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Abstract

We review some recent developments in mathematical aspects of relativistic fluids.
The goal is to provide a quick entry point to some research topics of current interest
that is accessible to graduate students and researchers from adjacent fields, as well as
to researches working on broader aspects of relativistic fluid dynamics interested in
its mathematical formalism. Instead of complete proofs, which can be found in the
published literature, here we focus on the proofs’ main ideas and key concepts. After
an introduction to the relativistic Euler equations, we cover the following topics: a new
wave-transport formulation of the relativistic Euler equations tailored to applications;
the problem of shock formation for relativistic Euler; rough (i.e., low-regularity) solu-
tions to the relativistic Euler equations; the relativistic Euler equations with a physical
vacuum boundary; relativistic fluids with viscosity. We finish with a discussion of
open problems and future directions of research.
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1 Introduction

The field of relativistic fluid dynamics is concerned with the study of fluids in situations
when effects pertaining to the theory of relativity cannot be neglected. It is an essential
tool in high-energy nuclear physics, cosmology, and astrophysics (see references in
Sect. 1.2). Relativistic effects are manifest in models of relativistic fluids through the
geometry of spacetime. This can be done in two ways: (a) by letting the fluid evolve on
fixed spacetime geometry, or (b) by coupling the fluid equations to Einstein’s equations.
In (a), we are neglecting the effect of the fluid’s matter and energy on the curvature
of spacetime,! while in (b) such effects are taken into account. Both situations will be
investigated here.

Recent years have witnessed a great deal of progress in understanding the mathe-
matical structure of relativistic fluid theories. Such understanding underscores the role
played by geometric-analytic tools in the study of fluids, tools that have been largely
developed in the study of the Cauchy problem for the vacuum Einstein equations.
The use of techniques of this sort to solve challenging problems in fluid dynamics
is a testimony to their depth and versatility. More precisely, one might naively think
that invoking ideas from general relativity is an obvious approach to study relativistic
fluids. Nevertheless, the core of the geometric-analytic techniques we will discuss is
fundamentally linked to the wave aspect of Einstein’s equations, and not so much
to other notorious features of general relativity, such as its covariance or the thorny
problem of singularities. In fact, geometric-analytic techniques originally developed
in the context of Einstein’s equations can be, and have been, successfully applied to
the study of the classical (i.e., non-relativistic?) compressible Euler equations as well.
The bedrock feature of these techniques encompassing both the study of fluids and
Einstein’s equations is the propagation of waves: gravitational waves in the case of
Einstein’s equations and sound waves in the case of fluids. The role played by sound
waves is captured by the key concept of the acoustical metric, which is a Lorentzian
metric constructed out of the fluid variables whose characteristic sets track the prop-
agation of sound. The characteristics of the acoustical metric will be called sound
cones, very much like the characteristics of the Minkowski metric, tracking propaga-

U'n applications, often the fixed geometry is chosen to satisfy the vacuum Einstein equations.

2 Physicists often use the terminology “classical” to refer to “non-quantum.” Here, we will use “classical”
to mean “non-relativistic.” Since we will not discuss any quantum system, no confusion should arise from
this terminology.
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tion of light, are called lightcones. More generally, the fechniques we will present are
intrinsically tied to the behavior of the characteristic sets (or simply characteristics)
of the equations describing the evolution of relativistic fluids.

When a fluid is perfect (i.e., non-viscous), irrotational, and isentropic (i.e., has
constant entropy), its dynamics is entirely governed by the propagation of sound
waves, as the corresponding (classical compressible or relativistic) Euler equations
reduce to a system of quasilinear wave equations. Thus, perfect irrotational isen-
tropic fluids is where techniques originated in the study of Einstein’s equations first
found an application in the study of fluids, most notably in the breakthrough mono-
graph by Christodoulou (2007b). We should stress, however, that the study of a
perfect irrotational isentropic fluid presents its own difficulties, and one should not
think that it suffices to quote general relativity techniques as a black-box in order
to study the fluid problem treated by Christodoulou. We also remark that, prior to
Christodoulou, Alinhac (1999a,b, 2001a,b) also employed some geometric-analytic
ideas to study quasilinear wave equations.

When a fluid is not irrotational nor isentropic, a fundamental new dynamical aspect
emerges. Aside from sound waves, the fluid also exhibits propagation of vorticity
and entropy. Vorticity and entropy are transported along the fluid’s flow lines (which
are the integral curves of the fluid’s velocity), corresponding to a different set of
characteristics than the sound cones. When viscosity is added, further characteristics
are present, such as shear waves and the so-called second sound (tied to the propagation
of temperature disturbances), corresponding to additional modes of propagation in the
fluid. (As we will discuss in Sect. 6, differently than the classical setting where the
standard Navier—Stokes—Fourier equations are parabolic, in the relativistic setting a
viscous fluid is described by hyperbolic equations,’ thus one can meaningfully talk
about its characteristics.) In other words, the equations of relativistic fluid dynamics
form a hyperbolic system with multiple characteristics speeds. Understanding systems
of this type in more than one spatial dimension is one of the current challenges in the
theory of hyperbolic partial differential equations.

Therefore, for the general study of relativistic fluids (or the classical compressible
Euler equations), it is crucial to understand the interactions among their different
characteristics. More than adapting ideas employed in the study of the vacuum Einstein
equations or perfect irrotational isentropic fluids, which are tailored to systems with
a single characteristic speed (the gravitational waves in the case of vacuum Einstein’s
equations and sound waves for the perfect irrotational isentropic Euler equations), it
is necessary to develop new techniques tailored to the additional characteristics and
their interactions. In order to do so, one has to uncover several hidden aspects of the
dynamics. Furthermore, unlike the case of the Minkowski metric which appears in
the standard wave equation, the characteristics of relativistic fluid equations depend
on the solution variables (this is a feature of the quasilinear nature of the problem).
An interplay between the regularity of different characteristics, of several geometric
quantities associated with them, and of the fluid variables themselves, leads to many
intricate questions and very rich mathematics.

3 In view of the requirement, in relativity, that propagation speeds be finite and at most the speed of light.
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Having alluded to some of the general aspects and ideas permeating the study of
relativistic fluids, we will next focus on the specific goals and topics of this work.
After an introduction to the relativistic Euler equations (Sect. 2), we will present the
following results: a new formulation of the relativistic Euler equations that exhibits
some remarkable structural and regularity properties (Sect. 3); we provide a discussion
of how such new formulation can be used in the study of shock formation for relativistic
fluids (Sect. 3.4); we also use the new formulation to investigate existence of rough
(i.e., low-regularity) solutions to the relativistic Euler equations (Sect. 4); the free-
boundary relativistic Euler equations, more specifically, the relativistic Euler equations
with a physical vacuum boundary (Sect. 5); finally, we discuss relativistic fluids with
viscosity (Sect. 6). We finish with a discussion of open problems and future directions
of research (Sect. 8). We have included appendices that will be useful to some readers,
especially graduate students.

1.1 Aims and scope

The primary goal of this article is to provide a quick entry point to some research topics
of current interest in relativistic fluids. While there is no lack of references address-
ing the topics we will present, including review articles (some of which are provided
below), the key words here are “quick” and “entry point.” With the field of relativistic
fluids moving rather fast and the amount of background needed to understand many
of its modern aspects being substantially large, it is often difficult for graduate stu-
dents, researchers from adjacent fields, and researches working on broader aspects of
relativistic fluid dynamics interested in its mathematical formalism, to keep up with
recent developments. We are especially hopeful that our presentation will encourage
students and researchers trained in traditional methods of fluid dynamics to appreci-
ate the geometric-analytic formalism originated in the study of Einstein’s equations
applied to fluid problems.

Like most review papers, we sought to strike a balance between big picture ideas
versus precise statements, as well as high-level conceptual discussions and nitty-gritty
technicalities. We took the inspiration for our style of presentation from years of
effective discussion with members of the community. Most readers probably have had
the experience of discussing a topic on a blackboard with a colleague, wherein one
takes several liberties in order to get to the main point of a mathematical argument.
For example, we write equations in a schematic form, ignore lower-order terms, abuse
notations, appeal to toy-models, and often invoke things that are not exactly true but
are “close enough to be true” for the sake of that discussion. This type of informal-
yet-informative form of presentation is particularly useful when we explain new ideas
and results to each other. Proceeding in this fashion, we can cut through pages of work
and get to key ideas in a proof. This approach is particularly useful when explaining
things to graduate students, since they often do not yet have the experience to see the
forest for the trees, and can thus get bogged down on some secondary technical point
and miss the fundamental aspects of some proof.

Therefore, we have made a deliberate attempt to present a discussion that is often
schematic but retains the core of the arguments. We hope that we have accomplished

@ Springer



6 Page60f218 M. Disconzi

this without compromising clarity or precision, while avoiding many technical aspects.
Our goal is not to completely de-emphasize technical arguments. The results we will
discuss are, unfortunately, quite technical, and pointing out some of the technical diffi-
culties is crucial to understand the role of the techniques we employ. For example, only
after clarifying some key technical difficulties can one fully appreciate the relevance
of the geometric-analytic formalism borrowed from the study of Einstein’s equations
as applied to fluid problems. But these technical points can often be highlighted in a
simplified setting wherein one avoids much of the baggage needed for the complete
argument. In this way, we often carry out the presentation at a high level, trying to
point out the main difficulties and key insights to overcome them. Thus, we will not
shy away from using schematic notation, plainly ignore certain terms in the estimates,
use derivative counting, and equate different terms that differ by some “unimportant”
factor. We will, of course, always warn the reader when this is being done.

In many parts of this paper, we have decided to present several intermediate steps in
computations. Some of the topics discuss involve some heavy computations. At first
sight, it may look like presenting detailed computations goes against our philosophy
of being schematic whenever possible. However, this is not the case for two reasons.
First and foremost, one of the key results we will discuss, a new formulation of the
relativistic Euler equations enjoying remarkable properties (Sect. 3), is derived through
some very delicate computations that exhibit miraculous cancellations. Although it is
not feasible to reproduce here all the arguments (which are the bulk of the nearly
hundred-pages paper by Disconzi and Speck 2019), readers would not be able to
appreciate the miraculous cancellations of this new formulation unless one example
of the exact computations is provided. In particular, presenting such a calculations in
schematic form would entirely miss the point of the cancellations. Second, while we
can always omit intermediate computations and present only the end results, we believe
that there is only that much one can learn if many important calculations are omitted.
Although readers should ultimately reproduce such computations for themselves in
order to fully understand them, it can be frustrating to be stuck in some computations
while the goal should be to get to the main key ideas of a proof. Thus, we present
several of the calculations needed for some important formulas, although we leave
them to the appendix when they are too long or cumbersome.

An important aspect of relativistic fluid dynamics is that the mathematical structures
present in the equations of motion can be, depending on the problem one has in mind,
substantially different than those present in classical (i.e., non-relativistic) fluids. Thus,
often results from relativistic fluids cannot, in general, be obtained by a simple tweak
of techniques used for classical fluids. This is an important point that is not always
fully appreciated, and thus we will routinely reminded readers of it. That said, there
will be one instance in which we will illustrate our main points using a non-relativistic
fluid. In the discussion of rough solutions to the relativistic Euler equations (Sect. 4),
we will dedicate a considerable part of the presentation to establish a similar result for
the classical compressible Euler equations. The reason for this is twofold. First, the
proof in the simpler setting of the classical compressible Euler equations is already
quite demanding, thus discussing the proof in the relativistic setting would add several
layers of difficulty to the exposition in a way that some important points common to
both the classical and the relativistic setting could be missed. Second, we want to give
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at least one example of how geometric-analytic techniques imported from general
relativity can be used in the study of fluids in general, thus emphasizing that what
makes such techniques useful to the study of relativistic fluids is not so much the fact
that we are considering a relativistic theory but rather the fact that we are studying a
model with propagation of waves, as pointed out earlier in the Introduction.

We will be primarily interested in mathematical questions motivated by physics.
Thus, our goal is to establish rigorous results under physically relevant assumptions.
This is not always possible, in which case we settle for results that can be proven
under physically-inspired scenarios. Results of this kind should be viewed as a first
step toward the eventual goal of proving results under realistic hypotheses. In this
spirit, physical aspect will be invoked when helpful to justify certain mathematical
assumption or to clarify basic concepts and terminology.

There are several different topics covered in this review and readers might have
different interest in each of them. Thus, we try as much as possible to make each
of the main sections self-contained. Connections between sections, however, will be
pointed out whenever it is pertinent. The level of detail and to some extent the style of
presentation also varies among sections. Section 2 provides a relatively self contained
introduction to the relativistic Euler equations from a partial differential equations
(PDEs) perspective. More precisely, it is not feasible to give a self-contained intro-
duction to the topic from scratch within the scope of this notes. But readers interested
primarily in mathematical aspects of the relativistic Euler equations with focus on the
evolution problem from a PDE perspective should be able to quickly absorb the basics
of the Cauchy problem needed to understand the more advanced applications of the
subsequent sections. Section 3 focuses on hidden structures of the relativistic Euler
equations and explains how such structures are key for investigating several ques-
tions of interest. Section 3 also introduces some features of the geometric-analytic
framework originally developed in studies of Einstein’s equations. Such formalism is
then expanded in Sect. 4. Among all different topics presented in this review, those of
Sect. 4, where rough solutions to the Euler equations are studied, is where the discus-
sion will be most schematic. This is due mainly to the extensive amount of background
needed for the results of that section. Nevertheless, Sect. 4 should provide readers with
a good snapshot of the geometric-analytic formalism. Section 5, on the other hand,
is where estimates are presented in considerably more detail in comparison to the
other sections. This is due to the nature of the topic there presented, which allows
us to focus primarily on energy estimates, which aside from constituting the basis of
the overall argument, can be well-illustrated with some not-very-complicated calcu-
lations. Finally, Sect. 6 will provide little discussion of proofs, focusing primarily in
introducing the problems and stating the results. This is because the topics covered in
Sect. 6, relativistic viscous fluids, have been less investigated among mathematicians
than those of previous sections, despite a great deal of activity in the physics com-
munity which leads to several interesting mathematical questions. In addition, Sect. 6
will be by far the part of this review with more physical discussion, the reason being
that the mathematical results of that section are directly motivated by physical ques-
tions. This difference in focus and presentation among different sections is reflected
in Sect. 8, where we discuss open problems and future directions of research. Some
of the open problems will be presented as precise conjectures following directly from
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the material here presented, whereas other problems will be more tentative, pointing
toward interesting yet less specific directions of research.

For the sake of brevity, we will not provide a thorough literature review. Hence,
works will be cited only when directly connected to the results being presented. The
topics here surveyed all belong to very active fields of research, with important con-
tributions from many authors, and a detailed literature review would be outside our
scope. This, unfortunately, will leave several interesting and related works unmen-
tioned. In this sense, our manuscript is more properly understood as a review — in the
sense that we review specific results and techniques — rather than a survey — where one
would provide a comprehensive overview of the status of the field. That said, in an
attempt to convey the richness of the field of mathematical relativistic fluid dynamics,
in Sect. 7 we provide some discussion of important works in relativistic fluids that are
not directly related to the topics that are the main focus of our presentation.

1.2 Background

We will assume that readers are familiar with the main ideas of hyperbolic partial
differential equations (PDEs), such as energy estimates, finite speed of propagation,
characteristic sets, etc. Basic elliptic theory will also be assumed. Some further tools
from analysis will also be employed in some parts of the text (e.g., Littlewood—Paley
theory in Sect. 4 or weighted Sobolev embeddings in Sect. 5). Readers not familiar with
such tools should have no difficulty finding their basic results in standard textbooks,
although readers should still be able to follow our main arguments if they simply take
our applications of these tools at face value.

We will assume familiarity with Lorentzian geometry and the basics of relativity
theory. We stress that not much background in these subjects will in fact be needed
for our discussion. After appealing to ideas from geometry and general relativity at
the very beginning (e.g., introducing concepts such as an energy-momentum tensor),
we will quickly write down equations of motion and focus on their study from a
PDE perspective. More precisely, much of the Lorentzian geometry needed for the
proofs we will discuss will be hidden in our high-level presentation. Thus, with a bit
of patience, students and researchers trained in traditional methods of fluid dynamics
should still be able to follow most of our arguments. In fact, readers acquainted only
with basic ideas from geometry, such as the definition of a Riemannian metric and the
notion that a Lorentzian metric is like a Riemannian metric that is not positive definite,
should have no difficulty reading the paper. We will talk about covariant derivatives,
but for the most part readers not trained in geometry can think of covariant derivatives
as roughly regular partial derivatives without compromising much of the PDE aspects
which will be our main focus. The concept of curvature will also be invoked but, once
again, readers untrained in geometry can take for granted that the curvature tensors we
will use are certain combination of derivatives of the solution variables (of the metric
in the case of Einstein’s equations; of the fluid variables in the case of the curvature
of the acoustical metric). An instrumental introduction to the most basic aspects of
Lorentzian geometry that could help readers with no geometry background follow our
presentation can be found in Sect. 3 of Disconzi (2019a).
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There are many books and monographs providing extensive background on rela-
tivistic fluids, Einstein’s equations, and Lorentzian geometry. Here we present a few
suggestions to the interested reader, stressing that this is an incomplete list.

e A thorough introduction to relativistic fluids can be found in the book by Rez-
zolla and Zanotti (2013). It covers the physics of relativistic fluids and its basic
mathematical aspects. It also contains a short introductory chapter on Lorentzian
geometry that can be helpful to readers unfamiliar with the topic.

e A short introduction to the mathematics of relativistic perfect fluids can be found
in Christodoulou (2007a).

e The book by Romatschke and Romatschke (2019) summarizes much of what is
known about the physics of relativistic viscous fluids, with emphasis on connec-
tions with experiments and numerical simulations.

e The review by Rocha et al. (2024) gives a comprehensive outlook of most theories
of relativistic viscous fluids, with an emphasis on kinetic theory aspects.

e Applications of relativistic fluids to cosmology can be found in Weinberg (2008).

e The microscopic foundations of relativistic fluid dynamics are presented in Deni-
col and Rischke (2021). Although microscopic theory will not be discussed in our
presentation and we will only make some very brief references to it when com-
menting on some physical aspects, it constitutes an important aspect of research
on relativistic fluids.

e Taken together, the above references will give readers a very good view of the
importance and applications of relativistic fluid dynamics.

e A more mathematical take on relativistic perfect fluids can be found in Anile
(1990), Lichnerowicz (1967).

e The monograph by Choquet-Bruhat (2009) is provides a very comprehensive study
of general relativity and the Einstein equations, focusing mostly on mathematical
results. It stars with an introduction to Lorentzian geometry and covers a tremen-
dous amount of material, including a chapter on relativistic fluids.

e The books by Hawking and Ellis (1973), Wald (1984) are standard introductions
to general relativity.

e A mathematical introduction to the Cauchy problem for Einstein’s equations,
which also provides much of the necessary background in Lorentzian geometry,
can be found in Ringstrém (2009).

e An introduction to the geometric-analytic tools we will employ, albeit focusing
strictly on wave equations and thus with no discussion of fluids, can be found
in Alinhac (2010). See also the introductory online lecture notes by Aretakis
(2018).

e A recent review on the problem of shock formation for the relativistic Euler equa-
tions can be found in Abbrescia and Speck (2023). While there is some intersection
between this work and our exposition in Sect. 3.4, our treatment of the problem of
shocks and Abbrescia and Speck (2023) complement each other.
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1.3 Notation and conventions

We will assume familiarity with Lorentzian geometry” and the basics of partial differ-
ential equations (PDEs). Unless stated otherwise, we will always assume as given a
differentiable four-dimensional manifold M equipped with a Lorentzian metric g—so
(M, g) will be the spacetime—where our objects (tensors etc.) will be defined. For
much of the discussion, precise details about (M, g) will not be important, and we
will use them simply to define our basic objects. Precise assumptions on (M, g) will
be given for the statement of the theorems we will discuss. The tangent and cotangent
bundles of M will be denoted by TM and T*M, respectively.

All fluids will be relativistic, unless explicitly mentioned otherwise. Thus, some-
times we refer to them simply as fluids instead of relativistic fluids. The word classical
will be used to refer to non-relativistic objects, e.g., a classical (non-relativistic) fluid.>

Unless stated otherwise, we adopt the following notation, abbreviations, and con-
ventions:

e Greek indices run from O to 3, Latin indices from 1 to 3, and repeated indices
appearing once upstairs and once downstairs are summed over their range.

) {x“‘}‘?[:0 denotes local coordinates in spacetime, with t := x° denoting a time
coordinate and {x’ }13:1 denoting spatial coordinates. In such coordinates, we often

2 x3). We write {aia }2=0 or
{04 }2{:0 for the corresponding basis of coordinate vectors.

e Our signature convention for Lorentzian metrics is — + ++.

e We use the terms one-form and co-vector interchangeably. “One-form” seems
more common in the math literature, but physicists seem to prefer “co-vector.”

e Indices are raised and lowered with the spacetime metric. We will silently use
the spacetime metric to identify vectors and one-forms. We follow a standard
convention in relativity of using the same letter for vectors and one-forms related
by the metric, e.g., uy = gmgu’6 , where g is the spacetime metric. In particular, we
do not use the notation of “musical operators,”’ e.g., u® for a one-form associated
with a vectorfield u and w? for a vectorfield associated with a one-form w.

e V is the covariant derivative associated with the spacetime metric.

e In Sect. 2.2, Definition 2.11, we will introduce the so-called acoustical metric,
which, as we will show, is a Lorentzian metric that plays an important role in the
mathematical study of relativistic fluids. We stress that, unless stated otherwise,
indices are not raised and lowered with the acoustical metric, and V will not
be the covariant derivative associated with the acoustical metric. Similarly, other
geometric concepts, like “orthogonality,” etc., will be with respect to the spacetime
metric, and not the acoustical metric, unless stated otherwise.

e We use units where ¢, = 87 G = 1, where ¢y is the speed of light (in vacuum)
and G is Newton’s gravitational constant.

e H" denotes the Sobolev space with norm || - || y. The relevant domain for maps in
HN ie., HN(M), HN(R3), etc., will be specified in the appropriate context and
when needed we will also specify it in the norm, e.g., || - | gv g3)-

write (¢, x) for a spacetime point, with x = (x1 , X

4 See, however, our comments in Sect. 1.2 about pre-requisites in geometry.
5 See Footnote 2.
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e ¥, will denote a constant-time hypersurface, i.e., if (xo, x! x2, x3) = (t, x), then
Y ={(t,x) | T =t}

e We use the standard notation A < B to mean A < CB where C is some universal
constant depending only on ultimately fixed parameters (e.g., the dimension of
space or the size of a time interval).

e L.O.T. stands for lower-order terms. Which terms can be treated as lower order
depends on the context and the terms subsumed under L.O.T. can vary from line
to line.

e RHS =right-hand side, LHS = left-hand side.

e 0§ denotes the Euclidean metric and 6% the Kronecker delta.

e 9 will denote a generic spacetime derivative, i.e., a generic 9, derivative. 3 will
denote a generic spatial derivative, i.e., a generic 9; derivative. They will be often
used when only the derivative counting of some expression is relevant.

e ~ will be used to mean equality up to “unimportant terms.” Naturally, what clas-
sifies as “unimportant” depends on the context, which typically will be clear from
the surrounding discussion. For example, in a typical PDE fashion, one often
is interested only in a derivative counting, and thus would write something like
V., V#¢ ~ 3¢ to mean that in this equation for ¢ only derivatives up to first-order®
of ¢ appear on the RHS, with the precise way this dependence on first-order deriva-
tives (e.g., linearly, nonlinearly, etc.) being of no importance for the argument being
discussed. When more than one quantity is involved we separate them by commas,
e.g., ~ d¢, Y denotes equality to a generic expression involving up to first-order
derivative of ¢ and .

e A~ Bmeans A < Band B < A.

e Different volume form will be used in different parts of the text but for the most
part they will always be the “natural” one. Thus, when no confusion can arise, we
will omit the integration measure, e.g., writing [ f for [ f dx.

e When derivatives and covariant derivatives appear to the left of a term without a
parenthesis, that means that it differentiates only the term immediately to its right.
E.g.,in dyuv only u is differentiated,’” with 9, (uv) used to indicate a derivative of
the product uv.

e New concepts and terminology, whether introduced in Definitions or in the body
of the text, will be highlighted with bolded text.

e We use := for definitions in mathematical expressions, i.e., A := B means that A
is defined by the expression B.

2 The relativistic Euler equations

The dynamics of a perfect (i.e., no viscous) relativistic fluid is described by the rela-
tivistic Euler equations introduced below.

6 One often uses a notation like §=! ¢ to denote an expression depending on up to first-order derivatives
of ¢, but we do not do so here.

7 This is standard notation, but we remark this here because some authors prefer to emphasize the differ-
entiation of only the term immediately to the right with parenthesis, i.e., writing (3 u)v for dg uv.
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Definition 2.1 The energy-momentum tensor of a relativistic perfect fluid is the
symmetric two-tensor on® M

Top = (P + Qualtp + P8ap 2.1

where g is a Lorentzian metric on M, p: M — R and o: M — R are real-valued
functions representing the pressure and energy density of the fluid, respectively,
u: M — T M is a vectorfield representing the velocity of the fluid and normalized by

uly = gapu®uf = uuy = —1. (2.2)

Remark 2.2 u is often referred to as the fluid’s four-velocity, emphasizing that it is a
vectorfield in spacetime. We will refer to it simply as velocity unless the terminology
is ambiguous or we want to emphasize its four-dimensional nature. Similarly for all
“four-" quantities often used in relativity, e.g., four-acceleration, etc.

Remark 2.3 Often perfect fluids are also called ideal fluids and both terms are used
interchangeably here, although some authors (e.g., Rezzolla and Zanotti 2013) reserve
the terminology “ideal” for fluids that obey the equation of state of an ideal gas.

The assumption |u|§ = —1 can be understood as follows. Recall that in relativity,
observers are defined by their (timelike) world-line up to reparametrizations. More
precisely, the norm of a tangent vector to the world-line has no physical meaning if the
parameter is not specified. Thus, we can choose to normalize the observer’s velocity
to —1. In the case of a fluid, we can identify the flow lines of u with the world-line
of observers traveling with the fluid particles. The normalization |u |§ = —1 also says
that u is timelike, so fluid particles do not travel faster than or at the speed of light.

The normalization |u|§ = —1 has yet another physical interpretation. The energy
density ¢ in 7 is the energy density measured by an observer traveling with the fluid
(i.e., at rest with respect to the fluid). It is possible to show, using kinetic theory
(see Denicol and Rischke 2021), that the energy density measured by an observer
with velocity v will be v*v? 7. Thus, for the fluid velocity itself we need to have
o= u“uﬁ%ﬂ, thus u%u, = —1.

Let us make another remark about kinetic theory. It can be shown that the energy-
momentum tensor (2.1) arises as a suitable limit, via a coarse-graining procedure, of a
microscopic dynamics described by kinetic theory (under appropriate assumptions and
ignoring dissipation), see Denicol and Rischke (2021), de Groot et al. (1980). One can
also justify definition (2.4) below from kinetic theory. While kinetic theory provides
one of the best justifications for defining 7 by (2.1), it is also possible to postulate (2.1)
motivated by certain physical considerations (see Weinberg 1972). Similar remarks
apply to (2.4).

The normalization |u |§ = —1 implies the following useful identity which will often
be silently used in many of our computations,

UV = 0. (2.3)
8 Recall our notation and conventions from Sect. 1.3.
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Contracting (2.3) with u* implies that the fluid’s acceleration given by a* :=
ut*V,u* is orthogonal to the fluid’s velocity, i.e., a%uy = 0.

Finally, normalization (2.2) allows us to define” a fluid’s local rest frame (LRF),
which is an orthonormal frame {ea}gzo such that eg = u.

Remark 2.4 Fluids described by (2.1) are sometimes called isotropic as one is assuming
that if one is at rest with respect to the fluid then stresses in all directions of the fluid
are the same. This means that in a LRF, 7;; = p. Itis possible to consider perfect fluid
models without this assumption (see Rezzolla and Zanotti 2013), but we will not do
so here. For fluids with viscosity, to be introduced later, such isotropy does not hold.
One should be careful to note that isotropy can be used to mean different things in
the literature. In particular, by saying that we will consider only perfect fluids that are
isotropic we are not saying that we will impose symmetry conditions in our study (as
it would be by assuming, e.g., that the fluid is spherically symmetric).

Definition 2.5 The baryon density current, or simply baryon current, of a perfect
fluid is the vectorfield J: M — T M given by

JY == nu®, 24

where n: M — Ris areal-valued function representing the baryon number density.
or simply baryon density, of the fluid and u is the fluid’s velocity introduced above.

Physically, the baryon number density gives the denstiy of matter'? of the fluid: the
rest-mass density (measured by an observer at rest with respect to the fluid) is given
by nm, where m is the mass of the baryonic'! particles that constitute the fluid (see
Rezzolla and Zanotti 2013), which here we take to be equal to one.

Physically, the quantities p, o, and n are not all independent and are related by a
relation known as an equation of state (whose choice depends on the nature of the
fluid). Under “normal circumstances” (e.g., absent phase transitions) this relation is
assumed to be invertible, i.e., knowledge of any two quantities, e.g., ¢ and n, deter-
mines the third, e.g., p. In this case, we can choose any two such quantities to be
the fundamental/primitive/primary variables/unknowns. We will choose ¢ and n as
primary variables, assuming that p is a given function of them, i.e., p = p(p, n),
although later on it will be more convenient to make other choices. It is also possible
to use thermodynamic relations (see Sect. 2.1) to introduce other scalar quantities
of physical interest, such as temperature or entropy, and use these instead as primary

9 The definition of a LRF relies only on (2.2) and, thus, is not exclusive to the relativistic Euler equations.
In particular, we can define a LRF for the viscous fluid theories studied in Sect. 6.

10 Dye to the “equivalence of matter and energy” in relativity, an equivalence that can be made mathemati-
cally precise, one needs to be more careful when talking about “density of matter” and how itis distinguished
from the energy density. But for our purposes, where the focus is mathematical and we treat o and n primar-
ily as scalars entering as variables in the equations, such physical considerations can be neglected. Readers
trained in classical fluid dynamics should note that in the non-relativistic limit, n reduces to the classical
density variable (matter per volume) that satisfies the continuity equation, while o reduces to the classical
notion of energy density.

11 Readers unfamiliar with this terminology can take “baryonic particles” to mean “matter particles.” See
also Footnote 10.
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variables. We will be more precise about which variables we will take as the unknowns
for the evolution when we discuss the Cauchy problem.

Definition 2.6 (The relativistic Euler equations). The relativistic Euler equations are
defined as

vaTﬂ“ =0, (2.5a)
Vo J* =0, (2.5b)
gap®uf = —1, (2.5¢)
p=plon). (2.5d)

Above, 7 and J are the energy-momentum tensor and baryon current of a relativistic
perfect fluid given in Definitions 2.1 and 2.5, respectively, g is the spacetime metric
figuring in 7', and V is its covariant derivative.

Equation (2.5a) corresponds to conservation of energy and momentum in the fluid,
Eq. (2.5b) corresponds to conservation of baryonic charge, (2.5¢) is the normalization
condition discussed above (which is a constraint rather than an evolution equation),
and (2.5d) is the equation of state (which defines p in terms of ¢ and n).

Remark 2.7 On physical grounds, one often requires ¢ > 0, n > 0, and p > 0. From
the point of view of the Cauchy problem, these conditions should be assumed for the
initial data and showed to be propagated by the flow.

Remark 2.8 1If the metric g is known, then equations (2.5) form a closed system of
equations. Equations (2.5a) and (2.5b) are five equations for the five quantities o, n
and three components of u, with a fourth component of ¥ and p determined by (2.5¢)
and (2.5d), respectively.

We introduce the symmetric two-tensor
[yp = gap + uqug, (2.6)
which corresponds to projection onto the space orthogonal to u, i.c.,

Mopuf = ug + ug uguP =0, 2.7)

=1

and if v is orthogonal to u,

I"Imgv’3 = Vq + Ugy u,gvﬂ = Vy.

=0

It is convenient to decompose V,, 773“ in the directions parallel and orthogonal u,
Volg' = Vo((p + @u®up + pgp)
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=u"Vo(p +0up + (p +0)Vouug + (p + 0)u*Voup + Vgp,
so that, using (2.5¢), (2.6), (2.3), and (2.7), we obtain

WPV Ty = —u*Vo(p+0) — (p+ 0)Vatt™ + (p + Q)u® uP Vyug +u Vg p
2
= —u*Vy0 — (p + 0)Vou*,

and

v, 7§ = u®v, (p+g)n1’ﬂu,; +(p + 0)Vou® Pug +(p 4+ )P uVyug + 11784 p

=0 =0

:(p—l—g)ua VﬂV Mﬂ—l-uy ﬂV Mﬂ +HVﬂVﬁp

g - ~

=Vqu¥ =0

= (p+o)u*Vyeu" + HVﬂVﬂp.
Expanding (2.5b), we have
VoI % =u*Vyn +nVau®.

Therefore, we can alternatively write equations (2.5) as

u*Vyo + (p + 0)Vou® =0, (2.8a)

(p + 0uVouf +11P2V,p = 0, (2.8b)
u*Von +nVeu® =0, (2.8¢)
Gapuuf = —1, (2.8d)

p = plo.n). (2.8¢)

Equation (2.8a) is interpreted as conservation of energy, (2.8b) as conservation of
momentum, and (2.8c) is the conservation of baryon density and often referred to as
the continuity equation. These equations reduce to the non-relativistic compressible
Euler equations in the non-relativistic limit (see Rezzolla and Zanotti 2013).

Observe that without assuming (2.8d) but still taking u to be timelike, the projection
onto the space orthogonal to u is given by

uauﬂ

Myp = — 2.9
o = 8 = 2.9)

In this case, contracting (2.8b) with ug gives
(p + Qu* Vo (upu) = 0. (2.10)
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Thus, for p + 0 > 0, the constraint (2.8d) is propagated by the flow, i.e., it holds at
later times provides that it holds initially. Under these circumstances, one can check
that solutions to (2.8) yield solutions to (2.5).

Notation 2.9 Henceforth, we will always consider that one of the the equations of
motion is the constraint (2.8d). This will be the case also for the viscous theories we
will discuss later. Thus, (2.8d) will often be omitted. Similarly, an equation of state
will always be assumed as given, so that (2.8e) (or a similar relation when the primary
variables are not o and n) will also be omitted.

Remark 2.10 Although (2.8d) is always a part of the Euler system even if omitted, as
explained in the Notation 2.9, from the point of view of the Cauchy problem it will be
more convenient to assume that all components of u are independent, and consider the
evolution for all components on the same footing. After establishing local existence
and uniqueness of solutions in such a situation, one recovers the constraint (2.8d) by
the above argument showing that it is propagated.

While it is not difficult to obtain local existence and uniqueness by writing (2.8) as
a first-order symmetric hyperbolic system (see Anile 1990), we will use a different
approach due to Lichnerowicz (1967), generalizing earlier work by Foures-Bruhat
(1958), that makes the role of the characteristics manifest and connects with what
we will discuss later. In fact, as we will see, but also as expected physically, there
are two types of propagation in a fluid described by the relativistic Euler equations:
sound waves and transport of vorticity and entropy.'> These correspond to different
characteristics and thus we would expect that they should be treated differently. The
first-order symmetric hyperbolic formulation, however, treats both characteristics at
the same level.

Before investigating local existence and uniqueness of solutions, we need to intro-
duce a few more concepts.

2.1 Thermodynamic properties of relativistic fluids

We begin by introducing the following quantities:

e The internal energy density £ of a fluid is defined by
o=n(1+¢&).

Thus, the energy density of the fluid takes into account the energy coming from the
fluid’s rest mass (strictly speaking the factor n should be replaced by the rest-mass
density mn, but recall from the previous section that we take m = 1).

e The specific enthalpy % of a fluid is defined by

_pto
= ,n
n

h > 0. 2.11)

12 The entropy is introduced in Sect. 2.1.

@ Springer



Recent developments in mathematical aspects of relativistic. .. Page 17 of 218 6

e We assume the existence of functions s and 0, called the entropy density, a.k.a.
specific entropy, and temperature of the fluid, respectively, such that the first-law
of thermodynamics holds:

dp = ndh — nfds, (2.12)

where d is the exterior derivative in spacetime.

The above definitions and relations can be introduced and justified in a system-
atic way based on well-known physical and mathematical notions (see Christodoulou
2007a; Landau and Lifshitz 1987; Rezzolla and Zanotti 2013). Here, we will take them
as god-given and work out their mathematical consequences.

We note that the first-law of thermodynamics can alternatively be written as

do = hdn + nfds,

1
dS:—pd( )+9ds.
n

As before, we can choose which two functions among the so-called thermody-
namic scalars o, p, n, h, £, s, 0 are independent, with the remaining ones a function
of the two primary ones determined by an equation of state and the above relations
(called thermodynamics relations). Different choices will be more appropriate for
different questions.

With the above definitions, we can write (2.1) as

Top = nhugug + pgup,
so that
V,ﬂ;g‘x = Vo mhu®)ug + nhu*Vaug + Vgp,
and thus, using (2.3), (2.5b), and (2.12), we find

uP v, T = —h Vo (nu®) —nu®Veh + uPVgp
=0
=u® (—nVyh + V4 p)
A

= —nbu®Vys.

Thus, under the physically natural assumptions 8 > 0 and n > 0 (the latter needed
for the definition of &), which we hereafter assume, we find

u*Vys = 0. (2.13)

Equation (2.13) says that the fluid motion is locally adiabatic, meaning that the entropy
is constant along the fluid’s flow lines.
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2.2 The characteristics of the Euler system

Inview of Sect. 2.1, using g, s, and u as primary variables (so in particular p = p(o, 5)),
the relativistic Euler equations can be written as

(p + 0V + 25 N v,o + ?: N v,s =0, (2.14a)
U'Va0 + (p + 0) Vau® = 0, (2.14b)
u*Vys =0, (2.14¢)
or equivalently
A%V, =0,

where @ is the six-component vector = (u*, 0, s) and the matrices A* are given by

B 9 9
. (p+Qu*d; , , Hﬁ“ag " mfedr
A= (p+0)8¢ .,  u¥i. 0., | (2.15)
014 011 u® .

where we indicated with subscripts and different font the size of each submatrix
(observe that the index « labels the matrices and not their entries). For any one-form
& € T*M, we proceed to compute the characteristic determinant

(p+0)é. uEy
o B ag 0
— det (p +0)u“8ad; n# & 35 )
0 (U*E)® — 1" 6u6p 7

det(A“&,) = u®&, det |:(p + Q)u“&aﬁf g, gg]

d
= (p+0)**&)* [(u“s,»z =P H““susu} : (2.16)

do

To obtain the second line, we multiplied the first row (more precisely, each of the first
four rows) by &g and subtracted it from the fifth row times u*&,.

As usual, the characteristics are determined by det(A%&y,) = 0, so from (2.16) we
obtain that one set of characteristics are determined by u“&, = 0. These characteristics
are the flow lines, i.e., the integral curves of u.

Another set of characteristics is determined by setting the term in brackets in (2.16)
equal to zero. In order to analyze this term, the invariance of the characteristics allows
us to choose a convenient frame {e A}Eazo with eg = u and {e1, e3, e3} orthonormal and
orthogonal to u (i.e., we consider the LRF, but use uppercase Latin letters as indices
to avoid confusion). We also introduce the dual frame {eA}i:O given by (ed)y =
mAB(eB)a, where m is g expressed in this frame, so that m takes the form of the
Minkowski metric, thus e (ep) = 82. Decomposing & with respect to the dual frame,
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Ex = eﬁéu, we have £4—¢ = —SAZO = ut§, and §4—; = va=;, where v# = TI*¥E,
and vy = eﬁs - With these definitions, the remaining characteristics are determined
by

3
ap
Eico — %0 Y & =0. 2.17)

i=1

If gg < 0, then there are no real solutions to (2.17) so that the equations will

not be hyperbolic. If g[’ > 1, then £ must be timelike, so that the corresponding
characteristic speeds (in physical space) will be greater than the speed of light (see
also Remark 2.14). The first case leads to an evolution incompatible with relativity.
The second case is more subtle. While it is common to restrict attention to theories with
sub-luminal propagation speeds, it has been argued that finite super-luminal speeds
can in principle be accommodated in a relativistic framework if one restricts attention
to field configurations that arise as solutions to the Cauchy problem (Geroch 2011).
Moreover, one can in principle be interested in studying super-luminal fluids from a
purely mathematical point of view (although gg > 1 will then impose restrictions on
the initial data, see Remark 2.14). In any case, most physical studies focus on theories
where super-luminal speeds are not allowed, so we restrict out attention to the case

0<9? <.
< 40 =

The case gp = 0 is allowed but has to be treated with additional care as it cor-
responds to some sort of degeneracy (which will in fact be present in the case of a

free-boundary fluid studied in Sect. 5), thus for the time being we consider only the
case

<1 (2.18)

When (2.18) holds, we see from (2.17) that the corresponding characteristics have the

structure of two opposite cones with opening given by \/ gg . This cone structure is
interpreted as corresponding to the propagation of sound waves (see below). It makes
sense to call these cones sound cones or acoustic cones and to define the fluid’s
sound speed ¢, by'3

2. Op

= (2.19)

s
where we write |; to emphasize that the partial derivative in (2.19) is taken at constant
s (thus, taking the partial derivative when writing p as a function of o and s). Under

13 For physically relevant equations of state the pressure is a non-decreasing function of the density. One
can check that ¢ has units of speed.
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Fig. 1 Tlustration of sound " Sound cones
cones (in tangent space) of Cs>Cs
different speeds in comparison

to the lightcone

-

Lightcone

assumption (2.18) the corresponding picture of characteristics in tangent space is as
illustrated in Fig. 1.

In order to better justify that the sound cones indeed should be interpreted as
corresponding to the propagation of sound waves, take a u-derivative of (2.8a) and
use (2.8b) and (2.19) to get

0=u"V,u*Vyo+ (p 4+ 0)Vou®)

Includes curvature terms
~ =~

=uu*V, Voo + (p +0)Ve W"V,u®) + L.O.T.

CAZ' ap
== pio 1 Ve

= ulu®V, Va0 — 2"V, V40 + LO.T. (2.20)

which is a wave equation for o. Compared to the flat wave equation, derivatives on
the direction of u play the role of 9; and I1%#V, V,, plays the role of the flat Laplacian
A since the space orthogonal to u is spacelike. This wave evolution captures the
basic idea that sound propagates as disturbances, i.e., expansion and contraction, of
density, justifying ¢, as sound speed and the characteristics (2.17) as sound cones.
More precisely, the propagation of sound is associated not only with the above wave
evolution for the density but also with the evolution of the divergence part of the
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velocity,'# as it is the part of the velocity tied with expansions and contractions in the
fluid. We will come back to this point in Sects. 2.3 and 2.5.
The above discussion motivates the following definition.

Definition 2.11 (Acoustical metric). For 0 < ¢y < 1, the acoustical metric is the
Lorentzian metric G given by

Gop i=c; 2 gap + (c7 2 — Dugug, (2.21)
whose inverse is

(G~ H*P = c?l'lo”3 —u®uf
=c2g% + (2 — Du“u® (2.22)

One can immediately verify that for u satisfying (2.2), (2.21) indeed defines a
Lorentzian metric in spacetime whose inverse is given by (2.22). Note also that
Gaﬂu“uﬂ = —1. Observe that the G-characteristics given by (G‘l)“ﬁéaéﬂ =0
are precisely the sound cones. In particular, the wave equation (2.20) for the density
can be written as

(G™H*V, Vg0 = L.O.T. (2.23)

Remark 2.12 We explicitly write ~! in (2.22) because all indices are raised and lowered
with the spacetime metric, but g“Vgﬂ‘sGyg £ (G~H*B,

The existence of the acoustical metric and its relation to the sound cones is indicative
of the following key idea to be exploited later. The relevant geometry for the study of a
perfect fluid is the acoustic geometry, i.e., the characteristic geometry of the acoustical
metric, and not the spacetime geometry. The acoustic geometry will in general not be
flat even if the spacetime is Minkowski. This is a consequence of the quasilinear nature
of the problem, as the characteristics of the Euler system depend on the solution
variables.'> When coupling to Einstein’s equations is considered, then the spacetime
and acoustic geometry inferact with each other, giving rise to a very rich dynamics.
We stress this point with the following definition:

Definition 2.13 (Acoustic geometry). The geometry of the acoustical metric is called
the acoustic geometry. We will often refer to ideas like “controlling the acoustic
geometry,” “estimates for the acoustic geometry,” and so on.'® The precise meaning
of what is being estimated will depend on details of the problem being discussed. But,
roughly, such terminology refers to the fact that in order to close the estimates in some
of our problems we need to derive bounds for several geometric quantities associated
with the the sound cones (for example, in Sect. 4.8 we discuss estimates for the null
mean curvature of the sound cones).

14 We recall that a vectorfield can be decomposed into and divergence and curl parts.

15 In particular, we can see how the case c¢; = 0 is special, as we no longer obtain a Lorentzian metric
through (2.21).

16 Especially in Sects. 3.4.3 and 4.8.
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In sum, the characteristics of the Euler system are the sound cones corresponding
to propagation of sound and the flow lines (the integral curves of u) which correspond
to the transport of entropy (see (2.13)) and vorticity (see Sect. 2.5) in the fluid.

Remark 2.14 Above, we excluded cf = g” > 1 based on the physical requirement
that no information propagates faster than the speed of light (often called the principle
of causality; we will have more to say about causality when we study viscous fluids
in Sect. 6). One can ask, however, if we could study fluids with cs2 > 1 from a purely
mathematical point of view. Consider the matrix A” in (2.15) and for simplicity take
g to be the Minkowski metric. Then

det A = (p + )*W®)* (1 + (1 = Hu'uy).

We see that while A is invertible for any u if ¢? < 1, the invertibility of A° can
fail if cf > 1 (s0, e.g., u cannot be prescribed arbitrarily). Since invertibility of A° is
needed for use of many basic PDE tools (e.g., the Cauchy—Kovalevskaya theorem in
the simplest case of analytic data; alternatively, we can say that if cS2 > 1 then there
are choices of u that make the “initial surface” {t = 0} characteristic), we see that the
assumption cf < 1 is also justified mathematically.

Remark 2.15 The first instance of the acoustical metric that we have been able to locate
in the literature is in the work by Synge (1937a,b), see Eq. (14.15) in the reprinted
edition (Synge 2002). The acoustical metric also features prominently in the works
of Lichnerowicz (1967) and Fourés-Bruhat (1958) that we discuss in detail in Sect. 2.6.
None of these works, however, employs the term acoustical metric, which seems to
have been employed by the first time in the work of Bili¢ from 1999, see Bili¢ (1999).
(For the classical compressible Euler equations, whose acoustical metric is given by
(4.2), the first instance of the term we have been able to locate is in the work by Visser
1993.)

2.3 Relativistic vorticity

A very important quantity in fluids is the vorticity. For classical fluids, it is the curl
of the velocity (although one often works with the specific vorticity, the curl of the
velocity divided by the density). Since the curl in three dimensions can be identified
(using Hodge duality) with the exterior derivative of the velocity (thought of as a one-
form) or a suitable multiple of it, it seems natural to define the vorticity of a relativistic
fluid (thus in four dimensions) as the (spacetime) exterior derivative of u. Up to a
multiple, that is what we will do.

Definition 2.16 (Relativistic vorticity). The enthalpy current is the vectorfield w :
M — T M defined by

w® = hu®. (2.24)
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The vorticity is the two-form on M defined!” by
Q:=dw, (2.25)

where d is the exterior derivative in spacetime.
In view of (2.2), w satisfies

o

wwy = —h>. (2.26)
In components, €2 is given by the equivalent expressions

Qqp = 805(1’”4/3) —dg (hug)
= Vy(hug) — Vg(hugy).

One reason to define the vorticity as above (rather than, say, du) is to have a
relativistic version of Kelvin’s circulation theorem. For a classical fluid with velocity'®
v, we define its circulation along a closed loop y as

Celassical = % v-dl.
14

Kelvin’s theorem states that this quantity is conserved along fluid lines, i.e.,
(0 +v- %)Cgclassical =0, (2.27)

where V is the standard Euclidean three-dimensional gradient. Figure 2 illustrates this
situation.

Kelvin’s circulation theorem has such a clear physical interpretation as “conserva-
tion of vorticies” that we expect something similar to hold for relativistic fluids (absent
dissipation). It indeed holds true but the quantity that is conserved in the relativistic

setting is
€ = % Wedx® = f hugdx®.
y %

With this definition one obtains
utv, € =0.

17 Our definition differs by a minus sign from the one used in Rezzolla and Zanotti (2013). We also recall
from Sect. 1.3, that we use the same letter for a vector and one-form related by the metric. So, in (2.25), w
is viewed as a one-form since it is acted by the exterior derivative. More generally, whenever the exterior
derivative acts on a quantity previously defined as a vectorfield, that means that we have used the spacetime
metric to identify it as a one-form.

18 Note that the classical velocity has only three components, v = (v1 02, v3).
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Fig. 2 Illustration of Kelvin’s circulation theorem in classical physics. The closed curve y at time #; is
advected by the flow of v. Thinking of a vortex (illustrated by the small closed loops) as a localized region
of nonzero vorticity, the vortex lines are the trajectories of curlv, depicted in red. Kelvin’s theorem says that
the number of such vortex lines crossing a small element of area moving with the fluid remains constant in
time

The same way that the proof of Kelvin’s theorem in the classical setting goes through
using dv, which is the vorticity, the relativistic version involves d(hu), leading to a
natural definition of vorticity as in Definition 2.16. We refer the reader to Rezzolla and
Zanotti (2013) for a proof of the relativistic Kelvin theorem and further discussion.

Next, we will derive an important relation between vorticity and entropy. Direct
computation and use of (2.3), (2.11), (2.12), (2.14a), and (2.14c) gives

analg = ua(hvau/g + Vohug — hVguy — Vghuy)
=h uavaulg +u,5u°‘Vah+V,3h

I 1
== proMpVap ==y g Vap

1 o o
—nHﬂVaP+“ﬂ“ Vah + Vgh

1 1, o
— Vgp+Vgh—ug L Vap —u Vah
n

~
=~ ~ - -

=0Vps =—uVgs =0
Therefore
u“Qep = OVgs. (2.28)

Equation (2.28) is known as Lichnerowicz’s equation. It implies that an irrota-
tional fluid, i.e., a fluid such that 2 = 0, must be isentropic, i.e., have constant
entropy (or have zero temperature), a result with no classical analogue.

We next derive an evolution equation for 2. Multiplying (2.28) by & we have, in
compact notation,

L2 = hOds,
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where tx is contraction of a form with the vectorfield X. Taking the exterior derivative
and using that d%s =0,

d(1yQ) =d(h0) Ads,
where A is the wedge product of forms. Recalling Cartan’s formula

Lxp =d@xpn) +ix(dp), (2.29)

for the Lie derivative £ of a form u in the direction of a vectorfield X, and using that
by definition €2 is an exact form (recall (2.25)), we have

LS = d(h0) A ds.

Using a well-known formula for the Lie derivative in terms of covariant derivatives,
expanding the RHS, and writing the resulting expression in components, we find

W'V, Qap + Vawh Qs + Vawh Qe = Vo (h0)Vgs — Vg(h0)Vys,  (2.30)

which is the desired evolution equation for the vorticity.

Equation (2.30) is interesting because of the following. From (2.14a) we have
u*Vou ~ dp ~ 9s. Commuting with / to get w we have u*Vqyw ~ ds, dh. Since
Q ~ dw, we would thus naively expect u®*V, Q2 ~ 82 s, 8% h. However, this does not
happen; the structure of the Eq. (2.28), which in particular casts the derivatives of
s on the RHS as a perfect derivative, leads to only one derivative on the RHS. This
gain of derivative will be important for the local existence and uniqueness theorem
we will establish below. In fact, more refined and crucial cancellations that lead to
equations with a fewer number of derivatives than expected will play a major role in
our discussion of Sect. 3. Note also that in deriving (2.28) we made use of the first-law
of thermodynamics (2.12). We did not simply apply u*V,, to © and used V(ﬂ;g“ =0.

We will now provide a simple application of (2.30), showing that a fluid that is
irrotational and isentropic at a given time (which without loss of generality we can take
to be at time zero) remains so through the evolution. In other words, the irrotationality
condition, and the corresponding isentropic condition which is a necessary condition
for irrotationality, are propagated by the flow.

Proposition 2.17 Suppose that s = so = constantand 2 = 0 on {t = 0}. Then s = s¢
and Q = 0fort > 0.

Proof Integrating (2.14c) along the flow lines gives s = sp in spacetime. Then,
Eq. (2.30) reduces to

LwQ = 0,

which is a homogeneous transport equation for €2, implying the result. O
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Remark 2.18 From the point of view of the Cauchy problem, in order to know if @ = 0
att = 0 we need to know 9,4 and d,u at r+ = 0, but only u and two thermodynamic
scalars, say, s and o, and not their time derivatives, are given as initial data (since the
equations are a system of first-order PDEs). The values 0;u|,—¢, d:0l;—¢ and 0;5|,—¢,
from which one readily computes 9;%|,—¢, can be written in terms of the initial data
by algebraically solving for the time derivatives in terms of spatial derivatives in
Eqgs. (2.14).

In Sect. 2.5, we will see that (G‘l)“ﬂéaélg = ( are the only characteristics of the
Euler system when the fluid is irrotational. In particular, the flow lines u*&, = O,
which are associated with the operator u*V,, appearing in (2.30) and (2.31c¢) below,
are not characteristics of the irrotational system. This is why, in Sect. 2.2, we said that
the flow lines are associated with the transport of vorticity (and entropy).

Equation (2.30) shows that the vorticity is transported by the flow with source terms
depending on derivatives of 4, 8, and 5. From a PDE point of view, in order to assert
that (2.30) is a true evolution equation for the vorticity rather than an uninteresting
identity we need to verify that the number of derivatives appearing on the RHS is
compatible with transport estimates for the vorticity. This will be done in the proof of
Theorem 2.22.

2.4 Local existence and uniqueness via Lichnerowicz’s approach

The proof of local existence and uniqueness for the relativistic Euler equations
we present follows that of Lichnerowicz (1967), who generalized an earlier proof
of Foures-Bruhat (1958). Lichnerowicz’s proof boiled down to recast the equations as
a system of hyperbolic PDEs with diagonal principal part for which he could directly
apply Leray’s celebrated theorem on local existence and uniqueness of solutions for
systems of hyperbolic PDEs (see Leray 1953). While we will use the same system
derived by Lichnerowicz, we will do a bit more and show how one can derive the
fundamental energy inequality that is the basis of the result. Leray’s theorem, natu-
rally, is also based on energy estimates, and is applicable to very general systems of
hyperbolic PDEs. We belive that a direct derivations of energy estimates for the Euler
system (recast in diagonal form) is of greater pedagogical (and thus more in line with
the goal of these notes) than a direct quotation of Leray’s very general but not so easy
to prove theorem.

As mentioned earlier, local existence existence and uniqueness for the relativistic
Euler equations can be readily obtained by rewriting them as a first-order symmetric
hyperbolic system'? (see Anile 1990). In comparison, the approach adopted here seems
very cumbersome. We remind the reader that the point of the approach we present is
that it makes the role of the characteristics manifest, opening the door for the more
refined and powerful approach of Sect. 3, which also relies on a careful analysis of
the characteristic geometry.

In Lichnerowicz’s approach to rewrite the relativistic Euler equations, one works
with the enthalpy current w as a primary variable instead of the velocity u. Hence, we

19 We note that in the first-order symmetric hyperbolic systems approach, there is no need to introduce the
vorticity in the system as we will do below.
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need a good evolution equation for w. The derivation of such an equation is the goal
of the next Lemma.
It will be convenient to rewrite (2.14) in terms of (s, &, u), in which case it reads

hu®Veuf + 1%PVuh — 0VPs =0, (2.31a)
u*Vyh + 2Vqu® =0, (2.31b)
u*Vys =0, (2.31¢)

where ¢y = ¢5(s, h) and 0 = 0(s, h). For the proof of local existence and uniqueness,
we will make one further choice of variables:

Notation 2.19 For the remaining of this section, we will take (s, h, w) are primary
variables for the Euler system, so that all other quantities will be written in terms of
them. In particular, the sound speed will be ¢; = ¢4 (s, h) and the velocity u = hlw.

Notation 2.20 We will write R(d*¢) to denote an expression depending smoothly on
¢ and its derivatives of order at most ¢, and similarly for expressions involving two or
more variables. E.g., R(3°¢, 3™) denotes an expression depending smoothly on ¢
and its derivatives up to order £ and on 1 and its derivatives up to order m. The precise
form of R can vary from line to line.>” When needed for consistency of free indices in
an equation, we will attached indices to R, e.g., R,. When norms are involved, R will
denote a smooth function of its arguments which, again, can vary from line to line;
e.g., R(ll¢lln, 1]l n7) denotes a smooth function of ||¢||y and || ¥ ]y (see Sect. 1.3
for the notation || - ||n).

Lemma 2.21 The enthalpy current defined in (2.24) satisfies the following equation®!
(G (s, h, w)P W'V, Vo Vew, =R, (3%g, *w, 3%s, 3%k, 3Q), (2.32)

where we write G~! (s, h, w) to emphasize that the acoustical metric is written in
terms of (s, h, w) (see Notation 2.19).

Proof The proof is a long computation that we leave for Appendix A.1. O

We are now ready to establish local existence and uniqueness of solutions to the
Cauchy problem for the relativistic Euler equations.

Theorem 2.22 (Lichnerowicz 1967; Foures-Bruhat 1958). Let (R x X, g) be a glob-
ally hyperbolic smooth Lorentzian manifold, where % is a Cauchy surface that is a
compact smooth three-dimensional manifold without boundary. Consider initial data
(s, fz, i) e HN(Z)xHN(Z)xHN(Z), N > ;+3,f0rthe relativistic Euler equations
(2.31), where §, h: ¥ — (0,00) and 11: ¥ — TX are initial data for the entropy,

20 Asin the case of the notation ~ (see Sect. 1.3), R will be used mostly in cases where only the derivative
count matters, but differently than ~, we use R to emphasize the smooth dependence on the variables and
their derivatives, so that standard tools, such such the Sobolev calculus or nonlinear versions of Gronwall’s
inequality, can be applied.

21 Recall Notation 2.20 for the meaning of R.
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enthalpy, and velocity, respectively. Assume that the equation of state is an analytic
function of its arguments, and that the initial data and equation of state are such that
0 < cs(8,h) < 1and 03, h), n($, h), EGS, h), p(8, h) > 0. Then, there existsa T > 0
and a unique classical solution (s, h, u) to the relativistic Euler equations defined on

(_

T,T) x X and taking the given initial data. Moreover, this solution satisfies

(s(t, ), h(t, ), u(t,)) e HV(Z), —T <t <T,

where? ;= {(t,x) e Rx T |1 =1,x € T}.

Before giving the proof, we make several remarks.

Global hyperbolicity is the natural setting for the study of the Cauchy problem
(see Bir et al. 2007; Friedlander 1975). Globally hyperbolic spacetimes have the
topology R x X, where X is a three-dimensional manifold (see Wald 1984), thus
we are not making any restriction with such assumption.

We took X compact for simplicity in order to avoid discussing conditions at infin-
ity.?3 The non-compact case follows essentially along the same lines of the proof we
provide since we can localize the estimates via finite-propagation speed, requiring
only small changes to the function spaces to accommodate the asymptotic behavior
of the variables (see Choquet-Bruhat 2009, Chapter IX). In particular, compactness
and continuity (guaranteed by Sobolev embedding) gives that $, hh > constant > 0
and the remaining > 0 inequalities are in fact > constant > 0.

