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Abstract

We show a connection between the minimax and Bayes approaches in quantum deci-
sion theory in a general setting of normal states on a von Neumann algebra. In
particular, the quantum minimax theorem is proven in a fairly general situation, and it
is shown that every minimax strategy is Bayes for some a priori distribution on the set
of states—a so-called least favourable prior. Minimax strategies with constant risk
are investigated in some detail. It turns out that in dimension greater than two such a
strategy can be Bayes for a non-uniform a priori distribution which, at the same time,
is a least favourable prior.
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Introduction

In this paper, we make a contribution to the theory of quantum statistical decisions in
the minimax approach. In spite of more than 30 years of investigations in quantum
statistical decisions, this part of the theory is still barely touched upon. As a matter
of fact, there are only a few papers dealing in one way or another with the subject.
Namely, in [5] equivalence between solving the minimax problem and solving an
optimization problem in the Bayesian setup is shown to hold true in finite dimension,
and for the problem of correct detection in the case of two states, the existence of
an optimal Bayes strategy which is also minimax is proven. Moreover, the question
of minimax unambiguous discrimination for pure states is considered. In [25], the
quantum minimax theorem is shown, while in [21] the minimax strategy for the prob-
lem of correct detection in dimensions 2 and 3 is applied in several cases involving
coherent states. The analysis is based on results connecting the minimax strategy with
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the Bayes one obtained in (hardly available) paper [9] (and to some extent consid-
ered also in [5]); however, it seems that some corrections to these results should be
made. Some questions concerning minimax problems, however, in a different setting,
are considered in [23]. An interesting specific approach to discrimination problems,
containing also minimax questions, is presented in [20]. Finally, a relative (although,
strictly speaking, different) problem of minimax discrimination of two Pauli channels
is discussed in [6].

In this respect, it is interesting to observe that the Bayes approach received much
more attention, so much more that even quoting all relevant papers in this area seems
to be hardly possible. An interested reader may find more information in survey papers
[1,2,7].

A particular instance of the general setting of quantum decision theory appears when
we are dealing with a finite family of states, in which case we speak of discrimination
between the states. Such an assumption will be adopted in the second part of the paper.
In particular, the situation when a minimax strategy has constant risk is analysed in
some detail, and it is shown that for pure states in dimension greater than two such
a strategy exists which is Bayes for a non-uniform a priori distribution being a least
favourable prior (see below). In the first part, we prove the quantum minimax theorem
and show that each minimax strategy is Bayes for some a priori distribution on the set
of states which maximises the Bayes risk—a so-called least favourable prior.

Although our considerations are devoted mainly to the minimax approach, Theo-
rems 16 and 16’ give straightforward criteria to determine when a simple strategy for
an arbitrary number of pure states is Bayes.

In our analysis, we aim at full generality considering normal states on a von Neu-
mann algebra.

It is probably worth mentioning that today quantum decision theory, in particular,
and quantum statistics, in general, has substantially broaden its scope, and not only
entered infinite dimension but also moved from the full algebra B(7) of all bounded
operators in a Hilbert space to a general von Neumann algebra. It seems that such
an approach may have substantial value for quantum information. Between numerous
examples supporting this stand, one can cite, e.g. the papers [3, 10, 11, 14-16] to
mention only a few.

1 Preliminaries and notation
Let M be an arbitrary von Neumann algebra with identity 1 acting on a Hilbert space
‘H. M is denoted the predual of M, i.e. the space of all o-weakly continuous (=

normal) linear functionals on M. A linear functional p on M is said to be positive if
p(A) = 0forevery 0 < A € M. A positive p is said to be a state if

ol =p@) =1.

To each unit vector ¢ € H, there corresponds a normal state, denoted by the same
symbol and called a vector state (or pure state, especially in the case M = B(H)),
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defined as

V(A) = (V]AY), AeM.

By a slight abuse of language, we shall speak of the vector 1 itself as a pure state.
Pyy shall be denoted the projection onto the space spanned by the (unit) vector ¥ (in
Dirac notation Py = [ ){¥]).

In a general setting, the problem to be dealt with may be described as follows. In a
von Neumann algebra M describing the (bounded) observables of a physical system,
we are given a family of normal states {pg : 8 € ®} on M in which the system may
be. When guessing the correct state of the system, we make a decision u from a set
of decisions U and we pay the price L(6, u) for making our decision # when the
state was pg. (As usual, we assume that the states py are identifiable, that is, that the
correspondence 6 — pp is one to one.) Thus, we have a function L: ® x U — R,
called a loss function. The decisions we make are based solely on the outcomes of
measurements (called also strategies) we perform on the system, which are normalised
positive operator valued (abbr. POV) measures (called also semispectral measures)
M on some o -field of subsets of U, taking values in the set of positive operators in M.
If the values of M are projections, then the measure is called spectral. (Or the strategy
is called simple.) To every strategy M, there corresponds the risk function Ry defined
as

RM(9)=fUL(9,M) po (M (du))

which is clearly seen to be the expectation of our loss under the assumption that the
state was pg. If on the set ® there is some a priori distribution , then the Bayes risk
r for the strategy M is defined as

r(M, ) = [ Ry (0) w(d6) = Ex R,
®

which is again the expectation of the risk function with respect to the a priori distri-
bution 7.

