x)] ≡
∫
[dΦ] e−S[Φ]+

∑
i

∫
ddxJi(x)Oi(x) . (1.3.9)

Here Ji denotes a collection of sources; as many can be non-zero (“turned
on”) as we like. The standard path integral in (1.3.4) is just Z[0]. We can
obtain correlation functions by taking functional derivatives of the generating
function, then setting the sources to zero, 8

⟨T{O1(x1) · · · On(xn)}⟩ =
1

Z

δnZ[Ji]

δJ1(x1) · · · δJn(xn)

∣∣∣∣∣
Ji=0

. (1.3.11)

8The functional derivative δZ[J]
δJ(x)

is defined analogously to a regular derivative, as the
linear term after infinitesimally shifting the function J :

Z[J + δJ ] = Z[J ] +

∫
ddx

(
δZ[J ]

δJ(x)

)
δJ(x) + · · · . (1.3.10)

Mechanically, the functional derivative can be found by using the fundamental relation
δJ(x)
δJ(y)

= δ(x−y) and integration by parts. The Euler-Lagrange equations from the principle

of least action is just δS
δΦ(x)

= 0 in this language.
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We can also define the connected generating functional W [Ji] by taking the
logarithm of Z, which gives the connected correlation functions,

e−W [Ji] = Z[Ji] ,

δ2W [Ji]

δJ1(x1)δJ2(x2)

∣∣∣∣∣
Ji=0

= −
(
⟨O1(x1)O2(x2)⟩ − ⟨O1(x1)⟩⟨O2(x2)⟩

)
,
(1.3.12)

(similar for correlators with more operators).
Another use of the path integral is that by putting boundary conditions

on the fields, we can evolve states in time. As mentioned in section 1.2, the
time evolution operator in any quantum theory is given by eitH ; in Euclidean
time this becomes

U(t) = e−τH . (1.3.13)

As with any operator, we can equivalently consider the matrix elements. For
example, for energy eigenstates ⟨n|e−τH |m⟩ = e−Enτδnm. In quantum field
theories, a good set of states are states with a specified field configuration
at a specific time τ , |Φ(τ, x⃗)⟩ i.e. on a time slice.9 In this basis, the time
evolution operator is

⟨Φf (τf , x⃗)|e−(τf−τi)H |Φi(τi, x⃗)⟩ =
∫ Φ(τf ,x⃗)=Φf (τf ,x⃗)

Φ(τi,x⃗)=Φi(τi,x⃗)
[dΦ] e−S[Φ] . (1.3.14)

That is, we integrate over all functions Φ(x), but where the functions at τi,f
have boundary conditions given by Φi,f (τi,f , x⃗).

Lorentz symmetry, conserved quantities and Ward identities: Since
conformal symmetry is essentially a simple generalization of Lorentz sym-
metry, we review Lorentz symmetry and its conserved quantities. Consider
d dimensional flat Euclidean space. Lorentz symmetry refers to coordinate
transformations, x′µ(x) , that leave the metric δµν unchanged:

ds2 = δµνdx
µdxν = δµνdx

′µdx′ν ←→ δµν = δρσ
∂xρ

∂x′µ
∂xσ

∂x′ν
. (1.3.15)

(In Minkowski spacetime R1,d−1, the equations are all the same with δµν
replaced with ηµν ≡ diag(−1, 1, · · · , 1).) The transformations that accom-
plish this form the Poincare group, consisting of translations and Lorentz

9Note that here, τ is a single value while x⃗ runs over all values.
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transformations/rotations. These transformations, along with the generators
for infinitesimal coordinate transformations, are

Translation: x′µ = xµ + aµ pµ = −i∂µ ,
Rotation: x′µ = Λµ

νx
ν ,Λ ∈ SO(d) lµν = i(xµ∂ν − xν∂µ) .

(1.3.16)

The generators act via δxµ ≡ iωagax
µ, where a is some collection of (space-

time) indices and ωa are infinitesimal constants. For example, under transla-
tion δxµ = iωνpνx

µ = ων∂νx
µ = ωµ, i.e. the momentum generator pµ creates

an infinitesimal translation. The generators satisfy commutation relations
that define the Poincare albegra,

[pρ, lµν ] = i(δρµpν − δρνpµ) ,
[lµν , lρσ] = i(δνρlµσ + δµσlνρ − δµρlνσ − δνσlµρ) .

(1.3.17)

The algebra of the lµν by themselves is called the “Lorentz algebra”.
We also have to consider how these transformations act on the fields

Φ(x) and operators O(x) of our theory, Φ′(x′) = F(Φ(x)) (similar for opera-
tors). This is the “active” perspective on coordinate transformations; both
the coordinates change, and the functional form of the fields change. For
infinitesimal transformations on fields, the generators are defined via just
the change in the functional form of the field, Φ′(x)− Φ(x) ≡ −iωaGa.

10

For Lorentz invariant theories, the fields are in representations of the
Lorentz group; the transformation of the fields and their infinitesimal gener-
ators are

Translation: Φ′(x+ a) = Φ(x) Pµ = −i∂µ ,
Rotation: Φ′(Λx) = LΛΦ(x) Lµν = i(xµ∂ν − xν∂µ) + Sµν .

(1.3.18)

LΛ is a representation of the Lorentz group, and Sµν is the corresponding spin
generator that satisfies the Lorentz albegra (i.e. it has the same commutation
relations as lµν from (1.3.16)). The value of the spin m of the field, which is a
(half) integer, determines LΛ and Sµν .

11 We also require that our operators
O(x) live in representations of the Lorentz group.

10Note the minus sign, which is different from the coordinate generators.
11The simplest examples are when Φ(x) is a scalar ϕ(x) with m = 0, or vector Aµ(x)

with m = 1, in which case

ϕ′(Λx) = ϕ(x) Sµν
scalar = 0 ,

Aµ(Λx) = Λµ
νAν(x) Sµν

vector ∈ so(d)
(1.3.19)

i.e. the trivial and defining representations of the Lorentz group and Lorentz algebra.
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A field theory (quantum or classical) is then Lorentz symmetric if the
action is invariant under x → x′, Φ(x) → Φ′(x′); in the quantum case, we
also require that the measure [dΦ] is invariant. This implies a symmetry for
correlation functions:

⟨O1(x
′
1) · · · On(x

′
n)⟩ = ⟨F(O(x1)) · · · F(On(xn))⟩ , (1.3.20)

i.e. the effect of a coordinate transformation on a correlation function is
entirely captured by the transformation of the operators themselves.

As is well known from Noether’s theorem, in a classical theory every
symmetry implies a conserved quantity. A standard way of deriving Noether’s
theorem is to allow the infinitesimal parameters for the transformation ωa

to depend on position ωa(x) ≡ ϵ(x)ωa; the variation of the action under the
transformation becomes

δS =

∫
ddx ∂µj

µ
aω

a(x) . (1.3.21)

If the fields obey the equations of motion, then δS = 0 for any variation of
the field, and so jµa = − δS

δ∂µωa(x) is conserved, ∂µj
µ
a = 0.

The conserved quantity for Lorentz symmetry is expressed via the stress
tensor or energy-momentum tensor Tµν(x). One way of defining the stress
tensor that is extremely useful for correlation functions is to put the theory
in a curved geometry, where the metric is some arbitrary gµν(x) as in
(1.3.1), rather than the flat Eucliden metric δµν . For example, in a free
scalar theory we replace the action (1.3.6) with (1.3.7). We can then use a
similar logic as in (1.3.21); we consider an arbitrary infinitesimal coordinate
transformation δxµ = ωµ(x), which creates an infinitesimal variation of the
metric δgµν = −(∂µων + ∂νωµ). The stress tensor is then the change of the
action in response to this metric fluctuation,

δS[gµν ] = −
1

2

∫
ddx
√
−gTµν

(g)δgµν . (1.3.22)

This gives us the stress tensor for any metric gµν :

Tµν
(g)(x) ≡ −2

1√
−g

δS[gµν ]

δgµν(x)
, (1.3.23)

The subscript (g) stresses that this is for any metric; we will here-on ignore
this notation, and the stress tensor will always be defined relative to the
geometry we are considering. By setting the metric back to flat space
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gµν = δµν , we get the flat space stress tensor Tµν ≡ Tµν
(g=δ). It encodes the

symmetries of Lorentz invariance:

Translation invariance =⇒ ∂µT
µν = 0 ,

Rotation invariance =⇒ ∂µ(T
µνxσ − Tµσxν) = 0⇔ Tµν − T νµ = 0 .

(1.3.24)
The first is the conservation of energy and momentum, the second is the
conservation of angular momentum.

In a quantum field theory, conserved quantities are operators that are
conserved in correlation functions only if there are no other operators nearby.
When another operator is close to the insertion of the conserved quantity, we
instead get the Ward identities . We discover these by using the path integral
to find correlation functions, (1.3.8), and doing a change of integration
variables, i.e. Φ(x)→ Φ′(x). Then we find

∂µ⟨TµνO1(x1) · · · On(xn)⟩ = −
n∑

i=1

δ(x− xi)∂ν(xi)
⟨O1(x1) · · · On(xn)⟩ ,

∂µ⟨(Tµνxρ − Tµρxν)O1(x1) · · · On(xn)⟩ =
n∑

i=1

δ(x− xi)(xνi ∂
ρ
(xi)
− xρi ∂

ν
(xi)
− iSνρ

i )

×⟨O1(x1) · · · On(xn)⟩ ,

⇔ ⟨(Tµν − T νµ)O1(x1) · · · On(xn)⟩ = −
n∑

i=1

δ(x− xi)iSµν
i ⟨O1(x1) · · · On(xn)⟩ ,

(1.3.25)

where Sνρ
i is the spin generator for the i-th operator and ∂µ(xi)

≡ ∂
∂xiµ

. We

recognize on the right hand side the effect of the generators in (1.3.18). The
meaning of these Ward identities is essentially that the conserved quantity, the
stress tensor, provides the generator of infinitesimal Lorentz transformations
on correlation functions. For example, the momentum generator (with the
time x0 dependence explicit here) is

Pµ(x
0) =

∫
dx1 · · · dxd T 0

µ(x) , (1.3.26)

The momentum generator then acts on operators via a commutator, generat-
ing the infinitesimal transformation,

[Pµ(x
0
i ),Oi(xi)] ≡ lim

ϵ→0
Pµ(x

0
i + ϵ)Oi(xi)−Oi(xi)Pµ(x

0
i − ϵ)

= −∂µOi(xi) ≡ δOi

⇔ ⟨O1(x1) · · · [Pµ(x
0
i ),Oi(xi)] · · · On(xn)⟩ = ⟨O1(x1) · · · (−∂µOi(xi)) · · · On(xn)⟩ ,

(1.3.27)
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Figure 1.4: A graphical representation of the commutator between the
momentum generator and some operator. The operator lives at a single
point, while the momentum generator is defined on a full time slice.

where in the last line, we show that the commutator should be interpreted
as an operator equation, i.e. it holds in correlation functions. See figure 1.4

We could also integrate (1.3.25) over a ball containing some of the opera-
tors, generating transformations of just those operators. If we integrate over a
ball containing all the operators, we get the total variation of the correlation
function under an infinitesimal coordinate transformation. Using Stokes
theorem, this becomes the surface integral of the current on a large ball, but
by sending the radius to infinity one can show this integral vanishes. Hence
the total variation of any correlation function under a Lorentz transformation
is zero,

δ⟨O1(x1) · · · On(xn)⟩ = 0 . (1.3.28)

This is just a restatement of (1.3.20), in infinitesimal form.
Finally, we note the quantum interpretation of (1.3.22). The fact that

the stress tensor is just the response of the action to an arbitrary metric
fluctuation means that we can actually use (1.3.22) to define the generating
functional for stress tensor correlators via an arbitrary metric fluctuation:

Z[δgµν ] =

∫
[dΦ]e−S[δµν ,Φ]− 1

2

∫
ddxTµνδgµν (1.3.29)

where we are focusing on the flat space stress tensor. Then we can find
stress tensor correlators via functional derivatives, just like (1.3.11). In other
words, we source the stress tensor by putting our theory in a curved space
time.

1.3.2 Conformal field theories in d dimensions

We now analyze CFTs. We show how they can be described solely in terms
of certain types of local operators that generate the states of our theory and
whose correlation functions are fixed by conformal symmetry.
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Figure 1.5: The effect of a conformal transformation on two vectors at the
same point. Their lengths and orientations change, but the angle between
them is fixed.

Conformal symmetry is an extension of Lorentz symmetry (1.3.15), al-
lowing a position-dependent factor Ω(x′) to sit in front of the metric after
changing coordinates:

ds2 = δµνdx
µdxν = Ω(x′)δµνdx

′µdx′ν , (1.3.30)

i.e. δµν → Ω(x)δµν is a symmetry. A theory invariant under these trans-
formations is conformally invariant; a quantum field theory that is confor-
mally invariant is called a conformal field theory (CFT). These transforma-
tions include the Poincare group and two additional ones; scale transforma-
tions/dilations, and special conformal transformations. The full conformal
group, along with the generators for infinitesimal coordinate transformations,
consists of

Translation: x′µ = xµ + aµ pµ = −i∂µ ,
Rotation: x′µ = Λµ

νx
ν lµν = i(xµ∂ν − xν∂µ) ,

Dilation: x′µ = λxµ d = −ixµ∂µ ,
Special: x′µ = xµ−bµx2

1−2bµxµ+b2x2 kµ = −i(2xµxν∂ν − x2∂µ) .

(1.3.31)

These transformations leave the angle between two vectors unchanged, while
their length changes, as in Figure 1.5. The fact that these theories don’t care
about lengths means that our theory can’t have any inherent length scale in
it; in particular, these theories are massless.

These generators satisfy a set of commutation relations called the “con-
formal algebra”. This can be seen most easily written down by defining a
new set of generators: let A,B = I, II, 0, 1, · · · , d− 1 = I, II, µ be a d+ 2
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dimensional index in R1,d+1. Then we define LAB via

Lµν = lµν , LIµ = 1
2(pµ − kµ) ,

LI,II = D , LIIµ = 1
2(pµ − kµ) .

(1.3.32)

The generators LAB then satisfy the same algebra as the Lorentz algebra from
(1.3.17), just in d+ 2 dimension Minkowski spacetime. Thus the conformal
group in d dimensions is the same as the Lorentz group in d+ 2 dimensions,
SO(1, d+ 1). This motivates the so called “embedding space” picture, which
we will discuss in chapter 4.

We also write explicitly the most important commutators for us,

[d, pµ] = ipµ ,

[d, kµ] = −ikµ .
(1.3.33)

More broadly, we could consider a theory in any geometry and metric
gµν(x), not just flat space; a theory in such a geometry is conformally
invariant if it is invariant under rescalings gµν(x)→ Ω(x)gµν(x).

We also note that in the theories we consider, invariance under the
Poincare group and scale transformations alone implies full conformal in-
variance. We will thus only mention special conformal transformation when
necessary.

By demanding that our operators live in representations of the full confor-
mal group, we find the generators for infinitesimal conformal transformations
acting on an operator O(x):

Translation: O′(x+ a) = O(x) Pµ = −i∂µ ,
Rotation: O′(Λx) = LΛO(x) Lµν = i(xµ∂ν − xν∂µ) + Sµν ,
Dilation: O′(λx) = λ−∆O(x) D = −ixµ∂µ − i∆ ,
Special: · · · 12 Kµ = −i(2xµxν∂ν − x2∂µ)

−2ixµ∆− xνSµν .
(1.3.34)

∆ is called the scaling dimension of the operator.
We also obtain a new conserved current and Ward identity, the full set

of which are

Translation invariance =⇒ ∂µT
µν = 0 ,

Rotation invariance =⇒ ∂µ(T
µνxσ − Tµσxν) = 0 ⇔ Tµν = T νµ ,

Scale invariance =⇒ ∂µ(T
µ
ν xν) = 0 ⇔ Tµ

µ = 0 ,
(1.3.35)

12The transformation of a general operator under a special conformal transformations
is rather complicated, hence we neglect it here. Later we will discover a certain class of
operator with simple transformation rules for any conformal transformation.
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∂µ⟨TµνO1(x1) · · · On(xn)⟩ = −
n∑

i=1

δ(x− xi)∂ν(xi)
⟨O1(x1) · · · On(xn)⟩ ,

⟨(Tµν − T νµ)O1(x1) · · · On(xn)⟩ = −
n∑

i=1

δ(x− xi)iSµν
i ⟨O1(x1) · · · On(xn)⟩ ,

⟨Tµ
µO1(x1) · · · On(xn)⟩ = −

n∑
i=1

δ(x− xi)∆i⟨O1(x1) · · · On(xn)⟩ .

(1.3.36)
We note that these expressions are valid for flat space only. In fact,

in other geometries and in even spatial dimensions, quantizing a classical
conformal field theory produces the “conformal anomaly” which breaks
conformal symmetry: because the path integral measure [dΦ] isn’t invariant
under conformal transformations, the trace of the stress tensor is no longer
zero, ⟨Tµ

µ ⟩ ≠ 0, and depends on the curvature of the space. The conformal
anomaly also produces anomalous terms when one of the operators Oi above
is the stress tensor itself.

Operators and states in CFTs: The power of conformal symmetry
allows us to characterize our theories without explicit reference to an explicit
action or path integral, thanks to an extremely powerful relationship called
the operator-state correspondence; any state in a CFT can be written
as an operator acting on the vacuum, and every operator can be
obtained via its corresponding state

Operator-state correspondence: O(x)⇔ |O⟩ ≡ O(0)|0⟩ . (1.3.37)

Thus we can fully understand the spectrum of states in our theory
and all correlation functions just by analyzing the operators in a
CFT. To do so, we will analyze the effect of the generators from (1.3.34).

Our operators O(x) with scaling dimension ∆ are eigenfunctions of the
dilation operator at the origin:

[D,O(0)] = −i∆O(0) , (1.3.38)

By using the commutation relations (1.3.33), we see that Kµ acts as a
lowering operator and Pµ acts as a raising operator:

[D, [Kµ,O(0)]] = −i(∆− 1)O(0) , (1.3.39)

[D, [Pµ,O(0)]] = −i(∆ + 1)O(0) , (1.3.40)
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i.e. the operators [Kµ,O(x)], [Pµ,O(x)] are also eigenfunctions of the dilation
operator with scaling dimension ∆± 1. Similar to the harmonic oscillator
in quantum mechanics then,13 there must be some operators that can’t be
lowered anymore, which we call quasi-primary :

quasi-primary: [Kµ,O(0)] = 0 . (1.3.41)

All operators are then either quasi-primary, descendants of a quasi-primary
operator generated by repeated commutation with Pµi , or a linear combina-
tion of any number of these (this last point can be seen from the operator-state
correspondence, as we need to have linear combinations of distinct states).
In terms of states, the basis of states in our theory are

Quasi-primary states: |O⟩ ≡ O(0)|0⟩ , dimension ∆

Descendant states: Pµ1 · · ·Pµn |O⟩14 , dimension ∆ + n .
(1.3.42)

The spectrum of quasi-primary operators determines the entire
spectrum of states for a conformal field theory. In other words, in
a CFT we have a collection of simple operators with known properties,
characterized by their transformation under scaling xµ → λxµ and by their
spin. These operators determine all the other operators in the theory.
Through the operator-state correspondence, these simple operators also
determine all the states in our theory.

There is an equivalent condition to being quasi-primary that is very
simple for scalar operators: under any finite conformal transformation,

quasi-primary scalar: ϕ′(x′) =

∣∣∣∣∂x′∂x

∣∣∣∣−∆/d

ϕ(x) , (1.3.43)

where
∣∣∣∂x′

∂x

∣∣∣ is the Jacobian of the coordinate transformation. This is similar

to how any operator transforms under dilations (1.3.34), but it includes
special conformal transformations. This definition will be important for
two-dimensional CFTs in section 1.3.3. We also note that the stress tensor
Tµν(x) is a quasi-primary operator with scaling dimension d and spin 2.

Correlation functions: Conformal symmetry also fixes the two- and
three-point correlation functions of operators, using the Ward identity for

13This is also similar to the raising and lowering operators in (1.2.13), however as we
will see in section 1.3.4, the scaling dimension plays the role of energy in CFTs.

14We could also contract the indices in the momentum generators, e.g. have P 2 = PµP
µ.
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the total variation of the correlator (1.3.28). For quasi-primary scalars,

⟨ϕ1(x1)ϕ2(x2)⟩ =


C

x
2∆1
12

if ∆1 = ∆2

0 otherwise
, (1.3.44)

⟨ϕ1(x1)ϕ2(x2)ϕ3(x3)⟩ =
C123

x∆1+∆2−∆3
12 x∆2+∆3−∆1

23 x∆3+∆1−∆2
31

, (1.3.45)

where xij ≡ xi − xj . We generally normalize our operators so two-point
functions have C = 1, although we will not do so with e.g. the stress tensor.
Operators with spin have similar expressions; for examples the two-point
function has the 1

x
2∆1
12

factor multiplied by a known, scaling-invariant function

of x12 with the appropriate indices.
The four-point function, however is not fixed. With four different points,

we can form the “conformal cross-ratios”, which are invariant under conformal
symmetry:

u =
x212x

2
34

x213x
2
24

, v =
x223x

2
14

x213x
2
24

. (1.3.46)

Then for e.g. identical scalar operators, conformal invariance only requires

⟨ϕ1(x1)ϕ1(x2)ϕ1(x3)ϕ1(x4)⟩ =
g(u, v)

x2∆1
12 x2∆1

34

, (1.3.47)

for some function g(u, v).
We can push conformal symmetry even further. As we said, any operator

is just a linear combination of quasi-primaries and descendants. We can apply
this to a product of two different operators at different points, performing
the operator product expansion (OPE):

ϕi(x1)ϕj(x2) =
∑
O
CijOC(x12, ∂x2 ,∆i,j,O)O(x2) , (1.3.48)

where C(x12, ∂x2 ,∆i,j,O) is a differential operator and O are quasi-primaries
with dimension ∆O (the descendants are taken care of by the differential
operator). The OPE shows how two external probe operators fuse into a sum
of individual quasi-primary operators and their descendants (the “conformal
families” of quasi-primary operators). This statement holds inside correlation
functions, so long as there are no other operator insertions closer to x1 or x2.

The important thing is that the differential operator can be explicitly
derived via conformal symmetry, and that the coefficient CijO is the same
coefficient that appears in the three-point function (1.3.45), called the OPE
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coefficient . This means that for any correlation function of any number of
operators, we can apply the OPE repeatedly to write down the correlation
function in terms of the scaling dimensions and OPE coefficients. Thus,
since the scaling dimensions also determine the states of the theory, all the
dynamical data of a CFT is determined by the scaling dimension
and OPE coefficients of quasi-primary operators. In other words, if
we know how the simple quasi-primary operators transform under scaling
the coordinates, and all the constants that sit in front of their three-point
correlation functions, we can calculate any quantity in the theory.

For example, the four-point function in (1.3.47) can be written as

⟨ϕ1(x1)ϕ1(x2)ϕ1(x3)ϕ1(x4)⟩ =
1

x2∆1
12 x2∆1

34

∑
O

(C11O)
2G

(lO)
∆O

(u, v) , (1.3.49)

where lO is the spin of the operator O. G(lO)
∆O

(u, v) is a function fixed by
conformal symmetry called a global conformal block . In any number of even
spacetime dimensions, these functions are known exactly.15 For example,
doing a change of variables where u = zz̄, v = (1 − z)(1 − z̄), the stress
tensor conformal block in 4 dimensions is

G
(2)
4 = 10

(
− z̄
z

z2 − 6z + 6

z − z̄
log(1− z) + 3

)
+ (z ↔ z̄) . (1.3.50)

A crucial fact about the OPE is the way it constrains CFT data. The
reason is that the OPE is associative; operators can be paired up however
one wants. For example, in a generic four-point function, we represent the
operators we choose to take the OPE of by connecting then with a line. Then

⟨O1O2O3O4⟩ = ⟨O1O2O3O4⟩ = ⟨O1O2O3O4⟩ (1.3.51)

This is referred to as crossing symmetry . The fact that all of these must
be equal imposes strong constraints on the operator dimensions and OPE
coefficients; in particular not every set of this data defines a consistent CFT.
The method of using crossing symmetry and other fundamental features of
CFTs to find consistent CFT data is called the “conformal bootstrap”.

Finally, an important note about these correlators is that even though
our theory is living in flat Euclidean space, we can find the correlators for
theories living in different geometries. Of course, the geometry our theory

15In four-point functions where the operators are not pair-wise equal, the conformal
block depends on the dimension of those operators, not just O.
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lives in shouldn’t depend on the coordinates we use to describe it; while
we have been using Cartesian coordinates with gµν = δµν , we can use any
coordinates we want. For example, we could go to polar coordinates,

ds2 = dr2 + r2dΩ2
d−1 (1.3.52)

where dΩ2
d−1 is the metric on a d− 1 dimensional sphere with radius 1.

But thanks to conformal invariance, we can do a change of coordinates and
a subsequent conformal transformation, putting ourselves in a legitimately
different geometry. For example, setting r = eτ in (1.3.52) gives

ds2 = e2τ
(
dτ2 + dΩ2

d−1

)
(1.3.53)

The metric inside the brackets is the metric of a d dimensional cylinder,
R×Sd−1. Thus, flat Euclidean space is conformally equivalent to the cylinder,
and we can find correlation functions on a cylinder via a change of coordinates
followed by a conformal transformation. This will be important in section
1.3.4.

Introduction to shadow operators: Here, we sketch out the shadow
operator formalism approach to the OPE and conformal blocks, as it is one
of the main focuses of chapter 4. The details will be left to that chapter.

One way of deriving the conformal blocks is to exploit the fact that
they have specific short distance behaviour, and are eigenfunctions of the
“conformal Casimir”, C ≡ LABL

AB where LAB are the conformal generators
from (1.3.32). The conformal Casimir is the operator that commutes with all
the other generators, similar to total angular momentum. It can be written
as a second order differential operator of the cross ratios u, v; the conformal
blocks have eigenvalue and short distance behaviour

CG(l)
∆ (u, v) =

(
∆(d−∆)− l(l + d− 2)

)
G

(l)
∆ (u, v) ,

G
(l)
∆ (u, v)

u→0,v→1
≈ u

∆−l
2 (1− v)l .

(1.3.54)

Notably, the eigenvalue is symmetric under ∆↔ d−∆; this is sign that there

is another eigenfunction of the Casimir, the “shadow block” G
(l)
d−∆(u, v), with

the same eigenvalue but different short distance behaviour.
This suggests the introduction of the “shadow operator” Õ, a fictitious

operator with dimension d−∆ and spin l, given by integrating the original
operator O: schematically,

Õ(x) =
∫
ddy I(x, y)O(y) , (1.3.55)
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where the integral kernel is chosen to contract properly with any indices in
O and to give the proper scaling behaviour. The shadow operator isn’t a
true operator in the theory; it is simply a calculational tool.

The shadow operator really comes into play when we consider the OPE.
A useful representation of the OPE (1.3.48) that holds for pairwise-equal
scalar operators V (x) is

V (x)V (y) =
1

|x− y|2∆V

∑
O
CV VOBO(x, y) ,

BO(x, y) ≡ |x− y|∆O
[
O(y) + conformal descendants

]
.

(1.3.56)

We call BO the OPE block; it represents the fusion of the two V ’s into
the primary operator O and its descendants. Since there are infinitely
many descendants of any operator, the OPE block contains infinitely many
derivatives of O and thus depends on the operator far away from the point
y. This can actually be captured by instead writing the OPE block as an
integral using the shadow operator:

BO(x, y) = const.×
∫
ddξ

1

CV VO

⟨V (x)V (y)Õ(ξ)⟩
⟨V (x)V (y)⟩

O(ξ) (1.3.57)

While it isn’t clear from the way its defined, the integral kernel is actually
completely independent of the operator V ! Since three-point functions are
fixed by conformal symmetry, the kernel can be written down explicitly; we
thus have a concise way of calculating OPE blocks (and thus conformal blocks)
using a series of conformal integrals; first to define the shadow operator, then
to define the OPE/conformal blocks.

Summary: By using the structure of conformal symmetry, CFTs can be
characterized entirely in terms of the scaling dimensions and OPE coefficients
of the quasi-primary operators in the theory. With this data we can determine
any state and calculate any correlation function we could ever want. We
can also calculate correlation functions in many different geometries, and
introduced some of the technology for calculating them.

1.3.3 Conformal symmetry in two dimensions

Two dimensional CFTs have even more structure than generic CFTs, as
conformal invariance actually becomes infinite dimensional in two dimensions.
This leads to a refinement of the notion of primary and descendant operators,
as well as an extremely powerful symmetry called modular invariance.

32



1.3. Conformal Field Theories

First we define complex coordinates and put our theory on the complex
plane:

ds2 = dx20 + dx21 = dzdz̄ , z = x1 + ix0, z̄ = x1 − ix0. (1.3.58)

This form of the metric reveals how extensive conformal symmetry becomes
in 2D: any “holomorphic” change of coordinates becomes a conformal trans-
formation, as

z′ = z′(z) , z̄′ = z̄′(z̄) =⇒ ds2 =

∣∣∣∣ dzdz′
∣∣∣∣2 dz′dz̄′ , (1.3.59)

z′(z) is any arbitrary function of z alone (i.e. it does not depend on z̄),
and z̄′(z̄) is its complex conjugate. By doing this transformation, we just
get the Jacobian sitting out front, which shows it is indeed a conformal
transformation.

We can allow z̄ to be an independent complex coordinate, such that
independent transformations of z and z̄ are symmetries (i.e. we extend our
theory from C to C2). We can always go back to the actual 2D Euclidean
plane by re-imposing that z̄ = z∗, the complex conjugate of z.

The generators of this symmetry group and their algebra are

Holomorphic: z′ = z + azn+1 ln = −zn+1∂z ,
Anti-holomorphic: z̄′ = z̄ + āz̄n+1 l̄n = −z̄n+1∂z̄ ,

Algebra:
[ln, lm] = (n−m)ln+m ,[
l̄n, l̄m

]
= (n−m)l̄n+m ,[

ln, l̄m
]

= 0 .
(1.3.60)

Note that so far, our discussion has only been local; a well defined,
global conformal transformation must be defined everywhere (i.e. map the
complex plane into itself) and be invertible. This is accomplished by a subset
of the transformations and generators considered thus far, the generators
l−1, l0, l1. They form a closed subalgebra, and in fact are the generators
of translations, scale transformations plus rotations, and special conformal
transformations. They thus correspond to the conformal transformations
from section 1.3.2, and are called global conformal transformations. The
remaining transformations are local conformal transformations, which still
have significant consequences for 2D CFTs.

In complex coordinates, conservation of the stress tensor and its trace-
lessness becomes

Traceless: Tzz̄ = 0 ,

Conservation: ����:0
∂zTzz̄ + ∂z̄Tzz = 0 , ∂zTz̄z̄ +����:0

∂z̄Tz̄z = 0 .
(1.3.61)
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This means that the stress tensor only has two non-zero components, which
are a function of a single variable each: T (z) ≡ −2πTzz(z) is the “holomorphic
part of the stress tensor”, and T̄ (z̄) ≡ −2πTz̄z̄(z̄) is the “anti-holomorphic
part of the stress tensor”, with a factor of 2π for convention.

One can show that the two-point function of the stress tensor is

⟨T (z)T (0)⟩ = c/2

z4
, ⟨T̄ (z̄)T̄ (0)⟩ = c/2

z̄4
, (1.3.62)

where c is called the central charge. c is a measure of the number of degrees
of freedom, and also appears in the transformation of the stress tensor under
conformal transformation,

T ′(z′) =

(
dz′

dz

)−2
(
T (z) +

c

12

{
d3z′/dz3

dz′/dz
− 3

2

(
d2z′/dz2

dz′/dz

)2
})

, (1.3.63)

where the expression in curly braces is called the Schwarzian derivative. c
also appears in the two-dimensional conformal anomaly (temporarily using
(x0, x1) coordinates),

⟨Tµ
µ ⟩ = −

c

12
R , (1.3.64)

where R is the scalar curvature of the geometry, which of course is zero in flat
space, explicitly showing that conformal symmetry is only a true symmetry
in flat space.

Once again we find new conserved currents thanks to our infinite di-
mensional conformal symmetry. Local conformal invariance means that any
Jz = ϵ(z)T (z), Jz̄ = 0 is a conserved holomorphic current for any function
ϵ(z) (similarly for anti-holomorphic currents).

We can now write down the Ward identities, similar to (1.3.36) but with
a structure more appropriate for 2D CFTs and encompassing full conformal
invariance. First, because only the global conformal transformations are a
well-defined symmetry, the total variation of a correlation function under a
local conformal transformation need not vanish as in (1.3.28). The integral
around a ball encompassing all points in 2D becomes a contour integral on
a circle surrounding all points. The variation of a correlation function of
operators Oi(zi, z̄i) under an arbitrary infinitesimal conformal transformation
is then

δϵ,ϵ̄⟨O1 · · · On⟩ = −
1

2πi

∮
C
dz ϵ(z)⟨T (z)O1 · · · On⟩

+
1

2πi

∮
C
dz̄ ϵ̄(z̄)⟨T̄ (z̄)O1 · · · On⟩

, (1.3.65)
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where the contours encircle all the points. If we consider a conformal transfor-
mation ϵn(z) = zn+1, ϵ̄n(z̄) = z̄n+1, n ∈ Z, i.e. the infinite dimensional basis
of conformal transformations, we get the quantum generators of conformal
transformations,

Ln ≡
1

2πi

∮
dzzn+1T (z) , 16 L̄n ≡

1

2πi

∮
dz̄z̄n+1T̄ (z) . (1.3.66)

Their algebra is the same as (1.3.60), but with the addition of a “central
term”, yielding the Virasoro algebra:

[Ln, Lm] = (n−m)Ln+m +
c

12
n(n2 − 1)δn+m,0 ,[

L̄n, L̄m

]
= (n−m)L̄n+m +

c

12
n(n2 − 1)δn+m,0 ,[

Ln, L̄m

]
= 0 .

(1.3.67)

In particular, the combination L0 + L̄0 generates dilations (z′, z̄′) = (λz, λz̄),

[L0 + L̄0,O(0, 0)] = ∆O(0, 0) . (1.3.68)

Primary and descendent operators in 2D: We are now ready to see
one of the primary consequences of conformal invariance in 2D. We still have
the operator-state correspondence, (1.3.37). We consider operators that are
eigenfunctions of both L0 and L̄0 separately,

[L0,O(0, 0)] = hO(0, 0) , [L̄0,O(0, 0)] = h̄O(0, 0) . (1.3.69)

h and h̄ are the holomorphic and anti-holomorphic dimensions; they show
how an operator scales under independent dilations of z and z̄. The total
scaling dimension and spin of these operators are

∆ = h+ h̄ , m = h− h̄ . (1.3.70)

The separation between holomorphic and anti-holomorphic parts of our ob-
jects allow us to focus on just e.g. the holomorphic generators and dimension
(similar expressions will always exist for the anti-holomorphic ones).

The conformal generators L∓n, n > 0 act like an infinite family of raising
and lowering operators, since

[L0, L−n] = nL−n , [L0, Ln] = −nLn

=⇒ [L0, [L∓n,O(0, 0)]] = (h± n)O(0, 0) .
(1.3.71)

16Note that the generators are defined via a contour integral, rather than an integral over
a fixed time slice as in (1.3.26) (which in this case would be Im z). The precise meaning
for this will be discussed in section 1.3.4.
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We reach the same conclusion as in section 1.3.2; there must exist operators
that cannot be lowered anymore by either Ln or L̄n, which we call primary
operators:

primary: [Ln, ϕ(0, 0)] = [L̄n, ϕ(0, 0)] = 0 for all n > 0. (1.3.72)

Under any finite conformal transformation, primary operators transform like

primary: ϕ′(z′, z̄′) =

(
dz′

dz

)−h(dz̄′
dz̄

)−h̄

ϕ(z, z̄) . (1.3.73)

In particular, the stress tensor is not primary, as it transforms according to
(1.3.63). However, the Schwarzian derivative vanishes for global conformal
transformations, which it must since the stress tensor is still a quasi-primary
operator.

All the statements about quasi-primaries from section 1.3.2 follow through
for primaries with the appropriate generalization. The states in our theory
split into those that come from primary operators and descendent operators

Primary: |h, h̄⟩ ≡ ϕ(0, 0)|0⟩ ,
Descendants: L−n1 · · ·L−nk

L̄−n̄1 · · · L̄−n̄k̄
|h, h̄⟩ ,

dimensions h+
k∑

i=1

ni , h̄+
k̄∑

i=1

n̄i ,

(1.3.74)

and linear combinations of these. Thus, the spectrum of primary opera-
tors determines the entire spectrum of states for a two-dimensional
conformal field theory.

Correlation functions: The two and three point functions of primary
operators are fixed by global conformal invariance,

⟨ϕ1(z1, z̄1)ϕ2(z2, z̄2)⟩ =


C

z
2h1
12 z̄

2h̄1
12

if h1 = h2 , h̄1 = h̄2

0 otherwise
,

⟨ϕ1(z1, z̄1)ϕ2(z2, z̄2)ϕ3(z3, z̄3)⟩ =C123
1

zh1+h2−h3
12 zh2+h3−h1

23 zh3+h1−h2
31

× (z → z̄, h→ h̄) .

(1.3.75)

We again have an operator product expansion, which determines all correla-
tors in terms of the dimensions h, h̄ and OPE coefficients. This yields an
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equivalent expressions for (1.3.47),(1.3.48), where we now sum over primary
operators. The OPE is

ϕ1(z1, z̄1)ϕ2(z2, z̄2) =
∑
ϕ

C12ϕC(z12, z̄12, h1,2,ϕ, h̄1,2,ϕ, L, L̄)ϕ(z2, z̄2) ,

(1.3.76)
where we explicitly use combinations of L−n, L̄−n to generate all the descen-
dants of the primary ϕi. Again, the function C(· · · ) is determined entirely
by the conformal Ward identities.

For the four-point function, in 2D there are two independent cross ratios
(as in (1.3.46)), one each for z and z̄ respectively. We can use conformal
invariance to move three of the points to ∞, 1, and 0, so the four-point
function becomes

⟨ϕ1(∞,∞)ϕ2(1, 1)ϕ3(z, z̄)ϕ4(0, 0)⟩ =
∑
ϕ

C12ϕC34ϕg
12
34(hϕ, z)ḡ

12
34(h̄ϕ, z̄) ,

(1.3.77)

where we used the OPE for ϕ1ϕ2 and ϕ3ϕ4. g
12
34(hk, z) is the holomorphic

Virasoro conformal block and is determined (in principle) by conformal
invariance alone. No full Virasoro blocks are known, although they can be
determined term-by-term in a power series expansion.

Summary: Conformal invariance in two dimensions becomes an infinite
dimensional symmetry, which leads to us categorizing operators into primaries
and their descendants. These operators also determine all states. The
holomorphic and anti-holomorphic dependence factorizes, and all correlation
functions are determined by the OPE coefficients and the (anti-) holomorphic
dimensions of the primary operators.

1.3.4 Modular invariance

At first, conformal invariance in two dimensions seems to leave all the
primary operators and their holomorphic/anti-holomorphic parts completely
independent. But by transforming to a geometry where space is finite, rather
than staying on the infinite 2D plane, we see that primaries are related to
each other through another powerful symmetry called modular invariance.
This is the symmetry that makes random matrix statistics more difficult to
see in CFTs, so we need to understand it carefully.
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Radial quantization and the cylinder: Up to this point we’ve been
discussing a theory that lives on an infinite two-dimensional plane, due to
the familiarity of that setting for standard quantum systems. However, we
could also consider a theory on a cylinder with circumference L: the spatial
coordinate is periodic x = x+L, while the time coordinate τ goes from −∞
to ∞ (note that we are still in Euclidean signature). The Hilbert space is
made up of states defined on fixed time slices |ψ(τ)⟩ and are evolved forward
in time with the Hamiltonian H.

The reason our discussion of a theory on a two-dimensional plane is still
relevant is because, as mentioned in section 1.3.2, the two geometries are
related by a conformal transformation,

z =
L

2π
e−i 2π

L
(x+iτ) , z̄ =

L

2π
ei

2π
L
(x−iτ) . (1.3.78)

So we can use everything we’ve learned on the two-dimensional Euclidean
plane to also discuss a theory that lives on a cylinder, as in Figure 1.6. A
fixed time slice on the cylinder corresponds to a circle of a given radius, while
the position on the cylinder just gives the angular coordinate on that circle.
The infinite past τ = −∞ gets mapped to the origin z = 0, and the infinite
future gets mapped to the “point” at infinity.

This motivates us to define our states on the Euclidean plane not on a
fixed time slice x0 = Im z, but instead to define them as living on concentric
circles centered at the origin; “time” is now interpreted as the radius of the
circle |z|, and we evolve our states using the dilation operator D. Instead
of ordering the operators in correlation functions by Im z, we order the
operators based on their distance from the origin |z|, which we call “radial
ordering.” In fact, this definition of states was implicit in section 1.3.3, for
example in the commutators in (1.3.67).

With this, we can see how the scaling dimensions of operators give us
the spectrum of energies for the theory on the cylinder. The Hamiltonian on
the cylinder and corresponding energies can be shown to be

H =
2π

L

(
L0 + L̄0 −

c

12

)
, E =

2π

L

(
h+ h̄− c

12

)
, m = h− h̄ , (1.3.79)

(where we also included the spin m for completeness). We recognize the
dilation operator D ≡ L0 + L̄0, which makes sense as dilations on the
plane move us between concentric circles, which corresponds with moving
between fixed time slices on the cylinder. The 2π

L essentially gives us the
correct units, and we will often set L = 2π or 1. The − c

12 comes from
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Figure 1.6: The mapping from the cylinder to the plane, showing the
correspondence between time slices on the cylinder and circles of fixed radius.

the transformation rule of the stress tensor (1.3.63).17 Depending on the
context, we can thus categorize states in terms of their holomorphic and
anti-holomorphic dimensions h, h̄, or in terms of their energy and spin E, m.

In higher dimensions, a similar procedure holds; as we saw in (1.3.53),
flat space is conformally equivalent to the higher dimensional cylinder. A
fixed time slice corresponds to a sphere of fixed radius, and so we similarly
define radial quantization by defining states on spheres of fixed radius.

The partition function in 2D CFTs: We can now consider the partition
function, where we will discover a new symmetry. Let us (very briefly)
consider our theory in Minkowski spacetime, where the spatial direction is a
circle with circumference fixed to 2π using conformal invariance (i.e. on the
cylinder). As in (1.2.6), the partition function for any quantum mechanical

17Specifically, if the vacuum on the plane has no energy i.e. ⟨T (z)⟩ = 0, then

Tcyl(x+ it) = −
(
2π

L

)2 (
Tplane(z)z

2 − c

24

)
=⇒ ⟨Tcyl(x+ it)⟩ = − cπ2

6L2
= ⟨T̄cyl(x− it)⟩

=⇒ ⟨T 00⟩ = − 1

2π
(⟨Tcyl⟩+ ⟨T̄cyl⟩) = − cπ

6L2
, Ecyl = − cπ

6L

(1.3.80)

where in the last line, we used that T (z) = −2πTzz(z), and similar for T̄ . We see that
on the cylinder, the vacuum has energy − cπ

6L
, or if we set L = 2π then E = − c

12
. The

prescription in (1.3.79) correctly reproduces this, as the vacuum has scaling dimension 0.
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Figure 1.7: A cartoon representing the transformations that give modular
invariance. The rectangles represent torii of a given width (spatial circumfer-
ence) and height (Euclidean time/temperature circumference).

system is still

Z(β) ≡
∑
n

e−βEn = Tr e−βH , (1.3.81)

where we can write the sum over energies as the trace of the Hamiltonian
(using whatever basis we want).

Recall that the Euclidean time evolution operator in any quantum theory
is e−τH as in (1.3.13), and that in terms of the path integral is (1.3.14). This
gives the interpretation of the Boltzmann factor e−βH as evolving a state
in Euclidean time by an amount equal to β. The trace then tells us that,
in the path integral formulation, we integrate over all fields Φ(x) that are
periodic under τ → τ + β,

Z(β) =

∫
Φ(τ,x⃗)=Φ(τ+β,x⃗)

[dΦ] e−S[Φ(x)] (1.3.82)

(this holds for any number of dimensions, not just two). But if all of our fields
are exactly periodic in this way, then there is nothing that distinguishes τ and
τ + β. This means that geometrically, the partition function is defined
by changing infinite Minkowski time into a periodic Euclidean time
circle with circumference β, and doing the path integral. In other
words, a system that has a finite temperature lives on a geometry where the
time coordinate is Euclidean and periodic.

In fact, our previous discussion about the transformation to the cylinder
(1.3.78) means that by swapping time τ and space x in that transformation,

z = β
2πe

2π
β
(τ+ix)

, z̄ = · · · , we have Euclidean time τ with period β, and an
infinite spatial direction (just like we did in flat space). This is the exact
geometry that arises when calculating the partition function for flat space!
We call this geometry the “thermal cylinder”, and we can find thermal
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correlation functions in flat space just by doing a conformal transformation
to the thermal cylinder.

We quickly note that we can also do a conformal transformation to a
thermal geometry in higher dimensions, however the spatial directions become
the hyperbolic space Hd−1. The thermal circle combined with hyperbolic
space is a geometry that is conformally equivalent to so-called “Rindler
space”.18 This means that thermal correlators in Rindler space can be
obtained via conformal transformation of flat space correlators.

However, if our spatial direction is a circle and we calculate the partition
function, replacing Minkowski time with the Euclidean circle results in a
geometry that is not conformally equivalent to flat space, and new physics
arises. Both the space and time directions are now Euclidean and on a circle,
with periods 2π and β respectively. In other words our theory is on a torus.
But in a Euclidean theory, there isn’t anything that truly separates space
and time so long as they have the same geometry, other than their arbitrary
labels and how we define our states.19 We’re thus free to swap what we call
“space” and “time”; doing so in this context means having a system on a
spatial circle with circumference β, and we evolve it on a Euclidean time
circle with circumference 2π.

Finally we use conformal invariance. Our theory is scale invariant, and
so we can simultaneously scale the two circumferences in our system. By
scaling both circumferences by 2π

β , we have a system on a spatial circle with

circumference β× 2π
β = 2π (the same as what we started with), and we evolve

it on a Euclidean time circle with circumference 2π× 2π
β = 4π2

β . But this is
just the partition function for our original system with a new temperature!
We come to the conclusion that in a conformal field theory,

Z(β) = Z

(
4π2

β

)
. (1.3.84)

This constraint is extremely powerful; the low temperature partition
function (which is dominated by the lowest energy states) is equal
to the high temperature partition function (which is dominated by
the high energy states).

18The metrics in the hyperbolic plane and Rindler space are

ds2S1×Hd−1 = dτ2 +
1

ρ2
(
dρ2 + dx2

⊥
)
=

1

ρ2
(
ρ2dτ2 + dρ2 + dx2

⊥
)
= Ω(ρ)ds2Rindler . (1.3.83)

19For the flat space partition function, the spatial direction is infinite and the time
direction is on a circle, thus there is a proper distinction between the two.
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In other words, one cannot simply have any arbitrary collection of primary
operators; the low and high energy (dimension) operators are related. This
can be explicitly captured by the famous Cardy formula. Recall that the
density of states ρ(E) of our theory is defined through

Z(β) =

∫
dE ρ(E)e−βE . (1.3.85)

The true density of states is a sum of Dirac delta functions, but we can often
replace it with a smooth function to obtain the “coarse-grained” behaviour,
similar to section 1.2.1. Now, as β →∞, the partition function is dominated
by the vacuum state with energy Evac = − c

12 . Via modular invariance, this
gives us the β → 0 partition function,

Z(β) ≈ eβ
c
12 , β →∞

=⇒ Z(β) ≈ e
4π2

β
c
12 , β → 0 .

(1.3.86)

We can then invert the Legendre transform in (1.3.85) and take E →∞; via
a saddle-point calculation, this is given by the β → 0 partition function, and

ρ(E) =

∫ ϵ+i∞

ϵ−i∞

dβ

2πi
Z(β)eβE ≈ e2π

√
c
3
E , E →∞. (1.3.87)

The conclusion is that the existence of the vacuum alone forces us to have a
specific, exponentially large density of states at high energies. The “≈” here
means that this is only true as a coarse-grained statement; the exact density
of states is of course a sum of delta functions, but its microcanonical average
takes the approximate form in (1.3.87).

(1.3.84) is just the simplest example of modular invariance. The full
version is found by adding an angular potential θ to the Boltzmann factor
which couples to the spin of the states (i.e. one considers a grand canonical
ensemble),

Z(β, θ) =
∑
m,Em

e−βEm+iθm (1.3.88)

It turns out this can also be interpreted geometrically as a path integral
on a torus, but now periodic under x + iτ → (x + 2π) + iτ and x + iτ →
(x+ θ) + i(τ + β). The partition function then depends on the ratio of the
two (complex) periods, the “modular parameter” τ ≡ θ

2π + i β
2π , Im τ > 0,

and full modular invariance becomes

Z(τ) = Z

(
−1

τ

)
= Z(τ + 1). (1.3.89)
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The first equality, using the so-called S transformation τ → − 1
τ , is the

same as (1.3.84) when τ = i β
2π . The second equality, using the so-called T

transformation τ → τ + 1, is just a consequence of the fact that the spatial
direction of our theory is a circle. These two equalities are called S duality
and T duality respectively.

We can repeatedly apply these transformations to show that the CFT
torus partition function has an entire group of symmetries,

Z(τ) = Z

(
aτ + b

cτ + d

)
, a, b, c, d ∈ Z , ad− bc = 1 . (1.3.90)

For example, a = d = 0, b = −1, c = 1 is the S transformation and a =
b = d = 1, c = 0 is the T transformation. By considering these integers
as matrices γ ≡

(
a b
c d

)
they form a matrix group called SL(2,Z). Modular

invariance is then defined as invariance of the partition function under all
SL(2,Z) transformations.

Because of these dualities, the partition function for any τ can be deter-
mined if it is known for

τ ∈ F ≡
{
τ

∣∣∣∣−1

2
≤ Re τ ≤ 1

2
, Im τ ≥ 0 , |τ | ≥ 1

}
. (1.3.91)

F is called the “fundamental domain of SL(2,Z).” Using the language of
cosets, this is denoted as F = H/SL(2,Z), which is the upper half plane H
with all points connected by modular transformation identified as a single
point.

Summary: Conformal invariance in two-dimensions provides us an exact
way to characterize the energies on the cylinder. We find that these energies
are highly constrained by considering the partition function, which possesses
a property called modular invariance that relates low and high temperatures.
This is made explicit in the Cardy formula, which gives the approximate
high energy density of states due to the presence of the vacuum state.

1.4 Holography

Although chaotic phenomena in CFTs are interesting in their own right given
how universal chaotic phenomena are in nature, in recent years a lot of the
interest in chaotic CFTs comes from holography. Holography is a large and
rich field, touching on everything from black holes, quantum information,
thermalization, string theory, hydrodynamics, and much more. That said,
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we will focus only on the most relevant parts for motivating chaos in CFTs,
plus some details that will be relevant for chapter 5. The motivation comes
from the fact that certain primary states in CFTs are related to black holes
in gravity, and black holes are known to be chaotic. We will clarify this
relationship and its implications here.

Holography is a duality between two classes of systems: quantum gravita-
tional theories in d+1 dimensions, and quantum field theories without gravity
in d dimensions. The most famous type of holography is the AdS/CFT cor-
respondence, which says that certain d + 1 dimensional quantum gravity
systems in a type of spacetime called asymptotically AdS are dual to regular
d dimensional conformal field theories.

By a duality, we mean that there are ways of “translating” theoretical
objects from one theory to another, producing equalities between calculations
done in the gravity theory and those done in the CFT. These relationships
are called the “dictionary”.

To begin discussing this dictionary, we’ll need to supplement our knowl-
edge of CFTs with some basics about quantum gravity in asymptotically
AdS spacetimes. In the process, we’ll review the relevant features of gen-
eral relativity, although a detailed knowledge of general relativity will not
be necessary. We will generally work in Minkowski rather than Euclidean
signature, i.e. we will have a timelike coordinate.

The most basic feature of classical general relativity is Einstein’s equations,
which relate the metric gµν(x) i.e. the geometry of spacetime, to the stress
tensor Tµν i.e. the distribution of matter and energy. The equations are

Rµν −
1

2
Rgµν + Λgµν = 8πGTµν . (1.4.1)

Rµν is the Ricci tensor and R ≡ Rµ
µ is the scalar curvature; both are

functions of the metric and measure the curvature of the geometry. Λ is
the cosmological constant i.e. the energy of the vacuum, and G is Newton’s
constant. These equations can be derived as the equations of motion for the
metric coming from an action containing the Einstein-Hilbert action and
matter,

SEH [gµν(x)] =
1

16πG

∫
ddx
√
−g(R− 2Λ) ,

S[gµν(x),Φ(x)] = SEH [gµν(x)] + Smatter[gµν(x),Φ(x)]

(1.4.2)

Einstein’s equations show us how mass and energy affect the dynamics of
a system. The metric tells us how free-falling particles move; particles with
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no forces acting on them follow geodesics x(λ) i.e. paths that curve “as little
as possible”,

d2xρ

dλ2
+ Γρ

µν

dxµ

dλ

dxν

dλ
= 0 ,

Γρ
µν ≡

1

2
gρσ

(
∂gνσ
∂xµ

+
∂gµσ
∂xν

− ∂gµν
∂xσ

) (1.4.3)

where Γρ
µν is the Christoffel symbol, and λ is the parameter that parameterizes

the path (for massive particles, we usually take λ to be time t).20 Thus,
matter and energy alter the movement of particles by changing the metric,
and thus changing the movement of free-falling particles.

It’s important to note that in a theory of quantum gravity, both the
matter fields and the metric are supposed to be quantum fields. A given
geometry/metric then corresponds to a particular state of the full quantum
gravity theory. However, we will often use the semi-classical approximation,
where we can do calculations with a small amount of matter that does not
“back-react” and change the geometry via Einstein’s equations. Thus the
geometry, while still being a particular state of the quantum gravity theory,
can be treated classically, while the matter is treated quantum mechanically.

The simplest solution to (1.4.1) is an empty universe with no cosmological
constant, in which case the solution is just flat Minkowski space gµν = ηµν
where particles follow traditionally straight lines. If we have a negative
cosmological constant Λ < 0 instead, we get (empty) Anti de Sitter (AdS)
space,

ds2 = −

(
1 +

(
r

RAdS

)2
)
dt2 +

dr2

1 +
(

r
RAdS

)2 + r2dΩ2
d−1 (1.4.4)

RAdS gives the curvature of the geometry and is related to Λ; from here it will
be set equal to 1. We are using the equivalent of polar coordinates (1.3.52),
where r ≥ 0 is the radius and dΩ2

d−1 is the metric of a d−1 unit sphere. This
spacetime has constant negative curvature everywhere; unlike Minkowski
space where two parallel geodesics will always stay a fixed distance apart, or
on a sphere where they will meet, in AdS they diverge away from each other,
like the surface of a saddle, as in Figure 1.8.

One can show that the symmetries of the AdS metric are the group
SO(d, 2), the same size as the symmetry group of Minkowski space. Thus

20Specifically, massive particles follow time-like geodesics, i.e. gµν
dxµ

dt
dxν

dt
< 0. Massless

particles follow null geodesics, where gµν
dxµ

dλ
dxν

dλ
= 0.
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1.4. Holography

Figure 1.8: The three types of curvature, shown through their effect on
parallel geodesics. In flat space, parallel geodesics stay a fixed distance apart.
In positively curved space, parallel geodesics approach each other until they
meet. In negatively curved space, parallel geodesics diverge away from each
other. When embedded in three dimensional space, these geometries look
like a flat plane, a sphere, and a saddle respectively.

AdS is maximally symmetric. This is, in fact, the same symmetry group as
the conformal group for a d dimension Minkowski spacetime.

A fundamental aspect of any spacetime is the causal structure i.e. what
regions of the geometry can be in communication with and affect each other.
The causal structure of spacetime is determined by light cones, i.e. all the
light-like rays that pass through a specific point. Two points are causally
connected if they lie inside (or on the surface of) each other’s light-cones,
as then a signal can be sent between the points. We can do a coordinate
transformation that is particularly useful to see the causal structure of AdS;
set r = tan θ, 0 ≤ θ < π

2 , and we get

ds2 =
1

cos2 θ

(
−dt2 + dθ2 + sin2 θdΩ2

d−1

)
(1.4.5)

The reason this gives us the causal structure is that light rays don’t care
about conformal factors like 1

cos2 θ
. So the causal structure of AdS space is

given by what’s inside the brackets of (1.4.5). This is topologically a solid
cylinder (meaning it includes the inside); θ = π/2 is the boundary of the
cylinder, and corresponds to r =∞, where the metric is

ds2
∣∣
θ=π/2

∼ −dt2 + dΩ2
d−1 (1.4.6)

which is just R × Sd−1, i.e. a d dimensional cylinder as in (1.3.53) where
the length of the cylinder is time-like. If d = 2, this is just the boundary
of a standard 3 dimensional cylinder, as in Figure 1.9. Any spacetime
that matches this boundary structure is called asymptotically AdS; such
spacetimes can be viewed as cylinders with more complicated geometry and
dynamics going on in the interior.
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1.4. Holography

Figure 1.9: A representation of AdS3. The boundary is at r = ∞. For
general dimensions, one could still use this picture, but where every point is
actually a d− 2 dimensional sphere.