Only a three-dimensional vectorfield is given as initial condition for u. The full
initial data for u is then obtained from the normalization (2.2) (recall Remark 2.10).
In coordinates, we can think of as prescribing u’ at r = 0 and determining «° at
t = 0 from (2.2). In this situation, saying that u takes the initial data means
that its restriction to tangent space of X equals ii. We could equivalently imagine
prescribing the full « at time zero subject to the condition (2.2), but it seems to us
more natural to think of initial data as intrinsic to X.

We have assumed c; to be strictly less than one initially because it is easier to deal
with open conditions when doing an iteration for construction of local solutions.
The case < 1 can be handled with a bit more care (see Fourés-Bruhat 1958).

The regularity we require on the data, N > % + 3, is twice degrees higher than
the regularity needed for a proof using first-order symmetric hyperbolic systems.
This is related to the fact that we took two derivatives of the equations, obtaining
a third-order equation for w (see Lemma 2.21), which will be used in the proof.
We stress that our goal with Theorem 2.22 is not to optimize regularity but rather
to present a proof of local existence and uniqueness that highlights the role of
the characteristics, opening the door for the discussion of Sect. 3. Low-regularity
solutions below the level N > g + 1 given by the theory of first-order symmetric
hyperbolic systems will be discussed in Sect. 4. In addition, the system we will use
in the proof is of independent interest in that it is a system with diagonal principal
part, unlike Egs. (2.5) or their formulation as a first-order symmetric hyperbolic

22 See Sect. 1.3.
2 Alternatively, one could work with uniformly local Sobolev spaces instead.
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system. In Sect. 3, we will present another formulation of the relativistic Euler
equations which is also diagonal, but at the expense of introducing elliptic equa-
tions, so that the resulting system is a hyperbolic-elliptic system. Lichnerowicz’s
formulation, while lacking some of the refined structures that the formulation of
Sect. 3 has, is on the other hand a purely hyperbolic system. We remark that Lich-
nerowicz (1967) derived yet another formulation of the relativistic Euler equations
with principal diagonal part which was useful for his study of the equations of
magneto-hydrodynamics.

Proof of Theorem 2.22. For simplicity, we take ¥ to be T3 with coordinates {)ci}i3:1
and let7 = x be a coordinate on the first component R of spacetime. The general case
can easily be reduced to this one in view of the finite-speed-of-propagation property
that follows from our computation of the characteristics in Sect. 2.2.

We will consider 4 as a function of w given by & = /—w*w,. We consider
Egs. (2.31¢), (2.30), and (2.32) for the unknowns s, €2, and w. All other functions
appearing in the equations are known functions of s, €2, and w (see Sect. 2.1) once we
also take & as a function of w as above (recall also Notation 2.19). Thus, expanding
the covariant derivatives in Eqgs. (2.31c), (2.30), and (2.32) we have the the following

system24
w*ys = 0, (2.33a)
whd, Qup = Rap(dg, s, 2, dw), (2.33b)
(G™HY*Pw” 9,050, ws = Rs(8g, 875, 9, 9°w). (2.33¢)

The order of the derivatives on the the RHS of (2.33) is compatible with the order of this
mixed-order system, so that its charcteristics are given simply by the characteristics
of the operators on the LHS.? Hence, the characteristics of (2.33) are given by

w =0 and (G™)Pwg,E48, = (G HPeup)(w?E,) = 0.

Consider a sufficiently regular solution to the relativistic Euler equations and the
corresponding system (2.33) derived from it. In this case, the characteristic of (2.33) are
indeed the flow lines w*&, = 0 and the sound cones (G~ 1)*# &x&p = 0 (in particular,
our procedure of rewriting the relativistic Euler equations as (2.33) did not introduce
spurious characteristics). It then follows that the operator (G~ 1)*fw? 3, 0p 0y is a third-
order strictly hyperbolic operator for which energy estimates are readily available,
see Hormander (2007), Leray (1953). Combining this with standard estimates for
transport operators, we have

t
||S||1-1N(z,) S ||S||1-1N(20) +/ R(”S”HN(zr), ||w||1-1N(2,)) dr,
0

24 Since g is given and smooth, for this proof there is no need to keep track of the derivatives of g. We will
do so, however, in order to readily adapt this proof to the Einstein—Euler system studied in Sect. 2.6.

25 More precisely, we compute the Leray indices of the system to conclude that Eqs. (2.33) form a Leray
system in diagonal form. At this point, we could simply invoke Leray’s theorem for such systems, as in
fact Lichnerowicz did, but as explained, we believe that it is instructive to work out the energy estimates
in more detail. See Appendix A.2 for a discussion of Leray systems, and Leray (1953) for the respective
proofs.
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120 gv-1(5,) S N EN-1(5)
t
+/O R(“ag”HN*l(z,), ||35||HN71(2,), ||Q||HN*1():,)7 ||8w||HN*1():,)) dr,

2 2
107wl grv—2(x,y + 10wl grv—1(x,) + Wl gy (z,) S 107wl gy—2(5)

F 0wl grv-1(5g) + lwll gv (s

t
+ /O RAUIP gl gv-2(5,) 10251 grv—2 5.y, 1020 gv-2(z, ). 17wl gr-2(5,)) d,
(2.34)

where N > g + 3 has been used together with the Sobolev calculus (including the
Sobolev embedding theorem) to estimate lower order terms, including those appearing
when estimating the coefficients of the principal part of the system (2.33). In particular,
we used the Sobolev calculus to control the terms on the RHS of (2.33), e.g.

IR g, 875, 32, 3wl gv—2(x,)

SRAUB3gN 25, 19251 gv-2(5,)s 1020 gv-2(5.y, 102wl gv-2(5,))-

The o derivatives on the RHS of (2.34) involve 9; and 9;. Using (2.33a) and (2.33b)
we can solve for 9, (s, 2) in terms of their spatial derivatives and terms already present
in the error terms R but without 9 (s, €2), so we can replace terms involving ds and
0%2 on the RHS of (2.34) by corresponding norms of s and 2 with the same number of
derivatives but no time derivatives, e.g., we can replace [|9s | gn-1(x,) by Isllgv (s,
and similarly for the other terms in (s, €2). With these substitutions, if we define

Ny @) = lIsll g sy + 120 pv-1s,)

+ 187wl -2z, + 18wl gv-1. s,y + 1wl g s, (2.35)
a standard continuation argument”® or equivalently a nonlinear Gronwall inequality
implies that if T is sufficiently small, then (2.34) gives

Ny(@) SPWN(O), 0=t =T, (2.36)

for some smooth function P. Observe that the norms of g, in particular, have been
absorbed in the implicit constant appearing in <.

As usual, the energy estimate (2.36) is the key for establishing local existence and
uniqueness. Expert readers should have no difficulties using estimate (2.36) to obtain
the Theorem. Thus, we relegate the remainder of the proof to Appendix A.2. O

Once solutions to (2.31) have been obtained, it is straightforward to get solutions to
the relativistic Euler equations written in the other formats, e.g., (2.5), (2.8), or (2.14).
As in other quasilinear hyperbolic problems, Theorem 2.22 can be improved to
give continuity in time with respect to the top Sobolev norm H” and also continuous
dependence of solutions on the data. The proof of these statements is more involved

26 See Disconzi and Kukavica 2019, Sect. 5.2, for an example of such continuation argument.
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and will not be given here. Continuous dependence on the data, in particular, typically
requires employing Kato’s framework, as in Kato (1975).

Finally, we observe that a stronger form of uniqueness, based on the domain of
dependence property, can also be obtained (and is in fact needed to localize the problem
in the case of general manifolds X, as noted). While we will not present it here, it
can be obtained with the tools discussed in Appendix A.2 and our computation of the
characteristics.

2.5 Irrotational flows

Recall from Sect. 2.1 that a fluid is irrotational if it satisfies Q = 0, a condition that in
particular requires the entropy to be constant, i.e., the fluid to be isentropic. We also
saw in Proposition 2.17 of Sect. 2.3 that the irrotationally and isentropic conditions
are propagated by the flow. We recall that Proposition 2.17 requires knowing €2 at time
zero, and thus 9;(h, u)|,—q. These can be readily computed from the initial data by
algebraically solving for the time derivatives in the relativistic Euler equations.

Assume that Q = 0. This means that the form w is closed?’ (see Definition 2.16)
and thus, at least locally, can be written as

w=do¢,

for some scalar function ¢ sometimes called the fluid potential. The Hodge-Laplacian
of ¢ gives

Oué = (dd* + d*d) = d*dp = d*w = 1,dF,

where d* is the formal adjoint of d (with respect to the spacetime metric), F = In },
and we used (A.2). From (A.4) with V,s = 0 and (A.10) we have

ez — 1 w*wh 2 —1w*wh
twdF = — C% n2 Vawg = — c% n VaVgo.
Multiplying d*d¢ — 1,dF = 0 by —c? and using that d*d¢ = —V,V% =
—g*V, Vg we find

o

B
wrw
(cfgaﬂ - (1- C%) h2

) VoVpp = (G"HV,Veh =0, (2.37)
which is a quasilinear wave equation for ¢.

Observe that ¢ completely determines a solution to the relativistic Euler equations,
so in particular (2.37) is a closed equation. Indeed, since w = d¢, the velocity is
given by u = h~'w = h~'d¢ and thus, by (2.26), the enthalpy is determined by
h? = -V, ¢VH#¢. Since the entropy is constant, we can determine all thermodynamic

27 Recall that a differential form s is closed if du = 0 and that d2 = 0.
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quantities (including the sound speed) from s and / (and an equation of state) from
the thermodynamic relations of Sect. 2.1.

The only characteristics for the system in the irrotational case are the sound cones
(G‘l)“ﬂéaélg = 0; in particular, the flow lines are not characteristics of the irrota-
tional system. Thus, the flow lines are the characteristics associated with transport of
vorticity and entropy, as mentioned in Sect. 2.2.

2.6 The Einstein-Euler system

We will now investigate the Cauchy problem for the relativistic Euler equations cou-
pled to Einstein’s equations, i.e., the Einstein—Euler system,

, 1
Ricep — 2Rgaﬂ + Agap = Tup, (2.38)

where Ric is the Ricci curvature, R is the scalar curvature, A is a constant (the cos-
mological constant), and 7 is the energy-momentum of a perfect fluid given by (2.1).
In order to establish local existence of solutions, the main task is to show that we can
obtain energy estimates for the coupled system. The rest of the argument will then be
standard and will not be given here (see, e.g., Wald 1984).

As usual, we consider the equivalent form of Einstein’s equations

. 1
Ricop = Tap — 2g“”T,wga,s + Agap. (2.39)

As in Sect. 2.4, we consider the relativistic Euler equations written in terms of
(s, 2, w). For Einstein’s equations, we work in wave (or harmonic) coordinates, so
that (2.39) reads (see, e.g., Wald 1984)

1
—ZgMUBMBVgaﬂ =Rup(dg, s, w), (2.40)

where we are using Notation 2.20.
Consider the system comprised of Egs. (2.33) and (2.40). From (2.40), we imme-
diately obtain

108l v ) + gl N+ (x,) S 108N 5y + 181 N+ (5
t
+/ R(”ag”HN(z,)y ||S||HN():,)7 ||w||HN(E,)) dr.
0

Combining this with?®

obtain a bound for

(2.34), we immediately see that the estimates close, so that we

10: gl g s,y + N8N aN+1 s,y + ISl (s, + Wl gy s,y + 120 V=15,

28 Recall that in the proof of Theorem 2.22 we purposely kept track of the derivatives of g entering in the
estimates even though g was given there, precisely because we wanted to use those estimates here.
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in terms of the corresponding norms of the initial data, provided ¢ is taken on a
sufficiently small interval. We observe that in deriving this control in terms of the
initial data we are using (2.40) to solve for the second and higher time derivatives of g,
so that terms in 3¢ g in the error terms R can be replaced by terms with the same number
of derivatives but no time derivatives and further terms already present in R, precisely
as we did in the proof of Theorem 2.22. For example, the term || gl HN-2(x,) on the
RHS of (2.34) can be replaced by [Igll yv+1(x,)-

The surface {t = 0} is non-characteristic for the system (2.33)-(2.40). Thus,
using an approximation by analytic functions as in the proof of Theorem 2.22 and
Appendix A.2, we obtain classical and Sobolev regular solutions to the system (2.33)
and (2.40) defined for small time and in a neighborhood of the origin (taking the origin
as the point p about which we wave coordinates are constructed). A standard argument
gives solutions to the full Einstein equations (for data satisfying the constraints). We
summarize the result as follows.

Theorem 2.23 (Lichnerowicz 1967; Fourés-Bruhat 1958). Let 7 = (%, ¢, &, §, i, i)
be an initial data set for the Einstein—Euler system (2.38), with ¥ compact. Suppose
that §, b, it, and the equation of state satisfy the same assumptions of Theorem 2.22 and
thatg € HNTU(X), & € HN(X). Then, there exists a globally hyperbolic development
of T satisfying the Einstein—Euler system (2.38). This development is unique if taken
to be the maximal globally hyperbolic development of the data.

Remark 2.24 As in Theorem 2.22, we took X compact for simplicity. See Choquet-
Bruhat (2009) for the non-compact case.

Remark 2.25 Theorem 2.23 assumes the existence of an initial-data set, i.e., a solution
to the constraint equations. Solutions of the constraints with perfect fluid matter sources
can be found in Isenberg and Maxwell (2021).

3 New formulation of the relativistic Euler equations: null structures
and regularity properties

Equations (2.33) that Lichnerowicz derived to prove local existence and uniqueness of
solutions to the relativistic Euler equations involve operators that make the role of the
characteristics manifest. They are the operators u*9,, and (G~H*Bymy, 0gd,, that form
the principal part of (2.33), the latter operator being a combination of the transport
operator u"9, and the wave operator (G_1 )”‘ﬂ dy dg. Nevertheless, such equations are
not yet good enough for more refined applications, such as the study of shock formation
or the study of low-regularity solutions. Standard first-order formulations of relativistic
Euler (i.e., any of the forms (2.5), (2.8), (2.14), (2.31) or variants thereof, including
formulations as first-order symmetric hyperbolic systems) are not appropriate for such
applications either and have (from the point of view of these applications) the further
disadvantage that the system’s characteristics are hidden in the way the equations are
presented. Indeed, while the sound cones are a key dynamical object for the evolution
(since they are characteristics corresponding to the propagation of sound), they are
hidden in first-order formulations of the equations.
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In this section, we will present another way of writing the relativistic Euler
equations—what we call a “new formulation of relativistic Euler” or simply “new
formulation” for short—which is specially suited for investigating delicate mathemat-
ical questions for which very precise information about the behavior of solutions is
needed. We will discuss how this new formulation can be used to investigate the prob-
lem of shock formation for relativistic perfect fluids, improved regularity of solutions,
and solutions of low regularity (the latter topic will be dealt with in detail and will
thus be discussed separately in Sect. 4). None of these applications seem attainable
using standard formulations of the relativistic Euler equations. The new formulation
is specially tailored to the characteristics of the Euler system (the sound cones and the
flow lines).

The key idea underlying the new formulation is the following. The new formulation
of the relativistic Euler equations allows us to employ geometric-analytic techniques
from the theory of quasilinear wave equations (of which many were developed in the
context of mathematical general relativity, as mentioned in the Introduction) in the
study of relativistic perfect fluids. This is because the new formulation recasts the
relativistic Euler equations as perturbations (in an appropriate sense, see below) of
quasilinear wave equations of the form

Uy ¥ = F(¥, 0W), 3.1

where [y is a wave operator relative to a Lorentzian metric ¢ that depends on the
solution variable W and F is a nonlinearity depending on W and d\W with a definite
(typically good) structure. (In the case of systems, it is understood that the LHS of
(3.1) is a diagonal operator with the wave operator [y acting on each diagonal entry.)

Systems of the form (3.1) have been intensively investigated in the mathematical
community, with significant contributions coming from the study of mathematical
general relativity. Several powerful geometric-analytic techniques have been discov-
ered in these studies, leading to a series of breakthroughs and sharp results.?’ Thus,
by recasting the relativistic Euler equations as a perturbation of (3.1), we hope to be
able to adapt such powerful techniques to the study of relativistic fluids.

There is, however, a crucial difference when it comes to the relativistic Euler equa-
tions as compared to (3.1). The aforementioned techniques from quasilinear wave
equations are adapted to systems with a single characteristic speed, namely, the (solu-
tion dependent) characteristics of ¢. The relativistic Euler equations, on the other
hand, form a system with multiple characteristic speeds, the sound cones and the flow
lines, as seen in Sect. 2.2. We need to account for the highly nontrivial interaction of
sound waves and transport of vorticity and entropy. Thus, while the goal is to treat
contributions coming from the “transport-part” of the system as a perturbation of its
“wave-part,” the precise nonlinear structure of the perturbations is crucial.

The best way to illustrate the above point is by comparing with the irrotational
case. When the fluid is irrotational, the relativistic Euler equations take the form (3.1)

29 A thorough discussion of these results is beyond our scope here; we refer to Speck (2016), Klainerman
et al. (2012) and references therein.
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with & being the acoustical metric.3” In particular, the only characteristics present are
the sound cones, see Sect. 2.5. It turns out that the irrotational system possesses the
required structures for the application of the powerful geometric-analytic techniques
we have been referring to?! (we will be more specific about what such structures are
when we introduce the new formulation in Sect. 3.2). If we blindly apply to the general
(non-irrotational) case the procedure that leads to Egs. (3.1) in the irrotational setting,
we will naturally obtain additional terms in (3.1).3> These additional terms will depend
on the entropy, the vorticity, and their derivatives, coupling to the evolution of the the
wave-part of the system to that of its transport-part, i.e., the evolution of the entropy
and vorticity. The presence of these extra terms will in general preclude application
of techniques proven successful in the study of systems of the form (3.1).

The goal of the new formulation of relativistic Euler is to write the equations as a
system of the form (3.1) containing extra terms involving the entropy and vorticity,
as mentioned above, but in such a way that these extra terms have a good nonlinear
structure that allows us to adapt geometric-analytic techniques previously used in the
study of quasilinear wave equations with a single characteristic speed. These extra
terms involving the entropy and vorticity and possessing good nonlinear structure is
what we think of as “perturbations” of (3.1). In particular, when we say that we will
recast the relativistic Euler equations as a perturbation of (3.1), this does not mean
that such perturbations can be thought of as negligible or small in any sense. We
use the term perturbation here in the sense of “perturbing the underlying structures,”
i.e., obtaining terms whose structural properties are compatible with those of the
unperturbed system.

In particular, when applying to Euler the geometric-analytic techniques developed
in the context of systems with a single characteristic speed, one cannot treat the per-
turbations coming from the entropy and vorticity as mere “passive” variables with
respect to those techniques. This means that an application of techniques from quasi-
linear wave equations to the non-irrotational Euler system will be successful only if
complemented with new geometric-analytic techniques tailored to the dynamics of the
entropy and vorticity.

In order to obtain a system of the form (3.1) with the desired perturbations (in the
sense just explained), following a derivation similar’? to the one giving wave equations
for an irrotational system and carrying the terms in vorticity and entropy along will
not do the trick (i.e., the resulting terms in entropy and vorticity will not have good
structure). Rather, we have to differentiate a first-order formulation of the relativistic

30 Equation (2.37) is not yet in the form (3.1) because G depends on one derivative of ¢. But upon
differentiating (2.37) and considering W = d¢, we obtain a system of equations of the form (3.1).

31 The presence of such structures was crucial for the major work by Christodoulou (2007b) on formation
of shocks in the irrotational relativistic Euler equations. In fact, Christodoulou (2007b) introduced many
of the geometric-analytic techniques referred above and was the first systematic application of ideas from
mathematical relativity to the study of fluids (although some geometric-analytic tools have been used in
earlier work by Alinhac 1999a,b, 2001a,b).

32 More precisely, we cannot apply to the non-irrotational case the procedure leading to (3.1), since we do
not have u = d¢ in this case. What we mean is that following similar calculations, applied to u directly,
will produce additional terms.

33 See Footnote 32.
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Euler equations with some carefully chosen geometric vectorfields and observe some
remarkable cancellations.

3.1 Auxiliary quantities

In order to derive the new formulation of relativistic Euler, we need to introduce some
auxiliary variables that will be used.

Notation 3.1 For simplicity, for the derivation of the new formulation of the relativistic
Euler equations, we will take the spacetime metric to be the Minkowski metric. We
will work with standard rectangular coordinates. Throughout, we will denote by € the
totally anti-symmetric symbol in 3 + 1 dimensions with the normalization €”1?3 = 1.
In the Definition 3.3, we will take s, fz, and u as primary variables, where h is defined
in (3.2). In particular, &, n, 8, o, £, and p will be functions of (s, ﬁ).

Assumption 3.2 For the rest of this section, we assume &, n, 0,0, &, p,s > 0 and
0 < ¢y < 1. The normalization (2.2) will also be assumed.

Definition 3.3 (Auxiliary variables). We introduce the following quantities:

e The (dimensionless) logarithmic enthalpy,

N h
h:=log _, 3.2
gh (3.2)

where 1 > 0 is some fixed constant reference value.
e The u-orthogonal vorticity of a one form V,

vort® (V) 1= —e*"°ugd, . (3.3)

Note that indeed vort* (V)u, = 0.
e The u-orthogonal vorticity,

w?® := vort* (hu). (3.4)
e The entropy gradient,
Sa 1= 0yS. (3.5)
e The modified vorticity of the vorticity,

. 00
C% = vort*(w) + Cs_zeaﬁy‘suﬁf)tha + (9 — 8f1> §%9;u”

30 . 30
+ (e — ) u®S*dh + (e - ) S* g dup. (3.6)
dh dh
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e The modified divergence of the entropy gradient,
1, s Loy~ 1 550 &
D:= 08"+ S"0h— ¢, °S"0zh. (3.7)
n n n

The modified quantities C and D come about because of the following. In the
applications we will discuss, we need to estimate vort(w) and 9, S*. These quantities
do not seem to satisfy good equations which would produce the desired estimates.
However, adding the right combination of variables to vort(w) and 3, S* we obtain
quantities (C and D) that satisfy equations with a good structure, for which estimates
can be obtained.?* The desired estimates for vort(w) and 9; S* then follow because
the terms added to them to define the modified quantities can be estimated separately.

Remark 3.4 The quantities C and D play a crucial role in the proofs of the mathematical
results we will present, but we are not aware if they have a physical meaning.

The u-orthogonal vorticity w is related to €2 by duality,>
w® = ut(QY)],
where Q* is the Hodge dual of €2,
(@ap = Capun .

The role of w is to interpret the vorticity as a vector rather than as a two-form. It turns
out that even though w contains less information than €2, using w suffices for our
purposes.

Definition 3.5 (Null-forms). The null-forms relative’® to G are the following
quadratic forms

Q%(3¢, 3y) == (G P a,pdpv, (3.8a)
Qup (3¢, 3Y) = By pdp ¥ — dpda, (3.8b)

where ¢ and ¢ are scalar functions.

The use of null-forms has a long history in hyperbolic PDEs and we will highlight
some of its properties below.

34 This is illustrated in more detail in Sect. 4; see in particular Remark 4.4.

35 We do not write the term with /— det g in dualities involving the anti-symmetric symbol because we
are considering the Minkowski metric here.

36 Recall that G is the acoustical metric introduced in Definition 2.11.
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3.2 The new formulation

We can now state the new formulation of the relativistic Euler equations. As the com-
plete statement of the new formulation is quite long, we will give only a schematic
statement. For this, we will write >~ to denote equality up to “harmless terms,” where
“harmless” here means from the point of view of the applications of the new formu-
lation we will discuss.

Theorem 3.6 (Disconzi and Speck 2019). Assume that (fz, s,u) is a C3 solution to
relativistic Euler equations.>’ Then, (h,s,u) also verifies the following system of
equations.

Wave equations:

Ogh ~ D + Q(3h, du) + L(dh), (3.9a)
Ogu® ~ C* + Q(dh, du) + L(3h, du), (3.9b)
Ogs ~ D + L(dh), (3.9¢)
Transport equations:
u s =0, (3.10a)
u*9,8% ~ L(du), (3.10b)
w9, w® ~ L(3h, u), (3.10c)

Transport-div-curl equations:

w9, D~ C+ Q(S, dh, du) + L(3h, du), (3.11a)
vort(S) = 0, (3.11b)

ot ~ L(dh), (3.11¢)

W9,C% ~C+D+ Q@S, dw, dh, du) + L(3S, dw, dh, du). (3.11d)
Above, L(0 f1, ..., d fn) denotes linear combinations of terms that are at most lin-
earin df;, i = 1,...,m, whereas Q0 fi1, ..., 0 f,) denotes linear combinations

of null-form QG(Z)fi, dfj) and QO fi,df;), i, j = 1,...,n. It is understood that
the coefficients in these linear combinations are smooth function of (h, s, u) without
involving their derivatives. g is the wave operator relative to G and in Ugu® the
wave operator acts on u® treated as a scalar function.>®

Proof The proof is quite long and we refer to Disconzi and Speck (2019) for details.
The core idea is to differentiate a first-order formulation of the equations with several

37 1tis implicitly assumed that (ﬁ, s, u) is such that all quantities appearing in Egs. (3.9), (3.10), and (3.11),
are well-defined, e.g., 0 < ¢y < 1, n > 0 so that & is well-defined, etc.

1
38 For a scalar f, we recall that the wave operator is then (gf = 1 | 9 (| det G|2 (G—1ep agf).
| det G| 2
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carefully chosen geometric differential operators and observe remarkable cancella-
tions. However, in order for the reader to get an idea of how these cancellations work,
we will provide a proof of (3.9a).
Direct computation gives
detG = —¢;©

s

|det G|2(G™N = ¢ g% + (¢! — 73 uuP,

from which we can compute

Ogh = (| det G|2 (G agh)
| det G|2
= cfaa(—(c;3 - cs_l)u“uﬁaﬂfz + cs_lgaﬂaﬂfz)
= —(1 — Au®d @WPogh) — (1 — Du®uPogh + B! — cy)u®dycsul dph
— ¢s8P g 35ﬁ+c§g“ﬂ 3,,3,35
= (2 — Du®8, WPgh) + 2 g3, 0ph + (c — 1) u*uPdgh
—i—(3cs_1 —¢y) Z;Chf u® Bafluﬂaﬂfl + (3cs_1 —cy) Z;C; g“ﬁaiuﬂaﬂfz

=0
dc, A A oc; ~
—c; g af: duhdgh — csg®® 8; dus dph
=Sy
= (2 — Du®d, P dgh) + c2g% 3, 05h + (2 — 1)duu®uPdgh
= e (g™ aghiph — udghuP dgh + u®dghuP dgh —2u® 0, huP 9gh)

oh
=(G—1)By hagh

0 ~
— g% acss Sa0gh,

where the terms in bold in the third equality have been combined into the terms in
bold in the fourth equality, the terms in underlined in the fourth equality have been
combined into the terms in underlined in the fifth equality and in doing so we split the
term with a coefficient 3 into a sum of terms with coefficients 2 and coefficient 1, and
we also used (2.31c) and (3.5). Thus, so far we have

Ogh = (2 = Yu® 3 (uPdgh) + 28,050 + (2 — 1)du*uPdgh

8C _ A N 8C -1 -1 N ~ 8C A
+2 af; i 'u® 9 huP dgh — aij e G Poaghdgh — cig a; Sedph,
(3.12)
In terms of the variables of Definition 3.3, equation (2.31a) reads
u%dqug + dgh + ugu®o h — qSg = 0, (3.13)
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where?® q := 0/h, and (2.31b) reads
u%dyh + c2dqu® = 0. (3.14)

Contracting (3.13) with cS2 g% d,, and using (3.14) to replace for the term in divergence
of u,

=—c;2uﬂapfz
C%gaﬂaaaﬂfl = —c u® 0y 3}314/3 - cfa,gu“aauﬂ - cfuﬂa,g(u“a h)
— 2opuPuo,h + 2qopSP +c2825ﬂa b+ aqsﬂs,g

dcs .
= u*d,(uPagh) — 2c—1 *u*dyhuPagh —2¢71F u®dys uPogh
3h 0S =~~~
=0
— 23pudguPf — uPdgu®dyh) — c2dguPu®dyh

aq A aq
+c2qopS? + 2T sPagh + 20 5P s, (3.15)
oh ds
where the terms in bold in the first equality produce the terms in bold in the second
equality and we used (2.31c) and (3.5).

Using (3.15) to substitute for the term c? g“ﬂaaaﬂfz on the RHS of (3.12) and
highlighting these terms in bold, we find

A A ] A A
Ogh = u®d, uPogh) — 2¢;! 3;: u®duhuf dgh
—c29pu*duP — 2uPag(u*dyh) — c2oguPu®dqh

20q

aq
+c2qapSP + 2 SPagh+ 2 SP,
qdp S of 5055 5B

+ (2 — Du®d, (uPdgh) + (> — 1)o,uuPogh

s —

dc 1 dcg _ _ A dcy ~
2 e hulagh — L e NGTY P ayhagh — g™ C S, 045k
+ ap & W dahu0p a7 & (G )™ 0ghdgh — csg g5 DX OB

We will observe some cancellations. Thus, we rewrite in exactly the same form some
terms in a way that is explained below:

~ ~ oc ~ ~
Ooh = datu? 9ph) 265" u dahuP o
— 20puduP —c2uP 3 U0y h) —cdgufu®oyh
dq ~ dq
2 2 2
+ c2qopsP + 2 Iy SPogh + ¢ a5 SPsg
39 Here the denominator is / and not ﬁ, but recall that & is viewed as a function of /.
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+(Cs2 - l)”aaa(”ﬁaﬁﬁ) + (6'52 — 1)8au°‘u’38,3fz

dcs A ~ dcy _ _ A A oc; n
+2 A hs c; \u®d,huPagh — ai; TN GTHPBoghogh — cyg® 8; Sadph.
(3.16)

The terms in same form (i.e., bold, underlined, and double underlined) in (3.16) cancel
each other. We note that for the second term in underlined, it is that term multiplied
by what is outside the parenthesis that cancels with the first term in underlined, but we
did not underline the term outside the parenthesis because it also multiplies another
term that does not cancel out. Erasing the terms that cancel, rearranging the order of
the remaining terms, and using (3.14) to substitute for the term ub Bﬂfz we find

—c29guf
~ -

~ Py 0 PN
Ugh = —cgaﬂu"aauﬂ _ aaua uﬁaﬁh _ 8;: cs—l(G_l)"‘ﬂaaha,gh
d N 0 ~
— ;8" acs Sedph+cqigs? + 2 32 SPagh
N

5
+c2 aj S8

9 -
= nc2qD + (1 — A)gSPapg — ;hf TGP o,hagh
9 .
2 (Iu®dpuP — dpu®dauP) —c, ;S S%0,h
S

9
Isps,, (.17)
S

aq N
+c§aﬁ SPagh + 2 )

where the terms in bold in the first equality combine into the terms in bold in the
second equality and the term in underlined in the first equality produces the terms in
underlined in the second equality in view of (3.7) (we also raised an index in one of
the terms).

We claim that (3.17) is the desired expression (3.9a). Recall that in (3.9a), each
term is allowed to have a coefficient that is a smooth function of (4, s, u). The first
term on the RHS of (3.17) is the term linear in D in (3.9a). The term (G ~1)*# 3, /idg
is a null-form of the form (3.8a) with ¢ = ¢ = h. For each fixed indices « and B,
the term 0, u®dg ub — dpgu” deu® is a null-form of the form (3.8b) with ¢ = u® and
Y = uP; thus, aau"‘aﬂuﬂ - Bﬂuaaauﬂ in (3.17) is a sum of such null-forms. The term
S8 Sg involves no derivatives (recall that S is treated as a variable on its own footing)
and the remaining terms are linear in derivatives of h. O

The derivation of the remaining equations in Theorem 3.6 is significantly more
involved and we refer the reader to Disconzi and Speck (2019). The above proof,
however, highlights two important aspects. First, one cannot blindly differentiate a
first-order formulation to obtain the second-order formulation of Theorem 3.6. In
order to obtain the desired cancellations it is important to selectively choose when to
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substitute, expand, or differentiate an expression. Second, the form of the equations of
Theorem 3.6 is unstable under perturbations. A minor difference, e.g., in a numerical
coefficient, would prevent some of the key cancellations or combinations that are
needed.

Remark 3.7 Equations (3.9) are wave equations sourced by terms depending on vor-
ticity and entropy which reduce to a system of the form (3.1) in the irrotational case.

When the fluid is irrotational, this new formulation reduces to the equations found
by Christodoulou (2007b) in his work on shock formation for the relativistic Euler
equations. In this case, the equations are essentially the equations for the fluid poten-
tial*? derived in Sect. 2.5. Theorem 3.6 is a generalization of a similar new formulation
of the classical compressible Euler equations (with entropy and vorticity) found by Luk
and Speck (2018, 2020, 2024), Speck (2019).

It is important to stress that Theorem 3.6 should not be taken for granted, i.e., as a
simple addition on top of the formulations found in the simpler settings of irrotational
or classical fluids. This is because the structures uncovered by Christodoulou and
Luk and Speck in those cases are unstable under perturbations, in the sense that
even the smallest change in a numerical factor or coefficient would prevent the exact
cancellations needed for the equations of Theorem 3.6 to hold.

We will next discuss three applications of the new formulation presented in Theo-
rem 3.6: improved regularity for the entropy and vorticity, the study of shock formation
for the relativistic Euler equations, and low-regularity solutions. The latter will be car-
ried out in more detail so we leave it for Sect. 4.

None of these applications seems attainable using standard formulations of the
equations. The latter observation, in particular, highlights the following important
point. Despite looking a monstrosity, the equations of Theorem 3.6 are very nice in
that they have very good structures that allow us to prove several results seemingly
inaccessible with first-order formulations of the relativistic Euler equations. In other
words, what makes a set of equations “good” or “bad” is not how long or ugly-looking
they are, but rather the structures they possess, a point certainly known to researchers
but that might escape some students. The relativistic Euler equations, written as in
Theorem 3.6, are very good equations (as we will show through the applications we
will discuss), despite being scary-looking, because they enjoy several good properties.
First-order formulations of relativistic Euler, e.g., (2.5) or (2.14), on the other hand,
look relatively benign, but are in fact inappropriate for studying many sophisticated
mathematical questions in that they do not have many good mathematical properties.

3.3 Improved regularity
Here, we will show that the new formulation of the relativistic Euler equations can

be used to establish that the entropy and the u-orthogonal vorticity can be one degree
more regular than what is given by standard theory.

40 More precisely, a once-differentiated form of (2.37), see Footnote 30.
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Theorem 3.8 (Disconzi and Speck 2019). The relativistic Euler equations are locally
well-posed (i.e., existence, uniqueness, and continuous dependence on the data) with*!

(h,s,u,u))EHNxHN+1 xHNxHN,

for N > g—i—l.

In other words, if
(h,s,u, W)|,—o € HY x H¥N*' x HN x HV,

then this regularity is propagated by the flow. To understand the point of Theorem 3.8,
the important observation is that standard theory (e.g., symmetric hyperbolic systems
or the mixed order formulation we derived in Sect. 2.4) gives only (h, s, u, w) €
HN x HN x HN x HN=1 evenif (h,s,u, w)|,—g € HY x HN*! x HV x HV.

Proof We refer to Disconzi and Speck (2019) for details. Here, we only highlight the
main ingredients.

A smooth solution with quantitative control in the space (h, s, u, w) € H N HN x
HY x HN=! can be obtained by standard methods (e.g., writing the equations as a
first-order symmetric hyperbolic system). Thus, using a standard approximation of the
data by smooth functions, the problem can be reduced to deriving a priori estimates
for solutions that give control in the space (h, s, u, w) € HY x HN*! x AN x AV,

First, it is not difficult to see that direct energy estimates on the evolution equations
of the new formulation lose derivatives. For example, we want to control # in H N and
w also in HY (recall that w ~ du). The evolution for w, Eq. (3.10c), gives (writing
schematically and omitting the initial data and other terms that will not be important
for the discussion) u“d,w ~ du, so standard transport estimates give

t
||(U||HN(2,) S /0 ||3M||HN(2,) dr.
Equation (3.9b) gives Cgu ~ C ~ dw and then, using estimates for wave equations,

t t
”atu“HN’l(E,) + ||M||HN(>:,) S /0 ||3w||HN*1(2,) dt ~ /O ||(U||HN(2,) dr

t t
< / ldullgn (s, dt N/ lull gy s,y d,
0 0

where on the second line we used the above estimate*? for the H" -norm of w. We
see thus that there is a loss of derivatives.

41 Footnote 37 applies here for the initial data with uniform lower bounds, so for simplicity one can assume
to be working in [0, T'] x T3.

42 We observe that 9 can involve time derivative, but they play the same role as 8 for the derivative counting
since we can algebraically solve for time derivatives in terms of spatial derivatives using the equations.
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The way around this problem is to use the fact that w satisfies not only a transport
equation but also (taking into account the evolution for C ~ curlw, Eq. (3.11d)), a
div-curl-transport system. Thus, we can use elliptic regularity through the div-curl
part of the system to gain a derivative.

It is not, however, so simple. The div and curl operators in the new formulation
are spacetime div and curl (recall, in particular, (3.3) and (3.4)). We need to extract
regularity across X, and for this we need spatial div-curl operators. To do so, we use
that (3.3) and (3.4) give

U =0 = Uy d0w* = —uyw*,

which allows us to independently control the “timelike part” of dw. We can then
remove this timelike part from the div-curl system, treating it as a souce, obtaining
in this way a purely spatial div-curl system for which elliptic estimates on ¥; can be
applied. (Similar remarks apply to S and its corresponding div-curl system.) O

Remark 3.9 The above div-curl elliptic estimates work because these are estimates
across X, without boundary terms. For other applications, including the study of the
maximal development of the initial data (see Sect. 3.4), one needs to localize such
estimates and elliptic theory demands treatment of boundary terms. This has been
done in Abbrescia and Speck (2022) for the classical compressible Euler equations
(see also Shkoller and Vicol 2024), but is open in the relativistic case (see Abbrescia
and Speck 2023).

Remark 3.10 The above procedure of excising the timelike part of dw can be done
while preserving the null structure of the equations. While the null structure is not
important for Theorem 3.8, it is important for the study of shock formation discussed
in Sect. 3.4. In fact, in the shock problem we do need the extra regularity of s and w
given by Theorem 3.8.

Remark 3.11 Improved regularity for the vorticity and entropy had been proven in the
classical, compressible setting, by Luk and Speck using a similar new formulation
of the classical compressible Euler equations (see Luk and Speck 2018, 2020, 2024;
Speck 2019). One key difference to keep in mind is that in the classical setting the
div and curl operators are honest, spatial operators, unlike the relativistic case where
we have to deal with spacetime operators as mentioned above. See also the discussion
after the statement of Theorem 3.6.

3.4 The study of shock formation

We will next discuss the problem of singularity formation in solutions to the relativistic
Euler equations and how it relates to the study of shock waves. Formation of singular-
ities and shock waves in the Euler flow, and more generally in quasilinear hyperbolic
systems, are very broad and active topics of study and it would be unfeasible to present
here an account that does justice to topic. Our goal in what follows is very focused,
intended primarily to highlight how the new formulation of Theorem 3.6, and the
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geometric-analytic framework that it entails, can be used to study these subjects. Even
such a limited scope, however, already reveals a great deal of rich mathematics. The
main takeaway is that, while singularity formation and shock waves are distinct topics
that can each be studied on its own right, for the relativistic and the classical com-
pressible Euler equations, there is a deep connection between these topics.*> Such a
connection is visible in great detail through the geometric-analytic framework we have
been discussing. Before presenting details, we need some preliminary discussion. For
the next definition, we remind the reader that we denote by M the spacetime.

Definition 3.12 A shock wave, or simply a shock, for the relativistic Euler
equations (2.5a)—(2.5b) is an oriented regular44 co-dimension one surface*® M in

spacetime satisfying the following properties*©:

1. For any p € M, there exists an open neighborhood V. C M of p such that
V = VTU(VNM)UV~, where VT are open sets satisfying V¥ N M = @,
V+ NV~ = @, and the limits

TH(p) = lim T(x), T*(p) = lim J (),

xeVE xeVE

exist and satisfy 77 (p) # 7~ (p) or T (p) # T~ (p).
2. Equations (2.5a)-(2.5b) hold in the sense of distributions in a neighborhood of M,
and in the classical sense in each of the sets V* introduced above.

The first condition in Definition 3.12 states that the energy momentum tensor 7 or
the baryon density current 7 have a jump discontinuity across M, with their values
from each “side” of M being different but remaining finite. Under this situation we
cannot talk about their derivatives in the classical sense, so the second condition
requires the equations of motion to be satisfied in a distributional sense. The second
condition also states that away from M the relativistic Euler equations are satisfied in
the usual, classical sense. Thus, shock waves are essentially discontinuous solutions
to the equations of motion. Observe that the above conditions are imposed on 7" and
J, from which we can then derive conditions on g, p, u, etc.

Physically, shock waves play a prominent role in the study of the relativistic (and
classical compressible) Euler equations, with many important physical phenomena
adequately descried by shocks. The basic idea is that shocks can be used to model
abrupt, nearly instantaneous, variations in the fluid variables, such as those happening
in a medium in the neighborhood a region where an object transitions from subsonic
to supersonic speeds. See Chapter 8 of Anile (1990) and Chapter 4 of Rezzolla and
Zanotti (2013) for a discussion of applications of shock waves in relativistic fluids.

Given the importance of shocks in physics, the development of a mathematical
theory of shock waves has received a great deal of attention through the years; a

3 Although there is no general simple picture, see Remark 3.15.

4“4 Regular means that M can be locally written as the level {¢ = 0} of a C I function ¢ satisfying
dglp # 0.

45 Typically, this will be a surface with boundary, see Remark 3.14.

46 Here, we follow closely the definition in Chapter 8 of Anile (1990).
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precise account would not be appropriate here, see the above monographs and the
ones cited further below. As mentioned above, we will focus instead on a particular
aspect of the problem related to the formation of singularities. In order to explain this
in more detail, it is useful to start with some landmark results in 1 + 1 dimensions.

3.4.1 The 1+1-dimensional case

In 1 + 1 dimensions, John (1974) proved that for strictly hyperbolic systems in one
spatial dimension (which include the relativistic and classical compressible Euler equa-
tions) satisfying a mild condition called the genuinely nonlinear condition, arbitrarily
small perturbations of constant states develop a singularity in finite time, with the sin-
gularity given by a gradient blow-up. John’s result generalized earlier findings in this
direction by Lax (1964) and Glimm and Lax (1970) (see also the related subsequent
work of Liu 1979). Thus, in particular John’s result shows that for large classes of
smooth initial data, solutions to the relativistic Euler equations break down in finite
time due to a gradient blow-up.

Once the gradient of the fluid variables blows up, we can no longer talk about them
satisfying the equations of motion in the classical sense. But one can ask whether it is
possible to continue solutions past the singularity in a distributional sense; in particular,
whether solutions admitting shock waves exist. It turns out that distributional solutions
to (2.5a)-(2.5b) are not unique, thus simply determining their existence is not enough.
In 1+ 1 dimensions, however, uniqueness can be enforced if one restricts attention the
to class of entropy solutions. An entropy solution is a distributional solution for which
the entropy increases discontinuously, in a controlled fashion, across a hypersurface
of discontinuity,*’ i.e., it is a shock wherein the entropy*® jumps across M.

Going back to Glimm (1965), through the work of many authors including Bres-
san (2000), Dafermos (2005), LeFloch (2002), Liu (2021), and Serre (1999, 2000),
a well-developed theory of entropy solutions for the relativistic and classical com-
pressible Euler equations in 1 4+ 1 dimensions is available. The main result can be
summarized as follows. Given initial data with sufficiently small total variation, there
exists a unique entropy solution which is defined globally in time. Because entropy
solutions in particular accommodate shocks, this gives a very satisfactory answer to
the question of existence of shock waves for the Euler equations in 1 4 1 dimensions
(entropy solutions also include other types of singularities, such as contact disconti-
nuities or rarefaction waves, see the previous references). We refer the reader to the
above references for the precise statements and proofs. The result holds under certain
further natural assumptions on the equation of state and on the initial data, e.g., the
assumption that the density is bounded away from zero from below (thus, no vacuum

47 See references below for the precise definition of an entropy solution, which will not be needed here.
We warn the reader that the terminology is not uniform in the literature, and what we called distributional
vs. entropy solutions is sometimes called weak vs. entropy solutions, weak vs. admissible solutions, etc.
Moreover, the expression entropy solution itself is used to mean different things in the literature. Because
we are introducing this concept only as a motivation for subsequent problems, it suffices for our discussion
to know that such a notion of entropy solution exists, without getting into the details of its definition and
differences in the literature.

48 The history of how this condition came about is quite interesting, going back to the works or Riemann,
Helmbholtz, and Clausius, see the introduction of Christodoulou (2007a).

@ Springer



Recent developments in mathematical aspects of relativistic. .. Page 47 of 218 6

Fig.3 Illustration of the shock t
front problem

M

=

C» 3

regions are present). See also the related works by Groah et al. (2007), Smoller and
Temple (1993).

Remark 3.13 Here, we are focusing on the relativistic Euler equations, but the above
references establish the aforementioned result on entropy solutions for a large class
of (hyperbolic) systems of conservation laws, of which the relativistic and classical
compressible Euler equations are simple particular cases. We remark that for such
systems a notion of entropy can be introduced in order to define entropy solutions,
even if the equations have no direct physical meaning.

3.4.2 The higher-dimensional case

Turning now to the 2+ 1 and 3+ 1 cases, it is natural to ask whether the aforementioned
theory of entropy solutions that is so successful in the case of one spatial dimension
can be generalized to higher dimensions. The assumption of data with small variation
is key for the existence and uniqueness of entropy solutions in 1 + 1 dimensions. The
proofs rely crucially on estimates in the space of functions of bounded variation (BV).
Unfortunately, it was showed by Rauch (1986) that BV estimates are not true for most
quasilinear systems of interest in more than one spatial dimension.

Establishing existence and uniqueness of entropy solutions for the relativistic and
classical compressible Euler equations in 2 + 1 and 3 + 1 dimensions is currently a
major open problem, whereas developing a general theory of entropy solutions for
quasilinear equations in divergence form in 2 + 1 or 3 + 1 dimensions, in the spirit
of the general theory of systems of conservation laws in 1 + 1, seems out of reach.
See the discussion in Holzegel et al. (2016) and also Sect. 3.5. Nevertheless, there has
been important progress within some regimes of interest.

On important case is that of what is sometimes called the shock front problem.
In this case, one starts with initial data that on ¥ that suffers a jump discontinuity
and asks about the existence and uniqueness of entropy solutions containing shocks
that emanate from the surface of discontinuity contained in X¥¢. See Fig. 3 for an
illustration. In the case of the classical compressible Euler equations, this problem
was solved by Majda (1984) for initial data where a jump discontinuity happens
across a smooth hypersurface, with the data being smooth on both sides of the jump.

Important as the shock front problem is, we will focus on a different question,
namely, that of the emergence of shocks through a dynamical mechanism, as follows.
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Fig. 4 Illustration of the shock t M

development problem '%
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Consider sufficiently regular initial data for the relativistic Euler equations prescribed
on Xy, where for simplicity we consider the Minkowski spacetime. We would like
to determine a time 7, > 0, called the time of first blow-up, for which a solution
to the Cauchy problem exists and remains regular for t < #,, 7(t,-) and J(¢,-)
remain bounded but their gradient blows up as one approach ¥+, with the blow-up
occurring along a set V C %+, which we call the blow-up set.** Then, we would like
to continue the solution past the blow-up in a distributional sense. More precisely, we
would like to find an entropy solution that agrees with the classical solution for t < 1,
and that contains shock waves emanating from V. This problem is known as the shock
development problem. See Fig. 4 for an illustration.

Remark 3.14 When we say that a shock wave “emanates” from a set S, it roughly
means that M has S as its past boundary. For our present high-level discussion, a
precise definition will not be needed. The interested reader can consult Abbrescia and
Speck (2022, 2023). But we remark that in general the past boundary of M will not
be contained into a single time slice, thus in the case of the set )V C X;+ above, a more
precise description would be to say that M emanates from a set containing V.

Observe that the shock development problem contains two different aspects. One is
about the formation of singularities and the other is about the continuation of solutions
past the singularity.’® In 1 4 1 dimensions, both aspects of the problem, as well as
the shock front problem, are all treated together. In higher dimensions, formation of
singularities for the relativistic Euler equations was first treated by Guo and Tahvildar-
Zadeh (1999) and, subsequently, by Pan and Smoller (2006). These results showed
that for large classes of smooth initial data which include open sets, classical solutions
to the relativistic Euler equations in 3 + 1 dimensions break down in finite time,!
generalizing to the relativistic setting a similar earlier result by Sideris (1985) for the
classical compressible Euler equations. The nature of the singularity, however, is not
revealed in these works (see more below). While, the full shock development problem

49 There is no standard terminology for the set V.

50 1t is more common in the literature to refer to the shock development problem as only the second aspect,
i.e., the continuation past the singularity. Here, however, it is convenient to think of formation of singularities
and the subsequent continuation of solutions as two different aspects of a single problem.

51 Naturally, one can conclude breakdown of solutions in 3 4 1 dimensions from the 1 + 1 case by simply
viewing the 1 + 1 equations as equations in 3 + 1 dimensions under plane symmetry. The corresponding
1 + 1 initial data, however, will not form an open set among 3 + 1 data under any useful topology.
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remains open in more than one spatial dimension, a very important step toward its
resolution was accomplished by Christodoulou (2019), who solved a simplified version
called the restricted shock development problem.

Without going into details, the current state-of-affairs in the shock development
problem can be summarized as follows. In regimes accessible with current tech-
niques, solving the shock development problem in 2 + 1 or 3 + 1 dimensions requires
understanding the maximal globally hyperbolic development of the initial data,
or maximal development for short, which is roughly speaking the largest spacetime
domain in which there exists a unique classical solution determined entirely by the
initial data.’? We refer the reader to Abbrescia and Speck (2022), Shkoller and Vicol
(2024), Holzegel et al. (2016) for background and a more in-depth discussion of such
current state-of-affairs.

For the classical compressible Euler equations in 3 + 1 dimensions, Abbrescia and
Speck (2022) have recently constructed a portion of the maximal development for
specific open sets of data consisting of perturbations of plane-symmetric solutions.
We note that the perturbations are not restricted to a symmetry class, thus this is a full
3 + 1-dimensional result. They have constructed a singular-boundary portion of the
maximal development wherein the solution experiences a gradient blow-up. For a full
description of the maximal development, one also has to construct the boundary part
that is not singular but determined by domain-of-dependence considerations, i.e., the
so-called Cauchy horizon.>* A portion of the maximal development containing also
a Cauchy horizon has been constructed by Shkoller and Vicol (2024), albeit in two
spatial dimensions and under some convexity assumption on the initial data.

A key feature in constructing the maximal development is that it requires describing
the nature of the singularity, i.e., a refined description of the behavior of the classical
solution prior to the breakdown is needed (recall that the results by Guo and Tahvildar-
Zadeh 1999; Pan and Smoller 2006; Sideris 1985 do not reveal this information). For
the relativistic Euler equations in 3 + 1 dimensions, such a precise description was
first accomplished in the celebrated work by Christodoulou (2007b) in the case of
an irrotational fluid. There, it was shown that there exists an open set of initial data
consisting of perturbations of constant states for which the corresponding solutions
break down in finite time; the breakdown is caused by a gradient blow-up, whereas the
fluid variables themselves remain bounded; and, finally, the breakdown mechanism
is the “collapse of the characteristics,” where the characteristics in this case are the
sound cones, similarly to what happens to the characteristics in the case of the one-
dimensional Burgers equation; see below for a definition and more details. We note
that prior to Christodoulou (2007b), Alinhac (1999a,b, 2001a,b) obtained results
pointing toward the general picture described by Christodoulou. Christodoulou’s result
was generalized by Speck (2016), who considered more general classes of quasilinear
wave equations (recall from Sect. 2.5 that the irrotational Euler equations can be written
as a system of quasilinear wave equations). Finally, a similar result for the classical

52 We say “the” maximal development under the implicit assumption that one considers sets of initial data
for which there exists a unique maximal development. It is known that, for general quasilinear systems,
such a maximal development need not to be unique, see Eperon et al. (2019).

33 See Sect. 8.3 of Wald (1984) for a definition of Cauchy horizons. There, the focus is on the spacetime
metric, but the same concept applies to the case of an acoustical metric.
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compressible isentropic irrotational Euler equations was obtained by Christodoulou
and Miao (2014).

In the case of the classical compressible Euler equations in 2+ 1 and 3 4- 1 dimen-
sions, prior to the works by Abbrescia and Speck (2022), Shkoller and Vicol (2024) on
the maximal development, the results mentioned in the previous paragraph had been
generalized to include vorticity by Luk and Speck (2018, 2020, 2024). See also the
related works by Buckmaster et al. (2022a,b, 2023a,b).

The upshot of the previous discussion is the following. Tackling the shock devel-
opment problem requires understanding the maximal development of the initial data.
The latter, in turn, requires a precise description of the nature of singularities, which
entails in particular an understanding of the blow-up set V.

With this background in mind, we can now turn attention to the problem we want to
discuss in connection with the new formulation of Theorem 3.6. Before doing so, how-
ever, we need to make an important remark on terminology. When one has a gradient
blow-up driven by the collapse of the characteristics, with the fluid variables remaining
bounded, as described above, it has become common practice in the literature (see,
e.g., Abbrescia and Speck 2022; Shkoller and Vicol 2024; Abbrescia and Speck 2023;
Christodoulou 2007b; Luk and Speck 2018, 2020, 2024; Speck 2016, 2019) to refer
to the blow-up set V itself as a shock wave or simply as a shock, and to the process
leading to blow-up as a shock formation. This abuse of terminology is understandable
if one keeps in mind the connections among gradient blow-up, maximal development,
and the shock development problem described above. We will follow this practice,
henceforth referring to shocks and the formation of shocks in this sense.

We can now finally state the problem we want to investigate. It is the problem of
constructive proofs of stable shock formation without symmetry assumptions in
more than one spatial dimension for the relativistic Euler equations, henceforth
referred to simply as the problem of shock formation. By this we mean the following:

e Shocks form for an open set B of (small, usually perturbations of constant states)
smooth initial data. This means that shocks are stable. More precisely, we want to
determine open sets of data for which a time of first blow-up occurs along with a
precise description of the nature of the singularity. In more detail, we want to show
that the gradient of the fluid variables blows up, while the fluid variables themselves
remain bounded. Moreover, the goal is to show that blow-up occurs through a
specific mechanism of “collapse of the characteristics,” where the characteristics
in this case are the sound cones. The precise definition is given in Sect. 3.4.3 (see
in particular Eq. (3.19) and the surrounding discussion), but the basic idea is that
this mechanism is similar to the blow-up mechanism for the Burgers equation
in 1 + 1 dimensions.>* In view of the foregoing discussion, the motivation for
considering only singularities where this collapse happens is that these are the
types of singularities believed to be connected with the existence of shock waves, as
opposed to other types of singularities such as the so-called implosion singularities
recently discovered for the classical compressible Euler equations (Merle et al.
2022a,b,c) (see also the related work by Chen et al. 2024), wherein the fluid
variables themselves blow-up, as opposed to only their derivatives.

54 See Footnote 57.
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e Proofs are constructive, in the sense that they provide information about the nature
of the singularity. We do not want, as mentioned above, to describe all sorts of
singularities, but only gradient blow-up driven by the collapse of the characteristics.
Moreover, as we will explain in Sect. 3.4.4, we want a more refined description
intrinsically tied to the collapse of the characteristics. Instead of general gradient
blow-up, we want to single out directions transverse to the sound cones as the
direction along which derivatives blow up, with derivatives tangent to the sound
cones remaining bounded.

e B3 contains “arbitrary” initial data, in the sense that it is not restricted to symmetry
classes.

e The problem is considered in 2 + 1 or 3 4 1 dimensions.

In order to carry out a proof with the above elements, there are three key ingredients
that are crucial to apply current geometric-analytic techniques. We will discuss each
one of them in what follows. Our discussion will elucidate why the formulation of
Theorem 3.6 is well suited for the problem of shock formation. After discussing these
three key ingredients, we will provide some further comments on studies of shocks.
We stress that all the discussion of these three ingredients focuses on the case of more
than one spatial dimension. We point out that the work by Abbrescia and Speck (2023)
provides a useful complement to the discussion that follows.

Remark 3.15 The connections among collapse of the characteristics, a gradient blow-
up, and the shock development problem, are rather intricate and have been understood
within specific regimes and for certain sets of initial data. Although these are deep
connections that underscore a great deal of beautiful mathematics, we do not intend
to suggest that a general theory is available.

3.4.3 Ingredient one: nonlinear geometric optics

This is done by introducing an eikonal function /, which is a solution to the eikonal
equation

(GNP a,UdgU = 0, (3.18)

with appropriate initial conditions. The eikonal function plays two crucial roles.
First, the level sets of I{ are the characteristics associated with acoustical the metric
G, which are the sound cones. In this regard, we note U/ is adapted to the wave-
part of the system and not the transport-part.>> This choice is based on the fact that
the transport part corresponds to the evolution of entropy and vorticity, and there
are no known shock results for these quantities. On the other hand, the only known

55 In view of the discussion at the beginning of Sect. 3, wherein we see transport of entropy and vorticity
as a suitable perturbation of the underlying wave equation (3.1) (see Remark 3.7), we will often refer to
the wave-part and the transport-part of the relativistic Euler system. This is intended as a useful conceptual
scheme to help us untangle the behavior of the different characteristics of the system, but should not be
thought of as suggesting that we can consider each part separately, as the evolution of the wave-part and
the transport-part are coupled.

@ Springer



6 Page520f218 M. Disconzi

mechanism>® of shock formation for relativistic Euler is the collapse of the sound
cones, very much like the collapse of the characteristics is the blow-up mechanism for
the 1 4+ 1-dimensional Burgers’ equation (see Sect. 3.5). Here, “collapse” of the sound
cones or characteristics refers to the phenomenon of the characteristics accumulating
at an “infinite density.” The collapse of the sound cones is measured by the inverse
foliation density p defined as

1

_ , 3.19
(G=1)BdutdpU (.19

W=

which has the property that p — 0 corresponds to the infinite density of the charac-
teristics. In particular, this notion of infinite density>’ is made precise by quantifying
it as © — 0. We note that these remarks highlight the importance, in the context of
shock formation, of not treating the transport and wave parts of the system together,
as it is done in first-order formulations of the equations.

Second, in order to detect the blow-up, we need to identify precisely in which
directions the solution blows up, and in which directions it remains bounded. This is
done with the help of a null-frame

{e1,e2, L, L},

adapted to the sound cones. Here, L and L are null vectors with respectto G, satisfying
G(L,L) = -2, and {ej, ez} is an orthonormal (with respect to G) frame on the
(topological) spheres given by>®

8¢ := {t = constant} N {{/{ = constant},

see Fig. 5. L is “incoming” and L “outgoing,” so that L is transverse to the the
characteristics and L tangent to the characteristics. We also have G(es, L) = 0 =
G(ea, L), A=1,2.

We can decompose quantities with respect to this null-frame, and identify that
blow-up occurs in the L direction, while derivatives of the fluid variables in the other
directions remain bounded (see Sects. 3.4.4 and 3.4.5). To carry out the analysis, we
also introduce a geometric system of coordinates adapted to the sound characteristics,

(t,u, v, 9%,

where 94, A = 1,2, are coordinates on the spheres S; 4, constructed by solving
(GNP 3,Uds®" = 0 with suitable initial conditions.

56 For classical compressible Euler, other types of singularities have been recently constructed in Merle
et al. (2022a, b, ¢), but their stability is unknown.

