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Résumé

Cette these contribue a la compréhension des composantes connexes des variétés de caracteres
pour les représentations, par I’étude des invariants numériques associés, qui présentent un intérét
en eux-mémes, en utilisant la cohomologie bornée.

Nous nous concentrons sur deux invariants classiques : le mombre d’Euler, associé aux
représentations des réseaux hyperboliques complexes sans torsion dans PU(n, 1), et invariant
de Toledo, défini plus généralement pour les représentations dans des groupes de Lie hermi-
tiens simples non compacts a centre fini. Ces deux invariants admettent des interprétations
de géometrie différentielle, algébro-géométriques et cohomologiques. Ils constituent des outils
puissants pour établir des résultats de rigidité et jouent un role important dans la théorie de
Teichmiiller supérieure.

L’objectif central de ce travail est d’analyser la nature des valeurs prises par le nombre
d’Euler et par 'invariant de Toledo. Pour les réseaux de dimension supérieure, nous montrons
que ces deux invariants prennent des valeurs entiéres (a un facteur de normalisation pres). De
plus, en démontrant leur continuité, nous concluons qu’ils sont constants sur les composantes
connexes des variétés de caracteres correspondantes.

La cohomologie bornée joue un role essentiel dans notre approche, car elle fournit un cadre
permettant d’étendre les définitions classiques des invariants des réseaux uniformes au cas non
uniforme. Parmi les principales contributions de cette these figure 'identification d’une for-
mulation appropriée de 'invariant de Toledo, compris comme le degré re-normalisé, et placé
dans un cadre unifié aux cotés de la définition cohomologique bornée du nombre d’Euler, in-
troduite et étudiée auparavant comme le volume re-normalisé dans le cas hyperbolique réel par
Bucher, Burger et Iozzi [BBI13; BBI21]. Cette formulation unifiée permet ensuite d’établir nos
résultats d’intégralité, qui résultent de 'interaction entre différentes théories cohomologiques et
des constructions faisant intervenir plusieurs variantes des classes de Chern.

Enfin, nous introduisons de nouveaux invariants associés a des représentations mixtes, in-
spirés par I’étude des volumes de réseaux dans le contexte de la géométrie d’Anti-de Sitter et de
ses généralisations par Tholozan [Thol6; Thol8|. Pour ces invariants également, nous montrons

que le phénomene d’intégralité persiste.






Summary

This thesis contributes to the understanding of connected components of character varieties for
representations through the study of associated numerical invariants, which are of interest in
their own right, using bounded cohomology.

We focus on two classical invariants: the FEuler number, associated to representations of
torsion-free complex hyperbolic lattices into PU(n, 1), and the Toledo invariant, defined more
generally for representations into simple non-compact Hermitian Lie groups with finite center.
Both invariants admit differential-geometric, algebro-geometric, and cohomological interpreta-
tions. They serve as powerful tools in establishing rigidity results and play an important role in
higher Teichmiiller theory.

The central objective of this work is to analyze the nature of the values taken by the Euler
number and the Toledo invariant. For higher-dimensional lattices, we show that both invariants
take integral values (up to rescaling). Furthermore, by proving their continuity, we conclude
that they are constant on connected components of the corresponding character varieties.

Bounded cohomology plays a crucial role in our approach, as it provides a framework that
extends the classical definitions of the invariants from uniform to non-uniform lattices. Among
the key contributions of this thesis is the identification of a suitable formulation for the Toledo
invariant, understood as the rescaled degree, and placed within a unified setting alongside the
bounded-cohomological definition of the Euler number, which was previously introduced and
studied as the rescaled volume in the real hyperbolic case by Bucher, Burger and Iozzi [BBI13;
BBI21]. This unified formulation, in turn, allows to establish our integrality results that emerge
from an interplay between different cohomology theories and constructions involving several
variants of Chern classes.

Finally, we introduce new invariants associated with mixed representations, inspired by the
study of volumes for lattices in the context of Anti-de-Sitter geometry and its generalizations by
Tholozan [Thol6; Thol8]. For these invariants as well, we show that the integrality phenomenon

persists.



10



Introduction

Let I' be a finitely generated group and G a Lie group. A representation of I' into G is a group

homomorphism p:T' - GG. A natural question to ask is the following:
How can such objects be classified depending on the data (I',G)?

An influential approach to this question can be considered to be Goldman'’s classification [Gol80]
who studied representations of the fundamental group 71 (.S) of a closed oriented real hyperbolic

surface S of genus g > 2, into its ambient Lie group:
p: 7T1(S) — PSLQ(R)

Goldman’s approach relies on the existence of a characteristic number associated to each such
representation, namely the Euler number, which provides a numerical invariant. It takes integral
values, that are bounded in absolute value by the Euler characteristic [x(S)| due to the Milnor-
Wood inequality [Mil58; Woo71]. Moreover, the Euler number is continuous on the space of
representations Hom (7 (S), PSL2(R)) equipped with natural topology, is invariant under con-

jugation, therefore descending to the orbit space with the quotient topology

In particular, its continuity then also holds on the Hausdorffification® of this quotient, referred

to as the (Hausdorff) character variety and denoted by

Consequently, the Euler number is constant on the connected components of this character
variety, thereby labeling unions of connected component with an integer in Z n [x(S),-x(5)]
(due to [Gol88] the Euler number labels in fact each connected component). The extremal
connected components consist precisely of all discrete and faithful representations, and in fact,
they can be identified with two copies Teichmiiller space of S, the parameter space of marked
hyperbolic structures on S up to isotopy: one corresponding to S with the chosen orientation
on S, and the other with its reversed orientation. Notably, the classical Teichmdiiller theory is
a rich and well-established field in its own right, due to its links to complex analysis, geometric

topology and dynamical systems (cf. [Hub06]).

