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The foundational symmetries of General Relativity (GR) include
diffeomorphisms and local Lorentz transformations. The former
act on the spacetime manifold, while the latter act in the tan-
gent space. These two types of transformations are partially linked
through the vierbein, which provides a tool for moving objects
between the manifold and the tangent space. The proposal that
Lorentz invariance might be broken in an underlying theory of
gravity and quantum physics such as strings [1,2] naturally raises
various questions about the relationship between diffeomorphism
violation and Lorentz violation and about the associated phe-
nomenological signals. These questions can be studied indepen-
dently of specific models using gravitational effective field theory
[3]. Here, following a brief summary of the current status and re-
sults, we develop a model-independent framework for studying
these issues in linearized gravity. This limit provides a compara-
tively simple arena for exploration, and it is crucial for experimen-
tal analyses of gravitational waves and of gravitation in the Newton
and post-Newton limits.

A generic treatment of Lorentz violation in Minkowski space-
time in the absence of gravity is comparatively straightforward
using effective field theory [4]. In this context, the role of diffeo-
morphisms and local Lorentz transformations is played by trans-
lations and Lorentz transformations that act globally and combine
to form the Poincaré group. The two symmetries can be broken
independently, and a physical breaking of either one can be rep-
resented in terms of nonzero background fields in an effective
field theory. The breaking of either can be spontaneous or explicit.
Spontaneous breaking occurs when the background is dynamical,
which means that it must satisfy the equations of motion and

* Corresponding author.
E-mail address: kostelec@indiana.edu (V.A. Kostelecky).

https://doi.org/10.1016/j.physletb.2018.01.082

that it comes with fluctuations in the form of Nambu-Goldstone
modes [5] and possibly also massive modes. In most applications
of spontaneous breaking, the background satisfies the equations
of motion in vacuum and can therefore be viewed as the vac-
uum expectation value. In contrast, explicit breaking is a conse-
quence of a prescribed background, which is typically off shell
and has no associated fluctuations. Much of the phenomenological
literature investigating Lorentz violation in Minkowski spacetime
assumes for simplicity that global spacetime translations are pre-
served in an approximately local inertial frame, canonically taken
to be the Sun-centered frame [6]. This guarantees conservation of
energy and momentum, so phenomenological signals are restricted
to violations of the conservation laws for generalized angular mo-
menta. A large body of experimental studies constrains this type
of Lorentz violation [7].

In the presence of gravity, the situation becomes more in-
volved. One complication arises because diffeomorphisms and local
Lorentz transformations act on objects in different spaces that can
be linked via the vierbein, which can relate the corresponding vi-
olations. In the case of spontaneous breaking, for example, the
vacuum expectation values are on shell and a nonzero background
on the spacetime manifold implies one in the tangent space and
vice versa. As a result, diffeomorphism violation occurs if and only
if local Lorentz violation does [8]. More intuitively, local Lorentz
violation can be understood as a background direction dependence
in a local freely falling frame [3]. Transporting this to the space-
time manifold via the vierbein then guarantees the existence of a
direction dependence on the spacetime manifold and hence diffeo-
morphism violation.

Another complication for gravity concerns conservation laws
and arises from the difference between spontaneous and explicit
breaking. In general, a theory invariant under local transforma-
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tions comes with covariantly conserved currents [9]. In sponta-
neous breaking, the full theory remains invariant under the trans-
formations and the symmetry is only hidden [10]. The currents
remain conserved even though the background is unchanged by
the transformations because the background fluctuations transform
in a nonstandard way to compensate. This contrasts with explicit
breaking, when the current conservation laws fail to hold.

