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Abstract

Typical difficulties in the formulation of conformal gauge theories concerning the
role of special conformal transformations and Cartan connections are discussed within

the theory of second order G-structures.

1  Introduction

The basic building block in the construction of gauge theories of internal symmetry groups
G, the minimal coupling principle, has got its natural geometrical expression via the in-
terpretation of gauge potentials as connection forms on principal fibre bundles P with
Structure group G [1,2]. Accordingly, defining a connection form w on P means for each
Point 24 of spacetime M to distinguish a certain class of linearly related local (better:
inﬁnitesimad) frame fields e(¢) in P around z,. These are precisely the ‘horizontal sub-
SPaces’ of w [3]. Invariant matter Lagrangians, constructed by equivariant functions on P
80d their covariant derivatives, then locally reduce to their ‘free’ form (V,, — 0,) when
®Xpressed in these local frames (‘G-equivalence principle’ [4,5]). This is in geometrical
Analogy with the central role played by the Levy-Civita connections in General Relati-
Vity, the local ‘horizontal’ frame fields being in this case the usual local ‘inertial’ frames.
To take this analogy seriously and to incorporate gravity into the general and successful
‘scheme of gauge theories was the motivation to gauge also external, i.e. space-time groups,
M particular the Poincaré group T*& L, L := 50¢(3,1) (see e.g. [6,7]).

In bundle language, gravitational gauge theories then are constructed on 7*g L-bundles
P wity symmetry breaking to Lorentzsubbundles Py, [4,5]. Correspondingly, gauge poten-
tials are introduced via pull backs to P, of connection forms on P, the translational part
b= 0.7; being identified with the usual tetrad fields, the Lorentz part y, = jpif Mj; car-
TYing torsion in general. Thus, 6, + . is to be considered as the pull back of a generalized

fine conpection [3], a special case of a Cartan connection [8].
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The renewed interest in the conformal group C (here: C := §0g(4,2)) as a spacetime
group generalizing the Poincaré group [9] may give rise to investigate gauge aspects of
C, again using the mathematical language applied in the case of T*® L. However, as
constrasted with 7¢® L, the geometrical and algebraical structure of C generates typical
additional problems in a gauge formulation. We mention the following interrelated pro-
perties and indicate a general framework for their treatment using notions and notations

from [10]; a more detailed version of our discussion will be published elsewhere.

(i) The Lie algebra ¢ = #* 4+ [ 4 d + k* of C is not reductive with respect to its stability
subalgebra w!l = (I@d)Dk?, the algebra of the ‘prolonged’ group W1! = (L@ D)9K*
(D denoting dilatations and K* special conformal transformations). This means
[t4,(I+ d + k*)] ¢ t* and consequently a connection form on a C-bundle in general
does not induce a connection form w on a given W1l-subbundle via the w!l-part of

W.

(ii) The maximal ‘holonomic unfolding’ of a Lorentz structure g on M is already given by
a first order structure, i.e. by a Lorentz subbundle L, M of the bundle LM of linear
(hence first order) frames on M; whereas the corresponding bundle for a conformal
structure [g] on M is of second order, namely a W'l-subbundle L, M of the bundle
L2M of second order frames on M [8,10]. Since each point in L>M corresponds to 2
‘holonomic’ (i.e. induced by a local coordinate system on M) horizontal subspace it
LM, L[Zg]M precisely consists of all ‘conformal inertial frames’ of [g] (local inertial

frames of metrics in the conformal class [g]).

(iii) C contains the nonlinear, special conformal transformations; this is the geometrical
reason for the nontrivial ‘prolongation’ of the first order conformal structure LM -
LM (structure group W7 := L @ D) to L[ZQ]M C L?M and the algebraic reason fof
the nonreductivity of C.

