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Abstract

Quantum dense coding is a foundational protocol in quantum communication, allowing
two classical bits to be transmitted by sending a single qubit when a maximally entangled
pair is shared. In this work, we consider Embedded Dense Coding (EDC)—a generalization
of deterministic dense coding that embeds one subsystem into a higher-dimensional Hilbert
space. To assess the operational advantage of EDC compared to standard dense coding,
we consider the probability of transmission error when fixing the rate of entanglement
consumed per classical message sent. We first demonstrate that EDC enables a smaller one-
shot transmission error compared to standard dense coding when using quantum channels
with nonzero rates of dephasing and loss. We then demonstrate that even with noiseless
communication channels, EDC leads to smaller overall errors when the sender and receiver
have noisy local processors. This advantage is shown through concrete implementations of
EDC on IBM’s Heron processor.

Keywords: quantum communication; superdense coding; quantum entanglement; quantum
channel; qubit; qudit

1. Introduction

Entanglement is a central resource in quantum communication, enabling protocols
such as quantum teleportation and quantum key distribution [1,2]. Shared entanglement,
through a process called quantum dense coding, allows classical information to be trans-
mitted more efficiently than is possible classically [3]. In its usual form, quantum dense
coding allows Alice to transmit 2log, d bits of classical data to Bob using a d-dimensional
quantum channel combined with log, d entangled bits (ebits) shared between them. Several
generalizations of dense coding have been explored, including protocols with asymmetric
dimensions, probabilistic protocols, and alternative resource trade-offs [3-8].

From a conceptual point of view, we can describe the resource trade-off of dense
coding as [1,9]

logd[qq] + logd[q — q] > 2logd[c — c]. 1)

Here, logd[qq] expresses a total of logd ebits, each ebit having the canonical two-qubit
form [®T1) = % (]00) + |11)), while log d[q — q] denotes a noiseless quantum channel that

can transmit log d qubits, and 2log d[c — | expresses a noiseless classical channel that can
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transmit 2log d bits. The inequality means that having the communication resources on
the LHS is sufficient for simulating the communication resources on the RHS. We refer to
the dense coding protocol described in Equation (1) as Standard Dense Coding (SDC). The
relevant feature of SDC for our purposes is that the entangled system on the sender’s side
has the same dimension as the input system to the quantum channel.

However, more general dense coding protocols, such as the one proposed in Ref. [4],
can achieve the resource trade-off

logd[qq] +1log D[q — q] > logdD[c — c]. )

In this case, the size of the entanglement shared between the sender and receiver has
dimension d (more precisely, its Schmidt rank is d), while the noiseless quantum channel
transmits D-dimensional quantum states.

This paper considers dense coding scenarios similar to the one captured in Equation (2).
Specifically, we are interested in the situation when d < D and exploring what advantages
can be attained when the shared entanglement is smaller than the dimension of the con-
necting quantum channel. From a practical perspective, this is a very natural scenario to
consider since storing high-dimensional entanglement over large distances can be very
challenging, and thus in the foreseeable future all quantum communication networks will
likely satisfy d < D.

In order to perform dense coding when d < D, the d-dimensional entanglement must
be embedded into a larger D-dimensional system for transmission over the channel. We
refer to protocols of this form as Embedded Dense Coding (EDC), and we describe such
a protocol in this paper. Unlike previous works that studied higher-dimensional dense
coding protocols [4,5], our interest lies in comparing the performance of EDC with SDC.

To make a fair comparison between different dense coding protocols that use the
same D-dimensional quantum channel, we fix the entanglement-message rate of a given
protocol, which is its rate of entanglement consumed per classical message sent. Here, we choose
to quantify entanglement in terms of its Schmidt rank, which is a bona fide entanglement
measure that is suitable for providing a coarse-grained description of entanglement in the
one-shot setting [10,11]. Different dense coding protocols with the same entanglement-
message rate are on the same level in terms of resource consumption, and thus it is fair to
compare them in terms of other communication metrics such as transmission error. SDC
and EDC protocols using a D-dimensional quantum channel have the same entanglement-

message rate:
1 D d

D~ D~ dD ©
When the quantum channel is noiseless, both these protocols transmit classical messages at
this rate without any transmission error. However, if we deviate from the ideal scenario
and consider a noisy quantum channel, it is not clear whether SDC and EDC have the same
performance in terms of decoding error. The fundamental question studied in this paper
is whether EDC offers any advantage over SDC in noisy environments by reducing the
transmission error at a fixed entanglement-message rate. We find that this is indeed possible
when the quantum communication channel or the local encoding/decoding operations are
noisy. Hence, in all realistic scenarios, EDC offers a communication advantage over SDC.
In this paper, we present an Embedded Dense Coding protocol which utilizes isometric
embedding (Section 4) and verify that it enables the zero-error transmission of messages
under noiseless conditions. We then analytically analyze the performance of EDC when
the sender Alice communicates to the receiver Bob over a type of noisy quantum channel
known as the dephrasure channel (Section 5). The dephrasure channel encompasses errors
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due to both dephasing and loss, and it provides a realistic model for studying quantum
communication effects [12].