In GR, local Lorentz invariance implies symmetry of the energy-
momentum tensor while diffeomorphism invariance implies its
covariant conservation [11]. In theories with spontaneous diffeo-
morphism and local Lorentz violation, these current-conservation
laws are unaffected: an energy-momentum tensor for the full the-
ory remains covariantly conserved and it is always possible to
make it symmetric [3]. However, if explicit breaking occurs, then
there is no guarantee that the energy-momentum tensor is ex-
plicitly conserved or symmetric, and as a result a theory with ex-
plicit breaking can be inconsistent or require reformulation within
Finsler geometry [3,12]. For sufficiently involved models, this sit-
uation can be rescued by the additional modes that appear in
theories with explicit diffeomorphism and local Lorentz violation
[13]. These additional modes arise because in explicit breaking it
becomes impossible to remove all four diffeomorphism degrees of
freedom and six local Lorentz degrees of freedom from the vier-
bein. In some models, these additional modes can be constrained
to restore the covariant conservation and symmetry of the energy-
momentum tensor. The additional modes are the counterparts in
explicit breaking of the Nambu-Goldstone modes appearing in
spontaneous breaking. Indeed, they can be understood as Nambu-
Goldstone excitations of Stueckelberg fields [14,15].

The above results have several implications for the phe-
nomenology of diffeomorphism and local Lorentz violations in
gravity. If the breaking is explicit, the challenge lies in establishing
the consistency of theory and, if achieved, then in determining the
effects of the additional modes on observational signals. In con-
trast, if the breaking is spontaneous, the Nambu-Goldstone and
massive fluctuations can play the role of new forces affecting the
phenomenology and so must be taken into account in analyzing
experimental signals. Model-independent techniques for this have
been developed both in the pure-gravity and in the matter-gravity
sectors [16-26] and applied to obtain model-independent con-
straints on diffeomorphism and local Lorentz violation in gravity
from a variety of experimental tests [7,27-56].

An alternative model-independent approach to studying both
spontaneous and explicit diffeomorphism and local Lorentz viola-
tion uses linearized effective field theory for gravity, formulated
to incorporate gauge and Lorentz violation [46]. In this context,
gauge transformations are linearized diffeomorphisms of the met-
ric fluctuation. This technique yields an explicit construction and
classification of the general quadratic Lagrange density in effec-
tive field theory with gauge invariance at linearized level. It also
permits construction of the general covariant dispersion relation
and investigation of the properties of the corresponding gravita-
tional modes. These results have been applied to obtain model-
independent constraints on linearized coefficients for Lorentz vio-
lation using gravitational waves [46,51] and tests of gravity at short
range [52,53]. In the present work, we extend this approach to ex-
plicit gauge breaking. We construct and classify all terms for the
quadratic Lagrange density in gravitational effective field theory
with explicit gauge violation, and we derive the corresponding co-
variant dispersion relation required for experimental applications.
Throughout the work, we adopt the conventions of Ref. [3]: the
metric signature is +2, the Levi-Civita tensor satisfies €g123 = +1,
and parentheses or brackets about indices indicate symmetrization
or antisymmetrization without numerical factors.

To perform the linearization, we expand the dynamical metric
guv in a flat-spacetime background with Minkowski metric, g,y =
Nuv+hyw. A generic term of mass dimension d > 2 in the Lagrange
density for the linearized gravitational effective field theory can
then be written as

Licaw = Yy KDHPR 1)

where K@#0o is the product of a coefficient /C(@HVPOE1€2. 602
with d — 2 derivatives  9g, 0, ...3s,_,. The coefficients
C@uvpoeiea.£i-2 have mass dimension 4 — d and are assumed
constant and small. The complete traces of these coefficients con-
trol Lorentz-invariant terms in Ly« , while the other components
govern Lorentz violation. To contribute nontrivially to the equa-
tions of motion, the operator K@% must satisfy the require-
ment K@ W(po) £ L AP UY) where the upper sign holds for
odd d and the lower one for even d.

The action is invariant under the usual gauge transformations
huy = hyy + 3y + dvE, when the condition K@ #W(0o)y, —
K@D 5 holds. Assuming this condition, the operators
K@uveo can be constructed explicitly, using standard methods
in group theory [57]. They are found to span three representation
classes [46]. For the present work, we have extended this construc-
tion by relaxing the requirement of gauge invariance. Decomposing
the operator K@rveo into irreducible pieces then yields another
11 representation classes. This shows that a total of only 14 inde-
pendent classes of operators can appear in any linearized gravita-
tional effective field theory, whether or not the Lorentz and gauge
invariances hold. These 14 classes therefore characterize all phe-
nomenological effects in linearized gravity, including effects on the
propagation of gravitational waves and in the Newton and post-
Newton limits.