On the other hand, there exist natural common structures on those two bundles which
should serve as ‘background models’ for gauge theories of each of the groups T L and C
These {maximal symmetric) backgrounds of course are the groups themselves, considered
as L and W1!-bundles, resp., over the homogeneous spaces (T*®L)/L = T* = R* 1) (Mi?
kowski space) and C/W1! =: R? (‘conformal space’ := double covering of mmpactiﬁed
conformal Minkowski space). The common structures are the canonical Cartan conne”
tions or equivalently, from a group theoretical point of view, the canonical left invariant

1-forms on T4® L and C. Since this type of ‘connections’ played, at least implicitly, the

!We don’t distinguish between canonically isomorphic objects, structures, etc. .
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trucial part in Poincaré gauge theories, we intend to use it consequently as the central
structure element in the conformal case, too. In particular, our aim here is to explain the

Tole of this notion in a Lagrangian formulation of conformal theory.

2  Conformal space and the Canonical Cartan Connection

Following similar lines of reasoning as in the T4 ® L case, a starting point in the construction
of a conformal gauge theory could be a conformally invariant ‘free’ Lagrangian A of those
(massless) matter which shall serve as a ‘source’ of gravitation. Conformal invariance then
Ieans that A is defined as a 4-density on conformal space R#, which ‘takes the same form’
in each conformal coordinate system on R4 Let us make this definition precise, using both
the bundle and the equivalent group picture.

A conformal coordinate system (ccs) on R1 is given by a mapping
(9): R*=T*>3 (2') = 2 — g2W'! =: [gz] € C/W! =R? (1)
Where g € ( is fixed. Then (g) induces a (second order) local holonomic frame field (hff)
o,: Ris[gz]—gzeC, zecT'=R* (2)

Which equally well may be understood as a local section in the second order conformal
bundje L{z 3R4 = (, n denoting the Minkowski metric on R* and 7] the conformal structure
on R4,

Observe that a correct 1 — 1 bundle description of the set of all ccs (g),9 € C, is not
8iven via the set of all o,,9 € C, because two ccs, differing by a translation in R? are
Tepresented by the same section in C; (g) # (9 + @), but 0, = 0g4q, for 0 # z € T%.
HOWeVer, such a description can be realized, if we introduce the ‘affine’ extension Aﬁﬂﬁz
of Lfn]—R“‘, i.e. the C-bundle over R of ‘affine second order frames’ on R?, as described in
(10]. 1t is associated to Lfﬂlﬁz, Aﬁﬂﬁz = ngn]ﬁ X w1 C, with standard left group action
of Wi op C. (Its geometric interpretation becomes clear via the definition of the (double
tovering of the) ‘compactified conformal tangent bundle’ of R, T[z}ﬁz = Lf }ﬁi‘ Xy RY.
A point in the fibre Af 1o RéC A? ]R“ over z € R4 then is a second order conformal frame
in 5 conformal manifold lsomorp}uc to R4, namely in the fibre T[ e RicC T[ ]R4 )

The affine holonomic frame field (ahff) corresponding to the ccs (g) now is defined by
the local section

5,: R¥>[gz]~ [gz,27 ] € A?ﬂ]—ﬁ;, ze T (3)

The correspondence g — &, is bijective and the natural geometric meaning of &, is obtai-
ted with the help of Ti IR4 The point 7,4(z) € A? }R" thus contains the information of
the Coordinates (z#) of z € R with respect to the ces (g) (cf. also (6)).
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The distinction between the notions of hff and ahff is crucial
(i) for a direct description of the canonical Cartan connection w on L[zn]ﬁ via parallel
translations,
and, correlated with this, (see sects.3, 4)
(ii) for the translation of A, expressed in ccs on R4, to an equivalent Lagrangian defined
on an appropriate principal fibre bundle over RY.
Concerning (i), the tangent planes of the ahff 7, (which are compatible with right C-
action on A[zn]ﬁ?) determine a flat connection form & -on A[znlﬁ' Its pull back w to
L[zn]R“ C Afn] R4 as a c-valued 1-form coincides with the canonical Cartan-connection on
L[zn]ﬁ, while the kernels of the w!! part of & in each point of L[Zn]ft—“ are just given by the

tangent planes of the hff .

