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Abstract

The central theme of this thesis is Type IIB supergravity solutions and their field
theory duals. The uniqueness of our set up is the inclusion of an AdS factor in
the geometry. In traditional F-theory compactifications the non-compact part of
spacetime is Minkowski space, by including an AdS factor we may appeal to the
AdS/CFT correspondence and probe the dual field theories from the gravity side.

In the first part of this thesis we will be interested in AdS; solutions with F-
theoretic interpretations. We find the general conditions for the existence of a su-
persymmetric solution with (0,2) supersymmetry. This is determined by the choice
of a 6d Kahler base satisfying a master equation. One may give this equation an
F-theoretic interpretation by the inclusion of an auxiliary elliptic fibration which
models the varying axio-dilaton as in canonical F-theory compactifications.

The unique family of (0, 4) solutions are holographically dual to D3-branes wrapped
on curves inside a Calabi—Yau three-fold and correspond to self-dual strings in the
6d N = (0,1) theory obtained from F-theory on the aforementioned Calabi—Yau
threefold. The dual field theory to this set up has been discussed in the literature,
but only in the abelian (V = 1) case. The power of the AdS/CFT correspondence
allows us to make predictions for N > 1 which are otherwise inaccessible from
the field theory side with current technology. We compute the holographic central
charges and show that these agree with the field theory and with the anomalies of
self-dual strings in 6d. We complement our analysis with a discussion of the dual
M-theory solutions and a comparison of the central charges.

We supplement our (0, 4) analysis with a discussion on (0, 2) solutions. We discuss
three classes of solutions with varying axio-dilaton. It is interesting to note that
contrary to the popular F-theory lore, Ricci-flat (i.e. Calabi-Yau) manifolds are
not a necessary condition for an F-theory geometry. In each of these classes we
compare the holographic central charges with field theory results obtained by using
c-extremisation, finding perfect agreement.

In the final chapter of this thesis we complete the classification of AdSs5 solutions
in Type IIB by extending the existing classification to allow for vanishing self-dual
five-form. AdSs solutions with vanishing five-form have been found recently which
evaded the previous classification and we show how these solutions fit into the ex-

tended classification presented here. We allow throughout for a varying axio-dilaton.
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Chapter 1
Introduction

The two main topics of this thesis are the AdS/CFT correspondence and F-theory.
Each of which has been studied in great detail separately. In this thesis we begin the
process of uniting these two topics in order to use the power of each simultaneously.
For the ease of the reader we start this thesis with an overview of these two main
topics. Due to the large amount of research conducted in both of these directions
we will only be able to skim the surface of the sea of interesting research in these
fields.

1.1 Type IIB supergravity and F-theory

F-theory, first introduced in [2], arises as the non-perturbative completion of Type
IIB string theory, as such it is prudent to first discuss Type IIB string theory, in
particular its low energy limit Type IIB supergravity. There are many nice reviews

of F-theory, a non-exhaustive list is; [3-5].

1.1.1 Type IIB supergravity

Type 1IB string theory is a theory of supersymmetric closed oriented strings in 10d.
It possesses N = (2,0) supersymmetry, with two Majorana-Weyl supercharges with
the same (positive) chirality. The associated spinors parametrising the supersymme-
try variations are also Majorana-Weyl with negative chirality. The supersymmetry
algebra admits a U(1)z R-symmetry rotating the two supercharges.

The bosonic massless sector of the theory contains: the Neveu-Schwarz-Neveu-
Schwarz (NSNS) sector containing a metric g, a scalar field called the dilaton ®
and a two-form B; the Ramond-Ramond (RR) sector containing a scalar known as
the axion C©), a two form potential C'® and a four form potential C'*) with self-
dual field strength. The fermionic sector contains two gravitini, ¥ and a dilatini,
A. Due to the self-duality of the field strength of the four-form potential there is no

canonical covariant Lagrangian formulation of the theory.



The two scalars of the theory parametrise a scalar manifold, M which must have
holonomy containing the U(1)z automorphism group, see for example [6]. Moreover
the scalar manifold must be negatively curved and locally isometric to a symmetric
manifold, this leaves a single choice for a simply connected manifold, namely the

upper-half plane
M =SL(2,R)/U(1)r (1.1)

equipped with the SL(2,R) invariant metric

drdr

W= T

(1.2)

In fact by quantum corrections this symmetry is reduced to SL(2,7Z) in the full non-
perturbative quantum theory!. The scalars are combined into the complex scalar,

referred to throughout as the axio-dilaton,
T=CO4+ie =7 +in, (1.3)

which transforms under the global SL(2,R) via Mdbius transformations,

at +b

%—
T cr+d’

ad —bc=1. (1.4)

The remaining non-scalar bosonic fields must then organise themselves into linear
representations of SL(2,R). The metric in Einstein frame and the five-form are

invariant whilst the two two-forms transform as a doublet;
— . (1.5)

It is convenient to combine the two three-form field strengths into one complex one

as '
G=——(rdB —dC®) | (1.6)

VT2

and the scalars into a complex one-form field strength

P=—dr. (1.7)

27’2

The covariant derivative is gauged with respect to the local U(1)z symmetry

. 1
D:V—IQQ s Q: —2—7_2d7'1 . (18)

Tt is easy to see that SL(2,R) cannot be the symmetry group of the full quantum theory. Tree
level string perturbation theory amplitudes depend on the coupling constant, but by an SL(2,R)
transformation we may set the dilaton, and hence the string coupling to any value. Clearly this is
incompatible.

10



with the charges of all the fields given in table 1.1.1, The connection defines a line

Field | U(1)g charge, q
E5 0
g 0
G 1
P 2
e %
v ;
A ;

Table 1.1: U(1)g charges of the fields of Type IIB supergravity

bundle, denoted Lp in the literature called the duality bundle. This encodes the
varying axio-dilaton profile in F-theory and it is clear it is trivial when 7 is constant.
Without the existence of a covariant Lagrangian we present the covariant equa-

tions of motion?. The bosonic equations of motion consist of the Einstein equation

| 1 1 o
Run = 2P Py + %F5MP1..P4F5NP1"P4 T3 <2G(MP1P2G7V)P1P2 - EQMNGP "P?’Gplupg) (1.9)

and the flux equations of motion and Bianchi identities
DxG=PA+G*+iF NG |, D*P:—EG/\*G, Fy = *Fy |
DP=0, DG=-PANG", dF5—%G/\G*. (1.10)
Finally the fermionic supersymmetry equations are

1
6¢M = DM€+@I‘P1~~-P4FMP1MP4€

1
—% (I.—‘MPL.PSGPL.P?) — 9FP1P2GMP1PQ) € s (1.11)
SA = iTMPye + irp1~-P3GP1,,,Pge . (1.12)

1.1.2 F-theory

Consider a p-brane, the classical brane solution is

pt1

ds?, = H(r)pTdeﬁ +H(r) s da? , H(r)=1+ % e — H(r)y = (1.13)
T

where H(r) is a harmonic function on dz?. Clearly for p = 7, and D7-branes

something is amiss and the above solution is not admissible. The harmonic function

20ur conventions will be those of [7]
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is logarithmic in this case. Close to the brane it takes the form

(2) = %logz—i—.... (1.14)
which is singular at z = 0 and undergoes monodromy 7 — 7 + 1 around this locus.
The monodromy seems to preclude a consistent interpretation of the background,
however the SL(2,7Z) symmetry of the theory comes to the rescue. Upon encir-
cling a D7-brane the full background transforms by an SL(2,Z) transformation;
the monodromy is simply a symmetry of the theory. Upon accepting the necessity
of including SL(2,7Z) transformations we are forced to accept also the existence
of more general 7-branes. There must exist [p, | 7-branes and the corresponding
(p, q)-strings® ending on these [p, g] 7-branes.

A general [p, ] 7-brane is then manifestly non-perturbative as the dilaton becomes
large near to the brane. Of course one may use the SL(2,7Z) symmetry to map a [p, ¢
7-brane to a D7-brane and the two geometries are indistinguishable. However for
mutually non-local [p, ] 7-branes there is no duality frame in which all the branes can
be simultaneously transformed into D7’s. In fact for a consistent compact geometry
vanishing of the total global brane charge (tadpole condition) implies that mutually
non-local [p, q] 7-branes are necessary. This is where the difficulty in F-theory arises.
If one wants to include perturbative D7-branes, one is forced to include also the
non-perturbative [p, ¢] 7-branes. In certain regions (near to D7-branes) the theory
is weakly coupled but in other regions it is strongly coupled.

The vital understanding of this problem was provided in [2]. One identifies the
SL(2,7Z) symmetry of Type IIB with the geometric SL(2,Z) action on the complex
structure of a two-torus, whilst the axio-dilaton 7 is the complex structure of this
fictitious elliptic curve. The F-theory conjecture is; the physics of Type IIB with
7-branes on an n-fold B, is encoded in the geometry of the n + 1-fold Y,,,; which
is an elliptic fibration over B,,, E, — Y,.1 — B,. The elliptic fiber is not part of
spacetime, it is a bookkeeping device, see figure 1.1.2 for a pictorial representation.
At the location of 7-branes 7 diverges which corresponds to the shrinking of a cycle.
A (p,q) cycle shrinking to zero volume sources a [p,q] 7-brane in the geometry.
F-theory is then equivalent to the study of elliptic fibrations.

Before proceeding a few comments are in order. Though it seems that the more
fundamental theory should be a 12d theory containing an elliptically fibered mani-
fold, on which one may compactify to obtain Type IIB, this is not the case. Firstly
there is no 12d supergravity with signature (1, 11) preserving 32 supercharges, more-

over the volume modulus of the 7 has no analogue in Type IIB. Instead an alter-

3A (p,q) string carries p units of electric B-charge and ¢ units of electric C® charge with a
(1,0) string the perturbative F'1-string.

12



@ @_ Tzfibered over spacetime
- \
Degenerating fiber @

Loci of 7-branes

Spacetime

Figure 1.1: The torus is fibered over the ten-dimensional spacetime. The presence
of 7-branes is determined by the degeneration locus of the elliptic curve. In general
the locus may be a surface rather than a set of points as shown here.

native definition is via M/F-duality.
F-theory on Y x S = M-theory on Y .

One reduces the M-theory solution along a cycle of the elliptic fibration and then
T-dualizes along the remaining cycle to obtain a Type IIB solution with axio-dilaton
given by the complex structure of the elliptic fibration.

We saw that all the F-theory data is encoded in the elliptic fibration. The natural
language in which to discuss elliptic fibrations is algebraic geometry. Consider Y14
as from before and assume that it admits a section, s : B, — E,. If the elliptic
fibration has no singular fibers the fibration is in fact topologically trivial and the
axio-dilaton is constant everywhere. Here we will be interested in non-trivial fibra-
tions, which necessarily include so called Kodaira singular fibers [8,9]*. One can
model an elliptic fibration as a Weierstrass model. The elliptic fibration is modeled
by the hypersurface

v =2 + faw + gu® (1.15)

where f, g are sections of ng and K;f respectively, with Kp, the canonical class
of the base. The coordinates [w,z,y| satisfy the standard projective relations in
P23 The class of the section of the elliptic fibration will be denoted by o. For a
more in depth review of elliptic fibrations and their geometry and more specifically
the intersection theory used in the following, we refer the reader to e.g. [3,10,11].

We have provided some additional details on elliptic fibrations of Calabi—Yau three-

4As a cautious remark, despite the name, these are the resolved fibers above singular loci of the
fibration.

13



folds in appendix B.2.1. For each point in the base, this equation defines an elliptic
curve, whose complex structure can be determined via the j-function, which in turn
depends on f and g. Singularities in the elliptic fibration are characterised by the

vanishing of the discriminant A of the Weierstrass equation,
A=4f+274*=0, (1.16)

which defines complex codimension one loci in B,,. The type of singular fibers that
can occur were classified by Kodaira—Néron, and are characterised in terms of the
order of vanishing of (f, g, A) along the discriminant locus. The simplest Kodaira
fiber is I;, which has

I : ord(f,g,A) =(0,0,1). (1.17)

The I, singular fiber corresponds to a single D7-brane. The worldvolume of the
7-branes is A x M?. For a given Weierstrass model, the complex structure 7 of the

elliptic curve can be extracted from the Jacobi j-function

4 3
i(r) = —1728 &) (1.18)
A
by expanding as
1
j(7)25+744—|—--- , (1.19)

where ¢ = ™", Using the asymptotic expansion along the loci where A = 0 one can
extract the local behaviour of 7. For example, the axio-dilaton close to a 7-brane

wrapping the local divisor z = 0 in the base B has the profile

1
T—%IOgZ‘i‘"‘, (].20)

which agrees with the form obtained from considering the supergravity brane solu-
tion (1.14). Specifically this singular behaviour of the axio-dilaton implies that the
metric on the base will have singularities.

In the present context we are interested in solutions to the effective theory. Naively
we would define the F-theory supergravity solutions on Y in terms of Type IIB
supergravity, on B, including 7 which varies over B,. However when the elliptic
fibration has singularities as in (1.20), the metric that is induced on the base B, is
expected to be singular. In the case of K3 surfaces, this can be made explicit for non-
compact [12] and for compact K3s [13,14], who also give a precise measure for the
divergence of the curvature scalar close to the singular fibers. Thus a supergravity

approach seems at first sight to be somewhat questionable.

14



1.1.3 Field theories with varying coupling

The main motivation for wishing to understand F-theoretic supergravity solutions
is to better understand field theories with varying couplings. The addition of a
varying coupling constant requires a variant of the topological twist known as the
topological duality twist. This was introduced in [15] for the abelian theory and
generalised to non-abelian theories in [16] via M-theory.

Let us consider the case of abelian ' = 4 SYM on a curve, C' with varying
coupling constant, as this is the best understood. The constant coupling analogue
of this reduction was performed in [17]. By including a varying coupling the twist
must include both the usual topological twist of the structure group of the curve,
an R-symmetry factor and the additional duality or bonus symmetry of the abelian
theory. The variation of the coupling 7 may be understood in terms of a non-trivial
line bundle which gives the bonus symmetry. We denote this line bundle by Lp
and is defined over the section of spacetime over which 7 varies. Under an SL(2,7Z)
transformation the coupling transforms under a Mobius transformation as in (1.4).

A field of U(1)p charge q transforms as

. ) ct+d
Ly aaln)g  gialn) '
¢ eTg, e o7 + d]

(1.21)

That is it transforms as a section of the ¢-th power of the £p. The one form
connection is given by @ in (1.8).

The 4d spacetime is taken to be R x C which breaks the SO(1,3) Lorentz
symmetry to SO(1,1) x U(1)¢. The topological twist requires one to turn on a U(1)
R-symmetry background gauge field with which one twists the theory. Consider the
decomposition of the SU(4)p R-symmetry of N =4 SYM as

Performing a conventional topological twist, twists the U(1)g with the U(1)¢. In
the varying coupling case the supercharges transform non-trivially under U(1)p and
therefore to have well-defined supercharges in the dimensionally reduced theory one
must also twist with U(1)p. This is precisely what is meant when we refer to the
topological duality twist. For a D3-brane on C' inside a Calabi-Yau three-fold the

twist preserving (0,4) is
twist 1 twist 1
Tt = §(TC +Tgr), Tp™" = §(TD +Tr) . (1.23)

1.1.4 D3-branes in F-theory and 2d (0,4) SCFTs

Having briefly discussed the necessity of performing the topological duality twist one

can reduce the 4d fields to 2d with the above twisting, and compute the spectrum

15



of the 2d N/ = (0,4) SCFT. The field content for these 2d SCFTs was worked out
n [18], where in particular the abelian zero mode spectrum and the left and right
central charges were computed.

The zero mode spectrum in terms of (0,4) multiplets was found to be

(0,4) multiplet Multiplicity (cr,cr)

Hyper 1C-C+1c(B)-C (6,4) (1.24)
Twisted Hyper 1 (6,4)

Fermi 1C-C—31c(B)-C+1| (0,2

In addition, one has half-Fermi multiplets arising from 3-7 strings, which contribute
c37 = 8¢1(B) - C to the left-moving central charge. The left and right central charges
are computed by summing the contributions from each multiplet with their appro-

priate multiplicity, and are given by [18,19]

cr=3C-C+3c¢(B)-C+6, (1.25)
c, =3C-C+9¢(B)-C+6. (1.26)

Notice that upon using the adjunction formula (3.37), the right central charge may

be rewritten as

=6(g+a(B)-C), (1.27)

which is manifestly a multiple of 6, as expected generically for (0,4) SCFTs with
small superconformal algebra [20]. Under M/F-duality, this is equivalent to M5-
branes wrapped on the elliptic surface C= 7*(C) in the Calabi—Yau threefold. The
2d spectrum obtained from a single Mb5-brane wrapped on an elliptic surface was

also determined in [18] as

(0,4) multiplet Multiplicity (cr,cr)
H lo.c+ -C+1 6,4
yper' f sc1(B) (6,4) (1.28)
Fermi 5C-C — 5 c(B)-C+1] (0,2)
Half-Fermi 8c¢1(B) - C (0,1)

Here, the half-Fermi multiplets arise directly from the reduction of the 6d N' = (2,0)
tensor multiplet. This spectrum matches that of the D3-brane wrapped on C' and
therefore the left and right central charges are also given by (1.25). We remind the
reader that these central charges are computed for a single D3-brane, i.e. N = 1.

In the following we will compute these central charges holographically for general
N.
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1.1.5 c-extremization

In the previous section we have given the left and right moving central charges of
a particular class of 2d N' = (0,4) SCFTs as computed in [18]. The large amount
of supersymmetry lead to a simplification in the computation; the UV R-symmetry
descended to the IR R-symmetry without any mixing. With less supersymmetry, in
particular AV = (0, 2) that we shall study later, things become more difficult. Along
the RG flow the UV R-symmetry may mix with the other global U(1) isometries in
the theory whence in the IR it is some complicated linear combination of them all.
This phenomenon is familiar in the case of 4d SCFTs and was resolved in [21] by
the process of a-maximization. Such an extremization principle also exists in 2d and
goes by the name of c-extremization, [17,22], and we shall review it in the following
section.

We begin with a small recap about anomalies in 2d. Gauge theories in 2d may
have both gauge and gravitational anomalies but are forbidden to have mixed gauge-
gravitational anomalies [17]. Consider a theory with continuous global symmetry G
whose abelian part is U(1)™. The theory necessarily has conserved current operators
JI I =1,..,M and a conserved stress-energy tensor. Upon coupling the theory to a
curved background, g,, and background vector fields AfL, the anomalous variations

of current conservation are

k ey
VT, = 50,0, VI =) o Fle
™

vp ) 87 ny )
J

(1.29)

with F! the field strength of the background vector field A? and I, the Levi-Civita
connection for the background metric g,,. The anomalous variations are encoded
in the constant coefficients ¥/, and k known as ‘t Hooft anomaly coefficients.

For a weakly coupled theory the ‘t Hooft anomaly coefficients only receive con-
tributions from chiral fermions and bosons and may be computed exactly by one-
loop diagrams with two current insertions. Regardless of a weakly coupled La-
grangian description, and assuming the symmetries are not broken along the RG-
flow, the anomaly coefficients are well-defined by the anomalous conservation equa-
tions (1.29). Under these assumptions, ‘t Hooft aomaly matching implies that one
may calculate these anomalies in the strongly coupled IR by using only the weakly
coupled UV description.

For a conformal theory the anomaly coefficients are related to central terms in

the conformal and current algebras in flat space. In particular the algebra implies
cp = 3ERR (1.30)

where cg is the right-moving central charge of the theory. This therefore relates

the central charge with the exact R-symmetry and its ‘t Hooft anomaly coefficient.
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This makes manifest the importance of knowing the exact R-symmetry in the IR;
we may determine the central charge from it. The idea is to characterize the exact
R-symmetry in terms of anomalies which are invariant under the RG flow and thus

independent of a detailed knowledge of the IR fixed point. Consider a trial R-current

Rivia = Ry + Z EIJI (1.31)
I

where Ry is an arbitrary choice of R-symmetry and the J? are all the other abelian

currents in the theory. We may then construct a trial central charge as

0 = 3K = Y dh 1.22)

fields
with gr the R-charge of the field under the trial R-symmetry. At an IR N = (0, 2)
fixed point there are no mixed gauge anomalies between the superconformal R-

current and other (flavour, Baryonic, etc.) global abelian symmetries,
k=0, VI#R. (1.33)

It is easy to see that this condition is equivalent to ¢ being extremised with respect

to the mixing parameters €; in (1.31)

865?&1 (6*)

5 =0 (1.34)

As il is a quadratic function there is a unique solution. We conclude that the
exact superconformal R-symmetry of the IR fixed point is the one that extremizes
(1.32) thereby also giving the central charge.

As presented above, the formulas are adapted for flowing from a 2d UV fixed point
to a 2d IR fixed point. During this thesis we will be interested in compactifying a 4d
SCFT at a UV fixed point on a Riemann surface, ¥, which then flows to a 2d IR fixed
point. For clarity later, we shall present a modified trial central charge to account
for this difference. One performs a topological twist by turning a background gauge

field along the generator
K
Thwist = 5t zj:tlTI (1.35)

with Tk a representative R-symmetry and 77 all other global abelian currents in the
theory. It is necessary to quantise the flux through the background field which we

are turning on, viz.

1
F = Toiadvol(%,) , o / F.0=n(E,)T-0=n0 (1.36)
EQ
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where O is any gauge invariant operator and

n(Ey) = (1.37)
1, g=1

The standard Dirac quantisation imposes that the constant n appearing in (1.36) is

integer. The trial central charge is

= =30(2y) Y qowise R (1.38)
fields
where as before gr is the R-charge of the field and ¢yis; is the charge under the

topological twist. This formula relies on the index theorem result

ny, —ny = _Qtwistn(z]g) (139)

which gives the difference between the number of right-moving and left-moving 2d

chiral massless fermions.

1.2 Holography

The holographic principle states that the entire information content of a quan-
tum gravity theory in a given volume can be encoded in an effective theory at the
boundary surface of this volume. The two theories though physically different are
equivalent. One can perform a measurement in one theory and there is an equivalent
measurement, one can perform in the second dual theory.

The AdS/CFT correspondence is a particular example of the holographic princi-
ple. It was first conjectured in [23] where Type IIB string theory on AdS; x S® was
conjectured to be dual to 4d N = 4 Super Yang-Mills (SYM)®. The motivation for
such a duality comes from two complementary views of branes.

Consider a stack of N coincident D3-branes. From the point of view of the string
field theory on the branes there are two possible excitations; open and closed strings.
Open strings end on the D3-branes and are excitations of the branes whilst closed
strings are excitations of the bulk spacetime. In the low energy limit the interactions
between the strings are suppressed and one obtains two theories, the bulk theory
and the theory on the brane. The effective field theory on the brane is 4d N = 4
SU(N) SYM, whilst the bulk theory is free Type IIB supergravity. On the other
hand one can consider the same setup from the supergravity point of view. The low
energy theory is obtained by taking the near horizon limit, that is the limit in which

the radial distance to the stack of branes goes to zero » — 0. In this limit one is left

5In fact more dualities were conjectured there, but AdSs x S° is the most detailed and so we
focus on this in this section.
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with free Type IIB supergravity in the bulk and supergravity on AdSs x S®. The

two viewpoints are identical and therefore one concludes
4d SU(4) N =4 SYM <« Type IIB on AdS; x S° (1.40)

Notice the agreement of the symmetries on the two sides. The isometry group of
AdS; is SO(2,4) which is also the conformal group in 4d. Moreover the five-sphere
has isometry group SO(6) ~ SU(4) which is the R-symmetry of the N' = SYM. One
can perform more checks of the duality in this case, for example one may compute
correlation functions of the two theories and see that they agree, see [24,25] for early
clarifications of the duality.

To fully appreciate the correspondence one should look at the relation between the
partition functions of the two theories. The string theory background is the product
of a compact manifold (S° in this example) and a manifold, X4,; with boundary
(AdSs in this case). It is on the boundary, X .1, that the field theory is defined.
The holographic dictionary states that for every field ¢ in the supergravity theory
there is an associated operator O of the conformal field theory. In order to evaluate
the partition function for this string theory one must give boundary conditions for
the fields ¢. Let ¢(©) be the boundary value of ¢ on 0Xg41. The partition function

is then
Zetring|0®] = / Dge=5L! (1.41)
Plox,o=0()

with S[¢] the action functional for the string theory and the subscript on the inte-
grations imposes the relevant boundary conditions. The correspondence conjectures
that the above partition function equals the generating functional of correlation

functions in the conformal field theory,

Zerr[d0] = <eXp { /d dvol(aXd+1)(9q5(0>}> . (1.42)
0Xq41

The boundary values of the supergravity fields act a sources for the operators of the
conformal field theory.