Two fundamental problems considered in the theory of quantum statistical decisions
are the minimax problem and the Bayesian problem. The first one consists in finding
a strategy M that minimises the maximal risk, i.e. such that the formula

sup Ry7(0) = inf sup Ry (9)
0e® M gco

holds, while in the second we minimise the Bayes risk, i.e. an optimal strategy M
should satisfy

r(M, ) =infr(M, )
M

@ Springer



310 Page4of24 A. tuczak

for a given a priori distribution 7. Such optimal strategies will be called minimax and
Bayes, respectively.

The space of measurements 91 is topologized by the condition: a net of measure-
ments {M;} converges to a measurement M if for every normal state p the probability
measures p o M; weakly converge to the probability measure p o M. It is known that
for U compact 91 is compact (cf. [11]). As for the space IT of probability measures
on ® endowed with the topology of weak convergence, it is compact for ® compact.

2 Examples of minimax strategies

Here, we present some conditions under which a given strategy is minimax. In par-
ticular, we give an example of the situation when a Bayes strategy is also minimax.
Another type of connection between Bayes and minimax strategies will be employed
in next sections. Both the theorems below are quantum counterparts of known results
from classical mathematical statistics, the first one due to Lehmann and the second to
Hodges and Lehmann, with proofs the same as in the classical case (see, for example,
[13, p. 24]).

Theorem 1 Let M" be Bayes strategies for a priori distributions ", n = 1,2, .. .. If
for some strategy M we have

27(©@) < limsupr(M", ")

forall 0 € ©, then M is a minimax strategy.

Proof For any strategy M and any n, we have, since M" is Bayes for the a priori
distribution 7",

sup Ry (0) = Exn Ry =r(M, ") > r(M", 7"),
0e®

and thus, for each 8’ € ® we obtain

sup Ry (0) = limsupr(M", ") > Ry;(0"),
0c0

showing that M is minimax.

From this theorem, we obtain as an immediate corollary

Theorem 2 If M M is a Bayes strategy for some a priori distribution 7 on ©, and
Ry;(0) < r(M,n) for 0 € ©, then M is a minimax strategy. In particular, if a
Bayes strategy has constant risk, then it is a minimax strategy.
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3 Quantum minimax theorem and related results
The quantum minimax theorem consists in showing the following formula

inf Ry (0) = inf r(M, ). 1
erelmslelg m (@) jlelgMnelmr( ) (D

We are going to show that this theorem holds under natural, fairly mild, assumptions.
Moreover, we show that there exists a minimax strategy.
First we shall prove two simple facts concerning weak convergence of measures.

Lemma3 Let f be a nonnegative lower semicontinuous function on a topological
space X, and let {jy} be a net of probability measures on X converging weakly to a
probability measure . Then,

liminff fduy 2/ fdu.
o X X

Proof According to [4, Chapter IV, Section 1.1], there is a family
{fi :i € I} of continuous bounded functions on X such that

J =sup fi,

iel

and taking f; Vv O instead of f;, we may assume that f; > 0. Let § be a family of all
finite subsets of I directed by inclusion. For F' € §, put

fr =sup fi.
ieF

Then, { fr : F € §}is an increasing net of bounded nonnegative continuous functions
such that

= — 1. .
S =sup fr pléng SF

FeF

For each « and each F, we have

/fdMaZ/ fr dita,
X X

and passing to the limit, we obtain

liminf/ fdig >liminff frduy =/ Srdu.
a X o X X

Consequently, from the Lebesgue Monotone Convergence Theorem we get

@ Springer



310 Page6of24 A. tuczak

liminf/ fdug > lim/ de[l,:/ fdu.
o X Fes Jx X

In a similar way, we prove

Lemma4 Let f be a nonnegative bounded upper semicontinuous function on a topo-
logical space X, and let {14} be a net of probability measures on X converging weakly
to a probability measure 1. Then,

limsup/ fd,uaS/ fdp.
o X X

The following simple lemma is extremely useful since it gives another form of the

expression sup Ry (6) occurring in the minimax formula.
0e®

Lemma5 For an arbitrary strategy M, the following formula holds

sup Ry (0) = sup r(M, m).
He® mell

Proof For each = < I, we have

r(M,m) = / Ry (0) m(dO) < / sup Ry (0) w(d6) = sup Ry (6),
(C] ®0cO [4<C)

and thus,

sup ¥(M, ) < sup Ry (0).
mell 0e®

On the other hand, assuming that sup Ry(8) < +oo, we have for every ¢ > 0 and
0c®
some 6y € O,

sup Rys(6) < Rys(6) + & = / Ryt (8) 84, (d6) + ¢
0e® ®

=r(M,d) +e< supr(M,m)+e¢,
mwell

giving

sup r(M, ) > sup Ry (0).
mell 0e®

If sup Ry (f) = o0, then for arbitrary m > 0 there is 6y € ® such that
0e®

Ry (6p) > m,
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and consequently,

sup r(M, ) = r(M, 8g,)) = / Ry (6)80(d0) = Ry (60) > m,
®

mell

showing that sup r(M, m) = +o00.

mell

Now, we are in a position to prove the quantum minimax theorem which considerably
generalises the one obtained in [25, Theorem 3].

