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Abstract We explore the mechanism that can explain the
production of lepton asymmetry and two types of sterile
neutrino dark matter. The first type involves heavy sterile
dark matter produced directly by the decay of Q-balls which
are formed by first-order phase transition in the early uni-
verse; the second consists of keV sterile neutrino dark mat-
ter, produced resonantly with the aid of lepton asymmetry
from Q-ball decay. Besides, gravitational waves from cosmic
strings generated during the phase transition process could
be detected at future interferometers.

1 Introduction

The origin and properties of dark matter (DM) are still being
explored now, with sterile neutrino being one of the famous
DM candidates [1]. Among the simplest extensions of the
Standard Model, right-handed neutrinos account for the non-
vanishing active neutrino masses through the see-saw mech-
anism. In the Standard Model extended by three right-handed
neutrinos, the baryon asymmetry of the universe can be
explained by the CP-violating decay of the two heavier ster-
ile neutrinos, which is the so-called leptogenesis mechanism
[2]. And the lightest right-handed neutrino, being the sterile
DM, can be produced through active-sterile neutrino oscil-
lation, known as the Dodelson–Widrow (DW) mechanism
[3]. However, the DW mechanism has been ruled out by the
Lyman-α and X-ray constraints [4]. These constraints can
be evaded by modified or alternative mechanisms, like Shi–
Fuller mechanism [5], singlet decay [6–9] or evaporation of
primordial black holes [10].
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The Shi–Fuller mechanism requires a substantial lepton
asymmetry in the universe. In order to avoid conversion into
baryon asymmetry by the electroweak sphaleron process, it
demands that the lepton asymmetry must be generated after
the electroweak phase transition. Extensive research has been
conducted on mechanisms for achieving such asymmetry,
including low-scale leptogenesis from right-handed neutrino
oscillations [11–13], secondary leptogenesis [14,15], and L-
ball decay [16]. Notably, this significant neutrino asymmetry
can be experimentally probed through precision measure-
ments of the relativistic degrees of freedom Neff in Cosmic
Microwave Background (CMB) experiments, and also has
potential implications for Big Bang Nucleosynthesis (BBN)
estimates.

In this work, we propose a mechanism that can explain the
production of baryon asymmetry, lepton asymmetry and ster-
ile neutrino DM. The Q-balls are produced during U (1)B−L

symmetry breaking. After the electroweak phase transition,
the Q-balls decay into the lepton asymmetry and sterile neu-
trino DM. The generated lepton asymmetry can also sup-
port the production of sterile neutrino DM from resonant
active-sterile neutrino oscillation. Interestingly, this mecha-
nism can produce gravitational wave (GW) signals which can
be detected by future experiments. The U (1)B−L breaking
can produce gravitational wave spectra originating from both
cosmic strings and phase transition.

This paper is structured as follows: in Sect. 2, we explore
the first-order phase transition (FOPT) in theU (1)B−L model
and its associated GW signals. Section 3 briefly discusses
the baryon asymmetry arising from leptogenesis within the
B − L model. Section 4 discusses heavy sterile DM and keV
sterile neutrino DM, both produced with assistance of Q-ball
decay, and their relation to lepton asymmetry. The concise
conclusion is given in Sect. 5.
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2 B − L model

We introduce three right-handed neutrinos (ν1
R = νs, ν

2
R, ν3

R)

where the first generation is the DM candidate and one scalar
S = (vϕ + ϕ + iσ)/

√
2 that breaks the gauged B − L sym-

metry. We also introduce a “neutrino-philic” complex scalar
� which directly couples only to the neutrinos and the sterile
neutrino νs . The three right-handed neutrinos, S and � are
charged under B − L symmetry with quantum number -1, 2
and 2 respectively.

LB−L =
∑

i

ν̄iRi D−12.5mu/νiR+DμS
†DμS+Dμ�†Dμ�

−1

4
Z ′

μν Z
′μν −V (S,�)− 1

2

∑

i, j

(
yi jR ν̄

i,c
R Sν

j
R+h.c.

)

−
∑

i, j

(
yi jD �̄iL H̃ν

j
R + h.c.

)
+ Ldecay, (1)

where we adopt the classically conformal assumption for the
potential V (S,�),

V (S,�) = λs |S|4 + λφ |�|4 + λφs |S|2|�|2, (2)

and a interaction term depicting � decay [17,18],

Ldecay = −
∑

i

yiν ν̄
i,c
L �νiL − ys ν̄

c
s�νs + h.c. (3)

We assume the vacuum expectation value of � is zero, so the
� does not contribute to the masses of neutrinos and sterile
neutrinos. After breaking of the B − L symmetry, the right-

handed neutrinos acquire Majorana masses, Mi j
R = yi jR√

2
vϕ .