'A priori the quotient Hom(71(S), PSL2(R)) /PSLQ (R) is not Hausdorff, so its connected components need
not be closed, and their closures may intersect.
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As such, Goldman’s work, among others, influenced the modern field of higher Teichmiiller
theory, which studies connected components of character varieties consisting of discrete and faith-
ful representations, where the target groups are higher-dimensional or higher-rank Lie groups,
and S may be generalized to a broader class of manifolds (cf. [Wiel8]). In these settings, it
is of interest to consider suitable generalizations of the Euler number as labeling invariants for
connected components of such character varieties. Subsequently, individual connected compo-
nents can then possibly be studied for algebraic and geometric properties. In particular, one
seeks to understand the nature of the values taken by such invariants, that are, under certain
circumstances, governed by the generalization of .S one considers. For instance, in case S is ex-
tended to higher-dimensional closed manifolds, often the appropriate component-wise invariants
are characteristic numbers of representations, which take integral values [Gol82; Gro82; Sul76].
In case S is a complete non-compact finite-volume real hyperbolic surface, the corresponding
characteristic numbers of representations vanish and therefore such classical constructions do
not yield meaningful invariants. This was circumvented by Burger, Iozzi and Wienhard [BIW10)]
who introduced a bounded-cohomological generalization of Goldman’s Euler number, known as
the Toledo invariant - a construction that relies on the vanishing of bounded cohomology for
the amenable groups modelling the surface’s cusps. Here in contrast, integrality fails to hold,
since the Toledo invariant associated with representations 71 (S) — G into a simple non-compact
Hermitian Lie group with finite center, realises its full range as a closed interval continuously.
Replacing now S by higher dimensional non-compact analogues, the Toledo invariant can be

generalized in different ways depending on the perspective one takes:

In Goldman’s classification above, regarding
PSLy(R) = Isom™ (HZ)

as the group of orientation-preserving isometries of the real hyperbolic plane, a natural general-
ization is to replace 71 (.S) with a non-uniform torsion-free lattice I' in SO™(n, 1) = Isom™ (H ) for
n > 2. By extending the bounded-cohomological definition [BIW10], Bucher, Burger and Iozzi
[BBI13; BBI21] associated the volume Volpyp(p) with any representation p : I' - SO*(n,1)
that relies on the existence of a bounded class represented by the Dupont volume cocycle. The
authors proved in [BBI21] integrality of Volp,p(p) for even integers n > 4, by viewing it as a
rescaled version of the Euler number E(p) - an invariant originating from the top Euler class in

the same framework - through the relation

() = (-1 o - Voloun (),
where Vol(S™) denotes the riemannian volume of the n-sphere S™ of constant cuvature 1. For
n = 3, integrality fails to hold due to Dehn fillings of cusps. Using different methods, [KK16]
showed that Volp,p(-) is constant on connected components of the corresponding character
variety for all integers n > 4. We remark that there are several equivalent definitions of the
volume in this real hyperbolic setting [BBI13; KK14; Dun99; FKO06], which have been used to
prove volume rigidity recovering Mostow-Prasad rigidity. All these definitions have been shown

to be equivalent in more general settings in [Kim16].
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On the other hand, one may regard
PSLy(R) = Isom®(Hg)

as the group of holomorphic isometries of the complex hyperbolic 1-space, and consider instead
of m1(S) a non-uniform torsion-free lattice I in PU(n,1) = Isom®(H{) for n > 1. Like in the real-
hyperbolic case, the Euler number E(p) can be associated to any representation p: I' - PU(n, 1).
The values of E(-) in this complex hyperbolic setting have not yet been studied. This naturally

leads to the following open question:

Open question (A):
What is the nature of the values of the Euler number E(p) for p:T' - PU(n, 1) with n > 2?7

Apart from that, there is another well-known extension, still called the Toledo invariant, that
can be considered for representations of complex hyperbolic lattices into a simple non-compact
Hermitian Lie group with finite center G, with PU(n,1) as a prototype. The invariant is clas-
sically considered in terms of bounded transfer-maps [Mon01, Proposition 8.6.2, pp. 106-107],
[Poz15, p. 1299] and equivalently, in terms of Lo-cohomology [BI07b]. For uniform lattices, this
definition reduces to the differential-geometric Toledo invariant, which has been important in
the context of rigidity statements and study of maximal representations, i.e., representations
that realise extremal values of the Toledo invariant [Tol89; Cor88; BGG03; BGG06; KMO8b;
KM17]. For non-uniform lattices, these statements have been extended in [BIO7b; BIW10;
KMO08a]. Further, using Chern-Weil theory, Burger and Iozzi [BI07a, p. 4] have established the
Toledo invariant’s constancy on connected components of the corresponding character variety.

However, the indexation of the components remains open:

Open question (B):
What is the nature of the values for the Toledo invariant for p:I' - G with n > 27

The central objective of this thesis is to provide answers towards open questions (A) and (B).
We first note that Milnor-Wood type inequalities hold in both cases, providing lower and upper
bounds for the volume [KK14] and Toledo invariant [BIO7b].

To understand the nature of values for E(-), we will see that certain methods from [BIW10)]
and [BBI21] provide a guiding framework for our setting of higher dimensional complex hyper-
bolic lattices. With this in mind, for the transfer-theoretic Toledo invariant t(-) from [Pozl5, p.
1299], [BI07a], we introduce an alternative definition, denoted by Tol(-), and place it in a unified
setting alongside E(+). In particular, relying on some of the machinery developed in [BBI13, §3],

we prove the following:

Main Lemma. Let n > 1, let ' < PU(n, 1) be a torsion-free lattice and p: T — G an arbitrary
representation into a simple non-compact Hermitian Lie group with finite center. Then it holds
that

Tol(p) =n!- Vol(I'\Hg) - t(p).

We emphasize that the invariants under consideration might appear under different termi-

nologies and normalizations in the literature. They can be considered as arising either from
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differential forms or Chern classes, differing by a constant that depends on the target of the
representation. With this in mind, the Euler number E(-) can be rescaled to a volume-type
invariant Vol(-), while we distinguish the Toledo invariant Tol(-) from its normalization - the
degree Deg(+). Importantly, we emphasize that our notion of Vol(+) relies on a choice of bounded
volume class distinct from the canonical one represented by the Dupont volume cocycle, which
gives rise to the classical volume Volpy, (). However, conjecturally both invariants should co-
incide. Our notion of degree Deg(-) recovers, up to sign, the classical algebro-geometric degree
for representations of closed manifolds.

