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Abstract
Long ago, Arad and Herzog (AH) conjectured that, in finite simple groups, the
product of two conjugacy classes of length greater than one is never a single con-
jugacy class. We discuss implications of this conjecture for non-abelian anyons
in 2 4+ 1-dimensional discrete gauge theories. Thinking in this way also sug-
gests closely related statements about finite simple groups and their associated
discrete gauge theories. We prove these statements and provide some physical
intuition for their validity. Finally, we explain that the lack of certain dualities
in theories with non-abelian finite simple gauge groups provides a non-trivial
check of the AH conjecture.

Keywords: anyons, topological quantum field theory, Arad-Herzog conjecture,
discrete gauge theory
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Introduction

Non-abelian anyons are interesting for a variety of reasons. For example, they naturally appear
in quantum field theory descriptions of knot theory [1], they are believed to play an important
role in the fractional quantum Hall effect [2], and they underly a topological form of quantum
computation [3]. More recently, they have attracted attention as providing possible lessons for
quantum gravity [4].
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In this paper we will be exclusively concerned with the appearance of non-abelian anyons
in a particular type of 2 4 1-dimensional topological quantum field theory (TQFT): discrete
gauge theories [5, 6]. These are gauge theories based on some discrete gauge group, G, along
with a Dijkgraaf-Witten three-cocycle, w € H>(G, U(1)) (when w is cohomologically non-
trivial, the theory is said to be ‘twisted’). The basic degrees of freedom are anyonic line
operators (i.e. operators supported on one-dimensional loci of spacetime that have non-trivial
braiding with each other) of three general types:

(a) Wilson lines, which carry electric charge labeled by a linear irreducible representation of
G, . These operators have trivial magnetic charge.

(b) Magnetic flux lines carrying magnetic charge labeled by a conjugacy class, [g], of an ele-
ment g € G with g # 1. These operators have trivial electric charge. Depending on the
choice of w, such operators may or may not exist.

(c) Dyonic lines (or simply dyons) carrying a magnetic charge labeled by a conjugacy class,
[¢], of an element g € G with g # 1 and an electric charge labeled by an, in general,
projective representation of the centralizer of g, N,. In the case of an untwisted gauge
theory (i.e. w = 0 € H*(G, U(1))), the representation is linear. We will describe, in some
detail, when this statement continues to hold for certain dyons in twisted theories. Dyons
are the most generic type of anyons in discrete gauge theories.

As a physical toy model, one can think of dyons as Aharonov—Bohm systems with charges
bound to magnetic flux lines [7].

Our first rather basic observation is that the line operators in discrete gauge theories natu-
rally relate close cousins in group theory: representations (and their characters) to centralizers.
Therefore, discrete gauge theory is a natural way to organize and unify ideas in the theory of
finite groups.

In what follows, we will focus on the case of finite simple groups. Via group extensions,
these are the basic building blocks of all finite groups. The celebrated classification of finite
simple groups guarantees that any such group fits into the following categories:

(a) Abelian groups of prime order
(b) Alternating groups

(c) Lie groups over finite fields
(d) 26 sporadic groups

In spite of this complete classification, there are still many open problems involving these
groups. Of particular interest to us is the following old conjecture:

Conjecture (Arad—Herzog). Consider a non-abelian finite simple group, G, and non-trivial
elements g, € G. Then,

[g] - [h] # [ghl, ey

where [g], [4], and [gh] are conjugacy classes of g, i, and gh respectively [8].

More pithily, Arad and Herzog (AH) conjectured that in non-abelian finite simple groups,
the product of non-trivial conjugacy classes cannot be a single conjugacy class.

As we will argue in section 3, this conjecture has the following implication (which we then
prove in section 4):

Theorem 1. In a (twisted or untwisted) 2 + 1-dimensional discrete gauge theory with a
non-abelian finite simple gauge group, the fusion of any two lines carrying non-trivial magnetic
flux (as in figure 1) cannot have a unique fusion outcome.
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Figure 1. Fusion of dyons.
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Figure 2. Fusion of Wilson lines.

In other words, theorem 1 asserts we cannot have
Lgmz) X Lanrey = Lamy),  &h# 1, 2)

where, generically, all lines (denoted by £) are non-abelian dyons [34]. We will think of this
theorem as a first cousin of the AH conjecture.

Note that our proof of theorem 1 in section 4 does not imply the AH conjecture. As we will
discuss, it only implies that product of mutually commuting conjugacy classes do not result in
a single conjugacy class.

So far, we have avoided discussing the fusion of Wilson lines. However, in light of (2), it is
interesting to ask if we can fuse non-abelian Wilson lines W, and W, (as in figure 2) to obtain
a unique outcome

We X War =Wy, 3)

As we will briefly explain in section 2, (3) is equivalent to demanding that, at the level of
group theory

Xr * Xa' = Xa''s 4

where X, X, and x,» are, respectively, the characters of irreducible linear representations,
m, 7', and 7", of G with dimension greater than 1. Although it might seem strange that
(4) is possible (especially if one thinks of taking products of irreducible representations in
SU(N)), it turns out that products of irreducible representations of finite simple groups can be
irreducible [9].