If we fire a light ray from the center of the cylinder θ = r = 0, it takes
finite time for the light ray to hit the boundary and reflect back to us. For
this reason, AdS is often referred to as “being in a box”. The fact that the
boundary can be reached in finite time, and that the symmetry group of
AdS is the exact same as that of the conformal group in d dimensions, are
the first signs that perhaps a conformal field theory living on the boundary
of an asymptotically AdS spacetime can describe the same physics as the
gravitational system itself. This fact, along with many results and analyses
to support it, has led physicists to conjecture the

AdS/CFT correspondence: Quantum gravity in asymptotically AdS
spacetime “=” conformal field theory living on the boundary.

The gravitational spacetime is referred to as “the bulk”, while the conformal
field theory living on the boundary is just referred to as “the boundary”. We
should thus be able to calculate gravity quantities using the CFT technology
from section 1.3 and vice-versa, after we use a conformal transformation to
put the CFT on a cylinder.

While we could use any CFT to, in some sense, “define” a quantum
gravity system, only certain CFTs will describe bulks that behave in the way
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we expect. In particular, we want to be able to treat the gravitational theory
semi-classically. These CFTs are called holographic CFTs. Holographic
CFTs with central charge c have the following properties:

• The central charge is large, c≫ 1.

• There are a finite number of “single-trace operators” Oi with O(c0)
dimensions and spin equal to 0 or 1. Their two point functions are
normalized as

⟨Oi(x)O(0)⟩ =
1

x2∆i
,

and their OPE coefficients are O
(
1
c

)
.

• For any collection of single-trace operators, there exists a “multi-trace”
operator Oi1 · · · Oin with dimension ∆ = ∆i1 + · · ·+∆in +O

(
1
c

)
.

• All operators with O(c0) dimension are either single or multi trace
operators.

• Correlation functions of single- and multi-trace operators factorize at
leading order in 1/c, meaning that the correlation functions are given
by “matching up” the single trace operators. For example,

⟨O1(x1)O1(x2)O3(x3)O3(x4)⟩ = ⟨O1(x1)O1(x2)⟩⟨O3(x3)O3(x4)⟩+O

(
1

c

)
.

The leading behaviour is the “universal mean field theory solution”.

This approach to the correspondence, where one looks at the general
properties that a CFT needs for it to have a good semi-classical bulk, is
referred to as “bottom-up”. This is in contrast to the “top-down” approach,
where one starts with an exact, microscopic theory of quantum gravity (most
often a string theory) and explicitly derives a duality between gravity and a
conformal field theory. We are almost exclusively interested in the bottom-up
approach, however we will sometimes look at top-down models.

We now give some important examples of this equality. The first is the
relationship between fields in the bulk and operators on the boundary. To
motivate this, lets consider a free scalar field, with an action given by (1.3.7).
We assume that the field has small enough mass and low enough energy that
it doesn’t back-react. Classically, a scalar field in a curved spacetime obeys
the Klein-Gordon equation,

(□g −m2)ϕ(x) = 0 , □g ≡
1√
−g

∂µ
(
gµν
√
−g ∂ν

)
. (1.4.7)
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Using the metric and coordinates in (1.4.4), we can solve this equation and
look at how the field behaves as it approaches the boundary. One can show
that the normalizable solution is

ϕ(r, t,Ω) ≈
r→∞ r−∆ψ(t,Ω) , ∆ =

d

2
+

1

2

√
d2 + 4m2 . (1.4.8)

∆ is actually similar to the scaling dimension of a CFT operator. We can
see this by looking at the two-point function for the quantized field ϕ(x) as
it approaches the boundary; one finds

⟨ϕ(r1, t1,Ω1)ϕ(r2, t2,Ω2)⟩ ≈
r→∞

r−∆
1 r−∆

2

(cos(t1 − t2)− cosα)∆
(1.4.9)

where α is the angle between Ω1 and Ω2. This is exactly the two point function
of primary operators for a CFT on the cylinder with scaling dimension ∆,
multiplied by r−∆

1 r−∆
2 . This is one of the consequences of the “extrapolate

dictionary”:
lim
r→∞

r∆ϕ(r, t,Ω) = O∆(t,Ω) . (1.4.10)

That is, every low-energy primary scalar operator on the boundary corre-
sponds to a primary scalar field in the bulk. We can apply this to operators
with spin as well; for example, the stress tensor on the boundary corresponds
to the metric inside the bulk.

Black holes, coarse-graining, and chaos: The thread that ties together
everything we’ve discussed so far (quantum chaos, conformal field theories,
and holography) is found by considering the holographic dual of the CFT
partition function and black holes in gravity.

Recall from (1.3.82) that the CFT partition function can be calculated
as a path integral where the time coordinate is on a Euclidean circle,

ZCFT(β) =

∫
Φ(τ,x⃗)=Φ(τ+β,x⃗)

[dΦ] e−S[Φ(x)]

The holographic dual of this is the gravity path integral over a geometry
whose boundary is also a Euclidean time circle, 21

ZCFT(β) = Zgrav(β) ≡
∫
Bβ

dgµν [dϕ] e
−SEH [gµν(x)]−Smatter[gµν(x),ϕ(x)] (1.4.11)

21In particular, the whole geometry now has to be Euclidean.
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where we now also integrate over all metrics/geometries, and Bβ are the
boundary conditions for the geometry and matter fields (namely, that the
geometry at the boundary matches the CFT geometry, and that the fields
on the boundary are periodic on the Euclidean time circle). Often, in the
semi-classical limit there will be a single geometry that dominates the path
integral. For example at zero temperature β → ∞ the path integral is
dominated by empty AdSd+1.

What about at sufficiently high temperature? This brings us to the
boundary dual of a black hole. The simplest type of black hole with mass M
in AdSd+1 is given by the metric

ds2 = −f(r)dt2+ dr2

f(r)
+ r2dΩ2

d−1 , f(r) = r2+1− α

rd−2
, α = CM (1.4.12)

where C is a known constant. This is the AdS version of the Schwarzchild
black hole; it has a horizon at rs where the function f(r) is zero, f(rs) = 0.
The horizon size increases with mass, and any object that falls into this
horizon can never escape.

As Hawking showed, black holes are thermal objects with a temperature
T ≡ β−1 given by their size/mass,

T =
d− 2 + dr2s

4πrs
(1.4.13)

It turns out that this fact has a beautiful holographic dual; a black hole
with inverse-temperature β in the bulk is holographically dual to
a thermal state at inverse-temperature β on the boundary. That
is, the black hole geometry dominates the gravity path integral in (1.4.11),
giving us the CFT partition function at finite temperature. In other words,
we can calculate CFT correlation functions for a system at finite temperature,
and this would be equal to quantum gravity correlation functions in a black
hole geometry. The temperature needs to be appropriately high, otherwise
one just has a thermal gas of matter in the bulk (or empty AdS at zero
temperature), not a black hole.

This duality becomes more interesting when we use the fact that in a
holographic CFT, the states created by operators with sufficiently large
dimension (i.e. states with large energy) look just like thermal states: correla-
tion functions in these states (rather than in the vacuum state) look like the
correlation functions in a canonical ensemble (1.2.7). This tells us that in a
holographic CFT, high energy states in a CFT are holographically
dual to black holes.

50



1.4. Holography

In two-dimensional holographic CFTs, these high energy black hole states
actually obey the Cardy formula (1.3.87). The minimum, extremal energy

for a black hole state with spin m is E
(0)
m ≡ 2π

L

(
|m| − 1

12

)
, and

ρm(E) ≈ e2π
√

c
3
E , E > E(0)

m (1.4.14)

where ρm(E) is the density of states for spin m only.22 Because the rest of
the spectrum has a much smaller density of states, we will often refer to this
as the dense spectrum. The part of the dense spectrum close to the lower
bound is called the near-extremal spectrum.

So far, we’ve only talked about a single CFT partition function ZCFT(β)
and its holographic dual. If one has multiple partition functions multiplied
together however, e.g. ZCFT(β1)ZCFT(β2), the holographic dual is still just a
single gravity path integral, but now the geometry has two boundaries, each on
Euclidean time circles, Zgrav(β1, β2). Taking a semi-classical approximation,
the gravity path integral doesn’t factorize:

Zgrav(β1, β2)
∣∣
semi-classical

̸= Zgrav(β1)
∣∣
semi-classical

Zgrav(β2)
∣∣
semi-classical

(1.4.15)
This non-factorization is similar behaviour as in section 1.2, where we took
the coarse-grained average of the product of partition functions, leading
to a spectral form factor that didn’t factorize. The interpretation is that
the semi-classical approximation in gravity doesn’t give the full partition
function or products of partition functions, but instead gives the coarse-
grained average of them. What this means for black holes is that for high
enough temperature, the gravity path integral is essentially a spectral form
factor, and can tell us about the statistics of black hole states in gravity.

This comes to an important feature of holographic CFTs, and is one of
the primary motivators of this thesis. In [32, 34] the two-boundary gravity
path integral (the “wormhole amplitude”) in two and three dimensions was
calculated, showing that near-extremal black holes possess random matrix
statistics. Not only that, but as we mentioned in section 1.2.2, black holes
are maximally chaotic systems, i.e. the expectation value of the commutator
we considered grows exponentially with λ = 2π

β . Together this tells us a
crucial fact:

Holographic CFTs are chaotic CFTs.

22This holds on either side of the duality, with energy interpreted as either the energy of
(primary) operators, or the energy of black holes.
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1.5. Summary of results

In other words, in order for the calculations in a CFT to match the calculations
done in quantum gravity, the CFT must be quantum chaotic in both senses:
the statistics of pairs of certain energies/dimensions should take the same
form as random matrix theory, and small perturbations of a few degrees
of freedom should grow exponentially fast. The former is measured by the
spectral correlations in the density of states and partition function; the
latter is measured by the thermal correlator of the commutator squared or
the out-of-time-ordered correlator. In this thesis, we will investigate these
phenomena in CFTs themselves.

Summary: The AdS/CFT correspondence says that conformal field theo-
ries in d dimensions are dual to certain quantum gravity theories in d+ 1
dimensions. Low-energy operators in the CFT are matched with quantum
fields in gravity, with the scaling dimensions and masses related. The par-
tition function in the CFT is given by the gravity path integral, and black
holes in gravity are dual to thermal states and high energy states in the
CFT. Gravity can calculate coarse-grained quantities in the CFT, and in
particular the chaotic nature of black holes tells us that holographic CFTs
are chaotic, containing random matrix statistics and scrambling.

1.5 Summary of results

Chapter 2: In the first two chapters, we analyze random matrix univer-
sality in the spectral correlations of chaotic two-dimensional CFTs with large
central charge, and its interplay with symmetry. In this first chapter, our
goal is to find what part of the CFT spectrum can exhibit random matrix
universality despite the overwhelming amount of symmetry, and to show how
these symmetries allow us to use the existence of random matrix universality
in part of the spectrum to make predictions of another part.

We construct a partition function describing the fluctuations in the dense
part of the spectrum of primary states, in a way that disentangles the chaotic
properties of the spectrum from those which are a consequence of Virasoro
symmetry. We then analyze this function using the harmonic analysis of
modular invariant functions, where we decompose modular invariant functions
(1.3.90) into a basis of modular invariant eigenfunctions of the Laplacian.23

This basis contains two sectors: a continuous sector of analytically known
functions called Eisenstein series, and a discrete sector of numerically known

23This is similar to the Fourier decomposition of periodic functions into a basis of plane
waves, i.e. periodic eigenfunctions of the Laplacian
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functions called Maass cusp forms. Here we focus on the simpler Eisenstein
series, assuming that chaos is encoded entirely in the continuous sector.

This allows us to analyze the parts of the spectrum that are unconstrained
by modular invariance. We argue that random matrix universality near the
extremal/minimal energy of the dense spectrum is an independent feature
of each spin sector separately. This is a non-trivial statement because the
full spectrum in every spin sector is fully determined by only the spectrum
of spin zero primaries and those of a single non-zero spin, a fact called
“spectral determinacy”. This leads to a linear ramp in the near-extremal
(low temperature) spectral form factor at late times, as predicted by AdS3
gravity.

We then describe an argument analogous to the one leading to Cardy’s
formula (1.3.87) for the averaged density of states, but in our case applying
it to spectral correlations: assuming random matrix universality in the near-
extremal spectrum in all spin sectors and using the S transform (1.3.84),
we find similar random matrix universality in a large spin regime far from
extremality.

Chapter 3: The focus of this chapter is on the discrete sector of the
spectral decomposition, the Maass cusp forms. Both their eigenvalues and
Fourier coefficients are sporadic discrete numbers with interesting statistical
properties and relations to analytic number theory (features referred to
as “arithmetic chaos”). We show that the near-extremal spectral form
factor at late times is only sensitive to a statistical average over these
erratic features. Nevertheless, complete information about their statistical
distributions is encoded in the spectral form factor if we demand that the
CFT contains random matrix universality in all independent spin sectors. We
“bootstrap” the form of correlations between the cusp form basis functions
corresponding to a universal linear ramp and show that they are unique up
to subleading corrections. We observe that these correlations, which are fully
determined by the assumption of quantum chaos, exactly match the known
wormhole amplitude in pure AdS3 gravity that first predicted random matrix
universality in holographic CFTs.

Chapter 4: We study two novel approaches to efficiently calculate cor-
relation function in higher dimensional CFTs, and describe applications to
quantum chaos. This will allow us to explain and generalize various relations
between hydrodynamics, scrambling, conformal blocks, shadow operators,
and other parts of the structure of CFTs.
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The first approach concerns the shadow operator formalism (1.3.55) and
kinematic space techniques, which are tools that allow the computation of
the operator product expansion and conformal blocks. We find a simpler
reformulation of these tools; we observe that the shadow operator associated
with the stress tensor can be written as the descendant of a field E with
negative scaling dimension. Computations of stress tensor global conformal
blocks can be systematically organized in terms of the “soft mode” E , turning
them into a simple diagrammatic perturbation theory at large central charge.

Our second (equivalent) approach concerns a theory of reparametrization
modes linked to hydrodynamics. Due to the conformal anomaly in even di-
mensions, gauge modes linked to metric fluctuations acquire a hydrodynamic
action, derived by using the generating function for stress tensor correlators
(1.3.29). We show that these modes exhibit the same dynamics as the soft
mode E that encodes the physics of the stress tensor shadow. We discuss the
calculation of the conformal partial waves and the conformal blocks using
our effective hydrodynamic theory. The separation of conformal blocks from
shadow blocks is related to gauging of certain symmetries in the action of
the soft mode.

As an application we study thermal physics in higher dimensions and
argue that the theory of reparametrization modes captures the physics of
scrambling in Rindler space. This is also supported by the observation of
the pole skipping phenomenon in the energy density two-point function on
Rindler space.

Chapter 5: We study a generalization of AdS/CFT where the CFT has a
spatial boundary (a BCFT). A commonly proposed “bottom-up” holographic
dual is an AdS spacetime with an additional boundary, an end-of-the-world
brane attached to the CFT boundary. This duality has been used as a model
for black hole microstates. We investigate when a holographic BCFT could
be expected to possess such a holographic dual, and argue that the answer
is almost never.

By studying Lorentzian BCFT correlators, we characterize constraints
imposed on a BCFT by the existence of a bulk causal structure, namely
the fact that light rays fired from the boundary can bounce off the end-of-
the-world brane and return to the boundary. We argue that approximate
‘bulk brane’ singularities place restrictive constraints on the BCFT data (the
operator dimensions and OPE coefficients) that are not expected to be true
generically.
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Chapter 2

Symmetries and spectral
statistics in chaotic conformal
field theories I: Eisenstein
series and spectral
determinacy

2.1 Introduction

A great deal of progress on understanding quantum chaos in conformal field
theories (CFTs) has been made in the last decade, particularly thanks to
holography. While many results for the consequences of chaos for correlation
functions have been discovered (e.g., scrambling [21], the eigenstate ther-
malization hypothesis [42], and OPE coefficients [39]), the more traditional
characteristic of quantum chaos, i.e., random matrix-like statistics in the
coarse-grained spectrum of the theory [8, 11, 54, 55], has not been fully
explored. In this work we are interested in the interplay between random ma-
trix statistics in the CFT spectrum and the many symmetries and constraints
that all two-dimensional CFTs posses.

The precise spectrum of any CFT is subject to highly non-trivial con-
straints such as the bootstrap equations [56]. These constraints can be
applied to the coarse-grained spectrum, i.e., the spectrum averaged over
microcanonical windows. An example in two-dimensional CFTs is the Cardy
formula [57]; it gives a profile for the density of state at large energy that
accurately describes an average over microcanonical windows of the true
(discrete) density of states. Its derivation simply amounts to reinterpreting
the vacuum state on a torus in the modular transformed channel using mod-
ular invariance. It is thus an example of a symmetry (modular invariance)
constraining some part of the spectrum based on knowledge of another part.

In this chapter we focus on correlations in the spectrum of chaotic two-
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dimensional CFTs, such as those measured by the density of states two-point
function, understood in the sense of microcanonical averaging. In quantum
chaotic systems, such correlations obey the same statistics as an (appropriate)
ensemble of random matrices. In [33, 34], it was shown that the near-extremal
correlations of BTZ black hole microstates in AdS3 gravity obey random
matrix statistics; this suggests that a dual holographic two-dimensional CFT
must have the same statistics described by such a wormhole amplitude. We
wish to characterize in a precise sense the way in which two-dimensional CFTs
can exhibit such a quantum chaotic spectrum. Since the CFTs of interest
are quantum field theories and exhibit an enormous amount of symmetry,
a careful analysis is needed to make the connection with (much simpler)
random matrix theory.24

Symmetries and chaos. A signature of quantum chaos is the existence of
universal correlations in the spectrum. When the quantum system enjoys a
symmetry, parts of the spectrum are fixed by the symmetry, while other parts
must be uncorrelated, and the correlations due to chaos tend to wash away.
Therefore, one has to remove all consequences of the symmetry in order to be
able to see the universal statistics of the chaotic spectrum. For example, for
a system with a single conserved charge, one has to isolate different charge
sectors, obtaining a universal description of each charge sector separately,
whereas different sectors are uncorrelated [36]. In exploring the concept of
randomness and statistical universality in two-dimensional CFTs, our first
task is to take care of the large number of symmetries such systems enjoy:

(1) Virasoro symmetry: treating the Virosoro symmetry is standard – each
state in the CFT is a primary of some conformal dimensions (h, h̄) or
a descendant of such a primary. The spectrum of descendants is fully
determined by Virasoro symmetry. The full density of states is thus
determined in terms of the density of primaries, which is the object we
will focus on.25

24See also [58–61] for discussions and numerical results regarding the time scales asso-
ciated with spectral form factors in CFTs, and in particular for rational theories where
ergodicity can emerge in an approximate sense.

25The Virasoro symmetry is infinite dimensional, perhaps suggesting some degree of
integrability. However, when we fix the symmetry completely, for large central charge
the spectrum remains dense; the difference between the density of all states and that of
Virasoro primaries only differs by replacing c with c−1. Thus there is still an exponentially
dense number of states that is not determined by symmetry. This is to be contrasted with
integrable systems where fixing the charges determines the state uniquely. As explained
below, the results of [34] provide an existence proof of CFTs with eigenvalue repulsion in
the appropriate limit.
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(2) Each conformal field theory has a conserved momentum, which we refer
to as spin. In the spirit of the above comments, to see chaos we focus
on the density of states for a fixed spin sector.

(3) Modular invariance: the primary density of states for fixed spin is not
yet free of symmetry constraints. There are large conformal trans-
formations, the modular transformations, which correlate the density
of primaries of different conformal dimensions. To disentangle ran-
domness from consequences of modular invariance, we decompose the
partition function in terms of objects that are already modular in-
variant, thus enabling us to discover aspects of the theory which can
be (pseudo-)random. As is described in detail in the next section,
this decomposition utilizes the recent work on harmonic analysis of
two-dimensional CFTs [62] (see also [45, 63]).

Some of these concepts are illustrated in figure 2.1. We will be focusing
primarily on modular invariance in this chapter, and the ways in which it
does or does not constrain the appearance of chaos in two-dimensional CFTs.
Note that our goal is not to derive chaotic properties of CFTs, but rather
to assume them and explore their interplay with symmetries and modular
invariance. Because the existence of random-matrix like statistics in CFTs
is motivated by holography, we now comment on our perspective on its
implications.

Comments on ‘ensemble averaging’. The presence of a nearly-
continuous dense spectrum in gravity, together with the factorization problem
[32, 64] and related developments in two-dimensional JT gravity (e.g., [65–
68]), has led to the suggestion that three-dimensional gravity might be dual to
an ensemble of CFTs [33, 34, 69, 70]. We now comment on these suggestions
and outline the approach we follow.

Quantum mechanical systems exhibit statistical universalities referred to
as “quantum chaos”, which underlie the equilibrium properties of the system
and its approach to equilibrium. For example, the high-energy spectrum is
dense and can be approximated by a continuous density of states, whose
low-point correlators are universal. For a single particle chaotic quantum
system [15], one can check the predictions of quantum chaos by numerically
diagonalizing the Hamiltonian of the system, binning the eigenvalues to
create a continuous function, and calculating the density of states and its
correlators. This is the sense in which we discuss chaotic properties, such
as spectral statistics, of a single conformal field theory without resorting to
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any notion of ensembles of theories. Our main question is which aspects of
the resulting density of states are universal, and how they are constrained or
unconstrained by symmetry.

Quantum mechanical statistical universalities are argued for and described
in an effective field theory language known as the Efetov sigma model [71, 72]
(for a recent review see [73]), where they emerge as the low frequency
description of the full system.26 Often there is a canonical model which
is used to exemplify these universalities, and that model (most commonly
random matrix theory) often involves built-in randomness. Since the quantum
chaotic properties are universal, the canonical model can be chosen for reasons
of convenience and any of its special features (e.g., ensemble averaging) have
no special significance beyond simplifying calculations.

2.1.1 Summary of results

Let us briefly summarize our two main findings regarding the interplay of
modular invariance and quantum chaos. The first concerns the precise way
in which modular invariance, when focusing on the near-extremal limit,
doesn’t constrain quantum chaotic universalities (namely random matrix
statistics/eigenvalue repulsion) in the spectrum of different spin sectors, and
is hence consistent with more general expectations about the interplay of
quantum chaos and symmetries. The second finding provides an example
where modular invariance can lead to new types of universal behavior of the
spectrum. See also figure 2.1 for illustration.

Random matrix universality despite spectral determinacy. It was
shown in [62], based on the same techniques we will use below, just how
constraining modular invariance is: knowledge of the light (h+ h̄ ≤ c−1

12 ), the
spin 0, and the spin m spectrum for a single m ≥ 1 completely determines the
spectrum for all other spin sectors. Following [62], we refer to this statement
as spectral determinacy (see also [74]). This statement concerns the exact
spectrum. One of our goals is to elucidate the extent to which it holds
for the coarse-grained spectrum and its statistical properties. We will give
arguments that in the near-extremal limit spectral determinacy does not

26An interesting sigma-model to describe some statistical properties of two-dimensional
CFTs, namely of their operator product expansion (OPE) coefficients, was written down
in [41], whereas here we are mainly interested in the operator spectrum. We hope that our
results, perhaps in combination with the techniques developed in [41], can set the stage for
a further understanding of the effective field theory of chaos in CFTs and its derivation
from first principles.
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Figure 2.1: Cartoon of the spectrum of primary operators. The spectrum
below the extremality bound (red dots outside the shaded region) is sparse
and not chaotic. We remove it and all its modular images (red dots within
the shaded region) from the primary partition function and focus on the
statistics of the remaining dense spectrum after coarse-graining along fixed
spin trajectories (blue). The first part of the chapter (section 2.3) demon-
strates that chaos in different spin sectors near extremality (orange regions)
contains independent information. The second part (section 2.4) derives
eigenvalue repulsion far from extremality by assuming eigenvalue repulsion
near extremality and performing a modular S-transformation (green regions).

59



2.2. Modular invariant decomposition of the partition function

constrain the coarse-grained spectrum in the same way. In particular, we
will argue for the following statement (under some assumptions): in the long
time/near-extremal limit, universal short-ranged eigenvalue repulsion of a
quantum chaotic spectrum in any finite number of spin sectors is not sufficient
to infer nor exclude the same universality in all other spin sectors. In other
words, spectral determinacy is not constraining enough to prevent having
random matrix statistics in each spin sector independently, nor powerful
enough to infer random matrix statistics in every spin sector from a finite
number of them.

Cardy-like formula for spectral correlations. Assuming random ma-
trix universality and therefore short-ranged eigenvalue repulsion for each
spin sector in the near-extremal limit, we see how modular transformations
relate it to interesting statements about spectral correlations in the far-from-
extremal regime. This is in the spirit of Cardy’s derivation of the high energy
behaviour of the (averaged) density of states, now applied to correlations in
the spectrum. We show that the far-from-extremal spectrum also exhibits
eigenvalue repulsion in a certain limit, demonstrating that random matrix
universality applies in a larger part of the spectrum.

2.1.2 Outline

This chapter is organized as follows: in section 2.2 we define the part
of the spectrum which has (almost) all symmetry constraints removed,
and review harmonic analysis and spectral determinacy. In section 2.3 we
analyze quantum chaotic universality in spectral correlations across spin
sectors in the near-extremal limit, exploring the consequences of spectral
determinacy. Section 2.4 discusses Cardy-like constraints on the spectrum
far from extremality, using assumptions about a universal near-extremal
spectrum. We end with a discussion in section 2.5 and refer to appendices
for some details and derivations.

2.2 Modular invariant decomposition of the
partition function

In this section we discuss the process of removing constraints of symmetry
from the CFT spectrum, which results in the quantity of interest, the
fluctuating part of the dense primary counting partition function. This
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2.2. Modular invariant decomposition of the partition function

is the quantity we use in the rest of the chapter to search for statistical
universalities.

2.2.1 Dense primary counting partition function

Let Z(x, y) denote the partition function of the two-dimensional CFT under
consideration, which is obtained by a path integral on a torus with modular
parameter τ = x+ iy:

Z(x, y) =
∑
h,h̄

e−2πy(h+h̄− c
12) e2πix(h−h̄) =

∑
m

∫
dE ρm(E) e−yE e2πixm .

(2.2.1)
Throughout, we will assume that the CFT only has Virasoro symmetry and
no additional currents (and c > 1). To enable statistical analysis we need
a near-continuous density of states for sufficiently heavy operators, which
is obtained in the limit of large central charge [75]. Following the above
discussion, in order to strip the partition function from consequences of
symmetry we will now improve it in two steps (following [62]):

1. First, we wish to discard all constraints on the spectrum which are
purely due to Virasoro symmetry.27 This means, we want to consider
a primary-counting partition function, which does not separately count
Virasoro descendants. While this is achieved by multiplying the par-
tition function by

∏
n≥1 |1 − e2πinτ |2 ≡ e

πy
6 |η(τ)|2, this prescription

alone is not modular invariant. We achieve the same in a modular
invariant way if we define

ZP(x, y) ≡ Z0(x, y)
−1Z(x, y) , (2.2.2)

where Z0(x, y) = 1/(y1/2|η(x+ iy)|2) is the partition function of a free
massless non-compact boson.

2. Next, we split the primary states into an above-extremal, ‘non-censored’
part (dimensions h and h̄ > c−1

24 ) with a near-continuous dense spec-
trum, and a below-extremal, ‘censored’ part (h or h̄ ≤ c−1

24 ) which is
sparse [76]. We will hereafter refer to such primaries and their spectrum
as dense and censored respectively. The censored spectrum is not dense
and not expected to be chaotic (see, e.g., [77]). We thus wish to focus
only on the dense spectrum, but due to modular invariance the censored

27The fact that Virasoro descendants are not ‘ergodic’ was also shown explicitly in [58].
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2.2. Modular invariant decomposition of the partition function

spectrum (particularly the vacuum) determines the coarse-grained be-
haviour of the dense spectrum. In order to focus on the pseudo-random
aspects of the dense part of the spectrum we subtract off the ‘modular
completion’ of the sparse part of the spectrum, i.e., all modular images
of the below-extremal primaries [62, 76]. This defines:28

Z̃P(x, y) ≡ ZP(x, y)− ẐC(x, y) , (2.2.3)

where the subscript C stands for censored. As we wish to discuss
correlations in the dense spectrum, the correct object to consider is
Z̃P(x, y). It computes the deviations from the universal dense average
of the above-extremal, non-censored spectrum (e.g., due to the Cardy
formula plus states dual to SL(2,Z) black holes), with no censored
primaries included. In effect, the modular completion defines our coarse-
graining procedure: ρ̂C(E) = ρC(E)+ ⟨ρD(E)⟩, where ‘D’ refers to the
dense part of the full spectrum. With this prescription, subtracting the
modular completion of the censored spectrum amounts to eliminating
the latter while also removing the average density of states from the
heavy spectrum.2930

The definition results in the fluctuating part of the dense primary counting
partition function, and is the object that can display quantum chaos. Finally,
we write this object in terms of a decomposition into sectors with definite

28In [62] a similar object was defined using related but somewhat different rationale:
if one averages (in some appropriate sense) over an ensemble of CFTs with fixed light
spectrum, the subtracted part does not vary over the ensemble and therefore does not
contribute to any correlations in the spectrum with respect to that ensemble average. Note
that [62] subtracts only light states with h+ h̄ ≤ c−1

12
and their modular images, as such

states render the partition function non-normalizable. As we are interested in the chaotic
part of the spectrum we subtract a larger part, i.e., the censored, sparse spectrum and its
modular completion; spectral determinacy applies in both cases. We thank Eric Perlmutter
for making this distinction clear to us.

29A similar perspective is established in [78], motivated by the diagonal approximation
of semi-classical periodic orbits.

30Because there does not exist a unique definition of modular completion, different
definitions can in some sense be seen as different definitions of coarse-graining the spectrum.
We focus on the kind introduced in [76], where the modular completion of each censored
state results in a continuous density of states in the dense part of the spectrum. For
example, the modular completion of the vacuum gives a continuous density of states for
the dense spectrum that includes the well-known Cardy formula for the leading average
density of states at high energies. Other censored states give additional contributions that
are subleading at high energy and large central charge. Note that this is in the spirit
originally suggested in [30] that the effective disorder average in gravity is related to the
conventional one underlying quantum statistical mechanics.
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2.2. Modular invariant decomposition of the partition function

spin:

Z̃P(x, y) =
∑
m∈Z

e2πimx Z̃m
P (y) . (2.2.4)

This is not quite an ordinary partition function: the density of states it
describes corresponds to fluctuations around the average density of states.
Explicitly, the density of states

ρ̃P(E) ≡ ρP(E)− ρ̂C(E) = ρD(E)− ⟨ρD(E)⟩ (2.2.5)

is the fluctuating density of states corresponding to the fluctuating partition
function,

Z̃m
P (y) =

√
y

e
π
6
y

∫ ∞

Em

dE ρ̃mP (E)e−yE , (2.2.6)

where we include the normalization factors from the non-compact boson.
Thus, (2.2.4) is the modular-invariant object that can display quantum chaos.
It is ‘fluctuating’ in the sense that ρ̃P(E) has a vanishing microcanonical
average (in particular it has both positive and negative contributions).

Spectral decomposition: It is very useful to expand the fluctuating
partition functions in a complete basis of normalizable modular invariant
functions on the fundamental domain F [62] (see also [45, 78–80]). Such
eigenfunctions consist of a continuous spectrum of Eisenstein series Es(y)
with s ∈ 1

2 + iR, and a discrete spectrum of Maass cusp forms νn,±(y):

∆FE 1
2
+iα(τ) =

(
1

4
+ α2

)
E 1

2
+iα(τ) , ∆Fνn,±(τ) =

(
1

4
+
(
R±

n

)2)
νn(τ) .

(2.2.7)

in addition to a constant function, ∆Fν0(τ) = 0. Note that there are both
even (+) and odd (−) cusp forms (referring to their behaviour under x→ −x),
so there are two sets of eigenvalues {R±

n }. The cusp forms are only known
numerically and their eigenvalues are erratically distributed; they are the
focus of chapter 3.

After expanding the fluctuating part of the partition function in this
modular invariant basis, the expansion coefficients are then unconstrained
by modular invariance and their statistical properties are a good diagnostic
of chaos. To write this, we refine the decomposition (2.2.4) slightly:

Z̃P(x, y) = Z̃0
P(y) + 2

∑
m>0

{
cos(2πmx)

[
Z̃m
P,disc.,+(y) + Z̃m

P,cont.(y)
]

+sin(2πmx)Z̃m
P,disc.−(y)

} (2.2.8)
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where

spin 0, continuous: Z̃0
P(y) = vol(F)−

1
2 z0 + 2

√
y

∫
R

dα

4π
z 1

2
+iα y

iα , 31

spin > 0, discrete: Z̃m>0
P,disc.,±(y) =

∑
n≥0

zn,± ν
m
n,±(y) ,

spin > 0, continuous: Z̃m>0
P,cont.(y) =

∫
R

dα

4π
z 1

2
+iαE

m
1
2
+iα

(y) ,

(2.2.9)
with vol(F) = π

3 . Using the explicit basis functions for m > 0,

Em
1
2
+iα

(y) =
4σ2iα(m)

miαΛ(−iα)
√
yKiα(2πmy) ,

νmn,±(y) = a(n,±)
m

√
yKiR±

n
(2πmy) ,

(2.2.10)

where Λ(s) ≡ Λ(12 − s) ≡ π
−sΓ(s)ζ(2s). The cusp form Fourier coefficients

are also erratically distributed.
We also obtain a decomposition into bases of Bessel functions by defining

the spin-dependent overlaps

zm(α) ≡ 4σ2iα(m)

miαΛ(−iα)
z 1

2
+iα ,

zmn,± ≡ a(n,±)
m zn,± ,

Z̃m>0
P,cont.(y) =

∫
R

dα

4π
zm(α)Kiα(2πmy) ,

Z̃m>0
P,disc.,±(y) =

∑
n≥0

zmn,±KiR±
n
(2πmy) .

(2.2.11)

This decomposition leads to a change of perspective: the density of states
in any given spin sector (or the partition function) is an object which may
exhibit familiar signatures of chaos such as eigenvalue repulsion, but it is the
coefficients z 1

2
+iα and zn which encode the spectrum in a modular invariant

way. These coefficients for different values of α and n are unrelated by
symmetries and hence most natural to quantify chaos. The interplay of these
objects is the main tool we use below.

31Here we imposed Λ(iα)z 1
2
+iα = Λ(−iα)z 1

2
−iα, which is a symmetry of the Eisenstein

series.
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The overlap coefficients in the decomposition (2.2.9) are given by:

z 1
2
+iα ≡

(
Z̃P, E 1

2
+iα

)
=

∫ ∞

0
dy′ (y′)−

3
2
−iα Z̃m=0

P (y′) ,

zn =
(Z̃P, νn)

(νn, νn)
.

(2.2.12)

where the inner product used in this expression is defined in appendix A.1.
We have used the ‘unfolding trick’ to write the Eisenstein series overlap in
terms of the spin 0 component of the partition function. This is one aspect
of spectral determinacy: the spin 0 spectrum is sufficient to determine all
continuously labelled coefficients z 1

2
+iα.

2.2.2 Explicit spectral determinacy for nonzero spins

The modular invariant decomposition of the partition function into (continu-
ous and discrete) eigenfunctions of the Laplacian implies relations between
different spin partition functions, as they all can be written in terms of a joint
set of coefficients z 1

2
+iα and zn. These relations can be presented in different

ways; here we shall now introduce a representation in terms of a variable ξ,
which we will see plays a role similar to energy. This will be particularly
useful to make the statement of spectral determinacy more explicit, as is
shown presently, as well as discuss the relation between spectral statistics in
different spin sector in the next section.

In order to motivate the discussion below, recall that we are interested
in the near-extremal and long time limit, in other words the behaviour near
the cusp, y →∞. In that limit the spin m > 0 partition function receives
equal contribution from each of the basis functions, as their behaviour in
that limit is identical, i.e.,

√
yKiα(2πmy) ∼ 1

2
√
m
e−2πmy for large y. In other

words the contribution is expected to be localized in some conjugate variable,
which we now construct.

Let us consider the following representation of the Bessel functions (for
m > 0):

Kiα(2πmy) =
1

2

∫ ∞

−∞
dξ e−2πmy cosh ξ cos(αξ) (2.2.13)

and the corresponding representation of the spin m > 0 components of the
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partition function:

Z̃m
P,cont.(y) =

∫ ∞

−∞

dα

4π
z 1

2
+iα

4σ2iα(m)

miαΛ(−iα)
√
yKiα(2πmy)

=

√
y

2π

∫ ∞

−∞
dξZm

P,cont.(ξ) e
−2πmy cosh ξ

(2.2.14)

where the information about the coefficients z 1
2
+iα is now encoded in

Zm
P,cont.(ξ) ≡

∫ ∞

−∞
dα cos(αξ)

σ2iα(m)

miαΛ(−iα)
z 1

2
+iα , (2.2.15)

which is even in ξ. Similar equations can be written for the Maass cusp
forms. To aid readability, we give these in appendix A.2 and focus here on
the Eisenstein series. Inverting (2.2.15), we find

σ2iα(m)

miαΛ(−iα)
z 1

2
+iα =

1

2π

∫ ∞

−∞
dξ cos(αξ)Zm

P,cont.(ξ) . (2.2.16)

To summarize, we can present the (continuous) part of the spectrum in terms
of three equivalent quantities: (i) the partition function Z̃m

P,cont.(y), (ii) the
transformed partition function Zm

P,cont.(ξ), and (iii) the coefficients z 1
2
+iα.

Spectral determinacy (m > 0). Using the above representation, we can
express the spin m partition function (in ξ-space) as an integral transform
of the spin m′ partition function:

Zm
P,cont.(ξ) =

∫ ∞

−∞
dξ′Km,m′

cont. (ξ, ξ
′)Zm′

P,cont.(ξ
′) (2.2.17)

with the following universal kernels:

Km,m′

cont. (ξ, ξ
′) =

1

2π

∫ ∞

−∞
dα cos(αξ) cos

(
αξ′
) σ2iα(m)m′ iα

σ2iα(m′)miα
. (2.2.18)

An analogous relation should exist for the discrete part of the spectrum, see
(A.2.4). Eq. (2.2.17) is the statement of spectral determinacy: Zm′

P,cont.(ξ)
for some m′ > 0 determines Zm

P,cont.(ξ) for all other spins m > 0. The
transformation is also one-to-one and onto, as we can compose the kernels
according to Km,m′ ◦ Km′,m′′

= Km,m′′
. Thus, any limited information in

one spin sector (for example, knowing only the spectrum in spin m for
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2.3. Random matrix universality across spin sectors

ξ ∈ [−ξ0, ξ0]) is equivalent to limited information in any other spin sector in
a way specified by the above.

In summary, we have found that knowledge of the partition function
in a single (non-zero) spin sector, and the decomposition of that partition
function into continuous and discrete part, suffices to recover the partition
function in any other spin sector.

2.3 Random matrix universality across spin
sectors

In this section, we study the statistics of the chaotic spectrum and
specifically two-point correlations in the limit of nearby energy levels.
Due to spectral determinacy the following is obvious: if random matrix
universality is exhibited by some part of the spin m spectrum, we can
infer this fact from full knowledge of the spectrum at spins 0 and a single
m′ > 0 alone. Naively, this seems to be in tension with the intuition that
different spin sectors should independently exhibit quantum chaos. The
goal of this section is to show that there is no inconsistency, thanks to the
fact that random matrix universality a priori concerns the near-extremal
part of the spectrum, which is not subject to spectral determinacy in isolation.

In the following discussion we focus on the part of the spectrum described
by the Eisenstein series, which is more amenable to analytical arguments.
The discrete cusp forms can a priori also be important for the physics we
investigate, i.e., the statistical universalities we will discuss could be encoded
fully or partially in the spectrum of cusp forms.32 We return to this point in
the discussion section, and in chapter 3 we will show that our results in the
sector of Eisenstein series have an analog for the Maass cusp forms.

2.3.1 Random matrix universality at fixed spin

We begin by stating our assumptions and how they are motivated. One
expects that the fixed-spin modular invariant primary partition function of
dense states, Z̃m

P (y), exhibits random matrix universality in the near-extremal
limit. This universality is a statement about two-point correlations in the
spectrum, so it depends on two copies of the partition function evaluated at
y1 and y2. The near-extremal limit then consists of taking not only yi →∞,

32We thank Scott Collier for helpful comments, which clarified this point for us.

67



2.3. Random matrix universality across spin sectors

but additionally holding y1
y2

fixed. Universal random matrix behavior in this
regime corresponds to the following form of correlations:

⟨Z̃m1
P (y1) Z̃

m2
P (y2)⟩ramp =

1

2π

y1y2
y1 + y2

δm1m2 e
−2π(m1y1+m2y2) + . . .(

yi ≫ 1,
y1
y2

= fixed
)
.

(2.3.1)

Note that all two-point functions in this chapter refer to connected correlators.
We will suppress a corresponding subscript throughout. The subscript ‘ramp’
refers to the fact that the spectral form factor, defined by the analytic
continuation y1 = β + iT , y2 = β − iT , exhibits a specific T -dependence for
large times T :

⟨Z̃m1
P (β+ iT ) Z̃m2

P (β− iT )⟩ramp ∼
T 2

4πβ
δm1m2 e

−4πm1β+ . . . (T ≫ β ≫ 1) .

(2.3.2)
Note that the partition function used for harmonic analysis, defined in (2.2.2),
involves multiplication by the free boson partition function Z0(x, y), which
not only removes Virasoro descendent states, but also changes the growth
at large y by a factor

√
y for each partition function and shifts the ground

state energy by π
6 . In order to recover the familiar form of the spectral form

factor we remove these spurious factors when studying the large y limit, and
consider instead

e
π
6
(y1+y2)

√
y1y2

⟨Z̃m1
P (y1) Z̃

m2
P (y2)⟩ramp =

1

2π

√
y1y2

y1 + y2
δm1m2 e

−y1Em1−y2Em2 + . . .(
yi ≫ 1,

y1
y2

= fix
)
.

(2.3.3)

where Em = 2π
(
m− 1

12

)
is the “ground state energy” for the spin m dense

(BTZ black hole) spectrum. After analytic continuation to y1,2 = β± iT , this
corresponds to removing a factor of T from the spectral form factor (2.3.2)
and shifting the ground state energy, thus recovering the well-known linear
‘ramp’ (called like this and discussed in the context of black hole physics for
the first time in [31]).

The expression (2.3.1) was argued for in holography [33–35] as it is
the result of evaluating a two-boundary wormhole amplitude, which gives
the leading gravitational contribution to the spectral form factor (this is
also motivated by the black hole information problem [58, 81]). Random
matrix behavior in holographic two-dimensional CFTs near extremality is
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also expected based on the fact that this limit is described by a reduction
to the Schwarzian theory [82] (see also [83]): while the Schwarzian itself in
the naive saddle point approximation is not sufficient to find a ramp in the
spectral form factor, it is well understood that an alternative ‘wormhole’
saddle contribution to the two-disk amplitude does reproduce it [31, 32].
Finally, this is, of course, simply the expected behavior for the symmetry-
unconstrained parts of the spectrum of generic chaotic quantum systems –
an expectation that is borne out in a vast number of different systems and
hence very universal.

To make the connection with traditional presentations, we change vari-
ables to energy eigenvalues (for fixed spin), where the above behavior trans-
lates into the universal form of eigenvalue repulsion for near-extremal ener-
gies:33

⟨ρ̃m1
P (E1)ρ̃

m2
P (E2)⟩ramp =

∫ ϵ+i∞

ϵ−i∞
dy1dy2

[
e

π
6
(y1+y2)

√
y1y2

⟨Z̃m1
P (y1) Z̃

m2
P (y2)⟩ramp

]
ey1E1+y2E2

≈ − 1

(2π)2
E1 − Em1 + E2 − Em2√

E1 − Em1

√
E2 − Em2 (E1 − E2)2

δm1m2 (0 < Ei − Emi ≪ 1)

→ − 1

2π2ω2
δm1m2 (ω ≡ E1 − E2 ≪ Ei − Emi)

(2.3.4)
where ρ̃m

P (E) is the density of spin m dense primary states in the symmetry-

unconstrained part of the spectrum described by Z̃m
P . We refer to the limit

taken in the second line as the near-extremal limit. In the last line we
take additionally the small ω limit required to recover the familiar form of
universal eigenvalue repulsion.

In the rest of this section, we study how information about the universal
form of the spectral form factor is encoded in the spectral decomposition of
the partition function.

2.3.2 Independence of the ramp in each spin sector

In this section, we present an analytic argument that demonstrates the
independence of the ramp in each spin sector. By utilizing the definition
of Z̃m

P,cont.(y), (2.2.15), and the kernels (2.2.18), we will show the following:
assuming that any finite collection of spin sectors exhibits a ramp near
extremality is never sufficient to conclude the existence of a ramp in all other
spin sectors.

First, we study how the ramp in the usual representation (y variables) is
encoded in the data amenable to spectral determinacy, z 1

2
+α and Zm

P,cont.(ξ).

33We assume w.l.o.g. E1 > E2.
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We will show that the spin 0 ramp is equivalent to a particular large αi

behaviour of
〈
z 1

2
+α1

z 1
2
+α2

〉
. Similarly, ramps in spin sectors m > 0 are

equivalent to a particular small ξi behaviour of
〈
Zm
P,cont.(ξ1)Zm

P,cont.(ξ2)
〉
.

We then use spectral determinacy to analyze how this data is interrelated.
We will show that the presence of a ramp in the spin m sector cannot be
deduced from a ramp in any other spin sector, and in fact no finite collection
of spin sectors is sufficient to find a ramp in all other spin sectors.

Spin 0 ramp in α variables: We begin by analyzing the spin 0 spectrum.
We express Z̃0

P,cont.(y) in terms of z 1
2
+iα:

Z̃0
P,cont.(y) =

√
y

4π

∫
R
dα z 1

2
+iα

[
yiα +

Λ(iα)

Λ(−iα)
y−iα

]
=

√
y

2π

∫
R
dα z 1

2
+iα y

iα ,

(2.3.5)
where we used Λ(s)Es(τ) = Λ(1− s)E1−s(τ). The spin 0 partition function
is thus a Mellin transform of z 1

2
+iα. We now assume the ramp in the spin 0

sector:〈
Z̃0
P,cont.(y1)Z̃

0
P,cont.(y2)

〉
ramp

=
1

2π

y1y2
y1 + y2

+ . . . (yi ≫ 1,
y1
y2

= fix) .

(2.3.6)
We can use this spin 0 expression to compute its contribution to the overlap
with the Eisenstein series using the unfolding trick (2.2.12):

〈
z 1

2
+iα1

z 1
2
+iα2

〉
=

∫ ∞

0
dy′1dy

′
2 (y

′
1)

− 3
2
−iα1(y′2)

− 3
2
−iα2

〈
Z̃0
P,cont.(y

′
1)Z̃

0
P,cont.(y

′
2)
〉

∼ π

cosh(πα1)
δ(α1 + α2) (|αi| → ∞) ,

(2.3.7)

where we used the ansatz (2.3.6). The result (2.3.7) is obtained by performing
an exact Mellin transform of (2.3.6), disregarding any subleading corrections.
The fact that this is really only an asymptotic condition for large |αi| has
two aspects to it:34 transforming (2.3.7) back to yi-variables, we evaluate
the constraint δ(α1 + α2), obtaining a single integral:

〈
Z̃0
P,cont.(y1)Z̃

0
P,cont.(y2)

〉
ramp

≈
√
y1y2

4π

∫
R
dα eiα log(y1/y2) 1

cosh(πα)
. (2.3.8)

34We thank E. Perlmutter for pointing out subtleties with the analytic continuation. See
also [78] for a detailed discussion.
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While this can be evaluated explicitly (giving (2.3.6)), let us understand the
dominant contribution to the integral. In the Euclidean limit yi →∞ with
y1
y2

= fix, the integral is dominated by small α and a saddle point at α = 0
reproduces (2.3.7) up to subleading corrections. However, the Lorentzian
spectral form factor implements the analytic continuation y1,2 → β ± iT
with T ≫ β ≫ 1. In this limit, we find log(y1/y2)→ ±πi. The integral then
receives contributions from α→ ∓∞ and the large |α| asymptotics of (2.3.7)
is the crucial ingredient needed to reproduce the linear ramp.

Spin m > 0 ramp in ξ variables: We now analyze the spin m ramp.
Using (2.2.14), we have

〈
Z̃m
P,cont.(y1)Z̃

m
P,cont.(y2)

〉
=

√
y1y2

4π2

∫
dξ1dξ2 e

−2πm(y1 cosh ξ1+y2 cosh ξ2)

×
〈
Zm
P,cont.(ξ1)Zm

P,cont.(ξ2)
〉

(2.3.9)

Assuming the spin m ramp and taking yi →∞, y1
y2

= fixed thus corresponds
to taking the saddle-point ξ1,2 → 0 (ξ1 ≈ ξ2). Thus, the ramp in the usual yi
variables corresponds to a specific kind of correlations at small ξi, namely:

〈
Zm
P,cont.(ξ1)Zm

P,cont.(ξ2)
〉
≈ − ξ21 + ξ22

(ξ21 − ξ22)2
+ . . . (ξi → 0) , (2.3.10)

which holds for any spin m. This is easily verified by plugging into (2.3.9)
and evaluating by saddle point for large yi. This looks similar to eigenvalue
repulsion in traditional energy variables, particularly when we take |ξ1−ξ2| ≪
ξi, in which case (2.3.10) becomes − 1

2(ξ1−ξ2)2
; this is actually expected, as

the spectral form factor is related to correlations in the density of states as

〈
Z̃m
P (y1)Z̃

m
P (y2)

〉
=

√
y1y2

e
π
6
(y1+y2)

∫ ∞

Em

dE1dE2 ⟨ρ̃m
P (E1)ρ̃

m
P (E2)⟩ e−(y1E1+y2E2) ,

(2.3.11)
where ρ̃m

P (E) is the density of spin m primary states counted by Z̃m
P .35

35Thus, when neglecting the Maass cusp forms, the ξ variables are related to energy via
a simple (but spin-dependent) change of variables:

Zm
P (ξ) = 2π2m| sinh ξ| ρ̃m

P

(
2πm cosh ξ − π

6

)
. (2.3.12)

Taking the appropriate limits, traditional eigenvalue repulsion in energy variables takes
the same form in ξ variables.
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2.3. Random matrix universality across spin sectors

To summarize, the universal ramp, which describes the regime of small
energy differences, equivalently describes the asymptotics of correlations in
z 1

2
+iα and the small ξ statistics of Zm

P,cont.(ξ).

Independence of the ramps: We now use (2.2.15) and (2.2.18) to see
how these correlations are related across different spin sectors. We first focus
on the imprint of the spin 0 ramp on spin m statistics, showing that this
imprint is on an irrelevant regime for the spin m ramp. Then we focus on
the imprint of spin m data onto the spin 1 statistics, showing that each ramp
relies on different regimes of ξi in the spin 1 correlations.

First, for spin 0, we numerically analyze the imprint of the spin 0 ramp
on the spin m > 0 spin sectors in section 2.3.3, and find that it gives a
subleading correction. We conclude that the spin 0 ramp is independent of
the other spin sectors.

We now look at how the spin m > 0 ramps are related to each other by
focusing on how they appear in the spin 1 correlations. For transformations
between spin m and spin 1, the kernels (2.2.17) transforming between spin
sectors take a simple form:

Km,1
cont.(ξ, ξ

′) =
1

4

∑
±

∑
d|m

δ

(
ξ ± ξ′ ± log

d2

m

)
, (2.3.13)

This yields the spin m correlations in terms of spin 1 correlations:

〈
Zm
P,cont.(ξ1)Zm

P,cont.(ξ2)
〉
=

1

4

∑
±

∑
d1,d2|m

〈
Z1
P,cont.

[
ξ1 ± log

d21
m

]
Z1
P,cont.

[
ξ2 ± log

d22
m

]〉
(2.3.14)

This is an exact statement. It implies how a ramp of the l.h.s. would be
encoded in the spin 1 statistics: it corresponds to a particular behavior
for small ξi, which is equivalent to a sum of spin 1 correlations around

ξ = ± log
(
d2

m

)
for all d|m.

This immediately proves what we set out to show: for example, the
existence of a spin 1 ramp is insufficient to conclude the existence of the
ramp for any other spin. For anym > 1, there is some divisor such that log d2

m
is outside the small ξ regime that the spin 1 ramp provides information for.
In general, the existence of a spin m′ ramp cannot be used to find the ramp
for any other spin, as any ramp only gives a particular linear combination of
spin 1 correlations.

Further, any finite collection of spins, with spin m being the largest, can
only give information on correlations of Z1

P,cont.[ξ] for |ξ| < logm. This is
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2.3. Random matrix universality across spin sectors

insufficient to find the ramp for any spin m′ > m, which requires knowledge
of correlations for logm < |ξ1,2| < logm′.36 Therefore, assuming universal
random matrix statistics in any finite collection of spin sectors is insufficient
to conclude the same for all other spins just based on symmetries.

2.3.3 Signatures of the spin m ramp in other spin sectors
(numerically)

Armed with the abstract argument of the previous subsection, we now put
this on a firmer footing by numerically analyzing the imprint of the spin
0 and spin 1 ramps on the other spin sectors. This analysis will involve
extrapolating the functional form of the ramp outside of the regime where it
is strictly valid (large y, or small ξ). It should thus be taken with a grain of
salt; however, our results will be consistent with the abstract argument given
above, which we take as evidence that the analysis is justified a posteriori.

Signatures of a spin m = 0 ramp

We begin with the imprints of universal correlations in the near-extremal
spin 0 spectrum onto other spin sectors and ask the following question: can
we infer a ramp in the near-extremal spin m spectrum, by just assuming the
existence of a ramp in the near-extremal spin 0 spectrum (subject to the
caveat mentioned above)? We will give evidence that the answer is ‘no’.

We begin with the ‘ramp’ in the spin 0 sector, which was given in (2.3.6).
Such a spin 0 ramp determines the correlations of the overlap coefficients with
Eisenstein series for large α; this was given in (2.3.7), which we reproduce
here for convenience:〈
z 1

2
+iα1

z 1
2
+iα2

〉
⊃0

∫ ∞

0
dy′1dy

′
2 (y

′
1)

− 3
2
−iα1(y′2)

− 3
2
−iα2

〈
Z̃0
P,cont.(y

′
1)Z̃

0
P,cont.(y

′
2)
〉

=
π

cosh(πα1)
δ(α1 + α2) + . . .

(2.3.15)
where “⊃0” means that we only consider the contribution to the l.h.s., which
comes from the ramp at spin 0, (2.3.6). This, of course, only contains partial
information about the true microscopic spectrum. We wish to confirm that
this partial information is insufficient to deduce the existence of a universal

36For example, assume a ramp for every spin up to m = 10; this only gives us information
about the spin 1 correlations for a subset of ξ1,2 ∈ [− log 10, log 10]; thus, we wouldn’t have
all the necessary information to find the ramp for any spin m′ > 10.
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2.3. Random matrix universality across spin sectors

ramp at spin m. To this end, we use the result to compute the Eisenstein
series contribution to the spectral form factor in the spin (m1,m2) sector:〈

Z̃m1
P,cont.(y1)Z̃

m2
P,cont.(y2)

〉
=

1

(4π)2

∫
dα1dα2

〈
z 1

2
+iα1

z 1
2
+iα2

〉
×Em1

1
2
+iα1

(y1)E
m2
1
2
+iα2

(y2)

(2.3.16)

We analyze separately the cases where both spins are non-zero, and where
one of them is zero.

(a) Both spins m1,m2 ≥ 1: When neither spin in (2.3.16) is zero, we
have〈
Z̃m1
P,cont.(y1)Z̃

m2
P,cont.(y2)

〉
⊃0

√
y1y2

π

∫
dα

σ2iα(m1)σ−2iα(m2)

miα
1 m

−iα
2 Λ(iα)Λ(−iα)

Kiα(2πm1y1)K−iα(2πm2y2)

cosh(πα)

=

√
y1y2

π2

∑
d1|m1

d2|m2

∫
dα

α tanh(πα)

|ζ(2iα)|2

(
m2d

2
1

m1d22

)iα

Kiα(2πm1y1)K−iα(2πm2y2)

(2.3.17)

The integrand has poles at the following locations:

poles: α = ± i
2
ηn ≡ ±

i

4
∓ 1

2
Im(ηn) , α =

(2k − 1)i

2
, k ∈ Z
(2.3.18)

where ηn = 1
2±i{14.135 · · · , 21.022 · · · , 25.011 · · · , . . .} are the non-trivial ze-

ros of the ζ-function. The second set of zeros is due to the factor 1/ cosh(πα).
The integrand falls off exponentially in all directions, so we can evaluate the
integral by closing the contour either at +i∞ or −i∞. By Cauchy’s theorem,
we get

〈
Z̃m
P,cont.(y1)Z̃

m
P,cont.(y2)

〉
⊃0 2πi

[ ∑
ηn

Im(ηn)>0

Resα= i
2
ηn

(· · · )

+
∑
k≥1

Res
α=

(2k−1)i
2

(· · · )

] (2.3.19)

where (· · · ) is the integrand in (2.3.17), including all the pre-factors. One
can easily see that the values of these residues decay quickly as |ηn| (for the
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2.3. Random matrix universality across spin sectors

first sum) or k (for the second sum) increases. It is therefore straightforward
to evaluate these sums numerically by including sufficiently many terms.37

We find (numerically) for the contribution to the spin (m1,m2) spectral
form factor due to the existence of a ramp at spin 0: for yi ≫ 1,

〈
Z̃m1
P,cont.(y1)Z̃

m2
P,cont.(y2)

〉
⊃0 λm1 δm1m2 e

−2π(m1y1+m2y2)

√
y1y2
y1 + y2

+ . . .