3 Affine Matter Fields

The natural background for a bundle description of A turns out to be the C-bundle Afn]ﬁ-

To introduce matter fields on A[zn]iiz, choose

(@) a linear representation R of C on K™, K = R or C, restricted to W!! C C, and

(8) a one-dim. real linear representation V : e* — €™, n € Z, of the dilatation group
D ¢ W1, trivially extended to W1l,

The linear representation § = R ® V of W!! on K™ then defines ‘matter fields’ ¢ a8
Wl.equivariant functions on L[ZW]EE C Afﬂ]ﬁa. ,

We now apply the idea of induced representations to extend § by ‘trivial translations
to a non linear representation § of C in order to extend each ¢ to a C-equivariant function
é on Aizn]_R—“, the affine matter field corresponding to .

Take the vector bundle E := L[zn]R“ Xxwn K™, associated with respect to S, moreover
the corresponding left group action S of C on E, induced by the bundle automorphism$
g —g-g',g € C fixed, of C = Lfnlﬁ—q' Identifying K™ canonically with the fibre in E over
0:= W' e C/W = R4, C xyu K™ 5 [1,€] = £ € K™, the K™ valued functions ¥
on L[zn]ﬁz can be considered as W'!-equivariant E-valued mappings. Hence it is possible
to extend them to C-equivariant E-valued mappings $ on Ai"n]ﬁ7 in a unique way, ie
the ‘linear’ ¢ canonically determines the ‘nonlinear’ ¢. The latter may be thought of 8%
composed by ¢ and the canonical ‘zero section’ Y :RY o T[Zr,]f{—‘i = L[zn]—R? X it R* =
A[zn]R" x¢ R4 (cf. Eq.(5)).

To be able to define derivations of the fields a, we have to realize these ﬁeldsiy
‘numbers’. This can be done with the help of the natural embedding of R* into R*;

R*=7T%35z - [z] € C/W! = R%. Consider V as an R? valued C-equivariant functio®



449

on A[zn]ﬁz, define ¥ := ¥ ~1(R*) and restrict each field ¢ to this open domain ¢ C A[n]“l-{“
containing waﬁ. We get

AR H® L RYxKTCE
] ] *)

LZRF 4 {0} xK™m=K"
[n)

Where the R* component of ¢ coincides with Y, and the K™ component § is invariant

under franslations. Hence

35 (2)) = (V(5(2)), #(5(2)), z€R? ()

$(3(2) - t) = (Y(3(2)) - t,8(3(2))), teT" (6)

for any section 7 in 9. If ¢ denotes here the unique section in Lf n}ﬁ determined by 7 via
F(z) = o(z) - t(2), t(z) € T*, we find

#(3(2)) = lo(2)) = p(o(2)): ()

This is compatible with the notations &, a,.

Remark 1 The domain ¢ may be thought of as a disjoint union of a continuous set of
Poincaré bundles, each of them obtained via (the affine extension of the second order
Prolongation of) a flat Lorentz bundle L ,gR%, gR* = {[gz] | z € T} € R* being
Minkowski space ‘shifted’ by a conformal transformation ¢ € K*g D C C.

By construction 9 contains each ahff Tg, and, with z := [gz], z € R?, we get

Y (4()) = 2 (8)
3(F4(2)) = (2, ¢ (04(2))) € R* x K™, (9)
Which connects the fields in ahff and hff. To get standard coordinate expressions, write
¥(z') i= 6(3,(2), (') = plog(2)), 2z =[g2]. (10)
Eq.(9) then simply reads
¥(z') = (2, ¥(2"). (11)

EVentually, we obtain the usual transformation rules for ¢ under conformal transformati-
°ns f € ¢ [11], z — fz denoting the local action of € on RY,

(z') = (2" =(f2))
(') = P(a") = 5(f 2 ("),

:ith S(f2f1,2) = S(f2, f12)S(frz,z) for f1, fa € C, and §(h,0) = §(h) = (R® V)(h) for
€ Wi,

(12)
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4 Conformally invariant Lagrangians

We are in a position now to define a Lagrangian £ on ¢ C A{za}iz corresponding to the

given A on R4, We sketch the steps of construction here, which run similar lines as in our

treatment of Poincaré gauge theories (cf. Remark 1 and [5]).