Theorem 6 Assume that

(i) the decision space U is compact,
(i) the loss function L is bounded from below and such that for each fixed 0 € © the
function U > u +— L(0, u) is lower semicontinuous.

Then, the minimax formula (1) holds. Moreover, there exists a minimax strategy M,

ie.

inf sup Ry (0) = sup Ry;(0).
MeM e peo M

Proof Since the loss function is bounded from below, L(6, u) > ¢, we may assume,
taking the function L — c instead of L, that L > 0. Then, for the risk function we have
Ry = 0.

First we shall show the existence of a minimax strategy.

Let {M;} be an arbitrary net of measurements converging to a measurement M. Then
for each 6 € O, the probability measures pg o M; converge weakly to the probability
measure pg o M. On account of Lemma 3, we have

lim inf Ry, (6) = lim inf / L6, u) po (M (du))
13 1 U
> /U L6, u) ps(M(du)) = Ry 6),

showing that for each & € ©® the function 9 > M +— Rj;(0) is lower semicontinuous.
Consequently, for each fixed & € I, we have, using Fatou’s lemma,

liminf r(M;, m) =lim_inf/ Ry, (0) m(d) > / lim inf Ry, (0) 7(d6)
i i ® ® i
> [ Ru@)no) = r(v.m).
©)

which shows that for each & € I the function 9t > M +— r(M, ) is lower semi-
continuous. Denote

gM)=supr(M,m), M eIM.

mell
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It follows that g is lower semicontinuous, and since 9 is compact, there is MeMm
such that

inf M) = M s
IV} g( ) g( )
ie.

inf M,7)= inf g(M)=g(M) = M, 7).
Muelsm;lé%r( ) A}Ielmg() g(M) :lelllzlr( )

By virtue of Lemma 5, we get

inf sup Ry (9) = inf sup r(M, ) = sup r(M, ) = sup R:;(0),
MeM e MeM zen mell peo M

which shows that M is a minimax strategy.
Now, again by virtue of Lemma 5, the formula (1) is equivalent to the formula

inf sup r(M,m) = sup Mingnr(M, ), 2)

MeM 7en mell Me

so we are dealing with the minimax theorem for the function r. It is easily seen that
this function is affine with respect to each variable; thus, in particular, it is concave—
convexlike in the terminology of [24]. Since 97 is compact, and the function 9t >
M +— r(M, ) is lower semicontinuous for each w € I1, [24, Theorem 4.2°] yields
the formula (2), and thus the formula (1).

Remark 1In the quantum minimax theorem obtained in [25] for the full algebra B(H),
it was assumed that:

(i) the spaces ® and U are compact,
(i) the loss function is bounded from below and lower semicontinuous,
(iii) the map ® > 6 > py is regular in the terminology of [25], which in this setting
amounts to its norm-continuity.

While our result is more general, it should be mentioned that for the problem of
discrimination which deals with a finite number of states and measurements defined
on a finite space, the setup of [25, Theorem 3] is sufficient.

Now, we are going to deal with two fundamental questions:

(a) When a minimax strategy is Bayes for some a priori distribution?
(b) Does there exist a least favourable prior, i.e. a distribution 7 such that the formula

inf r(M,7)= inf r(M,7 3
S ) = ot 1.7 ®

holds?
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In the lemma that follows, the assumption of compactness alone for the underlying
spaces is sufficient; however, this requires considering uniform structures on com-
pact spaces in order to obtain the uniform continuity of a continuous function. For
simplicity, we assume that these spaces are metric.

Lemma 7 Let ® and U be compact metric spaces with metrics de and dy, respectively,
let the loss function L be continuous, and let the map ® > 6 +— pg be continuous
with respect to the weak topology in M. Then, the risk function Ry is continuous for
each strategy M.

Proof Take arbitrary 6y € ©, and let {0;} be an arbitrary net converging to 6y. We have

IRy (6;) — Rur(6)] </ |L(6;, u) — L(80, u)| pg (M (du))
© 4)
+ \ /( LG, 1) po, (M (du)) - /(  L(G0. 1psy (M (dw)].

For arbitrary ¢ > 0, let § > 0 be such that for arbitrary (0’, u") and (0", u”) the
relations

de0',0") <8 and dy@w',u”) <8
imply the inequality
ILO®,u") — LO",u")| <,

which is possible since L is uniformly continuous on ® x U. Choose i such that for
i > ip we have dg (0;, 6p) < §. Then for each u € U, we have

which yields the inequality

i |L(6;, u) — L(6o, u)| pg, (M (du)) < &.

For arbitrary measurable E C U, we have pg, (M (E)) — pg,(M(E)), showing that
the probability measures pg, o M converge weakly to the probability measure pg, o M.
Consequently, we have

|| 260, 00, 016 = [ L0010 | = 0,

and passing to the limit in the inequality (4), we obtain

lim [Rp (0;) — Ry (Bo)| < €,
l
which gives the claim.