To simplify the notation in what follows, we denote indices
contracted into a derivative as a circle index o, with n-fold con-
tractions denoted as o". With this convention, the generic operator
K@Hvoo can be written as K@H#VPo — cdrvpos™? Also we de-
note the 14 representation classes as indicated in the first column
of Table 1. To obtain the term in the Lagrange density (1) asso-
ciated to a given class, it suffices to replace K@uveo ith the
operator listed. The second column displays the index symme-
tries of each class using Young tableaux. The Table also lists some
properties of each class. The third column indicates whether the
operator is fully gauge invariant, and the fourth column displays
the handedness under CPT of the associated term in the Lagrange
density. Each class can occur only for even or for odd d and for d
above a minimal value, as shown in the next column. The final col-
umn lists the total number of independent components appearing
in the coefficient L@ #vPoei£2--a—2 for fixed d.

The quadratic approximation Ly to the Lagrange density for the
Einstein-Hilbert action can conveniently be written in the form

Lo= 3P e Py 3 hundadphps. 2)

This gauge- and Lorentz-invariant term is constructed from a piece
of the coefficient s(¥#?*vo8 in the first line of Table 1. The com-
plete Lagrange density incorporating all the operators in Table 1
can then be expressed as

L= Lo+ Sy S R@O#7 1, 3)
K.d

where the sum is over all the representation classes K@uvoo
shown in Table 1 and also over all allowed dimensions d for each
class. Larger values of d introduce higher powers of momenta and
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Table 1
Operators in the quadratic action for linearized gravity.
Operator K@ 1veo Tableau Gauge invariant CPT d Number
W]
s@ppovoost=t plo yes even even, > 4 d—=3)d—-2)d+1)
o o
- v
s@Dppvoct=? /; ‘ no even even, > 2 d—1)(d+2)(d+3)
o
AT ]
5(@:2) upovo oot~ ) no even even, > 4 2d-2dd+2)
[e]
ulvlo ‘
q@npoveros®> plolo yes odd odd, > 5 Sd-Hd-DE+1)
o
_ o
q@-Dupvoost™ ﬁ v[ofo] =] no odd odd, >3 Ld+1)d+3)d+4)
_ v o
q(@2upvoost= Z [ ‘ no odd odd, >3 @d=1Dd+2)d+3)
o
plvle] ]
gD npovas no odd odd, >3 ldd+1d+3)
o |
- v io|lo]| -
qUAupyocost? Z [ | no odd odd, > 5 2d-3)d+1)[d+2)
o o
AT eTe ]
q(@5) ppovedost=? olo no odd odd, > 5 4d-2)dd+2)
o
- v ol -
k(@ tovopoo oot= 1 P ‘ yes even even, > 6 2(d-5dd+1)
o o o o
(@ 1) pvpo ot no even even, > 2 Ld+3)d+4@d+5)
. v ag|o e
k(@2) povpaoot= /: [ P [ [ [ ‘ no even even, >4 %(d +1)(d+3)d+4)
- y o
k(@.3) povopo ot~ L [ [ ‘ no even even, >4 d—-1)d+2)(d+3)
o (o)
- v ag|o e
k(@4 povopoo oot~ 1 L [ [ ‘ no even even, > 6 %(d -3+ 1)d+2)
(e} o

so the corresponding terms in the effective field theory are ex-
pected to be more suppressed. In practice, to avoid possible issues
with interpretation of the infinite sum of terms, the sum over d
can be truncated at some value or restricted to specific choices
of d.

The equations of motion for the metric fluctuation hy, can be
found from the Lagrange density. Performing Fourier transforms to
convert to momentum space, where 9, — ip,, the equations of
motion can be written in the form

M *hy =0. (4)

The operator M,;*’ = M;;,*Y(p) can be understood as a square
10 x 10 matrix that acts on a 10-component vector hy,. If no

gauge invariances are present, the dispersion relation for the grav-
itational modes is obtained by setting the determinant of the ma-
trix to zero. However, in the presence of partial or full gauge in-
variance, finding a dispersion relation for the physical modes is
more complicated because M,;"" contains a null space. Nonethe-
less, a covariant dispersion relation can be found using methods
from exterior algebra, as we show next. The technique presented
here is a generalization of the method developed by us for the
study of the photon sector of the SME [58] and independently by
Itin for studies of premetric electrodynamics [59].