The corresponding (twisted or untwisted) discrete gauge theory then has a product of Wilson
lines as in (3). One simple example of this phenomenon in theories with a non-abelian sim-
ple gauge group involves the fusion of a Wilson line carrying charge in the eight-dimensional
representation of A9 with a Wilson line carrying charge in either of the 21-dimensional rep-
resentations. Intriguingly, the discrete gauge theories based on finite simple groups are prime
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Figure 3. Fusion of a Wilson line with a magnetic flux line.

[10], so they do not consist of separate TQFTs with trivial mutual braiding. Therefore, (3) cor-
responds to some other structural properties of the Ag discrete gauge theory. We will discuss
these properties more generally in an upcoming work [11].

Therefore, we learn that a version of the AH conjecture for characters alone cannot hold.
However, our physical discussion above suggests studying one more type of fusion with a
unique outcome (figure 3)

Wr X Ligas) = Lana & F# 1, (5)

where W, is a non-abelian Wilson line, and the remaining anyons are non-abelian dyons. As
a slightly simpler fusion, we may study the following fusion with a unique outcome

Wr X gy = Lanzey, 8 # 1 (6)

where we have replaced the dyon on the left-hand side of (5) with a non-abelian flux line. Here
we have implicitly assumed that the flux line also exists in the theory (depending on the twist,
this assumption may or may not hold).

This observation brings us to our second cousin of the AH conjecture:

Theorem 2. In any (twisted or untwisted) discrete gauge theory based on a non-abelian
finite simple group, G, fusion of the types in (5) and (6) is forbidden.

Intuition. One heuristic intuition behind this theorem is the following. As a consequence
of theorem 1, theorem 2 implies that in discrete gauge theories based on non-abelian simple
groups, the only allowed fusions with unique outcomes involving non-abelian anyons are those
in (3). Wilson lines have trivial braiding among themselves [35]. Therefore, even though the
fusion in (3) does not arise from a factorization of the TQFT into separate theories with trivial
mutual braiding, the Wilson lines themselves have trivial mutual braiding.

Just as theorem 1 follows from the AH conjecture, so too theorem 2 follows from a
more basic theorem on finite simple groups which we refer to as the third cousin of the AH
conjecture:

Theorem 3. Consider any non-abelian finite simple group, G, any irreducible linear rep-
resentation, T, of G having dimension greater than one, and the centralizer, N,, of any g # 1.
The restricted representation, | N> is reducible.

We refer to theorems 1-3 as ‘cousins’ of the AH conjecture since they are all related by
TQFT.

Note that the above discussion is not relevant for abelian simple groups (the type 1 finite
simple groups in the above-described classification) since these groups do not have conjugacy
classes of length larger than one or representations of dimension larger than one. In other words,
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their fusion rules are those of a discrete finite group. As a result, we focus on non-abelian finite
simple groups.

Duality. It is also interesting to understand how our above picture is compatible with a
type of electric/magnetic duality that often features in discrete gauge theories. For example,
the S5 discrete gauge theory has a duality that exchanges the Wilson line charged under the
two-dimensional representation with the line having flux in the three-cycle conjugacy class
[12, 13]. More general examples have been discussed in [13—15]. Clearly, theorems 1-3 can
only be compatible with such dualities if the Wilson lines participating in (3) are not exchanged
with lines carrying non-abelian flux. In fact, no such dualities exist in theories based on non-
abelian finite simple gauge groups (proof: apply theorem 5.8 of [14] noting that non-abelian
simple groups have no non-trivial abelian normal subgroups). This fact is a non-trivial check of
the above picture and is a check of the AH conjecture (this latter claim holds since, if theorem
1 were not true, then the AH conjecture would be false) [36].

The structure of this paper is as follows. In the next section, we give a physicist’s introduc-
tion to the machinery behind the fusion rules that are relevant for proving the above theorems
and deriving theorem 1 from the AH conjecture. In section 2, we give a brief overview for the
more mathematically inclined reader. We derive theorem 1 from the AH conjecture in section 3
before proceeding to proofs of theorems 1-3 in section 4. Theorem 3 turns out to be equivalent
to theorem 2 and has its own, purely group theoretical proof, that we describe in section 4. The
appendices include various additional checks we performed on theorem 3 and therefore 2.

1. Physics: fusion in discrete gauge theories

One modern perspective on how to go from a group, G, to a 2 4+ 1-dimensional discrete gauge
theory is to start from a G-symmetry-protected topological phase (G-SPT) and gauge G [17].
At the same time, it may be useful to keep in mind that many of the results we will need in this
section predate this perspective and follow from the classic work [5].