57 One would informally talk about the intersection of the characteristics, but this is not very precise
because, for generic data, the characteristics do not intersect. Rather, they accumulate in a way that is
measured by the inverse foliation density p (see Abbrescia and Speck 2022 for more discussion).
58 We use a harmless abuse of notation to simplify the presentation. Instead of writing Sy, 74, = {t =
to} N {U = Uy} for given 1y and Uy, we simply write S; 74 := {t = constant} N {{/ = constant}.
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Fig.5 Illustration of a U = constant
null-frame K

t = constant %/

Stu

3.4.4 Ingredient two: nonlinear null-structure

The basic philosophy for the proof of shock formation is to show that, relative to
the geometric coordinates {t,U, ol 192}, the solution remains bounded all the way
to the shock. In this way we transform the problem of shock formation into a more
traditional one, where the goal is to derive long-time estimates for the solution (relative
to geometric coordinates). The blow-up of the solution with respect to the original
coordinates is recovered by showing that the geometric coordinate system degenerates
(in a precise fashion, see Remark 3.17) relative to the original coordinates’® (since the
characteristics are intersecting at the shock, we expect the geometric coordinates to
degenerate there).

A crucial aspect of these constructions is that the null-frames and the geometric
coordinates depend on the fluid’s solution variables, since they are constructed out of
U, which depends on G. (In broad philosophical terms, this resembles the approach
to Einstein’s equations, where wave coordinates depend on the solution, i.e., on the
spacetime metric.) Therefore, in order to implement these ideas, we have to show that
the geometric coordinates remain regular all the way up to the shock. And to do so, we
need to obtain precise estimates for the fluid’s variables, showing, in particular, that the
derivatives tangent to the sound cones do not produce singularities, the latter coming
from derivatives in the L direction. One important key idea here is the following.

One shows that the evolution can be decomposed into a Riccati-type®® term that
drives the blow-up and error terms that do not significantly alter the high-frequency
behavior of the Riccati term. Such terms appear as follows (we will illustrate with h;
similar statements hold for u). Expanding the covariant wave operator Ll relative to
the null-frame, Eq. (3.9a) reads, schematically,

L(Lh) ~ —(Lh)* + 0, (3.20)

59 This is akin to the behavior of Burgers’ equation, where in characteristic coordinates solutions are global,
although the change of coordinates from standard to characteristic coordinates is no longer valid when a
shock forms. An even simpler example is given by the Riccati ODE y = y2, which blows up in finite time.
If we introduce the “new (solution-dependent) coordinate” z by solving z = —yz, z(0) = 1, and define
y :=zy,then y = 0, so y(t) = y(0) = y(0) for all r. However, the “coordinate” z has to approach zero
when y approaches foo.

60 Recall that the Riccati ODE is y= :I:yz, which blows up in finite time.
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where Q denotes linear combinations of null-forms relative to G and we have omitted
harmless terms, e.g., terms linear in derivatives. The equation L(sz) ~ —(L}Az)2 is the
Riccati equation for the variable sz, since L is differentiation along the sound cones
sothat L = ddt for a suitable parametrization of the flow lines of L. Thus, in order to
derive blow-up, we need to show that Q is a perturbation that does not significantly
alter the Riccati behavior. This is difficult because Riccati terms are generally unstable
under perturbations (see Remark 3.16). However, and here is where the role of null-
forms becomes important, Riccati terms are stable under perturbation by null-forms.
Relative to the null-frame, we have, for a null-form O relative to G,

Q(3¢,9y) =T(P)dy +T(¥)dg,

where T is differentiation tangent to the sound cones. This implies that even though
Q is quadratic, it never involves terms quadratic in the direction the system “wants to
blow up.” Specifically, in our case then (3.20) reads

L(Lh) ~ —(Lh)? + T(h)dh,

so that the first term on the RHS is the only term quadratic in Lh.If instead of T(h) we
had a generic derivative dh, then we would geta (0h)? term. After decomposing in a
null-frame, this (Z)fz)2 term could produce a (sz)2 that cancels or nearly cancels the
—(Lh)? from the Riccati part, thus working against blow-up and preventing us from
proving that shocks form. The term T(h)dh, however, is at most linear in Lh, so that
in the end we have

L(Lh) ~ —(Lh)> + T(h)(Lh).

Since tangential (to the sound cones) derivatives remain bounded (see Sect. 3.4.5
below), the first term on the RHS dominates over the last term, leading to the blow-up
of Lh, as desired. Note, in particular, that it is precisely a transverse (to the sound
cones) derivative that blows up.

Remark 3.16 A straw man ODE analogy of the above discussion is the following.
Consider the two following perturbations of the Riccati ODE y = y*: y = y> + ¢y
and y = y2 £ ¢ey3, y(0) > 0, ¢ > 0 small. The first equation still blows up and it does
it at the same rate as the original Riccati. For the second perturbation, depending on
the sign =+, the solution will either exists for all time or it will blow up at an entirely
different rate (thus, effectively, altering the blow-up). The null-forms are the PDE
analogue of the ey perturbation.

Remark 3.17 Being a bit less schematic, the evolution for Lh relative the null frame
reads

L(Lh) ~f(h)(Lh)* + T(h)(Lh),

where f is a smooth function. John’s genuinely nonlinear condition (see John 1974
and also the overview in Speck 2016), which holds in the present discussion, gives
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f(fz) < 0, which gives the negative sign in the above schematic form L(Lﬁ) ~
—(sz)2 + T(fz)(sz). In the irrotational case, f(fz) = 0 corresponds to an equation of
state where the fluid’s potential solves the timelike minimal surface equation, where
shocks do not occur (see Christodoulou 2007b). Plane symmetric perturbations of this
situations do not form shocks either (see Abbrescia and Wong 2020). We also note
that p satisfies an evolution equation of the form Ly =~ f (fz)u, so if p|,—¢g > 0 and
f(h) < 0, the dynamics favors driving p towards zero (corresponding to the collapse
of the sound cones and thus a shock). Finally, recall that we mentioned that blow-up
of the solution with respect to the original coordinates is recovered by showing that
the geometric coordinate system degenerates, although the solution remains regular
with respect to the geometric coordinates. This can be roughly viewed by noting that
L~ ;’t + 1 " du + 2 ic12 319' , 80 u — 0 gives the shock. (We recall that in all this
discussion we are focusing on / and omitting u under the =~ signs.)

3.4.5 Ingredient three: energy estimates and regularity

The previous discussion assumes that we can in fact close estimates establishing several
elements needed for proving that transverse derivatives blow up — e.g., that tangential
derivatives in fact remain bounded or that the geometric coordinate system remains
regular prior to the shock. Thus, we need to derive estimates establishing such claims.
This means estimates not only for the fluid variables but also for the eikonal function
(note that the regularity of the null-frame and of the geometric coordinate system is
tied to that of ¢f). It should be pointed out that the regularity theory of the eikonal
function is very challenging (see Sect. 4 for more on this).

Energy estimates for the fluid variables are obtained by commuting the equations
with derivatives, but in order to avoid generating uncontrollable source terms, we need
to commute the equation with certain geometric vectorfields that are adapted to the
sound characteristics. This leads to vectorfields of the form Z ~ 9Uf - 3. Commuting
through, e.g., Eq. (3.9a), we find

Z(@Ogh) ~ Og(Zh) + (OgoU)oh
~ Og(Zh) + 3’ Uoh,

so that the equation for Zh is of the form
Og(Zh) ~ 33Udh + - --

Since U solves a (fully nonlinear) transport equation, standard regularity theory for
transport equations gives that ¢ is only as regular as the coefficients of the equatlon
which in this case is G; and since G = G(h s,u), we find 33U ~ 93 G ~ 3h+-

so that

Og(Zh) ~ 3h + - - (3.21)
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Standard energy estimates for [ give that from Lg (Zh) we obtain an energy-norm
for 9 Zh ~ 3%h. Thus, from (3.21) we see that we are trying to bound 32h in terms of
832, i.e., there is a derivative loss.

It turns out that we can overcome the above regularity loss by exploiting some
delicate tensorial properties of the eikonal function and of the wave equation relative
to geometric coordinates. Together, these properties can be used to show that certain
geometric tensors constructed out of U enjoy extra regularity properties in directions
tangent to the sound cones. Carefully accounting for the precise structure of the afore-
mentioned 33/d/ term, we can show that it is precisely one of such terms with extra
regularity. It turns out that all terms that seem to exhibit loss of regularity are of this
form and can thus be controlled. In particular, this better behavior in directions tangent
to the characteristics®! is what ultimately allows us to show that tangential derivatives
remain bounded, as mentioned in Sect. 3.4.4.

Remark 3.18 The special structures mentioned above that are used to prevent loss of
regularity of the eikonal function are tied to the geometry of the sound cones. The
improved estimates, without derivative loss, are not based directly on the eikonal
equation Eq. (3.18), bur rather on an intricate system for several geometric quantities
related to the sound cones, the so-called null-structure equations. We will have more
to say about these equations in Sect. 4.

To close the estimates we also need to use the extra regularity for s and w obtained
in Theorem 3.8. To see this, let us do a simple derivative counting. From (3.9b) we
get Ogu ~ C, so we can control du < C. But C ~ vort(w) ~ dw. From (3.10c),
we can control w < du, so in the end are controlling du < 8%u, which has a loss
of a derivative. This loss of regularity can be avoided, however, by using the extra
regularity for w obtained in Theorem 3.8. Something similar applies to s.

Finally, we point out that the energy estimates that are needed are in fact weighted
estimates, where the weight is given by the inverse foliation density . Such weights
are needed because 1 — 0 at the shock. In particular, the energies are degenerate at top
order. This is a major technical point that requires a complicated bootstrap argument
to close the estimates (see Speck 2016).

3.5 Some further context for the work on shocks

The ideas discussed in 3.4 have not all been introduced in Disconzi and Speck (2019).
They are the culmination of a series of beautiful ideas developed by several authors
(see the introduction of Disconzi and Speck (2019) and Holzegel et al. (2016) for a
historical account and further discussion).

As mentioned earlier, if the fluid is irrotational, the new formulation of Theorem 3.6
simplifies considerably and the equations reduce to those found by Christodoulou
(2007b). The inclusion of vorticity and entropy causes several new difficulties and
it is quite remarkable that the general case presents many of the good structures
found in the irrotational case. Similar good structures are also present in the classical

61 Better behavior in directions tangent to the characteristics is a recurrent theme in the theory of quasilinear
wave equations and is already visible in the case of the flat standard wave equation, see Footnote 87.
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compressible Euler equations with vorticity and entropy (see Luk and Speck 2018,
2020, 2024; Speck 2019), but once more we remark that one should not expect such
delicate structures to be present in the relativistic Euler equations just because they
can be found in their classical analogue or in the irrotational case.

Connecting back to Sect. 3.4.2, in the irrotational case, the problem of shock for-
mation for the relativistic Euler equations has been solved in the landmark monograph
by Christodoulou (2007b), whereas Luk and Speck (2018, 2020, 2024), Speck (2019)
solved it for the classical compressible Euler equations in the presence of entropy and
vorticity (in both cases, a shock is signaled by 1 — 0, i.e., by the collapse of the sound
characteristics). A similar result, for special classes of quasilinear wave equations
(those not satisfying Klainerman’s null condition) has been obtained by Speck (2016).
All these works rely on a geometric-analytic framework along the lines of what was
discussed in Sects. 3.4.3-3.4.5 and further discussed in Sect. 4. More recently, Buck-
master et al. (2022b, 2023a,b), and Buckmaster et al. (2022a), have applied a different
formalism to solve the problem of shock formation for the classical compressible Euler
equations with entropy and vorticity.

At this point, readers will probably have noticed that despite all our discussion
about the problem of shocks, we have not stated a theorem about it. This is because
the problem of shock formation for the relativistic Euler equations with entropy and
vorticity, as described at the beginning of Sect. 3.4, has not yet been solved. More
precisely, Theorem 3.6 provides the first but crucial step for the resolution of this
problem, as it casts the relativistic Euler equations as a system possessing all the good
nonlinear structures that were crucial in Christodoulou’s work on shock formation
for the irrotational relativistic Euler system and in Luk and Speck’s work on shock
formation for the full classical compressible Euler equations, These structures have
been discussed in Sects. 3.4.3-3.4.5 and Theorem 3.6 shows how we can uncover
them in the relativistic setting with vorticity and entropy. Thus, one has good reason to
believe that the geometric-analytic techniques of works®? by Christodoulou (2007b),
Luk and Speck (2018, 2020, 2024), Speck (2019) can be generalized to the relativistic
Euler equations with entropy and vorticity, even if such a generalization is expected to
be daunting in that the equations of Theorem 3.6 are significantly more intricate than
their irrotational or classical counterparts. We return to this point in Sect. 8.

Remark 3.19 We remind the reader that all our discussion of the problem of shocks
focused on the case of more than one spatial dimension. In 1 + 1 dimensions, the
problem of shocks for the relativistic Euler equations and many other systems is
relatively well understood with the theory of systems of conservation laws, see the
Sect. 3.4.1.

4 Rough solutions to the relativistic Euler equations

The standard existence theory for the relativistic Euler equations in three spatial dimen-
sions gives local well-posednessin H" for N > g +1 (taking, say, (h, s, u) as primary

62 Tt is not known if the different approach used in Buckmaster et al. (2022a,b, 2023a,b) can be adapted
to the relativistic setting.
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variables). A natural question that drives a great deal of research in PDEs is that of the
minimum value Ny such that a given system of PDEs is locally well-posed in H™. A
less ambitious but related question is whether we can establish local well-posedness
in HY for N below the threshold given by standard theory.®> Questions of this nature
are commonly referred to as low-regularity questions/problems and solutions with
regularity below such a standard N are known as rough or low-regularity solutions.

In the irrotational case, the relativistic Euler equations can be written as a system
of the form (3.1), with ¢ being the acoustical metric, F a quadratic nonlinearity,
and® W = d¢, where ¢ is the fluid potential (see Sect. 2.5). The study of rough
solutions for equations of the form (3.1) has a long history and remarkable results
have been achieved. Some key results, which we state in terms of the corresponding
fluid variables which are of interest here, are the following. The irrotational relativistic
Euler equations in 3 + 1 dimensions are locally well-posed for®

(h,u=dg¢) e H",

where / is the logarithm of the density, see below, with (we state the results in chrono-
logical order and also in order of improvements over the previous ones):

o N > 2 = 2.25, by a result of Bahouri and Chemin (1999).
o N > 163 =2.16..., by aresult of Tataru (2002).

o N>2+ 2_2‘/3 =2.13 ..., by aresult of Klainerman and Rodnianski (2003).
e N > 2, by a result of Smith and Tataru (2005) (later, an alternative proof was
given by Wang 20179).
We remark the following:

e Within the context of “linear theory,” i.e., assuming a pre-specified regularity for
the coefficients but no additional structure (in particular, one does not assume that
Ug G satisfies an equation, as it will be the case for the Euler flow), Tataru’s 13/6
result is optimal in view of a result by Smith and Tataru (2002).

e Smith and Tataru’s N > 2 result is optimal under the stated assumptions,
as Lindblad (1998) proved ill-posedness in H? (the breakdown mechanism is
the instantaneous formation of shocks).

63 Where what is considered “standard” naturally depends on the equation; for Euler, standard theory refers
to the methods yielding N > g + 1 such as, for example, first-order symmetric hyperbolic systems.

64 Recall Footnote 30.

65 Recall from Sect. 2.5 that the fluid potential ¢ completely determines a solution to the relativistic Euler
equations, and from Sect. 3 that the irrotational equations take the form (3.1) with W = d¢. Thus, it is more
natural to state the regularity for d¢. Moreover, while all fluid variables are determined by ¢, it is more
natural in a fluid context to state the required regularity for both 4 and u, recalling that in fact u ~ d¢ (there
is no need to include the entropy because it is necessarily constant in the irrotational case). This also makes
comparisons with the non-irrotational case easier. Finally, it is more convenient to consider f rather than
I because, in this case, conditions at infinity are immediately accommodated by stating that / belongs to
some Sobolev space, whereas if we used 2 we would have to make statements for 7 — h for some constant
reference value 2 > 0 (and similarly if we used, say, the density as a variable).

66 Roughly speaking, Smith and Tataru’s proof uses a frequency-space approach whereas Wang’s proof
uses a physical-space approach. The low-regularity result for Euler we will discuss, Theorem 4.2, is also
based on a physical-space approach and borrows substantially from Wang for the treatment of the wave-part
of the system.
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We can now ask whether similar low-regularity results hold in the case Q2 # O.
The irrotational and rotational case are qualitatively different, with the transport-part
deeply coupled to the wave-part, a manifestation of the already alluded fact that when
Q2 # 0 the Euler flow is a system with multiple characteristic speeds. Nevertheless,
one hopes that the philosophy of Sect. 3 can be applied here as well, namely, that
we can establish existence of rough solutions to the relativistic Euler equations with
vorticity and entropy by treating it as a perturbation of the irrotational case modeled by
a system of the form (3.1) (keeping in mind that genuinely new ideas will be needed
to treat the transport-part of the system, as we will discuss below).

Before discussing rough solutions for the relativistic Euler equations, we will sketch
the proof in the case of the classical compressible Euler equations. We do so not
because the result for the relativistic Euler equations follows form easy modifications of
its classical counterpart one; as we stressed a few times, results in the relativistic setting
in general do not follow by tweaking with techniques applied to the classical equations.
Rather, considering the classical case first will provide greater conceptual clarity, as it
will allow us to avoid extra unpleasant technicalities present in the relativistic setting
and focus on the some key ideas that are shared by the proofs in both the classical
and relativistic cases. Additionally, there has been substantially more work on rough
solutions to the classical compressible Euler equations than its relativistic counterpart,
so that a more comprehensive theory of rough solutions is available in the classical
case (see discussion after Theorem 4.2). Finally, as mentioned in the Introduction, we
want to provide one application showing how the geometric-analytic formalism can
be used in the study of classical fluids.

Therefore, we introduce the following notation representing quantities of a classical
fluid governed by the classical compressible Euler equations (Egs. (4.4) below). We
purposely use the same notation as in the relativistic case in order to keep the analogy
with the relativistic case, discussed later, easier (e.g., we call u the classical velocity
of the fluid).

Notation 4.1 We henceforth adopt the following notation for fluid variables of a clas-
sical fluid described by the classical compressible Euler equations (see equations 4.4).
This notation will be used until Sect. 4.13, when we return to the relativistic Euler
equations.

All quantities will be defined in [0, T] x R3 for some T > 0. We adopt stan-
dard rectangular coordinates {x“ }3=0 in [0, T] x R3, with ¢ := x©° denoting a time
coordinate and {x"}?:1 denoting spatial coordinates and refer to [0, T] x R3 as the
spacetime. Our indices convention of Sect. 1.3 still applied here, but spatial vector-
fields, i.e., maps X: [0, T] x R3 — R3 will have their indices raised and lowered
with the three-dimensional Euclidean metric denoted 4. We introduce the following
quantities

e The logarithmic density /: [0, T] x R? — R,
hi= log ?,
0
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where o: [0, T] x R?> — Ris the fluid’s density and o > 0 is a constant reference
density.
5: [0, T] x R? — R is the entropy and we introduce the entropy gradient by

S := Vs,

where V is the standard three-dimensional gradient in R3.
The fluid’s velocity is a spatial vectorfield

u=@w" u® u®:[0,T] xR} > R3

representing the velocity of fluid particles.

div and curl are the standard three-dimensional divergence and curl operators in
R3.

The specific vorticity is the spatial vectorfield

curlu curlu

0/c
The material vectorfield,
B:=0 +u'd. 4.1)

In the classical setting, B plays a role similar to differentiation in the direction of
the four-velocity in the relativistic case.

For an equation of state p = p(p, s), where p represents the fluid’s pressure, the
fluid’s sound speed is defined as®’

ap
9o’

2. _
Cy 1=

For ¢; > 0, we define the acoustical metric by

3
Gi=—dt®dt+c;* ) (dx' —u'dt) ® (dx' —u'dr), 4.2)
i=1
whose inverse is®3
3
G'=-B@B+cl) 3 ®0. 4.3)

i=1

67 Tt is assumed that the equation of state is such that gz > 0, which is the case for most equations of state
of interest.

68 See Remark 2.12 for the explicit use of ~ 1 , where in the classical context indices are raised and lowered
with the Euclidean metric.
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It can be verified that (4.2) defines a Lorentzian metric in [0, 7] x R3 whose inverse
is given by (4.3). Observe also that G(B, B) = —1. The introduction of a Lorentzian
metric preludes the idea that techniques of quasilinear wave equations, many of which
were developed in the context of mathematical general relativity, will be applied to
the study of classical fluids.

We now assume that the pressure is a function® of h and s. The classical com-
pressible Euler equations in [0, 7] x R3 are given by

Bh = —divu, (4.42)
Bu' = —e "5, p, (4.4b)
Bs = 0. (4.4¢)

A computation similar to that of Sect. 2.2 shows that the characteristics of (4.4) are
the flow lines of B, B*£, = 0, and the sound cones, i.e., the characteristic surfaces of
the acoustical metric (4.2), (G_l)”‘ﬂé‘;ag,g =0.

As discussed for the relativistic Euler equations in Sect. 3, equations (4.4), or
equivalent first-order formulations of the equations, do not seem amenable to the
types of applications we want to consider. Thus, we will employ a new formulation of
(4.4) that plays in the classical setting a role similar to the equations of Theorem 3.6
for the relativistic Euler equations (see Eqgs. (4.7) below). We will need the classical
analogue of quantities (3.6) and (3.7), thus we introduce the modified vorticity of the
vorticity and the modified divergence of the entropy gradient, respectively, by

C:= e_ﬁcurIQ + -~ curlQ “4.5)
and
D= e 2hdivS + - ~ divS. (4.6)

As in the case of the relativistic Euler equations, these modified quantities are intro-
duced because one needs to obtain good estimates for curl2 and divS, but these
quantities by themselves to not satisfy equations with good structure. However, by
adding an appropriate combination of lower-order terms we obtain quantities, C and
D, that satisfy good equations from which estimates can be derived, eventually yield-
ing the desired control of curl2 and div S. The precise form of the lower-order terms
added to curl€2 and div S will not be important in our discussion because we will mostly
write things in schematic form, thus we omit them, only indicating their presence by
... in (4.5) and (4.6). We also indicate with ~ the main structural form that is capture
by C and D and that will be important in our discussion. See Speck (2019) for the
exact definition of C and D for the classical compressible Euler equations.

We are now ready to state the main result concerning rough solutions of the classical
compressible Euler equations. We will denote by C%* the standard Hélder spaces and
recall that ¥y = {t = 0} represents the initial hypersurface where data is prescribed.

69 For the classical compressible Euler equations, similar remarks as Sect. 2.1 hold regarding the choice
of independent thermodynamics variables.
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Theorem 4.2 (Disconzi et al. 2022b). Consider a smooth’® solution to the compress-
ible Euler equations (4.4) whose initial data obey the following assumptions for some
real numbers ) < ¢ < Vasmalloc > 0,0 < D = D, ) <00,0<c) < <00,
0 <c3:

I. “(l’l, u, curlu)||H2+a(20) + ||S||H3+6(20) < D.

2. €. D)llco.e(syy = D.

3. Along %, the data are contained in the interior of a compact subset K of state
space in which 0 > c3 and ¢1 < ¢5 < ¢3.

Then, the solution’s time of classical existence T depends only on D and K, T =
T (D, K), and the Sobolev and Holder regularity of the data are propagated by the
flow.”!

We now make several remarks regarding the assumptions and conclusions of Theo-
rem4.2. It will be useful in such remarks and in what follows to introduce ¥ = (fz, u,s)
and call W the wave variables because they satisfy wave equations of the form
OgW¥ = - - -, while the variables {2, S, C, D} will be called the transport variables
because they satisfy transport equations’> (see Eqs. (4.7) below). We intuitively think
of W as corresponding to the wave-part of the system, i.e., the part whose dynamics
is tied to the sound cones, and of {€2, S, C, D} as the transport-part of the system, i.e.,
the part whose dynamics is tied to the flow lines of the material derivative, with the
understanding that this is a useful way of organizing the proof but one should not think
that we can treat the wave and transport parts separately, as they their evolution is
deeply coupled.

e The proof of Theorem 4.2 involves several ideas of independent interest: sharp
estimates for the acoustic geometry (i.e., the characteristic geometry of the acous-
tical metric, see Sect. 4.8 and recall Definition 2.13), Strichartz estimates for waves
coupled to vorticity, Schauder estimates for the div-curl part.

e Compared to the aforementioned low-regularity results for systems of the form
(3.1), the main challenge is that (4.4) is a system with multiple characteristic
speeds. Low-regularity techniques for systems of the form (3.1) are based on
Strichartz estimates, which are well-adapted to the wave part of the system since
they are based on dispersion. There are no Strichartz estimates for transport equa-
tions because solutions to such equations do not disperse. In addition, one has to
handle the interaction of the wave and transport parts; as we will see, the transport
variables enter as source terms in the estimates for the acoustic geometry (see
Sect. 4.8). This highlights the fact that the rotational and irrotational problems are
qualitatively different; even the tiniest amount of vorticity is a game changer.

70 For convenience, it is assumed that the solutions are as many times differentiable as necessary. Thus,
“smooth” means “as smooth as necessary for qualitative arguments (such as integration by parts) to go
through.” However, all of our quantitative estimates depend only on the Sobolev and Holder norms men-
tioned in Theorem 4.2.

71 ILe., the norms we can control are uniformly bounded functions of (D, K) for ¢ € [0, T].

72 In view of the decomposition of a vectorfield into its divergence and curl parts, it would be more precise
to include only divu in W since curlu has been grouped with the transport variables. In practice, however,
we will employ a wave equation for u itself analogue to (3.9b) in the relativistic case.
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e Aside from (fz, u) € H?T4(Xy), which are in line with Smith and Tataru’s optimal
result mentioned above for systems of the form (3.1), we have the “extra” regularity
assumptions curlu € H>t4(%g), s € H>T4(Zp), and C ~ curlcurlu, D ~ 85 €
C%*(20). We will explain how this extra regularity is needed in the context of the
techniques we will present. However, it should be remarked that such additional
regularity of the transport-part of the data is propagated by the flow,”® even though
the transport-part is deeply coupled to the rougher wave-part (through source
terms in estimates for the acoustic geometry, in particular). In particular, note that
propagation of Holder regularity is non-standard for hyperbolic systems and is,
thus, of independent interest. Ultimately, our regularity assumptions are tied to the
regularity of the characteristics.

e Assumption (3) is a type of non-degeneracy condition (the degenerate case when
the density and sound speed vanish will be investigated in Sect. 5).

e Theorem 4.2 is optimal with respect to the wave-part of the system, i.e., (h,u) €
H*t2(%). Indeed, without assuming zero vorticity or entropy, An et al. (2021)
obtained that equations (4.4) are ill-posded for data in H? due to instantaneous
formation of shocks, thus extending result by Lindblad (1998) to the rotational
and non-isentropic case.’”*

e Theorem 4.2 was the first low-regularity result for a system with multiple char-
acteristics in three spatial dimensions. After its appearance, Wang (2022), and
independently Zhang and Andersson (2022), improved Theorem 4.2, particularly
by removing the Holder assumption on the data’> and lowering the required reg-
ularity of the vorticity to curlu € H2'(30), 0 < ¢ < &. We discuss these
improvements in Sect. 4.14. From these works and An et al. (2021) mentioned
above, Wang conjectured an optimal-regularity result for the compressible Euler
equations (see Wang 2022 and Sect. 4.14).

Proof of Theorem 4.2. The proof is quite long. Here, we will only outline the main
ideas, expanding on them the ensuing sections and referring to Disconzi et al. (2022b)
for more details. The logic of the argument is presented in Fig. 6.

The strategy for proving Theorem 4.2 is the following:

1. We will use known techniques from quasilinear wave equations (energy and
Strichartz estimates) to control the wave-part of the system. This requires, in partic-
ular, controlling the acoustic geometry (the regularity of the characteristic surfaces
of the acoustical metric, i.e., the sound cones). For this, one needs to derive com-
plementary estimates for several geometric quantities associated with the sound
cones.

2. We need to control the transport variables at a consistent amount of regularity as
in the previous item. Energy estimates for transport equations are not enough and
there are no Strichartz estimates for transport equations. We will instead combine

73 Observe that curlu € HZe(Sg) and s € H312(S) are in line with the extra regularity of vorticity
and entropy established in the relativistic setting in Theorem 3.8.

74 Unlike the case of a relativistic fluid, a classical compressible can be irrotational and have dynamic
entropy.

75 Although, as mentioned, the propagation of Holder regularity in Theorem 4.2 is of independent interest.
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Bootstrap assumptions
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estiumnates wave-part

Relies heavily on previous general relativity /quasilinear wave equations techniques.
Transport-part needs to be consistent with rescaling/reductions procedures.

Fig.6 Sketch of the logic of the proof of Theorem 4.2. New elements, as compared to the irrotational case,
are highlighted in blue. Terms indicated in the figure but not yet defined are discussed later in the text. The
idea of this flowchart was borrowed from Yu (2022)

the transport-type energy estimates with elliptic estimates and exploit structural
features of the equations.

3. Transport variables appear as source terms in the acoustic geometry, thus we need
to handle their interaction.”®

[}

We will discuss the above strategy in more detail in Sects. 4.1-4.12. Since Theo-
rem 4.2 can be reduced to the derivation of a priori estimates for smooth solutions in
the relevant norms of the problem, we will assume throughout a given smooth solution
to Egs. (4.4) defined for some time interval [0, T], T > 0, whose size will ultimately
be determined by the estimates we will derive and in accordance with the conclusion
of Theorem 4.2.

76 Note that this is a feature of a problem with multiple characteristic speeds.
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4.1 The new formulation in schematic form

In order to provide the main ideas in the proof of Theorem 4.2 while keeping the
discussion accessible and at a high level, we will need to make some simplifying
assumptions, carry out some convenient abuses of notation, and downplay certain
distinctions among variables and equations. This will allow us to summarize the nearly
hundred fifty pages needed for the proof of Theorem 4.2 (which in turn relies on
hundreds of pages of previous works) in a way that will still be useful to readers.

Thus, we begin by assuming an isentropic fluid, i.e., s = constant, so that D = 0.
In this case C is given exactly by C = e eurlQ, ie., the ... terms in (4.5) vanish
(see equation (1.3.13a) in Speck (2019)). We will further ignore the e~ term, which
is lower order, and write C ~ curlQ2 (see Remark 4.4 below).

For the classical compressible Euler system, equations analogue to those of Theo-
rem 3.6 were found by Speck (2019), Luk and Speck (2020). In our simplified setting,
and writing schematically, these equations read (recall Sect. 1.3 for the difference
between 9 and 9):

OgW ~ curlQ + oW - 9, (4.7a)
BQ ~ 9W, (4.7b)
BeurlQ ~ 9W - §Q2, 4.7¢c)
divQ) ~ 9W. (4.7d)

In Egs. (4.7), >~ is employed as in the statement of Theorem 3.6, so in particular
harmless linear terms, as well as coefficients that are smooth functions of (W, 2), are
omitted. Recall that ¢ = (fz, s, u), or, in our case, ¥ = (fz, u) since s is constant.
Equation (4.7a) thus represents the evolution equations for both u and h, which we
group together as a single vector equation as the wave equations for u and h have
similar structures.”” The term dW - W on the RHS of (4.7a) represent terms quadratic
in W, whereas W - 92 on the RHS of (4.7¢) represents quadratic’® terms involving
the product of 3W and 9 but not terms in OW)? or (32)2. Equation (4.7a) should
be viewed as the classical counterpart to Egs. (3.9), equation (4.7b) as the classical
counterpart to (3.10), and Eqgs. (4.7c)-(4.7d) as the classical counterparts to (3.11),
with the further simplification s = constant in the classical case.

Remark 4.3 In our exposition, the distinction between spacetime derivatives 9 and
spatial derivatives d will not be important, as we will be interested only in a derivative

77 In reality, C is a source term only in the equation for u, see equations (3.1.1a,b) in Speck (2019). However,
since we will treat W as a single variable in what follows, without distinguishing between h and u, we write
it as in (4.7a). Moreover, the equation for h is in fact sourced by D, which vanishes here but in the general
case is the modified variable playing a role for the / equation similar to the role played by C ~ curl2 for
the u equation.

78 The quadratic terms on the RHS of Egs. (4.7a) and (4.7¢c) are null-forms relative to the acoustical
metric. For Theorem 4.2 it is only important that such terms are quadratic and the null-form structure is not
important. However, in their work on shock formation Luk and Speck (2018, 2020, 2024), Speck (2019),
when Luk and Speck first introduced the new formulation of the classical compressible Euler equations,
the null-forms are crucial, for reasons similar to our discussion in Sect. 3.4.4.
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counting for such terms. The terms for which the specific form of the derivatives
do matter have already been distinguished by writing explicitly B, curl, and div in
Eqgs. (4.7).

Finally, we note the following important point.

Remark 4.4 In an attempt to simplify the exposition, as explained at the beginning
of this section, it is easier to think of the new formulation of classical Euler as a
system for W and €2 only, as written in (4.7). So, in particular, we used C ~ curl€2 to
replace C by curl€2 in the equations derived by Speck (2019), Luk and Speck (2020).
Nevertheless, we remind that it is C, and not curl€2, that satisfies good equations, and
estimates for curl€2 can be derived only through estimates for C. This can be viewed,
for example, from comparing Eqgs. (4.7b) and (4.7¢). Taking the curl of (4.7b) would
produce a term in 92w, and estimates would not close were such term present. What
happens is that in reality it is BC, and not Bcurl €2, that we need to consider. The “extra
terms” in C, implicit under . .. in (4.5) (but written explicitly in the relativistic case
in (3.6)) that are added to curl2 work precisely to produce a cancellation, so that no
d?W term is present in the evolution for C. However, without getting into the details
of the calculations, details that are beyond our goal, one cannot see the usefulness of
considering C, so that writing BC instead of Bcurl$2 and having to switch back and
forth between C and curl 2 would be a distraction that we would rather avoid. In other
words, we write curl 2 with the understanding that it should be placeholder for what
in reality is C.

With the above set-up in place, we are finally ready to start discussing the proof of
Theorem 4.2.

4.2 Energy estimates

We want to control W in H>*, so at top order we need 3°T*W e L2. Taking §'*¢
derivatives’? of (4.7a) we obtain

Ogd'ew ~ §'*ecurlQ,

so that that standard wave equation estimates give
- - t -
180" Wl 1205,y S 100" T2 W 125, + / 18" curlQl 25, dT. 4.8)
0

where we are making use of the following:

Notation 4.5 Above and in what follows, we ignore terms that can be Gronwalled in
a standard fashion, keeping track only of “dangerous terms” whose derivatives have
to be controlled at top order. Observe, however, that some of these Gronwall terms
come with coefficients in L* which also need to be controlled. We subsume these

79 Fractional derivatives are computed with help of the Littlewood-Paley projections.
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L™ terms into < for now, while discussing top-order terms in L?, returning to the L™
terms in the sequel.

From (4.8) we see that we need to control 3 tcurl2 in L2. We cannot obtain this
control from (4.7b) because it gives

Bd'*ecurlQ ~ 5! ecurlgw
~ 932w,

However, using (4.7c) we get
Bi'TeurlQ ~ 9w - 37TFQ + 99 TEW - §Q.

All terms on the RHS are controlled at our regularity level except possibly 32t in
L2, hence:

t
18" curl Q| 25, S 10" FcurlQl 25, +/ 1827 Q| 25, dT. (4.9)
0

To control 32+¢Q in L?, we use the following standard Hodge estimate for any
vectorfield V in R3,

10V Il2cs) S 1divVI2es,) + leurl V2,
which gives
||52+SQ”L2(Z,) < ||div51+£9“l,2(2t) + ||Cur151+59“l,2(2t).
Using (4.7d) to estimate the divergence term,
1074 Q25 S 137 Wl 12x,) + lleurld Q2 s, - 4.10)

Using (4.10) into (4.9) produces
t
13" curlQ| 2,y S 18" curlQl 25, +/O 187 Q 12, dT
t
S 187 Q25 +/ leurld' Q|| 25,y dT 4.11)
0

Combining (4.8), (4.9), (4.10), and (4.11) and Gronwalling gives
100" W | 25,y + 1077 Q 205,y S M98 W 1205 + 1977 1205, (412)

B Thus, we obtain the desired control of 32T W in L2 with the additional control of
8%1¢Q in L? provided the data terms on the RHS of (4.12) are indeed finite. This
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follows from our assumptions W|,_, € H>** and curlu|,_, € H>*. In particular,
this explains our extra regularity assumption on curlu|,_g.

As mentioned in Notation 4.5, terms in L* have been subsumed into <. But such
terms are not a priori bounded, so, when we Gronwall, we get in the usual fashion an
exponential term containing the L° norms. Thus a more precise form of (4.12) is

188" W || 25,y + 1875 Ql 25, < data x o 10911100 w0+ 5 dT - (4,13)

The term [0V ]| L (5,) In (4.13) comes from commuting g with derivatives, whereas
[EXe]] L(s,) comes from 9% in (4.7¢). The focus now becomes bounding the time
integral of these terms.

4.3 Key element: control of mixed spacetime norms and bootstrap assumptions

In view of (4.13), we can close estimates for ¥ and €2 in H2%¢ if we can bound

t
Wl 1o ;:/ [0V ] Lo(s,) dT
0

and
—_ t —_
10201 L1 oo ::/0 1092 Lo (x,) dT

in terms of the initial data.

If we had that 2 + ¢ > g + 1 then we would immediately obtain the desired
bound from Sobolev embedding.®” In the irrotational and isentropic case we can
control [[0W]| 1 LiLe using Strichartz estimates and no control of €2 is needed (recall
the 1ntr0duct0ry discussion at the beginning of Sect. 4).

In order to control ||0W|| ;1 LlLoes the goal will be to use Strichartz estimates suitably
adapted to the presence of vorticity, since Strichartz estimates are designed for control-
ling mixed spacetime norms for wave-like systems and are based on dispersion (recall
that W is a wave variable). For [|a€2| Ll there are no Strichartz estimates (no dis-
persion for transport equations; recall that €2 is a transport variable). Since €2 satisfies
a div-curl-transport system, we would like to estimate the spatial norm || 32| Lo with
help of elliptic estimates. As stated, however, this is not possible because Calderén-
Zygmund operators are not bounded in L. We can, however, bound || 32| LiLee by the

stronger norm || || 110« and for C% % elliptic estimates are available. This explains
+Cx

our Holder assumptions on the data. B
Using Cauchy—Schwarz in the time integral, it suffices to bound || (0 W, 0€2) || 2L

(In view of the energy formalism, it is more convenient to work in L? spaces.) This

80 We recall that in the case 2 + ¢ > g + 1 we can use a first-order formulation of the equations and no
additional assumptions on the vorticity are needed.
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will be obtained by improving, for small time, the following bootstrap assumptions:

189135, o + D VOUPVOVIZ,, o < 1, (4.14a)
v>2

IIBQIILzLOO + Zv”onpyasznﬁm <1, (4.14b)
v=>2

where P, is the Littlewood-Paley projection onto dyadic frequencies and ¢ is a
small number depending on . We can view (4.14a) as a bootstrap assumption on the
wave-part and (4.14b) as a bootstrap assumption on the transport-part.

Remark 4.6 Only the bootstrap assumptions on ||V || 121 and ||3€2|| 2L are needed
for the energy estimates. The bootstrap assumptions 1nvolv1ng the sums in (4.14) are
needed for control of the acoustic geometry in Sect. 4.8.

The Lt2 norms correspond to the L? norm on a time-interval [0, Thootstrap] With
Thootstrap being a bootstrap time that is eventually taken very small. Our goal is to
improve (4.14) to

2 20 2 o
18W172 o + D V2OUPVIVIT:, o S Tinorstrapy (4.152)
v>2
18917200 + D VUPVIRUT o S Tototsrap (4.15b)
v>2

for some small § > 0.

The bootstrap assumptions are improved by establishing Strichartz estimates for
the wave-part of the system complemented by estimates controlling the L%L;" norm
of the transport-part. We stress that this distinction and the ensuing sections, where
we will discuss the wave and transport parts of the system somewhat separately,
should not suggest that the estimates for ||8\Il||erL§?O and ||Z_)Q||erL§?c are decoupled.
In particular, we need to handle the interactions between the transport and wave parts
(see, in particular, Sect. 4.8).

The logic of the complete argument is illustrated in Fig. 6, where we highlight some
of the new (in comparison to the irrotational case) ideas that are needed. In particular,
in the irrotational case, Strichartz estimates require control of the rough geometry of
the sound cones, i.e., closing the estimates for W requires deriving complementary,
highly tensorial estimates for several quantities associated to the geometry of the sound
cones. In our case, this geometry interacts non-trivially with the transport-part, leading
to a several intersting new aspects, some of which we discuss next. We will discuss
the steps in Fig. 6 in a “constructive” way, i.e., more or less in reverse order to the
logic in Fig. 6, starting with what we want to establish and identifying what we need
to be true for that to hold.
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4.4 The Strichartz estimate and reductions
In view of the discussion of Sect. 4.3, we have to establish the Strichartz estimate
||8\IJ||L;L30 < data. (4.16)

Through a series of fechnical reductions that involve rescaling, energy estimates,
and the use of Duhamel’s principle, it is possible to show that (4.16) follows from the
following Frequency-localized Strichartz estimate

3_1
||PA3<P||L51L30 SA2 2100l 1205y 4.17)

where P; is the Littlewood—Paley projection onto dyadic frequency A, ¢ is a number
slightly greater than 2, and ¢ is a solution to the following linear wave equation

Oge = 0. (4.18)

(Recall that g is the wave operator for the acoustical metric.) The fact that we
are dealing ultimately with a linear equation comes from Duhamel’s principle. Note,
however, that the coefficients in (4.18) depend on G = G (W), thus on the rough
variables W. It is because of the low regularity of these coefficients that the analysis
is delicate even at the linear level.

With a further reduction, estimate (4.17) can be reduced to the following fixed-
frequency Strichartz estimate,

POl 100 S 10012 (xy)- (4.19)

where P is the Littlewood—Paley projection onto unit frequencies {é < |&] <2}.

Finally, an abstract duality argument known as the TT* argument, can be used to
show that (4.19) follows from the dispersive estimate®! (4.20), or equivalently (4.21),
below.

We remark that while the series of reductions mentioned above is technical and long,
it follows from known steps used in the works on rough solutions to quasilinear wave
equations discussed at the beginning of Sect. 4. For our purposes, these reductions can
be taken as a black box. We refer to Disconzi et al. (2022b) for more details on the
reduction procedure. We also observe the following point:

Remark 4.7 In estimate (4.19), ¥ in G(W) is not the “original” wave-variable W but
a suitably rescaled version of it. Suitable rescalings of the transport variables and a
subdivision of the time interval [0, Thootstrap] are also considered. These rescalings
involve the dyadic frequencies A. For simplicity of notation, we will not relabel the
rescaled quantities, continuing to call them W, €, etc. Nor will we discuss these

81 The TT* argument involves in particular duality in the ¢ variable. In order to obtain the desired bound-
edness in this duality, one needs certain integrability in time. Roughly speaking, this is the reason why the
duality can be obtained from a dispersive, i.e., decay-in-time, estimate.
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rescalings, as, while important for the complete argument, would be a distraction for
the high-level presentation we are providing. Readers should keep in mind, however,
that the remaining of the discussion is applied to the rescaled variables and not the
original ones. Similarly, the estimates we will discuss are often localized in some
specific regions of spacetime due to technical reasons and some furhter reductions
(e.g., reductions to compactly supported data or to data given at a different time
than + = 0) are also carried out. Once again, in order to focus on the main ideas of
the estimates and avoid technicalities, we will not introduce such localizations and
reductions here.

4.5 The dispersive estimate

As mentioned above, from a T T* argument, we have now reduced estimate (4.19) to
the following dispersive estimate (see Sect. 4.4):

1
IPBollLes) < , +d@) | 9ell2sg) + lellL2(sh)- (4.20)
(1+1)

where the notation is the same as in Sect. 4.4. Here, d is a function that satisfies

Idll ¢ ST,
L}

i.e., it has the same integrability as (1 + t)_z . The term d is “quasilinear in nature,’
i.e., even though we seek an estimate for the solution to the linear wave equation
(4.18), the coefficients of Ll depend on the solution G = G (W), and hence need to
be suitably controlled. This control leads to d.

We have reduced estimate (4.19) to (4.20). Note that (4.20) was an estimate for d¢
whereas (4.20) is an estimate for Bg. This is because in the duality 77* argument
referred to in Sect. 4.4, spatial derivatives can be handled with an integration by parts
argument. We are then left with a time direction to handle. The argument is geometric
in nature so that the time direction we need to consider is the true normal, with respect
to G, to the constant-in-time surfaces ¥;, which is precisely B.

We finally note one further reduction. Since we now want an estimate at unity
frequency, we can, via Bernstein’s inequality, replace || PBy|| L~ (x,) by [ PBo[l12(5,),
so that instead of (4.20) we seek to establish:

1
IPBoll 25,y < , +d@ ) Udgllacsy + leliamy),  421)
(1+1)e

The use of L? instead of L™ is convenient as it allows us to rely on energy-type
estimates for wave equations.

@ Springer



6 Page720f218 M. Disconzi

4.6 A detour with the Minkowski metric and a prelude of the acoustic geometry

Before discussing the strategy for proving (4.21), we will take a brief detour to discuss
how an estimate like (4.21) could be proven in the case of the flat linear wave equation.
This will help newcomers to the filed get a taste for the need of geometric methods
discussed in Sects. 4.7 and 4.8. We expect that many readers will be acquainted with
the ideas presented in this section and such readers can probably skip it. But given the
importance of the acoustic geometry for the proof of (4.21), we want to make sure all
readers understand how it comes about.??

Decay-in-time estimates such as (4.21) are typically obtained by controlling a suit-
ably weighted energy. To explain how one derives such weighted energy estimates,
let us illustrate the argument in a simplified setting, namely

Umg =0, (4.22a)
(@, 99) Iz = (¢, ¢1) (4.22b)
where ¢, ¢1 are given functions on R? and Oy, := —8,2 + A is the standard wave

operator of the Minkowski metric m in RIH3, given, relative to standard coordinates,
by m = diag(—1, 1, 1, 1).

Given a vectorfield X := X°9, 4+ X“9,, known as a multiplier, we multiply (4.22a)
by X ¢ to obtain the identity

Ome) X = 3y + 0™ + Ox. (4.23)

where

! 1 -
e = = XO((0h9) + [V ) — (310) X Bug.

i 1 . _ . .
T = X (@19)” — IV V) + 5 (0a) X b + X0 (01 0)5 .
and
e 1 0 _ a 2 acy__ 0 b
Ox = ) (B X* = DX (Bhp) + 5 (=X + 0 X"601) (3e0)0rg

1 _
+ 2<a,X° + 3, XV FO Q12 — 595, XP) (3:0)Bpp.

Above, VFa) i the gradient with respect to the standard spatial coordinates and
we recall that 6 is the Kronecker delta. Thus, (m@)X¢ can be written as a sum

of two types of terms: perfect derivatives of quadratic expressions in derivatives of
(Time)

¢ with coefficients depending on X (but not on derivatives of X), i.e., dsey +
Bieg?pace)’l; and a quadratic form in derivatives of ¢ with coefficients depending on

82 See the introduction of Disconzi et al. (2019), which is an earlier arXiv version of Disconzi et al. (2022b),
for further discussion.
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first derivatives of X, i.e., Qx. Integrating (4.23) over a spacetime region D, using
that the LHS of (4.23) vanishes for solutions to (4.22), and integrating by parts,
one can convert the perfect-derivative terms on RHS (4.23) into boundary terms that
can be interpreted as suitable “energies” for the solution.®3 For example, choosing
X := 8 and D := [0,7] x R3 produces the standard conserved energy E(t) :=
Jrs (@ro(t, x)? + [VFOg (2, x)|?) dx for solutions to (4.22).

We now turn to the issue of deriving L?-type decay estimate for solutions to the
standard linear wave equation (4.22). More precisely, we seek to derive suitable bounds
for a weighted energy. In order to construct suitable weighted energies,®* one can®
combine the standard energy E () from the previous paragraph with other coercive
integrals obtained via “weighted” multipliers of type X = f(r)d, and X = r” LF120,
supplemented by suitable lower-order terms. Here, r is the standard radial coordi-
nate in R (so that 9, is the Euclidean-unit outer normal to the Euclidean spheres
{(r = constant}), LF12) := 3, + 3, is outgoing and null with respect to the Minkowski
metric and is tangent to the Minkowski lightcones {t = r + constant}, f(r) > 0 and
m > 0 have to be suitably chosen. We clarify that the multiplier f(r)d, allows one to
control a spacetime integral that plays a role in bounding the weighted energy in an
“interior” region (say, |r| < 1), while » LF1a0 yields coercive hypersurface integrals
that allow one to control the weighted energy in an “exterior” region (say, |r| > 1).
The idea of using multipliers of type f(r)d, to generate coercive spacetime integrals
goes back to Morawetz (1968), while the idea of combining Morawetz multipliers
with multipliers of type r” LF1a) to prove various types of decay estimates for wave
equations originated in Dafermos and Rodnianski (2010), in what is now known as
the r?-method of Dafermos and Rodnianski.

We would like to adapt the above procedure to quasilinear problems, where in par-
ticular the Minkowski metric m is replaced by the acoustical metric G. The vectorfield
L1 j5 tangent and orthogonal to the lightcones, which are null hypersurfaces for
the Minkowski metric. The corresponding analogue for the acoustical metric are the
sound cones. The lightcones are level sets of the function Z/(F12) := ¢ — r. In the
quasilinear setting, we will define the analogue of r by 7 := t — U, where U/ is an
eikonal function whose level sets are sound cones. Similarly, the analogue of L 120
will be a G-null vectorfield L tangent to the sound cones. Vectors N that are tangent
to X; and G-orthogonal to the (topological) spheres 7 = constant will be the analogue
of 9, in the flat case.

There will be, however, a crucial difference. While in the Minkowski case the
vectorfields L and 9, are given, smooth, and independent of solutions ¢ to (4.22), in
the quasilinear setting, ¢/ has to be constructed out of G. Thus, it will depend on the
solution W since G = G (W), and so will L and N. When we carry an integration by
parts similar to the one discussed for the flat case, derivatives of N and L will appear.
At first sight, one can expect to control derivatives of N and L directly from W, since

83 One can show that if the boundary of D is causal with respect to m and X is timelike with respect to m,
then the boundary integrals are coercive, allowing us to interpret them as “energies.”

84 We will be more specific about the form of such energies in Sect. 4.10, when considering the case of
Eq. (4.18) which we are investigating.

85 There are different ways of obtaining decay for solutions to (4.22). Here, we only mention the method
whose generalization to the quasilinear setting we will be interested.
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N and L are in the end determined by W. With current techniques, however, this direct
control does not seem to be possible: our goal is to obtain decay for W by controlling
a suitable weighted energy, but the control one obtains for N and L by simply using
the equation satisfied by W is too weak for that.3

In the end, good bounds for derivatives of N and L are obtained by exploiting some
delicate geometric structures present in the system. The integration by parts is not
carried with respect to standard coordinate derivatives but rather with respect to certain
geometric vectorfields. One thus obtain geometric derivatives of the vectorfields N and
L which are themselves geometric quantities (being orthogonal to spheres and sound
cones, respectively). Thus, the derivatives we need to control have geometric meaning
and can be tied to certain geometric objects associated with the geometry of the sound
cones, i.e., the acoustic geometry. This suggests the use of geometric techniques and,
in a nutshell, is the reason why the acoustic geometry plays a prominent role in the
proof of (4.21). In more specific terms, derivatives of N and L can be decomposed in
terms of some objects tied to the geometry of the sound cones; these are the so-called
connection coefficients of the acoustic geometry. These connection coefficients satisfy
a delicate evolution-elliptic system of PDEs, the so-called null-structure equations. By
exploiting some highly delicate and tensorial properties of the null-structure equations,
one can obtain non-trivial control of the connection coefficients, leading to the desired
bounds for N and L and then to the sought-after control of a weighted energy which,
in turn, gives the bound (4.21).

4.7 Decay properties of the wave-part and the acoustic geometry

We have reduced the desired Strichartz estimate for the wave-part, estimate (4.16), to
a decay estimate for solutions to (4.18), namely, estimate (4.21).

While (4.21) is an estimate for the linear wave equation (4.18), we recall from
Sect. 4.5 that the quasilinear nature of the problem is hidden in the acoustical metric
G. A key feature of solutions to quasilinear wave equations is that their regularity
and decay properties are directional dependent, with derivatives in directions of the
characteristics behaving better than derivatives in directions transverse to the charac-
teristics.3” Indeed, to prove (4.21), we need to exploit that derivatives of solutions to
(4.21) in directions tangent to the characteristics of the acoustical metric decay faster
than derivatives transverse to it.

86 Indeed, one should not expect control of N and L “for free.” If bounds for N and L compatible with
the desired decay could be obtained by directly estimating W, then presumably we could prove decay for
W independently, i.e., without having to introduce N and L in the first place.

87 This can be illustrated with the standard linear wave equation (4.22a) as follows. Using the fundamental
solution, one can show that if the initial data is supported on {r < 2}, then the solution is supported in the
region {|t — r| < 2} (i.e., near the forward Minkowski lightcone {t = r} emanating from the origin) and
can be written as ¥~ 1 H (r—t, wRound) r_l) for some function H (which is C® if the data are), where
w®ound) — . —1y ¢ §2 From direct computation, we see that LF120 / and gound) iy (where gRound) i
the gradient with respect to round metric on the Euclidean spheres {r = constant }), which are derivatives
tangent to the Minkowski lightcones, are of order r_z, whereas the transverse derivative (9; — 9 ) H is of
order r~1. Since t ~ r in the region {|r — r| < 2}, we conclude that the tangential derivatives decay better
with respect to ¢ than transverse derivatives.
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In order to distinguish between directions tangent and transverse to the sound cones,
we introduce an eikonal function®3 2/, which is a solution to the eikonal equation

(G™HP3,UdgU =0, (4.24)

with appropriate initial conditions. The level sets of { are the characteristics associated
with acoustical the metric G, i.e., the sound cones. In this regard, we note U/ is tied
to the wave-part of the Euler system, and not to its transport-part. (We recall that we
are presenting the discussion of estimates for the wave and transport parts separately
for convenience, but that the problem is coupled and both parts interact non-trivially.)
Next, to identify directions transverse and tangent to the sound cones, we introduce a
null-frame adapted to U/, as follows. Denote the level sets®? of U by 6y, i.e.,

614 := {U = constant}.

We set up the initial conditions for (4.24) in such a way that the sound cones %;; have
their tip at a fixed”® flow line of B, see Fig. 7. Consider the (topological) spheres’!

Sy u = {t = constant} N {{/ = constant}

Let N be the unit outer normal (with respect to G) to S; 74 along ¥, (see Fig. 7). Set
L: =B+ N,L :=B— N, and let {e], e2} be an orthonormal (with respect to G)
frame on S; z4. The set

{e1,e2, L, L} (4.25)

is the desired null-frame, which forms a basis at each point. We immediately check
that {e1, e2, L} are tangent to 67, L is transverse to 674, L and L are null (with respect
to G),i.e., G(L,L) =0=G(L,L),that G(L,ea) = 0= G(L,es), A=1,2,and
G(L,L)=-2.

In order to establish the desire decay (4.21), the strategy is to construct a suitable
weighted energy and control its growth using certain multipliers with suitable vec-
torfields. The precise form of the energy is stated in Sect. 4.10. For now, in order to
follow the logic of the argument, it suffices to know that (a) the relevant energy is
going to be weighted because are interested in establishing decay, and (b) bounding
the weighted energy involves, as usual, an integration by parts.

88 The eikonal function, the construction of an associated null-frame, and some of the related discussion
in this section are the same as in Sect. 3.4.3, but we repeat them here for convenience and also because here
we will be more specific about the null-frame.

89 We use a harmless abuse of notation to simplify the presentation. Instead of writing CKZ/{() = {U = Up}
for a given U, we simply indicate that 47 is a level set of U by 47, := {U{ = constant}.

90 By a localization argument, it suffices to consider the construction for a generic, fixed, flow line of B,
see Disconzi et al. (2022b).

91 we again use an abuse of notation, see Footnote 89.
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Fig.7 Illustration of a sound t
cone and corresponding
geometric constructions (see the
text for definitions)

It turns out that we need to use two different vectorfields, one whose weights are
good in an “interior” region but become weak in the “exterior” part, and one whose
weights behave the opposite way.”> For the interior region, we take f ()N for suitable
£, and for the exterior region we use 7" L for suitable®> m. Here,

Fi=t-U (4.26)

should be thought of as the quasilinear analogue of the radial coordinate®* in R3. The
interior estimates, using f(¥)N, is like a Morawetz estimate (see Morawetz 1968),
adapted to the acoustic geometry and produces integrated energy-decay estimates,
whereas the exterior estimate using 7" L is related to the so-called r”-method of Dafer-
mos and Rodnianski (2010).

After testing (4.18) with the multipliers f () N and 7" L and integrating by parts,
we are left with error terms that involve d N and d L. Because N and L are constructed
out of U and the latter depends on G = G (V) by (4.24), we see that controlling these
error terms is not independent of controlling the fluid variables which we ultimately
want to bound. Said differently, while Eq. (4.18) is linear in ¢, the coefficients of the
equation depend on W. The quasilinear nature of the problem is still with us, even
after all the reductions that lead to estimates for a linear equation, as mentioned in
Sect. 4.5.

The weighted energy that will be controlled is called a conformal energy because,
for reasons discussed in Sect. 4.10, in the end one considers not (4.18) but instead the
equation

DG‘P = 0,

where G is a metric conformal to G.

92 See the discussion of Sect. 4.7.

93 There are lower-order terms added to f(@F)N and 7™ L which we omit because they are not important
for our high-level discussion.

94 Note that for the flat eikonal function YF1a0) = ¢ — 7 = r.
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4.8 Control of the acoustic geometry

From the discussion of Sect. 4.7, in order to establish the decay estimate (4.21), it is
crucial to control the error terms in 9N and d L that will appear in estimates for the
conformal energy (see Sect. 4.10). Tracking the dependence of N and L on U, we see
that N, L ~ oU. Since the error terms mentioned in Sect. 4.7 involve d(N, L), we see
that we need to control 32/. In order to see how this is not straightforward, let us do
a derivative counting. From (4.24), 92U satisfies

(GNP auUdg (02U + 3°U - 3°U ~ 3>V ald, (4.27)

where we used that 892G ~ 92V since G = G (V). Equation (4.27) is a transport
equation for 922 (note that (4.24) is a fully nonlinear transport equation for I/; see
also (4.28) below). For the derivation of standard L>-type transport estimates, we seek

to control ||/ ||i2 =) by multiplying (4.27) by 32/ and integrating by parts. This,

however, produces the a term cubic in 3%/ which cannot be controlled by the natural

energy || 2U|| iz =) since the cubic structure forces us to put one factor of 32U in L,

and ||0%U|| L (%,) is not controlled by || 32U || 12(x,) in any direct way (e.g., by Sobolev
embedding). Indeed, because (4.24) is a (fully nonlinear) transport equation for I,
transport estimates will give that I/ is only as regular as the coefficients G = G(¥),
so morally 92U ~ 92w, and we do not have control over 32W € L>®(X,) since we
only have W € H>T¢(%,).