Our main findings are as follows. We first observe that the tolerance to dephasing error
increases as the embedding dimension D increases. Moreover, at a fixed entanglement-
message rate %, EDC always obtains a strictly larger transmission success probability
in the presence of dephasing compared to SDC (see Proposition 1). This makes EDC a
versatile protocol for one-shot entanglement-assisted classical communication, as it allows
for sacrificing the number of bits transmitted in exchange for a higher one-shot success
probability when the transmission is subject to dephasing noise (see Figure 1). We then
experimentally analyze the performance of EDC when Alice and Bob have noisy local
encoding/decoding and their shared entanglement is stored in noisy quantum memory
(Section 6). This is done by implementing EDC on IBM’s Heron Processor. By providing
an explicit construction, we show that EDC can be realized using a fewer number of
encoding/decoding gates, which ultimately leads to a smaller transmission error when
compared to conventional dense coding (see Figure 2).
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Figure 1. Comparison of the Classical Correlation Fidelity F¢1 and the number of bits sent for a given
EDC protocol with fixed channel dimension D = 128. The dimension of entanglement, 4, is varied to
communicate log, (d x D) classical bits. We show various probabilities of a dephasing p and assume
an ideal resource as seen in Proposition 1. Here, we can see the trade-off that, using an EDC protocol,
one can sacrifice the number of bits transmitted in exchange for a higher one-shot success probability
if transmission is subject to dephasing noise.

Throughout this work, quantum systems will be denoted by A, B, C, etc., and classical
systems will be denoted by X,Y,Z, etc. The Hilbert space associated with a bipartite
system AB will be defined as Hap = Hp ® H4 [13]. For a quantum system A with
associated Hilbert space H 4, we denote its dimension by |A| := dim # 4. Systems whose
representation differs only by primes have equal dimension, ie., |A| = |A'| = |A”|.
Systems whose representation differs by a subscript, i.e., A and A,, do not necessarily have
the same dimension and are used to differentiate the same system after some projection
or embedding process. The space of operators acting on # 4 is defined as B(# 4). A pure
state 1) , € H 4 has associated density operator {4 = )|, € B(Ha). The identity
operator acting on #H 4 is denoted I4, and the identity map on B(#H,4) is denoted id 4.
Mathematically, every quantum channel N, 5 : B(H4) — B(Hp) is described by a
completely positive trace-preserving (CPTP) map.
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Figure 2. Success probabilities for EDC schemes with varying dimensions implemented on IMB’s
Heron processor through IBMryyino. Due to hardware limitations, logical qudits are encoded as
physical qubits. We plot the success probability of a given EDC scheme that can communicate a
set number of classical bits utilizing an entanglement resource p € B(Hp ® Hy) : |A| = |B| = d.
The embedding dimension D is varied to compare success probability based on the number of bits
communicated and the starting resource. Each plotted branch represents a different starting resource
dimension d, while the conventional dense coding branch utilizes d = D. For example, 6 bits can be
communicated utilizing {d = 8,D = 8},{d =4,D = 16}, and {d = 2, D = 32}. Each data point was
collected over six independent trials, each consisting of 10,000 shots.

2. Background

The generalized Pauli operators provide a useful set of orthogonal operators that act
on qudit (d-dimensional) quantum state space. These operators play a significant role in
the creation of generalized communication protocols.

Definition 1 (Pauli Operators [14]). Let the Generalized Pauli X and Z operators acting on a
d-dimensional system Hp be defined as X[ and Z; where

d—1
Xg =) liomf| for m=0,---,d-1 @)
j=0
and
d—1 o
Z =Y MKk cw=€T for m=0,---,d—1. 5)
k=0

2.1. Entanglement

Quantum entanglement has become a fundamental aspect of quantum information
theory. References [15-18] help define different aspects of quantum entanglement, including
discussions of maximally entangled pure states and entangled mixed states. In general,
a bipartite state p 4p is considered to be untangled if and only if it can be expressed as a
convex combination of product states [19]. Throughout this text, we will focus primarily
on utilizing maximally entangled pure states (MES) as communication resources. For
d-dimensional systems C and C’, a state |®) - € Hc ® Hc is called maximally entangled
if it has the form

1 d—1
[®)cer =Uc@l—7 Y ke @ lk)c 6)
k=0
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where U is an arbitrary unitary operator. The dimension d is also called the Schmidt rank
of state |®). A canonical maximally entangled state is given by the choice Uc = I, which
we denote [®F) .