The key idea is to treat h,, as an element of a 10-dimensional
complex vector space and M,;*V as a linear map on the space.
To keep the discussion general, we work with an N-dimensional
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complex vector space V and the exterior algebra AV over V. In
terms of an arbitrary set of basis vectors {v9}, a=1,2,...,N, we
write an n-vector w as

0=t oaa.4 V" AVZA- AV, 5)

and take its Hodge dual *w to have components given by

(k)01 ON-n — nl!eal.-.Uanbl...bnwblmbn. (6)

Given a linear map M : V — V taking an arbitrary vector x € V to
a vector y = M - x, we can construct a natural linear map A"M be-
tween n-vectors. For n arbitrary vectors {x',x2,...,x"}, we define

YEAYEA - AY = ATME AR A AKX, (7)
In components this gives

byby...by

(/\HM)maz...an — %M[m b1 M02b2 . Man]bn' (8)

It is useful to define the wedge product of n different maps M!,
M2, ..., M" through

(M1 A MZ A A Mn)a1az...anblb2mbn

_ (%)2 (Ml)[al [b1
This is a map between n-vectors. Note that the product of maps is
commutative and that A"M is the product of n identical maps M.

Let r be the rank of M and let s be the dimension of the null
space, so r + s = N. Denote the null space of M by S and its
complement by R, so that V=R & S. Let {z!,...,7°} be a set
of vectors spanning S, and let {x',...,x",z!,...,Z°) span V. Any
n-vector can then be expressed as a linear combinations of wedge
products of n of these vectors. This implies that A"M =0 for r < n.
Also, the rank of A"M for n <r is r!/n!(r —n)! because the di-
mension of the image of A"M matches the number of n-vectors
constructed from the vectors {x!,...,x"}. In particular, while the
map M is rank r, the map A™M is rank 1.

The dual map *A"M can be constructed using the Hodge dual
(6). However, both A"M and *A"M incorporate a null space, which
complicates the derivation of the dispersion relation. To account
explicitly for the null space of A"M, we can work instead with a
modified dual A" M. Introducing ¢ = %(z' A--- AZ%), some consid-
eration reveals that we can write

(M2)g,” ... (Mg, . 9)

n bi..by __ 1 * b1...bpdy...dr—
(/\ M)al-uan tein = (r,n)gzCaln.anc].i.cr,n{ 1o ondlfren

X (*A"M)g;. gy, 1T (10)
In the special case where n =r, we see that «+A"M is a scalar obey-
ing A"M = *A"TM ¢* ® ¢, which implies
" ®¢
greg
The inverse relation for the modified dual can be obtained from
Eq. (10). After some manipulation, we find

ATM =tr(A"M)

(11)

2
!
A" M)py . by = <n;£—*;)
lr—nCq... dy...d
x g1 dronc C"fgl,,,br_ndlmdn(/\nM)q...c,, Tl (12)

For the case S = so that ¥V =R, the modified dual xA™M reduces
to the usual dual *A™M. Taking instead r =n yields the modified
scalar dual

*ATM = (%) (A M) = ¢ - ¢T3 ATM - (13)

Note that since the modified scalar dual *xA"M contains inverse
powers of ¢* . ¢, one might naively expect a singularity when
¢*.¢ = 0. However, continuity and the relation "M = *xA"TM *®¢
guarantee that xA"M remains finite for nonzero ¢. Similarly, al-
though *A"™M may contain divergences, they cannot contribute to
A" in Eq. (10).

Our goal is to obtain the exact covariant dispersion relation
from equations of motion of the form M -x =0, where M depends
on the momentum p*, while allowing for a possible nontrivial
null space of M. Typically, we are interested in situations where
it is convenient to split M into two pieces, M = Mg + M. This is
useful, for instance, when My is a standard expression or when
calculations with Mg can be performed in closed form. In many
applications the Lorentz violation can be taken small, in which
case the Lorentz-violating terms can be placed in §M and treated
perturbatively. Note that the null spaces of M, Mg, and §M may all
differ, but the null space of any one must contain the intersection
of the null spaces of the other two.