The above derivative counting can be made more precise by deriving the exact
equation satisfied by 92U. If we write U for the vector of second-order derivatives of
U, U = (0408U)a, p=0,...,3, then U satisfies an evolution equation of the form

LU+U- U~ Riem(G)(-, L, -, L), (4.28)

where Riem(G)(-, L, -, L) is the Riemann curvature of the acoustical metric G
contracted with L in the second and fourth components (the free indices in
Riemg(-, L, -, L) correspond to the entries of the vector ¢, which are indexed by
o, B =0,...,3). We refer to Chapter 7 of Alinhac (2010) for the precise form of
(4.28) as well as its derivation. For our purposes, (4.28) reveals the following impor-
tant points:

e 92U indeed satisfies a transport equation (along the integral curves of L).

e Equation (4.28) reflects the derivative counting in (4.27) since Riemg ~ 392G ~
3w,

e Equation (4.28) makes abundantly clear how the geometry of the acoustical metric,
i.e., the acoustic geometry, plays a role in our problem, since it is precisely the
Riemann curvature of G that sources the evolution equation for 3%2/.

e Not all components of the Riemann curvature of G enter as a source in the evolu-
tion for 314, but only those that have two L components. This hints at the idea that
there are special directions in the problem, which is consistent with the aforemen-
tioned discussion that the properties of solutions to quasilinear wave equations are
directional dependent.
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While Eq. (4.28) is very revealing from a conceptual point of view, explicitly
showing links between the behavior of U, W, and the acoustic geometry, it is does not
present any good structure that would allow us to control 3%. The above derivative
counting shows the difficulties in carrying out direct L?-type transport estimates and
integration along the integral curves of L will not produce better control. A limitation
of Eq. (4.28) is that it treats all derivatives of I/ at the same level, whereas we know
from the above discussion that properites of solutions to quasilinear wave equations are
directional dependent. Such direction dependence should be reflected in the behavior
of U, as U is essentially a geometric representation of the propagation of sound waves.

One can show that derivatives of U/ in fact exhibit better behavior in directions
tangent to the sound cones, but this is far from straightforward. The desired estimates
are obtained by studying a delicate evolution-elliptic system called the null-structure
equations, which goes back to Christodoulou and Klainerman’s proof of stability
of Minkowski space (see Christodoulou and Klainerman 1993). See Sects. 9.8, 9.9
of Disconzi et al. (2022b) for the null-structure equations for the sound cones in the
case of of the Euler system. Here, we will illustrate the argument using only one of
these equations (see (4.31) below).

Recall that we need to control error terms in (N, L) ~ 92U, but we saw that
direct estimates for 322/ are not available. We focus instead on equations satisfied by
the error terms 9 (N, L). Anticipating the fact that derivatives in directions tangent to
the sound cones behave better, and in order to isolate the bad derivatives (transversal
to the sound cones), we decompose d(N, L) relative to the null-frame (4.25). For
example, the derivative of N in the direction of e4 projected (with respect to G) onto
ep defines a tensor on S; 74, the second fundamental form of S; 4:

04 ;== G, N, ep),

where D is the covariant derivative with respect to G. The derivative of L in the
direction of e4 projected (with respect to G) onto ep is the null second fundamental
form of S; ;:

XAB = G(DeALa eB)'

Another example of such decompositions is the torsion  given by

1
CA = 2G(DLL, eA).

Considering all derivativesof e, e2, L, L inthe directions ey, e3, L, L decomposed
relative the the null-frame (4.25) gives a collection of tensors known as connection
coefficients. Each connection coefficient is a special combination of up to second-
order derivatives of U with coefficients depending on up to first-order derivatives of
G. Only the null second fundamental form x 4p or, more precisely, its trace, the null
mean curvature given by (4.29), will be discussed here, but we introduced 045 and
Ca as further examples of connection coefficients.
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At the most basic level, the null-structure equations are equations satisfied by the
connection coefficients. More precisely, at a geometric level, the null-structure equa-
tions are simply identities relating the connection coefficients. Such identities are
geometric in nature and hold for an arbitrary Lorentzian metric and corresponding
eikonal function.”® However, in our case, we eventually use the fact that the acoustical
metric depends on the fluid variables and Eqs. (4.7) to obtain a system of PDEs relating
the conection coefficients to the fluid variables. This is illustrated with the passage of
(4.30) to (4.31) below.

The desired bounds for d N and dL are then derived somewhat indirectly, as we
employ the null-structure equations to obtain estimates for the connection coefficients.
Such estimates take into account the fact that the connection coefficients capture the
directional behavior of derivatives of N and L, distinguishing between derivatives
tangent versus transverse to the sound cones.

A detailed presentation of estimates for the acoustic geometry, i.e., all the relevant
estimates for the connection coefficients, is significantly beyond the goal of these
notes. Having highlighted how the acoustic geometry plays a role in the problem,’®
we will restrict ourselves to illustrating one of the key estimates, focusing on the role
played by the vorticity, which is what distinguishes Theorem 4.2 from low-regularity
results for wave equations of the form (3.1), of which the irrotational Euler system
is a particular case. For this illustration, we will consider the null mean curvature,
which is the trace of x4, given by

trgX:= »_ GMDe,L.en). (4.29)
A=1,2

where ¢ is the metric induced by G on the spheres S; 4. The idea of introducing trg X
is that we can decompose x 4 g into its trace and trace-free parts. Bounding trg; X turns
out to be one of the more delicate parts of the argument, both in Disconzi et al. (2022b)
as well as in estimates for systems with a single characteristic speed of the form (3.1).

One of the relevant null-structure equations is the equation satisfied by trg; x, which
is the Raychaudhuri equation

Ltrgx = —Ric(G)pp +---,

where Ric(G) is the Ricci curvature of the metric G and Ric(G) 1 isits L L component
relative to the null-frame.

After a careful decomposition of the Ricci tensor first introduced by Klainerman
and Rodnianski in Klainerman and Rodnianski (2003), we find

1
L(ttgx +Tp) = 2L°‘L’3(G_1)“”8M3vGaﬂ 4+, (4.30)

95 Note that (4.24) can be considered for an arbitrary Lorentzian metric.

9 Tt is worth to take a step back to recall how we got to this understanding. We were not trying to force a
geometric approach into the problem. The goal is to derive weighted estimates for ¢ to prove (4.21). This
requires the use of suitable multipliers; these multipliers need to take into account special directions in the
behavior of solutions to quasilinear wave equations. This leads us to error terms in 9N and dL which are
of the form 9214, but direct estimates for / based on (4.24) are not available. Compare with Sect. 4.6.
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where 'y, := L*Ty, with ' ~ 0G ~ 9V being a contracted Cartesian Christoffel
symbol of G.

To explain why we have grouped I';, with trg x on the RHS of (4.30), let us first
introduce the following notation:

Notation 4.8 Denote by # derivatives tangent to the sound cones”’.

For reasons explained in Sect. 4.10, we need to bound # trg X along the sound
cones, i.e., we need to control || trg Xllz2(%,)- Butif we treat L', as a source term
in the evolution for trg X then, upon differentiation, we would obtain

Ljttgx=9JLT 4+ =W ...,

producing a term we cannot control. Thus, trg x 4+ I". is the good variable to consider.
Returning to (4.30), observe that on the RHS, we have essentially [ G. Using that
G = G(¥),so that UgG ~ Ug VY, and Eq. (4.7a) we find

L(trg x +T'1) >~ curlQ. 4.31)

Equation (4.31) is one of the key equations in the proof of Theorem 4.2. It shows
that in order to control trg; X + Iz, we need to control curl€2 at a consistent regularity
level. This is challenging because we want to control trg x + I'y, at a low regularity
level, thus we need to control curl2 with very few derivatives. But curl2 satisfies
a transport-div-curl system for which low-regularity techniques, which are based on
dispersion, are not available. In particular, since we need to control ¢ (trgx +Tp)in
L%(%14), we have to bound ||#curl Q|| 12(%,)- However, because 2 satisfies a transport
equation, we expect that L>-type estimates are available only along %, and not along
sound cones %7,. Indeed, recall that the eikonal function is adapted to the wave-part of
the system and not to the transport-part. Thus, while estimates along sound cones for
the wave variables are consistent with the dynamics of the wave-part, estimates along
sound cones for the trasport variables are not.”®

The presence of curl2 on the RHS of (4.31) and the difficulties it causes is an
example of the previously mentioned interaction between the wave and transport
parts, i.e., the transport variables entering as source terms in the estimates for the
acoustic geometry. This is a manifestation of the presence of multiple characteristic
speeds. In particular, we stress the following two important points:

e The problem does not become much easier by assuming that curl 2 has more reg-
ularity initially, as we have done (through curlu|,_), because this extra regularity
needs to be propagated by the flow. Since W enters non-trivially as a source for
the evolution of curl€2 in (4.7¢c), there is little room for how many derivatives we
can take of the evolution for curl€2. In other words, even though we assumed extra

97 One usually uses  to denote derivatives tangent to S s .- Derivatives tangent to the sound cones are then
@ and L. Here we write ¢ only since the difference will not be important for the points we want to stress.

98 To see this from another point of view that illustrates difficulties in dealing with multi-characteristics sys-
tems, imagine trying the opposite, i.e., to derive L2 estimates for the wave variables along the characteristics
associated with the transport-part, i.e., along the flow lines of B.
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Fig. 8 Tllustration of the t TS _
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regularity for curlQ2 at ¢+ = 0, this regularity needs to be propagated through a
rough geometry that interacts with the vorticity.

e Taking curl2 to be small rather than identically zero does not provide any imme-
diate advantage over the case of curl2 large because we would still be faced with
the problem of controlling it at a low regularity level. This shows that the case with
vorticity is qualitatively different than the case without vorticity (and entropy).

Ultimately, control of the acoustic geometry is obtained by exploiting some very
special structures of the new formulation of classical Euler illustrated through system
(4.7). In particular, it is crucial that the source term appearing in (4.7a) is a curl (recall
Remark 4.4 here but note that C does have a curl structure). Had a generic derivative of
Q appeared on the RHS of (4.7a), the argument would not work (see also bullet points
in Sect. 4.9). In order to give an idea of how special features of (4.7) are used, and
keeping the focus on the role of vorticity, in the next section we discuss how Fcurl 2
is controlled along sound cones.

4.9 Estimate for curl Q along sound cones
Here we explain how to bound dcurl€2 along sound cones. Define

J:= |JeurlQ|*B. (4.32)
A computation gives

D, J* = JeurlQ BicurlQ + - - -
~ JeurlQ Bicurl2, (4.33)

where D is the covariant derivative associated with the acoustical metric.

Consider a spacetime region 2 interior to a sound cone %7, and between two times
t; and tr, as shown in Fig. 8. Integrating (4.33) over © and invoking the divergence
theorem,

99

/acurlQ B&IcurlQ:/ D.J*
D D

99 The times t7 and tf are chosen in relation to the bootstrap time Thootstrap-
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=- [ 6o+
Cu )

where V is a null vector (with respect to G) normal to %7, that allows us to apply
the divergence theorem with a null boundary; see Sect. 6.1 of Disconzi et al. (2022b)
for the construction of V. More precisely, %7, is null with respect to G and thus it
does not carry a natural volume element induced from G, but it does have a natural
volume element for which Stokes theorem (which does not depend on the metric)
applies. Aside from the integral over the sound cones, all remaining integrals in (4.34)
are with respect to appropriately geometrically induced, from G, volume elements
(we are applying the divergence theorem for the G-covariant derivative D and thus
the volume elements in the integrals are G-related). From the construction of V and
G(B,B) = —1, it follows that G(B, V) = —1 so that

G(J,V)—/ GA.V)+---,
tp pre

(4.34)

GU,V) = |JeurlQ>*G(B, V)
= —|dcurlQ)? (4.35)

and (4.34) gives
/ |8curl£2|2§/ |3curlQ||B30urlQ|+/ IG(J,V)I—i-/ |GU, V)|
Cu D

Zip por
5/ |8curlQ|I82‘-IJI+/
D z

where we used (4.35) and (4.7¢) to obtain Bcurl2 ~ 32W. The last two integrals on
the RHS are bounded by the energy estimates of Sect. 4.2; see (4.13) (note Remark 4.9
below). For the first integral on the right hand side, we use Fubini’s theorem to write

tr r
/|acur19||a2qJ|5/ / |acur19|2dz+/ / |0%Ww|? dr.
) 1 PN 1 PP

The integrals over ¥, t; < T < tf, are bounded by (4.13). Thus, we have obtained
the desired control of FcurlQ in L2(%).

|acur19|2+/ |FeurlQ?,  (4.36)

1 2[1

Remark 4.9 The energy estimate (4.13) involves the Lt1 L$° norms we ultimately want
to control (see Sect. 4.3). We recall that the argument is organized as a consistent
bootstrap, where the can use the bootstrap assumption (4.14), which provide the desired
bound for the spacetime norms, provided we can improve it to (4.15).

We point out the following important observations:

e The estimate for JeurlQ in L2 (%) relies fundamentally on G(J, V) = —1, which
is true because B is everywhere transverse to 614 in view of G(B,B) = —1.
Absent such transversality, G(B, V), and thus G(J, V), could change sign or be
zero, so that the boundary term — f%{ G (J, V) would not correspond to the square

of the L? norm along €.
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e Control of the integral over © works because curlQ2 (or, rather, C, recall
Remark 4.4) has improved regularity properties as compared to a generic deriva-
tive of Q2. Had a generic derivative d$2 been present instead of curl€2, then we
would not have been able to use (4.7¢c) in (4.36), having to rely on (4.7b) instead,
leading to an uncontrollable 33 W term.

e In particular, the above highlights that if we had a generic derivative of Q as
source term in (4.31), the argument would not close. Generic derivatives of
cannot be estimated along sound cones because they require Hodge estimates (see
Sect. 4.2) which cannot be implemented along cones. This is a feature that repeats
throughout the estimates for the acoustic geometry: it is a remarkable fact that the
transport variables that appear as source terms for the acoustic geometry appear
only in certain special combinations of derivatives for which improved estimates
are available. Had generic derivatives been present, the argument would break
down.

4.10 The conformal energy

In Sect. 4.7 we highlighted that to prove the dispersive estimate (4.21) we need to
control a weighted energy, and that control of this weighted energy requires control
of the acoustic geometry discussed in Sect. 4.8. We can now state the energy to be
controlled.

We let W and W be two smooth cut-off functions satisfying 0 < W, W < 1 and
such that, for ¢t > 0,

1, Yelo !
W =1 e(—ozo ~urd g
£ t £ 4 45 )
1, Yecjo, 1]
W(t’u):{o de(—oo -1
9 t 9 47

1
W, U) =W, U) for t > 1 andz;{ € (—oo, —4].

The regions!?’ where JV and W change definitions are illustrated in Fig. 9.

The desired energy whose bound implies (4.21) is given by

Econformal 1= (W - W)t2(|D¢|2 + |;_]¢|2)
%

) W(FDLe* + [F¥¢lg + o), 4.37)
t

100 Recall from Remark 4.7 that we are dealing with rescaled versions of the original variables and the
original interval [0, Tpootstrap]- Thus, even though Thootstrap is small, its rescaled version will be large so
that it makes sense to consider the region ¢ > 1 in the definition of JV and W.
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Fig.9 TIllustration of the regions t % c [l 5}
of definition of YW and W. In
this schematic representation, U
we have omitted the quasilinear
nature of the problem and

depicted the geometry as flat % € (—o0, _:111

<

where Y is the gradient on S, 74 with respect to the metric ¢ induced on S, z/, the
integrals are with respect to the volume form of the metric induced on'”! ¥; by G,
and we recall that 7 is given by (4.26). Econformal 1S called the conformal energy.

The use of cut-off functions is to separate the conformal energy according to regions
where different multiplies are needed, as explained in Sect. 4.7. The goal is to prove
a bound establishing a mild growth of the conformal energy, namely,

Econformal S Ce (1 + l)2€(||3¢||L2(>:,) +lel2s))s (4.38)

for some small ¢ > 0 (the constant C,; blows up when ¢ — 0). Once (4.38) has been
established, one can then extract decay for ¢ on each ¥;, thus establishing (4.21),
via an argument by Dafermos and Rodnianski (2010). The argument is technical and
will not be given here (see, aside from Dafermos and Rodnianski 2010, Wang 2017,
Sect. 7). We notice, however, that decay for ¢ is consistent with (4.38). Indeed, the
first integral in (4.37) has an explicit weight in #; the second integral has 7 weights,
but these are comparable to ¢ in the region where WV does not vanish. (Although for
the proof of (4.38) it is important that the weights in the second integral of (4.37) are
precisely 7 and not ¢; it is only after (4.38) has been established that we can invoke
7 & t in the region WW # 0.) Since (4.38) states that Econformal grows very slowly, the
presence of ¢ weights in Econformal requires that ¢ itself must have some time decay.

Remark 4.10 Due to technical reasons related to localizations that are employed in the
proof, in the end we consider problem (4.18) with data given at {t = 1} instead of
{t = 0}, which explains the right-hand side of (4.38) being evaluated at ;. (In fact,
(4.20) and (4.21) should be adjusted to have the right-hand side evaluated at ¥; as
well.) Readers should not let this minor technicality distract from the main points of
the argument.

To prove (4.38), one proceeds as usual, computing gt E conformal, carrying out an
integration by parts and then an integration in time. Schematically, then

Econformal(t) ,S Econformal(l) +/ e?
D

101 Dye to a localization argument, the integral is only over a localized region of ¥;. We downplay this
aspect as explained in Remark 4.7.
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where © is a spacetime region (say, ® = [0, Tyootstrap] X R3 for concreteness) and &
an error term coming from the integration by parts.! 105 As mentioned in Sect. 4.7, this
integration by parts produces, in particular, error terms in d(N, L) that are integrated
over spacetime (observe that L appears explicitly in Econformal Whereas N is hidden
in the spacetime gradient Dg). Such d(N, L) terms are cast as connection coefficients
which then need to be controlled. Note that the two integrals in E¢onformal Tepresent
the interior and exterior regions alluded to in Sect. 4.7.

We stress that the reduction of proving (4.38) to bounding the error terms involving
the connection coefficients, (i.e., to the control of the acoustic geometry) is not trivial;
see Disconzi et al. 2022b and references therein for a full discussion. Here, we restrict
ourselves to connect the need for controlling the connection coefficients with the
discussion of Sect. 4.8, since the exposition in that section highlighted the multiple-
speeds behavior of the Euler system and the role played by the vorticity in comparison
to pure wave problems. Moreover, as in Sect. 4.8 we focused primarily on trg X, we
do so here in connection to the proof of (4.38).

With the above set up in mind, we can now point out some of the main ingredients
in the proof of (4.38):

e Observe that Econformal(1) < 10l 12(x,) + ¢l 12(x,)> SO we need to show that

/@ ¢ 5 Cs(l + t)ngconformal(l)-

e As mentioned, connection coefficients such as x are produced by an integration by
parts. Decomposing x into its trace and trace-free part leads to trgx (see Sect. 4.8),
which needs to be bounded.

e Recall from Sect. 4.8 that we do not expect to be able to control trgx but rather
trgX + I'L. However, the null-structure equations and other tools we employ are
geometric in nature, and thus give equations and estimates for tr¢gx. To overcome
this discrepancy, the trick, that goes back to the work by Wang (2017), is to make
a conformal change of the metric G,

G = e%°G,

for a suitably chosen function o such that the null mean curvature of G is trgx+TL,
ie.,

trgX = trgx + 1. (4.39)

In this way, we deal with a geometry whose null mean curvature is the quantity we
need to control, i.e., trg@x + I'. We can then carry out an energy estimate using
the conformal metric G, in which case the corresponding connection coefficient
appearing upon integration by parts is given by (4.39), which, from Sect. 4.8, we
expect to be able to control. See further comments below.

102 Using the geometric formalism for quasilinear wave equations, we can identify € as a contraction of
the energy-momentum tensor for g with the deformation tensor of G for suitably chosen vectorfields,

see Alinhac (2010). This precise form will not be needed for our high-level discussion.
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¢ In the end, however, we want control related to trg, and not tr@f(, because it is
estimate (4.38), based on G and not G, that we need to establish. For this, we need
to derive several comparison results between quantities constructed out of G and
of out G. These comparisons require good estimates for the conformal factor o.

e At some point of the argument we need to control not only ¢rgX, or equivalently
trgx+T 1, butalsoits %;4-tangential derivatives, d (trgx+TI"L).Roughly, control of
this term is needed in estimates related to o; it is also needed in the aforementioned
energy argument involving the conformal metric G: as in the case of Econformal, the
null mean curvature (of the conformal metric) 775X appears after an integration by
parts, but a further integration by parts is needed in order to correctly balance terms
with different powers of 7 (recall that the energy we ultimately want to control,
E conformal, 18 weighted in 7, see Remark 4.11).

e To bound the term § (trgx + I'L), the idea is to use the fact that derivatives of
the connection coefficients in directions tangent to the sound cones exhibit bet-
ter behavior than derivatives in directions transvere to the cones (see Sects. 4.7
and 4.8). In order to exploit this fact, in the spacetime integral over ©, we want to
isolate the integration over sound cones. I.e., instead of using Fubini’s theorem to
integrate first in space and then in time,

tF
D t P

we integrate first along each sound cone %7, and then along the I/ direction (recall
that each %, is a level set of U):

Ur
/ (- )d vol = / () depdld, (4.41)
D ur Jey

where d is a suitable integration measure'%> on %, and for certain initial and

final times #;, tr and values of the eikonal function U}, Ur. We can estimate the
1y integral involving #(trgx+T ) in view of the special structures of (4.7) which
allow us us to bound Jcurl2 in L%(6y), as explained in Sect. 4.8. Observe that
we would not be able to take advantage of this special control along %, if we
wrote the spacetime integral as (4.40) instead of (4.41). The idea of considering
a decomposition in the form (4.41) in place of (4.40), so that one can take advan-
tage of the better behavior of the acoustic geometry in directions tangent to the
sound cones, goes back to Christodoulou and Klainerman’s proof of stability of
Minkowski space (see Christodoulou and Klainerman 1993).

e In order to bound the conformal factor ¢, a modified (depending on ¢) version
of the so-called mass-aspect function is introduced. The mass-aspect function is a
key quantity depending on Ltrgx used in Christodoulou and Klainerman’s proof
of stability of Minkowski space (see Christodoulou and Klainerman 1993). Such

103 Recall that %14 is null with respect to the acoustical metric; see the discussion in the paragraph after
(4.34).
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quantity is important because Ltrg is a “bad” derivative of trg, i.e., a deriva-
tive transverse to the sound cones, and thus difficult to control. The mass-aspect
function is a suitable combination of Ltrg and other variables that satisfies a
good equation, for which estimates can be derived. In our context, this quantity is
appended by a dependence on derivatives of o (see Disconzi et al. 2022b, Equa-
tion (209). We remark that control of the modified mass-aspect function is quite
delicate and it constitutes one of the main technical difficulties of the proof.

Remark 4.11 Above, we focused on only one aspect of the proof of (4.38), that related
to estimating d(trgx + I'r), which is one of the most delicate but also interesting
aspects of the proof. We illustrated the role of the vorticity in the proof and the need
to employ some very special structures of Eqgs. (4.7). We are leaving out many other
relevant and interesting ideas as well as several technical aspects. In particular, the
above outline does not take into account the following important points:

e For technical reasons, we in fact have to control a slightly higher Lebesgue expo-
nent than 2 along sound cones, i.e., we need to bound dcurl Q2 in LP(634), p = 2.
The key point for such estimate is the same as in Sect. 4.8, namely, the transversality
of B and %4.

e As mentioned, one also needs control the connection coefficients associated with
dN. This is the part of the argument where we rely on a Morawetz-type estimate,
as alluded to in Sects. 4.7 and 4.8.

e Recall that Econformal 1S @ weighted energy. The role played by the ¢ and 7 weights
is crucial for closing the estimates. Obtaining estimates with correct powers of
the weights is a delicate and crucial aspect of the proof, but one which we do
not discuss here because it lies heavily on the technical part of the work. The
conceptual importance of deriving weighted estimates, namely, the need to obtain
decay estimates, has been discussed above and in Sects. 4.7 and 4.8

e We remark that the control needed along sound cones is at top order. We also need
energy estimates for Littlewood—Paley projections of curl€2 along sound cones
and their sum over frequencies. These estimates are obtained by commuting the
equations with the projections and arguing as above. In particular, once again the
key feature is the transversality of B and the sound cones.

4.11 Holder control of the transport-part

We have already discussed one important aspect of controlling the transport-part of the
system, namely, control along sound cones, see Sects. 4.9 and 4.10. In propagating the
regularity of curl €2, we have in particular to propagate its Holder regularity, since this
is needed for the elliptic estimates, as mentioned. Another interesting feature of the
proof of Theorem 4.2 is that we can derive non-trivial Holder estimates for a hyperbolic
system, a feat that relies crucially on the good structures of the the new formulation of
the classical Euler and which does not seem attainable for generic hyperbolic systems.

Bounds for 82 in C%* can be obtained as follows. First, we establish a div-curl
estimate in Holder spaces of the form

”59”6‘0'0‘(2[) 5 ”diVQ”CO'O‘(E[) + ||Cur19||co,oc(2t) + L.O.T. (442)
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Fig. 10 Illustration of distance t
between points along the flow
lines of B
Tt Yt
o> 0
|t — yil 5,
0 J—wl M
] To — 1 Yo
0—Y% EU
Using (4.7d), (4.42) gives
02l co.a(z,) S N0W Il co.ocs,) + lleurl Rl co.u(x,)., (4.43)

where as usual we ignore the lower-order terms. For curl€2, we derive an energy
estimate for transport equations in Holder spaces that reads

t
||CuI'IQ||C0,a(Er) 5 ||Cur1§2||Co,cx(20) +/(; ||BCUI'IQ||CO,0((ET) dr. (444)

Estimate (4.44) is proven by integrating along the characteristics of the transport-
part, i.e., along the flow lines of B, and comparing ratios of nearby point. This
comparison is needed because the Holder norms involve comparing curl€2 at dif-
ferent (nearby) points along X;. On the other hand, integrating along the flow lines of
B only allows us to compare points along the integral curves of B, i.e., compare the
value of curl2 at a point x; € X, with the value of curl€2 at a point xg € Xy, where
xo and x; are connected by a flow line of B (see Fig. 10). Along Xy we have control
for ||lcurl€2|| co.« (5 by assumption. Thus, in order to propagate the Holder regularity
of curl2 from Xy to X; we need show that the distance between two nearby points
X, yr along X;, which enters in the definition of the norm ||curl.Q||Co,D¢(21) we want
to control, is comparable to the distance between xg, yg along X, which enters in the
definition of the norm |[|curl€2||co.«(5,), Which is bounded by assumption, where x;
and y, are connected to x( and yy, respectively, along flow lines of B (see Fig. 10). In
order words, we need to establish that under the bootstrap assumptions 4.14,

lxr — yel = |xo — yol.

This will be the case as long as we have uniform control over the integral curves of
B, which can be shown to be the case using the bootstrap assumptions.
Combining (4.44) and (4.7¢) gives

t
||CUTIQ||C0,0((2t) ,S “CurlQ“Co,cx(Eo) +\/(; ||3‘-IJ||C0,0¢(2r) dr. (445)
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Then (4.43) and (4.45) yield

t
102l co.a(z,y S N0W Il co.ocs,y + leurlQlco.u sy +/0 [0Wllco.o(s,) dT  (4.46)

Estimate (4.46) will provide the desired bound for €2 in Holder spaces provided we
can control [[0W||co.«(x, ). For the latter, we rely on the Littlewood-Paley character-
ization of Holder spaces (see Taylor 1991, Appendix A) to show that the bootstrap
assumption (4.14a) controls the L%Cg’“-norm of OW.

Itis anon-trivial fact that the bootstrap assumptions for the the wave-part allow us to
squeeze a bit of Holder control of 0W, as the Holder norms are associated with control
of the transport-part. This is another example of the special features of Egs. (4.7) and
the corresponding interaction between the wave and transport parts.

Remark 4.12 As in the last bullet point of Remark 4.11, control of W in Holder spaces
is at top order, so we also need Holder estimates for Littlewood-Paley projections of
oW and their sum over frequencies in Holder spaces. These are controlled by the
second sum in the bootstrap assumption (4.14a).

Remark 4.13 Control of the acoustic geometry involves control over spheres S; 4,
which are sections of 47,. Because of our functional framework, this eventually leads
to Holder estiamtes for connection coefficients on S; 4. Such estimates are obtained
by argument similar to the above, but where now we transport along the integral curves
of L instead of B. As in the case of B, this requires uniform control of the flow lines
of L, which can be established under the bootstrap assumptions.

4.12 Closing the bootstrap

As it is often the case on arguments based on a bootstrap, once estimates have been
shown to close at a consistent regularity level under bootstrap assumptions, one seeks
to improve the bootstrap (in our case, (4.15)) upon appealing to some smallness in
the problem. In our case, smallness is obtained by taking the bootstrap time Thootstrap
sufficiently small. We refer to Disconzi et al. (2022b) for details.

4.13 Back to the relativistic case

As it has been stressed many times in these notes, one should not expect delicate
results for the classical compressible Euler equations to be easily generalizeable to or
even true in the relativistic setting. Thus, a legitimate question is whether a version
of Theorem 4.2 holds for the relativistic Euler equations. An answer was provided by
Yu:

Theorem 4.14 (Yu 2022). A similar low-regularity result as Theorem 4.2 holds for the
relativistic Euler equations.

Proof We refer to Yu (2022) for a precise statement of Theorem 4.14, as well as
for its complete proof. As the proof of Theorem 4.2 employed the new formulation
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of classical Euler introduced by Speck (2019), Luk and Speck (2020), the proof of
Theorem 4.14 employs the new formulation of the relativistic Euler equations given
in Theorem 3.6.

It would not be feasible for us to present a detailed discussion of the proof of
Theorem 4.14. Rather, we will restrict ourselves to list some of the key points in
which the proof of Theorem 4.14 is genuinely different than that of Theorem 4.2.
More precisely, while the proof of Theorem 4.14 follows the general structure of the
proof of Theorem 4.2, there are truly new aspects that Yu had to deal with, making
the proof of Theorem 4.14 significantly more challenging than that of Theorem 4.2.
Some of these aspects are

e Theelliptic estimates in Theorem 4.2 are for constant-coefficient elliptic operators,
whereas those of Theorem 4.14 are for quasilinear elliptic operators. This is related
to the fact that in the relativistic case the div-curl operators are spacetime div-curl.
One needs to extract spacial regularity along ¥; from these spacetime div-curl
operators. The basic idea is reminiscent of excising the timelike part of the vorticity
asin Theorem 3.8. However, at a low-regularity level such excision process is much
more delicate.

e Inthe geometric framework employed to estimate the acoustic geometry, one has to
deal with several decompositions of tensors in directions parallel and perpendicular
to the four-velocity,'%* a feature with no analogue in the classical case.

e Intheclassical case, the material derivative vectorfield B is orthogonal, with respect
to G, to the constant-time hypersurfaces X,. While we have not discussed the
implications of this orthogonality, it is routinely used in the proof of Theorem 4.2
as a consequence of the geometric formalism. In the relativistic case, derivative in
the direction of the four-velocity plays the role of the material derivative, but the
four-velocity is not orthogonal to X; with respect to the acoustical metric. This
produces error terms depending on W that need to be controlled through further
technical arguments.

e In general, the new formulation of the relativistic Euler equations is significantly
more intricate than the new formulation of the classical Euler equations (compare
Theorem 3.6 with Theorem 3.1 in Speck 2019). In a low-regularity setting, this
leads to quite a few potentially dangerous error terms that need to be carefully
analyzed.

4.14 Further lowering of regularity for the classical Euler equations

We mentioned at the beginning of Sect. 4 that Theorem 4.2 has been improved by Wang
(2022) and independently by Zhang and Andersson (2022), who established Theo-
rem 4.2 without any Holder regularity on the data and lowered the regularity on the
curl part of the data to curlu € H2*¢'(20),0 < ¢ < &. Andersson and Zhang’s result
also allows for &’ = 0.

104 We use four-velocity for what in other sections we called simply velocity to emphasize here the differ-
ence between the relativistic and the classical cases.
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We will now highlight some of the essential ideas used in the proof in Wang
(2022). This proof is more in line with the geometric-analytic techniques that we
want to emphasize in our presentation. While the work by Zhang and Andersson
(2022) involves several new important contributions to the field, its result involves
ideas of a different nature, more in line with the approach of Smith and Tataru (2005)
and a detailed exposition would be beyond the scope of this review.

Recall from Sect. 4.2 (see the discussion surrounding Eq. (4.12)) that our assump-
tion curlul,_y € H>** in Theorem 4.2 was used in deriving energy estimates for W.
From Sect. 4.3, we have that our Holder assumptions in Theorem 4.2 were used to
bound |92 Llre The Holder assumption is also used to control the acoustic geome-
try, see Sects. 4.§, 4.9,and 4.11. Without the Holder assumptions and under the weaker
hypothesis curlu € H 2+¢'(%0), 0 < ¢ < ¢, on the curl part, one needs to employ
a different argument than the one presented above for closing the energy estimates,
bounding the spacetime norms, and controlling the acoustic geometry.

We have considered u as one of the wave variables in the analysis, i.e., ¥ = (fz, u,s)
(see the discussion after Theorem 4.2). It would have been more precise to include only
divu in W since curlu has been grouped with the transport variables.!?> But since u
itself satisfies a wave equation, we have not taken full account of the decomposition of
a vectorfield into its divergence and curl parts. Wang’s approach takes full advantage
of this decomposition by splitting the velocity into its divergence and curl parts and
deriving a better wave equation for the divergence part than that satisfied by u. The
price one pays is that the problem becomes very non-local and some new, delicate,
cancellations have to be uncovered to close the estimates.

In more detail, consider

U =uqg+uc, 4.47)

where u4 is associated with the divergence part of the velocity and u. with its curl
part. This is accomplished by defining u, as a solution to

(id — As)u, = curlcurlu (4.48)

where A is the Laplace-Beltrami operator relative to the Euclidean metric 6. Recalling

the definition of the specific vorticity = e"curlu, and the modified vorticity of
the vorticity (4.5), we see that the RHS of (4.48) is related to C, which, as discussed,
plays a key role in the analysis. Thus, (4.48) reads as

(id — Ag)u, >~ curl, (4.49)

where, in (4.49), we continue to employ Remark 4.4 to write curl 2 as a proxy for C.
The term curl€2 on the RHS of (4.49) is precisely the difficult source term appearing

in (4.7a). A key idea in Wang (2022) is that upon computing Ugu and using (4.47)

and (4.49), the source term curl2 in (4.7a) cancels (up to lower-order terms).

105 gee Footnote 72.
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More precisely, writing!% Ug >~ —BB + Ag, where Ag is the Laplace-Beltrami
operator relatitve to the metric G induced on X, by the acoustical metric G, from
(4.48), (4.49), and (4.7a), we have

—curlQ + oW - 0¥ ~ Lgu = Ugug + Ogu,
=Uguqg — BBu, + Aéuc
=UOgug — BBu, + Asu,
=0Ogug — BBu, — curlQ + u,,

where we also used that A5 >~ Aj. This follows from the fact that G = cs_zé, which
allows us to trade A & for A up to terms with good structure that can be subsumed into
~~. We also note the presence of a minus sign on the curl €2 term on the LHS. This minus
sign is present in the non-schematic form of Eq. (4.7a), but so far we could ignore it due
to our schematic presentation. However, in order to observe exact cancellations, such
signs matter. In fact, the exact form of the canceled terms, including its coefficients,
is important, but for our purposes of illustrating the cancellation it suffices to keep
track of the signs. Thus, canceling curl€2 on both sides gives the following evolution
equation for uy

Ugug =~ BBu, + oW - oW. (4.50)

Equation (4.50) still contains the high-order source term BBu.. The next step is
to show that in all estimates involving (4.50), this term can be canceled. There are
two important applications of (4.50) where this cancellation is crucial. The first is in
the energy estimates, in particular when estimates along sound cones are involved.
Recall from Sect. 4.9 that in the proof of Theorem 4.2, a delicate point was to control
curl€2 along sound cones. These estimates for curl€2 along the sound cones were one
of the important new elements in Theorem 4.2 as compared to the irrotational case,
and they required the regularity assumptions stated in Theorem 4.2. Under the weaker
regularity assumptions of Wang (2022), the approach of Sect. 4.9 fails. Thus, one first
eliminates this term as in (4.50). In order to show that BBu, can be canceled as well,
Wang rewrites (4.50) as a first-order system and introduces a vectorfield related to Bu,
and tailored to an application of the divergence theorem (this should be compared to
(4.32), which is used to control curl2 along sound cones in Sect. 4.9). The second
application of (4.50) where one has to cancel the BBu,. term is in the Strichartz
estimates. Recall from Sect. 4.4 that to obtain the Strichartz estimates, we employ
Duhamel’s principle to reduce the problem to controlling solutions to the linear wave
equation in a G background (see Eq. (4.18) and the surrounding discussion). Here,
unlike what was done for curl€2 in the proof of Theorem 4.2, the term BBu, is not
treated as a source from the point of view of the estimates for the wave equation. The
term BBu, is canceled by an intricate modification of the application of Duhamel’s
principle that goes back to Wang’s previous work Wang (2014).

106 The cross terms, i.e., those mixing B and derivatives along X, which are omitted in g >~ —BB+ A G
are also important in the analysis, but we will not discuss them here.
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In the proof of Theorem 4.2, we introduced the bootstrap assumption (4.14b) which
is consistent with the Holder control we obtained in view the Holder assumptions on
the data. Without the Holder assumptions, Wang has to close energy estimates for €2
in H2¢" without appealing to a bound on'?’ ||3Q| LlL (and further without using

curlu € H*te (X0); compare with (4.12) and the surrounding discussion). In view of
the Hodge decomposition and (4.7d), this boils down to bounding curlcurl 2 ~ curlC
inH®. Wang uncovers some special cancellations in the energy estimate for curlcurl 2
in order to close the estimates without appealing to a bound on [|9<2| LlLe (or  in

H?%#). In order to illustrate this, consider an energy estimate for ||curlcurl Q|| L2(3)
We have

1
0y |curlcurlQ|2 ~ / Bcurlcurl2 - curlcurl 2
2 PP %

o~ / curlBeurlQ2 - curlcurl 2.
7

At this point, it seems natural to invoke (4.7¢) to replace Bcurl2. Instead, Wang
observes the following. Direct computation gives

curlBeurl Q2 - curlcurl 2 ~ (6” 0 81uk8,- Qr + 5 BiBﬁSIQj)élm (curlcurl2),,.
4.51)

(The term B/ comes from the specific form of C; recall Remark 4.4.) Using
divcurlcurl2 = 0,

5 d; au*9; 28" (curleurlQ),, ~ 9;(8Y a,-ukaiszkélm (curlcurl),,),

which can be integrated by parts. Another factorization allows one to handle the second
term in (4.51); schematically

3BAhIQ - curlcurlQ ~ B(Z_)fzé_)Q - curlcurl ) — E_)sz(Z_)Q - curlcurl €2)

The first terms can be integrated by parts in time (since the initial energy identity
is integrated over time). This will produce only sufficiently lower-order terms that
can thus be estimated without a time integral. The last term can be controlled using
Egs. (4.7b) and (4.7c).

In order to obtain a top-order estimate, i.e., for ||curlcurl Q|| He (,)> ONe needs to

apply the above argument to the once 3¢ differentiated equations. This causes addi-
tional technical difficulties which in particular require enlarging the adopted functional
framework via estimates in Besov spaces. On curious aspect of the difficulties in car-
rying out this top-order estimate is that the condition that &’ is strictly less than ¢ is
needed. '8

107 See Remark 4.6.
108 One can, of course, consider data curlu € H2¢ () which will then automatically be in H2+¢' ().
Butonly Q € H2+¢'(3,) will be controlled.
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Fig. 11 Illustration of moving

domain changing its shape from

t =0tot > 0 due to the fluid
motion

A substantial account of the ideas and techniques employed in Wang (2022) would
require amuch more in depth discussion that is beyond the goal of this review. But given
our goal of explaining some key geometric-analytic techniques and our exposition on
how they are used in the proof of Theorem 4.2, it would be remiss not to discuss the
important improvement of this Theorem obtained in Wang (2022) and point out some
of its important ideas, as done above. In particular, one of the most challenging aspects
in Wang (2022), namely, control of the acoustic geometry under such limited regularity
assumptions, involves several innovations whose discussion would be beyond the
scope of this review.

Recall from the beginning of Sect. 4 that the irrotational classical compressible
Euler equations are locally ill-posed for (h,u) € HY with N < 2. On the other
extreme from compressibility, the incompressible Euler equations are ill-posed for
curlu € HN with N < 1.5 (in three spatial dimensions) due to a result of Bourgain
and Li (2015). Based on these considerations, Wang (2022) proposed the following
conjecture: The classical compressible Euler equations in three spatial dimensions are
locally well-posed for data (1, u, curlu) € HN (o) x HY (Zg) x HY=3 (%), with
N > 2 (under natural non-degeneracy conditions like in assumption 3 of Theorem 4.2).

5 The relativistic Euler equations with a physical vacuum boundary

Consider a fluid within a domain that is not fixed but moves with the fluid motion,
see Fig. 11 for an illustration. Fluids of this type are called free-boundary fluids.
Examples include a liquid drop or, more relevant for the relativistic case, a star. We
will consider the case where the fluid body is in vacuum, like an isolated star.

Denoting by Z; the region occupied by the fluid at time 7, the dynamics of the fluid
is defined in the spacetime region

72:=J 1 x2, (5.1

0<t<T

for some T > 0, known as the moving domain (see Fig. 12). The fluid’s free bound-
ary (also known as the moving boundary or the free interface) is

I':= U {t} X Ft, Ft = 3_@,
0<t<T

Note that 2 has to be determined alongside the fluid motion, i.e., it cannot be freely
prescribed.

@ Springer



Recent developments in mathematical aspects of relativistic. .. Page 95 of 218 6

Fig. 12 Tllustration of the t o
moving domain Z on the right. () @tz

The picture on the left shows the
domain [0, T'] X % used in
standard (i.e.,
non-free-boundary)
initial-boundary value problems D 1

Y
~

A A

0

The free-boundary relativistic Euler equations are the relativistic Euler equations
defined on a moving domain 2. In this case, we have to impose the following boundary
conditions that come from physical considerations'?’ (see Oppenheimer and Volkoff
1939; Tolman 1934, 1939):

plr =0, (5.2)
and
uell, (5.3)

where TT is the tangent bundle of I". Condition (5.2) says that the pressure has to
vanish at the fluid-vacuum interface. We observe that (5.2) can be obtained upon
imposing that V, 7% = 0, where 7 is given by (2.1), holds across the free boundary
in a distributional sense. Thus, (5.2) is necessary if the fluid is coupled to Einstein’s
equations. Condition (5.3) says that I'; is advected by the fluid, i.e., I’y moves with
speed equal to the normal component of the fluid velocity on the boundary.

Let us assume from now on that we have a barotropic equation of state, meaning
that the pressure is a function of the density only, p = p(g). Then (5.2) gives a
condition for ¢ on the boundary. There are two distinct cases to consider, depending
on the behavior of o|:

e o|r > constant > 0, in which case the fluid is called a liquid.
e o|r =0, in which case the fluid is called a gas.

Note that (5.2) holds in both cases. The liquid and gas cases (whose names are more
or less self-explanatory) are very different problems. A key difference is that the
relativistic Euler equations degenerate on the boundary in the case of a gas (since
(p + 0)Ir = 0, see equations (2.8)) but not in the case of a liquid (since (p + o) >
0). Here, we will consider the case of a gas. In this case, I" is also known as a vacuum
boundary.

In the gas case, 2 is given by

Py ={(t,x)| T =t,0(,x) > 0}. 5.4)
109 We continue to use the notation and conventions of Sect. 2.
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Moreover, in the gas case, we also impose
2l =o, (5.5)

which is related to the fact that sound waves cannot propagate in vacuum.

Remark 5.1 The condition (5.5) implies that the sound cones degenerate to the flow
lines on the boundary. Thus, the free-boundary relativistic Euler equations in the case
of a gas is not only a system with multiple characteristic speeds; it also has degenerate
characteristics.

It turns out that the decay rate of c? near I'; plays a crucial role in the study of
the free-boundary relativistic Euler equations for a gas (see Remark 5.2). There is
essentially only one decay rate that is consistent with the evolution of a free-boundary
relativistic perfect fluid in the case of a gas, namely, that cs2 be comparable to the
distance to the boundary (for points near the boundary), i.e.,

c2(t, x) ~ dist(x, Ty), (5.6)

for x € %, x near I';, where dist is the distance relative to the spacetime metric
restricted to ;. A decay faster than (5.6) leads to a boundary that does not accelerate.
There are physically relevant cases where the boundary acceleration vanishes, with
the fluid particles at the boundary essentially free falling. But in most situations of
interest, including the case of rotating stars, the boundary acceleration is non-zero. A
slower decay rate than (5.6) leads to a very singular problem, potentially causing an
infinite acceleration of the boundary.

Condition (5.6) is known as the physical vacuum boundary condition. When
satisfying (5.6), the free-boundary relativistic Euler equations are known as the rela-
tivistic Euler equations with a physical vacuum boundary. From the point of view
of the Cauchy problem that we will be investigating, condition (5.6) should be viewed
as a condition on the initial data that is then propagated by the flow.

A standard equation of state used in the study of a gas with a free-boundary is''°

p@ =0 Kk >1, (5.7)

which we henceforth adopt. From now on, we will focus on the class of solutions
satisfying the physical vacuum boundary condition (5.6).

Remark 5.2 In order to understand the origins of (5.6), let us proceed formally and
carry out the following heuristic argument. Assume that cf decays, near the free
boundary, as a power of the distance to the boundary,

c2(t, x) ~ (dist(x, T))P, (5.8)
10 gee references in Disconzi et al. (2022a).
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for some B € R. This assumption is natural because dist is a natural scale to consider
since away from the boundary we can use finite speed of propagation to localize the
problem and treat it as the standard (non-free boundary) relativistic Euler equations.
Alternatively, we can imagine a Taylor expansion for cf near I'; with coordinates such
that x3 = dist. Then, using (2.8b), we find the acceleration to be

. L P .
LV, p 2 a0 CSZZ),Q N dist? dist« ! 3 dist

~

ay = ul*vV,yuy = — c
« e pto  “o+otl o dist e

~ dist?~1,

where we used that o ~ cf ~ dist? and 9 dist = O(1). Thus, we find that the
acceleration satisfies

0 it > 1,
alp = {finite #0 if =1,
00 if B < 1.

The third and first conditions are not very physical (zero boundary acceleration would
not allow the fluid to rotate, as stars do). Thus we should have 8 = 1, which is
condition (5.6).

Remark 5.3 The physical vacuum boundary condition implies that linear waves with
speed c; reach the boundary in finite time. Indeed, if we imagine for simplicity the
boundary located at x = 0 and the fluid region as x > 0, in one dimension, we see
the speed

dx

= c5 ~ /X,
P Y
is integrable.!!! Thus, the motion of the boundary is strongly coupled with the bulk
evolution and cannot be viewed as a self-containing evolution at leading order.! !

Our goal is to establish local well-posedness for the Cauchy problem for the rela-
tivistic Euler equations with a physical vacuum boundary. We need to introduce some
further notions before we can state the main theorem.

Assumption 5.4 For simplicity, we will henceforth take the spacetime metric to be the
Minkowski metric. All the main difficulties of the problem are already present in this
case (see Remark 5.8).

&2
dt

non-zero at x = 0 precisely for 8 = é, which is another way of recovering the physical vacuum boundary

condition.

dx

T 1f we write G =cs~ xP , then the acceleration is 3~ xP-1 ‘é’t‘ ~ x2B=1_which will be finite and

112 We mention this because it is not uncommon in free-boundary problems for the boundary dynamics to
decouple from the interior evolution, as it happens, for example, in the water-waves problem, see Lannes
(2005, 2013), Wu (2009).
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5.1 Diagonalization

In order to carry out the analysis, our first step is to re-express the relativistic Euler
equations as equations with good structures, where “good” means with respect to the
behavior of the fluid near the vacuum boundary. This will be accomplished by finding
a set of good nonlinear variables that diagonalize the system with respect to the
relativistic material derivative, given by (note that u° # 0 in view of u/u w=—1
compare also with (5.14) below)
ul

D; =09+ 0. (5.9)
u
D; plays arole similar to the vectorfield B in the classical compressible Euler equations
(compare (5.9) and (4.1))

We want to have a system diagonal with respect to D; because our method of
constructing solutions will involve a type of Euler’s method, for which we require
the system to have roughtly the form''? 3,(LH S) = 8,(RH S), except that it is D;,
and not 9;, that should be thought of as the right time derivative in this problem, as
it intrinsically tied to the evolution in view of characteristics of the Euler system, !
especially to the characteristics on the boundary.

Remark 5.5 In many situations one can work with D; or u*d, (with the latter also
called a relativistic material derivative), the difference in estimates between both cases
being lower order. In our approach, however, there are some very delicate estimates
that require very precise structures and which might not be true if we used u*9,
instead.

Let us introduce the desired new variables:

vi= (1409 Fru, (5.102)
1
P (5.10b)
K

The quantities v and r are the desired good nonlinear variables, and we will take them
as our primary variables for the problem. Observe that r is, up to a constant factor ,l
that is introduced for convenience, the sound speed squared. Given the key role played
by cf in view of the physical vacuum boundary condition (5.6), it is not surprising
that we take it to be one of the primary variables. After deriving some consequences
of these new variables, we will motivate their definition.

The physical vacuum boundary condition (5.6) can be equivalently stated in terms
of r,

r(t, x) ~ dist(x, I'y), (5.11)

113 We can always diagonalize the system by algebraically solving for the time derivatives in terms of
spatial derivatives in Eqgs. (2.8), but such a procedure will not produce equations with good structure.

114 Thig is readily seen from D; = ulo uhdy,.
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Also, 9, can equivalently be characterized by
9 ={(t,x) |t =t,r(t,x) > 0}. (5.12)

In view of (2.2) and (5.10b), observe that v satisfies the constraint
242
Wy =—(1+ ) ", (5.13)
¢ K+ 1

In light of (5.13), it suffices to consider an evolution for the spatial components of
v,i.e., v',i = 1,2, 3. In particular, we will adopt the following notation.

Notation 5.6 From now on, references to v w111 mean only to its spatlal part
(v', v%, v?), with the implicit understanding that v° is written in terms of v’ and r
via (5.13), ie.,

2+
=1+ ) i (5.14)
i . .

Thus, when we say, e.g., that “v satisfies P”” we mean that “(vl, v2, v3) satisfies P.”

Using definitions (5.10), Egs. (2.8a)—(2.8b), and recalling that the pressure is given
by (5.7), we obtain that (r, v) satisfy

Der 4+ r(H Y dv; + rajv'dr =0, (5.15a)
Div; + axdir =0, (5.15b)

where H ! is the following!!” inverse Riemannian metric!'® on &,

Y
ﬁ_l ij — K 1 K ij Vv 1
A= LAt L (6 W) (5.16)

ao, a1, and as are smooth functions of (r, v) that are O(1) near I'; and v° is computed
from (5.14) (recall that § denotes the Euclidean metric). For the most part, the precise
form of these coefficients ag, a1, and a; will not be important. Only the fact that

a> > constant > 0 (5.17)

is of relevance, and the specific form of ag, given by

2V v (5.18)
S (v0)2 ()2’ ’

ap:=1—c;

115 See Remark 2.12 for the explicit use of ~!.
16 One can verify that A indeed defines a Riemannian metric with the help of (5.13).
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will be used in Sect. 5.5.1. Observe that (5.9) can be written as

i

v
D, =0
t z+vo

i, (5.19)
so that all explicit dependence on (g, u) has been eliminated from (5.15). Equations
(5.15) are simply the relativistic Euler equations written in terms of r and v, and they
are the main equations we will investigate.

Remark 5.7 Since H ! is an inverse Riemannian metric, (H ~')" 9;v; is a divergence
of v. This is consistent with the appearance of the spacetime divergence of u in (2.8a).
H~! can be related to a rescaled version of the acoustical metric but this will not be
needed here. We also note that # ~! is pointwise equivalent to the (inverse) Euclidean
metric,

H '~s5 !, (5.20)

Let us now explain the choices (5.10) made to diagonalize the system. It is natural
to consider rescalings of the velocity in the form

v = f(o)u, (5.21)

where f is to be determined. Using (2.8), we can derive the following evolution
equation for v,

/

P L g + g0+ <_J;’

(o +p)+ Cf) u'ud,o = 0. (5.22)

We want (5.22) to be an evolution equation for v diagonal with respect to D;. In
particular, this means that only v should be differentiated with respect to d;. We note

that the term ” ]JCQ u™d, v’ is a multiple of D,v’ and thus this term has the desired

property. The term gi* dy0 seems to contain a d;0; however, we have 2% = 0 since
g is the Minkowski metric and thus g'* dy0 contains only spatial derivatives (see
Remark 5.8). The last term in (5.22), however, contains a 9,0 or, said differently, a
multiple of D,o. Thus, we chose f such that the term in parenthesis vanishes,

—?(g+p)+c§=o.

Solving this ODE for f produces

2 do

flo) = el rioree (5.23)
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The choice (5.23) also diagonalizes the evolution of g, i.e., using (5.21) and (5.23),
equations (2.8) give

pro g v oL
wipo + @~ Ly = Pl =0 (524

Equations (5.22) and (5.24) hold for a general barotropic equation of state. With
the choice (5.7), (5.23) becomes

1
f@) =+ *x,
which gives (5.10a). With (5.10b) and (5.19), Egs. (5.22) and (5.24) then give (5.15).

Remark 5.8 1t seems that our argument relies critically on the fact that the spacetime
metric is the Minkowski metric since we used that g"0 = 0. However, this is not the
case. Given any smooth Lorentzian metric g, we can always choose coordinates such
that g’® = 0. In this case, the above argument still goes through. For a general metric,
there will be extra terms in the estimates we will discuss coming from differentiation
of g, but these will be lower terms order terms can be handled with similar ideas.

5.2 Vorticity

In the case of a barotropic fluid, p = p(0), Egs. (2.5a) do not involve the baryon
density n and thus (2.5b) decouples, i.e., it can be solved after a solution to (2.5a) has
been determined. Defining the vorticity as in (2.25), however, will introduce n back
into the problem. It is convenient, therefore, to define the vorticity of a barotropic fluid
as

Q:=d(fu) =dv, (5.25)
where f is given by (5.23) and v by (5.21) (d is the exterior derivative in spacetime).

We can think of Q2 as a vorticity variable because it does satisfy an analogue of
Lichnerowicz’s equation (2.28), namely,

vHQue =0, (5.20)
and an analogue of the evolution equation (2.30), namely
V49, Qup + 00" Qup + 30" Qay = 0, (5.27)
where in contrast to (2.30) there are no terms on the RHS in view of the decoupling
between n and the rest of the system (or, equivalently, decoupling of s). In particular,
(5.27) implies that 2 remains zero if zero initially.

In our case, since we are considering only the evolution for the spatial components
v’ (see (5.15b)), it is natural to consider only the spatial components of 2 as well.
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Using (5.26), we can algebraically solve for the time components of €2 in terms of its
spatial components,

i

! Qjj. (5.28)

Qo = —
J UO

(Note that 20 = 0.) Using (5.28) into (5.27) yields

vk ;00 + v*9;0u; =0,

(5.29)

~ 1 e 1 e
DtQij + aniv ij + voajv Qir —

1
(v0)? ()2

where we recall Notation 5.6. We make the following important remark:

Remark 5.9 The estimates will discuss will focus on the wave-part of the system.
Thus, all our estimates need to be complemented by suitable estimates for the vor-
ticity. Such vorticity estimates are not the main challenge in the argument and are
obtained by direct (weighted) transport estimates using Eq. (5.29), and thus they will
be omitted. Alternatively, readers can consider the case of an irrotational fluid Q=0
for simplicity.'!”

Observe that our choice (5.23) was not motivated by the vorticity but by the entirely
different question of canceling the term in parenthesis in (5.22). The fact that such
choice gives precisely the function used to define €2 is a strong suggestion that (5.21),
with f given by (5.23), is a good variable to consider.

5.3 Function spaces and control norms

Observe that, as the original equations, Egs. (5.15) also degenerate on the boundary in
view of the factors in r and (5.11). The degenerate nature of these equations suggests
the use of weighted Sobolev spaces, with powers of the distance to the boundary as
weights. The functional framework which we will use is introduced in this section,
after which we will be able to state the main results in Sect. 5.4. We will provide more
intuition for our choice of function spaces in Sect. 5.5, but the basic idea is that they
are constructed out of a natural energy satisfied by the linearized equations.

5.3.1 Weighted norms

The basic weighted Sobolev spaces which we will employ are defined as follows.

Definition 5.10 Let r be a defining function for the domain %, i.e., Z; = {r > 0}
and the gradient of r is non-zero on d %;. Given an integer N > 0 and a real number
o> — é, we define H™? (Z,) as the space of distributions on Z; such that the norm

[ e S L { PP (5.30)
la|<N

17 The condition € = 0 is propagated by the flow in view of (5.29).
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is finite. In (5.30),  are multi-indices and we recall that 8 denotes spatial derivatives
(see Sect. 1.3). Using interpolation, we can define H"-? (Z,) for non-integer N.

Remark 5.11 We are ultimately interested in the case when the weight r in (5.30) is
a solution to (5.15), which motivates the abuse of notation of calling it r as well.
However, it is important to define H"- without making explicit reference to such
solution since, in the proof of local well-posedness, a solution to (5.15) is not yet
available.

Definition 5.12 We define 7>V (2;) as the product space of real valued maps of class
HZN: SEHN and vectorfields of class H>V- SEHN+S ,1.e.,

AN () = BN 2N () 5 BN N (g, (5.31)

with the understanding that elements in the first component are real valued and ele-
ments in the second component are vectorfields.

Notation 5.13 We will often omit &, and write simply H"- and .##>" when there

is no risk of confusion. When .#7?" is written on a single component of (s, w) it
1— 1— 1

means H2V 2 *tN(9,) on the first component and H2N 2" TN+2 (%) on the sec-

ond one, i.e. |||l ypov = ”S”HZM I W g on the first component and [|w|| yov =

w —K .
l “HzN, 11N+ D)
Remark 5.14 In Definition 5.12, we wrote the number of derivatives as 2N for con-
venience, but the total number of derivatives need not to be even as N can be any
non-negative number.

We will be seeking solutions with regularity (r, v) € >V for appropriate N. The
relation between weights and derivatives in the definition of .#7>V is motivated by
the following factors. The underlying wave evolution is at leading order governed by
a wave operator roughly of the form (see, however, Remark 5.21; compare also with
(2.20))

D? —rA, (5.32)

t

so that each two derivatives are paired with one power of r. This relates the number of
derivatives 2N with weights with power N in > . The powers in 12_,( “ come from
the structure of the linearized equations (which play an important role in our approach,
see Sects. 5.4 and 5.5). The “extra” power of é in the weights for v as compared to
the weights for r come from the fact that the derivatives of v in (5.15a) are weighted

by r, whereas the derivatives of 7 in (5.15b) are not (see Sect. 5.5 for more details).

5.3.2 Scaling analysis

Equations (5.15) do not admit a scaling law. However, it is possible to define a scaling
law for the leading-order dynamics near the boundary. To see this, we ignore all terms
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of O(1) in (5.15), in which case the system (5.15) simplifies to

(B + ' 3;)r + 187 dvj 4+ rv'dir ~ 0, (5.33a)
(3 + v/ 9;)v; + dir = 0. (5.33b)

As we will see in Sect. 5.5, the term 7v'9;7 in (5.33a) can be handled as a type of
perturbation from the point of view of our energies. This will be the case because in
the derivation of the energy estimates, we multiply (5.33a) by a power of r, producing
a weighted-type L control of r, see Definition 5.12; but the term rv’ 3;r has an extra
power of r to spare. Taking this into consideration, we also ignore the last term on
LHS of (5.33a), in which case the equations further simplify to

(B + ' 3;)r +r8Ydv; =0, (5.34a)
(3 + v/ 9;)v; + dir = 0. (5.34b)

By the above considerations, Eqgs. (5.34) should captuer the leading-order dynamics
near the free boundary. Equations (5.34) admit the following scaling law

(r(t,x), v(t, X)) > (rA(t, x), vA(t, X)) := A2, A2x), A oAt A%x)), (5.35)

for any A > 0; i.e., if (7, v) solves (5.34) so does (ry, vy ). With this scaling law, we
can in the usual fashion define critical spaces .7#7>N0 where Ny is given by!!8

1
2No:=34+1+ .
K

Observe that 2Ny is in general not an integer, with the spaces 7" defined for non-
integer 2N via interpolation.