As discussed by [18], for some bipartite state p 4, we can define the Fully Entangled
Fraction. The Fully Entangled Fraction (FEF) is notably not a valid entanglement measure
but rather a lower bound on the amount of entanglement present for a given resource [20].
However, the FEF is still a meaningful quantity in the study of quantum communication
protocols and is shown to provide useful information when evaluating entanglement
applications [21].

Definition 2 (FEF [18]). The Fully Entangled Fraction of some state p € B(Hc ® Hcr) is
given by
Fici(p) = max (]|} )

where the maximum is over all |C|-dimension maximally entangled states |®) - € He @ Her.

2.2. Dense Coding

Standard dense coding (SDC), originally proposed by [3], enables Alice to communi-
cate log, (d?) classical bits by sending Bob one-half of a d-dimensional maximally entangled
state over a noiseless quantum channel. In the ideal case, Alice and Bob have the maximally
entangled state as a shared resource in advance. However, the notion of dense coding
can be defined more generally for an arbitrary bipartite state p 4p and quantum channel
Na,—B,- For completion, we state the definition here.

Definition 3. An N message dense coding protocol from Alice to Bob over channel N4, _,p, is
defined in terms of a tuple ® = (pap, {Ei}fgl, {Hf}jl\if)l), where p op is a quantum state shared
between Alice and Bob, {E'} 1 is a family of encoding channels with £ : A — A, and {Hf}jl\if)l
is a POVM acting on systems BB,. The protocol goes as follows:

1. Alice and Bob each hold their respective subsystems of the bipartite entangled state p o, and

Alice has a classical message i € [N] := {0,---,N — 1} that she wishes to communicate
to Bob.

2. Alice encodes the message i into her part of the entangled state p op using the encoding operator
&A= A

3. Alice sends Bob subsystem A, over channel N'a, .
4. Bob measures the joint system BB, using the POVM {I1"i }]Zi 61 and guesses that Alice sent
message j whenever he obtains measurement outcome j.

Owerall, this generates a classical channel W : [N] — [N] with transition probabilities
given by
W(jli) :Tr[HJ-NogieaidB(pAB)] 8)

When the dimension of the channel input, D = |A,|, is larger than the dimension of
the system storing Alice’s entanglement, d = |A|, the encoders £’ are embedding maps.
In this work, we will be exclusively interested in isometric embeddings. These are easily

9~ 1 and {|¢;)} 27! both be an orthonormal basis for

constructed as follows. Let {|6;)
systems A and A,, respectively, with 4 < D. Then, the isometric embedding operator
Va—a, : Ha = Ha, can be constructed as

d—1
Vasa, = Y |¢i)(0il. )
i=0

https:/ /doi.org/10.3390/e28040387


https://doi.org/10.3390/e28040387

Entropy 2026, 28, 387

60f17

For convenience, we denote the action of the isometry on density matrices as the CPTP
map V(pag) = V(pap)V".

3. Performance Criteria

In this work, we evaluate the performance of a dense coding protocol in terms of its
average success probability in transmitting classical messages from Alice to Bob, assuming
a uniform prior distribution. We refer to this as the Classical Correlation Fidelity, Fc.

Definition 4 (Classical Correlation Fidelity [13]). For a classical channel W : [N] — [N] with
transition probabilities W (j|i), its Classical Correlation Fidelity F(W) = Fc1 is defined as

W (i|). (10)

For a dense coding protocol © defined in Definition 3, its Classical Correlation Fidelity is given by

1 N=1 . )
N L Tr[H’ Nog ®id3(pAB)] 11)
i=0

Fa =

We stress that the choice of performance metric chosen here is best suited for the
one-shot setting. This refers to the fact that we are considering dense coding protocols that
encode/decode over a single use of both the resource state p 45 and the channel N4, ,5,. In
contrast, one could consider applying block-encoding across multiple uses of the resource
state or the quantum channel, which is a more familiar information-theoretic problem.
When performing asymptotic block encoding, the more relevant figure of merit for classical
communication is the Holevo information [22] or the quantum mutual information [23] for
entanglement-assisted channel coding.

For example, prior work on Hiroshima has identified dense coding protocols that
maximize the Holevo information for a given resource state p4p [8]. The construction
presented in that work involves a group-covariant unitary encoding. Rather remarkably,
this encoding/decoding strategy is optimal for every state p4p with fixed dimensions
|A] and |B|. However, the construction will not necessarily be optimal when considering
the Classical Correlation Fidelity Fc1 as a figure of merit, and, in general, optimizing F¢1
requires solving a bilinear optimization problem (see Ref. [13] for details). Nevertheless, the
EDC protocol we propose in the next section has the same symmetric form as Hiroshima'’s,
and it turns out to indeed optimize Fc; for the special case of sending half a maximally
entangled state over the dephrasure channel.

