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Abstract
We show a connection between the minimax and Bayes approaches in quantum deci-
sion theory in a general setting of normal states on a von Neumann algebra. In
particular, the quantum minimax theorem is proven in a fairly general situation, and it
is shown that every minimax strategy is Bayes for some a priori distribution on the set
of states—a so-called least favourable prior. Minimax strategies with constant risk
are investigated in some detail. It turns out that in dimension greater than two such a
strategy can be Bayes for a non-uniform a priori distribution which, at the same time,
is a least favourable prior.

Keywords Quantum decision theory · Minimax and Bayes strategies · Risk
function · Normal states of a von Neumann algebra
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Introduction

In this paper, we make a contribution to the theory of quantum statistical decisions in
the minimax approach. In spite of more than 30 years of investigations in quantum
statistical decisions, this part of the theory is still barely touched upon. As a matter
of fact, there are only a few papers dealing in one way or another with the subject.
Namely, in [5] equivalence between solving the minimax problem and solving an
optimization problem in the Bayesian setup is shown to hold true in finite dimension,
and for the problem of correct detection in the case of two states, the existence of
an optimal Bayes strategy which is also minimax is proven. Moreover, the question
of minimax unambiguous discrimination for pure states is considered. In [25], the
quantum minimax theorem is shown, while in [21] the minimax strategy for the prob-
lem of correct detection in dimensions 2 and 3 is applied in several cases involving
coherent states. The analysis is based on results connecting the minimax strategy with
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the Bayes one obtained in (hardly available) paper [9] (and to some extent consid-
ered also in [5]); however, it seems that some corrections to these results should be
made. Some questions concerning minimax problems, however, in a different setting,
are considered in [23]. An interesting specific approach to discrimination problems,
containing also minimax questions, is presented in [20]. Finally, a relative (although,
strictly speaking, different) problem of minimax discrimination of two Pauli channels
is discussed in [6].

In this respect, it is interesting to observe that the Bayes approach received much
more attention, so much more that even quoting all relevant papers in this area seems
to be hardly possible. An interested reader may findmore information in survey papers
[1, 2, 7].

Aparticular instance of the general setting of quantumdecision theory appearswhen
we are dealing with a finite family of states, in which case we speak of discrimination
between the states. Such an assumption will be adopted in the second part of the paper.
In particular, the situation when a minimax strategy has constant risk is analysed in
some detail, and it is shown that for pure states in dimension greater than two such
a strategy exists which is Bayes for a non-uniform a priori distribution being a least
favourable prior (see below). In the first part, we prove the quantum minimax theorem
and show that each minimax strategy is Bayes for some a priori distribution on the set
of states which maximises the Bayes risk—a so-called least favourable prior.

Although our considerations are devoted mainly to the minimax approach, Theo-
rems 16 and 16’ give straightforward criteria to determine when a simple strategy for
an arbitrary number of pure states is Bayes.

In our analysis, we aim at full generality considering normal states on a von Neu-
mann algebra.

It is probably worth mentioning that today quantum decision theory, in particular,
and quantum statistics, in general, has substantially broaden its scope, and not only
entered infinite dimension but also moved from the full algebra B(H) of all bounded
operators in a Hilbert space to a general von Neumann algebra. It seems that such
an approach may have substantial value for quantum information. Between numerous
examples supporting this stand, one can cite, e.g. the papers [3, 10, 11, 14–16] to
mention only a few.

1 Preliminaries and notation

LetM be an arbitrary von Neumann algebra with identity 1 acting on a Hilbert space
H. M∗ is denoted the predual of M, i.e. the space of all σ -weakly continuous (≡
normal) linear functionals on M. A linear functional ρ on M is said to be positive if
ρ(A) � 0 for every 0 � A ∈ M. A positive ρ is said to be a state if

‖ρ‖ = ρ(1) = 1.

To each unit vector ψ ∈ H, there corresponds a normal state, denoted by the same
symbol and called a vector state (or pure state, especially in the case M = B(H)),
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defined as

ψ(A) = 〈ψ |Aψ〉, A ∈ M.

By a slight abuse of language, we shall speak of the vector ψ itself as a pure state.
P[ψ] shall be denoted the projection onto the space spanned by the (unit) vector ψ (in
Dirac notation P[ψ] = |ψ〉〈ψ |).

In a general setting, the problem to be dealt with may be described as follows. In a
von Neumann algebraM describing the (bounded) observables of a physical system,
we are given a family of normal states {ρθ : θ ∈ �} on M in which the system may
be. When guessing the correct state of the system, we make a decision u from a set
of decisions U and we pay the price L(θ, u) for making our decision u when the
state was ρθ . (As usual, we assume that the states ρθ are identifiable, that is, that the
correspondence θ �→ ρθ is one to one.) Thus, we have a function L : � × U → R,
called a loss function. The decisions we make are based solely on the outcomes of
measurements (called also strategies) we perform on the system,which are normalised
positive operator valued (abbr. POV) measures (called also semispectral measures)
M on some σ -field of subsets ofU , taking values in the set of positive operators inM.
If the values of M are projections, then the measure is called spectral. (Or the strategy
is called simple.) To every strategy M , there corresponds the risk function RM defined
as

RM (θ) =
∫
U
L(θ, u) ρθ (M(du))

which is clearly seen to be the expectation of our loss under the assumption that the
state was ρθ . If on the set � there is some a priori distribution π , then the Bayes risk
r for the strategy M is defined as

r(M, π) =
∫

�

RM (θ) π(dθ) = Eπ RM ,

which is again the expectation of the risk function with respect to the a priori distri-
bution π .

Two fundamental problems considered in the theory of quantum statistical decisions
are the minimax problem and the Bayesian problem. The first one consists in finding
a strategy M that minimises the maximal risk, i.e. such that the formula

sup
θ∈�

RM (θ) = inf
M

sup
θ∈�

RM (θ)

holds, while in the second we minimise the Bayes risk, i.e. an optimal strategy M
should satisfy

r(M, π) = inf
M

r(M, π)
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for a given a priori distribution π . Such optimal strategies will be called minimax and
Bayes, respectively.

The space of measurements M is topologized by the condition: a net of measure-
ments {Mi } converges to a measurement M if for every normal state ρ the probability
measures ρ ◦ Mi weakly converge to the probability measure ρ ◦ M . It is known that
for U compact M is compact (cf. [11]). As for the space � of probability measures
on � endowed with the topology of weak convergence, it is compact for � compact.

