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Abstract: Parity doublet model is an effective chiral model that includes the chiral variant and invariant masses of
baryons. The chiral invariant mass has large impacts on the density dependence of models which can be constrained
by neutron star observations. In the previous work, models of two-flavors to few times nuclear saturation density
have been considered, but in such dense region it is also necessary to consider hyperons. In this work, we construct
SU@3),®SU(3)x invariant parity doublet models within the linear realization of the chiral symmetry. The major
problem in constructing such models has been too many candidates for the chiral representations of baryons. Motiv-
ated by the concepts of diquarks and the mended symmetry, we choose the (3,,3z)+ (3., 3z), (3L, 6z) + (6., 3x) and
(1, 8r)+ (8., 1z) representations and use quark diagrams to constrain the possible types of Yukawa interactions. The
masses of the baryon octets for positive and negative baryons up to the first excitations are successfully reproduced.
As expected from the diquark considerations, the ground state baryons are well dominated by (3;, 3z) + (3., 3z) and
(1., 8r)+ (8., 1) representations, while the excited states require (3;,6z)+ (6,,3z) representations. The model
should be useful to consider the chiral restoration for strange quarks at large density and the continuity of diquarks

from hadronic to quark matter.
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0 Introduction

Understanding the origin of the nucleon mass is one of
the most important subjects in hadron physics. Tradition-
ally, the chiral symmetry in quantum chromodynamics
(QCD) and its spontaneous symmetry breaking (SSB)[1_4]
are often used to study the nucleon mass. The order para-
meter of the chiral SSB is the chiral condensate (gq),
which is made of quark-antiquark pairs with different chir-
ality[5_7]. The finite chiral condensate in the vacuum gradu-
ally vanishes with increasing density or/and temperature.

The linear sigma model (LSM) is one of effective
models broadly used to study the SSB. In the LSM, the or-
der parameter of SSB is the expectation values of the scal-
ar field (o) «(gq) . In the traditional hadronic model with
LSM, the nucleon mass my is considered to be generated
mainly by chiral condensates. In this case, the nucleon mass
vanishes in the high density or temperature region where
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the chiral symmetry should be restored.

However, there may exist not only the conventional
chiral variant mass, but also chiral invariant mass ()
whose existence is supported by the previous lattice QCD
simulation!® '] If so, the nucleon mass would keep a fi-
nite value even if the chiral symmetry is restored. The
concept of the chiral invariant mass is naturally incorpor-
ated in a parity doublet model (PDM) for nucleons in which
the ordinary nucleon and its parity partner form a doublet
structurel 3729 Accordingly, nucleons in the PDM are less
sensitive to the chiral condensate than in the conventional
LSM. This feature affects the construction of nuclear and
neutron star (NS) equation of state (EOS), especially the
stiffness of the EOS.

In the context of applications to the NS phenomeno-
logy, the nuclear EOS within the PDM is often extended to
densities beyond the nuclear saturation density
ny~0.16 fm™ . This extrapolation has been achieved in
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various ways. One approach involves a straightforward ex-
trapolation of the PDM EOS beyond n,, as studied in
Ref. [21]. Another method combines the PDM EOS with a
quark model, assuming a quark-hadron crossover, which al-
lows for a smooth transition from hadronic matter to quark
matter>> 271, This hybrid approach, where the PDM EOS
is employed up to densities around 2-3 n, and interpolate
with the quark EOS at > 5n, via polynomial interpolants to
obtain the unified EOS. This unified EOS is valuable for
modeling the behavior of dense matter within NSs and can
provide us important insights into the intermediate density
region. However, the validity of a purely hadronic picture
at densities above 2n, is questionable because hyperons,
strange baryons containing strange quarks, may enter into
the matter and affect its properties. Taking this possibility
into consideration, it becomes necessary to explore the ef-
fect of strange quark at finite density. In the previous study
for the nuclear matter domain, we included the strange
quark effects through the Kobayashi-Maskawa-'t Hooft
(KMT) interactions and constructed a three-flavor mesonic
Lagrangian made of scalar and vector mesons(?3). The cor-
responding unified EOS was confronted with NS con-
straints from the NS merger GW170817128730 the milli-
second pulsar PSR J0030+0451 [31] and the maximum mass
constraint from the millisecond pulsar PSR J 0740+6620132].
Based on the above NS observation data, we constrained
my to the range 400 MeV < my < 700 MeV which is more
relaxed than in Ref. [23].