We now state our main theorem, keeping the chosen normalizations in view:
Main Theorem. Let n>2 and let T' < PU(n,1) be a non-uniform torsion-free lattice.

(A) For n >3 and any representation p : I' - PU(n, 1), there exists a constant Cst(I') € N*
such that

1
E(p) = hy,-Vol(p) € Osi(T) - 7.

where hy, = (—1)"\;5)(1(5552) is the Hirzebruch proportionality constant.

In case of n =2, the same statement holds with the right-hand side replaced by mz

(B) For any representation p : I' - G into a simple non-compact Hermitian Lie group with

finite center, there exists a constant Cst(n) € N*, such that

Y. \n-1
Tol(p) =X-A""-D €= .7
ol(p) eg(p) Cst ()
where \ = —% and X = M\(G) e R\ {0} is a universal constant depending on the group G.

Moreover, if all cusps of the manifold modelled by T are nilmanifolds, then Cst(n) = 1.

We note that part (A) of our main theorem is a similar statement to [BBI21, Theorem 1.1]
for Volpyp(+) in the real hyperbolic setting, where the constant Cst(I") is determined by the tori
covers of each cusp associated to I', which are guaranteed to be finite by the Bieberbach theorem
[Biell; Biel2].

In our complex hyperbolic setting, the generalized Bieberbach theorem [Aus60] ensures that
the cusps associated with I', which are infranilmanifolds, admit finite coverings by nilmanifolds.
In part (A), additional finite covers must be taken to obtain the constant Cst(I'), whereas for
part (B), one uses the fact that all nilmanifold covers are of bounded degree [BKS81, p. 10],
to obtain the constant Cst(n). In fact, if T is the fundamental group of a one-cusped complex
hyperbolic surface, then for any representation p: I' - G, one has Deg(p) € Z, since the the cusp
is necessarily a nilmanifold due to [Kam07]. Remarkably, a geometrically explicit example of
such surfaces has only been constructed recently by Deraux and Stover in [DS24], with arbitrary
large Euler characteristics that takes the values —6d for odd d > 1.

For part (A) of our theorem, we expect that in the case of n = 2 the additional 1/2 factor on
the right-hand side can be omitted.

Furthermore, we prove that all of our invariants are continuous in the spirit of the machinery
introduced in [BBI13, §3] and [BBI21, Appendix A]. This yields the following corollary:
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Main Corollary. Let n > 2, let T' < PU(n,1) be a non-uniform torsion-free lattice and G a

simple non-compact Hermitian Lie group with finite center. Then it holds that

e the invariant E(p) and Vol(p) are constant on connected components of the character

variety
Hom(T', PU(n,1) / pyy(p, 1)-

e the invariants Tol(p) and Deg(p) are constant on connected components of the character

variety

Hom(T', G) // 7.

In particular, the second part of the corollary recovers the constancy of connected components
proved in [BI07a, p. 4].

Last but not least, we demonstrate the potential of our methods developed in Main Theorem
to address related questions. In particular, we draw inspiration from constructions of manifolds
motivated by Anti-de-Sitter geometry [KR85; Kl1i96; Kas08; Kob93; Gué+17] - essentially quo-
tients by suitable products of representations of a torsion-free lattice of interest - and from the
integrality questions on their volumes [Thol6; Thol8]. To this end, we consider a real-valued in-
variant associated with mixed representations of complex hyperbolic lattices, placed in a unified

setting alongside the invariants E(+), Vol(-) and Tol(+), Deg(-), and prove the following statement:

Complementary Main Theorem. Let n > 2, let I' < PU(n,1) be a non-uniform torsion-
free lattice. Let p; : I' > G be representations with target a simple non-compact Hermitian Lie
group with finite center for 1 <i <n. Then there exists a certain real-valued invariant 1, «...xp,
associated to the representation

p1 XX pp i — G"
that satisfies the following properties:

e If all representations restrict to p; : T' - PU(n,1) for 1 <i<n, then there exists a constant

Cst'(T") € Nsg such that
1

I, wx
prxexpn € G

o If among p; : ' > G for 1 < i < n, at least one representation is given by the canonical

inclusion T' = PU(n, 1), then there exists a constant Cst(n) € Nyg such that
1
P — 7.
P1 Pn € Cst(n)
Moreover, if all cusps of the manifold modelled by T' are nilmanifolds, then Cst(n) = 1.

In particular, the volume invariant considered in [Thol6, Theorem 4] is an example of the

invariant I, «...xp, in the above theorem.

This thesis is structured as follows: We begin Chapter I with a brief introduction to the
basic language needed for the source and target groups of representations of interest. We then

formalize the classification problem for representations and (Hausdorff) character varieties in



16

this setting. Building on this, we motivate higher Teichmiiller theory, as an instance for an
active direction of research for studying of certain connected components. Next, we give a short
preparation on smooth manifolds, introduce fundamental notions of Riemannian manifolds and
present Kéahler manifolds as structurally rich examples. We then turn to non-positively curved
Riemannian manifolds, introducing the notion of boundary, the classification of isometries and
elementary groups. This culminates in the thin-thick decomposition, which in particular allows
to formalize the notion of cusps of complete non-compact finite-volume Riemannian manifolds
of negative curvature. Subsequently, we discuss amenable groups from a geometrical viewpoint
shortly. We then switch gears, and introduce symmetric spaces, outline their duality to Lie
groups and include a brief discussion on maximal compact and minimal parabolic subgroups.
This allows to give important properties of Hermitian symmetric spaces, that lie at the inter-
section of symmetric spaces and Kéhler geometry. The chapter concludes with an important
example: the complex hyperbolic space. It can be studied in terms of the projective model, ball
model or the Siegel domain. The latter model is particularly useful for giving a group-theoretic
characterization for cusps of complete non-compact finite-volume complex hyperbolic manifolds;
these are modelled by certain uniform lattices in the group of Heisenberg similarities, namely the

stabilizer group of points on the boundary of the complex hyperbolic space, up to conjugation.