To fix notation, suppose Mg has rank r and M has rank r’. Let
the null space S of My be spanned by vectors {z!, ..., 2%}, and let
the null space &’ of M be spanned by vectors {Z'!, ..., z5'}. Define
C=#E"A- Az and ' =#Z ' A---AZY), and let *A™M be the
modified dual (12) constructed with ¢ and ¥ A"M be the modified
dual constructed with ¢’. Vectors in the null space S represent
trivial pure-gauge solutions of My - x = 0, while vectors in S’ rep-
resent trivial solutions of M -x =0.

We seek nontrivial solutions to M - x = 0, which exist if we can
find p, that reduce the rank of M by at least one. The exact co-
variant dispersion relation arising from M - x = 0 can therefore be
expressed as

« A'M = 0. (14)

After expanding * A”M in terms of Mgy and M, some calculation
reveals that this equation can be written as

n! /
/an . (r'—n) _
§ T n)!tr[(* A"Mo) - (A 31\/1)] =0. (15)

n

The sum in this expression is understood to be limited to nonneg-
ative wedge powers and restricted by the ranks of Mg and §M. For
example, n <r because larger values of n produce A"Mg =0 and
so cannot contribute.

The expression (15) for the covariant dispersion relation is gen-
eral and exact, and it is convenient for applications where the
unbroken gauge vectors {z'!,...,z5'} spanning S’ and thus the
form of ¢’ are known. However, in some scenarios it is easier
to work with the broken gauge vectors instead. In particular, in
many situations of interest the null space S of My contains the
null space &’ of M, S 2 &', so that §M acts to remove a subset
of null vectors in 8. Then, the ranks r of Mg and ' of M satisfy
r <r’, and the coranks satisfy s’ <s. Null vectors in S can then be
split into those spanning S’ and those spanning the complement
S§=8-¢. Choosing a canonical ordering for definiteness, we
write {z1,..., 25} ={21,...,25, 21, ..., 25}, where § =s—s' =1/ —r
is the number of gauge symmetries in My that are broken in M.
Introducing £ = 2! ® 21%) A --- A 35 ® 25%), calculation then yields
an alternative form for the dispersion relation,

n!(r' —n)! /
> S e [(en Mo £ 8) - (AT o] =0, (16)
—~r 1'(r —n)!

which holds for S © &’ and is convenient when the form of the

broken gauge vectors {z!, ..., %%} is known.
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A comparatively simple special case of the above arises when
M and My have the same null space S, so that ¢ = ¢’. In this case,
8M preserves the gauge invariance of Mg and the null space of
dM must contain S. The exact covariant dispersion relation then
reduces to

n!
I e— I:(*/\"MO) : (A“—")aM)] —o. (17)
r'(r—n)!

n

For example, with Mg corresponding to the usual linearized
Einstein-Hilbert term in the Lagrange density and taking r = 6, Eq.
(17) provides the exact covariant dispersion relation for the gen-
eral linearized gravitational theory formed by extending linearized
GR with arbitrary gauge-invariant terms. As another example, if
neither M nor Mo has any gauge symmetry then r = 10, and Eq.
(17) provides the covariant dispersion relation for any §M with or
without gauge invariance.

As an application of the above results, consider linearized GR.
The linearized Einstein field equations take the form Mg ;" hpe =
0. The operator Mg,,,*° can be expressed as

MOuva = %Pz(ﬂ';wpg - leppa)’ (18)
where the projections P*" and m,,”° given by

ptp”
e T L (19)
are a subset of the standard spin-2 projection operators [60,61].