2 Examples of minimax strategies

Here, we present some conditions under which a given strategy is minimax. In par-
ticular, we give an example of the situation when a Bayes strategy is also minimax.
Another type of connection between Bayes and minimax strategies will be employed
in next sections. Both the theorems below are quantum counterparts of known results
from classical mathematical statistics, the first one due to Lehmann and the second to
Hodges and Lehmann, with proofs the same as in the classical case (see, for example,
[13, p. 24]).

Theorem 1 Let Mn be Bayes strategies for a priori distributions πn, n = 1, 2, . . . . If
for some strategy M we have

RM (θ) � lim sup r(Mn, πn)

for all θ ∈ �, then M is a minimax strategy.

Proof For any strategy M and any n, we have, since Mn is Bayes for the a priori
distribution πn ,

sup
θ∈�

RM (θ) � Eπn RM = r(M, πn) � r(Mn, πn),

and thus, for each θ ′ ∈ � we obtain

sup
θ∈�

RM (θ) � lim sup r(Mn, πn) � RM (θ ′),

showing that M is minimax.

From this theorem, we obtain as an immediate corollary

Theorem 2 If M is a Bayes strategy for some a priori distribution π on �, and
RM (θ) � r(M, π) for θ ∈ �, then M is a minimax strategy. In particular, if a
Bayes strategy has constant risk, then it is a minimax strategy.
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3 Quantumminimax theorem and related results

The quantum minimax theorem consists in showing the following formula

inf
M∈M sup

θ∈�

RM (θ) = sup
π∈�

inf
M∈M r(M, π). (1)

We are going to show that this theorem holds under natural, fairly mild, assumptions.
Moreover, we show that there exists a minimax strategy.

First we shall prove two simple facts concerning weak convergence of measures.

Lemma 3 Let f be a nonnegative lower semicontinuous function on a topological
space X, and let {μα} be a net of probability measures on X converging weakly to a
probability measure μ. Then,

lim inf
α

∫
X
f dμα �

∫
X
f dμ.

Proof According to [4, Chapter IV, Section 1.1], there is a family
{ fi : i ∈ I } of continuous bounded functions on X such that

f = sup
i∈I

fi ,

and taking fi ∨ 0 instead of fi , we may assume that fi � 0. Let F be a family of all
finite subsets of I directed by inclusion. For F ∈ F, put

fF = sup
i∈F

fi .

Then, { fF : F ∈ F} is an increasing net of bounded nonnegative continuous functions
such that

f = sup
F∈F

fF = lim
F∈F fF .

For each α and each F , we have

∫
X
f dμα �

∫
X
fF dμα,

and passing to the limit, we obtain

lim inf
α

∫
X
f dμα � lim inf

α

∫
X
fF dμα =

∫
X
fF dμ.

Consequently, from the Lebesgue Monotone Convergence Theorem we get
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lim inf
α

∫
X
f dμα � lim

F∈F

∫
X
fF dμ =

∫
X
f dμ.


�
In a similar way, we prove

Lemma 4 Let f be a nonnegative bounded upper semicontinuous function on a topo-
logical space X, and let {μα} be a net of probability measures on X converging weakly
to a probability measure μ. Then,

lim sup
α

∫
X
f dμα �

∫
X
f dμ.

The following simple lemma is extremely useful since it gives another form of the
expression sup

θ∈�

RM (θ) occurring in the minimax formula.

Lemma 5 For an arbitrary strategy M, the following formula holds

sup
θ∈�

RM (θ) = sup
π∈�

r(M, π).

Proof For each π ∈ �, we have

r(M, π) =
∫

�

RM (θ) π(dθ) �
∫

�

sup
θ∈�

RM (θ) π(dθ) = sup
θ∈�

RM (θ),

and thus,

sup
π∈�

r(M, π) � sup
θ∈�

RM (θ).

On the other hand, assuming that sup
θ∈�

RM (θ) < +∞, we have for every ε > 0 and

some θ0 ∈ �,

sup
θ∈�

RM (θ) < RM (θ0) + ε =
∫

�

RM (θ) δθ0(dθ) + ε

= r(M, δ0) + ε � sup
π∈�

r(M, π) + ε,

giving

sup
π∈�

r(M, π) � sup
θ∈�

RM (θ).

If sup
θ∈�

RM (θ) = +∞, then for arbitrary m > 0 there is θ0 ∈ � such that

RM (θ0) > m,

123



Quantum minimax decision theory Page 7 of 24   310 

and consequently,

sup
π∈�

r(M, π) � r(M, δθ0) =
∫

�

RM (θ) δ0(dθ) = RM (θ0) > m,

showing that sup
π∈�

r(M, π) = +∞.

Now, we are in a position to prove the quantum minimax theorem which considerably
generalises the one obtained in [25, Theorem 3].

Theorem 6 Assume that

(i) the decision space U is compact,
(ii) the loss function L is bounded from below and such that for each fixed θ ∈ � the

function U � u �→ L(θ, u) is lower semicontinuous.

Then, the minimax formula (1) holds. Moreover, there exists a minimax strategy M,
i.e.

inf
M∈M sup

θ∈�

RM (θ) = sup
θ∈�

RM (θ).

Proof Since the loss function is bounded from below, L(θ, u) � c, we may assume,
taking the function L − c instead of L , that L � 0. Then, for the risk function we have
RM � 0.

First we shall show the existence of a minimax strategy.
Let {Mi } be an arbitrary net ofmeasurements converging to ameasurementM . Then

for each θ ∈ �, the probability measures ρθ ◦ Mi converge weakly to the probability
measure ρθ ◦ M . On account of Lemma 3, we have

lim inf
i

RMi (θ) = lim inf
i

∫
U
L(θ, u) ρθ (Mi (du))

�
∫
U
L(θ, u) ρθ (M(du)) = RM (θ),

showing that for each θ ∈ � the functionM � M �→ RM (θ) is lower semicontinuous.
Consequently, for each fixed π ∈ �, we have, using Fatou’s lemma,

lim inf
i

r(Mi , π) = lim inf
i

∫
�

RMi (θ) π(dθ) �
∫

�

lim inf
i

RMi (θ) π(dθ)

�
∫

�

RM (θ) π(dθ) = r(M, π),

which shows that for each π ∈ � the function M � M �→ r(M, π) is lower semi-
continuous. Denote

g(M) = sup
π∈�

r(M, π), M ∈ M.
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It follows that g is lower semicontinuous, and since M is compact, there is M ∈ M
such that

inf
M∈M g(M) = g(M),

i.e.

inf
M∈M sup

π∈�

r(M, π) = inf
M∈M g(M) = g(M) = sup

π∈�

r(M, π).