Chapter II gives an overview of the bounded and unbounded cohomology theories with
trivial coefficients in real, integral and circle group coefficient groups. The focus is on both
groups and manifolds. Alongside essential features, such as comparison maps, cup products, long
exact sequences, straightening maps and Poincaré dualities, we highlight relationships between
different cohomology theories through classical isomorphism theorems. In the final section, we
define the Kéhler and volume classes, together with their bounded counterparts relying on work
by [DT87],[CO03],[BM99] and [HO12].

In Chapter III, we briefly discuss principal bundles, then introduce Chern classes both ax-
iomatically but also from a universal perspective. This provides the foundation for defining
group-cohomological Chern classes - integral and real - along with their bounded counterparts.
The Hirzebruch proportionality principle allows to relate the first real Chern class to the Kéahler
class and the top real Chern class to the volume class. Next, we compute the cohomologies for
PU(n,1) and its point-stabilizer subgroups. Our main focus is on the cohomological properties
of the Heisenberg similarities and its subgroups, and in particular on the role of Chern classes in
this context. This technical discussion provides pivotal steps for our main theorems presented

in the following chapter.

Chapter IV is the core of the thesis. We introduce the invariants Euler E(-) and degree
Deg(-), defined in terms of the group-cohomological Chern classes. We first present the case of
representations of uniform torsion-free complex hyperbolic lattices, which motivates the neces-
sity of bounded cohomology for the non-uniform case. The definition exploits the fact that the
source group models a non-compact manifold with amenable cusps and that, in particular, the
fact that bounded cohomology in positive degrees vanishes on such cusps. We place the invari-
ants in a unified framework and adopt an elegant method, namely the congruence relation, from
[BIW10, §8.1] and [BBI21, §4.2], which reduces the integrality question to establishing whether

certain vanishing results hold. First, we prove such a vanishing result for the Euler number E(-)



17

of representations whose target is PU(n,1). Following the first step of the strategy in [BBI21,
§5], we show that it suffices to assume that the target group is one of the point-stabilizer sub-
groups - either the maximal compact or the minimal parabolic subgroup - of PU(n,1). In both
cases, however, different arguments are needed to reach the desired conclusion, in contrast to
the real hyperbolic setting. In [BBI21], the key idea is that cusps admit tori as finite covers,
and the vanishing result is obtained by explicitely evaluating cup products of orientation and
rotation cocycles on the torus’ fundamental class. In the complex hyperbolic setting, especially
in the case where the target of our representation is the maximal compact subgroup U(n) and
n > 3, our argument essentially relies on the representation being conjugated into an abelian
group (a maximal torus) and on the cusps admitting finite covers by certain nilmanifolds whose
fundamental groups allow us to perform an abelianization trick to obtain the vanishing result.
Now, for the degree Deg(-) the corresponding vanishing result goes through in a more general
setting, namely for representations with the target group being any simple non-compact Her-
mitian Lie group with finite center. Our proof has a fundamentally different strategy compared
to the one employed for E(-) and is particularly concise. Both integrality statements are stated
in detailed forms in Theorem A and Theorem B. One immediately obtains Corollary C - the
corresponding integrality result for our volume-type invariant Vol(-) and our Toledo invariant
Tol(+), which completes the proof of our Main Theorem. Motivated by lattice constructions
and the corresponding volumes arising from Anti-de-Sitter geometry and its generalizations, we
introduce new invariants associated with certain mixed representations of complex hyperbolic
lattices. In this setting, we immediately obtain Corollary D and subsequently establish Theorem
E, which together yield the proof Complementary Main Theorem. The technical arguments of
this chapter rely substantially on the computations developed in the final section of Chapter III.

Last but not least, Chapter V deals with transfer-theoretic versions of the invariants E(-), Vol(+)
and Tol(+), Deg(+), that we have considered up to that point. After having introduced bounded
transfer maps that we use to define the invariants t(-),d(:) and e(-), we translate the machinery
established in [BBI13, §3] for the real hyperbolic setting to our complex hyperbolic one (we note
that in contrast to [BBI13] cohomologies with twisted coefficients are not needed). We rely on
this machinery to relate all of our the invariants from Chapter IV to the transfer-theoretic ones:
E(:), Vol(-) to e(:); Deg(-) to d(-) and Tol(-) to t(-). In particular, we note that an additional
simple commutativity property of bounded transfers and cup products is needed to prove our
closed formula between Tol(-) and t(-) and complete the Main Lemma. We then discuss values
values for constants A and A appearing in Theorem B. Finally, the transfer-theoretic perspec-
tive enables us to prove the continuity of all invariants under consideration. While we adopt a
strategy from [BBI21, Appendix] for our initial steps, our argument ultimately departs from it,
employing a different approach to reach the conclusion (in the real hyperbolic case, the argument
exploits the absence of coboundaries among Isom(Hg )-invariant continuous bounded cochains
in top degree; this property, however is not known to hold in the complex hyperbolic setting).
We are then in position to establish the Main Corollary.

We conclude the thesis by presenting several open questions that arise from the preceding

discussion.



18



11

Contents

Preliminaries

I.1 Representations and the Classification Problem. . . . .. ..
1.2 Riemannian Manifolds . . . . .. ... ... ... .. ......
[.3 Symmetric Spaces . . .. ... ... .. ...

[.4 Complex Hyperbolic Geometry . . ... ... .........

Variants of Cohomology Theories

I1.1 Cohomology for Groups . . . . . . . ... ... ... .. ....
II1.2 Cohomology for Manifolds . . ... ... ... .........
I1.3 Interplay of Cohomology Theories . . . . . ... ... .....
I1.4 (Bounded) Kéhler and Volume Classes . . . . . ... ... ..