Note that the trace of P is 3, while that of & is 6. The wedge
products are found to be

2n
A"Mg = pz—n[/\”yr (A" Dy A (P P)], (20)
and the scalar dual is
. p12
_ ————-- . r . *
*A°Mo = %0 07 [¢- A
—6¢ - ((A’m) A(P®P))-*]. (21)

The first term in the brackets is just ¢* - ¢. The second term gives
—¢*.¢P-P=—¢*.¢trP = —-3¢* - ¢. The four gauge vectors can
be written as (zX)*V = (Z€)#pY), k =1,...,4, where (ZX)* are
four independent vectors. This implies ¢* - ¢ = 6!2° |Z|2p®, where
Z =det(Z* ). Putting together the pieces yields

P4

6Mo = —
Mo =G0z

(22)
The dispersion relation for linearized GR is thus found to be p* =
0, matching the standard result.

Next, consider the case where linearized GR is corrected by
generic gauge-invariant terms. This case has been explicitly treated
in Ref. [46]. We write M = Mo + M, where Mg is given by Eq.
(18) and M has at least the gauge invariances of Mg but is other-
wise arbitrary. We can simplify this case by noting that the factor
m — P ® P of projection operators appearing in My obeys (r —
P®P)-(w — 2P ® P) = 7. The combination @ =7 — P ® P can
therefore be viewed as the gauge-invariant inverse of 7 — P ® P,
which suggests defining

M=M- @ = (3p*m + M),
SM=8M-@w =8M-(I-in®n)  m, (23)

where | — %n ® 7 is the trace-reversal operator. A short derivation
then reveals that

*ASM =%( A8 M- A8 — P ® P)) = =2 A®M, (24)

so the dispersion relation for M is the same as that for M. Direct
calculation gives

6
1 .
6 n.4-2n n
NM=——r—rr— 2 tr(A"SM). 25
. 6!21(,'2'2; Pt (A"SM) (25)

With the reasonable assumption that higher-order terms remain fi-
nite as p2 — 0, this implies the leading-order covariant dispersion
relation

p* +2p2sMy + 2(8M? — 5M3) =0, (26)

where §M,, = tr(§M™). The solution for the two perturbative modes
is

p2=—5M1:F,/28MZ—8M%. (27)

Upon explicit evaluation of the traces for the general gauge-
invariant terms listed in Table 1, this equation reduces correctly to
the results (5) and (6) for the dispersion relation given in Ref. [46].

With these previously known examples reproduced, we turn
to the case where linearized GR is instead corrected by arbitrary
gauge-violating terms. The covariant dispersion relation takes the
form (14) with S 2 &', so to evaluate it explicitly we must deter-
mine the modified duals that appear in Eq. (16). They are

2n
*ATMo = pz—n*(/\"n —n(A" D) A (P ® P)). (28)

After some calculation, we find the covariant dispersion relation to
be

n+5)! s
3 QZ"p‘l*z"tr [((/\"zzr) NE)- (/\("“)(SM)] —0.  (29)

n!
n

The number of terms in the sum is restricted by the rank §r of
8M, which may be less than the total rank r’. The limits on the
sum are thus 0 <n < §r — 5.

The result (29) is the exact covariant dispersion relation for any
linearized model of gravity, with or without gauge violation and
with or without Lorentz violation. For example, the gauge-invariant
scenario (25) is contained as the special case when r’ = 6. The
framework developed here therefore realizes the desired goal of a
model-independent approach to modifications of linearized gravity.
It provides calculational tools for arbitrary models and also permits
identifying generic features. As an example of the latter, we can
see that the complexity of the exact covariant dispersion relation
is determined by the rank 8r of §M and the number § of symme-
tries of Mg broken by M. In particular, the number of terms in
the exact dispersion polynomial is §r — § 4 1, which can constrain
physical aspects of the solutions. Consider, for instance, the case
where rank of §M matches the number of gauge symmetries bro-
ken by 8M, 8r = 3. Only one term then survives in the dispersion
relation. Since that term is proportional to p* we find the strik-
ing result that all models of this type must leave unaffected the
conventional dispersion relation p% = 0.