By virtue of Lemma 5, we get

inf
M∈M sup

θ∈�

RM (θ) = inf
M∈M sup

π∈�

r(M, π) = sup
π∈�

r(M, π) = sup
θ∈�

RM (θ),

which shows that M is a minimax strategy.
Now, again by virtue of Lemma 5, the formula (1) is equivalent to the formula

inf
M∈M sup

π∈�

r(M, π) = sup
π∈�

inf
M∈M r(M, π), (2)

so we are dealing with the minimax theorem for the function r . It is easily seen that
this function is affine with respect to each variable; thus, in particular, it is concave–
convexlike in the terminology of [24]. Since M is compact, and the function M �
M �→ r(M, π) is lower semicontinuous for each π ∈ �, [24, Theorem 4.2’] yields
the formula (2), and thus the formula (1).

Remark In the quantum minimax theorem obtained in [25] for the full algebra B(H),
it was assumed that:

(i) the spaces � and U are compact,
(ii) the loss function is bounded from below and lower semicontinuous,
(iii) the map � � θ �→ ρθ is regular in the terminology of [25], which in this setting

amounts to its norm-continuity.

While our result is more general, it should be mentioned that for the problem of
discrimination which deals with a finite number of states and measurements defined
on a finite space, the setup of [25, Theorem 3] is sufficient.

Now, we are going to deal with two fundamental questions:

(a) When a minimax strategy is Bayes for some a priori distribution?
(b) Does there exist a least favourable prior, i.e. a distribution π such that the formula

sup
π∈�

inf
M∈M r(M, π) = inf

M∈M r(M, π) (3)

holds?
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In the lemma that follows, the assumption of compactness alone for the underlying
spaces is sufficient; however, this requires considering uniform structures on com-
pact spaces in order to obtain the uniform continuity of a continuous function. For
simplicity, we assume that these spaces are metric.

Lemma 7 Let� andU be compactmetric spaceswithmetrics d� and dU , respectively,
let the loss function L be continuous, and let the map � � θ �→ ρθ be continuous
with respect to the weak topology inM∗. Then, the risk function RM is continuous for
each strategy M.

Proof Take arbitrary θ0 ∈ �, and let {θi } be an arbitrary net converging to θ0. We have

|RM (θi ) − RM (θ0)| �
∫

�

|L(θi , u) − L(θ0, u)| ρθi (M(du))

+
∣∣∣
∫

�

L(θ0, u) ρθi (M(du)) −
∫

�

L(θ0, u)ρθ0(M(du))

∣∣∣.
(4)

For arbitrary ε > 0, let δ > 0 be such that for arbitrary (θ ′, u′) and (θ ′′, u′′) the
relations

d�(θ ′, θ ′′) < δ and dU (u′, u′′) < δ

imply the inequality

|L(θ ′, u′) − L(θ ′′, u′′)| < ε,

which is possible since L is uniformly continuous on � ×U . Choose i0 such that for
i � i0 we have d�(θi , θ0) < δ. Then for each u ∈ U , we have

|L(θi , u) − L(θ0, u)| < ε,

which yields the inequality

∫
�

|L(θi , u) − L(θ0, u)| ρθi (M(du)) � ε.

For arbitrary measurable E ⊂ U , we have ρθi (M(E)) → ρθ0(M(E)), showing that
the probability measures ρθi ◦M converge weakly to the probability measure ρθ0 ◦M .
Consequently, we have

∣∣∣
∫

�

L(θ0, u) ρθi (M(du)) −
∫

�

L(θ0, u)ρθ0(M(du))

∣∣∣ → 0,

and passing to the limit in the inequality (4), we obtain

lim
i

|RM (θi ) − RM (θ0)| � ε,

which gives the claim.
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Lemma 8 Let the loss function be bounded, 0 � L � c, and such that for each fixed
u ∈ U the function � � θ �→ L(θ, u) is upper semicontinuous, and let the map
� � θ �→ ρθ be continuous with respect to the norm topology in M∗. Then, the risk
function RM is upper semicontinuous for each strategy M.

Proof Observe first that for an arbitrary strategy M we have

|ρθ ′(M(E)) − ρθ ′′(M(E))| = |(ρθ ′ − ρθ ′′)(M(E))| � ‖ρθ ′ − ρθ ′′ ‖

for every measurable E ⊂ U , so for the signed measure
(ρθ ′ − ρθ ′′) ◦ M and its total variation |||(ρθ ′ − ρθ ′′) ◦ M||| we have, in particular,

|||(ρθ ′ − ρθ ′′) ◦ M|||(U ) � 2‖ρθ ′ − ρθ ′′ ‖.

For arbitrary θ0 ∈ �, let {θi } be an arbitrary net converging to θ0. We have

RM (θi ) =
∫
U
L(θi , u) ρθi (M(du)) =

∫
U
L(θi , u) ρθi (M(du))+

−
∫
U
L(θi , u) ρθ0(M(du)) +

∫
U
L(ρθi , u) ρθ0(M(du))

=
∫
U
L(θi , u) (ρθi − ρθ0)(M(du)) +

∫
U
L(ρθi , u) ρθ0(M(du).

The first integral on the right-hand side above is estimated as follows

∣∣∣
∫
U
L(θi , u) (ρθi − ρθ0)(M(du))

∣∣∣ �
∫
U

|L(θi , u)| |||(ρθi − ρθ0) ◦ M|||(du)

� 2c‖ρθi − ρθ0‖,

which means that
∫
U
L(θi , u) (ρθi − ρθ0)(M(du)) →

i
0.