(2.3.20)

where the first few spin-dependent prefactors are

λ1 = 0.761.. , λ2 = 0.644.. , λ3 = 0.613.. , λ4 = 0.532.. , λ5 = 0.548.. ,
(2.3.21)

Note that these proportionality constants are non-monotonic in spin due to
their complicated dependence on number-theoretic properties of the spin. We
show some of the numerical analysis leading to this conclusion in appendix
A.3. Note that, given the simple universal form of (2.3.20), it is tempting to
speculate that there might be an analytical argument to prove it.

Most importantly, (2.3.20) is not the form expected for a ramp (compare
the non-exponential piece to (2.3.6)). It should instead be thought of as a
subleading (in large yi) correction to the spin m ramp. This shows that the
imprint of the ramp in the spin 0 sector onto a higher spin sector is not a
ramp, but merely a subleading correction to it. Any potential ramp in the
higher spin sector is therefore not due to a ramp at spin 0 plus symmetries.
This strengthens the analytic argument of the previous section.

(b) One spin m1 > 0 and one vanishing spin m2 = 0. Finally, if one
spin is 0, we have〈

Z̃m1
P,cont.(y1)Z̃

0
P,cont.(y2)

〉
⊃0

√
y1y2

2π

∫
dα

σ2iα(m1)

miα
1 Λ(−iα)

Kiα(2πm1y1)y
−iα
2

cosh(πα)

=

√
y1y2

2π

∑
d1|m1

∫
dα

Kiα(2πm1y1)y
−iα
2

Γ(−iα)ζ(−2iα) cosh(πα)

(
d21
m1π

)iα

(2.3.22)

This can be analyzed in the same way as (2.3.17) by residues. Unsurprisingly,
one finds very small values (compared to those expected for a ramp), similar
to the other unequal spin cases shown in figures A.1 and A.2.

37Roughly, including O(10−100) terms is sufficient to get an accuracy of O(10−5).
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2.3. Random matrix universality across spin sectors

Signatures of a spin m = 1 ramp

We have argued in section 2.3.2 that for every m, Zm
cont.(ξ) contains informa-

tion about Z1
P,cont.(ξ) that is not contained in any Zm′

P,cont.(ξ) with m
′ < m.

For illustration, we shall now make this abstract argument more concrete by
repeating the analysis of section 2.3.3 for higher spin (which involves differ-
ent manipulations): we shall assume the existence of universal eigenvalue
repulsion in the spin m = 1 sector and analyze its imprint on other spin
(m1,m2) sectors via spectral determinacy arguments (i.e., symmetries).

The universal ramp ansatz in the spin m sector is given by (2.3.10) in
the ξ variables. The imprint of that expression onto the spin (m1,m2) sector
is: 〈

Z̃m1
P,cont.(y1)Z̃

m2
P,cont.(y2)

〉
⊃m

√
y1y2

4π2

∫∫
dξ1dξ2 e

−2π(m1y1 cosh ξ1+m2y2 cosh ξ2)

×
∫∫

dξ′1dξ
′
2K

m1,m
cont. (ξ1, ξ

′
1)K

m2,m
cont. (ξ2, ξ

′
2)

[
− ξ′21 + ξ′22
(ξ′21 − ξ′22 )2

]
(2.3.23)

where the symbol “⊃m” means that we only consider the contribution to the
l.h.s. originating from a ramp at spin m.38 For simplicity consider m = 1,
where the kernels Kmi,m

cont. reduce to a sum over delta-functions:〈
Z̃m1

P,cont.(y1)Z̃
m2

P,cont.(y2)
〉

⊃
m=1
−
√
y1y2

16π2

∑
d1|m1

d2|m2

∑
±

∫∫
dξ1dξ2

(
ξ1 ± log

(
d21/m1

))2
+
(
ξ2 ± log

(
d22/m2

))2(
(ξ1 ± log(d21/m1))

2 − (ξ2 ± log(d22/m2))
2
)2

× e−2π(m1y1 cosh ξ1+m2y2 cosh ξ2)

(2.3.24)

For large yi the integrals are dominated by a saddle point at small ξi. This
can be straightforwardly evaluated numerically, and we find (within numerical
accuracy):

〈
Z̃m1
P,cont.(y1)Z̃

m2
P,cont.(y2)

〉
⊃m=1 σ0(m1)× δm1m2

1

2π

y1y2
y1 + y2

e−2πm1(y1+y2)

(2.3.25)

38Again, we extrapolate the validity of the ramp (valid at small ξ), which is only justified
by the consistent result we find.
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2.4. Cardy-like constraints on spectral correlations

where σ0(m) is the number of divisors of m (including 1 and m). The source
of this prefactor are the terms with d1 = d2. Some of our numerical analysis
is again shown in appendix A.3 (in particular figure A.3). That is, the imprint
of a ramp at spin 1 onto the spin m sector is σ0(m) times the ramp.3940

For our conclusions to hold, the factor σ0(m) is crucial: the functional
dependence on yi is indeed that of a ramp, so the discrepancy with random
matrix universality is only due to the mismatching prefactor. However, this
prefactor is always at least 2, so it never matches the random matrix theory
expectation (which involves not just a linear ramp, but also a very specific
normalization thereof). This is sufficient to conclude that a ramp in the spin
1 Eisenstein sector does not imply random matrix universality in higher spin
sectors.

2.4 Cardy-like constraints on spectral correlations

With the knowledge that the ramp in each spin sector does indeed contain
independent data despite spectral determinacy, we now take this as a starting
point to find more information about the spectrum. Following the derivation
of the Cardy formula, we will find that the existence of eigenvalue repulsion
in the near-extremal spectrum predicts the same for a part of the spectrum
far from extremality.

2.4.1 Review: modular invariance of the density of states

While modular invariance is most naturally formulated as an invariance of
the partition function, following, e.g., [82, 84] we can write it as an invariance
of the density of states of primaries. First, we define variables (P, P̄ ) that
are more suitable for applying modular transformations to the density of
states directly:

h =
c− 1

24
+ P 2 , h̄ =

c− 1

24
+ P̄ 2 . (2.4.1)

The energy and spin variables we used previously are

E ≡ 2π
(
h+ h̄− c

12

)
≡ 2π

(
P 2 + P̄ 2 − 1

12

)
, m ≡ h− h̄ ≡ P 2 − P̄ 2 .

(2.4.2)

39As in the spin 0 case the numerical agreement is excellent, so one might expect there
to be an analytical way to evaluate (2.3.24).

40We have not analyzed the imprint of the spin m > 0 ramps on the spin 0 sector.
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2.4. Cardy-like constraints on spectral correlations

It will be convenient to allow for positive and negative spins in this section. In
addition, we define m ∈ R as the continuous spin, via ρ(E) =

∑
m∈Z ρ

m(E) =∫
dm ρ(E,m). The P variables can take both imaginary and real values,

corresponding to different parts of the spectrum:

censored states: 0 < −iP ≤
√
c− 1

24
⇔ 0 ≤ h ≤ c− 1

24

dense states: 0 < P ⇔ h >
c− 1

24

(2.4.3)

and similarly for h̄. With these variables, we can write the CFT partition
function as

Z(τ, τ̄) =

∫ ∞

−∞

dP

2

dP̄

2
ρP(P, P̄ )χP(τ)χ̄P̄(τ̄) ,

χP(τ) =
e2πiτP

2

η(τ)
, χ̄P̄(τ̄) =

e−2πiτ̄ P̄ 2

η(−τ̄)
,

(2.4.4)

where ρP(P, P̄ ) is the density of states of primary operators (we allow (P, P̄ ) to
be negative, with ρP(P, P̄ ) being even), and the Virasoro characters account
for descendant states. As before, ρP(P, P̄ ) is a sum of delta-functions, which
now includes support on imaginary values of P [82].

In these variables, invariance of Z under the modular S-transform can be
recast as the invariance of the density of states under a Fourier transform:

ρP(P, P̄ ) = 2

∫ ∞

−∞
dP ′dP̄ ′ e−4πi(PP ′+P̄ P̄ ′)ρP(P

′, P̄ ′) . (2.4.5)

This formulation of modular invariance makes the Cardy formula and the form
of the asymptotic density of states in the lightcone limit (P̄ > 0 fixed, P →
∞) more transparent; rather than having to work with the partition function
(and complicated questions of convergence [61]) we can directly compute
with the density of states.

For illustration, let us recall the derivation of the Cardy formula in these
variables [82]: the contribution of the vacuum state to the density of states
is ρP(P, P̄ ) ⊃ ρP,vac(P )ρP,vac(P̄ ) with

ρP,vac(P ) =

[
δ

(
P − i

√
c− 1

24

)
− δ

(
P − i

√
c− 1

24
− 1

)]
+ (P ↔ −P ) ,

(2.4.6)
where the subtraction accounts for the null descendants of the vacuum.
The modular S-transform of this contribution according to (2.4.5) gives the
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leading contribution to the density of states as P, P̄ → ∞, i.e., the Cardy
formula:

ρP(P, P̄ ) ≈ 2 exp

(
2π(P + P̄ )

√
c− 1

6

)
(P, P̄ →∞) . (2.4.7)

2.4.2 S-dual of eigenvalue repulsion

Using the same ansatz for the primary partition function as section 2.3,
we assume the near-extremal density of primaries exhibits random matrix
statistics. The connected two-point function of the density of states is

⟨ρP(P ′
1, P̄

′
1)ρP(P

′
2, P̄

′
2)⟩ =

∑
m1,m2∈Z

Fm1,m2(P ′
1, P̄

′
1, P

′
2, P̄

′
2)

×δ(P ′2
1 − P̄ ′2

1 −m1)δ(P
′2
2 − P̄ ′2

2 −m2).

(2.4.8)

In the near-extremal limit, we obtain the ramp by applying the change of
variables in (2.4.2) to the expression for universal eigenvalue repulsion in
(2.3.4):41

Fm1,m2(P ′
1, P̄

′
1, P

′
2, P̄

′
2) ≈−

1

2π2
64|P ′

1P̄
′
1P

′
2P̄

′
2|(

P ′2
1 + P̄ ′2

1 − P ′2
2 − P̄ ′2

2

)2 δm1,m2(
P ′
i , P̄

′
i near-extremal

ω ≪ Ei − Emi

) (2.4.9)

which is expected to hold near extremality, defined by the

near-extremal regime: 0 < min
(
P 2
i , P̄

2
i

)
≪ 1 (2.4.10)

and we also take ω ≡ 2π(P ′2
1 + P̄ ′2

1 − (P ′2
2 + P̄ ′2

2 )) ≪ Ei − Emi =
4πmin

(
P 2
i , P̄

2
i

)
, where we are using the expression for the small ω limit as

in (2.4.10).42

We now take the modular S-transform of (2.4.9), first with respect to
P ′
1, P̄

′
1, then with respect to the second set of variables. The S-transform is a

41This expression involves the Jacobian
∣∣ ∂(Ei,mi)

∂(P ′
i ,P̄

′
i )

∣∣ = 16π|P ′
i P̄

′
i |.

42We also assume that the divergence as ω → 0 of the gravity and RMT correlations is
regulated (in RMT, the sine kernel regulates the divergence; in gravity, presumably more
complicated wormhole configurations regulate the divergence).
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Fourier transform, which we will evaluate by saddle point. Because we want
the saddle point (P ′

1∗, P̄
′
1∗) to lie in the near-extremal regime where (2.4.9)

applies, the S-dual parameters (Pi, P̄i) should lie outside the near-extremal
limit. We achieve this by identifying the

large spin, far-from-extremality regime: P 2
i ≫ P̄ 2

i ≫ 1

(⇔ mi ≫ τi ≫ 1 )

(2.4.11)

where, here and in the following, we take w.l.o.g. mi > 0, and P 2
i parametri-

cally larger than P̄ 2
i .

43 (In appendix A.4 we give analogous expressions valid
for any choice of signs for mi.) In the bracket, we have written the condition
in terms of the spin and (shifted) twist τi ≡ Ei

2π −mi = 2P̄ 2
i − 1

12 ≈ 2P̄ 2
i , thus

showing how this regime translates into energy-spin variables. This regime
is one of the most natural to consider when utilizing the S-transform [85]; it
appears when we allow the conformal dimensions h, h̄, or equivalently spin
and twist, to approach infinity at different rates. Note that this is a distinct
regime from that considered by the lightcone bootstrap [86], where the twist
is bounded by extremality, τ ≤ − 1

12 .
This choice allows us to evaluate the Fourier transform (S-transform)

despite our limited information about the density of states. Concretely, we
wish to compute

⟨ρP(P1, P̄1)ρP(P2, P̄2)⟩ ≈ 4

∫
dP ′

1dP̄
′
1dP

′
2dP̄

′
2 e

−4πi(P ′
1P1+P̄ ′

1P̄1+P ′
2P2+P̄ ′

2P̄2)

×
∑
mi∈Z

Fm1,m2(P ′
1, P̄

′
1, P

′
2, P̄

′
2) δ(P

′2
1 − P̄ ′2

1 −m1)δ(P
′2
2 − P̄ ′2

2 −m2) .

(2.4.12)

For details on the evaluation of these integrals in the regime (2.4.11), we
refer to appendix A.4. The result is of the following form:

⟨ρP(E1,m1)ρP(E2,m2)⟩

≈ 2
∑
mi>0

Fm1,m2

(
P1

√
m1

m1
, P̄1

√
m1

m1
, P2

√
m2

m2
, P̄2

√
m2

m2

) (
m1m2m1m2

)−1/4

× cos
(
4π
√
m1m1 +

π

4

)
cos
(
4π
√
m2m2 +

π

4

)
(P 2

i ≫ P̄ 2
i ≫ 1) .

(2.4.13)

43I.e., P 2 = ΛP 2
0 , P̄2 = ΛvP̄ 2

0 , with Λ → ∞, 0 < v < 1.
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Because mi = P 2
i − P̄ 2

i ≫ 1, we are guaranteed that P̄i

√
mi
mi

is small.44

Ensuring the small ω condition where (2.4.9) applies, requires
P̄ 2
1

P 2
1
− P̄ 2

2

P 2
2
≪ P̄ 2

1,2

P 2
1,2

.

We can then use the expression for Fm1,m2 near extremality, i.e., (2.4.9); we
find that the connected two-point function for mi ≫ τi ≫ 1 and E1−E2 ≪ Ei

is

⟨ρP(E1,m1)ρP(E2,m2)⟩ ≈ −
1

2π2
m1m2(

m2

(
E1 − 2π c−1

12

)
−m1

(
E2 − 2π c−1

12

))2
× lim

M→∞
Sm1,m2(M)

(2.4.14)

where

Sm1,m2(M) ≡ 1

(m1m2)1/4

M∑
m=1

2√
m

cos
(
4π
√
mm1 +

π

4

)
cos
(
4π
√
mm2 +

π

4

)
.

(2.4.15)
The limit M → ∞ of the expression Sm1,m2(M) is in fact not well defined
without further regularization: as written, the sum does not converge. How-
ever, form1 ̸= m2 it also does not diverge either, but rather oscillates within a
bounded window as a function of the cutoff M . Furthermore, the mean value
of the oscillation tends to zero as mi grow large.45 We illustrate this in figure
2.2. We belive that, upon implementing a proper method of coarse-graining
over spins, one could derive asymptotic upper and lower bounds for (2.4.15)
by applying techniques similar to the Tauberian theorems deployed in, e.g.,
[87]. However, since the variance we are considering is not strictly positive,
we cannot easily apply such theorems and leave this problem to a future
analysis. Finally, note that several approximations have been assumed in the
computation presented here. A small correction of each term in Sm1,m2(M)
turns this non-convergent series into a convergent one.46 Since we assumed
an approximate expression for the two-point function of the density of states
and the latter is in fact a distribution, it is reasonable to expect for the above
expressions to be regularized by subleading effects and by integration against
test functions. It would be interesting to investigate this more rigorously.

44This is strictly true up to an asymptotic regime of large mi, beyond which we assume
the contributions are negligible. See appendix A.4 for details.

45This is also true if m1 is held fixed and only m2 grows large.
46In particular, any power of m−1 in front of the product of cosines that is strictly greater

than 1/2 would produce a convergent sum. Similarly, methods such as Euler summation
straightforwardly regularize the sum and give a definite result.
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Figure 2.2: Plots of the non-convergent sum Sm1,m2(M) for m1 = m2 − 1 ∈
{10, 103, 105} as a function of the cutoff M . We see that, although the limit
M →∞ does not exist, the function oscillates within a bounded bandwidth.
This is in stark contrast to the case m1 = m2 ≡ m, where Sm,m(M) diverges.
Note that for large mi, the mean value around which the oscillations occur,
tends to zero (dashed lines).

We can get a well defined result for (2.4.14) in the decompactification
limit: by reintroducing units to spin, m = 2π

L n where L is the circumference
of the cylinder, we replace

∑
m →

L
2π

∫∞
0 dm in the limit L → ∞. The

integral over m can then be performed explicitly, and we find:

⟨ρP(E1,m1)ρP(E2,m2)⟩ ≈ −
1

2π2
1

(E1 − E2)
2

L

2π
δ(m1 −m2)

(
|mi| ≫ τi ≫ 1,

|E1 − E2| ≪ Ei

)
(2.4.16)

This expression encodes eigenvalue repulsion in each spin sector, both the
universal functional form and the correct prefactor as expected from random
matrix theory. The regime of validity corresponds to the spectrum far from
extremality.47

This shows that modular invariance extends the regime in which the
statistics of primary operators follows random matrix universality; random
matrix statistics for primary operators in the near-extremal spectrum implies
the same statistics for primaries far from extremality.

2.5 Discussion

This chapter has two main results: first, while spectral determinacy implies
very strong constraints between the spectra of primaries in different spin

47The absence of Dirac delta functions forcing mi to be discrete can be understood using
the same reasoning as the lack of Dirac delta functions in the Cardy formula.
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2.5. Discussion

sectors, this does not preclude independent random matrix universality near
extremality in each spin sector. Second, modular invariance can be used to
argue for random matrix universality in a certain large spin regime far from
extremality.

Our goal in the chapter was to identify a set of universal quantities for
coarse-grained aspects of two-dimensional CFTs with large central charge.
We have found that correlations between the coefficients of the modular
invariant decomposition of the partition function provide such information
(using a certain parametrization for the near-extremal spectrum). This opens
the door to explaining these features along the lines of the Efetov sigma
model [71–73]. Indeed, in the quantum mechanical case one can write a path
integral for the spectral correlators of interest, and in the limit where it is
universal this path integral is dominated by an ergodic mode. It would be
very interesting to repeat this exercise for the quantities we have identified; we
hope to return to this in the near future. Ultimately, it would be fascinating
to find connections between the sigma-model describing random matrix
statistics, and the sigma-models describing other properties of chaotic CFTs
such as out-of-time-order correlators [88] or even hydrodynamics [89–91].

An important caveat in our analysis was the restriction to the continuous
part of the SL(2,Z) spectrum. For a ramp at spin 0 this restriction is
irrelevant. We will see in chapter 3 how our analysis applies to the discrete
cusp forms. Nevertheless we can already draw the following conclusion from
studying just the Eisenstein series: if the universal ramp is encoded at least
partially48 in the correlations of Eisenstein series overlap coefficients of a
particular spin sector, then spectral determinacy is in general not sufficient to
conclude random matrix universality in the other spin sectors. Our conclusion
would only fail to hold in cases where the ramp is encoded solely in the sector
of Maass cusp forms, as we didn’t analyze this sector here.49 It would be
interesting to study if there exist general criteria that force the ramp for
m > 0 to be encoded in either the continuous or the discrete sectors alone.

With a view towards other future applications, we note that the formula
expressing spectral determinacy (2.2.17), as a precise and explicit rephrasing
of the constraints of modular invariance, may be useful in implementations
of the modular bootstrap.

We used as a starting point the results from the gravitational analysis
[33, 34] regarding the existence of random matrix statistics in each spin

48By “partially encoded” we mean that the coefficient of the ramp in the Eisenstein
sector is not zero.

49Thus, we merely make an assumption of genericity, namely that there do not exist any
constraints that prevent the ramp from being encoded in the continuous spectrum.
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2.5. Discussion

sector. However, one may hope to derive such statistics using the modular
and conformal bootstraps, or show that such statistics is consistent with the
universal properties of conformal field theories.50 We have shown that such
statistics is consistent with modular invariance, and thus have taken the first
steps towards such a proof.

In our analysis of the modular S-transform of the spectral form factor,
an extension of the saddle point analysis in section 2.4.2 outside of the
decompactification limit would strengthen our claims regarding the extended
regime of validity of random matrix universality. It would be interesting
to develop more rigorous techniques to analyze this (e.g., along the lines of
[85, 87]).

50One might analyze the accumulation of operators near extremality in CFTs with a
twist gap, c.f., [92].
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Chapter 3

Symmetries and spectral
statistics in chaotic conformal
field theories II: Maass Cusp
Forms and Arithmetic Chaos

3.1 Introduction

In chapter 2, we began investigating the relationship between quantum
chaos in two-dimensional CFTs and modular invariance. Motivated by the
pure gravity wormhole amplitude found by Cotler and Jensen [33, 34] (see
also [35]), we argued that random matrix statistics for the “near-extremal”
part of the dense spectrum and the corresponding late time linear ramp
is an independent feature of each spin sector separately. This is a non-
trivial statement because the exact spectrum is fully determined by only the
spectrum of spin zero primaries and those of a single non-zero spin. The
focus of this analysis was on CFTs where the ramp is encoded solely in the
continuous part of the basis of modular invariant functions. There exists a
discrete part as well, the Maass cusp forms, that can also encode the ramp.

The cusp forms are interesting objects in their own right:

• Cusp forms arise as bound states for a particle moving in the fundamen-
tal domain of SL(2,Z). This is a classically chaotic system, however
due to its highly symmetric structure it does not obey random matrix
statistics.

• Instead, their spectrum of eigenvalues R±
n is bounded from below and

is Poisson distributed, i.e corresponds to independent draws from a
known distribution.51

51We label the different cusp forms by an integer n and a sign ‘±’, which refers to cusp
forms of even and odd parity, respectively.
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3.1. Introduction

• Their Fourier coefficients a
(n,±)
m for prime spin m are bounded by ±2

and are also Poisson distributed independently drawn from known dis-
tributions. As a consequence of Hecke relations the Fourier coefficients
for non-prime (composite) spins are polynomials of those with prime
spins. This implies that the distributions of non-prime spin Fourier
coefficients are also determined by the distributions for prime spins.

We sometimes refer to the collection of eigenvalues and Fourier coefficients as
cusp form data. Together their statistical properties are sometimes referred
to as arithmetic chaos [93–96].

A connection between arithmetic chaos and quantum chaos in CFTs is
an intriguing possibility (first hinted at in [62]), particularly since quantum
chaos in the wormhole amplitude is encoded solely in the cusp forms for
all non-zero spins [78]. On the one hand, the fact that objects linked to
chaos appear in the spectral decomposition of CFTs suggests that the two
(very different) types of chaos may be linked in some way. On the other
hand, arithmetic chaos is a property of the general modular invariant basis
functions, not of the actual CFT spectrum, so it is also present in integrable
CFTs. We intend to clarify the relation in this work.

Summary of results: In this chapter, we extend the techniques developed
for the continuous SL(2,Z) spectrum in chapter 2 to the cusp forms and
identify the relationship between arithmetic and quantum chaos. We show
that taking the near-extremal, late time limit automatically implements a
statistical averaging over the cusp form data, in particular over their sporadic
eigenvalues and erratic Fourier coefficients. On the one hand, this means that
quantum chaos in 2d CFT depends only on statistical features of arithmetic
chaos, not the detailed structure of the cusp form data. On the other hand,
it is remarkable that full information about (i.e., all statistical moments of)
the distributions of the cusp form data is encoded in the spectral form factor,
assuming it exhibits a linear ramp in all spin sectors. We find the universal
form these statistically averaged correlations in the cusp form sector must
take to produce a ramp. As with the continuous sector, modular invariance
does not spoil the independence of random matrix universality in each
separate spin sector, since the statistical averaging proceeds differently in
each spin sector; a linear ramp must be imposed as a separate assumption for
each spin sector in order to fully and consistently determine the correlations
in cusp form expansion coefficients.

By demanding that there be a linear ramp in every spin sector, we
are able to “bootstrap” the exact cusp form correlations whose statistical
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Figure 3.1: A depiction of the statistical approximation to cusp form data.
The “spectral staircase” and the erratically distributed Fourier coefficients
are replaced with their average values. We will justify this ‘statistical’ coarse-
graining in the time regime that is relevant for random matrix universality.
It should be distinguished from ‘microcanonical’ coarse-graining, which is
always required to discuss correlations in the CFT spectrum.
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3.2. Spectral decomposition of the ramp

averaging produces random matrix statistics independently in every spin
sector. These correlations depend on all moments of the distributions of the
Fourier coefficients for prime spin, and are related to well studied number-
theoretic objects. In fact, these correlations are essentially universal and
unique under some mild assumptions. The gravitational wormhole amplitude
exhibits the same universality, while at the same time having the minimal
subleading corrections (in the late time limit) to make it consistent with
modular invariance [78]; under some related minimality assumptions our
construction reproduces it exactly.

3.1.1 Outline

The chapter is organized as follows. In section 3.2 we review the setup of
chapter 2, introducing the fluctuating part of the partition function and
decomposing it in the complete basis of modular invariant functions. In
section 3.3 we analyze how random matrix statistics appears in the cusp
forms, and demonstrate its reliance on only arithmetic chaos. We derive
an expression whose statistical average produces a ramp in each spin sector
and show that it is unique under mild assumptions. In section 3.4 we then
show that this expression exactly matches a calculation in AdS3 gravity.
In the discussion, we put forth some preliminary results on the spectral
decomposition of the self-correlations in the spectrum, and how it differs
from eigenvalue repulsion.

Conventions are collected in appendix A.1. We review statistical features
of cusp forms in appendix B.1 and discuss some important mathematical
properties in appendix B.2. Appendix B.3 concerns the imprint of linear
ramps in a given spin sector onto other spin sectors.

3.2 Spectral decomposition of the ramp

We start by quickly reviewing the SL(2,Z) spectral decomposition of the
linear ramp and recollecting the work of chapter 2, in order to allow this
chapter to stand on its own. In the next section we extend this analysis to
the cusp forms, and in particular use statistical properties thereof (dubbed
“arithmetic chaos”) to simplify the analysis.
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3.2. Spectral decomposition of the ramp

3.2.1 SL(2,Z) spectral theory

Beginning from the full CFT partition function on a torus with modular
parameter τ = x + iy, Z(x, y), in chapter 2 we introduced a fluctuating
partition function Z̃P(x, y) by a series of steps intended to account for the
symmetries of the problem:

• First, the partition function is divided by that of a single non-compact
boson, Z0 = 1/(y1/2|η(x+ iy)|2), to remove all Virasoro descendants
in a modular invariant fashion.

• Then one realizes that the ‘censored’ part of the spectrum (i.e., states
with h or h̄ ≤ c−1

24 , equivalently E ≤ 2π
(
|m| − 1

12

)
≡ Em) is not

typically chaotic. Therefore, one subtracts off this part of the spectrum.
In addition, one also removes the part of the dense spectrum (h, h̄ > c−1

24 ,
equivalently E > Em) that is determined from the censored spectrum
by symmetries (such as modular S-transformations); together, these
two parts are called the modular completion of the censored spectrum,
ẐC(x, y).

The resulting “fluctuating” partition function Z̃P(x, y) is the object that
can display quantum chaos. Finally, we write this object in terms of a
decomposition into sectors with definite spin:

Z̃P(x, y) =
∑
m∈Z

e2πimx Z̃m
P (y) . (3.2.1)

Spectral decomposition: It is useful to expand the fluctuating partition
functions in a complete basis of normalizable modular invariant functions on
the fundamental domain F [62] (see also [45, 78–80]). Such eigenfunctions
consist of a continuous spectrum of Eisenstein series Es(y) with s ∈ 1

2 + iR,
and a discrete spectrum of Maass cusp forms νn,±(y):

∆FE 1
2
+iα(τ) =

(
1

4
+ α2

)
E 1

2
+iα(τ) , ∆Fνn,±(τ) =

(
1

4
+
(
R±

n

)2)
νn,±(τ) .

(3.2.2)

in addition to a constant function, ∆Fν0(τ) = 0. Note that there are both
even (+) and odd (−) cusp forms, so there are two sets of eigenvalues {R±

n }.
These are randomly distributed, which we will quantify later.

After expanding the fluctuating part of the partition function in this
modular invariant basis, the expansion coefficients are then unconstrained
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3.2. Spectral decomposition of the ramp

by modular invariance and their statistical properties are a good diagnostic
of chaos. To write this, we refine the decomposition (3.2.1):

Z̃P(x, y) = Z̃0
P(y) + 2

∑
m>0

{
cos(2πmx)

[
Z̃m
P,disc.,+(y) + Z̃m

P,cont.(y)
]

+sin(2πmx)Z̃m
P,disc.−(y)

} (3.2.3)

where the spectrum consists of the following pieces:

spin 0, continuous: Z̃0
P(y) = vol(F)−

1
2 z0 + 2

√
y

∫
R

dα

4π
z 1

2
+iα y

iα , 52

spin > 0, discrete: Z̃m>0
P,disc.,±(y) =

∑
n≥0

zn,± ν
m
n,±(y) ,

spin > 0, continuous: Z̃m>0
P,cont.(y) =

∫
R

dα

4π
z 1

2
+iαE

m
1
2
+iα

(y) ,

(3.2.4)

with vol(F) = π
3 . The modular invariant expansion coefficients are {z0, zn,±,

z 1
2
+iα}, and we are interested in their variance and how it encodes the linear

ramp. Using the explicit basis functions for m > 0,53

νmn,±(y) = a(n,±)
m

√
yKiR±

n
(2πmy) ,

Em
1
2
+iα

(y) =
2 a

(α)
m

Λ(−iα)
√
yKiα(2πmy) , a(α)m =

2σ2iα(m)

miα
,

(3.2.6)

where Λ(s) ≡ Λ(12 −s) ≡ π
−sΓ(s)ζ(2s). Here, we also defined the normalized

Eisenstein series Fourier coefficient a
(α)
m in analogy with the cusp form Fourier

coefficients.
We also trivially obtain a decomposition into bases of Bessel functions

(both with continuous order, Kiα, and sporadic discrete order, KiR±
n
) by

defining the spin-dependent spectral overlap coefficients:

zmn,± ≡ a(n,±)
m zn,± ,

zm(α) ≡ 2 a
(α)
m

Λ(−iα)
z 1

2
+iα .

(3.2.7)

52Here we imposed Λ(iα)z 1
2
+iα = Λ(−iα)z 1

2
−iα, which is a symmetry of the Eisenstein

series.
53Our conventions for Fourier coefficients are consistent with [62], but differ from [78].

For comparison, we give the translation:(
a
(s≡ 1

2
+iα)

j≡m

)
there

=
(
a(α)
m

)
here

,
(
b
(n)
j≡m

)
there

=
||νn,±||

2

(
a(n,±)
m

)
here

. (3.2.5)
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3.2. Spectral decomposition of the ramp

The fact that {z0, zn,±, z 1
2
+iα} are independent of spin leads to spectral

determinacy [62]: full knowledge of Z̃m
P, cont./disc.,,±(y) for only m = 0 and a

single non-zero spin determines the partition function for every other spin.54

That the coefficients must be independent of spin will prove to be very
important.

3.2.2 Linear ramp from correlations in spectral overlap
coefficients

We are interested in the universal correlations that this fluctuating spectrum
exhibits due to quantum chaos. In particular, a quantum chaotic CFT will
have a universal asymptotic contribution to the variance of Z̃P, describing
eigenvalue repulsion. This is often called the ‘linear ramp’ and corresponds
to analytically continuing y1 → β+ iT and y2 → β− iT and taking the large
T limit of the spectral form factor. A linear ramp is captured in yi variables
by the following limiting behavior:

〈
Z̃m1
P (y1) Z̃

m2
P (y2)

〉
ramp

=δm1m2

[
1

π

y1y2
y1 + y2

e−2π|m1|(y1+y2)

]
+ . . .(

yi ≫ 1,
y1
y2

= fixed
) (3.2.8)

where ‘. . .’ denotes subleading terms in the large yi limit. This should be
read as a statement about each spin sector separately.

We note an important difference from chapter 2: here (and henceforth)
the normalization for the ramp corresponds to the GOE universality class,
where the slope of the ramp is given by 1

π , matching the discussion in [78, 97].
This is in contrast to the normalization corresponding to the GUE universality
class, given by 1

2π , as in chapter 2 and [34]. The reason is that it was shown
in [97] that every CFT contains an anti-linear, anti-unitary RT symmetry,
implying that the relevant universality class for two-dimensional CFTs is
GOE in every spin sector.

We wish to discuss how the ramp (3.2.8) translates into specific universal
correlations between the coefficients of the spectral decomposition. This
discussion should a priori be had for each spin sector individually. We first
summarize the results from chapter 2.

54For partition functions that arise as Poincaré series, further constraints follow [78].
However, we do not assume this here.
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Ramp for spin 0: For spins m1 = m2 = 0, the ramp is encoded in〈
Z̃0
P(y1)Z̃

0
P(y2)

〉
, and in particular it is fully determined by correlations in

the overlap coefficients with Eisenstein series:〈
Z̃0
P(y1)Z̃

0
P(y2)

〉
= 4
√
y1y2

∫
R

dα1dα2
(4π)2

〈
z 1

2
+iα1

z 1
2
+iα2

〉
spin 0 ramp

yiα1
1 yiα2

2 + . . . ,〈
z 1

2
+iα1

z 1
2
+iα2

〉
spin 0 ramp

∼ 1

2 cosh(πα1)
× 4πδ(α1 + α2) (|αi| → ∞) .

(3.2.9)

where terms subleading in the large yi limit (denoted as ‘. . .’) are required
to obtain a modular invariant expression; these correspond to deviations
from the asymptotic form given in the second line of (3.2.9).55 While the
correlations in z 1

2
+iα will in general contain more information, the above

should be understood as the universal contribution that is due to a ramp in
the spin 0 sector.56

Ramp for non-zero spins: For non-zero spins, decomposing the ramp
using (3.2.3) and noting that the leading term shown in (3.2.8) is even in
spin, it is clear that the ramp could apriori be encoded in cross-correlations
between any of the terms in (3.2.3) (subject to producing the correct parity).
We will now discuss the form of the correlations that can encode a ramp in a
single spin sector. However we will later stress the limitations of this approach
when asking for linear ramps in more than one spin sector simultaneously, as
these are not independent of each other and additional consistency conditions
must be imposed.

Using the spectral decomposition of the partition function, we can write
its even and odd parts for spin m ≥ 1 in a basis of Bessel functions, where
each individual term is still modular invariant by construction:

Z̃m
P,+(y) ≡

∑
n>0

zmn,+
√
yKiR+

n
(2πmy) +

∫
R

dα

4π
zm(α)

√
yKiα(2πmy) ,

Z̃m
P,−(y) ≡

∑
n>0

zmn,−
√
yKiR−

n
(2πmy) .

(3.2.10)

55We thank E. Perlmutter for pointing out the importance of the large |αi| limit, see
[78] and chapter 2 for more details.

56Note that the correlation (3.2.9) is manifestly diagonal in the spectral parameters αi.
Such diagonality was proposed in [78] as a natural constraint analogous to Berry’s diagonal
approximation in the theory of periodic orbits. It is also a distinctive feature exhibited by
the pure gravity result for the T2 × I amplitude [34].
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We briefly review how the ramp could be encoded the Eisenstein series
correlations. For the continuous part of the spectral decomposition, we can
use the orthogonality of Bessel functions to invert the α-integral in (3.2.10):

zm(α) =
2

π
α sinh(πα)

∫ ∞

0

dy

y3/2
Kiα(2πmy)Z̃

m
P,cont.(y) . (3.2.11)

This allows us to translate the universal expression for RMT eigenvalue
repulsion, (3.2.8), into an expression for the correlations of zm(α) coefficients
by performing two correlated y-integrals of the form (3.2.11):

⟨zm1(α1)z
m2(α2)⟩ramp = 2α1 tanh(πα1) δm1m2 [δ(α1 − α2) + δ(α1 + α2)] .

(3.2.12)

This shows how a ramp for specific spin m can be encoded in the coefficients
of the Eisenstein series, and the required correlations are again diagonal in
the spectral parameter.57 It is straightforward to verify this result explicitly
by transforming (3.2.12) back to y-variables, which reproduces (3.2.8). We
can equivalently write (3.2.12) as:

〈
z 1

2
+iα1

z 1
2
+iα2

〉
spin m ramp

=
Λ(−iα1)Λ(−iα2)

2
(
a
(α1)
m

)2 α1 tanh(πα1)

× [δ(α1 − α2) + δ(α1 + α2)]

(3.2.13)

The fact that this relation depends explicitly on spin might be understood as
follows: the existence of a ramp in each spin sector gives partial information
about the correlation of the modular invariant coefficients in different regimes,
roughly organized by scale of oscillation as function of α. The different
regimes are spin-dependent, so (3.2.13) is to be understood as being valid
only in the regime informed by the asymptotic form of the spin-m partition
function.58

57Since zm(α) is even in α by definition, we refer to the presence of the symmetrized
sum of delta-functions in (3.2.12) as diagonal.

58To organize the information conveniently and discuss the relationship between all the
statements implied by the ramp in different spin sectors, ref. [1] introduced a conjugate
variable ξ; the existence of a ramp in each spin sector then is localized in that variable,
in a different location for different spin sectors. The transformation to the ξ variables is
roughly a Fourier transform, so localization in that variable translates to a definite scale of
oscillatory behavior in the α variables.
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3.3. Ramp from cusp forms – the statistical approximation

3.3 Ramp from cusp forms – the statistical
approximation

In this section we extend the above analysis to the cusp forms. The main tool
we use is a continuous approximation to the sum over the cusp forms, which
utilizes statistical information, known as “arithmetic chaos”. We introduce
the approximation in the context of a simple ansatz that yields ramps in a
single spin sector from cusp form sums, and show how this is reproduced to
good accuracy by the statistical approximation. This sets the stage for an
improved ansatz, discussed in the next section, where we “assemble” ramps
for all spin sectors simultaneously.

We would like to explore the type of correlations in the overlap coefficients,
⟨zn1,±zn2,±⟩ramp, which yield a linear ramp through a sum over cusp forms:〈
Z̃m1
P,disc.,±(y1)Z̃

m2
P,disc.,±(y2)

〉
ramp

=
∑

n1,n2>0⟨zn1,±zn2,±⟩ramp ν
m1
n1,±(y1)ν

m2
n2,±(y2) ,

(3.3.1)

where the l.h.s. takes the universal form (3.2.8), and we recall νmn,±(y) ≡
a
(n,±)
m
√
yKiR±

n
(2πmy). Note that the sum is over erratic eigenvalues R±

n and

erratic Fourier coefficients a
(n,±)
m . The first few eigenvalues are:

R+
n = 13.7798.., 17.7386.., 19.4235.., 21.3158.., 22.7859.., . . .

R−
n = 9.5337.., 12.1730.., 14.3585.., 16.1381.., 16.6443.., . . .

(3.3.2)

These are sporadically distributed and become increasingly dense. The cusp
form Fourier coefficients take a similarly erratic form (for fixed spin):

a
(n,+)
m=2 = +1.5493.., −0.7655.., −0.6928.., +1.2875.., +0.2677.., . . .

a
(n,−)
m=2 = −1.0683.., +0.2893.., −0.2309.., +1.1619.., −1.5402.., . . .

(3.3.3)

where we normalized such that a
(n,±)
m=1 = 1. The Fourier coefficients are

distributed according to a Wigner semi-circle for prime spins m → ∞.
Studying the nearest neighbor spacings reveals that both the eigenvalues
and the Fourier coefficients (for fixed spin) are Poisson distributed – a fact
we shall refer to as arithmetic chaos; see Appendix B.1 for details and plots.
In a sense, arithmetic chaos is more akin to an integrable rather than a
chaotic structure. One of our goals is to elucidate the relationship between
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3.3. Ramp from cusp forms – the statistical approximation

this randomness in the structure of the Maass cusp form expansion and the
genuine quantum chaos described by the linear ramp in the spectral form
factor. To reproduce the ramp from a sum over cusp forms, we will have to
address this interplay.

A central ingredient in our analysis is a certain continuum approximation
to the discrete sum over cusp forms; relatedly, we will argue that all cusp
form data can be replaced with its statistical average, which we will explain
in turn. Before giving details, let us summarize the steps we will follow:

1. To find ⟨zn1,±zn2,±⟩ such that the sum (3.3.1) yields a ramp, we first
note that the linearly increasing density of eigenvalues R±

n allows us
to approximate the sum by an integral over a continuous eigenvalue
density. We will argue that this approximation becomes arbitrarily
good for large yi. Equivalently, we can think of the large yi limit as
implementing a statistical averaging over eigenvalues.

2. While less obvious, we will show that the large yi limit also acts as

a statistical averaging over the Fourier coefficients a
(n,±)
m . Since they

appear squared in the spectral form factor, the cusp form sum is
effectively only sensitive to their statistical variance. Thanks to certain
Hecke relations, the information contained in the variances of Fourier
coefficients for all spins m is equivalent to the information contained
in the full distribution of those with prime m.

3. Using these statistical properties, we illustrate what kind of correlations
⟨zn1,±zn2,±⟩ can yield a ramp in a given spin sector. We then show
how to get a ramp in every spin sector in a very constrained way. The
correlations thus obtained come with a certain amount of freedom. We
show that fixing this freedom in the simplest possible way leads to a
result that matches the pure gravity wormhole amplitude [34].

Throughout this section we make extensive use of a database of 5832 even
and 6282 odd Maass cusp forms (corresponding to eigenvalues R±

n < 400),
computed in [98] (see also [99] for a subset). We also assume the non-
degeneracy of cusp forms, which is a widely believed but unproven conjecture.

3.3.1 Statistical treatment of the sum over eigenvalues R±
n

A ramp can be encoded in the coefficients of Maass cusp forms; to extract
this, we need to invert the discrete part of (3.2.10). This requires an
appropriate regularization of the integrals over Bessel functions to ensure their
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3.3. Ramp from cusp forms – the statistical approximation

orthogonality in the discrete solution space. We avoid this technical point
for the moment by working with an approximate continuous representation.
This will allow us to derive the solution. We will see that this representation
utilizes many of the statistical properties of the cusp form, thus connecting
arithmetic chaos to the expansion of the ramp in the cusp forms.

To start we define the density of cusp forms by µ±(R), defined by

Z̃m
P,disc.,±(y) =

∫ ∞

r±

dRµ±(R) z
m
R,±
√
yKiR(2πmy) , µ±(R) =

∑
n≥1

δ(R−R±
n ) ,

(3.3.4)
where zmR,± is a smooth function of R such that zm

R±
n ,± ≡ z

m
n,±. We will justify

by construction that this is consistent with a ramp.
The asymptotic density of cusp forms can be approximated by a continu-

ous function, using the ‘Weyl law’ (see for example [100, 101]):

µ+(R) ≈ µ̄+(R) =
1

12
R− 3

2π
logR+

log
(
π4/2

)
4π

+O
(
logR

R2

)
,

µ−(R) ≈ µ̄−(R) =
1

12
R− 1

2π
logR− log 8

4π
+O

(
logR

R2

)
.

(3.3.5)

The lower cutoff r± > 0 in (3.3.4) is chosen appropriately such as to avoid
over-counting of the constant cusp form. We review this approximation and
various other statistical properties of the Maass cusp forms in appendix B.1,
see in particular figure B.1. For the purpose of our analysis, the smooth
approximation to the density of eigenvalues R±

n sometimes allows us to
replace sums by integrals:∑

n>0

f(R±
n )

?
≈
∫ ∞

r±

dR µ̄±(R) f(R) , (3.3.6)

which one might expect to hold for sufficiently smooth functions f . Clearly
the approximation is better for functions f with support at larger values of
R, since the eigenvalue density increases linearly with R; thus, more precisely,
for any ε > 0 and sufficiently smooth functions f , there is a sufficiently large
n0 such that ∣∣∣∣∣∑

n>n0

f(R±
n )−

∫ ∞

Rn0

dR µ̄±(R) f(R)

∣∣∣∣∣ < ε . (3.3.7)

Working with this continuous approximation, a calculation identical to
(3.2.12) gives:〈

zm1
R1,±z

m2
R2,±

〉
ramp

≈ 2R1 tanh(πR1)

π2 µ̄±(R1)2
δm1m2 δ(R1 −R2) . (3.3.8)
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Figure 3.2: Numerical verification of the encoding of a linear ramp in
correlations of even (left) and odd (right) Maass cusp forms, according to
(3.3.10), for y1 = y2 ≡ y. The summation over n is performed up to some
cutoff such that convergence is achieved within the displayable accuracy.
The plots show that the sum converges to the ramp linear y/(2π) up to an
m-dependent constant that is subleading as y →∞.

One can immediately see that this approximate continuous expression trans-
lates into the following correlations for the discrete coefficients:

〈
zm1
n1,± z

m2
n2,±

〉
ramp

≈
2R±

n1
tanh

(
πR±

n1

)
π2 µ̄±(R

±
n1)

δm1m2 δn1n2 . (3.3.9)

or, equivalently, the cusp form sum (3.3.1) encoding a linear ramp should be
of the form〈
Z̃m1
P,disc.,±(y1)Z̃

m2
P,disc.,±(y2)

〉
ramp

≈
∑

n1,n2>0

(
2R±

n1
tanh

(
πR±

n1

)
π2 µ̄±(R

±
n1)

δm1m2δn1n2

)
×√y1KiRn1

(2πm1y1)
√
y2KiRn2

(2πm2y2)

(3.3.10)

This is approximate in the following sense. To evaluate the sum we can
proceed in two ways: (i) analytically, we can approximate the sum by an
integral as in (3.3.6), which in turn recovers the exact ramp in every spin
sector (by construction). The approximation is then due to replacing the
sum by an integral. This approximation becomes increasingly good for
yi →∞ because the support of the Bessel functions shifts to larger values of
R±

n where these are more dense. (ii) Numerically, we can confirm directly
that the discrete sum (3.3.10) does also reproduce the ramp up to an error
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Figure 3.3: We quantify how the sum over cusp forms indexed by n depends
on the terms with small n (and hence small R±

n ). We plot the ramp in the
spectral form factor computed using only values of n for which R±

n > Rmin

and normalize it by the complete result. Asymptotically as y →∞ this ratio
converges to 1, no matter how many low-lying values of R±

n we exclude. We
show the cases of even (left) and odd (right) cusp forms separately (they are
almost indistinguishable). Solid lines correspond to spin m = 1, dashed lines
to m = 2.

(a subleading constant shift) that goes to zero as yi → ∞.59 Figure 3.2
illustrates the result (both for even and odd parity cusp forms). We see that
the numerical evaluation of the Maass cusp form sum asymptotes to the
expected linear ramp for large values of yi (we only show the case y1 = y2 ≡ y,
but other cross sections of the (y1, y2) plane were checked similarly).

Dominance of large R±
n as yi → ∞: We wish to comment more on

the convergence of the sum over cusp forms indexed by n, (3.3.10), and
the continuous approximation. As functions of y, the Bessel functions
KiR±

n
(2πmy) have strong oscillations for 0 < 2πmy ≲ R±

n , with ampli-

tude of order
√
2π/R±

n e−πR±
n /2, and subsequently decay exponentially like√

1/(4my) e−2πmy, independent of R±
n . First, the exponential decay implies

that the sum over n converges and can thus be truncated in numerical evalu-
ation. More non-trivially, the sum is dominated by terms with increasingly
large values of R±

n . We verify this numerically in figure 3.3: we compare the

59The constant shift is the error introduced by the summands with small values of n,
where the continuum approximation is worse. It is strictly subleading to the linear ramp
for large yi.
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ramp computed using all relevant terms in the sum with the partial result
obtained by dropping all terms with 0 < R±

n < Rmin. We observe that the
ratio of these two quantities approaches 1 as y →∞, for any choice of Rmin.
Another way to present the same result would be as follows: any partial
sum over only low-lying R±

n converges to a finite constant (times the usual
e−2πm(y1+y2)) as yi →∞, as the Bessel functions become independent of R±

n .
This is therefore subleading to the ramp:

lim
yi→∞

e2πm(y1+y2)
nmax∑
n=1

⟨zmn,±zmn,±⟩ramp
√
y1KiR±

n
(2πmy1)

√
y2KiR±

n
(2πmy2)

=
1

4m

nmax∑
n=1

⟨zmn,±zmn,±⟩ramp = const(m,nmax) <∞

(3.3.11)

for any nmax. Effectively the sum over n is dominated by a window Rmin ≲
R±

n ≲ Rmax where both Rmin and Rmax increase with y. Thus using the
continuous approximation, i.e., treating the eigenvalues R±

n statistically for
large y, is valid.60

To summarize, the sum (3.3.10) can be (roughly) split into three pieces,
which qualitatively contribute as follows to the spectral form factor:

(1) 0 < R±
n ≲ Rmin(yi) : subleading constant

(2) Rmin(yi) ≲ R±
n ≲ Rmax(yi) : linear ramp

(3) Rmax(yi) ≲ R±
n : exponentially small

(3.3.12)

3.3.2 Statistical treatment of the Fourier coefficients a
(n,±)
m

Let us return to the sum over cusp forms, (3.3.1). We wish to address
the following question: what form of correlations ⟨zn1,±zn2,±⟩ yields the
ramp (3.3.10)? Naively, it seems that we have already answered this
question in (3.3.9). However, that expression, taken literally, would via
(3.2.7) give a different, spin-dependent form of ⟨zn1,±zn2,±⟩ for every spin,
which clearly cannot be correct. So how is (3.3.10) consistent with spin-
independent correlations ⟨zn1,±zn2,±⟩? To resolve this conundrum, we take a

60A final way of seeing this behaviour is to plot the integrand in the continuous approxi-
mation of the cusp form sum: µ̄±(R)⟨zmn,±z

m
n,±⟩ramp grows monotonically with n, while the

Bessel functions decay very slowly as functions of R until R ≳ 2πmyi. This leads to an
integrand that peaks at a value of R that increases with yi, in turn making the continuous
approximation better.
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3.3. Ramp from cusp forms – the statistical approximation

detour to discuss properties of the Fourier coefficients a
(n,±)
m of the cusp forms.

The Fourier coefficients are erratic, see (3.3.2). What does this mean
for the validity of our continuous approximation to the eigenvalues? We
have already seen that the sum over n can be split into three pieces, see
(3.3.12). Both Rmin and Rmax increase indefinitely as yi →∞, so the density
of R±

n , which are of interest to regime (2), increases as well. Summing over
an increasingly dense set of R±

n acts as a statistical coarse-graining over the
remaining n-dependent terms in the sum. In particular, the product of the
Fourier coefficients appearing in the sum and the correlations ⟨zn1,±zn2,±⟩
get averaged over. We therefore expect to be able to replace the discrete
erratic Fourier coefficients by their statistical distribution.

Distribution of Fourier coefficients: The statistical distribution of the
Fourier coefficients is a well-known topic of mathematical research, and we
review it in some detail in appendix B.1. Let us only point out the most

crucial aspects. First, the asymptotic distribution of a
(n,±)
m for fixed prime

spins m ≡ p is well known [102]:

µp(x) =


(p+1)

√
4−x2

2π
(
(p1/2+p−1/2)

2−x2
) if |x| < 2

0 otherwise
(3.3.13)

For large prime spins, this approaches a Wigner semicircle (2π)−1
√
4− x2.

Another notable feature is that the distribution suggests that |a(n,±)
p | < 2

for all n, a property known as the Ramanujan-Petersson conjecture [102].
We are interested in moments of these distributions. Since the sum (3.3.1)
features the squares of Fourier coefficients, a statistical feature of particular
interest is their variance

N±
m ≡

(
a
(n,±)
m

)2 ≡ lim
n0→∞

1

n0

n0∑
n=1

(
a(n,±)
m

)2
, (3.3.14)

which has the following exact value for prime spins:61

N±
p =

p+ 1

p
(p prime; exact). (3.3.16)

61It is interesting to note that since the Fourier coefficients for prime spins are Poisson
distributed, as shown in appendix B.1, the variance in (3.3.14) already implies delta-
functions in spin and eigenvalue index,

p1, p2 prime: a
(n1,±)
p1 a

(n2,±)
p2 =

(
a
(n1,±)
p1

)2
δn1,n2δp1,p2 = N±

p1 δn1,n2δp1,p2 . (3.3.15)
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See (B.1.5) for higher moments. We use the notation (· · · ) to denote statistical
averaging (over n). This is independent of the microcanonical averaging,
denoted by ⟨· · · ⟩, which we always use to discuss correlations in the coarse-
grained CFT spectrum.

For non-prime spins m, the variances N±
m are determined by the distribu-

tions for prime spins. Importantly, not only the variances of the distributions
for prime spins, but also their higher moments are needed. The reason is that
the Fourier coefficients themselves are determined as non-linear polynomials
of those for prime spins by a certain Hecke algebra, see (B.1.9) for some
examples. Statistical averaging over such polynomials requires knowledge of
higher moments of the prime distributions. In summary, the following three
pieces of information are equivalent:

variances N±
m ≡

(
a
(n,±)
m

)2
of distributions of all spins m

⇔

all moments
(
a
(n,±)
p

)k
of distributions of prime spins p

⇔
distributions (3.3.13) of prime spins

We review these statements in appendix B.1 and give examples in (B.1.9).
Using the first 5832 even and 6282 odd Fourier coefficients, we find numerically
for their variances as a function of spin m:

N+
m ≈ 1 , 1.46 , 1.27 , 1.65 , 1.13 , 1.84 , 1.07 , 1.72 , 1.32 , 1.63 , 1.02 , . . .

N−
m ≈ 1 , 1.47 , 1.30 , 1.68 , 1.16 , 1.89 , 1.09 , 1.76 , 1.36 , 1.68 , 1.04 , . . .

(3.3.17)

where values for prime m are printed in boldface (see tables B.1 and B.2 for
more details).

Statistical averaging in the spectral form factor: Whenever the
statistical averaging over n applies to our cusp form sum over n, it means
that we can replace discrete erratic expressions by their statistical average.
This amounts to a significant simplification for evaluating sums such as

This suggests that arithmetic chaos is linked to the diagonal approximation in the periodic
orbit picture of [78]. The delta-function in the eigenvalue indices persists even for non-
prime spins and is therefore tied to the effective statistical averaging implemented by
the correlated cusp form sums (3.3.1). Note, however, that we will later average over
summands involving higher moments of Fourier coefficients, which complicates the picture.
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(3.3.1): for large yi the exact squared Fourier coefficients (which oscillate
erratically) can be replaced by their mean value, i.e., the variance of their
distribution (3.3.13), thus ‘forgetting’ about the detailed sporadic values
and only keeping track of statistical information. This explains how it was
possible that the correlations ⟨zn1,±zn2,±⟩ that would follow from (3.3.9)
would depend on spin in such an extremely fine tuned way as to cancel all

erratic Fourier coefficients a
(n1,±)
m1 a

(n2,±)
m2 : the correlations ⟨zn1,±zn2,±⟩ do not

actually need to cancel the Fourier coefficients exactly, but only on average.
As we will see, this is indeed possible in a spin-independent way.

Focusing on a single spin sector, the fact that the Fourier coefficients only
need to cancel on average means we would expect to reproduce the linear
ramp in the spin m sector from〈

Z̃m
P,disc.,±(y1)Z̃

m
P,disc.,±(y2)

〉
ramp naive

≡ 1

N±
m

∑
n>0

(
2R±

n tanh(πR±
n )

π2 µ̄±(R
±
n )

)
×
(
a(n,±)
m

)2√
y1KiR±

n
(2πmy1)

√
y2KiR±

n
(2πmy2)

(3.3.18)

This corresponds to correlations of the form62

〈
zn,± zn,±

〉
spin m ramp naive

≡ 1

N±
m

2R±
n tanh(πR±

n )

π2 µ̄±(R
±
n )

≈ 24

π2N±
m

(m ≥ 1, n≫ 1)

(3.3.19)

We can check the validity of this claim numerically by computing the
sum (3.3.18) and comparing it with the true form of the ramp. As can be
seen in figure 3.4, for large y the correct linear ramp is approached, again up
to a constant which is subleading for y →∞.

Evidently, (3.3.19) still depends on the spin m via the normalization N±
m ,

albeit much more weakly than had we tried to cancel the erratic Fourier
coefficients in (3.3.18) exactly (term by term). It is therefore still not a good
candidate for correlations ⟨zn,±zn,±⟩ that yield linear ramps independent of
the choice of spin. And indeed, correlations of the form (3.3.19) only yield a
ramp with the correct slope in the spin m sector. In other spin sectors m′, we
would need a similar form of correlations, but with a different normalization
1/N±

m′ . We will remedy this situation in the following subsection.

62The second approximation,
2R±

n tanh(πR±
n )

π2 µ̄±(R±
n )

≈ 24
π2 , is valid asymptotically for very large

n, i.e., for very large yi. For all numerical results in this chapter, this approximation is not
good enough and is not used.
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Figure 3.4: We compute the Maas cusp form sum using the variance of
the Fourier coefficients instead of their exact values in (3.3.18). For large y
increasingly many Fourier coefficients contribute to the sum over n, which
means that their square can be increasingly well approximated by their
variance. We therefore reproduce the linear ramp asymptotically (up to a
subleading constant shift), c.f. figure 3.2. The left (right) shows the case of
even (odd) parity cusp forms. In the odd case the ramps for different spins
lie almost on top of each other. Insets show larger values of y.