In this research, we investigate the influence of strange
quarks in the baryonic sector and developed a model based
on SU3),xSU@3); chiral symmetry. We construct the
model in the framework of the parity doublet structure
which allow us to introduce the concept of chiral invariant
mass. For the study of three flavors case, we begin with
chiral representations of quarks with left handed quark
qr ~ (31, 1) and right handed quark gz ~ (1;,3z). With
these quark representations, we calculate the possible rep-
resentations for baryons. Since octet-baryons appear from
the representation of (3;,3x), (3.,6z), (8.,1z) with L < R,
we introduce three types of baryon fields ¢, n and y re-
spectively. We then include mesonic fields and the parity
doublet structure in a chiral invariant way. Both the spectra
of baryons with positive and negative parity as well as the
first radial excitations are studied. Our previous construc-
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Quark contents for each baryon representations: (a) (3,3)+(3,3), (b) (3,6)+(6,3), and (¢) (8,1)+(1,8). The gray shaded

tion[33! including (3,, 3z), (8,,1z) with L < R representa-
tions was motivated by considerations on good diquarks,
but did not allow us successful fit to baryon spectra, even
after including higher orders of the Yukawa interactions. In
this work we manifestly include (3;, 6z)+ (6;, 3z) repres-
entation which is supposed to include bad diquarks. It turns
out that manifest inclusion of (3,, 6z)+ (6., 3z) allows us
to saturate ground state baryons with (3, 3z) and (8;,1z)
(with L & R) representations, and now positive and negat-
ive parity spectra up to the first excitations can be fitted
within physically reasonable model parameters. The de-
scription is in line with considerations based on good and
bad diquarks.

1 Model construction

The chiral representations of quarks under SU(3), x
SU(3); are written as

(QL)[ ~ 3, 1) ~ (uy, dy, SL)I’ (1

(C]R)l ~ (11, 3g) ~ (ug, dg, sg)’, 2

where the indices /, r =1, 2, 3. Since a baryon can be ex-
pressed as a direct product of three quarks, we have the fol-
lowing possibilities for the chiral representations of bary-
ons:

q.®(q.®qL+qr®qr) ~

(1, D+, 1)+ (8, 1)+ (10, 1) +(3,3) + (3, 6). )

The octet baryons are included in (3, 3), (3,6), and
(8, 1), which are illustrated in Fig. 1. We introduce the cor-
responding baryon fields i, n, y and its parity doubling

mir

partners Y™, ™, y™T as

lva ~ (3’ 3)’ lJ’Tir ~ (3’ 3)’ (4)
m~(3,6), n~(6,3), )
XL ~(8’ 1)9 X?irN(l’ 8) (6)

The right-handed fields are also defined in the similar
way. Here, the fields ¢ and y include the SU(3)-flavor
octet baryon field B; » as
(7

1
(mrr) _ & 4 (mrm) (mrr)
- AOL,R +BL,R
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diquark indicates flavor antisymmetric representation, while the yellow indicates symmetric one.
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Xix =By (8)
where A, is a singlet under the SU(3) flavor symmetry.
While the 7 field as

w1 _
(T]L n?l!‘)( L) — % (Eaacéf + eﬁac6z> (BL B;nr)f
9
mir\(@b.@) _ 1 aacé‘b bm‘éa B Bmir k ( )
(7r 1) —%(E K TE k)( R DL )c

where a,b=1,2,3 are for SUB), and a,B=1,2,3 for
SU(3)z . Here the index of ab and af are symmetrized to
express “6” representation. Each component of the octet ba-
ryon field B is assigned as
1 1
—22'+—A 2 p
V2 Ve