Consequently, we obtain, using Fatou’s lemma and the upper semicontinuity of L ,

lim sup
i

RM (θi ) = lim sup
i

∫
U
L(θi , u) ρθ0(M(du))

�
∫
U
lim sup

i
L(θi , u) ρθ0(M(du)) �

∫
U
L(θ0, u)ρθ0(M(du)) = RM (θ0),

which proves the upper semicontinuity of RM .

Theorem 9 Let � and U be compact. Assume that either

(1) the loss function L is continuous,
(2) the map � � θ �→ ρθ is continuous with respect to the weak topology in M∗,
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or

(1’) the loss function is bounded, 0 � L � c, and such that for each fixed θ ∈ � the
function U � u �→ L(θ, u) is lower semicontinuous, and for each fixed u ∈ U
the function � � θ �→ L(θ, u) is upper semicontinuous,

(2’) the map � � θ �→ ρθ is continuous with respect to the norm topology inM∗.

Then, there exists a least favourable prior, and every minimax strategy is Bayes for
this prior.

Proof On account of Lemmas 7 and 8, the assumptions (1) and (2) or (1’) and (2’)
imply the upper semicontinuity and boundedness of the function RM for every strategy
M ; moreover, Theorem 6 applies. Let π0 ∈ � be arbitrary, and let {πi } ⊂ � be an
arbitrary net converging weakly to π0. For each strategy M , we have by virtue of
Lemma 4

lim sup
i

r(M, πi ) = lim sup
i

∫
�

RM (θ) πi (dθ)

�
∫

�

RM (θ) π0(dθ) = r(M, π0),

showing that the function � � π �→ r(M, π) is upper semicontinuous for every
strategy M .

Denote

h(π) = inf
M∈M r(M, π), π ∈ �.

From the upper semicontinuity of the function r(M, ·), it follows that h is upper
semicontinuous; consequently, there is π ∈ � such that

h(π) = sup
π∈�

h(π).

For an arbitrary minimax strategy M̃ , we have by virtue of Theorem 6

sup
θ∈�

RM̃ (θ) = inf
M∈M sup

θ∈�

RM (θ)

= sup
π∈�

inf
M∈M r(M, π) = sup

π∈�

h(π) = h(π).

Moreover,

r(M̃, π) � inf
M∈M r(M, π) = h(π),

and, on account of Lemma 5, also

r(M̃, π) � sup
π∈�

r(M̃, π) = sup
θ∈�

RM̃ (θ) = h(π).
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Hence,

r(M̃, π) = h(π) = inf
M∈M r(M, π),

and thus, M̃ is Bayes for the a priori distribution π . Moreover,

inf
M∈M r(M, π) = h(π) = sup

π∈�

inf
M∈M r(M, π),

which means that π is a least favourable prior.

Remark The existence of a least favourable prior together with a proof that every
minimax strategy is Bayes for this prior was shown in [25, Theorem 6] under the
assumptions:

(i) the spaces � and U are compact,
(ii) the loss function is continuous,
(iii) the map � � θ �→ ρθ is regular (≡ norm-continuous).

Again it is seen that for the problem of discrimination, the setup of [25, Theorem 6]
is sufficient.

Corollary 10 Let the assumptions of Theorem 9 hold true, and let π be a least
favourable prior. Then, for every minimax strategy M̃ we have

RM̃ (θ) = c π − a.e..

Moreover,

RM̃ (θ) � c, for all θ ∈ �.

Indeed, in the notation of Theorem 9 we have

sup
θ∈�

RM̃ (θ) = r(M̃, π) =
∫

�

RM̃ (θ) π(dθ) =
∫

�

sup
θ∈�

RM̃ (θ) π(dθ),

which yields

RM̃ (θ) = sup
θ∈�

RM̃ (θ) π − a.e.,

showing the claim.

4 Discrimination of states

From now on, we restrict attention to discrimination of states. Assume thus that � =
{1, . . . , n} and let {ρθ : θ ∈ �} = {ρ1, . . . , ρn} be a family of normal states on
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M. As the space of decisions, we take U = {1, . . . , n}, and thus, the loss function
L : � × U → R can be written in matrix form

[
L(i, j)

]n
i, j=1. The risk function has

the form

RM (i) =
n∑
j=1

L(i, j)ρi (Mj ), i = 1, . . . , n,

where M = (M1, . . . , Mn) is a strategy.
The most important instance of this scheme appears for the loss function of the

form
L(i, j) = 1 − δi j , (5)

corresponding to no loss when we guess correctly and loss 1 when not. Then,

RM (i) =
n∑
j=1

L(i, j)ρi (Mj ) =
∑
j �=i

ρi (Mj ) =
n∑
j=1

ρi (Mj ) − ρi (Mi )

= 1 − ρi (Mi ),

(6)

which, according to our previous considerations, is seen to be the probability of failing
to identify ρi . Furthermore, for an a priori distribution π = (π1, . . . , πn), we have

r(M, π) = 1 −
n∑

i=1

πiρi (Mi ). (7)

Since ρi (Mi ) is the probability of correctly guessing the state ρi , the subtrahend above
is the overall probability of correct guess, called the probability of detection. We shall
denote this probability by PD(M, π), and thus,

PD(M, π) =
n∑

i=1

πiρi (Mi ).

Let π = (π1, . . . , πn) be a least favourable prior. Guided by Corollary 10, we are
interested in the situation when some of the π i are 0. Put

I = {i : π i �= 0}, J = {i : π i = 0}.

Lemma 11 For an arbitrary minimax strategy M̃, the risk function RM̃ is constant on
I . Moreover,

RM̃ (i) � RM̃ (k), (8)

for any i ∈ I , k ∈ J

Proof The proof follows from Corollary 10.
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Remark a priori it is not clear whether the set J may be nonempty or whether we
can have strict inequality in (8). In fact, this second possibility is excluded in the
considerations in [21, p. 1693], quoting results of [9] where it is stated that the risk
function of a minimax strategy which is also Bayes is constant. As we shall see in
Example 1, this is not the case and both possibilities may occur. However, the previous
statement is true for the loss function given by the formula (5) and faithful states as
we shall see in Theorem 14.

For the most important situation when the loss function is given by the formula (5),
Lemma 11 gives the following

Proposition 12 Let the loss function be given by the formula (5). For any i ∈ I , k ∈ J
and every minimax strategy M̃, we have

ρi (M̃k) = 0, ρi (M̃i ) � ρk(M̃k),

and

ρ j (M̃ j ) = const, j ∈ I .