This is conjectured to hold for any number, /N of coincident branes, but in practice
one is unable to compute the partition function for arbitrary N due to stringy
corrections. In the large /V limit one can trust the supergravity approximation. The
partition function reduced to the sum of the exponential of the supergravity action
functional evaluated on all field configurations satisfying the supergravity equations

of motion subject to the boundary condition, that is

Zigeee 6O = > exp (—=S[o™(¢)]) - (1.43)
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1.2.1 Weyl Anomaly

In a conformal field theory a operator of particular importance is the stress-energy
tensor 7,5 The corresponding bulk field is the boundary metric, ¢'9. The metric on
X411, G, does not however uniquely fix the boundary metric, instead it determines

a conformal equivalence class of metrics on the boundary,
90 ~ €2 g (1.44)

with o(x) an arbitrary function. The boundary metric is the residue of a second
order pole of the bulk metric. To obtain such a representative one should pick a
function r on Xy,1 with a simple zero on the boundary. Then r%G restricted to the
boundary gives a finite metric on the boundary. Different choices of the function r
determines the different conformally equivalent metrics.

Naively the trace of the trace of the stress-energy tensor should decouple, as for a
(classically) conformally invariant theory it vanishes. Instead we find that in order to
regularise the partition function so as to obtain a finite effective action one must pick
an arbitrary representative of the conformal class of metrics. Conformal invariance
is thus explicitly broken by a Weyl anomaly. This Weyl anomaly is present in field
theories in even dimension. Later in this thesis we will use this anomaly as evidence
for new duals pairs that we propose in this thesis. As we shall use the results as
evidence for the matching of dual pairs we shall give an overview of the derivation
of the Weyl anomaly in the remainder of this section.

As the correlation functions we must compute only depend on the stress-energy
tensor the relevant part of the bulk action is the gravitational part and all other fields
may be set to zero. One needs to only study the classical supergravity equations of
motion, and therefore for the theories under consideration this is just the Einstein
equation with cosmological constant and the Gibbons-Hawking-York term. To this
end pick a metric ¢(°) on X4, in the given equivalence class. One can put the

metric in Fefferman-Graham form [26],
G dx”de = —l2 d7'2 + —g dz dl’y (1 45)
MN { ) nv .

where the tensor ¢ has limit ¢(® as one approaches the boundary at » = 0. The
length [ is determined by the cosmological constant. One may then solve Einstein’s

equations in a series expansion. In odd dimension one has
g=09 +rg? 4 . (1.46)

where ¢ is given in terms of the boundary metric ¢(* (and its derivatives) by the

6We use indices M = (r, u) for spacetime.
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Einstein equation. In even dimensions this procedure breaks down at order d/2 in

r whereupon a logarithmic term appears,
g=99 4rg?® 4 42D L 200 pp D 4 (1.47)

The terms ¢, ..¢(* 2 h(D are uniquely determined in terms of ¢(® and its deriva-
tives, whilst only the trace and covariant derivative of ¢ is determined. Explicit
expressions for the coefficients may be found in appendix A of [27].

One should now compute the on-shell action. The Einstein action with boundary

term is

S|G] ot (/X dvol(Xg.1)(R + 2A) +/ dvol(9Xy441)2V 0"
d+1

167G X .
1.48

Of course due to the infinite volume of X1 one must regularise the integral. To do
so one restricts the bulk integral to the domain r > € and evaluates the boundary
integral at r = € with € a small positive cutoff. The regularised integral on the

boundary becomes

1 d
S[G]reg = W /d xL (1.49)
N

with

d [ 2d 4
LZZ/ drr=271 /det g + r~/? (—T\/detg—l—jr&\/detg)

(1.50)

r=e

where the first contribution is from the bulk integral and the remainder is from the
Gibbons-Hawking-York term. For d odd it follows from the above discussion that
vdet g admits a power series expansion with covariant coefficients, whilst for d even

d/2

this is only true up to an including the r%** terms. In the two cases one may write

the Lagrangian as

\/det g(© (a(o)e_d/2 +aPe 2 4 4 a(d_l)e_l/Q) + L finite (1.51)
)

L
L = +/det g (a(o)e_d/2 +a@ 24 4 et D pg e) + Linite (1.52)

for d odd and even respectively. In the e — 0 limit the terms Ly are finite. All
the a® terms are covariant and so may be cancelled by the addition of counterterms.
The logarithmic term only comes from the bulk integral and not from the boundary.

Having obtained the renormalised on-shell action we now wish to see the depen-
dence on the choice of (arbitrary) ¢(*). To do so we look at the variation with respect

to a conformal transformation

699 =2¢W50 . (1.53)
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The variation takes the form
5£fim'te = _/ ddx V det 9(0)50' A (154)
0Xa+1

with A the anomaly. For d odd the anomaly vanishes, whilst for d even it is given

by
1

A= —
167G

(—2a?) . (1.55)

This can be seen from noting the transformation of the logarithmic term under the

scaling of . On general grounds the anomaly must be of the form
o = dI*Y(E@ 4 1) (1.56)

with E@ proportional to the Euler density and I(¥ a conformal invariant.

For 2d one can easily compute

a® =1Tr((¢")"'g®) (1.57)
and the anomaly becomes
c
=——R 1.58
A=— -1, (1.58)
with 3l
2Gy

One sees that in 2d the relevant object to compute for the central charge is the
3d Newton’s constant. In fact this is a general statement for all dimensions. For
the case of the 4d field theories dual to the 5d Sasaki-Einstein solutions we discuss
in the next section the (inverse) Newton’s constant is related to the Riemannian
volume of the manifold. In 2d the relevant object to compute is instead a warped
volume of the internal manifold and we discuss this further in appendix B.6. Later
in this thesis we shall compute this central charge ¢ from both the field theory and

gravity of our dual pairs and find agreement.

1.2.2 Sasaki-Einstein solutions

In the twenty years since the advent of AdS/CFT many more examples of dual pairs
have been proposed. One such family of such solutions follows from noticing that
the space transverse to the D3-branes in the example above was RS which may be
written as a (Ricci-flat) cone over S°. A natural extension is to probe the D3 branes
instead by a different Calabi-Yau cone, that is the transverse space R® from before

is replaced with a different Calabi—Yau cone
ds*(Y) = dr? + r?ds*(X) , (1.60)
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where X is by definition a Sasaki-Einstein manifold. The dual field theories are 4d
N = 1 quiver theories”. Much progress has been made on the duality, particularly in
the case when the Sasaki-Einstein manifold is toric, that is the cone may be written
as T? fibration over a 3d polytope, [28-30].

Stack of N D3-branes

J// CalaT"Yau cone, Y

Sasaki Einstein manifold, X
AR

Figure 1.2: The Calabi—Yau cone probes the stack of N D3-branes.

One such dual pair, that will reappear later in this thesis, is known as Y??. The
metric on this space was found in [31,32] and the field theory was first discussed
in [28].

The Sasaki-Einstein metric is given by

ds? zl%y(dQQ + sin? 0d¢?) + mdy2 + %(d@/} — cos §d¢)?
a—2y+y° ?
+ w(y) (da + W(d¢ — oS ngb)) (1.61)
with
2 2 -3 2 2 3
wly) = 202y - RS (1.62)

It is Einstein with R,, = 4g,, and topologically S? x S®. The metric possesses an
explicit SU(2) x U(1) x U(1) isometry, the latter of which is identified with the
R-symmetry as it acts on the Killing spinors. The metric is labeled by two integers
p > q > 0 which are the Chern numbers of the U(1) fibration in the last line of
(1.61) over the two two-cycles in the geometry. From the metric one may infer the

toric data defining the polytope over which the T fibration gives Y7,

1 1 1 1
o], 1. |pl. [p=¢g=1]" (1.63)
0 0 j% P—q

"The theories have been shown to be quiver theories when the cone admits a resolution. Note
that for a general Sasaki-Einstein manifold (except S°) the point r = 0 is singular and should
therefore be resolved.
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Progress on identifying the dual field theory followed from a theorem by Delzant
which gives a gauged linear sigma model for the cone C(Y??). There is an algorithm
from which one can obtain the charges of the gauged linear sigma model [33] resulting
in a U(1) theory with four chiral superfields with charges (p,pg — p, —(p+¢)). The
number of gauge groups is determined from the geometry to be 2p and the number
of chiral fields is 4p + 2q. The chiral fields are in the bifundamental representation
grouped into the four types of fields denoted Y, Z,U,,V,. The field theory has
SU(2); x U(1)e x U(1)p x U(1)g symmetry. The first two are flavour symmetries,
the third is baryonic and the last is R-symmetry. For the convenience of the reader,
the charges of the fields, together with their multiplicities, are summarised in Table
1.2.2.

Fields | Multiplicity | U(1), | U(1)s | U(1)p | U(1)g
Y p+yq 0 -1 | p—q | Ry
zZ P—q 0 1 p+q | Rz
U; P 1 0 —p Ry
U, P —1 0 —p Ry
Vi q 1 1 q Ry
Vo q —1 1 q Ry
A 2p 0 0 0 1

Table 1.2: The charges of the various fields in the 4d Y7 theories.

1.3 F-theory meets Holography

Recall that in section 1.1.4 the spectrum was computed only in the abelian theory,
N = 1. In order to perform the spectrum computation for the non-abelian theory
(N > 1) it was necessary for the authors of [16] to approach the problem from
reducing the 6d Mb5-brane theory on an elliptic surface with base C'. The vary-
ing coupling is then geometric data and S-duality is the symmetry of the elliptic
fibration, the topological duality twist then becomes the usual topological twist.
Performing the analogous non-abelian computation directly from the 4d theory has
not been performed. Difficulties arise due to the lack of understanding of S-duality
in the non-abelian theory. Strictly the U(1)p symmetry does not survive the non-
abelian generalisation, but in the large N limit it emerges again [34]. This therefore
looks ripe for using holographic methods.

This is not a marriage without its problems. For a start the two speak different
languages; the language of F-theory is algebraic geometry whilst that of holography

is differential geometry. In holography one generally needs a smooth® metric in

8Singularities are allowed when they can be understood physically, such as the existence of a
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order to perform computations. Typically in F-theory such a metric is not known
explicitly? and necessarily has singularities. Recall from our discussion above that a
non-singular 7, which is pleasing to a holographer, implies a trivial fibration which
is displeasing to an F-theorist.

Nevertheless as we shall argue during this thesis these problems are not causa re-
pudii, and by using the tools of both we are able to make some non-trivial predictions
between the field theory and gravity.

We should remark on other supergravity solutions with holographic duals, where
non-trivial profiles of the axio-dilaton have appeared — however none of which include
a varying axio-dilaton with the full SL(2,7Z) monodromy, which we incorporate in
this paper. AdS-duals with particular constant, but not necessarily perturbative,
values of the axio-dilaton, which correspond to F-theory at constant coupling were
studied in [35-37].

There are also holographic setups with D3- and D7-branes, where the latter play
the role of flavour symmetries in the field theory dual, see e.g. [38] for a review.
Typically these correspond to configurations of D3- and D7-branes sharing four flat
spacetime directions, corresponding to non-conformal four-dimensional field theo-
ries. When the backreaction of the D7-branes is included, the supergravity solutions
do not have an AdS factor. Another closely related setup involving D3- and D7-
branes was discussed in [39-41]. These are configurations where, as in the present
paper, the branes share two dimensions. Here the D3-branes are placed into the
supergravity background sourced by the D7-branes, however the Type IIB solution
does not possess SO(2,2) isometry, and therefore it is not holographically dual to
a 2d SCFT. This is distinct from the setup that we consider, in that it corresponds
to a 4d gauge theory in the presence of 2d defects.

Recently, AdSg solutions dual to 5d SCF'Ts were constructed in Type IIB super-
gravity, which have a non-trivial 7 profile that allows for poles in 7, but does not
include any SL(2,Z) monodromy [42-44]. Furthermore there is the class of holo-
graphic duals to Janus configurations, [45-48] where the gauge coupling varies along
a real line, which was later generalised to the f-angle varying along the 1d line [49].
In contrast, in our configurations, the complexified coupling 7 varies holomorphi-
cally along the base of the fibration, which is a complex surface in the present case,

giving rise to an elliptic fibration with general SL(2,Z) monodromy.

certain brane.
9In the case of compact Calabi-Yau’s, no explicit smooth metric, except the n-Torus, are known,
though they have been shown to exist by Yau’s theorem.
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Chapter 2

General conditions for AdSs
geometries admitting F-theory

interpretations

2.1 Introduction

Twenty years after holography was uncovered in string theory, it still provides us
with surprising and deep results about strongly coupled superconformal field theories
(SCFTs) and quantum gravity in anti-de Sitter (AdS) spacetimes. Progress is as
far ranging as finding new supergravity solutions, matching with dual field theory
observables, as well as performing precision tests of the duality in particular regimes.

As reviewed in the introductory chapter, F-theory has a firm standing as a frame-
work for constructing Type 1B Minkowski vacua in even dimensions, which preserve
minimal supersymmetry. The main focus thus far in utilising F-theory has been on
the construction and classification of Type IIB, Minkowski vacua with varying axio-
dilaton 7, as well as (p, ¢) 7-branes, which are naturally encoded in the singularities
of 7. The canonical setup to construct such vacua is the compactification on elliptic
Calabi—Yau varieties Y, of complex dimension d with base B;_1, where the complex
structure of the elliptic fiber models the axio-dilaton.

In this chapter we will discuss expanding the AdS/CFT dictionary towards the-
ories with spacetime varying coupling constant. The main goal is the construction
of Type IIB solutions including an AdS factor, where the axio-dilaton 7 varies over
parts of spacetime, including monodromies in the SL(2,Z) duality group of Type
IIB. In this sense these are AdS solutions in F-theory [2]. In a brane realisation,
the non-trivial monodromies arise through the presence of non-perturbative (p, q)
7-branes, which contribute a new sector to the field theory duals.

The motivation to study these backgrounds is wide-ranging. On one hand it
is an interesting problem in itself to classify all the possible backgrounds which

admit supersymmetric AdS factors. On the other hand such understanding of the
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geometry allows for non-trivial predictions on the field theory side allowing us to
probe non-trivial regimes of the dual field theories otherwise inaccessible to current
field theory methods. Often the field theory side is somewhat difficult to study due to
genuinely non-perturbative effects; by appealing to holography some of these effects
may be understood. For example, in F-theory D3-branes wrapped on cycles inside
the compactification geometry give rise to a varying complexified coupling 7. A
field theoretic description of these is available for abelian theories [15,16,18,19], but
remains elusive for the non-abelian generalization. Some special cases of S-duality
twists can be studied along the lines of [50], but do not correspond to varying axio-
dilaton configurations. Our holographic results allow us to make some non-trivial
predictions about the dual field theories.

In particular there has been recent interest! in various D3-brane configurations
within F-theory which have been shown to give rise to 2d SCFTs [18, 19, 52-54].
These constructions are based on D3-branes wrapped on a complex curve C' in the
base B;_1 of the elliptic fibration. Our goal here is to construct holographic duals
to such 2d SCFTs.

Holographically the constant axio-dilaton case supported by only five-form flux
was studied in [55], where it was shown that the internal space locally admits a circle
fibration over a warped Kéhler base. A related analysis appeared in [56], which again
has trivial 7 but allows for a particular three-form flux on the internal manifold M.
Examples of solutions were obtained in [57,58], again for constant 7, where starting
with the general framework of [55], the 6d Ké&hler base is assumed to be a direct
product C, x My, with C, a genus-g constant curvature Riemann surface, and My
a locally Kéhler space equipped with a metric admitting an SU(2) x U(1) isometry.
In this chapter we shall generalise these results by including a non-trivially varying
axio-dilaton.

The content of this chapter is obtained from the two papers [59] and [60].

2.2 AdS; Solutions in F-theory dual to 2d N =
(0,2) SCFTs

The starting point of our analysis is a comprehensive exploration of the conditions
of Type IIB/F-theory supergravity which yield AdS3 solutions with at least 2d (0, 2)
supersymmetry and vanishing three-form fluxes. The main difference to earlier re-
sults in [55] is that we allow the axio-dilaton 7 to have a non-trivial dependence
on spacetime. The requirement for 2d (0,2) supersymmetry leads us to find new
classes of solutions dual to (0,2) SCFTs and a unique family of (0,4) preserving

4

solutions. The geometry is completely determined in terms of a “master equation”

!D3-branes wrapped on curves in compact Calabi—Yau threefolds were studied much earlier [51],
however in those setups the coupling of the D3-brane remains constant.
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(2.36), which constrains the internal geometry. This potentially yields more solu-
tions than those found here and we leave this for the future. This equation has
a reformulation in terms of an F-theoretic setting, where the axio-dilaton becomes

part of the compactification geometry.

2.2.1 AdS; Ansatz and (0,2) Supersymmetry

In this section we consider the most general class of bosonic, Type IIB supergravity
solutions with vanishing three-form flux G = 0, preserving SO(2,2) symmetry and
at least (0,2) supersymmetry. These are the most general solutions holographically
dual to 2d SCFTs with U(1)g R-symmetry, realised with D3-branes and 7-branes.
Including the three-form flux is possible and is the topic of as of yet unpublished
work by the author and collaborators. As in [55] the 10d metric will be taken in

Einstein frame to be a warped product of the form?
ds® = e*" (ds*(AdS;) + ds*(My)) (2.1)
where ds?(AdS3) is the metric on AdSsz, with Ricci tensor
R, = —2m?g,, (2.2)

and ds*(My) is the metric on an arbitrary internal seven-dimensional manifold M.
We take H € QO(M7,R), P € QW(M;,C), 7 € QO (M;,C) and the five-form

flux to be of the form
F® = (1 + %)dvol(AdSs) A F@ | (2.3)

with F® € Q&) (M7, R) in order to preserve the SO(2,2) symmetry of AdSs. The
Bianchi identity for F©® implies

dF® =9, di F® =0, (2.4)

where %7 is the hodge star on the unwarped metric ds*(My). We use the spinor

ansatz developed in appendix A.1
e=1 @620+, 220, (2.5)

where v); are Majorana Killing spinors on AdS3 and satisfy

a;m
Vot = Tpoﬂ/)i , (2.6)

2For the entirety of the thesis subscripts of spaces will always indicate the real dimension.
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with p, the Dirac matrices with signature (—, +,+). The chirality of the spinor of
the dual SCF'T is determined by the choice of a; = +1, see the discussion in appendix
A. The spinors 1); are taken to be independent Killing spinors on AdSs, whilst the
& are Dirac spinors on My. Each independent Dirac spinor ;o will give 2 (anti-)
chiral supercharges on the boundary SCFT. To preserve (0,2) supersymmetry we
take & to vanish. We shall also be interested in preserving (2,2) supersymmetry in
section 2.4 in which case both spinors are kept, but with opposite values for a.

The reduced supersymmetry equations for the spinors on My are obtained, [59,60]
by inserting the ansatz (2.5) into the 10d supersymmetry equations, (1.11) and
(1.12),

,.)/upugjq = 07 (27)

Ly 100m ) o g (2.8)

G 2 8 = ‘
ia;m e 1H e

<Du+ ; T~ 3 F,,(f),ﬂu”) & = 0. (2.9)

2.2.2 Constraints on the Geometry

In this section we investigate the torsion conditions arising from imposing the mini-
mal amount of supersymmetry, namely N' = (0,2) in 2d. This amount of supersym-
metry is preserved by the existence of a single Dirac spinor on My, and signifies that
the internal 7d space admits an SU(3) structure. In 7d an SU(3) structure implies
the existence of a real vector which foliates the space with the transverse 6d space
admitting a canonical SU(3) structure. In the following we show that the transverse
6d space is conformally Kahler and the existence of a supersymmetric solution is
determined by a single partial differential equation, similar to the equation found
in [55], for the Kdhler metric on the 6d space. The remaining geometry is fixed by
the choice of this Kéahler metric.

Using the torsion conditions presented in appendix A.1.2 and setting & =0, a =1
we obtain the conditions for preserving (0,2) supersymmetry. Some of the torsion
conditions are trivially satisfied and we present only the non-trivial torsion condi-
tions in the present below® and the general equations in appendix A.1.2. Supersym-

metry implies both differential and algebraic constraints on the fluxes and bilinears.

3We refine the notation of the appendix for ease of reading. By setting & = 0 the bilinears
with a ‘2’ index are set to zero, and it therefore becomes superfluous to keep the ‘11’ subscript on
the non-zero bilinears; apart from removing this labelling the names of the bilinears are otherwise
kept the same.
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The independent differential conditions satisfied by the bilinears are

dS =0 (2.10)
e d (e K) = —2imU — e F®) | (2.11)
d(e*'U) =0, (2.12)

e D (Y) =2m Y, (2.13)

e D (e xY) =0, (2.14)
4dH A #Y = —ie M F@ A Y | (2.15)

e ¥d (¥ xU) =2imx K . (2.16)

Again, as in [59] the scalar S can be set to 1 by a constant rescaling of the Killing
spinor.

To proceed we introduce an orthonormal frame for the metric and by a suitable
frame rotation we may set K to be parallel to the vielbein e”. In this frame the

remaining bilinears become

K=—¢", (2.17)
U= —i(e"? +e* +e") | (2.18)
X=UAK, (2.19)
Y = (e! —ie?) A (e* —ie*) A (e° —ief) . (2.20)

A 2d SCFT with N = (0, 2) supersymmetry has a U(1)g R-symmetry, which by the
AdS/CFT dictionary is dual on the gravity side to a Killing vector generating a U (1)
isometry of the full solution. From the torsion conditions it follows that K defines
such a Killing vector and thus is identified with the R-symmetry of the putative dual
SCFT. Additional evidence is provided by computing the spinorial Lie derivative of
the Killing spinor with respect to this isometry, see section 2.2.3. One finds that
it is charged under this Killing vector, (2.49). The Killing spinors are only charged
under the R-symmetry and this fixes K to be dual to the R-symmetry. It is useful

to introduce coordinates adapted to this Killing vector (and dual one-form)

1
# — = —
K 2moy, , K 5 (dy +p) , (2.21)

so that the 7d metric can be written as follows

ds? = ﬁ(dw +p)? + ds* (M) . (2.22)

Observe from (2.12) that the bilinear U is conformally closed and this motivates us
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to define the following conformally rescaled forms
J=im?*U,  Q=meY . (2.23)

These new forms define a canonical SU(3) structure on M whose metric is confor-
mally related to Mg by

e—4H

ds* (M) = ds* (M) . (2.24)

m2
They satisfy the SU(3) structure algebraic conditions

_ 8i N
JAQ=0, QAQ:—éJAJAJ:—&dWMM@ (2.25)

and in addition the differential conditions
DO = —2imK A S, dJ =0, (2.26)

which imply integrability of the complex structure defined by 2 and that /\76 is
Kahler. Finally, we should extract the conditions of the varying axio-dilaton on the

metric. From the supersymmetry equation (2.7)
JU PV =iPh  P,KM =0, (2.27)

ie. Pisa (1,0) form on MG and the Killing vector K is a symmetry of 7; L7 = 0.
Due to the foliation of the space by the Killing vector we may decompose the

exterior derivative as

d=diAdy+dg . (2.28)
With this splitting of the exterior derivative (2.26) becomes

8y = —iQ (2.29)
dsQ = —i(Q + p) A Q. (2.30)

Equation (2.29) may be solved by extracting a suitable ¢ dependent phase from €.
This phase will play no role in the following analysis and will be assumed to have

been extracted. Subsequently, (2.30) implies
R=—(dQ +dp) , (2.31)

where ‘R is the Ricci form on ﬂﬁ. This implies that the curvature of the base is
given by minus the curvature of the R-symmetry bundle and the curvature of the
duality line bundle £p with connection (1.8). In practice this equation will be used

to fix the connection term p in (2.21) of the circle-bundle.
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The Ricci tensor on Mvﬁ is given in terms of the Ricci form as
R =—J,"R,, . (2.32)
The flux is fixed by equation (2.11) to be
mF® = 2] — %d(e“f(dw +9)) . (2.33)

Notice that the flux has legs along the Killing direction and may be decomposed
such that
FO® = F® L de*f AK | (2.34)

has no legs along the Killing direction*. By contracting the indices of the Ricci-form

with the complex structure one finds the Ricci scalar for ./\76 to be®
R =2|P]* + 8 *# . (2.35)

By imposing equations (2.11), (2.26), (2.31) it follows that equations (2.14)-(2.16)

are immediately satisfied.