[I‘]
X
|

The introduction of the mirror fields enables us to
write down the mixing terms as

£CIM == m(ll)/tr (Jrlﬁ{nir - Ellﬁfm) +h.c—
mg [(ﬁr)(ah, ) (n?’lir)(db,d) - (ﬁ])(a,aﬁ) (n:nir)(a, Hﬁ):l + h.C—

mitr (e =Xx!™) +he,

an
where the transformation properties, e.g., ¥, — g, g5 and
Ymir — g yMirg’  with g, x € SU(3),.z, make the mass term
chiral invariant. The parameter mﬁ’” corresponds to the
chiral invariant mass. Note here that the  and y field
contain flavor-antisymmetric diquarks which are called
"good" diquarks, while (3, 6) contains flavor-symmetric
diquark called "bad" diquarks. We assume that baryons in
representations including "good" diquarks are lighter than
those including "bad" diquarks, so the chiral invariant mass
for each baryon field should follow m, 2 m, ~m,. For
simplicity, in this research, we set m, =m, .

2 Quark diagram for Yukawa interaction

In this section we study the mass spectra of octet-bary-
ons in a model with first-order Yukawa interactions, in
which baryons interact with each other with exchange of
mesons. For writing the Yukawa interactions, we introduce
a 3x3 matrix field M expressing a nonet of scalar and
pseudoscalar mesons made of a quark and an anti-quark.
The representation under SU(3), x SU3); is

M~ (3,3). (12)

We can then construct the chiral invariant Yukawa in-
teraction terms at the first order of M for several combina-
tions of ¢, Y™, n, p™, x, x™" fields. We will give some ex-

amples in the following.

For the case only with (3,3)+(3,3) representation,
the Yukawa interaction couples to a quark ¢z in the
(3., 3z) representation. In other words, the matrix M
couples to one of quarks forming a good diquark. After the
chiral flipping, the (3;,3z) representation is formed. The
same is true after exchanges of L and R. We then con-
struct the chiral invariant term at the first order in M as

L' =g, (Eubce“ﬂ”(JR)j(M)Z(lﬁL)fr + h.c) +

&2 (€™ e @ DLW +he) . (13)

where the ¢ is the totally asymmetric tensor. The corres-
ponding quark diagram is represented in Fig. 2.

YL Vg

Fig.2 Yukawa couplings between (3,3) and (3,3) baryon
fields.

For the Yukawa interactions between ¢ and y, the
matrix M couples to a quark ¢, in (3;, 3z) representation
forming a "good" diquark. After the chiral flipping the
(3, 6) representation is formed. We construct the chiral in-
variant Lagrangian at the leading order in M as

L7 =y, [Gabc(JR)Z(M V()P + h.c] +

¥s [e(,po-@,":")f,<M>’;(m>“’“ﬁ> N h.c] .4

The corresponding quark diagram is represented in
Fig. 3.

Fig.3 Yukawa couplings between (3,6) and (3,3) baryon

fields.

For the Yukawa interactions between ¢ and y, a
spectator quark ¢, in (3;, 3z) representation couples to M
and flips the chirality. Then the representation (1;, 8z) is
formed. We can then construct the following Lagrangian

L% =yt (I x, + hc) +yatr (PR My + hc)  (15)
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and the corresponding quark diagram as shown in Fig. 4.
Similar methods are applied to other types of interactions.
Here we have to emphasize that, at the first orders in M,
there are no Yukawa interactions that couple y; and yi
fields. This is because the y field contains three valence
quarks with all left-handed or right-handed so that Yukawa
interactions with y should include three quark exchanges
that flip the chirality of three quarks.