The starting point is a set of surface defects in one-to-one correspondence with the ele-
ments g € G. For simplicity, we label these defects by group elements as well. Fusion of these
defects obeys the usual group multiplication law of G, so g X h = gh. One may also consider
deforming the associativity of defect fusion via a three-cocycle

w(g, h,k) € H*(G, U(1)). @)

The H*(G, U(1)) cohomology group then labels the distinct 2 + 1-dimensional G-SPTs.

Gauging G corresponds to constructing conjugacy classes, [g;], for a set of representative
g; € G and pairing this data with an irreducible representation, 7', of the centralizer of each
8;» Ny, These are, respectively, the magnetic and electric charges of the discrete gauge theory.
The three-cocycle in (7) is the Dijkgraaf—Witten twist (when w = 0 in cohomology we have
an untwisted gauge theory).

In this way, lines bounding the G-SPT surface operators are liberated and become anyons in
the—depending on w—twisted or untwisted G discrete gauge theory. These latter objects are
given by the pair ([g], 7;), where the square brackets around g are there to emphasize that we
are dealing with a conjugacy class (for any representative in [g], the corresponding centralizers
are isomorphic).

The question of whether the electric charge, 7, is projective is determined by the reduction
of wto N,

w(g, h,k)w(h, k, g)
w(h, g, k)

Ne(h, k) = € H*(N,, U(1)), (8)
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where h, k € N,. Indeed, this is the phase that appears in
T2 (e (k) = 1, (h, k)T (k). ©)

If n, is trivial in H?*(Ng, U(1)) the representation is linear [37]. For example, the group
PSL(2,4) has Z3 as the centralizer of elements in its length twenty conjugacy class. Since
H*(Z3,U(1)) = Z;, the corresponding n, is trivial regardless of the choice of w €
H3(PSL(2,4), U(1)) ~ Zg x Zy9. More generally, if w is cohomologically non-trivial, then 71'5‘7'
is typically projective.

In light of the discussion in the introduction, the most important thing for us to understand is
the fusion of two anyons, ([g], ) and ([%], 7). Intuitively, we have to fuse both the conjugacy
classes as well as the representations that the anyons depend on. This involves identifying the
conjugacy classes of the elements obtained by multiplying the elements in [g] and [%]. Also,
we have to consistently decompose the product 7g’ @ ;) into irreducible representations of
centralizers of G. The precise way to carry out these steps is given by [5, 17]

(k) _ w
N([gj,w?),([hj,w}j) - Z m <7Tk |Nrg NNsj, NN »
(1.5)ENg\G/N),

1w S W
X 7rg ‘N[gﬂN\'hﬂNk ® ﬂ—h ‘N[gﬂN\'hﬂNk
w
® 7r(fg,fh,m) ; (10)

w . W ) . .
where wz,“\ Neg s W ® 7| Nig N5y, N ® W?;)g,;h,k) and 7} | Nig (N5, Ny, are (in general reducible)
representations of Nig N Nsj, M Ny (’w; , *my?, and ¢ are representations of Nig, Nsj, and Ny

which are then restricted to the intersection subgroup). Here we define /g := ! gt. The projec-
tivity of the ! mg, *my,, and 7y representations is determined by the corresponding cohomology
as in (8). The representation F?;)g,;h,k) is one dimensional (it is a representation of the action of

symmetries on the one-dimensional V,kg.y , fusion space in the G-SPT) and satisfies

nk(g, m)
eta'g (6, m)’r]fh (63 m)

. ﬂz‘t’g;h,k)(ﬁm). an

Mg n ) (DT rg sh10 (M) =

These projective factors guarantee that the two arguments of the m(-, -) function can be
meaningfully compared. Roughly speaking, this m(:, -) function computes the inner products
of the representations appearing as arguments (see [17] for further details). Finally, let us note
that the sum in (10) is over the double coset, N,\G/N;.

Another closely related quantity of interest is the modular data of a (twisted or untwisted)
discrete gauge theory. It is given by [18]

1 k l
Stiglmg) (i m) = il > Xy (O) X (K
kelg). Lelh],
kl=lk
X‘IT;’; (g)
X‘IT;’; (6) '

Ogrme) = (12)
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where Xﬁ? (¢) is defined through the relation

Xxgxfl (xhx_l) ': ng(x—l’ xhx™h

o (h). 13
s R0 X (h) (13)

Here, 6 is the topological spin, and S is the modular S matrix. From these definitions, one can
check that the quantum dimensions of the anyons are

S(lelm)11,1) ,
dgng) = < . = |[g]| - deg Ty, (14)
DAL

where |[g]| is the size of [g], and |7y| is the dimension of 7. Non-abelian anyons have
d((g)x+) > 1 and necessarily satisfy