As a result of the type-I seesaw mechanism, the left-handed
neutrino masses are given by

mν � mDM
−1
R mD � |yD|2v2

EW

2MR
, (4)

where mD is the Dirac masses after the electroweak phase
transition and vEW is the vacuum expectation value of the
Standard Model Higgs. We will set Mi j

R = diag(M1
R, M2

R,

M3
R) and M1

R = mνs is the mass of the lightest right-handed
neutrino, the sterile neutrino. When the mass of sterile neu-
trino DM mνs weighs about 10 keV, for vϕ ≈ 109GeV, the
Yukawa coupling has to be satisfied y1

R ≈ 10−14. It has been
shown that the sterile neutrino DM does not come into ther-
mal equilibrium if y1

R � 10−6 after inflation [19,20]. In
this work we discuss two possible production mechanism of
sterile neutrino DM, the contributions from decay and the
active-sterile neutrino oscillation.

2.1 Effective potential

The zero temperature effective potential is given by Gildener–
Weinberg potential (see Appendix A)

V0(ϕ) = B1ϕ
4
(

log
ϕ

vϕ

− 1

4

)
+ B1

4
v4
ϕ, (5)

where

B1 = 3

2π2

(
λ2

φs

96
+ g4

B−L −
∑

i

y4
R,i

96

)
, (6)

The potential is defined to be zero at ϕ = vϕ . Note we have
neglected the contribution from ϕ as λ2

s � λ2
φs, g

4
B−L , (yiR)4

as usual in the Coleman–Weinberg mechanism [21,22]. The
Gildener–Weinberg potential provides the scalar mass of
scalar ϕ, Mϕ = 2

√
B1vϕ .

The one-loop thermal corrections is

Vth =
∑

i=bosons

ni
2π2 T

4 JB
[mi

T

]
+

∑

i=fermions

ni
2π2 T

4 JF
[mi

T

]
,

(7)

where mi is the field-dependent mass, ni denotes the degree
of freedom of the bosonic/fermionic particles and thermal
integral functions are defined as

JB/F (y) = ±
∫ ∞

0
dxx2 log

(
1 ∓ e−

√
x2+y2

)
. (8)

In the calculation of the thermal potential, we include
contributions from daisy resummations [23,24]. Two resum-
mation techniques can be chosen: the Parwani method
[23], which incorporates thermal-corrected field-dependent
masses and thermal counter-terms, and the Arnold–Espinosa
method [24] where the thermal corrections are solely added
in the JB function. Our analysis utilizes the Arnold–Espinosa
method. The daisy contributions are expressed as

Vdaisy (ϕ, T )=−
∑

i

gi T

12π

[
(m2

i (ϕ)+�i )
3/2−m3

i (ϕ)
]
, (9)

with

�� = λφs

24
T 2, �Z ′

L
= 4g2

B−LT
2. (10)

The total finite temperature effective potential is

Veff(ϕ, T ) = V0(ϕ) + Vth(ϕ, T ) + Vdaisy(ϕ, T ). (11)

2.2 FOPT

The phase transition in the early Universe involves symmetry
breaking, proceeding through bubble nucleation, growth, and
collide. The critical temperatureTc is defined where the effec-
tive potential’s minima are degenerate, Veff(v(Tc), Tc) =
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Veff(0, Tc), with v(Tc) as the true vacuum value at Tc. Nucle-
ation starts at the nucleation temperature Tn , where the nucle-
ation rate is given by

�(T ) ≈ T 4
(
S3(T )

2πT

)3/2

e−S3(T )/T , (12)

with S3(T ) being the action of the O(3) symmetric bounce
solution [25].

The nucleation temperature Tn is typically defined by

� (Tn) H
−4 (Tn) ≈ 1, (13)

and H(T ) is the Hubble expansion rate,

H2(T ) = 8π

3M2
pl

(ρr + �Veff(T )) , (14)

where ρr = π2g�T 4/30 represents radiation energy density
with g� being the relativistic degrees of freedom and Mpl =
1.22 × 1019 GeV is the Planck mass. The potential energy
difference between the false and true vacuum is defined as

�Veff(T ) = Veff(0, T ) − Veff(vϕ(T ), T ).

This potential difference drives bubble expansion in the uni-
verse, reducing the volume of the false vacuum over time.
The probability of finding a point in the false vacuum reads,

p(T ) = e−I (T ), (15)

where I (T ) is the fraction of vacuum converted to the true
vacuum,

I (T ) = 4π

3

∫ Tc

T
dT ′ �

(
T ′)

T ′4H (T ′)

[∫ T ′

T
dT̃

vw

H(T̃ )

]3

. (16)

The percolation temperature Tp, is defined by I (Tp) =
0.34 [26,27].

We use the following definition of the phase transition
strength:

α ≡
(
1 − T

4
∂

∂T

)
�Veff

ρr

∣∣∣∣∣
T=Tn

, (17)

The inverse time duration β at nucleation temperature Tn is
defined as

β

H
= T

d

dT

(
S3

T

)∣∣∣∣
T=Tn

. (18)

We use CosmoTransitions [28] to calculate the phase
transition dynamics. Four benchmark points are shown in
Table 1 where we fix gB−L = 0.05 and y2

R = y3
R = 1.2.

y1
R provides the mass of sterile neutrino DM and can be neg-

ligible. We concentrate on α � 1 since larger values of α

result in an ultra-supercooling phase transition, leading to an
ultra-relativistic bubble wall velocity. In this case, Q-balls
can hardly form because almost all particles will penetrate
into the bubbles.