3.3.3 Ramps in all spin sectors: number theory and
uniqueness

As we have seen, (3.3.19) only encodes the ramp in the spin m superselection
sector, but it ‘contaminates’ the slope of any putative ramp in other spin
sectors. The basic assumption of quantum chaos, however, would be a
linear ramp with the correct slope in all spin sectors. To achieve this, let us
now take the statistical averaging one step further and improve the naive
ansatz (3.3.19) such that it works on average for every spin sector, i.e., in a
spin-independent way. We wish to write:

⟨zn1,±zn2,±⟩ramp ≈
2R±

n1
tanh

(
πR±

n1

)
π2µ̄±(R

±
n1)

δn1n2 f
(n,±) ≈ 24

π2
δn1n2 f

(n,±)

(3.3.20)
with a spin-independent function f (n,±) such that(

a
(n,±)
m

)2
f (n,±) = 1 for all m ≥ 1. (3.3.21)
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The effective averaging over n will then guarantee that in the limit yi →∞,
we recover the ramp for all spins m:∑

n1,n2>0

⟨zn1,±zn2,±⟩ramp ν
m
n1,±(y1)ν

m
n2,±(y2)

yi→∞−→
∑
n>0

24

π2
(
a
(n,±)
m

)2
f (n,±)

√
y1KiR±

n
(2πmy1)

√
y2KiR±

n
(2πmy2) + . . .

=
1

π

y1y2
y1 + y2

e−2πm(y1+y2) + . . .

(3.3.22)

where we replaced
(
a
(n,±)
m

)2
f (n,±) by its average according to (3.3.21) in the

second line and then simply applied (3.3.10). We denote subleading terms
by ‘. . .’.

We will refer to f (n,±) as the arithmetic kernel associated with the cusp
form νn,±. This name is inspired by the fact that any function satisfying
(3.3.21) must obviously depend on all Fourier coefficients for all spins in a
very fine-tuned way such that it produces just the right normalization for
the ramp in every spin sector. It must, in a sense, encode all the information
loosely referred to as arithmetic chaos, such as Hecke relations (B.1.8) and
the statistical distribution of Fourier coefficients (3.3.13). Note that the
ansatz (3.3.20) assumes diagonality in ni. We will justify by construction
that this is a consistent assumption. Note further that the condition (3.3.21)
really only needs to hold asymptotically as a statement about the average
over terms in the spectral form factor with large n.63 Deviations for small n
will only affect subleading terms in the late-time spectral form factor. We fix
this ambiguity in the minmal way, i.e., by imposing (3.3.21) as an average
over all n as written.

Given all the information encoded in ‘arithmetic chaos’, it is remarkable
that such a function exists. We will now first write down this function, then
explain why it works, and then derive it, showing that it is essentially unique
(under the above assumptions). The arithmetic kernel satisfying (3.3.21) is
given by

f (n,±) =
∏

p prime

[
p+ 1

p
− 1

p+ 1

(
a(n,±)
p

)2]
. (3.3.23)

63For example, we can imagine performing a ‘moving average’ over large but finite
windows of n, which determine the cusp form sum over corresponding ‘batches’ of cusp
forms, then for small n it is certainly allowed that the average fluctuates around 1.
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Let us first confirm that this function satisfies (3.3.21). We do this in three
steps:

1. If m ≡ p is prime: Since the Fourier coefficients for prime spins are
independently distributed, we only need to know the second and fourth
moments of the distributions (3.3.13), which are easy to calculate. We
immediately find:(

a
(n,±)
p

)2
f (n,±) =

[
p+ 1

p

(
a
(n,±)
p

)2 − 1

p+ 1

(
a
(n,±)
p

)4]
×

∏
p′ prime
p′ ̸=p

[
p′ + 1

p′
− 1

p′ + 1

(
a
(n,±)
p′

)2]
= 1 ,

(3.3.24)

where every factor is individually 1 due to the following statistical
facts:

p prime:
(
a
(n,±)
p

)2
=
p+ 1

p
,

(
a
(n,±)
p

)4
=

2p2 + 3p+ 1

p3
.

(3.3.25)

2. If m = pk is a prime power: For prime power spins, we can analo-
gously show that every factor in an expression similar to (3.3.24) is 1.
For the first factor (p′ = p) we need some more non-trivial facts about
the Fourier coefficients, which follow from the Hecke multiplicativity
rules (B.1.8). The required properties are (see appendix B.2 and in
particular Lemma 4):

p prime:
(
a
(n,±)

pk

)2
=
p− p−k

p− 1
,

(
a
(n,±)

pk

)2(
a
(n,±)
p

)2
=

2(p+ 1)− p−k(p+ 2 + p−1)

p− 1
.

(3.3.26)

Note that these properties encode all information about the distribu-
tions (3.3.13).

3. Arbitrary m: For any general integer m, there is a prime factorization
m = pk11 · · · pkrr . The Hecke multiplicativity rules (B.1.8) imply

m = pk11 · · · p
kr
r ⇒

(
a(n,±)
m

)2
=

(
a
(n,±)

p
k1
1

)2

· · ·
(
a
(n,±)

pkrr

)2
.

(3.3.27)
The property (3.3.21) follows factor by factor.
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The arithmetic kernel f (n,±) has a deep number theoretical meaning in
terms of Hecke L-functions. We elaborate on these fascinating mathematical
properties in appendix B.2. We can also derive f (n,±) from physical require-
ments, i.e., by merely imposing (3.3.21) in all spin sectors. We sketch the
derivation below, delegating details to appendix B.2.3.

Uniqueness of the arithmetic kernel: We will now derive the arith-
metic kernel (3.3.23) by arguing that the requirement (3.3.21) fixes it uniquely
(within an ansatz class). First recall that Fourier coefficients have multi-
plicative properties due to them being eigenvalues of Hecke operators. In
particular, if the spin has a prime factor decomposition as in (3.3.27), since

a
(n,±)

pk
are independently distributed for different primes p it is useful to

first solve the problem (3.3.21) for prime power spins, m = pk. Consider an
ansatz of the form

f (n,±)
p =

∑
r≥0

cp,r
(
a(n,±)
p

)2r
(3.3.28)

for prime p. Since we already assumed diagonality in eigenvalues R±
ni

in
(3.3.20), odd powers of Fourier coefficients will average to zero, and we
discard them in our ansatz. Such terms would not affect the construction
of the universal ramp, but they would change the subleading behavior of
the late time spectral form factor. Discarding odd powers in the ansatz
can thus be viewed as a minimality assumption about the ansatz. It would
be interesting to constrain such ambiguities further, using input from the
off-diagonal sector.

The condition (3.3.21) yields an infinite linear system constraining the
parameters cp,r in terms of moments of the distribution of Fourier coefficients.
After some investigation (see appendix B.2.3), this system can be written as
follows: ∑

r≥0

cp,r
(
a
(n,±)
p

)2(k+r)
=

(2k)!

k!(k + 1)!
. (3.3.29)

Making extensive use of (i) Hecke relations and (ii) all moments of the
distributions of prime Fourier coefficiens, the solution of this system for
m = pk is unique:

cp,0 =
p+ 1

p
, cp,1 = −

1

p+ 1
, cp,r≥2 = 0 . (3.3.30)

Using (3.3.27), the condition (3.3.21) for all m is then solved by

f (n,±) =
∏

p prime

f (n,±)
p =

∏
p prime

[
p+ 1

p
− 1

p+ 1

(
a(n)p

)2]
. (3.3.31)
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3.4. Matching universal correlations to the AdS3 wormhole

While we have made simplifying assumptions in the derivation of this kernel
(see the discussion after (3.3.21)), its uniqueness within a large class of
possibilities is remarkable. We show in the next subsection that the structure
of the result (3.3.20), (3.3.23) is more than just a mathematical curiosity; it
has a number theoretical interpretation and its simplicity is in fact intimately
tied to a calculation in AdS3 pure gravity.

3.4 Matching universal correlations to the AdS3

wormhole

Our ‘bottom-up’ construction of the spectral overlap coefficients encoding
the linear ramp was based on minimal assumptions about quantum chaos
in all spin sectors and consistency with the symmetries of CFTs. We also
assumed a certain minimality in the ansatz for the arithemtic kernel f (n,±),
which then allowed us to fully determine it. In this section we compare this
‘minimally consistent’ arithmetic kernel with the wormhole amplitude found
in AdS3 pure gravity, which also exhibits such linear ramps. We find detailed
agreement.

Demanding universal eigenvalue repulsion (i.e., a linear ramp) in every
spin sector of the CFT, and assuming that for m > 0 this property is encoded
in the cusp form sector alone, we constructed the following form of spectral
correlations as the simplest consistent possibility:〈

z 1
2
+iα1

z 1
2
+iα2

〉
spin 0 ramp

=
1

2 cosh(πα1)
× 4πδ(α1 + α2) ,〈

zn1,± zn2,±
〉
spin m>0 ramps

=
24

π2
f (n,±) × δn1,n2 ,

f (n,±) ≡
∏

p prime

[
p+ 1

p
− 1

p+ 1

(
a(n,±)
p

)2] (3.4.1)

By virtue of being spin-independent, these correlations provide a manifestly
modular invariant encoding of a linear ramp in all spin sectors. (Of course, the
‘bare’ asymptotic ramp is not modular invariant by itself, so the subleading
corrections produced by (3.4.1) are important.)

Let us now turn to gravity. The spectral decomposition of the T2 × I
wormhole amplitude in AdS3 pure gravity [33, 34] was given in [78], and
provides an explicit example of a modular invariant spectral form factor that
contains a ramp in the large yi limit.64 In our notation it corresponds to the

64We thank Scott Collier for private conversation on this result.
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following non-zero variances:65〈
z 1

2
+iα1

z 1
2
+iα2

〉
wormhole

=
1

2 cosh(πα1)
× 4πδ(α1 + α2) ,〈

zn1,± zn2,±
〉
wormhole

=
1

2 cosh
(
πR±

n1

) 1

||νn,±||2
× δn1n2 ,

(3.4.2)

where the cusp form norms are computed with respect to the Petersson
inner product (see appendix B.2 for more details, and figure B.5 for concrete
values). The second line is meant to indicate that both the even and odd
correlations as indicated give a ramp with correct normalization. In a CFT
with parity symmetry, the even and odd ramps describe chaos in different
parity superselection sectors.

Now compare our result (3.4.1) with (3.4.2). The continuous part of the
correlations, which encodes the spin 0 ramp, matches immediately (which
is by construction). More interestingly, the discrete correlations, which we
constructed by imposing quantum chaotic universality consistently across
spin sectors, also match the gravity result. To see this, we need an important
fact from arithmetic number theory, which is derived and explained in
appendix B.2. The central observation is that our arithmetic kernel f (n,±) is

a particular meromorphic symmetric square L-function L
(n,±)
ν×ν (s) evaluated

at s = 1. For every single cusp form, this function provides a generalization
of the Riemann zeta-function that encodes all the statistical properties
and Hecke relations between different spin Fourier coefficients. The precise
statement is:

f (n,±) =
ζ(2)

L
(n,±)
ν×ν (s = 1)

=
π2

48 cosh
(
πR±

n

)
||νn,±||2

. (3.4.3)

The intermediate steps in this equation are reviewed in appendix B.2. This
establishes equality of, on the one hand, the correlations found from de-
manding a ‘bare’ linear ramp in all spin sectors (taking into account the
mechanism of statistical averaging over cusp forms and constructing a mini-
mal spin-independent arithmetic kernel) in (3.4.1), and, on the other hand,
the pure gravity result, (3.4.2).

It is interesting to note that the spin-0 ramp, encoded in the Eisenstein
sector, can similarly be expressed in terms of a suitable L-function:〈

z 1
2
+iα1

z 1
2
+iα2

〉
spin 0 ramp

=
Λ(iα1)Λ(iα2)

2L
(2α1)
E (1)

× 4πδ(α1 + α2) , (3.4.4)

65To compare with [78], note that π
cosh(πα)

= Γ( 1
2
+ iα)Γ( 1

2
− iα). To compare with [34],

note that we introduced an additional factor of 2 in the wormhole amplitude to match the
GOE universality class, c.f., [78, 97].
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where L
(α)
E (s) = ζ(s+ iα)ζ(s− iα) is the meromorphic continuation of a sum

over Fourier coefficients. See appendix B.2.4 for more details.
To summarize, we have found that a linear ramp in all spin sectors m ≥ 1

is encoded in the following sum over cusp forms in the near-extremal limit:∑
n>0

1

2 cosh
(
πR±

n

) νmn,±(y1)
||νn,±||

νmn,±(y2)

||νn,±||
=

1

π

y1y2
y1 + y2

e−2π|m|(y1+y2) + . . . (for all m)

(3.4.5)
The agreement of the wormhole amplitude with the ‘minimal’ realization

of quantum chaos across spin sectors was called the MaxRMT principle
in [78]. It amounts to the statement that the gravity amplitude is the
minimal modular completion of a spectral form factor exhibiting linear
ramps. More precisely, ref. [78] shows that the wormhole amplitude is the
minimal extension of the ‘bare’ ramp, after imposing ‘diagonal’ and ‘Hecke’
projections onto correlated eigenvalues and eigenfunctions in the spectral
decomposition of the spectral form factor.66 Our investigation similarly
imposed some minimality requirements: the main assumptions were the
realization of quantum chaos in all spin sectors and modular invariance;
we argued that these assumptions required a spin-independent form of the
arithmetic kernel and then constructed the simplest consistent kernel from an
ansatz (3.3.20) by solving the statistical constraints. By discarding from the
ansatz any terms that would be invisible to our statistical condition (3.3.21),
we fixed it fully and recovered the wormhole amplitude. This simplicity
provides a statistical perspective based on arithmetic chaos on the MaxRMT
principle of [78].

3.5 Discussion

To summarize, we note again that the Euclidean wormhole amplitude (3.4.2)
describes a universal part of the spectral correlations in any individual chaotic
CFT, which dominates the late time near-extremal limit. We constructed
the same object ‘bottom-up’ by imposing quantum chaos (in the form of a
linear ramp) in every spin sector separately and consistently balancing the
imprints ramps in any given spin sector have on the slope of ramps in other
spin sectors. We delineated the way in which a solution can be constructed

66The ‘Hecke projection’ of [78] refers to demanding equal correlations in the continuous
and discrete sectors, which is indeed a remarkable feature of (3.4.2) after absorbing the
cusp form norms into the normalization of Fourier coefficients. We explore this feature in
more detail in [103].
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based on statistical considerations of Maass cusp forms. A crucial role was
played by the effective statistical averaging over erratic data defining the
modular invariant Maass cusp forms. It is due to this averaging that, on
the one hand, all statistical information about ‘arithmetic chaos’ is encoded
in the collection of linear ramps, while, one the other hand, detailed erratic
features of cusp forms are washed out and a single spin-independent form
of chaotic correlations could be bootstrapped. There is some freedom in
the constructed solution, which would affect subleading corrections to the
spectral form factor; the match with the gravitational result was established
by not making use of any of this freedom, i.e., fixing it in the minmal way.
We conclude with some further comments.

Spectral determinacy

It was found in [78] that the spectral decomposition of the AdS3 wormhole
amplitude is such that the correlations in the Eisenstein series coefficients
and those in the Maass cusp form coefficients are identical. We found the
same result by imposing statistical universalities (quantum chaos) in all spin
sectors and implementing them in a minimal way through a sum over cusp
forms. This strengthens the spectral determinacy property of general two-
dimensional CFTs [62], as in these examples all spin sectors exhibit identical
correlations (‘strong spectral determinacy’ [78]). How is this consistent with
one of the basic assumptions of quantum chaos, i.e., the independence of
spectral universalities in each symmetry superselection sector? We take the
following perspective: even though the statistical approximation required
that our result (3.4.1) for spin m > 0 linear ramps had to be the same for
all spins, it nevertheless encodes separate input from all spin sectors. This
is manifest when we consider the arithmetic kernel f (n,±): it contains all
squared Fourier coefficients for all spin sectors in a highly fine-tuned way such
as to ensure the correct statistical property (3.3.21) for all spin sectors. For
example, had we only imposed the ramp in some particular spin sector, then
the naive ansatz (3.3.19) would have been sufficient. But this would have
impacted the slope of the ramp in all other spin sectors. Finding the universal
kernel that yields the correct slope for all spins required us to separately
assume the existence of a ramp for all spins and input the corresponding
information into the construction of f (n,±) in a correlated way.67

We can summarize this as follows: imposing random matrix universality

67Note also that we did not assume additional structures in the CFT partition function,
such as it being a Poincaré sum over images of a seed function, which would lead to further
constraints; see [78].
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in just one given spin sector leaves a lot of freedom for the choice of the cusp
form correlations ⟨zn,±zn,±⟩, thanks to statistical coarse-graining in the late
time limit. It does by no means imply a linear ramp with the correct slope for
any other independent spin sector. But imposing random matrix universality
in all spin sectors, leads to enough constraints to determine a universal,
spin-independent form for the correlations describing the leading order linear
ramp. Further, the statistical conditions we investigated naturally led to a
‘minimal’ solution of this problem, which agrees with the gravity result.

Deriving chaos

A first-principles, bottom-up derivation of chaos in holographic CFTs still
eludes us. While we now understand the relationship between quantum chaos
and modular invariance better, quantum chaos is still a basic assumption
that we show is consistent with other features of the 2d CFTs. This is
contrasted with the wormhole amplitude in gravity, which can be derived
from first principles. Some standard properties of holographic CFTs might
be sufficient for such a derivation, in particular the assumptions that yield a
dense spectrum above the extremal limit (large central charge, no conserved
currents, and a twist gap). A promising path towards this would be the
construction of an Efetov sigma model as in [41, 73], similar to how chaos
is derived in the SYK model [104]. It would be fascinating to see if such
an approach can be adopted using recent discussions of random matrix
ensembles for 2d CFT operator data and OPE coefficients, which furnish
approximate solutions to the bootstrap equations [40, 46, 105].

The plateau

In chaotic quantum mechanics the universal form of eigenvalue correlations is
expected to take the random matrix form for sufficiently close energy levels,
depending on the universality class (see, e.g., [11]). For the GUE universality
class, this is

⟨ρ(E+ω/2)ρ(E−ω/2)⟩ = ⟨ρ(E)⟩2+ ⟨ρ(E)⟩δ(ω)− sin2 (πω⟨ρ(E)⟩)
(πω)2

. (3.5.1)

The first term describes the disconnected part, the third the famous sine-
kernel which gives rise to the ramp in the time domain. We now wish to
discuss the second term, i.e., the tautological “self-correlations”, to provide
comparison with the chaotic case – eigenvalue repulsion and the ramp –
discussed before. In quantum chaotic systems this term gives rise to the
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eventual plateau for sufficiently long times (or equivalently for sufficiently
close eigenvalues), but this term is even more universal as it also exists
in integrable systems. Systems with Poissonian statistics are completely
described by the first two terms in (3.5.1), up to non-universal terms at early
times.68

While the ramp appears to a natural object in the spectral decomposition,
and can be described as analogous to the “diagonal approximation” [78] in
a periodic orbit expansion (i.e., the correlations in spectral eigenvalues, α
and R±

n , are diagonal), we will see that the plateau is perhaps less natural.
This is consistent with the analogy with the semi-classical periodic orbits, for
which the plateau is non-perturbative. Note also that in gravity calculations,
the plateau is much more difficult to obtain than the ramp; in JT gravity it
arises from an infinite sum of wormhole geometries [106, 107]. We will now
offer a few comments on the spectral decomposition of the plateau, leaving a
full analysis for future work.

Self-correlations: First, we comment on the expected height of the
plateau in a quantum chaotic system, and see how this is reproduced in
our language with the fluctuating partition function Z̃m

P (y). Recall that the
density of states for the fluctuating partition function is just the density of
states for the dense spectrum minus its average, ρ̃P(E) = ρD(E)− ⟨ρD(E)⟩.
This means that the second and third terms in (3.5.1) have to do with the
correlation of the fluctuating partition function. Thus the height of the
plateau we expect from considering the fluctuating partition function is

just that of a standard partition function (multiplied by
√
y1y2

e
π
6 (y1+y2)

from the

definition of Z̃P). Focusing on the second term in (3.5.1):

⟨ρ̃m1
P (E1)ρ̃

m2
P (E2)⟩plateau = ⟨ρmD(E1)⟩δ(E1 − E2)δm1m2

⇒ ⟨Z̃m1
P (y1) Z̃

m2
P (y2)⟩plateau =

√
y1y2

e
π
6
(y1+y2)

⟨Zm1
P,D(y1 + y2)⟩δm1m2

≡
√
y1y2

e
π
6
(y1+y2)

δm1m2

∫ ∞

Em1

dE ⟨ρm1
D (E)⟩e−(y1+y2)E ,

(3.5.2)

68If we discuss multiple independent Hamiltonians, the self-correlations exist for identical
matrices (tautologically) but are absent for distinct random matrices.
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where ⟨ρmD(E1)⟩ is the average density of spin m Virasoro primaries.69 Note
that the plateau coefficient is given by Zm

P,D, which is not the modular
invariant, fluctuating, dense partition function. It is just the standard
partition function for the dense primaries of spin m; in particular it is not
modular invariant.

By taking yi →∞, we can estimate the plateau height:70

〈
Z̃m
P (y1)Z̃

m
P (y2)

〉
plateau

≈ ⟨ρmD(Em)⟩
√
y1y2

y1 + y2
e−2π|m|(y1+y2). (3.5.4)

Comparing (3.5.4) to the ramp, we see that the ramp and plateau become
equal to each other when

√
y1y2 ∼ T = ⟨ρmD(Em)⟩ ≡ ∆(Em)−1, i.e., when at

times of order the inverse mean-level spacing at threshold energy, as expected
from general considerations.

Spectral decomposition: We can now analyze how the plateau appears
in the Eisenstein series; the cusp forms come with new technical issues, and
we relegate their discussion to appendix B.3.3. For the spin 0 case, we plug
(3.5.4) into the usual integral transform (similar to (3.2.11)):〈

z 1
2
+iα1

z 1
2
+iα2

〉
spin 0 plateau

≈ 2iπ2⟨ρ0D(E0)⟩
1

sinh(πα1)
δ(α1 + α2 − i) .

(3.5.5)

The most interesting feature of this expression is that it is not diagonal in
αi.

71

69We use the average density from [61], given by

⟨ρmD(E1)⟩ ≈
1

2π

2

1 + δm1,0

1
E1
2π

+ c
12

exp

{
2π

√
c− 1

3

(
E1

2π
+

c

12

)}
. (3.5.3)

70This is obtained via Laplace’s method; the integral is dominated by the global maximum
at Ei = Emi , as the local maximum for large yi lies outside the region of integration as
long as y1 + y2 ≳ c ≫ 1.

71The appearance of unfamiliar delta function of a complex argument is due to our
function space including functions that grow exponentially in y, see for example the
discussion in [82].
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For the spin mi > 0 case, we find similarly:72

⟨zm1(α1)z
m2(α2)⟩plateau ≈− 4π2m⟨ρmD(Em)⟩

×D
(

1

(α1 − α2)
2 +

1

(α1 + α2)
2

)
δm1m2 (αi →∞)

(3.5.7)

Again, the correlations for the plateau in any spin sector are not diagonal
(there is no delta-function imposing α1 = ±α2). From the perspective of
[78], this means the plateau does not come from the diagonal approximation
analogous to the semi-classical periodic orbits, as one would expect.

Similar to our discussion of the ramp, we can ask if (3.5.7) should be
improved by imposing a plateau consistently across all spin sectors. We
leave such an analysis to the future, but discuss the question of the imprint
of a plateau in a given spin sector onto other spin sectors, using numerical
evidence, in appendix B.3.2.

72This should be understood as a distribution, i.e.,∫
D 1

x2
ϕ(x) ≡

∫
1

x2

(
ϕ(x)− ϕ(0)− xϕ′(0)

)
=

∫
− log |x|ϕ′′(x) . (3.5.6)

Such a procedure is necessary as the Fourier transform of |ξ| only makes sense as a
distribution i.e. when integrated against test functions, and the resulting distribution
cannot be defined without some method of regularizing the singularity at α1 ±α2 = 0. The
first method is by subtracting the first two terms in the Taylor series so that the singularity
becomes removable; the second is to use integration by parts and discard boundary terms,
which makes the singularity integrable.
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Chapter 4

Reparametrization modes,
shadow operators, and
quantum chaos in
higher-dimensional CFTs

4.1 Introduction

Chaos in dynamical systems is a crucial phenomenon explaining thermal-
ization in many-body systems. There is a large number of manifestations
of quantum and classical chaos, which can be roughly separated into early-
and late-time characteristics. At long times the asymptotic approach to
equilibrium is described in the framework of an effective field theory of the
long-lived modes, hydrodynamics.

In this chapter we discuss some early-time manifestations of quantum
chaos. The relevant phenomena are characterized by a so-called scrambling
time of order the logarithm of the total number of degrees of freedom, and
can be quantified by the exponential growth of certain out-of-time-order
correlation functions (OTOCs) [16–19, 48, 108–111]. The associated growth
rate is dubbed the Lypaunov exponent, which was shown to be bounded
from above using only general principles of quantum field theory [48].

Thus, maximally chaotic theories are special. For example, theories dual
to Einstein gravity are maximally chaotic, which leads to the intuition that
a detailed understanding of maximal, or near-maximal chaos can perhaps
be utilized to explain the emergence of a holographic dual to many-body
strongly interacting systems.

Another, perhaps related, special property of maximally chaotic theories
is the existence of an effective field theory of a single mode, sometimes
referred to as the ‘soft mode’, the ‘scramblon’, or the ‘reparametrization
mode’. This is somewhat surprising since we are away from the long time
limit justifying the use of the hydrodynamic effective description. Rather,
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the small parameter controlling the effective theory of the soft mode is
the inverse of large number of degrees of freedom, which also controls the
thermodynamic limit.

The first example of such an effective description is the Schwarzian
theory, describing the low energy limit of the SYK model [17, 22], or the
boundary dynamics of Jackiw-Teitelboim gravity [112–114]. Based on this
example [53] suggested a general effective field theory description of maximal
chaos in theories with conserved energy, by extrapolating hydrodynamics
to the relevant short time regime. This description was named “quantum
hydrodynamics” due to its formal similarity with classical hydrodynamics.

Given the success of the Schwarzian theory, reparametrization modes
have also been used in two-dimensional CFTs for various applications such
as conformal blocks [115, 116] and OTOCs (in thermal states) [88, 117].
While all these applications are clearly related to the physics of stress tensor
conservation, a detailed understanding of this connection is missing. In
this work we aim to explore the physics of reparametrization modes from
the point of view of conformal representation theory, thus elucidating the
connection between numerous different calculations in the literature. In order
to uncover the general principles, it is convenient to work in an arbitrary
number of (even) dimensions.

Summary. In this chapter we aim to provide a detailed understanding of
the underlying physics of the reparametrization mode in CFTs. We clarify
the connection with a number of other approaches to the computation and
organization of conformal correlators. We argue that the reparametrization
mode can be understood as a “longitudinal” (pure gauge) contribution
to the shadow operator associated with the stress tensor. The shadow of
the stress tensor is a formal operator of dimension 0, which allows for a
convenient projection of correlation functions onto their contribution coming
from exchanges of the stress tensor and its descendants alone [118, 119].
This connection explains why the reparametrization mode is useful for the
computation of global or Virasoro conformal blocks.

We discuss two approaches to defining the soft mode in higher dimensional
CFTs, and describe its quadratic action. The first relates the soft mode
to the shadow of the energy momentum tensor, and the second defines it
directly in terms of reparametrizations. The two approaches are shown to
be equivalent, and generalize the Schwarzian in one dimension, and the
Alekseev-Shatashvili action [115, 120] in two dimensions.

We then describe the coupling of the soft modes to external operators. In
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any CFT, the projection (fusion) of two primary probe operators into a stress
tensor is described by the operator product expansion (OPE). The basic
three-point fusion into a stress tensor is universally captured by the bilinear
stress tensor OPE blocks. These operators, depending on two insertion points,
have previously been studied in the context of kinematic space, where they
appear naturally [121, 122]. We argue that they can be thought of as the
“vertices” coupling reparametrization modes to external operators. In low
dimensional examples, these vertices have previously been understood as
reparametrized two-point functions.

We use our machinery to describe conformal blocks in arbitrary even
dimensions. The basic ingredients we develop calculate simply the conformal
partial waves, a certain combination of the stress energy block and its
shadow. We argue that to isolate the physical block from its shadow,
certain symmetries we call “conformal redundancies” need to be gauged. We
demonstrate that this prescription give the correct answer in two dimensions,
and make comments on those symmetries in higher dimensional CFTs.

Finally, we use our novel understanding of reparametrization modes and
conformal kinematics to draw some conclusions about thermal physics in
higher dimensions. Both a pole skipping analysis of energy-energy correlation
functions, and the propagation of reparametrization modes between bilocal
OPE block operators, lead us to a derivation of the Lyapunov exponent
and butterfly velocity describing theories which exhibit maximal chaos in
Rindler space. As in two dimensions, maximal chaos is, of course, not
universal. Our analysis only captures the stress tensor contribution to
the out of time order correlator. This establishes a connection between
our consideration of conformal representation theory, and the “quantum
hydrodynamic” description of maximally chaotic theories.

Outline. In §4.2 we study conformal kinematics as encoded in global
conformal blocks and conformal partial waves. We provide a convenient
reformulation of the shadow operator formalism for the stress tensor confor-
mal block in terms of a vector mode with negative dimension, and use it to
calculate the associated conformal partial wave in arbitrary even dimensions.
We show in §4.3 that this negative dimension “shadow mode” can be un-
derstood as a reparametrization mode very similar to the one that occurs
in the Schwarzian theory or two-dimensional CFTs. We derive a quadratic
action for this mode from the conformal anomaly. We study the theory of
reparametrizations in more detail for the case of two-dimensional theories in
§4.4, with particular interest in the conformal map to the thermal cylinder.

117



4.2. Global conformal blocks and the shadow of the stress tensor

In §4.5 we generalize this analysis to higher dimensions by mapping the
Rindler wedge to a hyperbolic spacetime, thus creating a state with non-zero
temperature. In §4.5.2 we demonstrate pole skipping of the energy-energy
two-point function in CFTs in an arbitrary number of dimensions. The
pole skipping location allows us to read off a maximal Lyapunov exponent
λL = 2π

β and the Rindler space butterfly velocity vB = 1
d−1 . We finish with

comments and questions in §4.6.

4.2 Global conformal blocks and the shadow of
the stress tensor

We begin our discussion with an exploration of global conformal blocks for
CFTs in an arbitrary number of dimensions. Specifically, in this section we
review and extend the kinematic space perspective on OPE blocks as bilocal
operators. We offer a novel point of view on OPE blocks and conformal
partial waves based on a reformulation of the shadow operator formalism. We
will see that the shadow operators associated with conserved currents have
special properties, which make them closely related to the reparametrization
mode, i.e., the basic ingredient of the EFT of quantum chaos in the two-
dimensional case [88, 115]. In the process we identify the soft mode in
higher-dimensional CFTs and its coupling to matter (which is given by the
OPE blocks). For the remainder of this section, we will work in Euclidean
flat spacetime. The map to thermal physics in hyperbolic space and the
relation with quantum chaos will be explored in subsequent sections.

4.2.1 Review of kinematic space and OPE blocks

We will be interested in the operator product expansion (OPE) of nearby
operators. In order to efficiently organize the kinematic constraints that
describe the universal aspects of the OPE in CFTs, it is useful to introduce
the space on which pairs of operators live.

Kinematic space. One definition of the kinematic space M(d)
♢ of d-

dimensional CFTs is as the space of pairs of either timelike or spacelike
separated points. The former naturally define causal diamonds with a spheri-
cal base region, i.e. the intersection of the two points’ light cones, so this space
is clearly the same as the space of causal diamonds. A moment’s thought
reveals that this is in fact also isomorphic to the space of spacelike separated
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4.2. Global conformal blocks and the shadow of the stress tensor

points, which define spacelike hyperbolas in one-to-one correspondence with
causal diamonds.73 More invariantly, we can define kinematic space as the
coset

M(d)
♢ ≡

SO(2, d)

SO(1, d− 1)× SO(1, 1)
. (4.2.1)

Here, SO(2, d) is the conformal group in d spacetime dimensions. We mod out
the group which leaves the objects in consideration invariant. For instance,

in order to understand M(d)
♢ as the space of codimension-2 spheres (i.e.,

causal diamonds), the coset should be understood as follows: The stabilizer
of a given sphere consists of the group SO(1, d− 1) of rotations and special
conformal transformations leaving the sphere on a fixed time slice invariant,
as well as a group SO(1, 1) that corresponds to evolving the time slice along
the conformal Killing flow inside the causal diamond. The resulting space
is 2d-dimensional with half of the directions being spacelike and the other
half being timelike. For instance, in d = 2, the above coset factors into two
copies of de Sitter space dS2 ≡ SO(2, 1)/SO(1, 1). We refer the reader to
[121, 122] for more extensive studies of this construction and the associated
geometry.

For most of this chapter we will be working in Euclidean signature. In
that case, the picture of kinematic space as the space of spacelike separated
points is most natural, as it can easily be analytically continued. As a coset,
we define the kinematic space of a Euclidean CFT as

M(d)
♢,E ≡

SO(1, d+ 1)

SO(1, d− 1)× SO(2)
, (4.2.2)

with the stabilizer group corresponding to the subgroup leaving pairs of (Eu-
clidean) points invariant under rotations, special conformal transformations,
and the modular flow whose only two fixed points are the two points under
consideration.74 Most objects that we discuss in this chapter naturally live
on the space (4.2.2).

OPE blocks as kinematic space operators. Consider now a Euclidean
CFT. An immediate question about the space of pairs of points (xµ, yµ), is

73This is obvious in embedding space. See Appendix A.2 of [122] for details.
74The modular flow leaving two points (xµ, yµ) invariant is generated by the conformal

Killing vector

Kµ(x, y; ξ) = − 2π

(y − x)2
[
(y − ξ)2(xµ − ξµ)− (x− ξ)2(yµ − ξµ)

]
.

In Lorentzian or Euclidean signature, the conformal Killing vector looks identical, but the
inner product is taken with either the Lorentzian or Euclidean metric.
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4.2. Global conformal blocks and the shadow of the stress tensor

whether there exist natural operators on this space, i.e., bilocal operators
in the CFT. This is indeed the case, and we get an important hint from
the operator product expansion (OPE) of two operators V,W . The latter
can be written as a sum over conformal families of primary operators and
their descendants, which V and W have non-trivial three-point overlap with.
Schematically, we write as xµ → yµ:

V (x)W (y) =
1

|x− y|∆V +∆W

∑
O
CVWO |x− y|∆

[
O(y) + descendants

]
.

(4.2.3)
In the following we will restrict to pairwise equal operators, V = W , for
simplicity. Since we will eventually be interested in the OPE block associated
with stress tensor exchanges, only identical external operators give a non-
trivial result. We will refer to the sum over descendants as the OPE block
BO(x, y):

V (x)V (y) ≡ 1

|x− y|2∆V

∑
O
CV VO BO(x, y) . (4.2.4)

The OPE is concerned with the limit xµ → yµ. However, in abuse of language
we will often refer to OPE blocks even if the two points (xµ, yµ) are not near
each other. In fact, we will make more precise the fact that it is sensible
and useful to study bilocal OPE blocks in the form of an integral over the
associated conformal primary. We define:75

BO(x, y) ≡
kd−∆,ℓ

πd/2CO

∫
ddξ Iµ1···µℓ

V VO (x, y; ξ) Oµ1···µℓ
(ξ) , (4.2.5)

where CO is the coefficient in the two-point function of O, ∆ is its operator
dimension, and

k∆,ℓ =
Γ(∆− 1)

Γ(∆ + ℓ− 1)

Γ(d−∆+ ℓ)

Γ(∆− d
2)

(4.2.6)

is a normalization factor.76 The constant in (4.2.5) is chosen to give a
convenient normalization (c.f., [121]). The kernel is determined by conformal

75Eq. (4.2.5) is written with Euclidean signature in mind, where the integration region
is all of Rd (see Appendix C.1 for details about this notation). A natural Lorentzian
generalization, appropriate for studying the OPE with xµ and yµ timelike separated,
involves integration over the causal diamond defined by xµ and yµ. However, in order to
avoid subtleties regarding convergence and making the expression well-defined, we leave
the interesting Lorentzian case for future work.

76Note in particular the stress tensor case: kd,2 = [d(d − 1)Γ(d/2)]−1 and k0,2 =
−(−)d/2Γ(d+ 2)Γ( d

2
+ 1).
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4.2. Global conformal blocks and the shadow of the stress tensor

symmetry, and can be thought of as a normalized three-point function
between V V , and an auxiliary operator Õ with dimension ∆̃ = d−∆:

Iµ1···µℓ
V VO (x, y; ξ) =

1

CV VO

⟨V (x)V (y)Õµ1···µℓ(ξ)⟩
⟨V (x)V (y)⟩

, (4.2.7)

which is independent of the operator V and OPE coefficient CV VO. The
operator Õ is known as the shadow of O. One of the insights of [121, 122]
was the realization that the sum over descendants in the OPE (4.2.4) is in
fact equivalent to the integral (4.2.5). We will derive this below using related
methods.

Despite our preference for the Euclidean setup, the smeared representation
of the OPE block still has to be enjoyed with care (similarly for the Lorentzian
OPE with spacelike separated points). Since we take the integral in (4.2.5) to
cover all of Euclidean spacetime, we are making a subtle mistake: we include
contributions for which the V ×V OPE in ⟨V (x)V (y)Õ(ξ)⟩ appearing in the
kernel (4.2.7) is not valid! For instance, in radial quantization, a more careful
analysis would require |ξ| > |x|, |y|. It was understood in [119] that the
effect of this carelessness is that the OPE block computed as in (4.2.5) will
end up being contaminated by certain unphysical shadow contributions that
need to be projected out. These shadow contributions are almost as desired
(they have the same conformal properties as the actual physical OPE block,
including the same eigenvalue under the conformal Casimir), if it weren’t for
unphysical short distance behavior. Instead of doing the conformal integrals
more carefully, we will therefore have to deal with the task of projecting out
shadow contributions at the end of various computations. We will discuss
this projection and its physical interpretation in more detail in the following.

4.2.2 Conformal blocks, shadow blocks, and partial waves

The integral representation of the OPE blocks can be used to decompose four-
point functions into more primitive building blocks. Consider the Euclidean
four-point function of two pairs of operators, V andW . Using the OPE (4.2.3)
for V V and for WW , the four-point function decomposes into conformal

blocks G
(ℓ)
∆ associated with the exchange of different primary operators O

and their descendants:

⟨V (x1)V (x2)W (x3)W (x4)⟩ =
1

x2∆V
12 x2∆W

34

∑
O
CV VO CWWO G

(ℓ)
∆ (u, v) ,

(4.2.8)
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4.2. Global conformal blocks and the shadow of the stress tensor

where (∆, ℓ) are the dimension and spin of the internal operator O and
xij ≡ xi − xj . In the following we will drop the i subscript. The conformal
block is a purely kinematical object and only depends on the conformally
invariant cross ratios

u =
x212x

2
34

x213x
2
24

, v =
x214x

2
23

x213x
2
24

. (4.2.9)

In terms of OPE blocks, we can write the conformal block associated with
exchanges of global conformal descendants as a two-point function of bilinears:

G
(ℓ)
∆ (u, v) = ⟨BO(x1, x2)BO(x3, x4)⟩phys. (4.2.10)

where the subscript “phys.” indicates that we need to project out the
shadow contributions mentioned at the end of the previous section (see
below for details). Apart from being manifestly conformally invariant, the
conformal blocks have other defining features. They are eigenfunctions of
the SO(2, d) conformal Casimir operator C2 = LABL

AB with eigenvalue
−C∆,ℓ = ∆(d−∆)− ℓ(ℓ+ d− 2). Below we will be interested in the block
associated with the stress tensor, where Cd,2 = 2d. In terms of the cross
ratios (u, v) the Casimir reads

1

2
C2 =

(
u(1 + v)− (1− v)2

)
∂v v ∂v − (1− u+ v)u ∂u u ∂u

+2(1 + u− v)uv ∂u∂v + d u ∂u .
(4.2.11)

Note that the shadow of a primary O has a conformal block associated with
it, which shares the same eigenvalue C

∆̃,ℓ
= C∆,ℓ. We will refer to this object

as the shadow block associated with the auxiliary operator Õ, and denote it

as G
(ℓ)
d−∆.

Conformal partial waves. More explicitly, we can write an integral
representation of the shadow operator associated with a symmetric-traceless
operator O [118, 119]:

Õµ1···µℓ(x) ≡
k∆,ℓ

πd/2

∫
ddy

∏ℓ
i=1

(
δµiνi(x− y)2 − 2(x− y)µi(x− y)νi

)
((x− y)2)d−∆+ℓ

Oν1···νℓ(y)

(4.2.12)
where we take the normalization from [118] such that the operation of forming

the shadow squares to the identity ( ˜̃O = O).
The shadow block is simply the conformal block associated with the

shadow operator. Both the shadow operator and its block are usually not
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4.2. Global conformal blocks and the shadow of the stress tensor

physical. They present formal tools that are useful for computations. In
order to get physical results, one needs to make sure to project out shadow
contributions at the end of calculations.

For our purposes it will often be convenient to consider a particular
linear combination of block and shadow block. We will refer to this as the
(normalized) conformal partial wave (CPW) and define it as

f
(ℓ)
∆ (u, v) ≡ 1

kd−∆,ℓ

Γ(∆+ℓ
2 )2

Γ(d−∆+ℓ
2 )2

G
(ℓ)
∆ (u, v) +

1

k∆,ℓ

Γ(d−∆+ℓ
2 )2

Γ(∆+ℓ
2 )2

G
(ℓ)
d−∆(u, v) .

(4.2.13)

Both terms in f
(ℓ)
∆ are conformally invariant and eigenfunctions of the Casimir

with eigenvalue C∆,ℓ. They are distinguished by their short distance behavior:

G
(ℓ)
∆

u→0, v→1∼ u
∆−ℓ
2 (1−v)ℓ+ . . . G

(ℓ)
d−∆

u→0, v→1∼ u
d−∆−ℓ

2 (1−v)ℓ+ . . .
(4.2.14)

The advantage of the conformal partial wave combination is that it is single-
valued and arises naturally in computations in the shadow formalism. Indeed,
the two-point function ⟨BO(x1, x2)BO(x3, x4)⟩ before projection is propor-

tional to the CPW f
(ℓ)
∆ . The projection onto the physical block in (4.2.10)

corresponds to dropping the shadow block which has the wrong short distance
behavior.

To summarize, conformal blocks are two-point functions of bilinear blocks
BO(x, y). These are global blocks in the sense that they correspond to a
single stress tensor exchange. We discuss corrections to this leading answer
later on. If we work in Euclidean signature, a monodromy projection onto
the physical block is always necessary. At the level of the conformal blocks,
this can be implemented as explained in [119] by simply projecting onto the

conformally invariant part of f
(ℓ)
∆ with the correct monodromy.

The stress tensor block. In this chapter we mainly study OPE blocks of
the stress tensor (see however §4.2.5 for more general conserved currents).
In this case, the shadow of the stress tensor is a fiducial operator with spin 2
and dimension ∆̃T = d−∆T = 0.

The block associated with stress tensor exchanges will simply be written

as G
(2)
d (u, v). In terms of the OPE blocks, we can write the contribution

from the stress tensor and its descendants to the four-point function as

⟨V (x1)V (x2)W (x3)W (x4)⟩
∣∣
T
=
CV V TCWWT

x2∆V
12 x2∆W

34

〈
BT (x1, x2)BT (x3, x4)

〉
phys.

(4.2.15)
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4.2. Global conformal blocks and the shadow of the stress tensor

If we compute this two-point function of bilinears without doing the projection
onto the physical part, we would again find a combination of the identity
block and its shadow proportional to (4.2.13).

4.2.3 A reformulation of the shadow operator formalism

We will now explain our main results regarding a novel formulation of the
shadow operator formalism for the global stress tensor block. The main
technical observation will be the fact that the shadow of the stress tensor
(which has vanishing conformal dimension) formally can be written as the
descendant of a vector with dimension minus one. Subsequently we give an
alternative interpretation of the vector as a “soft” diffeomorphism mode.

The stress tensor shadow as a total derivative. Consider the shadow
of the stress tensor:

T̃µν(x) ≡
kd,2

πd/2

∫
ddξ Iµρ(x− ξ) Iνσ(x− ξ) Tρσ(ξ) , (4.2.16)

where Iµρ(x) ≡ ηµρ − 2
x2 x

µxρ is the inversion tensor. We observe that the

operator T̃µν can formally be written as a symmetric-traceless derivative:77

T̃µν(x) ≡ 2CT
πd/2

k0,2
P ρσ

µν ∂ρEσ(x) ,

Eσ(x) =
1

2CT

k0,2kd,2
πd

∫
ddξ (x− ξ)α Iβσ (x− ξ)Tαβ(ξ) ,

(4.2.17)

where we employ the symmetric-traceless projector

P ρσ
µν =

1

2

(
δρµδ

σ
ν + δρνδ

σ
µ

)
− 1

d
ηµν η

ρσ . (4.2.18)

In other words, we formally write the stress tensor shadow as the descendent
of a fiducial vector field with dimension ∆E = −1 and spin ℓE = 1. Our main
task will be to study this mode in its own right. As we will argue, it allows
for a useful reformulation of the technology we have described so far, and it
relates it to an effective field theory of reparametrizations.

Eq. (4.2.17) provides a nonlocal definition of Eµ(x) in terms of the stress
tensor. However, we would like to establish a local propagator for this mode.

77See also (C.1.3) for useful relevant identities and p. 194 of [123] for a more abstract way
of writing this expression. The normalization in (4.2.17) is chosen for later convenience.
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4.2. Global conformal blocks and the shadow of the stress tensor

This can be achieved by observing that the two-point function ⟨T̃µν T̃ρσ⟩ can
be written as a total derivative in much the same spirit as T̃µν itself: by
conformal invariance, we have78

⟨T̃µν(x)T̃ρσ(y)⟩ = 2CT
kd,2
k0,2

Pαγ
µν Pβδ

ρσ Iαβ(x− y)Iγδ(x− y)

= −CT
kd,2
k0,2

Pαγ
µν Pβδ

ρσ ∂
(x)
γ ∂

(y)
δ

[
Iαβ(x− y) (x− y)2 log

(
µ2(x− y)2

)]
.

(4.2.19)

We interpret the expression in square brackets as the two-point function of
Eµ:

⟨T̃µν(x)T̃ρσ(y)⟩ = 4C2
T

πd

k20,2
Pαγ
µν Pβδ

ρσ ∂
(x)
γ ∂

(y)
δ ⟨Eα(x) Eβ(y)⟩ (4.2.20)

where we defined the “logarithmic” two-point function of the stress tensor
shadow mode Eµ as

⟨Eα(x)Eβ(y)⟩ = −
1

CT

k0,2kd,2
4πd

Iαβ(x− y) (x− y)2 log
[
µ2 (x− y)2

]
(4.2.21)

Here, µ2 is an energy scale that we need to introduce to write a sensible
expression. Note that this scale drops out after taking the symmetric-traceless
derivatives – formally it is an ambiguity in writing the above expression as a
derivative. Similarly, any rescaling of the arbitrary scale µ2 results in the
addition of analytic terms to the propagator, which drop out in physical
quantities. We can view it as a hint that this theory is secretly a theory
of the conformal anomaly. This connection will be made more precise in
§4.3.1.79

Except for this arbitrary scale, one can write other ambiguity terms that
leave (4.2.19) invariant, such as constant shifts of the propagator proportional
to the inversion tensor Iαβ . These will turn out to be irrelevant for the physics
we discuss.

78We use a convention where

⟨Tµν(x)Tρσ(y)⟩ = 2CT Pαγ
µν Pβδ

ρσ Iαβ(x− y)Iγδ(x− y)
1

(x− y)2d
.

79The necessity of introducing such a scale is also reminiscent of logarithmic conformal
field theory [124–126]: our field Eµ looks much like a logarithmic primary. We thank D.
Grumiller for pointing this out and note that it would be interesting to explore this further.
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Coupling to external operators. With the propagator (4.2.21) at hand,
we now need to understand the coupling to external probe operators. To
this end, we observe that T̃µν acts as a source for Tµν . We can thus use it to
write the following dimensionless projector onto the conformal family of the
stress tensor [119]:

|T̃ | ≡ 1

2CT

k0,2

πd/2

∫
ddξ T̃µν(ξ) |0⟩⟨0|Tµν(ξ)

= −
∫
ddξ

{
1

d
∂ρEρ(ξ) |0⟩⟨0|Tµ

µ (ξ) + Eν(ξ) |0⟩⟨0| ∂µTµν(ξ)

} (4.2.22)

where we used (4.2.17) and integrated by parts the second term. We similarly
define the projector |T | such that we have the following properties: (i) the
projector is invariant under taking its shadow, |T̃ | = |T |; (ii) it squares to
itself, |T |2 = |T |; and (iii) the insertion into correlation functions involving
other stress tensors is trivial, ⟨T (x) . . .⟩ = ⟨T (x)|T | · · · ⟩. A few more details
about these properties are given in Appendix C.1.

The stress tensor OPE block follows from applying this projector to a
state associated with the insertion of a pair of external primaries V :

|T̃ |V (x)V (y)⟩ = −
∫
ddξ

{1
d
|∂ρEρ(ξ)⟩⟨Tµ

µ (ξ)V (x)V (y)⟩

+ |Eν(ξ)⟩ ∂µ⟨Tµν(ξ)V (x)V (y)⟩
}

≡ ⟨V (x)V (y)⟩ × |B(1)E,V (x, y)⟩ ,

(4.2.23)

which defines the normalized bilinear B(1)E,V (x, y) that describes the coupling of
Eµ to a bilinear pair of primaries. We have factored out normalization factors
in order to conform with conventions in lower dimensions. The conformal
Ward identity determines the divergence and the trace of the three-point
function ⟨Tµν(ξ)V (x)V (y)⟩, which is nonzero due to contact terms. These
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can be parameterized as (see, for example, [123])80

⟨Tµ
µ (ξ)V (x)V (y)⟩ = −∆V

[
δ(d)(ξ − x) + δ(d)(ξ − y)

]
⟨V (x)V (y)⟩ ,

∂µ⟨Tµν(ξ)V (x)V (y)⟩ = −
[
δ(d)(ξ − x) ∂ν(x) + δ(d)(ξ − y) ∂ν(y)

]
⟨V (x)V (y)⟩ .

(4.2.25)

Plugging into (4.2.23) gives

|B(1)E,V (x, y)⟩ =
1

⟨V (x)V (y)⟩

{
∆V

d
|∂ρEρ(x) + ∂ρEρ(y)⟩⟨V (x)V (y)⟩

+
(
|Eν(x)⟩ ∂ν(x) + |Eν(y)⟩ ∂

ν
(y)

)
⟨V (x)V (y)⟩

}
(4.2.26)

Using the explicit form of the scalar two-point function, ⟨V (x)V (y)⟩ ∝
(x − y)−2∆V , we immediately obtain the bilinear coupling (which we now
write as an operator identity):

B(1)E,V (x, y) = ∆V

{
1

d
(∂µEµ(x) + ∂µEµ(y))− 2

(E(x)− E(y))µ (x− y)µ
(x− y)2

}
(4.2.27)

Note that the only way B(1)E,V (x, y) depends on the operator V is through an
overall factor ∆V . We decide to keep this factor as part of the definition of
the bilocal.

Our proposal is that this bilinear of local fields Eµ(x) is identical to the
stress tensor OPE block:81

B(1)E,V (x, y) = CV V T BT (x, y). (4.2.28)

80There are well known ambiguities in the parametrization of these anomalies. Another
common parametrization is [127]:

⟨Tµ
µ (ξ)V (x)V (y)⟩ = 0 ,

∂µ⟨Tµν(ξ)V (x)V (y)⟩ = −
[
δ(d)(ξ − x) ∂ν

(x) + δ(d)(ξ − y) ∂ν
(y)

]
⟨V (x)V (y)⟩

+
∆V

d
∂ν
(ξ)

[
δ(d)(ξ − x) + δ(d)(ξ − y)

]
⟨V (x)V (y)⟩ .

(4.2.24)

Plugging this into (4.2.23) gives the same result (4.2.27).
81Note that the OPE coefficient CV V T is fixed by the conformal Ward identity: CV V T =

∆V dΓ( d
2 )

πd/2(d−1)
.
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Both objects are bilinear operators. The l.h.s. contains local insertions of
Eµ; we think of it as the vertex coupling bilinear operators to the mode Eµ.
The r.h.s. is the OPE block (i.e., a nonlocal smearing of the stress tensor).
In order to make sense of this equation, one needs to know the propagator
of Eµ, which we provided in (4.2.21). Inside correlation functions, one can
then check the identity.

Application to four-point functions. We can also use the shadow
operator formalism directly in correlation functions to derive the bilinear
couplings of the mode Eµ. To this end, we insert both of the projectors |T |
and |T̃ | in a four-point function:

⟨V (x1)V (x2)W (x3)W (x4)⟩ = ⟨V (x1)V (x2)|T |T̃ |W (x3)W (x4)⟩phys.

=
1

4C2
T

k20,2
πd

∫∫
ddξ ddξ′ ⟨V (x1)V (x2)T

µν(ξ)⟩⟨T̃µν(ξ)T̃ρσ(ξ′)⟩

⟨T ρσ(ξ′)W (x3)W (x4)⟩phys.
(4.2.29)

Writing both instances of T̃ as descendants of E , we can then follow a similar
procedure as in the previous paragraph: we integrate both derivatives by
parts and use the conformal Ward identity (4.2.25) twice to localize the
integrals. As a result, the above expression reduces to a two-point function
of bilinears:

⟨V (x1)V (x2)W (x3)W (x4)⟩
∣∣
T
= ⟨V V ⟩⟨WW ⟩ × ⟨B(1)E,V (x1, x2)B

(1)
E,W (x3, x4)⟩phys.

(4.2.30)
This shows very directly that the global stress tensor block should be com-

puted by the two-point function of B(1)E,V , which is just a simple linear
combination of E-propagators. By comparing with (4.2.15) we also verify
(4.2.28). We will now investigate these claims in more detail.

4.2.4 Conformal partial waves in arbitrary even dimensions

As the most immediate application of our reformulation of the shadow
operator formalism, we will now illustrate how to compute global conformal
blocks. We already know from (4.2.10) that these should be computed by
two-point functions of OPE blocks. Note that we will work in Euclidean
signature, so we expect to find conformal partial waves.
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Let us compute the two-point function of bilinears, using the “vertices”
(4.2.27) and the propagator (4.2.21). No conformal integrals need to be
done. The calculation simply consists of taking a linear combination of the
Eµ-propagator and its derivatives. This straightforward calculation yields:

〈
B(1)E,V (x1, x2)B

(1)
E,W (x3, x4)

〉
= −8∆V ∆W

CT

k0,2kd,2
4πd

(
4

d
+

1− v
u

log v

)
(4.2.31)

which is written in terms of the cross ratios (4.2.9). We claim that (4.2.31)

is proportional to the global stress tensor conformal partial wave f
(ℓ=2)
∆=d in

arbitrary even dimension. In odd dimensions (4.2.31) corresponds to just the
shadow block. We will later see in more detail why a soft mode theory of
physical conformal blocks is difficult to obtain in odd dimensions. Note that
(4.2.31) is simpler than perhaps expected. Let us therefore understand it in
more detail.

As a first consistency check, note that (4.2.31) is an eigenfunction of the
Casimir (4.2.11) with eigenvalue −2d, as expected for any linear combination
of stress tensor block and shadow block. Note further that (4.2.31) is not
just any such linear combination but a very particular one which has the
feature that it is single-valued (since 0 < u, v < 1).

Comparison with known blocks in even dimensions. Let us now
compare with known results for global conformal partial waves in various
dimensions, distinguishing even and odd dimensions. For even dimensions,
these were computed in [118, 128] for more general situations (arbitrary
internal and external operators) in terms of hypergeometric functions. Note
that these objects are increasingly complicated in higher dimensions. Closed
form expressions are available in d = 2, 4, 6 in [128]. In the special case of
the stress tensor block for pairwise equal external operators, their results
are indeed proportional to (4.2.31). For instance, in d = 2, 4 the blocks
and shadow blocks associated with stress tensor exchanges between pairwise
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4.2. Global conformal blocks and the shadow of the stress tensor

equal primary operators take the following form (the case of d = 6 is similar):

▷ d = 2 : physical block: G
(2)
2 = 3

[
z − 2

z
log(1− z)− 2

]
+ c.c.

shadow block: G
(2)
0 =

1

4

[
z − 2

z
log(1− z̄)

]
+ c.c.

▷ d = 4 : physical block: G
(2)
4 = 10

[
− z̄
z

z2 − 6z + 6

(z − z̄)
log(1− z) + 3

]
+ c.c.

shadow block: G
(2)
0 =

1

18

[
z̄

z

z2 − 6z + 6

(z − z̄)
log(1− z̄)

]
+ c.c.

(4.2.32)

where u ≡ zz̄ and v ≡ (1− z)(1− z̄) and “c.c.” denotes complex conjugation
(recall that in Euclidean signature, z̄ ≡ z∗). One can readily verify the short
distance behavior (4.2.14) and the fact that the CPW (4.2.13) is proportional
to (4.2.31).