(i) Identify £ in each ahff G, with A in the ccs (g), using notations (10)

L(3(35(2)), 0:(36(2))) = A(#(2%), 0:6(2%)), 2 = [g2). (13)
(ii) To introduce arbitrary coordinates (z#) on R4, and observing lb/i(z?g(z)) = (z'),
write §, = gf;a

(iii) For a covariant formulation, i.e. to get an expression for £ in arbitrary sections & in
9, apply the canonical connection & to define ‘covariant’ derivatives %@. This can be
done in a rigorous way using the infinitesimal expressions for the non linear action of
C on R*xK™ C E. One gets a Lagrangian £(3(7(2)), [V, V*(3(2))) " 4V ,.3(5(=)))
2), which coincides with (13) for each & = 7,.

(iv) The restriction to arbitrary sections & = ¢ in L[Zn)fl-‘? yields
Pilo(2) =0, V.F(o(2) = Gifo(2) (14

where the ti-part 6 of & coincides with the pullback of the canonical 1-form % on
Lwﬁz with respect to the projection 7 : L[Zn}ﬁ — L ,,]R“ Setting

Vip(o(2)) = Vip(o(2)) = Vo@(o(z) (15)
for 7 = o, the ‘covariant’ derivatives become
Vi = di + (i*s(Ma) + 15(D) + #s(K:))e, (16)

with decomposition @ = 4+ + & + 6 of the canonical Cartan connection & as @

— 1
e =14+d+ k%4 14valued 1-form on L%Q}R‘*; s is the Lie algebra representation of w'
given by §, and M,*, D, K" are the generators of I, d, k%. Consequently, one defines
on Lﬁﬁﬁz, with 81'6% := 6k

L(p(0(2)), 04(0(2))V wpl0(2))) 1= L(@(0(2)), [V ¥ (0 (2))] " 4V ,e(e(2)))  (17)

Given a function ¢ on a section o of a fibre bundle over M, differentiation with respect to a coordinate
system (2*) : R' 3 ¢ — z(x) € M is always understood as &, p(0(2)) := 8,9(z), where (z) := p(o( z(’)))'
3We use the notation 9' also for the canonical 1-form (on L[,,]R‘) ie. “( 2)ei(z) = 8u(2), wit

(ei(2)) = 7(a(2)).
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{v) To obtain ‘dynamical geometry’, eventually, one has to replace (minimal coupling,

G-equivariance principle) the flat connection form & by an arbitrary connection form
& on Af,,]‘f@’ or, equivalently, to pass from & to the pull back w =: uy+ v +x+0 of &
on Lfﬂ}fg‘—. As usual in gravitational gauge theories, §' = Qﬁidz“ will be interpreted
as ‘tetrad fields’, i.e. we require det8; # 0. Hence (including this constraint) w is an
arbitrary Cartan connection with respect to the embedding L[zn]‘]}”l”‘i — A[zn]ﬁf [10].

The final matter Lagrangian then is

L(p(a(2)),67((2))Vup(a(2))), (18)
V¢ defined via w as in (16) and 6! by 6'6% := §F.

Remark 2

(a)

(b)

Observe, that because of the special non linear transformation properties of ¢, no

translation term occurs in (16).

By construction, £(¢, Vi) is independent of the chosen section ¢ in waIﬁZ iff Ais
conformally invariant in the usual sense. As a consequence (which has to be proven)

this is also valid for £(y, V) whith abitrary Cartan connection w.

The ‘covariant’ derivatives ‘07»30 and V¢ do not transform in a tensorial way. Le., the

2
In

tion); the horizontal subspaces of this form are not compatible with right translation

wll-valued 1-form (g}, 7, %) on L }‘fg fails to be a connection form (cf. Introduc-
for special conformal transformations, because of the non linear character of the lat-
ter. However (!), for suitable degree n in the representation V of Din § = RV,
there may be ‘operators’ K* on K™, such that the contraction K*V;p has the correct

tensorial transformation property to serve for the construction of invariant Lagrange

2
[

‘RS8-formalism’ of Dirac [12] to find conformally invariant wave equations (special

4-forms on L ]_IF. This effect is in complete agreement with the commonly used
case V, = 'é’;), based on homogeneous wave functions on R®, n being their degree

of homogeneity (see example below).