Table 1 Four sets of benchmark parameters for the B−L model where
we fix gB−L = 0.05 and y2

R = y3
R = 1.2

λφs vϕ (GeV) Tn (GeV) β/H α

BP1 3.8 109 1.05 × 108 72.71 0.94

BP2 4 5 × 109 5.75 × 108 70.01 0.75

BP3 4 1.3 × 1010 1.41 × 109 64.65 0.93

BP4 4.2 5 × 1010 5.9 × 109 62.05 0.76

2.3 GW spectra

In our scenario, two sources generate GWs: firstly, the
U (1)B−L FOPT produces GWs through bubble collision,
sound waves, and turbulence within the plasma. Secondly, the
cosmic strings formed subsequent to the U (1)B−L breaking
continuously emit GWs. We will discuss these two mecha-
nisms in detail in Appendices B and C. The GW spectra for
four benchmark points are depicted in Fig. 1, alongside var-
ious expected sensitivity curves for different detectors. We
have chosen the bubble wall velocity vw = 0.6, and find that
the peak frequencies of the GWs generated during the FOPT
typically occur around or exceed 103 Hz, which places them
beyond the detection capabilities of upcoming GW obser-
vatories. Conversely, the GW spectrum linked with cosmic
strings displays a relatively flat profile, particularly for larger
vϕ . Specifically, for BP4, the GW signal can be detected by
several future detectors such as LISA [29], TianQin [30],
DECIGO [31], BBO [32] and CE [33].

3 Leptogenesis

During the bubble expansion, a given fraction of right-handed
neutrinos can penetrate into the bubbles and then decay into

Fig. 1 GW signals emitted from cosmic strings (represented by solid
lines) and during FOPT (represented by dashed lines) for four bench-
mark points are summarized in Table 1
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the lepton asymmetry. In this study, the baryon asymmetry of
the universe is generated by the decay of the second lightest
right-handed neutrino ν2

R , such that the lower bound on M1
R

disappears and is replaced by a lower bound on M2
R . The life-

time of ν1
R is proportional to (M1

R)−5 [34] and is sufficiently
long for keV-scale right-handed neutrino to be the DM candi-
date. This scenario has been explored in various studies [35–
38], which demonstrate that the mass of second lightest right-
handed neutrino must satisfiy 109 GeV � M2

R � 1012 GeV.
We refer to ν2

R as N in the following discussions. The final
baryonic asymmetry is then written as follows

YB = εCPκsphκpenκdepκwashY
eq
N

(
Tn
TRH

)3

. (19)

where Y eq
N ≡ neq

N /s is the equilibrium abundance of right-
handed neutrinos, εCP is the CP asymmetry of the decay of
heavy right-handed neutrinos and κsph = 28/79 is the frac-
tion of lepton aymmetry that is converted into baryon asym-
metry by electroweak sphalerons. Reheating temperature is
defined by TRH � (1+α)1/4Tn . κpen is the fraction that right-
handed neutrinos penetrate into the bubbles. The κdep and the
(Tn/TRH)3 account for the suppression comes from the pro-
cess like NN → ϕϕ which depletes the RHN population and
the reheating effects after phase transition respectively. κwash

is the wash-out parameter induced by the inverse decay and
scatterings. The bubble wall dynamics could help to enhance
the factor κwash [39]. This works as follows: the penetrated
RHNs are suddenly out of equilibrium if their masses satisfy
MN � Tn , then the wash-out effects are Boltzmann sup-
pressed. This can often be realized in strong FOPT. There-
fore, the required CP asymmetry is much smaller. However,
the strong super-cooling FOPT also introduces extra sup-
pression factor κpen(Tn/TRH)3. It has been shown in Ref.
[40] that the enhancement of bubble-assisted leptogenesis is
maximized at α ∼ 5 and MN/TRH � 7, and the B − L
breaking scale could be reduced to O(109 GeV) which can
produce observational FOPT gravitational wave spectra.

Our work can not only take into account this bubble-
assisted scenario, but also include extra contributions. The
penetrated ν2

R could decay into lepton asymmetry in the usual
way. Besides, the penetrated scalars � could also decay into
leptons in terms of � → νν. We do not discuss the leptoge-
nesis in details although we are motivated by it.

4 Lepton asymmetry and sterile neutrino DM

The field S undergoes the FOPT and subsequently induces
the formation of the Q-balls from �. The Q-balls then decay
into sterile neutrinos and lepton asymmetry stored for reso-
nant production. Consequently, there are two primary mech-

anisms for neutrino genesis in this context: one is the decay of
the Q-balls, and the other is the resonant oscillation process.

4.1 Q-balls from FOPT

Assuming the dark scalar � carries a good U (1) symmetry
like U (1)X , the conserved number N� − N�† can be packed
by the true vacuum bubbles [41–45]. We do not focus on the
origin of this primordial asymmetry in this work. At approx-
imately T�, the false vacuum remnants shrink to the critical
size R�. The “critical” means at this size there can not be
another bubble nucleate in the false vacuum remnant, oth-
erwise it will fission into more packets. This condition is
expressed by:

� (T�)
4π

3
R3

��t ∼ 1, (20)

where �t = R�/vw represents the time required for shrink-
ing. The remnants shrink into Q-balls and the number density
of Q-balls is given by:

n�
Q =

(
3

4π

)1/4 (
� (T�)

vw

)3/4

p (T�) , (21)

where we used the condition 4π
3 R3

�n
�
Q = p(T�) = 0.29 [44].