4. Embedded Dense Coding

We now describe an Embedded Dense Coding (EDC) protocol from Alice to Bob, which
is defined for a shared resource state p 45 and any channel N4, ,, with |A| = |B| = d and
|Ae| = |Be] = D > d. In this protocol, Alice attempts to send Bob one of d - D possible
messages u € {(k,j) : k € [d],j € [D]}. The mapping of system A into A, is done via an
isometric embedding.

Alice first performs the generalized Pauli Z’A operation on her subsystem, encoding
the k-dit element of his message. As a result, the joint bipartite system is now

pr = (10 Z5)p(1® Z5). (12)

She then embeds her subsystem into a higher-dimensional space H 4, using an isometric
embedding V, as described in Equation (9). We write ¢ := V(p) to denote the embedded
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form of any density matrix p. However, note that it is equivalent for Alice to encode k after
the embedding process using the operator

25 = VasaZhVi 4. (13)

That is, 0x = Z¥0Z*". We will utilize this alternative convention for notational simplicity.
Alice next encodes the index j of her message by performing a generalized Pauli quﬁ
operation on her subsystem. The resulting joint state is now

B ] ok A
0 .-(H@XABZAe)Q(H®ZAeXA8). (14)
In total, the encoder for message u = (k, j) is given by the CPTP map £# : A — A, given by
EM(:) = X, 2, ()(X)y, Z,)"- (15)

Note that this encoder is an isometry and the set of encoding operators X{%de are mutually
orthogonal. This is consistent with the encoding strategy that maximizes the Holeveo
information [8]. .

The orthogonality of the XZAE le(% naturally suggests the following strategy for decoding.
First, let us denote the encoded states as

o =id®@ &' o V(p). (16)

Notice that when choosing p = [¥)(¥| to be maximally entangled with Schmidt rank d, the
encoded states ¢/ form an orthonormal set. We can therefore define a decoding POVM for
Bob by

[, =id® " o V(¥)(¥), 17)

plus an additional effect I -}, I‘Ig p,» which projects onto the space orthogonal to all the
encoded states. Observe that this construction leads to an error-free transmission of all
d - D messages when all resources and communication are noiseless since

tr[ng&,gﬂ} = tr{HgBeid®5VoV(\‘Y)<‘Y|)} —u[[¥Y¥] =1  Vu (18)

While the EDC protocol here is clearly optimal when using a noiseless quantum channel
id4,—,B,, it is also shown in Appendix A to be optimal for certain types of noisy channels
and resources.

Remark 1. There is freedom in the choice of maximally entangled state |¥) when defining the
decoder in an EDC protocol. For communication over noisy channels, this choice will affect the
Classical Correlation Fidelity Fc1. Hence, in general, one will need to optimize over the choice of
['¥) to maximize Fe.

For a general bipartite state p 45 and a noiseless quantum channel id 4,_, ,, the Classical
Correlation Fidelity of EDC can be expressed in terms of the singlet fraction.

Lemma 1. EDC over a D-dimensional noiseless quantum channel using bipartite state p op with
d = |A| = |B| satisfies Fc1 = F4(p).

Proof. Let |'¥) be the d-dimensional maximally entangled state such that F;(p) = (‘¥|p|¥).
We use this state to define the decoding POVM in EDC, as in Equation (17). Then for every
message i, we have

https:/ /doi.org/10.3390/e28040387
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p(plp) = Tr[IT"o"]
=Te[EF o V([F)Y])EN 0 V(p)]
= (Y|p[¥) = Fa(p), (19)

where we have used the fact that the EDC encoder and decoder are isometries, and they
therefore preserve inner products. Hence, by the definition of the Classical Correlation
Fidelity Fc1, we have Fe1 = Fi(p). O

5. Noisy Transmission: Dephrasure Quantum Channel

Having established that the EDC protocol enables perfect transmission of d - D classical
messages in the case of noiseless communication resources, we now turn to the question
whether EDC is robust to noise. We are specifically interested in comparing the performance
of EDC to standard dense coding (SDC). Suppose Alice can send Bob quantum information
over a D-dimensional quantum channel. Recall that SDC involves using an entangled
system that has the same dimension as the quantum channel connecting Alice to Bob. We are
interested in understanding whether or not there is any advantage in using entanglement
and channels with mismatched dimensions, thereby leveraging an EDC protocol. This
is a highly practical question since storing high-dimensional entanglement for use in
distributed communication protocols is experimentally demanding. We demonstrate
that indeed an advantage in using EDC can be found when communication is subject to
dephasing and erasure.