We recall that critical homogeneous spaces are defined as invariant under the under-
lying scaling law. In our case, then, .7#7>M is such that the homogeneous part of the
SN0 _norm (the terms with |a| = 2Np in (5.30) for integer 2Nyp) is invariant under
(5.35). The basic heuristic principle in the study of quasilinear problems is that local
well-posedness should not hold for data with regularity below the critical scaling value,
2Ny in our case. This is because if such result were to hold, then by a simple rescaling
of solutions one could transform a small data, small time, result into a large data, large
time one, thus deriving a stronger result from a seemingly weaker one. Whether or
not this is in fact the case depends on the particular problem being studied. But this
heuristic principle is very useful in determining regularity values for which one should
expect to be able to determine local well-posedness. Moreover, in quasilinear prob-
lems experience suggests that we should not expect local well-posedness at or right
above scaling either, except perhaps for very specific equations that have very special
structures. In our case, however, we will be able to get close enough to scaling so that
we our solutions can legitimately be classified as rough solutions to the problem.

118 The3in 2Ny corresponds to the dimension of space. In general d dimensions, we have 2Ny := d+1+ ,1 .
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Fig. 13 Illustration of
construction of the vectorfield N N Vr (T 0 ) =N (T 0 )

r, Vr

Z

5.3.3 Control norms

In order to establish a continuation criterion for solutions, we next introduce some
time-dependent control norms. For a solution (r, v) to (5.15), define

A= IIVr =NlLe@y +lvll.y s (5.36a)

. = . . . 1 .« .
Above, the notation is as follows. V is the spatial gradient, C 2 is the Holder semi-norm
~ 1
of exponent ;, and C2 is the following semi-norm

T If(x) — F()l 53

1 : .
CHA Ty (rC)? + ON? + | = y12
xF#y

- -3 . .. .
Thus, ||Vr||C ] ) behaves roughly as the C2 semi-norm, but it is weaker as it uses
t

only one derivative away from the boundary. Finally, N is a vectorfield constructed as
follows. Since we can localize the problem using the finite-propagation-speed property,
it suffices to work in small neighborhoods of the boundary (away from boundary, the
system is not degenerate so standard estimates apply). Fix a point xg € I';. In a small
neighborhood of x(, we can construct a vectorfield N such that N(xg) = Vr(xo), where
xo € I'y, see Fig. 13. The reason for introducing N is that we can then make A small by
working in sufficiently small neighborhoods, whereas we cannot make || Vr || L®(D))
small by localization or scaling arguments. We will need to make A small to close the
estimates (see Remark 5.21 and Sect. 5.6).

Remark 5.15 We will make use, often silently, of the above mentioned fact that we
can localize the problem in a small neighborhood of a boundary point. Thus, we will
assume that  is sufficiently small whenever needed. In addition, when needed, we can
assume to be working in the neighborhood of a point xo such that Vr(xg) = N(xo),
as just explained.

Remark 5.16 Observe that the construction of N is not unique, but different construc-
tions will lead to equivalent norms A. We also note that N is a purely spatial vectorfield,
ie,N=(NI,N? N3).
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The norms A and B are associated with the spaces .72 and .7#>M+! in view of
the following embeddings:

A S |(ry vl gpav, 2N > 2N,
B < ||(ry v)|l ypov, 2N > 2Ng + 1.

Remark 5.17 Definitions (5.36) can also be applied for a general defining function r
and vectorfield v that are not necessarily solutions to (5.15). This is important for the
iteration leading to existence of solutions.

5.4 Local well-posedness and continuation criterion

We are now ready to state the main results.

Theorem 5.18 (Disconzi et al. 2022a). Consider Egs. (5.15) in 9, where 9 is given
by (5.1) with &y given by (5.12). Define the state space

H?Y .= {(r,v) | (r,v) € 5N}

Then, the Cauchy problem for equations (5.15) is locally well-posed in H*N for data
(#, ) € H?N provided that the physical vacuum boundary condition

F(x) ~ dist(x, Ig), where 9Dy :={F > 0}, I'o = 0%,

is satisfied"" and
1
2N >2No+ 1, 2Ng=3+1+ .
K

We make the following remarks about Theorem 5.18:

e Local well-posedness above is meant in the usual Hadamard sense: existence and
uniqueness of solutions, with (r,v) € CO([O, T1, HZN) for some T > 0 and
continuous dependence of solutions on the data in this topology. For continuous
dependence on the data, we need to define an appropriate topology on H?V to
compare solutions, since different solutions are defined in different domains. We
refer to Disconzi et al. (2022a) for the definition.

e Observe that the regularity of solutions obtained in Theorem 5.18 is for data very
close to scaling, thus qualifying for what we would call rough solutions to the
problem. These rough solutions are obtained as unique limits of smooth solutions.

Theorem 5.18 established the first local existence and uniqueness result for the
relativistic Euler equations with a physical vacuum boundary. More precisely, local
existence and uniqueness has been established in 1+ 1 dimensions in Oliynyk (2012b).

119 The physical vacuum boundary condition is already incorporated into the assumption 7 € HZN | but
we state it explicitly because of its importance.
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In this case, the boundary are just disconnected points and the main difficulties of
the problem are absent. A priori estimates for the relativistic Euler equation with a
physical vacuum boundary in 3 + 1 dimensions have been obtained by Jang et al.
(2016) and Hadzi¢ et al. (2019).

Remark 5.19 Jang et al. (2016) and HadZi¢ et al. (2019) use the formalism of
Lagrangian coordinates, whereas Theorem 5.18 is established entirely in Eulerian
coordinates.

Remark 5.20 1f one considers the case of a gas not satisfying the physical vacuum
boundary condition, when cf decays faster than the distance to the boundary, the
motion of the boundary decouples from the bulk evolution (see Remark 5.3) and
several difficulties are not present. The problem in this case has been investigated by
several authors, including situations with coupling to Einstein’s equations (see Rendall
1992; Brauer and Karp 2011, 2014; LeFloch and Ukai 2009 and reference therein).
Perturbations of spherically symmetric static Einstein—Euler system with a physical
vacuum boundary have been studied by Makino (1998, 2016, 2017, 2018). In the case
of a liquid, the problem has been recently addressed in the works by Oliynyk (2017,
2019), Miao et al. (2021), Miao and Shahshahani (2024), Ginsberg (2019), Ginsberg
and Lindblad (2023). We refer to Sect. 1.6 of Disconzi et al. (2022a) for a detailed
discussion of previous works.

Proof of Theorem 5.18. We will provide an outline of the proof. Then, in Sects. 5.5, 5.6,
and 5.7, we will provide arguments in more details, focusing mostly in the energy
estimates that need to be derived. At a high level, the main ingredients of the proof
are:

e The analysis of the linearized equations plays a key role in the proof. The linearized
system enjoys good structures that come from some special cancellations (see
Sect. 5.5).

e We would like to derive energy estimates for the nonlinear problem by differ-
entiating Egs. (5.15) and treating the resulting system as a linear system for the
derivatives to which we could apply the cancelations mentioned above. However,
this does not seem possible. With exception of the one-time differentiated system
(which solves the linearized problem), higher-order regular derivatives do not sat-
isfy a linearized system with good structure. This comes from the fact that our
problem has weights, and differentiating the system with respect to regular deriva-
tives destroys its weighted structure. When generic derivatives fall on the weights
r in (5.15a) we can get O(1) terms that are no longer comparable to the distance
to the boundary.

e The weighted structure of Egs. (5.15) is preserved, however, if we differentiate the
system with respect to D; because, each time D; falls on the weight r we recover
r using Eq. (5.15a), which gives D,r ~ r(dr, dv). This suggests deriving energy
estimates for thN (r, v) (see Remark 5.21).

e To control Dt2N (r,v), we would like to show that thN (r, v) satisfies the lin-
earized equations with good perturbative terms. This is, however, not the case.
The cancelations that are needed in the linearized system rely in particular on
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the linearized variables coming from linearizing D;. Differentiating (5.15) with
respect to Dy, however, does not produce such terms because D; commutes with
itself. We therefore introduce some good linear variables which are suitable mod-
ifications of D%N (r, v). These good linear variables are then showed to satisfy the
linearized system with good perturbative terms (see Sect. 5.6).

e The previous argument gives estimates for DIZN (r, v) (to be more precise, it is not
thN (r, v) that we control but a modified version of it; we downplay this aspect
for now, see Remark 5.21). In order to obtain full control of (r, v), we employ
elliptic estimates. The elliptic part of the system comes from the underlying wave
evolution, whose leading order operator is of the form (5.32), so that DIZN (r,v)
satisfies an equation that reads, schematically, as (see Remark 5.21 below)

DN (r,v) —rAD?N2(r,v) =L.O.T. (5.38)

Given the energy estimates for thN (r, v), we can move this term to the RHS in
(5.38) and apply elliptic estimates for the operator r A to control D,zN “2(r, v).
Proceeding inductively (i.e., controlling DIZN —4 (r,v) in terms of D%N -2 (r,v),
etc.), we finally obtain control of (r, v) (see Sect. 5.6).

e The above discussion focused on a priori estimates, which are the basis for the
argument. The full Theorem is proved with help of a regularization and a time-
discretization akin to an Euler’s method. In particular, the passage from the linear
to the nonlinear problem requires the nonlinear equations to have good structures,
which is another reason why we rewrote the original Euler system in terms of the
(r, v) variables (see Sect. 5.7).

]

Remark 5.21 Here we point out the following further remarks at a high-level. They
are discussed in more detail in Sects. 5.5, 5.6, and 5.7:

e [t turns out that D%N (r, v) is still not the right variable to consider. We need to
correct it by a suitable term, leading to what we call good linear variables. We will,
however, continue to talk about estimating DIZN (r, v) until Sect. 5.6, when we will
discuss why DIZN (r, v) is not yet appropriate for the derivation of estimates and
how to modify it.

e The wave operator (5.32) and the corresponding wave equations (5.38) are only a
schematic representation of the actual wave evolution of the system. It turns out
that the correct wave operator needed for the estimates involves an elliptic part
more complicated than r A. We wrote r A to illustrate the main important point,
namely, that one has a degenerate (because of r) elliptic operator. In particular,
the elliptic estimates one needs to carry out are degenerate elliptic estimates. See
Sect. 5.6.3. See also Remark 5.33.

e To prove the elliptic estimates, we need to perform some integration by parts and
pay special attention to terms when derivatives fall on the weights, since we need
to have norms with the correct weights. For this, we need to observe some subtle
cancellations that hold because of the very specific form of the elliptic operators
involved (which are not, as mentioned, simply r A).
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e We also employ an argument that is reminiscent of the standard “freezing of
coefficients at a point” used in elliptic equations (see, e.g., Gilbarg and Trudinger
2001). This requires some smallness to absorb top-order terms back into the LHS.
When carrying out integration by parts, if the derivatives falling on the weights are
transverse to the distance to the boundary, then one can show that the corresponding
terms are small, but they will be of O (1) if the derivatives are approximately normal
to the boundary. This can be illustrated by thinking of the boundary as given by
{x3 = 0}, so that r behaves like x3. Then, ;7 and d-r are small, but 33 = O(1).
However, if we arrange the estimates so that the corresponding coefficient is not
d3r but rather 93 — N, where N = (0, 0, 1), then this coefficient can be made small
by considering a sufficiently small neighborhood of the boundary. This explains
the construction of the control norm A in (5.36a).

e It is is only the divergence part of v that satisfies a wave equation, thus the above
argument only controls the (spatial) divergence of v. Full control is obtained with
help of vorticity estimates. See Remark 5.9.

Next, we investigate continuation of solutions.

Theorem 5.22 (Disconzi et al. 2022a). For each integer N > 0, there exists an energy
functional E*N = E?N (r, v) with the following properties:

(a) Coercivity: as long as A remains bounded,

2N 2
EZ7 = |(r, 0)[pon -

(b) Energy estimates hold for solutions to (5.15),
Y BN S4Bl
dt ~ ’ 2N -
As a consequence of Theorem 5.22, Gronwall’s inequality gives

t
G )P pon S e CDBAT I 5))2 . (5.39)

~

Remark 5.23 The energies E2Y in Theorem 5.22 are explicitly constructed for integer
N > 0 only, but the arguments in Disconzi et al. (2022a) show that (5.39) holds for
non-integer N > 0.

As a consequence of (5.39), we obtain the following continuation criterion:

Corollary 5.24 (Disconzi et al. 2022a). The unique solutions obtained in Theorem 2.22
can be continued as long as A remains bounded and B € Lzl (D).

Remark 5.25 Observe that B ~ [|0v|| (g, + Hér“c%(@)’ so that Corollary 5.24 is
t

very similar to the standard continuation criterion for relativistic Euler that comes
from their formulation as a first-order symmetric hyperbolic system. See Disconzi
et al. (2022a) for details.

@ Springer



6 Page1100f218 M. Disconzi

Proof of Theorem 5.22. Theorem 5.22 is obtained from the energy estimates that have
been briefly discussed in the proof of Theorem 5.18. In particular, in order to obtain the
estimates always with a factor linear in B we need to use some powerful interpolation
Theorems obtained by Ifrm and Tataru in Ifrim and Tataru (2024). m]

Remark 5.26 Local existence and uniqueness for the classical compressible Euler
equations with a physical vacuum boundary have been obtained by Coutand and
Shkoller (2011, 2012) and Jang and Masmoudi (2009, 2011, 2012, 2015) and, more
recently, by Ifrim and Tataru (2024), where analogues to Theorems 5.18, 5.22 and
Corollary 5.24 have been obtained for the classical compressible Euler equations. At
the risk of being repetitive, however, we once more stress that results in the relativistic
setting should not be taken for granted as simple extensions of the non-relativistic
case.

5.5 Energy estimates for the linearized equations

Consider the linearization of Eqs. (5.15), where we denote by s the variable associated
to the linearization of  and by w the variable associated to the linearization of v. Direct

computation'?” gives that the linearization of (5.15) is
1 - .. T .
Dis+  (H Yiorw; +r(H DY w; +rapn'ds = f, (5.40a)
K
D,w; + az0;s = h;, (5.40b)

where f and h are of the form

f=81s+rWw, (5.41a)
h = Ss + Ww, (5.41b)

where Sy, S, Wi, W, are linear in 9 (r, v) with coefficients that are smooth functions
of (r, v). The functions f and & will be error terms that can be directly controlled by
our energy (see (5.52) below).

Remark 5.27 In accordance with the spirit of these notes, we could have ignored the
terms f and & and written (5.40) with >~ --- or = L.O.T. We will do so in much of
what follows. But since the norms we want to control have r weights, it is important
to verify that the RHS of (5.40) in fact has the correct powers of r to be bounded by
the energy; see (5.52).

Remark 5.28 Asusual upon considering a linearization, in (5.40) our solution variables
are s and w, with r and v treated as coefficients. In particular, our energy estimates
for the linearized equations in Sect. 5.5 hold with bounds depending on the L°° norm
of 21 5(r, v).

120 15 fact, the computation is not so direct, see Sect. 5.5.1.

121 Some of the derivatives of r and v appearing as coefficients in the energy estimate will be time derivatives
coming from lower-order terms involving the material derivative (although not all terms in material deriva-
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We make the following observations:

e As the original system (5.15), Egs. (5.40) degenerate on the boundary.

e The linearized system does not require boundary conditions. This is related to the
fact that the solutions in the one-parameter family of solutions used to produce the
linearization are not required to have the same domain.'??

e The term ,l(I:I ~1i/g;rw; comes from the linearization of Dy, i.e., we obtain a
term in H~! when computing the linearization of D;. See comments after (5.53)
as well.

e The term i (H~1" 3;rw; does not contain derivatives of (s, w), so at first sight it
looks like an error term that should be moved to the RHS. We will see in Sects. 5.5.1
and 5.6 that this term is not lower order with respect to our energies as it does not
contain the right weight.

In order to derive energy estimates, we will use the following moving domains

formula
d vt
f= D,f fo; . 5.42
dt /,@, a +/% l<v0> 642

Formula (5.42) is a well-known moving-domain formula for a domain advected by
the fluid’s velocity (see, e.g., Evans 201_0, Appendix C.4). To see that such a formula

takes the form (5.42), we observe that 5:) = Zé is the the actual physical three-velocity
of the fluid particles on the boundary (see Rezzolla and Zanotti 2013, Sect. 7.1). In
particular, this provides further motivation for choosing to work with (5.19).

5.5.1 The role of weights

As already mentioned, we need to work with a formalism of weighted energies and
function spaces in order to deal with the degenerate character of the problem. Let us
explain the role of the weights in deriving energy estimates for the linearized system
(5.40).

For simplicity, let us consider the case k = 1, in which case (5.40) becomes

Dy + (H Y drw; +r(H Y dw; +rajv’' s = f, (5.43a)
Dyw; + axd;is = h;, (5.43b)

Suppose we want to control the “standard” energy
1
Estandard := / s? + |w|2 dx.
2 Jg,

tives will be error terms, see, e.g., Remark 5.31 and Sect. 5.6). Using (5.15), however, we can algebraically
solve for 9; (r, v) in terms of d(r, v), with coefficients that are smooth functions of (r, v).

122 Although some kind of boundary behavior is imposed on s and w through the choice of function spaces.
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Multiplying (5.43a) by s, contracting (5.43b) with w', integrating over Z;, and using
(5.42) and (5.41), we find

1d 2 2 r7—1\ij i
"+ wH+ [ r(H HYsdjwj+ | airsv'ds
2dt Jg, , 2,
+/ s(H™Y grw; +/ ayw'd;s = LO.T. (5.44)
9[ -@1

L.O.T. means terms controlled by the energy. The third integral on the LHS can be
handled with integration by parts,

. 1 . .
/ ayrsv'dis = / ajrv'd;s? = —/ 3 (arrsv')s* 5/ 5%,
-@t 2 _0], -@t -@t

where there is no boundary term because » = 0 on I';.

Remark 5.29 1t will be a recurring fact throughout our estimates that integration by
parts will produce no boundary terms due to the presence of power of r. This is an
important aspect of our estimates, as boundary terms could produce uncontrollable
terms.

We need to handle the cross-terms, i.e., to cancel the terms in dw on the second
integral on the LHS with the term in ds on the last integral on the LHS of (5.44)
after integrating one of them by parts. This clearly cannot be done because of the
coefficient r(I:I _1)ij in the dw term and the coefficient ay in the ds term. Thus, we
need to adjust our energy to balance these coefficients. Multiplying (5.43a) by s and
contracting (5.43b) with a,’ Lr @ Yiw ;» we find, after integrating over Z; and using
(5.42) (and (5.15a), see Remark 5.31 below),

Id / (52+ 1}"(1’{7_1)’711)-11)-)+/ (H_l)ija-rw-s
2dt Jg, a Y 2, v
+/ r(H DY sdw; +/ r(H Y9 w;9;s = LO.T. (5.45)
.@1 -@1

(where the term in a150;s is handled as before and was thus moved to the RHS). The
first integral gives the following weighted energy for the k = 1 case,

1 1
EC=D = / s+ rlwl% dx, (5.46)
2 Jg, a
where
lwi% = (H™ )Y wiw;

is simply the norm of w measured with respect to the H metric, which is pointwise
equivalent to the Euclidean norm; recall (5.20). Recall also that a, > constant > 0
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by (5.17), so E®=D is in fact non-negative. Observe that (5.46) is nothing else than
a weighted L* norm (squared) of s and w. Note the equivalence between E*=1 and
the .##%-norm squared.

Remark 5.30 Despite the equivalence between H'and 57!, ie., Eq. (5.20), note in
the above calculation that for the energy estimate to close, E“=1) needs to be defined
using |w|12q. It is only after the energy estimate is carried out that we can invoke the

equivalence of H~! and 6! and replace |w|12L-1 with |w|? if desired.!?3

Remark 5.31 In invoking (5.42) to factor a gt , it is important to pay attention to the

term in material derivative of 7, i.e., after contracting (5.43b) with a, 1r(I:I —Lyif js
we find, after integration over Z;,

| 1 | R 1 R ERINT,
r(H )fij,wiz D, r(H )fwiwj — rD, (H )] Wi W
9, @ 2 P, ap 2 Dy az

! / D LY ww;. (5.47)
2 Jg,

a

The first term on the RHS contributes to E*=" upon using (5.42). The second term
on the RHS is controlled by the energy and is part of the RHS of (5.45). The last term
on the RHS seems to be missing a power of r in order to be controlled by the energy.
More precisely, since (¢, x) =~ dist(x, I';), we have or = 0(1), so that!2*

/5r|w|2%/ |w|2g/ rlw|?. (5.48)
_@r @t —@f

Had the last term on the RHS of (5.47) been a generic derivative of r, we would not
be able to bound the integral of the last term on the RHS of (5.47) in terms of E*=1,
precisely because of (5.48). However, we can recover a power of r from D;r upon
using (5.15a), which gives

Dyr =rd(r, v), (5.49)

so that the last term on the RHS of (5.47) belongs to the RHS of (5.45). Throughout
our energy estimates, we will silently use (5.49) to recover a power of r when factoring
a f via (5.42).

Using (5.41), we can check that the RHS of (5.45) is controlled by E®=D (see
Bemark 5.27). Thus, in order to close the estimate, it remains to cancel the terms on
d(s, w) on the LHS. The second, third, and fourth terms on the LHS of (5.45) can be

123 This is the same situation as in energy estimates for quasilinear wave equations. One defines an energy
using the actual metric of the problem in order to carry out energy estimates, but invoke the equivalence of
such metric with the Minkowski metric (or the Euclidean metric for the spatial part) to trade the energy by
a standard Sobolev norm.

124 Recall Remark 5.15.
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combined as

r(H Y sdw; +/ r(H Y w;d;s

(H™ Y dirw;s +/
7

@t —@t

:/ (I-_I_l)ijai(rsz)z—/ ¥ (HHY (rw;s)
7

t

< | ®+rw?) < E®D, (5.50)
7

where we recall Remark 5.28 and note that there is no boundary term after the inte-
gration by parts since r vanishes on the boundary.
From the foregoing, we conclude the following energy estimate for (5.43):

E(K:l)(t) 5 E(KZU(O). (5.51)

In deriving (5.51), we note that the term [, s(H=Y9;rw; that comes from the
linearization of D is essential to produce the cancelation (5.50). Without such a term,
(5.50) would give instead

/ r(I:I_l)isz)iwj+/ r(ﬁ_l)ijwiajs:/ (H_l)ijrai(sz)
@t @t -@t

= —/ ai(I:I_l)ijrsz—/ (I:I_])ijairsz.
.@1 -@1

The last term cannot be bounded by E ®&=1) in view of (5.48). We see that the term
/. 9 s(H™ Y g;rw j coming from linearizing D; is key for the energy estimate, even
though it has no derivatives of (s, w). This otherwise simple observation has major
consequences for the estimates we will present in Sect. 5.6.

Having illustrated the energy estimates for (5.43), let us turn to the general «. The
argumentis very similar to the above. But now, the term coming from the linearization
of D; has a ,l factor. i.e., we obtain ,l (I-_I_l)"j d;rw;. So, in order to get an exact can-
cellation, we multiply (5.40a) by r s and (5.40b) by alz pl (H— Nyl wj, yielding
for the cross-terms

1 1« - . 1 - i, 1 - ..

R (H Y rwis +re (H YD 8wis +re (H DYV w;d;s
= 0 (r)H Y wjs +re (H™Y dwjs +re (H Y w;;s
— (H Y3 (rvwys),

which can be integrated by parts (again, no boundary term appears). We see that in
the end we control the energy

l 1—k 2 1 2
E = r ok (S + r|w|1_-1) dx, (552)
2 /g, az
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ie.,
E@t) < E(0).
Observe that
E ~ ||(s, w)[ %0 (5.53)
in view of (5.17) and (5.20).
We have one more comment to make about the linearization of D,. We said it

produces the term i (H=YHu g;rw j- Thisis notimmediate, and require some intentional
algebra that we now present.

Linearizing the term Z‘l) d;r from D,r and using (5.14), we find, using § to denote
the operation of linearization,

Ui Ui Ui
1) voair = 20 3i+v03,‘3}’

svf vl 0 vl
= UO 31‘” — (UO)Z(SaU Bir—i- v03i5r.

As s := §r, the term ”(i) 9;8r belongs to D;s. But
v

2
1 2 kr \ Tk :

0_ isv:

Sv 240 |:<2+K><1+K+l> or +2v 8vj:|

The term (2 + ,%)(1 + K"J:l)1+38r is linear in s := &r and is absorbed into f on
the RHS of (5.40a) (see (5.41a)). Thus, writing ... for terms that are accounted for

through D;s or f,
vl svf vt j
8 anir =\ 0~ (v0)3v dvj ) oir +---

1 e viv/
ZUOG”_(Wﬂ>wﬁ”+"'

where we used w; := §v;. Next, add and subtract i (H_l)ij w;d;r, recalling the form
of H~! given by (5.16), to get

s(%s bore (g« 5= " Y
ir) = r - w;or
w0 Kk agv? K+ 1 "2 )
I « K ij viv/ (i viv/
"~k ag® (1 Tt 1r> (6 C @92 witir+ 0 (977 (0)? Wikt

YaYiwar+ S 1=t (e 7 Vil (s L P
= i0; — - j0ir + -
K I W a K+ 1 @92 )
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The term in brackets can be simplified using (5.18):
1 Kr 1 Kr
- 1+ +1= -1+ +ap
ao Kk+1 ag Kk+1
1 Kr viy;
aop |: Kk+1 + r (v0)2:|
1 K n viv;
=— K r.
ap |« +1 (v9)2

The important fact in this computation is that we obtain a term proportional to r.
Therefore,

vi
) (UO Bir>

L 1 iy L iy
(H—l)tjwjair_ |: K V' v; i|<5z]_(vv )}’U)jair"_'“

+ K«
vag [k +1 (v0)? v0)2

H Yw;dr + -

R o= X =

where in the last step we used that the term linear in ¥ w can be absorbed into f on the
RHS of (5.40a) and thus belongs to the . .. terms.

The computations we presented so far, from the choice of variables (r, v) to some
exact cancellations, illustrate the following key idea in the treatment of the relativistic
Euler equations with a physical boundary: it is crucial to find the right variables to
treat the problem. A right choice of variables will, indeed, be essential for the energy
estimates we will derive in the next section.

5.6 Estimates for solutions

Aswehave seenin Sect. 5.5, the linearized equations possess a good algebraic structure
that allows us to derive a basic weighted L? energy estimate. This is manifest in the
cancellation of the cross terms wds and sdw, which requires combination with an
undifferentiated (in (s, w)) term coming from the linearization of D;.

In order to derive estimates for (r, v) satisfying (5.15), it is natural to proceed in the
usual fashion, differentiating the equations and treating it as a linear system for the top-
order derivatives of (r, v), in which case we would appeal to the energy estimate for
the linearized equation since (ds, dw) satisfies the one-time differentiated system.'>

This procedure, however, does not work because differentiating (5.15) with respect
to arbitrary derivatives destroys the delicate weighted structure of the equations that
is crucial for estimates of the linearized system. Indeed, when derivatives fall on the
coefficients r that play the role of weights we obtain dr = O(1) terms. Such terms
are not amenable to produce control of the weighted norm .7#*" which requires high
powers of the weight (recall definitions (5.30) and (5.31)). A lack of weights, naturally,
cannot produce control of our weighted norms; recall (5.48) and the surrounding
discussion.

125 50 that deriving estimates for the ¢-times differentiated system is the same as deriving estimates for
the ¢ — 1-times differentiated linearized system.
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A way around this difficulty is to differentiate (5.15) with respect to material deriva-
tives D;. This preserves the weights because every time a material derivative fall on r,
we recover it upon using (5.15a), which gives D;r = rd(r, v) (this was indeed already
used in the estimates for the linearized equation, see Remark 5.31). In this way we can,
in principle, obtain control of (D> r, D?Nv) in 7. In order to translate it to control
of ||(r, v)|| s2~, we need to trade the material derivatives by spatial derivatives. We
hope to be able to do so with the help of weighted elliptic estimates coming from the
underlying evolution, as follows.

As mentioned in the the text surrounding (5.38), the wave evolution reads, schemat-
ically,

DN v) —rADN 2 (rv) = - -

where ... represent error terms. Given control of ||D,2N (r, V)|l so from the energy
estimates, we can treat this term as a source,

VAD%N_Z(F,U) _ D?N(r,v)‘f‘"' (5.54)

Since r vanishes as the distance to the boundary, the operator r A is degenerate elliptic,
so that standard elliptic estimates do not apply. But we can carry out weighted elliptic
estimates to obtain

IDN=2(r, 0l 2 SNDFY (1, V)| 0 + -+ (5.55)

We will show (5.55) in Sect. 5.6.3, but it is worth noting at this point that the derivative
counting matches: Eq. (5.54) says that the norm on the LHS involves two more deriva-
tives and an additional power of r than the terms on the RHS, which is precisely the
difference between .72 and 7 (see Definitions 5.10 and 5.12). Proceeding recur-
sively, i.e., controlling D,ZN —4 (r, v) in terms of D,ZN -2 (r, v), etc.), we finally obtain
control of (r, v).

Remark 5.32 The comments of Remark 5.21, especially the last bullet point, apply to
the above discussion of elliptic estimates.

Nevertheless, the preceding argument does not work. More precisely, the argument
we sketched for the elliptic estimates goes through, as we will show in Sect. 5.6.3
and what follows. It is the energy estimates for material derivatives of (r, v) that
fails, at least in the form we presented above. Recall that in order to close the energy
estimate for the linearized problem (5.40) it was crucial to take into account the term
I]((I-_I B rw ;j that comes from the linearization of D, in (5.15a). Alternatively,
from the point of view of the one-time differentiation of Egs. (5.10), treating d(r, v)
as a solution to the linearized equations, the term II((I-_I iy rw j comes from the
commutator [d, D;] obtained from differentiating (5.15a). The term II((I-_I B rw |
is absent upon differentiating (5.15) with respect to the material derivative since D;
obviously commutes with itself.
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5.6.1 Good linear variables

A solution to problem just discussed is found upon introducing a new set of good
linear variables. Define

S0 1= 1, (5.56a)
wo = v, (5.56b)
S| 1= oyr, (5.56¢)
wy = v, (5.56d)
1 o
s2:= Djr + Wy Qirdjr (5.56¢)
2 ke (1 + KK-':I
wy := Dfv, €>2, (5.56f)
sei=Dlr— N (EYIDI o
;< (1 Kr )
Kk+1
= Djr — WO @Y (we) i €= 3 (5.56g)

K(1+KK—:1)

Leaving aside the case £ < 2 for amoment, we observe that (s¢, wy) are precisely the
variables we hope to control with energy estimates according to the above argument,
namely, (Dfr, va), except that in the case of s, we introduce a correction term in
Dfr to account for aforementioned the fact that the term i (H=HYu g;rw j is absent
from the commutation of Eq. (5.15a) with D;. The correction term in fact could have
been chosen to be

1 - ..
s, = Dfr — . (H™ Y (we_1);9r, (5.57)

since the difference between s¢ given by (5.56g) and s, given by (5.57) is'20 a term
linear in rwe—_1,

se—sp=(..0rwe— (5.58)

which can be treated as an error term; recall the form of the RHS of (5.40a) given by
(5.41a). But it is more convenient'?’ to work with (5.56¢) rather than (5.57) as some
algebraic manipulations are slightly simpler.

Definition (5.56g) involves w,_1 instead of w, because we need to compute the
evolution equation for (s¢, we) by differentiating them with D; and then using (5.15).
When the material derivative falls on wy—1 in (5.56g) it produces the desired term

126 For this, one needs to use the form of ap given by (5.18).

127 We will be omitting the computations in which such convenience is manifest. In this regard, there would
be no harm for out high-level presentation to simply define sy by the RHS of (5.57), but we thought that it
would be better to be faithful to the definitions of Disconzi et al. (2022a) to avoid any possible confusion.
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K(l‘iom ) (H—hHi (we) j ;7 (or equivalently ,l (H— i (we) j0;7, see above) needed for

the cancellation of the cross-terms s;dwg and wedsg.

Our goal is then to proceed recursively, using weighted elliptic estimates to control
(s¢—2, wg—2) in terms of (s¢, wy), as suggested above. At the end of the recursion,
however, we want to obtain a bound for (r, v) and not some combination thereof.
Hence definitions (5.56a) and (5.56b). But in order to guarantee that the transition
from £ > 3 down to £ = 0 works in our hierarchy of energy and elliptic estimates, we
do need to adjust the definition for £ = 1, 2, as done in (5.56¢), (5.56d), and (5.56e).
We make the following important remark.

Remark 5.33 With the previous explanations in mind, we note that from a purely
derivative counting point of view, we can think of the good linear variables as
(s¢, we) ~ Df (r, v). In other words, we should view Df (r,v) as a good proxy for
(s¢, we) from a schematic point of view.

Assumption 5.34 We will present arguments that are valid for 2¢ > 3 in what fol-
lows. Minor modifications are needed for the remaining cases in view of the different
definitions of the good linear variables for £ < 2, see (5.56).

Next, we apply Dy to (s¢, we), use (5.15) and definitions (5.56) to find the following
evolution equation

1 - .. _ .. .
Disae+ (H™Y 3ir(wae)j + r(H™ Y 8 (wae)j + ra1v'disae = foe,  (5.59a)
D (wae)i + a20i52¢ = (h2¢)i, (5.59b)

We see that (so¢, woe) satisfy the linearized equation (compare with (5.40)) with
suitable source terms. We note that (5.58) has been using in deriving (5.59a). The
structure of the source terms ( fa¢, hog) will be investigated in Sect. 5.6.4.

The system (5.56) is written for even values 2¢ because, as explained, we will use
the underlying wave evolution combined with elliptic estimates to control the good
linear variables recursively, with the recursion connecting the different linear variables
always at difference of two levels in our hierarchy, i.e., (s¢—2, we—2) with (s¢, w¢) and
so on (recall the previous discussion). Next, we will use Egs. (5.59) to derive estimates
for (r, v).

5.6.2 Energy norm and bookkeeping scheme

According to the foregoing, our goal is to use our estimates for the linearized equation
from Sect. 5.5 to control (s2¢, wae). We thus introduce the energy

N
E*N(r,v) = BN := Y (526, w20) 1o, (5.60)
=0

which is simply the sum of the energies for the linearized variables applied to each
pair of good linear variables (s2¢, wa¢); see (5.52) and (5.53). Recall that (s2¢, war)
are expressions in (r, v) given by (5.56).
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Our goal is to estimate the energy (5.60) to produce a bound on the norm
I(r, v) |l so2~ . The first task is to show that the energy indeed controls the norm, i.e.,

E?N ~||(r, v)[Ppon- (5.61)

This is statement (a) in Theorem 5.22. In this regard, we note that, unsurprisingly, the
energy estimates in Theorem 5.22 are key for establishing the local well-posedness in
Theorem 5.18.

Remark 5.35 Strictly speaking, (5.60) is not the full energy. It controls only the wave-
part of the system and a transport-energy needs to added to (5.60), but we recall that
we will not discuss transport estimates here (see Remark 5.9).

In order to establish (5.61), it is convenient to design a bookkeeping scheme that
allows us to track how derivatives of (r, v) are paired with powers of the weights r
in several multi-linear expressions we will encounter. Such bookkeeping scheme will
also be useful to estimate the source terms ( f2¢, h2¢) in (5.59). We base such scheme
on the scaling law (5.35), wherein powers of A suggest appropriate orders for the terms
in our expressions.

Definition 5.36 We define the order of a multi-linear expression in r, 9%r, and 8%v
with O (1) coefficients, as follows:

e r and v have order —1 and — é, respectively (we only count v as having order —é

when it is differentiated. Undifferentiated v has order 0).

e D; and d have order é and 1, respectively.

o H 1, ap, ay, and ay and, more generally, smooth functions of (r, v) not vanishing
at r = 0, have order 0. (The order of such smooth functions is defined in terms of
the order of the leading term in a Taylor expansion about r = 0, being order 0 if
the term is constant different than zero).

e The order of a multi-linear expression is defined as the sum of the order of its
factors.

With these conventions, all terms in (5.15a) have order —é except the last term
that has order'2® —1, and all terms in (5.15b) have order zero. Upon successive dif-
ferentiation of any multi-linear expression with respect to D; or , all terms produce
the same (highest) order, unless some of these derivatives fall on the coefficients, in
which case lower order terms are produced.

The basic idea is that terms of high order in our scheme are the “dangerous” ones.
This is, in part, because such terms are the ones with more derivatives. As inunweighted
estimates, such terms with more derivatives are the ones we have to care the most about.
Unlike unweighted estimates, however, it is not only the number of derivatives per se
that matters but the delicate balence of derivatives and weights (e.g., a terms that is
not top order in the number of derivatives but has no weights typically cannot be

128 The fact that the last terms in (5.15a) has lower order than the remaining ones is related to the fact that
the last term has enough weight to spare, which is why in our scaling analysis in Sect. 5.3.2 we treated such
a term as a perturbation.
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controlled). More derivatives require more weights, thus powers of r are good and
decrease the order of an expression. Hence, a higher order term indicates a term with
lots of derivatives, few powers of r, or both, and this is why the higher the order
of a term the more care is needed to control it. Since more derivatives require more
wights, powers of r are good, what is reflected in our scheme since powers of r
decrase the order of an expression. We also note that a D, derivative is better than a
9 derivative because, upon using (5.15) to successively solve for Df‘ (r, v) in terms of
d derivatives we gain powers of r in view of (5.49). This is why D; has lower order
than 3. Finally, r has lower order than v because it requires less weight than v in J#2V
(recall Definition 5.12).

Remark 5.37 1t might not be immediate from (5.30), which is used to define 22N in
(5.31), why higher derivatives require more weights, since all terms in the sum (5.30)
have the same weights. However, terms with fewer derivatives and less weights can
be controlled by norms involving higher derivatives and higher powers of the weights,
as long as the number of derivatives and powers of the weights allow us to apply
Hardy-type weighted embeddings, see (5.64). In fact, in Disconzi et al. (2022a), a
norm equivalent to 77 2N where terms with fewer derivatives are paired with smaller
powers of the weights, is also used. We do not introduce this equivalent norm here for
the sake of brevity.

Remark 5.38 We stress that in what follows, references to the order of a term is in
accordance with Definition 5.36 and not in the traditional sense of the order as given
by the number of derivatives.

Using Egs. (5.15) to successively solve for D;(r, v) in terms of d(r, v), we obtain
from (5.56) that (sp¢, wa¢) is a linear combination of multi-linear expressions in
r, 0%r, 3%y with zero-order coefficients. It is useful to record here the structure of
the top-linear-in-derivatives'?® terms obtained by this procedure:

Dtnr ~ rfo%r 4+ rt 192 ~ 1492

3
order: 6—1%(6—1)—1—(6—2) ~0—1
Dtnv ~ rf9% v + rto%tur ~ rt9%y

1

1
order: £ — ~|{£—
2 2

>+<e—1)w—; (5.62)

where below each expression we have written the order (in the sense of Definition 5.36)
of the corresponding terms, and in the second ~ on each line we kept only the term
of highest order.

Taking the .7#°-norm and recalling Definition 5.12, (5.62) suggests that

1D (r, )l o = 11(r, V) | e (5.63)

129 Which refers only to the terms with a maximum number of derivatives and does not include all terms
of maximum order in the sense of Definition 5.36, see Remark 5.38.
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We already know, however, from the initial discussion in Sect. 5.6 that thz (r,v) are
not the correct variables for the energy estimates and (5.61), which we will prove
next, shows that the correct equivalence with |[(r, v)|| ;»2¢ is given by considering
l(s2¢, w2¢) || s0, which includes corrections to D,% (r, v). We will see this more explic-
itly in Sect. 5.6.3. Yet, in the spirit of Remark 5.33, the reader should keep (5.63) as
an heuristic guide for (5.61).

Another ingredient we will need are some powerful weighted interpolation theorems
proven in Ifrim and Tataru (2024).

Lemma 5.39 The following inequalities hold."3°

y 1-6; el
707 fll Los S Mr7f g 17 3™ 1
i 1 1-6; 0;
for 1 < pj.pm < 00, 6; =], b = vt o 0 = 0ol —6)) + onbj,

1

—p_,0<j<m,ao,om e R
J

_ 3¢l _1 _ .
m— oy 3(pm p0)> 00, 0} >

y 1-6, =men6i
7l Lo S Fl oo P 0 F

1 _ 9% . 3 . 1
forGJ—m, b = 2’,aj—am9],m—am—2>O,0<]<m,am>—2.

|r"’” ('_)mf”el

1-6;
| LP2

Ir7 07 fll p; SIFN
Cc2

R = S N ) 1 3 . 1
f0r9]—2m_1,pj = 4,0j=0ombjm—, —opn—5>00<j<mon>—,.

1-6; 0;

o3l

77107l Lo; < IIFIN LP2

~ 1
c2
o J ot _ 8% _l_p. _l_5 _3 i
for@,-m,p.i—z,o]—amej 2(1 0;), m > — Om 2>0,0<J<m,

O.m>m2—2

Recall that éé is defined in (5.37) and Cé is the Holder semi-norm.

We will also make silent use of the following Hardy-type embedding,
gNor c g, (5.64)

for Ny > N, > 0,01 > 02 > —é,anle — Ny =01 — 0.

We are finally ready to establish (5.61). We start with the < part.

Consider the definition of (s2¢, wy¢) given by (5.56). Using (5.15), we successively
solve for material derivatives in terms of spatial derivatives, expressing (sz¢, w¢) as
a linear combination of multi-linear expressions in r, okr, 9kv, 0 < k < 2¢, with

130 we state the inequalities in three spatial dimensions, which explains the explicit appearance of 3 in
some of the formulas.
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coefficients that are smooth functions of (r, v) of order zero. In order to simplify the
analysis, we proceed in steps, supposing first that in this procedure we ignore the
last term in (5.15a) (which, we recall, has lower order than the remaining terms).
Moreover, let us also first consider the case that whenever we commute D; with 3
(which is needed for this procedure of solving for material derivatives in terms of
spatial derivatives), all derivatives fall on v and not on r (recall that D; involves r via
v0). Finally, let us also focus at first only on the terms that are top order. In this case,
the corresponding multi-linear expressions s»¢ and w, have the following properties:

e They have orders £ — 1, £ — é, respectively.

e They have exactly 2¢ derivatives.
e They contain at most £ + 1, £, factors of r, respectively.

For sy¢, the corresponding multi-linear expressions with the above properties can
be written as

J L

r¢ 1_[ air 1_[ M,

j=1 =1

where nj, m; > 1,

J L
an + Zn; =20,
j=1 =1
and

L
a+J+2 ={+1.

When J = 0 or L = 0 the corresponding produce is absent.
With a bit of algebraic manipulations, we can show that these constraints imply
that we can choose b; and ¢; such that

OSbjS(nj—l)%_l,
e+
Osas<m-1, 7

J L ’
a= ij + Zcz.
j=l1 =1

With these choices, a cumbersome but not difficult inspections shows that we can
invoke Lemma 5.39 to obtain

2

1-2 ;
o SA+A) e ) G

bjgnj
I~ a r”LP.i(rlZ .
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|IrC’8m1r||Lnl( 5 (1+4) K I, v)”j?”z”

where

I nj—1-b;

pj 2—=1

L om—)—q
and

117 = / 717 " dx,
LV(V K ) D

1

(Observe that the numerators in pi and ! @ correspond to the orders of the expressions

being estimated and add to £ — 1 as needed.) This gives the desired estimate for
the top-order terms in sy, under the simplifications mentioned above. The remaining
terms in s7¢, not considered under the above simplifications, are analyzed in a similar
fashion. In fact, they are easier as they are lower-order and thus require less care to
apply the Lemma 5.39. A similar analysis can be done for wo,. This concludes the <
part of the proof of (5.61).

We next move to the = part. This part of the proof is more delicate and is done with
the help of elliptic estimates. It is also of interest on its own in view of the weighted
elliptic estimates we will derive and thus we present it in the next section.

5.6.3 Weighted elliptic estimates

In this section we establish the 2 part of (5.61). We begin with the following relations
satisfied by (s2¢, wae)

s20 = L1sye—2 + Fyy, (5.65a)
woe = Lowog—2 + Hoy, (5.65b)
where

7 —1Nij 1
Lis:=ay(H )Y (rd;0;s + 9;rdjs |, (5.66a)

K

- 1

(Lyw); := ax(H~Hr4 (a,- (rdpwy) + . dprd; wq> , (5.66b)

and (Fy¢, Hy¢) are error terms. Let us elaborate on (5.65) and (5.66). Commuting D;
through (5.15a) and using (5.15b),

Dir+r(H Y D =---

=—a23_,-r
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so that, schematically,
thr—ré_)zr:

This, as discussed in our sketch of the proof of Theorem 5.18, is a wave equation for
r. Taking further material derivatives and proceeding inductively,

thzr — ri_)thu—zr =

In the spirit of Remark 5.33, we ignore the correction terms in the definition of so, for
a moment, in which case we have

52
S —rd7spp=---

which has the same derivative counting as (5.65a), with sy, being equal to a second-
order spatial operator acting on sp;_» up to an error term indicated here by . ... This
second-order operator is degenerate due to the r factor.

Considering now the correct form of s, with the correction term given by (5.56g),
taking material derivatives and using (5.15), we arrive at (5.65a), with the second-
order operator in question given by (5.66a) and all the remaining terms collected in
F>¢. A similar argument gives (5.65b).

Remark 5.40 Operators (5.66) involve some first-order derivative terms which are not
uniquely determined by the above procedure in that we can consider different first-
order derivative terms that could in principle be included in their definitions or relegated
to the RHS in Eqgs. (5.65). The choice of first-order-in-derivative terms in these opera-
tors is carefully made in order to ensure their ellipticity properties shown below, while
also guaranteeing the the terms on the RHS can indeed be proven to be perturbative. In
this argument, one also uses that the last term on the LHS of (5.15a) has order lower
by —; than the remaining terms. Observe that L1, L, ~ r A, in accordance with the
outline of the proof of Theorem 5.18.

We have set a up a hierarchy of good linear variables (s2¢, wa¢), £ = 0,..., N,
which satisfy the linearized system with source terms, leading to the energy (5.60).
The operators L and L, connect the good linear variables at different levels in our
hierarchy, expressing them at level 2¢ in terms of their counter-parts at level 2¢ — 2,
up to error terms. Because of this property, the operators (5.66) are referred to as
“transition operators” in Disconzi et al. (2022a).

We are now ready to establish the > part of (5.61). The main tool will be the
following weighted elliptic estimates which we will establish,

151,40 S U180y + D80y oy, (5.67a)

K

Il S W20l 3 W00 iy (5.67b)
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Observe that at this point, (5.67) establishes general properties of the operators L
and L, without appeal to (5.56). After establishing (5.67) we show how to apply it to
(s2¢, wy¢) to obtain (5.61).

Remark 5.41 Strictly speaking, estimate (5.67b) is not correct. Observe that the
second-order-in-derivatives part of L, contains one derivative acting on the diver-
gence of w, and as such controls only the divergence-part of w. This needs to be
complemented by an estimate for the curl of w, as in standard div-curl estimates. This
is done by estimating the transport part of the system but we do not do so here, see
Remark 5.9.

We will focus on (5.67a), with (5.67b) proven by similar arguments. First, integra-
tion by parts in a standard elliptic fashion yields

S < ||Ls s . 5.68
I ||H2,21K+; Sy ||H0,21K_; + ||H.,21K_; ( )

Thus, in view of (5.68), it suffices to prove

< —x .
N P S RV (5.69)
Compute
integrate by parts
1—k 1—k — .. 1 1
/ rox 83sL1s:/ rox dsan(H™HY (r 3 dis+ 9rd;s),
9[ 9t ke

1 _ .. 1 1= _ ..
= —/ reay 838is(H_1)l]ajS —f r xxa,-r33s(H_1)'Ja23jw
Dy - -~ - 9 K
=1 (A1) 83(3;59;5)

! 7—1Nij 1=« g—1vij o 1
— red3s0; (ax(H™")V)djs + r « B3s(H ") ay 9;rdjs
9 D K

t
= —; /@ r;az(l-_l—l)ifa3(aisajs) — /@ r; a3sai(“2(l‘_1_1)ij)8js,
(5.70)

where the terms in bold cancel out and there are not boundary terms due to the
presence of r factors. We note that the first term in bold comes from when 9; falls

onr x r = re. This cancellation is needed because the terms in bold are quadratic
in ds (which we want to control from below by Lis in (5.69)) without any sign or
smallness. Integrating 03 by parts in the term 93(d;s9;s) and using again that there are
no boundary terms,

—x 1 —x _ ..
/ re 93sLis = / azrlk 83r(H_1)”8is8js
% 2k Jg,

1 ! 7—1\ij
+ red3(ax(H™ )Y )0;s9;s
K

t
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—/ r 9359 (aa ()05, (5.71)
7

Recall now that we can assume to be working on a neighborhood of a point xo € 9%
where Vr(xo) = N(xp), so that [Vr — N| < A = O(¢e) < 1, where A is given by
(5.36a). We can arrange the coordinates such that N(xp) = (0, 0, 1) =: e3, so that

U o S o (AN 9595 — I e N1 955
or « 93r(H™ ")V 0;sdjs = azr « (93r —N3)(H ™)V 0;50js
2k Jg, 2K

t

1 1—« = —1\ii
+ arr « N3(H )]8iS3jS
2k Jg,

2—8/ rl;K|E_)s|2+/ P (H™ Y 3;59;s,
_@y —@t
(5.72)

where N3 is the third component of N, we used that N3 2> constant > 0 in the
neighborhood of xq, and that that a, is bounded from below away from zero (see
(5.17)). This takes cares of the first integral on the RHS of (5.71). For the remaining
two integrals, we note that, like the integrals in bold that cancel out in (5.70), they do
not have a sign and are quadratic in ds. However, unlike those bold terms in (5.70),
the last two integrals in (5.71) carry small terms in that we have a power of r to spare,

i.e.
1 11—k 1—«
re =r «r=r « 0O(), (5.73)

where we recall Remark 5.15. Thus, combining (5.71), (5.72), and (5.73),
1—« > _ 1—x = 2 1—« - —1 ij ) )
r« 03sL1s 2 —¢ ro« |os|” + ro« (H™ )V 0is0)s.
_@r -@t -@t

Applying the Cauchy—Schwarz-with-epsilon inequality to the LHS and adding the
||s||L( e to both sides produces (5.69), and hence (5.67a) in view of (5.68), as
r K

desired. We recall that the proof of (5.67b) is obtained with similar ideas.

In order to finish the proof of (5.61), we need to analyze the structure of the error
terms (F»¢, Ho¢) in (5.65) and show how the weighted elliptic estimates (5.67) are in
practice applyed to (s2¢, wa¢). We begin with (Fa¢, Hayp).

The key estimate we need for the error terms (F»¢, Ha¢) is the inequality

I(Fae, H20)l sron-2e S €ll(r, v)[| ozn (5.74)

To prove (5.74), analyzing the expressions for (Fa¢, Ha¢) reveals that the terms Foy
and Hy, have the following properties:

e They are linear combinations of multi-linear expressions in r, 9%r, 9%v with coef-
ficients that are order-zero smooth functions of (r, v).
e They have 2¢ derivatives and are of order at most £ — 1 and £ — é, respectively.
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Moreover, they either:

e Haveorder? —1and ¢ — ;, respectively, and contain at most £ + 1, £, factors of r,
respectively, and their corresponding products contain at least two factors of 3=2r
or 9=1v,

or

e Have order strictly less than £ — 1 and £ — é, respectively, and contain at most
£+ 2, £ + 1 factors of r, respectively.

We will not establish this characterization of (F2¢, Ha¢) here, referring to Lemma
5.2 in Disconzi et al. (2022a). We note, however, that these facts about of (Fy¢, Hyy) are
not straightforward (for example, they do not follow by a simple derivative counting)
and require observing some special cancellations.

With the above description of (F2¢, Ha¢) at hand, these terms are then estimated
with the help of the weighted interpolation inequalities of Lemma 5.39 akin to estimate
for the < part of (5.61) carried out in the previous section. In doing so, we need to
observe that the interpolations can be carried out in such a way that each term in
(Fa¢, Hyg) has at least one small factor. This is ensured by the above structure of the
the error terms, which guarantees that upon interpolating, one always obtains either a
term in O (A) or a term with an extra (with respect to the norm being estimated) power
of r, in such a way that we always obtained a term O (¢) as indicated in (5.74).

In order to conclude the proof, we will show that

|(s26—2, wae—2) |l yav—2e42 S N1 (52¢, w2e) | ypan—2¢ + €| (r, V)| yp2n (5.75)

for I < £ < N. Concatenating the estimates (5.75) from £ = 1l upto £ = N and
using that ¢ is small then produces the 2 part of (5.61). (In this concatenation and
the use of the above estimates, readers should be reminded of Assumption 5.34 for
completeness.)

Thus, it remains to establish (5.75). For £ = N, this is simply (5.67) and (5.74)
applied to (5.65). For £ < N, we commute (5.65) with 79" . For (5.65a), this yields

rM8% s = L1(r™3"s20—2) + [r™", L11s20—2 + r™9" Fay. (5.76)

At this point, one can choose m and n appropriately so that the following properties
hold:

e r™3" Fy, can be analyzed invoking the structure of F»; described above and pro-
duces an estimate similar to (5.74).
e The commutator term [r" 9", L1]s2¢—» can be decomposed as

[r™3", Li1s2e—2 = naz(H ™1 8;r9;(r™8"s20-2) + Fae, (5.77)

where Fa¢ is an error term that can be controlled via interpolation and produces
an estimate similar to (5.74).
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Thus, in view of (5.76) and (5.77), recalling the definition of L; in (5.66a), and
writing . . . for error terms, we have

320 = Li(r™8"s20—2) + -+,

where
= T —1\ij 1
Lis:=ay(H )Y (rd;d;s + +n|dird;s ).
K

This is an operator with similar structure to L and a similar argument as in the proof
of (5.67a) establish an elliptic estimate giving (5.75) on the first component (taking
into account the suitable values of m and n that are chosen); the argument for the
second component (i.e., for wyy) is similar. (Observe that in the case £ = N we do
not need to commute with 73", so that m = n = 0 and I:l = L, as expected). This
finishes the proof of (5.61).

Remark 5.42 Readers will notice that our use of weighted elliptic estimates here was
slightly different than how such estimates were advertised in our sketch of the proof of
Theorem 5.18. There, we invoked elliptic estimates in the middle of the argument for
establishing energy estimates, whereas here they are used to establish the coercivity
of the energy (5.60). But this is a mere change of perspective. In both cases, we are
interested in controlling an energy constructed out of material derivatives of (r, v)
(with corrections terms, which have been ignored in the initial outline of the proof),
and elliptic estimates are invoked to produce a bound from below showing that the
energy controls the relevant norms.

5.6.4 Energy estimates

Having established (5.61), we turn our attention to the energy estimate

jt E™ <4 Bl\(r. v) |3 (5.78)
i.e., part (b) of Theorem 5.22.

We have already hinted at the proof of (5.78): we apply the energy estimates for the
linearized system from Sect. 5.5 to (5.59). In order to close the estimate, we need to
show that the RHS of (5.59) is perturbative with respect to our norms, i.e., it satisfies
the estimate

I(f2e h2o)ll o Sa Bll(r, v)|l 2. (5.79)

The proof of (5.79) involves ideas reminiscent to the proof of (5.61). First, we need
to understand the structure of the the terms ( fa¢, ha¢). The terms (fa¢, hog) satisfy the
following properties:

e They are linear combinations of multi-linear expressions in (r, okr, E_)kv) with
coefficients that are smooth functions of (r, v).
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e They have order at most £ — é, £, respectively.
e Each term in (fa¢, ha¢) contains exactly 2¢ + 1 derivatives.
e No single factor in ( f2¢, h2¢) has order larger than £ — 1, £ — é, respectively.

As in the characterization of the terms (F»¢, Hy¢) in Sect. 5.6.3, we note that the
proof of these properties for ( fa¢, hag) is not straightforward (e.g., it does not follow
by a simple derivative counting) and requires observing some cancellations.

Once the above features of ( fa¢, h2¢) have been established, the proof of (5.79)
follows by a judicious application of the weighted interpolation inequalities of
Lemma 5.39 in the same spirit as the proof of the < part of (5.61) in Sect. 5.6.2.
We remark that special attention need to be paid when applying these interpolations
in order to guarantee that we always obtain a factor linear in B, as in (5.78).

5.7 Remaining arguments

So far we have discussed only energy estimates for solutions to (5.15). Naturally,
energy estimates are one of the cornerstones for the local well-posedness stated in
Theorem 5.18. In this section, we briefly mention the remaining arguments needed to
go from energy estimates to local well-posedness. Construction of solutions relies on
a time discretization which involves the following:

e A regularization step.

e A transport step, i.e., an iteration of the boundary at each time step (where the
boundary is iterated linearly with the given velocity at each step).

e An application of an Euler’s-method-type of iteration.

An interesting aspect is that when these steps are taken separately, all of them seem
to be unbounded. However, when taken together, there is an extra cancellation that
comes to rescue. This cancellation is a direct analogue of the key cancellation we
observed for the linearized equations (involving a term coming from the linearization
of the material derivative).

We use our energy estimates in order to control the iteration and guarantee conver-
gence to a solution in the limit when the discretization parameter goes to zero. More
precisely, the energy estimates will contain extra error terms coming from the fact that
the discretized variables are only an approximate solution to the problem, but these
error terms can be controlled within our functional framework. More importantly, the
energy estimates are obtained for a continuous time variable upon taking jt of the
energy. Here, we have a discrete time variable. But the energy estimates for a contin-
uous time variable can be translated into estimates for the variables at fixed time by
reinterpreting the operators Df as operators at fixed time which are obtained by reit-
erating the equations, solving for material derivatives in terms of spatial derivatives.
With such control, we can then pass to the continuum limit. Continuous dependence
on the data is proven with help of the above regularization.

Let us finally mention how uniqueness is established. Once again, the linearized
equations play a crucial role. In order to establish uniqueness, we need to compare dif-
ferent solutions, but distinct solutions are in principle defined on different domains (see
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Remark 5.46 below). Given two solutions (r1, v;) and (r2, v2) defined on domains'3!

7':= |J 1) x 2 and 7*:= ] 11} x 2},

0<t<T 0<t<T
respectively, set
D=2 NP, T, =09,

Define the following distance functional to measure the distance between solutions:

DG . ) = [ @it (=4 1+l =) d,
t (5.80)

which is directly inspired by the energy for the linearized system, compare with (5.52).

Remark 5.43 From the estimate for the linearized system in Sect. 5.5, it seems it
would be more natural, in fact required, (see Remark 5.30) to measure the norm of
the difference |v; — v2| with respect to the H~! metric for (r1,v1), (r2,v2), or a
combination of both. This will not be required, however, because the desired energy
estimate will not be carried out directly for D((r1, v1), (2, v2)), see below.