(gl 7)) x (g7, (@)Y = (1, D +-- -, (15)

where the ellipses necessarily contain additional terms, 1 is the trivial representation of G, and
(g~ ", (Wg)*) is the anyon conjugate to ([g], 7r;').
As we will see in more detail when we prove theorems 1 and 2, anyons ([g], 7rf;) and ([A], 7))
that fuse to give a unique outcome satisfy the following condition with respect to the S matrix
1
ISgtms)nmm)| = @d([g]m;)dqm,w;:‘)- (16)

Let us explore the consequences of this relation. To that end, using (14), we have
g1, dn ne) = I[g]||[h]] - deg m¢ - deg ;. Substituting in (16) and using (12), we have

b

G| |Lgll|[A]] - deg ;- deg ),

_ § k“ * 0 *
kelgl, L€lhl,
kl=Clk

Sia D X Olxz®)

‘G|k€[g], Ce[h],
kl=lk

h ,
< [g|]G|[ il ~degm, - degm,. 17
In the last inequality above, we have used (13) as well as the fact that projective characters
satisfy \xﬂ?| < degm, [38]. Itis clear that (16) is satisfied if and only if the conjugacy classes
[¢] and [#] commute element-wise and the projective characters satisfy

Xre(D| = degm?  and  [xqe(k)| = degny (18)

VI € [h], k € [g]. This result is a generalization of lemma 3.4 of [10]. As mentioned above, it
will be crucial for our proofs of theorems 1 and 2.

In the language used in this section, we have that non-abelian Wilson lines, flux lines, and
dyons correspond to
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Wr < ([11,m),  |m|>1,
pigr <> (1,15, |lgll > 1,
Ly < (A1, 75), A - |mil] > 1. (19)

We have dropped the w superscript from 7 in order to emphasize that the Wilson lines always
transform under linear representations of G. We attach the e superscript on the trivial represen-

tation of the flux line because these objects only exist when the relevant 7, in (8) is trivial in

eg(h)eg (k)
gk

representation of Ny whose character is proportional to the trivial representation of N,.

As a final comment, we note that, from the above modular data, it is easy to show that

cohomology, and hence of the form 7,(h, k) = . Finally, 15 is the irreducible projective

Swow,,

Oy, =1, =1, (20)

Swiw,,

where W, = ([1], 1) is the trivial Wilson line. In other words, as alluded to in the introduction,
the Wilson lines are all bosons and have trivial mutual braiding with each other (they have
non-trivial braiding with other lines in the theory).

2. Math: fusion in Z(Vec®)

As a guide to the more mathematically inclined reader, we summarize certain aspects of the
previous section in a more formal way. The reader who is only interested in the results or a
more physical perspective on them is free to skip this section.

The mathematical framework underlying the physical discussion of [17] used in the last
section is the notion of a G-crossed braided category [19]. The gauging procedure corresponds
to the mathematical notion of equivariantization.

In fact, to construct the (twisted or untwisted) discrete gauge theory we can use a simpler
notion. Our starting point is the category of G-graded vector spaces, VecS, with associator
given by the C*-valued three-cocycle, w. The theory we obtain upon equivariantization is the
modular tensor category constructed by the process of taking the Drinfeld center [20, 21]. In
particular, our gauge theory is just

Twisted G discrete gauge theory <+ Z(Vec?).

The various operators discussed in (19) correspond to the simple objects of Z(Vec?) with
categorical dimension larger than one. The simple objects corresponding to the trivial conju-
gacy class in G (what we have called Wilson lines) have trivial topological spin, , and are
closed under fusion. This means they form a symmetric subcategory. In fact, as is well-known,
these simple objects form a Lagrangian subcategory isomorphic to Rep(G), the category of
finite dimensional representations of G over C. In particular, Wilson line fusion rules are those
of the corresponding representation semiring. This observation explains the equivalence of (3)
and (4).

3. From fusion to theorem 1 and a relation between theorems 2 and 3

Given the construction in section 1, we will first explain why the AH conjecture implies that,
in (twisted and untwisted) discrete gauge theories based on simple groups, the fusion of any

8
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two lines carrying magnetic flux must have more than one fusion outcome (i.e. theorem 1).
After explaining this fact, we will explain the relation between theorems 2 and 3.

To understand the connection between (twisted and untwisted) discrete gauge theories and
the AH conjecture, recall the fusion formula in (10). Since the arguments of the m(-, -) func-
tion are representations of Nr, M Ns; M Ni, we can decompose them in terms of irreducible
representations, 7®, of this group

t_w S, w w
Tg ‘thﬁNshﬂNk K "y, ‘thﬁNshﬂNk ® (g Shk)

= Zaiﬂw(') ,Wf\N,gmN.WNk = Zaﬁw“(’), (21)
' i

1

for some non-negative integers «;, o). Then the definition of m(-, -) in [17] implies

m(ﬂﬂN,gmethk,tW;\N,gmNsthk ® ‘Yﬂ'ﬂN,gmNsthk ® Tigsni)
= wa. (22)
;