More precisely, we consider that Alice and Bob are connected by a dephrasure
channel [12], which is a two-parameter CPTP map transforming A, — B, and having
the form

D—1 +
Noa(p) = A=) (1= plo+ £ Y Z%7") + g Te(p)[e)e]- (20)
D (=0

with D = |A,|. Here, |e) is a vector orthogonal to the support of p, serving as an erasure
flag that the receiver can detect. The parameter 4 € [0,1] represents the probability of
erasure, while p € [0, 1] represents the probability of completely dephasing the state.
Standard dense coding over a D-dimensional dephrasure channel is performed on a
D x D state pr‘DB) and attempts to transmit D? messages. EDC over the same channel uses a
d x d state pffg with d < D and sends a correspondingly smaller number of 4 - D messages.
Note that in both these scenarios, SDC and EDC have the same entanglement-message rate
of . They are thus comparable in terms of resource consumption. Nevertheless, as one of

our main findings, we observe that they differ in their average transmission error.

Proposition 1. For a D-dimensional dephrasure channel N, SDC and EDC protocols using
arbitrary entangled resources p\P) and p(@), respectively, have their Classical Correlation Fidelities
upper bounded as

Fa P9 < (1= )((1 - p)Fo(p®) + B) + 75 @
Fa P9 < (1-)(1- p)E(0) + B + 5. @

Moreover, these upper bounds can be made tight by using a maximally entangled resource state. In
this case, EDC has a greater Fc1 whenever p # 0.

Proof of Proposition 1. We prove the upper bound of Equation (22); the argument for
Equation (21) follows analogously. As in the proof for Lemma 1, let ['¥) be such that

https://doi.org/10.3390/e28040387
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Fi(p) = (¥|p|¥). We use this state to build the decoder of an EDC protocol with the
decoding POVM given by Equation (17).

Starting with the state p(4), let o denote the state after Alice applies encoder £/ o V
for message p. System A, is then subject to the dephrasure channel N, ,, yielding the
transformed state ¢¥. Thus, the final state held by Bob prior to the decoding measurement is

0" =(idp ®Np,q)(Qy)
(1 —q>(<1 p)(ideEr) (o)

D—1 +
+ BT 10 2) e @0 25) ) +aone o), @)
(=0

where pp = tra[0@)].

Lemma 2. The encoding operator EM(-) = XQEZ’IE‘E(-)(XQFZ’Ae)‘L defined in Equation (15)
commutes under conjugation with any generalized canonical Pauli Z 4, operator as defined in
Definition 1.

Proof. Let £¥(-) = Xf%zljxe () (X]AEZ]IE‘B)‘L and Zﬁ]e be some generalized pauli operator such
that Z!) € B(A,). Then,

A

t i t
Zy E'(VZy, =25, X 25, () (X4, 28 2y, - (24)

Note, by the Weyl Commutation relation, ZQCXQE = walefqe for some w € C where
|w| = 1. Additionally note that [Zﬁe,zze] = 0 since both de and Z’fqe are diagonal. It
therefore follows that

N t
ZA 5”( ) _ZA X] ZA ( )(quezke)‘Lque
N t
=XQ€Z§L,ZAE(~)(XQFZ"erae)* = EM(Z4,(-)Z4,)- (25)
O

By Lemma 2, we know that the encoding operator £¥ commutes with the Pauli Z
twirling channel; thus

¢ =(ida @ Npg) (")
~a-a(a-peasener Suasen( Taez,enez)))
(=0
+q08 @ le)el- (26)
The general effect of Pauli Z twirling on an arbitrary bipartite state pp4, is given by

[A[-1 |A| -1

PBA, — TAd Y, (I®2zppa,( Iez") Z P @ ) (27)
=0

where pf := Tra, [(Ip ® |x)(k|)0pa,]. Substituting this into Equation (26) yields

p D-1
¢ = (-0 e)((-po+ BT sho i) +apseleel. @8
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We can now calculate the Classical Correlation Fidelity, which we recall is defined as

Fo = =S i) 29)
ledD HzoPVV'

By the symmetry of states and assuming equal priors, we have that Fc; = p(p|p) for all p.
Furthermore, note that our encoding operators preserve the inner product on the pre-image
of our embedding, and, in the case of an erasure flag, |e)(e|, we will assume the message is
randomly guessed with success probability 1/dD. Thus,

Far "% =p(uu)
:TY{QHH;;BJ
~(1-a) 1= pE(p) + (- e[ ph@ bt VIRED)] + 2 GO
<(1-g)(1- p)Ep) + %(1 )+ 1, @)

where the upper bound follows from the fact that
D-1 . D-1 1 1
Y Te[oh @ [}kl VIENED| < X 5(kloalx) = - (32)
k=0 k=0
since the largest overlap of a d-dimensional maximally entangled state with a product state
is %.
We now show that the upper bound in Equation (31) is tight for when using the
maximally entangled state ['¥) as the resource state. In this case, observe that

g = Tra, [(Is @ [k){k )V ([¥)(T])] = %V‘L(IK)(KI)*- (33)