In a remnant, the trapped Q-charge is Q� = Ftrapη�s�/n�
Q

with η� = n�/s being the primordial asymmetry and s� =
2π2g�T 3

� /45 being the entropy density at T�. The trapping
function Ftrap depicts the fraction of particles that are trapped
into the false vacuum. It depends on the bubble wall velocity
vw [46–49] andm�/T� [50–52]. For vw = 0.6 andm�/T� =
10, there are 96% of particles � being trapped inside the false
vacuum. In this work, we set Ftrap = 1 for simplicity. And
when all heavy particles � and �† are reflected, the upper
limit of bubble wall velocity is given by [51]

�Veff = π2

45

(1 + vw)3

1 − v2
w

T 4, (22)

which can be rewritten by using �Veff ≈ α × ρr ,

α = 2

3g�

(1 + vw)3

1 − v2
w

. (23)

For α = 0.5 and g� = 110, the bubble wall velocity vw

is limited to less than 0.95. When we consider the FOPT
happens in radiation dominated era and T� ≈ Tp, the bounce
action can be expressed as [53]:

S3 (T�)

T�

≈ 76 − 4 log

(
T�

108 GeV

)
− 4 log

(
β/H

100

)

+3 log vw − 2 log
( g�

100

)
, (24)
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Then the initial charge of the Q-ball is

Q� ≈ 1.12 × 1024 × v3
w

( η�

10−3

) ( g�

100

)−1/2

×
(

T�

108 GeV

)−3 (
β/H

100

)−3

, (25)

Besides, it is convenient to rewrite the �Veff ≈ α × ρr (T�).
The Q-ball parameters RQ and mQ are obtained by minimiz-
ing its energy E(R) = πQ

R + 4π
3 R3�Veff ,

RQ =
(

Q

4�Veff

)1/4

, mQ = 4
√

2π

3
Q3/4�V 1/4

eff , (26)

The effective particle energy ωQ inside a Q-ball is given
by ωQ ≈ π/RQ :

ωQ ≈ 1 TeV × α1/4v−3/4
w

( η�

10−3

)−1/4 ( g�

100

)3/8

×
(

T�

108 GeV

)7/4 (
β/H

100

)3/4

, (27)

After the Q-balls formation, it will decay into the neutrinos
and sterile neutrinos. If ωQ > 2mν, 2mνs , the decay process
is kinetically allowable. We adopt the saturated Q-ball decay
rate [54]:

�Q � 1

Q

ω3
Q

96π2 4πR2
Q, (28)

In our model, the Q-ball can decay into both neutrinos
and sterile neutrinos. It has been demonstrated in Ref. [55]
that when Q-ball decay is saturated, the branching ratio for
particle production by Q-ball decay should correspond to the
ratio of the rate for the elementary processes. Specifically,
the decay widths for the elementary processes where free
� particles decay into neutrinos and sterile neutrinos are

given by �(� → νν) = y2
νm�

16π
and �(� → νsνs) = y2

s m�

16π
,

respectively. Then the branching ratio of Q-ball decaying into

sterile neutrinos is BRs = �(�→νsνs )
�(�→νν)+�(�→νsνs )

= y2
s

y2
ν +y2

s
. By

using dQ/dt = Q�Q , we obtain the evolution of the charge
of Q-ball respect to time,

Q = Q�

[
1 − (t − t�)

τQ

]4/5

, (29)

with τQ = 96Q5/4
�

5π2(4�Veff )1/4 . For convenience, we approximate
the percolation temperature T� and reheating temperature
TRH as being equivalent to the nucleation temperature Tn
due to the mild α. The decay temperature is given by

Tdec =
(

45

4π3g�

)1/4 √
�QMpl, (30)

which leads to

Tdec � 10 MeV × α1/8v−15/8
w

( η�

10−3

)−5/8 ( g�

100

)3/16

×
(

Tn
108GeV

)19/8 (
β/H

100

)15/8

. (31)

The decay temperature has to be larger than 4 MeV in order
to avoid the BBN constraint [56]. The energy density ratio
of Q-ball to radiation at Tdec is given by:

nQmQ

ρr

∣∣∣∣
Tdec

= n�
QmQ

ρr (Tn)

Tn
Tdec

� 191 × α1/8v9/8
w

( η�

10−3

)11/8

×
( g�

100

)3/16
(

Tn
108GeV

)−5/8 (
β/H

100

)−9/8

,

(32)

which exceeds unity for the benchmark parameters, ensuring
domination by the Q-ball.

For producing lepton asymmetry, the production has to
avoid the electroweak sphaleron such that the decay temper-
ature is restricted to be below the temperature of electroweak
phase transition.