2.2.3 Sufficiency of the Conditions

So far supersymmetry has implied that the solution satisfies (2.26), (2.27), (2.31),
(2.33) and (2.35). We show in this section that this set of equations in addition to
imposing the equation of motion for F® are both necessary and sufficient conditions
for a bosonic supersymmetric solution. As we show, the equation of motion for F(?)
may be rephrased as a differential condition on the Kahler metric of the 6d space. We
proceed by first considering the equations of motion before proving that there exists

a globally defined Killing spinor satsifying the Killing spinor equations (2.7)-(2.9).

Equations of Motion

Recall that the equation of motion for the five-form flux is equivalent to the two
equations in (2.4) for the two-form F®). Using equation (2.33) as the definition of
F®@ it is clear after using (2.26) that it is closed. Supersymmetry, however does not
impose the equation of motion for the flux, d * F® = 0, which must be imposed in
addition. One may understand this equation as giving a “master equation” for the

Kahler base which generalises the one found in [55] to include varying axio-dilaton,

1
Os(R — 2|P|?) — 5}22 + R, R"™ 4+ 2|P*R — AR, P*"P* =0 . (2.36)

4The explicit K factor cancels out with that in F(?).
®In deriving this result it is necessary to use the algebraic equation F, ,512,) JH = 13‘,5,2,) JH = —%,
which is obtained from the supersymmetry equation (2.7).
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A discussion of its derivation is given in appendix A.1.3. We conclude that both the
equation of motion for the five-form flux and the self-duality constraint are satisfied.
The Bianchi identity for P is implied by construction whilst its equation of motion
reduces to 7 being harmonic on the Kéahler manifold. As 7 is holomorphic it follows
that it is also harmonic and therefore the flux equations of motion and Bianchi
identities are satisfied.

By using the analysis of [7] and some case dependent algebra we may show that
the Einstein equation is satisfied. Integrability of the Killing spinor equations and

use of the flux equations of motion and Bianchi identities implies
EynTVe=0 (2.37)

where Fjy;y = 0 is equivalent to Einstein’s equation and ¢ is the 10d Killing spinor.
One may construct a null vector bilinear, K=¢ I'(1ye, which implies that the metric

admits a frame such that it takes the form
ds? = 2ete™ + e, (2.38)

with K = et and a = 1,..,8. The argument of [61] shows that the only component
of Ejn which may be non-zero is E, . For this class of solutions F, . lies along
AdSs3 and by explicit computation one finds that the Ricci-tensor on the warped
AdS; satisfies

R, = (—2m* + 8V, HV"H — UH) g, . (2.39)

It follows that E,, o g, which therefore vanishes and we conclude supersymmetry
implies the Einstein equation. We determine that all the equations of motion are

satisfied by supersymmetry and equation (2.36).

Supersymmetry

We now show that any solution satisfying the necessary conditions presented above
admits a globally defined Killing spinor satisfying (1.11) and (1.12). By construction
it follows that any global solution to the 7d Killing spinor equations (2.7)-(2.9)
may be uplifted to a global Killing spinor in 10d satisfying both (1.11) and (1.12).
Preserving supersymmetry is therefore equivalent to proving that equations (2.7)-
(2.9) admit a globally defined Killing spinor. We shall construct such a spinor by
making use of the canonical spin® structure that every Kéhler manifold admits.

We begin by defining the notation and vielbein we shall be using in the following.
Recall that the metric takes the form

—4H

A2 (M) + g (A 4 p)? = d5*(Mo) + ()7, (240)

d82 (M7) =

e
m2
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where, in keeping with the frame in section 2.2.2, ¢” = —5-(di) + p). The flat index
for the vielbein on Mﬁ will be taken from the middle of the Latin alphabet, ¢, 7, k
and run from 1,...,6 whereas the curved index on .//\\/1/6 will be from the middle of
the Greek alphabet, u,v, o, finally the seven-dimensional indices will be from the
beginning of the respective alphabets. The fundamental two-form on Mg, written
in terms of the vielbein, is j = e'? + ¢3! 4 €5, which in general is only conformally
closed, whilst the closed Kahler two-form on Mﬁ is denoted J. They are related by

J . (2.41)

On any Kahler manifold there exists a spin® structure that admits a section n

satisfying the spin® Killing spinor equation
_ i~
(VH + §P”) n=20, (2.42)

where P is the one-form Ricci potential of the Kéahler metric. For a 6d space, if one

takes the spinor 7 to satisfy the projection conditions

Y121 = Y341 = YseN) = —11) (2-43)

it is easy to see that the term arising from the spin-connection precisely cancels the
contribution from P and therefore any constant section 7, subject to the projection
conditions, solves (2.42). Clearly this spinor is globally defined on Mg, and we may
use it to to construct a Killing spinor satisfying the 7d supersymmetry equations.
On M, equation (2.42) reads

(21 - %pu) n=0. (2.44)

The spin connection on M7 is found to be

1

wk =G —2(0"He! — ' HeF) — o [R* — (PP — PYP*)] e, (2.45)
m
‘ 1 A T »
Wl — g [mjkek —i(PIP*—P Jp)] ’ (2.46)
and the flux is
oAl
mF® = —om?ej 4 7(9{ +dQ) + 4me*fdH N e . (2.47)

By inserting the above spin connection, (2.31), (2.33) and (2.35) into (2.9), and
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computing along the Killing direction and along Mv6, respectively, yields

_4H .

(Vw ”; eT ab’m )5 (aw_%)f
o—(p,+ 1, — " i 2.48
—(u“‘?W_TaWu )f—( 5%)5‘ (2.48)

We may solve both equations by taking the Killing spinor to be
5 = e§¢n . (249)

Notice that the functional dependence on ¥ is consistent with (2.29).

It remains to show that the algebraic conditions (2.7) and (2.8) are satisfied. Using
the holomorphicity of P one finds that the dilatino equation, (2.7), vanishes upon
application of the projection conditions (2.43). The algebraic gravitino equation

becomes

1 ia;m e 4 im 1 1 .
= ( 50, H — — = “R,; — PP ) Y
<2“7 R )5 (4 16m(2 it ]>7)£,
(2.50)

which vanishes after some gamma matrix algebra and application of (2.35) and
(2.43). We conclude that supersymmetry is preserved if we satisfy (2.26), (2.27),
(2.31), (2.33), (2.35) and (2.36).

2.2.4 Summary of Conditions

Let us summarise the necessary and sufficient conditions for a supersymmetric so-
lution with at least AV = (0, 2) supersymmetry, metric of the form (2.1), arbitrary
five-form flux, F' and varying axio-dilaton, 7 all preserving the isometries of AdSs.

We have shown that the metric of the solution takes the form

ds? = e |ds*(AdS;) + W}L ( (dy + p)? + 4Hds2(ﬂ6))], (2.51)

where ds?(Mg) is a Kihler metric satisfying the “master equation” (2.36). The

remaining geometry is determined in terms of the metric on dsQ(/Cl/6) to be

et = é(R —2|P|?), (2.52)
dp=—(dQ +R) , (2.53)
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and the flux is given by

F = (1 + %)dvol(AdSs) A F®

mF® = —2J — %d(e‘”f(dw +p)) . (2.54)

The axio-dilaton 7 is a holomorphic function on .//\\/1/6, and when it is constant, the
above conditions consistently reduce to those in [55]. As shown in the previous
subsection these conditions are necessary and sufficient for the existence of a super-

symmetric solution.

2.2.5 F-theoretic Formulation

The condition on the curvature and axio-dilaton (2.36) has again a nice geometrized
form which will allow a re-interpretation of the Type IIB supergravity equations with
varying 7 in terms of an F-theory model, where the axio-dilaton 7 is identified with
the complex structure of an elliptic curve. The varying of the complex structure,
which is compatible with the SL(2,Z) duality group action on Type IIB string
theory, is then encoded in a geometric elliptic fibration in a putative 12d space.
The geometry that incorporates the axio-dilaton in terms of an elliptic fibration

over the Type IIB spacetime ./\76 is a Kéhler four-fold, with metric
1 N
ds?(V3) = —~ ((dz + 7dy)* + 73dy?) + ds* (M) , (2.55)
2

whose Ricci-form is written in terms of that of Mﬁ, R ), as

R =y _ip A P (2.56)

It is clear from this expression that the Ricci-form has legs only along Mﬁ and

therefore
RY) = R — 2P, Py (2.57)
RY) = RM) _9|p% (2.58)

Using the above expressions in (2.36) and that the coordinates of the auxiliary

elliptic fibration generate Killing directions of the full solution we find

1

0 = O (RM — 2|P2) — §(R(M))2 + RO RODm 9| P> ROD — 4 ROD pr pr

1 .
o y V)\2 ) p)i
= OyRY) = S(RY)? 4 R RV (2.59)

This is the “master equation” presented in [55] in two more dimensions. Solving

(2.36) is equivalent to solving (2.59) and imposing that the 8d Kéhler metric for
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Vg is elliptically fibered. The condition is thus not that this space is Calabi-Yau,
but a more refined condition, which only in special cases will be shown to reduce
to containing Ricci-flat elliptic fibrations. Alternatively, the geometry may also be

specified in terms of the metric on Y using (2.52) and (2.53) as
RV =8 dp=-RO) (2.60)

Note that solutions to this equation will also automatically give rise to supersym-
metric solutions of eleven dimensional supergravity of the form AdS, x My [62],
where My is locally a circle fibration over J§. We thus obtain a 1-1 correspondence
of F-theory AdSs solutions and elliptically fibered M-theory AdSs solutions.

2.2.6 AdS; Solutions in M-theory

The “master equation” (2.59) is the same as the equation in [62] governing AdS,
solutions in 11d supergravity with only electric flux. The AdS3 F-theory solutions
are a subclass of those solutions when the (real) 8d Kéhler base is taken to be
elliptically fibered. To perform this duality chain we must write the AdS; metric as
a foliation by AdS, [57], that is we use the metric

1 dr?
2 _ 21,2 2
We have normalised the metric such that the Ricci-tensor satisfies R, = —2m? G-
One may now perform a T-duality along the azimuthal coordinate ¢ to obtain
the metric on AdS, x S! with the full SO(1,1) isometry group of AdS, preserved.
Performing the T-duality on the general Type IIB solution given in (2.51) and (2.54)

results in the string frame Type ITA solution
2H

e 1 dr? 1
m?ds*(Mjra) = ﬁ (Z (—ert2 + 7“_2) + Z(dx +p)? + e_4Hds2(M6)) + /re 2 dp? |

1
ITA __ 2
FHA — mdvol(AdSQ) ANF®
1
FHM4 = —dr Adyp (2.62)
m
1
H= §d(p VAN dVOl(AdSQ) s

3
—2Prra — 2, 2H

e Toe ",
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which uplifts to 11d supergravity as an AdS, x My solution

8H

2
1
m2ds?*(My) =es (deSQ(AdSQ) + Z(dx + p)?

1
+e4H (dsQ(Mg) + 1pd? + —(dy + Tldg0)2)> ,

T2

Gy = ﬁdvol(Adsg) A {—fug - %d(e‘”{(dx + p))] : (2.63)

which agrees with the general form presented in [62] upon making the identifications

4H

1
A = — B = — == 2.64
KP 3 KP 20 ) Yip 5 ( )

=

Observe that the elliptically fibered space J{, that underlies the F-theory solutions

of section 2.2.5, now appears in the solution explicitly as part of the geometry.

2.3 Susy, susy everywhere; the N' = (0,4) story

Finding solutions of the above general conditions is in general a difficult undertak-
ing. A technique to simplify the problem is that of imposing the existence of more
supersymmetry. This typically leads to simpler equations as the solution is more
constrained. Before delving into finding solutions of (2.36) we shall investigate the
conditions arising from imposing a greater amount of supersymmetry. There are two
options; requiring (0, 4) supersymmetry which will be the content of this section or
(2,2) supersymmetry which is the content of the preceding section.

We find that the most general solutions in this class admit an SU(2) structure.
In seven-dimensions an SU(2) structure implies the existence of three independent
one-forms orthogonal to a four-dimensional foliation with SU(2) structure. This is
specified by a real two-form of maximal rank and a complex two-form satisfying
the SU(2) structure relations (provided later) which are the SU(2) analogue of the
SU(3) relations (2.25). The G-invariant tensors obtained from the Killing spinors
are defined in appendix A.1.2. To compute the algebraic relations imposed by the
SU (2) structure we shall introduce an orthonormal frame using the gamma matrices
defined in appendix A.1. One may recover these results by making use of Fierz
identities, the two methods are equivalent.

In the following we summarise the results, with more details provided in appendix
A.1.2. We specialise those equations to the relevant case a3 = ag = 1.

From (A.45) and (A.61) we obtain the following conditions on the scalar bilinears

Si=252 = 1, (2.65)
A11 = A22 = Alg = 512 = 0. (266)
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From (A.60) we see that there are three independent Killing vectors. Imposing that

6

the Killing vectors lie along a subspace defined by the vielbeins e, €%, €7, consistent

with an SU(2) structure, is equivalent to imposing the projection condition

Yi23a&i = —&i - (2.67)

In addition we have the freedom to choose Ki; to be parallel to ¢”. In this frame

the independent one-forms and two-forms are given by

Ky = —Kp=¢', (2.68)
Ky, = ¢ —ief, (2.69)
B = 0, (2.70)
Up = —i(e” +e* —e"), (2.71)
Up = —i(e +e* +¢e%), (2.72)
Viin = V=0, (2.73)
Vies = —(e! —ie®) A (e —ie?). (2.74)

Uip =K1 A K2, (2.75)
X1 =Un N Kip, (2.76)
Xog =Us N Ko, (2.77)
Xio =Un N Ko =Uxn A Kja, (2.78)
Yin =Via A Ky, (2.79)
Yoo = = Via A K2, ( )
Yio=—Via A K11 = Vig A K. (2.81)

2.3.1 Reducing the torsion conditions

After introducing the frame, it is now possible to reduce the differential conditions

to a minimal set. The remaining non-trivial conditions are

) = —QimUjj—e_4HF(2), ( )
) = —2imU12, ( )
d(e*'Uy) = o, (2.84)
(") = 0. (2.85)
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The frame computation implies K;; = —Ky = €', and inserting this into (2.82)

gives an expression for F(®
F@ = —ime* (U, 4 Upy) = —2me*? (612 + 634) ) (2.86)

Notice that (2.84) implies that (2.86) satisfies the Bianchi identity for F®. From
this explicit expression we may also compute *F() and show that it satisfies its

equation of motion. Observe from the algebraic equation (2.8) we have the relation

e—4H

auH = - A Fuuélfyyfl ) (287)

which together with (2.86) implies that the warp factor is constant
dH =0. (2.88)

Next we can determine the Killing vectors. From (A.60) we see that there are three

independent Killing vectors of the full solution whose dual one-forms are

Ky=-Kp=¢, (2.89)
Re [Kpp) = €°, (2.90)
Im [Kp] = —¢®. (2.91)

From the torsion conditions (2.82) the dual one-forms to these Killing vectors satisfy

the differential conditions

de® = 2me®" (2.92)
de® = 2me™ (2.93)
de” = 2me™ (2.94)

which is a warped form of the equations obeyed by the SU(2) invariant one-forms
6

6The Maurer—Cartan left-invariant one-forms in the coordinates we are using are
01,1, = —sinydf + cosysinfdy, o1 = cosydl +sinysinfdy, o3 = dy 4 cosfdep.

The coordinates have periods ¢ € [0,47], ¢ € [0,27], 6 € [0, 7] .These satisfy do; 1, = %eiijjJ; A
or,r- The right-invariant one-forms we shall take are

o1,r = sindf — cospsinfdy, o9 r = cospdf +sinsinfdy, o3 r = dp + cosfdy .

These satisfy do; p = —%eijkoi rOk r. Of course we could take the right-invariant one-forms to
solve the same equation as the left-invariant one-forms however in the present case we have the
desirable property 01,1, A o2, p A0o3 L =01,r AO2,r N\ O3.R-
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On the 4d subspace B we have an SU(2) structure with the Kéhler-form given by
JB = % (U11 + U22) = 612 + 634 s (295)

with corresponding holomorphic two-form satisfying %Q sA\Qp = JpAJp = 2dvol(B),
which takes the form

Qp = -V = (e +ie?) A (¢’ +ie?) . (2.96)
With these definitions the remaining torsion conditions become

dJp = 0, (2.97)
DQy = 0. (2.98)

Furthermore, from (A.63) and (A.64) it follows that P may only have components
along B and using (2.7) we find

T " Py = iP,, , (2.99)

and hence P is a (1,0) form. The form of P then implies that 7 is holomorphic and
therefore satisfies

dr AQp =0. (2.100)
Notice that (2.99) implies the necessary conditions
P’=0, O7=0. (2.101)

which implies the equation of motion for P. From (2.98) we may identify —() as the

canonical Ricci-form potential on the Kahler manifold B and hence we have
MR+dQ =0, (2.102)
where R is the Ricci-form on B. Making use of the identity,
R, =J" R, (2.103)

the condition in (2.102) may be expressed as

1

272

Rf,f’n = Ry — OmT10,T1 + 05y T20,72) = 0. (2.104)

This equation relates the Ricci tensor of the base to the variation of 7 over B. In

particular, this is the Ricci flatness condition for the metric of an elliptically fibered

Calabi—Yau threefold Y3 valid away from the singularities in the fiber.
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Since 7 is holomorphic, away from loci where the fiber degenerates, the metric for

the elliptically fibered Calabi-Yau can be written as

1
ds*(V3) = py ((dz 4+ mdy)? + 75dy?) + ds*(B) . (2.105)

Indeed, imposing that this metric is Ricci flat implies that the Ricci tensor on B sat-
isfies (2.104). As was noted in [12] this local metric is singular over the discriminant
locus of the elliptic fibration.

To exhibit the Calabi—Yau condition, we construct the Kahler form and holomor-
phic three-form of the Calabi—Yau threefold from the corresponding quantities of
the base, which define an SU(3) structure. Let the vielbein on the fibration be

1
p— | d 2= /rd 2.106
€ \/772( x+7—1 y)7 € Ay, ( )

then
JY3 =el?2 4 JB, Qy3 = (61 + i62) ANQpg. (2107)

With this frame on the elliptic fibration and giving indices 3, 4, 5, 6 to the base, some

relevant components of the spin connection which are useful later on are
why = Q, W) + W’ = —Q, why +wl =0, Wi —wl=0. (2.108)
The Calabi-Yau condition in terms of this SU(3) structure is equivalent to
dJy, =0, dQdy, =0. (2.109)

Upon using dJp = 0 it follows trivially that d.Jy, = 0. Consider instead ddy, = 0;

we have

1 1
dQY3 = (—2—7_2d7'2 - IQ) N Qy3 + T—ZdT N dy N QB
i 1
= L drAQy, + —dr Ady A Qp, (2.110)
27’2 T2

where we have used (2.98) in the first line. Upon using the holomorphicity of 7 and
that it depends only on the base coordinates this is identically zero. This shows that
(2.98) and therefore also (2.102) and (2.104) are equivalent to B being the base of
an elliptically fibered Calabi—Yau threefold. It is then easy to see that the Einstein

condition is satisfied.
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In summary, the solution

E,

!
AdS; x $®x B (2.111)

where the elliptic fibration over B gives rise to a Calabi—Yau threefold, is thus given
by’

1
dS2 = d82<AdS3) + m (0'% + O'g + O'g) + m—2Bd82(B) y (2112)
2 4H
F=—(1+4+) "= J5 Advol(AdS;), (2.113)
mp
P=—dr, (2.114)

27’2

where Jp is the Kahler form on the base of the elliptically fibered Calabi-Yau
threefold, and 7 varies holomorphically over B. Here, 1/mp is the length scale
associated to the base B.

The possible base manifolds of an elliptically fibered Calabi—Yau threefold were
determined in [63,64] and found to be one of the following: P?, Hirzebruch surfaces
.., blow-ups thereof, and Enriques surfaces. In the case where the elliptic fibration
is trivial then the base itself must be a Calabi—Yau two-fold, which is either a K3
surface or 7. This is precisely the solution obtained in [55] which results in (4,4)
supersymmetry, and is the dual to the classic D1-D5 system [23].

At this point it is perhaps timely to recall that our description is valid away from
the singular loci of 78. As explained earlier, we will allow for singularities in 7, given
for instance by (1.20), which have a characterisation in terms of Kodaira singular

fibers. The Ricci-flatness condition then takes the form
Kp=-) aD;, (2.115)

where D; are the Cartan divisors of the resolution of the singularity and a; depend
on the Kodaira type of the singular fiber [65,66].

For the case of an elliptically fibered K3 surface with 24 I; singularities, a semi-
Ricci-flat metric was constructed in [13]. The metric in the neighborhood of each I

fiber is given by the Ooguri-Vafa metric [67]. The semi-flat metric was constructed

TOf course, the one-forms o; can be taken to be either o; 1, or o; g.
8This manifests itself e.g. by noting that since ¢1(B) = 2R we would have ¢;(B) A ¢;(B) = 0,
contradicting the global property that

/ cr(B) Aer(B) = 10 — BM(B).
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by gluing the Ooguri-Vafa metric to the metric constructed in [12] around the 24
points where the fiber becomes singular. It was shown in [13] that in the limit
vol(E,;) — 0 the semi-flat metric reduced to a singular metric on P!, the base of
the elliptic K3, where the singularities are exactly at the points where the fiber is
singular. In [35,36] the metric in [12] was used to give some estimate of the curvature
singularity, and it was argued that in the large N limit, the gravity approximation
can still be trusted. One expects in higher dimensions that the metric on the base is
also singular in the F-theory limit. However, as we shall discuss in section 3.2, one
is still able to compute quantities of the dual CFT using this solution. It would be
interesting to estimate the curvature singularities in these higher-dimensional cases,
to support these findings.

In the next subsection we shall describe a supersymmetry preserving Z;; quotient
of these solutions. This will be important for identifying the superconformal R-
symmetry of the dual (0,4) SCFT in the IR, and furthermore will be a key ingredient

in performing the duality to 11d supergravity in section 3.3.

2.4 AdS; with 2d NV = (2,2) and AdS; with Vary-
ing 7

Having specialised to (0, 4) supersymmetry we saw that the solutions are essentially
unique; buoyed by this success one should ask if the solutions for (2,2) supersym-
metry are similarly fixed. It turns out that the answer is no and that there is a
rich structure for AdSs3 solutions and (2, 2) supersymmetry, some solutions of which
are given in the appendix of [60]. From the putative field theory constructions one
does not expect F-theoretic solutions with non-chiral supersymmetry and this is in
agreement with the holographic analysis; 7 is required to be constant. Interestingly
there is a second option where one retains a varying axio-dilaton. The 7d internal
manifold is no longer compact and in fact combines with the AdS; factor to give
AdS; solutions with varying axio-dilaton and only five-form flux. They are a nat-
ural extension of the AdS; Sasaki-Einstein solutions and have a similar geometric
interpretation as we shall explain shortly. The dual field theories are 4d N = 1

gauge theories obtained from D3 and 7-branes.

2.4.1 Torsion Conditions

Again the torsion conditions for N' = (2,2) supersymmetry may be extracted from
appendix A.1.2 by specialising the o parameters to be a; = —as = 1 for the two

spinors ;. The existence of two non-vanishing Dirac Killing spinors on M7 implies
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that M7 supports an SU(2) structure leading to a decomposition of the metric as
M7= M3z x My. (2.116)

Recalling the algebraic scalar conditions used previously it follows that the scalar
bilinears A;;, as defined in (A.38), satisfies

From (2.7) we find
AP =0, (2.118)

and therefore for 7 to vary we require Aj5 = 0. We may then split the cases into
those with varying 7 and those where 7 is fixed to be constant or equivalently to the
cases of vanishing A5 or non-trivial A5 respectively. Using the results of appendix
A.1.2 we see that both K7, and Kss are Killing vectors. In addition one finds from
(2.8) the two equations

im

iKijdH = —7(041 - aj)Sij 5 (2119)
: —4H
SZ]dH + %(@1 — CYj)Kij = eTZKZ]F s (2120)

which may be used to show that the vectors K;; and Ky are also symmetries of both
the warp factor and flux. They correspond to the left and right moving R-current
in the putative dual SCF'T respectively, as can be checked easily by computing the
corresponding spinorial Lie derivatives of & and &. In both cases the scalars Si;
and S, are constant and the spinors may be normalised such that both of these
scalars are unity. This concludes the general analysis, and we must now specialise
to one of the two cases. Requiring that the solution space transverse to the AdSs
is compact implies that 7 is constant. This case will be discussed in section 2.4.2,
supplementary details may be found in [60]. If we relax the compactness condition
then we find AdSs; with varying 7. This allows us to classify all F-theoretic AdSs

solutions in Type IIB with five-form flux in section 2.4.3.