We know that 7 is an irreducible representation of Ni. Also, Nig M Ns, N Ny is a sub-
group of Ny. According to the Frobenius reciprocity theorem for projective representations
of finite groups [22, 39], we know that, given any irreducible representation, 7%, of Ni, N
Ns; N N, there is always an irreducible representation, 7, of Ny such that the decomposi-
tion of 7| Nig NN, "N into irreducible representations of N:ig M Ns, M N; contains 7@ This
reasoning shows that, given 'my| Nig M, ® S| Nig MNs N ® iy sp» there is always some
irreducible representation, 7, such that m(w{| N,gmNsthk,’W;'\ NigNNs, v ® S| NigNNs, V. ®
Tigsnx)) 18 non-zero. It follows that once we choose some conjugacy class, [k], such that

[k] € [g] - [A], there is always some 7}’ such that N((l[g::g;(w,w;j) # 0. Here, [g] - [/] are the con-
jugacy classes obtained from taking a product of anyons with magnetic charges in [g] and

[A].

Hence, in order to have a fusion rule of the type

(Lgl. mg) x ([h], m) = ([k], @), g h# 1, (23)

where all magnetic fluxes on the lhs are non-trivial, we need the fusion of the orbits [g] - [/]
to contain only a single orbit [k] (note that |[k]| need not be equal to |[g]||[%]| [40]). Moreover,
commutativity of the fusion rules requires [k] = [/] - [g]. Hence, the double coset N,\G/Nj,
should have only a single element. (Since the double coset is trivial, we will remove the 7, s
dependence in the expressions below). We also require that the decomposition of representa-
tions 7T‘If|NgmthNk and W?‘NgﬁNhﬁNk (9 ’/T;;]‘NgﬁNhﬁNk (9 //T?gjg,h,k) into iI'I'CpS Ong n Nh n Nk to have
only a single irrep (of multiplicity one) in common. That is, if

. " w (i)
T [Ny e @ T [N v © T gy = ZOZNT

1
e Ingrwarne = g, (24)
i
then there should be only one i = iy for which oy, = aﬁo = 0. Furthermore, we require that

Q) = 1.
So, in order to have a fusion of the type (23), we have two constraints:
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(@) [g]-[h] = [k] = [h] - [g]
(b) 37 such that m(m |n,ow, N T [Ngr e @ T [N vy, @ T ) = 1

The first constraint is on the conjugacy classes involved, and the second one is on the rep-
resentations. The AH conjecture immediately implies that (1) is impossible for finite simple
groups. Therefore, we see that

AH conjecture = no fusions as in (23) for simple G.
In particular, as claimed in the introduction, we see that
Ligrrg) X Lamasy 7 Lakag)s (25)
where Lg1re) = (18], 7)), Lamrey = ([h], 7)), and Lwyrey = ([k], 7). So, in that language
AH conjecture = Theorem 1.

Of course, this does not prove theorem 1 since the AH conjecture has not been proven. How-
ever, it is a non-trivial consistency check of the AH conjecture. We will prove theorem 1 in the
next section.

Next, let us show how theorem 3 implies theorem 2. To understand this point, let us spe-
cialize the general fusion in (10) to the product of a non-abelian Wilson line, Wy, = ([1], ),
with a non-abelian flux line, 145 = ([/], 17). In order to have such a flux line in our theory we
should, as discussed in section 1, either consider an untwisted discrete gauge theory or else a
theory in which w is such that n;, € H*(N,,, U(1)) is cohomologically trivial.

To that end, we find

([h1,m3) o Wt sq€
Nitananig) = Z m (7, ' |y, © 1
(1,5)€G\G/Ny,
D ) - (26)

In this case, the double coset G\ G/N}, is trivial. Hence, we have

(1)
Naaamaey = M Ty, © 1, @ 7 gy [,)- (27)

In fact, the representation m(;, , is trivial (this follows from the fixed nature of the Vf,
fusion space in the G-SPT [17]). So the product of representations |y, ® 1j @ 7], In, i
isomorphic to 7|y, ® 1§,. Therefore, the expression above simplifies to

e .
N amas = M5 Ty, @ 1) (28)

Note that 7; is an irreducible representation of G. Its restriction to Ny, is in general reducible.
So m(my, 7| N, ® 1) gives the multiplicity of the irreducible representation, 7y, in the decom-
position of the representation, 7|y, ® 1}, into irreducible representations of Nj. If 7|, is

irreducible, m(my, 71|y, ® 1) = 0z, =, I, ®1- Hence, we have the following fusion rules

(11, ) @ ([Al, 1) = ([h], 71|y, © 1), (29)

if and only if 7 | w, 1s an irreducible representation of Nj.
As a result, theorem 3 implies that we have more than one channel in the fusion

Wa, X pum = Lmaey +- - (30)

10
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In fact, we may take the flux, ([A], 1}), and replace it with a dyon, ([x], 7};). Note that, in some
theories, such a dyon may exist while the flux line does not. We then find that the right-hand
side of (28) becomes m(7}/, i |y, @ 7}). Clearly, if the fusion in (30) requires more terms on
the right-hand side, so too will the fusion with the dyon replacing the flux. This is the content
of theorem 2.