Yk AL

Fig.4 Yukawa couplings between (3,3) and (8,1) baryon
fields.

3 Numerical fitting

Following Ref. [34], we construct the SU(3); x SU(3)x
Lagrangian. We take the mean field approximation in
which the meson field M is replaced as its mean field as
(M) = diag(a, B,7y). In the following anaysis we assume
the isospin symmetry by taking « = . It is convenient to
introduce a unified notation for the chiral representations of
baryons as ¥ = Wi, 0. xo YsU™, yst ysx )" with i =
N, A, 2, E. We then calculate the mass terms of baryons in
the form of

L= MY, (16)

i=N.A2Z

where the M,(i=N,A,X,E) is the mass matrices for each
baryons. As an example, the mass matrix for nucleon is

3)71 v

g1 —%a —na my 0 0

%a —3—520 0 mg 0

M= 0 0 0 my
o e Lo oy |

V6

8, e,

2 Ve

0
a7

where we omit the lower triangular part of the matrix My,
which is understood from the fact that My is the symmtric
matrix (My)" = M, .

Diagonalizing this 6x6 matrix M;, we obtain six
mass eigenvalues. We focus on the first four state of bary-

ons in this research as the rest two state are completely pre-
dictions with large ambiguity. We determine the vacuum
expectation values (VEVs) of the meson field M from the
decay constants of pion and kaon as

2a=f, 2y=2fc—f. (18)

In Table 1, the input values of f; and f; are shown
together with the determined values of @ and .

Table 1 Physical inputs of the decay constants for pion and
kaon[35], and the VEV of the meson field (M)=
diag{e,@,y} .

fe 93 MeV

Jx 110 MeV

2a fx(=93 MeV)

2y 2fk — fo(= 127 MeV)

Using twelve mass values in Table 2, we fit the ten

Yukawa coupling constants g, g», 3, 84> V1> V2> Y3, Ya» Vs, Vs
by minimizing the following function:

12 mtheory _ minput 2
Fuin =Z[T] , (19)

i=1

where errors om; are taken as om; =10 MeV for the
ground-state baryons and dm; = 100 MeV for the excited
baryons. We take solutions with fi,, — /> < 1 and also put
the constrain from the Gell-Mann-Okubo relation by requir-
ing

D MAdoil < 100 MeV, (20)

where
mi[N]+mi[Z]  3m;[A] +m;[2]

2 4 1)

AGO,i =

with i indicating the octet generations as in Table 2. We
show the fitted mass spectrum together with the Gell-Mann-
Okubo relation in Fig. 5. In this figure, the blue box shows
the experimental values as inputs and the red line shows
best fitted values. We find that all the baryon masses be-
low 2 GeV are reproduced well. In previous research in
Ref. [33], we use (3,3)+(3,3) and (8, 1) + (1, 8) repres-
entations to construct a chiral invariant Lagrangian up to
second order Yukawa interactions, while the (3, 6) + (6, 3)
representations are assumed to be integrated out, leaving
some effective interactions. But the mass hierarchy between
2 and = cannot be correctly reproduced, indicating the ba-
ryon dynamics is not well-saturated by just (3,3)+(3,3)
and (8, 1) + (1, 8) representations. In this study, on the oth-
er hand, we included the (6, 3) + (3, 6) representation and
the mass hierarchy between X and Z state is fixed. We
also make some prediction about the mass of second ex-
cited state of 2 and excited states of = below 2 GeV.
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We also show the ratio for different representations in each combination of (m”, m"), the color for each point rep-

the baryon states in the first generation in Fig. 6 where for resent the ratio for ¢ +y field. The cross marks indicate

Table 2  Physical inputs for the baryon masses belonging to four SU(3) -flavor octets.