We observe the following key property of (5.80) for establishing uniqueness,
D((ry, v1), (r2,v2)) =0 if and only if (r1, vi) = (r2, v2). (5.81)
In view of (5.81), uniqueness then follows from the following estimate

S[l(l)PT]D((rL v)(1), (r2, v2) (@) < D((r1, v1)(0), (r2, v2)(0)). (5.82)
te(0,

We would like to establish (5.82) by a an energy estimates, computing th((rl , V1),
(2, v2)), canceling terms with help of integration by parts, and Gronwalling. This does
not seem possible, however, because the weight r| + r, in (5.80) does not necessarily
vanish on I';. Indeed, it will vanish only at points where both boundaries .@tl and

9,2 coincide (since 9,]’2 := {r1,2 > 0}). This difficulty is overcome by introducing
another distance functional,

D1, v1), (12, v2)) 1= /j 1+ < (alrt = ra)?
+ Blaz + a) T (H DY (v — v2)i(v1 — v2);) dx. (5.83)

131 Shrinking the time intervals if needed, we can assume both solutions to be defined on the same time
interval [0, T'].
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In (5.83), Hr;ih is an average between (H ~!)¥/ for the solutions (r1, v1) and (2, v2),
i.e., (5.16) with r and v replaced by "'%"> and "'7*?, respectively; az; and az; are the
coefficient ap corresponding to the solutions (71, v1) and (73, v2), respectively; most
importantly, o« and 8 and functions of r; 4+ r» and r; — rp that are carefully chosen
to have the right vanishing rate near U'; so that integration by parts can be carried
out without producing uncontrollable boundary terms. Readers should compare (5.83)
with (5.52) and also note Remark 5.43.
The key properties of (5.83) are its equivalence with (5.81),

D((r1, v1), (12, 12)) = D((r1, v1), (r2, 12)) (5.84)

and the fact that it satisfies energy estimates

d -~ -
dtD((rl, v), (r2, v2)) S D((r1, v1), (r2, 12)), (5.85)

where the aforementioned choice of « and § is crucial for the proof of (5.85).
Combining (5.84) and (5.85) then produces (5.82).

Remark 5.44 Because one is comparing solutions defined in different domains, it
seems that at some point an estimate for the distance between their boundaries will be
needed. Indeed, the proof of (5.82) employs the following estimate

1
1+ ral« T2 < D((r1, 1), (12, 12)),
Iy

which can be viewed as a measure of the (weighted) distance between the two bound-
aries.

Remark 5.45 The proof of uniqueness relies on some delicate estimates that sepa-
rate the behavior of solutions near and away from the boundary. Such estimates are
borrowed from Ifrim and Tataru (2024), where the classical, non-relativistic Euler
equations with a physical vacuum boundary are treated.

Remark 5.46 A way of avoiding comparing solutions defined in different domains is to
work in Lagrangian coordinates, as done in the a priori estimates obtained in Jang et al.
(2016), Hadzi¢ et al. (2019). While this is an advantage of the Lagrangian formalism,
the use of Lagrangian coordinates has its own challenges, such as the need to obtain
estimates for the co-factor matrix. Additionally, an Eulerian framework seems more
suited for coupling to Einstein’s equations, see Sect. 8.

6 Relativistic fluids with viscosity

So far, we have discussed only perfect fluids, i.e., fluids with no viscosity or dissipa-
tion.!3? Relativistic fluids with viscosity is a major topic of investigation in physics

132 Strictly speaking, the relativistic Euler equations could exhibit anomalous dissipation (Eyink and Drivas
2018), but we do not discuss this here.
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and we cannot do justice to its importance in this review, where our goal is to focus
primarily on mathematical results. Thus, here we will restrict ourselves to simply
mention two relativistic systems where inclusion of viscosity is important; a more
complete discussion of the relevance of relativistic fluids with viscosity can be found
in the references below. They are:

e The study of the quark-gluon plasma. The quark-gluon plasma is an exotic state
of matter that forms in collisions of heavy ions performed at particle accelerators
like the Relativistic Heavy Ion Collider (RHIC) at Brookhaven National Labo-
ratory and the Large Hadron Collider (LHC) at the European Organization for
Nuclear Research (CERN). The quark-gluon plasma is the hottest!** and densest
matter system we currently know. Thus, it offers a rare opportunity for scientists
to study properties of matter at extreme conditions. It is well-attested, through
a combination of experiments, data analysis, and numerical simulations, that the
quark-gluon plasma behaves as a relativistic liquid with viscosity, see Denicol
and Rischke (2021), Romatschke and Romatschke (2019), Rezzolla and Zanotti
(2013).

e Neutron star mergers. Recent state-of-the-art numerical simulations in Alford et al.
(2018) strongly suggest that viscous and dissipative effects can affect the gravi-
tational wave signal produced in collisions of neutron stars. These findings have
been corroborated by a detailed study of the microscopic origins of viscous effects
in neutron stars in Most et al. (2024). Such viscous and dissipative effects are
estimated to be within the sensitivity-range of the next generation of gravitational
wave detectors, see Most et al. (2019, 2020), Hammond et al. (2023). See the intro-
duction of Chabanov and Rezzolla (2023) for a short summary of the current state
of affairs on the matter and Shibata and Kiuchi (2017), Shibata et al. (2017), Alford
etal. (2019, 2020), Alford and Harris (2019), Alford and Haber (2021), Most et al.
(2021), Ripley et al. (2023), Camelio et al. (2023a,b) and references therein for
further discussion on the importance of viscosity in neutron star mergers.

In particular, there has been recently a great deal of interest in the overlap between
viscous effects on neutron star mergers and the quark-gluon plasma. This is leading to
efforts to bring together different scientific communities working on these topics and
arich synergy among astrophysicists, nuclear physicists, and high-energy physicists,
see, e.g., Huth et al. 2022; Dexheimer et al. 2021; Huang et al. 2022.

Notation 6.1 We will henceforth use the terms viscosity and dissipation interchange-
ably, e.g., referring to a viscous fluid or a dissipative fluid. This is a common practice
in the community.

Remark 6.2 In the ensuing discussion, we will introduce a significant amount of ter-
minology that is specific to the study of relativistic fluids with viscosity. While we
could present much of our mathematical results without referring to such terminology,
we think it is useful to introduce it here in order to help readers understand some of
the jargon used in the literature covering relativistic fluids with viscosity.

133 For example, the quark-gluon plasma reaches temperatures several order of magnitude higher than the
temperature of the Sun.
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The first task in the theoretical study of relativistic viscous fluids is to decide on an
appropriate model. Unlike the case of a perfect fluid, there is no known Lagrangian for
the description of a relativistic viscous'>* fluid, (see in particular the last bullet point
at the end of this section). Absent a Lagrangian, one cannot canonically determine an
energy-momentum tensor which would give equations of motion upon variation with
respect to the metric. A natural approach in this case is to modify the perfect fluid
energy-momentum tensor and baryon current by adding terms that represent viscous
effects, i.e.,

Top = (0 + RBugqup + (p + P)ap + map + Douig + gy, 6.1)
and
Jo = nuy + ja, (6.2)

where o, u, p, n, and II are as in Sect. 2, i.e., they are the fluid’s (energy) density,
velocity, pressure, baryon density, and projection onto the space orthogonal to u,
respectively (see, however, the last bullet point at the end of this section). As in Sect. 2,
it is assumed that u is normalized

Gopu®uf = —1, (6.3)
that p is given by an equation of state,

p = p(o,n),

and that the thermodynamic relations of Sect. 2.1 hold. In particular, as in Sect. 2, one
can choose different thermodynamic quantities (e.g., the entropy, temperature) to be
primary variables instead of o or n.

In comparison to (2.1) and (2.4), the new quantities Z, &, n, 2, and _# in (6.1)
and (6.2) are the viscous fluxes, and they correspond, respectively, to the viscous cor-
rection to the energy density, the viscous correction to the pressure, also known as
the bulk viscosity, the viscous shear stress, the heat flux, and the viscous correction
to the baryon current. When all the viscous fluxes vanish, we recover (2.1) and (2.4).

The physical content of (6.1) and (6.2) is that the viscous fluxes describe devia-
tions from thermodynamic equilibrium. In our context, thermodynamic equilibrium
simply refers to any solution to the relativistic Euler equations.'3> Such solutions do
not generate entropy, see (2.13).'3% With the inclusion of viscosity, however, the fluid
should dissipate and produce entropy. Because of this, descriptions based on relativistic

134 This is already the case for a classical fluid (Serrin 1959, Chapter IV). See also the discussion
in Dubovsky et al. (2012).

135 Often solutions to the Euler equations are called local thermodynamic equilibrium solutions to empha-
size the difference from global thermodynamic equilibrium, see Definition 6.7.

136 To be more precise, entropy production is measured by the divergence of the so-called entropy current,

which for the relativistic Euler equations is given by S, := snuy,, whose divergence vanishes in view of
(2.13), (2.4), and (2.5b).
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viscous fluids are also often referred to as out of equilibrium (meaning, out of ther-
modynamic equilibrium), and “out of equilibrium” is also often used interchangeably
with viscosity and dissipation.

It is important to remark that in writing (6.1) and (6.2) as a sum of would-be ther-
modynamic equilibrium and out-of-equilibrium terms, one is making the assumption
that the dissipative properties of the fluid can be neatly distinguished from those of a
perfect fluid (see also the last bullet point at the end of this section).

Remark 6.3 1t is often implicitly assumed in theories of relativistic viscous fluids that
the viscous fluxes are in a sense small compared to the underlying perfect-fluid con-
tributions, in a sense that one hopes to be able to precisely quantify. On the other
hand, it is not uncommon for physicists to be faced with situations where they need to
push relativistic viscous fluid dynamics to its limits, applying it to regimes that might
be formally outside its regime of validity. See Romatschke and Romatschke (2019),
Heinz and Snellings (2013) and references therein.

Remark 6.4 Based on how one often defines energy and pressure in terms of a given
energy-momentum tensor (see, e.g., Sect. 4.2 of Wald 1984) it is customary in the
physics literature to refer to o+ as the density and to p+ &2 as the pressure, referring
to o and p as the equilibrium density and equilibrium pressure, respectively. Similarly,
one would refer to s, 0, as the equilibrium entropy, temperature, etc. Sometimes one
also calls o + Z and p + & the total density and pressure, respectively. We will not
follow these conventions here.

In order to define a theory of relativistic viscous fluids, one needs to specify the
viscous fluxes.'3” The equations of motion will then be, as usual,

VoT§ =0, (6.42)
Vo J% = 0. (6.4b)

The first proposal in this direction was introduced by Eckart (1940), wherein he set

Z =0, (6.5a)

P = —(Vyu?, (6.5b)
2

Tap 1= —nl'lgl'llvg (Vuuv + Vou, — 3VAuAg,w) , (6.5¢)

Dy = —xO(ITAV, 10 0 + 4" V), (6.5d)

Ho =0, (6.5¢)

where ( = ((o, n),n =n(o, n), and k = k(p, n) and the coefficients of bulk viscos-
ity, shear viscosity, and heat conductivity, respectively. (We recall from Sect. 2.1

137 See the review Rocha et al. (2024) for comprehensive outlook of most theories of relativistic viscous
fluids. Here, we review only those theories for which good mathematical properties are known; see the
ensuing discussion.
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that O is the fluid’s temperature.) As the equation of state, their choice depends on
the nature of the fluid. They are precise relativistic analogues of the corresponding
coefficients for the classical compressible Navier—Stokes-Fourier equations.

A similar proposal for the viscous fluxes was introduced by Landau and Lifshitz
in the 1950s (see Landau and Lifshitz 1987). They use the same definitions (6.5a),
(6.5b), and (6.5¢) as Eckart’s but (6.5d) and (6.5¢) are replaced by

2:=0, (6.6a)

S
So ==k, (MGV, 00 +u'Vyug) (6.6b)

where we recall that 4 is the enthalpy given by (2.11). The theories of relativistic
viscous fluids defined by (6.5) and (6.6) are known as the Eckart and the Landau-
Lifshitz theories, respectively.

We will not discuss the physical arguments employed by Eckart and Landau and
Lifshitz that lead to the postulates (6.5) and (6.6), referring to Chapter 6 of Rezzolla
and Zanotti (2013) and the original works Eckart (1940), Landau and Lifshitz (1987)
instead. It suffices to say that Eckart and Landau and Lifshitz were seeking a covariant
generalization of the classical Navier—Stokes—Fourier equations (compare (6.5b) and
(6.5¢) with the definitions of bulk and shear viscosity in a classical fluid, e.g., Eq. (61.1)
in Serrin 1959). In this regard, it is worth mentioning that with (6.5) or (6.6), the
equations of motion (6.4) reduce to the classical Navier—Stokes—Fourier equations in
the non-relativistic limit, see Chapter 6 in Rezzolla and Zanotti (2013).

It turns out that the Eckart and Landau—Lifshitz theories suffer from several patholo-
gies that render them inadequate for modeling a relativistic viscous fluid, as shown
by Pichon (1965) and Hiscock and Lindblom (1985). A major problem with such the-
ories is that they violate causality. We recall that causality is a fundamental postulate
in relativity theory stating that no signal can propagate faster than the speed of light in
vacuum. When a physical system is described by PDEs, causality translates into the
mathematical requirement that the characteristics of the PDEs are contained within
the lightcone in physical space (see the example in Fig. 1) and the system enjoys a
domain-of-dependence property. More precisely:

Definition 6.5 (Causality). Let (M, g) be a globally hyperbolic spacetime.' 33 Let &
M be a Cauchy surface.'? Consider a system of (possibly nonlinear) PDEs on M for
a field or collection of fields ¢, which we write as Pp = 0. We say that the system
is causal if the following condition holds. For any x € M in the future'* of %,
¢(x) depends only J ™ (x) N X, where J ™ (x) is the causal past of x (with respect to
the metric g). In other words, if ¢1 and ¢, are two solutions to P¢ = 0 such that
@1ly-ns = @217-nz, then @1 (x) = @2 (x).

138 It s natural to define causality for globally hyperbolic spacetimes since several pathologies, such closed
timelike curves, are ruled out for such spaces. We recall that both Minkowski space and spacetimes that
arise as a solution to the Cauchy problem for Einstein’s equations are globally hyperbolic.

139 Which exists since the spacetime is globally hyperbolic.
140 Being globally hyperbolic, M can be time oriented and thus the future and past of a set are well defined.
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Remark 6.6 For related discussion on causality and the domain-of-dependence prop-
erty, we refer to Sect. B, particularly in the conclusion of Theorem B.22. We note that
the setting of Sect. B is sufficiently general to cover all the cases of interest where the
domain-of-dependence property is invoked in this review, see Sect. B.2.1.

From the equations of motion (6.4) with the choices (6.5) or (6.6), one obtains one
set of characteristics given by

M*g,5 =0, 6.7)

which is not causal.'#!

In addition, the Eckart and Landau—Lifshitz theories are also unstable, see Hiscock
and Lindblom (1985), where stability here refers to mode stability. More precisely,
the situation is as follows.

Definition 6.7 Assume that the spacetime metric is the Minkowski metric. We define a
global thermodynamic equilibrium as a solution to (6.4) where all the viscous fluxes
vanish and u, g, and n (and consequently the other thermodynamic scalars like 6, s,
and so on, see Sect. 2.1) are constant. Note that this gives a constant solution to the
relativistic Euler equations. Consider Egs. (6.4) linearized about a global theormody-
namic equilibrium and consider plane-wave solutions to the linearized equations.'*?
We say that the system is stable if it does not admit plane-wave solutions that grow
in time, and unstable otherwise.

Remark 6.8 Observe that Definition 6.7 applies to any relativistic viscous fluid
described by (6.1) and (6.2), i.e., relations (6.5) or (6.6) are not assumed.

A good theory of relativistic viscous fluids should be stable in the sense of
Definition 6.7. Physically, it is expected that very small deviations from global ther-
modynamic equilibrium should decay due to dissipation. Such small deviations are
believed to be well-modeled by the linearized equations.

Hiscock and Lindblom (1985) have shown that the Eckart and Landau-Lifshitz
theories are unstable in the sense of Definition 6.7. Moreover, they have determined that
these instabilities are severe in the sense that, for example, deviations from equilibrium
in water at room temperature would grow by an e factor in about 1073* seconds, a
physically unacceptable result.!*3

The acausality and instability of Eckart’s and Landau-Lifshitz’s theories prompted
physicists to seek alternative theories of relativistic fluids. In Sects. 6.1 and 6.2, we will
describe two different approaches to construct theories of relativistic viscous fluids
with good properties, including causality and stability. We stress that by no means these

141 Equations (6.4) with the choices (6.5) or (6.6) form a mixed-order system of PDEs, so its principal
part, needed for the computation of the characteristics, is determined with the help of Leray theory (see
Appendix A.2).

142 Sych solutions can always be determined since the equations are constant-coefficient PDEs.

143 A5 Hiscock and Lindblom argue in their paper, “If, for all astrophysically imaginable conditions, the e-
folding time for growth of the instability were much longer than the age of the universe, then the instabilities
would be only of pedagogical interest.”
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are the only theories of relativistic viscous fluids currently available. We focus on them
here because they are likely to be the ones of most interest to mathematicians in view
of their formal structure and also because they seem to be the ones that have attracted
most interest among physicists in recent years (see a sample of references in Sects. 6.1
and 6.2). A comprehensive discussion of different theories of relativistic fluids with
viscosity can be found in Chapter 2 of Romatschke and Romatschke (2019); Chapter 6
of Rezzolla and Zanotti (2013); Sect. I of Bemfica et al. (2022), and references therein.
We finish this introduction with the following general observations:

e While in hindsight the inadequacy of Eckart’s and Landau—Lifshitz’s theories
seems straightforward from a computation of their characteristics and an analysis
of mode stability, it is important to remark that for many years they were consid-
ered “correct,” as they are natural generalizations of the Navier—Stokes—Fourier
equations to a covariant setting. For example, Weinberg’s celebrated book Wein-
berg (1972) has a full section, 2.11, dedicated to relativistic viscous fluids based
on Eckart’s approach. In fact, Eckart’s and Landau-Lifshitz’s theories have been
extensively used in the study of viscous cosmological models, see the review Bre-
vik and Grgn (2014).

e The previous point in conjunction with the aforementioned existence of many dif-
ferent theories of relativistic viscous fluids highlight the following important fact:
there is no universally accepted theory of relativistic viscous fluids. This should
be contrasted with other matter models, wherein generally there is widespread
agreement about their applicability. What underlies this state of affairs are cer-
tain conceptual difficulties that make modeling dissipation in relativity theory a
challenging task; see the last bullet point below.

e Asasidenote, we remark that itis not possible to decide on a “correct” theory of rel-
ativistic fluids with viscosity from microscopic theory. The derivation'** of a fluid
model from microscopic theory necessarily involves a coarse-graining procedure
and different procedures lead to different results. For example, the Landau—Lifshitz
and the theories discussed in Sects. 6.1 and 6.2 can all be derived from kinetic the-
ory (see de Groot et al. 1980 and references below).

e We point out that there are several issues of a conceptual nature regarding the
definition of a relativistic viscous fluid, such as, for example, what it means to
talk about the definition of temperature or pressure outside thermodynamic equi-

144 By which we mean a formal derivation. There are no rigorous results on the derivation of relativistic
viscous fluid theories from microscopic theory. For comparison with classical fluids, it is worth mentioning
the following rigorous results on derivations from microscopic theory. Limits from the Boltzmann equation
to the classical compressible Euler equations have been obtained in Huang et al. (2010) for solutions
with contact discontinuities and in Yu (2005) for weak planar shocks; the incompressible Navier—Stokes
and Euler equations and the compressible Euler equations can be derived from Boltzmann’s equations,
see Saint-Raymond (2009), although the compressible Navier—Stokes equations cannot, see Mott-Smith
(1951), Uribe et al. (1998), Salomons and Mareschal (1992), Liepmann et al. (1962); finally, for work on
the Hilbert expansion, including the case of relativistic perfect fluids, see Guo et al. (2009), Guo and Jang
(2010), Guo et al. (2021), Speck and Strain (2011) (see also the more recent works Kim and La 2024; Kim
and Nguyen 2022).
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librium. We will not discuss these issues here,!#> save for a few brief remarks

in Sect. 6.2.3. Interested readers are referred to Chapter 6 of Rezzolla and Zan-
otti (2013); Sect. II of Bemfica et al. (2022), Romatschke and Romatschke (2019),
Denicol and Rischke (2021); Sect. 2.11 of Weinberg (1972) and references therein.

In the ensuing presentation, we will be always working under the following specific
setting.

Assumption 6.9 As in the case of the relativistic Euler equations, the constraint (6.3)
will always be assumed as one of the equations of the system, unless stated otherwise.
In practice, however, from the point of view of the Cauchy problem, we will consider
Egs. (6.4a) decomposed in the directions parallel and orthogonal to u, i.e.,

uPv, T3 =0, (6.82)
v, 7§ =0, (6.8b)

as it was done for the relativistic Euler equations, and treat all components of u as
independent, provided that we can show the constraint (6.3) to be propagated, as it was
the case for the relativistic Euler equations. This propagation is in general true and can
be shown for the specific models of relativistic viscous fluids we will discuss, but it has
to be shown in a case-by-case basis, i.e., for each given specific model. Thus, for the
sake of brevity, we will not discuss the propagation of (6.3) here. It will also be always
assumed in (6.4) that an equation of state is given, as well as other functional relations
that might vary depending on the model one is studying, such as, for example, the
relations for the coefficients of bulk and shear viscosity and heat conductivity defined
below as functions of ¢ and n. We note that we are not restricting ourselves here to the
Eckart or Landau—Lifshitz theories. The theories introduced below also involve (6.4)
as equations of motion and will have coefficients , 11, and k, among others, that are
functions of ¢ and n.

6.1 The DNMR theory

In this section, we present the Denicol-Niemi—Molnar-Rischke (DNMR) theory,'4¢
first introduced in Denicol et al. (2012). This is the most widely used theory in studies
of the quark-gluon plasma, in particular when it comes to implementing numerical
simulations, see Heffernan et al. (2024a,b), Jeon and Heinz (2015). But despite its
importance, its mathematical properties are poorly understood, as we will discuss in
what follows.

In the DNMR theory, the viscous fluxes are not given in term of o, n, u, and
their derivatives, as in the Eckart and Landau—Lifshitz theories. Instead, they are new
variables in the theory to be treated on the same footing as o, n, and u. The task then

145 1t is interesting to note that the “correct” definition of the classical Navier—-Stokes on Riemannian
manifolds is also up for debate, see Chan et al. (2017, 2023), Chan and Czubak (2022), Czubak (2024) and
reference therein.

146 For historical reasons, this is also referred to as the Miiller—Israel-Stewart or also simply Israel-Stewart
theory. See Sect. 6.1.3.
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becomes finding equations of motion for the viscous fluxes, at which point one needs
to make some modeling choices (see Sect. 6.1.3 for some background discussion). In
the DNMR theory, these equations of motion are derived from kinetic theory via the
method of moments that goes back to the work of Grad (1958).

Assumption 6.10 We will present the DNMR theory for the case where n, _#, and
2 are absent, so in particular all functions of g, n will be functions of ¢ only, since
this is the case treated in Theorems 6.14 and 6.18. This is also the situation that has
been the primary focus of investigation in studies of the quark-gluon plasma, see Ryu
etal. (2018). We will, nevertheless, also mention some general results valid for the full
set of equations derived in Denicol et al. (2012). Readers interested in the complete
DNMR theory are referred to Egs. 147 (63)—(67) of Denicol et al. (2012). We also note
that, even in its most general form, the DNMR equations always assume that % = 0.

The derivation from kinetic theory carried out in Denicol et al. (2012), which will
not be given here, leads to the following equations of motion

utVyo+ (p+o+ @)Vt + wlv,u® =0, (6.92)

@+ p+ P Vyug + c;TEV, 0 + TEV, P + TV, 7, =0, (6.9b)

TputV, P + P + (V" + 5990 PVyut + Ngppat¥o,, =0, (6.9¢)
Ty I:I%MAVMT“” + 7% 4 26 + §ynm®P V,ut

F T P 4 Ny p PP =0, (6.9d)

and Z = 0, i.e., there is no viscous correction to the energy density in the DNMR
theory. Above,

e .= ;(nl‘jnff +nhmne) — ;n“ﬁn,w (6.10)
projects a two-tensor onto its u-orthogonal symmetric trace-free part;
Al BP" = 1% AM B
where A and B are symmetric two-tensors (77 is symmetric, see (6.11a));
o = ﬁZ’iV“u”,

is often called the shear tensor (not to be confused with the viscous shear stress 7);
and

N T2, T, 022, Aoy, S5y T s My 2

147 We warn that Denicol et al. (2012) uses the + — —— convention for the spacetime metric. Here, we
present the DNMR equations in the — + ++ signature.
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are functions of'*® o known as transport coefficients, of which ¢ and 7 are the
coefficients of bulk and shear viscosity, respectively, and T4 and T, are called the
bulk and shear relaxation times, respectively (note that (6.9c) and (6.9d) have the
form of relaxation-type equations). In addition to (6.3), the following constraints hold

Taf = TBa, (6.11a)

utmue =0, (6.11b)

nl’f =0. (6.11¢)

We note that we continue to use the definition cs2 = gg , although, as we will soon

see, the corresponding sound cones in the DNMR theory are not given solely in terms
of csz. Observe that (6.9a) and (6.9b) are simply (6.8a) and (6.8b), respectively.

Remark 6.11 Observe that (6.5¢) also satisfies (6.11). In fact, on physical grounds,
(6.11) is usually required in any theory of relativistic viscous fluids. We also note that
a direct calculation shows that —2no®# equals the RHS of (6.5¢).

Readers should take note of the complexity of Eqgs. (6.9). Despite their complexity,
some important results have been obtained for the DNMR theory, namely:

e Stability (in the sense of Definition 6.7) holds, see Denicol et al. (2012) (see
also Hiscock and Lindblom 1983; Olson 1990 and Sect. 6.1.3). In fact, stability
was established in the more general case when the DNMR equations include n,
J,and 2.

e WhenEqgs. (6.9) are linearized about global thermodynamic equilibrium, the result-
ing system is causal.

e Causality holds in 1 4+ 1 dimensions, see Denicol et al. (2008), and in rotational
symmetry, see Pu et al. (2010), Floerchinger and Grossi (2018).

We remark that these results do not hold unconditionally, but are proved under certain
assumptions on the fluid variables and the transport coefficients. Such assumptions are,
nevertheless, of general physical significance, see discussions in the above references.
On the other hand, they do hold in a more general setting when n, ¢, and 2 are
included, which we are not considering here. These results do not address, however,
causality of the full set of Egs. (6.9) in 3 4+ 1 dimensions, which are the equations
commonly used in numerical simulations of the quark-gluon plasma. This will be the
content of Theorem 6.14.

Remark 6.12 Because of the constraints (6.11), only five components of 7 are inde-
pendent. However, as it is done with (2.2) with the relativistic Euler equations (recall
Assumption 6.9), from the point of view of the Cauchy problem, it is more convenient
to work with all components of 7, without imposing (6.11), which are then shown to
be propagated by the flow if imposed on the initial data. Under these conditions. In
this setting, Egs. (6.9) form a 22 x 22 system of first-order PDEs without diagonal
principal part.

148 In general, when n is included, they will be functions of ¢ and n.
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6.1.1 Causality

In order to state our main result of this section, we need to following Notation.
Notation 6.13 The symmetry and trace-free condition of 7 allows us to diagonalize
it, with
mlel = Agely, A=0,....,3,
where the eigenvectors {e },34:0 form an orthonormal frame,
novo T

gue eg = map = diag(—1,1,1, 1),

eo = u, Aa=o = 0, the eigenvalues A 4—; are real valued, and
A1+ Ay + A3 =0.

We can assume the eigenvalues to be ordered according to A1 < Ay < A3, with
A1 <0 < As.

We can now state a result addressing the causality of Eqs. (6.9). See Remark 6.15
below for the meaning of “sufficiently regular” in the statement of Theorem 6.14.

Theorem 6.14 (Bemfica et al. 2021b). Let (o, u, &, ) be a sufficiently regular solu-
tion'* to equations (6.9) satisfying the constraints (6.11) and (6.3) and defined in a
globally hyperbolic spacetime. Suppose that:

(Al) T, T >0,M,0, 0292, Aoy, Onn, Tnn, Oge = 0.
(A2) 0>0,p>0 0+ p+ £ > 0 (note that & can be negative).
(A3) o+ p+ P+ A >0,i=1273

Then, the following are sufficient conditions for causality'>° of Egs. (6.9):

1 T
+p+Z—I|Al—, Cn+M2P)— T A320, (6.12a)
2T, 2T,

M+ 2P — Tan|Ai] > 0, (6.12b)
Tex — 6077 <0, (6.12¢)
}\o T

Ir Lo TN >, (6.12d)
Ty 12t

+9 P+ Ap, A
[4T1 + 2)\;-“@«@ + (36;-”-[ + Tnn)A3] + C 2P P23

- T
AL 4 Aac? o T (M27 e = T ) (As + A1)
1 3C,
5 Q+p+‘@_|A1|_2~]cﬂ(2n+7\n@e@)—;§:A3

149 See Remark 6.15.
150 Recall Remark 6.6.
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—(0+p+P)(1-c}) <0, (6.12¢)

+8pp P — dpy|A
2N+ Ay P + (tax — 65zl 4 O F 0727 Ol

0Ty T
+@+p+Z—I|Aci =0, (6.12f)
128070 —Tnn (A2 x -
B (7 e = B )As A 6.129)

2
[2r CN+ A ?) — 327 |A1]]

(g+p+@+A2>(g+p+y+A3){l+ TN+ Ap D)+ T A
3o+p+ 2~ o+p+ & — Al
(+0p292 P —dpr|A|

Top
++p+ P —I|Aet, (6.12h)

1
= 3c (4N +270;, 2P — Bdnn + Tar)|A1]] +
b

where condition (6.12h) can be dropped if Tz = 77 = 0.
Moreover, still under assumptions (A.1), (A.2), and (A.3), the following are neces-
sary conditions for causality of Egs. (6.9):

1
M+ — 2TMIA1I >0, (6.13a)
1 T
etpP+P =, M+l P) = 4Z”A3 >0, (6.13b)
g g
1 T . .
o Cn+A 2 ?) + 4 (Ai+Aj)=0,i# (6.13¢)
T T

1 T
o+ p+P+Ai— CN+ A ?)— "T(Ai+A)) >0,i#j (6.13d)
2T, 41,

1 T
@+ A P)+ A
Tr 2T

2 g
+ 6 [2n +}\n@=@+ (6077 — Tan)Ail
Tr
+8pp P + A A
4 oo P 0+ p+ P+ A >0, (6.13¢)
T
1 T
0F+P+ P +Ai—, AP = A
2T, 2T,
- 6 [2n+}\n@=@+(65nn — Ter) Al
Tr
CHdp 2P + Apr A

—@+p+ P+ A)2>0, (6.13f)
Ty

where i, j = 1,2,3in (6.13c), (6.13d), (6.13e), and (6.13f).

Remark 6.15 In the statement of Theorem 6.14, we use sufficiently regular to mean
any class of functions for which the domain-of-dependence property can be proven,
with the domain of dependence of solutions based on their characteristics. Currently,
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the Cauchy problem for Egs. (6.9) is known to be solvable only in the Gevrey class
(see Sect. 6.1.2), thus Theorem 6.14 applies in this case. Nevertheless, if the Cauchy
problem is solvable in more general reasonable function spaces, including Sobolev
spaces, then one can establish causality in these spaces and the validity of Theorem 6.14
with the ideas of Sect. B.2.1.

Remark 6.16 1t can be checked that the sufficient conditions (6.12) are not empty and,
as a sanity check that they in fact imply the necessary conditions (6.13). It can also
be checked that conditions (6.13) are not sufficient for causality, see Bemfica et al.
(2021b).

Proof Modulo verifying some technical aspects, causality boils down to computing the
system’s characteristics (see Remarks 6.6, 6.15, and B.12, Theorems B.22 and B.28,
and Sect. B.2.1). Given the complexity of (6.9), a brute-force calculation of the char-
acteristic determinant is unlikely to produce useful expressions. In order to obtain
an expression for the characteristic determinant that is amenable to an analysis of its
roots, we combine the following ideas:

e We use the causality for the system linearized about global thermodynamic equi-
librium as a useful guide.

e We borrow from the philosophy of Theorem 3.6, adopting a geometric viewpoint
and seeking to identify would-be acoustical metrics associated with the several
speeds of propagation of the system (see below for the list of characteristics). We
also borrow from Theorem 3.6 the idea of identifying the right combination of
variables that lead to good structures (although, here, unlike in Theorem 3.6, we
are looking for good algebraic structures).

e We develop several calculation techniques that allow us to carry out some of the
most challenging parts of the computation. These techniques rely crucially on
the diagonalization of m, expressing it in terms of its eigenvalues and eigenvec-
tors, as expressed Notation 6.13. L.e., this seemingly inconsequential procedure of
expressing 7 in terms of its bases of eigenvectors is in fact one of the key ideas in
the proof. Without it, the computations become too complicated to produce useful
expressions. !

Even after casting the characteristic determinant in suitable form, the analysis of its
roots is still challenging. A careful analysis has to be carried out, assumptions (6.12)
in the case of sufficiency or (6.13) in the case of necessity are invoked in order to
establish that the roots of the characteristic polynomial have the right properties to
ensure causality or lack thereof.

Once the characteristics have been identified, causality is established with the help
of Theorems B.28 and B.22 in the case of sufficiency.

For necessity, the analysis is as follows. Causality requires that for all (&1, &2, &3) €
TIM, x a fixed spacetime point, the roots & = &y (&1, &2, &3) of the characteristic
determinant are real and the set

{0 =%0(61,6.8) | (§1,&,8) € Ty M}

151 Opserve the empbhasis on useful We can always compute the characteristic determinant with the help

of a symbolic math software. But this in general produce pages-long expressions whose roots cannot be
analyzed.
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lies outside the lightcone in 7, M (see Remark B.8; in particular, recall that we require
that (§0(&1, &2, &3), &1, &2, &3) lies outside the lightcone because this analysis is on the
cotangent space). Thus, in order to violate causality, it suffices to exhibit a single
(&1, &2, &) for which these conditions are not met. We show that if the negation of
(6.13) holds then such a (&1, &, &3) can be constructed, i.e., causality does not hold,
and the result follows by the contrapositive. O

We point out that our high-level presentation of the proof of Theorem 6.14 should
not lead readers to think that its proof is by any means straightforward. As it should
be expected from the complexity of Egs. (6.9), the calculation of the characteristic
determinant and analysis of the corresponding roots is challenging and constitute the
bulk of Bemfica et al. (2021b).

The proof of Theorem 6.14 reveals that the characteristics of Egs. (6.9) are the
following:

e The flow lines, which appear with multiplicity 14 (i.e., 14 repeated roots).

e The sound waves, which appear with single multiplicity (i.e., two distinct roots,
corresponding to a cone).

e Shear waves, which appear as three distinct characteristics of single multiplicity
each (i.e., two distinct roots, giving a cone, for each characteristic). More precisely,
these are generally distinct characteristics, but they might coincide for specific
values of the variables and transport coefficients.

Observe that the total number of roots in the above list comes to 22, see Remark 6.12.
We refer to Bemfica et al. (2021b) for the exact expressions of the polynomials that
determine the above characteritics.

Remark 6.17 In comparison to the characteristics of the system linearized about global
thermodynamic equilibrium, which considers n, _#, and 2 as well, Egs. (6.9) do not
have the so-called second sound, see Hiscock and Lindblom (1985), which corresponds
to propagation of temperature disturbances. This is because n, ¢, and 2 are not
included in (6.9).

Assumptions (A.l), (A.2), and (A.3) are natural from a physical perspective,
whereas (6.12) seem physically reasonable, although they are too stringent for some
applications of interest. Indeed, it seems that one could simply choose initial data
satisfying (6.12) in order to guarantee causality. However in, numerical simulations of
the quark-gluon plasma, one does not get to choose the initial condition. The reason
is that the quark-gluon plasma, which is modeled as a relativistic viscous fluid, is
only one stage of a multi-stage process. The quark-gluon plasma emerges from the
collision of heavy-ions, and after a short-lived period as a fluid, this plasma freezes
out into a collection of hadrons. Only the hadrons are measured directly by detectors,
with properties of the quark-gluon plasma inferred indirectly from hadronic measure-
ments with the help of numerical simulations. Such numerical simulations have to
account for the pre-fluid phase of matter, wherein the impact of the heavy-ions is
modeled using microscopic theory'>? (kinetic theory, quantum chromodynamics) and

152 More precisely, this is one of two approaches used. The other is to simply parametrize the initial
conditions. But this parametrization is constrained by certain structural features of heavy-ion collisions and
does not allow one to choose the initial data freely either, see Moreland et al. (2015).
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Fig. 15 Causality violations from Plumberg et al. (2022). The graphs show, as a function of time: (left
graph): fraction of cells that satisfy conditions (6.12), and thus are causal; (right graph): fraction of cells
that do not satisfy conditions (6.13), and thus violate causality; (middle graph): fraction of cells that satisfy
(6.13) but do not satisfy (6.12), and thus whose causality is unknown. The different curves correspond to
different numerical solvers that generate the initial condition fed to the hydrodynamic simulation. Image
reproduced with permission from Plumberg et al. (2022), copyright by APS

produces a fluid state that is then fed as initial data into the fluid dynamics simulations.
This process is illustrated in Fig. 14. We return to this point in Sect. 6.1.5.

Currently, it is the set of necessary conditions (6.13) that found more direct applica-
tions in numerical simulations of the quark-gluon plasma. This is because one can test,
at each time step in these simulations, whether inequalities (6.13) are satisfied and, if
they are not, this means that causality has been violated in the simulation (of course,
if (6.13) holds causality is not guaranteed, see Remark 6.16). Recently, two groups
of researchers, Plumberg et al. (2022) and Chiu and Shen (2021), tested conditions
(6.13) against numerical simulations of the quark-gluon plasma in collisions of heavy
ions. They found out that causality is violated in several stages of the simulations,
particular at earlier times. In fact, 20-30% of the fluid cells violate causality at the
initial stages of the simulation, see Fig. 15.

Here, we will not discuss possible consequences of such causality violations for
the current understanding of the quark-gluon plasma. Such an analysis would steer us
away from our goal of focusing on mathematical aspects. We refer instead to Plumberg
et al. (2022) and Chiu and Shen (2021). We will restrict ourselves to the following
general remarks.

e Observe that causality violations do not necessarily imply an undefined evolution
(in a PDE sense). For instance, it could be that the equations are hyperbolic and
have a well-defined evolution, but their characteristics lay outside the lightcones
in physical space.
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e Itisclear from Fig. 15 that causality violations are prominent at early times of the
simulations, decreasing and nearly disappearing at later times. One possibility is
that the initial data provided by the pre-fluid stage of the heavy-ion collision (see
previous discussion) still retains non-fluid features that render the applicability of
Egs. (6.9) (which are derived under assumptions that the system is a fluid) question-
able (recall Remark 6.3). On the other hand, the evolution toward a causal regime
can in principle be coming form the fact that Eqs. (6.9) “correct” the initial state,
in the sense that dissipation would drive the fluid toward thermodynamic equilib-
rium, i.e., the dynamics would approach that of a perfect fluid, where causality
holds.

e Another possibility is that the evolution from non-causal to causal states found
in Plumberg et al. (2022) and Chiu and Shen (2021) and depicted in Fig. 15 is an
artifact of the numerical algorithms employed. Asitis usually the case in numerical
simulations of complex systems of PDE:s, their implementation is not clear-cut and
requires the introduction of several numerical artifacts.'>3 The numerical solvers
used in Plumberg et al. (2022) and Chiu and Shen (2021) employ certain regulators
that cut off and reinitialize some variables when they reach certain critical values.
It is possible that this process simply resets the variables to values where causality
is satisfied.

e The fact that causality violations nearly disappear at later times raises the natural
question of whether such violations matter in practice. A satisfactory answer to
this question does not seem to be available. First, one would need to make precise
what it means to say that the causality violations do or do not matter. One possi-
bility would be to show that such violations do not influence, in any meaningful
way, the values of quantities of interest computed in the simulations and used for
comparison with experiments. But it is hard to see how one could do so without
having simulations without causality violations to compare with.!>*

e The interplay between numerical solutions and actual solutions of (6.9) (assuming
they exists, see Sects. 6.1.2 and 8) is not understood. In fact, there does not exist a
result stating that the numerical algorithms used to simulate Eqgs. (6.9) converge to
or reproduce in a meaningful sense mathematical solutions to (6.9). In particular, it
is not clear what the role of the aforementioned regulators is. An application of the
causality conditions of Theorem 6.14 is only justified if the numerical simulations
faithfully reproduce, within acceptable error bounds, actual solutions to (6.9).
On the other hand, if such reproduction does not hold, it is then not clear what
equations of motion are being solved in these simulations. We refer to Guermond
et al. (2008) and references therein for a discussion of the delicate relation between
local well-posedness and convergence of numerical schemes.

We stress that the above remarks are speculative, save for the last one. It is not

yet understood why causality violations happen, decrease over time, nor the interplay
153 One common example in typical fluid codes, including the case of classical fluids, is the use of artificial
viscosity or parabolic regularizations.

154 1n this regard, it is important to remember that, in any setting in which Egs. (6.9) are locally well-posed,

the system is deterministic, so that the behavior of solutions at later times is entirely determined by the
non-causal initial condition. Thus one cannot simply infer that causality violations do not matter at earlier
times from the fact that they no longer occur at later times.
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between numerical methods and solutions to (6.9) (see Sects. 6.1.5 and 8). Neverthe-
less, we do note that these causality violations should serve at least as a cautionary tale
about the dangers of numerically studying equations whose mathematical properties
are poorly understood.

6.1.2 Local well-posedness

In this section we address the solvability of the Cauchy problem for the DNMR
equations (6.9). Our main result is the following.

Theorem 6.18 (Bemfica, Disconzi, Hoang, Noronha, Radosz; Bemfica et al. 2021b).
Consider the Cauchy problem for Egs. (6.9) in Minkowski space, with initial data
U = 0, u, P, 7t) on {t = 0}. Assume that the initial data satisfies the constraints
(6.3) and (6.11) and that ii° > 0 (i.e., i is future-pointing). Suppose that all transport
coefficients in Egs. (6.9) are analytic functions of their arguments. Assume that the
initial data satisfies assumptions (A.1), (A.2), and (A.3) of Theorem 6. 14 in strict form,
i.e., with < replaced by <. Assume further that the initial data satisfies conditions
(6.12) of Theorem 6.14 in strict form. Finally, suppose that U e GOR3), with
1 <s < %g, where G is a Gevrey space (see Definition B.1). Then, there exists a
T > 0 and a unique solution ¥ = (o,u, #,n) € GY(0,T] x R?) 1o Egs. (6.9)
such that W = W on {t = 0}. Moreover, W is causal in the sense of Definition 6.5.

Proof The computation of the characteristics carried out for the proof of Theorem 6.14
allows us to invoke Theorem B.28 to diagonalize Eqs. (6.9), putting them into the
form (B.9). From the characteristics we can further verify that the intersection of the
corresponding cones in co-tangent space has non-empty interior when applied to the
initial data. Thus, the diagonalized system is a Leray—Ohya system for which the
assumptions of Theorem B.21 and are satisfied. More precisely:

e The diagonliazed system is of higher order than (6.9) (see Eq. (B.9)). Thus, we
need to derive higher order initial conditions for the diagonalized system. This is
done by sucessively differentiating Egs. (6.9) and algebraically solving for time
derivatives in terms of spatial derivatives, which can be done because, in view
of the computation of the characteristics applied to the initial data, { = 0} in
non-characteristics.

e The assumption that the diagonliazed system forms a Leray—Ohya system for any
V € A%(X,Y) (see Definition B.20) is guaranteed by the fact that we assumed
conditions (A.1), (A.2), (A.3), and (6.12) to hold in strict form, so that we obtain
a Leray—Ohya system for the given initial data and functions nearby.

e The Gevrey index of the diagonalized system (see Definition B.29 and Remark
B.30) is 5.

With this, we obtain a solution to the diagonalized system. In order to obtain a solu-
tion to the the original equations, we proceed as follows. We approximate the given
Gevrey data by analytic data (see Teofanov 2006) and solve the corresponding analytic
problem by the Cauchy—Kovalevskays theorem (which can be applied since {r = 0}
is non-characteristic for our data, see above). These solutions automatically satisfy
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the diagonalized system. Thus, the Gevrey estimates of Leray and Ohya (1967) apply
to them. We can use these estimates to control the analytic solutions in the Gevrey
topology and pass to the limit, obtaining a Gevrey solution to the original equations.
See Disconzi (2019b) for details of the argument (which was applied to a different set
of equations, but the argument is the same).

Causality follows because the solutions to (6.9) that we have constructed also satisfy
the diagonliazed system for which Theorem B.22 can be invoked. O

Remark 6.19 We make the following important observations.

e Theorem 6.18 generalizes in a more or less straightforward manner to a globally
hyperbolic spacetime and to Egs. (6.9) coupled to Einstein’s equations with Gevrey
initial data, see Bemfica et al. (2021Db).

e The requirement of Gevrey initial data is, unfortunately, quite restrictive. We would
like to establish local existence and uniqueness in Sobolev and smooth spaces. This
seems challenging, see Sect. 8.

e Nevertheless, in the case when m is absent (i.e., setting 7 = 0 in Egs. (6.9a),
(6.9b), (6.9¢), and dropping Eq. (6.9d)), the system (6.9a)-(6.9¢) is locally well-
posed in Sobolev spaces under suitable assumptions on the transport coefficients.
This result holds with coupling to Einstein’s equations and, in fact, if the baryon
current (6.2) is included with ¢ = 0, and if a smooth function of g, n, and &
(but not their derivatives) is added to (6.9¢). See Bemfica et al. (2019a) for details.
We note that that in Bemfica et al. (2019a), { = ((o, n), which is the case often
considered in physics, but as also noted in that paper, the result remains true if
¢ = (o, n, P), so that the term & 5 & in (6.9¢) can be absorbed into (.

A very natural question once local well-posedness has been established is that
of global well-posedness versus breakdown of solutions. This is addressed in the
next Theorem, which we state in an informal way for the sake of brevity, referring
to Disconzi et al. (2023) for a precise statement. !>

Theorem 6.20 (Disconzi et al. 2023). Consier the DNMR equations without shear
viscosity and with the Minkowski metric. Then, there exists an open set of smooth initial
data for which the corresponding unique smooth solutions to the Cauchy problem break
down in finite time.

In Theorem 6.20:

e The DNMR equations without shear viscosity are as stated above, i.e., setting
7 = 0in Egs. (6.9a), (6.9b), (6.9¢), and dropping Eq. (6.9d), but in Theorem 6.20
it is further assumed that 4 4 = 0. Equation (6.4b), with _# = 0 in (6.2), is
also included, with the equation of state and the transport coefficients being now
functions of ¢ and n. For technical reasons, it turns out that the proof provided
in Disconzi et al. (2023) does not go through if n, and thus Eq. (6.4b), are not
considered as apart of the system, see the discussion in Disconzi et al. (2023).
Finally, we note that the result is in fact a bit more general, as a term proportional
to Z2 can be added to Eq. (6.9¢), see Disconzi et al. (2023).

155 See Lerman et al. (2024) for an analogue of Theorem 6.20 for a non-relativistic limit of the DNMR
equations.
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e Although we have not stated a result on the Cauchy problem for the DNMR
equations in C, the situation described in the previous bullet point fits into the
assumptions that guarantee local well-posedness in Sobolev spaces mentioned in
Remark 6.19. From this and a standard argument one obtains local existence and
uniqueness of smooth solutions.

e The breakdown in Theorem 6.20 happens as a dichotomy. In finite time, either
solutions cease to be C! or they become un-physical, where physical solutions are
defined in a precise sense. In particular, one of the ways that solutions can become
un-physical is by violation of causality.

e The initial data constructed in Theorem 6.20 consists of localized (large) pertur-
bations of constant states.

Proof We will only highlight some aspects of the proof, referring to Disconzi et al.
(2023) for details.

e The proof follows closely the proof of breakdown of solutions for the relativis-
tic Euler equations by Guo and Tahvildar—Zadeh, see Guo and Tahvildar-Zadeh
(1999), which in turn builds on the seminal work of Sideris on formation of
singularities for the classical compressible Euler equations, see Sideris (1985).
We assume that solution exists for all time and derive a Riccati-type differential
inequality for the fluid variables that contradicts some quantitative assumptions
on the initial data.

e In order to ensure that that Euler-inspired argument works, we need to obtain some

precise control of 2. This is done with help of some intricate transport estimates
for Z.

]

We remark that the proof of Theorem 6.20, being a proof by contradiction, does
not provide information about the nature of the breakdown. See Sect. 8.

6.1.3 Further context and historical notes

Systems where the viscous fluxes are new variables satisfying additional equations of
motion are the subject of extended irreversible thermodynamics, also referred to
as rational extended thermodynamics (see Miiller and Ruggeri 1998). “Extended”,
in this context, refers to the fact that one is extending the state space by adding extra
variables. This idea goes back to the works of Grad (1963) and Miiller (1967), where
they adopted this approach to construct models of classical fluids. Grad’s obtained
equations of motion for the viscous fluxes from the method of moments in kinetic
theory, as already mentioned, whereas Miiller postulated equations for the viscous
fluxes based on thermodynamic considerations. More precisely, Miiller introduced an
out-of-equilibrium entropy current and tailored the equations of motion for the viscous
fluxes to guarantee that entropy production be always non-negative. Miiller’s entropy
current contained a correction to the entropy current of a perfect fluid, deemed a
second-order correction. This approach has been widely adopted in extended theories
and because of it extended theories are also known as second-order theories of
relativistic viscous fluids.
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Miiller’s approach was adapted to relativity by Stewart (1977), Israel and Stewart
(1976, 1979b), Israel (1976), Israel and Stewart (1979a), leading to what has become
known as the Miiller-Israel-Stewart (MIS) theory, sometimes referred to simply
as Israel-Stewart (IS) theory (see Egs. (6.14) below). Another recent example of a
second-order theory of relativistic viscous fluids is the resumed Baier-Romatschke—
Son-Starinets—Stephanov (re-BRSSS) theory introduced in Baier et al. (2008),
which connects second-order approaches with a gradient expansion.

It has been common practice in the field of relativistic viscous fluids to refer to
the original Israel-Stewart theory, the re-BRSSS theory, and the DNMR theory, col-
lectively as MIS or IS theories, or yet as MIS-like or IS-like theories. While such
theories share the basic feature that the viscous fluxes are independent variables sat-
isfying additional equations of motion, we note that they are in practice different
theories as the equations satisfied by the viscous fluxes are different in each instances.
For example, while in the MIS theory the entropy current is always non-negative, in
the DNMR theory it is non-negative only up to higher-order terms, where higher-order
is measured with respect to a specific power-counting scheme used to organize the
moments expansion in the derivation of the DNMR theory. These higher-order terms
are negligible in the regime where the derivation from kinetic theory by the method
of moments is expected to be valid, thus in the field’s jargon one says that entropy
production in the DNMR theory is non-negative within the limit of validity of the
theory.

On the other hand, because of their similarities, it is often the case that qualitative
ideas are treated as interchangeable among these MIS-like theories. For example, while
numerical simulations of the quark-gluon plasma are performed using the DNMR
theory, the re-BRSSS has been highly influential in setting up the stage for the study
of the quark-gluon plasma. We remark, however, that the MIS, re-BRSSS, and DNMR
theories agree when linearized about a global thermodynamic equilibrium.'>® We refer
the reader to Chapter 6 of Rezzolla and Zanotti (2013), Romatschke and Romatschke
(2019), Denicol and Rischke (2021), Miiller and Ruggeri (1998), and references therein
for further discussions of second-order theories of relativistic viscous fluids.

6.1.4 Viscous shocks in the MIS theory and implications for the DNMR theory

One topic of much interest in fluid dynamics is that of the formation of shocks, see
the beginning of Sect. 3.4 and Sects. 3.4.1 and 3.4.2. The possibility of shocks in the
quark-gluon plasma has been investigated in Bouras et al. (2009a,b, 2010b), Fogaca
et al. (2012), Bouras et al. (2010a), whereas the potential for shocks in mergers of
neutron stars is discussed in Radice et al. (2020), Bernuzzi (2020).

Given that the DNMR equations form a quasilinear system not in divergence form, it
is not immediately clear how to construct a weak formulation that could accommodate
jump discontinuities and hence describe shocks. On the other hand, when dissipation
is present, the possibility emerges that physical phenomena usually modeled by shocks
could be described by solutions that are not discontinuous as in the case of perfect

156 This explains why in our references about the stability of the DNMR theory we cited papers published

before the original DNMR work. Those works studied the stability of the MIS theory, which gives the same
linearization about global thermodynamic equilibrium as the DNMR theory.
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fluids, but rather by the so-called viscous shocks. A viscous shock is a plane-symmetric
continuous solution connecting asymptotic thermodynamic equilibrium states which
are supersonic in front of the shock and subsonic behind the shock, see below and also
the references Barker et al. (2008), Olson and Hiscock (1990), Geroch and Lindblom
(1991). We will now describe some results on viscous shocks for the MIS theory,
turning to the DNMR equations at the end of this section (recall from Sect. 6.1.3 the
similarities between the MIS and the DNMR theories).

The equations of motion of the MIS theory are, as in the case of the DNMR theory,
given by (6.4), with the energy-momentum tensor and the baryon current given by
(6.1) and (6.2), respectively, with the viscous fluxes satisfying additional equations of
motion. The choice of these equations, however, is different than that of the DNMR
theory, and is given by (see Rezzolla and Zanotti 2013, Chapter 6 and Olson and
Hiscock 1990; compare with (6.9))

1
BoutV, P + ng + Vyput — ooV, 2" — 0021V, (ogo)

+ ;@evu <f’°euﬂ> =0, (6.14a)
<f>2u)‘VmT”“” VY — o VRO 4 ;n““ew (Bzeuk>

—10.2"V" (ogl) +y3n;v[ﬂu“> n ;nn“” —0, (6.14b)
B1I™u*v, 2, + Kle F 4 énf”vve + " u*Vyu, — aolI*'V, P

Biu*

1
— oql'I”“”VmTj‘ + ZHHVQUGV)L ( 0

) — (1 —v0)0 2TI""V, (g) —0.
(6.14¢)

Above, ( . > means
(A’”> = I'IZ“;A“ﬂ,

where HZ ; is given by (6.10); [-] means anti-symmetrization; the coefficients
«;, Bi,yi are transport coefficients which are known functions of ¢ and n; and all
other quantities have the same meaning as in Sects. 2 and the beginning of Sect. 6.1.
Also, in (6.1) and (6.2) we have % = 0, _# = 0. Finally, constraints (6.11) continue
to hold and, in addition,

ut 2, =0.

Remark 6.21 Unlike the case of Egs. (6.9), in Egs. (6.14) we are considering a depen-
dence on n and the inclusion of 7 and 2, compare with Assumption 6.10.
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We are now ready to state the problem. We consider plane-symmetric steady solu-
tions and assume the background to be Minkowski. Thus, we can assume all quantities
to depend only on the x! coordinate and write the velocity and the heat flux as
u=1y(,v,0,0),2=0Q(yv,y,0,0), where vand Q are scalarsand y = (1 — vz)_é
is the standard y factor in Minkowski space. Under these conditions, there is only one
non-zero component of 7 which we can take to be the x'x! component and propor-
tional to 2, so we can write 7'! = By? for some B. We prescribe that solutions
approach global thermodynamic equilibrium when x — 400, i.e., the viscous fluxes
vanish when x — =00 and the remaining fluid variables approach constant values. In
order to describe shocks, we want solutions that are supersonic in front of the shock
and subsonic behind it, thus, v — v* whenx — 400, where v > c;L, 0<v” <cy
and cSi are the corresponding asymptotic values of the sound speed. Because the sys-
tem approaches equilibrium at +00, v are the perfect-fluid asymptotic speeds before
and after the shock.'>’ Solutions to (6.14) with the properties just described are called
viscous shocks.

Remark 6.22 The description given above can be equally applied to theories with
different viscous fluxes. Thus, we can also define viscous shock solutions for other
theories of viscous fluids.

We define the upstream and downstream Mach numbers, denoted M| a®, by

+._

Ma™~ : o

Physically, Ma® measures the strength of a shock. A shock is thought of as mild or
weak if Ma™® is close to one.

The main result concerning viscous shocks for the MIS theory, due to Geroch
and Lindblom (1991) and Olson and Hiscock (1990), is that there exists a critical
value'8 Mal such that the MIS equations do not admit viscous shock solutions if
Ma* > Maj.

The main idea of the proof'is the following. Under the conditions defining a viscous
shock, the system (6.14) simplifies considerably and Q, B and n can be written in terms
of o, v, and constants of integration that are determined by prescribing the variables’
asymptotic values. The equations simplify to a system of the form

d
AW) W= BD),

where ¥ = (g, v, &) and A and B are, respectively, a matrix and a vector depending
on W (but not its derivative). To have well-defined solutions, we need to avoid the

157 We note that if we insist that v= are asymptotic states of a shock wave solution to the relativistic Euler

equations satisfying appropriate jump conditions (see Sect. 3.4.1), v and v~ cannot both be prescribed
arbitrarily, see Geroch and Lindblom (1991).

158 Ara— and Ma™ will, in general, be related, see Footnote 157. Thus, the result can be alternatively
stated in terms of the existence of a critical May, .
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characteristic condition
det A(W) = 0.

The determinant det A(\W) is known at x = o0 since the asymptotic states are
prescribed in this limit. Analyzing the determinant evaluated at the asymptotic states
andusing vt > c;L and0 < v~ < ¢;, one can then show that the determinant changes
sign and thus, being a continuous function of the fluid variables, must vanish some-
where, if Ma™ is sufficiently large. The argument also uses standard thermodynamic
assumptions such as the positivity of several physical quantities. The reader is referred
to Geroch and Lindblom (1991), Olson and Hiscock (1990) for the details of the proof.

Recall from Sect. 6.1.3 that the MIS and the DNMR theories, albeit different, share
many features. Thus, one could expect a similar result as the above for the DNMR
theory, see Sect. 8. We point out that viscous shocks have also been investigated for
the BDNK theory that we discuss in Sect. 6.2.

6.1.5 Potential limitations

Despite the widespread use of the DNMR equations and their success in applications
to the study of the quark-gluon plasma, it is important to put in perspective some
potential limitations of the theory:

e From a mathematical point of view, the main drawback in the current status of the
DNMR theory is a lack of local well-posedness in Sobolev spaces. The only case
when local well-posedness in Sobolev spaces does hold, when shear viscosity
is absent, is not enough for applications to the quark-gluon plasma, since it is
precisely shear viscosity that seems to be the main viscous contribution in this
case (see Heffernan et al. 2024a,b).

e In particular, when it comes to establishing results about convergence of numerical
schemes (see comments at the end of Sect. 6.1.1), it seems highly unlikely that
Gevrey spaces can be useful.

e More generally, we would like to establish causality and local well-posedness of
the DNMR theory when ¢, n, and 2 are included (recall Remark 6.10 and see
Sect. 8). While Eqgs. (6.9) are enough for current investigations of the quark-gluon
that focus on high-energy heavy-ion collisions, in which case n = 0, low-energy
collisions are expected to have n # 0 (see Denicol et al. 2018).

o In the study of viscous effect in mergers of neutron stars, where coupling to Ein-
stein’s equations needs to be taken into account, local well-posedness in Sobolev
spaces is widely regarded as a basic requirement for the implementation of general-
relativistic numerical codes (see discussions in Baumgarte and Shapiro 2010,
Chapter 11 and Rezzolla and Zanotti 2013, Chapter 4). The good news in this
regard is that recent investigations suggest that only bulk viscosity is relevant for
these mergers (see Alford et al. 2018; Most et al. 2024). In this case, one could
simulate Einstein’s equations coupled to the DNMR equations with bulk viscosity
as the only viscous flux, in which case local well-posedness in Sobolev spaces
has been established (see Remark 6.19). The not so good news is that some esti-
mates suggest that shear viscosity can also be relevant (see Shibata et al. 2017;
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Shibata and Kiuchi 2017; Ripley et al. 2023), in which case local well-posedness
for the DNMR equations is currently unavailable.'>” This discrepancy in assessing
the effects of viscosity in neutron star mergers simply reflects a tentative state of
affairs. There has not been yet a single measurement of viscous effects in merg-
ers of neutron stars, with all evidence in their favor currently theoretical, mostly
from numerical simulations. Given how much is not understood about neutron
star mergers, current estimates about the the role of dissipation and the relative
magnitudes of shear and bulk viscosity in such mergers have to be taken as pro-
visional at best. In this regard, it is worth noting that it was not long ago that it
was well-accepted that viscosity was not relevant at all for the study of neutron
star mergers (see Duez and Zlochower 2019; Foucart et al. 2016), highlighting
how future studies can significantly change the current picture about dissipation in
neutron star mergers. Given such uncertainties, it is highly desirable to establish
local well-posedness and causality under general assumptions and including all
viscous fluxes.

e As discussed in Sect. 6.1.4, Geroch and Lindblom (1991) and Olson and Hiscock
(1990) showed that MIS theory cannot describe viscous shock solutions in a regime
of strong shocks. Due to the similar structure of the DNMR and MIS equations, it
is conjectured that the same difficulty is present in the DNMR theory (see Sect. 8).

e The causality violations discussed in Sect. 6.1.1 are not, per se, a limitation of the
DNMR theory, given that we established that there are physically reasonable con-
ditions that guarantee the evolution to be causal. But in order to better understand
the relevance of these causality violations and their origins, it would be benefi-
cial to find an alternative approach where causality could in principle be enforced
throughout the numerical simulations.