Similarly, by the logic of this section, if we satisfy theorem 2 for the untwisted discrete
G gauge theory, we then have that, for any irreducible linear representation, 7, of G having
dimension greater than one, i | w, is reducible. This is the content of theorem 3. In conclusion,
we have

Theorem 3 < Theorem 2.

Let us also note that we have chosen 7| to be an irreducible representation of G with dimen-
sion >1 so that ([1], 1) is non-abelian. Hence, for the above fusion rule to be consistent, 7|y,
should be an irreducible representation of N, of the same dimension.

What remains is to prove at least one of theorems 2 or 3. In the next section we give
independent proofs of theorems 2 and 3. Proceeding through theorem 2 first gives us a more
TQFT-flavored proof. Proceeding through theorem 3 first gives us a more group theory-flavored
proof. We then conclude the next section by proving theorem 1 as well.

4. Proofs of the cousin theorems
From the discussion in the previous section, to prove theorems 2 and 3 we need only prove one
of them. However, each route has its own merits, so we give independent proofs of each. We
follow by proving theorem 1 (which is logically independent of the others).

Let us first prove theorem 2. To that end, suppose we have a fusion of the form given in (6),
which we reproduce below for ease of reference

W X pig) = Lamxgy. 87 1. (3D

In section 3, we argued that, if such a fusion exists, the electric charge of the dyon on the
right-hand side is given by a reduction of an irreducible representation of the gauge group
G (.e.my = 7| N, @ 15) and h = g. Next, we note that the S-matrix satisfies [23]

1 g 1 Ocga0
S m - = . = T4 £ dl 5 32
Ml Gl O, Oy Feimg |G| Ow, Oy Y .
where fi,-1; is the conjugate of /i, Therefore,
1
[SWara| = @dwﬂdﬂ[g]' (33)

Using (18), we know that (33) implies |y (g)| = deg x,., where x is the character correspond-
ing to the Wilson line’s charge, and deg x, = |7| > 1 is the dimension of 7.

A standard argument in representation theory then implies that 7(g) = ¢ - 15|, where T
is the |7| x |7| unit matrix, and ¢ is an nth root of unity (the twist of the dyon). Next, choose
some k € [G,g]:= (€gl~"'g7'|l € G). Clearly,
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mk) = n(lgl'g Yy =m(0) - c- V- m(@) e Ty
= 1. (34)

Since G is a simple group, we can choose k # 1. As a result, 7 is an unfaithful representation
of G. Therefore, the kernel, ker(r), is a non trivial normal subgroup. Since G is simple, we
must have ker(7w) = G. But then, 7 cannot be an irreducible representation. Note that we may
repeat this proof verbatim by taking L (s~ instead of the flux line. Therefore fusion of the
form in (5) is also forbidden. O

By the discussion in section 3, we have also proved theorem 3. Although this proof is math-
ematical, it also has a distinctly TQFT-flavor: notice the prominent role of the modular S matrix
(and also, to a lesser extent, the twists).

Alternatively, we may also give a direct group theoretical proof of theorem 3 (and therefore
of theorem 2 via section 3) as follows:

Since G is a non-abelian simple group, its irreducible representations of dimension larger
than one must be faithful (otherwise their kernels would be non-trivial normal subgroups).
Now, consider some faithful non-abelian representation, 7. Furthermore, take some g € G such
that g # 1 and consider the centralizer, N,.

Suppose the restriction 7|y, is irreducible. Clearly g is central in N,. As a result, by Schur’s
lemma

Tln,(8) = ¢+ Tjz, (35)

where c is an nth root of unity. Since this is a restriction of a representation of G, we must also
have in the parent group that

m(g) = ¢ Tz, (36)

and so it follows that

m(hgh™'g™") = 1. (37)

Since the group is simple, g # 1 cannot be in the (trivial) center of G. As a result, there exists

I such that hgh~'g~' £ 1. The result in (37) contradicts the fact that 7 is faithful. U
Let us now prove theorem 1. We reproduce the forbidden (2) for ease of reference

Ligry) X Lanmsy = Laaae),  8h # 1, (38)

where, according to the discussion in the previous section, [k] = [gh]. Similarly to the case of
theorem 2, we have that

g 1 9£<[gh].w;'h>
Liatror Lo 11w =TT AL
gl e~ (= 11,(x%)*) ([ghl.m%)
f " G 9£(|gl,wg)9£<lhl.w;“) ¢
1 9‘<[gh].w;'h> '

G eﬁ(lgl,w;)ecuhl.w,’f)

AL g UL iy (39)
where ﬁ([h—l],(ﬂ.;;;)*) is the conjugate of L ). Therefore,
|S£([g],n?)£([h].w;)| - @dc([g].q?)dﬁ([h],w;f)' (40)
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This last result allows us, as in the case of theorem 2, to use (18). We then conclude that for
any ¢ € [g] and m € [h], fm = ml (i.e. that the two conjugacy classes [/] and [g] commute
element-by-element).