Compared to the very complicated and strongly dimension-dependent
general results of [118], our expression (4.2.31) for the stress tensor CPW is
remarkably simple. This simplicity of the stress tensor partial wave – and
the existence of a simple expression that is valid in any dimension – is a new
result as far as we are aware.

4.2.5 Generalization: conserved currents with higher spin

Our discussion focuses on the OPE block associated with the stress tensor.
While it is unclear how to generalize it to OPE blocks of arbitrary internal
primaries, the generalization to conserved currents is straightforward. Con-
sider a symmetric-traceless conserved current Jµ1···µℓ

(i.e., ∆J = d+ ℓ− 2).
Its shadow is

J̃µ1···µℓ(x) ≡
k∆J ,ℓ

πd/2

∫
ddξ

1

(x− ξ)2(2−ℓ)

(
ℓ∏

i=1

Iµiνi(x− ξ)

)
Jν1···νℓ(ξ) ,

(4.2.33)
where the product of inversion tensors is understood to inherit symmetries
and tracelessness from contraction with the current. As one easily verifies,
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4.3. A theory of reparametrization modes in higher dimensions

this can be written as a symmetric-traceless derivative:

J̃µ1···µℓ
=
k∆J ,ℓ

πd/2

(
∂(µ1
E(J)µ2···µℓ)

− traces
)
,

where E(J)µ2···µℓ
(x) =

∫
ddξ

(x− ξ)ν1
(x− ξ)2(2−ℓ)

(
ℓ∏

i=2

Iνiµi
(x− ξ)

)
Jν1···νℓ(ξ) .

(4.2.34)

where the bracket around indices means complete symmetrization, and we
subtract traces such as to obtain an object that is traceless in any two indices.

Starting from the observation that the shadow of any symmetric-traceless
conserved current can be written as a descendant of some fiducial field E(J)
with (∆E(J) , ℓE(J)) = (1− ℓJ , ℓJ − 1), one could formulate a theory similar to
the one for our reparametrization mode. Note that this can be thought of
as taking a result of [122] to the next level: there it was observed that the
smeared representation of OPE blocks for conserved currents localizes onto
just a time slice of the full causal diamond. Our result shows that the OPE
blocks for conserved currents allow for an even more local description: they
can be computed in terms of reparametrization modes (or other symmetry
generating modes), which completely localize to the two insertion points
of the original operators in the OPE. In other words, the computation of
global conformal blocks in these cases reduces to evaluating a local exchange

diagram of symmetry generating modes E(J)µ2···µℓ
. This makes the evaluation of

any conformal integrals unnecessary and should simplify various calculations
in the literature.

We will not pursue this more general case further. For clarity of presen-
tation, we have only discussed the stress tensor case with ℓ = 2. However,
from (4.2.34) it is clear that it should be possible to generalize our entire
discussion to conserved currents with higher spin. It would be interesting
to see if a simple expression for the associated conformal partial waves in
arbitrary dimension can be obtained, analogous to (4.2.31).

4.3 A theory of reparametrization modes in
higher dimensions

We have identified a soft mode Eµ in higher dimensional CFT, and its cou-
pling to matter. These ingredients are related to the shadow of the energy
momentum operator in the manner described, and were sufficient to elucidate
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4.3. A theory of reparametrization modes in higher dimensions

the connection between propagation of the soft mode between bilinear oper-
ators and the computation of global conformal blocks or conformal partial
waves.

We will now explore further the observation that the soft mode can
equivalently be understood as a reparametrization mode that sources the
stress tensor. Using this insight, in this section we take preliminary steps
towards writing an effective action for this mode which reproduces the above
results. Specifically, we will discuss the linearized action, which is sufficient
to reproduce the above results.

4.3.1 Effective action from the conformal Ward identity

Consider an infinitesimal reparametrization xµ → xµ + ϵµ(x) which provides
a source for the stress tensor via δgµν = −(∂µϵν + ∂νϵµ) ≡ −2∂(µϵν). In the
special case where ϵµ(x) is a conformal Killing vector, we can subsequently
perform a conformal transformation to remove this source. In order to make
this manifest, we work with the source δ′gµν = −2∂(µϵν) + 2

d ηµν(∂.ϵ), where
∂.ϵ ≡ ∂σϵ

σ, which vanishes on conformal transformations. Of course, we
recognize this combination as being of exactly the same form as the shadow
of the stress tensor, see (4.2.17). But now, we wish to study the dynamics
of the reparametrization mode ϵµ(x) by thinking of it as a source for the
stress tensor in the spirit of effective field theory. To this end, we work with
the connected generating functional W [ϵ], which is defined in terms of the
partition function of the Euclidean CFT, Z0 =

∫
[dΦ] e−SCFT , as

e−W [ϵ] =
1

Z0

∫
[dΦ] e−SCFT−

∫
1
2
δ′gµνTµν

. (4.3.1)

Let us use a convention where Tµν is traceless and symmetric. The quadratic
action for the reparametrization mode then reads as

W2[ϵ] = −
1

2

∫
ddx ddy ∂µϵν(x) ∂ρϵσ(y) ⟨Tµν(x)T ρσ(y)⟩conn. . (4.3.2)

We wish to integrate by parts one of the derivatives and use the conformal
Ward identity in even dimensions [129]:

∂µ⟨Tµν(x)T ρσ(y)⟩conn. = CT nd

{
∂ν∂ρ∂σ − d− 1

d
ην(ρ∂σ)□− 1

d2
ηρσ∂ν□

}
□

d−2
2 δ(d)(x− y) ,

(4.3.3)
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4.3. A theory of reparametrization modes in higher dimensions

where nd = −22−d πd/2/Γ(d + 2)Γ(d2). Note that in odd dimensions there
is no such anomalous contribution and the quadratic action we define here
simply vanishes. This should be tied to the fact that the conformal blocks
are more complicated in odd dimensions. Plugging (4.3.3) into the action
W2 gives:

W2[ϵ] = −CT nd
d− 1

4d

∫
ddx ϵµ(x)

(
ηµν □−

d+ 2

d
∂µ∂ν

)
□

d
2 ϵν(x)

(4.3.4)
We can now discuss the resulting propagator for our soft mode. In order
to invert the kernel, we can pass to momentum space where ∂µ → ikµ.
The momentum space propagator follows immediately after inverting the
integration kernel:

⟨ϵµ(k)ϵν(−k)⟩ = − 1

CT nd

2d

d− 1

(
ηµν k2 − d+ 2

2
kµkν

)
(−k2)−

d+4
2 . (4.3.5)

Note that the scaling (−k2)−
d+2
2 is what one would formally expect for the

momentum space two-point function of dimension-(−1) operators [130]. We
will make this more precise now. In fact, by Fourier transforming back to
position space, we can recover the result of our reformulation of the shadow
operator formalism! Let us now see how this works.

The Fourier transform of (4.3.5) is naively divergent, so we need to
regularize it. This is done by first reducing the divergence for small momenta:

⟨ϵµ(x)ϵν(0)⟩ = − 1

CT nd

2d

d− 1

∫
ddk

(2π)d
eikx

(
ηµν k2 − d+ 2

2
kµkν

)
(−k2)−

d+4
2

= − 1

CT nd

1

2(d− 1)

∫
ddk

(2π)d
eikx

(
ηµν □(k) − 2 ∂µ(k)∂

ν
(k)

)
(−k2)−

d
2

=
1

CT nd

1

2(d− 1)

(
ηµν x2 − 2xµxν

) ∫ ddk

(2π)d
eikx (−k2)−

d
2 ,

(4.3.6)

where we integrated by parts the k-derivatives thus converting them into a
position space tensor structure. In the last line we recognize the inversion
tensor Iµν(x) = ηµν − 2 xµxν

x2 .
Next, we use differential regularization [131, 132] to replace |k|−d by a

regulated expression with a well-defined Fourier transform:

|k|−d
∣∣∣
reg.
≡ − 1

2(d− 2)
□(k)

(
log
(
|k|2µ−2

)
|k|d−2

)
, (4.3.7)
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4.3. A theory of reparametrization modes in higher dimensions

where □(k) can again be replaced by a factor of (−x2), using integration by
parts. In writing the regularized expression it is necessary to introduce an
arbitrary energy scale µ2. We note the following Fourier transform of the
regulated expression:∫

ddk

(2π)d
eikx

log
(
|k|2µ−2

)
|k|d−2

= − d− 2

2d−1πd/2Γ(d2)

1

x2

[
log
(
µ2x2

)
− log 4 + γ − ψ

(
d− 2

2

)]
(4.3.8)

We can clearly drop the three constant terms in the square bracket as
these can be absorbed into a redefinition of the arbitrary scale µ (in abuse
of notation, we will denote the redefined µ by the same letter). Putting all
these pieces together, we find:

⟨ϵµ(x)ϵν(0)⟩ = − 1

CT

k0,2kd,2
4πd

Iµν(x)x2 log
(
µ2x2

)
(4.3.9)

This is precisely the propagator (4.2.21) that we derived from the shadow
operator formalism upon identifying the reparametrization mode ϵµ in terms
of the mode Eµ whose descendant is the stress tensor shadow! At least at the
level of two-point functions, we conclude that the reparametrization mode
and shadow mode are the same:

ϵµ(x) = Eµ(x) . (4.3.10)

In the following we argue for this relation more generally.

4.3.2 Monodromy projection and symmetries of the
quadratic action

We have now established that the reparametrization modes ϵµ exhibit the
same dynamics as the shadow modes Eµ whose derivative is the shadow of
the stress tensor. However, we are not done yet, as we still need to implement
the monodromy projection onto the physical contributions to correlation
functions. We now argue that the monodromy projection can be understood
in terms of the symmetries of the effective action.

Note that the quadratic action (4.3.4) can be written as follows:

W2[ϵ] = −
CT nd

2

∫
ddx Pρσ

µν∂ρϵσ(x)

[
∂λ∂(µ − d− 1

d
□ ηλ(µ

]
∂ν)□

d−2
2 ϵλ(x) .

(4.3.11)
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4.3. A theory of reparametrization modes in higher dimensions

This way of writing the action makes the connection with the shadow op-
erator, as well as some important symmetry properties manifest. The first
factor (Pρσ

µν∂ρϵσ) is just the symmetric traceless source associated with in-
finitesimal reparametrizations, −1

2 δ
′gµν . In other words, it is proportional

to the longitudinal shadow operator dual to the stress tensor, c.f., (4.2.17).
The second factor in (4.3.11) can be thought of as the stress tensor itself,
expressed as an operator in our effective field theory. Indeed, we have from
the definition of the shadow transform:

T ρσ(x) ≡ ˜̃T ρσ(x) ≡ k0,2

πd/2
1

2CT

∫
ddy ⟨T ρσ(x)Tµν(y)⟩ T̃µν(y)

= CT nd Pρσ
µν

[
∂λ∂(µ − d− 1

d
□ ηλ(µ

]
∂ν)□

d−2
2 Eλ(x) ,

(4.3.12)

where we wrote T̃µν in terms of Eµ using (4.2.17), and then integrated by parts
using the Ward identity (4.3.3). In short, the action (4.3.11) can be simply
understood as the coupling W2[ϵ] ∝

∫
δ′gµν T

µν [ϵ], where Tµν [ϵ] should be
understood as in (4.3.12). This is, of course, not surprising, but it is useful to
think about this standard coupling in terms of the reparametrization modes
as it makes the connection with shadow operators very clear.

Symmetries of the quadratic action. The action (4.3.11) is useful for
analyzing the symmetries. The two factors corresponding to the shadow of
the stress tensor and the stress tensor itself, give rise to two sets of symmetries
ϵµ → ϵµ + δϵµ:

• The source/shadow of the stress tensor (−1
2 δ

′gµν) is invariant under:

δϵµ = Kµ with ∂(µKν) −
1

d
ηµν(∂.K) = 0 , (4.3.13)

that is, δϵµ is a conformal Killing vector. There are the usual 1
2(d +

1)(d+2) solutions to this, which are a manifestation of the SO(d+1, 1)
conformal symmetry:

Kµ(x) = aµ − ω[µν]x
ν + λxµ + x2Iµν(x) b

ν , Iµν = ηµν − 2
xµxν
x2

,

(4.3.14)
which parametrize translations (aµ), rotations (ω[µν]), scale transfor-
mations (λ), and special conformal transformations (bµ).

• The stress tensor part Tµν as in (4.3.12) is invariant under δϵµ with

Pρσ
µν

[
∂λ∂(µ − d− 1

d
□ ηλ(µ

]
∂ν)□

d−2
2 δϵλ = 0 . (4.3.15)
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We refer to these symmetries as conformal redundancies. They represent
an invariance of the definition of the energy-momentum tensor in terms
of the reparametrization mode.

Projecting out the shadow modes. We have now reached the point
where we can present a proposal for separating the physical block from
the unphysical shadow block, at the level of our effective field theory. In
order for the reparametrization mode to describe exchanges of the physical
stress tensor, but not of its shadow operator, we need to supplement our
effective field theory with an appropriate gauge symmetry, such that the
physical stress tensor is a gauge invariant operator but its shadow is not.82

In other words, we now wish to gauge precisely the conformal redundancies
(4.3.15). Correspondingly, the propagation of the shadow operator in physical
correlation functions will be forbidden. In low-dimensional cases we verify
below that this corresponds to the prescription of omitting gauge modes in
the quadratic action.

Note that the stress tensor can be written as a convolution of its shadow,
with a known kernel which is proportional to the 2-point function ⟨TµνTρσ⟩,
see (4.3.12). The conformal redundancies can be characterized equivalently
as zero modes of that kernel – those are symmetries which act non-trivially on
the shadow yet leave the result of the convolution, the stress tensor, invariant.
While we leave a complete characterization of the conformal redundancies
(especially for the non-linear action), for future work, this suggest a direct
connection with the phenomenon of pole skipping (to be discussed further
below).

4.3.3 Coupling reparametrizations to external operators

Obviously, it is also possible to derive the bilinear couplings to external
operators, (4.2.27), from the reparametrization mode technique. This strat-
egy is the immediate generalization of the way matter fields are coupled
to the Schwarzian mode in one dimension [22, 112, 113], and holomorphic
reparametrizations are coupled to primary operators in CFT2 [88, 115]: we
start with the conformal two-point function and perform a reparametrization.
To linear order in the reparametrization, we obtain the bilinear coupling
(4.2.27).

Let us make this more precise. We start with the coupling of the probe
operators to sources, which is invariant under coordinate transformations

82We thank Kristan Jensen for useful conversations on this issue.
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xµ → x′µ. It follows that∫
ddx ddy ⟨V (x)V (y)⟩J(x)J(y) =

∫
ddx′ddy′ ⟨V (x′)V (y′)⟩ J(x′)J(y′)

=

∫
ddx ddy ⟨V (x′)V (y′)⟩ [Ω(x)Ω(y)]

∆
2 J(x)J(y)

(4.3.16)

where Ω(x) is the conformal factor, related to the Jacobian by
∣∣∂x′

∂x

∣∣ = Ωd/2,

and we also used J(x′) = J(x)Ω(∆−d)/2. From this we can read off the full
nonlinear coupling of finite reparametrizations to pairs of scalar operators V .
It is given by the reparametrized two-point function:

BV (x, y) ∝
∣∣∣∣∂x′∂x

∣∣∣∣∆d ∣∣∣∣∂y′∂y

∣∣∣∣∆d 1

(x′(x)− y′(y))2∆
(4.3.17)

These objects are natural bilinear operators in the theory (local operators in
kinematic space).

An infinitesimal reparametrization xµ → x′µ = xµ + ϵµ(x) gives a con-
formal factor Ω(x) = 1 + 2

d ∂ρϵ
ρ(x). This is related to the Jacobian of the

transformation by
∣∣∂x′

∂x

∣∣ = 1 + ∂ρϵ
ρ. The perturbative couplings of infinitesi-

mal reparametrizations follow from this structure by expanding (4.3.17) in
ϵ:

Bϵ,V (x, y) = ⟨V (x)V (y)⟩
[
1 + B(1)ϵ,V (x, y) + B

(2)
ϵ,V (x, y) + . . .

]
(4.3.18)

where B(1)ϵ,V (x, y) is the same object as derived in (4.2.27) where we identify
the logarithmic primary Eµ with the reparametrization mode ϵµ. By expand-
ing (4.3.17) to higher orders, we obtain higher order couplings involving n
instances of ϵµ. The coupling at n-th order in ϵµ is of the form

B(n)ϵ,V =
1

n!

(
B(1)ϵ,V

)n
+ lower order in ∆V . (4.3.19)

For n = 1 these bilinears describe the physics of a single stress tensor exchange
in the OPE. This is the leading answer at large CT . What is the meaning of

higher order couplings B(n)ϵ,V ? In two-dimensional CFTs, it is natural to expect
that multi-ϵ exchanges correspond to Virasoro contributions to the conformal
block. An example of a calculation where (4.3.19) was used for all n (and
“lower orders in ∆V ” are not needed), is the exponentiation of the light-
light block, where all external operators are light compared to the central
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charge [133]. This was verified for d = 2 in [115] using reparametrization
mode techniques. In that case ladder exchange diagrams of reparametrization
modes dominate. We review the two-dimensional calculation in Appendix C.2.
It would be interesting to explore similar statements in higher dimensions,
where one might expect a similar exponentiation to occur [134]. In higher
dimensions, we expect that multi-ϵ diagrams compute multi-stress tensor
exchanges. These are not universal in d > 2, but there might well exist certain
contributions (such as “lowest twist” contributions) or kinematic regimes
where a universal answer exists. Such exchanges were recently considered in
[135–138]. It would be interesting to explore the relation with our formalism.

4.4 Two-dimensional CFTs

In this section we investigate in more detail the two-dimensional case, expand-
ing on previous results of [88, 115] (see also [117]). In d = 2 we use complex
coordinates (z, z̄). Most of our discussion will be in Euclidean signature,
where z̄ = z∗. For more details about conventions, see Appendix C.1.

4.4.1 Zero temperature

In d = 2, the stress tensor has components T ≡ −2πTzz and T ≡ −2πTz̄z̄.
Similarly, the shadow of the stress tensor has non-zero components T̃ ≡
−2πT̃ zz and T̃ ≡ −2πT̃ z̄z̄. The shadow of the holomorphic stress tensor can
be written as follows:

T̃ (z, z̄) =
2

π

∫
d2z′

(z − z′)2

(z̄ − z̄′)2
T (z′) (4.4.1)

and similarly for the shadow T̃ of the anti-holomorphic stress tensor T . It
is straightforward to write these shadow currents as symmetric-traceless
derivatives:

T̃ = − c
3
∂̄E with E ≡ 6

π c

∫
d2z′

(z − z′)2

(z̄ − z̄′)
T (z′) , (4.4.2)

and similarly for T̃ = − c
3∂E . The central charge appearing in (4.4.2) is related

to the usual central charge in two dimensions by c = 4π2CT . Instead of
shadow operators, we can think, as discussed above, in terms of holomorphic
and anti-holomorphic reparametrizations (z, z̄)→ (z + ϵ, z̄ + ϵ̄).
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The reparametrization modes have an action as described in §4.3. The
d = 2 version of the Euclidean propagator (4.3.9) (or (4.2.21)) takes the
following form:

GEE (1, 2) ≡ ⟨E(z1, z̄1)E(z2, z̄2)⟩ =
6

c
(z1 − z2)2 log

[
µ2(z1 − z2)(z̄1 − z̄2)

]
(4.4.3)

There is a similar expression for ⟨EE⟩, while mixed propagators vanish,
⟨E E⟩ = 0. In the same way, we can use the bilinear coupling (4.2.27), viz.,

B(1)E,V (z1, z̄1; z2, z̄2) =
∆V

2

[
∂E1 + ∂E2 − 2

E1 − E2
z1 − z2

]
+ anti-holo. , (4.4.4)

to compute the conformal partial wave in d = 2. We can further exploit

holomorphic factorization in two dimensions by recognizing B(1)E,V as the sum
of two decoupled holomorphic and anti-holomorphic terms. This is useful
for coupling the fields E and E to spinning primaries with holomorphic and
anti-holomorphic dimensions (h, h̄):

B(1)E,h(1, 2) ≡ h
[
∂E1 + ∂E2 − 2

E1 − E2
z1 − z2

]
,

B(1)E,h̄(1, 2) ≡ h̄
[
∂̄E1 + ∂̄E2 − 2

E1 − E2
z̄1 − z̄2

]
.

(4.4.5)

Since the general case is straightforward to deal with (see [88] for details),
we will simply assume the external primaries to be holomorphic, i.e., h̄ = 0.
Holomorphic fields only couple to the mode E , and we can discard E for ease
of notation.

Monodromy projection splits the soft mode propagator. The result
for the global block computation is identical to (4.2.31) with u = zz̄ and
v = (1− z)(1− z̄), so we will not repeat it here. Instead, we observe that in
two dimensions a simple split into physical and shadow contributions occurs.
For instance, (4.4.3) separates into a sum of a (holomorphic) physical part
(computing the physical block) and a shadow part (computing the shadow
block):

GEE = GEE, phys. + GEE, shad. with


GEE, phys. =

6

c
(z1 − z2)2 log [µ(z1 − z2)]

GEE, shad. =
6

c
(z1 − z2)2 log [µ(z̄1 − z̄2)]

(4.4.6)
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These two parts of the propagator are distinguished by their monodromy
around z12 = 0: as z12 → e2πiz12, the physical (shadow) propagator maps to
itself plus (minus) 12πi

c z212.
Using these two separate propagators, the two-point function of holo-

morphic bilinears B(1)E,h now computes the physical and the shadow blocks
separately. We find for the global identity block and shadow block between
pairs of equal operators:

G
(ℓ=2)
∆=2 =

〈
B(1)E,h(1, 2)B

(1)
E,h′(3, 4)

〉
phys.

=
2hh′

c
z2 2F1(2, 2, 4, z) ,

G
(ℓ=2)

∆̃=0
=
〈
B(1)E,h(1, 2)B

(1)
E,h′(3, 4)

〉
shad.

=
24hh′

c

z̄

z
2F1(−1,−1,−2, z)

×2F1(1, 1, 2, z̄) ,

(4.4.7)

which is computed using the two parts of the propagator (4.4.6) respectively,
and we defined z = z12z34

z13z24
. Note that the arbitrary scale µ has dropped out,

as it must. The first line of the previous equation is, of course, just the
well-known leading contribution at large c to the Virasoro identity block.

Monodromy projection as gauging a symmetry. It is intriguing to
see that at least in two dimensions, the separation between physical and
shadow contributions already occurs at the level of the reparametrization
mode propagator. We can thus implement the monodromy projection onto
the physical piece at a very early stage: we simply discard the shadow part
of the propagator GEE . Let us see this property at the level of the quadratic
action. In d = 2, the latter reads as

W2[ϵ, ϵ̄] =
c

24π

∫
d2z

[
∂̄ϵ ∂3ϵ + anti-holo.

]
(4.4.8)

Following the general discussion above, consider the symmetries ϵ→ ϵ+ δϵ
of this action:

• The first factor, ∂̄ϵ, should be thought of as the source (or the shadow
T̃ ). It is invariant under

δϵ = Λh(z) (4.4.9)

for arbitrary holomorphic functions Λh. These are chiral conformal
transformations in two dimensions.

• The second factor, ∂3ϵ, is proportional to the stress tensor T [ϵ] and it
is invariant under

δϵ = Λ0(z̄) + Λ1(z̄) z + Λ2(z̄) z
2 . (4.4.10)
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4.4. Two-dimensional CFTs

These z̄-dependent SL(2) transformations were dubbed conformal
redundancies above. In order to separate the physical from the shadow
block, they should be understood as a gauge invariance of the theory.
Gauging these is equivalent to imposing the presence of the stress
tensor as a gauge invariant operator, while projecting out its shadow,
as discussed above in the general case.

We can implement these ideas very explicitly in the present case, when we
derive the propagator for ϵ via Fourier transform. For momenta (k, k̄) =
(k0 + ik1, k0 − ik1) conjugate to the coordinates (z̄, z), we have:

⟨ϵ(k, k̄) ϵ(−k,−k̄)⟩ = 12π

c

1

k0+ik1

2

(
k0−ik1

2

)3 (4.4.11)

To Fourier transform, we first integrate k1 along the real line. We perform
this integral via contour integration and only pick up the contribution from the
“physical” pole k1 = ik0. The “unphysical” pole at k1 = −ik0 is associated
with the transformations (4.4.10), which we want to gauge; this means we
should drop the corresponding contributions to the propagator. This gives:

⟨ϵ(x)ϵ(0)⟩phys. =
∫
pole
k1=ik0

d2k

(2π)2
⟨ϵ(k, k̄) ϵ(−k,−k̄)⟩ eik.x =

6

c
z2 log(µz) + . . .

(4.4.12)

where “. . .” denotes (both finite and divergent) analytic terms. We have thus
recovered the physical propagator of (4.4.6). Taking into account the “shadow
pole” k1 = −ik0 in the above Fourier transform, we could have also obtained
the shadow part of the propagator. This shows that (in two dimensions) the
monodromy projection is equivalent to gauging the transformations (4.4.10).
A convenient way of doing this, at least in low dimensions, is by simply
omitting the corresponding modes in the Fourier transform.

This elucidates the monodromy projection onto the physical part of
the propagator (and hence the conformal blocks etc.) at the level of the
reparametrization mode, and links it to gauging a particular symmetry.
While the projection onto the physical block has to be done by hand in
position space, in momentum space the separation happens very naturally:
the physical and shadow contributions simply come from different poles in the
momentum space propagator, and imposing the gauge symmetry explicitly
sets the contribution from those poles to zero.
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4.4. Two-dimensional CFTs

4.4.2 Finite temperature

In two dimensions it is straightforward and instructive to study thermal
physics by mapping to the cylinder via

(z, z̄) =

(
β

2π
e
−i 2π

β
u
,
β

2π
e
i 2π
β

ū
)
. (4.4.13)

For simplicity we set µ = 2π
β = 1. We further write u = τ + iσ where

τ ∈ [0, 2π) denotes the compact direction, i.e., the thermal circle. The
holomorphic bilinear coupling on the cylinder is simply

B(1)E,h(u1, ū1;u2, ū2) = h

[
∂E1 + ∂E2 −

E1 − E2
tan u12

2

]
, (4.4.14)

Finite temperature propagator and monodromy projection. In
order to get the physical reparametrization mode propagator, it is most
convenient to follow the same strategy as in the flat space case: we start from
the quadratic action to obtain the propagator in momentum space. When
Fourier transforming back to position space, we omit modes that correspond
to the (finite temperature version of the) gauge symmetry (4.4.10). Let us
see this explicitly.

The quadratic action (4.4.8), after mapping to the thermal cylinder, reads
as follows:

W2[ϵ, ϵ̄] =
c

24π

∫
d2u

{
∂̄ϵ (∂2 + 1)∂ϵ + anti-holo.

}
. (4.4.15)

In the following we shall focus on the “holomorphic” first term. The “anti-
holomorphic” second term can be treated in complete analogy.

Note that (4.4.15) looks slightly different from the action in [88, 115]
because it is written covariantly and at this stage still contains shadow
contributions. The action of [88, 115] is recovered by replacing ∂ → ∂τ ; of
course, this is a rather ad hoc prescription. We will now argue that the above
action is completely equivalent to that of [88, 115], as long as one gauges the
appropriate symmetry associated with invariances of the stress tensor.

The action (4.4.15) for ϵ is invariant under anti-holomorphic transforma-
tions ϵ → ϵ + Λh(u) just like the flat space action (4.4.8). The additional
SL(2) invariance now takes the form

ϵ→ ϵ+ δϵ , δϵ = Λ0(ū) + Λ1(ū) e
iu + Λ−1(ū) e

−iu . (4.4.16)

The stress tensor
T [ϵ] =

c

12
∂(∂2 + 1)ϵ (4.4.17)
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4.4. Two-dimensional CFTs

is invariant under these transformations. In the Fourier transform below, we
will therefore omit modes corresponding to these transformations in order to
obtain a physical result.

The momentum space propagator corresponding to (4.4.15) is:

⟨ϵ(ωE , k) ϵ(−ωE ,−k)⟩ =
12π

c

1

ωE+ik
2

ωE−ik
2

[ (
ωE−ik

2

)2
− 1
] , (4.4.18)

where (ωE , k) are the Euclidean frequency and momentum conjugate to
(τ, σ). This propagator can now be Fourier transformed back to position
space. This involves two steps:83 first, we need to perform a contour integral
over k, picking up residues at the poles k ∈ {±iωE , −i(ωE ± 2)}. Second, we
need to sum over frequencies ωE ∈ Z. Gauging the invariances of the stress
tensor means that in this process we should not include modes associated
with the transformations (4.4.16). This means that in the contour integral
over k, we only include the “physical” pole k = iωE . In the subsequent
sum over frequencies we omit the frequencies ωE ∈ {−1, 0, 1} as they again
correspond to the shadow contributions. The contribution from the residue
at k = iωE yields the desired result of [88, 115]:

⟨ϵ(τ, σ) ϵ(0, 0)⟩
∣∣∣ pole
k=iωE

=
24

c

[
sin2

(
τ + iσ

2

)
log
(
1− ei sgn(σ)(τ+iσ)

)
− 1

4
+

3

8
ei sgn(σ)(τ+iσ)

]
≡ GE,th.

E,phys.

(4.4.19)

The last two terms are analytic and are pure gauge in the sense that they do
not contribute to physical correlation functions. We could choose to discard
them. The above propagator is GEE,phys. in the thermal state. It could also be

obtained without any Fourier transform by conformally transforming GEE,phys.
and imposing translational invariance and normalizability for |σ| → ∞ as a
boundary condition.

One can similarly check that the remaining poles k ∈ {−iωE , −i(ωE±2)}
give contributions that reproduce precisely the thermal version of the shadow
propagator GEE,shad.:

⟨ϵ(τ, σ) ϵ(0, 0)⟩
∣∣∣other
poles

= 24
c sin2

(
τ+iσ
2

)
log
(
1− e−i sign(σ)(τ−iσ)

)
≡ GE,th.

E,shad. .

(4.4.20)

83The details are analogous to calculations done in [88].

143



4.4. Two-dimensional CFTs

The physical propagator was already written down in [88, 115]. Its
shadow counterpart follows naturally from our analysis. The sum of these
terms, GE,th.

E = GE,th.
E,phys. + G

E,th.
E,shad., can be understood as the thermal version

of the general result (4.4.6) by means of a conformal transformation. Note

that the propagators GE,th.
E,phys. and G

E,th.
E,shad. are single-valued and normalizable

for large spatial separations.
Finally, we remark that the physical and shadow parts are distinguished

as usual by their monodromies. On the cylinder, we can focus on the
monodromies around the thermal τ -circle at fixed non-zero values of σ. For
instance, fixing σ12 ≡ δ → 0+, the monodromies are:

GE
E,
{
phys.
shad.

} τ→τ+2π−→ GE
E,
{
phys.
shad.

} ± 2πi

[
24

c
sin2

(τ12
2

)]
. (4.4.21)

General remarks. Note that the physical contribution to the
reparametrization mode propagator (which eventually leads to Lyapunov
growth of OTOCs) comes from a single pole at k = iωE . Not coinciden-
tally, this is precisely the pole that gives rise to pole skipping in the energy-
momentum tensor two-point function, which will be discussed in §4.5.2. This
leads us to conjecture that the projection onto the physical reparametrization
mode propagator can be achieved in momentum space by simply only keeping
the contribution from the pole that was responsible for pole skipping.

Finally, note that this simple prescription is quite reminiscent of similar
methods developed by [139] in the context of conformal blocks. We can think
of the projection of the momentum space integral onto a single pole in terms
of multiplication of the propagator (4.4.18) with a phase factor that imposes
the gauge symmetry and removes the unphysical “shadow poles”. Employing
a notation more similar to [140], one has to multiply the momentum space
expression for ⟨ϵ(ωE , k) ϵ(−ωE ,−k)⟩ with the phase function that vanishes
at the unphysical “shadow poles” and is normalized to 1 at the physical
poles. In the thermal case this function is

B(ωE , k) ≡
sin(π(ik − ωE)) sin(πik)

sin(2πωE) sin(πωE)
. (4.4.22)

Multiplication with this function in momentum space achieves the projection
onto physical modes only by means of removing the unphysical poles. Indeed,
one easily verifies that the Fourier transform of the projected propagator,
B(ωE , k) ⟨ϵ(ωE , k) ϵ(−ωE ,−k)⟩, is precisely (4.4.19) without any shadow
contributions.
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Having set up the building blocks of the effective theory of the
reparametrization mode in two dimensions in thermal states, more interesting
calculations can be performed with it. These include the “light-light” Vira-
soro block and its exponentiation [133], the “heavy-light” Virasoro block [141]
and 1/c corrections to it [142], application to OTOCs [21, 143], higher-point
blocks [144] and OTOCs [145, 146], and so on. Some of these calculations
have been done for two-dimensional CFTs using the reparametrization mode
formalism in [88, 115, 116], so we will not repeat them here. It would, of
course, be very interesting to find new applications of this formalism, as it
promises to simplify calculations considerably (see §4.6 for some suggestions).
In §4.5 we will return to applications in thermal states for higher dimensions,
in particular focusing on OTOCs in Rindler space.

4.5 Application: thermal physics and OTOCs in
higher dimensions

It is well known that an observer who is stationary with respect to Rindler
time perceives the Minkowski vacuum state as thermal. Since the Rindler
wedge of Euclidean spacetime Rd is conformal to a spacetime with hyperbolic
spatial slices, S1 × Hd−1, it is thus clear that a simple conformal map is
sufficient for studying thermal states and quantum chaos of CFTs living on
a hyperbolic space [147]. The temperature thus obtained is fixed in terms of
the size of the S1, or equivalently the curvature of the hyperbolic space; we
set it to β = 2π for most of this section.

In the following, we discuss thermal out-of-time-ordered correlators in
higher dimensions by various means. We start with a discussion of the
OTOC based on analytically continuing the stress tensor conformal blocks
(as computed by reparametrization modes). Then, we will discuss the
phenomenon of pole skipping, thus establishing an even closer connection
with the stress tensor two-point function.

In both cases we observe maximal Lyapunov exponent and butterfly
velocity. As in two dimensions, this should be thought of as the stress
tensor contribution to the OTOC, which may or may not dominate. For
instance, both the maximal Lyapunov exponent and the butterfly velocity
in planar N = 4 SYM theory receive corrections at finite couplings. This
can be understood using conformal Regge theory, which takes into account
contributions to the OTOC other than the stress tensor exchanges. The true
Lyapunov exponent is then given by the Regge intercept associated with the
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4.5. Application: thermal physics and OTOCs in higher dimensions

leading Regge trajectory [20, 48, 148].

4.5.1 OTOCs from conformal blocks in higher dimensions

In this subsection we demonstrate how to compute global stress tensor
contributions to OTOCs in higher-dimensional Rindler space. The connection
with our reparametrization mode formalism is as follows: we have shown in
previous sections how a single reparametrization mode exchange computes
global conformal blocks. We can now use these directly to study thermal
physics. The basic observation is that Rindler space (a simple coordinate
transform of flat Minkowski space) is conformally equivalent to a space
S1×Hd−1. We can thus study thermal physics on hyperbolic space using just
conformal symmetry arguments. We mostly repeat and expand the analysis
of [149], where Rindler OTOCs were computed from the global stress tensor
block (note also the relevant papers [148, 150] that appeared while our work
was nearing completion).

We start with the observation that the hyperbolic space metric is confor-
mally equivalent to Rindler space:

ds2S1×Hd−1 = dτ2 +
1

ρ2
(
dρ2 + dx2⊥

)
=

1

ρ2
(
ρ2dτ2 + dρ2 + dx2⊥

)
≡ Ω(ρ)2 ds2Rindler

(4.5.1)

where xi⊥ ∈ Rd−2. The conformal factor Ω(ρ) = 1
ρ will be important when

translating results back to Rindler space. In order to make the connection

with chaos, it is most natural to work in the “radar coordinate” ρ = e
2π
β
σ
.

The (right) Rindler wedge is in turn related to Euclidean Minkowski space
ds2 = ηµν dx

µdxν by the coordinate transformation

xµ =

(
β

2π
e

2π
β
σ
sin
(2π
β
τ
)
,
β

2π
e

2π
β
σ
cos
(2π
β
τ
)
, xi⊥

)
, (4.5.2)

where real Rindler time would be denoted as tR = −iτ . It is therefore
straightforward to study thermal physics in hyperbolic space by perform-
ing a coordinate transformation to Rindler space and then a conformal
transformation. In the following we set β = 2π.

The quickest way to getting the thermal OTOC is by recalling our result
for the global stress tensor CPW in arbitrary dimension, (4.2.31), and the
physical conformal blocks associated with it. As these are simply scalar
functions, all we need for the thermal setup in hyperbolic space are the
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Rindler expressions for the cross ratios u and v. These follow immediately
from their definition (4.2.9) using the observation that

x2ij = −2 eσi+σj [cos τij − coshd(i, j)] , (4.5.3)

where d(i, j) is the SO(d− 2, 1) invariant geodesic distance in the hyperbolic
space Hd−1 (see (C.1.6) for an explicit expression).

We wish to study a four-point function of pairwise equal operators
inserted at (almost) coincident points. We thus set d(1, 2) = d(3, 4) = 0
and d(1, 3) = d(1, 4) = d(2, 3) = d(2, 4) ≡ d = const. We furthermore
analytically continue to real time τj → itR, j + δj with tR, 1 = tR, 2 = t and
tR, 3 = tR, 4 = 0 where δi are small regulators in Euclidean time. We thus get
for the cross ratios:

u =
[cos δ12 − 1] [cos δ34 − 1]

[cosh(t− iδ13)− coshd] [cosh(t− iδ24)− coshd]
∼ e−2t δ212δ

2
34 + . . .

v =
[cosh(t− iδ14)− coshd] [cosh(t− iδ23)− coshd]

[cosh(t− iδ13)− coshd] [cosh(t− iδ24)− coshd]
∼ 1 + e−t+d δ12δ34 + . . .

(4.5.4)

For late times t≫ 2π
β , u ≈ 0, which is precisely the short distance limit that

allows us to easily distinguish the physical block from the shadow block, c.f.
(4.2.14). In terms of the complex variables (z, z̄), we have in this limit

z ∼ −e−t+d δ12δ34 , z̄ ∼ −e−t−d δ12δ34 . (4.5.5)

This is, of course, completely analogous to the two-dimensional case with
geodesic distance replacing the one spatial direction.

We already know that the physical block behaves in the short distance
limit as [118]

G
(ℓ=2)
∆=d

u→0∼ u
d−2
2 (1− v)2 2F1

(
d+ 2

2
,
d+ 2

2
, d+ 2; 1− v

)
. (4.5.6)

The OTOC configuration corresponds to sending δi → 0 under the condition
that δ1 > δ3 > δ2 > δ4. As far as the multi-valued function (4.5.6) is
concerned, this simply means analytically continuing the cross ratio v and
taking it around the origin, while holding u fixed. We abbreviate this
operation as (u, v)→ (u, e−2πiv). Under this analytic continuation around
the branch point of the conformal block, the latter picks up a monodromy,
which leads to the Lyapunov behavior. The setup is illustrated in Fig. 4.1.
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Figure 4.1: Out-of-time-order configuration in Rindler space. Inside the red
shaded Rindler wedge we show two Rindler time trajectories in blue, which
are at constant geodesic separation. The four operators are inserted at the
green dots. We show the out-of-time-ordered configuration by including a
small amount of imaginary time.

Under the analytic continuation described above, the hypergeometric
function in (4.5.6) picks up a (imaginary84) monodromy ∼ (1− v)−d−1. The
Euclidean block analytically continued to the Lorentzian OTOC configuration
then scales as85

⟨V (t,d)W (0, 0)V (t,d)W (0, 0)⟩conn.
⟨V V ⟩⟨WW ⟩

∼ G(ℓ=2)
∆=d (u→ 0, v → e−2πiv)

∼ u
d−2
2 (1− v)−d+1 ∼ 1

δ12δ34
et−(d−1)d .

(4.5.7)

It follows that the Lyapunov exponent and butterfly velocity are λL = 1 and
vB = 1

d−1 , respectively, measured in units of 2π
β .

Example in four dimensions. As an explicit example, consider the stress
tensor conformal block in d = 4, written down in (4.2.32). Under analytic

84The coefficient of the monodromy term is 2πi d! (d+ 1)! Γ( d
2
+ 1)−4.

85Notation here is somewhat imprecise with regards to spatial insertion points. We
mean a configuration where V operators are inserted a geodesic distance d away from W
operators.
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continuation to the second sheet described above, (1 − z) → e−2πi(1 − z),
while z̄ is held fixed. We find:

G
(2)
4 → −10

{
z̄

z

z2 − 6z + 6

z − z̄
[log(1− z)− 2πi]− 6 +

z

z̄

z̄2 − 6z̄ + 6

z̄ − z̄
log(1− z̄)

}
∼ et−3d

(4.5.8)

where we took the limit t−d≫ β
2π in the second step. From the exponential

growth we can immediately see the Lyapunov exponent is λL = 1 and the
butterfly velocity is vB = 1

3 .

4.5.2 Chaos exponents from pole skipping in higher
dimensions

A different motivation for the effective field theory of the soft mode revolves
around the phenomenon of pole skipping, pointed out in [151] and further
discussed in [53, 88, 152–155]. This is a phenomenon that exists in maxi-
mally chaotic theories whose Lypaunov behaviour is dominated by a single
effective mode. We focus on higher-dimensional CFTs on hyperboilc (or
equivalently Rindler) space. These are known to be maximally chaotic under
the assumption that the stress tensor block dominates [149]. This analysis
provides a nice consistency check with our discussion so far and generalizes
[88].

The quantity we will discuss is the energy-energy conformal two-point
function. While this is more complicated to compute than two-point functions
of scalar operators, it is necessitated by the absence of chaos-related pole
skipping in scalar two-point functions. The latter do display pole skipping,
but not in a way that can be related to exponentially growing modes in
an obvious way [154, 155]. While this work was nearing completion, a pole
skipping analysis from the bulk point of view was done in [150], providing
results consistent with our findings.

Thermal energy-energy correlator in CFTd

We use the previously discussed fact that thermal physics in hyperbolic space
can be understood by means of a conformal transformation of a Rindler wedge.
To set the stage for the discussion of pole skipping in higher dimensions, we
start by working out the energy-energy two-point function on S1 × Hd−1.
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We invite the reader to skip the derivation and jump to the result for the
energy-energy correlator in momentum space, (4.5.19).

Position Space. We start by analyzing the thermal energy-energy two-
point function on S1 ×Hd−1 in position space. We use the embedding space
formalism [156] (see also Appendix C.1 for more details on conventions). We
embed S1 ×Hd−1 in R1,d+1. The latter is a Minkowski spacetime with coor-
dinates XA, and the embedding space metric is ηAB = diag(−1, 1, . . . , 1).86
A point in S1 ×Hd−1 will be parametrized as

PA
H
≡ (P I

H
, P II

H
, Pµ

H
) =

(
1 + ρ2 + x2⊥

2ρ
,
1− ρ2 − x2⊥

2ρ
, sin τ , cos τ ,

xi⊥
ρ

)
,

(4.5.9)

which lies on the projective null cone, PH · PH = 0, and thus parametrizes a
CFT spacetime point. The normalized scalar two-point function on S1×Hd−1

for a dimension ∆ operator is

G∆(P1, P2) ≡
1

(−2P1 · P2)∆
=

1

(−2 cos(τ1 − τ2) + 2 coshd(1, 2))∆
, (4.5.10)

where d(1, 2) is the spatial hyperbolic distance in Hd−1 between the two
points (see (C.1.6) for an explicit expression).

Since we will be interested in the chaos-related features of the energy-
energy correlator, let us also record the stress-tensor two-point function (c.f.,
[157]):

Gµν,ρσ(P1, P2) ≡
〈
Tµν(P1)Tρσ(P2)

〉
S1×Hd−1

= 2CT PAB
µν (P1)PCD

ρσ (P2)
∂

∂ZA
1

∂

∂ZB
1

∂

∂ZC
2

∂

∂ZD
2[

((P1 · P2)(Z1 · Z2)− (P1 · Z2)(P2 · Z1))
2

(−2P1 · P2)d+2

]
,

(4.5.11)

where Z1,2 are auxiliary vectors allowing for a compact notation. The
projectors appearing in the above expression are defined as

PAB
µν (P ) =

∂P (A

∂xµR

∂PB)

∂xν
R

− 1

d
ηABηCD

∂PC

∂xµR

∂PD

∂xν
R

(4.5.12)

86We denote the complete set of R1,d+1 indices as A = (I, II, µ) where the Minkowski
index is µ = (0,m) = (0, 1, i).
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where xµ
R
= (τ, ρ, xi⊥) denotes the Rindler coordinates.

We will be interested in the Fourier transform of the energy-energy
correlator G00,00(P1, P2). In order to apply known technology for performing
this Fourier transform, we write the energy-energy two-point function in
terms of the following auxiliary quantity:

Ga,b∆ (P1, P2) ≡
1

(−2a cos(τ1 − τ2) + 2b coshd(1, 2))∆
. (4.5.13)

This is just the scalar two-point function (4.5.10) taken slightly off-shell by
the parameters a, b. We can write the Euclidean energy-energy correlator in
terms of this quantity as follows:

G00,00(P1, P2) = CT

[
Ga,bd+2(P1, P2)

+
1

4d(d+ 1)

(
2(d− 1)

d
∂a∂b −

1

d
(∂2a + ∂2b )

)
Ga,bd (P1, P2)

+
1

16(d− 2)(d− 1)d(d+ 1)
∂2a∂

2
bG

a,b
d−2(P1, P2)

]
a,b→1

(4.5.14)

This can be simply checked – we provide some details in Appendix C.3.1.
This way of writing G00,00 will turn out to be very convenient.

Momentum Space. The next step in our calculation will be to find
the Fourier transform of the energy-energy two-point function G00,00. The
rewriting in terms of scalar propagators as in (4.5.14) reduces this to a
simpler task: we only need to compute the Fourier transform of the slightly
off-shell scalar two-point function Ga,b∆ defined in (4.5.13). This has been
previously achieved in the on-shell case where a = b = 1. We can therefore
closely follow the calculation as presented in [158].

In order to Fourier transform, we first need to identify a suitable set of
basis functions to expand in. Since we work on a spacetime S1 × Hd−1, a
basis of functions fω,k,p⊥ should be eigenfunctions of the Laplacian

□S1×Hd−1 = ∂2τ +□Hd−1 = ∂2τ + ρ2
(
ρd−3∂ρ

1

ρd−3
∂ρ +□Rd−2

)
. (4.5.15)

These basis functions are characterized by the momenta (ωE , k, p
i
⊥) conjugate

to (τ, ρ, xi⊥). A suitable set of orthonormal basis functions is given by

fω,k,p⊥(P ) =

(
4k sinh(πk)

π

)1/2

ρ
d−2
2 Kik(|p⊥| ρ) ei(ωEτ+p⊥·x⊥) . (4.5.16)
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These have eigenvalues (−ω2
E , −k2−

(d−2)2

4 , −p2⊥) with respect to ∂2τ , □Hd−1 ,
and □Rd−2 . Note that there is another set of solutions of the same form,
but with Jik(i|p⊥| ρ) instead of Kik(|p⊥| ρ). These are not normalizable, so
we discard them. However, below we will discuss imaginary values for the
momentum k, in which case the regular solutions are precisely these Bessel-J
functions.

With respect to this basis of orthonormal functions, we find that the
momentum space expression for Ga,b∆ is given by the following:

Ga,b∆ (P1, P2) =
1

(2π)d

∑
ωE

∫ ∞

0
dk

∫
dd−2p⊥ Ga,b∆ (ωE , k) fωE ,k,p⊥(P1)

×f∗ωE ,k,p⊥
(P2) ,

(4.5.17)

where

Ga,b∆ (ωE , k) =
πd/2

Γ(∆)

aωE

b∆+ωE

Γ(α)Γ(α∗)

Γ(ωE + 1)
2F1

(
α, α∗, ωE + 1;

a2

b2

)
reg.

(4.5.18)

with α ≡ 1
2(∆ −

d−2
2 + ik + ωE). The subscript “reg.” refers to the fact

that the expression needs to be regularized in the limit as a, b→ 1 whence
the hypergeometric function is naively divergent. We will describe this
regularization below. The derivation of (4.5.18) is analogous to the case of
on-shell scalar two-point functions in [158]. We review some of the details in
Appendix C.3.2.

By combining (4.5.18) with (4.5.14) (in momentum space) we can now
immediately infer the desired correlation function. Taking derivatives with
respect to a and b as in (4.5.18), we find for the energy-energy two-point
function on S1 ×Hd−1:

G00,00(ωE , k) =
CT π

d/2 (d− 2) Γ(−d
2)

8 (d+ 1)Γ(d)

(
k2 +

(
d

2

)2
)(

k2 +

(
d− 2

2

)2
)

×
Γ
[
1
2

(
ωE ± ik + d−2

2

)]
Γ
[
1
2

(
ωE ± ik − d−6

2

)]∣∣∣∣∣
reg.

(4.5.19)
Here and henceforth, any double sign “±” inside a function’s argument
means that one should multiply by all possible signs; for example, Γ(x±y) ≡
Γ(x+ y)Γ(x− y). Further, the expression is divergent for even dimensions
due to the factor Γ(−d

2). This can be dealt with by performing dimensional
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regularization and keeping the finite term. We discuss this regularization in
some more detail in Appendix C.3.3.

Pole skipping

Given the momentum space expression for the energy-energy correlator, we
now wish to discuss the pole skipping phenomenon as described in [53]. There,
it was argued that it is interesting to consider the analytic continuation of the
energy-energy correlator to complex frequencies and momenta. The latter
has lines of poles, which are however lifted at certain special points. These
special points allow one to read off the Lyapunov exponent and butterfly
velocity in case of chaotic theories.

Our discussion below will generalize the study of pole skipping in two-
dimensional CFTs [88, 159]. As we shall see, a very similar pole skipping is
observed in arbitrary dimensions and it is sensibly related to the Lyapunov
exponent and butterfly velocity characterizing the OTOC. We discuss even
and odd dimensions separately.

Odd dimensions. For simplicity, we first focus on the odd-dimensional
case, where we do not need any further regularization of (4.5.19).

First note that the pole structure of (4.5.19) comes from the following
singular part:

G00,00(ωE , k)
∣∣∣
singular

∼ Γ

[
1

2

(
ωE + ik +

d− 2

2

)]
Γ

[
1

2

(
ωE − ik +

d− 2

2

)]
(4.5.20)

The two Γ-functions in the denominator manifestly don’t have any zeros (for
finite values of the arguments) and hence do not contribute any poles to the
two-point function. This singular piece (4.5.20) has...

...lines of simple poles at: k = ±i
[
d− 2

2
+ 2n+ ωE

]
(n = 0, 1, 2, . . .)

(4.5.21)
We will refer to these as the pole lines.

In addition, the propagator G00,00(ωE , k) has zero lines. These are of
two types: there are four vertical lines due to the vanishing of the prefactor
(k2 + (d2)

2)(k2 + (d−2
2 )2), leading to...

...lines of simple zeros at: k = ±i d
2

and k = ±i d− 2

2
. (4.5.22)
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Figure 4.2: Plots of log |G00,00(ωE , k)| in d = 5 (left) and d = 4 (right).
The “warm” lines (orange/red) correspond to poles. The “cold” lines (blue)
correspond to zeros. The four vertical zero lines are due to the polynomial
prefactors in (4.5.19) and (4.5.26). Pole skipping occurs when zero lines
and pole lines intersect. In order to make a connection with exponentially
growing modes in quantum chaos, one should focus on the upper half plane,
where pole skipping is observed at precisely two locations (black circles):
(ωE , k)skip = (1,±id2). Note that in the even dimensional case (right figure)
the precise shape of the zero lines (but not the pole skipping locations)
depend on ambiguous contact terms.

Furthermore, the denominator of (4.5.19) has simple poles, leading at the
level of the correlation function to...

...lines of simple zeros at: k = ±i
[
d− 6

2
− 2m− ωE

]
(m = 0, 1, 2, . . .)

(4.5.23)
The situation is best understood by drawing a density plot of G00,00(ωE , k),

see the left panel of Fig. 4.2. This illustrates clearly the structure of zeros
and poles (for the example of d = 5).

We are interested in the pole skipping phenomenon, i.e., the locations
where pole lines and zero lines intersect and the pole is lifted. As we can easily
see, this happens infinitely often. However, let us focus on the upper half
plane, Re(ωE) > 0, where poles correspond to exponentially growing modes
relevant to chaos. In the upper half plane the zero lines (4.5.2) never intersect
with pole lines (4.5.21) and pole skipping is solely due to the vertical zero
lines (4.5.23). Furthermore, only the line k = ±id2 intersects with the pole
lines indexed by n = 1. In order to get exponential growth, our conventions
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will single out the following pole skipping locations as the relevant one:

(ωE , k)skip =
(
1, ±i d

2

)
. (4.5.24)

For later reference, we also record the other three locations where n = 1 pole
lines are skipped due to intersection with the vertical zero lines:

(ωE , k)
(s)
skip =

(
0, ±i d− 2

2

)
. (4.5.25)

The meaning of the superscript (s) is supposed to indicate that these pole
skipping locations are related to “shadow” contributions to the soft mode
propagator.

We will demonstrate below how to determine the Lyapunov exponent
of chaotic CFTs from (4.5.24). It is crucial to stress that this particular
pole skipping occurs for complex frequency in the upper half plane, thus
leading to exponentially growing modes. This is a feature of the stress tensor
correlator, which is absent in discussions of other two-point functions that
also display pole skipping, but only in the lower half plane and not related
to quantum chaos in any immediate way (c.f. [154, 155]).

Even dimensions. In even dimensions, the regularization of the expres-
sion (4.5.19) leads to a slightly more complicated result. We offer the full
expression in Appendix C.3.3. For now, let us simply quote the result (C.3.9)
for the special case of d = 4:

G00,00(ωE , k)
(d=4)
finite = −CT π

2

240
(k2 + 4)(k2 + 1)

{
ψ

(
ωE + ik + 1

2

)
+ψ

(
ωE − ik + 1

2

)}
(4.5.26)

A section of this function is plotted in the right panel of Fig. 4.2.
As is clear from inspection, the lines of poles are precisely the same

as in odd dimensions, (4.5.21). Also, the vertical lines of zeros due to the
polynomial prefactor are identical to (4.5.2). Only the additional lines of
zeros (the analog of (4.5.23)) are more complicated and in fact depend on
contact terms. As far as pole skipping is concerned, we will mostly be
interested in the intersection of pole lines and vertical zero lines, which are
identical to the odd dimensional case and independent of the regularization
and contact terms; unsurprisingly, they lead to pole skipping at the same
location as in odd dimensions, (4.5.24).
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Lyapunov exponent and butterfly velocity from pole skipping. Let
us focus on the n = 0 trajectory in the upper half plane (for any d ≥ 3), where
the pole skipping happens at (ωE , k)skip = (1, ±id2). We wish to interpret
these locations as characterizing the Lyapunov exponent and butterfly velocity
in Rindler space. In order to interpret this, we will now give two arguments
– one abstract and one very concrete. We will set the transverse momenta
pi⊥ = 0 for simplicity.

As an abstract interpretation of the pole skipping on the n = 0 trajectory,
note that the pole skipping at (ωE , k)skip = (1,± id2) corresponds to the
following eigenvalues of the Laplacian (4.5.15) on S1 ×Hd−1:(

ω2
E , −k2 −

(d− 2)2

4

)
skip

= (1, d− 1) , (4.5.27)

where we neglect the transverse directions. As in the flat space case, we
interpret the first eigenvalue as saying that there is an imaginary frequency
mode, corresponding to exponential growth with Lyapunov exponent 1 in
units of 2π

β . Similarly, we interpret the second eigenvalue as the inverse of

the butterfly velocity in the same units. That is, vB = 1
d−1 in accordance

with [149].87

In order to give a more concrete interpretation, we can evaluate the
basic “Fourier” modes (4.5.16) at the pole skipping location in a long-
time (Lyapunov) and short-distance (flat space) limit. Obviously, the time
dependence of (4.5.16) is just a plane wave, which evaluated at ωE = ±i
gives exponential modes e∓τ associated with a Lyapunov exponent λL = 1.
In order to extract the butterfly velocity, we study the u-dependence of
(4.5.16) at the pole skipping location for spatially nearby points (ρ → 0).
One subtlety is that the Bessel function Kik evaluated at k = i d

2 is not
regular at short distances. In order to get a sensible interpretation, we
replace it by the regular solution to the Laplacian on S1×Hd−1, eq. (4.5.15),
which takes the form of (4.5.16) with Bessel-J functions instead of Bessel-K.
At the pole skipping location these hyperbolic eigenfunctions behave as

ρ
d−2
2 Jik(i|p⊥| ρ)

∣∣∣
(ωE ,k)→(1,−i d

2
)

ρ→0∼ ρd−1 . (4.5.28)

Writing ρ = eσ, this behavior clearly corresponds to a butterfly velocity
vB = 1

d−1 as expected for chaos in Rindler space.

87As a side remark, note that the other vertical zero line, leading to pole skipping at

(ωE , k) = (0, ±i d−2
2

) has eigenvalues
(
ω2
E , −k2− (d−2)2

4

)
skip

= (0, 0). This seems unrelated

to Lyapunov growth.
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4.6 Conclusions and outlook

Summary. Motivated by recent studies of reparametrization modes in the
low energy SYK model and two-dimensional CFTs, we set out to provide
a more general understanding of the dynamics of such modes in CFTs of
arbitrary dimension. We have established a variety of connections between
reparametrization modes, the conformal anomaly, the shadow operator for-
malism for conserved currents, and OPE block techniques in kinematic space.
These connections explain in detail how the reparametrization modes are
related to the physics of stress tensor contributions to conformal blocks and
provide an interesting new perspective on all these topics.