The generalization of the formalism to the two fold covering groups SL(2,C),
TR SL(2,C), SL(2,C)RK*, SU(2,2) of L, T*QL, LRK*, §00(4,2) is straight-
forward. ‘

Similar as in the case of Poincaré gauge theories, the ‘affine’ extension of the for-
malism is redundant in the following sense. Eq.(16) may be taken directly as the
definition of V¢ for the fields ¢ on L[zn]ﬁz, and £ in (17) may be defined by replacing
¥(2%) and 8;3(z*) in A by p(0(z)) and 8#((2))Vap(a(2)) (0 (0(2))Vup(a(2)) =
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O;¢(o(z)) for o = o,). Correspondingly for Vo and £ in (18). Thus, the final ver-
sion of the formalism of course takes place on Lfn]ﬁ only. The purpose to discuss
the affine aspects here was just to clarify the natural geometric role of the canonical

Cartan connection in the construction of a covariant formalism.

5 An example: The Weyl Equation

To give an explicit application, let us consider the conformally invariant Weyl equation,

9
[n]

SU(2,2), with Lie algebra representation

0;0 0 -1 0
T(Mik)::%( Gk 5i0k), T(D):z%( 02 +12)

constructed on L2 RA. For that, choose the standard 4-dimensional representation R of

(19)
o 6 0 L 0 o
r(l(:k)._z(a_lc 0), r(’]}c).-z(o 0),
(0% =: 60 =2 13; 0% = -4, a = 1,2,3, Pauli matrices) and SU(2,2) invariant scalar
product (£1,6;) := §,7T6,, T = (12 12) on C4 Set v(D) := —nly, i.e. for s:=r+ v,
s(D) = -1 ((2”*61)12 (2nf1)12) and s = 7 for M;i,K;. In an arbitrary section ¢ of Li"n]ﬁz
the ‘Weyl Lagrangian’ 4-form then looks L(y, V@) = L(p, Vp)(det 6, )d*z with
L(p, Vi) = 3[Bs(K)6! Vo — (V.)s(K))6Y @], (20)

B:= Tl Vop = 8up + [Fuiks(Mik) + 7,(D) + £Es(Ki)]p and Cartan connection w =
£+ v+ &+ 6. Taking into account the special properties of Cartan connections one
shows for a (passive) gauge transformation, i.e. for a change o(z) — o'(z) = o(2)- g(2)
g(z) € W1, of sections in len]ﬁ

Voe'(2) = 5(9(2)7)0uip(2) + (9(2) wng(2))s(L0)S(9(2) " )p(2), (21)

where summation runs over the generators {£,,} = { M, D, K;} of W1l

Local special conformal transformations e.g. then yield g-wg = g~ (u+ v+ &)9 T
g~ '8g, the second term being of the form 6 + [6,67K;] + X, X k-valued. The only part
of g~18g contributing to s(K)6¥V, ¢ is [6,69K;] = [0* T, 'K ;] = %e3 (M, + 1, D). We
find s(K*)0Y(g710,9)s(Lw) = e7s(K")0¥ 65 s(Mt + 0 D) = e?s(K*)s(Mji + D) =
fed ("‘?’a g) with a¥, = 3*0;6; — (2n+1)&; = —38; — (2n + 1)&;. Hence for n = -2 (the

usual value for the degree of homageneity of ¢ [12,13]) we get

S(K)0YV,¢'(2) =
= s(K)8[S(9())Builz) + (9(2) " (1 + 70 + #)g(2))*s(La) S(9(2))ip(2)]
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s(KH)8[S(9(2) ) p(2) + 5(9(2) ) + 7 + 5.)8(9(2))S(9(2) ()] (22)
s(K)8Y S(g(2) ") Vuee(2)
= 5(g(2)7")s(K)0 Vye(z2),

which proves invariance of £ under local special conformal transformations. Similarly for
the remaining gauge transformations in Lfn]_l_{.z.