Now, consider the product of conjugacy classes

8118l = ZNllgljng[a]’ Nigiar € Zo0- 4D
la]

Clearly, we have that all elements on the left-hand side commute with all elements of [A].
Therefore, the same is true of all elements in the conjugacy classes [a]. Now, consider taking
pairwise products of all the [a]’s with themselves and with [g] and so on. Eventually, we will
come to a set of conjugacy classes closed under multiplication. This defines a normal sub-
group K < G in which each element commutes with [/]. Since G is simple, we must have that
K = G. However, this means that [#] commutes with all elements of the group and so we have
a non-trivial center. This is a contradiction. ([l

5. Conclusion

We have argued that 2 + 1-dimensional discrete gauge theory is useful for putting conjectures
and ideas involving finite simple groups into a broader context and unifying various relevant
objects. Using this approach, we proved three theorems that TQFT relates to the AH conjecture.

In fact, we may also generalize the discussion in section 3 and show that the AH conjecture
implies that, for any twisted or untwisted discrete gauge theory based on a non-abelian finite
simple group, fusions of the form

Ligrrg) X Lanmy) = Z['(lghl,fr;},)’ gh#1, (42)

w
ﬂ'gh

are not allowed.

Finally, we argued that the lack of electric-magnetic dualities involving discrete gauge the-
ories with non-abelian finite simple groups is a consistency check of our picture above and of
the AH conjecture itself.

Therefore, we see that the AH conjecture has strong implications for the structure of fusion
rules of a discrete gauge theory based on a finite non-abelian simple gauge group. In particular,
theorem 1 is a direct consequence of the AH conjecture, which we then proved using properties
of the modular data of a discrete gauge theory. Therefore, the proof of theorem 1 is a non-trivial
check of the AH conjecture.

However, note that our proof of theorem 1 does not prove the AH conjecture. The AH
conjecture is a statement on general non-trivial conjugacy classes of non-abelian finite simple
groups. In our proof of theorem 1, we showed that if we assume a fusion rule of the type in
equation (38), then the conjugacy classes involved commute with each other element-wise,
and this property was then used to arrive at a contradiction. Therefore, our result implies that
mutually commuting conjugacy classes satisfy the AH conjecture.

One natural question that remains is to better understand to what extent ideas involving non-
abelian anyons can be used to prove the AH conjecture (see [24—26] and references therein for
interesting recent progress on the AH conjecture). Since discrete gauge theories feature in
various physical systems, perhaps we can hope for a physics proof of this conjecture.

Theorem 3 is an example of the irreducible restriction problem for simple groups, in the
special case of restriction of irreducible representations to centralizers. It will be interesting to
explore its relationship with the Aschbacher—Scott program [27, 28].

13
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Another interesting question is to understand to what degree fusion rules of the types we
have been discussing constrain global properties of more general TQFTs. We will report on
progress toward understanding this last question in [11].
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Appendix A. Direct proof of theorems 2 and 3 for ‘AC’/'CA’ groups

Although we have given full proofs of theorems 3 and 2, it is amusing to give direct proofs that
apply to certain classes of finite simple groups. For example, there is a large class of groups
called ‘AC’ groups or, depending on the literature, ‘CA’ groups. These groups are defined to
have abelian centralizers for all conjugacy classes of elements g 7 1. In this case, theorem 3
is trivially true: 7|y, is automatically reducible since || > 1.

In particular, the PSL(2,2") groups with n > 2 are simple AC groups. In fact, these are
the only such groups [29]. For n = 2, we have PSL(2,4) ~ As. More generally, however, the
PSL(2,2") groups are a distinct class of groups.

As a result, we conclude that in all (twisted or untwisted) discrete gauge theories based on
AC groups our theorems hold. |

Appendix B. Direct proof of theorems 2 and 3 for A, groups

In this subsection, we will give special proofs of our theorems 2 and 3 for the case of A, groups.
In order for A, to be simple, we require n = 3 orn > 5 (proofs of the AH conjecture exist in the
cases discussed here as well [30]). The basic idea is to use Saxl’s classification of irreducible
characters of A,, XA, that remain irreducible upon reduction to a subgroup G < A, [31]. We
will argue that such subgroups cannot act as centralizers.

To that end, theorems 1 and 2 of [31] constrain A and G to be one of the following (note
that Q = {1,2,...,n} is the set of elements A, acts on):

(a) A = (n) is the trivial representation.

(b) A =(n—1,1)is the n — 1 dimensional representation, and G acts two-transitively on .

©)A=m—-2,2),n=09,11,12,23,24and G is PT'L(2, 8), M|, M2, M3, M4 respectively.