ITI Chern Classes and Cohomological Properties of PU(n,1)

II1.1 Principal G-Bundles . . . . ... ... ... ... .. ......
III1.2 Chern Classes . . . . . . . .. oo v ittt
IT1.3 Chern Classes in Group Cohomology . . . .. ... ... ...
I11.4 Cohomologies and Chern Classes for Sim(H2"!)-Subgroups

IV Integrality of Invariants for Representations

IV.1 Invariants for Uniform Lattices . ... ... ... ... ....
IV.2 Invariants for Non-Uniform Lattices . ... ... ... .. ..
IV.3 R/Z-valued Invariants of Cusps . . ... ............
IV.4 Euler Number and Integrality . .. ...............
IV.5 Degree and Integrality . . . . . .. ... ... ... ... ....
IV.6 Integrality of Related and New Invariants . . ... ... ...

Transfer-Theoretic Invariants

V.1 Transfer Maps . ... ... ... ... .. . . .. ... .. ...
V.2 Equivalence of Definitions . . ... ...............
V.3 Continuity . . . . ... ... ...
V.4 Open Questions. . . ... ... ... ... .. ... ...

19

21
21
26
38
44

57
o7
63
70
72

75
75
78
81
89

97
98
99
101
106
113
114



20

CONTENTS



Chapter 1

Preliminaries

Broadly, we are interested in group homomorphisms from finitely generated groups to Lie groups,
called representations. The goal of this chapter is to impose increasingly more structure on both
source and target group of such representations, focusing on the algebraic and geometric aspects

that are relevant to the present work.

I.1 Representations and the Classification Problem

We first set up the algebraic groundwork, fixing terminology for the source and target groups of
our representations - the basic vocabulary relevant for the remainder of the chapter. Afterwards,

this allows us in particular, to give a brief introduction to the classification of representations.

I.1.1 Target Group : Lie Groups

We begin by recalling some basic notions from Lie theory. The following definition sets the stage

by introducing Lie groups and Lie algebras.

Definition I.1. A (real/complex) Lie group is a smooth manifold G, possibly disconnected,
equipped with a group structure such that both the multiplication and inversion operations are
smooth (real differentiable/holomorphic) maps. We shall denote by G° the connected component
that contains the neutral element e € G, called the identity component.

A (real/complex) Lie algebra is a (real/complex) vector space g equipped with a Lie bracket,
i.e. a bilinear and antisymmetric operation [,] : gxg — g that satisfies the Jacobi identity

[[v,w],u] + [[w,u],v] + [[u,v],w] =0 for all v,w,u € g.

We give a fundamental example relating Lie groups and Lie algebras: The Lie algebra of
a Lie group G, denoted by Lie(G) or g as before, is the tangent space T.G, equipped with
an operation induced by the commutator of left-invariant vector fields on G (for vector fields,
see later section in Definition 1.12). This operation is indeed a Lie bracket and therefore the
terminology is justified. To pass back from g = Lie(G) to its Lie group, we require moreover the

following notion:

Definition I.2. The exponential map exp : g — G is given by exp(v) = (1), where v: R - G is

the unique one-parameter subgroup of G whose tangent vector at e € GG is given by v.

21
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If G is a connected Lie group with Lie algebra g, then G acts on itself by conjugation
I(g) = hgh™! for all g,h € G. Differentiating this action at the identity element e € G yields a

linear automorphism of g, namely the adjoint action
Adp :=d(Ip)e: 9~ g,

which is a Lie algebra automorphism satisfying Ady,([v,w]) = [Adx(v), Adp(w)] for all v, w € g.

Then we may introduce the following:

Definition I.3. The analytic group homomorphism Adg : G — GL(g) is called the adjoint

representation of G.

Finally, we introduce standard classes of Lie groups that will appear repeatedly in this work,
particularly relevant for our discussion on symmetric spaces, later in Section 1.3 (for classical

references we refer to [Hel78; Kna96]):
Definition I.4. Let G be a connected Lie group with Lie algebra g.

e The Lie algebra g is called simple if it is non-abelian and has no nontrivial ideals. A

connected Lie group G is called simple if its Lie algebra is simple.

e The Lie algebra g is called semisimple if it is a direct sum of simple Lie algebras. A

connected Lie group G is called semisimple if its Lie algebra is semisimple.

e The Lie algebra g is called reductive if

g=3(9) ®[g,0],

equivalently if its radical equals its center. A connected Lie group G is called reductive if

its Lie algebra is reductive.
An important invariant of connected semisimple Lie groups is their rank:

Definition I.5. Let G be a connected semisimple (real) Lie group. A real split torus in G is
a connected, abelian subgroup consisting of semisimple elements whose adjoint action on g is
diagonalizable over R. A real split torus A < G is maximal if it is not properly contained in any

larger real split torus. The (real) rank of G is defined as
rankg (G) = dim A,
where A is a maximal real split torus of G.

I[.1.2 Source Group : Lattices

Let I" be finitely generated group. The definition of a lattice relies on topological and measure-

theoretic properties of the quotient of the ambient group G by I', namely:

Definition I.6. Let GG be a locally compact topological group.
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e A lattice T' < G is a discrete subgroup such that the quotient space I'\G' admits a finite
G-invariant measure, i.e. there exists a right-invariant Borel measure! ;i on G such that
u(I'\G) < oo and for any open subset U c I'\G one has that u(gU) = u(U) for all g € G.

e A lattice I < G is uniform, if the quotient I'\G is compact, otherwise, if the quotient is

non-compact of finite volume, it is non-uniform.

A lattice I' acts properly discontinuously but not necessarily freely on G, so that the quotient
I'\G is generally an orbifold with singularities coming from finite non-trivial stabilizer subgroups.
Assuming that T" a torsion-free lattice ensures that the quotient I'\G is a manifold.

We note that by Selberg’s lemma, any finitely generated linear group admits a torsion-free
subgroup of finite index [Sel60]. An important class of Lie groups that admit uniform as well
as non-uniform lattices are non-compact semi-simple Lie groups, a fundamental result due to
Borel and Harish-Chandra [Bor63], [BH62].

The quotient I'\G can be understood in terms of fundamental domains, which serve as
measurable building blocks for G; they intersect each orbit of the I'-action exactly once. We

give the precise definition:

Definition I.7. Let I' be a lattice in a locally compact group G equipped with a G-invariant
finite Borel measure. A (measure-theoretic) Borel fundamental domain is a Borel measurable

subset D c G for the action of I' on G with the following properties:

hd ,U(G N U’yeF ’YD) = Oa
e (11D n~9D) =0 for all distinct v1,v2 € T.