4.2 Lepton asymmetry

In this work, since the entropy density at Tdec is 4(
nQ(Tdec)mQ + ρr (Tdec)

)
/3Tdec, the lepton asymmetry

comes from the Q-ball decay reads,

ηL � 2BRL
3n�Tdec

4
(
n�
QmQ + ρr (Tn)

Tdec
Tn

)

=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

2 × 10−3 BRL

(
η�

10−3

)
, RD

10−5 × α−1/8v
−9/8
w BRL

(
η�

10−3

)−3/8

× ( g�

100

)−3/16
(

Tn
108 GeV

)5/8 (
β/H
100

)9/8
, QD

(33)

where BRL = ∑
i (y

i
ν)

2/
(
y2
s + ∑

i (y
i
ν)

2
)

and BRs = 1 −
BRL are the branching ratio that decay into neutrinos and
sterile neutrinos respectively. RD and QD represent the Q-
ball decay in radiation dominated universe and Q-ball dom-
inated universe respectively. We fix α = 0.5, vw = 0.6,
g� = 110, β/H = 100 and the corresponding ηL is shown
in Fig. 2. We can see that the maximal lepton asymmetry
produced by Q-ball decay in the conformal B − L model
can only reach 0.0005. This is because the lepton asymmetry
is proportional to α−1/8(β/H)9/8 and the conformal model
often predicts large α and small β/H . It needs to decrease the
α and increase β/H for producing larger lepton asymmetry.
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Fig. 2 Constraints on the nucleation temperature Tn and lepton asym-
metry η� in a Q-ball decay scenario. The upper bounds ensure that lep-
ton asymmetry is sufficient for resonant production without conversion
to baryon asymmetry through electroweak sphaleron processes, where
Tsph ≈ 100GeV. The lower bound is based on the BBN constraint

4.3 Heavy sterile neutrino DM: Q-ball decay

The number densities of Q-ball and decayed particles sterile
neutrino are related as follows

nνs (Tdec)

s(Tdec)
= BRs

BRL
ηL . (34)

And the relic density of neutrino is:

�dec
νs

h2 = nνs(T0)mνs

ρc
h2 = nνs (Tdec)s(T0)mνs

s(Tdec)ρc
h2, (35)

the critical energy density, represented as ρc, is defined as
3H2

0 M
2
Pl/(8π), which is equivalent to (2.5 × 10−12GeV)4.

H0 denotes the Hubble constant today, and
h = H0/

(
100 km s−1 · Mpc−1

) ≈ 0.67. Actually, there
may also be contributions from the penetrated ϕ and �.
Assuming the penetrated scalars is in thermal equilibrium
through some portals like Higgs portal, in Ref. [57], it has
been shown that the contribution to the sterile neutrino DM
relic density from the decay of the scalars, when we neglect
the reheating due to Q-ball decay, reads,

��
νs
h2 � 8.64 × 10−8 ×

(
BRs

10−6

)( mνs

GeV

)3
(

108 GeV

mϕ

)

×
(

108 GeV

vϕ

)2

, (36)

which should be negligible in this work.
If the sterile neutrinos from Q-ball decay compose all the

observed DM, the free-streaming length is given by [58]

Fig. 3 Free-streaming length of sterile DM which is produced from
Q-ball decay. Solid, dashed and dotted lines denote lFS = 1 Mpc, lFS =
0.1 Mpc and lFS = 0.01 Mpc respectively. CDM and HDM denote
“cold dark matter” and “hot dark matter” separately. The gray region
represents 2mνs > ωQ where the Q-ball decay into sterile neutrinos is
forbidden

lFS � 0.1 Mpc

(
3.36

g�(TNR)

)1/2 (
3.91

gs(TNR)

)−1/3 (
keV

TNR

)

×
[

1 + log

(
TNR

Teq

)
+ 1

4
log

(
g�(TNR)

g�(Teq)

)]
, (37)

where Teq ≈ 3 eV is the temperature at matter radiation
equality and gs(T ) is the effective number of relativistic
entropy degrees of freedom. DM becomes non-relativistic
when the DM momentum pνs (TNR) = (ωQ/2)[(gs(TNR)TNR)

/(gs(Tdec)Tdec)]1/3 � mνs and the corresponding tempera-
ture

TNR = Tdec

(
2mνs

ωQ

) (
gs(TNR)

gs(Tdec)

)−1/3

= 0.15 eV
( mνs

10 keV

) (
gs(TNR)

gs(Tdec)

)−1/3
α−1/8v

−9/8
w

×
(

η�

10−3

)−3/8 ( g�

100

)−3/16
(

Tn
108GeV

)5/8 (
β/H

100

)9/8
,

(38)

we set g�(TNR) = 3.36 and gs(TNR) = 3.91 for TNR <

1 MeV. The free-streaming length is shown in Fig. 3.
From Fig. 3 it can be seen that if the sterile neutrinos

from Q-ball decay compose all the observed DM, the sterile
neutrino mass has to satisfy

mνs � 100 MeV. (39)
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4.4 keV sterile neutrino DM: oscillation production