2.4.2 Constant 7: AdS; Duals to N = (2,2)

In this section we provide the necessary conditions for the existence of a compact
internal manifold that allows for 2d (2,2) supersymmetry, further discussion can be
found in [60] where the conditions are derived and known solutions in the literature
are recovered. The analysis of the torsion conditions shows that for a compact
internal space constant 7 is a necessary condition. In this section we consider the
case where the scalar bilinear A;5 is non-trivial. The conditions for the existence

of a solution are reminiscent of the conditions found in [31] for AdS; solutions in
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M-theory. Locally the internal metric takes the form

—4H

y(1 — ye=4)

m*ds*(My) = (1—ye_4H)(dw1+01)2+ye_4Hdw§+4 dy? e~ g (y, 2);;da’da?
(2.121)

where both ; and 1, are Killing vectors and generate the expected U(1) x U(1)

symmetry that is dual to the R-symmetry on the field theory side.? For fixed y the

metric ¢ is Kihler with Kéhler form J, satisfying

1 4yef4H
ayJ4 = §d40-1 , ay log\/g = —mayH i (2122)
where
- 2y674H .
g1 = —P4 + md4H
mF® = — < (e —y)doy + 2Js + 4e T dH A (depy + 01)) : (2.123)

P, is the Ricci-form potential for the metric ¢¥. The complex structure Jij is

independent of y and this allows us to rewrite (2.122) as
(d40’1)+ == ——8yHJ4 5 (2124)

where (dyoq)™ is the self-dual part of the two-form dyo;.

Examples of geometries of this type were found in [17,55] but is is likely that there
exist other interesting solutions. Since the case of constant axio-dilaton is not the
focus of this thesis, we leave a further analysis of these solutions and their duals for
the future. We shall proceed in the next section with the analysis of non-trivially

varying 7 by relaxing the condition of compactness of the internal 7d manifold.

2.4.3 Varying 7: AdS; Duals to 4d N =1

In the previous section the requirement for 2d A" = (2,2) supersymmetry and com-
pactness of the solution led to the result that 7 is constant. We shall now relax
the latter condition and find that there are non-trivial varying 7 solutions which
are AdSs duals to A/ = 1 in 4d. In the following we will provide the derivation of
this starting from the present setup of AdSs solutions. We supplement this with an
analysis from a direct AdS; x M7 ansatz in a later chapter 5 which shows that these
are in fact all such varying 7 AdSs solutions with five-form flux.

Details of the derivation are provided in appendix A.2. The solution is given in

9The Killing directions dual to the left and right moving R-symmetries are linear combinations
of these two Killing vectors, they correspond to the diagonal and anti-diagonal.
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terms of the metric

ds? = ¢ (ds?(AdS " 20 ) - L T (aw g o) 4 st (M
s =e S( 3)+m +T<p +ﬁ|:(w+0-) + S( 4):|
1

= ds*(AdSs) + — [ (dep + 0)” + d82(ﬂ4) ;

(2.125)

where /WZL is a Kéhler surface. The axio-dilaton varies holomorphically over .//\>l/4

and obeys the following curvature condition
Ry =6J, —dQ . (2.126)

In particular, to find solutions we should solve this equation. Notice that for constant
7 this reduces to the Kahler—Einstein condition.

As an F-theory background, this can written as

ds? = ds*(AdSs) + ds*(M7T)

_ ds*(AdSs) + % (A + 0)? + ds2 (M) + %(dx b rdy) + mdy? . (2.127)
where St — MT — 77, with the elliptically fibered three-fold E, — 77 — M,
which is not Calabi- Yau. There exists a nice reformulation of these solutions in term
of an elliptically fibered Calabi—Yau four-fold. The compact part of the geometry
has an obvious relation with the metrics on Sasaki—FEinstein solutions and in fact
may be shown to be the link of the conical base of an elliptically fibered Calabi—Yau
four-fold. Specifically, that the metric

ds*(Qy) = %(dx + 1dy)? + Tody? + dr? + 2 ((dz/} +0)’+ dsz(ﬂ4)> (2.128)
is both Ricci-flat and Kahler, where the elliptic fiber varies over the Kahler manifold
M, see [60] for further details.

For constant 7 the fibration is trivial and we reduce to the usual Sasaki-Einstein
solutions, which can be written as the link of a Calabi—Yau three-fold cone. Including
varying 7 the solution remains Sasakian, but the Calabi-Yau condition of the 6d

cone is now relaxed.
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Chapter 3

The N = (0,4) Holographic

Dictionary

Having found the general conditions for supersymmetric solutions our task is to now
solve the conditions. We then wish to establish a holographic dictionary between
these solutions and 2d SCFTs. As the (0,4) solutions were essentially unique it is
prudent to begin by examining these solutions in detail first. The large amount of
supersymmetry leads this to be a good testing ground as computations are generally
simpler.

The content of this section is taken from the bulk of [59].

3.1 Gravity analysis

Recall that the solution took the form

1
ds® = ds*(AdS;) + ds*(S?) + m—stz(B) :
B

F = —(1+%)2™ J5 Advol(AdSs) , (3.1)
mp
with Jp the Kéahler form on the base of an elliptically fibered Calabi—Yau threefold,
and 7 a holomorphically varying function on B, given by the complex structure of
the elliptic fibration of the Calabi-Yau. This may be viewed as the near horizon of
the black string solution in 6d [68].

3.1.1 Lens Space Solution

Manifest in the solution is an S* which has isometry group SO(4) ~ SU(2); x
SU(2)g, a subgroup of which realises the R-symmetry of the dual SCFT geomet-
rically. The Killing spinors transform non-trivially under the R-symmetry but are

singlets under flavour symmetries. We shall find that the Killing spinors of this

49



solution are only charged under one of the SU(2)s, which identifies the R-symmetry
to be the small N' = (0,4) superconformal R-symmetry. Furthermore, by inspection
of the Killing spinors it is apparent that one can extend the solution found above
by quotienting the S® by a discrete group I' C SU(2);, and still preserve the same
amount of supersymmetry. This generalises the solution described in section 2.3.1

to the class
AdS; x S*/T' x B. (3.2)

We will focus on the case that I' = Z);, where the quotient has the effect of changing
the period of v, the coordinate of the Hopf fiber, so that ¢ ~ ¢+ 4w /M rather than
being 47 periodic. We shall show that the Killing spinors we obtain are SU(2).,
singlets, and in particular independent of ¢, therefore quotienting by Zj; does not
break any supersymmetry.

It suffices to compute the Killing spinors in Einstein frame as this will not affect
the above analysis. Moreover, as we have taken the Killing spinors to be a direct
product as in (2.5) we need only consider solving the seven-dimensional Killing
spinor equations (2.7)-(2.9). The Killing spinor equation obtained by restricting
(2.9) to the base of the elliptically fibered Calabi-Yau is

Vb~ 5 Qué=0. (3.3)

This follows by restricting the covariantly constant Killing spinor equation of the
elliptically fibered Calabi-Yau to the base by using the results for the spin con-
nection in (2.108). Equivalently, one can notice that this is precisely the canonical
spin® Killing spinor equation on a Kéahler manifold where —() is the Ricci one-form
potential, as shown in the previous subsection'. One may take the Killing spinor on
the base of an elliptically fibered Calabi—Yau manifold to be constant if one imposes
suitable projection conditions. Using the relations for the spin-connection of an el-
liptically fibered Calabi-Yau, as computed in (2.108), one finds that the projection

conditions are
7 = 47%¢ = —ig, (3.4)

where the indices are flat. In conclusion, to solve the Killing spinor equation on the
base we need only to consider a constant spinor satisfying the projection conditions
(3.4). Note that (2.8) is automatically satisfied thanks to (3.4) and (2.86). Moreover,
holomorphicity of 7 and (3.4) imply that (2.7) is also satisfied. One therefore needs
only solve (2.9) for the S? indices.

One may use the explicit form of the flux (2.86) to reduce (2.9) on the S? to

m

Vag = 7%5- (3.5)

1Recall that this is a local equation as ) and the metric on B are singular.
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With the vielbein

1 1 1

6%53) = —%01,}2, 6?53) = —%02,}%7 6(53) - —%03,1%; (3-6)

where 0, g are right-invariant one-forms, one finds that the constant spinor solves
this final set of conditions. The Killing spinor is therefore a constant spinor subject
to the projection conditions (3.4), and therefore has four real components consistent
with preserving (0,4) supersymmetry. As the solution is constant in 1), there is no
ambiguity in the definition of the spinor if we quotient the S® by Zj;. We may
therefore replace the S® factor in the solution by the Lens spaces S®/Zj; without
breaking supersymmetry and still satisfying all equations of motion and Bianchi
identities. We shall give a physical interpretation of this quotient in section 3.1.3.

Having computed the Killing spinors we may now determine the R-symmetry. On
the S? there are six Killing vectors corresponding to the six generators of SO(4) ~
SU(2)r, x SU(2)g. The three dual to the left-invariant one-forms are

cos w
9

Y, (3.7)

kay =0y, k@) = —costcot 80, — sinp0y +

sin ¢

Ky = —sin cot 00, + cos Py + — 0
sin
whilst the three dual to the right-invariant one-forms are

sin 0 8¢—|-COS pOg—cot Osinpd, , ki) = — i
sin

kay = o 3¢+sm pOg+cot 0 cos 0, , k@) = 0,,
(3. 8)

with each set satisfying the SU(2) Lie algebra. The spinorial Lie-derivative (also

sin

known as Kosmannn spinorial Lie derivative) along a Killing direction, K, is defined
to be

Lre= (K“V + 8(dK)V1V27”1”2) . (3.9)

In order to ascertain along which directions the Killing spinor is charged one com-
putes the spinorial Lie derivative along these directions. We find that the Killing
spinor is invariant under the left-invariant Killing vectors and charged under the
right-invariant Killing vectors. This implies that we can take the quotient by
' € SU(2)., preserving the same amount of supersymmetry. Moreover, as dis-
cussed above this means that we can identify SU(2)g with the SU(2), R-symmetry
of the dual SCFT. We note that the spinorial Lie derivative is frame independent
(subject to preserving the same orientation, which is correlated with the choice
of SU(2) under which the Killing spinors are charged) and therefore this result is
non-ambiguous.

It is a well known fact in the literature that performing a T-duality along a Killing
direction with vanishing spinorial Lie-derivative for the Killing spinor along the

Killing vector leads to a Killing spinor in the dual solution. It is clear from the results
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above that one may dualize along the Hopf fiber without breaking supersymmetry.

This will be used later on to determine the dual M-theory solution.

3.1.2 Flux Quantisation

To complete the solution, we need to ensure that the five-form field strength, F, is
properly quantized through all the integral five-cycles in the 7d manifold transverse
to AdS3;. We impose that

1
MMQ:@ﬁy;/aFeZ (3.10)

for all M, € H5(My,Z). The five cycles which contribute are of the form 5% x C,
where C is any two-cycle in the base B of the Calabi-Yau. We therefore find 2

VOl(Sg/ZM)
M) =— * 11
n(M,) (%M%MW%LfMW@A% (3.11)
. VOI(S?)/ZM)
— ( 7Tl8) gb4m2mB/C JB, (3.12)

where the C,, form a basis of cycles in Hy(B,Z).

The possible bases B for an elliptic Calabi—Yau threefold, as listed earlier, are
projective, and therefore also Hodge manifolds [69], and moreover they admit an
integral Kahler form. As Jpg is dual to a curve, we in fact have that B is not only a
Hodge manifold, but we in fact pick the Hodge metric on it. This implies that we

can take

/ Jg =k, € AR (313)
Ca

Using (3.13) we find that n(M,) are integer if we impose

~dm2m3(2ml,)4gs

ez (3.14)

3.1.3 Brane Solutions and the Interpretation of the Quo-
tient
In this subsection we shall give an interpretation of the Z,; quotient performed

in section 3.1.1. To do so we shall construct smeared brane solutions whose near-

horizon geometry is

1 1
ds® = ds*(AdS;) + WdSZ(SS/ZM) + m—2d52(B) . (3.15)

B

2We have defined dvol(S3/Zys) = o1.r A 0a.r A 031 Which gives vol(S3/Zy) = %. Notice
that this is not the volume form of the unit radius Lens space S3/Z ;.
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We shall need to combine various D3-brane solutions, employing the harmonic func-
tion rule (see [70] for a review).

We shall use this strategy to obtain a UV completion of the AdS3 solution that we
have in Type IIB in the near-horizon limit, which we refer to as the “pre near-horizon
limit”. In fact, as we will show below, we can construct two distinct such solutions,
both flowing to the same near-horizon geometry. We wish to consider N D3-branes
wrapping R5! x C' where C is the curve in the base of Y3, Poincaré dual to the
Kahler form of the base. We shall first consider a solution in the background of M
KK-monopoles and later in the background R*. To realise the D3-branes extended
along the curve Poincaré dual to J = e'? + 3 with ds?(B) = €2 + - - - + 3 we shall
formally view this as two stacks of D3-branes [71]. The first stack will extend along
RY2 x O}, where C)5 is the curve dual to e!?, and the second stack along RY2 x Csy
each with the same number of branes, V.

We begin by briefly recalling the metric for M KK-monopoles and give a few

comments that will be useful for later discussion. The metric is
ds* = —dt* + daf + - - + dzi + dspy,, , (3.16)

where ds7.y,  is the Taub-NUT metric?

-1
mpdsty,, = (1 + g) (dr® + r*(d6” + sin® 0dp?) ) + (1 + g) (dep + M cos fdyp)” .

(3.17)
This metric is well-known to be hyper-Kahler and hence Ricci-flat.

This metric approaches the singular (for M > 1) metric on R*/Zy; as r — 0,
whilst asymptotically, as r — oo, it approaches the cylinder R* x S!. One can
set M = 0 in the metric, obtaining exactly the flat metric on R? x S*. Moreover,
choosing as harmonic function H(r) =1+ % — %, a simple change of coordinates
shows that this is exactly the metric on R?/Z,;. This can be interpreted as saying
that in the “near-horizon” limit the Taub-NUT metric approaches the latter.

Let us first write the Type IIB solution corresponding to N D3-branes wrapping
]RLQ X 012,

m%ds*(D3,12) = H Y2 (r)(—dt* + da? 4 €2 + e2) + HY2(r)(dsty + €2 + €2,
1 1
cW=— (1——) dt Adz Ae'?.

mp H(r)
(3.18)

3Strictly speaking, the Taub-NUT metric has M = 1 and this is non singular near to r — 0.
The metric with M > 1 has an R*/Zj; singularity in the interior, and this can be resolved by
replacing the single centre metric with a Gibbons-Hawking multi-centre metric, where near to each
centre the metric looks like R*. This metric develops M — 1 two-cycles, that collapse to zero size
in the single centre singular metric.
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To wrap RY? x (34 we simply relabel 12 <+ 34. We have inserted the D3-branes into
the background of M KK-monopoles. In particular, as remarked above, we shall
smear the D3-branes completely along the 34 directions in the manifold B, this has
the affect of making the function #(r) harmonic on Taub-NUT and not the overall
transverse space to the stack of D3s. If we now use the harmonic function rule on

these two configurations we obtain the solution

myds® = H(r)"'(—dt* + da?) + H(r)dssy + ds*(B)

1 1
(1) _ 11 1
C . < H<T))dt/\dx/\JB (3.19)

mp
As commented above H must be harmonic on Taub-NUT, as such we may take

2ml,) Nm
Hr) =1+ QTN with gy = (WléTmB (3.20)

and N the number of D3-branes. The metric takes the form

L (—df? 4 da?) 4+ I
T+ gn T

ds7y + ds*(B) . (3.21)

2 1.2 _
mpds” =

We recall that B is the base of an elliptically fibered Calabi—Yau threefold and as
such this necessarily requires 7 to vary in the solution. This is an Einstein-frame
solution to Type IIB supergravity with D3-branes and varying 7.

Let us now take the near-horizon limit, » — 0. We have

M
mids?,, = QLN(—dtQ +da?) + ds¥(B) + q]jﬂ — (dr? + 2ds*(S)) + QMN(CW + M cos 0dg)?
d 2
- qL(—dtz +da?) + qNMT—Z +ds?(B) + qn M (ds*(S®/Zr)) . (3.22)
N

If we make the redefinition Mqy = m%(4m?)~! and the change of coordinate r =

4q3; M p* we obtain
1 dp? 1 1
2 2 2 2 2/ a3 2
ds® = — (p (—dt” +dz”) + 7) + 4—des (S°/Znr) + m—%ds (B) (3.23)
whilst the five-form becomes
2m
mp

which recovers exactly the AdS3 solution. We have done this by inserting M KK-
monopoles into the background of N D3-branes wrapping a curve, C' dual to Jg, on
the base of an elliptically fibered Calabi—Yau threefold.

Let us now consider a different pre near-horizon limit of the AdSs solution. This

will be obtained by replacing the Taub-NUT metric in the Type IIB solution by
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the flat space quotient R*/Z,;. We shall see that the near-horizon solution agrees
with the Taub-NUT solution. We may use the previous results to immediately write

down the metric?

2
m%ids® =Hy(R) ™ (—dt? + da?) + Ha(R) (dR2 + R%((dw + cos fdy)? + df* + sin? Qdapz)>

+ ds*(B)
(3.25)
where now H,(R) is a harmonic function on R* and we take
qN (2wl )*M Nm?
Ho(R) = 1+% with gy =7 )W - (3.26)

This harmonic function should be contrasted with (3.20) in the Taub-NUT case.
The self-dual five-form flux takes the form

1
B

Taking the near-horizon limit, R — 0 we obtain

2 —~

mpds® = :;(—dtQ + da?) + %d]—%2 + C{TNdSQ(SS/ZM) +ds*(B) . (3.28)
N

After rescaling R as R — gy R and identifying the inverse radius of AdS3 to be
2

qn = & one recovers precisely the AdSs x S%/Zy; solution

R? 1 1
2 1.2 _ 2 2 2 2/ 3 2
myds® = mQ(—dt +dx*) + — SAR° + 4m2d8 (S°/Zy) + ds*(B) (3.29)

in perfect agreement with (2.112). The flux becomes

F = (1+ %) 2" dvol(AdSs) A Js (3.30)
mp
in agreement with (2.113).

We have constructed two different UV completions of the Type IIB AdS3 solution
that is our main interest. To do so, we needed to make some technical simplifications,
regarding smearing of the branes and the application of the harmonic sum rule. The
resulting solutions are therefore not the fully localized brane solutions, before taking
the near-horizon limit, which are typically very difficult to construct. However these
solutions will still be useful in our discussion. Moreover, we should also keep in mind
that the metric on B and 7 were singular in the near-horizon limit and this feature

will remain.

40Of course here we can simply take 1 to have period 47 /M.
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Notice that for any N and any M, asymptotically the metric (3.21) goes to RM x
R3 x S! x B. This is the metric far away from the N D3-branes. On the other
hand, the metric (3.25) asymptotically goes to RY' x R*/Zj; x B. So these are
clearly two different UV completions of the near-horizon geometry. This becomes
particularly instructive in the case of M = 1: in this case both asymptotic spaces
are smooth, however the solution in the presence of 1 KK-monopole comprises an
asymptotic R? x S! geometry, whilst the solution with no KK-monopoles comprises
an asymptotic R* geometry. However, they flow to exactly the same AdS; x S3
solution in the IR.

The interpretation of this fact is that in the IR the field theories constructed from
the two different UV setups, flow to the “same” SCFT in the large N limit. This
means that in this limit for example the two theories must have the same central
charges, in the large N limit. However, sub-leading corrections to the central charges
may be possible.

Notice that one may set M = 0 without any immediate problem in (3.21), ob-

taining the metric

(—df? +da?) + ds(B) + 9N (dr? + r2(d6? + sin? 0dp?) + dy?) .
r+qnN T
(3.31)

Notice that the Calabi—Yau base is a direct product with the remaining six-dimensional

2 1.2 _
mpds”® =

metric. Computing the curvature invariants of the six-dimensional metric, we find

R = 0,
3q4
R4zRAP S\ E— 3.32
AB 2r2(qy + )8 ( )
ABCD qx (11g% + 32qnr + 48r2)
RapcpR =

2r2(qn +1)°

and therefore the metric is singular at » = 0. In fact, upon taking the near-horizon
limit there is no longer an AdS; factor. In other words, putting the D3-branes
transverse to the space R? x S! gives rise to a solution that does not contain an

AdS;3 factor in the IR, and in fact has a curvature singularity as r — 0.

3.2 F-theory Holographic Central Charges

In this section we compute the central charges for the solution derived in section
2.3.1. As was noted previously, the metric on the base B, which is induced from
the Calabi—Yau metric is singular. We shall circumvent potential problems arising
with singular metrics, by carrying out our computations in the smooth Calabi—Yau
threefold.
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3.2.1 Leading Order Central Charges

The leading order term for the central charges is given by the Brown-Henneaux
formula [72] as summarised in appendix B.1.1. Evaluating (B.6) for the solution we

find the leading order central charges to be

(CIIB>(2) _ (CIIB)(Q) _JB 3vol(My) _ 23V01(53/ZM)V01(B)327T2
: R 2 vol(S%/Zr)?

= 6N*Mvol(B). (3.33)

sugra ~

We denote by ¢{® the O(N®) contribution to the central charge.

In a smooth geometry we would compute the volume of the base B using the
metric. However, as we emphasised repeatedly, the metric of this space is singular.
There is a smooth Ricci-flat metric on the putative elliptically fibered Calabi—Yau
Y3. The way we will work around the absence of a smooth metric on B is to compute
the volume in the elliptic Calabi-Yau as follows. The (1, 1)-form dual to B is wy,

and the volume of the divisor can be computed by

1 1
VOI(B):—/ (JJo/\’iT*JB/\W*JB:—/JB/\JB. (334)
2 Jy, 2 Jg
Furthermore the latter integral can be evaluated by first using the fact that the
curve wrapped by the D3-branes, (', is Poincaré dual to the Kahler form Jg and

then using intersection theory to write

1 1
vol(B) = ¢ / =500 (3.35)
C

Using this identification we can rewrite the central charge in terms of the self-

intersection of the curve C in B as

(Y = (B = 1B 3N2)MC - C. (3.36)

sugra

Since vol(B) > 0 the curve wrapped by the D3-branes must have positive self-
intersection in B. Using the adjunction formula (see the footnote)® one can express
the constraint C'- C' > 0 as

C-C=2g—1)+c(B)-C>0. (3.37)

5Consider a curve C' C B, the adjunction formula reads
Kc = (Kp +0O)lc,
where K¢ and Kp are the canonical classes of C' and B, respectively. For a genus g curve this

implies

2g—1)=C-C—ci(B)-C.
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At this point we should comment about the relation of our setup to the strings
in minimal 6d SCFTs, also known as non-Higgsable clusters (NHCs) [73], whose
central charges were computed in [54]. The geometric condition for the NHCs is
that the base of the Calabi-Yau threefold is locally O(—n) — P!. The curve that is

CNHC

wrapped by the D3-brane is the base = P!, which has self-intersection

CNHC . ONHC — _pn <0, n=23,4,6,8,12, (3.38)

and can be collapsed. This singular limit corresponds to the conformal point. In
appendix B.2.3 the geometry of these NHCs is briefly discussed. The negative self-
intersection implies that CNH€ is not ample, and consequently that these 2d NHC

strings do not directly fit into the framework discussed in this thesis.