Proof We need only to show the equality ρi (M̃k) = 0 for any i ∈ I , k ∈ J . Put

M̃0 =
∑
k∈J

M̃k .

Fix an arbitrary i ∈ I , and define a strategy N by the formula

N j =

⎧⎪⎨
⎪⎩
M̃ j , for j ∈ I , j �= i

M̃i + M̃0, for j = i

0, for j ∈ J .

Let π be a least favourable prior. Then,

n∑
j=1

π jρ j (N j ) =
∑
j∈I

π jρ j (N j ) =
∑
j∈I
j �=i

π jρ j (M̃ j )

+ π iρi (M̃i + M̃0) =
∑
j∈I

π jρ j (Mj ) + π iρi (M̃0)

=
n∑
j=1

π jρ j (Mj ) + π iρi (M̃0) �
n∑
j=1

π jρ j (Mj ).

(9)

Consequently,

r(M̃, π) = 1 −
n∑
j=1

π jρ j (Mj ) � 1 −
n∑
j=1

π jρ j (N j ) = r(N , π),
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and since M̃ is Bayes, it follows that there must be equality in (9). Thus,

π iρi (M̃0) = 0,

i.e. ρi (M̃0) = 0 giving ρi (M̃k) = 0 for each k ∈ J .

Let us illustrate the use of the above result with the following example.

Example 1 Consider pure states {ψ1, ψ2, ψ3} on M = B(C3) given in the standard
basis of C3 by

ψ1 =
⎛
⎝

√
3
2
1
2
0

⎞
⎠ ψ2 =

⎛
⎝

1
2√
3
2
0

⎞
⎠ ψ3 =

⎛
⎝0
0
1

⎞
⎠ .

Let the loss function be given by the formula (5). We want to find a minimax strategy
for these states. Let M = (M1, M2, M3) be such. It is clear that sinceψ3 is orthogonal
to the subspace spanned by ψ1 and ψ2, we should take M3 = P[ψ3] because then we
make no mistake while discriminatingψ3. Let π = (π1, π2, π3) be a least favourable
prior. M is a Bayes strategy for π . We have 〈ψ3|M3ψ3〉 = 1, so Proposition 12
yields π3 = 0 because otherwise we would have 〈ψ1|M1ψ1〉 = 〈ψ2|M2ψ2〉 = 1,
which is impossible. Consequently, our problem is reduced to the two-dimensional
space spanned by ψ1 and ψ2 in which the strategy (M1, M2) is Bayes for the a priori
distribution (π1, π2). First observe that π1 �= 0, π2 �= 0. Indeed, if, for example,
π2 = 0, then I = {1}, J = {2, 3}, and Proposition 12 yields

ψ1(M2) = 0, ψ1(M1) � ψ2(M2),

thus

1 = ψ1(1) = ψ1(M1) + ψ1(M2) = ψ1(M1),

consequently,

〈ψ1|M1ψ1〉 = ψ1(M1) = ψ2(M2) = 〈ψ2|M2ψ2〉 = 1,

which is impossible.
Taking again into account Lemma 11, we obtain 〈ψ1|M1ψ1〉 = 〈ψ2|M2ψ2〉. Now,

the celebrated Helstrom result (cf. [7, 8]) yields that M1 and M2 are the projections
onto the vectors of the standard basis; moreover, π1 = π2 = 1/2. Thus, a minimax
strategy has the form

M1 =
⎡
⎣1 0 0
0 0 0
0 0 0

⎤
⎦ M2 =

⎡
⎣0 0 0
0 1 0
0 0 0

⎤
⎦ M3 =

⎡
⎣0 0 0
0 0 0
0 0 1

⎤
⎦ ,

and π = (1/2, 1/2, 0) is a (unique) least favourable prior. It is not difficult to show
that also this minimax strategy is unique.
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As the example shows,while looking forminimax strategieswe are led in a naturalway
to strategies which are Bayes for some a priori distribution π = (π1, . . . , πn) such
that some of the πi are equal to zero. This is different from the situation in customary
Bayesian inference theory where it is assumed that all a priori probabilities are strictly
positive.

Lemma 13 Let the states ρi be faithful, let the loss function be given by the formula
(5), and let M̃ be a minimax strategy. Then, π0

i �= 0, i = 1, . . . , n, for every a priori
distribution π0 = (π0

i ) such that M̃ is a Bayes strategy for this distribution.

Proof Suppose that π0
k = 0 for some k. If M̃k = 0, then we would have

min
M∈M max

1�i�n
RM (i) = max

1�i�n
[1 − ρi (M̃i )] = 1,

while for the strategy N = (Ni ) defined as Ni = (1/n)1 we have

max
1�i�n

RN (i) = max
1�i�n

[1 − ρi ((1/n)1)] = 1 − 1/n,

which contradicts the assumption that M̃ is minimax. Consequently, M̃k �= 0, and
thus, ρi (M̃k) > 0 for each i = 1, . . . , n. Take j such that π0

j > 0, and define the

strategy M̂ as

M̂i =

⎧⎪⎨
⎪⎩
M̃i , for i �= j and i �= k

M̃ j + M̃k, for i = j

0, for i = k

.

We have

r(M̂, π0) = 1 −
( ∑

i �= j
i �=k

π0
i ρi (M̃i ) + π0

j ρ j (M̃ j + M̃k)

)

= 1 −
n∑

i=1

π0
i ρi (M̃i ) − π0

j ρ j (M̃k)

= r(M̃, π0) − π0
j ρ j (M̃k) < r(M̃, π0),

which contradicts the assumption that M̃ is Bayes.

The lemma above implies the following important result.

Theorem 14 Let the states ρi , i = 1, . . . , n, be faithful, and let the loss function be
given by the formula (5). Then, every minimax strategy M has the same constant risk
function.
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Proof Let π = (π1, . . . , πn) be a least favourable prior, and let M be a minimax
strategy. Then, M is Bayes for π , and consequently, from Lemma 13 we obtain

π i �= 0, i = 1, . . . , n,

and Corollary 10 yields

RM (i) = cM , i = 1, . . . , n,

for some constant cM . For arbitrary two minimax strategies M ′ and M ′′, we have

cM ′ = max
1�i�n

RM ′(i) = max
1�i�n

RM ′′(i) = cM ′′ ,

and the conclusion follows.