Substituting this into Equation (30) gives

(1=g)(1=p)+ 1—f1 ZW )" @ VH(|r)(K])[¥)(¥) +%

—(1-q)l1-p)+ Z]+i (34)

dD’

Note that SDC is the special case of EDC where d = D. A depiction of communication
fidelity to message size trade-off can be seen in Figure 1. O

Noisy Singlet Resource

To show a more general result, we will examine the Classical Correlation Fidelity
of EDC and SDC in the case where Alice and Bob’s shared resource is a noisy singlet of

the form
4 = 0|¥N |+ (1— Q)H%H such that0 < 6 < 1. (35)
Observe that ,
pb = Tra [(Tz @ )k V (XY D] = VT ()x])" (36)

Substituting this into Equation (30) gives
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D-1
Fa®0 =(1=q)(1=p) + (1) Te | (L V' (i) © V(D 4D + 55
=(1- )61~ p) + p] + (1)1~ ) 3 + L @)

We can therefore say, the Classical Correlation Fidelity when using a one parameter noisy
singlet state is

Faa P29 = (1-q)((1 - p) + 05 + ( 9)%)+%~ (38)

Furthermore, since SDC is a special case of EDC where d = D we can generalize to say

For 5PC) = ( —q)((l—p>+9%+(1—e)§)+§. (39)

This more general result demonstrates that the advantage identified in Proposition 1

are not exclusive to the ideal resource case but generalized to additional non-ideal resource

states. This extension of our result strengthens our claim that EDC provides a general

communication advantage to SDC. Note that, as shown in Appendix A, this represents

the optimal fidelity achievable by the noisy singlet resource since the utilized POVM
is optimized.

6. Noisy Local Operations: Hardware Implementation

We now evaluate EDC in the case where Alice and Bob are connected by a noiseless
quantum channel but have limited local capabilities and are susceptible to local errors.
To accomplish this analysis, we implement a modified version of EDC on current-day
quantum hardware. We find that EDC serves as a more efficient alternative to SDC in terms
of transmission success probability when implemented using non-ideal noisy local systems.

6.1. Decoding Gate Volume and Noise Accumulation

We implemented an adapted Embedded Dense Coding (EDC) scheme on IBM’s Heron
processor to explore its advantages in noisy settings. Throughout this section, we describe
the protocol in terms of logical qudits. On current superconducting hardware, these logical
qudits are realized using collections of physical qubits; the details of this encoding are
discussed in Section 6.2. This section evaluates the relationship between the resulting
gate volume and the accumulation of noise during execution. Experimentally, it is hard
to isolate the impact from a specific type of quantum noise, such as dephasing. Results in
this section will therefore include the accumulation of all types of noise affecting modern
quantum hardware.

Practically, the primary source of noise for protocols on current hardware is the use of
two-qubit gates, typically with a probability of error on the order of 10~2 per control Z gate
(basis two-qubit gate) on IBM Eagle and Heron processors [24]. In dense coding protocols,
these are used for the preparation of the initial entangled state and Alice’s decoding of the
received message. Therefore, the quantity of these two-qubit operations scales linearly with
the dimension of the entanglement dimension d, contributing directly to the accumulated
physical error.

Embedded Dense Coding reduces this overhead by using an embedded resource
state, which lowers the entanglement dimension d required for transmitting the same
effective message dimension. Because the total accumulated error grows approximately
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linearly with the number of noisy two-qudit gates, a reduction in decoding depth yields a
proportional reduction in the internal hardware noise.

Thus, EDC’s reduced decoding Gate Volume translates to a lower expected error
contribution from native device noise without requiring any change to the physical hard-
ware. This expectation is supported by the results of our implementation on IBM’s Heron
processor through IBMoyine in Figure 2.

6.2. Implementation and Results

Due to modern hardware constraints, we utilize multiple physical qubits to encode
logical qudits rather than employing native higher-dimensional physical qudits. This
means that, to simulate a D-dimensional qudit, we use log, (D) qubit channels, which have
a total of D possible configurations. For example, a ququart is encoded using two qubit
channels as such:

0) = [00) 1)+ J01) [2) = [10) 3= N1 @)

Further adaptations followed from qubit encoding, such as how Pauli gates and higher-
dimensional embeddings are applied, which can be found in Appendix B.