3.2.2 1B C%B at Sub-leading Order from Anomaly Inflow

The sub-leading contribution is obtained using anomaly inflow [37]. The differ-
ence of the left and right central charges appears as the coefficient in front of the

gravitational Chern-Simons term in the bulk action [74]

Scs(Taas,) = —/ wes(Caas,) - (3.39)
AdS3

967
To determine this coefficient we consider the three dimensional terms which arise
from the dimensional reduction of the Chern-Simons terms in the worldvolume action
of 7-branes. The Chern-Simons terms for a D7-brane were computed in [75] and are
given in terms of the curvature two-forms of the tangent and normal bundles of the

brane worldvolume, Ry and Ry, respectively,

A(4r20 PR 2
wr [ o [T Re) gy (7)< S (3.40)
Ws A(47T2€S RN)
where .
e — 3.41
Hr (277)7658 ( )

is the charge of a single D7-brane, ) is the potential of the five-form flux and
F is the gauge invariant field strength of the gauge fields on the D7-brane. The
trace is performed in the fundamental representation of the gauge group. For the
computation of the O(N) corrections to the central charges we will only be interested
in the terms coming from the tangent bundle of the D7-brane. Thus below we simply

write R = Ry. Up to the required order the A-roof genus Ais given by

AR) = 1+

- (LT)QTr(R AR). (3.42)
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As we consider only [; singularities our set-up consists of single 7-branes wrapped
on curves C,, in the base®. Note that not all of these 7-branes can be transformed into
D7-branes under an SL(2,7Z) transformation. Imposing that the elliptic fibration is

Calabi—Yau results in the constraint
[A] =12¢/(B) = w,, (3.43)

where w, are the two-forms dual to the curves C, wrapped by the 7-branes.
Consider a single D7-brane whose world-volume extends along Ws = AdS;3 x
S3)Zy x Cyy. From the D7-brane Wess-Zumino term we obtain the 3d Chern-Simons
term
Scs(Tags;) = el CYATH(RAR)
24495 Jve
204

= - 2 F/\CUCS
2495 /Ws

72l vol(S? 7
= /Zu / JB/ wes(Caass,)
- AdS3

2495(2m)?m%
N Jp A / (T'Adss) (3.44)
= TAaa_ B /\ Wy Wes\L AdS3 ) » .
1927T B AdSs 3

where we have used the fact the trace over the fundamental representation of the
gauge group is 1 as only one D7-brane is wrapped on C.,.

As C® is invariant under SL(2,Z) transformations, each 7-brane gives rise to the
same contribution to the 3d Chern-Simons term [37]. To obtain the total contribu-

tion we therefore sum the terms arising from each 7-brane

N
Scs(Taass) ZEZ/BJB A Wy /Ads wes(adss) (3.45)
x 3
N
:F JB VAN 01<B) / wCs(FAds3) . (346)
T JB AdS3

We evaluate the integral over the base by pulling back to the smooth Calabi—Yau
/ wo AT I A ei(B) :/ JgNei(B) =c¢(B)-C. (3.47)
Y3 B

Using this relation we determine from the coefficient of (3.45) the difference of the

left and right central charges to be

(BYD _ (BN = 6N¢y(B) - C. (3.48)

6This can be easily generalised to other 7-brane singularities, by including suitable normalisa-
tions to the trace appearing in (3.40).
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3.2.3 Level of the Superconformal R-symmetry

In this section we compute the level k, of the superconformal R-symmetry. The
relation c¢g = 6k, and (3.36) imply that the leading order contribution to the level
is given by

1
k) = 5NQMO .C. (3.49)

r

To compute the sub-leading order term we restrict to the case of M = 17 and
proceed by gauging the SO(4)7 isometry of the S® in the supergravity solution.
The procedure for computing the level follows [76,77], where one first deforms the

metric on the S® to contain connections, which depend on AdSs
ds%s — (daP? — APIx?)(daP — AP"2"), (3.50)

where Z;l):l(xp)Q = 1. These connections AP? = — A% are one-forms on AdS; and are
identified with the SO(4)r ~ SU(2);, x SU(2)r gauge fields for the superconformal
R-symmetry SU(2)g and the flavour symmetry SU(2),. The deformed five-form
flux is [76]
Fllatos = —— (14 %) (es — xa) A J) (3.51)
m2mg
where e3 is the volume form on the sphere bundle satisfying |, g3 €3 = L and dez = x4,
x4 being the Euler class of the sphere bundle. The additional term y3, a three-form
on AdS; satisfying dys = xu, is required for dF¥|y—; = 0.
The reduction of the Chern-Simons term for D7-branes wrapped on this deformed
metric gives rise to Chern-Simons terms for the SO(4)7 gauge fields. Upon inserting
the deformed flux (3.51) into the D7-brane Chern-Simons term and summing over

all 7-branes as above one finds, in addition to the gravitational Chern-Simons term,

SCS(AT)|M:1 = gcl(B) . C/Ads (wCs(AR) +wC5(AL)) , (352)

where the additional factor of 2 arises from expressing the trace over the fundamental
representation of SU(2) g and SU(2), instead of the vector representation of SO(4)7.
The level of the superconformal SU(2), R-symmetry can be extracted from the

coefficient of Chern-Simons term after multiplication by 47, namely

Ses(A) = % /A wes(4) (3.53)

where A =1A%,/2. From the coefficient of wes(Ag) the sub-leading order term in

"In [68] the central charge for M > 1 is obtained from 5d gauged supergravity, and they find
agreement in the M = 1 limit with the result presented here. We shall make further comments
about their work in the later M-theory section 3.4.
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the level of the superconformal R-symmetry can be extracted and found to be
I
kr ’le = §N01(B> -C. (354)

For the cases with M > 1, the isometry group of the solution is broken to SU(2) g x
U(1)r. Naively, to compute the level of the superconformal R-symmetry one should
still gauge the SU(2)g by introducing gauge fields for this isometry, analogous to the
M =1 case. Formally, this gives exactly the same result as (3.54); however this is
not the complete contribution, as one would have to take into account the effects of
the M KK-monopoles. As we shall see in section 3.4.3, on the 11d supergravity side
this will be captured by gauging the SU(2);14 isometry of an S?, which arises from
the base of the S3/Z); Hopf fibration. However, it should be noted that SU(2)g is
different from SU(2)114, and one can check explicitly that in fact the latter is not
an isometry of the Type IIB solution.

3.2.4 Summary: Central Charges from F-theory

From the computations carried out in this section the central charges in Type II1B

supergravity for M = 1 are given by

cpBly—1 = 3N?C -C+3Ney(B) - C, (3.55)
cfBly—1 =3N?*C-C+9Ney(B) - C. (3.56)

In this section we have only computed these central charges to sub-leading order
in N. We expect O(1) corrections to arise from one loop computations and will
comment on these in section 3.5.4, where we compare the central charges computed
via anomaly inflow and supergravity solutions. We further point out that the su-
perconformal algebra mandates that the right-moving central charge belongs to 67Z.

To see this explicitly we make use of the adjunction formula (3.37) and rewrite it as
cB|ay=1 = 6N?*(g — 1) +3N(N + 1)ey(B) - O (3.57)

which exhibits manifestly that the expression is a multiple of six, generalising to any
N the property of the N = 1 right central charge, observed in (1.27).
For M > 1 we obtain

a1 = 3MN?C - C + §ciP (3.58)
cPlys1 = 3MN2C - C + 6ct'P +6Ney(B) - C. (3.59)

As explained in the previous section, the computation of the level of the superconfor-
mal R-symmetry for M > 1 is troublesome. Instead, we uplift our Type IIB solution

to 11d supergravity in the next section. In doing so we will be able to compute the
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O(N) contributions to the M > 1 central charges, as well as O(1) corrections.

3.3 M/F-Duality and AdS; Solutions in M-theory

The solution found above in Type IIB supergravity is singular at the loci above
which 7 degenerates. We circumnavigated this problem by computing the central
charges of the solutions in terms of the volume of the base B in the smooth Calabi—-
Yau, where it is well-defined. To substantiate this we can utilize M /F-duality: by
T-dualizing and uplifting to M-theory, the elliptically fibered Calabi—Yau threefold
becomes manifest in the geometry®. Assuming that there are only I; fibers, the
elliptic Calabi—Yau threefold is smooth, as can be seen by direct computation. There
exists a smooth Ricci-flat metric on this space by Yau’s theorem [78] and we may

use this metric to compute the central charge.

3.3.1 Dual 11d Supergravity Solution

In this subsection we shall perform a T-duality along the Hopf fiber of the S3/Zy,
to Type ITA and then perform the uplift to 11d supergravity. As noted in section
3.1.1 this will preserve all supersymmetries of the original solution.

Recall that the Type IIB solution in string frame takes the form

1 1 1
ds*(Myp) = ﬁ ds*(AdSs) + m—zdSQ(B) + m(aiL +o5,+03.)|, (3.60)

B
2m 1
F = —m—QBJB A dVOl(Ang) — WJB A\ 01,L N O2,L A O3,L (361)
T=m1+ i7'2 = C(O) + ie_d) . (362)

The metric defined by } (07 ;403 ;403 1) is that of the round, unit radius Lens space,
S3/Zyr. This is obtained by quotienting the Hopf fiber, o3 1, in our conventions, by
the discrete group Zj; which has the effect of reducing the period of ¥ from 47 to
4w /M. Recall that M corresponds to the number of KK-monopoles in the solution
before going to the near-horizon limit, as was discussed in section 3.1.3.

Before performing the T-duality along the Killing vector 9, we shall absorb the

factor of 4m? into the definition of ¥ by making the change of coordinates
mpg
== 3.63
y=5 0 (3.63)

where y now has period % If we now perform the T-duality along d, we obtain

8Note that we will not perform the duality chain advocated in section 2.2.6 here, instead using
a more conventional T-duality along the Hopf fibration of the quotiented S3.

62



the Type IIA solution

1 1 1
ds?(Myra) = T ds*(AdSs) + —ds*(B) + —2(d92 + sin? de?) | + \/—T_QdyQ ,

T2 m% 4m m%
(3.64)
W = ndy, (3.65)
e b = (3.66)
0
BIA = — 7 gy ndy, (3.67)
mp
1

FiM = 152 . .

= dvol(5%) A Jp (3.68)

Uplifting to 11d supergravity and performing a redefinition of the torus coordinates

we have
ds?(S? 1 1 . )
dSQ(MH) = d82(Ad83) + 47512 ) —+ m_QB d32<B> + T_Q(dx + T1dy)2 + ngy2
(3.69)
1 ~ ~
Gy = T dvol(S?) A (Jp +dZ A d), (3.70)

where Jp is the Kahler form on the base. We have redefined the torus coordinates
to be

F=eHy g=ey. (3.71)

The periods of the two coordinates are given by

l2

Y
RIIB

l2
R;i — =

R, = —
Y RIIB ’

(3.72)
where Rjrp = 57— is the radius of the S* in Type IIB which we have T-dualized
along, whose coordinate has been normalised to give the canonical 27 period.

As remarked earlier, the Type IIB solution is singular over the discriminant locus
where the fiber degenerates. As such the 11d supergravity metric we obtain from
the explicit T-duality and uplift is only valid away from the singular loci. To make
progress, we exploit the fact that the algebraic variety E, — Y3 — B, with only
I, singular fibers®, is smooth and compact, and has ¢;(Y3) = 0, thus, by Yau’s
theorem, there exists a global non-singular Ricci-flat metric, of which (2.105) is an

approximation valid only away from the singularities. The 11d supergravity solution

9As has been previously stated if Y3 contains singularities then one can construct the smooth
and compact resolution of the singularities of Y3 and the following analysis generalises.
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is therefore given by

1 1
ds?(My1) = ds*(AdS;) + —(d6? + sin® 0de?) + —-ds?(Y;)  (3.73)
4m? my

Gy = 2m1 2deol(SZ) A Jy, . (3.74)
This solution falls within the classification of [79], specialised to elliptically fibered
Calabi-Yau threefolds. Despite the fact that we do not know this metric explicitly,
we will be able to compute the central charges for this solution as we discuss in
section 3.4.

As commented in [79], this solution agrees locally with the geometry discussed
in [80]. The Mb5-branes therefore wrap the 4-cycle Poincaré dual to the Kahler
form Jy,, which is an ample divisor in the Calabi-Yau. Using the expansion (B.13)
we see that this divisor is a linear combination of B and (ﬁa, which are divisors
arising from pullbacks of curves in the base. As we only consider I; singularities
in the fiber there are no Cartan divisors D;. The presence of Mbs wrapping the
base of the Calabi-Yau is consistent with the M KK-monopoles in the Type 1IB
supergravity solution described in section 3.1.3. The sequence of dualities relating
these two supergravity solutions is described in detail in [71]. The T-duality of M
KK-monopoles in Type IIB gives rise to M NS5-branes along AdS; x B, which uplift
to M Mb-branes wrapped on the base. The D3-branes wrapped on the curve C' in
the base are uplifted to Mb5-branes wrapped on the elliptic surface C as described
in section 1.1.4. As noted in [71], these two stacks of M5-branes can be deformed
into one stack wrapped on a linear combination of B and C provided the curve C'

is sufficiently ample in the base.

3.3.2 M5-Brane Solutions

Analogous to the discussion conducted in subsection 3.1.3 we shall construct the
explicit smeared brane solution which gives (3.69) in the near-horizon limit. To
construct this solution one may either T-dualize the “pre near-horizon” solution
obtained in (3.21) along the Hopf fiber and then uplift or use the brane smearing
techniques employed previously to combine N M5-branes wrapping R x C and M
Mb5-branes wrapping Rb! x B, in the background R%! x R3 x Y3 with M > 0. Both
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methods result in the same solution given by’

T+ 5 /1

m%ds?(My,) = (T - ;ﬁ) (T—Z(dy +mdy)? + 72d¢2> (3.75)

3
(—’” s ‘JN) <<7" T D) 402 4 24 sin? Gdgoz)))
T+ qp r
T+ qm T+ qN
1
Gy = m—gdvol(SQ) A (gnJB + qudvol(E,)), (3.76)
B
where
2120, > my M

gy =20, mE N and gy = (3.77)

vol(E,)
Of course, as already mentioned, this solution has singularities arising from B and
also 7. Notice that the Calabi-Yau metric is now warped and we are unable to resolve
these singularities as in the previous subsection. However here we are interested in
understanding the behaviour in the radial direction r and so we shall not discuss
this issue further.

Taking the near-horizon limit one obtains the metric

5
mpds*(Mi1)rso = (Z—Z) LLN(—dt2 + da?) + qj\;#drz + qnqur (d6? + sin? 0d¢?)

+ds?(B) + M <l(dy + md)? + TdeQ)} . (3.78)
gN \T2

Upon identifying the warp factor to be e3# = IV the inverse radius squared of
AdS; to be Tn—% = 4qnqy; and performing the change of coordinates r = 4qnqup?,
y=y/2y, and ¢ = ;%1; one recovers (3.69) exactly and therefore an unwarped
Calabi—Yau metric which may now be resolved. One also finds that the flux matches
exactly with (3.70). Asymptotically, that is r — oo, the metric approaches the space
R x R3 x Y3, this is the space far away from the Mb5-branes. We emphasise that
this geometry arises from N Mb5-branes wrapped on R x C plus M Mb5-branes
wrapped on RY x B, with B the base of Y3, the latter M5-branes can be seen to
arise from the initial M KK-monopoles in the Type IIB solution.

One may also consider the case of N M5-branes wrapping only R x C in the
background RY! x R3 x V3. This is the formal definition of M = 0. The solution of

4
ONote that qy is the same as the constant appearing in (3.20) upon using the relation ép?’ = IgliB

and the fact that Ryrgp = mLB for this T-duality and uplift. Recall that R;;p is the radius of the

St in Type IIB along which we have T-dualized with the S! coordinate having the canonical 27
period.
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this setup obtained from brane smearing is

m%dSQ(MH) = (T + QN) B <Ti(dy + T1d1/1)2 + Tde2> + (H—QN> ’ dSQ(B)
2

. T
(3.79)
3
n (T + QN) ( r (de o dtQ) + M(dﬁ + 7"2((192 + SiIl2 9(1902))
r T+ qn r
Gy = dvol(S?) A qn I35, (3:80)

with gn as before. Notice that this agrees with taking the limit M — 0 in (3.75).
Recall that C is not an ample divisor and therefore the M5-branes do not wrap
an ample divisor as in the M # 0 case. Asymptotically the metric approaches
R x R3 x Y3 as before, however the metric is singular at » = 0 now. To see this

one computes the Ricci scalar to be'!

2

R= 3r2/3(rq—|]-VQN)10/3 ’ (3.81)
which clearly diverges at » = 0. Upon taking the near-horizon limit one does not
obtain an AdS factor, this of course matches with our previous analysis that we can
only get an AdSs solution if the divisor wrapped by the branes is ample. Note that
this does not imply that when N Mb5-branes wrap R x 6, the dual 2d field theory
does not flow to a SCFT in the IR. It just means that the IR SCFT does not have
an AdS3 gravity dual in 11d supergravity.

Recall, as discussed in section 3.1.3, that in Type IIB the M = 1 case has two
UV completions. One may consider either N D3-branes wrapping R x C' in the
presence of a single KK-monopole or replacing the Taub-NUT space by flat space
R*/Zy;. Applying T-duality along the Hopf fiber of (3.25) and uplifting we obtain
the 11d supergravity solution

2 2 1/3 R’ 2 2 R* 4 qn 2 2/ 192 .2 2
ds® = (R* + qn) m(—dt +da®) + T(dR + R*(d#” + sin” 0dp?))
N
1 1
+d82(B) —I— RQ——|—(]N (T—Q(dy —I— Tld'(/))Q —f— TQd@ZJQ)) s (382)
2 qn
Gy = dvol(S?) A (IJB + quvol(E,)) , (3.83)

with gy and gy as before. Of course in the near-horizon limit we obtain (3.69),
however asymptotically the metric is now degenerate. This should be contrasted

with the M KK-monopoles solution which has a good UV completion.'?

HFor ease of reading we present the result of replacing Y3 with 76 though the singularity persists
if one reinstates the Y3.

12 One may, as before, consider R*/Z; in place of R, however similarly one obtains a degenerate
UV completion.
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To summarise, in this section we have found the “pre near-horizon” solution to the
11d supergravity AdSs solution (3.69). One may obtain such a near-horizon solution
from two 11d supergravity solutions, both can be seen as the solution arising from
a T-duality along a Hopf fiber and uplift of a Type IIB solution, (3.21) and (3.25)
respectively. The solution arising from M KK-monopoles has a good UV completion

whilst the solution arising from no KK-monopoles has a degenerate UV completion.

3.3.3 Flux Quantisation

For an 11d supergravity solution to be well-defined one must quantize the fluxes
through all integral cycles in the geometry. Following [81], the correct quantization
condition to impose is that for all ¥, € Hy(Mi1,Z),

n(3) = /E 4 {m@ - ]ﬂ €. (3.84)

where £, is the eleven-dimensional Planck length and p; is the first Pontryagin class

of M, defined as
pL = —iTr[RQ] . (3.85)
812
There are two types of integral four-cycles in M7 to consider: the divisors D in the
Calabi-Yau threefold Y3 as summarised in section B.2.1, and the four-cycles S? x E,
and S? x C, with C,, as before, forming a basis of Hy(B,Z).
We shall first consider the contributions from the p; /4 term and show that they

are all integral. As the metric is a product space we have
Ry, = Raass + Rs2 + Ry, - (3.86)

a _— 1pa
where RY, = ;R%, ,

Yau, thus p;(Mi1) = —2¢5(Y3), which is given in (B.19). This implies that the p, /4

term integrated over the four-cycles S? x E, and S? x C, vanishes. On the other

dz* A dx¥. In particular, p; is non-trivial only on the Calabi—

hand, the integral of c5(Y3) over every divisor D is always divisible by two, as shown
in (B.27),

/ co(Y3) = 2(h* (D) — 4h™2(D) + 2% (D) — 4), (3.87)

therefore the flux quantization condition reduces simply to

n(S) = m /E ez (3.88)

The form of the G4-flux implies that the quantization over the divisors of Y3 is

trivial, n(D) = 0, and therefore the relevant four-cycles to perform the quantization
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over are S? x E, and S? x C,. Then we have

2me

4H
2 _
S X Co) = e /C Jyy

(3.89)
where Jy, is given in (B.13). Recalling that |[ c. Jvs = ka € Z", we see that imposing

the condition

omett

Z* > N = (3.90)

mm%(27l,)3
guarantees that n(S? x C,,) is correctly quantized. For later, we shall also need the
volume of the elliptic fibration. This is constant over the base. We define the integer
M as

M=N [ Jy,=NK, (3.91)

E.

that is vol(E,) = % We shall show that M = M where the latter M is that arising
in Type IIB from the Lens space quotient. To see this we must use the periods of the
elliptic fiber coordinates arising from the Type IIB solution, (3.72). As the volume

is constant over the base we may compute it away from any singularity. We find

M
vol(E,) = (27)° Rz Ry = (2m)*mmyMe (% = = (3.92)

where we have used the relation

14
0} = & 3.93
Sl (3.93)

which follows from the T-duality and uplift. Using this relation we may also show
that the NV in Type IIB is the same as the N in 11d supergravity. Observe that
1672t 2mett ~

_ =N. (3.94)

N —
dmPmEM (2mls)rgs  mm%(27l,)3

We conclude that the two integers appearing in Type IIB and 11d supergravity
solutions can be identified, namely N = N and M = M. For notational clarity we
shall drop the tildes from now on as there is no confusion. We remark that in Type
IIB M corresponds to the number of KK-monopoles in the geometry whilst in 11d

supergravity it is proportional to the volume of the elliptic fibration.
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3.4 Holographic Central Charges from M-theory

3.4.1 Leading Order Central Charges

The gravitational central charge for the 11d supergravity solution AdSs x S? x Y3
was computed in [82]. We reproduce it here for completeness using (B.6)
3 2572

1
1\(3) — (-11Y(3) —_ .11 — dvol 512 A dvol(Y-
(CL) (CR) Csugra QmeB (27_‘_61))9 /]\/[8 4m2m% VO( ) VO( 3)

37324 1
= —Jv. N\ Jyv, A Jy
(216, Pmm3%)? /y G T

= N3 Cryk’ k7 ER (3.95)

where we have expanded the Ké&hler form in a basis of (1, 1)-forms on the Calabi-
Yau threefold as in (B.13) and Cp k are the triple intersection numbers as given in
section B.2.1, with I = 0 included in this expansion. This result, as noted in [82],
matches the original field theory computation in [80] and [83].

The Kéhler form is expanded as in (B.13), where the coefficient in front of the

zero-section wy is

ko = vol(E,) = — (3.96)

the volume of the elliptic fiber. The central charge (3.95) can then be expanded into

three terms

NG = (G = N3 3kokok Wo A Wa Awg + 3k2ke | wo Awo Awe + K2
L R B v B 0 0
3

Y3 YB

= N3 <3k}0kak5/ Wq A wg — 3k(2)]€a/ Cl(B) N Wa + k’g/ Cl(B)2>
B B B

=3N?MC - C — 3NM?c,(B) - C + M*(10 — h"'(B)), (3.97)

where we have made use of (B.17).

3.4.2 Chern-Simons Terms and c}' — c}}

We now calculate c}' — c}i by using the eight derivative corrections as presented
in [84]. The term that will be relevant for us is the Chern-Simons term [85]

4k )3
SCS - —(2—121> / Cg A Xg y (398)
k11 My
where
1 4 1 21\2
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We wish to dimensionally reduce this to obtain Chern-Simons terms in the 3d action.
11

From the coefficient in front of the 3d Chern-Simons term one can extract ¢}’ — ¢}
by using (B.7). Using (3.86) one can see that Tr[R*] = 0. We wish to find the term
proportional to (B.7) and so we shall drop terms that do not contribute to this if
necessary

(47’(’/‘111)2/3 1

— T 2 T 2
Scs 22, (27T>426'3/]\411 C3 A Tr[R7] A Tr[R7)

N
= — Jy. N ca(Y- r 3.100
24 .3(2m)? /Yg v el 3)/Adsg wos(Taas,) ( )
from which we obtain N
et —ch = 5 | T co(Ys), (3.101)

Y3
which is in agreement with [82].13
To evaluate (3.101) we use the expansion of the Kéhler form in (B.13) and the
form of co(Y3) as in (B.19). With this information we reduce the integrals in (3.101)

to integrals over the base of the fibration, namely!