The distribution of sterile neutrinos evolves in the universe
according to the following formula [59]:

d fνs
dt

= �νa

4
sin2 2θM

(
fνa − fνs

)
, (40)

where �νa = ya(T )G2
F pT

4 is the thermal width of the active
neutrinos with GF and ya(T ) being the Fermi coupling con-
stant and prefactor that depends on the temperature of uni-
verse separately, then

sin2 2θM � �2 sin2 2θ

�2 sin2 2θ + �2
νa

/4 + (� cos 2θ − Va)2 , (41)

with � ≈ m2
νs

2p and θ � mν/mνs is the mixing angle
in vacuum. The thermal self-energy of neutrinos and anti-
neutrinos, Va and Vā , can be expressed as [60,61]:

Va,ā = ±√
2GF

⎛

⎝2ηνa +
∑

b 
=a

ηνb

⎞

⎠ s(T ) − BaqT
5, (42)

where q = p
T , s(T ) denotes the entropy density at temper-

ature T and a, b refer to the flavors of neutrinos, Ba is a
constant valued at 10.88 × 10−9 GeV−4 for a = e [62].

Using θ ≈ 0, the total sterile neutrinos follows the rela-
tion:

d fνs
dt

= �νam
4
νs

sin2 2θ

16p2

(
fνa
ω2

eff

+ fν̄a
ω̄2

eff

)
, (43)

Here, we make the approximation fνa , fν̄a � fνs , and define

ω2
eff = (

m2
νs

2p − Va)2 + �2
νa
4 and ω̄2

eff =
(

m2
νs

2p − Vā

)2

+ �2
νa
4 .

We follow the general approach to solve the Boltzmann
equation by defining a dimensionless co-moving momentum

ξ =
(
gs (Ti )
gs (T )

) 1
3
q, and Ti denotes the reference temperature.

To determine the distribution function for sterile neutrinos,
we postulate that the active neutrinos maintain thermal equi-
librium and obey the Fermi-Dirac distribution. Our analysis
focuses solely on the oscillation between electron neutrinos
and sterile neutrinos, as follows:

fνe,ν̄e (ξ, T ) = 1/

[
1 + exp

(
q ∓ 4π2

15
gs(T )ηνe(T )

)]
.

(44)

Here we consider the initial lepton asymmetry ηini
νe

≈ ηL and
the time evolution of ηνe is given by [61,63]:

d

dt
ηνe (T ) = −45m4

νs
sin2 2θ

64π4gs(Ti )

∫
dξξ2 �νe (ξ, T )

p2

×
(

fνe (ξ, T )

ω2
eff(ξ, T )

− fν̄e (ξ, T )

ω̄2
eff(ξ, T )

)
. (45)

In order to solve the Eqs. (43) and (45) numerically, we
should utilize the time-temperature relation, which reads:

dt

dT
= −

√
45

4π3g�(T )

Mpl

T 3

(
1 + 1

3

g′
s(T )

gs(T )

)
, (46)

the prime notation represents differentiation with respect to
temperature. Utilizing fitting formulas cited in Ref. [64], we
calculated how the effective number of relativistic entropy
degrees of freedom, gs(T ), and its rate of change, g′

s(T ),
evolve with temperature.

Therefore, the relic abundance of sterile neutrinos from
oscillation part can be obtained by:

�
osc

νs
h2 = mνs h

2T 3
0

ρc

gs (T0)

gs (Ti )

∫
dξ

2π2 ξ2 fνs
(
ξ, T = T f

)
, (47)

where we choose T f = 100 keV as the final temperature in
numerical calculation. If the sterile neutrino DM is produced
by the pure resonant active-sterile neutrino oscillation, in Ref.
[63] the constraint from Lyman-α can be evaded when the
sterile neutrino mass fulfills the relationmνs � 8.4 keV. This
is reconsidered in Ref. [61], mνs � 18 keV for η� � 10−4.

From Eqs. (37) and (38) it is easy to see that for mνs ∼
O(10 keV), lFS � 0.1 Mpc and the DM from Q-ball decay is
hot. In this case, the contribution of sterile neutrino DM from
Q-ball decay must be subdominant. Besides, these hot DM
behaves like dark radiation in the early stage after Q-ball
decay. They contribute to the effective number of neutrino
species [65],

�Neff = ρνs

(
Teq

)

ρr
(
Teq

)
[
Nν + 8

7

(
11

4

)4/3
]

, (48)

where Nν = 3.045 in the standard model [66,67] and
ρνs

(
Teq

)
/ρr

(
Teq

) ≈ BRs . Further, Q-ball decay sterile neu-
trinos can also contribute to total sterile neutrino abundance,
thus �νs h

2 = �dec
νs

h2+�osc
νs

h2. Because the sterile neutrinos
from decay are hot, we set �dec

νs
h2/0.12 � 0.1 for simplic-

ity. Since the decay contribution must be sub-dominate in
this case, we fix �dec

νs
h2 ≡ 0.012 here.