As it turns out, the conclusion of Lemma 13 holds also for pure states in dimension
two.

Proposition 15 Let {ψ1, ψ2, ψ3} be pairwise linearly independent pure states in a
two-dimensional Hilbert space, and let M be a minimax strategy. Then, π0

i �= 0,
i = 1, 2, 3, for any a priori distribution π0 = (π0

1 , π0
2 , π0

3 ) such that M is a Bayes
strategy for this distribution.

Proof First observe that π0
i �= 1 for i = 1, 2, 3. Indeed, if for instance, π0

1 = 1, then
a Bayes strategy for this distribution would be M0

1 = P[ψ1], M0
2 = P⊥[ψ1], M3 = 0

with the Bayes risk r(M0, π0) = 0, and consequently,

0 = r(M, π0) = max
i=1,2,3

[1 − 〈ψi |Miψi 〉].

This yields

〈ψi |Miψi 〉 = 1, i = 1, 2, 3,

hence by the Schwarz inequality

Miψi = ψi .

It follows that

Mi � P[ψi ],

and thus,

1 =
3∑

i=1

Mi �
3∑

i=1

P[ψi ],

a contradiction.
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Now, if, for instance, π0
1 = 0, then we would have π0

2 �= 0 and π0
3 �= 0, so

〈ψ2|M1ψ2〉 = 〈ψ3|M1ψ3〉 = 0,

giving M1 = 0, which as we have seen is impossible for a minimax strategy.

Let us now consider two pure states {ψ1, ψ2} in a two-dimensional Hilbert space. A
minimax strategy M = (M1, M2) for these states is Bayes for a least favourable prior
π = (π1, π2), and as we have seen in Example 1, π1 �= 0, π2 �= 0. Consequently,
Helstrom’s result cited in Example 1 yields the equality M1 = P[ξ1], M2 = P[ξ2]
for an orthonormal basis {ξ1, ξ2}. From Lemma 11, we know that the risk function is
constant, i.e. |〈ξ1|ψ1〉|2 = |〈ξ2|ψ2〉|2, so using again Helstrom’s result we obtain the
equality π1 = π2 = 1/2. These considerations lead us to the following question. Let
{ψ1, . . . , ψn} be linearly independent pure states in an n-dimensional Hilbert space
H, and let M = (M1, . . . , Mn) be a minimax strategy for these states. On account
of Theorem 9, this strategy is Bayes for a least favourable prior π = (π1, . . . , πn).
Assume that π i �= 0 for all i = 1, . . . , n. Then, Kennedy’s results [17, 18] yield
that Mi = P[ξi ], i = 1, . . . , n for an orthonormal basis {ξi : i = 1, . . . , n} and
that this optimal strategy is unique. (The reader can also consult Helstrom’s book
[8].) From Lemma 11, it follows that the risk function is constant, so we have a
simple Bayes strategy with constant risk function. A natural conjecture is that also in
this multidimensional case the least favourable prior is uniform, i.e. π i = 1/n, i =
1, . . . , n. It turns out that this is not the case; however, to get a deeper insight into the
problem we must digress for a while and investigate more thoroughly some questions
in Bayesian inference.

5 Simple Bayes strategies for pure states

In this section, we adopt a more general approach; namely, we shall consider a finite
or infinite number of pure states {ψi } in a Hilbert spaceHwith an a priori distribution
π = (πi ), and a simple strategy

(
P[ξi ]

)
, where {ξi } is an orthonormal basis in H.

Observe that results analogous to those of Kennedy’s mentioned above hold true in
infinite dimension; namely, for an infinite sequence of strongly linearly independent
pure states there exists a unique simple Bayes strategy maximising the probability of
detection (cf. [19]). (By strong linear independence is meant the property

ψi /∈ Lin{ψ j : j �= i} for each i .)

Let k � 2 be an arbitrary fixed natural number, and let i1, . . . , ik be an arbitrary
choice of distinct indices. Set

Pi1...ik = P[ξi1 ] + · · · + P[ξik ], Hi1...ik = Pi1...ikH

ψ̂ir = Pi1...ikψir

‖Pi1...ikψir ‖
, pr = πir ‖Pi1...ikψir ‖2∑k

j=1 πi j ‖Pi1...ikψi j ‖2
, r = 1, . . . , k.
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Then, (P[ξi1 ], . . . , P[ξik ]) is a simple strategy in the space Hi1...ik ,

{ψ̂i1 , . . . , ψ̂ik } are pure states in this space, and p = (p1, . . . , pk) is some a priori
distribution. (In this notation, we tacitly assume that the projection P[ξr ] ‘corresponds’
to the state ψ̂ir which in turn ‘corresponds’ to the probability pr .)

Theorem 16 Let {ψi } be pure states in a Hilbert spaceH with an a priori distribution
π = (πi ), πi �= 0, let the loss function be given by the formula (5), let

(
P[ξi ]

)
be a

simple strategy, and let k � 2 be an arbitrary fixed natural number. The following
conditions are equivalent

(i)
(
P[ξi ]

)
is a Bayes strategy for the states {ψi }with the a priori distributionπ = (πi ).

(ii) For any distinct i1, . . . , ik, P = (
P[ξi1 ], . . . , P[ξik ]

)
is a Bayes strategy in Hi1...ik

for the states {ψ̂i1, . . . , ψ̂ik } with the a priori distribution p = (p1, . . . , pk).

Proof (i)�⇒(ii). We have

PD(P, p) =
k∑

r=1

pr |〈ξir |ψ̂ir 〉|2 = 1∑k
r=1 πir ‖Pi1...ikψir ‖2

k∑
r=1

πir |〈ξir |ψir 〉|2.

From the above-mentionedKennedy’s result (cf. [17] or [8]), it follows that there exists
a simple Bayes strategy M = (

P[η1], . . . , P[ηk ]
)
inHi1...ik for the states {ψ̂i1 , . . . , ψ̂ik }

with the a priori distribution p = (p1, . . . , pk). For this strategy, we have

PD(M, p) =
k∑

r=1

pr |〈ηr |ψ̂ir 〉|2 = 1∑k
r=1 πir ‖Pi1...ikψir ‖2

k∑
r=1

πir |〈ηr |ψir 〉|2.