The simplest example for a physical computation is the exchange of a sin-
gle reparametrization mode in a four-point function. At large central charge
this is indeed the dominant contribution. It computes the single-stress tensor
exchange in the global conformal block. Exchanges of multiple reparametriza-
tion modes are expected to compute multi-stress tensor exchanges. In d = 2
these compute the stress tensor contribution to the Virasoro identity block;
in the “light-light” regime, the dominant diagrams are ladder diagrams.

As an immediate application, we also studied CFTs in thermal states
by exploiting the equivalence of physics in the Rindler wedge and thermal
physics of CFTs living on a hyperbolic space. By investigating pole skipping
in the thermal energy-energy two-point function in arbitrary dimensions, we
confirmed the expected behavior of out-of-time-ordered correlation functions
and derived the chaos exponents for maximally chaotic CFTs on hyperbolic
space.

Questions and future directions. Some interesting opportunities for
future research are now available. While we provided a quadratic action for
the reparametrization mode, we have not yet found a way to complete it
nonlinearly. In one dimension, the nonlinear completion is the Schwarzian
action [17, 22]; in two dimensions the nonlinear completion is the Alekseev-
Shatashvili action [115, 120]. We wonder if it might be possible to obtain
a nonlinear action in higher (even) dimensions by performing a coadjoint
orbit quantization of kinematic space (4.2.1). It was already shown in [160]
that higher-dimensional kinematic space is indeed a coadjoint orbit of the
conformal group. It would be interesting to explore this further in light of
the new perspective provided by the present chapter.88

88See also [161, 162] for other relations of kinematic space with theories of reparametriza-
tions in d = 2.
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So far, all our detailed understanding of chaotic theories in terms of few
effective degrees of freedoms (reparametrization modes) describes theories
that saturate the chaos bound of [48]. It will be interesting to understand how
the reparametrization mode theory should be modified such as to capture
corrections to the maximal Lyapunov exponent. It is clear that the pole
skipping phenomenon is special to maximally chaotic theories (for instance,
as we have shown, it occurs in any conformal field theory, irrespective of
integrability, chaoticity etc.). It would be interesting if there exists a suitable
generalization of the pole skipping phenomenon which provides an effective
field theory description of modes other than just stress tensor contributions
and is thus capable of capturing corrections to maximal chaos.

It will be interesting to apply the theory of reparametrization modes
to study stress tensor conformal blocks at large central charge. These are
particularly interesting in the context of holography, where they describe the
leading universal physics of graviton exchanges in the bulk. Various known
results have already been reproduced, illustrating the utility and simplicity
of the formalism. It should now be used to find novel results – for example,
one can imagine studying conformal blocks in new kinematic regimes (e.g.,
the late time regime [163], the light cone regime [164], etc.), or higher-point
conformal blocks in various channels [144, 165, 166]. Furthermore, not much
is known about the higher-dimensional conformal blocks beyond the global
single-stress tensor exchanges (see however [135–137]).

Some technicalities about the formulation of the shadow operator formu-
lation in terms of the reparametrization mode deserve better understanding.
For instance, much of our formulation is restricted to an even number of
spacetime dimensions: the quadratic action for the reparametrization mode
only exists due to the conformal anomaly in even dimensions. We anticipate
that the non-existence of a simple theory of reparametrizations in odd di-
mensions might be related to various other complications in that case. For
instance, even global conformal blocks are very complicated in odd dimen-
sions [118]. On the other hand, the pole skipping phenomenon discussed in
§4.5.2 does occur both in even and odd dimensions.89 It would be good to
understand what this means for the existence or non-existence of a simple
theory of reparametrizations in odd dimensions.

89Note, however, that the technical details are quite different in the two cases.
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Chapter 5

Looking for (and not finding)
a bulk brane

5.1 Introduction

Is every consistent theory of quantum gravity a ‘string theory’? There are
many ways to attempt to ask this question (or even just to define the terms).
Since string theory involves non-perturbative higher-dimensional objects or
branes, in the context of AdS/CFT one way of asking this question is to
study whether, given a holographic conformal field theory (CFT), defect
operators in the CFT are described by gravitational branes in the dual
bulk. That is, does every holographic CFT have a well-behaved spectrum of
branes? As a step in this general direction, in this chapter we ask if, given a
holographic CFT, every conformal boundary condition is properly described
by the bulk gravitational effective field theory, allowing for the addition of a
semi-classical ‘end-of-the-World (ETW)’ brane90.

A closely related—but more concrete—ambition is to sharpen the holo-
graphic dictionary for boundary conformal field theories (BCFT). That is,
given a holographic CFT, what additional assumptions—if any—must be
made for an associated BCFT to be described by the bulk gravitational
effective field theory (again allowing for the addition of semi-classical branes)?
And can we explicitly write the mapping between solutions of the boundary
bootstrap and semi-classical bulk+brane actions?

Sharpening the holographic dictionary for BCFTs is timely. Recent
works [168–178] have employed a BCFT as a model of a lower-dimensional
gravitational system coupled to an auxiliary CFT. A BCFT is then a concrete
and calculable model for studying Euclidean wormholes and islands. In these
works, it has been assumed that the BCFT has a good holographic dual with

90In the literature, the term “end-of-the-world brane” is sometimes also applied to
higher-dimensional duals of holographic BCFTs in which the spacetime caps off smoothly
over large distances due to shrinking internal space directions; see e.g. [167]. In this
work, we will use this term to connote a localized, semi-classical gravitating brane which
constitutes a boundary for a given spacetime.
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an ETW brane. Furthermore, it has been suggested that one might be able
to minimally UV-complete coarse-grained gravitational theories by adding
ETW branes to the theory [179, 180]. But just how realistic or typical are
well-behaved ETW branes in a theory of gravity?

A similar program for sharpening the duality between CFTs and bulk
gravitational effective field theory was initiated in [181]. There, the conformal
bootstrap was used to argue that any CFT such that

(i) simple correlators factorize in a 1/c expansion; and

(ii) the spectrum is gapped such that below some large ∆gap the only
operators are simple light operators and their multi-trace composites

is dual to a bulk theory of semi-classical Einstein gravity. A great deal of
subsequent work on the holographic bootstrap has strengthened and refined
this claim, for example [182–193].

To begin the parallel program for BCFTs, we first note that the holo-
graphic CFT bootstrap typically begins with the assumption that the boot-
strap can be studied in a 1/c expansion about a universal mean field theory
solution (MFT) determined by the CFT two-point function. For example, a
scalar four-point function would have the schematic form

⟨ϕϕϕϕ⟩ =
∑
⟨ϕϕ⟩2Univ +O(1/c) , (5.1.1)

where ⟨ϕϕ⟩Univ is the universal CFT two-point function.
In contrast to a CFT, the BCFT two-point function is not universal

and kinematically behaves similarly to a CFT four-point function [194–196].
Moreover, unlike for the holographic CFT, there is no restriction from
the BCFT or its gravitational dual that this two-point function should be
perturbatively close to a known universal solution like the MFT. Thus, before
attempting to understand an analogous correspondence between bulk+brane
interactions and perturbative solutions to the BCFT bootstrap, we must first
understand the leading order, non-perturbative backreaction of the boundary
on the bulk gravitational solution.

To understand what is special about the leading order solution for a
BCFT with a simple bulk dual, we will argue that it is useful to rotate
to Lorentzian/Minkowski signature, since the Lorentzian BCFT two-point
function can probe the bulk causal structure. When the BCFT has a semi-
classical gravitational dual, the bulk causal structure often implies the
existence of new approximate singularities in the BCFT91 (see Figure 5.1).

91We don’t expect these to be true singularities of the BCFT. Rather, much like the

160



5.1. Introduction

Figure 5.1: (a) A light ray leaving the boundary and returning to the
boundary at a later time (in this example reflecting off an ETW brane); (b)
The bulk causal structure then implies new ‘bulk brane’ singularities in the
BCFT to the future of a BCFT operator; (c) The bulk brane singularities
require a careful alignment of operator dimensions appearing on the boundary
of the BCFT.

Similar singularities for scattering at bulk points in a CFT have been noted
before, and their CFT origins were discussed in detail in [197].92

On the BCFT side, these new bulk singularities can only be obtained
through the careful alignment of boundary operator dimensions over some
large range of dimensions up to a ‘boundary gap’ ∆̂gap. The careful alignment
of these operators makes such a bulk causal structure fragile. We find no
constraints from the CFT being holographic that fix these specific dimensions.

From the fragility of the bulk causal structure, we suggest that holographic
boundary conditions are sparse in the space of all boundary conditions for a
holographic CFT. On top of the assumptions already necessary for our CFT
to be holographic, we must further make a new set of assumptions about
the boundary condition itself. Namely, we would like to conjecture that a
holographic CFT with a boundary condition whose

(i) correlators factorize in an expansion about a (non-universal) free bulk
solution; and

semi-classical singularities predicted by scattering at a bulk point, these will be flattened
out at the scale of the gap when the gravitational theory becomes non-local [197]. A
similar phenomenon is observed in the two-point function of a holographic CFT at finite
temperature; singularities due to null geodesics which wrap the photon sphere of the bulk
black hole are resolved by tidal effects in string theory [198].

92Lorentzian CFT correlation functions and the singularities from bulk points have been
used as a powerful diagnostic of bulk geometry [199–201].
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(ii) boundary operator spectrum is gapped such that below some large
∆̂gap the only operators are simple light operators and their multi-trace
composites;

is dual to a bulk theory of semi-classical gravity with the possible addition
of an ETW brane with a local action. It is the first of these conditions that
this chapter suggests is not generic and must be assumed, although there are
subtleties related to this point that appear when we study more complicated
top-down constructions of holographic BCFTs. The second condition, and
the necessity and sufficiency of these two conditions together, will not be
addressed in this chapter.

This chapter is structured as follows. We begin with a review of BCFTs
and their holographic duals in section 5.2, as well as establishing notation to
be used in the rest of the chapter. A reader familiar with BCFTs can easily
skip this section or reference it when the notation we use is not obvious. To
understand what a holographic BCFT looks like in terms of its spectrum of
boundary operators, in section 5.3 we examine the simplest possible model:
empty AdS cut off by an ETW brane. We take the operator spectrum found
in our simple model and explain its meaning in section 5.4 by studying the
bulk causal structure and the Lorentzian continuation of BCFT two-point
functions. We establish a general correspondence between the boundary
operator spectrum and the bulk causal structure in section 5.5; this leads to
our conjecture about necessary and sufficient conditions for a holographic
BCFT. We examine our conjecture in top-down models and introduce some
necessary caution regarding the strongest version of our claims in section 5.6.
We conclude with a discussion in section 5.7.

5.2 Review of BCFT

Critical phenomena involving a boundary are described by boundary confor-
mal field theories, which involve generalizations of the many familiar concepts
and tools of conformal field theories. To arrive at a BCFT, one typically
introduces a boundary to a known CFT where the space ends. One may also
introduce additional degrees of freedom living on the boundary, which can
be coupled to the CFT degrees of freedom. A complete specification of the
theory then involves imposing boundary conditions for the the bulk degrees
of freedom, as well as dynamics for the boundary excitations. If this can
be done in a manner that maximally preserves conformal invariance, or by
flowing to a conformal fixed point, the resulting theory is a BCFT. For a given
CFT, there may be many different possible choices of conformally-invariant
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Figure 5.2: A BCFT on a half-plane Rd−1 × R+. Here, x0 and x⃗ are
coordinates parallel to the boundary; x⊥ is a coordinates perpendicular to
the planar boundary, which sits at x⊥ = 0.

boundary conditions (or conformal fixed points), each of which is described
by a different BCFT.

Symmetries The most basic tool in studying a BCFT is conformal rep-
resentation theory: the excitations of the theory organize themselves into
representations of a reduced conformal symmetry group that is left unbroken
by the new boundary. When the BCFT lives on the half-plane Rd−1 × R+

with a planar boundary, the unbroken symmetry is SO(d, 1) ⊂ SO(d+ 1, 1),
which is the set of transformations that maps the half-plane back to itself.
We will use coordinates on this space given by x = (x0, x⃗, x⊥), where x0, x⃗
are Euclidean coordinates parallel to the boundary and x⊥ is our coordinate
orthogonal to the planar boundary. We depict these coordinates in Figure
5.2.

CFT Operators and Boundary Operators Because a BCFT only
modifies the CFT along the boundary, the spectrum of CFT operators and
their algebra remains unchanged. Localized on the boundary, however, we
have new boundary operators, ÔI . These operators are organized into repre-
sentations of SO(d, 1), which are partially labeled by a boundary conformal
dimension ∆̂I . The boundary conformal dimension is just the usual eigen-
value of the unbroken d-dimensional dilation operator (which dilates both
along and away from a point on the boundary). As is familiar, any such
representation has a primary and descendants and we use this structure to
organize our description of the BCFT in much the same way as we do for
CFTs.

State-Boundary Operator Map By the usual logic of the state-operator
mapping, there is a one-to-one map between boundary operators of the
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BCFT and states of the theory quantized on a half-sphere Dd−1. This follows
from the half-plane picture by using an infinite dilation to map back to a
point on the boundary. Alongside the state-boundary operator map, we still
also have the regular CFT state-operator map when we quantize the theory
on a sphere Sd−1 which does not intersect the boundary.

The state-boundary operator map allows us to write a boundary operator
expansion (BOE), whereby any CFT operator can be written as a sum over
boundary operators

Oi(x) =
Ai

(2x⊥)∆
+
∑
J

BiJ
(2x⊥)∆i−∆J

Ĉ[x⊥, ∂x⃗]ÔJ(x0, x⃗) , (5.2.1)

where the sum over J is over boundary primary operators and the differential
operator Ĉ which contributes the contributions of descendants is fixed by
conformal invariance. Likewise, the BCFT inherits the regular OPE from
the CFT without a boundary:

Oi(x)Oj(y) =
∑
k

Ckij
|x− y|∆i+∆j−∆k

C[x− y, ∂y]Ok(y) . (5.2.2)

Correlation Functions Because of the reduced symmetry, BCFT corre-
lation functions involving CFT operators away from the boundary are less
constrained than those of a CFT without a boundary. A useful ‘trick’ for
characterizing the kinematic constraints on a BCFT correlator is to view the
correlator as doubled with operator insertions mirrored across the boundary
(each copy carrying half the conformal weight of the original operator).

Following the logic of doubling, one can easily see that a scalar CFT
operator has a one-point function that behaves kinematically like a CFT
two-point function

⟨O(x)⟩ = AO
(2x⊥)∆

, (5.2.3)

where the coefficient AO which determines the size of the vacuum expectation
value is a free parameter of the theory, unlike in a CFT, because we choose
not to change the normalization of our CFT operators.

Likewise, the two-point function of scalar operators in a BCFT behaves
much like a CFT four-point function and thus no longer fixed by conformal
invariance. It can be written in terms of an undetermined function of a single
conformally-invariant cross-ratio,

⟨O(x)O(y)⟩ = 1

|4x⊥y⊥|∆
G(ξ) , (5.2.4)
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where the cross-ratio can be defined as

ξ =
(x− y)2

4x⊥y⊥
=

(x0 − y0)2 + (x⃗− y⃗)2 + (x⊥ − y⊥)2

4x⊥y⊥
. (5.2.5)

5.2.1 Boundary Bootstrap

The function G(ξ) that appears in (5.2.4) must decompose into irreducible
representations of the conformal symmetry. There are two ways to perform
this decomposition. We can take the operators near to each other, ξ → 0,
and use the CFT OPE to fuse the two operators into a sum of bulk operators.
We can then evaluate the sum over local operators in the BCFT. The result
is an expansion in terms of bulk conformal blocks gB [195, 196, 202]:

Bulk Channel : G(ξ) =
∑
i

ai g
B
∆i
(ξ) , (5.2.6)

where i labels CFT bulk primaries and the coefficients ai are the product of
the bulk OPE coefficient and one-point function coefficient of Oi,

ai = CiAi , (5.2.7)

where we suppress the O appearing in the OPE coefficient. Alternatively,
we can take the operators to the boundary, ξ → ∞, and use the BOE to
expand each operator as a sum of boundary operators. We then evaluate
the two-point functions of the resulting summed boundary operators, which
are fixed by conformal invariance. The result is an expansion in terms of
boundary blocks gb [195, 196, 202]:

Boundary Channel : G(ξ) =
∑
I

bI g
b
∆̂I

(ξ) , (5.2.8)

where I labels boundary primary operators and bI is the square of their BOE
coefficients

bI = BI2 . (5.2.9)

The equivalence of the expansions in terms of either the boundary con-
formal blocks or bulk conformal blocks,∑

O′

aig
B
∆i
(ξ) =

∑
I

bIg
b
∆̂I

(ξ) , (5.2.10)

is a BCFT version of crossing symmetry and gives bootstrap equations that
can be studied with analogous tools as in the CFT case [196, 202]. We depict
the crossing symmetry visually in Figure 5.3.
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Figure 5.3: Pictorial representation of 5.2.10. The thick line represents
the boundary; thin lines represent fusion of external operators into bulk or
boundary operators; dotted lines represent correlators.

Scalar Blocks As shown in [195], the scalar conformal blocks, obtained by
solving the Casimir equation for the full and reduced conformal symmetry,
are

gB∆(ξ) = ξ∆/2−∆ext
2F1

(
∆

2
,
∆

2
;∆− d

2
+ 1;−ξ

)
(5.2.11)

gb
∆̂
(ξ) = ξ−∆̂

2F1

(
∆̂, ∆̂− d

2
; 2∆̂ + 2− d;−ξ−1

)
, (5.2.12)

where ∆ext is the dimension of the external operators.
There are branch point singularities in G(ξ) at ξ → 0,∞. As in [202], we

take the branch cut to run from (−∞, 0), so that the Lorentzian continuation
ξ lives on the cut plane C\(−∞, 0).

Radial Coordinates We can also introduce radial coordinates [203, 204],
which will simplify some of our expressions:

ξ =
(1− ρ)2

4ρ
. (5.2.13)

This takes the cut ξ-plane to the unit disk |ρ| < 1, with ξ ∈ (0,∞) mapped
to ρ ∈ (0, 1). The boundary block is then

gb
∆̂
(ρ) =

[
4ρ

(1− ρ)2

]∆̂
2F1

(
∆̂, ∆̂− d

2
+ 1; 2∆̂ + 2− d; −4ρ

(1− ρ)2

)
(5.2.14)

= (4ρ)∆̂2F1

(
∆̂,

d− 1

2
; ∆̂− d

2
+

3

2
; ρ2
)
, (5.2.15)

where on the second line, we used a quadratic transformation of the hyperge-
ometric function 2F1.
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5.2.2 Holographic BCFT

Bottom-Up Models

In [205, 206] (following [207, 208]) it was proposed that the holographic dual
of a BCFT should be a bulk geometry,M, terminated by an ETW brane,
B, that acts as an additional infrared boundary for the gravitational theory.
The new boundary B meets the standard asymptotically AdS boundary at
the location of the BCFT boundary (see Figure 5.4). The gravitational sector
of the bulk+brane theory is proposed to have an action that now includes a
standard Gibbons-Hawking boundary term on the brane

SG =
1

16πGN

∫
M

√
−g(R− 2Λ) +

1

8πGN

∫
B

√
−h(K − T ) , (5.2.16)

where h is the induced metric on the brane, K is the trace of the extrinsic
curvature, and T is the tension of the ETW brane. One also expects the
same bulk AdS matter action as the original CFT without a boundary as
well a new matter action living on the ETW brane:

S = SG +

∫
M
SmAdS +

∫
B
SmETW . (5.2.17)

The residual SO(d, 1) symmetry of the BCFT fixes the bulk geometry to
take the highly-constrained form

ds2 = dr2 + e2A(r)ds2AdSd
, (5.2.18)

where a lower-dimensional AdSd is warped over a radial direction with some
warp factor A(r). The warp factor is determined by whatever vacuum
expectation values are sourced by the ETW matter action SmETW , but must
asymptotically approach that of empty AdSd+1 where A(r) = ln cosh(r)
as r → −∞. (We will work in coordinates where the AdS radius L = 1.)
The ETW brane will sit on some constant radial slice r = r0, fixed by the
combination of the tension T and the particular warp factor A(r).

Top-Down Models

The bottom-up proposal of [205, 206] is known to be too simple to fully
describe some explicit top-down constructions of holographic duals that
have been derived for ‘microscopic’ BCFTs. In these cases, there is a more
complicated bulk geometry with a non-trivial internal space. The internal
space allows the bulk geometry to cap off smoothly in the infrared instead
of ending on a brane. A few known top-down constructions of holographic
BCFT are worth noting here:
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• In [209, 210], the authors present general half-BPS solutions of 6-
dimensional type 4b supergravity, including those with a single AdS3×
S3 asymptotic region, expected to be dual to BCFT2. The geometric
ansatz for these solutions is a warped product AdS2 × S2 fibred over a
Riemann surface Σ. The solutions constructed in [209] are referred to
as the AdS2-cap and AdS2-funnel; a more general class of solutions is
found in [210], involving Riemann surfaces Σ with additional boundary
components and handles. It is conjectured that these solutions should
correspond to supersymmetric configurations of self-dual strings and
3-branes, though this identification and the corresponding class of
BCFTs is not well-understood.

• Half-BPS solutions of 11-dimensional supergravity with a single AdS4×
S7 region, corresponding to stacks of semi-infinite M2-branes ending
on M5-branes, have been constructed in [211, 212].

• In [213–215], half-BPS solutions of type IIB supergravity, corresponding
to configurations of D3-branes ending on D5-branes and NS5-branes,
were constructed. Solutions with a single asymptotic AdS5 × S5 region
furnish a holographic description of the U(N) N = 4 super Yang-Mills
theory with OSp(4|4)-preserving boundary conditions, classified by
Gaiotto and Witten in [216, 217].

We discuss explicit top-down models in more detail in section 5.6.2.

Holographic BCFT Dictionary

Here we review the holographic dictionary for a scalar bulk field in a BCFT.
We explain how to construct bulk operators in bottom-up models and how
to extract their corresponding boundary operator expansion data. We
follow closely the treatment in [218], although we will use slightly different
conventions.

Consider a bulk scalar field operator ϕ(y⃗, u, r) of massM . By the standard
AdS/CFT dictionary, this field is dual to a CFT operator O∆ of dimension

∆ =
1

2

(
d+

√
d2 + 4M2

)
. (5.2.19)

At leading order, the bulk field satisfies the free wave equation on the warped
background (

□M −M2
)
ϕ = 0 . (5.2.20)
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We can write a solution of this wave equation in the form∑
n

ψ̄n(r)ϕ̂n(y⃗, w), (5.2.21)

where the ϕ̂n are fields of mass mn which satisfy the Klein-Gordon equation
□dϕ̂n = m2

nϕ̂n in AdSd. Substituting the mode expansion into (5.2.20) we
find that the radial modes ψ̄n(r) must solve

ψ̄′′
n(r) + dA′(r)ψ̄′

n(r) + e−2A(r)m2
nψ̄n(r)−M2ψ̄n(r) = 0, (5.2.22)

To completely determine the mode expansion, we must also specify a complete
set of boundary conditions. As we are looking for the bulk operator, we
require that our solution be normalizable as we approach the AdS boundary

ψ̄n(r) =
r→∞

e−r∆ (1 + . . .) (5.2.23)

and furthermore choose that the leading term is unit normalized. A second
boundary condition is specified on the bulk brane, where the specific condition
is determined by the terms appearing in the brane action. Together, these
two boundary conditions determine the correct modes ψn and eigenvalues
mn, giving the bulk scalar operator

ϕ(y⃗, u, r) =
∑
n

ψn(r)ϕ̂n(y⃗, w) . (5.2.24)

The last step in writing down (5.2.24) is to fix the correct rescaling of the
mode functions ψn = cnψ̄n. The rescaling is determined by enforcing the
canonical commutation relations for the bulk field (see Appendix D.1). Note
that with this proper normalization in place, the mode functions have the
asymptotic form ψn(r) = cne

−r∆ + . . ..
Having derived the bulk scalar operator, we can now take the boundary

limit to obtain the dual CFT operator. The mode expansion in terms of the
AdSd operators directly gives the dual boundary operator expansion [218].
However, it is even cleaner to relate the bulk modes to boundary operators
by considering the bulk and boundary two-point functions, which we will do
in the following.

Holographic Two-Point Function Consider the bulk two-point function
in our mode expansion:

⟨ϕ(x1)ϕ(x2)⟩ =
∑
n,m

ψn(r1)ψm(r2)
〈
ϕ̂n(x1, u1)ϕ̂n(x2, u2)

〉
=
∑
n,m

ψn(r1)ψm(r2)G
(AdSd)
∆n

(x1, u1;x2, u2).
(5.2.25)
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Using the known form of the AdSd two-point function (see e.g. [219],

G
(AdSd)
∆ (ξ) = C∆,d−12

−2∆ξ−∆
2F1(∆,∆−d/2+1, 2∆−d+2,−1/ξ) (5.2.26)

where

C∆,d−1 =
Γ(∆)

2π
d−1
2 Γ(∆− d/2 + 3/2)

, (5.2.27)

one can compute the CFT two-point function in the standard way:

⟨O1O2⟩ = lim
r1,r2→∞

cosh2∆(r)
1

C∆,d
⟨ϕ(X1)ϕ(X2)⟩ . (5.2.28)

Because the AdSd bulk-to-bulk propagator (5.2.26) and boundary conformal
block (5.2.12) are identical (up to a constant), we immediately find

⟨O1O2⟩ =
1

C∆,d

∑
n

(
lim

r1,r2→∞
cosh2∆(r)ψn(r1)ψn(r2)

)
C∆n,d−12

−2∆gb∆n
(ξ),

(5.2.29)
which we can rewrite as

⟨O1O2⟩ =
1

C∆,d

∑
n

c2nC∆n,d−12
−2∆ngb∆n

(ξ). (5.2.30)

From comparing this expression to (5.2.8), we conclude two things:

1. The spectrum of boundary operators appearing in the BOE of O∆ is
given by {

∆n =
1

2

(
d− 1−

√
(d− 1)2 + 4m2

n

)}
. (5.2.31)

2. The BOE coefficients are given by

Bn =
1

2∆n

√
C∆n,d−1

C∆,d
cn . (5.2.32)

5.3 Simplest Bulk Model

To understand the leading-order free two-point function in a holographic
theory, we begin by studying the simplest possible bottom-up model: empty
AdS terminated by an ETW brane. In our radial coordinates (5.2.18), the
AdSd foliation of AdSd+1 takes the form

ds2 = dr2 + cosh2(r)

(
dy⃗2 + du2

u2

)
. (5.3.1)
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Figure 5.4: Our simple model in which the bulk is locally AdSd+1, but is
terminated by an ETW brane. We depict here the AdSd foliation of AdSd+1.

The location of the brane is given by some r = r0, determined by the tension.
See Figure 5.4. It will also sometimes be useful to change to an ‘angular’
coordinate using tanh(−r) = cos(φ) so that

ds2 = csc2 φ

[
dφ2 +

(
dy⃗2 + du2

u2

)]
, (5.3.2)

simplifying the conformal structure of the metric.
We consider a free scalar field, ϕ, whose dual CFT operator has dimension

∆. We will need to impose boundary conditions at the location of the brane.
As a simple choice, we choose Neumann boundary conditions on the field,
∂rϕ(r0) = 0, although the qualitative features of our results will not depend
on this specific choice. Using the mode expansion explained in section 5.2.2,

ϕ(y⃗, u, r) =
∑
n

cnψ̄n(r)ϕ̂n(y⃗, u) , (5.3.3)

we find the two independent radial solutions of the EOM to be

ψn(1)(r) = sind/2(φ)Pµ
ν (cosφ), (5.3.4)

ψn(2)(r) = sind/2(φ)

(
1− cosφ

1 + cosφ

)µ
2

2F1

(
ν + 1,−ν, µ+ 1,

1− cosφ

2

)
,

(5.3.5)

where we have chosen to use our angular coordinate φ, while ν and µ are

ν = ∆n −
d

2
, (5.3.6)

µ = ∆− d

2
. (5.3.7)
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The asymptotic behaviour of these solutions as r →∞ is

ψn(1) ∼ e−r(d−∆), ψn(2) ∼ e−r∆, (5.3.8)

which is what we expect from the non-normalizable and normalizable solutions
of the wave equation, respectively.

Taking into account our boundary condition on the brane, only the
modes ψn(1) which satisfy ψ′

n(1)(r0) = 0 are admissible. Since each radial

function ψn(1)(r) is related to a corresponding co-dimension 1 field ϕn(y⃗, w),
with a dimension ∆n given by Eq. (5.2.31), we expect that the condition
ψ′
n(1)(r0) = 0 will restrict the spectrum of ∆ns to take on only a discrete set

of values.
In the limit of large ∆n, we can explicitly solve the equation ψ′

n(1)(r0) = 0
for ∆n to obtain

∆n =
d− 1

2
+

(
n+ 1

2

(
∆− d

2

)
+ 1

4

)
π

arccos(tanh(r0))
n ∈ Z (large ∆n). (5.3.9)

In our angular coordinates, where the brane sits at φ0, this simplifies to

∆n =
d− 1

2
+

(
n+ 1

2

(
∆− d

2

)
+ 1

4

)
π

φ0
n ∈ Z . (5.3.10)

Note that, in d = 2, the position r0 of the brane is understood to be related
to the defect entropy log g of the CFT by [206]

log g =
r0
4G

, (5.3.11)

which gives

∆d=2
n =

1

2
+

(
n+ ∆

2 −
1
4

)
π

arccos(tanh(2G log g))
n ∈ Z. (5.3.12)

It remains to calculate the scaling coefficients cn appearing in (5.2.24)
by enforcing the equal time canonical commutation relations. Following
Appendix D.1, we compute cn from the mode normalization∫ ∞

r0

dr coshd−2(r)ψn(r)ψm(r) =
1

c2n
δnm . (5.3.13)

Using the explicit expressions for ψn(r) in Eq. (5.3.5), we can solve for cn in
the asymptotic limit of large n, which is the same limit in which we evaluated
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the scaling dimensions ∆n of the operators ϕn. This gives the expression

cn ≈
π1/4

√
(1 + µ)

2

√
Γ(µ+ 1/2)

Γ(µ+ 2)Γ(2µ+ 1)

(
2

arccos(tanh r0)

)µ+1

×
(π
4
(4n+ 2µ+ 1)

)µ+1/2
,

(5.3.14)

with µ = ∆− d/2, as before.
From Eq. (5.2.32), we can then compute the the BOE coefficients by

plugging in the above cn into the expression

Bn =
1

2∆n

√
C∆n,d−1

C∆,d
cn . (5.3.15)

In the large n limit, we can write this as

Bn = 2
− n

φ0 n∆− d+1
4 B + . . . (5.3.16)

with B a constant independent of n:

B = e
3
4
− d

4π−
d
4
+∆+ 1

2 2
π(d−2∆−1)

4φ
− d−1

2 φ
d−1
4

−∆ [Γ(∆)Γ(−d/2 + ∆+ 1)]−1/2

(5.3.17)
We conclude from this simple model that the information about the bulk

geometry, namely—given our restricted assumptions—the location of ETW
brane at φ0, appears in two places:

1. The asymptotic spacing of boundary operator dimensions γ =
limn→∞∆n+1 −∆n = π

φ0
.

2. The asymptotic growth of the BOE coefficients Bn ∼ exp
(

n
φ0

ln 2
)
.

What is not yet clear is why the information about the brane is encoded in
this particular way and how it generalizes to a lesson about all BCFTs with
good bulk duals. To make this next step, we must turn to the Lorentzian
structure of two-point functions in a (holographic) BCFT.

5.4 Lorentzian BCFT Singularities

In this section, we will consider the singularities associated with a scalar two-
point function in a Lorentzian BCFT. We start by discussing the field theory
setup and the expected structure of kinematic singularities. For BCFTs with
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a simple holographic dual, we consider the apparent singularities that arise
from the bulk causal structure. In particular, we consider the bulk null rays
that are reflected off the brane, and compute the cross-ratio of the return
locus for these rays.

5.4.1 BCFT Singularities

In Euclidean signature, a CFT correlator has singularities whenever two
operators become coincident (and is analytic otherwise). Similarly, a Eu-
clidean BCFT correlation function will have singularities only when operators
approach each other, or when they approach the boundary. (We can think of
this as an operator approaching their mirrored double across the boundary.)

In terms of a scalar BCFT two-point function, and our cross ratio ξ
defined in (5.2.5), the singularity when the two operators approach each
other corresponds to the limit ξ → 0. In this limit, the correlator will diverge
like

⟨O(x)O(y)⟩ = 1

|x− y|2∆
+ . . . (5.4.1)

or, correspondingly, G(ξ) ∼ ξ−∆. When the operators approach the boundary,
in the limit ξ →∞, the correlator diverges like

⟨O(x)O(y)⟩ = A2

|4x⊥y⊥|∆
+ . . . (5.4.2)

or, correspondingly, G(ξ) ∼ A2. Unlike the CFT case, there is no third
Euclidean singularity, which could be thought to correspond to the operator
O(y) approaching the mirror of O(x).

In Lorentzian signature, we similarly expect a singularity when O(y)
approaches the lightcone of O(x) at the cross-ratio ξ = 0. We can also
continue the Lorentzian two-point function around the branch point at ξ = 0
to the timelike region ξ < 0. Here there is another possible singularity where
the O(y) approaches the reflection of the lightcone of O(x) off the boundary
at ξ = −1. This is known as the Regge Limit of the BCFT [202] and it has
been shown that the BCFT diverges here at worst as G(ξ) ∼ (ξ+1)−∆. This
is exactly the singularity one would expect from approaching the lightcone
of the ‘mirror’ of O(x). We depict the Lorentzian causal structure and the
corresponding cross-ratios in Figure 5.5.

When we change to radial coordinates, placing O(y) in the timelike
region to the future of O(x), but before the reflected lightcone, corresponds
to ρ = eiφ for φ ∈ [0, π]. At one end ρ = 1 (φ = 0) is the lightcone of O(x)
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Figure 5.5: We depict various regions of the Lorentzian interval for a BCFT in
terms of various cross-ratios. Importantly we note that the causal diamond
bounded by the lightcone of the operator O(x) and its reflection off the
boundary is described by the radial cross-ratio ρ living on the unit circle.
It interpolates between the initial lightcone at ρ = ei0 and the reflected
ligthcone at ρ = eiπ.

at ξ = 0 and at the other end ρ = −1 (φ = π) is the reflected lightcone of
O(x) at ξ = −1. We also indicate the ρ-regions in Figure 5.5.

It has been argued that a CFT correlation function should only have
singularities at points corresponding to Landau diagrams [197] where null
particles interact at local vertices. By the same logic, we expect the only
singularities of a BCFT two-point function to be that on the lightcone and
its reflection. We do not not attempt to prove this statement in general, but
we can follow [197], and show that it holds in a 2D BCFT.

BCFT Singularities in 2D In two dimensions one can perform a con-
formal transformation to map the unit ρ disk into the interior of the unit
disk in a new coordinate q, hitting the boundary only at q = ±1. We depict
the region in Figure 5.6. One can then show that the two-point function
converges everywhere in the interior of the unit q disk; the convergent region
includes the region where the two-operators are timelike separated, except
the point q = ±1 corresponding to the expected BCFT lightcone. We give a
more complete derivation of this result in Appendix D.3.

5.4.2 Bulk Singularities

The location of the BCFT singularities we have just listed are universal
and kinematic, in the sense they can be read off the behaviour of individual
conformal blocks without consulting the spectrum. But for a BCFT with a
simple holographic dual, a new type of singularity can emerge: an insertion
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Figure 5.6: Relation between the radial ρ variable and the new coordinate q.

now generates a lightcone in the gravitational bulk as well as the boundary.
Bulk light-rays can head into the infrared gravitational geometry and return
some time later to the boundary, indicating new singularities in the BCFT.
When the bulk geometry is ‘shallow’ (for example, when the geometry ends
on a brane with a large negative tension), these singularities may even occur
before the boundary light ray has returned.

To illustrate this behaviour, we begin by examining our simple toy model
where empty AdS is terminated by an ETW brane. We can re-write our
angular metric (5.3.2) in the form

ds2Euc =
1

sin2 θ sin2 φ

(
dτ2 + cos2 θdΩ2

d−2 + dθ2 + sin2 θ dφ2
)
, (5.4.3)

by turning the AdSd-radial coordinate on the slices into a second angular
coordinate θ.93 The angular radial coordinate θ on the slices takes values θ ∈
[0, π/2] with 0 being the boundary of AdS. Recall that the other coordinate ϕ
takes values in the range φ ∈ [0, φb] and is found from the coordinate change
cosφ = tanh(−r). dΩ2

d−2 is the line element on the Sd−2 that parametrizes
the rest of the AdSd slice. Ignoring the conformal factor, we can see that
the angular coordinates (θ, φ) together form part of an S2. By continuing to
Lorentzian time, we arrive at the metric

ds2Lor =
1

sin2 θ sin2 φ

(
−dt2 + cos2 θdΩ2

d−2 + dθ2 + sin2 θ dφ2
)
. (5.4.4)

We will perform our bulk causal calculations in these coordinates.

93By radial coordinate, we mean the global AdSd-radial coordinate on the slices. These
global AdS coordinates can be obtained simply by switching to polar coordinates on the
slice, with an origin on the boundary.
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Figure 5.7: (a) A 2D spatial-slice of AdS3 cutoff by an ETW brane. (b) The
same spatial slice conformally mapped to part of the two-sphere. The path
of a null geodesic is marked in red.

To begin, we restrict ourselves to consider null rays travelling on the
2-sphere at a fixed position on the Sd−2 in (5.4.4). This is a straightforward
affair. Consider a null ray xµ(λ) = (t(λ), θ(λ), φ(λ))), with affine parameter
λ. The conformal factor drops out, leaving a simple null geodesic equation

−ṫ2 + θ̇2 + sin2 θ φ̇2 = 0 . (5.4.5)

We are free to take ṫ = 1, so that affine time elapsed simply measures distance
along the sphere, and the calculation of the return locus reduces to a problem
of spherical trigonometry. Without loss of generality, we take the initial
insertion to lie at xµ = (0, θ0, 0). The null ray will head off into the bulk
with some initial direction θ̇0 = θ̇(0), bounce off the brane at φ = φb, and
return to the boundary φ = 0 at some angle θ1 and time ∆t = d measured
by the distance travelled.

To simplify the kinematics further, we can double the width of the wedge
to 2φb. There is now no need to consider the reflection off the brane, since
the light ray sails smoothly through the mirror and arrives at the reflected
boundary. It follows immediately from spherical trigonometry94 that the
initial position θ0, direction θ̇0, return angle θ1 and elapsed time ∆t = d are
related by

cos d = cos θ0 cos θ1 + sin θ0 sin θ1 cosφb . (5.4.6)

We show the spatial path of one of these null geodesics in Figure 5.7.
To compute the cross-ratio, ξ, for this locus, note that the flat BCFT

coordinates are related to our polar coordinates x1 = eit cos θ and x⊥ =
eit sin θ. Plugging in (5.4.6), the analytically continued cross-ratio is

ξ =
(ei∆t cos θ1 − cos θ0)

2 + (ei∆t sin θ1 − sin θ0)
2

4ei∆t sin θ1 sin θ0
= − sin2 φb . (5.4.7)

94Specifically, the spherical law of cosines.
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Figure 5.8: An illustration of two example return loci for branes of different
tension/causal depth. When the brane tension is positive, φb is greater than
π/2 and null geodesics return to the boundary along a curve in the upper
causal diamond. When the brane tension is negative, φb is less than π/2
and null geodesics return to the boundary along a curve in the lower causal
diamond.

This is pleasingly simple. In terms of our radial cross-ratio (5.2.13), it is
even simpler:

ρ = ei2φb . (5.4.8)

We show the return locus for varying φb in Figure 5.8.
We conclude that the bulk causal structure of our simple ETW brane

model predicts a singularity in the BCFT at the cross-ratio (5.4.8). This
occurs away from the expected BCFT singularities at ρ = 1, 0,−1.

General warp factor We can repeat the same argument with minor
modifications for a more general warped background plus ETW brane as
in (5.2.18). In this case, one only needs to find the appropriate angular
coordinate to put the metric in the form

ds2Lor =
1

sin2 θf(φ)

(
−dt2 + cos2 θdΩ2

d−2 + dθ2 + sin2 θ dφ2
)
, (5.4.9)

for some function f(φ) determined by the warp factor A(r). Because the
causal structure does not depend on this unknown conformal factor, we again
find the return locus to be

ρ = ei2φb . (5.4.10)
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where φb =
∫ rb
−∞ e−A(r)dr. We note, in particular, that the causal structure

of the bulk and of the return locus to the boundary is independent of the
Euclidean distance to the brane. In contrast to this work, the Euclidean
distance is what appears in holographic calculation of boundary entropy in
2D CFTs, for example, and many calculations of entanglement entropy.

General geodesics While calculating null geodesics which are not at a
fixed position on the Sd−2 would be slightly more challenging, there is no
need to go to the trouble. The BCFT two-point function is a function only
of a single cross-ratio, up to a conformally-covariant pre-factor. Thus, having
mapped part of the null cone to the locus ρ = ei2φb , we can conclude that
null geodesics with non-zero momentum on the sphere must also return at
another point on the sphere with the same cross-ratio. Or, in other words,
we can map any two unit vectors on the AdSd slices into each other by a
conformal transformation and so all of the null rays are equivalent.

5.5 Looking for a Bulk Brane

In section 5.3 we showed how the bulk geometry of a simple ETW brane
model is encoded in the spectrum and BOE coefficients of the dual BCFT.
And in section 5.4 we showed that the bulk causal structure also predicts new
Lorentzian singularities in the BCFT from null rays that reflect off the bulk
ETW brane. We now put these two sides of the coin together and explain
how one entails the other.95

The boundary conformal block, written in terms of our radial cross-ratio
(5.2.15), has a simple large dimension limit

lim
∆̂→∞

gb
∆̂
(ρ) = (4ρ)∆̂

1

(1− ρ2)(d−1)/2
. (5.5.1)

We consider this large-dimension limit at the return time of the bulk null
cone, (5.4.8), to see that

lim
∆̂→∞

gb
∆̂
(ei2φb) = 4∆̂ei2∆̂φb

1

(1− ei4φb)(d−1)/2
. (5.5.2)

When we plug in the asymptotic spacing of boundary operator dimensions
in our simple model, (5.3.10),

∆̂ = ∆̂0 + n
π

φb
(5.5.3)

95Or heads from one to the other. Pun obviously intended.
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we see that the block takes the form

lim
n→∞

gb
∆̂n

(ρ) = ei2∆̂0φb4∆̂n
1

(1− ei4φb)(d−1)/2
. . (5.5.4)

Thus the spacing of the boundary operator dimensions has exactly cancelled
the n-dependence of the phase precisely at the return time of bulk null cone.
These conformal blocks will then all add coherently at this point so that the
sum over conformal blocks takes the form

ei2∆̂0φb4∆̂0
1

(1− ei4φb)(d−1)/2

∑
n

2
2n π

φb bn (5.5.5)

Consequently, this sum can potentially diverge. To see that this is in fact the
case, we plug in the large-n BOE coefficients from (5.3.16). Dropping the
prefactor, near the return time at ρ = exp [i2φb(1 + ϵ)] the sum over n gives∑

n

e2πinϵn2∆− d+1
2 . (5.5.6)

This is just a Fourier transform of the BOE coefficients. Doing the Fourier
transform and extracting the singular contributions, we find Lorentzian
singularities in the two-point function proportional to

G(ρ) ∼ 1

(ρb − ρ)2∆− d−1
2

1

(−1− ρ)
d−1
2

. (5.5.7)

We conclude that the bulk causal structure has been mapped into a
particular regular asymptotic spacing of the boundary operators that appear
in the BOE.

From bulk points to bulk branes Our story is a very close analogue,
both in spirit and technically, to the story in [197]. There the authors
explained how the causal structure of the dual AdS vacuum leads to new
singularities in CFT four-point functions. These result from local interactions
that happen at a point in the AdS bulk geometry. The bulk point isn’t
expected to be a true singularity of the four-point function—these are believed
to occur only where predicted by Landau diagrams in the boundary theory.
Rather it is a resonance in the correlator that is smoothed out at the scale
of the cut-off where bulk locality breaks down.

Similarly, we don’t expect to find true new singularities in the BCFT
two-point function. On the bulk side, we don’t expect the brane to be exactly
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local. It will have some intrinsic width at which it will smear out bulk signals
that reflect off the brane. On the boundary side, we only expect singularities
where allowed by BCFT Landau diagrams. Thus, above some cutoff scale
∆̂gap that determines the width of the brane we expect the careful alignment
of boundary operator dimensions to break down. Above this dimension,
operators contribute with incoherent phases, truncating the divergent sum
in (5.5.6)

5.5.1 No bulk branes (at least generically)

We argued that we don’t expect the bulk brane singularity to be a true
singularity of the BCFT. Nevertheless, the validity of our semiclassical
description, a bulk geometry terminated by an ETW brane, over a large
range of scales requires the careful alignment of boundary operator dimensions
up to some large ∆̂gap.

We conjecture that this careful alignment is not a generic feature of
BCFTs, even when the underlying CFT has a good gravitational description.
Thus, an operator spectrum and BOE coefficients consistent with a bulk ETW
brane geometry must be another input or assumption about the particular
boundary condition of the CFT, much in the way we have to assume features
of the spectrum of a large c CFT such that it has a good semiclassical
gravitational description.

We do know that the correlation functions of a BCFT become those of
the underlying CFT when all insertions are far from the boundary. Thus,
we do not claim that the geometry will break down everywhere in the bulk.
Rather, our claim is that generically there cannot be the type of simple causal
structure consistent with an ETW brane geometry. The lack of fine-tuned
dimensions prohibits null-rays from leaving the boundary and returning in
reasonably-short times.96

In the spirit of [181], we can formalize our conjecture as the following:

Conjecture 1. A holographic CFT with boundary condition B will have a
good bulk dual provided

(i) correlation functions factorize about a (non-universal) free bulk solution;
and

96Of course, if we are willing to wait sufficiently long times, we can produce a resonance
in an arbitrary theory by waiting for the phases of any finite number of blocks to align in
the future. It’s not clear that these types of resonances should have a simple gravitational
interpretation.
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(ii) the boundary operator spectrum is gapped such that below some large
∆̂gap the only operators are simple boundary operators and their multi-
trace composites.

It is the first of these conditions—the existence of a consistent leading-
order free bulk two-point function—that we are concerned with in this chapter
and that we have argued shouldn’t generically look like an ETW brane.
Whether or not we might still expect a good bulk geometry, but without an
ETW brane, we will discuss in section 5.6. We leave the examination of the
second of these conditions to future work, but we note that aspects of this
are challenging without a characterization of the space of solutions to (i).

Note that the causal structure of the four-point function in a holographic
CFT also requires a similar alignment of operator dimensions. Specifically, in
a holographic CFT one obtains “double-twist operators” due to the crossing
equations and the presence of the identity operator; the stress tensor then
fixes their anomalous dimensions, which asymptotically go to zero at both
large spin and large central charge. These two facts explain the emergence
of the “bulk point” [197], where scattering between CFT operators occurs in
the bulk but not the boundary.

In a defect CFT, a similar story generically emerges [220]: for a defect
of codimension q, there are boundary operators associated to derivatives of
bulk primaries in the q directions transverse to the defect. Their anomalous
dimension goes to zero at large “transverse spin” (i.e. the charge of the
residual SO(q − 1, 1) symmetry). This control of the anomalous dimensions
clearly vanishes in an interface or boundary CFT. We no longer have any
transverse spin to work with when q = 1, even though we still have operators
given by derivatives of bulk primaries in the remaining transverse direction.
To have a good bulk dual, these operators must possess non-trivial anomalous
dimensions that aren’t fixed by symmetry and universal properties alone. A
BCFT is then a simple setting where there isn’t quite enough symmetry to
fix the form of the vacuum two-point function and it must be an input.

A useful analogy in holographic CFTs for when the free correlators are
not fixed by symmetry is an excited state. Excited states in a holographic
CFT will not generically have a good bulk geometry and hence will not have
a good causal structure. Thus, we do not expect to see the approximate
singularities of a local bulk geometry except in carefully chosen states. We
suggest good ETW brane geometries are far from generic in the space of
BCFTs in much the same way good bulk geometries are far from generic in
the Hilbert space.
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5.6 Beyond ETW branes

Our discussion so far has focused only on the bottom-up ETW brane proposal
of [206]. However, we know this proposal is insufficient to fully describe
various top-down models where the bulk geometry is more complicated.
Moreover, while our evidence suggested that an ETW brane required finely-
tuned boundary operator dimensions, we would like to be able to make
a much more general conjecture: without special finely-tuned dimensions
the BCFT bulk will not be everywhere geometric. To examine this stronger
statement, we will elaborate below on constructions that go beyond the ETW
brane proposal.

5.6.1 General Bulk Geometries

We explore first two simple toy models to build intuition for what happens
when a BCFT is not terminated by an ETW brane, but terminates instead
when extra dimensions pinch off.

First, let us consider a metric on HS2 × R0,1, with the form

ds2 = −dt2+ dθ2+sin2 θdφ2 , t ∈ R , θ ∈ (0, π/2) , φ ∈ (0, 2π) . (5.6.1)

We take this to be a model of an extra dimension pinching off in the IR bulk
geometry where we view the angular direction φ as an extra compact direction
and θ as a coordinate on the base, like the bulk radial coordinate. We are
concentrating on what happens in the region where the extra dimension
pinches off and we ignore the rest of the geometry for now. Nevertheless,
one could imagine smoothly joining the hemisphere to close off a circle of
constant radius fibered over AdS.

Suppose we have a massive scalar field ϕ, with mass M , on this geometry;
the equation of motion is

M2ϕ = □ϕ = −∂2t ϕ+
1

sin θ
∂θ (sin θ∂θ)ϕ+

1

sin2 θ
∂2φϕ . (5.6.2)

We assume a simple boundary operator will correspond to some fixed mo-
mentum on the circle ψm(ϕ) = eimφ. One might worry that the last term in
(5.6.2) will generate a potential for modes with non-zero angular momentum,
leading to a different effective causal structure in the base space for different
modes (ie. different boundary operators). More importantly, one might
worry the potential will smear out the singularity of the returning signal that
reflects off the end of the extra dimension. To see that this won’t be the case,
it’s easiest to note that the causal structure corresponds to a high-energy

183



5.6. Beyond ETW branes

limit where the potential becomes irrelevant—the pinching extra dimensions
appear just like a hard wall when approached along the lightcone.

We can also make the above intuition more explicit. For some fixed m,
the solutions of the equation of motion that are smooth as the sphere caps
off all take the form

ψω,m(t, θ, φ) = Pm
l(ω)(cos θ)e

iωteimφ , (5.6.3)

where l(ω) = 1
2

(√
4ω2 − 4M2 + 1− 1

)
. Near the equator of the hemisphere,

at large ω, the solutions behave as

ψω,m(t, θ, φ) ≈ cos(ωθ + π)eiωteimφ (5.6.4)

and so this behaves just like a wave reflecting off a hard wall at θ = 0. The
ω modes all add up coherently at t = 2θ to generate the reflected lightcone.

We can further fix the allowed frequencies ω by imposing additional
boundary conditions at the equator of the hemisphere (where we imagine
joining onto the rest of the bulk solution). For example, we can set Neumann
boundary conditions on the equator to find that the allowed asymptotic
values of ω are precisely ωn = 2n , n ∈ N. It’s then possible to see the
lightcone that has reflected off of both boundaries and refocused at the
original location: after a time inverse to the regular operator spacing the
modes again add up coherently.

Of course, this isn’t the only type of characteristic behaviour we can
construct. We can also consider a toy model where the extra dimension caps
off slowly:

ds2 = −dt2 + dz2 +
1

z2
dφ2 , t ∈ R , z ∈ R≥z0 , φ ∈ (0, 2π) . (5.6.5)

Here the radius of the extra dimension shrinks slowly like 1/z, again gener-
ating an effective potential for angular modes on the extra-dimension, but
this time with no hard end. At the other end, we terminate the geometry at
some z0 (where again we could imagine joining onto another bulk solution).
In contrast to the previous example, here we expect that as we increase the
energy of modes they will penetrate deeper and deeper into the infrared
geometry. Thus, there is no natural scale that sets the return time for
lightrays sent in the radial direction and no expected reflected lightcone.

To see this explicitly, we can solve the wave equation for a free, massive
scalar field in this background. The solutions that don’t diverge in the
infrared take the form

ψω,m(t, z, φ) = U(M
2−ω2

4m , 0;mz2)eiωteimφ , (5.6.6)
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where U(a, b, x) is the Tricomi (confluent hypergeometric) function. For large
frequency (and sufficiently small z), we can rewrite these solutions as

ψω,m(t, z, φ) ≈
√

2mz

πω
cos
(
ωz + π

4 (1− ω
2/m)

)
eiωteimφ . (5.6.7)

In contrast to the previous example, we see here that there is a phase shift
that depends on ω and so we will not have all of the reflected modes add
coherently at the same time/position.

We can again further fix the allowed frequencies ω by imposing additional
boundary conditions at z0. For example, we can set Neumann boundary
conditions at z = 1 to find that the asymptotic spacing of eigenvalues ωn

scales like ωn − ωn−1 ∼ 1/
√
n. This spacing is not regular, and thus we will

not have a finite-time recurrence where a reflected lightcone could return.

Causal Depth The primary distinguishing feature of the above two exam-
ples is the difference in their causal depth. As in the ETW brane examples,
when light rays sent into the geometry can return in finite time (a finite
causal depth), we see a reflected lightcone, a corresponding divergence in
the two-point function, and the careful alignment of asymptotic eigenvalues.
On the other hand, when light rays sent into the geometry don’t return in
finite time, we no longer expect a reflected lightcone, nor a corresponding
divergence in the two-point function or alignment of operator dimensions.
The common intuition is that BCFTs will have a dual bulk geometry with a
finite causal depth, whether they are terminated by an ETW brane or the
closing off of extra compact dimensions, and should look more like the first
of these very simple toy models.

Asymptotically AdS Toy Model

The comments above contain the essential features and physical intuition for
the argument that individual Kaluza-Klein modes exhibit the same reflected
singularity (in the case of finite causal depth), and consequently, that different
CFT operators must exhibit the same resultant Lorentzian singularity.97 To
give additional support for this claim, we can explicitly analyze another toy
model involving a free scalar field propagating on a background which is a
static, asymptotically locally AdS geometry whose spatial slices are cigar-like,

97Although this argument is clearest when the form of the warping is relatively simple,
as in the examples we have described, we might hope that something analogous should
hold in any case where there are internal directions that degenerate.
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as described by the metric

ds2 =
L2

z2
(
dz2 − dt2 + z2f(z)2dθ2

)
, θ ∈ (0, 2π) , (5.6.8)

where for convenience we choose

f(z) =
1− z2

2
. (5.6.9)

One can verify that this choice makes the geometry non-singular at z = 1.
The explicit analysis of this problem is left to Appendix D.2, but we

summarize the important features here. The eigenfunctions of the Klein-
Gordon operator are of the variable-separated form eimθeiωtϕm,ω(z), where
we interpret different KK modes of the internal S1 (labelled by integer m)
as corresponding to different operators in the dual quantum theory. The
functions ϕm,ω(z) are known (they involve linear combinations of confluent
Heun functions, with linear dependence fixed by normalizability at z = 0),
and the values of ω are quantized by the requirement of regularity at z = 1.
To demonstrate that operators of differing m exhibit the same reflected
singularity, which we expect to occur when the insertions are separated by
∆t = 2 (the time for an ingoing null ray to travel from z = 0 to the IR wall
at z = 1 and bounce back), it suffices to show that, for any fixed m, the
quantized frequencies exhibit asymptotic spacing

∆ω ≡ lim
n→∞

ωn+1 − ωn =
2π

∆t
= π . (5.6.10)

The form of the Green function as a sum over modes then fixes the desired
singularity. Computing the spectrum numerically in various cases, we indeed
appear to find that (5.6.10) holds across values of m; an example of this
calculation can be seen in Figure 5.9. We interpret this as additional concrete
evidence for our claim that CFT operators corresponding to KK modes
of some bulk field should quite generally exhibit a common Lorentzian
singularity associated with bulk causality.

5.6.2 Top Down Holographic BCFT

In the previous subsection, we have discussed how some of our conclusions
may be generalized to plausible smooth bulk geometries involving an internal
space which degenerates. We would now like to understand how these consid-
erations might apply to fully-fledged top-down holographic constructions of
AdS/BCFT. As mentioned in section 5.2.2, a number of such constructions
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Figure 5.9: Plots of ln
∣∣ωn+1 − ωn − π

∣∣ versus n for various values of m
in asymptotically AdS toy model with a free scalar field. We have chosen
ML = 1 for concreteness.

are known [209–215], and it appears necessary to explain whether or not
the existence of a smooth bulk in these cases entails the spectral fine-tuning
we have argued for previously, and if not, how their causal structure is
consistent with this conclusion. Since the spectrum of boundary operators
with protected conformal dimensions is not known in these theories, and
extracting this spectrum is not expected to be straightforward in general
[221], our investigation will be on the side of the bulk causal structure.