As an explicit illustration, consider any model in which only a
single gauge symmetry associated with a vector Z is broken. This
implies ' =7 and & =2 ® z*, and the first few terms of the exact
covariant dispersion relation are calculated to be

0= p?3*sM2 + 2p? [tr(aM)z*azvlz — 2*51\7151\/12]
42 [tr(81\71)2 - tr(81\7181\71)] 7 5M3
+ 42*SMSMSM2Z — 4tr(SM) 2*SMSMZ + . ... (30)
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When the rank §r of §M is one, this result reduces to the mono-
mial p?2*8M2 =0 and so gives the usual dispersion relation p? =
0, in agreement with the conclusion above. However, when §r > 1,
the dispersion relation becomes a polynomial, and the solutions
can describe modifications to the behavior of the gravitational
modes.

Since the covariant dispersion relation (29) is exact, it governs
all gravitational modes. However, inspection reveals that terms
having larger values of n involve traces of higher powers of §M, so
Eq. (29) is naturally configured for perturbative reasoning concern-
ing the usual modes of GR. Although the terms with n > 3 naively
contain inverse powers of p2, in fact this behavior is excluded by
continuity and so any contributions from them are perturbatively
small. The three terms with n =0, 1,2 are therefore the ones of
perturbative relevance, and they yield a quadratic dispersion re-
lation whose solution describes perturbative effects on the usual
gravitational modes of GR. This structure can be seen explicitly in
the example (30) with only a single broken gauge symmetry. The
solution in this case takes the generic form (27), with the factors
of M and 8M; replaced by factors of the polynomial coefficients
in Eq. (30).

Another interesting special case is the set of models with coeffi-
cients having only purely temporal components, which is a subset
of the isotropic limit. All gauge-invariant models of this type are
discussed in Ref. [46]. For example, the operator s@mpovooo’™
contains models with purely temporal components that can be iso-
lated by working with its double dual and restricting attention
to the components (53@)%-- with d — 2 temporal indices. Obser-
vational constraints on these coefficients have been placed using
gravitational waves and other techniques [35,36,38,44,45,49,51,52].

Many of the gauge-violating representations listed in Table 1
also contain coefficients with purely temporal components. Typi-
cally, these generate nontrivial effects on the gravitational modes.
The observational implications of these lie beyond our present
scope and offer an interesting open direction for future in-
vestigation. Note, however, that some of these cases may pro-
duce no measurable effects. Consider, for example, the operator
k@ Duvpost? ragricted to the components k@D with d + 2
temporal indices. The matrix §M is then of rank r =1 and has
nonzero component §Mgo® = Y, k@100--Ed=2 A single broken
gauge vector exists, which can be taken as 24V = n%pY) 50 §=1
as well. The dispersion relation becomes p* Y, k@1 00--Ed = 0 and
reduces to p% =0, in agreement with the general result for §r =$§
discussed above. These coefficients therefore have no effect on the
behavior of the usual gravitational modes.

More involved cases exist that also leave unaffected the usual
gravitational modes. One example with 8r = § = 2 involves the
CPT-odd operator q@3#rovos™™ for g — 3. Taking the dual of
this and restricting to the purely temporal coefficient gG-3)000
produces a rank-two matrix §M with nonvanishing components
SMOIOk = _g3:3)000¢ . pl/8 that is symmetric under interchange
of the first or second pair of indices and is antisymmetric under
interchange of the gairs. Two unbroken gauge vectors exist, which
can be taken as (z%)*” = % p») and (z'1)*” = p#pV. Calculation
shows the dispersion relation is p*(G-3090)2E4 = 0 and so again
yields p2 =0, as expected. Other components of q3-3#P4v0 cap,
however, modify gravitational propagation [62].

To summarize, we have provided in this work a framework for
studying diffeomorphism and Lorentz violations in linearized grav-
ity theories. The techniques developed here yield the classification
and enumeration of all gauge-invariant and gauge-violating terms
in the general effective field theory for the metric fluctuation. For
the various possible scenarios, we have obtained the exact covari-
ant dispersion relations for the gravitational modes. The expres-
sions hold for operators of arbitrary mass dimension, and reduce

to known results in suitable special limits. Results for any spe-
cific model of linearized gravity can be extracted as a special limit.
The work opens the path to model-independent phenomenological
studies of arbitrary gauge and Lorentz violation in nature, repre-
senting a broad arena for search and discovery.
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