Moreover, in this work, we often view manifolds as quotients of simply-connected topological
spaces by lattice actions, in the following sense: Let G be a locally compact topological group
and X be a simply connected topological space on which G acts transitively. Suppose further
that G admits a torsion-free lattice I'. Then the action of I' on X is properly discontinuous and

free, so the quotient map 7 : X — I'\X is a covering map. Hence the quotient
M :=T\X

is a manifold. One refers to X as the universal cover of M, equipped with the natural universal
projection map 7 : X — M. In particular, I 2 w1 (M) is the fundamental group of M and acts
by deck transformations on the universal cover. If we further assume X = G/K for some closed
subgroup K < G, then M is compact if I' is uniform, and non-compact if I' is non-uniform. For

non-compact manifolds, it is often useful to reduce them to compact ones in the following sense:

Definition I.8. A compact core of a non-compact manifold X is a compact submanifold N ¢ X

with boundary N such X deformation retracts onto N

Similarly to Definition 1.7 the quotient M =T'\ X can be understood in terms of fundamental

domains:

IThis is in fact the left-invariant Haar measure on G, which is unique up to scaling.
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Definition I.9. Let I' be a lattice that acts on a topological space X. A (topological) Borel
fundamental domain is a Borel measurable subset D ¢ X for the action I on X with the following

properties
d U'yEF ryD =X
o 11 D° Ny D° =g for all distinct 1,72 € T,

where D° denotes the interior of D.

I.1.3 Classification Problem and Character Varieties

Let ' be a finitely generated group, not necessarily a lattice, and G a finite-dimensional Lie
group. The classification problem for representation from I' into G can be approached by first

considering the set of all representations
Hom(T',G),

and then promoting this set to a moduli space, i.e. a topological space that parametrizes
representations up to a natural equivalence relation. We formalize this construction in the
present section, and refer to the lecture notes [Mar25] for further details.

Topologically, we may view Hom(T',G) as a subspace of G', the space of all maps from T to
G endowed with the product topology. We note that since I' is discrete, this topology coincides
with the compact-open topology, which corresponds to the topology of pointwise convergence:
a sequence p; — p converges if and only if p;(7) = p(7y) converges in G for every v €T

Thus, as a topological space, Hom(I',G) decomposes into connected components. This
decomposition provides a meaningful way to organize representations, as each connected com-
ponent consists of those that can be continuously deformed into one another (since Hom(I', G) is
locally path-connected, this implies that connected and path-connected components coincide).
While this decomposition already offers a natural topological classification of representations, it
may still be regarded as somewhat coarse, since two representations lying in the same component
can nevertheless be viewed as equivalent from another, more algebraic standpoint: There is a

natural action of the group of inner automorphisms Inn(G) < Aut(G) by conjugation
Inn(G) x Hom(T', G) — Hom(I',G),  (g.p) — (v~ gp(1)g™").

We declare two representations in Hom(T', G) to be equivalent if they are conjugate to one
another (for a geometrical motivation, see Example 1.10). Consequently, we aim to refine our

classification problem by passing to the quotient
Hom(F, G) /IHH(G) .

However, this quotient is not Hausdorff in general, as the conjugation action may not be proper
and orbits may therefore fail to be closed. A topological approach to remedy this, is to consider

the Hausdorffification of the above quotient space, denoted as

Hom(T',G) // ¢ := Haus (Hom(I‘, G) /Inn(G) ) , (I.1)
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where Haus(X') denotes the Hausdorffification of a topological space X. This is the maximal
Hausdorff quotient of X, characterized by the universal property that every continuous map
from X to a Hausdorff space factors uniquely through Haus(X); Hausdorffification exists for
any topological space and is unique up to canonical homeomorphism.

As a result, the space Hom(I', &) //r is often referred to as the (Hausdorff) character va-
riety, provides a well-behaved topological setting for a moduli space of representations that are

continuous deformable into one another up to conjugation.

Remark. Classically, the term character variety, is used whenever G is a complex reductive

algebraic®group, such as SLa(C), for the algebraic GIT quotient
Spec(C[Hom(T, G)]%),

namely the spectrum of the algebra of G-invariant regular functions on the representation space
Hom(T',G). This is an affine algebraic variety that is homeomorphic to the Hausdorff quotient
(I.1) (see e.g. [LMS5]).

When G is a real reductive group, such as PSLy(R), SO*(n,1) or PU(n,1), the GIT con-
struction does not apply directly. In this case, the Hausdorff quotient (I.1) is the real locus
inside the complex character variety of the complexification of G. Following standard usage in

the literature (see e.g. [Mar25]), we nevertheless refer to it as a character variety.

It is of interest to understand connected components of character varieties. For instance,
studying connected components of Hom(T', &) //G formed by representations that are discrete
and faithful, for a Lie group G of higher-dimension and of higher rank, is considered a rich
modern field, often referred to as higher Teichmiiller theory (cf. [Wiel8]). A motivation for
these special connected components classically comes from Goldman’s thesis [Gol80] for the case

when G = PSLy(R) and I is a uniform torsion-free lattice therein :

Example 1.10. We denote by H]% the real hyperbolic two-plane (cf. Subsection 1.4.1), whose

orientation-preserving isometries form a group that can be identified with
Isom* (HZ) = PSLy(R).

Given a hyperbolic structure S on a closed surface, one can associate the developing map, which

is a local isometry
dev: S — HE,

obtained by analytically continuing local coordinate charts into H]%{ along paths in S§. The

holonomy representation is a homomorphism
p:mi(S) — PSLy(R),
that records the monodromy of the developing map, namely dev is p—equivariant:

dev(y-z) = p(y)dev(z) for all yem(S), zeS.

2An algebraic group over a field K is an algebraic variety equipped with a group structure such that both the
multiplication and inversion operations are given by regular polynomial maps.
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The pair (dev,p) is unique up to post-composition of dev by an isometry of ]HI]%, which cor-
responds to conjugating p inside PSLo(R). Thus, a hyperbolic structure S determines a well-
defined conjugacy class [p] of representations. Two hyperbolic structures that are isotopic yield
conjugate holonomy representations.