@ Springer



310 Page 10 of 24 A. tuczak

Lemma 8 Let the loss function be bounded, 0 < L < ¢, and such that for each fixed
u € U the function ® > 0 +— L(0,u) is upper semicontinuous, and let the map
® 3 0 +— pyg be continuous with respect to the norm topology in M. Then, the risk
function Ry is upper semicontinuous for each strategy M.

Proof Observe first that for an arbitrary strategy M we have
loor (M(E)) — pgr(M(E))| = [(0or — por) (M(E))| < |lpgr — por|

for every measurable £ C U, so for the signed measure
(pgr — pgr) o M and its total variation |(pgr — pg») o M| we have, in particular,

|(por — pgr) o MI(U) < 2llpor — porll-
For arbitrary 6y € ©, let {6;} be an arbitrary net converging to 6y. We have
Ry (6;) = LL(Oiv u) pe; (M (du)) = /UL(GI', u) pe; (M (du))+
- /U L(®;, u) po, (M (du)) + /U L(pg;, u) po, (M (du))
= /U L(®;, u) (pg; — pay) (M (du)) + /U L(pg;, u) pey (M (du).

The first integral on the right-hand side above is estimated as follows

[ 260 0= oy @] < [ L@ w110, = o) M)
< 2C||:00,‘ - )090”,

which means that
fU L®:, u) (o, — pop) (M (du)) — 0.
Consequently, we obtain, using Fatou’s lemma and the upper semicontinuity of L,
lim sup Rys(6;) = lim sup /U L(6;, u) pg, (M (du))
i i

< | timsup L6 prg(1(@0) < [ L6, w00, M) = Rig o)

which proves the upper semicontinuity of Ry;.

Theorem 9 Let ® and U be compact. Assume that either

(1) the loss function L is continuous,
(2) the map © > 0 — py is continuous with respect to the weak topology in M,
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or

(1°) the loss function is bounded, 0 < L < ¢, and such that for each fixed 6 € © the
function U > u — L(60, u) is lower semicontinuous, and for each fixedu € U
the function ©® > 0 +— L(0, u) is upper semicontinuous,

(2°) the map © > 6 > py is continuous with respect to the norm topology in M.

Then, there exists a least favourable prior, and every minimax strategy is Bayes for

this prior.

Proof On account of Lemmas 7 and 8, the assumptions (1) and (2) or (1’) and (2’)
imply the upper semicontinuity and boundedness of the function R, for every strategy
M ; moreover, Theorem 6 applies. Let 70 € IT be arbitrary, and let {;} C IT be an
arbitrary net converging weakly to 7°. For each strategy M, we have by virtue of
Lemma 4

limsupr(M, ;) = lim sup/ Ry (0) i (dB)
. ; 6

1 1

< / Ry (8) 7°(d6) = r(M, 7°),
®

showing that the function I1 > 7 + r(M, ) is upper semicontinuous for every
strategy M.
Denote

h = inf r(M,m), mell
() A;relmr( )

From the upper semicontinuity of the function r(M, ), it follows that & is upper
semicontinuous; consequently, there is T € IT such that

h(w) = sup h(m).

mell

For an arbitrary minimax strategy M, we have by virtue of Theorem 6

sup Rj;(0) = A}g{fm sup Ry (6)

6e® 0e®
= sup inf r(M,m) = sup h(x) = h(7).
well MeM mell

Moreover,
r(M,7) > inf r(M,7) = h(T),
MedMm
and, on account of Lemma 5, also

r(M,7) < sup r(M, ) = sup Rj;(0) = h(T).
0e®

mwell
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Hence,
r(M,7) = h(T) = inf r(M,7),
MeM
and thus, M is Bayes for the a priori distribution 7. Moreover,

inf r(M,7) =h(@) = sup inf r(M,m),
MeMm Tell Medm

which means that 7 is a least favourable prior.

Remark The existence of a least favourable prior together with a proof that every
minimax strategy is Bayes for this prior was shown in [25, Theorem 6] under the
assumptions:

(i) the spaces ® and U are compact,
(i1) the loss function is continuous,
(iii) the map ® > 0 +— py is regular (= norm-continuous).

Again it is seen that for the problem of discrimination, the setup of [25, Theorem 6]
is sufficient.

Corollary 10 Let the assumptions of Theorem 9 hold true, and let T be a least
favourable prior. Then, for every minimax strategy M we have

Rjj(0)=c 7™ —a.e.
Moreover,
Rj(0) <c, foralld € ®.

Indeed, in the notation of Theorem 9 we have

sup RM(G)zr(IVI,ﬁ)zf RM(G)ﬁ(dG)zf sup Rz (6) T(d6),
0e® ® [CXASC]

which yields

Rj(0) = sup Rj;(0) 7 —ae,
0e®

showing the claim.