Certainly, it is a possibility that the heuristic arguments of the previous
subsection may not capture important structural aspects of the warped
supergravity solutions describing the microscopic theories of interest. But
in this section, we will attempt to address a different possibility, namely
that the intersection of the bulk light cone of a boundary point with the
asymptotic boundary may generically be small or empty in these theories. In
this case, bulk causality would not directly introduce a spectral constraint of
the type we have been concerned with, or would do so only for a very select
subset of operators. In the language of the previous subsection, we might
say that such solutions exhibit infinite causal depth. Unlike the simple toy
models that we have considered, this is no longer necessarily a manifestation
of a slowly shrinking internal space, but rather may reflect that a generic
ingoing geodesic will follow a trajectory which may involve very complicated
behaviour in the internal space.
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We can illustrate this possibility by considering a concrete example,
namely the “AdS2-Cap” solution of six-dimensional (0, 4) (“type 4b”) su-
pergravity identified by Chiodaroli, D’Hoker, and Gutperle in [209]; this is
expected to provide a fully back-reacted holographic description of a D1-D5
junction in 10 dimensions, where a D1-brane and a D5-brane wrapping a
suitable four-manifold join to form a D1/D5 bound state. This solution has
a single AdS3 × S3 asymptotic region, describing the near-horizon geometry
for the D1/D5 bound state, while the D1-brane and the D5-brane each
contribute a curvature singularity at fixed locations in the internal space,
referred to as “caps”. The resultant 6-dimensional metric is of the form

ds26 = f21ds
2
AdS2 + f22ds

2
S2 + ρ2dwdw̄ , (5.6.11)

where (w, w̄) are complex coordinates on a Riemann surface Σ, which we
may take to be the upper half plane. One may use SL(2,R) symmetry to fix
the location of the AdS3×S3 asymptotic region at w = 0 and the AdS2-caps
at w = ±1.

Equipped with this solution, one can proceed to study numerically the
behaviour of ingoing null geodesics; we leave a more detailed discussion
to Appendix D.4. In Figure 5.10 we display the behaviour of such null
geodesics on the internal submanifold Σ, restricting to geodesics with no
initial momentum in the S2 direction for clarity; the geodesics are seen to
initially orbit the caps, which appear to be attractor-like.

To attempt to confirm that the AdS-caps do indeed attract all ingoing
null geodesics in the class we are considering, we can examine the geodesic
equation in the vicinity of these caps, again restricting to the case with no
momentum in the S2 direction. (We choose the one at w = 1 for convenience).
Denoting

x− 1 ≡ ϵx ≡ ϵ cosΘ , y ≡ ϵy ≡ ϵ sinΘ , (5.6.12)

we obtain at leading order in small ϵ

ϵ̈

ϵ
+
ϵ̇2

ϵ2
= 2

ϵ̇2

ϵ2
+

(
O(ϵ)

ϵ̇2x
ϵ2

+O(ϵ)
ϵ̇2y
ϵ2

+O(ϵ)
ϵ̇x
ϵ

ϵ̇y
ϵ

)
, (5.6.13)

from which it should follow that

ϵ(s) ≈ ϵ0ecs , (5.6.14)

provided that ϵ remains sufficiently small that perturbation theory remains
valid. That is, it appears that the geodesics will approach the AdS-cap
exponentially, and in particular would not reach the precise location of the
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(a) Initial behaviour of ingoing null
geodesics on internal submanifold Σ
(with initial data in the x-direciton
provided).

(b) Generic behaviour of ingoing null
geodesic (in this case x′(0) = 0.2),
which falls into and orbits the AdS-
cap.

Figure 5.10: The AdS-cap curvature singularities at w = ±1 in the upper
half-plane Σ appear to be attractor-like for ingoing null geodesics.

cap in finite affine parameter in the leading order calculation. We can confirm
numerically that, at least for sufficiently small affine parameter, this is a
good approximation (see Appendix D.4).

Based on this cursory analysis, it appears plausible that a significant
portion of the bulk light cone has no intersection with the asymptotic bound-
ary of the spacetime, instead getting trapped near the AdS-cap curvature
singularities. It is in this sense that this example may be exhibiting what
we have previously referred to as an infinite causal depth. Note that, in
this case, this is not due to a slowly shrinking internal space; in fact, the
AdS-caps are at finite proper distance from any point in the interior of the
geometry, and the geometry in the vicinity of the AdS-cap is of the form

ds2 ≈
√
2µ0
κ

√
κ2 + µ20 sin

2Θ

(
dϵ2 + ϵ2

(
dΘ2 +

κ2

µ20
ds2AdS2 +

κ2 sin2Θ

κ2 + µ20 sin
2Θ

ds2S2

))
,

(5.6.15)
where κ > 0 and µ0 are the real parameters for our class of AdS2-cap solutions.
Rather, this is simply a seemingly generic property of null geodesics sent
inward from the asymptotic boundary.

In general, we expect that the supergravity approximation should break
down in the vicinity of these singularities, with string loop and α′-corrections
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becoming important. This may also be a generic feature of top-down con-
structions of holographic BCFT: generic causal probes will enter regions of
the bulk where the effective description breaks down.

It is worth noting that, even in this example, there exist geodesics which
return to the asymptotic boundary in short affine parameter as a result
of finely-tuned initial conditions. For example, null geodesics sent radially
inward from the equator of the asymptotic S3 will avoid falling into either
AdS-cap. In the BCFT, the radial coordinate cross-ratio describing the
separation between endpoints of these geodesics is precisely

ρ = e±
iπµ0
2κ ; . (5.6.16)

(See Appendix D.4 for further details.) It is possible that this result is
indicating the existence of more complicated operators localized on the
internal dimensions which do exhibit a singularity, and that this again
requires the existence of particular families of boundary operators (whose
dimensions in this case have asymptotic spacing |∆n+1 −∆n| ∼ 4κ

mu0
n).

Top-down models with finite causal depth

The above top-down BCFT example shows how the holographic dual can
seem to develop an infinite causal depth and avoid the simplest causal
constraints on the BOE spectrum. Here we show that this isn’t the case for
all known top-down constructions: we give an explicit example of a top-down
BCFT with finite causal depth.

Our example will be an interface conformal field theory (ICFT) with a
codimension one defect separating two different CFTs on either side of the
defect. We can view the ICFT as a BCFT by folding the two sides on top of
each other. Then the BCFT will look like a product of two non-interacting
theories that are coupled only via the boundary condition.

The precise example we will consider here is the supersymmetric Janus
solution found in [222]. In this Janus solution, the bulk geometry smoothly
interpolates between two different asymptotic AdS3 × S2 × T 4 regions. The
dual ICFT is a marginal deformation of the two-dimensional D1/D5 N =
(4, 4) SCFT. The details of the geometry will not be important to our analysis
and can be found in [222]. For our purposes, we note that the metric takes a
form similar to the previously discussed top-down constructions:

ds210 = f21ds
2
AdS2

+ f22ds
2
S2 + ρ2dwdw̄ + f23ds

2
T 4 , (5.6.17)

where w, w̄ are coordinates on a Riemann surface Σ with boundary. The
various metric prefactors are functions on the Riemann surface.
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Let us note that κ is bounded, κ > 1, and controls the warping of the
AdS2 slices of the bulk. In [222], it was shown that the boundary entropy is
determined in terms of κ and takes the form

Sbdy =
c

3
log κ , (5.6.18)

where c is the central charge of the 2D CFT. With the bound on κ the
boundary entropy is always positive.

In [223], the Euclidean two-point function was computed holographically
and takes the form〈
O (x⊥, t)O

(
x′⊥, t

′)〉 = 23−2∆

πκ2∆[Γ(∆− 1)]2
1∣∣x⊥x′⊥∣∣∆

∞∑
n=0

sign(ξ)n

×(n+∆− 1/2)
Γ(n+ 2∆− 1)

Γ(n+ 1)
Q

∆̂n−1
(|2ξ + 1|) .

(5.6.19)
The boundary operator dimensions ∆̂n appearing in the calculation were
found exactly in [223] and their asymptotic spacing is given by

lim
n→∞

∆̂n − ∆̂n−1 =
1

κ
. (5.6.20)

From this careful alignment of boundary operator dimensions we can already
conclude that these solutions have a finite causal depth.

To see the finite causal depth explicitly, we can go ahead and find the
bulk singularity by looking at the asymptotics of the analytically continued
two-point function. Again using our radial coordinates, ρ, we expand 5.6.19
when both points are spacelike separated on the same side of the defect. As
already noted in [223], this gives an expansion in terms of ρn/κ.98 Thus, when
we analytically continue to the timelike region on the RHS where ρ = eiθR ,
we expect a singularity at a time

θR = 2πκ . (5.6.21)

This can be explicitly checked from the summation of the asymptotic expan-
sion in [223], which gives a singularity of the form

1

(1− ρ1/κ)2∆−1/2
, (5.6.22)

with the appropriate divergence at ρ = ei2πκ.

98In the original author’s notation, our radial coordinates is precisely their ζ.
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We can also calculate the expansion when the two operators are timelike
separated on opposite sides of the defect. We first insert the second operator
in the spacelike region across the defect where 0 < −ρ < 1. Here the
expansion takes the schematic form∑

n

cn(−1)n(−ρ)n/κ . (5.6.23)

We can then analytically continue −ρ to live on the unit circle and find that
the phases align when

θL = πκ . (5.6.24)

As expected, we find the singularity on the LHS of the defect at half the
time it takes for it to return to the RHS.

5.7 Discussion

We have argued that a powerful probe of the putative bulk geometry of
a BCFT is the Lorentzian two-point function. The two-point function is
sensitive to the (approximate) causal structure of the bulk and is a probe of
how null rays can reflect off the IR geometry and return to the boundary.

In the case that the bulk geometry is terminated by an ETW brane,
we argued in section 5.3 that this is indicated in the two-point function
of simple CFT operators by a fixed, careful alignment of the boundary
operator dimensions appearing in the BOE. We suggest that there is no
reason to expect such spacing generically in the possible boundary conditions
for a given holographic CFT. Thus, we have argued that an ETW brane is
not generically the correct bulk description of a boundary condition for a
holographic CFT.

In certain cases, we also have a top-down construction of the dual ge-
ometry for a boundary condition of a holographic CFT. These geometries
are not described by ETW brane geometries, but rather have extra compact
dimensions that pinch off in the IR. We argued that simple geometries that
cap off at a finite causal depth will also have a reflected lightcone that relies
on a seemingly fragile alignment of boundary operator dimensions. However,
in some of the more complicated geometries actually found in top-down
constructions, it is more subtle. There it seems that many null geodesics
may become trapped in the IR geometry and do not return at short times.
These top-down constructions then might be more similar to our toy models
without a finite causal depth.
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The existence of top-down constructions with both finite and infinite
causal depth make it less clear just how atypical the existence of a good
bulk dual is for a BCFT. Because some examples seem to not have a finite
causal depth when probed by simple CFT operators, they do not require the
same careful alignment of boundary operator dimensions. Nevertheless, it
would be a much stronger claim to then assume that any set of boundary
dimensions could always be explained by a sufficiently-complex local bulk
geometry. It seems more likely that these complicated geometries would be
a small subset of even more complicated, non-local solutions. Moreover, by
probing a geometry with more complicated operators that are localized in the
extra dimensions, we might expect to be able to send light-like signals into
the bulk that return to the boundary. These would then require constraints
on the boundary spectrum of these more complicated operators, which also
need not be generic in the space of boundary conditions.

Complex geometries and chaotic boundary spectra The trapping
of light-like geodesics in the IR geometry of some top-down models bears a
resemblance to the dynamics of chaotic systems. Insofar as the null geodesics
explore the IR geometry ergodically and fail to return to the boundary, this
picture is reminiscent of the chaotic motion of billiards on a Reimannian
manifold. One possible correspondence is that there is a mapping between the
irregular spectrum of light operators in the BCFT and the chaotic light-like
trajectories in the bulk geometry. This seems to be a different manifestation
of chaotic dynamics than usually discussed in holography and it would be
interesting to understand this connection better99. Nevertheless, as stated
above, we remain hesitant to suggest that any complicated spectrum could
be mapped to a sufficiently complicated local bulk geometry.

Boundary vs. bulk causality In the ETW brane scenario, when the
brane is close to the boundary, bulk null rays can reflect off the bulk brane
and return to their point of origin more quickly than a null ray confined to
the boundary. This is the region (in Figure 5.5) where −1 < ξ < 0. In a 2D
CFT with the simplest AdS+ETW brane bulk, for example, this happens
when the boundary entropy is negative.

There is some apparent (if perhaps naive) tension here with causality:
a bulk observer can learn information about the boundary condition more
quickly than they can causally probe the boundary of the CFT itself. On the

99The possibility that the “hard chaos” of such causal probes in the near-horizon region
of a black hole could be a manifestation of scrambling appeared in [224].
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other hand, these signals return in the causal future of the boundary point, so
there is no sharp conflict with boundary causality. Moreover, it’s important
to note that information about the boundary condition isn’t localized at
the boundary itself. As just one obvious example, information about the
boundary condition is encoded in one-point functions measurable arbitrarily
far from the boundary.

There are other cases where a bulk singularity in the region −1 < ξ < 0
would actually be in conflict with boundary causality. In an ICFT (folded to
be seen as a BCFT) a bulk singularity in this region between a RHS and
LHS operator would correspond to a signal travelling acausally across the
defect to the other side. We note that in section 5.6.2, our Janus solution
did not have a singularity in this region precisely because κ > 1 (that is the
boundary entropy was greater than zero).

It would be interesting to have top-down constructions where information
about the boundary can be causally accessed more quickly via the bulk than
via the CFT.

Top-down models and SUSY It is believed by some that supersymmetry
is a necessary ingredient for the existence of holographic CFTs [225]. In our
top-down constructions, it would be interesting to know what role, if any,
supersymmetry plays in fixing the boundary operator spectrum so that it is
consistent with the bulk geometry. This would be particularly interesting to
consider in the ICFT of section 5.6.2 where we do see the careful tuning of
asymptotic boundary operator dimensions.

Calculating BCFT two-point functions As we discussed in section
5.6.2, we do have top-down constructions of holographic BCFTs with strong
evidence for the existence of a good bulk geometry. It would be useful to
have BCFT calculations of two-point functions in these theories to confirm
the correspondence with predictions from the bulk geometry.

Bootstrap constraints We have argued that the constraints on the bound-
ary spectrum necessary for agreement with a simple bulk geometry appear
fragile and are not expected to be generic. Moreover, the existence of more
complicated top-down constructions also seems to imply that a fixed regular
spacing cannot be the only allowed possibility. Nevertheless, we have not
ruled out the possibility that the alignment of boundary operator dimensions
follows from some simpler assumptions, perhaps by using an appropriate
bootstrap argument. It would be interesting to explore this further.
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5.7. Discussion

2D CFTs In [226], it was shown that the entanglement entropy of an
interval in a 2D BCFT is consistent with the AdS+ETW brane proposal,
provided the assumption of vacuum block dominance in the BCFT. It is
somewhat surprising that the bulk would reproduce the correct entanglement
entropy, even if it fails to satisfy the constraints laid out in this chapter.
One possible resolution is that the entanglement entropy is a rather weak
probe of the bulk geometry in this setting. When in this disconnected phase,
the entropy depends only on the boundary entropy and measures only the
integrated distance to the brane. On the other hand, it would be interesting
if the assumption of vacuum block dominance also placed constraints in the
Lorentzian bulk brane regime we considered here.
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Chapter 6

Conclusion

The last several years have seen an explosion in interest in and results for
chaotic conformal field theories. Spurred on by the AdS/CFT correspondence,
predictions for how we should expect a chaotic CFT to behave, or even what
it means for a CFT to be chaotic, have lead to scores of fascinating results
and perspectives on the matter.

The greatest hope for this thesis is that it succeeds in contributing to this
activity. We have shown how random matrix statistics can manifest in CFTs
and its relationship with some of their most stringent symmetries, discovering
fascinating correspondences with results from gravity. We have shown how
hydrodynamics is linked with scrambling, and how this link manifests in the
standard structure of CFTs. These results are all universal, with essentially
the only assumptions being (at most) that the CFTs have semi-classical
gravity duals, and as such should hold for any chaotic CFT, providing a
stable footing to launch future projects and essential properties that must
be matched.

One of the strongest hopes for these projects is a first-principles derivation
of all chaotic phenomena. While the description of scrambling in this thesis
satisfies this hope, random matrix universality is still something we have to
put in “by hand”. The relationship between scrambling and random matrix
universality, as phenomena acting on totally different time scales, also eludes
us.

A single, unified description of chaotic CFTs, valid at all time scales and
derived from the bottom up, in our eyes is the ultimate goal of studying these
chaotic phenomena. We hope that the relationships in this thesis between
chaotic phenomena and CFT symmetries and structure provide the keys, or
at least some tantalizing hints, towards such a description.
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Appendix A

Appendices for chapter 2

A.1 Notation and conventions

In this appendix we collect some definitions and conventions used in chapters
2 and 3.

We use the following inner product for square-integrable functions on the
fundamental domain F ≡ H/SL(2,Z):

(f, g) =

∫
F

dxdy

y2
f(x+ iy) g(x+ iy) . (A.1.1)

We consider the spectral decomposition of the Laplacian on the funda-
mental domain F = {τ = x+ iy , y > 0}/SL(2,Z), which admits continuous
and discrete solutions:

∆FEs(τ) = s(1− s)Es(τ) , ∆Fνn,±(τ) =

(
1

4
+ (R±

n )
2

)
νn,±(τ) ,

(A.1.2)
where the Eisenstein series and Maass cusp forms have the following Fourier
decomposition:

Es(τ = x+ iy) =

[
ys +

Λ(1− s)
Λ(s)

y1−s

]
+
∑
m≥1

cos(2πmx)
4σ2s−1(m)

ms− 1
2Λ (s)

√
yKs− 1

2
(2πmy) ,

νn,±(τ = x+ iy) =
∑
m≥1

{
cos(2πmx)

sin(2πmx)

}
a(n,±)
m

√
yKiR±

n
(2πmy) .

(A.1.3)

The continuous eigenvalues are s ≡ 1
2 + iα with α ∈ R, while R±

n > 0 are
discrete randomly distributed real numbers. We work with unnormalized cusp

forms, satisfying a
(n,±)
1 = 1. We also define normalized Fourier coefficients

for the Eisenstein series,

a(α)m = 2m−iασ2iα(m) .
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A.2. Change of bases and the Maass cusp forms

For any normalizable modular invariant function f ∈ L2(F), we have the
Roelke-Selberg spectral decomposition:

f(τ) =
1

4π

∫ ∞

−∞
dα
(
f, E 1

2
+iα

)
E 1

2
+iα(τ)+

∑
±

∑
n≥0

(f, νn,±)

||νn,±||2
νn,±(τ) . (A.1.4)

The unfolding trick allows one to reduce the inner product with Eisenstein
series to an integral over their spin 0 part:

(f,E 1
2
+iα) =

∫
F

dxdy

y2
f(x+ iy)E 1

2
−iα(x− iy) =

∫ ∞

0
dy y−

3
2
−iα fm=0(y)

(A.1.5)

where fm=0(y) ≡
∫ 1

2

− 1
2

dx f(x+ iy) is the spin 0 component of f .

We frequently use modified Bessel functions. These can be written as

Kiα(2πmy) =
1

2

∫ ∞

−∞
dξ e−2πmy cosh ξ cos(αξ) (A.1.6)

and they satisfy the following orthogonality relation, found in [227]:∫ ∞

0

dy

y
Kiα(2πmy)Kiα′(2πmy) =

π2

2α sinh(πα)

[
δ(α− α′) + δ(α+ α′)

]
,

(A.1.7)
as well as the identities [228]

1
π

∫∞
−∞ dαα tanh(πα)Kiα(2πm1y1)Kiα(2πm2y2) =

√
m1y1 m2y2

m1y1+m2y2
e−2π(m1y1+m2y2) ,∫∞

0
dy1√
y1

e−2πm1y1

y1+y2
Kiα(2πm1y1) =

π e2πm1y2√
y2 cosh(πα) Kiα(2πm1y2) .

(A.1.8)

A.2 Change of bases and the Maass cusp forms

For completeness, we show here the equivalent of the expressions given in
section 2.2.2 for the discrete part of the spectrum. The discrete part of the
partition function in ξ variables is

Z̃m
P,disc.(y) =

∑
n

zn a
(n)
m

√
yKiRn(2πmy)

=

√
y

2π

∫
dξZm

P,disc.(ξ) e
−2πmy cosh ξ

(A.2.1)
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A.3. Numerical data

where
Zm
P,disc.(ξ) ≡ π

∑
n

cos(Rnξ) a
(n)
m zn . (A.2.2)

Inverting this, the zn are given by∑
n

a(n)m zn [δ(R−Rn) + δ(R+Rn)] =
1

π2

∫
dξ cos(Rξ)Zm

P,disc.(ξ) (A.2.3)

This expression is more complicated to work with than the analogous one
for Eisenstein series. It is natural to conjecture that we can still express the
discrete spin m partition function (in ξ-space) through the spin m′ partition
function via a particular kernel:

Zm
P,disc.(ξ)

?
=

∫ ∞

−∞
dξ′Km,m′

disc. (ξ, ξ
′)Zm′

P,disc.(ξ
′) (A.2.4)

However, the precise form of the kernel Km,m′
is not simple and requires

regularization and a numerical construction. In any case, it will depend on

the eigenvalues Rn and the Fourier coefficients a
(n)
m in a nonlocal way and it

will require the Fourier coefficients to be non-degenerate and non-vanishing;
this is a well-known unproven conjecture, but it is most likely true [229].

We also note that the kernels Km,m′
(for both the continuous and discrete

parts) have some nice properties: since 1
2a

(α)
m and a

(n)
m are eigenvalues of

Hecke operators (defined explicitly in appendix B.1), they satisfy:(
1

2
a(α)m

)(
1

2
a
(α)
m′

)
=

∑
ℓ|(m,m′)

ℓ>0

(
1

2
a
(α)
mm′
ℓ2

)
, a(n)m a

(n)
m′ =

∑
ℓ|(m,m′)

ℓ>0

a
(n)
mm′
ℓ2

(A.2.5)

In particular, the coefficients ‘multiply’ for prime spins:

σ2iα(p)σ2iα(p
′) = σ2iα(pp

′) for p, p′ prime. (A.2.6)

Hence, the only independent data about the kernels consists of σ2iα(m)
miα and

a
(n)
m for prime m. For any other values of m, these coefficients are determined

as linear combinations of those for prime m.

A.3 Numerical data

In this appendix we collect some numerical results, complementing the
discussion in sections 2.3.3 and 2.3.3.
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A.3. Numerical data
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Figure A.1: The result of numerical evaluation of (2.3.17): the contribution
to the spin (m1,m2) spectral form factor that originates from a spin 0 ramp
through symmetries. We plot as a function of y1 = y2 ≡ y. The plot confirms
that this does not take the form of a ramp, but is rather a subleading
correction to it, (2.3.20). Universal eigenvalue repulsion in the spin 0 sector
hence doesn’t imply the same in any other spin sector through symmetries
(despite spectral determinacy in the exact partition function).

Figures A.1 and A.2 show the result (2.3.20) for different cross sections
of the (y1, y2)-plane. For example, we show this behavior and the numerical
data points for y1 = y2 ≡ y in figure A.1. The case of unequal spins
yields curves, which are consistent with contributions that are strongly
suppressed compared to the equal spin spectral correlators, hence supporting
the proportionality to δm1m2 . Similarly, figure A.2 shows the same analysis
for y1 = 20 as a function of y2 ≡ y. It is analogous to figure A.1, but shows
a different section of the (y1, y2)-plane. We have also analyzed other cross
sections of the (y1, y2)-plane in a similar manner, in order to ascertain the
functional form of (2.3.20).

Similarly, in figure A.3 we show the result of numerically evaluating
(2.3.24), again as a function of y1 = y2 ≡ y; other cross sections of the (y1, y2)
plane can be checked similarly. We performed the evaluation by assuming a
saddle point approximation, i.e., approximating the exponent in (2.3.24) by
its second order expansion in small ξi. The plot confirms the result (2.3.25):
we find a functional form that is actually consistent with a ramp, but an
overall coefficient that is not. This information is thus not sufficient to
conclude random matrix universality at spin (m1,m2).
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A.3. Numerical data
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Figure A.2: The result of numerical evaluation of (2.3.17), c.f., figure A.1.
In this plot we fix y1 = 20 and plot as a function of y2 ≡ y. Again, the result
is well fitted by (2.3.20).
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Figure A.3: The result of numerical evaluation of (2.3.24), i.e., the imprint
of a ramp at spin 1 onto the spin (m1,m2) spectrum, together with a
linear fit (solid lines). The y-scaling is linear (as expected for a ramp),
but the coefficient doesn’t match the random matrix expectation for any
m1 = m2 > 1.
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A.4 Details on the S-transform by saddle point

Here we provide details on the saddle point calculation of section 2.4.2, and
also discuss subleading corrections.

A.4.1 Saddle point evaluation

Consider the Fourier transforms (2.4.12) and focus for clarity on the first set
of variables (P ′

1, P̄
′
1). The Fourier transform in only these variables is given

by

⟨ρP(P1, P̄1)ρP(P
′
2, P̄

′
2)⟩

≈ 2

∫
dP ′

1dP̄
′
1 e

−4πi(P ′
1P1+P̄ ′

1P̄1)
∑
mi∈Z

Fm1,m2(P ′
1, P̄

′
1, P

′
2, P̄

′
2)

δ(P ′2
1 − P̄ ′2

1 −m1)δ(P
′2
2 − P̄ ′2

2 −m2)

= 4
∑
mi∈Z

∫
dλ1 e

4πim1λ1

(∫
dP ′

1dP̄
′
1 e

−4πi(P ′
1P1+P̄ ′

1P̄1+λ1(P ′2
1 −P̄ ′2

1 ))

Fm1,m2(P ′
1, P̄

′
1, P

′
2, P̄

′
2)

)
δ(P ′2

2 − P̄ ′2
2 −m2)

(A.4.1)

where we exponentiated the delta-function.100 We now consider P 2
i , P̄

2
i ≫ 1

and find the saddle point of the oscillatory exponential (the function Fm1,m2

is slowly varying, hence amenable to saddle point analysis; as pointed out in
footnote 42, we assume that the singularity as ω → 0 is regulated in a more
complete description). The saddle points are (P ′

1∗, P̄
′
1∗) =

(
− P1

2λ1
, P̄1
2λ1

)
. The

result is

⟨ρP(P1, P̄1)ρP(P
′
2, P̄

′
2)⟩

≈
∑
mi∈Z

∫
dλ1
|λ1|

e
4πi

(
m1λ1+

P2
1−P̄2

1
4λ1

)
Fm1,m2

(
− P1

2λ1
,
P̄1

2λ1
, P ′

2, P̄
′
2

)
× δ(P ′2

2 − P̄ ′2
2 −m2) (P 2

1 , P̄
2
1 ≫ 1)

(A.4.2)

We can now evaluate the integral over λ1 by another saddle point approxi-
mation. The large parameter is

√
m1(P 2

1 − P̄ 2
1 ) ≡

√
m1m1, and the saddle

100In the case m′
i = 0, one can simply use the Dirac delta functions without exponentiating

them. This will end up being subleading in our large parameters.
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points are λ1∗ = ±1
2

√
m1
m1

; this is real when m1,m1 have the same sign, and

imaginary if they have opposite sign. In the latter case, one can show that
the integral decays exponentially, and thus can be neglected.

After doing the integrals over P ′
2, P̄

′
2 the same way, we find:

⟨ρP(E1,m1)ρP(E2,m2)⟩

≈ 2
∑

mi∈Z:
mimi>0

Fm1,m2

(
P1

√
m1

m1
, P̄1

√
m1

m1
, P2

√
m2

m2
, P̄2

√
m2

m2

)
|m1m2m1m2|−1/4

× cos
(
4π
√
m1m1 +

π

4

)
cos
(
4π
√
m2m2 +

π

4

)
(P 2

i , P̄
2
i , |mi| ≫ 1) .

(A.4.3)

Assuming for cleaner notation mi > 0, we obtain (2.4.13).

A.4.2 Corrections

Because the P ′
i , P̄

′
i , and λi saddle points depend on different large parameters,

there is a possibility that subleading terms in one saddle point calculation
(for example, the P̄i saddle point) can actually dominate in another saddle
point analysis (for example, the λi saddle point). We will show that this
is not the case, thus providing a consistency check. We assume throughout
that Pi ≫ P̄i.

First, we consider the subleading terms for the P ′
1, P̄

′
1, P

′
2, P̄

′
2 saddle

points. We use the method of steepest descent to put the integrals in a
form amenable to subleading analysis. Focusing on the P ′

1, P̄
′
1 integrals for

clarity, we first do a change of variables P ′
1 → P1

2λ1
P ′
1, P̄

′
1 → P̄1

2λ1
P̄ ′
1 which

turns (A.4.1) into

⟨ρP(P1, P̄1)ρP(P
′
2, P̄

′
2)⟩ =

∑
mi∈Z

∫
dλ1 e

4πim1λ1 δ(P ′2
2 − P̄ ′2

2 −m2)

×
∫
dP ′

1dP̄
′
1

P1P̄1

λ21
e
2π

P2
1

|λ1| (−i sgn(λ1)(P
′
1+

1
2P

′2
1 ))+2π

P̄2
1

|λ1| (−i sgn(λ1)(P̄
′
1− 1

2 P̄
′2
1 ))

× Fm1,m2

(
P1

2λ
P ′
1,
P̄1

2λ
P̄ ′
1, P

′
2, P̄

′
2

)
(A.4.4)

Our large, positive parameters are 2π
P 2
1

|λ1| , 2π
P̄ 2
1

|λ1| . We rotate our integration
contours so that the exponent has constant imaginary part, passes through
the saddle point, and is exponentially decaying. The contours that achieve
this are parametrized as

P ′
1(u1) = u1− i sgn(λ1)(u1+1) , P̄ ′

1(ū1) = ū1+ i sgn(λ1)(ū1−1) , (A.4.5)
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which gives

⟨ρP(P1, P̄1)ρP(P
′
2, P̄

′
2)⟩ =

∑
mi∈Z

∫
dλ1 e

4πi

(
m1λ1+

P2
1 −P̄2

1
4λ1

)
2P1P̄1

λ21
δ(P ′2

2 − P̄ ′2
2 −m2)

×
∫
d2u1 e

−2π
P2
1

|λ1| (u1+1)2−2π
P̄2
1

|λ1| (ū1−1)2

× Fm1,m2

(
P1

2λ1
(u1 − i sgn(λ1)(u1 + 1)) ,

P̄1

2λ1
(ū1 + i sgn(λ1)(ū1 − 1)) , P ′

2, P̄
′
2

)
(A.4.6)

The corrections to the leading result all come from the Taylor series of
Fm1,m2(· · · ) at u1 = −1, ū1 = 1. We apply the same procedure to P ′

2, P̄
′
2

and get the general form of the corrections to the leading saddle:

corrections ∝ λn1+n̄1
1 λn2+n̄2

2

P 2n1
1 P̄ 2n̄1

1 P 2n2
2 P̄ 2n̄2

2

∂2n1
u1

∂2n̄1
ū1

∂2n2
u2

∂2n̄2
ū2

×Fm1,m2

(
P1

2λ1
(u1 − i(u1 + 1)) ,

P̄1

2λ1
(ū1 + i(ū1 − 1)) ,

P2

2λ2
(u2 − i(u2 + 1)) ,

P̄2

2λ2
(ū2 + i(ū2 − 1))

) (A.4.7)

where we have factored out the universal part of the corrections and chosen
λi > 0 for convenience. The potential issue is now clear; the prefactor contains
positive powers of λi, whose saddle point is proportional to

√
mi ≈ Pi, and

the function contains non-trivial dependence on λi. However, explicitly
checking this issue using (2.4.9) reveals that these corrections are indeed
subleading with respect to our large parameters.

Additionally, our saddle point parameter for the P̄ ′
i integral, 2π

P̄i
2|λ| ≈ π

P̄ 2
i

Pi
,

is not guaranteed to be large for all possible regimes of P 2
i ≫ P̄ 2

i ≫ 1. While
at first this suggests a more rigorous scaling is required, explicit analysis of
the corrections reveals that any possible relative scaling of P 2

i , P̄
2
i still leads

to a subleading correction.
Knowing now that keeping just the leading term is consistent, we analyze

the subleading corrections to the λi saddle point. The exact form of these
corrections is significantly more complicated, as the exponent in the integral is
not Gaussian. However, we can still analyze how these corrections will depend

on our large parameters. We perform a change of variables λi → 1
2

√
mi
mi
λi,
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and have

⟨ρP(P1, P̄1)ρP(P2, P̄2)⟩

≈
∑
mi∈Z

∫
dλ1
|λ1|

dλ2
|λ2|

e
2π

√
m1m1i

(
λ1+

1
λ1

)
+2π

√
m2m2i

(
λ2+

1
λ2

)

× Fm1,m2

(
−P1

√
m1

m1
λ−1
1 , P̄1

√
m1

m1
λ−1
1 ,−P2

√
m2

m2
λ−1
2 , P̄2

√
m2

m2
λ−1
2 )

)
(A.4.8)

The large parameters are 2π
√
mimi, and the saddle points are at λi =

±1. However the steepest descent contour λ1(t) = λ2(t) ≡ λ(t) is quite
complicated. Additionally, subleading terms do not come just from a Taylor
expansion of Fm1,m2(· · · ), but also from expanding the exponent ϕ(t) =

i
(
λ(ti) +

1
λ(ti)

)
beyond quadratic order. Thankfully, all the dependence

on the large parameters comes only from (i) powers of
√
mimi, and (ii)

the dependence of the function Fm1,m2 on the large parameters, which
is insensitive to the details of the steepest descent contours. Thus, the
corrections are of the general form

corrections ∝ (m1m1)
−n1/2(m2m2)

−n2/2 ∂c1t1 ∂
c2
t2

× Fm1,m2

(
−P1

√
m1

m1
λ(t1)

−1, P̄1

√
m1

m1
λ(t1)

−1,−P2

√
m2

m2
λ(t2)

−1, P̄2

√
m2

m2
λ(t2)

−1

)
(A.4.9)

with ci ≤ 2ni. Here, the lower order derivative terms come from terms where
the exponential is expanded.101 Explicitly checking using (2.4.9), we see that
all corrections are indeed subleading with respect to all our large parameters,
and they do not depend on the specifics of the relative scaling of P 2

i , P̄
2
i .

We also briefly mention the comment after (2.4.13). Strictly speaking,
for mi large but fixed, because we sum over all spins there will eventually

be a regime where
√

mi
mi

is not small. We assume that these asymptotic

contributions are negligible; however this does require us to assume we can
exchange the limits mi → ∞ and M → ∞. That we get a sensible result
in the decompactification limit suggests this is a reasonable assumption;
addressing this in detail with more care would require an analysis of the
full modular invariant density of states, which is beyond the scope of this
chapter.

101For a standard one-dimensional Laplace integral,
∫
dx eaϕ(x)f(x), there are higer order

terms such as 1
a

f ′(c)ϕ′′′(c)
2ϕ′′(c)2 .
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Appendix B

Appendices for chapter 3

B.1 Statistics of Maass cusp forms: arithmetic
chaos

We review some statistical facts about the Maass cusp forms, along with
clarifying aspects that (to our knowledge) do not appear in the literature.
Some of this information can also be found in the main text, repeated here
for convenience. We use the first 5832 even and 6282 odd cusp forms for all
numerics (this corresponds to R±

n < 400) [98].
The eigenvalues of cusp forms are distributed according to the Weyl law

[100, 101]:

µ+(R) ≈ µ̄+(R) =
1

12
R− 3

2π
logR+

log
(
π4/2

)
4π

+O
(
logR

R2

)
,

µ−(R) ≈ µ̄−(R) =
1

12
R− 1

2π
logR− log 8

4π
+O

(
logR

R2

)
.

(B.1.1)

We illustrate this in figure B.1.

The Fourier coefficients {a(n,±)
p } for fixed prime spin p and ordered by

increasing corresponding eigenvalue R±
n are equidistributed according to the

distributions [100, 102]

µp(x) =


(p+1)

√
4−x2

2π
(
(p1/2+p−1/2)

2−x2
) if |x| < 2

0 otherwise
(B.1.2)

which approaches the Wigner semi-circle 1
2π

√
4− x2 as m → ∞. Equidis-

tribution means that averages over all cusp forms for a given spin can be
replaced with averages over the distribution, i.e.

lim
n0→∞

n0∑
n=1

f
(
a(n,±)
m

)
=

∫
dxµm(x)f(x). (B.1.3)

This is illustrated in figure B.2.
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Figure B.1: Comparison of the exact counting function of discrete eigenvalues
of the Laplacian with the Weyl law approximation as given in (B.1.1).

We now investigate the nearest-neighbour level spacing, both for the

eigenvalues R±
n and for the Fourier coefficients a

(n,±)
m . This provides a more

numerically tractable way of analyzing the correlations than the density of
states two-point function. After “unfolding” the spectrum,102 we calculate
the distribution of the difference between nearest-neighbour levels:

PR±
n
(s) ≡ #{xn : xn+1 − xn = s} . (B.1.4)

An integrable spectrum is distributed according to Poissonian statistics,
PP (s) = e−s, which means level attraction: PP (s) → 1 as s → 0. Chaotic
spectra, on the other hand, are distributed according to the ensemble
with appropriate symmetries, e.g., the Gaussian orthogonal ensemble with
PGOE(s) = 1

2πse
−πs2/4, which exhibits level repulsion: PGOE(s) → 0 as

s→ 0.
The eigenvalues of the cusp forms are known to obey Poissonian statistics

[93], and we find that the Fourier coefficients for prime spin obey the same,
shown in figure B.3; hence, both the eigenvalues and Fourier coefficients are
distributed randomly but not chaotically. Effectively, for any given spin m,
the Fourier coefficients for different n are independent random variables.

We can equivalently characterize the distributions (B.1.2) through their
moments. For the distributions of prime spin Fourier coefficients, (B.1.2),

102Unfolding the spectrum corresponds to replacing each member R±
n → x±

n = ⟨N±(R±
n )⟩.

This yields ⟨N±(R±)⟩ =
∫ R±

−∞ dR′± µ±(R
′±) =

∫ x±

−∞ dx′± = x±, i.e., the spectrum has
constant unit density in x variables [230].
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Figure B.2: The distribution of the first 5832 even and 6282 odd Fourier
coefficients for prime spins, compared to the distribution they are equidis-
tributed with respect to.
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Figure B.3: The distribution of the nearest neighbor spacing of the first 5832
even and 6282 odd eigenvalues and spin 2 Fourier coefficients, compared to
the Poissonian expectation. Note that the statistics for all other prime spins
is similar.
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the odd moments are zero and the even moments are:103

p prime:
(
a
(n,±)
p

)2k
=

p

p+ 1

(2k)!

k!(k + 1)!
2F1

(
1, k + 1

2 , k + 2, 4p
(p+1)2

)
.

(B.1.5)
For example:(

a
(n,±)
p

)2
=
p+ 1

p
,

(
a
(n,±)
p

)4
=

(p+ 1)(2p+ 1)

p2
. (B.1.6)

These distributions for Fourier coefficients are specifically for prime spins. All
Fourier coefficients for non-prime (composite) spins are fully determined in
terms of these by Hecke relations because Maas cusp forms are eigenfunctions
of Hecke operators:

Tmνn,±(τ) = a(n,±)
m νn,±(τ) where Tmf(τ) =

1√
m

∑
a,b,d:
ad=m

0≤b≤d−1

f

(
aτ + b

d

)
.

(B.1.7)
This implies immediately:

a(n,±)
m a

(n,±)
m′ =

∑
ℓ|(m,m′)

ℓ>0

a
(n,±)
mm′
ℓ2

.
(B.1.8)

For example, if p, p′ are prime we get the important multiplicative relation:

a
(n,±)
p a

(n,±)
p′ = a

(n,±)
pp′ + δpp′ (see Lemma 1 for more relations of this type).

The Hecke relations allow us to construct the non-prime Fourier co-
efficients from the prime ones. This in turn implies that the variances
(‘normalization factors’ N±

m) of the distributions of Fourier coefficients for
non-prime spins follow from higher moments of the prime distributions. We
give a few examples:

a
(n,±)
4 =

(
a
(n,±)
2

)2 − 1 ⇒ N±
4 ≡

(
a
(n,±)
4

)2
=
(
a
(n,±)
2

)4 − 2
(
a
(n,±)
2

)2
+ 1

a
(n,±)
6 = a

(n,±)
2 a

(n,±)
3 ⇒ N±

6 ≡
(
a
(n,±)
6

)2
=
(
a
(n,±)
2

)2 (
a
(n,±)
3

)2
a
(n,±)
8 =

(
a
(n,±)
2

)3 − 2 a
(n,±)
2 ⇒ N±

8 ≡
(
a
(n,±)
8

)2
=
(
a
(n,±)
2

)6
− 4

(
a
(n,±)
2

)4
+ 4

(
a
(n,±)
2

)2
(B.1.9)

103This formula can be easily derived by computing arbitrary moments of (B.1.2) and
realizing that they correspond to an integral representation of the hypergeometric function.
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spin m
(
a
(n,±)
m

) (
a
(n,±)
m

)2 (
a
(n,±)
m

)3 (
a
(n,±)
m

)4 (
a
(n,±)
m

)5
2 0 3

2 = 1.5 0 15
4 = 3.75 0

3 0 4
3 = 1.33.. 0 28

9 = 3.11.. 0

4 1
2 = 0.5 7

4 = 1.75 25
8 = 3.16.. 127

16 = 7.94.. 601
32 = 18.78..

5 0 6
5 = 1.2 0 66

25 = 2.64 0

6 0 2 0 35
3 = 11.67.. 0

7 0 8
7 = 1.14.. 0 120

49 = 2.45.. 0

8 0 15
8 = 1.88.. 0 831

64 = 12.98.. 0

9 1
3 = 0.33.. 13

9 = 1.44.. 61
27 = 2.26.. 469

81 = 5.79.. 3181
243 = 13.09..

Table B.1: Exact values of the moments of the distributions of Fourier
coefficients. For prime m, these follow from (B.1.5). For composite m, they
are constructed from prime moments using Hecke relations.

We give exact analytical and numerical values for some of these moments in
tables B.1 and B.2. The composite spinsm = 4 andm = 8 are special cases of
a general result, see Lemma 4. The numerical values for the second moments
are within a few percent of the theoretical values. This error increases for
higher moments due to the limited number of cusp forms available numerically.
The numerical results for odd forms are consistently slightly better because
we have more of them available.

More generally, computing just the variances N±
m for all non-prime m

requires knowledge of all moments of the distributions of prime coefficients.
Since the distributions are bounded, their moments determine the distri-
butions fully. In other words, knowledge of all variances N±

m is equivalent
to complete knowledge of all the prime distributions (B.1.2). We show the
variance of the Fourier coefficients for a large number of spins in figure B.4.

B.2 Hecke relations, cusp form norms, and
L-functions

In this appendix we provide some mathematical details relating to the norms
of cusp forms and their relation to objects in analytic number theory. In
order to be pedagogical, we provide step-by-step proofs of some important
statements. Most of the general definitions and results can be found in the
literature, see, for example, [231–234].
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spin m
(
a
(n,±)
m

) (
a
(n,±)
m

)2 (
a
(n,±)
m

)3 (
a
(n,±)
m

)4 (
a
(n,±)
m

)5
2 0.01..(+)

−0.01..(−)
1.46..(+)
1.47..(−)

0.02..(+)
−0.02..(−)

3.56..(+)
3.62..(−)

0.09..(+)
−0.08..(−)

3 0.01..(+)
−0.01..(−)

1.27..(+)
1.30..(−)

0.03..(+)
−0.03..(−)

2.87..(+)
2.95..(−)

0.10..(+)
−0.09..(−)

4 0.46..(+)
0.47..(−)

1.65..(+)
1.68..(−)

2.82..(+)
2.91..(−)

7.10..(+)
7.31..(−)

16.42..(+)
16.97..(−)

5 0.01..(+)
−0.01..(−)

1.13..(+)
1.16..(−)

0.03..(+)
−0.03..(−)

2.38..(+)
2.45..(−)

0.10..(+)
−0.09..(−)

6 0.01..(+)
−0.01..(−)

1.84..(+)
1.89..(−)

0.11..(+)
−0.10..(−)

9.99..(+)
10.37..(−)

1.39..(+)
−1.21..(−)

7 0.01..(+)
−0.01..(−)

1.07..(+)
1.09..(−)

0.03..(+)
−0.03..(−)

2.19..(+)
2.25..(−)

0.10..(+)
−0.09..(−)

8 0.01..(+)
−0.01..(−)

1.72..(+)
1.76..(−)

0.11..(+)
−0.11..(−)

10.86..(+)
11.28..(−)

1.19..(+)
−1.19..(−)

9 0.27..(+)
0.30..(−)

1.32..(+)
1.36..(−)

1.90..(+)
2.00..(−)

4.85..(+)
5.08..(−)

10.52..(+)
11.10..(−)

Table B.2: Numerical values of the moments of the distributions of Fourier
coefficients, computed using the Fourier coefficients for cusp forms with
eigenvalue R±

n < 400 (separately for even and odd parity).

0 100 200 300 400 500
0.0

0.5

1.0

1.5

2.0

2.5

3.0

m prime
m composite

Figure B.4: Exact variance of the Fourier coefficients as a function of m,
up to the 100th prime. The prime coefficients have variance 1 + 1

m , while
the composite primes have much more complicated behaviour (which is
determined by the Hecke relations and higher moments of the distribution of
prime Fourier coefficients); in this range, all variances are O(1), but as m
grows, the maximum possible value grows as well.
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B.2.1 Hecke relations and L-functions

We first note some useful relations between Fourier coefficients of prime
power spins.

Lemma 1. Let p, p1, . . . pr be distinct primes. Then:

(i) a
(n,±)

p
k1
1 ···pkrr

= a
(n,±)

p
k1
1

· · · a(n,±)

pkrr

(ii) a
(n,±)

pk
= a

(n,±)

pk−1 a
(n,±)
p − (1− δk,1) a

(n,±)

pk−2

(iii) a
(n,±)

pk
=

1

2k

⌊k/2⌋∑
ℓ=0

(
k + 1

2ℓ+ 1

) ℓ∑
r=0

(
ℓ

r

)
(−4)r

(
a(n,±)
p

)k−2r

(iv)
(
a
(n,±)

pk

)2
=

1

22k+1

k∑
ℓ=0

[(
2k + 2

2ℓ+ 2

)
+ (−1)ℓ

(
k + 1

ℓ+ 1

)]

×
ℓ∑

r=0

(
ℓ

r

)
(−4)r

(
a(n,±)
p

)2(k−r)

(B.2.1)

Proof: (i) and (ii) follow immediately from the Hecke algebra (B.1.8). (iii)
follows by viewing (ii) as a recursion relation and solving it in terms of

a
(n,±)
p . (iv) follows from squaring and simplifying (iii).

Let us define the following Hecke L-functions for any of the cusp forms,
defined by its Fourier coefficients:

L(n,±)(s) ≡
∑
m≥1

a
(n,±)
m

ms
(Re(s) > 1) . (B.2.2)

These L-functions are absolutely convergent in an s-half plane and they
admit an analytic continuation to an entire function on the whole complex
plane (see, e.g., [233]).

Lemma 2. The L-function (B.2.2) admits an Euler product representation:

L(n,±)(s) =
∏

p prime

1

1− a(n,±)
p p−s + p−2s

. (B.2.3)

Proof: Note that, as a consequence of the Hecke relations, we have[
1− a(n,±)

p p−s + p−2s
]∑
k≥0

a
(n,±)

pk
p−ks = 1 . (B.2.4)
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The Euler product can then be written as a sum using Lemma 1(i):

∏
p prime

1

1− a(n,±)
p p−s + p−2s

=
∏

p prime

∑
k≥0

a
(n,±)

pk
p−ks

 =
∑
m≥1

a
(n,±)
m

ms
.

(B.2.5)

To make contact with the cusp form norms, we now consider the ‘sym-
metric square L-function’, defined as104

L
(n,±)
ν×ν (s) ≡ ζ(2s)

∑
m≥1

a
(n,±)
m2

ms
(Re(s) > 1) . (B.2.8)

Lemma 3. The symmetric square L-function admits an Euler product
representation:

L
(n,±)
ν×ν (s) =

∏
p prime

1

1−
(
a
(n,±)
p

)2(
p−s − p−2s

)
+ (p−s − p−2s − p−3s)

(B.2.9)

Proof: The proof is the same as for Lemma 2, but starting from the observa-
tion that the following product simplifies:[
1−

(
a(n,±)
p

)2(
p−s − p−2s

)
+
(
p−s − p−2s − p−3s

)]∑
k≥0

a
(n,±)

p2k
p−ks = 1− p−2s ,

(B.2.10)
and recalling that

∏
p(1− p−2s)−1 = ζ(2s).

104More generally, for αp, βp ∈ C satisfying

1− a(n,±)
p p−s + p−2s =

(
1− αpp

−s) (1− βpp
−s) , (B.2.6)

i.e., αp + βp = a
(n,±)
p and αpβp = 1, the Ramanujan-Petersson conjecture asserts |αp| =

|βp| = 1. The symmetric ℓ-th power L-function is then an automorphic function [235],
defined as

L
(n,±)

νℓ (s) =
∏

p prime

ℓ∏
k=0

1(
1− αℓ−2k

p p−s
) . (B.2.7)

The symmetric square L-function is the special case ℓ = 2. We suspect that ℓ-th power
L-functions play a role in the computation of higher moments of the CFT partition function.

233



B.2. Hecke relations, cusp form norms, and L-functions

0 20 40 60 80 100
0

1

2

3

4

Figure B.5: Plot of the even and odd cusp form norms, rescaled by
8 cosh(πR±

n ). The norms themselves decay exponentially: ||ν+1 ||2 ≈ 4.54 ×
10−20, . . . , ||ν+100||2 ≈ 1.42 × 10−90 and ||ν−1 ||2 ≈ 1.67 × 10−14, . . . , ||ν−100||2 ≈
2.86× 10−79. This is equivalently computable through the symmetric square
L-function.

Theorem 1. The norms of the cusp forms satisfy:

||νn,±||2 ≡ (νn,±, νn,±) =
1

8 cosh
(
πR±

n

) L(n,±)
ν×ν (1) . (B.2.11)

Proof: (See, e.g., references [236, 237].) We compute the norm using the
Rankin-Selberg trick, i.e., note that a constant expression can be computed
as the residue at s = 1 with an Eisenstein series, which in turn allows for
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unfolding of the fundamental domain:

||νn,±||2 =
π

3
Ress=1

(
|νn,±( · )|2, Es( · )

)
=
π

3
Ress=1

∫
F

dxdy

y2
|νn,±(x+ iy)|2Es(x+ iy)

=
π

3
Ress=1

∫ ∞

0
dy ys−2

(∫ 1
2

− 1
2

dx |νn,±(x+ iy)|2
)

=
π

6
Ress=1

∑
m≥1

(
a(n,±)
m

)2 ∫ ∞

0
dy ys−1

(
KiR±

n
(2πmy)

)2
=
π

6
Ress=1

∑
m≥1

(
a(n,±)
m

)2 Γ ( s2 + iR±
n

)
Γ
(
s
2 − iR

±
n

)
Γ
(
s
2

)2
8(πm)sΓ(s)

=
π2

48 cosh
(
πR±

n

) Ress=1

∑
m≥1

(
a
(n,±)
m

)2
ms

.

(B.2.12)

To evaluate the residue, we note that the sum in the last line is related to
a Rankin-Selberg zeta function and has an Euler product formula ([233],
Lemma 3.1 with k = 1),

ζ(2s)
∑
m≥1

(
a
(n,±)
m

)2
ms

= ζ2(s)
∏

p prime

1

1 + 2p−s −
(
a
(n,±)
p

)2
p−s + p−2s

.

(B.2.13)
This function is known to have a simple pole at s = 1. Then,

ζ(2s)
∑
m≥1

(
a
(n,±)
m

)2
ms

=
∏

p prime

1

(1− p−s)2
(
1 + 2p−s −

(
a
(n,±)
p

)2
p−s + p−2s

)
=

∏
p prime

1

(1− p−s)
(
1−

(
a
(n,±)
p

)2(
p−s − p−2s

)
+ (p−s − p−2s − p−3s)

)
= ζ(s)L

(n,±)
ν×ν (s) .

(B.2.14)

Taking the residue at s = 1 of both sides and using Ress=1ζ(s) = 1 yields

||νn,±||2 =
π2

48 cosh
(
πR±

n

) ∑
m≥1

a
(n,±)
m2

m
=

1

8 cosh
(
πR±

n

) L(n,±)
ν×ν (1) .

(B.2.15)
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B.2.2 Statistical averages and moments of L-functions

Having reviewed some basic facts about the cusp form norms and the dis-
tribution of their Fourier coefficients, we can now state some of the crucial
properties that hold after statistical averaging over n. Let us first state the
following useful

Lemma 4. Let k ∈ N and p be prime. Then the average over n yields the
following results:

(i)
(
a
(n,±)

pk

)2
=

k∑
ℓ=0

p−ℓ =
p− p−k

p− 1

(ii)
(
a
(n,±)

pk+1 a
(n,±)

pk−1

)
=

k∑
ℓ=1

p−ℓ =
1− p−k

p− 1

(iv)
(
a
(n,±)

pk

)2(
a
(n,±)
p

)2
=

2(p+ 1)− p−k(p+ 2 + p−1)

p− 1

(iii)
(
a
(n,±)
p

)2(k+1)
=

(p+ 1)2

p

(
a
(n,±)
p

)2k − (p+ 1)
(2k)!

k!(k + 1)!

(B.2.16)

Proof: To prove (i), we start with Lemma 1(iv) and evaluate its average
using the moments of the distributions for prime Fourier coefficients (B.1.5):

(
a
(n,±)

pk

)2
=

p

22k+1(p+ 1)

k∑
ℓ=0

ℓ∑
r=0

[(
2k + 2

2ℓ+ 2

)
+ (−1)ℓ

(
k + 1

ℓ+ 1

)]
×
(
ℓ

r

)
(−4)r (2(k − r))!

(k − r)!(k − r + 1)!
2F1

(
1, k − r + 1

2
, k − r + 2,

4p

(p+ 1)2

)
=

p

22k+1(p+ 1)

k∑
ℓ=0

ℓ∑
r=0

[(
2k + 2

2ℓ+ 2

)
+ (−1)ℓ

(
k + 1

ℓ+ 1

)](
ℓ

r

)
(−4)r

× (2(k − r))!
(k − r)!(k − r + 1)!

∞∑
q=0

Γ
(
k − r + 1

2 + q
)
Γ(k − r + 2)

Γ
(
k − r + 1

2

)
Γ(k − r + 2 + q)

(
4p

(p+ 1)2

)q

=
p

p+ 1

∞∑
q=0

k∑
ℓ=0

[(
2k + 2

2ℓ+ 2

)
+ (−1)ℓ

(
k + 1

ℓ+ 1

)]

×
(−1)k+q Γ

(
ℓ+ 3

2

)
Γ
(
ℓ− k − q + 1

2

)
Γ (k + q + 2)

(
4p

(p+ 1)2

)q

...
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(
a
(n,±)

pk

)2
=

p

p+ 1

∞∑
q=0

(2q)!

22q

[
1

(q!)2
− Θ(q − k)

(q + k + 1)!(q − k − 1)!

](
4p

(p+ 1)2

)q

=
p

p+ 1

[
p+ 1

p− 1
− p+ 1

pk+1(p− 1)

]
=
p− p−k

p− 1
,

(B.2.17)

where Θ(n) = 1 if n > 0 and vanishes otherwise. The second result, (ii), can
be proven in a similar fashion, using Lemma 1(ii) to simplify. To prove (iii),
we use Lemma 1(ii) to calculate as follows:(

a
(n,±)

pk

)2(
a
(n,±)
p

)2
=
(
a
(n,±)

pk+1 + (1− δk,0) a
(n,±)

pk−1

)2
=

k+1∑
ℓ=0

p−ℓ + (1− δk,0)

[
k−1∑
ℓ=0

p−ℓ + 2
k∑

ℓ=1

p−ℓ

]

=
2(p+ 1)− p−k(p+ 2 + p−1)

p− 1
.

(B.2.18)

Finally, to prove (iv), we use (B.1.5) and the series representation of the
hypergeometric function:

(
a
(n,±)
p

)2(k+1)
=

p

p+ 1

(2k + 2)!

(k + 1)!(k + 2)!

∞∑
q=0

Γ
(
k + 3

2 + q
)
Γ(k + 3)

Γ
(
k + 3

2

)
Γ(k + 3 + q)

(
4p

(p+ 1)2

)q

=
4p

p+ 1

(2k)!

k!(k + 1)!

∞∑
q=1

Γ
(
k + 1

2 + q
)
Γ(k + 2)

Γ
(
k + 1

2

)
Γ(k + 2 + q)

(
4p

(p+ 1)2

)q−1

=
(p+ 1)2

p

[(
a
(n,±)
p

)2k − p

p+ 1

(2k)!

k!(k + 1)!

]
.

(B.2.19)

Corollary: For any k ∈ N and p prime,(
a
(n,±)

pk

)2 [
1−

(
a
(n,±)
p

)2(
p−1 − p−2

)
+ (p−1 − p−2 − p−3)

]
= 1− p−2 .

(B.2.20)
Proof: Follows immediately from Lemma 4(i) and (iii).

Finally, the central property needed in our analysis of the gravity am-
plitude concerns the interplay of the moments of distributions of Fourier
coefficients and the cusp form norms:
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Theorem 2. Let m ≥ 1 be any integer spin. Then the statistical
averaging over different cusp forms indexed by n yields:

(
a
(n,±)
m

)2 (
8 cosh

(
πR±

n

)
||νn,±||2

)−1
=
(
a
(n,±)
m

)2 (
L
(n,±)
ν×ν (1)

)−1
=

6

π2
.