(d) A= (n—2,1,1) = (n — 2, 1?) and either n = 2¢ for some integer, c, with G = AGL(c, 2)
or n—= 11,12,12, 16,22,23,24 with GZM“,M“,Mlz, V16A7,M22,M23,M24
respectively.

14
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() A= (21,2, 1)or A = (21,1%), n = 24, and G = May.

(f) A= (\{) witha # A, n = a);, and G = A, stabilizing a point in 2.

(g A= (a%),n=d*, G > A, ,, the stabilizer of two points in (2.

(h) A = (@, b "), n = (2a — b)b, and G = A,_, the stabilizer of a point in ).
(i) A= (3%,n=9,and G = PT'L(2,8) or G = AGL(3,2).

() A= (3%2),n=8,and G = AGL(3,2).

Here we have used partitions of n to label representations of A,,.

In case (a) there is nothing to prove as the Wilson line would be the trivial abelian line.
For case (b), the fact that G is two-transitive on () rules it out as a centralizer. To under-
stand this statement, consider non-trivial o € A,, and g € G. Without loss of generality, we
may take o(1) = 2. Since G is two-transitive on 2, it is also transitive, and we can choose g
so that g(1) = 3. Now, o(3) = a # 2. By two-transitivity, we may further choose g such that
g2)=2+#a. Asaresult g~'og(1) = g7 '0(3) = g '(a) # 2 = o(1) and so G does not cen-
tralize o.

In case (c) we may check that there is no conjugacy class of length |Ao|/|PT'L(2, 8)|,
[An]/|M11], [Ar2]/IM12], [A23] /|M23], or [Azs| /| Ma4] respectively.

‘We may rule out the possibility of G = AGL(c, 2) in (d) by noting, as in [32], that AGL(c, 2)
acts two-transitively on the c-dimensional vector space over GF(2) ~ Z, [41]. Since this vector
space is 2¢ dimensional, we may associate vectors with points in €2, and we are done by the
logic that solved case (b). Since G = V647 acts two-transitively on €2 [31], we see this will
not work either. We may rule out the remaining possibilities in case (d) by similar logic to that
employed in case (c). This logic also rules out case (e).

Let us now consider case (f). Here we may use the fact that non-trivial conjugacy classes
in S, have length at least n(n — 1)/2. As is well known, conjugacy classes in A, either have
the same length as those in S, or else they have half the length. As a result, we conclude that
non-trivial conjugacy classes in A, have length at least n(n — 1)/4. This reasoning implies that
A, 18 too large to act as a centralizer in A,, (this statement holds since we can use GAP [33]
to explicitly check all cases n < 11; therefore, we need only worry about the cases n > 11).
This logic also rules out case (h). Cases (i) and (j) may be ruled out by explicit computation
in GAP.

This leaves case (g). Here we may use the fact that A,_, fixes two points in €2 and acts
(n — 4)-transitively on the remaining n — 2 points in ' C €. In fact, since we can check with
GAP that this scenario does not arise for n < 11, we only need to discuss the case n > 11
and use the weaker condition that (n — 4)-transitivity implies two-transitivity. Without loss of
generality, we can again take non-trivial o € A, satisfying o(1) = 2. Without further loss of
generality, there are three sub-cases to consider:

(@) 0(2) = 1 and 0(3) = 4.
(b) 0(2) =3 and o(3) = 1.
(©) 0(2) = 3 and 0(3) = 4.

Let us consider (a) first. Suppose that 1,2 € . By transitivity, we can choose g € A, »
such that g(1) = x # 1,2 and x € Q. We then have o(x) = a # 2. By two-transitivity, we may
choose g(2) = 2 # a, and we have g~ 'og(1) = g 'o(x) = g7 '(a) # 2 = o(1). Next, suppose
that 1 € ' but2 ¢ '. Here we are forced to choose g(2) = 2, but this does not matter. Indeed,
the same logic we used when both 1,2 € Q' now works in this case as well. Continuing on,
suppose instead that 1 ¢ Q' but 2 € '. Here we are forced to take g(1) = 1. Since 2 € ', we
are free to choose g(2) = y # 2. Asaresult, we have that g~ 'og(1) = g7 'o(1) = g7 '(2) £ 2 =
o(1). To finish our discussion of (@), let us suppose that 1,2 ¢ Q. Then, g(1) = 1 and g(2) = 2.
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So g 'og(l) = 2 = o(1). However, we have that 3,4 € '. As aresult, we can repeat our logic

for the case 1,2 € ' with 1,2 — 3, 4.

Next consider (b). This case can be treated identically to (a) except for the scenario in which
1,2 ¢ Q. However, the treatment here is similar. We must have 3 € €’ and so we can take
g(3) = x # 1,2,3. We also have 0(x) = a # 1. Therefore, g '0g(3) = g 'o(x) = g '(a) # 1
(if a € €, then this is clear since 1 ¢ Q'; if a = 2, then g~ !(a) = 2).

Finally, consider (c). This case may be treated analogously to (a). (]
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