4 Discrimination of states

From now on, we restrict attention to discrimination of states. Assume thus that ® =
{1,...,n} and let {pyp : 8 € O} = {p1,..., py} be a family of normal states on
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M. As the space of decisions, we take U = {1, ..., n}, and thus, the loss function
L: ©® x U — R can be written in matrix form [L(i, j)]:’jzl. The risk function has
the form

n
Ru() =) LG.)pi(Mp). i=1....n,
j=1

where M = (M, ..., M,) is a strategy.
The most important instance of this scheme appears for the loss function of the
form

L, j)=1-4j, (5)
corresponding to no loss when we guess correctly and loss 1 when not. Then,
n n
Ry@) =) LG, pi(Mj) =Y pi(Mj)=>_ pi(M;) — pi(M;) 6
Jj=1 J# j=1

=1-pi(M;),

which, according to our previous considerations, is seen to be the probability of failing
to identify p;. Furthermore, for an a priori distribution & = (rmq, ..., m,), we have

n
r(M, ) =1=") mipi(M). (7
i=1
Since p; (M) is the probability of correctly guessing the state p;, the subtrahend above

is the overall probability of correct guess, called the probability of detection. We shall
denote this probability by Pp (M, ), and thus,

Pp(M,7) =) mipi(My).
i=1

Let7® = (7, ..., 7,) be a least favourable prior. Guided by Corollary 10, we are
interested in the situation when some of the 7; are 0. Put

I={i:7 #£0}, J=1{i:7 =0

Lemma 11 For an arbitrary minimax strategy M, the risk Sfunction Rj; is constant on
1. Moreover,
R (i) > Ry (k), ®)

foranyi el kel

Proof The proof follows from Corollary 10.
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Remark a priori it is not clear whether the set J may be nonempty or whether we
can have strict inequality in (8). In fact, this second possibility is excluded in the
considerations in [21, p. 1693], quoting results of [9] where it is stated that the risk
function of a minimax strategy which is also Bayes is constant. As we shall see in
Example 1, this is not the case and both possibilities may occur. However, the previous
statement is true for the loss function given by the formula (5) and faithful states as

we shall see in Theorem 14.

For the most important situation when the loss function is given by the formula (5),

Lemma 11 gives the following

Proposition 12 Let the loss function be given by the formula (5). Foranyi € I,k € J

and every minimax strategy M, we have
pi(M) =0, pi(My) < pr (M),
and

p{,(ﬂ,) =const, je€l.

Proof We need only to show the equality pi (My) = 0 for anyi € I,k € J. Put

io =" .
keJ

Fix an arbitrary i € I, and define a strategy N by the formula

~

M; for jel, j#i
N; = Mi+1\70, for j=i
0, for jelJ.

Let 7 be a least favourable prior. Then,

n
ijpj(Nj) = ijpj(Nj) = ijpj(Mj)
j=1 jel jel
J#
+Tipi(M; + Mo) =Y 7 pj (M) + 7 pi (Mo)
Jjel
n n
= ijpj(Mj) + 7ipi (M) > ijpj(Mj)-
=1 =1

Consequently,
n n
r(M,®)=1-=Y 7,;pj(Mj) > 1= 7jp;(Nj) =r(N,7),
Jj=1 Jj=1
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and since M is Bayes, it follows that there must be equality in (9). Thus,
7 pi (Mo) = 0,

i.e. p; (1\70) = 0 giving p; (1\7Ik) =(0foreachk € J.
Let us illustrate the use of the above result with the following example.

Example 1 Consider pure states {1, ¥, 3} on M = B(C3) given in the standard
basis of C> by

V3 3 0
% 2

vi=|1 =L vs=|0
0 0 1

Let the loss function be given by the formula (5). We want to find a minimax strategy
for these states. Let M = (M7, M, M3) be such. It is clear that since 3 is orthogonal
to the subspace spanned by ¥ and v, we should take M3 = Pjy,) because then we
make no mistake while discriminating ¥/3. Let T = (71, 2, 73) be a least favourable
prior. M is a Bayes strategy for 7. We have (¥3|M3vy3) = 1, so Proposition 12
yields 73 = 0 because otherwise we would have (V{|M Y1) = (Yo|Mayn) = 1,
which is impossible. Consequently, our problem is reduced to the two-dimensional
space spanned by ¥1 and ¥, in which the strategy (M1, M) is Bayes for the a priori
distribution (771, w>). First observe that 7| # 0, > # 0. Indeed, if, for example,
7o =0, then I = {1}, J = {2, 3}, and Proposition 12 yields

Yi(M2) =0, Yi(My) < ya(My),

thus

I =¢1(1) = Y1(My) + y1(M2) = Y1 (M),

consequently,

(Y1 IMyr) = Y1 (My) = Y (Ma) = (Y2 |Mayn) =1,

which is impossible.