Using this implementation, we conducted a comparison of success probabilities when
transmitting the same number of classical bits of information via EDC protocols with vari-
ous entanglement dimensions d. We performed six independent trials of 10,000 shots per
trial, which yielded an average variance between trials of approximately 1.2%, confirming
the stability of the simulation. The results of these tests can be seen in Figure 2, where
each trajectory reflects a distinct embedding strategy and illustrates the associated success
probability as the number of encoded messages increases. Figure 2 highlights the inherent
trade-off between success rate and entanglement dimension introduced by the embedding
process. Specifically, the observed divergence in success probabilities provides insight into
the performance constraints encountered when attempting to encode messages in extended
Hilbert space architectures.

Although these results are indicative of EDC advantages, due to the difficulty of
implementing true qudit quantum codes, we can not make concrete assertions about
EDC’s performance if implemented via true qudit quantum codes. These results have been
included due to their suggestive nature but require additional exploration in the future as
quantum hardware advances.

7. Conclusions

Embedded dense coding is a generalization of deterministic dense coding, which
embeds one subsystem into a higher-dimensional Hilbert space, increasing the classical
capacity of an entanglement resource. In this work, we compare the performance of EDC
with SDC and find that EDC offers fidelity advantages and additional flexibility when
compared to SDC.

To assess performance in realistic conditions, we first evaluated EDC under a dephra-
sure channel acting on the transmitted system while assuming ideal local operations. To
enable a meaningful comparison with SDC, we fixed the classical communication rate
per shared entangled resource and compared the resulting one-shot Classical Correla-
tion Fidelity. Under this criterion, we show that when the entanglement dimension is
strictly smaller than the channel dimension, EDC achieves a lower transmission error
than SDC in the presence of dephasing and loss. This result establishes a clear noise-rate
trade-off: decreasing the entanglement-to-channel dimension ratio reduces the number of
distinguishable messages but improves robustness to dephasing.
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We additionally implemented an adapted EDC scheme on IBM’s Heron processors to
examine its behavior under contemporary hardware noise. In this setting, the communi-
cation channel itself is effectively noiseless, and imperfections arise primarily from gate
errors and circuit depth. Consequently, the experimental study does not directly simulate
the dephrasure model analyzed theoretically. Instead, it evaluates how the structural
differences between EDC and SDC influence accumulated hardware error. We observe
that embeddings requiring reduced decoding gate volume yield higher empirical success
probabilities compared to conventional dense coding circuits of comparable dimension.
Although constrained by the lack of native qudit support, these results demonstrate that the
architectural features of EDC can translate into measurable performance gains on current
qubit-based platforms.

Embedded Dense Coding provides a dimension-expanding reformulation of dense
coding that preserves optimal noiseless performance while introducing a tunable trade-off
between communication rate and noise robustness. Analytically, it reduces transmis-
sion error relative to SDC under dephrasure noise at a fixed rate, and experimentally,
it benefits from reduced decoding complexity under hardware noise. Together, these
results clarify the operational role of entanglement dimension in dense coding proto-
cols and highlight embedding as a meaningful design parameter for near-term quantum
communication settings.
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Appendix A. Optimality Constraints

We will show that the physically motivated POVM utilized in EDC is optimal for any
dephrasure channel NV, ,; if Alice and Bob share an entangled resource of the form of the
canonical one-parameter noisy singlet:

I®l
o = 0]¥)Y| + (1-6) e such that0 < 6 < 1. (A1)
Proof. As shown by [25], a necessary and sufficient condition for some POVM {IT#i }‘1-150*1
to be optimal in the state discrimination problem {0y dD Lis for
L pid" Tl — p;g" 20, V], (A2)
i
This requirement is equivalent to the condition
1 oHiTTHi 1 18
(Wl=5 LTI ) > = (wle"ly)  VIp), Vi (A3)
1

Note that, without loss of generality, since any POVM that detects erasure will perform
equally in the case of erasure, we can assume g = 0. Starting with the LHS, we can use our
result from Equation (28) to say,

1 T
LHS = (9] 3 S 2" TVl )
1 dD 1 ‘
=ap W1 L e ) (- pe) + T 50 Ieaica ) ) (o 4Vl
=0
1 dD-1
F‘f
=75 (Y] Z (id® & [( )
D-1 .
pUT e beaea) ) (19 (X0, 25) <Xiqez’gg>>v<‘1f>] ) (a9
Note that I ® (X{‘le Z';‘B)*(XQGZ';‘B) = V'V is the projection operator onto the image Im (V),
and since V(¥) is in the image of V, we can say,
dD—1 . D-1
LHS =5 (9] 1 (19 6%)| (1= V(o) + p( L ah @ leasal) ) VC8) | I
L k=0
dD—1

1
1

1

bl L (deen)