/ es(¥3) A wy = / e(B) — cr(B)? = 201 (B) — 8. (3.102)
Y3 B

For the remaining term, the Poincaré dual to w, are divisors D, = éa which are
pull-backs of curves in the base. Thus the integral over Y3 is only non-vanishing
for those terms in co(Y3), which have fiber components, i.e. the 12wy A ¢;(B) term,
which leads to

/ es(Y3) Awa = 12¢1(B) - Ci (3.103)

Combining these terms we find

ci' — i =6Ney(B) - C + M(hM(B) —4). (3.104)

3.4.3 Chern-Simons Couplings from 11d Supergravity

The 11d supergravity solution AdSs x S? x Y3 has dual SCFTs with small N = (0, 4)
superconformal symmetry. In order to determine the left and right central charges
one must also calculate the level k, of the superconformal SU(2), R-symmetry at

sub-leading order. The leading and sub-leading corrections to the level k, were

13 Note that Tr[R?] = 16m%co(Y3) which is valid for a Calabi-Yau threefold whilst working in
real coordinates with the normalisation as in [86].
4Note the integral ng can be translated into one over B by using the intersection ring relations,

and extracting the coefficient of o2.
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computed in [76,82] to be

N3 gk . N
k)r = —C]JK]{J k’k + — JY3 VAN 02(}/3) . (3105)
6 12 Jy,

These terms are computed by deforming the metric on the two-sphere to contain

connections which depend on AdS3 only
ds?(S?) — (dz® — A®ab)(dz® — A%z°), (3.106)

where 32_ (%)% = 1. These connections are identified with the SO(3) gauge fields
for the R-symmetry.

The leading order term is computed from the 11d term

Sarr = —

/%A%A%, (3.107)

12K,

where we have used the conventions of [84]. For the deformed metric the fluxes are

corrected by terms involving the R-symmetry gauge fields and are given by

2 4H

Al = %69 A Jy, (3.108)
B
2mett

Gil = meB €9 VAN Jy3 s (3109)

where e, is the unique two-form for the S? bundle satisfying f g2€2 =1 and de; = 0.
The one-form e§°) is defined by dego) = ey. The overall factors in G, have been
fixed by requiring that the quantization pre-deformation is the same as that post-

deformation. Inserting these expressions into (3.107) we obtain

2 3,12H
SarF = L/ Jyy N Jyy N Ty, / eV Ney Ney. (3.110)
Y3

- 2 3,6
12k1m°mp AdS3x 52

To simplify this expression we make use of the formula derived in [76]

1
Jues 020 = = [ st @)
which originates from [87]. Recalling the expression N = m we obtain
rel2H
SAFF = 1212, moms, )y, Jvy N Jyy A Jy, /A . wes(A) (3.112)
N? I1.0.K
= %CIJKI‘C K7k /Ads3 wes(A), (3.113)

The level k, is extracted from the coefficient of the Chern-Simons term from the
definition in (3.53). From this we obtain the leading order term in (3.105).
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The sub-leading order term is found by computing Scg for the deformed metric,

which now contains a contribution from the R-symmetry gauge fields

N
Scs = —— [ Jy, Nea(Ys3) </ wes(Tads;) + 4/ WCS(A)) , (3.114)
1927 Jey AdSs AdSs

where the trace in weg(A) is taken over the fundamental representation of SU(2).
The factor of 4 appearing in the gauge Chern-Simons term arises from changing the
trace from over the vector representation of SO(3) to SU(2) fundamental. Compar-
ing (3.114) to (3.53) the sub-leading term indeed matches that in (3.105).
Using the results from section 3.4.2 the level can be expressed as
N3

N
kr = —C[JKkaJkK + — CQ(YE),) VAN JY3 (3115)
6 12 /y,

= %NQM(J -C+ 9(2 — M?)ey(B)-C + %3(10 — hMY(B)) + %(hl’l(B) —4).
(3.116)

The left and right central charges can now be deduced by using the relation ¢} = 6k,
[88]. We obtain the central charges

cg =3N?*MC - C+3N(2— M*)c (B) - C+ M*(10 — h*Y(B)) + M(h"'(B) — 4),

(3.117)
cpt =3N?*MC - C +3N(4— M*)cy(B) - C+ M?*(10 — h*Y(B)) + 2M (h"(B) — 4).
(3.118)

Interestingly, we note that the right-moving central charge ¢l can be shown to be

an integer multiple of 6 as expected [20]. To see this we rewrite c}; as

cp =6N°M(g—1)+ (6N +3NM(N — M))ci(B) - C (3.119)
+6M> + (M —1)M(M +1)(4 — h"'(B)) . (3.120)

It is an elementary exercise to show that each term in the expression above is indeed
a multiple of 6, for arbitrary values of N, M € Z. We regard this as a non-trivial
check on the interpretation of ¢ as the right-moving central charge of a (0,4) SCFT
with small superconformal algebra.

In section 3.2 for M > 1 we were only able to determine the leading order central
charge. To the contrary here, we have the all order expression. It would be very
interesting to extend the analysis in section 3.2.3 to include M > 1 from the Type
IIB perspective and to compare with the above expression. The recent work of [68]
obtained our M-theory central charges from 5d gauged supergravity and one should

be able to use their work to trace the complementary computation in Type IIB.
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3.5 Field Theory: Central Charges from Anoma-

lies and Comparisons

In this section we shall determine the central charges of the 2d SCFTs microscopi-
cally, using a UV description in terms of world-volume theories on wrapped branes.
To determine these we will essentially need to compute only the anomaly polynomi-
als of the corresponding branes, although we will discuss some subtleties involved
in these computations. This complements and extends the central charge compu-
tation in section 1.1.4 from the dimensional reduction of the abelian N' = 4 SYM
theory. Below we will invert the order of presentation with respect to the previous
sections as we find it more convenient to begin with the M5-branes in the M-theory
picture and address the D3-branes in the F-theory picture after. We also include
a section summarising the results of the computations in the different setups and

their comparison.

3.5.1 Anomalies from Mb5-branes

In this section we wish to determine the anomaly polynomial associated to the (0,4)
theory on the worldvolume of the string in 5d arising from a stack of Mb5-branes
wrapping a compact 4-cycle in a Calabi-Yau threefold.

A single M5-brane has an anomaly [89] from the chiral modes living on the 6d
worldvolume of the brane; this anomaly must be cancelled by anomaly inflow from
the M-theory bulk. In [90] a certain deformation of the cubic Chern-Simons term
in M-theory was found to cancel the anomaly from a single M5-brane, and this was
generalised in [83] to compute the total anomaly polynomial of the 6d worldvolume

theory on a stack of N Mb5-branes. The anomaly polynomial is

I[N] = NIg[1] + 2—14(1\13 — N)pa(N), (3.121)
where . |
L[] = = p2(N) = pa (W) + Z(pl(W) —pi(N))?| (3.122)

is the anomaly polynomial for the free abelian tensor multiplet that lives on the
worldvolume of a single M5-brane and W, N are respectively the 6d submanifold
the M5-brane wraps, and the normal, or SO(5) R-symmetry, bundle associated to
the transverse directions of the M5-brane worldvolume in the 11d spacetime.

The theory living on the worldvolume of N Mb5-branes in flat space is the inter-
acting (2,0) superconformal field theory of type Ay_; coupled to the free abelian

tensor multiplet. We can determine the anomaly polynomial of the Ay_; theory by
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subtracting off the contribution from the latter,
; 1
I [N] = (N = DIS[1] + 57 (N? = N)pa(N) (3.123)

This agrees with [91] where the anomaly polynomial of the 6d (2,0) theories associ-
ated to ADE Lie algebras was conjectured to be

(@) = r(@) I + 52 d( O (@paN) (3.124)

where 7, d, and h" are the rank, dimension, and the dual Coxeter number of the
ADE group G, respectively.

Following [83] the anomaly polynomial I, for the string arising from the Mb5-
brane wrapping a compact surface P inside a Calabi—Yau threefold'®, Y3, can be
determined by integrating the 6d anomaly polynomial over P. For such an M-theory

setup the tangent and normal bundles decompose as

TW =TP @& TW,,

(3.125)
N = Npjy, © N3,

where W, is the worldvolume of the string, N P/v, is the normal bundle of P inside
of the Calabi—Yau, and N3 is the bundle associated to the SO(3)r global symmetry
from the rotations of the 3 transverse directions to the string in 5d. Under these
bundle decompositions the Pontryagin classes decompose, via the splitting principle,
to

D1 (NP/Y3 ®N3) =m (NP/Yg) + p1(N3)

P2(Npvy & N3) = pa(Npyvy) + p2(N3z) + p1(Npyyy)p1(N3)
and similarly for p;(W).

(3.126)

First, let us consider the integration of the anomaly polynomial of a single M5-

brane:

18 [ K10 =21(08) [ ;W) = 51V + 11 (AR)) [ (11 (P) + (W)
(3.127)

We can use the adjunction formula
TY; =TP @& Npyy, (3.128)

to rewrite the last integrand as p;(Y3). Finally we can use the representation of the

Pontryagin classes in terms of the Chern classes,

p1(Ys) = —2¢2(Ys) + c1(Y3)?, (3.129)

5Note that the Calabi-Yau threefold does not, at this point, need to be elliptically fibered.
Moreover, P does not have to be a (very) ample divisor.
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and the Calabi—Yau property of Y3, ¢1(Y3) = 0, to rewrite the two integrands in
terms of the Chern classes of P and Y3. In conclusion, the integral over the total

anomaly polynomial I, combining both the free and interacting theories living on
the Mb-brane, is [83]

LN = [ BIN) = NI+ 5V = NP (), (3.130)

where we have rewritten the integrals over P as integrals over Y3 using intersection

notation, and

1

L[1] = / 1] = 15 [2P°p1(Ns) + e(Ys) g P(pr(Wa) +p1(N3)] - (3.131)
P

The gravitational anomaly determines the difference between the left- and right-

moving central charges of the (0,4) SCFT on the string, and can be read off from

the anomaly
CL — CR

I, D o1 pl(Wg) . (3132)
Thus we immediately determine that
1
C, — CR = 5]\[02(}/3) 'Ys P. (3133)

From the anomaly polynomial it is also possible to read off the level associated to
the SO(3)r global symmetry by studying the ksp;(N3)/4 term. We find

1 1
ks = 6N?’P?’ + 5 Nea(Ya) v P (3.134)
For future reference we also note that k3 can be expressed directly in terms of the
Hodge numbers of P. Using the expansion of the Chern numbers in terms of the

Hodge numbers we have

P? = 10n%*(P) — 8n%'(P) — b (P) + 10

(3.135)
e2(Y3) vy, P = 20" (P) — 8h™*(P) + 4h™' (P) — 8.

At this point we shall specialise to considering that Y3 is an elliptic fibration.
From the Shioda—Tate-Wazir theorem as described in section B.2.1 we know the
divisors in Y3 that generate the Neron—Severi lattice, and we would like to compute
these quantities, ¢, — cg and k3, for representatives of certain linear systems of
these divisors on Y3. Recall that we are interested in elliptically fibered Calabi-
Yau threefolds 7 : Y3 — B, with section, and that the two types of basis divisors of
principle interest are the base, B, and the pullbacks of curves in the base, C’\a = 1"Cl,,
such that the curve is not contained inside the discriminant locus of the elliptic

fibration.
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Let us consider an M5-brane wrapping a smooth irreducible divisor in the linear

system

D e |MB+ NC|, (3.136)

where C is a linear combination of the éa, and compute the above quantities for

P = D. The cohomology class of D can be written as

-~

[D] = M|[B] + N|[C], (3.137)
and thus the first intersection number that must be computed is

[D]* = M3[BJ® + N*[C]® + 3MN[B] -y, [B] -y, [C] + 3MN’[B] -y; [C] -y, [C]
= M?*(10 — k" (B)) + 3M>N(—c,(B) -5 C) + 3BMN?C -5 C,
(3.138)
where for the final two intersections we have used the triple intersection numbers

for elliptic Calabi—Yau varieties of section B.2.1. Furthermore

1 1 1 %
5¢2(¥3) v (D] = 5Me; (%) v, [B] + 5Nea(Ys) v [C] (3.139)

= M(h"Y(B) — 4) + 6Ny (B) -5 C'.

Therefore we have determined that for an M5-brane wrapping an arbitrary divisor

D belonging to such a linear system
¢, — cg =6Nc (B)-C + M(h''(B) —4), (3.140)

and ] ]
ks = 5MN20 O+ SN2 - M?*)¢,(B)-C

1 (3.141)
+ 5 (MP(0 W (B)) + M (W (B) —4)) .

Note that to compute these coefficients we had to use the anomaly polynomial for a
single M5-brane, I4[1], as M and N may be coprime, however when either M or N
vanishes we see the correct result for multiple M5-branes wrapping a single divisor
as in (3.130)1.

At this point we have determined the difference in left- and right-moving central
charges and the anomaly coefficient for the SO(3)r normal bundle anomaly for an
the 2d (0,4) theory on the worldvolume of the string from an M5-brane wrapping
an arbitrary divisor D in Y3. From [80] it is known that if D is a very ample divisor
in Y3 then the computation of k3 is a suitable substitute for the computation of

k., the level of the superconformal SU(2), R-symmetry in the IR, and thus one

16For arbitrary values of M and N one can consider the anomaly of a single M5-brane wrapping
either the divisor D as in (3.131), or one can factor D as D = ged(M, N)D’, and consider ged(M, N)
Mb5-branes wrapping the divisor D’ as in (3.130), by computing I4[ged(M, N)] for the divisor D’.
It is straightforward to verify that both approaches produce the same result.
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can compute the right-moving central charge through the superconformal algebra
relation

cr = 6k, . (3.142)

In fact, when D is ample the existence of an 11d supergravity dual of the type
AdS; x 5% x Y3 guarantees that SO(3)r can be identified exactly'” with the SU(2),
R-symmetry rotating the S?. Thus cp = 6k, = 6ks is valid more generally for an
ample divisor D.

From the information just described it is possible to compute the left- and right-
moving central charges for the (0,4) SCFT living on the string from a stack of M5-
branes wrapping a compact complex surface inside a Calabi—Yau threefold, assuming
that the surfaces satisfy sufficient topological properties that the level associated to
the superconformal R-symmetry, k,, is the same as k3. For a divisor D inside the
linear system that we are interested in, |M B+ N C |, a discussion of exactly when this
divisor may be ample in Y3 is contained in appendix B.2.3. A necessary condition

for D to be an ample divisor is that
D-C=(N-M)C-C+M(29—-2)>0, (3.143)

as pointed out in (B.35). It is clear that such an inequality cannot be satisfied for
arbitrary values of M, N, and g, however in the large N limit, where N > M, and
when C' is ample in the base, this is always satisfied. For any ample D, which then
satisfies this inequality, we can use (3.140) and (3.141), to compute the right- and

left-moving central charges on the Mb5-brane wrapping D and we find

cr =3N*MC -C +3N(2— M?)ey(B) - C + M*(10 — h*(B)) + M(h"(B) — 4),
c, =3N?MC - C+3N(4 — M*)cy(B) - C + M*(10 — h*Y(B)) + 2M (R (B) — 4).
(3.144)
To determine these central charges we have used that the level k3 of the SO(3)r
normal bundle anomaly is the same as the level of the superconformal R-symmetry
anomaly, however this only holds if D is ample in Y3, which is exactly the requirement
for when a supergravity dual of this 2d theory exists. From the field theory side we
are justified in considering a setup where M = 0 and we just have a stack of N M5-
branes wrapping the elliptic surface C. In appendix B.2.3 we show that C is never
itself an ample divisor, but in such a situation we would like to be able to determine
a prescription for computing the central charge of the (0,4) theory for such a stack
of M5-branes, applicable even when the divisor wrapped by the M5-branes is not
ample. This will correspond to the Type IIB/D3-brane setup where there are no

"More specifically the SO(3)7 acting on the fields of the interacting SCFT, is then exactly
the SU(2),. superconformal R-symmetry of that interacting SCFT. One can see directly from the
spectrum that only after the universal centre-of-mass hypermultiplet is separated out is the SO(3)r
consistent with the superconformal algebra.
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KK-monopoles. We postpone this discussion for M5-branes until section 3.5.3, while

we now turn to the F-theory picture for this setup.

3.5.2 Anomalies of 6d Self-dual Strings

A stack of N Mb5-branes wrapping an elliptic surface C inside an elliptic Calabi—Yau
threefold is T-dual to a stack of N D3-branes wrapping a curve in the base of the
elliptic Calabi—Yau. Such D3-brane stacks give rise to self-dual strings in 6d, and the
anomaly polynomial for such strings was determined via inflow from the 6d theory
in [92,93] and extended to include arbitrary genus curves in [18]. We will assume
that the curve, C', on which the D3-branes wrap has only transversal intersections
with the discriminant locus of the elliptic fibration. The (0,4) worldvolume theory
on the string has the global symmetry group

where SO(4)r = SU(2)g x SU(2) is the rotation group to the non-compact direc-
tions transverse to the string and SU(2); is the R-symmetry group of the 6d theory.
The SO(4)g UV R-symmetry group for the (0,4) theory on the worldvolume of the
string is SU(2)r x SU(2);.

In [92,93] the anomaly polynomial for a self-dual string, of charges @); with respect
to the two-form potentials B;, with dB; self-dual, in a 6d N' = (1,0) theory was
determined by applying a similar analysis as that was introduced in [83], and which
was used in section 3.5.3 for the anomaly polynomial on a stack of M5-branes.
The translation of the charges ); of the strings into the curve classes from the
interpretation of the strings as coming from D3-branes wrapping the curve C' was
included in [18]. The final result for the anomaly polynomial, I, of the string in
terms of the characteristic classes of the bundles associated to the symmetry groups
(3.145) is

1 1 1 1
Iy = c»(R) §N2C O+ 5Ncl(B) : C’] + ¢o(L) {—§N20 O+ 5Ncl(B) -C

(D) V]~ 5o (1) [6Ne(B) - €]

(3.146)
where we have ignored contributions from any additional global (flavour) symmetries
other than those discussed above, and where we recall that the genus of the curve is
contained inside the above expressions implicitly via adjunction (3.37). First we can
determine the difference between the left- and right-moving central charges from the

gravitational anomaly term

c, —cr=6Nc(B)-C. (3.147)
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One can also read off from the anomaly polynomial the levels of the SU(2)g L1

global symmetries

1 1
kR = §N2C : C+ §N61(B> -C

1 1
kp = —§N26’ C+ Ne(B)-C (3.148)
ky=N.

Note that the SU(2), superconformal R-symmetry can in principle be a mix [94]
of the two SU(2) factors in the SO(4)g UV R-symmetry. We observe from the
spectrum for N = 1 that the IR R-symmetry for the SCFT must be SU(2)g as this
is the only factor under which the bosons of all the hypermultiplets constituting
the theory are uncharged. Moreover, in the next subsection we will argue (using
only the information on kj from this section) that the correct R-symmetry in the
IR should be simply SU(2)g for any N. Thus there is no mixing with SU(2); and

we conclude that
cp = 6kp =3N*C-C +3Nc¢(B)-C, (3.149)
and from (3.147) we also obtain

c, =3N?C-C+9Ney(B) - C. (3.150)

3.5.3 Anomaly from Mb5-branes on C

Let us now return to the Mb5-brane anomaly inflow, in the case that the branes wrap
the elliptic surface C in Y3, which is not ample. We recall that in this instance
there does not exist an AdS3; dual, without three-form flux, because of the lack
of ampleness of the divisor. However, in this section, one shall see that it is still
possible to determine the central charges of the SCF'T. We can immediately see from
a study of the spectrum of a single M5-brane [18] that k3 is not a suitable substitute
computation for k. when the wrapped divisor is not ample!®. Let us first consider
an arbitrary divisor P inside an arbitrary Calabi-Yau threefold. We can read off

from the expressions in terms of Hodge numbers in (3.135) that
ks = h%*(P) — h*Y(P) + 1, (3.151)

but a direct computation of the right-moving central charge from the spectrum
reveals that
k. = h%*(P)+1. (3.152)

This is consistent, as for P an ample divisor inside a Calabi-Yau threefold then
h%1(P) = 0 by the Lefschetz hyperplane theorem.

18This puzzle was raised in [95,96].
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Now, let us consider multiple (N) M5-branes wrapping the divisor P = C ; hence
M = 0 in the notation of section 3.5.1. Using standard mathematical results for the
cohomologies of elliptic surfaces

h2(C)==(C-C+c(B)-C),

1
2
1

hY(C) = (C-C—a(B)-C)+1 =y, (3.153)

WY (C)=C-C+9:(B)-C+2,

we can see that

C*=0, ;) -C=12¢(B)-C, (3.154)

and thus
kg :NCl<B) 'C, (3155)

for an Mb5-brane wrapping any elliptic surface embedded inside an elliptic Calabi—
Yau as discussed. Such a result of course also follows directly from the expression
(3.141) for k3 when one sets M = 0.

When the divisor is not ample we follow the idea in [97] that k3 is really a substi-
tute for computing the anomaly associated with the diagonal of the superconformal
R-symmetry, k,, with an additional flavour symmetry that only emerges, from the

Mb5-brane point of view, in the IR
ky, = ks — kg, (3.156)

where kp is the level of the emergent SU(2)r flavour symmetry.

In order to make progress in determining this flavour symmetry, we go back to
the D3 brane setup in Type IIB. The reason why this is useful is that in the Type
1B side a flavour (i.e. non-R) symmetry is realised geometrically!?, simply because
the normal bundle of the wrapped D3 branes is SO(4)r, while the normal bundle of
the wrapped M5 branes is SO(3)7. Notice that while R-symmetries are ambiguous,
because mixing an R-symmetry with a flavour symmetry is still an R-symmetry,
flavour symmetries do not have this ambiguity.

From the self-dual string in 6d, as is discussed in section 3.5.2, we know exactly
one flavour symmetry, which is the SU(2), arising from the transverse rotations to
the string, and further we can observe from the spectrum that the SO(3)r charges
of the multiplets from the M5-brane on C are the diagonal of the SU (2)r and
SU(2)., charges of the multiplets from the D3-brane on C' [18]. As it is the only
flavour symmetry that we know is always present, and since it combines with the

superconformal R-symmetry in the correct way to form SO(3)r we are justified in

19 Although the two setups are related by a T-duality, the symmetries on the two sides do not
necessarily match manifestly. This is also true at the level of isometries of supergravity solutions,
although notice that presently one of the two setups does not admit a supergravity description.
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conjecturing that the flavour symmetry, SU(2)r, which we do not observe the origin
of in the M-theory, has level, kr, which we must subtract off to compute the k, is
none other than kj.

From the analysis of the self-dual string we have that

1 1
kp = —§N20 O+ ENcl(B) O, (3.157)

however, as discussed in [19], this anomaly coefficient is not quite identified with the
level of the SU(2);, symmetry on the combined theory. In the anomaly coefficient
of the SU(2), anomaly there is a fictitious contribution from the centre-of-mass
hypermultiplet. This universal hypermultiplet is charged under the SU(2); how-
ever there is no SU(2), current algebra acting on these modes. The level of the
SU(2), current algebra on the combined theory is then determined by subtracting
the contribution?® of £§°M = +1 from k;, to find that the level is

kp —1. (3.158)

This is then the level of the flavour symmetry of the combined theory including the
centre of mass which we then subtract from k3, which is the level of the SO(3)r
normal bundle anomaly of the combined theory, to determine the level of the super-
conformal R-symmetry of the combined theory.

As such the right-moving central charge as determined via the M5-brane anomaly

inflow when M = 0 is
cp = 6(ks — (k, — 1)) =3N?C - C +3Nc1(B)-C +6. (3.159)

We emphasise again that, as expected, this is the central charge for the combined
theory, i.e. the interacting theory together with the centre of mass. Further, we can

observe that this identifies the superconformal R-symmetry level as
k., =ks— (k — 1) = kg, (3.160)

demonstrating our statement in the previous subsection that the superconformal R-
symmetry is identified with SU(2)g for all N. In this analysis we are working under
the assumption that generically there is only one SU(2) flavour symmetry in the IR,
and that that flavour symmetry is SU(2)y,. If there are additional flavour symmetries
then these could in principle also mix with the superconformal R-symmetry to form

ks and these would need to be subtracted in addition.

20We note that there is a difference of an overall minus sign between here and [19].
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3.5.4 Summary and Comparison

Let us finally summarise and compare the results of all the computations (from
anomalies and holography) of central charges presented in this section. The theory
to which the worldvolume theory on the string flows in the IR consists of a direct
sum of two SCF'T's; the generically non-trivial and the centre-of-mass conformal field
theories. We shall refer to the former as the SCF'T part. Depending on the method
used we either compute properties of the SCF'T, or else of the combined theory.
Generally speaking we shall be interested in comparing the central charges of the
SCFT, not including the centre of mass; these are the quantities naturally computed

by the AdS duals as the centre of mass decouples in the near-horizon geometry.