Taking again into account Lemma 11, we obtain (1| M1v1) = (Y2|M21r2). Now,
the celebrated Helstrom result (cf. [7, 8]) yields that M| and M, are the projections
onto the vectors of the standard basis; moreover, 71 = w» = 1/2. Thus, a minimax
strategy has the form

100 000 000
M ={000 M,=1{010 M;={000],
000 000 001

and w = (1/2,1/2,0) is a (unique) least favourable prior. It is not difficult to show
that also this minimax strategy is unique.
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As the example shows, while looking for minimax strategies we are led in a natural way
to strategies which are Bayes for some a priori distribution 7 = (7, ..., 7,) such
that some of the m; are equal to zero. This is different from the situation in customary
Bayesian inference theory where it is assumed that all a priori probabilities are strictly
positive.

Lemma 13 Let the states p; be faithful, let the loss function be given by the formula
(5), and let M be a minimax strategy. Then, 7'[[.0 #0,i =1,...,n, for every a priori
distribution 7° = (711.0) such that M is a Bayes strategy for this distribution.

Proof Suppose that JT,? = 0 for some k. If My, = 0, then we would have

min max Ry (i) = max [l — p;(M;))] =1,
MeM 1<i<n 1<i<n

while for the strategy N = (N;) defined as N; = (1/n)1 we have

max Ry (i) = max [1—pi((1/mD] =1—1/n,

RN RN

which contradicts the assumption that M is minimax. Consequently, My # 0, and
thus, p; (M) > 0 foreachi = 1, ..., n. Take j such that n;.) > 0, and define the

Sstrategy M as

M; for i+ jandi #k
Miz Mj-i—Mk, fori = j
0, fori =k

We have

r(M, 7% =1~ (Z 7 pi(Mi) + 70, (M + M}a)
i#]
ik
n
=1-> 7 pi(M;) — ) p;(My)
i=1
=r(M, 7% = 7)p;(Mp) < r(M, "),

which contradicts the assumption that Mis Bayes.

The lemma above implies the following important result.

Theorem 14 Let the states p;, i = 1, ..., n, be faithful, and let the loss function be
given by the formula (5). Then, every minimax strategy M has the same constant risk
function.
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Proof Letw = (7, ..., ,) be a least favourable prior, and let M be a minimax
strategy. Then, M is Bayes for 7, and consequently, from Lemma 13 we obtain

i #0, i=1,...,n,
and Corollary 10 yields
Ry()=cy, i=1,...,n,
for some constant cy;. For arbitrary two minimax strategies M’ and M"”, we have

cy = max Ryp (i) = max Ry (i) = cyr,
m = max m (i) max mr (i) =cy

<ikn <ikn
and the conclusion follows.

As it turns out, the conclusion of Lemma 13 holds also for pure states in dimension
two.

Proposition 15 Let {1, Y2, Y3} be pairwise linearly independent pure states in a
two-dimensional Hilbert space, and let M be a minimax strategy. Then, nlp # 0,
i = 1,2,3, for any a priori distribution 79 = (n{), ng , ng) such that M is a Bayes
strategy for this distribution.

Proof First observe that nl.o # 1 fori = 1, 2, 3. Indeed, if for instance, n? =1, then
a Bayes strategy for this distribution would be M} = Pyy,j, M3 = P, M3 = 0
with the Bayes risk (M, 7°) = 0, and consequently,

0=rM, 7% = max [1— (Y | M)

This yields
(ilMir;) =1, i=1,2,3,

hence by the Schwarz inequality
Miyi = .

It follows that
M; = Py,

and thus,
3

L=) M=} Py

i=1 i=l1

a contradiction.
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Now, if, for instance, 71? = 0, then we would have 718 # 0 and né) # 0, so

(Y2IM1Yr2) = (Y3IM1yr3) =0,

giving M| = 0, which as we have seen is impossible for a minimax strategy.

Let us now consider two pure states {11, Y2} in a two-dimensional Hilbert space. A
minimax strategy M = (M7, M>) for these states is Bayes for a least favourable prior
7T = (w1, 72), and as we have seen in Example 1, 71 # 0, w2 # 0. Consequently,
Helstrom’s result cited in Example 1 yields the equality M| = Pig], M2 = Plgy
for an orthonormal basis {£;, &}. From Lemma 11, we know that the risk function is
constant, i.e. [(£1]y1)|> = [(&E2]y2) %, so using again Helstrom’s result we obtain the
equality w1 = w = 1/2. These considerations lead us to the following question. Let
{¥r1, ..., ¥y} be linearly independent pure states in an n-dimensional Hilbert space
‘H, and let M = (M, ..., M,) be a minimax strategy for these states. On account
of Theorem 9, this strategy is Bayes for a least favourable prior 7 = (7, ..., 7T,).
Assume that 7; # O for alli = 1,...,n. Then, Kennedy’s results [17, 18] yield
that M; = P, i = 1,...,n for an orthonormal basis {§; : i = 1,...,n} and
that this optimal strategy is unique. (The reader can also consult Helstrom’s book
[8].) From Lemma 11, it follows that the risk function is constant, so we have a
simple Bayes strategy with constant risk function. A natural conjecture is that also in
this multidimensional case the least favourable prior is uniform, i.e. 7; = 1/n, i =
1, ..., n.It turns out that this is not the case; however, to get a deeper insight into the
problem we must digress for a while and investigate more thoroughly some questions
in Bayesian inference.