D—1
%)+ p(Y gy |KA8><KAE|>V<‘P>)] )

x=0

((1 V(e

an-t N 1-0 0 1-6
0l L e en|(a-pyer+ L0 e s 0 |y
i=0 L
=—( |dlfl('d®5%‘f)_v 61— p+ Lye+ 1Dy ]y (A5)
D l/J = 1 | p d d2 llJ
Note, that {(id ® £)V(Y) }?51_1 forms a complete basis in our Hilbert space. Thus,
s = L (o—ops 0+ 120 (A6)
D) PrraT e )
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We can now evaluate the RHS,
RHS = (¢]0" )

:dlz><‘/’|<id®5”"><<1—i7>v<ﬂ“ +p ZQB®IKA€><KA6|>>|¢>- (A7)

x=0

We will now find the maximum value of the RHS. Note that our encoding operator, as an
isometry, should not affect the maximum overlap; thus, we can say,

1 D—-1
maxRHS =5 max (9] (1= V() + p( T, 0@ a)isal) ) 10)- (a9

This is maximized when |¢)(¢| € Im V(-), thus we can utilize our pre-embedding dimen-
sion since the isometry preserves the inner product,

1 d—1
i RHS = dDmax<¢(< p>p+p<2p§®|m><m|>)|¢>

[¥) ) k=0
(1-0)
d? )

1
:@%x {(1 — p)(O([¥E]p) +

wlZ‘I’ ® ka)eal [9) + (1;29)@
=LfDm@x [a=potwin) + powrE ¥ slaale + 2] (49)

We can see that this is maximized when |¢) = |¥), and, thus,

1 6 (1-90)
nﬁ;XRHS =5 ((1 —-p)o+ Pit o ) (A10)

From Equations (A6) and (A10), we can therefore see that LHS = max RHS meaning

Zpiéﬂinﬂi _ p].@#j >0, Vj. (A11)
i

is true and our POVM is optimized for a noisy singlet regardless of dephasure. [

Appendix B. Implementation on Quantum Hardware

Due to the limitation that qubit encoding must be used, we performed adjustments
to the rest of the protocol to ensure it still behaved as expected, the first of these being the
way embedding is handled. In the typical EDC Protocol, higher-dimensional embedding is
only applied after the Z gates are applied and involves the introduction of another, higher-
dimensional quantum channel. In our implementation, Alice’s qudit begins by possessing
the necessary quantum channels to simulate a D-dimensional qudit; they just remain
unused until the X gates are applied, conserving the notion that embedding only happens
after entanglement and the Z operation. In other words, qubit channels corresponding to
the extra D — d dimensions added after embedding remain untouched until the X gate
is applied.

Another adaptation was applied to the way generalized Pauli Z and Pauli X
gates are applied. Custom unitary Qiskit gates using the matrix definitions shown in
Equations (4) and (5) involve the use of many native gates and, in turn, make the protocol
very noisy. Instead, the d different Z gates we define are simply the d possible combinations
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References

of applying qubit Z gates to each qubit of our encoding. For example, for d = 4, Z{ is
defined as not applying any Z gate to any qubit of the encoding, and Z} is defined as
applying a Z gate to both qubits of the encoding. For the Xp gates, the same applies only
with D possibilities instead of d, usually involving more qubit channels due to the encoding
(unless d = D). An example of a Z$ and X gate is shown in Figure Al.

Global Phase: m

o R

g2

a3

Figure Al. A Zi (left) and Xz (right) gate used ina d = D = 4 EDC protocol. Both gates are
expressed in terms of the native gates on the IBM Heron processor. As is seen, whend = D =4, a
maximum of only four native gates is used for the encoding of the message.

This way of expressing gates is only possible when both d and D are powers of two.
Otherwise, custom unitary gates must be used to ensure that no qudit reaches a forbidden
state (such as |11) in the case of D = 3 qutrits). As these gates present much worse
performance, we restrict ourselves to only cases where d and D are powers of two.

Restricting D and d allows for Bob’s decoding of the message to be very simple.
Reversing the order of the gates used for entanglement is enough to decode the message
such that none of Bob’s particles are found in a superposition. Bob can therefore measure
both particles and always get the same outcome (assuming no noise). A few examples of
EDC protocols with different values of d, D can be seen in Figures A2 and A3.

o il -

a1

qz
9 © —Q

Figure A2. Example of Embedded Dense Coding implementation on IBM Heron processor through
IMBorino using starting dimension d = 2 and embedding dimension D = 8, resulting in a total of

four classical bits of information being transmitted.

o 1l o Mo -
o 1 -
a © ©

a © ©

Figure A3. Example of conventional Dense Coding implementation on IBM Heron processor through
IMBrorino using starting dimension d = 4, resulting in a total of four classical bits of information
being transmitted. Note, this represents the special case of EDC whered = D = 4.
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