The Spectrum

For a single D3-brane wrapping a curve C' in the base of an elliptic threefold,
or equivalently for a single M5-brane wrapping the elliptic surface C , the massless
spectrum can be computed explicitly. The central charges as computed directly

from the UV spectrum are

crR=3C-C+3c(B)-C+6,
Spectrum (N = 1) : (3.161)

These are the central charges for the combined theory, including the centre-of-mass
modes. The scalar fields parametrising the position of the string in the transverse
5d or 6d space are contained inside of a single hypermultiplet, which is then referred

to as the centre-of-mass hypermultiplet, and contributes to the central charges
(c§M GoM) = (4,6). (3.162)

Subtracting off these modes gives the central charges for the IR SCFT on the world-

volume of the string.

Anomaly Polynomial of Self-dual Strings

In [93] the anomaly polynomial for the self-dual string in 6d was written down,
as we discussed in section 3.5.2. This is the anomaly polynomial for the combined
theory including both the centre-of-mass and SCF'T sectors. The combined theory

on the string has a global symmetry group

where SU(2)r x SU(2) [, comes from the transverse rotations to the string in 6d, and
SU(2)g x SU(2)s is the UV R-symmetry of the worldvolume theory of the string.
We are interested in computing from this anomaly polynomial the central charges

of the SCFT in the IR. First one can determine the difference of the central charges

82



of the combined theory from the gravitational anomaly
c, —cr=6Nc(B)-C. (3.164)

To determine the right-moving central charge of the SCFT we need to know the
level of the superconformal SU(2), R-symmetry, which should be one of the SU(2)
factors inside the SO(4) UV R-symmetry. Furthermore, identifying SU(2)g with

the IR R-symmetry, as discussed in the previous subsection, we have computed that
cp = 6kr = 3N?C - C +3Nci(B) - C. (3.165)

This matches the right-moving central charge computed for the SCFT from the
spectrum for N = 1, as expected. If we subtract the free hypermultiplet constituting
the centre-of-mass degree of freedom from the difference of the right- and left-moving
central charges then we can also determine the left-moving central charge for the
SCFT as

¢ =3N?C-C +9Ney(B) - C +2. (3.166)

Again this matches the spectrum when N = 1 as expected.

Type IIB Supergravity

As discussed in section 3.2 we can also compute the central charges for the same
setup from the Type IIB supergravity dual. As such a supergravity computation is
necessarily in the near-horizon limit then the centre-of-mass modes are decoupled
and we compute directly only the central charges of the SCFT. We will first consider
the case without KK-monopoles, where in (3.55) we found that

B =3N*C-C+3Ney(B) - C, (3.167)

which exactly matches the right-moving central charge of the theory from the spec-
trum and the anomaly analyses discussed previously. This would lead us to conclude
that the Type IIB supergravity computation of cg isin fact exact, meaning that there
would be no quantum corrections, in this precise situation, as any sub-subleading
correction would ruin the precise matching with the result in (3.165).

In (3.55) we also determined the left-moving central charge to be
c® =3N?C-C+9Nc¢y(B) - C, (3.168)

where we remind the reader that this result is only expected to be accurate to order
in O(N), and we expect from the alternate approaches to the computation of the
same quantity that the full result, including quantum corrections, should have an

additional +2.
In principle, from the Type IIB supergravity one should be able to determine the
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holographic central charges also for M > 1, where there are in addition M KK-
monopoles in the system. However, as we discussed in section 3.2, in this case we
can compute reliably only the leading order, O(N?), coefficients. To determine the
correct O(N) contributions to the anomalies we would need to incorporate the effect

of the KK-monopoles.

11d Supergravity

In order for the 11d supergravity solution to exist it is necessary that the divisor
wrapped by the M5-brane is an ample divisor in the Calabi—Yau threefold, and from
appendix B.2.3 we can see that this generally requires that M > 1. In this section
we shall take M = 1 principally so as to compare with the majority of the different
approaches, and we will show a matching for M > 1 result at the end. For M =1
(the 11d supergravity setup dual to one KK-monopole in Type IIB) in section 3.4

we computed the central charges to be

cy =3N?C-C +3Ncy(B)-C +6,

(3.169)
cpr =3N?C-C +9Ney (B)-C+2+h"'(B).

These central charges are said to be exact in [74] as they can be determined from
an anomaly analysis. Since the exactness follows from an anomaly argument these
central charges should be the central charges for the full combined theory, including
the centre-of-mass degrees of freedom. Given that the centre-of-mass contribution
should be universal, regardless of the values of M, N, we can similarly subtract
one universal hypermultiplet to determine the central charges of the IR SCFT. We
notice that the leading and sub-leading terms are consistent with all other methods of
computations for one or no KK-monopole. As discussed in section 3.1.3, in the near-
horizon limit there is no difference between the setup with one or no KK-monopoles,
and thus the leading contribution to the central charges must be identical. We find
that the central charges match also at the subleading order, and in fact the expression
for cg matches the results obtained in the case without KK-monopoles exactly, but
it is not clear to us whether this is accidental or not. On the other hand, it makes
sense that both cg and ¢, do not both match exactly across the configurations with
one or no KK-monopole, as the difference c;, —cg is a quantity that can be computed
purely in the UV, and in the UV the single KK-monopole is apparent.
The general result for all M > 0 was given in (3.117) and reads

= 3N?MC - C + 3N (2 — M?)¢y(B) - C + M*(10 — h"(B)) + M(h"Y(B) — 4) ,

cit =3N?*MC - C+3N(4 — M*)c (B) - C+ M?*(10 — h*Y(B)) + 2M (h"(B) — 4),
(3.170)
but as discussed previously, we have not determined these in the Type IIB picture,

beyond the leading O(N?) order. At this order we indeed find perfect agreement for
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any N and M, see (3.58).

M5-brane Anomaly Inflow

Another M-theory approach that one can take to determine the central charges
involves computing the anomaly polynomial to the string via Mb5-brane anomaly
inflow as described in section 3.5.1. When the divisor wrapped by the M5-brane is
ample in the Calabi—Yau then this approach involves effectively the same compu-
tation as was used to determine the central charges from 11d supergravity, and is
also a computation of the central charges of the combined theory. The results for
the central charges for M > 0 from the anomaly inflow are then the same as those
given in (3.117) from the 11d supergravity.

The inflow computation however is valid for any divisor D even if it is not ample in
the Calabi—Yau. As such, here we shall be mainly interested in the central charges for
the M = 0 case where the M5-brane wraps simply C. As described in section 3.5.3
this approach does not directly compute the central charge, but instead computes
the anomaly coefficient associated to the SO(3)r normal bundle anomaly, and the

gravitational anomaly which fixes
CL—CRZGNcl(B) -C. (3171)

It is known that when the divisor wrapped is ample the computation of the anomaly
coefficient k3 is a suitable substitute computation for the anomaly coefficient of
the superconformal R-symmetry, k.. However when the wrapped divisor is not
ample one must subtract an emergent IR flavour symmetry from k3 to determine
the superconformal R-symmetry. As discussed in section 3.5.3 we can determine the
flavour symmetry which mixes with the superconformal R-symmetry and we can

then compute
cp = 6(ks — (k, — 1)) =3N?C - C +3Ney(B)-C +6, (3.172)

which is the central charge of the combined theory. Further one can determine the

left-moving central charge of the combined theory as

c, =3N?C-C+9Ney(B)-C +6. (3.173)

3.6 Concluding Remarks

New holographic setups which allow for a controlled computational framework for
both the perturbative gauge theory as well as the dual gravitational /string theory,
are difficult to come by. We have studied the most general class of (0,4) AdS;

solutions of Type IIB supergravity in the absence of three-form fluxes, which allow
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for a varying axio-dilaton 7, consistent with the SL(2,Z) duality, i.e. F-theory
solutions.

The field theory duals arise from D3-branes wrapped on curves in the base of
elliptic Calabi—Yau threefold compactifications studied in [18,19]. The solutions that
we have found to be the most general of this kind are of the type AdS3 x S3/T" x B,
where B is the base of an elliptic Calabi—Yau threefold, and the profile of the axio-
dilaton is determined in terms of the complex structure of the elliptic fiber.

Conceptually there are various points that make this duality more subtle than
those involving Type IIB solutions with constant 7. First of all the profile of the
axio-dilaton has to be such that 7 is singular along curves in the base B. This in
turn implies that the metric on the base cannot be smooth everywhere, and thus
some care needs to be taken in order to reliably apply a supergravity analysis. This
is in particular subtle in Type IIB as the compactification space does not include
the elliptic fiber, but only the base. Key to corroborating the consistency of this
solution is the duality to 11d supergravity, that we can perform for the solutions
when I' = Z),;. We showed that in 11d supergravity these solutions are of the form
AdS; x S? x Y3, where the elliptic Calabi-~Yau threefold Y3 can be resolved and has
a smooth Ricci-flat Kéhler metric.

Another class of (0, 4) strings in F-theory compactifications to 6d are the so-called
non-Higgsable cluster strings. As we recalled earlier, these are obtained from D3-
branes wrapped on collapsed curves in Calabi-Yau threefolds, which have singular
algebraic varieties as base manifolds. In particular, these singularities can be thought
of as arising from the collapse of a curve CNHC ~ P! in the local geometry of
O(—n) — P!, where the curve has self-intersection CN1¢ . CNHC = —p < (0. These
can be embedded in a compact geometry by projectivizing, which results in the
Hirzebruch surfaces [F,,. It is then tantalizing to speculate that our solutions might
capture some features of the NHC strings by choosing the Kéahler base to be B = F,,,
or their singular limits, i.e. the weighted projective spaces P(:1™) . On the other

CNHC is not ample, this simple setup cannot be found within the class

hand, since
of solutions discussed in this thesis. Our attempts to reproduce features of the NHC
strings in this holographic setup have not been successful, and it remains an open
problem to determine what the appropriate holographic duals of these SCFTs, if
they exist, are.

In [18] a class of 2d (0, 2) theories were obtained, from D3-branes wrapped in the
base of elliptic Calabi—Yau four- and fivefolds. These are very closely related setups
to the ones studied here, and naturally finding AdS3 duals to these 2d SCFTs would
be very interesting. In relation to the solutions found here, the case of Calabi—Yau
fivefolds is closely related to our F-theory solutions with KK-monopole. The F-
theory compactification space is Y3 xT'N,;, which is a special Calabi—Yau fivefold. F-

theory on elliptic Calabi—Yau fivefolds has only recently been investigated in [98,99]
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and result in 2d (0,2) theories for generic Calabi-Yau fivefolds. In view of this, it
would be interesting to study our AdSs solutions with I' = Z,; in relation to the
near horizon limits of D3-branes in Calabi—Yau five-fold compactifications of the

type Y3 x TNy, and determine the spectrum for general M as in [18].
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Chapter 4

(0,2) solutions and field theory

duals

Having discussed solutions with (0,4) supersymmetry we now turn our attention to
the richer class of theories with (0,2) supersymmetry. Recall that the supergravity
solution is determined by the choice of Kéahler base satisfying the master equation
(2.36). In practice we shall instead look for solutions to the F-theoretic reformula-
tion, (2.59) and solve for an elliptically fibered Kéahler four-fold Y. We will study
two new classes of solutions, which result from different specialisations of the Kéhler
four-fold.

4.1 New N = (0,2) Solutions with Varying 7

The first type of solution is a specialisation of the F-theoretic reformulation in section

2.2.5, where M6 is a direct product of a complex curve and a complex surface,
Mg =13 x My, (4.1)

such that the elliptic fibration is only non-trivial over one of these subspaces. There

are two cases

Elliptic Surface: YVi=(E;, - %) x My=8] x My
Elliptic Three-fold: Vi=3Sx(E, - My =ExT4. (4.2)

where none of the factors has a Ricci-flat metric. This class will correspond in the
dual field theory to “universal twist solutions”, which generalise to varying 7 the
universal twist solutions in [58], that were originally found in [100]. We will see that
they are dimensional reductions with topological duality twist of 4d N/ =1 SCFTs
with rational R charges, with varying coupling. In this class of solutions we do not

assume that the elliptic fibration over X or M, are Ricci-flat. In fact the “master
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equation” implies that they are not. These solutions will be studied in section 4.1.1.
Another class of solutions can be obtained by a similar splitting, where in addition

we now require that the factor with the non-trivial elliptic fibration is Ricci-flat, i.e.
has a Calabi-Yau (4 — s)-fold factor J;,

Vi = Vaa—g X Mas. (4.3)

Clearly My, has to be Kihler as well and only the values s = 1,2 are interesting?.
Inserting the direct product metric into (2.59) one immediately finds that the Kéahler

metric on M, must again obey the same equation originally found in [55], namely
1 g
Oty RV — 2 RV RIM) M = (4.4)

We shall first consider the case when s = 1 where ) is the direct product of an
elliptically fibered Calabi—Yau three-fold and a Riemann surface before considering
the s = 2 case. As we shall show the former recovers the (0,4) solutions determined
in [59] whilst the latter gives rise to a new class of strictly (0,2) supersymmetic

solutions. These solutions will be the subject of section 4.1.2.

4.1.1 Universal Twist Solutions

In this section we begin with the product ansatz in (4.1)
ds? (M) = ds*(2) + ds>(My) (4.5)

where Y is a complex curve and M, a Kahler surface. It is most convenient to
express our ansatz in the reformulation of section 2.2.5. The Ricci-form of the 8d

space Vg, which is the elliptic fibration over Mvﬁ is taken to be
9%3; = k1JM4 + kQJZ ) (46)

where k; and ko are constants. We consider the two cases outlined in (4.2): 7 varies
non-trivially only over the curve X giving an elliptic surface, or 7 varies non-trivially
only over M, giving an elliptic three-fold. Though the supergravity solutions are
distinct much of the analysis will be similar, and therefore it will be useful to keep
the discussion as general as possible. Inserting the above ansatz into the ‘master

equation’ (2.59) the necessary condition is

k’l(k’l + 2]{52) =0 and Ry = 4]61 -+ 2]’6’2 > 0. (47)

Note that s = 0 is ruled out because the Ricci scalar of Y7, and therefore also the warp
factor e *H | vanishes in this case. s = 3 corresponds to Js = T2 x Msg, which has constant
axio-dilaton [55].
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Clearly to solve (4.7) either ky = 0 or ky = —2ky. The former recovers the (0,4)
solution discussed in [59]?. We therefore consider the latter solution in the remainder
of this section. Evaluated on such a solution the Ricci scalar is Ry = —6ky and thus
the positivity constraint of the Ricci scalar implies that ks < 0. The overall scale
of the Kahler metric on Mﬁ may be removed by a coordinate change, thus without

loss of generality we may set ks to be any negative value we wish, for convenience

we choose ks = —3. The 10d solution in Einstein frame is
5 2 2 9 (1 2 2 2
ds® = 3 ds*(AdS3) + 2 §(dx + p)° 4+ ds*(My) + ds*(2) , (4.8)
9
—4H _ Y 4.
€ 4 ’ ( 9)
2
F® = —§(4JE + Jm,) (4.10)

3 2
F= —Z(dx + p) A JM4 A (2JM4 + Jz) - ngOl(Ang,) A (4JZ + JM4) s (411)
P = —6./4/\44 + 3A2 y (4.12)

The Ricci form on Vg becomes Ry = 6Jy, — 3.Jx, in matrix block form this is

—3Js
Ry = 0 . (4.14)
6.0,

In the above we have not specified over which factor in //\/lv(;, T varies non-trivially.
In the following we shall consider the two cases in which 7 varies non-trivially only
over Y, giving an elliptic surface, or over My, giving an elliptic three-fold. Before
proceeding we emphasise that we are not aware of any existence results for metrics
on either the elliptic surface or the elliptic three-fold with the specific conditions
imposed on the curvatures (in particular let us re-emphasise that these are not Ricci-
flat). We will assume that such metrics exist on these spaces with the Ricci-form
given as above. It would indeed be of great interest to develop the mathematics that
shows the existence of such metrics. Of course the bases of these elliptic fibrations
will have singularities at points where 7 becomes singular, but by assumption they
will be otherwise smooth. In the following sections we analyse the two distinct types
of solutions discussed above. The consistency of the holographic computations using
these solutions with the proposed field theory duals corroborates our conjecture that

these metrics exist.

2We will recover these (0,4) solutions in a slightly different way in section 4.1.2.
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Elliptic Surface Case

Let us first consider the case where 7 varies non-trivially only over . We require

the metric on ) to factorise as
ds*(5) = ds*(S]) + ds*(My) , (4.15)

where E; — §] — X is an elliptic surface with section, over X. The Ricci curvature
then factorises into two 4 x 4 blocks, and (4.14) reads

—3Jx
= 0 . (4.16)

-
‘ R,

6JM4

To solve this equation we therefore have that the metric on M, is Kahler—Einstein
with Ricci-form 9, = 6J0,, and we require the existence of a metric on the elliptic

surface S to satisty
%3&' = —SJE < mz + dQ = —3J2 . (417)

Notice that the Kdhler—Einstein metric on M, has the normalisation of the base
of a Sasaki-Einstein manifold. In fact the one form dual to the Reeb vector field
of the Sasaki-Einstein manifold is given by —%(dx + p) at fixed coordinate on .
We conclude that at fixed coordinate on 3 the U(1) fibration over My is a (quasi-
regular) Sasaki-Einstein manifold.

Solutions of this form, where ¥ is the constant curvature Riemann surface H?
have been studied in [100], however there are some differences once 7 is allowed to
vary non-trivially over ¥. Topologically the 7d internal space is a U(1) fibration
over M, x X. Such fibrations are well-defined if the first Chern class of the bundle
is integral over all two-cycles in Hy(My x X, 7Z). Let the period of x be 27/, then

we require
11 1

27 7% = 34

This may be rephrased in terms of the elliptic surface S with base ¥ as

—6Jp, +3Jxy) € H* (My x 2, 7) . (4.18)

e (U(1) = —%(cl(m) +er(SD)s) € HA(M;y x 5,Z) . (4.19)

Notice that the non-trivial elliptic fibration implies that the quantisation condition
differs to that in [100]. Concretely we have used the first Chern class of the elliptic
surface ST to rewrite the condition on ¢;(U(1)). A convenient basis for Hy(Msg) is
furnished by the set {¥,3,} where {¥,} is a basis of Hy(My,Z). Then ¢ (U(1))
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being integer implies

% Ecl(U(l)) = —%(2(9 — 1) +deg(Lp)) € Z
5 | ey =-" ez, (4.20)

where m is the Fano-index of My, see appendix B of [100] for a review of properties
of 4d Kahler—Einstein spaces, and n,, are relatively prime integers. The period ¢ of
x must be a divisor of both m and (2(g — 1) + deg(Lp)) and consequently it has
maximal value ¢ = ged{m, (2(¢ — 1) +deg(Lp))}. Recall that this construction only

works for the regular and quasi-regular Sasaki-Einstein metrics [100]3.

Flux Quantisation

The cycles of interest are the compact five-cycles of the geometry, of which there
are two classes. The first is the five-cycle given at fixed ¥ coordinates, which is
a Sasaki-Einstein (SE) manifold. The second class of five-cycles, which we denote
D,,, are obtained as U(1) fibrations over ¥, X 3, where 3, € Hy(My,Z). For the

former we find

1 9
N(SE;) = —— F=———vol(SE 4.21
( 5) (27T£s)4gs /SE5 (27T€Sm)4gsvo( 5) ) ( )
where the volumes are computed with the canonical Sasaki-Einstein metrics, which
have Ricci-tensor satisfying R,, = 4g,,. As it is necessary for the fibration to be

quasi-regular we may rewrite this quantisation condition as

(M
N(SE;) = ——F € Z, 4.22
(SEs) 243mmAL* g (4.22)
where the integer M is the topological invariant
M = Cl(./\/l4) VAN 01<M4) . (423)

My

For the five-cycles D, the condition is

_ limng(2(g —1) + deg(£Lp))
243mmAL* g,

N(D,) = €Z. (4.24)

3Every Sasakian manifold admits a canonically defined Killing vector field called the Reeb
vector. Sasakian manifolds may be classified according to the global properties of said Reeb vector.
First consider the case when the orbits of the Reeb vector are all closed and thus circles. As the
Reeb is nowhere-vanishing the isotropy group is necessarily finite at every point. If the U(1) action
is in fact free (globally the isotropy group consists of just the identity element) then the Sasakian
structure is said to be regular. If on the other hand the U(1) action is not free everywhere it is
called quasi-regular. Instead if the orbits of the Reeb do not all close then the Sasakian structure is
said to be irreqular. For Y4 the Sasakian structure is quasi-regular when 4p2 —3¢? is a square, and
irregular otherwise. Observe that this corresponds to the R-charges being rational or irrational.
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Quantisation of the flux such that the above integers are minimal implies

mblh M
= h=ged| —,2(g—1 deg(L 4.25
= i h=eed (B2 ) (o)) (429)
from which we obtain
nM NNg
N(SEs)= N =" N(DJ)="""(2g— 1) +dea(Cp)) . (426)

In comparing with the field theory results we shall identify the integer N as the
number of D3-branes in the setup. Notice that the above analysis is a generalisation

to that performed in [100], corresponding to deg(Lp) = 0.

Elliptic Three-fold Case

Consider now the case where 7 varies non-trivially only over My, so that the metric
on )¢ factorises as
ds*(V3) = ds*(2) + ds*(Tg) | (4.27)

where E,; — T — M, is the elliptic three-fold. The Ricci curvature of this metric

now factorises in one 2 x 2 block and one 6 x 6 block, and (4.14) reads

~3Jx
= 0 . (4.28)

%Ry |
‘ %’7’67'

6.1,

The upper block of this equation implies that the metric on the Riemann surface
has constant curvature Ry = —3Jx. We then require the existence of a metric on
the elliptic three-fold 7 to satisty

9%7-67 =6Jpm, = Rm, + dQ = 6, - (429)

In fact, the elliptic three-fold 7 is precisely that appeared in section 2.4.3. At
fixed coordinates on %, the solutions can be obtained in the same way as the AdSs
solutions discussed in section 2.4.3. We nevertheless give a brief discussion on global
properties of the solutions following the above. Topologically the solution is again
a U(1) fibration over a Kéhler base. Giving x period 27¢ as before the first Chern
class of the U(1) bundle is

A(U(1) = ~ (@ (D) + (7)) (1.30)
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Using the same basis as previously we require

1

2 Js,

% [ = @ €7, (431)

1
a(UQ)) = 5(a(Td) Za) €2,
Here x(X) is the Euler number of the Riemann surface ¥. The period ¢ must divide
both x(X) and ¢, (7¢) - £, for all a.

Flux Quantisation

Recall that at fixed coordinates on the constant curvature Riemann surface ¥, the
metric is no longer Einstein, though it remains Sasakian. We will refer to this space
as M as it will be related to the M] of section 2.4.3. The possible five-cycles are
as before and we keep the same notation as in the previous quantisation condition.

Then the quantisation condition is

Ty 1 _ T

which has the same form as for the first class of solutions. We may rewrite the

volume of M7 as
1 sl 9 9
~AXATMNAI My = S (01(M4) —2c1(My)ei(Lp) + a1(Lp) ) ;
My

L1
VOI(M5) = 2/M 3 o7
(4.33)

where the integral on the right-hand side is an integer, given by the sum of three

-
5

topological numbers, whose value we denote by M. Then

(M

NM)= ———+7— .
(M) 24 . 31l mAg,

(4.34)

The quantisation over the remaining five-cycles gives

N(Dy) = — X2 (ﬁma— / cl(£D)> | (4.35)

24 3rmAlg,

As before we impose that the fluxes are minimal integers through all integral cycles

which implies the quantisation of the length scale m as

n = 243:#% h = ged {M,X(E)gcd ({mna —/ cl([,D)} )} .
) * 7 (4.36)

We have
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4.1.2 Solutions with Calabi-Yau Factors

We now consider the ansatz (4.3), with one of the factors in V7 an elliptically fibered
Calabi-Yau.