We assume the sterile neutrino DM gives the Majorana
mass of the lightest neutrino ν1 through the seesaw mecha-
nism, mν1 = m2

D/mνs . Based on neutrino oscillation data,
the best fit values for the mass-splittings are mν2 − mν1 ≈
0.0085 eV and mν3 − mν1 ≈ 0.05 eV, assuming a normal
hierarchy of neutrino masses [68]. Additionally, cosmologi-
cal data constrain the sum of the three neutrino masses to∑

i mνi < 0.118 eV [69]. These constraints suggest that
mν1 < 0.02 eV, although the exact value remains undeter-
mined. Consequently, we derive that sin2 2θ ≈ 4m2

D/m2
νs

≈
4mν1/mνs < 0.08 eV

mνs
< 10−5. We only get an upper bound

of sin2 2θ and thus treat it as a free parameter in this work.
We present the ms − sin2 2θ contour in Fig. 4 to illustrate
in explaining all DM with corresponding X-ray limitation.
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Fig. 4 The panel displaying sin2 2θ and mνs elucidates the compat-
ibility of �νs h

2 ≡ 0.12. The blue region is ruled out by the X-ray
constraints [70]

We observe that ηL ≥ 5 × 10−5 is required to evade X-ray
constraints at least.

5 Conclusion

In this paper, we have explored two types of sterile DM asso-
ciated with large lepton asymmetry, assisted by Q-ball decay
during the FOPT of theU (1)B−L model. Q-balls form during
the FOPT by trapping the number-conserved particles into
the false vacuum. We analyzed the GWs emitted through-
out the process. GWs originating from the FOPT are diffi-
cult to detect due to their high peak frequencies. In contrast,
GWs produced followingU (1)B−L symmetry breaking, par-
ticularly for larger vacuum values vϕ , are within the detec-
tion capabilities of future GW observatories, including LISA,
TianQin, BBO, DECIGO and CE.

For the two types of sterile DM, the first type involves
heavy sterile DM, with masses exceeding 100 MeV; the sec-
ond consists of keV sterile neutrino DM, produced resonantly
with the aid of Q-ball decay, which provides the requisite lep-
ton asymmetry. Additionally, small amounts of keV sterile
neutrino DM can also be produced directly by Q-ball decay.
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Appendix A: Zero-temperature potential

The one-loop contributions from Z ′, νiR and � induce a
Colman–Weinberg potential [71,72]

V 1
CW = 1

64π2

n∑

k=1

(−1)n f nkmk(ϕ)4
(

log
mk(ϕ)2

�2 − Ck

)
,

(A1)

where Ck = 3/2 (5/6) for scalars/spinors (vectors). � is the
renormalization group (RG) scale. We can substitute the field
dependent mass mk(ϕ) → Mk

vϕ
ϕ, where Mk is the measured

mass of particle k,

MZ ′ = 2gB−Lvϕ, Mi = yR,i
vϕ√

2
, MS =

√
λφs√
2

vϕ. (A2)

substituting in Eq. (A1) results the well-known Gildener–
Weinberg formula [73]

V 1
GW = Aϕ4 + Bϕ4 log

ϕ2

�2 , (A3)

where

A = 1

64π2v4
ϕ

n∑

k=1

gkM
4
k

(
log

M2
k

v2
ϕ

− Ck

)
,

B = 1

64π2v4
ϕ

n∑

k=1

gkM
4
k .

(A4)

The total zero-temperature potential then reads

V0 =
(
A + λs

4

)
ϕ4 + Bϕ4 log

ϕ2

�2 , (A5)

To find the true vacuum, one should find the minimum of the
potential (A5), given by

〈ϕ〉 = vϕ = �e
−

(
4A+λs

8B + 1
4

)

, (A6)
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Combining this with Eq. (A5) we can substitute RG scale
� and get:

V0 = B1ϕ
4
(

log
ϕ

vϕ

− 1

4

)
, (A7)

where

B1 = 3

2π2

(
λ2

φs

96
+ g4

B−L −
∑

i

y4
R,i

96

)
. (A8)

Appendix B: GWs during FOPT

The GW signals of a FOPT mainly comes from three sources:
bubble collision, sound wave and turbulence. The GW spec-
tra from bubble collision is given by [74,75]

�co( f )h
2 � 1.67 × 10−5

(
H

β

)2 (
κbα

1 + α

)2 (
100

g�

)1/3

× 0.11v3
w

0.42 + v2
w

3.8 ( f/ fco)
2.8

1 + 2.8 ( f/ fco)
3.8 , (B1)

where κb denotes the fraction of vacuum energy converted
into the wall kinetic energy. The peak frequency of bubble
collision processes is:

fco � 1.65 × 10−5 Hz

(
β

H

) (
0.62

1.8 − 0.1vw + v2
w

)

×
(

TRH

100 GeV

)( g�

100

)1/6
. (B2)

where TRH is the reheating temperature which is defined by
TRH � (1 + α)1/4Tn . GW spectrum from sound waves is
[76]:

�sw( f )h2 � 2.65 × 10−6ϒsw

(
H

β

)(
κ f α

1 + α

)2 (
100

g�

)1/3

×vw ( f/ fsw)3
(

7

4 + 3 ( f/ fsw)2

)7/2

, (B3)

where κ f represents the fraction of vacuum energy that trans-
fers into sound waves. The peak frequency is:

fsw � 1.9 × 10−5 Hz
1

vw

(
β

H

)(
TRH

100 GeV

)( g�

100

)1/6
.