The remarks should not taken as disapproving of the DNMR theory, which has been
highly instrumental in advancing our understanding of the quark-gluon plasma. But
they do highlight that there is enough motivation to seek an alternative to the DNRM
theory. One possible such alternative will be investigated in the next section.

6.2 The BDNK theory

The Bemfica—Disconzi-Noronha—Kovtun (BDNK) theory is the culmination of the
works by Bemfica et al. (2018, 2019b, 2022), Kovtun (2019), Hoult and Kovtun
(2020), whose goal is to construct a causal, stable, and locally well-posed theory of
relativistic viscous fluids a la Eckart and Landau—Lifshitz, i.e., where the viscous
fluxes are given in terms of g, n, u, and their derivatives up to first order.

As we have done with the DNMR theory, we will not discuss physical aspects of the
BDNK theory in detail, restricting ourselves to physical aspects of the theory that are
of direct relevance for the mathematical results we will present or that help elucidate
the current status of the BDNK theory as a research program. Thus, instead of working

159 Also, as a matter of principle, one would establish local well-posedness in the presence of all viscous
fluxes, and show that a smallness condition on the shear viscosity and heat flux is propagated by the flow,
in that in reality these quantities will not be exactly zero in mergers, even in the case when bulk is the main
contribution.
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through the physical arguments and modeling choices that lead to the BDNK theory,
we will define it here and work out its mathematical consequences in what follows.
But since some of the modeling choices might seem unmotivated, we make some
brief remarks about them in Sect. 6.2.3. Readers interested in the physical motivation
leading to (6.15) below can consult the above references, especially Bemfica et al.
(2022), Kovtun (2019), where a more thorough discussion is given.

The BDNK theory is defined by taking the viscous fluxes in (6.1) and (6.2) as
follows.

KX =T5WVy0+ (p+0)Vuuh), (6.15a)
P = —CVeu" + 15U Vyo+ (p +0)Vyut), (6.15b)
2
Tap = —MI g (Vyuy + Vouy — 3V;\ukg,w), (6.15¢)
Do :=T2(p + U Vyua + B 2Ny Vo + BTl Vie + Pally Vyn,  (6.15d)
Fo =0, (6.15¢)
where
ad o(u/0
B, =10 Pl L on (/) ’
a0 |, do |,
ad a(n/0
B, =T Pl L on (/) ’
on 0 on o

where p is the chemical potential determined by the thermodynamic relation

d de 0
p—i{).g: 0 +pn+.gd<g)’

T, T, Tg, (, 1M, K are transport coefficients that are known functions of ¢ and n,
with T4, T, Tg called relaxation times and (, 1, k being the coefficients of bulk
and shear viscosity and heat conductivity. Finally, one continues to assume that the
velocity satisfies the constraint (6.3). Compare (6.15) with (6.5).

Observe that we are taking ¢ and n as the primary thermodynamic scalars, with the
remaining ones being functions of ¢ and n determined by the thermodynamicrelations
of Sect. 2.1, whose notation we continue to employ. In particular, all coefficients (the
transport coefficients and the 3’s) as well as the equation of state are known functions
of ¢ and n. The equations of motion, the BDNK equations, are, as usual, given by
(6.4a) and (6.4b). Once again, from the point of view of the Cauchy problem, we treat
all components of u as independent, imposing the constraint (6.3) on the initial data
and propagating it.

Remark 6.23 We are considering _# = 0, i.e., Eq. (6.15¢), because this is the case
for which stronger and more complete results have been obtained; see Theorems 6.25
and 6.32. The case ¢ = 0 is also the primary case of interest in studies of viscous
effects in neutron star mergers (see Most et al. 2021; Alford et al. 2018). It is possible,
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however, to formulate the BDNK theory with _# # 0 and obtain results similar to
Theorem 6.25 (see Hoult and Kovtun 2020).

Remark 6.24 Since the BDNK energy-momentum tensor involves first-order deriva-
tives of o, n and u, Egs. (6.4a) are second-order PDEs in g, n and u, and thus g, n,
u, and their first-order derivatives need to be prescribed as initial data for the Cauchy
problem. Equation (6.4b), however, is first-order in n and u, and thus it is a constraint
that needs to be satisfied by the initial data and then propagated. This is done by
considering instead u"V,, applied to (6.4b) as an equation of motion.

Expanding u#V, applied to (6.4b) (see Remark 6.24) and (6.4a) and projecting the
latter on the directions parallel and orthogonal to the velocity, we find

ubu” 3, 8un + ndtu’d, dyut + Ry(n, u, g)d%g = R, (dn, du, dg), (6.16a)
(Topuu’ 4 BoT1"")8,8,0 + Bnl1* 8,80

+(p+0) (T +T2)u"8V8,0,u* + Ro(0, n, u, 8)8°g = Ry (30, In, du, 3g),
(6.16b)

(Bo + T u"T1V%8,8,0 + Bru TV 9, 8,0
+CV B, 0,ut + R (0, n, u, 8)9%g = R% (3o, dn, du, dg), (6.16¢)

The notation in Eqs. (6.16) is as follows. The R terms are as in Notation 2.20, where
in addition we have included subscripts ,, etc. to distinguish among these terms.'¢°
The 7~2(8E¢)82g terms, in particular, denote terms that are second-order in g with
coefficients depending on at most £ derivatives of ¢. The precise form of such terms
will not be important here, but we have singled them out because they will contribute
to the principal part of the system when the BDNK equations are coupled to Einstein’s
equations (since Einstein’s equations in, say, wave coordinates, are second-orderin g).
We note that we have expanded all covariant derivatives and written the equations of
motion in terms of partial derivatives. In particular, the R(3%¢)d? g terms come from
expanding second-order derivatives of u (as they will contain first-order derivatives of
the Christoffel symbols). We have used the standard notation

1
A@BP) = 2(A“B/5 + APB%),
and defined
1
G = (m(p +o)—(— 3n> n*®s} + ((p + o)toutu” — nII*)5s.

Finally, recall that &}, is the Kronecker delta.

Equations (6.16) form a second-order system of PDEs without diagonal principal
part, and one should take note of the complexity of these equations. Nevertheless, as we
will see in the next section, the BDNK equations seem to possess better mathematical

160 Sych distinction will not be important here but are being faithful to the notation of Bemfica et al. (2022).
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structures than the DNMR equations, as will be able to prove stronger results than
those obtained for the DNMR theory.

6.2.1 Local well-posedness, stability, and causality

In order to state our main results for the BDNK theory, it is convenient to introduce
the following notation. We denote by cS2 corresponding sound speed of a perfect fluid
which, in terms of the primary variables n and ¢ and with an equation of state p =

p(o, n), read

2 ap n ap
s o= .
s dol, p+eo dn|,
We also introduce
+0)%0 3(u/0 A(u/0
o (p+o0) (1/0) +0(p+0) (n/0)
n Jdo |, on |,

Theorem 6.25 (Bemfica et al. 2022). Let (o, n, u) be a smooth'®" solution to BDNK
equations satisfying the constraint (6.3) and defined in a globally hyperbolic space-
time. Suppose that

(A1) pt+o,t% T2, T2 >0,(1n,k=0.

Then, the following are necessary and sufficient conditions for causality'®? of
Egs. (6.16).

(p+o)te >n, (6.17a)
4 2
I:T{'Z ((P + Q)CET,@ +C+ 3T] + KK) +(p+ Q)Tpfrgi|
4
>4(p+o)tzTe [Tw((p +0)citg + ki) — By (C + 311)} >0, (6.17b)

4
2(p+o)txzTe > 1ty ((P +o)cito + + 3N + KK) +(p+0)txTe 20,
(6.17¢)

4
(p+0)T%T9 +KkTp > Ty ((p + Q)cffrg +C+ 311 + KK)
4
+(p+o)tatell — )+ B, (c + 3n> . (6.17d)

Remark 6.26 One can verify that conditions (6.17) are not empty.

161 See Remark 6.27.
162 Recall definition 6.5.
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Proof Like in the case of the proof of Theorem 6.14, with the help of Theo-
rems B.22, B.28, and ideas from Sect. B.2.1, the proof reduces essentially to an analysis
of the characteristics. We work locally and employ Egs. (6.16), see Remark 6.24. Also
as in the proof of Theorem 6.14, a brute-force calculation does not seem helpful, and
we need to borrow from geometric intuition and develop some calculation techniques
tailored to the problem. See Bemfica et al. (2022) for details. ]

Remark 6.27 We have assumed smoothness in Theorem 6.25 for simplicity, but the
result remains valid for the Sobolev-regular solutions established in Theorem 6.32. In
fact, it is from Theorem 6.32 that we obtain, in a standard fashion, smooth solutions
from smooth initial.

Observe that, unlike Theorem 6.14, we obtain for the BDNK necessary and suffi-
cient causality conditions. This happens because the characteristic polynomial for the
BDNK equations turns out to simpler than that of the DNMR equations. However,
different causality conditions than (6.17) are not ruled out if (A.1) is not assumed.
We remark Theorem 6.25 has been proven in particular cases in Bemfica et al. (2018,
2019b), Disconzi (2019b).

The analysis of the characteristics in the proof of Theorem 6.14 reveals that the
characteristics of the BDNK system are

e The flow lines, which appear with multiplicity two (two repeated roots).

e The sound waves, which appear with single multiplicity (i.e., two distinct roots,
corresponding to a cone).

e The so-called second sound (corresponding to propagation of temperature dis-
turbances), which appears with single multiplicity (i.e., two distinct roots,
corresponding to a cone).

e Shear waves, with appear as three distinct characteristics of single multiplicity each
(i.e., two distinctroots, giving a cone, for each characteristic). More precisely, these
are generally distinct characteristics, but they might coincide for specific values
of the variables and transport coefficients.

Observe that the total number of roots adds to 12, corresponding to the six second-
order equations (6.16).
Next, we investigate stability of the BDNK equations, in the sense of Definition 6.7.

Theorem 6.28 Under appropriate conditions, the BDNK equations are stable in the
sense of Definition 6.7.

Remark 6.29 We refer the reader to Bemfica et al. (2022) for a precise statement of
Theorem 6.28, remarking that the “appropriate conditions” in Theorem 6.28 consist
of a set of inequalities in the spirit of (6.17). We also remark it is possible to simul-
taneously satisfy the causality and stability conditions of Theorems 6.25 and 6.28,
respectively.

Theorem 6.28 is proven by appealing to a general stability theorem also established
in Bemfica et al. (2022), which is of interest on its own. This general theorem states,
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roughly, that

mode stability in the LRF + causality + certain structural conditions 6.18)
= mode stability in any Lorentz frame. ’

Is is assumed that the system of PDEs in question is such that one can define the
above notions, e.g., there is a well-defined local rest frame (LRF) and the equations
of motion are Lorentz invariant.!3

Result (6.18) was generalized by Gavassino (2022), who was able to remove the
structural conditions assumption in (6.18) and provide a clear physical interpretation
of the result.'®* We refer to Bemfica et al. (2022), Gavassino (2022) for the precise
statement of these results.

We next turn to the question of local well-posedness.

Definition 6.30 On a globally hyperbolic spacetime (M, g) with a Cauchy surface %,
initial data for the BDNK equations consists of the values of g, n, and u along %,
such that (6.3) holds, and the values of Viyo, Vyn, and Vyu along X, where N is the
unit future-pointing normal to ¥ and Vyu is compatible with (6.3), i.e., it satisfies
guvVnutu” = 0. Furthermore, n, u, and their first-order derivatives are constrained
by demanding that (6.4b) holds on X.

Remark 6.31 Observe that in view of the constrains mentioned in Definition 6.30,
it suffices to provide the projections of Vyu onto 7 X. This is more natural when
considering coupling to Einstein’s equations since only a Riemannian three manifold
is initially available. In practice, any collection of fields that allows to determine o, 7,
and u and their first-order derivatives restricted to X, including derivatives transverse to
3, can be taken as initial data for the BDNK equations, as long as they are compatible
with the constraints mentioned in Definition 6.30. For example, instead of covariant
derivatives in the normal direction one could prescribe Lie derivatives in the normal
direction.

Theorem 6.32 (Bemfica et al. 2021a, 2022). Let (R x X, g) be a globally hyperbolic
smooth Lorentzian manifold, where X is a Cauchy surface that is compact smooth
three-dimensional manifold without boundary. Consider initial data

. h,0) € HVN(Z) x HY(Z) x HN (%),
@i iy e HYH(2) x HMH(Z) x HNTH(®),

N > 5, for the BDNK equations, where ', i, and i’ are prescribed data for deriva-
tives of 0, n, and u transverse to %, respectively, according to Definition 6.30 and

163 Observe that Lorentz invariance does not imply that mode stability is a Lorentz invariant property in

that, for two four—vectorg (w, I;) and (o, ¥ ) related by a Lorentz transformation A, it is not necessarily
true that ' = Aw and k' = Ak, as the Lorentz transformation in general will mix the time and space
components.

164 See Heller et al. (2023), Gavassino et al. (2024), Gavassino (2023), Wang and Pu (2024), Hoult and
Kovtun (2024), Gavassino et al. (2024) for more on the relation between causality and stability.
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Remark 6.31. Assume that the equation of state and the transport coefficients in the
BDNK equations are analytic functions of their arguments. Suppose the initial data
satisfies assumptions (A.1) and (6.17) of Theorem 6.25 in strict form (i.e., with <
replaced by <). Then, there exists a T > 0 and a unique classical solution (o, n, u)
to the BDNK equations defined on [—T,T] x X and taking the given initial data.
Moreover, this solution satisfies

(o(t, ), n(t, ), u(t,-) € HY (),
(Vol(t, ), Vn(t, ), Vu(t,-) € HNI(Z)),

—T <t <T, where'® Y ={(t,x) e Rx X |t =t,x € &}. Furthermore, solu-
tions depend continuously on the initial data in the CO9(-T,T1, HN (=) topology.
Finally, a similar result holds for the BDNK equations coupled to Einstein’s equations.

Proof We outline the main steps of the proof, referring to Bemfica et al. (2022, 2021a)
for details; Bemfica et al. (2021a), in particular, contains the heavy PDE machinery
that is employed in the proof'%® (see Disconzi and Shao 2023 for a simpler approach).

e In view of Theorem 6.25, it suffices to work locally. We consider Egs. (6.16) (see
Remark 6.24). We re-write this second-order system as a system of first order

A*(2)9, &+ B(®) =0 (6.19)

by introducing geometric decompositions of derivatives as new variables, e.g.,
utd,0 and MM**9,,0.

e Under our assumptions, because we have understood the characteristics from The-
orem 6.25, the principal symbol of (6.19) can be diagonalized as follows. Causality
implies that the roots & = (&, &1, &2, &2), &0 = &0(&1, &2, &2), of the characteristic
determinant

det(A E,) =0,

cannot be timelike (since they lie outside the lightcone in cotangent space), thus
A is invertible. We then write (6.19) as

P+ A (D)3 D + B(P) =0, (6.20)
where A (®) := (A%(®)) 1Al (®) and B(®) = (A%(P))~! B(P). Furthermore,
from the description of the characteristics, it also follows that and for any spacelike
¢, the eigenvalue problem

(Alg — AV =0,

165 See Sect. 1.3.

166 Readers will notice that Bemfica et al. (2021a) appeared prior to Bemfica et al. (2022), but the PDE
techniques in Bemfica et al. (2021a) are general and apply to large classes of diagonalizable systems.
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has only real eigenvalues A and we can prove that it admits a set of complete
eigenvectors V (I is the identity matrix).

o It follows from the above that there exist a {-dependent and ®-dependent matrix
S = S(P, ¢) and a ¢-dependent and ®-dependent diagonal matrix D = D(D, ¢)
such that we diagonalize A";i, where ¢ is a co-vector, writing it as

SAlt; = DS. 6.21)

e The diagonalization (6.21) is at the level of symbols. To pass from the symbols to
the corresponding PDEs, we have to introduce pseudo-differential operators (the
entries of the matrices S and D are combinations of rational functions and square
roots of ¢ in view of the expressions we obtain for the eigenvalues). This allows
us to transform (6.20) into an evolution equation with diagonal principal part,
except that this principal part is now pseudo-differential. (It should be intuitive
from (6.21) that some sort of diagonal pseudo-differential equation can be derived
from (6.20), but the precise expressions are cuambersome and thus will not be given
here).

e The crucial property of the pseudo-differential diagonal operator obtained is that it
satisfies a Girding inequality. This relies crucially on the reality of the eigenvalues.
From this, we can derive an energy estimate for the diagonal pseudo-differential
system, which finally translated into estimates for ®. We note that, in view of
the quasilinear nature of the problem, one has to deal with a pseudo-differential
calculus for symbols with limited smoothness.

e In order to obtain solutions to the original equations, we use a standard approx-
imation by analytic functions. The proof is similar to the argument in Sect. A.2,
which the reader can inspect for more details. We approximate the initial data by
analytic data and construct analytic solutions to (6.16) (from the characteristics,
we know that { = 0} is non-characteristic). These analytic solutions automati-
cally satisfy (6.20) and thus the above energy estimates hold for them. Moreover,
the above procedure to derive energy estimates also allows us to derive estimates
for differences of solutions, which we can use to obtain convergence of the ana-
lytic solutions in Sobolev spaces, producing a solution to equations'®” (6.16) and,
finally, the BDNK equations (6.4a) and (6.4b) (recall Remark 6.24).

e Uniqueness follows from the aforementioned estimate for the difference of solu-
tions. We also obtain, from standard L — L2 estimates for nonlinearities, a
standard continuation criteria given by derivatives of the variables in L°°, which
we can use to establish local existence and uniqueness of smooth solution. Finally,
continuous dependence on the data is obtained by an argument similar to Kato
(1975).

e We now make a few comments on the proof for the BDNK equations coupled to
Einstein’s equations. We consider initial data for Einstein’s equations satisfying
the constraints, 98 with the metric and the second fundamental form in H" and
HN-1, respectively, and work in wave coordinates. The first observation is that the

167 As usual, convergence happens in a lower norm but the limit will belong to the top-order Sobolev space.
168 See Sect. 8.
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characteristics of the coupled system are the characteristics of the BDNK equa-
tions and the lightcones. This is the case despite the fact that Egs. (6.16) have terms
in 32g. The principal part of the coupled system has an upper-triangular form with
the 8%g contributing only the the upper triangular part that does not enter in the
characteristic determinant (see Eq. (A1) in Bemficaet al. 2022). Writing Einstein’s
equations in first-order form shows that the coupled system can still be written in
the form (6.19), except that now a little more care has to be taken in defining
the fluid variables for the first-order system. For example, one such variables is
given by uV,uy, i.e., it is a combination of first-order partial derivatives of u and
first-order derivatives of the metric (hidden in the Christoffel symbols). (This is
reminiscent of ideas from Sects. 3, 4, and 5, where one needs to find the right com-
bination of variables.) We also note that the first-order formulation of Einstein’s
equations is not the usual first-order symmetric hyperbolic (see, e.g., Fischer and
Marsden 1972). Instead, we take as variables u* 3, gop and I1**9,, gop, which are
the decomposition of the spacetime gradient of g4g in directions parallel and per-
pendicular to u (we recall that upon writing Einstein’s equations in coordinates, the
components of the metric gqp are treated as a collection of scalars from the PDE
point of view). With these definitions, the previous arguments applied to (6.19)
and (6.20) follow with little change.

]

Remark 6.33 There is no loss of generality in assuming that the spacetime has the topol-
ogy R x ¥ in Theorem 6.32, see Remarks after Theorem 2.22. As in Theorems 2.22
and 2.23, ¥ is taken compact for simplicity, so that we do not have to discuss con-
ditions at infinity, but the results generalize to typical non-compact situations (e.g.,
asymptotically flat manifolds).

Some further mathematical results for the BDNK theory are as follows:

e Existence of viscous shocks solutions (see Sects. 6.1.4 and 6.1.5 and Barker et al.
2008; Olson and Hiscock 1990 for a definition and discussion of viscous shocks) for
the BDNK theory has been established by Freistiihler (2021) (see also Freistiihler
2020). Freistiihler’s results, in particular, provide a rigorous justification of the
behavior of shock solutions observed numerically in Pandya and Pretorius (2021).
Further investigation of shocks in the BDNK theory can be found in Pellhammer
(2023).

e Global well-posedness for the BDNK equations has recently been established
by Sroczinski, see Sroczinski (2024), for perturbations of constant solutions and
specific choices of equation of state and transport coefficients. See also the related
works Sroczinski (2019, 2020), Freistiihler and Sroczinski (2021), Freistiihler
et al. (2022).

6.2.2 Applications and connections to physics

In Sect. 6.2.1, we established key mathematical properties for the BDNK theory,
namely, causality, local well-posedness, and stability, thus putting the BDNK theory
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on a sound mathematical footing. This should be contrasted with the results known
for the DNMR equations, whose mathematical properties are much less understood
(see Sect. 6.1). On the other hand, the DNMR theory has been very successful in
applications to the quark-gluon plasma, see Sect. 6.1, even when one takes into account
the potential caveats discussed in Sect. 6.1.5.

If the good mathematical properties of the BDNK theory are to be relevant for
physicists, we need to connect the BDNK theory with known physics. Given its novelty,
it is not surprising that fully realistic applications of the BDNK theory have not yet
been implemented (for example, numerical simulations of the quark-gluon plasma).
But several simple studies of the BDNK theory connecting it to physics have been
recently carried out. Here, we restrict ourselves to point out some of these results,
referring to the ensuing references for more details.

e Numerical simulations of the BDNK theory for a 1 4 1-dimensional conformal
fluid have been carried out by Pandya and Pretorius (2021), and Bantilan et al.
(2022). They considered some standard test-cases, like initially stationary energy
configurations and the Riemann problem. They also compared their results with
the DNMR theory, finding that both theories essentially agree for small values
of viscosity (in this case, small transport coefficients), but give different results
when viscosity is large. This situation is illustrated in Fig. 16. We recall that
small viscosity is the primary regime where one expect relativistic viscous fluid
dynamics to be applicable, although one often would like to push its application
to large viscosity values as well, see Remark 6.3.

e Simulations of of a 2 4+ 1 conformal fluid in the BDNK formalism have been
carried out by Pandya et al. (2022b), where again several test-cases are studied. In
particular, the authors consider the evolution of Kelvin-Helmholtz unstable initial
data and show that viscosity has the expected stabilizing effect on the dynamics,
see Fig. 17.

e Pandya et al. (2022a) considered the BDNK theory with the equation of state of
an ideal gas.

e We remark that the above numerical simulations have all been carried out in
Minkowski background. We refer the reader to the above references and Pandya
(2023) for more results on numerical simulations of the BDNK theory, including
a discussion of the numerical algorithms used in these implementations.

e Some further test-cases numerical results for the BDNK theory in the so-called
Gubser flow (Gubser 2010), and Bjorken flow (Bjorken 1983), which are some
simplified scenarios providing toy models for the quark-gluon plasma, can be
found in Bemfica et al. (2018).

Above, we discussed numerical simulations because they provide the only likely
avenue for applications of the BDNK theory to realistic systems. While simulations
of the quark-gluon plasma or neutron star mergers with the BDNK theory have yet to
be implemented, the above results show that the BDNK theory does reproduce known
physics or expected results in simple situation. In addition, it is possible to establish
results of physical significance for the BDNK theory by theoretical means, namely:

e The BDNK theory can be derived from kinetic theory, see Bemfica et al. (2018,
2019b), Hoult and Kovtun (2022), Rocha et al. (2023).
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Fig. 16 Snapshot of evolution of the density ## component of the energy-momentum tensor as a function
of space, for different values of the shear viscosity coefficient (It is more appropriate to use 11/s, where s is
the entropy, instead of 1 as the former is related to the Kudsen number.) 1 (denoted 7 in the graphs). The
solid lines represent the BDNK theory and the dots the DNMR theory. Image reproduced with permission
from Pandya and Pretorius (2021), copyright by APS
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Fig.17 Snapshot of a BDNK evolution of unstable Kelvin-Helmholtz initial data at two different times, with
different columns indicating different viscosity values (the first column has no viscosity and corresponds
to a perfect fluid). Viscosity tends to damp the formation of vorticies. See the supplementary material for
a video of the corresponding numerical simulation. Image reproduced with permission from Pandya et al.
(2022b), copyright by APS

e Hoult and Kovtun have also derived the BDNK theory from the so-called holo-
graphic principle, see Hoult and Kovtun (2022).

e Entropy production is non-negative for the BDNK theory within the regime of
validity of the theory, i.e., up to higher-order gradients that are to be neglected
upon the derivation of the BDNK theory (see below), see Kovtun (2019). This is a
similar situation to the non-negativity of entropy production in the DNMR theory,
see Sect. 6.1.5.

e The validity of the BDNK and DNMR theories in comparison with results from
microscopic theory (for a specific choice of microscopic theory, the so-called A¢*
of weakly-interacting particles), have been obtained by Brito, Denicol, and Rocha,
see Rocha et al. (2023).
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In sum, aside from its sound mathematical foundations, the BDNK theory seems to
possess many physically appealing features. Nevertheless, we caution the reader that
only with studies of the BDNK theory directed to realistic systems, what inevitably
requires full scale 3 + 1 numerical simulations, will one be able to asses whether
the BDNK theory provides a satisfactory model of relativistic viscous fluids found in
nature.

6.2.3 Origins of the BDNK tensor and historical notes

Having discussed mathematical and physical implications of the BDNK theory, we
now turn to its origins. We start noting that the Eckart and Landau-Lifshitz choices
(6.5) and (6.6), respectively, do not provide the most general form of an energy-
momentum tensor for a viscous fluid where the viscous fluxes are given in terms of
0, n, u, and their derivatives up to first order. As we mentioned, the choices (6.5)
and (6.6) were motivated by the search for a covariant generalization of the Navier—
Stokes—Fourier theory. But other modeling choices, partly inspired by the theory of
perfect fluids, have also been made in (6.5) and (6.6). To see this, take, for example,
(6.15a). This choice can be understood by recalling that, in a perfect fluid, the energy
density satisfies

o =u"u"T,,

so that g is the energy density measured by an observer locally at rest with respect
to the fluid. Postulate (6.15a) says that the same principle holds for a viscous fluid,
i.e., an observer locally at rest with respect to the fluid will not see viscous corrections
to the energy density.'® The same assumption is made in the DNMR theory, see
comments in Assumption 6.10. Even if one thinks that this hypothesis is simple and
natural, it is nonetheless a modeling choice that does not follow from well-established
physical principles. Observe that when it comes to the pressure, a different reasoning
is adopted, wherein a observer locally at rest with the fluid will see the pressure split
into two parts, a viscous and a non-viscous contribution

1
p-i-@ = 31_[;“)77“;,

with & given by (6.5b) in Eckart’s and Landau-Lifshitz’s theories and & satisfying
(6.9¢) in the DNMR theory (see (Wald 1984, Section 4.2) for the above expression for
the pressure in a continuum medium).

The key idea of the BDNK theory is that one should let the fundamental principle
of causality dictate which terms are allowed in the theory, rather than making what
are otherwise “natural” modeling choices and only afterwards investigating causal-
ity. In practice, this means starting with the most general energy-momentum tensor
and baryon current compatible with the symmetries of a fluid and investigating the
characteristics of the corresponding equations of motion.

169 Where, as it was commented at the beginning of our discussion of relativistic viscous fluids, it is also
assumed that one can neatly distinguish between viscous and non-viscous contributions to the fluid.
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More precisely, in practice, at its face value this would lead us to intractable expres-
sions, so one still needs to invoke physical arguments and modeling choices to simplify
the energy-momentum tensor. But such choices should be kept to a bare minimum.
For example, to simplify the analysis of the characteristics, one would like to have
quasilinear equations that have no derivatives as coefficients in the principal part, lead-
ing to viscous fluxes that are linear in first-order derivatives. As another example, one
can check that the most general energy-momentum tensor that is linear in first-order
derivatives will have more than the six transport coefficients T4, T4, T9, (, 1, K in
(6.15). For example, the terms u*V, 0 and (p 4+ 0)V,u" in (6.15a) do not need to
have, a priori, the same coefficient T4. Physical arguments are then invoked to estab-
lish that some of the transport coefficients are proportional to each other, reducing the
total number of transport coefficients to six, see Hoult and Kovtun (2020). While one
can argue whether assumptions of this form are being faithful to the philosophy of
keeping modeling choices to a bare minimum, they are substantially less restrictive
than setting an entire viscous flux to zero, as in the Eckart and Landau-Lifshitz.!70

It is apparent at this point that there is a great deal of freedom in the construction
of relativistic theories of viscous fluids, as one can postulate the viscous fluxes in dif-
ferent manners. This is a consequence of an intrinsic ambiguity in the description of
relativistic dissipative phenomena, namely, out of thermodynamic equilibrium, there
is no first-principles microscopic definition of thermodynamic quantities such as tem-
perature, energy density, and so on. The quantities that do have a first-principles
microscopic definitions are the energy-momentum tensor and the baryon current.
What one calls temperature, energy density, etc. in a relativistic viscous fluid are
choices of variables that parametrize the energy-momentum tensor and the baryon
current. Such choices are restricted only by the requirement that they reduce to their
counter-parts in thermodynamic equilibrium, when temperature etc. can be defined
from first-principles. See Kovtun (2019), Rezzolla and Zanotti (2013, Chapter 6),
Bemfica et al. (2022, Section II), Romatschke and Romatschke (2019), Denicol and
Rischke (2021), Weinberg (1972, Section 2.11) for a detailed discussion.

Remark 6.34 By making a choice for the viscous fluxes and thus paramatrizing the
energy-momentum tensor and baryon current, one is effectively providing a defini-
tion for thermodynamic quantities out of thermodynamic equilibrium. For historical
reasons, each such choice is known as a hydrodynamic frame.

A more systematic discussion of the underlying physical arguments leading to the
BDNK theory is beyond the scope of this mathematical review. We refer the reader
to Kovtun (2019), Bemfica et al. (2022, Section II), and references therein.

Theories of relativistic viscous fluids where the viscous fluxes are given in terms
of first-order derivatives of!’! 0, n, and u, being linear in the derivatives, such as the
Eckart, Landau-Lifshitz, and BDNK theories, are known as first-order theories of
relativistic viscous fluids (see Rezzolla and Zanotti 2013, Chapter 6 for a history of
the terminology).

170 Such a restrictive choice in the DNMR theory is compensated by the introduction of new variables and
new equations of motion to model the viscous fluxes.

171 As usual, different thermodynamic scalars can be used as primary variables.
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The instability and acausality results of Hiscock and Lindblom (1985) and Pichon
(1965), that we mentioned at the beginning of Sect. 6 as ruling out the Eckart and
Landau-Lifshitz theories are applicable, in fact, to large classes of first-order theories.
Essentially, theories where % = 0 and a few further mild assumptions on the viscous
fluxes hold will be acausal and unstable. But we see from Theorem 6.25 that causality
of the BDNK theory requires # # 0 since T4 > 0. Because #Z = 0 was deemed a
“natural” assumption (see the above discussion), for a long time it was thought that
first-order theories of relativistic fluids are inevitably unstable and acausal. (We note
that Theorem 6.25 in fact requires T4, T4, T9 > 0; the first-order theories treated
by Hicock and Lindblom, on the other hand, explicitly exclude the terms in the T’s in
(6.16).)

The first indications that a causal, stable, and locally well-posed theory of relativistic
viscous fluids was possible were obtained by Disconzi (2014) and Freistiihler and
Temple (2014).

In Disconzi (2014), the author considered a theory of relativistic viscous fluids intro-
duced by Lichnerowicz in the ’50s, see Lichnerowicz (1955). Lichnerowicz theory
satisfies Z = 0, but it does not fall under the assumptions of Hicock and Lindblom’s
or Pichon’s results because it does not satisfy some of the further assumptions in
their works. In a nutshell, in Lichnerowicz’s theory the viscous fluxes are given in
terms of derivatives of the enthaply current (see Definition 2.16) instead of derivatives
of the velocity, as assumed in those works. Causality of the Lichnerowicz theory is
established in Disconzi (2014) for the case of an irrotational fluid (when €2 given in
Definition 2.16 vanishes). This result was extended by Czubak and the author Czubak
and Disconzi (2016) to the case when the vorticity satisfies certain constraints. We
stress that the results Disconzi (2014), Czubak and Disconzi (2016) are more of a
pedagogical nature, serving as motivation to explore first-order theories of relativistic
viscous fluids not satisfying the assumptions of Hiscock and Lindblom and Pichon,
since!”? (a) neither the vorticity-free condition in Disconzi (2014) nor the constraints
in Czubak and Disconzi (2016) are propagated by the flow, except for some very spe-
cial and uninteresting initial data, see Lichnerowicz (1955); and (b) more importantly,
Lichnerowicz theory is unstable.!”>

The theory introduced in Freistiihler and Temple (2014) is more akin to the BDNK
theory, i.e., it considers viscous fluxes with % # 0 and other assumptions not fitting
the hypotheses in the works of Hiscock and Lindblom and Pichon. The main goal
of Freistiihler and Temple (2014) was the mathematical study of shocks in relativistic
viscous fluids, and thus a complete and and systematic study of causality and stability
was not carried out by the authors. They extended their results in Freistiihler and
Temple (2017, 2018), but again focusing primarily on the study of shocks.

Some earlier hints that causality and stability was possible for first-order theories
of relativistic viscous fluids were provided by constructions of Choquet-Bruhat (2009,
Chapter IX) and Van and Biro (2012).

172 Although, curiously, Lichnerowicz’s theory has found interesting applications in cosmology, see Dis-
conzi et al. (2015, 2017), Acquaviva and Beesham (2018), Montani and Venanzi (2017).

173 This does not seem to be written in the literature, but it follows by an analysis similar to that carried
out by Hiscock and Lindblom in Hiscock and Lindblom (1985).
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The first unambiguous construction of a first-order causal and stable relativistic
viscous fluid theory was obtained by Bemfica, Disconzi, and Noronha (2018), where
the BDNK theory was constructed for the case of a conformal fluid, which is proba-
bly the simplest possible case of interest.!’* Coupling to gravity was also considered
in this work, but local well-posedness was established only in Gevrey spaces. Local
well-posedness in Sobolev was later obtained by Bemfica, Disconzi, Rodriguez, and
Shao (2021c). We note that the PDE techniques in Bemfica et al. (2021c) were gener-
alized and refined by Bemfica, Disconzi, and Graber (2021a), and this latter reference
provides the key PDE techniques needed for the proof of local well-posedness in
Theorem 6.25. See also Disconzi and Shao (2023) for a simpler and self-contained
exposition of these techniques.

Once it was realized that first-order theories are not inevitably acausal and unstable,
several works contributed to what culminated in the BDNK theory here presented,
see Bemfica et al. (2018, 2019b, 2022), Kovtun (2019), Hoult and Kovtun (2020).

The BDNK theory has spurred a revival of interest in first-order theories of rela-
tivistic viscous fluids, see Das et al. (2020a,b), Grozdanov et al. (2019), Romenski
et al. (2020), Gavassino et al. (2020), Dore et al. (2020), Poovuttikul and Sybesma
(2020), Shokri and Taghinavaz (2020), Taghinavaz (2020), Erschfeld et al. (2020),
Celora et al. (2021), Mitra (2022), Freistiihler (2020), Biswas et al. (2023), Salazar
and Zannias (2022), references therein, and the above works on numerical simulations
and shocks. This renewed interest includes extensions to relativistic viscous magne-
tohydrodynamics, see Armas and Camilloni (2022), Hattori et al. (2022), extensions
to viscous spin hydrodynamics, see Weickgenannt (2023), Abboud et al. (2024), Xie
etal. (2023), extensions to anisotropic hydrodynamics, see Bemfica et al. (2023b), and
higher-order fluids,'”” see Diles et al. (2024), studies of the non-relativistic limit and
post-Newtonian approximations, see Hegade K. R. et al. (2023), Ripley et al. (2023),
connections to kinetic theory, see Rocha et al. (2022, 2023), Garcia-Perciante and
Meéndez (2023), cosmology, see Bemfica et al. (2023a), and the fluid-gravity corre-
spondence and Carrollian fluids, see Ciambelli and Lehner (2023). More generally,
the discovery of the BDNK theory highlighted how much remains to be understood
about relativistic viscous fluids, thus leading to renewed efforts in the construction of
causal and stable theories of relativistic fluids with viscosity, see, e.g., Hoang (2024),
Andersson et al. (2024) and references therein.!”®

Interestingly, the BDNK theory has also led to new developments in the study of
second-order theories. Once it became clear that a proper choice of hydrodynamic
frame is needed for causality and stability of first-order theories, it was not a huge
leap to ask how different choices of hydrodynamic frames would affect second-order
theories, leading to the so-called second-order theory in a general hydrodynamic frame,
see Noronha et al. (2022). It then follows that the BDNK theory can be obtained as

174 Conformal fluids are often used as a toy model for the quark-gluon plasma, see Romatschke and
Romatschke (2019).

175 See de Brito and Denicol (2023) for a second-order, DNMR-like, approach to higher-order fluids.

176 We also note the recent work by Figueras et al. (2024). There, a formalism to construct causal and
locally well-posed theories of gravity beyond Einstein is developed. The authors suggest that their methods
can be applied to fluids as well, possibly leading to a generalization of the BDNK theory.
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a particular limit of such a second-order theory in a general hydrodynamic frame,
see Noronha et al. (2022).

7 Some further important results in relativistic fluids

As said in the Introduction, our goal in this review is to help non-specialists to under-
stand some recent exciting ideas and techniques in the field of relativistic fluids. Our
goal is not to provide a comprehensive account of the field. But given that there are
many other important developments in relativistic hydrodynamics beyond the ones we
have discussed so far, in this section we will provide a glimpse of some of them.

The works we discuss below fall broadly into two classes. In Sects. 7.2 and 7.6,
we discuss results related to the Einstein—Euler system under symmetry assumptions.
While a general goal in the mathematical analysis of equations of motion coming
from physics is to establish results for “generic” data or solutions, in particular away
from symmetry, symmetric cases provide a valuable setting where one can under-
stand in detail several aspects of the dynamics without having to deal with many
of the complications that arise away from symmetry. The symmetric case also often
allows one to pursue questions that are otherwise out of reach (see, for example, the
contrast in our understanding of shock solutions in the 1 + 1 case versus 2 + 1 and
3 + 1 cases in Sects. 3.4.1 and 3.4.2). In Sects. 7.1, 7.3, 7.4, and 7.5, we discuss
the question of stability of symmetric solutions. (More precisely, in Sect. 7.3 we dis-
cuss the non-relativistic limit, hence the question of stability in that case is one of
stability of the dynamics in certain asymptotic regimes. But the reason to investi-
gate it is similar to that underlying stability of symmetric solutions.) The problem
of stability of symmetric solutions is crucial for many applications in physics. It is
often the case that physicists rely on special solutions that are derived under sym-
metry assumptions. Realistic models, however, are never perfectly symmetric. Thus,
one hopes that perturbations away from symmetry remain close to symmetric solu-
tions under the evolution, so that conclusions derived from the symmetric solutions
would be good approximations for the true, non-symmetric system. For example, the
Friedmann-Lemaitre—Robertson—Walker (FLRW) (Friedmann 1922, 1924; Lemaitre
1931, 1933; Robertson 1935, 1936a,b; Walker 1937) family of solutions describ-
ing a homogeneous and isotropic universe is a cornerstone of modern cosmological
models (see Weinberg 2008 for a discussion of current cosmological models and
Sect. 5.1 of Wald (1984) for a precise definition of homogeneity and isotropy). Yet,
the universe is only approximately homogeneous and isotropic. Thus, it is important to
establish that solutions to the Einstein—Euler system with initial data close to a FLRW
solution remain close to that FLRW solution.

Remark 7.1 It should be apparent from the above discussion that by stability of solu-
tions we mean nonlinear stability, i.e., we are considering solutions of the complete
nonlinear system of PDEs for initial data close to some given symmetric initial data.
Observe that in the case where the symmetric solution is defined globally in time,
this in particular requires establishing a global existence result for the evolution of the
nonlinear problem.
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Both themes referred above, the study of symmetric solutions to the Einstein—Euler
system and the problem of stability of symmetric solutions, are broad and important
topics that deserve each areview of their own, and we could not do justice to these topics
in this section. Therefore, our presentation is far from exhaustive and, unfortunately,
omits many other interesting results. Moreover, we will restrict ourselves to summarize
results, without discussing their proofs.

7.1 The turning point principle for relativistic stars

In spherical symmetry and in the static case, the Einstein—Euler system simplifies con-
siderably. The resulting system, known as the Tolman—Oppenheimer—Volkoff (TOV)
equations (Oppenheimer and Volkoff 1939; Tolman 1934, 1939), has been used to
describe stars in hydrostatic equilibrium, as follows. One considers a spherically sym-
metric static star of radius R governed by Einstein—Euler system. The region exterior
to the star is described by the vacuum Einstein equations and, being spherically sym-
metric, is given by the Schwarzschild metric in view of Birkhoff’s theorem (Birkhoff
1923a, b; Veblen 1924). On imposes that on the boundary of the star the fluid’s pressure
vanishes (see Eq. (5.2) and surrounding discussion) and the metric is continuous (thus
the interior metric matches the outside Schwarzschild metric). This is the static version
of the free-boundary Einstein—Euler system that was discussed in a fixed background
but without symmetry assumptions in Sect. 5 (see also Problem F in Sect. 8).

Under reasonable assumptions on the equation of state, an analysis of the TOV
equations reveals that there are relations constraining the allowed values of a star
radius for a given mass. This is the well-known mass-radius diagram illustrated in
Fig. 18.

The details of the mass-radius diagram depend on many assumptions about the
nature of the star, see Sect. 6.2 of Wald (1984). Despite such assumptions and the
static spherically symmetric regime, it is believed that the mass-radius diagram cap-
tures general qualitative features of realistic stars. For example, some estimates show
that deviations from spherical symmetry caused by magnetic fields are small for typ-
ical field strengths (e.g., excluding magnetars) and more general estimates in axial
symmetry lead to a qualitatively similar mass-radius diagram (wherein one needs to
define what is meant by the “radius” of a non-spherically symmetric star), see Ozel

@ Springer



6 Page1720f218 M. Disconzi

and Freire (2016); Chapter 14 of Baumgarte and Shapiro (2010) and references therein
for more background and discussion.

A rigorous mathematical justification of the mass-radius diagram, i.e., a proof that
its qualitative features are present in solutions of the Einstein—Euler system away
from symmetry and under assumptions appropriate for a realistic description of star
evolution, is currently out of reach. Simply posing the question would already require
understanding the dynamics of the Einstein—Euler system with a free boundary, a
problem that in itself is very challenging (see Problem F in Sect. 8). Specific aspects
of the problem, on the other hand, are more amenable to a mathematical treatment.

One clear interesting feature of the mass-radius diagram is the change from stable
to unstable behavior indicated by points of local maximum and minimum of the curve
in Fig. 18. In order to study this phenomena, Zel’dovich and Podurets (1966) consid-
ered spectral properties of the spherically symmetric Einstein—Euler system linearized
about solutions to the TOV equations parametrized by values of the central density,
i.e., the density at the center of the star. They conjectured that the linearized system’s
spectral stability properties, including the number of corresponding growing modes
for the system, could only change at extrema of the mass function. This conjecture is
known as the turning point principle.

In what seems to be the first rigorous result toward the problem of providing a
full mathematical justification that the mass-radius curve captures general qualitative
features of the Einstein—Euler system describing realistic stars, HadZi¢ and Lin (2021)
have recently proven the turning point principle for equations of state of the form
p(0) = Ko? + 0(0” ™), where K and y are constants within some specified range.
We refer the reader to HadZi¢ and Lin (2021) for a precise formulation of the turning
point principle and its proof.

7.2 Singularities and shocks in the Einstein-Euler system under symmetry
assumptions

The problem of shock formation for the relativistic Euler equations in Minkowski space
remains open, see Sect. 3.5 and Problem A in Sect. 8. Such a problem is naturally much
more challenging upon coupling to Einstein’s equations. However, under symmetry
assumptions, important results have been obtained (compare with the discussion in
Sect. 3.4.1).

Rendall and Stahl (2008) considered the Einstein—Euler system in plane symme-
try. They proved that for large classes of smooth initial data and a large number
of equations of state, solutions break down in finite time. Recalling the connection
between breakdown and distributional or weak solutions in Sect. 3.4, weak solutions
to the Einstein—Euler system on T3 with Gowdy symmetry have been constructed
by LeFloch and Rendall (2011). These solutions admit shock waves and the so-called
impulsive gravitational waves, which are solutions with Dirac-delta curvature sin-
gularities. These results have been extended by Grubic and LeFloch (2015). Along
similar lines, for the Einstein—Euler system in spherical symmetry, Burtscher and
LeFloch (2014) constructed a large class of spherically symmetric BV solutions for
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the Einstein—Euler system (compare with Sect. 3.4.1). They also proved that these
solutions exhibit formation of trapped surfaces.

7.3 The non-relativistic limit

A very natural question is whether solutions to the relativistic Euler equations con-
verge to those of the classical compressible Euler equations when one takes the
non-relativistic limit. We can similarly ask whether solutions to the Einstein—Euler
system converge to those of the Euler—Poisson system in the non-relativistic limit.
Formally, it is not difficult to see that these limits hold, see Sect. 3.5 of Rezzolla and
Zanotti (2013) and Sects. 4.2, 4.4 of Wald (1984). A rigorous mathematical proof, on
the other hand, presents the usual difficulties one encounters when studying singular
limits. This is a problem of clear interest for applications since the Euler—Poisson sys-
tem is often used as an approximation to the Einstein—Euler system in regimes where
relativistic corrections are expected to be small, see Buchert and Rédsénen (2012), Saari
(1971), Marchal and Saari (1976), Gibbons and Patricot (2003), Saari (2005), Ellis and
Gibbons (2014) and references therein. Thus, it is important to justify that solutions
to the Einstein—Euler system can be approximated by solutions of the Euler—Poisson
equations in a controlled fashion.

The non-relativistic limit discussed above was rigorously established for large
classes of solutions by Oliynyk (2010a, b, 2012a) and by Liu and Oliynyk (2018a,b),
Oliynyk (2015) in a cosmological setting.

7.4 Global future stable solutions in an expanding spacetime

We have already highlighted above the importance of understanding stability prop-
erties of the FLRW family of solutions to the Einstein—Euler system. In this section
we report on results on the (nonlinear) future stability of this family. To understand
the meaning of future stability, it is important to highlight that the construction of
FLRW solutions employs a conveniently chosen time coordinate ¢ in which the solu-
tion exhibits a singularity!’” when r — —1% but remains well-defined and regular
when t — oo (the choice of + = —1 as the “time of the singularity” is just a choice
of normalization and any other ¢ values can be chosen), see Wald (1984, Section 5.2)
for details. By future stability we meant that for initial data sufficiently close to initial
data for a FLRW solution, solutions to the Einstein—Euler system exist for all £ > 0
and remain close to the corresponding FLRW solution. Here, ¢ is a suitable time func-
tion related to the aforementioned time coordinate used in the FLRW solution and
we normalize it to have the data given at + = 0. See the references below for precise
statements.

The question of future stability of the FLRW family has been addressed to satis-
faction in the case of a linear equation of state, i.e., p(0) = c%g with constant ¢y, and
with a positive cosmological constant in Einstein’s equations. The latter is the case of
primary interest for applications according to current cosmological models in view of

177 This is a true curvature singularity, not an artifact of the choice of coordinates.
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the accelerated expansion of the universe, see Weinberg (2008). The results, always
under the positive cosmological constant assumption, are the following. Rodnianski
and Speck (2013) established the result for an irrotational fluid and when 0 < cS2 < é .
Speck removed the irrotational assumption in Speck (2012). The cases cf = 0 and
cf = é have been treated by HadZi¢ and Speck (2015) and Lubbe and Kroon (2013),
respectively. Interestingly, with heuristic arguments and numerical simulations, Ren-
dall (2004) and Beyer et al. (2023), respectively, found evidence that stability might
fail in the case é <<,

We note that these works are in part inspired by an earlier result of Speck (2013) on
small-data global stability of the relativistic Euler equations on a background space-

time that undergoes accelerated expansion and in the case 0 < c? < ; Oliynyk

2

s < é, later improved by Marshall and

(2021) obtained a similar result for é <c
Oliynyk (2023) to the range ; < cf < 1. More recently, Speck’s result has been
improved by Fajman et al. (2021), who considered a background whose expansion is

not accelerated.

7.5 Stability of big-bang singularities

In Sect. 7.4 we discussed the future stability of the FLRW family of solutions. Here
we comment on results regarding their past stability, thus in particular stability of
the big-bang singularity. Without getting into details, we should remark that this is a
rather delicate matter in that one needs to make sense of closeness for solutions that
are blowing up.

A satisfactory picture of stability of the big-bang singularity has been obtained in a
series of works by Rodnianski and Speck (2018a, b), Fournodavlos et al. (2023). The
authors established stability of the big-bang singularity in the case of an irrotational
stiff fluid, i.e., cS2 = 1. We note that the result is in fact more general: they establish
stability of singularities arising from a larger family of solutions than FLRW, the so-
called Kasner family. See the previous references for details and precise statements,
and also Speck (2018a) for a related result.

7.6 Works in connection with self-gravitating fluids

Understanding the free-boundary Einstein—Euler system is an important open problem
in the mathematical theory of relativistic stars. See Sect. 8 and Problem F. Important
results have been obtained in the static case going back to the 1980s, see the refer-
ences Rendall and Schmidt (1991), Lindblom (1988), Makino (1992, 1998, 2016,
2017, 2018, 2019a,b) and section 1.6 of Disconzi et al. (2022a) for a more detailed
discussion; see also the related discussion in Sect. 7.1.

The case of a star wherein one considers matter confined to a compact spatial region
is only one example of a self-gravitating fluid. One can also consider the situation when
matter extends in space, decaying to zero at infinity. In this case, it is of interest to
provide a description of the system’s asymptotic behavior. This has been recently done

@ Springer



Recent developments in mathematical aspects of relativistic. .. Page 175 of 218 6

in Andersson and Burtscher (2019) for certain power-law equations of state (including
the linear case).

In the study of isolated bodies such as stars, it makes sense to consider a zero
cosmological constant in that effects from the universe’s accelerated expansion are
negligible at such local scales. Yet, a more complete description should account for the
accelerated expansion. This point of view has been recently investigated by Beheshti
etal. (2022), who studied global-in-time properties a system of self-gravitating balls of
dust in an expanding Universe. We refer the reader to their paper for precise statements
and background discussion.

8 Open problems and future directions of research

We conclude this review listing some open problems that follow from or are directly
connected to the results we have presented. As mentioned in the Introduction, our list
of open problems will vary from precise conjectures to tantalizing speculations. We
list the problems in an order that more or less mirrors our presentation in the text. It
goes without saying that all problems listed below are conjectures, so, when we state
these problem in the form “establish P...” we are relying on an educated guess that P
is true.

Problem A Solve the problem of shock formation for the relativistic Euler equations.

Problem A asks for establishing a constructive proof of stable shock formation
without symmetry assumptions in more than one spatial dimension, as described in
Sect. 3.4, for the relativistic Euler equations. More precisely, we would like to establish
for the relativistic Euler equations a result like Theorems 4.2 and 4.3 of Luk and Speck
(2024).

In Sect. 3.5, we discussed how some of the key tools needed for a resolution of
Problem A are available. We also note that a detailed road map for solving Problem A
is given in Abbrescia and Speck (2023). After a resolution of Problem A, we can ask
for:

Problem B Give a description of the maximal development of the initial data for shock-
forming solutions of the relativistic Euler equations.

In problem B, which is significantly more challenging than A, one is asking for
a generalization to the relativistic setting of the result Abbrescia and Speck (2022),
Shkoller and Vicol (2024) obtained for the classical compressible Euler equations, see
Sect. 3.4.2.

Problems A and B deal with the relativistic Euler equations in a fixed background.
A much more interesting, albeit much more challenging, problem is:

Problem C Solve the problem of shock formation for the Einstein—Euler system.

We recall that by the problem of shock formation we are in particular referring to
solutions away from symmetry (see Sect. 3.4). Shock solutions for the Einstein—Euler
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system in symmetry classes have been studied in Rendall and Stahl (2008), Groah
et al. (2007).

It is likely that genuinely new ideas will be needed to address Problem C. As
we reviewed in Sect. 3.4, the techniques currently available for the study of shock
formation are adapted to the fluid’s characteristics, more precisely to the sound cones,
whose collapse characterizes the onset of shock formation. But the sound cones are
timelike with respect to the spacetime metric, and one cannot derive energy estimates
along timelike surfaces.!”® Thus, proper control of the gravity part cannot be obtained
by known methods. This difficulty is a manifestation of the multi-characteristics nature
of the problem. It is interesting to notice, however, that if the sound cones were
spacelike with respect to the spacetime metric, i.e., if the fluid traveled at speeds
greater than the speed of light, then current techniques of shock formation would be
applicable, see Speck (2018b).

Problem D Establish low-regularity solutions for the relativistic Euler equations with
no Holder assumption on the data and (i, u, curlu) € H>*T¢(Zo) x H*T¢(Zg) x
H*(20),0 < ¢ < .

Recall from the discussion after Theorem 4.2 and from Sect. 4.14 that Wang (2022)
and Zhang and Andersson (2022), established a version of Problem D for the classi-
cal compressible Euler equations. Thus, Problem D asks about the generalization of
Wang’s and Andersson and Zhang’s results to the relativistic setting, improving The-
orem 4.14. The works by Wang (2022), Zhang and Andersson (2022) involve some
very delicate estimates that rely on special structures of the (new formulation'”® of
the) classical compressible Euler equations (see Sect. 4.14), thus it is not clear how
easy it would be to generalize them to the relativistic setting.

Problem E Establish local well-posedness for the relativistic Euler equations with a
physical vacuum boundary and a general equation of state.

Problem E generalizes Theorem 5.18 for an equation of state p = p(p, n) (or
p = p(o, $), etc.; as usual, one can choose different thermodynamic scalars as primary
variables), in which case Eq. (2.5b) is also included in the system. It is implicitly
assumed that the equation of state is compatible with the behavior of a gas.'3 Note
that upon the introduction of new variables such as n or s, further decay conditions
compatible with a finite non-zero acceleration of the boundary have to be imposed,
similarly to what was done for 2.

For the equation of state of an ideal gas

ple.n) =(e—nm)(y -1, (8.1

where y > 1 is a constant, a priori estimates for the linearized relativistic Euler
equations with a physical vacuum boundary have been recently obtained by Luczak

178 Unacquainted readers can see the comments on the energy formalism in Sects. 4.6 and 4.9.
179 Recall Sect. 4.1.

180 For example, not every equation of state will allow p and @ to vanish simultaneously on the boundary.
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(to appear). In view of the role played by the analysis of the linearized problem in the
proof of Theorem 5.18, these a priori estimates constitute a key step in a resolution
of problem E for the case of the equation of state (8.1). We note that fluids with the
equation of state (8.1) are widely in study in physics (Sect. 2.4 of Rezzolla and Zanotti
2013), hence a resolution of Problem E in this case is important. But naturally we
would like a resolution of Problem E for a general equation of state.

Problem F Establish local well-posedness for the Einstein—Euler system with a phys-
ical vacuum boundary.

In Problem F, one is considering a more realistic model of a general-relativistic
star, wherein we solve the Einstein—Euler system inside the fluid region {¢ > 0} and
the vacuum Einstein equations outside.'®! Thus, differently then the case of a fixed
background, we do need to consider the exterior of the fluid region in a non-trivial
manner. In this case, Einstein’s equations in wave coordinates will read

1
g""0,0v8up + N(g.38) = xg, (%ﬂ - zg“”nga,s) (8.2)

where x g, is the characteristic function of the moving domain attime ¢, 7 is the energy-
momentum tensor for a perfect fluid, Eq. (2.1), and N (g, 9g) is the standard quadratic
nonlinearity for Einstein’s equations in wave coordinates (a cosmological constant
is not included for simplicity). Equation (8.2) expresses that one solves Einstein’s
equations coupled to the fluid within the fluid region &, and vacuum Einstein outside.

Compared to the case of a fixed background, Problem F presents many new chal-
lenging features that will likely require genuinely new ideas for its solution. One
difficulty is conceptually similar to that of Problem C, namely, the fluid’s free bound-
ary is timelike with respect to the spacetime metric, and no estimates along timelike
manifolds are generally available. Note, in this respect, that there are no boundary
conditions for the metric along Z;. Another difficulty is that, as we saw in Sect. 5,
we need to derive weighted estimates for the fluid variables. Estimates for the metric,
consequently, need to be compatible with the weights. But it is not clear that this will
be the case since the weights are well-adapted to the fluid part, and not to the gravity
part, of system (8.2). The origin of these difficulties is the fact that (8.2) forms a system
with multiple characteristic speeds.

Another challenge is that problem (8.2) is highly singular. We need to control the
metric across full spacetime slices ¥X; and not only across slices Z; contained within
the fluid region. In order to derive estimates for g, one needs to differentiate (8.2)
and immediately face the problem of taking derivatives of the characteristic function.
More precisely, the RHS of (8.2) is not discontinuous in view of the fact that ¢ and
p vanish on the boundary I'; = d%;. For example, for a quadratic equation of state
p(0) = 0%, we have that o(t, x) ~ c2(t, x) ~ dist(x, IT';), so that the RHS of (8.2) is

181 For readers not versed in relativity, we stress that vacuum means a solution to Einstein’s equations
where the energy-momentum tensor on the RHS vanishes. This does not imply, however, that “vacuum”
should be understood as “trivial,” i.e., solutions with no dynamics or uninteresting mathematically.
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in this case Lipschitz, but no better. Thus, one could differentiate (8.2) once, but no
more than this, which is far from enough to close the problem.!8?

A natural idea to overcome this difficulty is to commute (8.2) with derivatives
tangent to I';. But using only tangent spatial derivatives is not enough in that tangent
spatial derivatives will not produce control over derivatives transverse to I';. Thus,
we also need to commute the equation with material derivatives D;. This would in
fact be compatible with estimates for the fluid part, since this is roughly '3 what we
have done in Sect. 5. But the following problem arises. In order to estimate DN g,
we need to know the initial values DY g|E . These must be obtained in terms of the
prescribed initial data (g, 9;8)|y, by using (8.2) to successively solve for D;g in
terms of spatial derivatives. In doing so, we quickly see that, in view of the purely
spatial g/ 9;d i 8ap, that we will have to differentiate the characteristic function (in
non-tangential directions) as soon as we try to compute D gatt =0.