Now, if the strategy P were not Bayes, then we would have PD(P, p) < PD(M, p),
and it is easily seen that taking η1, . . . , ηk instead of ξi1 , . . . , ξik , respectively, and
keeping the remaining ξi unchanged, we would obtain a better simple strategy which
contradicts the fact that

(
P[ξi ]

)
is Bayes.

(ii)�⇒(i). First observe that, regardless the dimension of H, there exists a Bayes
strategy M = (Mi ) for the states {ψi } with the a priori distribution π = (πi ). This
follows from results in [12] or [22]. (The reader may also consult [19] for a short proof
and a discussion of the problem.) Assume that

(
P[ξi ]

)
is not Bayes. Then,

PD(M, π) =
∑
i

πi 〈ψi |Miψi 〉 > PD(P, π) =
∑
i

πi |〈ξi |ψi 〉|2.

We shall employ the following simple lemma whose proof is left to the reader.

Lemma Let (ai ) and (bi ) be sequences of real numbers such that the series
∞∑
i=1

ai ,
∞∑
i=1

bi are convergent and
∞∑
i=1

ai <
∞∑
i=1

bi . Let k be an arbitrary natural number.

There exist natural numbers i1 < · · · < ik such that
k∑

r=1
air <

k∑
r=1

bir .
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From the lemma, it follows that there exist natural numbers
i1 < · · · < ik such that

k∑
r=1

πir 〈ψir |Mir ψir 〉 >

k∑
r=1

πir |〈ξir |ψir 〉|2.

After rewriting the left- and right-hand sides of the above inequality, we obtain

k∑
r=1

πir ‖Pi1...ikψir ‖2
k∑

r=1

pr 〈ψ̂ir |Pi1...ik Mir Pi1...ik ψ̂ir 〉

>

k∑
r=1

πir ‖Pi1...ikψir ‖2
k∑

r=1

pr |〈ξir |ψ̂ir 〉|2.
(10)

Denote

Nr = Pi1...ik Mir Pi1...ik , r = 1, . . . , k.

Then from the inequality (10), we get

k∑
r=1

pr 〈ψ̂ir |Nr ψ̂ir 〉 >

k∑
r=1

pr |〈ξir |ψ̂ir 〉|2.

N = (N1, . . . , Nk) is ‘almost’ a strategy inHi1...ik in the sense that

k∑
r=1

Nr � Pi1...ik .

Completing N to a true strategy (for instance, by adding

Pi1...ik −
k∑

r=1
Nr to N1), and keeping the same notation, we obtain

PD(N , p) =
k∑

r=1

pr 〈ψ̂ir |Nr ψ̂ir 〉 >

k∑
r=1

pr |〈ξir |ψ̂ir 〉|2 = PD(P, p),

which contradicts the optimality of P .
The above theorem is especially effective in the case k = 2 because then we have

a simple method which allows us to verify its condition (ii).

Theorem 16’ Let {ψi } be pure states in a Hilbert spaceH with an a priori distribution
π = (πi ), πi �= 0, let the loss function be given by the formula (5), and let

(
P[ξi ]

)
be

a simple strategy. The following conditions are equivalent

(i)
(
P[ξi ]

)
is a Bayes strategy for the states {ψi }with the a priori distributionπ = (πi ).
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(ii) For any j, l, j �= l,

π j 〈ψ j |ξ j 〉〈ξl |ψ j 〉 = πl〈ξl |ψl〉〈ψl |ξ j 〉
π j |〈ξ j |ψ j 〉|2 � πl |〈ξ j |ψl〉|2
πl |〈ξl |ψl〉|2 � π j |〈ξl |ψ j 〉|2.

(11)

Remark In principle, the problem of finding a Bayes strategy for two pure states in a
two-dimensional Hilbert space was solved long ago (cf. for instance [8] or [7]), but
in a somewhat different setting. Namely, for given two pure states there are formulas
describing an explicit form of two orthogonal vectors such that the projections onto
these vectors are a Bayes strategy. However, our aim is different since we want to
verify whether given two orthogonal vectors give rise to a Bayes strategy. Of course,
it would be possible to solve this task by writing the corresponding formulas for the
vectors of the optimal strategy and comparing them with the given vectors but it turns
out much more complicated than simply checking the formulas (11).

Proof of Theorem In view of Theorem 16, we need only to show that the formulas (11)
are equivalent to the fact that the strategy (P[ξ j ], P[ξl ]) is Bayes for the states {ψ̂ j , ψ̂l}
with the a priori probabilities (p j , pl) in the two-dimensional Hilbert spaceH jl . The
Lagrange operator for our problem (see [7] or [8]) has the form

� = p j P[ξ j ]P[ψ̂ j ] + pl P[ξl ]P[ψ̂l ] = p j 〈ξ j |ψ̂ j 〉Eξ j ,ψ̂ j
+ pl〈ξl |ψ̂l〉Eξl ,ψ̂l

,

where by Eξ,η we denote the operator defined as

Eξ,ηζ = 〈η|ζ 〉ξ, ζ ∈ H jl .

Now, the necessary and sufficient conditions for the strategy
(P[ξ j ], P[ξl ]) to be a Bayes one are

(i) P[ξ j ](p j P[ψ̂ j ] − pl P[ψ̂l ])P[ξl ] = 0,
(ii) � � pr P[ψ̂r ] for r = j, l

(cf. [1, 7]; see also [8, 10] for a longer discussion). The operator on the left-hand side
of the condition (i) is easily seen to be (p j 〈ξ j |ψ̂ j 〉〈ψ̂ j |ξl〉 − pl〈ξ j |ψ̂l〉〈ψ̂l |ξl〉)Eξ j ,ξl

and thus the condition (i) is equivalent to the equality

p j 〈ξ j |ψ̂ j 〉〈ψ̂ j |ξl〉 = pl〈ξ j |ψ̂l〉〈ψ̂l |ξl〉, (12)

which after inserting the expressions for p j , pl , ψ̂ j and ψ̂l gives equivalently the first
equality in (11).