(B4)

We have included the suppression factor of the short period
of the sound wave [77]

ϒsw =
(

1 − 1√
1 + 2τswH

)
, (B5)

where

τswH ≈ (8π)
1
3

vwH

β
√

3κvα/(4 + 4α)
. (B6)

The formula of the stochastic gravitational wave back-
ground spectrum from turbulence is [78]:

�turb( f )h2 � 3.35 × 10−4
(
Hvw

β

) (
κturbα

1 + α

)3/2 (
100

g�

)1/3

× ( f/ fturb )3

(1+ f/ fturb )11/3 (
1+8π f/h p

) , (B7)

and h p is expressed as:

h p = 1.65 × 10−5 Hz

(
TRH

100 GeV

)( g�

100

) 1
6
, (B8)

where

κturb = ε̃κ f , (B9)

We set ε̃ = 0.1. The peak frequency of gravitational wave
from turbulence processes is given by:

fturb � 2.7 × 10−5 Hz
1

vw

(
β

H

) (
TRH

100 GeV

)( g�

100

)1/6
.

(B10)

The total contribution to the SGWB can be calculated by
integrating these individual contributions:

�GW( f )h2 = �co( f )h
2 + �sw( f )h2 + �turb( f )h

2. (B11)

Further, we consider the redshift effect of the GW induced
by Q-ball domination and define a dimensionless redshift

factor R � Tdom
Tdec

, with Tdom � n�
QmQ

ρr (Tn)
Tn . The form of R

follows:

R � 188 × α1/8v9/8
w

( η�

10−3

)11/8 ( g�

100

)−7/48

×
(

Tn
108GeV

)−5/8 (
β/H

100

)−9/8

. (B12)

The peak frequency and the spectra will redshift as f ′
peak =

fpeak

R1/3 and �′
GW = �GW

R4/3 . However, we found for benchmark
points the dominating effect of Q-balls is not significant
enough to impact the shape of the spectra significantly, so
we neglect these redshift effects.

Appendix C: GWs emitted from cosmic strings

Cosmic strings, one-dimensional defects, arise during spon-
taneous symmetry breaking phase transition in the early uni-
verse. Particularly, we mainly consider Nambu-Goto cos-
mic strings that form subsequent to the U (1)B−L symmetry
breaking. Cosmic strings interact and collide to form smaller,
self-contained loops that emit GWs via cusps, kinks, and
kink-kink collisions.

Generally, The total power emitted in gravitational wave
by string loops can be described by quadrupole formula,
Ptotal = �sGμ2, G is the gravitational constant and μ ∼ v2

ϕ
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denotes the energy density per unit length. �s always be 50
through huge numerical simulation [79,80]. To account for
the dilution and expansion of the universe, the gravitational
wave energy density spectrum emitted by a network of cos-
mic strings is modeled as follows [81]:

dρGW(t)

d f
=

∫ t
dt ′ a

(
t ′
)4

a(t)4

∫
dl

dncs
(
l, t ′

)

dl

d PGW
(
l, t ′

)

d f ′
d f ′
d f

,

(C1)

and

d f ′

d f
= a(t)

a (t ′)
,

dncs
dl

(
l, t ′

) = dncs

dtk

dtk
dl

, (C2)

dPGW
(
l, t ′

)

d f ′ = �sGμ2l j

(
f
a(t)

a (t ′)
l

)
, (C3)

here, f ′ is the emission frequency, a(t) is the scale factor,
ncs(l, t) denotes the number density of the string loops of
length l and PGW(l, f ) is the power spectrum of GW with
frequency f emitted by a loop of length l. Loops are formed
with a length lk ≈ γ tk , where tk is the time of formation
and γ is a constant valued at 0.1 [80,82], as determined by
simulation. Besides, since the loops will lose energy when
emit GW outside, we can obtain the relation between loops
length and formation time: l = γ tk − �sGμ(t − tk). Then,
The loop number density production rate obtained from sim-
ulation [83–85]:

dncs

dtk
=

(
FCeff (tk)

γ t4
k

a (tk)3

a(t)3

)
, (C4)

where Ceff = 5.4 [86] represents the loop formation effi-
ciency in radiation domination epoch and F = 0.1 [82]
is energy conversion rate from infinite string network into
loops of size lk . Furthermore, the harmonics number n labels
the radiation frequency f = n/ l

2 . The corresponding power
spectrum for the discrete spectrum reads [83]:

j (x) =
∑

n

Pnδ(x − 2n), (C5)

and the average power in nth mode Pn follows the form

Pn = n− 4
3

ζ( 4
3 )

[87] with ζ( 4
3 ) being 3.6. According to Eqs. (C1)–

(C5), the stochastic GW spectrum is (t0 is the current cosmic
time and tform refers to the initial formation time):

�GW( f )h2 ≡ h2

ρc

dρGW

dlog f

= 8πh2

3H2
0

�sG2μ2

γ + �sGμ

∞∑

n=1

2n

f

∫ t0

tform

dt

(
a(t)

a (t0)

)5

×
(
FCeff (tk)

γ t4
k

a (tk)3

a(t)3

)
Pn .

(C6)
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