5 Simple Bayes strategies for pure states

In this section, we adopt a more general approach; namely, we shall consider a finite
or infinite number of pure states {v; } in a Hilbert space H with an a priori distribution
m = (m;), and a simple strategy (P[g,.]), where {&;} is an orthonormal basis in H.
Observe that results analogous to those of Kennedy’s mentioned above hold true in
infinite dimension; namely, for an infinite sequence of strongly linearly independent
pure states there exists a unique simple Bayes strategy maximising the probability of
detection (cf. [19]). (By strong linear independence is meant the property

Vi ¢ Lin{y; : j # i} foreachi.)

Let k£ > 2 be an arbitrary fixed natural number, and let i1, ..., i; be an arbitrary
choice of distinct indices. Set

Piy iy = P+ + Py Hiie = P

2
-~ Py A LA
lyr — i i K ’ r - k )
1 Piy i Vi S i 7 Py i i |12
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Then, (Pg,1..... Pg,)) is a simple strategy in the space Hi i

{@,1, .. fb\lk} are pure states in this space, and p = (py, ..., px) is some a priori
dlstrlbutlon . (In this notation, we tacitly assume that the projection Pz, ‘corresponds’
to the state w,, which in turn ‘corresponds’ to the probability p,.)

Theorem 16 Let {v;} be pure states in a Hilbert space 'H with an a priori distribution
w = (m;), wi % 0, let the loss function be given by the formula (5), let (P[E,-]) be a
simple strategy, and let k > 2 be an arbitrary fixed natural number. The following
conditions are equivalent

@) (P[S;]) is a Bayes strategy for the states {\; } with the a priori distribution m = (1;).
(ii) For any distinct iy, ..., i, P = (P[Si. I e P[Sik]) is a Bayes strategy in 'H;, i,
for the states {1///\“, ceey @k} with the a priori distribution p = (p1, ..., Pk)-

Proof ()= (ii). We have
k

1
Bo(P.p) =D pelt& 1)1 = i, i, i) .
0 Z Zr 170, ”Pl] lkwlr ”2 ,Z;

From the above-mentioned Kennedy’s result (cf. [17] or [8]), it follows that there exists

a simple Bayes strategy M = (P[m]’ e, P[,,k]) in ‘H;, i, for the states {@-1, R @-k}
with the a priori distribution p = (p1, ..., pk). For this strategy, we have
1 k

Pp(M, p) = Zpr (19,12

D IE ORIl

Z 1”1,||P11 zkwtr|| =1

Now, if the strategy P were not Bayes, then we would have Pp (P, p) < Pp(M, p),
and it is easily seen that taking 71, ..., n instead of &, ..., &, , respectively, and
keeping the remaining &; unchanged, we would obtain a better simple strategy which
contradicts the fact that (Ppg,) is Bayes.

(i1))==(i). First observe that, regardless the dimension of H, there exists a Bayes
strategy M = (M;) for the states {1;} with the a priori distribution & = (7;). This
follows from results in [12] or [22]. (The reader may also consult [19] for a short proof
and a discussion of the problem.) Assume that (Pjz;) is not Bayes. Then,

Pp(M, ) =Y mi (il Miy) > Pp(P, ) = il (&) |

We shall employ the following simple lemma whose proof is left to the reader.

Lemma Let (a;) and (b;) be sequences of real numbers such that the series

Z a;, Z b; are convergent and Z aj < Z bi. Let k be an arbitrary natural number.
i=1 i=1 i=1 i=1

There exist natural numbers iy < --- < iy suchthat Y a; < Y. b;,.
r=1 r=1
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From the Ilemma, it follows that there exist natural numbers
i] < --- < i such that

k k
D Wi M) > G ) P
r=1 r=1

After rewriting the left- and right-hand sides of the above inequality, we obtain

k k
Z 7, | Py Wi, |1 Z PriVi | Piy i Mi, Py iy i, )
r=1 r=1 (10)

k k
> Y i Py i Vi 1P Y pelE )1

r=I1 r=I1

Denote
Ny =P, M Py i, r=1 ...k

Then from the inequality (10), we get

k k
> Wi INA) > D prltE )

r=1 r=1
N = (Ny, ..., Ng) is ‘almost’ a strategy in H;, . ;, in the sense that
k
ZNV < Pil..‘ik-
r=1

Completing N to a true strategy (for instance, by adding
k

P i — N, to Nyp), and keeping the same notation, we obtain
r=1

k k
Po(N, p) =Y priWi, INA) > Y prliE, 19i,)1> = Pp(P, p),

r=1 r=1

which contradicts the optimality of P.
The above theorem is especially effective in the case k = 2 because then we have
a simple method which allows us to verify its condition (ii).