Goldman [Gol80] showed that the Euler number, a real-valued continuous invariant of repre-
sentations 71 (S) - PSLo(R) that is contained the interval [x(S),—x(S)] by the Milnor-Wood
inequality [Mil58; WooT71], takes integral values and thus labels unions of connected components
of the corresponding character variety. He proved that the extremal components consist pre-
cisely of discrete and faithful representations that are the two connected components forming

the set of conjugacy classes
{[p] € Hom(ﬂ-l(s)a PSL2(R)) /PSLQ(R) ’ p is the holonomy of some hyperbolic structure},

and identified with the two copies of the classical Teichmiiller space of S, i.e. the parametrization
space of hyperbolic structures of S up to isotopy, corresponding to the two possible orientations
of the surface. In [Gol88] Goldman proved that the Euler number in fact identifies the character

variety’s connected components.

In Chapters IV and V we establish a general formalism for invariants that label unions of

connected components, for which the Goldman’s Euler number is the prototype.

1.2 Riemannian Manifolds

We dive deeper into the geometric background required for the thesis. We set the ground
with classical notions from differential geometry to then discuss Riemannian manifolds and the
special class of Kéhler manifolds. Then our focus will be on manifolds of non-positive curvature,
in particular Hadamard manifolds, where we can formalize the notion of boundary. This then
permits to discuss elementary groups reaching a discussion on the thick-thin decomposition- We

also briefly discuss amenable groups in this geometric context.

1.2.1 Smooth Manifolds

In order to state interesting properties of Riemannian manifolds, we first require some basic
concepts and notation from differential geometry; a classical source for this material is [Leel2].
For this chapter we fix X to be a smooth manifold of real dimension m. We begin with the

following important notion:

Definition I.11. For a field K € {R,C}, a K-vector bundle of K-rank n over a smooth manifold
X is a smooth surjective map 7 : E - X such that each fiber 771(p) is an n-dimensional vector
space K™, and FE is locally isomorphic to U x K™ for some open neighbourhood U c X of each
point p € X. In particular, if F is globally isomorphic to X x K", then 7 : ' — X is called a

trivial bundle.

The main example for this chapter will be the tangent bundle T'X of a smooth m-dimensional

manifold X, a real vector bundle of rank m whose fiber over p € X is the tangent space T,X.



L2, RIEMANNIAN MANIFOLDS 27

From T'X one naturally obtains other bundles, such as the cotangent bundle T*X, whose fiber
at p is the dual space T,y X'. For 1 <k <m, the k-th exterior powers AFTX and A*T* X are again
a real vector bundles; in particular det(7'X) = A™T X is called the determinant line bundle and
Kx =det(T*X) = A™T*X is the canonical line bundle.

As a short preparation, we introduce vector fields and differential forms, that provide a
natural language for the differential geometry we will use throughout. Vector fields over smooth

manifolds assign to each point of X a tangent vector:

Definition 1.12. Let X be a smooth manifold. The space of vector fields on X is defined as

the set of smooth section of the tangent bundle:
X(X)=I'(X,TX).

In order to differentiate vector fields on a manifold in a way compatible with its smooth

structure, we introduce the following notion:

Definition 1.13. An (affine) connection V on a smooth manifold X is a map
V:X(X) xX(X) » X(X),

which assigns to any pair of vector fields v,w € X(X) the covariant derivative of w along v,

denoted by V,w, and satisfies the following properties:

e Linearity: V,(aw + bu) = aV,w + bV,u for all a,b € R and w,u € X(X),

o Leibniz rule: Vy,w = fVyw, Vi(fw)=(vf)w+ fV,w for all feC®(X).
Further, a vector field v € X(X) is parallel to w € X(X), if V,w =0.

We define geodesics in terms of parallel transport along curves:

Definition I.14. Let X be a smooth manifold equipped with an affine connection V. A smooth

curve v: (0,1) > X is called a geodesic if it satisfies
va(t)’y,(t) = 0
for all ¢ € (0,1), where 4" is the velocity vector, i.e., 7/(t) € T,(4) X for each .

Intuitively, this means that the velocity vector is parallel transported along the curve, so the
curve moves without “turning” relative to the connection V. Next, we introduce the exponential

map for manifolds, which will be a reoccuring notion throughout this chapter:

Definition I.15. Let X be a smooth manifold with an affine connection V, and let p € X. For
each v e T X, let 7, : (—€,€) - X be the unique® geodesic satisfying

Y5(0) =p,  7,(0) =v.

3Uniqueness of v, is guaranteed by the standard existence and uniqueness theorem for ODEs applied to the
geodesic equation V., = 0 with initial conditions v, (0) = p and 7, (0) = v.




28 CHAPTER I. PRELIMINARIES

The exponential map at p is defined by
exp, U= X, expy(v) = (1),

where U ¢ T}, X is an open neighborhood of the origin 0, € T}, X consisting of vectors v for which
the geodesic 7, (1) is defined at ¢ = 1.

We note that the map exp,, is smooth and satisfies expp(Op) = p. Moreover, the differential
pushforward at the origin, (d expp)op :TpX — T, X is the identity map. Consequently, exp,, is a
local diffeomorphism at the origin 0,.

Dual notion to vector fields are so-called 1-forms, and more generally:
Definition I.16. Let X be a smooth m-manifold. We define
e OF(X) as the set of all smooth differential k-forms on X, i.e.
QOF(X) = (X, A*T* X),
i.e. the set of all smooth sections of the k-th extrior power of the cotangent bundle of X.
e The space of differential forms Q*(X) = @}, OF(X) is equipped with the wedge product,
A QF(X) x QI(X) — QF (X)),
a bilinear, associative, and graded-commutative product satisfying
anf=(=D)"Bra,
for all v e QF(X) and 3 € Q4(X).
e The exterior derivative is a linear operator
4" QF(X) — QFL(X)
that is closed, i.e. d**!od* =0, and satisfies the Leibniz rule:

dlanB)=danB+(-DFandig for aecQ¥(X),BeQ(X).