We finally get the Weyl equation
s(K')6¥V, 0 =0 (23)

or, setting ¢ =: (i), its 2-component form

&0V ,€ = 0, (24)

With arbitrary gauge degree of freedom x. The interpretation of (24) requires some atten-
tion and is as follows. Since £ does not transform under special conformal transformations,

e’ e(K;) (5 = (14 &7s(K;)) i = +,-f;'5. , € might be considered as a usual first order
x X 5€

~tomponent spin % field, i.e. as a W7-equivariant function on L[,ﬂﬁ. However, Eq.(24),

explicitly written as

i 1 4 . 3
56,10, + Julfoion + 51 =0, (25)
has to be seen as an equation on the second order bundle L[n]h—ll’ because p, and 7, in

(25) transform with respect to W1l Accordingly, £ must be interpreted as the pull back
to L{{,}fi‘? of a first order spinor field.

In particular, for w = &, Eq.(24) just gives the usual conformally invariant Weyl
®quation in a covariant form. It reduces to 6'678,£ = '8, = 0 in each hff o = 7, g € C,
of L[{ﬂﬁi (this is the same form it would have in an ahff G, of A[zn]ﬁ—z because of the
trivially represented translations in the affine extension S of §).

8 Concluding Remarks

There are convincing arguments to regard the notions of second order conformal structures
and Cartan connections as appropriate tools for the treatment of conformally invariant
®quatjons (cf. also [14]) and conformal gauge theories. Concerning invariant equations we
Summarize

- Conformal transformations in conformal Minkowski space (R*,[7]) determine and
are determined by their second order jets in 0 € R*. The natural fibre bundle taking
into account this fact is the second order frame bundle L[{ﬂﬁ. Global and singularity
free formulations are possible by the extension to conformal space (R?,[n]) and to

L[Z"]EZ, respectively.
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- Conformal coordinate systems on R4 induce ‘holonomic’ sections ag, g € C, in
Li"n]—ﬁ—“. Conformally invariant equations or Lagrangians on R4 then can be expressed

on Li}}ﬁ with the help of these sections. The notion of the canonical Carian

connection w on Lfn]R“ enables a ‘covariant’ formulation.

To sketch roughly some steps in a possible gauge scheme for the group €, we add

- The replacement of & by arbitrary Cartan connections w in a conformally invariant
matter Lagrangian on le ]R" and the addition of an appropriate gauge field La-
grangian £{w, Vw) (Vw = pull back to L, ]R4 of the curvature form V2 on AL, ]R“)
lead to a framework compatible with the usual conceptions in gravitational gauge
theories. In particular, the resulting field equations yield solutions for the trans-
lational part 6 of w which (more eactly its projection to L[n]ﬁz) can be given the
interpretation of ‘deformation potentials’ or ‘tetrad fields’ responsible for curving
the flat background conformal structure (cf. [5,10]): 4, generate a bundle automor-
phism LRA L LR*viaT,R% > vH3, QLv“e; € Tzl_lz, hence a conformal structure
L{,.‘,}:f{? = T(LI,,}_B?’.) with prolongation Lfn],ﬁ_‘* {the induced Cartan connection 7,
on Lfn},R‘* then fulfills 7.0 = é)

- A suitable symmetry breaking mechanism from conformal to Lorentz structure, in-
tegrated into the gauge procedure on Lfn]ﬁ {e.g. generalizing the discussion in [14]
of the conformally invariant scalar wave equation (3 + R) = 0) finally would result
in a Lorentz structure L, R4, #' € [y}, and its prolongation L2 RicC Li"] R4. The
interpretation of 7,4 and 7,9 on L2 R? via their projections g’ and 7' on L, R?
then is obvious. Together with n' they define a Weyl-Cartan spacetime with gaugt
fizing or, equivalently, a Lorentz metric ' on R4 with nonsymmetric 7'-compatible
connection ' and Weyl 1-form 4/, the latter describing the change of 7-length under
infinitesimal p'-paraliel displacements [15].

- The generalization from the compact, hence unphysical, conformal space (R4, [7]) t©
its non compact, infinite covering is straightforward. Even, the generalization to aP
arbitrary flat or non flat conformal background manifold (M, [£]) is possible using
Cartan connections on LfE]M and, in particular, the canonical Cartan connectio®
(which exists for each (£] on M [8]).
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