One possible approach to deal with the problem of obtalmng data D, g|
proposed in Andersson et al. (2016) and also employed in Miao and Shahshaham
(2024). In this approach, one fine tunes the data (g, 3,;g)|x, to precisely kill the bad
terms that would arise from differentiation of the characteristic function. Data of this
form was said to satisfy compatibility conditions in Andersson et al. (2016). The
drawback of this approach is that while one can certainly choose compatible initial
data for a free wave equation, for Einstein’s equations the initial data must satisfy the
constraints, and it is not clear that there exists data satisfying the constraint equations
and the compatibility conditions (except for the trivial case of static solutions).

(Existence of such data was not proven in Andersson et al. (2016), Miao and
Shahshahani (2024). We note that these works do not deal with the Einstein—Euler
system with a physical vacuum boundary, dealing instead with the free-boundary
Einstein—Elasticity system in Andersson et al. (2016) and the free-boundary Einstein—
Euler system for a stiff liquid in Miao and Shahshahani (2024), but in both cases the
model involves a RHS with a characteristic function. We also note that in the case
where the sound speed decays faster than the distance to the boundary, then the RHS
of (8.2) is more regular, and the problem can then be treated, see Rendall 1992.)

Perhaps it is the case that such compatibility conditions are necessary for the local
well-posedness of the equations, and proving so would be an important step toward
a resolution of Problem F. On the other hand, absent such a proof and looking at the
problem from a different perspective, even if one is able to construct compatible data,
it appears such data is not general enough. From the foregoing discussion, what the
presence of the characteristic function on the RHS of (8.2) is suggesting is that the
metric cannot be very regular, so that some derivatives of the metric will necessarily be
singular. This singularity will then propagate along the characteristics of the metric,
i.e., along the lightcones, into the interior of %;.1In other words, singularities of g will
not, in general, stay localized.'®* The entire artifact of compatibility conditions, on
the other hand, is to allow the construction of data where the singularity is tame, so

182 Consider, for illustration, the problem of deriving estimates for a quasilinear wave equation with a
Lipschitz source term.

183 Recall Remark 5.33.

184 Incidentally, this shows how singular problem (8.2) is.
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that it is not allowed to propagate to the interior of the moving domain. But a simple
exercise with D’ Alembert’s and Duhamel’s formula for the linear wave equation in
1 + 1 dimensions with a characteristic function as source term explicitly shows that
singularities will propagate along the characteristics. Thus, solutions arising from
compatible initial data do not seem to capture the general behavior of the system
(8.2). Note that, for the fluid variables, a similar problem does not occur. Any potential
singularity in the fluid stays localized to the boundary since the sound cones degenerate
to the flow lines on the boundary.

The above informal comments are only a few of the difficulties present in the study
of Problem F. Such difficulties nonetheless, it is clear that Problem F is mathematically
very rich, aside from being of clear physical importance for the description of general-
relativistic stars.'8

In some problems that follow, we will refer to the DNMR equations with only bulk
viscosity. We recall from Sect. 6.1.2, Remark 6.19, that this refers to setting 7 = 0
in Egs. (6.9a), (6.9b), (6.9¢), and dropping Eq. (6.9d). The reason for considering this
case in particular is that we will list problems whose investigation would be premature
absent local well-posedness in Sobolev spaces. We recall from Sect. 6.1.2 that the
DNMR equations are known to be locally well-posed in Gevrey spaces only, but local
well-posedness in Sobolev spaces holds when bulk viscosity is the only viscous flux.
However, if local well posedness of Eqgs. (6.9) in Sobolev spaces is demonstrated, then
the problems stated below for the DNMR theory with only bulk viscosity can also be
addressed for the full system (6.9). Alternatively, one can also consider such problems
in Gevrey spaces, but this would be of limited mathematical and physical interest.

Problem G Establish local well-posedness for the DNMR equations with a physical
vacuum boundary.

Along the same lines:

Problem H Establish local well-posedness for the BDNK equations with a physical
vacuum boundary.

Since free-boundary problems provide basic models of isolate starts, Problems G
and H are important in view of the interest in viscous effects on mergers of neutron
stars (see Sect. 6). More precisely, in order to develop a mathematical theory of such
mergers and their corresponding dissipative phenomena, significantly stronger results
would be needed, including local well-posedness of the DNMR and BDNK equations
with a physical vacuum boundary coupled to Einstein’s equations. But as seen in the
discussion of Problem F, already in the case of a perfect fluid severe difficulties appear,
so it is not clear if the case with viscosity, for either DNMR or BDNK, is within reach.

According to the above comments, in Problem G, it makes sense to consider the
case with bulk viscosity only, as this is the only case where Egs. (6.9) are known to be

185 Since numerical simulations of stars are routinely performed by astrophysicists, one might wonder
if the difficulties we discussed are present in numerical simulations. The short answer is yes. Current
simulation will not in fact allow for the density to vanish outside the star, introducing instead a small
“artificial atmosphere,” see Wu and Tang (2017), as simulations would not run otherwise. It is interesting
to speculate if a mathematical framework that leads to a solution of Problem F could also lead to better
numerical algorithms that would dispense with an artificial atmosphere.
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locally well-posed in Sobolev spaces. A priori estimates for the linearized !¢ DNMR
equations with only bulk viscosity and with a physical vacuum boundary have been
recently obtained by Zhong (to appear) under suitable assumptions on the decay rates
for {, T4, and Z near the free-boundary and an equation of state p(p) = o“*! as
in Sect. 5. These estimates open the door for a solution to problem G under these
assumptions. It is also natural to consider a general equations of state and other decay
assumptions for {, T4, and <.

Regarding Problem H, the first step would be define what a physical vacuum bound-
ary is, i.e., what conditions are needed to guarantee that the boundary can accelerate
with a finite non-zero acceleration. This is not entirely clear given that the BDNK
equations are second-order, so the argument used in Sect. 5 that leads to (5.6) needs
to be modified.

Problems E, F, G, and H consider local-in-time questions. A natural global-in-time
problem for relativistic fluids with a physical vacuum boundary is the following.

Problem | Establish global well-posedness for the relativistic Euler equations with a
physical vacuum boundary in the case of an expanding gas.

By an expanding gas, we mean a configuration where the initially compactly sup-
ported fluid is expanding outward. If the initial rate of expansion is sufficiently large,
one can intuitively expect that the fluid will continue to expand indefinitely and no
singularity will form. For the classical compressible Euler equations with a physical
vacuum boundary, this was proven to be indeed the case, first by Sideris (2017) under
symmetry assumptions, wherein the equations reduce to ODEs, and subsequently by
Hadzi¢ and Jang (2018) without symmetry assumptions but for initial data close to the
symmetric solutions found by Sideris. This result was later extended in various direc-
tions by several authors (Hadzi¢ and Jang 2019; Shkoller and Sideris 2019; Rickard
2021a,b; Parmeshwar et al. 2021; Rickard et al. 2021). In view of these results in
the classical setting and with local well-posedness of the relativistic Euler equations
with a physical vacuum boundary established via Theorem 5.18, Problem I is a nat-
ural question. The first task would be to find a relativistic analogue of Sideris” ODE
solutions.

Problem J Establish local well-posedness of the DNMR equations in Sobolev spaces.

Given the importance of the DNMR theory for applications (see Sect. 6.1), problem J
is one of the most pressing mathematical problems in relativistic viscous fluids. In view
of the complexity of Egs. (6.9), it is unclear how laborious Problem J is.

We recall that Egs. (6.9) are not the most general form of the DNMR equations.
For the full DNMR system, which are Egs. (63)—(67) of Denicol et al. (2012), we can
thus ask.

Problem K Establish causality for the full set of DNMR equations.

In comparing to Egs. (6.9), we warn that Denicol et al. (2012) uses the + — ——
convention for the spacetime metric.

186 We stress that these are the equations linearized about an arbitrary solution, and not only about global
thermodynamic equilibrium as in the discussion of stability in Sect. 6.1.
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Problem L Establish the nature of the breakdown in Theorem 6.20.

This is a natural question, given that Theorem 6.20 does not provide any information
about the nature of the breakdown. In particular, it is interesting to investigate whether
the breakdown could be due to the formation of a shock; a initial investigation should
first consider the 1 + 1-dimensional case. More generally, recall that for the relativistic
Euler equations, the appropriate framework for the study of shock formation in more
than one spatial dimension involves the new formulation of Theorem 3.6. Hence, one
might imagine that something similar could be required for the study of shocks in the
DNMR equations:

Problem M Seek a new formulation of the DNMR equations akin to the new formu-
lation of the relativistic Euler equations in Theorem 3.6 for the case when only bulk
viscosity is present.

The intuition behind Problem M is the following. When bulk viscosity is the only
viscous flux in Egs. (6.9), the equations possess only the flow lines and the sound
cones as characteristics. Moreover, the sound speed is now given by'8’

2y . . &2 C
(¢5)viscous = €5 + To(p+o0+ gZ)’

where

5 ap n ap

2

= + 8.3
s do o+p+ZPon (8.3)

, 35 +, j_p gfz ,computed from an equation
of state p = p(p, n), when & = 0, see Bemfica et al. (2019a). Thus, an acoustical
metric can be defined using (csz)viscous, whose null hypersurfaces will be the sound
cones. Equations (6.9a) and (6.9b) are similar to the relativistic Euler equations, essen-
tially replacing p by p + & in the Euler system (recall that & = O here). Thus, there
is hope that a formulation similar to that of Theorem 3 can be constructed. The main
question will be that of the role played by Eq. (6.9¢).

We recall that Theorem 6.20 holds for large perturbations of constant states. For

small perturbations, it is not unreasonable to ask.

reduces to the sound speed for a perfect fluid

Problem N Investigate whether the DNMR equations with only bulk viscosity are
globally well-posed for initial data close to constant states.

Numerical simulations can be useful in helping motivate Problem N. We also recall
that Theorem 6.20 required n # 0, thus the inclusion of Eq. (6.4b) is needed. This is
not the situation treated in most studied of the quark-gluon plasma, when n is taken
to be zero. We thus ask:

Problem O Establish a version of Theorem 6.20 with n = 0.

187 See comments on the last bulltet point of Remark 6.19 about absorbing 4 57 5 & into (. Alternatively,
we can take & 57 g» = 0 for simplicity.
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We mentioned in Sect. 6.2.1 that Sroczinski (2024) established global well-
posedness of the BDNK equations for perturbations of constant solutions and specific
choices of equation of state and transport coefficients. It is natural to extend his results:

Problem P Establish global well-posedness for the BDNK equations for initial data
close to constant and a different set up than that of Sroczinski (2024).

On the flip side of Problem P, it is not unreasonable to think that the BDNK
equations, being a complicated system of quasilinear equations, may not admit global
solutions for large data. Thus:

Problem Q Establish a breakdown result for the BDNK equations in the spirit of
Theorem 6.20.

We mentioned in Sects. 6.1.4 and 6.1.5 that the MIS cannot describe viscous shock
solutions in a regime of strong shocks and conjectured that the same is true for the
DNMR theory.

Problem R Show that the DNMR cannot describe strong viscous shocks in the sense
of Geroch and Lindblom (1991), Olson and Hiscock (1990).

The non-relativistic limit of the DNMR and BDNK theories was studied in detail
in Hegade K. R. et al. (2023). These results, however, are formal, i.e., they have not
been rigorously established.

Problem S Establish rigorously the non-relativistic limits of the DNMR and BDNK
equations formally established in Hegade K. R. et al. (2023).

In problem S, it is understood that the convergence to a non-relativistic solution
should happen in the function space where the relativistic theories have been showed
to be locally well-posed, i.e., Sobolev spaces for the DNMR theory with only bulk
viscosity and the BDNK theory, and Gevrey spaces for the DNRM equations (6.9).

As a more open-ended project, numerical analysts might be interested in the fol-
lowing question.

Problem T Investigate the convergence and mathematical properties of the numerical
schemes used in studies of the quark-gluon plasma based on simulations of the DNMR
equations.

See, in particular, comments in Sect. 6.1.1 regarding a possible relation between
causality violations and numerical schemes.

Theorems 6.32 and 6.32 establish local well-posedness of the DNMR and BDNK
equations in suitable spaces, including when coupling to Einstein’s equations is con-
sidered. However, in these theorems it is assumed that an initial-data set for the
Einstein—-DNMR and Einstein—-BDNK system is given. The existence of these initial-
data sets has not been addressed, but is obviously very important if these fluid models
are to be coupled to Einstein’s equations.

Problem U Establish existence of initial-data sets for the Einstein-DNMR and
Einstein-BDNK systems by proving existence of solutions for the constraint equa-
tions.

@ Springer



Recent developments in mathematical aspects of relativistic. .. Page 183 of 218 6

Problem U can be studied under many different assumptions, including asymptoti-
cally flat manifolds, manifolds with trivial topology (i.e., diffeomorphic to R?), and so
on. In the particular case of a conformal fluid and for the Einstein-BDNK equations,
Problem U has recently been solved in Disconzi et al. (2024).

We have not discussed kinetic-theoretical aspects of relativistic fluid dynamics in
this review. The interested reader can consult the references provided in the Intro-
duction. But it seems appropriate in this section to cite one open problem related to
kinetic theory. Elskens and Kiessling (2020) consider the microscopic foundations of
kinetic theory for a relativistic plasma in Minkowski space and provide a road-map to
go from the exact equations of motion to the relativistic Vlasov—Maxwell equations.
In the authors’ words, “The purpose of this work is not to supply an entirely rigorous
vindication, but to lay down a conceptual road map for the microscopic foundations
of the kinetic theory of special-relativistic plasma, and to emphasize that a rigorous
derivation seems feasible.” What makes this work relevant for the discussion of this
section is that the authors are very intentional about pointing out where proofs are
lacking in their proposal for the derivation, thus providing interested readers with a
set of concrete mathematical problems.

A Complementary proofs

The goal of this section is to provide proofs that were omitted above but which are
still of interest. Some of these provide further details on arguments discussed in the
main text. Some formulas below are also cited in the main text.

A.1 Proof of Lemma 2.21

We start with the Hodge Laplacian'®® of w,
Opw := (dd* +d*d)w = dd*w + d*Q, (A.1)

where d* is the formal adjoint of d with respectto g. Using d*w = —V,w* and (2.8¢)
we find

d*w = —Vew* = =V (hu®) = —w*Vyh — h Veu®

:_::Van
h
=—u*Voh+ u“Vyn
n
" Vaoh _ Van
h n
= ,dF, (A2)

188 Not really a Laplacian because g is Lorentzian.
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where F' = In . Applying d to (A.2) we find

dd*w =d(wdF) = LydF, (A.3)
where we used (2.29).
_ We need a good expression for d F in (A.3). It will be convenient to introduce
h = h? and consider F as a function of & and s. Then, since w® Wy = —h? (recall

(2.26)), using (2.25) and (2.28), we find

Vo F = alfvafz + aFVas = —aIfVa(wﬂwﬂ) + aFVas
oh ds dh s
= —2a€w’3vawﬂ + aFVas
oh ds

oF B oF
= -2 o w” (Qup + Vawy) + 95 Vys

2 pwe +2°F whp+ 00y

= — ~w w ~ W N

A TR T
=hOVys

2O by + 23Fhe+8F \Y (A.4)
= — ~ W w, ~ S .
7R Y as )

Using (A.4) and a standard formula for the Lie derivative in terms of covariant deriva-
tives, we can write

(LudF)y = wPVgVy F +V,wfVgF
= _2Z’;w“wﬂvavﬁwy + <22;h6 + 8;:) w*Ve Vs
+R,(0g, ds, dw). (A.5)
But (2.14c) gives
w*VeVys = w*V, Vos =V, (z\uo‘zas—)/—vy w* Vg s
=0

=R, (3g. ds, dw), (A.6)

so (A.6) and (A.5) yield
OF o 5
(LwdF), = =2 o w*wf Ve Vgw, + R, (g, ds, dw). (A7)

Next, recall the following formula for the Hodge Laplacian,

(Opw), = —g*# Ve Vgw, + Ricyq w®, (A.8)
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where Ric is the Ricci curvature. Combining (A.1), (A.7), and (A.8), we have
—g*v, Vgw, + Ricyq w* = -2 E;)g ww?f Vo Vgw, + (d*Q),
+R,(3g, ds, dw). (A9)
Recalling the definition of F above, compute

oF 0F 0h
2 =2

ah  dh 9k
—
:2111
190 n 1/10n 1
= In = —
hoh h h (n aoh n)
1 ] hon (A.10)
R noh)’ '

Using (A.10) into (A.9) and rearranging the terms, we find

1 hon\ wwh
5 _ .
[_ga T (1 Tn 8h> 02 }V“Vﬂwy = R + (@0

+R,(3g, ds, dw). (A.11)

We will apply w”V,, to (A.11). Hence, using that (d*Q2), = VVQ)”/ and (2.30), we
compute,

W'V, (d* ), = W'V, V, Q)

=R, (3¢, w,Q)

- -~ -~
= whv, v, QY —wh Riem,  "Q* + w" Riem, *QV
- A 1230 y Hvy A

~ —_ -

=V (WY, Q) ~Vy whV, QL

=V, @'VQ))  —VwhV,Q) + R, (0%, w, Q)

~ -

=R, (0g,0w,ds,0h,Q)
=R, (3%g, 3w, 8%s, 3%h, 3Q) (A.12)

where Riem is the Riemann tensor.
Thus, applying u#V,, to (A.11) and using (A.12) we finally obtain

hd *wh
[g“ﬂ + <1 - aZ) wh;” }w“vavﬁwy =R, (d%g, 8%w, 3%s, 3%h, IK).
n
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Multiplying this expression by cS2 and using that the sound speed is equivalently given
by (see Rezzolla and Zanotti 2013, Section 2.4)

I hon
2 n dh|,

produces the result.

A.2 Finishing the proof of Theorem 2.22

In this section, we provide the remaining arguments in the proof of Theorem 2.22.
We resume from the end of the proof provided in the main text, continuing with the
same notation and conventions. The proof follows known arguments, but we provide
it mostly because it is only briefly mentioned in Lichnerowicz (1967).

Under the assumptions of the Theorem, if we consider the relativistic Euler equa-
tions written as (2.31), we can solve for 9;(s, i, u) at t = 0 in terms of the initial
data. Differentiating (2.14) with respect to d; and proceeding inductively, we can alge-
braically solve for 8{‘ (s,h,u)att =0,k =2,3,...,in terms of the initial data and
their spatial derivatives. This allows us to (a) construct initial data for the system (2.33)
and (b) construct analytic solutions to (2.31) provided that the initial data is analytic
(in other words, we can verify that {# = 0} is non-characteristic for (2.31) and apply
the Cauchy—Kovalevskaya theorem). Such an analytic solution satisfies the system
(2.33) with w = hu, Q = dw, and u®u, = —1, so in particular w*w, = —h2.

(We observe that the standard construction of analytic solutions applies to uncon-
strained system. Thus, we consider all components of u as independent and apply
the Cauchy—Kovalevskay theorem to (2.31) without assuming (2.2) and with IT given
by (2.9). Without the normalization (2.2), it is not guaranteed that { = 0} is non-
characteristic for (2.31). However, (2.2) does hold at {r = 0}, so the non-characteristic
character is guaranteed. Once the analytic solution is constructed, the constraint (2.2)
is propagated as in (2.10) and the surrounding discussion.)

Given initial data as in the statement of the Theorem, consider a sequence
(Se, ﬁg, ig), £ € N, of analytic data converging to (S, h @) in HY x HN x HN,
For each ¢, let (s, h¢, ug) be the corresponding analytic solution for the analytic data
(8¢, he, iig) discussed above. From the proof of the Cauchy—Kovalevskaya theorem it
follows that there existsa 7/ > 0 independent189 of £ such that for all £, (s¢, hy, ug)
is defined on [0, T"].

Let (s¢, $2¢, we) be the analytic solution to (2.33) constructed out of (s¢, kg, uy),
as explained above. Applying (2.36) to (s¢, Q2¢, wy) we obtain that the sequence
(s¢, 2, we) isbounded in L¥([0, T, HN(T?) x HN=1(T3) x HN (T3)) for some 0 <
T < T’.Foreach ¢, we also have that ,w, € L ([0, T], HN~1(T3)) and, using equa-
tions (2.33a) and (2.33b) also that 3 (s¢, 2¢) € L>®([0, T1, HN=1(T3) x HN=2(T3)).
These bounds can then be combined with the fundamental theorem of calculus
in the ¢-variable to estimate the difference (s¢, Q2¢, we)(t1, ) — (s¢, L¢, we) (2, +),
0 < 11, < T and, upon further application of (2.36) and a standard interpolation,

189 gSee, for instance, the discussion in Chapter 5.3.c of John (1982).
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we obtain!“ that the sequence (s¢, $2¢, w¢) is bounded in co(o, 71, HVN=%(T3) x
HN=1-8(T3) x HN=3(T3)) for any0 <8 < N—-3— % Similarly we obtain that
3 (s¢, 2, we) isbounded in CO([0, T], HN1=9(T3) x HN=2-8(T3)x HN-1-9(T3)).

Next, we consider the difference (s¢, we, Q2¢) — (s¢7, wyr, 2¢7) between two solu-
tions. Subtracting (2.33c) for £ and £’ we obtain!®!

(G~ (se, we))Pw) 3,850, [(we)s — (We)s]
=[G~ (spr, we )P w), — (G (se, we)Pw 180959, (Wer)s
+ Rs(8%s¢, 0wy, 9Q2) — Rs (825, 2wy, 92p), (A.13)

where we omitted the dependence on g since it does not depend on £. The fundamental
theorem of calculus implies that the RHS of (A.13) can be written as an expression
linear in the difference (s¢, ¢, wy) — (s¢7, Q¢, wyr) and their derivatives. Indeed,
denoting by & the argument of R we have

g
Rs(Ee) — Rs(Epr) = /0 dr [Rs(r&e + (1 —r)ép)] dr

1
= /o DeRs(rée + (1 —r)ée)) - (¢ — &) dr

= Rs(9%s¢, 32, 02wy, 3%spr, 02, 02 wy)
(8% (se — 500, 3(Qp, —Qpr), 32 (we — wyr)), (A.14)

where D:Rs is the derivative of Rs and (0%(se — s¢1), 02 (we — wy), (e, —Qp))
represents the vector whose entries are sy — s and its derivatives up to second order,
Qp, —Q2y and its derivatives up to first order, and wy — w, and its derivatives up to
second order. An argument similar to (A.14) can be applied to the term in brackets on
the RHS of (A.13). A similar argument using Eqs. (2.33a) and (2.33b) gives that the
difference (s¢, 2¢, we) — (s¢7, g7, wyr) satisfies the system

wy g (¢ — S¢7)

= R(wg, dspr, wer) - ((s¢ — s¢7), (we — wyr)), (A.15a)
wy 0, (R)ap — (Re)ap)

= Rap(3se, dwe, Q. s¢r, dwyr, Q) - (3(se — s¢), (e, =), (we — wyr)),

(A.15b)
(G~ (56, we) P w] 9 dpy, (we)s — (wer)s)
= Rs(0%s¢, 02, %wp, 3%spr, 32y, D3 wyr)
(8% (se — se), 3(Qey — ), 3% (we — wy)). (A.15¢)

190 See Sect.1.5 of Disconzi and Luo (2020) for an example of how the fundamental theorem of calculus
is applied to obtain continuity.

191 We do not write the h dependence for G~ ! because h = /—w¥ wg.
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System (A.15) is a linear system for (s¢, Q2¢, we) — (s¢7, 7, wyr) With coefficients
depending on derivatives of s¢, ¢, wg, ¢/, ¢, wer and the same principal part as
(2.33). Observe, however, that while the RHS of equations (2.33a), (2.33b), and
(2.33c¢), depend on up to zero derivatives of s, zero derivatives of €2, and two derivatives
of w, respectively, the the RHS of (A.15a), (A.15b), and (A.15¢) depend on up to one
derivative of s, one derivative of €2, and three derivatives of w. This extra derivative
comes from the quasilinear nature of (2.33). Thus, since the sequence is bounded in
the norm (2.35), we cannot close (A.15) in H" but only in HN=1 More precisely,
defining

Ny-1@t) = lIse = sellgn-1s,) + 1R — Qell gy-2(s,)
2 2
+ 107 we — O wer | -3 5,y + 10 we — dwell gyv-—2(x,)

+ llwe — wé’”HN—l(z,),

arguing as in the proof of (2.34) but with an estimate for the H” ! norms instead of
HV, using (2.34), and that (A.15) is a linear system for the difference, we obtain

Ny-1(t) SNy-1(0), 0<t < T,
and

||(S@ — Sy, Q@ - Q@/, Wy — w@/)”CO([O,T],HN_I_‘S(']IG)XHN_Z_‘S(T3)XHN_I_‘S(T3))

<N (Se — Ser, 20 — Q2pr, g — lj)g/)”HN(TS)XHN—l(TS)XHN(TS), (A.16)

forany0) <8 < N — % — 2, where the A'(0) norm has been subsumed under <.

By construction, the sequence (S, Qq, ) is Cauchy in HN(T3) x AN=1(T3) x
HN(T3), thus by (A.16), (s¢, Q¢, we) isa Cauchy sequence in CO([0, T, HN~1-%(T3)x
HN=278(T3) x HN=173(T3)). Denote its limit by (oo, 00, Woo). Fix #4 € (0, T].
The sequence (s¢, ¢, we) (L, -) CONVErges to (Soo, Loos Woo) (fx, ) in HV~173(T3) x
HN=275(T3) x HN=1=3(T3) and is bounded in HN (T?) x HN~1(T3) x HN(T3) by
(2.36), thus the limitis in HY (T3) x HV~1(T?) x HN(T3). Hence (soo, Qoo, Woo) €
L°([0, T1, HN(T?) x HVN-1(T3) x HN(T?3)).

Using hy = \/—(w?)(wg)a and uy = h~'wy, the Sobolev embedding theorem
applied to (s¢, hy, ug) and their time derivatives (which can be obtained from (2.31)),
we see that we can pass to the limit in (2.31), and obtain that seo, o = +/—Wa Wy,
and uoo = —hlwe is a classical solution to (2.31), with the regularity stated in the
Theorem. We obtain a solution for —7" < t < 0 by time reversal. Uniqueness follows
from the estimate for the difference of two solutions. o

B Leray systems

In this appendix, we recall some results about Leray—Ohya systems, also called weakly
hyperbolic systems (and called by Leray and Ohya non-strictly hyperbolic systems),
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that have been invoked in the main text, particularly in Sect. 6.1. These results have
been established by Leray and Ohya (1964, 1967) for the case of systems with diagonal
principal part, and extended by Choquet-Bruhat (1966) to more general systems. These
works build upon the seminal work of Leray on hyperbolic differential equations,
see Leray (1953). The reader can consult these references for the proofs of the results
stated below. Further discussion can be found (without proofs) in Choquet-Bruhat
(2009), Czubak and Disconzi (2016), Disconzi (2014). Related results can also be
found in Mizohata (1985).

We start by recalling some standard notions and fixing the notation that will be
used throughout.'”> Given T > 0, let X = [0, T'] x R". By 3" we shall denote any
k™ order derivative. We shall denote coordinates on X by {x* t—o» thinking of x0 =
as the time-variable. We use the multi-index notation to write

o 9l ) q0] 202 o,

p— p— n

3 = IR gyt = 0°%0% 9% - 8%,
n

where || = o9 + @1 + a2 + - - - + . We will often indicate vector-valued quantities
in abbreviate form, e.g.,z = (z/), I =1,...,N,tomeanz = (z', ..., zV).

B.1 Gevrey spaces

In this section we review the definition of Gevrey spaces. Roughly speaking, a function
is of Gevrey class if it obeys inequalities similar, albeit weaker, than those satisfied
by analytic functions. One of the crucial properties of Gevrey spaces for their use in
general relativity is that they admit compactly supported functions.

Definition B.1 Let s > 1. We say that f : R” — C belongs to the Gevrey space
GW(R") if

1 a 1+Iml

Let K C R" be the cube of unit side. We say that f belongs to the local Gevrey
space' G\*) (R") if

1
1+|e|

1
su sup || 2 > < 00,
P14l ( up 0% fllL2x)

where supy is taken over all side one cubes K in R".

We note that the case s = 1, i.e., G(l)(R”), corresponds to the space of analytic
functions. We refer to Rodino (1993), Mizohata (1985) for equivalent definitions or
variations on the definition of Gevrey spaces.

192 We believe that this appendix can be useful on its own to readers. Thus, in order to make it as self-

contained as possible, we repeat some definitions and notations already introduced in the main text.
193 The terminology “local Gevrey space” is not standard.
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We next introduce the space of maps defined on X whose derivatives up to order m
belong to GOUx"=),0<t<T.

Definition B.2 On X, denote &, = {xO =t}.Lets > 1,andletm > Obeaninteger. We
denote by « a multi-index o = («o, . . ., ¢&t,) for which ep = 0. We define G™ ) (X)
as the set of maps f : X — C such that

1

1
sup ”8,3+af” Il 00
a, 1B1=m, 0<t=<1 (1 + [a])®

L2(%0) ’

Let ¥ be an open set of R?. We define G™ ) (X x Y) as the set of maps f : X x Y — C
such that

1
|| sup

1
Btaq¥Y Ifer|+[y|
sup b 0 f‘ | < 00.
a v, 1pl=m, o<r=r (L+lal+ Iy ey 5 7

L2(%y)

Let K; C %; be the cube whose sides have unit length. The spaces G;’:)’C(S)(X) and

G;’;’C(S)(X x Y) are defined as the set of maps f : X — Cand f : X xY — C,
respectively, such that

1
I+|a]
Bta
sup sup ||0 2k < 0,
a, 1B1=m, o<r<1 (1 +[a])® (K, Ko

and

sup || sup

P l+\all+\yl
+aqV

sup abtey f‘anK < o0,
w.yo 1plem o<i<r (L lal +1yDs Uk, eyl ™ 7 ()

where supg is taken over all cubes of side one within %;.

Remark B.3 Definitions B.1 and B.2 are easily generalized to vector and tensor fields
in R"” and X, and to open subsets of R"” and X. In particular, replacing R" by an open
set 2 and X by [0, T'] x €2 in the above definitions we obtain the corresponding spaces
for 2. This allows one to define Gevrey spaces on manifolds. If M is a differentiable
manifold, we say that f : M — C belongs to G) (M) if for every p € M there exists
a coordinate chart (x, U) about p such that f o x~ e GO(Q), where Q = x(U).
This definition generalizes for vector and tensor fields.

Remark B.4 The reason to treat X and Y differently in definitions of GY(X xY)and
G’"’(S)(X x Y) is that, in the theorems of Sect. B.2, we need to distinguish between
the regularity with respect to the spacetime X and the regularity with respect to the
parametrization of the initial data.

Remark B.5 We could similarly define for manifolds the analog of the other Gevrey
spaces introduce above. However, this can be somewhat cumbersome and not always
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natural. In particular, the spaces G"*) require a distinguished coordinate that plays the
role of time. This can always be done locally, and it can be done for globally hyperbolic
manifolds if we fix a particular foliation in terms of spacelike slices, although it is
debatable how canonical this is. Ultimately, for the type of equations we are interested,
one can always localize the problem, invoke coordinate charts, and rely on results valid
in R”.

B.2 The Cauchy problem for Leray systems

Leta = a(x, 3%), x € X, be a linear differential operator of order k. We can write

a(x, ) =Y ag(x)d*,

loe| <k

where o = (ag, 1, o2, . . ., 0¢y) is a multi-index. Let p(x, 3") be the principal part of
a(x, 8%, ie.,

px, 05 = )" an(x)d”.

la|=k

At each point x € X and for each co-vector £ € T)X, where T*X is the cotangent
bundle of X, we can associate a polynomial of order k in the cotangent space 7, X
obtained by replacing the derivatives by & € T X. More precisely, for each k™ order
derivative in a(x, 8]‘), ie.,

w olal
- dxy’0xy1 x5 -+ xy"

|| = k, we associate the polynomial
E* =088 8,

where & = (%, &1, &, ..., &) € T X, forming in this way the polynomial

P &) =) au(x)E”

lor|=k

Clearly, p(x, &) is a homogeneous polynomial of degree k. It is called the character-
istic polynomial (at x) of the operator a.
The cone (at x) Vi (p) of p is the set in 7,7 X defined by the equation

P(Xaf) :07

ie.,
Vilp) ={E € T)X | p(x,&) =0}.
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Definition B.6 With the above notation, p(x, &) is called a strictly hyperbolic poly-
nomial or simply hyperbolic polynomial'°* (at x) if there exists ¢ € T} X such that
every straight line through ¢ that does not contain the origin intersects the cone V, (p)
at k real distinct points (see also Remarks B.7 and B.8). The differential operator
a(x, 8%) is called a (strictly) hyperbolic operator (at x) if p(x, £) is hyperbolic.

Leray (1953) that (if X is at least three-dimensional) if p(x, &) is hyperbolic at x,
then the set of points ¢ satisfying the condition of Definition B.6 forms the interior of
two opposite half-cones I'“*(a), T (a), with F;’i (a) non-empty, with boundaries
that belong to Vi (p).

Remark B.7 Another way of stating Definition B.6 is as follows (see Courant and
Hilbert 1989, Chapter VI). Given ¢ € T, X, consider a non-zero vector € that is not
parallel to ¢ and form the line A + 6, where A € R is a parameter. We then require
this line to intersect the cone V. (p) at k distinct real points. Algebraically, this means
that the polynomial equation in A

px, AL +6)=0, (B.1)

has k distinct real roots.

Remark B.8 1In relativity, the situation is often such that one has picked coordinates
adapted to a problem (e.g., wave coordinates) and is interested in situations where
Vy(p) lies outside the light-cone in 7, X (see Remark B.12). In this situation, we can
take ¢ = (1,0, ...,0) and the definition of hyperbolic polynomials reduces to the
following: p(x, &) is hyperbolic at x if for each non-zero & = (&, ..., &,) € T;X,
the equation p(x, &) = 0 has k distinct real roots &y = &y(&1, ..., &)

With applications to systems in mind, we next consider the N x N diagonal linear
differential operator matrix

al(x,dkr) ... 0
A(x,0) = ) :
0 ---alV(x, )
Each a’ (x,8%), J =1, ..., N is a linear differential operator of order k.

Definition B.9 The operator A(x, d) is called Leray—Ohya hyperbolic (at x) if:

(i) The characteristic polynomial p’(x, £) of eacha’ (x, %) isa pr()duct195 of hyper-
bolic polynomials, i.e.

pl(x. &) =pllx. &) p! T (x.6), J=1,....N,

where each p’*q(x, &,q=1,...,ry,J =1,..., N,is ahyperbolic polynomial.

194 The terminology “hyperbolic” is not uniform across the literature and is sometimes applied to different
definitions.

195 See Remark B.31.
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(i) The two opposite convex half-cones,

N ry N ry
ety = () rrt@’ ), and TP~ (A) = () [ TF @9,

J=1¢g=1 J=1q=1

have a non-empty interior. Here, F;’i (a’+9) are the half-cones associated with the
hyperbolic polynomials pj’q(x, &,q=1,...,r;,J=1,...,N.

Remark B.10 When the hyperbolicity properties (i) and (ii) in Definition B.9 hold for
every x, we call the corresponding operators Leray—Ohya hyperbolic (we can also
talk about hyperbolicity in an open set, a certain region, etc.). When we say that an
operator is Leray—Ohya hyperbolic on the whole space (or in an open set, etc.), this
means not only that Definition B.9 applies for every x, but also that the numbers 7,
and the degree of the polynomials pl’q(x, &,q=1,...,r;,J =1,..., N, donot
change with x.

Definition B.11 We define the dual convex half-cone Cj (A) at T, X as the set of
v € Ty X such that £(v) > 0 for every & € et (A); C; (A) is analogously defined,
and we set Cy(A) = C;{(A) U C; (A). If the convex cones C; (A) and C; (A) can
be continuously distinguished with respect to x € X, then X is called time-oriented
(with respect to the hyperbolic form provided by the operator A). If X is time-oriented,
a path in X is called future (past) time-like with respect to A if its tangent at each
pointx € X belongsto C j (A) (C; (A)), and future (past) causal if its tangent at each
point x € X belongs or is tangent to C; (A) (C; (A)). A regular surface ¥ is called
spacelike with respect to A if Ty X (C Ty X) is exterior to C(A) foreach x € X. It
follows that for a time-oriented X, the concepts of causal past, future, domains of
dependence and influence of a set can be defined in the same way one does when the
manifold is endowed with a Lorentzian metric. We refer the reader to Leray (1953) for
details. Here we need only the following: the past domain of dependence'*® J~(x)
of a point x € X is the set of points that can be joined to x by a past causal curve.

Remark B.12 The definitions in Definition B.11 endow X with a causal structure pro-
vided by the operator A. Despite the similar terminology, however, it should be noticed
that all of the above definitions depend only on the structure of the operator A, and
do not require an a priori Lorentzian metric on X. In particular, the timelike and
causal directions defined by the operator A in Definition B.11 may not agree with
a pre-specified time direction in a given physical problem. The case of interest in
relativity, however, is when the causal structure of the space-time is connected with
that of A. In this regard, the following observation is useful. Suppose that X has a
Lorentzian metric g. For solutions of the systems of equations here described (see
Theorem B.22 below) to be causal in the sense of general relativity, one needs that (a)
they satisfy the domain-of-dependence property, see Theorem B.22 and Sect. B.2.1;

196 1n accordance with the language of Lorentzian manifolds, it would be more appropriate to call J ~ (x)
the causal past of x. But we prefer to call it the past domain of dependence in order to emphasize that it is
determined by the operator A rather than a Lorentzian metric. This also avoids confusion with the notaion
of causal past when a Lorentzian metric is involved.
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and (b) forallx € X, C xi (A) €K xi, where K xi are the two halves of the light-cone
{g.w&E"EY < 0}. By duality, this is equivalent to saying that in the cotangent spaces
we have K € T'T(A), where KT are the two halves of the dual light-cone
{guvé}_ué‘_v < 0}.

Remark B.13 We stress that although we have been working with coordinates {x*}/ _,
in[0, T1xR", the sets Vi (p), Ty (@)™F, T'x (A)**, and CXjE (A) are invariantly defined,
i.e., they do not depend on coordinates choices (see Courant and Hilbert 1989, Chap-
ter VI). Similarly for the notion of hyperbolicity.

Next, we consider the following quasi-linear system of differential equations
A(x,U,9)U = B(x, U), (B.2)
where A(x, U, d) is the N x N diagonal matrix

al(x,U, 3%y ... 0
A(x,U,d) = : , (B.3)

0 "'aN(xaU7akN)

with aj(x, U, 8’”), J =1, ..., N differential operators of order k;. B(x, U) is the
vector

B(x,U) = (bl(x, Uy, J=1,...,N,
and the vector
Ux)=WU'x), I=1,...,N

is the unknown. Notice that because a is allowed to depend on U, the above system
is in general nonlinear.

Definition B.14 The system A(x, U, 3)U = B(x, U) is called a Leray system if it is
possible to attach to each unknown u! an integer m; > 0, and to each equation J of
the system an integer ny > 0, such that:

(i) k/ =my —I’lJ,J= 1,...,N;

(i) the functions b’ and the coefficients of the differential operators a”’ are'®’ func-
tions of x, of u!, and of the derivatives of u’ of order at most m; — ny — 1,
I,J =1...,N.Ifforsome /[ and some J, m; —nj < 0, then the corresponding

a’ and b’ do not depend on u’.

197

Remark B.15 The indices m; and n; in Definition B.14 are defined up to an additive
integer.

197 The regularity required for the coefficients a’ and b’ depends on particular applications and context.
For instance, for Theorem B.21 the required regularity is specified. Similarly, in Definition B.17, one needs
to take derivatives of these quantities up to order n j , thus they need to be at least as many times differentiable.
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Definition B.16 A Leray—Ohya system (with diagonal principal part) is a Leray
system where the matrix A is Leray—Ohya hyperbolic. In the quasilinear case, since
the operators a depend on U, we need to specify a function U that is plugged into
A(x, U, 9) in order to compute the characteristic polynomials. In this case we talk
about a Leray—Ohya system for the function U. The primary case of interest is when
U assumes the values of the given Cauchy data.

When considering a quasilinear system, we write p(x, U, &) and similar expressions
to indicate the dependence on U.
We now formulate the Cauchy problem for Leray systems.

Definition B.17 Let X be a regular hypersurface in X, which we assume for simplicity
to be given by {x® = 0}. The Cauchy data on ¥ for a Leray system in X consists of
the values of U = (u!) and their derivatives uptoorder m; — 1 on X, i.e., the Cauchy
datais Uy = w'®), I =1,...,N, || < m; — 1, where ul"® is the prescribed
a derivativel®8 of u!, so that 8“u1|2 = u!’"® when U is a solution. The Cauchy

data is required to satisfy the following compatibility conditions. If V = (v!) is an
extension of the Cauchy data defined in a neighborhood of ¥, i.e. 3%v! |2 =ule,
I =1,...,N, |a|] < my; — 1, then, for each J such that n; > 0, the difference
aj(x, V,9mIT) Y — bj(x, V) and its derivatives of order less than n ; vanish on X,
for J = 1,..., N. When to a Leray system A(x, U, d)U = B(x, U) we prescribe
initial data satisfying these conditions, we say that we have a Cauchy problem for
A(x,U,9)U = B(x,U).

Remark B.18 Because the operators a” in the matrix A in (B.3) have order m; —ny,
one might think that one should prescribe as data only u! and their derivatives up to
order m; —n; — 1. However, this will in general not determine a unique solution, even
for analytic data and assuming that ¥ is non-characteristic. To see this, recall that in
the equations aj(x, U, 8””_’”)uj — b](x, U) =0, a’ and b’ depend on derivatives
of ul uptoordermy —ny —1,1,J = 1,..., N. The coefficients a’, b’ need to
be determined by the data along X for an application of the Cauchy—Kovalevskaya
theorem, which then requires

my—ny—1<mj;—ny;—1, (B.4)

forl,J =1,..., N if only derivatives up to order m; —ny — 1 of u! were prescribed
as data. But (B.4) can only be satisfiedifn; = 0, J = 0, ..., N.If, instead, derivatives
of ul up to order m; — 1 are prescribed as data, as in Definition B.17, then, instead of
(B.4), the requirement that the coefficients be known along ¥ from the data becomes

my—ny—1<m;—1,

198 1t is customary to prescribe only derivatives transverse to X as Cauchy data. But since derivatives of
U tangent to X are known when Uy, is known, there is no loss of generality in considering all derivatives
of u! up to order mj; — 1 as data. This simplifies the notation as we to not have to distinguish among
|a| < mj — 1 those that correspond solely to transverse derivatives.
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i.e., ny > 0, in accordance with definition (B.14). Note, also, that if n; > 0 for some
J, then in the corresponding equation

al(x,U, ™"y — bl (x,U)=0 (B.5)

all terms are known along ¥ since u”’ has its derivatives up to order m; — 1 are
prescribed on X. Thus, compatibility conditions have to be satisfied by the data, and
we see that since 9%u”’ 5 || < my—1isprescribed, all derivativesup toordern; —1
of (B.5) are determined by the data, which explains the definition of the compatibility
conditions in Definition B.17. See Choquet-Bruhat et al. (1977, Chapter 6) for further
discussion on the Cauchy problem for Leray systems.

Notice that by definition, the Cauchy data for a Leray system satisfies the afore-
mentioned compatibility conditions. We also introduce the following notions related
to the Cauchy problem for a Leray system.

Assumption B.19 Consider the Cauchy problem for a Leray system A(x, U, d)U =
B(x,U). Let Y be an open set of R, where L equals the number of derivatives of
u’ of order less or equal to max; my —ny, J = 1,..., N, and such that Y contains
the closure of the values taken by the Cauchy data on X. It is convenient to consider
A(x, U, 0) as a differential operator defined over X x Y, as follows. We shall assume
that there exists a differential operator Z(x, v, d) defined over X x Y with the following
property. If (x, y) € X x Y and V = (v”) is a sufficiently regular function on ¥ such
that y = (Bma’”m’_ffvj(x))le N, then A(x, V(x),d) = A(x,y, d). We shall
write A(x, y, d) for A(x, y, d).

Definition B.20 Consider the Cauchy problem for a Leray system A(x, U, d)U =
B(x,U). Let ¥ and Y be as in Definition B.17 and Assumption B.19, respectively.
Denote by A*(Z, 1) the set of V = (v/) € GY(X), J = 1,..., N, such that
@maximi=niyt(x));_y .y €Y forall x € ¥ (see Remark B.24).

.....

.....

We are now ready to state the results of this appendix. We use the above notation
and definitions in the statement of the theorems below.

Theorem B.21 (Existence and uniqueness, Leray and Ohya 1967). Consider the
Cauchy problem for (B.2). Suppose that the Cauchy data is in G®) (%), and that

al (., 0") e GILO(X x Y), and b(-,) € G (X x ).
Suppose that forany V € AS(X, Y) the system is Leray—Ohya hyperbolic with indices

my and ny; thus for all x € X, each p’(x,V,&) is the product of r; hyperbolic
polynomials,

plx, v, &) =pltx, v, &) pl (2, V,E), J=1,...,N.

Suppose that each pJ"1+1(x, V,€), q =0,...,r; — 1, depends on at most m; —
my 4 — 11 + q derivatives ofvl, I=1,..., N, where

mjg=ny +deg(PJ’l) + - +deg(pj’q), myy, =my, mjo="nyj.
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Above, deg(p”’+9) is the degree, in &, of the polynomial p”-9(x, V).
, Denote by a; +1(x, v, ) the differential operator associated with p
that

.9+l Assume

4—9,(s)
al (. 0) € G X x Y).
Let O < g7 < ry be the smallest integers such that a’(x,V, 3™y and b’ (x, V)
dependon atmostm; —ny —r;+ g derivativesofv’, I=1,...,N,J=1,...,N.
Finally, assume that

1<s< & and Z+r1<n1, J=1,...,N.

8J

Then, there exists a T' > 0 and a solution U = (u') to the Cauchy problem for (B.2)
and defined on [0, T") x R" C X. The solution satisfies

ul e GO0, TYyxRY, I =1,...,N.

Furthermore, the solution is unique in this regularity class.

Theorem B.22 (Domain-of-dependence property, Leray and Ohya 1967). Assume the
same hypotheses of Theorem B.21, and suppose further that

ry
1<s< ,J=1,..., N.

8J

Let T' and U be as in the conclusion of Theorem B.21. Then, if T' is sufficiently
small, the operator A(x, U, d) is Leray—Ohya hyperbolic (thus the past domain of
dependence of a point is well-defined, see Remark B.11), and foreach x € [0, T') xR",
U (x) depends only on Uy j-()nx, where Uy is the Cauchy data.

Definition B.23 When solutions to a system of PDEs satisfy the conclusion of Theo-
rem B.22, we say that the system has the domain-of-dependence property.

Remark B.24 Theorem B.21 assumes that the system is Leray—Ohya hyperbolic for
V € A(Z,Y), which is essentially the space of values near the initial data. Theo-
rem B.21 is proven with an iteration (see below), thus we need to guarantee that, at
each step, the iterates form a Leray—Ohya system with the right properties, which is
guaranteed by staying within A(X, Y). (Naturally, it would not make sense to require
the system to be Leray—Ohya hyperbolic for the yet to be proven to exist solution U'.)
Once U is constructed, one can then ask whether the system is Leray—Ohya hyperbolic
for U. This will be the case if 7’ is small, since in this case the values of U will be
close to those of the initial data by continuity, guaranteeing that U € A(Z, Y).

Remark B.25 We recall the meaning of “depends only on Upl|;-(x)nx” in Theo-
rem B.22. Let Up,1 and Up» be two initial data for (B.2) and U; and U, the
corresponding solutions given by Theorem B.21, which we can assume to be defined
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on the same time interval [0, 7'] by shrinking one of the time intervals for Uy or U,
if necessary. Let J; (x) be the past domain of dependence of x with respect to the
solution Uj. Suppose that Up 1 |J[(x)nz = U0s2|1((x)m: Then, Ui (x) = Uy(x) and,

in fact, Uy = U in J| (x). It also follows that J;” (x) = J, (x), where J, (x) be the
past domain of dependence of x with respect to the solution U,.

See Sect. B.2.1 for further applications of the domain-of-dependence property,
including the case of more general function spaces.

We now consider a system whose principal part is not necessarily diagonal. The
definition of a Leray system depends only on the existence of the indices m; and n
with the stated properties, and thus can be extended to non-diagonal systems.

Definition B.26 Consider a system of N partial differential equations and N unknowns
in X, and denote the unknown as U = (ul), I =1,...,N. The system is a (not
necessarily diagonal in the principal part) Leray system if it is possible to attach
to each unknown u! a non-negative integer m; and to each equation a non-negative
integer ny, such that the system reads

o (e, 9Ky K gmimnay, by g gmeni =y Ky — 0, g =1,..., N.
(B.6)

Here, h{ (x, omKk—"J —Iy K gmi—ny ) is a homogeneous differential operator of order
mj — ny (which can be zero), whose coefficients depend on at most mg —ny — 1
derivatives of u®, K = 1, ... N, and there is a sum over / in 4 (-)u’. The remaining
terms, b7 (x, 3" /14K also depend on at most mx — ny — 1 derivatives of uX
K = 1,...N. As before, these indices are defined only up to an overall additive
integer.

As done above, for a given sufficiently regular U, hlj(x, amk—n 1K gmi—nry
are well-defined linear operators, and we can ask about their hyperbolicity properties.
The case of interest will be, again, when we evaluate these operators at some given

Cauchy data.
Write (B.6) in matrix form as

H(x,U,9)U = B(x,U). B.7)

Definition B.27 The characteristic determinant of (B.7) at x € X and for a given U
is the polynomial p(x, &) in the co-tangent space Ty X, £ € T, X, given by

p(x,U,§) =det(H(x,U,§)). (B.8)

Note that p is a homogeneous polynomial of degree
N N
.= Zm I — Z ny.
I=1 J=1
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Under appropriate conditions, (B.7) can be transformed into a Leray—Ohya system of
the form (B.2), i.e., with diagonal principal part. More precisely, we have the following.

Theorem B.28 (Diagonalization, Choquet-Bruhat 1966). Consider (B.7). Suppose that
the characteristic determinant (B.8) at a given U is not identically zero, and it is the
product of Q hyperbolic polynomials, i.e.,

px,U,8)=p1(x,U,&)---pox,U,&).
Let dg be the degree of py(x,U,§), g =1, ..., O, and suppose that

maxd, > maxm; —minny.
g 1= J

Finally, assume that

£ >maxmj; —minny.
I J

Then, there exists a N x N matrix C(x, U, 9) of differential operators whose coeffi-
cients depend on U, such that

Cx,U,d)H(x,U,)U =1pkx,U,d)U + El(x, U),
and
C(x,U,d)B(x,U) = By(x, U),

where LLis the N x N identity matrix, p(x, U, 9) is the differential operator associated
with p(x, U, &), and B] (x,U) and Bz(x U) depend on at most £ — 1 derivatives of
U, as do the coefficients of the operator p(x, U, &). Furthermore, there is a choice of
indices that makes the system

I p(x,U,d)U = By(x,U) — Bi(x, U) (B.9)

into a Leray system. In particular, if the intersections ﬂq t(a?) and ﬂq " (a?),

where T (aq ) are the half-cones associated with the hyperbolic polynomials
Pq(x, U, &), have non-empty interiors, then (B.9) is a Leray—Ohya system with diag-
onal principal part in the sense of definition B.16.

Theorem B.28 is proven in Choquet-Bruhat (1966).

Definition B.29 Under the hypotheses of Theorem B.28, the number QQ_I is called the
Gevrey index of the system.

Remark B.30 Suppose that (B.9) forms a Leray—Ohya system in the sense of defini-
tion B.16, i.e., the half-cones have non-empty interiors as stated in Theorem B.28. It
can then be shown, see Choquet-Bruhat (1966), that a value of s sufficient to apply
Theorems B.21 and B.22is1 < s < QQ_I.
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Let us make a brief comment about the proofs of the above results. Theorem B.21
is proven as follows. First, one solves the associated linear problem. This is done
by a method of majorants reminiscent of the Cauchy—Kowalevskaya theorem (see
Leray and Ohya 1964 for a treatment of the linear problem). One uses the fact that
Gevrey functions admit a formal series expansion that provides a consistent way
of constructing successive approximating solutions to the problem. The non-linear
problem is then treated via a fixed point argument, upon solving successive linear
problems. Theorem B.22 is obtained by a Holmgren type of argument. We remark
that the assumption that p’*‘“l(x, V,€),q = 0,...,r; — 1, depends on at most
my —my 4 — r; + q derivatives of vl, I =1,..., N, ensures that the coefficients
of the associated differential operators a’-9+!(x, U, 3) do not depend on too many
derivatives of U, as it should be in the treatment of quasi-linear equations.

Theorem B.28 is based on the following identity:

cTa = det(a)l, (B.10)

where a is an N x N invertible matrix and ¢’ the transpose of the co-factor matrix.
At the level of differential operators, this identity produces the lower order terms B).
One then needs to match the order of the resulting differential operators and lower
order terms with appropriate indices satisfying the definition of a Leray system. This
is possible under the conditions on d,; and ¢ stated in the theorem.

When the polynomials p/, J = 1, ..., N in Definition B.9 are hyperbolic polyno-
mials whose corresponding cones have non-empty intersection (part (b) of Definition
(B.9)), then the corresponding operator A(x, d) is called a strictly hyperbolic, or
simply hyperbolic, operator (with diagonal principal part). The above definitions
can be adjusted to this case and in particular a Leray system A(x, U, 9)U = B(x, U)
is then called a (strictly) hyperbolic system. These are the types of operators and sys-
tems treated by Leray in his celebrated monograph (Leray 1953). In this situation,
local existence and uniqueness can be established in suitable Sobolev spaces and the
domain of dependence property can also be demonstrated. Similarly, if the character-
istic determinant of (B.7) is a hyperbolic polynomial, then the diagonalized system
(B.9) will be (strictly) hyperbolic.

Remark B.31 We note a certain subtlety in the definition of Leray—Ohya hyperbolicity.
In part (a) of Definition B.9, p’ (x, £) is a product

pl(x, &) =pllx,8) - pl T (x, 8)

with each p]’q(x, &,q=1,...,r;, J = 1,..., N, being a (strictly) hyperbolic
polynomial. But this does not preclude p” (x, &) from being itself a hyperbolic poly-
nomial. In fact, if the polynomials p/-¢(x, &) do not have roots in common, then all
the roots of the polynomial p’-!(x,&)--- p/"/(x, &) will be real and distinct, thus
p’ (x, &) will be a hyperbolic polynomial. In this case the operator A(x, d) will be
strictly hyperbolic and the corresponding Leray system A(x, U, 0)U = B(x, U) will
be a strictly hyperbolic system. Of course, Definition B.9 still applies, which is sim-
ply to say that every strictly hyperbolic system is in particular a Leray—Ohya system
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or, in alternative terminology, that every hyperbolic system is in particular a weakly
hyperbolic system. But naturally, the results we can obtain if we apply to a strictly
hyperbolic system techniques of Leray—Ohya system are significantly weakened, since
the latter will provide local existence and uniqueness in Gevrey spaces whereas one
can establish local existence and uniqueness for strictly hyperbolic systems in Sobolev
spaces, as mentioned above.

We see from Remark B.31 that the primary situation of interest in the study of
Leray—Ohya system is then when one or more of the polynomials p’ (x, &) has repeated
roots. More precisely, strict hyperbolicity can also fail if one or more of the numbers
ry change with x or if one or more of the polynomials p’-7(x, £) change their degree
with x. This is a situation that we are not considering here (see Remark B.10). Readers
interested in this case are referred to Reissig and Schulze (2005), Garetto et al. (2018,
2020) and references therein for more details.

B.2.1 More on domains of dependence

Here, we will provide a template for how the domain-of-dependence property can be
established outside the Gevrey class. It is often the case that this can be established by
direct energy estimates. But for some complicated systems, like the ones dealt with in
Sect. 6, such direct estimates may not be available. For example, the estimates used in
Theorem 6.32 are carried out in a pseudo-differential framework that makes a standard
integration by parts argument more difficult.

The specific details of how this template can be applied will depend on particular
aspects of the problem being studied, such as structural properties of the equations, the
function spaces being used, and so on. Thus, we will inevitably be somewhat imprecise
in some instances, referring to generic terms like “appropriate conditions,” “sufficiently
regular,” etc. We expect that readers should have no difficulty in identifying what these
should be in particular problems of interest.

We begin noticing that in view of Remark B.25, upon considering the system sat-
isfied by the difference of two solutions, the domain-of-dependence property can be
rephrase in terms of vanishing initial data. More precisely, it states that upon consid-
ering the system satisfied by the difference of two solutions with initial data Uy, if
Uol j-xynz = 0, then U = 0in J~ (x), where U is a solution for the system satisfied
by the difference of two solutions.

Suppose we are considering equations of the form (B.7) that are locally well-
posed in a function space X that is more general than Gevrey spaces, Sobolev spaces
being the primary case of interest. Consider initial data Uy € X and let U be the
corresponding solution obtained by local well-posedness in X. Suppose that Gevrey
functions are dense in X, which will be the case for many function spaces of interest,
including smooth spaces and Sobolev spaces (see, e.g., Teofanov 2006 and Rodino
1993, Example 1.4.9). Take a sequence {Up;} of Gevrey initial data converging in X
to Up. Since Up,; € X, local well-posedness in X yields solutions'®® U; in X. Under

199 More precisely, if the coefficients and nonlinearities of the equations are not of appropriate Gevrey
regularity, we have to approximate them as well (assuming, say, that they are smooth). This is done in the
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appropriate conditions, we can guarantee that the solutions U; are all defined on the
same time interval.

If the method of establishing local well-posedness for (B.7) in X produces suffi-
ciently good estimates (as it will often be the case for hyperbolic systems where energy
estimates are employed), then we can apply such estimates to the solutions U; and to
differences U; — U; and obtain that U; converges to U, typically not in X but in some
weaker topology which we denote X'. For example, if X = H* then X' = H*~!, where
H* is a Sobolev space.

Assume that the characteristic determinant of system (B.7) satisfies the assumptions
of Theorem B.28. Then we can, upon appropriate regularity assumptions, diagonalize
the system, transforming into a system of the form (B.9). Observe that, again under
suitable regularity assumptions, U and U; are solutions to (B.9), respectively.

Let J™(x) and J;” (x) be the past domain of dependence of x associated with the
solutions U and Uj;, respectively. Notice that these past domains of dependence are
defined with the diagonal principal part of (B.9), since we have not assumed that the
system (B.7) has diagonal principal part, and it is only for such systems that we have
defined a causal structure, see Definition B.11. Let us use the standard notation C¥ for
the space of k-times continuously differentiable functions. If X" has good embedding
properties into C* for some appropriate k, then J~(x) — J7(x) asi — oo. Here,
the convergence J;” (x) — J ™ (x) is simply convergence of sets pointwise, where we
measure the distance between points along each ¥, with the Euclidean®?’ metric in
R”™.

Assume now that U|J ™ (x) N ¥ = 0. We can assume without loss of generality
that the approximating initial data U ; vanishes in the interior of J~(x) N X. Since
J; (x) — J7(x), given any point y in the interior of J ™ (x), we have that y € J,” (x)
and J; (y) C J7(x) for all i sufficiently large. For the Gevrey solutions U;, the
domain-of-dependence property holds in view of Theorems B.21 and B.22. It follows
that U; = 0 in J;” (y). Passing to the limit and using the above embedding of X" into
Ck, we conclude that U (y) = 0. This establishes the domain-of-dependence property
for X-solutions to (B.7) since y is an arbitrary interior point of J ~ (x).
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