In particular, (Q*(X),A,d") is a differential graded algebra. Apart from serving to express
several geometric concepts in the present chapter, the latter also forms a complex giving rise
to de Rham cohomology; we return to this in Subsection I1.2.1 in the chapter on cohomology
theories. Finally, we formalize orientability (cf. [Zhe00, §3.6]):

Definition I1.17. A smooth m-manifold X is orientable if there exists a nowhere-vanishing
global m-form in Q™(X), or equivalently, the canonical line bundle Kx is isomorphic to the
trivial line bundle X x R.
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If o, are any two choices of non-vanishing m-forms, then there exists a smooth function
f:X >R~ {0} such that

a=f-a,
and is hence either positive or negative everywhere. We can therefore define:

Definition I.18. Let X be an orientable smooth manifold. Then an orientation on X is a choice
of connected component of the set of nowhere-vanishing m-forms Q™(X), or equivalently, it is

an equivalence class of such forms under multiplication by positive smooth functions.

An alternative in homological terms will be given in Definition I1.6 in the next chapter.

1.2.2 Fundamentals

For a discussion on the fundamentals on Riemannian geometry in this section, we refer to several
sources [Hel78, Chapter 1, §10], [Zhe00], [Bal95]. First and foremost, any smooth manifold can

be endowed with a Riemannian structure:

Definition 1.19. A Riemannian manifold (X, g) is a smooth manifold X such that the tangent

space T, X at any point p € X is equipped with a smoothly varying symmetric bilinear form
gp: TpX xT,X - R.
This metric gives a notion of length of curves on X, and hence of a distance function:
Definition 1.20. Let (X, g) be a connected Riemannian manifold. Then the distance function
dist : X x X - Ry

is defined by
1
dist(z,y) := inf_[o 1Y (t)llgdt,
¥

where the infimum is taken over all piecewise smooth curves 7 : [0,1] = X such that v(0) = x

and (1) =y and where for /(%) € T, ;X the norm is given by

I ®)llg = /900 (7 (1,7 (1))

Geodesics, as defined previously in Definition 1.14, locally minimize the distance function. A
geodesic y realizing the distance function between x and y in X is called a minimizing geodesic.
If a connected Riemannian manifold (X, g) is complete, i.e. every geodesic extends indefinetely,
then by the Hopf-Rinow theorem [HR32|, any two points in X can be joined by a minimizing
geodesic. We will mostly work with complete manifolds and so by geodesics, we will mean the
minimizing ones. Moreover, from now and on we assume that all Riemannian manifolds are
connected without further mention.

In case (X,g) is an oriented Riemannian manifold, the Riemannian metric ¢ induces a

canonical nowhere-vanishing differential n-form called the volume form (cf. [Zhe00, §3.6]):
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Definition I.21. Let (X, g) be an oriented Riemannian m-manifold. The Riemannian volume
form vol € Q™(X) is the unique smooth m-form such that, for every point p € X, and every

positively oriented orthonormal basis (v1,...,vn) of T,X, one has that
vol(vi,...,vm)p = 1.
Since vol € Q™ (X) is a smooth top-degree form on the oriented m-manifold X, it can be

integrated over X. This allows to define:

Definition 1.22. Let (X, g) be a closed (i.e. compact with empty boundary), oriented Rieman-

nian manifold with the volume form vol € Q™(X). The volume of X is given by

Vol(X) = fX vol,

Since X is closed, the integral is well-defined and finite smooth functions are bounded on

compact sets, and integration over a finite atlas yields a finite value.

Isometry Group

We will now take a group-theoretic perspective on Riemannian manifolds (cf. [Hel78, Ch. 1,

§11]) and give the following classical definition:
Definition 1.23. The isometry group of a Riemannian manifold (X, g) is given

¢ is a diffeomorphism and
Isom(X):{<z>:X—>X },

Ip(v,w) =gy (p) (ddp (v),ddp (w))
where d¢ : T, X — Ty, X is the differential pushforward of ¢ at the point p.

We note that Isom(X) is a finite dimensional Lie group due to [MS39]. If there exists a Lie
subgroup G < Isom(X) that acts transitively on a Riemannian manifold X, then X is called a

homogeneous Riemannian manifold and one has that

X 2 G [Staba(p)

where Stabg(p) = {g € G | g-p = p} is the stabilizer group of the basepoint p. We note that
any two stabilizer groups for distinct basepoints are conjugate to each other. Moreover, if X is
complete, then the stabilizer Stabg(p) is a compact subgroup. (cf. [Zhe00, §3.5] or [Hel78, Ch.
1, §3],[Hel78, Ch. III, §2, Theorem 2.5 (b)]).

Remark. If X is a simply connected Riemannian manifold and I" < G a discrete group that
acts freely and properly discontinuously on X, then the quotient I'\X inherits the Riemannian

metric such that the projection map is a local isometry.
We will further need the following notion on the Riemannian manifold’s decomposibility:

Definition I.24. Let (X1,¢1) and (X2, g2) be Riemannian manifolds. Their Riemannian prod-
uct is the manifold X7 x X5 equipped with the product metric

_ * *
g=m191t+ 92,
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where 7 : My x My — My and 7o : My x My — Ms are the natural projections. A Rieman-
nian manifold (X, g) is called irreducible if it is not isometric to a Riemannian product of two
Riemannian manifolds of positive dimension.

Levi-Civita Connection, Curvature and Rank

On a Riemannian manifold in particular, among all affine connections, we characterize a distin-

guished one:

Proposition 1.25. Let (X, g) be a Riemannian manifold. Then there exists a unique connection
V on TX, called the Levi-Civita connection, that satisfies for all v,w,ue X(X):

e Metric compatibility: vg(w,u) = g(Vyw,u) + g(w, Vyu)
e Torsion-freeness: Vyw — Vv = [v,w].

Proof. For a proof we refer to [Hel78, Theorem 9.1]. O
This allows us to formalize the sectional curvature (cf. [Hel78, Ch. 1, §12]):

Definition 1.26. Let X be a Riemannian manifold. For any p € X, let o c T, 