Operator � has the following matrix form in the basis {ξ j , ξl}

� =
[

p j |〈ξ j |ψ̂ j 〉|2 p j 〈ξ j |ψ̂ j 〉〈ψ̂ j |ξl〉
pl〈ξl |ψ̂l〉〈ψ̂l |ξ j 〉 pl |〈ξl |ψ̂l〉|2

]
,
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while for the operators p j P[ψ̂ j ] and pl P[ψ̂l ] we have

p j P[ψ̂ j ] =
[

p j |〈ξ j |ψ̂ j 〉|2 p j 〈ξ j |ψ̂ j 〉〈ψ̂ j |ξl〉
p j 〈ξl |ψ̂ j 〉〈ψ̂ j |ξ j 〉 p j |〈ξl |ψ̂ j 〉|2

]
,

pl P[ψ̂l ] =
[

pl |〈ξ j |ψ̂l〉|2 pl〈ξ j |ψ̂l〉〈ψ̂l |ξl〉
pl〈ξl |ψ̂l〉〈ψ̂l |ξ j 〉 pl |〈ξl |ψ̂l〉|2

]
.

The equalities (12) show that the off-diagonal entries of p j P[ψ̂ j ] and pl P[ψ̂l ] are the
same as those of �, so the condition (ii) takes the form

pl |〈ξl |ψ̂l〉|2 � p j |〈ξl |ψ̂ j 〉|2
p j |〈ξ j |ψ̂ j 〉|2 � pl |〈ξ j |ψ̂l〉|2,

which again after inserting the expressions for p j , pl , ψ̂ j and ψ̂l gives equivalently
the last two inequalities in (11).

The next example shows that in dimension greater than two it is possible to find pure
states and a simple minimax strategy with constant risk function such that this strategy
is Bayes with respect to a non-uniform a priori distribution being a least favourable
prior.

Example 2 Let

ψ1 =

⎛
⎜⎜⎜⎝

√
3
2

1
4

√
5
2

1
4

√
3
2

⎞
⎟⎟⎟⎠ , ψ2 =

⎛
⎜⎜⎜⎝

3
10

√
5
2√

3
2

1
10

√
5
2

⎞
⎟⎟⎟⎠ , ψ3 =

⎛
⎜⎜⎜⎝

3
8

√
3
2

1
8

√
5
2√

3
2

⎞
⎟⎟⎟⎠

be pure states in the three-dimensional Hilbert space C3, and let

ξ1 =
⎛
⎝1
0
0

⎞
⎠ , ξ2 =

⎛
⎝0
1
0

⎞
⎠ , ξ3 =

⎛
⎝0
0
1

⎞
⎠

be orthonormal vectors determining a simple strategy M , i.e.

M1 =
⎡
⎣1 0 0
0 0 0
0 0 0

⎤
⎦ , M2 =

⎡
⎣0 0 0
0 1 0
0 0 0

⎤
⎦ , M3 =

⎡
⎣0 0 0
0 0 0
0 0 1

⎤
⎦ .

Let π = (π1, π2, π3), πi �= 0, be an a priori distribution such that the simple strategy
M = (

P[ξ1], P[ξ2], P[ξ3]
)
is Bayes for π . From the conditions (11), we obtain

π1 = 2

5
, π2 = 1

3
, π3 = 4

15
,
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so such a distribution does exist; moreover, it is the unique a priori distribution satis-
fying the conditions πi �= 0, i = 1, 2, 3, for which the strategy M is Bayes. We have

ψi (Mi ) = |〈ξi |ψi 〉|2 = 3

4
, i = 1, 2, 3,

which shows that the risk function for this strategy is constant,

RM (i) = 1 − ψi (Mi ) = 1

4
, i = 1, 2, 3.

Theorem 2 implies that M is a minimax strategy. Since

ψi (Mk) = |〈ξk |ψi 〉|2 �= 0 for i, k = 1, 2, 3,

Proposition 12 yields that for a least favourable prior π = (
π1, π2, π3

)
we have

π i �= 0, i = 1, 2, 3. On account of Theorem 9, for a least favourable prior the strategy
M is Bayes, and thus, π = (2/5, 1/3, 4/15) is the only least favourable prior.

6 Discussion

The paper is devoted mainly to the minimax approach in quantum decision theory.
In particular, a quantum minimax theorem is proven, the existence of a minimax
strategy and a least favourable prior is shown, and for the case of discrimination of
faithful states with respect to the probability of detection, it is demonstrated that every
minimax strategy has the same constant risk function. However, some connection
between two basic modes of quantum statistical inference: minimax and Bayesian, is
also presented. To this end, the equivalent condition for the existence of a simple (i.e.
consisting of projections)Bayes strategy for pure states is obtained. For the connection,
it is shown that every minimax strategy is Bayes for any least favourable prior. (Note
that a minimax strategy is defined in the way independent of an a priori distribution on
the set of the states considered.)Moreover, in dimension greater than two, it is possible
to find pure states and a simple minimax strategy with constant risk function such that
this strategy is Bayes with respect to a non-uniform a priori distribution being a least
favourable prior, which is impossible in dimension two.
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Quantum State Estimation. Lecture Notes Phys. 649, pp. 417–465. Springer, Berlin (2004)

3. Berta, M., Scholz, V.B., Tomamichel, M.: Rényi divergences as weighted non-commutative vector-
valued L p-spaces. Ann. Henri Poincaré 19, 1843–1867 (2018)

4. Bourbaki, N.: Elements of Mathematics: Integration I. Springer, Berlin (2000)
5. D’Ariano, G.M., Sacchi, M.S., Kahn, J.: Minimax quantum-state discrimination. Phys. Rev. A 72,

032310 (2005)
6. D’Ariano, G.M., Sacchi, M.S., Kahn, J.: Minimax discrimination of two Pauli channels. Phys. Rev. A

72, 052302 (2005)
7. Chefles, A.: Quantum state discrimination. Contemporary Phys. 41, 401–430 (2000)
8. Helstrom, C.W.: Quantum Detection and Estimation Theory. Academic Press, New York-San

Francisco-London (1976)
9. Hirota, O., Ikehara, S.: Minimax strategy in quantum detection theory and its application to optical

communications. IEEE Trans. IECE Jpn. E 65(11), 627–633 (1982)
10. Holevo, A.S.: Statistical decision theory for quantum systems. J. Multivariate Anal. 3, 337–394 (1973)
11. Holevo, A.S.: Isl’edovanija po obščej teorii statističeskich rešenij. Trudy Matematičeskogo Instituta
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