Theorem 16’ Let {;} be pure states in a Hilbert space H with an a priori distribution
7w = (7;), 7w # 0, let the loss function be given by the formula (5), and let (P[S,-]) be
a simple strategy. The following conditions are equivalent

@) (P[Ei]) is a Bayes strategy for the states {\; } with the a priori distribution m = (7;).
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(i1) Forany j,l, j #1,

i (V1) &l y) = ml&lvn) (Yilg))
7 1) 1P = (€519 P (1)
ml &P = &)1

Remark In principle, the problem of finding a Bayes strategy for two pure states in a
two-dimensional Hilbert space was solved long ago (cf. for instance [8] or [7]), but
in a somewhat different setting. Namely, for given two pure states there are formulas
describing an explicit form of two orthogonal vectors such that the projections onto
these vectors are a Bayes strategy. However, our aim is different since we want to
verify whether given two orthogonal vectors give rise to a Bayes strategy. Of course,
it would be possible to solve this task by writing the corresponding formulas for the
vectors of the optimal strategy and comparing them with the given vectors but it turns
out much more complicated than simply checking the formulas (11).

Proof of Theorem 1In view of Theorem 16, we need only to show that the formulas (11)
are equivalent to the fact that the strategy (Pyz;, Plg) is Bayes for the states (v P )
with the a priori probabilities (p;, p;) in the two-dimensional Hilbert space H j;. The
Lagrange operator for our problem (see [7] or [8]) has the form

U= pjPie P+ piPen Py = pil&i IV Ee, 5, + &V Eg 3,

where by E¢ ;, we denote the operator defined as

Eg ¢ =mlg)s, ¢ eHj.

Now, the necessary and sufficient conditions for the strategy
(Pig;1, Pig)) to be a Bayes one are

() Py (pj Py, — PIP[@])P[SIJ =0,

) I' > prP[@] forr = j,1

(cf. [1, 7]; see also [8, 10] for a longer discussion). The operator on the left-hand side

of the condition (i) is easily seen to be (p; (&1V;)(W;1&) — pi(€;1¥n) (V&) Ee; &
and thus the condition (i) is equivalent to the equality

Pi{EWi1&) = pi&;lvn) (Pnl&), (12)
which after inserting the expressions for p;, p;, 1; j and 1'/;1 gives equivalently the first

equality in (11).
Operator I' has the following matrix form in the basis {§;, &}

I R e LA
pi&lI gD pilEl) )P
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while for the operators p P[%] and py P,y we have

popo | PGV i) 0
WA &gy pilEn P |

o — | PG P00 Wilk)
WO & lg) &l |

The equalities (12) show that the off-diagonal entries of p; P[w?j] and p; Py, are the
same as those of I", so the condition (ii) takes the form

il &I = pil&l )
PilENTNP = pilE 19012

which again after inserting the expressions for p;, p;, 1’/7 j and @ gives equivalently
the last two inequalities in (11).

The next example shows that in dimension greater than two it is possible to find pure
states and a simple minimax strategy with constant risk function such that this strategy
is Bayes with respect to a non-uniform a priori distribution being a least favourable
prior.

Example 2 Let

V3 3 /s 3 /3
2 0y 2 gV 2
Y1 I ) . . Y3 13

S
R
h—il_

(]

N

S

be pure states in the three-dimensional Hilbert space C3, and let
1 0
&i=10), &=|1], &=|0
0 0 1

be orthonormal vectors determining a simple strategy M, i.e.

100 000 000
M;={000{, M,=1({010{, M3;=1000
000 000 001

Let w = (my, mp, m3), i # 0, be an a priori distribution such that the simple strategy
M = (P[gl], Pis,), P[&]) is Bayes for 7. From the conditions (11), we obtain

7-[1_51 7-[2_33 7-[3_ 155
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so such a distribution does exist; moreover, it is the unique a priori distribution satis-
fying the conditions 7r; # 0, i = 1, 2, 3, for which the strategy M is Bayes. We have

3.
vi(My) = (&)l =7, i=1,2,3,
which shows that the risk function for this strategy is constant,
1
Ry (i) =1—vi(M;) = vk i=1,23.

Theorem 2 implies that M is a minimax strategy. Since

Vi (My) = [(Elyi)|> #0 forik=1,2,3,

Proposition 12 yields that for a least favourable prior 7 = (ﬁl , T2, ﬁg) we have
w; #0,i =1,2,3.Onaccount of Theorem 9, for a least favourable prior the strategy
M is Bayes, and thus, 7 = (2/5, 1/3, 4/15) is the only least favourable prior.

6 Discussion

The paper is devoted mainly to the minimax approach in quantum decision theory.
In particular, a quantum minimax theorem is proven, the existence of a minimax
strategy and a least favourable prior is shown, and for the case of discrimination of
faithful states with respect to the probability of detection, it is demonstrated that every
minimax strategy has the same constant risk function. However, some connection
between two basic modes of quantum statistical inference: minimax and Bayesian, is
also presented. To this end, the equivalent condition for the existence of a simple (i.e.
consisting of projections) Bayes strategy for pure states is obtained. For the connection,
it is shown that every minimax strategy is Bayes for any least favourable prior. (Note
that a minimax strategy is defined in the way independent of an a priori distribution on
the set of the states considered.) Moreover, in dimension greater than two, it is possible
to find pure states and a simple minimax strategy with constant risk function such that
this strategy is Bayes with respect to a non-uniform a priori distribution being a least
favourable prior, which is impossible in dimension two.
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