Mass inputs for octet members/MeV

JP N A x =z
my 1 1/2%(G.S.) N(939): 939 A(1116): 1116 2(1193): 1193 £(1318): 1318
my i 1/2* N(1440): 1440 A(1600): 1600 2(1660): 1660 E():
m3:1/27 N(1535): 1530 A(1670): 1674 =: EM):
my:1/27 N(1650): 1650 A(1800): 1800 X(1750): 1750 E):

1300 } 3 (@ 1 (b)
1250 t 1700 |
>1200 3 >
3] 21600 | x
21150 ¢ . | 2
£1100f g 2500l
1050 | =
1000 1400 |
950 | 4
N(393) 4 z E  NtE 34+X N(1440) 4 xz E  N+E 34+F
Baryons 2 4 Baryons 2 4
(© 2000 | (d)
1800 | I I
1900 | I
%1700 | I 03 I
=1800 I
£1600 | 8
= =1700 |
1500 | 1600 L
N(I535) A = E  NeE 34z N(1650) A > E NE 3z
Baryons 2 4 Baryons 2 4

Fig. 5

(color online) Numerical results of the four octet masses for the chiral invariant mass m¥ =m¥ =700 MeV and m" =

800 MeV. The blue box shows for the physical inputs with errors and the red line shows for the best fitting value.

v, 11, x ratio for N(939)

w, 1, x ratio for A

1400 | x X x x x x (a)x 1.0 1400 x x X x x x (b)x 1.0
1300} 08 1300} 08
1200} x x x @ x @ x 1200} x x x x @ x
>1100 0.6 >1100 0.6
Q
Z1000tx x @ @ x 21000tx  x @ x
= 900 | 0.4 = 900 0.4
800 | x x e O x x 800 | x x o o ©o x x
700 - 0.2 700 - 0.2
600 | x X i i X I i 0.0 600 | x X in X X I I 0.0
400 500 600 700 800 900 1000 ’ 400 500 600 700 800 900 1000 ’
m¥/MeV m’/MeV
v, 1, x ratio for 2| w, n, x ratio for =
1400 | x X x X X x 1.0 1400 | x x X X X x x 1.0
(0) (d)
1300} 08 1300} 08
1200 x x x x @ x 1200} x x x x @ x
>1100 0.6 >1100 0.6
=1000Fx  x @ ® < 21000 x % () x
= 900 0.4 = 900 | 0.4
800 Fx  x ® = x gorx x @ @ ® x x
700 | 02 00| 02
600 | x X X X X I I 0.0 600 | x X in A X In X 0.0
400 500 600 700 800 900 1000 ’ 400 500 600 700 800 900 1000 '
m¥/MeV mY/MeV

Fig. 6 (color online) Numerical results for the y+y field ratio for each combination of (m#®, m7) .
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that the combinations of (m”, m") are excluded since the
combination cannot satisfy fr, — fo < 1. From Fig. 6, we
find for all the possible combinations of (m",m"), ¥, x
field are dominant in the ground state, which is consistent
with the previous research that the inclusion of
(3,3)+(3,3) and (8, 1) + (1, 8) is enough to reproduce the

ground state baryon masses.
4 Summary and discussion

In this work, we constructed a SU(3) ;x SU3), in-
variant parity doublet model based on the quark diagram. In
the model, mixed state of (3;,3z)+ (3., 3z), (3., 6x)+
(6;,3;) and (1, 8z)+(8;, 1z) representations are included.
We use y? fitting of determine 10 parameters in our model
to 12 physical inputs and calculate the mass spectrum for
the hyperons with mass smaller than 2 GeV. The mass
spectrum is well reproduced as shown in Fig. 5. Also we
obtained the mixing ratio for different representations. For
the ground-state, the results show that, for all the combina-
tion of (m¥, m"), the  and y fields are dominant, indicat-
ing the fact that the ground-state is well-saturated by
(3,3)+(3,3) and (8, 1) + (1, 8) representations. This is
consistent with considerations based on diquarks.
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