(B.2.21)

Proof: The first equality follows from Theorem 1. To prove the second
equality, write the L-function in terms of its Euler product:

(
a
(n,±)
m

)2 (
L
(n,±)
ν×ν (1)

)−1

=
(
a
(n,±)
m

)2 ∏
p prime

[
1−

(
a
(n,±)
p

)2(
p−1 − p−2

)
+
(
p−1 − p−2 − p−3

)]
=

∏
p prime

(
1− p−2

)
=

1

ζ(2)
=

6

π2
,

(B.2.22)

where we applied the Corollary of Lemma 4 factor by factor after decomposing

a
(n,±)
m into factors of Fourier coefficients of prime powers (Lemma 1(i)):

m = pk11 · · · p
kr
r ⇒

(
a(n,±)
m

)2
=

(
a
(n,±)

p
k1
1

)2

· · ·
(
a
(n,±)

pkrr

)2
.

(B.2.23)

B.2.3 Derivation of the arithmetic kernel f (n,±)

In the main text we verified that the arithmetic kernel (3.3.23) has the
required properties to produce a ramp in all spin sectors. We also outlined
how to derive it, but provide more details here. The derivation essentially
also shows that it is unique, up to modifications, which are invisible to our
averaging condition (3.3.21).

Construction of f (n,±): The goal is to find a function f (n,±) which satis-
fies (3.3.21). Since the Fourier coefficients have multiplicativity properties
determined by Hecke relations, it is convenient to begin by decomposing

a
(n,±)
m into coefficients with prime-power index:

m = pk11 · · · p
kr
r ⇒ a

(n,±)

p
k1
1 ···pkrr

= a
(n,±)

p
k1
1

· · · a(n,±)

pkrr
(B.2.24)
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where pi are distinct primes. Let us therefore first find a function f
(n,±)
p

which is fine tuned to Fourier coefficients with prime-power index pk such
that: (

a
(n,±)

pk

)2
f
(n,±)
p = 1 for all k ≥ 0 . (B.2.25)

It is important to note that a
(n,±)

pk
is fully determined by powers of a

(n,±)
p , see

Lemma 1(iv). In order for a condition such as (B.2.25) to hold, the function

f
(n,±)
p must balance different moments of the distribution of a

(n,±)
p . This is

captured by an ansatz of the following form:

f (n,±)
p =

∑
r≥0

cp,r
(
a(n,±)
p

)2r
. (B.2.26)

We only need even powers of the Fourier coefficients because any odd powers
will have vanishing expectation value. We also do not need any Fourier
coefficients with spin other than p because these are distributed independent

of a
(n,±)
p , so they can be absorbed into cp,r as far as the averaged (B.2.25) is

concerned. The condition (B.2.25) then amounts to an infinite number of
constraints on cp,r. For example:

k = 0 : 1
!
= f

(n,±)
p =

∑
r≥0

cp,r
(
a
(n,±)
p

)2r
k = 1 : 1

!
=
(
a
(n,±)
p

)2
f
(n,±)
p =

∑
r≥0

cp,r
(
a
(n,±)
p

)2r+2

k = 2 : 1
!
=
(
a
(n,±)
p2

)2
f
(n,±)
p =

((
a
(n,±)
p

)2 − 1
)2

f
(n,±)
p

= −1 +
∑
r≥0

cp,r
(
a
(n,±)
p

)2r+4

k = 3 : 1
!
=
(
a
(n,±)
p3

)2
f
(n,±)
p =

((
a
(n,±)
p

)3 − 2a
(n,±)
p

)2
f
(n,±)
p

= −4 +
∑
r≥0

cp,r
(
a
(n,±)
p

)2r+6

(B.2.27)

and so on. Iterating this process, one finds for general k:∑
r≥0

cp,r
(
a
(n,±)
p

)2(k+r)
=

(2k)!

k!(k + 1)!
, (B.2.28)

where the r.h.s. is the k-th Catalan number. Using a general recursion
relation of the moments of Fourier coefficients (Lemma 4(iv)), we can write
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the r.h.s. as follows:∑
r≥0

cp,r
(
a
(n,±)
p

)2(k+r)
=
p+ 1

p

(
a
(n,±)
p

)2k − 1

p+ 1

(
a
(n,±)
p

)2k+2
. (B.2.29)

It is now obvious to see that a simple solution exists for all k:

cp,0 =
p+ 1

p
, cp,1 = −

1

p+ 1
, cp,r>1 = 0 . (B.2.30)

To see that this is the only solution, note that the equations (B.2.28) form
a linear system. Therefore, the existence of any other solution c′p,r would
mean that there exist coefficients c̃p,r ≡ cp,r − c′p,r such that∑

r≥0

c̃p,r
(
a
(n,±)
p

)2(k+r)
= 0 (B.2.31)

for all k. This can be written as an infinite list of equations labelled by k,
which we call

Ep,k ≡
∑
r≥k

c̃p,r−k

(
a
(n,±)
p

)2r
= 0 . (B.2.32)

This can be thought of as an (infinite dimensional) triangular matrix acting
on the vector of moments of Fourier coefficients. If c̃p,0 ̸= 0, we can form a
linear combination which cancels all terms but one:

0 = Ep,0 −
c̃p,1
c̃p,0
Ep,1 −

(
c̃p,2
c̃p,0
−
c̃2p,1
c̃2p,0

)
Ep,2 − . . . = c̃p,0 . (B.2.33)

This contradicts the assumption, so we must have c̃p,0 = 0. Next, if c̃p,1 ̸= 0
we could form a similar linear combination

0 = Ep,0 −
c̃p,2
c̃p,1
Ep,1 −

(
c̃p,3
c̃p,1
−
c̃2p,2
c̃2p,1

)
Ep,2 − . . . = c̃p,1

(
a
(n,±)
p

)2
, (B.2.34)

which is again contradictory and thus implies c̃p,1 = 0. Continuing this way,
we must have c̃p,k = 0 for all k. Therefore, there does not exist any solution
different from cp,k.

To summarize, we have shown that

f (n,±)
p =

p+ 1

p
− 1

p+ 1

(
a(n,±)
p

)2
(B.2.35)
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solves (B.2.25) and is unique as far as our ansatz is concerned.105 This
function will give a ramp in all spin sectors of the form m = pk. From the
multiplicative property of the Fourier coefficients, (B.2.24), it is then clear
how to construct the function that will yield a linear ramp for all spins
m = pk11 · · · pkrr ; indeed, we simply construct it as

f (n,±) =
∏

p prime

[
p+ 1

p
− 1

p+ 1

(
a(n,±)
p

)2]
=

∏
p prime

(
1− p−2

)−1 ×
[
1−

(
a(n,±)
p

)2 (
p−1 − p−2

)
+
(
p−1 − p−2 − p−3

)]
=
π2

6

1

L
(n,±)
ν×ν (1)

,

(B.2.36)

where we used ζ(2) =
∏

p prime(1− p−2)−1 = π2

6 and we used the symmetric
square L-function associated with the cusp form νn,±, see Lemma 3. It is a
meromorphic function in s with a potential pole at s = 1 [232] (in our case
there is no pole, so we can simply evaluate at s = 1).106 This completes our
derivation of the arithmetic kernel f (n,±).

B.2.4 L-function for Eisenstein series

It is natural to define the following continuous family of L-functions for
the Eisenstein series E 1

2
+iα(x, y) in terms of their Fourier coefficients (c.f.,

(3.2.6)):107

L
(α)
E (s) ≡ 1

2

∑
m≥1

a
(α)
m

ms
, a(α)m =

2σ2iα(m)

miα
(Re(s) > 1) . (B.2.37)

Lemma 5. The meromorphic continuation of the Eisenstein series L-function
is

L
(α)
E (s) = ζ(s+ iα)ζ(s− iα) . (B.2.38)

105There are ways to modify f
(n,±)
p that are invisible to the statistical averaging. For

example, one can add odd powers of a
(n,±)
p with arbitrary coefficients, as these will vanish

in the evaluation of (3.3.21). See main text for more comments.
106Note that there would be a pole at s = 1 if there was some prime Fourier coefficient

with a
(n,±)
p = ±2. It is unproven but widely believed to be true that such a Fourier

coefficient does not exist (Ramanijan-Petersson conjecture) [102].
107The factor 1

2
is unconventional, but will make the following discussion more convenient.
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Proof: We expand the zeta-functions formally in the domain where they
converge:

ζ(s+ iα)ζ(s− iα) =
∑
n1≥1

∑
n2≥1

1

ns+iα
1 ns−iα

2

=
∑
m≥1

∑
n1,n2:

n1n2=m

1

ns+iα
1 ns−iα

2

=
∑
m≥1

1

ms+iα
σ2iα(m) = L

(α)
E (s)

(B.2.39)

Note in particular:

L
(2α)
E (s = 1) = cosh(πα)Λ(iα)Λ(−iα) , Λ(s) = π−sΓ(s)ζ(2s) , (B.2.40)

which is similar to the symmetric square L-function for cusp forms evaluated
at s = 1. See [103] for more details on this connection.

B.3 Independence of chaos in different spin
sectors and the plateau

In this appendix we show that the existence of a ramp (or plateau) in a
given spin sector is generically not sufficient to conclude the existence of a
ramp (or plateau) in another spin sector. We showed this for the ramp in the
Eisenstein series in chapter 2; here we repeat the analysis for the cusp forms
and the plateau. We make some preliminary remarks on how the plateau
can appear in the cusp forms.

B.3.1 Signatures of a spin m ramp at spin (m1,m2): Maass
cusp forms

Similar to the analysis of section 2.3.2, let us assume that the spinm spectrum
of Maass cusp forms contains a linear ramp. As discussed in the main text,
the statistical averaging over cusp form data, which is automatic in the large
yi limit, means that there are different choices of correlations which would all
yield a linear ramp in some given spin sector. Ultimately, we found (3.4.1)
by demanding a ramp with the correct slope in every spin sector. That is, we
demanded that the imprint of any spin sector is the same on any other spin
sector. In this appendix we analyze the consequences of working with less
fine-tuned spectral correlations that are engineered to only describe RMT
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statistics in a fixed spin sector. In particular, consider the most naive ansatz,
obtained by taking (3.3.9) and simply dividing out the Fourier coefficients:

〈
zn1,± zn2,±

〉
spin m ramp naive’

≈ 1

a
(n1,±)
m a

(n2,±)
m

2R±
n1

tanh
(
πR±

n1

)
π2 µ̄±(R

±
n1)

δn1n2 .

(B.3.1)
Such a correlation implies that the spin (m1,m2) sector must contain the
following term:〈
Z̃m1

P,disc.,±(y1)Z̃
m2

P,disc.,±(y2)
〉
⊃m

∑
n1,n2

⟨zn1,± zn2,±⟩spin m ramp naive’ a
(n1,±)
m1

a(n2,±)
m2

×√y1KiR±
n1
(2πm1y1)

√
y2KiR±

n2
(2πm2y2)

≈
∑
n

2R±
n tanh(πR±

n )

π2µ̄±(R
±
n )

a
(n,±)
m1 a

(n,±)
m2(

a
(n,±)
m

)2 √y1KiR±
n
(2πm1y1)

√
y2KiR±

n
(2πm2y2) .

(B.3.2)

This can be evaluated numerically, which yields similar results as in the case
of Eisenstein series discussed in section 2.3.2:〈

Z̃m1
P,disc.,±(y1)Z̃

m2
P,disc.,±(y2)

〉
⊃mη

±
m,m1

× δm1m2

1

π

y1y2
y1 + y2

e−2πm1(y1+y2)

(yi ≫ 1) ,

(B.3.3)

where the spin-dependent coefficient η±m,m1
is generally different from 1. This

is illustrated in figure B.6. From the curves in that figure, we find the
following numerical fit:

num. fit:

{
η+1,1 = 1 , η+1,2 = 1.44.. , η+1,3 = 1.25.. , η+1,4 = 1.61.. , . . .

η−1,1 = 1 , η−1,2 = 1.46.. , η−1,3 = 1.28.. , η−1,4 = 1.65.. , . . .

(B.3.4)
This matches within ∼10% with the theoretical expectation based on sta-
tistical averaging, namely η±m,m1

= N±
m1
/N±

m , which follows after replacing
squares of Fourier coefficients by their variances in (B.3.2):108

theoretical values: η±1,1 = 1 , η±1,2 =
3

2
, η±1,3 =

4

3
, η±1,4 =

7

4
, . . .

(B.3.5)

108Computing N±
m1

/N±
m using the finite number of cusp forms available to us, i.e., using

(3.3.17), yields agreement within ∼2%. This shows that a still much larger number of cusp
forms is required in order to get very close to the theoretical values for η±

m,m1
.
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Figure B.6: Numerical evaluation of (B.3.2): we show the imprint of a
ramp in the spin m = 1 sector onto the spin (m1,m2) sector of the spectral
form factor, assuming the naive form of correlations (B.3.1) which is not
engineered to have information about any other spin sector. While the
asymptotic contribution has the correct linear y-dependence (for m1 = m2),
it does not have the correct slope to account for all the information encoded
in a ramp.

The fact that the prefactor η±m,m1
in (B.3.3) is not 1 means that the

ramp at spin (m1,m2) is not fully encoded in the ramp at spin m. Random
matrix universality in one spin sector therefore does not imply random
matrix universality in a different spin sector – as is consistent with general
expectations in the theory of quantum chaos. Instead, one must fine-tune
the approximation (B.3.1) in a way that is informed by cusp form data in all
other spin sectors. This is achieved by the arithmetic kernel f (n,±) discussed
in the main text.

B.3.2 Independence of the plateaus

Here we discuss the numerical imprint of a plateau in one spin sector onto
other sectors. We begin with the imprint of a spin 0 plateau onto the spin
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(m1,m2) sector:〈
Z̃m1

P,cont.(y1)Z̃
m2

P,cont.(y2)
〉
⊃plateau

m=0

√
y1y2

4π2

∫∫
dα1dα2

〈
z 1

2+iα1
z 1

2+iα2

〉
spin 0 plateau

× a
(α1)
m1 a

(α2)
m2

Λ(−iα1)Λ(−iα2)
Kiα1(2πm1y1)Kiα2(2πm2y2)

=

√
y1y2

π2

∫
dα 2iπ2 1

sinh(πα)

σ2iα(m1)σ−2iα−2(m2)

miα
1 m

−iα−1
2 Λ(−iα)Λ(iα+ 1)

×Kiα(2πm1y1)K−iα−1(2πm2y2)

(B.3.6)

The result, as shown in figure B.7, is〈
Z̃m1
P,cont.(y1)Z̃

m2
P,cont.(y2)

〉
⊃plateau

m=0 λ(p)m ⟨ρmD(Em)⟩e−2π|m|(y1+y2) (yi ≫ 1) ,
(B.3.7)

where the spin m coefficient λ
(p)
m is a small, O(e−2πm) coefficient:

λ
(p)
1 ≈ 6.04× 10−3 , λ

(p)
2 ≈ 1.51× 10−5

λ
(p)
3 ≈ 3.49× 10−8 , λ

(p)
5 ≈ 1.38× 10−13 , . . .

(B.3.8)

Thus the spin 0 plateau produces a small constant in the spin m sector. Since
the plateau also goes to a constant for yi ≫ 1, y1/y2 = fixed, this represents
a subleading correction to the true spin m plateau. This is a similar situation
to the imprint of the spin 0 ramp; however, here we find that it is subleading
due to the coefficient, rather than the functional form.

The imprint of a spin 1 plateau, through a similar calculation, is as
follows (see figure B.8):〈
Z̃m1
P,cont.(y1)Z̃

m2
P,cont.(y2)

〉
⊃plateau

m=1 µ
(p)
m

√
y1+y2

2 ⟨ρmD(Em)⟩
√
y1y2

y1+y2
e−2π|m|(y1+y2)

(yi ≫ 1)

(B.3.9)

where

µ
(p)
2 ≈ 8.13..× 10−3 , µ

(p)
3 ≈ 1.97..× 10−5 , µ

(p)
5 ≈ 7.78..× 10−11 , . . .

(B.3.10)

We obtain a function that dominates over the plateau at large yi. This is a
similar situation to the ramp, where the imprint of the spin 1 ramp dominated
over the true spin m ramp; however, here we find that it dominates due
to the functional form, rather than the coefficient. It would obviously be
interesting to study the implications of this further.
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Figure B.7: Plot of the imprint of the spin 0 plateau on other spin sectors (note
the log scaling of the y-axis). In order to get a result that is c-independent
and compare with the true spin m plateau (3.5.4), we normalize the imprint
by ⟨ρD(Em)⟩e−2πm(y1+y2); at large c, ⟨ρD(E0)⟩/⟨ρD(Em)⟩ ≈ 1

2e
−2πm. With

this normalization, the true spin m plateau becomes equal to 1/2 for y1 = y2.
The results shown therefore amount to a small constant ∼ O(e−2πm).
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Figure B.8: Plot of the imprint of the spin 1 plateau on other spin sectors
for y1 = y2 = y. We again normalize by ⟨ρD(Em)⟩e−2πm(y1+y2); at large c,
⟨ρD(E1)⟩/⟨ρD(Em)⟩ ≈ e−2π(m−1). The result is a function that grows like√
y; creating a similar plot for a fixed y2 yields the functional form in (B.3.9).
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B.3.3 Comments on the plateau and the cusp forms

When trying to find an expression for the spectral decomposition of the
plateau into the cusp forms, we can apply the logic of section 3.3, i.e., use
arithmetic chaos and the continuous approximation. Using (3.5.7), this would
immediately give:

⟨zm1
n1,±z

m1
n2,±⟩spin m plateau

?
≈− 4m

πµ̄(R±
n1)µ̄(R

±
n2)
⟨ρmD(Em)⟩

× D

(
1(

R±
n1 −R±

n2

)2 +
1(

R±
n1 +R±

n2

)2
)
δm1m2 .

(B.3.11)

These correlations should then produce a plateau in the spectral form factor.
Unfortunately, (B.3.11) is not as well suited for numerical analysis as the
ramp. The reason is that the factor (R±

n1
± R±

n2
)−2 decays for large R±

n ,
meaning that the integrand is peaked at small values of R±

n . This is in
contrast to the ramp, where we instead had the factor R±

n1
tanh

(
πR±

n1

)
which

leads to an integrand peaked at large values of R±
n .

However we do expect that as yi and R
±
ni

increase, the continuous ap-
proximation (B.3.11) becomes better. The reason is that in the continuous
approximation, the region of R±

ni
where the integrand has support increases

as yi → ∞. Thus, even though the correlations are peaked at small Rni ,
(B.3.11) should reproduce the plateau at sufficiently large yi. We do not have
access to enough cusp form data to demonstrate this, and we leave (B.3.11)
as a conjecture.
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Appendix C

Appendices for chapter 4

C.1 Conventions and useful formulae

Conventions in d = 2. For reference, we collect some of our conventions for
calculations in two-dimensional CFTs. On the Euclidean plane xµ = (x0, x1),
we define z = x0 + ix1 and z̄ = z∗. After mapping to the cylinder via
z = e−iu, we similarly write u = τ + iσ. These conventions yield:

metric: ds2 = dz dz̄ = (dx0)2 + (dx1)2

= ei(ū−u) du dū = e2σ
(
dτ2 + dσ2

)
,

derivatives: ∂u ≡
1

2
(∂τ − i∂σ) , ∂̄ū ≡

1

2
(∂τ + i∂σ) ,

integral measure:

∫
d2z ≡ i

2

∫
dzdz̄ =

∫
d2x ,

∫
d2u ≡

∫
dτdσ .

(C.1.1)

We define the holomorphic stress tensor on the plane as T ≡ −2πTzz, and
similarly T ≡ −2πTz̄z̄.

Conventions in d ≥ 2. In higher dimensions, we often use the symmetric-
traceless projector and the inversion tensor:

P µν
ρσ ≡

1

2

(
δµρ δ

ν
σ + δνρδ

µ
σ

)
− 1

d
ηρση

µν , Iµν(x) ≡ ηµν − 2
xµxν

x2
. (C.1.2)

The inversion tensor satisfies the following useful relations:

1

x2
Iµν (x) = ∂ν

(
xµ

x2

)
= ∂ν∂

µ log |x| , ∂µI
ρ
ν = − 2

x2
[
Iρµ xν + xρ ηµν

]
.

(C.1.3)

Conventions for embedding space. A general point in embedding space
R1,d+1 is denoted as XA, where A = (I, II, µ) = (I, II, 0,m). The metric
is ηAB = diag(−1, 1, . . . , 1). Let us consider points PA that lie on the
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(upper) projective null cone characterized by P · P = 0 and P I > 0. The
CFT spacetime consists of points on the null cone subject to the projective
identification PA ≡ λPA. A point PA in the CFT can be represented in
different useful ways. We mainly use the following representations:

Poincaré section: PA
P

=

(
1 + x2

2
,
1− x2

2
, xµ

)
xµ ∈ Rd

Rindler section: PA
R

=

(
1 + ρ2 + x2⊥

2
,
1− ρ2 − x2⊥

2
, ρ sin τ , ρ cos τ , xi⊥

)
,

Hyperbolic space: PA
H

=
1

ρ
PA

R
, ρ > 0 , xi⊥ ∈ Rd−1 .

(C.1.4)

The Poincaré section is appropriate for studying zero-temperature CFTs on
d-dimensional Minkowski spacetime (or simply Euclidean Rd as above). For
instance, in Poincaré coordinates we have (−2P1 · P2) = (x1 − x2)2.

On the other hand, the Rindler coordinates correspond to studying CFTs
which look thermal with respect to Rindler time τ . The temperature is fixed
as T = 2π. The hyperbolic section is conformal to Rindler space, and the
conformal factor can simply be read off from the third line of (C.1.4). In
the hyperbolic (or Rindler) section it is useful to parametrize the hyperbolic
space Hd−1 by itself (without the time direction) in terms of

Y A =

(
1 + ρ2 + x2⊥

2ρ
,
1− ρ2 − x2⊥

2ρ
, 0, 0,

xi⊥
ρ

)
. (C.1.5)

The SO(d− 2, 1) invariant geodesic distance in Hd−1 is

d(1, 2) = cosh−1(−Y1 · Y2) = cosh−1

[
ρ21 + ρ22 + x2⊥12

2 ρ1ρ2

]
. (C.1.6)

We sometimes change to a radial hyperbolic coordinate, ρ = eσ.

Conformal integrals. We frequently write integrals over all of Euclidean
spacetime. These are typically determined by conformal symmetry, and
evaluating them in practice is most conveniently done in embedding space,
see e.g. [119] for examples, some of which we review now. Embedding space
integrals in higher dimensions should be understood as follows:∫

ddP f(P ) ≡
∫
P I>0

dd+2P

Vol GL(1,R)+
δ(P 2) f(P ) . (C.1.7)
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where division by the volume of the gauge group of planar boosts associated
with identification of points under rescaling (PA ≡ λPA) renders the result
finite. For example, in the coordinates introduced above, these definitions
reduce to:∫
ddP f(P ) ≡

∫
ddx f(PP) ≡

∫ 2π

0
dτ

∫ ∞

0

dρ

ρd−1

∫
dd−2x⊥ Ω(PH)

−∆ f(PH) ,

(C.1.8)

where ∆ is the conformal weight of f(P ).
An important example of an embedding space integral, that can be used

to check various normalizations in this chapter, is the following:∫∫
ddP1 d

dP2

(−2X1 · P1)∆(−2X2 · P2)d−∆(−2P1 · P2)∆
=
πdΓ(∆− d

2)Γ(
d
2 −∆)

Γ(∆)Γ(d−∆)

1

(−2X1 ·X2)∆
,

(C.1.9)
and similarly for conformal integrals involving spinning propagators, where
the normalization on the right hand side gets replaced by πd(k∆,ℓ kd−∆,ℓ)

−1,
c.f., (4.2.6).

Shadows and projectors. We can use (C.1.9) to check various normal-
izations in §4.2. As a first application, we determine the normalization of
two-point functions of shadow operators in terms of the normalization of
their physical partners. Define the two-point function of scalar operators
O as ⟨O(P1)O(P2)⟩ = CO

(−2P1·P2)∆
= CO

(x1−x2)2∆
. Using the definition of the

shadow operator (4.2.12), it follows immediately from (C.1.9) that

⟨Õ(P1)Õ(P2)⟩ =
CÕ

(−2P1 · P2)∆
with C

Õ
= CO

k∆,0

kd−∆,0
, (C.1.10)

and similarly for spinning operators.
Let us check more features of the definition of the shadow operator,

(4.2.12). In order to show that ˜̃O = O, one can, for example, verify that

⟨ ˜̃O(x)O(y)⟩ = ⟨O(x)O(y)⟩ using (C.1.9). In general we define the projectors
onto the conformal family associated with an operator O and its shadow as:

|O| ≡ 1

CO

kd−∆,ℓ

πd/2

∫
ddξ Oµ···(ξ)|0⟩⟨0|Õµ···(ξ) ,

|Õ| ≡ 1

CÕ

k∆,ℓ

πd/2

∫
ddξ Õµ···(ξ)|0⟩⟨0|Oµ···(ξ)

(C.1.11)

where CÕ ≡ CO
k∆,ℓ

kd−∆,ℓ
as above. This ensures that |O| = |Õ| as is obvious

from the definition (4.2.12). One can furthermore check that |O| leaves
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correlators involving the operator O invariant. For instance, one easily checks
that ⟨O(x)|O|O(y)⟩ = ⟨O(x)O(y)⟩, which is again a direct consequence of
the integral (C.1.9). Similarly, the fact that |O|2 = |O| is another simple
application of (C.1.9). For more general statements, see [119].

C.2 Exponentiation of the light-light Virasoro
block

As a simple illustrative example of the reparametrization mode formalism,
we briefly review the exponentiation of the light-light conformal block in
d = 2 as presented in [115]. In the “light-light” regime we take the external
holomorphic operators V and W to have dimensions hV = hW ≡ h ∼

√
c.

The leading reparametrization mode exchanges in this regime correspond to
diagrams of order (h2/c)n ∼ O(1). These diagrams are the ladder diagrams
of the following form:

V0
∣∣
O(1)

= 1

where V0 denotes the normalized Virasoro identity block. The wavy lines
indicate exchanges of reparametrization modes between two pairs of external
operators. At leading order in large c, we get

V0
∣∣
O(1)

=
∑
n≥0

〈
B(n)ϵ,h (z1, z2)B

(n)
ϵ,h (z3, z4)

〉∣∣∣
O
(
(h

2

c
)n

) +O
(
c−1
)

=
∑
n≥0

1

n!

(
2h2

c
z2 2F1(2, 2, 4, z)

)
+O

(
c−1
)

= exp

(
2h2

c
z2 2F1(2, 2, 4, z)

)
+O

(
c−1
)
,

(C.2.1)

where we used (4.3.19) to replace B(n)ϵ,h →
1
n!

(
B(1)ϵ,h

)n
and included an addi-

tional factor of n! to account for permutations of contractions. This is simply
the exponentiated version of the physical block in (4.4.7).

C.3 Details on calculations in section 4.5.2

In this appendix we collect some details on calculations outlined in the main
text.
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C.3. Details on calculations in section 4.5.2

C.3.1 Derivation of G00,00(P1, P2)

In order to prove (4.5.14), we first note that the general two-point function
(4.5.11) can be written as

Gµν,ρσ(P1, P2) =
8CT

(−2P1 · P2)d+2
PAB
µν (P1)PCD

ρσ (P2)[
((P1 · P2)ηBC − P1,CP2,B) ((P1 · P2)ηAD − P1,DP2,A)

]
(C.3.1)

To compute the time-time component of this, we note that the time-time
component of the projectors takes the simple form109

PAB
ττ (P ) = mAmB − 1

d
ηAB , where mA ≡ mA(τ) = (0, 0, cos τ,− sin τ, 0⃗).

(C.3.2)
Using this, we can write out the terms in (C.3.1) explicitly. The terms
simplify upon using the following identities:

ηABm
AmB = 1 , ηABm

A
1m

B
2 = cos(τ1 − τ2) ,

ηABm
APB = 0 , ηABm

A
1 P

B
2 = − sin(τ1 − τ2) .

(C.3.3)

Finally, writing all sin2(τ1 − τ2) = 1− cos2(τ1 − τ2), one finds

G00,00(P1, P2) =
8CT

(−2P1 · P2)d+2

{
1 +

2(d− 1)

d
cos(τ1 − τ2) (Y1 · Y2)

− 1

d

(
cos2(τ1 − τ2) + (Y1 · Y2)2

)
+ cos2(τ1 − τ2) (Y1 · Y2)2

}
.

(C.3.4)

Clearly, all the appearances of cos(τ1 − τ2) and Y1 · Y2 can be obtained by

differentiating the auxiliary quantity Ga,b∆ (P1, P2) with respect to a and b.
The result then takes the form (4.5.14).

C.3.2 Derivation of Ga,b∆ (ωE, k)

We provide here some details on the Fourier transform leading to (4.5.18).
Essentially, the calculation is the same as a Euclidean version of Appendix A.2

109This can be expressed more covariantly by noting that mA(τ) = ΩA
B(P

B − Y B),
where the rotation matrix ΩAB = δIIA δ0B − δ0Aδ

II
B .
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of [158] with the additional replacement of Bessel functions IωE (u)→ IωE (au)
and Kik(u) → b−(d−2)/2Kik(bu) to take the propagator off-shell. We now
recall some of the essential steps.

We start with the following identity that follows from orthonormality
and completeness of the basis functions fωE ,k,p⊥(P ):

Ga,b∆ (ωE , k) fωE ,k,p⊥(P ) =

∫
dP ′ Ga,b∆ (P, P ′) fωE ,k,p⊥(P

′)

=

(
4k sinh(πk)

π

)1/2 ∫ 2π

0

dτ ′
∫ ∞

0

dρ′

ρ′d−1

∫
dd−2x′⊥

× ρ′
d−2
2 Kik(|p⊥| ρ′) ei(ωEτ ′+p⊥· x′

⊥)[
−2a cos(τ − τ ′) + b

ρ2+ρ′2+|x⊥−x′
⊥|2

ρρ′

]∆
=

(
4k sinh(πk)

π

)1/2
1

2∆Γ(∆)
ei(ωEτ+p⊥· x⊥)

∫ 2π

0

dτ ′
∫ ∞

0

dz z∆−1eiωEτ ′+az cos τ

×
∫ ∞

0

dρ′ ρ′−d/2Kik(|p⊥| ρ′) e−
bz

2ρρ′ (ρ
2+ρ′2)− ρρ′

2bz p
2
⊥

(
2πρρ′

bz

)(d−2)/2

(C.3.5)

where we introduced the Schwinger parameter z to exponentiate the denomi-
nator of the two-point function in the last step. We now use the following
identities: ∫ 2π

0
dτ ′ eiωEτ ′+az cos τ ′ = 2π IωE (az) ,∫ ∞

0

dρ′

ρ′
Kik(|p⊥| ρ′) e

− bz
2ρρ′ (ρ

2+ρ′2)− ρρ′
2bz

p2⊥ = 2Kik(bz)Kik(|p⊥| ρ) .
(C.3.6)

Inserting these in (C.3.5) yields a prefactor that is precisely fωE ,k,p⊥(P ). We
can thus strip this factor off of (C.3.5) and write:

Ga,b∆ (ωE , k) =
(2π)d/2

2∆−1Γ(∆)
b−

d−2
2

∫ ∞

0
dz z∆− d

2 IωE (az)Kik(bz)

=
πd/2

Γ(∆)

aωE

bωE+∆

|Γ(α)|2

Γ(ωE + 1)
2F1

(
α, α∗, ωE + 1;

a2

b2

)
reg.

(C.3.7)

where α ≡ 1
2

(
∆− d−2

2 + ik + ωE

)
. The last integral is strictly valid only

when Re(α) > 0 and a < b.110 Especially when we take the limit a, b→ 1,
we need to regularize the expression and extract the finite piece. We achieve

110See, for example, section 6.576 on page 684 of [228].
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C.3. Details on calculations in section 4.5.2

this as follows. When computing (4.5.19), we first take derivatives with
respect to a and b as instructed by (4.5.14). We then replace any instances
of hypergeometric functions according to

2F1

(
α, α∗, ωE + 1;

a2

b2

)
→ Γ(ωE + 1)Γ(ωE + 1− α− α∗)

Γ(ωE + 1− α)Γ(ωE + 1− α∗)
(C.3.8)

It is now well-defined to set a = b = 1 in the resulting expression.

C.3.3 Dimensional regularization for even dimensions

In this section we describe how to perform the dimensional regularization
of (4.5.19) in the case of even dimensions. We set d = 2m− ε and wish to
extract the finite term as ε→ 0.

For the divergent Γ-function, we have Γ(−d
2)→

(−1)m

m!

(
2
ε + ψ(m+ 1) +

O(ε)
)
. A similar expansion of the other d-dependent terms yields the

following result for the O(ε0) term:

G00,00(ωE , k)finite

=
2CT (−1)m−1πm(m− 1)

4m(2m+ 1)m!(2m− 1)!

m−2∏
j=1

(
(m+ ωE − 1− 2j)2 + k2

)
×
(
k2 +m2

) (
k2 + (m− 1)2

) {
ψ

(
ωE + ik +m− 1

2

)
+ψ

(
ωE − ik +m− 1

2

)
+ ψ

(
ωE + ik −m+ 3

2

)
+ ψ

(
ωE − ik −m+ 3

2

)}
(C.3.9)

where ψ(z) is the digamma function. In writing this, we have dropped various
contact terms (i.e., terms involving only polynomials in ωE and k, but no
singular functions such as ψ(...)).
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Appendix D

Appendices for chapter 5

D.1 Bulk Canonical Commutators

In section 5.2.2 we showed that a bulk scalar operator ϕ can be expressed as

ϕ(y⃗, u, r) =
∑
n

cnψ̄n(r)ϕ̂n(y⃗, u) , (D.1.1)

where the ϕ̂n(y⃗, u) are codimension-1 fields of asymptotic dimension (5.3.9),
and ψ̄n(r) are the normalizable mode functions (normalized with leading
unit coefficient near the asymptotically-AdS boundary). That analysis was
insufficient to determine the overall constants cn.

To determine the cn we require that the operators ϕ and ϕ̂n satisfy the
equal time canonical commutation relations

[ϕ(t, v⃗1, u1, r1), π(t, v⃗2, u2, r2)] = iδd+1(v⃗1 − v⃗2, u1 − u2, r1 − r2), (D.1.2)

[ϕn(t, v⃗1, u1), πm(t, v⃗2, u2)] = iδd(v⃗1 − v⃗2, u1 − u2)δm,n, (D.1.3)

where y⃗ = (t, v⃗) and where π ≡ −
√
−ggtt∂tϕ and πn ≡ −

√
−g̃g̃tt∂tϕn are

the canonically conjugate fields to ϕ and πn, with g̃ the induced metric on
the AdSd slices of fixed r. This gives∫ ∞

r0

dr coshd−2(r)ψn(r)ψm(r) =
1

c2n
δnm, (D.1.4)

which we can evaluate to obtain cn.

D.2 Asymptotically AdS Toy Model and the
Reflected Singularity

In this appendix, we will provide some details for the calculation involving a
free scalar field propagating on an asymptotically locally AdS background
that was mentioned in section 5.6.1. Recall that our goal is to provide
evidence in a concrete example that different KK modes will give rise to the
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D.2. Asymptotically AdS Toy Model and the Reflected Singularity

same reflected singularity when the bulk geometry has finite causal depth.
As pointed out earlier, it is sufficient to demonstrate that the asymptotic
frequency spacing ∆ω for each mode in this model is equal to π; we approach
this problem numerically.

Recall that the background geometry is

ds2 =
L2

z2
(
dz2 − dt2 + z2f(z)2dθ2

)
, f(z) =

1− z2

2
, θ ∈ (0, 2π) .

(D.2.1)
The massive scalar wave equation □ϕ =M2ϕ on this background yields

∂2zϕ−
2z

1− z2
∂zϕ =

(
∂2t −

4

z2(1− z2)2
∂2θ +

M2L2

z2

)
ϕ . (D.2.2)

Separating variables by writing

ϕ(z, t, θ) = eimθeiωtϕm,ω(z) , (D.2.3)

the ϕm,ω(z) must satisfy

∂2zϕ−
2z

1− z2
∂zϕ =

(
−ω2 +

4m2

z2(1− z2)2
+
M2L2

z2

)
ϕ . (D.2.4)

This equation has general solution

ϕ(x) =c1(z
2 − 1)mx

1
2
+

√
1+4M2L2+16m2

2

×H

(
0,

√
1 + 4M2L2 + 16m2

2
, 2m,

ω2

4
,
8m2 − ω2 + 1

4
, z2

)

+c2(z
2 − 1)mx

1
2
−
√

1+4M2L2+16m2

2

×H

(
0,−
√
1 + 4M2L2 + 16m2

2
, 2m,

ω2

4
,
8m2 − ω2 + 1

4
, z2

)
,

(D.2.5)

where H(·) is a confluent Heun function, and c1, c2 are undetermined con-
stants. The Heun function is analytic at the point where its last argument
vanishes (the asymptotic boundary z = 0), where it takes value H(. . . , 0) = 1,
and is singular for generic m,ω when its last argument is unity (the “IR
wall” z = 1). For M2 > 0, we see that the first function is the normalizable
solution at z = 0; for negative M above the Breitenlohner-Freedman bound

−1 ≤M2L2 < 0 , (D.2.6)
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D.2. Asymptotically AdS Toy Model and the Reflected Singularity

Figure D.1: Illustration of procedure for determining allowed frequencies
ω. We plot solutions ϕm,ω(x) with m = 1 consistent with normalizability at
z = 0, for various values of ω. We have chosen ML = 1 for concreteness.
The figure on the left shows the full range of z, while the figure on right
shows a close-up in the vicinity of z = 1.

we also have an alternate quantization as usual.
With the general solution to the equation of motion in hand, we will

proceed to fix various values of m, and numerically determine the values of
ω consistent with regularity at z = 1. The appropriate boundary condition
to impose is

ϕm,ω(z)
z→1∼ (1− z)m , (D.2.7)

since otherwise the θ-dependence will generate a singularity at z = 1. When
computing the allowed frequencies numerically, we simply look for roots of
ϕm,ω(z = 1) as a function of ω. In particular, we do not manually impose
the correct power law (1− z)m in the vicinity of z = 1, but rather we merely
require that ϕm,ω(z = 1) vanishes. For m ̸= 0 and generic ω, ϕm,ω(z) actually
has a singularity at z = 1; the desired values of ω occur when ϕm,ω transitions
between becoming large and positive and becoming large and negative in the
vicinity of this singularity. This procedure is illustrated in Figure D.1.

Applying this procedure for various values of m, we indeed find that the
spacing of allowed frequencies ω quickly converges to ∆ω = π, precisely as
required to produce the singularity at ∆t = 2; see Figure 5.9 of section 5.6.1.
We note that this convergence appears to become slower with increasing m,
though there is no reason to expect that the convergence would break down
at any finite m.
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D.3. BCFT Singularities in 2D

D.3 BCFT Singularities in 2D

Consider insertions zi on the (Euclidean) upper-half plane, with distances zij
and zij̄ defined as usual. We will be interested in the correlator ⟨O(z1)O(z2)⟩
and its Lorentzian continuation.

D.3.1 OPE expansion

The OPE expansion of our BCFT two-point correlator is just a sum over
holomorphic Virasoro conformal blocks. In the bulk CFT channel ξ → 0, we
have

F(η) := ⟨O(z1)O(z2)⟩ =
∑
h

COOhAhVh(1− η), (D.3.1)

where COOh are bulk CFT OPE coefficients, Ah is the one-point function
associated with the primary h, and ξ = (1− η)/η. In the boundary channel
η → 0 (ξ →∞), we have

F(η) =
∑
ĥ

|BOĥ|
2Vĥ(η), (D.3.2)

where BOh is a boundary OPE coefficient. It is possible to expand Virasoro
blocks as [238]

Vh(η) = (16q)h−(c−1)/24[η(1− η)](c−1)/24−2hθ3(q)
(c−1)/2−16hH(h, q), (D.3.3)

where H(h, q) is a power series in q which can be determined recursively, θ3
is a Jacobi theta function, and q is the elliptic nome defined by

q = eiπτ(η), τ = i
K(1− η)
K(η)

, K(η) =
1

2

∫ 1

0

dt√
t(1− t)(1− ηt)

. (D.3.4)

This can be inverted to give η = [θ2(q)/θ3(q)]
4.

D.3.2 The pillow geometry

The parameter τ appearing in q is the modulus of a torus which covers the
Riemann sphere twice. We will proceed with this construction, using Cardy’s
doubling trick to suppose we have a whole plane to play around with. We
will pick a torus T 2 which branches at 0, η, 1,∞, a Riemann surface described
by the following equation:

y2 = x(x− η)(x− 1), (D.3.5)
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D.3. BCFT Singularities in 2D

Figure D.2: The Z2 quotient of the torus leads to a double-cover of the
sphere which is flat except for conical defects at the corners, with uniformizing
coordinates u as indicated. The A and B cycles of the torus can be associated
with bulk and boundary OPE channels in the (B)CFT, with insertions at
the corners.

where x, y ∈ Ĉ are points on the Riemann sphere. This is the Weierstrass
cubic associated with the lattice Λ = ⟨1, τ⟩ which quotients the complex
plane to give the torus. This provides a double cover of the sphere since the
defining equation is invariant under y 7→ −y, and the fixed points of this
map are precisely the branch points. The pillow has the topology of a sphere,
and is flat, except for conical defects at these branch points, as depicted in
Fig. D.2.

The fundamental domain of the torus is oblique for general τ , but we can
transform it into a rectangle using a uniformizing coordinate u defined by

du =
L

θ3(q)2
dx

y
. (D.3.6)

This has width 2πL, as one can check by performing the x integral. The
Z2 action y 7→ −y becomes u 7→ −u. In the u coordinates, the defects have
coordinates

u(x = 0) = 0, u(x = η) = π, u(x = 1) = π(τ + 1), u(x =∞) = πτ.
(D.3.7)

We can cut the pillow in half in two ways: the horizontal A cycle and the
vertical B cycle, which separate the corners into pairs, also shown in D.2.

D.3.3 Evaluating the correlator

We now consider how to implement this in the BCFT. In the BCFT, η =
z12z34/z13z24. Thus, our insertions and their mirror images have the following
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D.3. BCFT Singularities in 2D

identification on the pillow in u coordinates:

z1 7→ 0, z1̄ 7→ u = π, z2 = πτ, z2̄ = π(τ + 1). (D.3.8)

Thus, the boundary lies on the B cycle, and we should quantize on the
A cycle. If we normalize this cycle to have length 2π (or π in the halved
geometry), then the relevant Hamiltonian is just the dilatation operator in
radial quantization (now on a half-cylinder), H = L0 − c/24.

We evolve upwards by πτ , i.e., with Euclidean time evolution operator

eiπτ(L0−c/24) = qL0−c/24. (D.3.9)

The change to u coordinates is a Weyl rescaling, leading to an anomalous
contribution to the correlator. Performing this change and regularizing as in
[197], we obtain

F(η) = Λ(η)g(q) (D.3.10)

g(q) = ⟨O(u = 0)O(u = πτ)⟩pillow (D.3.11)

Λ(η) = θ3(q)
c/2−16h[η(1− η)]c/24−2h. (D.3.12)

We can think of the pillow two-point function g(q) as an expectation
value

g(q) = ⟨ψ|qL0−c/24|ψ⟩, |ψ⟩ = O(0)|0⟩, (D.3.13)

where due to our choice of quantization, ⟨ψ| = ⟨0|O(πτ). To be clear, here |0⟩
is the vacuum state on the half-cylinder. In the boundary channel, factoring
out the Λ prefactor also gives

g(q) =
∑
ĥ

|BOĥ|
2Ṽĥ(q), Ṽĥ(q) = Λ(η)−1Vĥ(η). (D.3.14)

We can split the block into descendants:

Ṽĥ(q) =
∑
n≥0

anq
n+ĥ−c/24. (D.3.15)

In a unitary BCFT, the an ≥ 0, since otherwise we can construct a linear
combination of descendants with negative norm.

The bulk channel is naturally interpreted as quantizing on the B cycle:

g(q) = ⟨ψ′|q̄L0−c/24|B⟩, (D.3.16)

where |ψ′⟩ = O(πτ)O(0)|0⟩, |0⟩ now the vacuum state for the full cylinder,
and q̄ = e−πi/τ is the S-transformed modular parameter. Performing the
bulk OPE expansion of our two operators, we end up with precisely the
sum of bulk Virasoro primaries weighted by OPE coefficients and one-point
functions given above.
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Figure D.3: Left. Relation between the radial ρ variable and the nome q.
Right. The real part of − log q as a function of Lorentzian cross-ratio.

D.3.4 Seeking Lorentzian singularities

Mapping the unit disk |ρ| ≤ 1 to the q variable leads a region sitting inside
the unit disk of q, and hitting the boundary at q = ±1, which corresponds
to ρ = ±1, and hence η = 1,−∞, or ξ = 0,−∞ in our preferred cross-ratio.
Note that g(q) is finite inside the unit disk, since it is given by an expansion
in powers of q with positive, bounded coefficients. We depict this in Fig. D.3
(left) below.

We would like to use the behaviour of g(q) to deduce that the only
Lorentzian singularities are the light-cone singularities. Let us define

log q

[
ξ = − cos2

(
ϕ

2

)]
= −σ(ϕ) + iθ(ϕ), (D.3.17)

where ϕ is the argument of ρ. We plot the values of σ(θ) = − log |q| in Fig.
D.3 (right). It is positive except when ϕ ∈ πZ. Recall that ρ = reiϕ = eτ+iϕ

in radial quantization, so that when we continue to the Lorentzian cylinder,
τ = it, the analytically continued nome becomes q = e−σ(ϕ+t)+iθ(ϕ+t). The
Cauchy-Schwarz inequality then gives

|g(q)| ≤ ⟨ψ||q|L0−c/24|ψ⟩ = g(e−σ(ϕ−t)). (D.3.18)

This is the Euclidean pillow correlator again, which is finite except when
q = 1, i.e., σ = 0, or ϕ + t ∈ πZ. These are precisely the light-cone
singularities. We have thus proved that the only singularities in a 2D BCFT
are the expected Euclidean and lightcone singularities, as advertised.
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D.4 Bulk Causality in Top-Down Model

In this appendix, we will endeavour to give further background information
about causal features of the top-down construction mentioned in section
5.6.2, namely the AdS2-cap solution of Chiodaroli, D’Hoker, and Gutperle.
The metric functions for this solution are given by

f41 =
2κ2

µ20

µ20Im (w)2 + κ2|1− w2|2

|w|4

f42 =
2κ2µ20Im (w)4

|w|4
(
µ20Im (w)2 + κ2|1− w2|2

)
ρ4 =

µ20
8κ2

µ20Im (w)2 + κ2|1− w2|2

|w|4|1− w2|4
,

(D.4.1)

where κ > 0 and µ are two real parameters. We will sometimes denote
a ≡ 2κ

µ0
for convenience. The asymptotically AdS3 × S3 region is located at

w = 0, whereas the AdS-cap singularities are located at w = ±1.
Let (u, t) be the Poincaré coordinates of the AdS2 factor and (θ, ϕ) be

the angular coordinates of the S2 factor, so that

ds2AdS2 =
du2 − dt2

u2
, ds2S2 = dθ2 + sin2 θdϕ2 . (D.4.2)

It is straightforward to demonstrate that, in the limit that we approach
the asymptotic boundary, the AdS2 coordinates (u, t) agree with the BCFT
coordinates (x⊥, t̂) (arising in Fefferman-Graham gauge) up to a constant
factor

u
∣∣
∂
= −x⊥/a , t

∣∣
∂
= t̂/a . (D.4.3)

In particular, these factors will drop out of a calculation of the BCFT cross-
ratio, so we can calculate the cross-ratio directly using the (u, t) parameters.

We would like to shoot in geodesics from the asymptotic boundary of the
AdS3 × S3 region, provided initial data consistent with the null constraint

0 =
f21
u2
(
u̇2 − ṫ2

)
+ f22

(
θ̇2 + sin2 θϕ̇2

)
+ ρ2

(
ẋ2 + ẏ2

)
, (D.4.4)

and solve the geodesic equation to determine the intersection of the bulk
light cone with the asymptotic boundary.

Before proceeding to determine the null geodesics, we may choose to
multiply the metric functions by some fixed conformal factor, since this will

262



D.4. Bulk Causality in Top-Down Model

not affect the bulk light cone structure; we therefore choose for convenience
to multiply the metric by f−2

1 , to obtain

ds̃2 = ds2AdS2 +
f22
f21
ds2S2 +

ρ2

f21
dwdw̄ . (D.4.5)

Our choice is motivated by the fact that ρ2/f21 is a simple function of the
complex coordinates (w, w̄), namely

ρ2

f21
=

1

a2
1

|1− w2|2
. (D.4.6)

With this choice, and taking fixed θ = π
2 without loss of generality, we find

the components of the geodesic equation decouple pairwise, giving

ẍ =
4y(x2 + y2 + 1)

((x− 1)2 + y2) ((x+ 1)2 + y2)
ẋẏ +

2x(x2 + y2 − 1)

((x− 1)2 + y2) ((x+ 1)2 + y2)

(
ẋ2 − ẏ2

)
− 8xy2ϕ̇2


(
x2 + y2 − 1

) (
(x+ 1)2 + y2

)(
(x− 1)2 + y2

)
(
(1− x2)2 + y4 + 2

(
x2 + 1 +

µ2
0

2κ2

)
y2
)2

 ,

ÿ =
4x(x2 + y2 − 1)

((x− 1)2 + y2) ((x+ 1)2 + y2)
ẋẏ − 2y(x2 + y2 + 1)

((x− 1)2 + y2) ((x+ 1)2 + y2)

(
ẋ2 − ẏ2

)
+ 4yϕ̇2


((
x2 − 1

)2 − y4)((x+ 1)2 + y2
)(

(x− 1)2 + y2
)

(
(1− x2)2 + y4 + 2

(
x2 + 1 +

µ2
0

2κ2

)
y2
)2


ϕ̈

ϕ̇
=

 4x2
(
x2 + y2 − 1

)
(1− x2)2 + y4 + 2

(
x2 + 1 +

µ2
0

2κ2

)
y2

 ẋ

x

−

 2
((
x2 − 1

)2 − y4)
(1− x2)2 + y4 + 2

(
x2 + 1 +

µ2
0

2κ2

)
y2

 ẏ

y
,

(D.4.7)
and

ü =
1

u

(
u̇2 + ṫ2

)
, ẗ =

2

u
u̇ṫ , (D.4.8)

while the null condition is still as above (with θ̇ = 0).

D.4.1 Short Light-Crossing Time with Fine-Tuned Initial
Conditions

Before considering more general initial data, we will consider the case ẋ(0) = 0;
it is straightforward to see that x(s) = 0 for the entire trajectory in this case,
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so that the equations simplify to

ÿ

y
=

2ẏ2

(1 + y2)
+ 4ϕ̇2

 (
1− y4

) (
1 + y2

)2(
1 +

(
1 +

µ2
0

2κ2

)
y2 + y4

)2


ϕ̈

ϕ̇
= −

 2
(
1− y4

)
1 +

(
1 +

µ2
0

2κ2

)
y2 + y4

 ẏ

y
.

(D.4.9)

We can integrate out the ϕ equation, which gives

ln
(
ϕ̇(s)/ϕ̇(s0)

)
= −

∫ s

s0

ds′

 2
(
1− y(s′)4

)
1 +

(
1 +

µ2
0

2κ2

)
y(s′)2 + y(s′)4

 ẏ(s′)

y(s′)

=

[
ln

y(s)4 +
(
1 +

µ2
0

2κ2

)
y(s)2 + 1

y(s)2

]s
s0

,

(D.4.10)

that is,

ϕ̇(s) = c ·
y(s)4 +

(
1 +

µ2
0

2κ2

)
y(s)2 + 1

y(s)2
, c ≡ ϕ̇0y

2
0

y40 +
(
1 +

µ2
0

2κ2

)
y20 + 1

,

(D.4.11)
where the subscript zero denotes evaluation at a reference value s = s0. The
y equation then gives

ÿ

y
− 2ẏ2

(1 + y2)
=

4c2

y4
(1− y4)(1 + y2)2 , (D.4.12)

where y(s0) = y0 and ϕ̇(s0) = ϕ̇0. Note that the parameters µ0, κ have
dropped out of this expression.

For any choice of initial conditions for this ODE, the trajectory diverges
to y =∞ in some finite affine parameter. The point∞ on Σ is a regular point
of the smooth 6D geometry; in particular, making coordinate transformation

v =
1

w
, v̄ =

1

w̄
, (D.4.13)

and letting
v = reiφ , v̄ = re−iφ , (D.4.14)
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we have for small r

ds2 ≈ µ0√
8

(
dr2

r2
+
a2

u2
(
du2 − dt2

))
+
µ0√
8

(
dφ2 + 4r2 sin2 φ

(
dθ2 + sin2 θdϕ2

))
.

(D.4.15)
Evidently, this point is at an infinite proper distance from any other point in
the geometry that we might choose, but is reached by our null geodesic in
finite affine parameter; the metric in the vicinity of this point is conformal to

ds2 =
(
dr2 + r2dφ2

)
+O(r2) , (D.4.16)

so our geodesic will “turn around” at this point.
For concreteness, we can consider the case ϕ̇(0) = 0; the corresponding

geodesic leaves and returns to the asymptotic boundary y = 0 in affine
parameter s = π

ẏ(0) . Indeed, the ODE determining the trajectory on the
Riemann surface Σ

ÿ =
2y

(y2 + 1)
ẏ2 , y(0) = 0 , ẏ(0) = y1 , (D.4.17)

has solution

y(s) =

{
tan(y1s) 0 < s < π

2y1

tan (π − y1s) π
2y1

< s < π
y1

. (D.4.18)

In particular, we see that the geodesic returns to the asymptotic boundary
in affine parameter s = π

y1
. Without loss of generality, we take y1 = 1 in the

following, which is simply a choice of normalization for the affine parameter.
We can now turn to the coordinates (u, t). The general solution to the

differential equations for these parameters is

u(s) = u(s0) sec

(
(s− s0)

a

)
t(s) = u(s0) tan

(
(s− s0)

a

)
+ u(s0) tan

(s0
a

)
.

(D.4.19)

The only way that this trajectory couples to the trajectory on Σ is that the
latter determines the total affine parameter S elapsed along the trajectory.
Thus, in particular, we may calculate the cross-ratio for the initial and final
coordinates on the geodesic, finding

ξ =
− (t(S)− t(0))2 + (u(S)− u(0))2

4u(0)u(S)
=

1

2
(cos (S/a)− 1) . (D.4.20)
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In terms of the “radial coordinate” cross-ratio ρ defined by

ξ =
(1− ρ)2

4ρ
, (D.4.21)

we have
ρ = cos (S/a)± i sin (S/a) = e±

iS
a , (D.4.22)

where for example S = π for the case ϕ̇(0) = 0. Consequently, if we
expect this cross-ratio to describe the locus of a Lorentzian singularity of
a BCFT two-point function, then we might expect that such singularity
can be attributed to the contribution of a particular tower of boundary
operators with dimensions exhibiting an asymptotic spacing which is an
integer multiple of 2a.

D.4.2 Geodesics for General Initial Conditions

More general solutions to the geodesic equations (D.4.7), (D.4.8) and the null
constraint, without the assumption x(s) = 0, may also be studied numerically.
Doing so, we appear to find that null geodesics with initial momentum in the
x-direction quite generically approach the AdS-caps. In Figure D.4, we plot
the distance of various geodesics from the curvature singularity as a function
of affine parameter for various initial conditions, restricting momentarily to
the case with no momentum on the S2. This is consistent with the conclusion
of our perturbative argument in the main text; indeed, the perturbative
assumption made there appears to hold in general, with an example of this
fact illustrated in Figure D.5.

We can attempt to extend this analysis to the case with momentum on
the S2. However, we cannot actually send in geodesics from the asymptotic
boundary with momentum on the S2; the system of ODEs is singular at
x = y = 0, and the angular momentum on S2 diverges there in general.
Instead, we choose a point near the the origin of Σ and send a geodesic
in from this point with initial momentum on the S2, with the hopes that
this will capture the relevant behaviour. Doing so, we again find that the
AdS-caps act as attractors; see Figure D.6 for an example.
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Figure D.4: Logarithmic distance to the AdS-cap ln
(
(x(s)− 1)2 + y(s)2

)
versus affine parameter s for geodesics with various initial conditions on the
internal space Σ. Here we have chosen µ0 = κ = 1 for concreteness.

Figure D.5: Plots of ln
(

ϵ̇2x/ϵ
ϵ̇2/ϵ2

)
(left) and ln

(
ϵ̇2y/ϵ

ϵ̇2/ϵ2

)
(right) versus affine

parameter for a geodesic with initial condition ẋ(0)/ẏ(0) = 0.3; these quan-
tities are required to be small for ingoing geodesics to approach the cap
exponentially in the affine parameter. Here we have chosen µ0 = κ = 1 for
concreteness.
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Figure D.6: Logarithmic distance to the AdS-cap ln
(
(x(s)− 1)2 + y(s)2

)
versus affine parameter s for geodesics with various initial conditions on the
S2. We take x = y = 10−4 as the origin for these geodesics, with initial
condition ẋ(0) = ẏ(0) = 1. Here we have chosen µ0 = κ = 1 for concreteness.
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