Recovering the (0,4) Solutions

The case s = 1, i.e. VI = Vs X X, where Vs is an elliptically fibered Calabi-Yau
three-fold and ¥ is a complex curve recovers the classification of N' = (0, 4) theories

that we presented in [59]. The metric is
ds*(Vg) = ds*(Vs) + ds*(X) (4.38)
and as any Riemann surface is conformally flat we may write the metric on M, as
ds*(8) = e 2@ (dz? 4 dy?) . (4.39)
A Riemann surface trivially satisfies R? = 2R, R* and therefore (4.4) reduces to
OsR*=0. (4.40)

On any smooth compact manifold any bounded harmonic function is constant and
it follows that for a smooth and compact internal manifold we must have that R* is
constant and therefore the Riemann surface is of constant curvature?. For positive
curvature, as is necessary by (2.60), the only possibility is a round two-sphere and

it follows that the only solutions are of the form
ds* = ds®(AdS;) + ds*(S*/T) + ds*(By) (4.41)

where B, is the base of ), the elliptically fibered Calabi—Yau introduced above.
This precisely reproduces the solutions discussed in [59] and in section 3.
Baryonic Twist Solutions

A new class of solutions with exactly (0,2) supersymmetry can be obtained for s = 2
in the ansatz (4.3), i.e. where the geometry consists of an elliptic K3 surface )y and

a local Kahler surface M, as factors

ds?(V3) = ds*(Yy) + ds*(My) . (4.42)

4Removing the smoothness assumption, there could exist further (0,2) solutions where X has
singularities. In [59] we did not make any global assumptions and therefore those are indeed the
most general solutions preserving (0,4) supersymmetry.

95



Any solution to the “master equation” (4.4) for the metric on M, will furnish a
solution with varying axio-dilaton. In fact, solutions have been found previously in
the literature for My, [56,57] and in the following section we shall discuss a particular
example. We begin by writing the full local solution with varying axio-dilaton, and
subsequently we will investigate its global regularity, including quantisation of the
fluxes. The computations are very similar to those presented in [56,57] for the
solutions with constant axio-dilaton. We include the details below and in appendix
C.1 in order to be self-contained and to highlight some subtle features, which were
not emphasised before.

The solutions bear an uncanny resemblance to the five-dimensional Y79 Sasaki—
Einstein manifolds [32]. Following the ideas in [58], this connection will be sharpened
by a dual field theory discussion in section 4.3, where we will propose that the dual 2d
SCF'Ts are obtained from a particular twisted compactification of the Y79 theories
on a curve, with a varying coupling.

The local metric in string frame is

B 1

ds?IB(SF)
A/ AT Ty

{dsz(Adsg) + ﬁ (w[dw + g(2)D¢]?* + 4axds*(By) (4.43)

2
ta (Y L Ui a4 sinzoay?) )| L (4.40)
22U w

with RR five-form flux

1
F = —%dvol(AdS;),) A (2@1:2 (DY — g(x) Do) A dz + 2dvol(Bs) + idvol(SQ))
1
+ﬁDw AND¢o N dx A (dvol(Bg) + @dvol(éa))
U
+ﬁdv01(32) A dvol(S?) A (wa — wg; Dgzﬁ) ) (4.45)

The axio-dilaton varies holomorphically over B, = P!, such that the total space of

the elliptic fibration Y,, E, < Y, — Bs, where the axio-dilaton parametrises the

complex structure of the fiber, is a K3 surface. The warp factor is e *#(®) = gz and
in the above expressions we have used the following definitions
Ux)=1-a(l—2)*, wx)=1+al2z-1), g(z)=— a(:v) : (4.46)
w(x

D¢ =d¢+cosfdy , DY =dy+ g(x)Dg ,

with a an integration constant. After performing the global regularity analysis, that
we include in appendix C.1, one discovers that a takes rational values, given in terms

of two integers p, q. The resulting Type IIB solution takes the form

AdSz x P x 9P, PP = (St — Fy), (4.47)
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where 2)P9 is a circle fibration over Fy = S? x S?, with Chern numbers p and q,

respectively, that are related to the parameter a as
a=—. (4.48)

Of course the Kahler metric on this Fy is not the Einstein, direct-product metric on
S? x S,
Regularity of the metric requires that @ > 1, which implies that the integers p, q
obey
O<p<gq. (4.49)

This notation is closely related to the one in [32], and a further discussion of the
relation to the standard Y is provided in appendix C.1.
Flux Quantisation

Finally, we need to check that the flux of the solution is properly quantized, i.e.

N(D) = m /D Fez (4.50)

for any five-cycle D € Hs(My;Z). There are two independent five-cycles in My =
P! x PP namely P9 at a point on the base B, of the elliptic K3, and E x By =
E x P!, where the F is the unique generator of H3()"9;7Z). The flux as given in
(C4)is

1 1
mF® = — (@(Da — 9(x)Dg) A dw + 2], + 5 sin 6d6 A dx> : (4.51)

Due to the self-duality of the five-form flux, it is the Hodge star of the above two-

form that needs to be quantised. An explicit computation reveals that

1
m* s, F@ = %Da A Do Ndx A (dvol(Bg) + 4—x2dvol(52))

g VO VO 2 roo — U(I‘)
+ Sdvol(By) A dvol(S )/\( D w(x)D¢) . (4.52)

The flux through the cycles 2P is

1
/ PO = — ©_sinfde A df A dy A Da A Dg
DL m= Jyp.a 16z

- (2277;): (p(p?q—4 q2)2) ' (459
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Which implies the quantisation condition

1 N 2 2\2
L N -a) 7 (4.54)
(2mls)tgsm*  4Am3 q
where® )
— F=—-N, NEeN. 4.55
(271'&)495 /g)p,q ( )

The integer N is interpreted as the number of D3-branes along R%! x P!,

To perform the quantisation over the other five-cycle, we must first identify the
correct generator for H3("9;Z). It is not simple to identify this three-cycle in the
metric as it is not a product metric. There are four easily identifiable three-cycles
at each of the degeneration surfaces with further discussion of these degeneration
surfaces is provided in appendix C.1.3. Let the generator of H3(Q"%7Z) be de-
noted F, and the three-cycles at each of the degeneration surfaces be E* where
a € {+,—,0,7}. The closed three-form dual to the generator E is

p2—q2
~

Ws

{Da A D¢ Adx + (:vDa - %ng) A dvol(SQ)] (4.56)

and satisfies

/Ewg =1. (4.57)

One may use the above three-form to verify that the following homology relations
E+:<p+q)E7 E_:(p_q)Ev EOZEﬂ:_pEa (458)

hold true. Then the integration of the five-form flux over the five-cycle E' x By gives

1
/E B*7F(2) i o %dV01(B2) A (Da ANDo A dx + (xDoz — IUUEg D¢) A\ dvol(52))
dam? . 2
T e /Ew WOlB) s =5 e — gy VO - (499

Flux quantisation imposes

1

—_— F=-M MeN 4.
(2mls)*gs /ExB2 ’ % (4.60)

which may be interpreted as quantisation of the volume of By

M pq2

VOI(BQ) = TqQ — pQ .

(4.61)

This concludes the discussion of the new AdS; solutions in F-theory dual to (0, 2)

5We chose this sign to ensure that N > 0.
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SCFTs. In the following we will use these to test the duality by comparing holo-
graphic charges with the dual field theory observables.

4.2 Holographic Charges

To compare physical observables with the dual SCFTs, we now turn to computing
holographically the central charge as well as the R-charges and baryonic charges of
baryonic operators, which will be compared to the dual field theories in section 4.3.
At leading order in IV, the results of the holographic computations presented in this
section also apply, with minor modifications, to the holographic duals with constant
axio-dilaton [58].

4.2.1 General Considerations

The leading order central charge is computed using the standard Brown-Henneaux

prescription [72], relating it to Newton’s constant Gy in 3d as

3

Csugra = m ) (4.62)
This can be extracted from the solution by computing the volume of the compact
part of the spacetime M;. We remark that in all the solutions presented above the
bases of the elliptic surfaces and three-folds considered above are singular. Never-
theless, the volumes of these spaces can be computed indirectly either by using flux
quantisation or relating it to various topological quantities. Here we furthermore
assume that the fibration is a smooth Weierstrass model, i.e. with only I; fibers.
This will allow us to circumnavigate having to resolve any additional singularities,
in passing to an M-theory picture. A similar logic was employed in [59], and cross-
checked against a smooth M-theory dual, field theory and anomalies. Using the

conventions in appendix B.6 we have

3 / I
Conarn = ———— [ efldvol(My) | 4.63
g QMGE\}O) M ( 7) ( )

where GU” = 2376¢.% is the 10d Newton’s constant.

The subleading contribution to the central charge can be determined by anomaly
inflow on the 7-branes as in [59], which follows an argument presented in [37]. Start-
ing with a single D7-brane whose world-volume is extended along Ws, the Wess—

Zumino term in the effective action of the D7-brane induces a 3d CS coupling by

_ /4L77T2€s4

CHYANTH(RAR), (4.64)
24

SC’S
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with py = ((27)7€%gs)~*. The results of [74] allow one to extract the subleading

contribution from the coefficient of the Chern-Simons term

Scs(AdSy) = L / wes(AdSs) . (4.65)
96m  Jaas,
One should then sum over all the 7-branes in the solution.
The number (and type of) 7-branes in the background are encoded in the elliptic
fibration. In the simplest case of an elliptic surface E, < S&™ — X the number of
7-branes, assuming only I; fibers, is given by 12deg(Lp). The canonical bundle of

the total space of an elliptic surface is

1A
Ksp=m" | Ks+ ) aiP; | . (4.66)
=1

where 7 is summed over the components of the discriminant A of the elliptic fibration
and a; are coefficients determined by the type of the singular fibers and 7 is the

projection to the base. For I fibers as considered here a; = % In order to satisfy
Rsy = —3Jxs = —Ks; , and Ry =-3Jx —dQ = —Kx, (4.67)

one obtains that the number of I; fibers is
|A| = 12deg(Lp) . (4.68)

Notice that for an elliptically fibered K3 surface, whose base is necessarily a P!,
deg(Lp) = c1(P') = 2 implies the well-known result of 24 7-branes.

We will also compare R-charges and baryonic charges in the holographic duality.
Recall that in the Sasaki-Einstein setup one may compute these by evaluating the
volumes of certain supersymmetric three cycles {¥;}. Below we present a version of
this computation in the context of the AdS; solutions of interest. We assume that,
similarly to their AdSs counterparts, D3-branes wrapped on Y; give rise to BPS
particles moving in AdSz, which we conjecture to be dual to some baryonic-type
operator in the CFTy. These are spin-0 BPS objects, and in 2d their conformal
dimension equals their R-charge. Denoting by By, the operators in the dual field
theory associated to the three-cycle ¥3;, the conformal dimension is

RiBs] = AlBs] = X Efzi] , (4.69)

where M|[By,] is the mass of the wrapped D3-brane. As our solutions include a

warp factor for AdS; depending on the internal manifold, the mass of the D3-brane
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wrapped on the three-cycle ¥;, is given by

ef! 1
M[BZZ] = T3 —dVOl(EZ) 5 T3 =

S 4.70
5, m 87]_38549S ( )

where T3 is the D3-brane tension. The factor of % is precisely the warp factor due

to the warping of the time coordinate. In summary

2N [y e dvol(X;)
R|Bs | = d . 4.71
Be]="" T F (4.71)

The volume form with a hat is defined to be the volume form of the unwarped
dimensionless metric obtained from the bracketed expression in (2.51). Notice the
similarity with the formulas for geometric R-charge in warped AdS, backgrounds
[101,102].

The supersymmetric cycles are divisors in the complex cone over My, which
implies that they are calibrated with respect to the four-form %ane A Jeone, With
Jeone the Kéhler form on the 8d metric cone ds? ., = dr? + r*ds?(My). Recall that

unlike in the Sasaki—Einstein case, the cone is neither Ricci-flat nor Kahler, but

instead, as follows from [103], satisfies
d(r~*e* Jeone A Jeone A Jeone) =0 (4.72)

In fact for all the solutions presented above a stronger condition holds. In each of
the solutions presented above there is a distinguished Riemann surface. Define J to

be the Kahler form at fixed coordinate on the cone, then we have
dr2e*® A J)=0. (4.73)

It follows that the three-cycles are calibrated with respect to the above form and
therefore they are supersymmetric cycles.

The final holographic charges that we can compute are the baryonic charges. In
particular, we shall use the observation that the integral of a harmonic three-form
over each of the three-cycles gives the baryonic charges of each of the baryons dual
to that cycle in the field theory up to some overall normalisation which is fixed by
requiring the results are integer. We note that as this result is a topological invariant
we are free to multiply the metric by an arbitrary bounded and non-vanishing warp
factor and perform the computation using the warped metric. We shall make use of

this freedom later.
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4.2.2 Universal Twist Solutions: Elliptic Surface Case

Consider first the universal twist solutions, where ) has an elliptic surface factor
AdS; x ST — (M4 xS8]), E, =8 —3. (4.74)

Recall also that for a fixed coordinate on X the transverse space is a Sasaki—Einstein
manifold SE5; = (S* — M,).
Central Charges

We first consider the holographic charges of the universal twist solution with 7

varying over Y. From (4.63) we have

2 3ir 272 N2vol (X))
Csugra — WVO](SEg,)VOI(E) = W
36n2M
= 2h2y (2(g — 1) 4 deg(Lp)) , (4.75)

where we have used the quantisation conditions in (4.26). In the final step we have
re-expressed the volume of ¥, by using the fact that the Ricci form on X satisfies
(4.17), as

vol(X) = /E Jy = —% (/E Ry, +dQ) - —% (4%(1 —9) +/EdQ> . (4.76)

and using

_ % [ aq - /E e1(Lp) = deg(Lp) | (4.77)
we have

vol(%) = % (47(g — 1) + 2rdeg(Lp)) . (4.78)

Moreover it follows that the central charge is integer for any Kéahler—Einstein base
and any surface Y. To make contact with the field theory this can be related to
the “a” central charge of the 4d quiver theory dual to the Sasaki-Einstein solution
(with constant 7) as

8 a4d d N2’/T3

e = 22 vol(%), h =T 4,
Csug - vol(X) where a ol(SE) (4.79)

we conclude that at leading order in N the central charge is integral and given by

32(g—1 16
Cougra = a4d % + gdeg(ﬁD) . (480)

The first term is precisely the result one obtains for the constant 7 solution.

Notice that even at leading order there is a correction to the central charge due to
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the varying axio-dilaton 7, proportional to the first Chern class of the U(1)p duality
bundle.

We note that this central charge is integer, independent of the choice of Kahler-
Einstein base and curve Y. To see this one should consider the last expression in
(4.75). There are three possible choices for Kihler-Einstein base; CP? with (M, m) =
(9,3), S? x S? with (M, m) = (8,2) and dPy for k = 3,..,8 with (M, m) = (9—k, 1).
Simple numerology shows that (4.75) is integer for any of these choices and therefore
also (4.80).

By using (4.64) and (4.65) we find the contribution of a single 7-brane to the

difference of central charges is

N
A((CL)sugra - (CR)sugra) = 5 . (481)
Therefore the total contribution from the 7-branes is given by
N
(¢L)sugra — (CR)sugra = (number of 7-branes) - 5= 6Ndeg(Lp) . (4.82)

R-charges

Recall that at fixed coordinates on ¥ the U(1)-fibration over the Kéhler—Einstein
space M, is a Sasaki—Einstein manifold, therefore the three-cycles which are dual
to baryonic operators in 2d are the same as those in 4d®. From (4.71) the R-charges

are

Jo e (2)2 dvol(Sy) N i, dvol(S:)

R[Bz}l] =2rN — —
9vol(SEs) 3 vol(SEs)

= RYBy ], (4.83)

where we have used [33,104] to compare with the corresponding 4d R-charge.

Baryonic Charges

During the discussion on baryonic charges we noted that the result is independent
of a rescaling of the metric. Clearly this implies that the baryonic charges for these
solutions will be identical to the original AdSs computation and therefore we shall

not present it.

6The Sasaki-Einstein metric (at fixed 3 coordinates) appearing in the AdSs solution has a
constant rescaling in comparison with the AdSs metric and therefore the volume form on the any
three-cycle differs by a factor of e3# (%)3/2 in comparison with the AdSs normalised metric. We
shall write all volume forms with respect to the canonically normalised metric on the Sasaki-
Einstein manifold with a tilde.
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’ Holographic charge ‘ Result ‘

Congra Po Dl | 160" qeg(L )
(cL)sugra — (CR)sugra 6Ndeg(Lp)
R-charges RED[By, ] = R4 [By, |
Baryonic charges | B®Y[Bg ] = BU4)[By ]

Table 4.1: Holographic charges for the universal twist solution with elliptic surface
S™. Here, a’® is the 4d central charge (4.79) associated to the dual of the AdS5 x SEs
solutions.

4.2.3 Universal Twist Solutions: Elliptic Three-fold Case

Consider now the universal twist solution where )] has a factor given by an elliptic
three-fold. It will be instructive to compare these solutions to the AdSs solutions
in section 2.4.3 in an analogous manner to the way in which the discussion in the

previous section referenced the Sasaki—FEinstein solutions.
Central Charges

The leading order central charge is easily found to be

2.3 . _8m(g—1)N?*  32(9—1) 4
c= —((27Tm€s)4gs)2VOI(M5)VOI(E) = oM g

(4.84)

where a2¢ is the central charge of the 7 dependent 4d field theory dual to the solutions
discussed in section 2.4.3.

As in the previous cases, the subleading contribution to the difference of central
charges can be determined by anomaly inflow on the 7-branes, from the Wess—
Zumino term (4.64) in the effective action of a single D7-brane. In contrast to the
first case, the discriminant locus of the elliptic fibration is now a curve in M,. We
consider only I; singular fibers and thus only single 7-branes are wrapped on curves
C, in the discriminant locus”. A. Imposing that the elliptic fibration satisfies (4.29)
implies

[A] = w, =12¢1(Lp) (4.85)

where w, are the two-forms dual to the curves C,,, which are wrapped by the single
7-branes. Each 7-brane is extended along AdS; x (U(1), — X x C,), where yx is
the angular coordinate with period 27¢ along the R-symmetry direction. The total
contribution to the WZ term is obtained by summing over all the single 7-branes, so
that the effective world-volume can be written as Wy = AdS; x (M3 — X)), where
M; = U(1), — A is a three-cycle in M. The three-dimensional Chern-Simons

"With a slight abuse of notation we denote simply as A the locus {A = 0}.
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term arising from the Wess-Zumino action then reads®

Scs = —/]a/ F A wcg(Ang)
Ws

a7
= e (2) vol (M) / wos(AdSy) | (4.86)
4m AdS;
where
1 27l
vol(Ms) = / A+ ) A Tty = o [ T,
M3 3 3 A
8r2( 9
= 8wl Jmi Nei(Lp) = 3 (c1l(Ma) ANer(Lp) — er(Lp)?)
My My
(4.87)
The gravitational anomaly, by using (4.65), is therefore found to be
24 2.2 — 1 1
CL _ CR — _ 3 m (g )/‘1’7V0 <M3) , <488)

ma

where notice that vol(M3) is essentially an intersection number, providing the ef-
fective number of 7-branes, as in [59].

We will relate ¢, —cg in the dual 2d SCFT to a corresponding holographic quantity
in the parent 4d SCFT, therefore vol(M3) will drop out from the equation. Later we
will show that this relationship is reproduced exactly by a field theoretic calculation,
although we will not attempt to calculate the precise values of the 4d central charges
in specific examples.

Concretely, we wish to identify the above result with the linear 't Hooft anomaly

kg in the 4d theory, and therefore with the difference of 4d central charges ¢*? —a*? =

kr

T&, where recall that

3 1
a' = 35 (3krRR = KR) | = 35 (9krRR = SkR) - (4.89)

For any 4d N' = 1 SCFT with an R-symmetry, the R-symmetry current R,

satisfies the anomalous conservation equation [21,105, 106]

kr v pporr . FRERR Lo
GM(\/ER“> = WGMVPURN m.Rp -+ mﬁu e F/LVFpo'j (490)
where F is the field strength of the background gauge field A sourcing the R-
symmetry current.
Consider the AdSs solutions of section 2.4.3. Recall that for the universal twist

solution to be well-defined the manifold M7 is required to be quasi-regular. As such

8In the following discussion the overall constant of the Wess-Zumino term in equation (4.64)

2, 4
will cancel in the computation and therefore for simplicity we define the new constant fi; = #75 465 .

105



we may write the metric on M as a U(1) fibration over a K&hler base M, as

ds2 (M) = é (dy + 30)? + ds2(My) | (4.91)

with do = 2J,. As we consider only the quasi-regular cases we may fix the period
of x to be 2n/. By changing coordinates as y = £y we define a new 27 periodic
coordinate. As the Reeb vector field is dual to the R-symmetry direction it is natural,
as explained in [104], that a shift in the coordinate x induces a gauge transformation

of the R-symmetry gauge field® A, that is
X—>xX+taAh, A—A+dA. (4.92)

The identification of the constant « is fixed by using the fact that the holomorphic
3-form on the cone is associated to the superpotential and therefore has R-charge
2. The functional dependence of the holomorphic three-form on x¥ may be read off
from

05 = 3iQ2 | (4.93)
which fixes v = % We may include A in the usual Kaluza-Klein ansatz by deforming
the internal metric as

2 2 2
ds?(ME) — (é) (df( + %0 + ZA) +dsA(My) | (4.94)

Moreover, for consistency, the five-form flux must be deformed as'®

20 3 2 1 3
F— (1+*)— ((d)z—i-—U—i-z.A) /\J/\/M/\J/\/(4 —gd.A/\ (dXJFZJ) /\JM4) s

3m; l
(4.95)
which by construction is closed upon using the equation of motion for the new gauge
field d x d.A = 0. The term of the four-form potential of interest is

2 14 3
CyD——AN = |dX+ - A Iy - 4.96
19 =i An (5 (a0 50) ) non (1.96)
In this configuration, the world-volume of each 7-brane is AdS; x (U(1), — C,),
therefore the total contribution from all the 7-branes is obtained by integrating on
the world-volume Wy = AdS; x M3 where M3 = U(1), — A is the same three-

cycle in M that appears in the AdS; solution. We may use this to extract from

9More precisely, here A is a gauge field in AdS5, whose boundary value is identified with the
background R-symmetry gauge field A in the four dimensional SCFT.

0The length scale associated to the AdSs will be denoted as ms in the following. It will be
shown to be proportional to the length scale m in the AdS3 solutions.
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the Wess-Zumino term a contribution to the gravitational action in AdSs given by

Ses=jir | CiATYRAR] = —PTvolMy) [ AATIRAR] . (4.97)
Wy 3m AdSs

According to the gauge/gravity duality master formula, the generating functional

for (connected) current correlators in the boundary theory, iW[A] = log Z[A],

equates the on-shell gravitational action, W[A] = Saqgs,[A], and therefore as ex-

plained in [24] the non-invariance under gauge transformations of the latter corre-

sponds to the anomaly in the dual field theory. Specifically, a gauge transformation

of the boundary gauge field A induces a transformation of the Chern-Simons term

2
SAWIA] = 6xScs = — 2ol (Ms) / dA A TE[R A R]
3y, AdSs
2/i7
= ———vol(Ms) ATr[R AR], (4.98)
3 0AdSs

Mg

implying that on the boundary we have

-
/ AD,(\/GR)dvol(OAdSs) = ——-vol(Ms) / ATI[RAR],  (4.99)
OAdSs 3m OAdSs
where .
TR AR] = 4 €pupo B RO dv0l(OAASs) (4.100)

In conclusion we find!!

mvol(M3) 2072 fizvol (M3)
kp=—N = — 4.101
f 12vol(M]) m? ’ (4.101)

and inserting this into (4.88) we obtain

9 mi
cL — Cp = ZHj(g —1)kg . (4.102)

We may relate the different length scales of the two solutions by comparing the
quantisation condition used to obtain the integer N. In both cases this gives the
number of D3-branes in the solution and should therefore be fixed in flowing from
the AdSs solution to the AdS; solution, by comparing (A.98) and (4.32) we find

9mi = 4m* and therefore we conclude that

Cr, —Cr = (g — 1)]€R . (4103)

1Tt would be interesting to match this formula, using (4.33) and (4.87), to a purely field theoretic
computation in the 4d SCFT.
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R-charges

In a similar manner to the previous section, at fixed coordinate on ¥, which is now
H?/T with T a subgroup of SL(2,Z), equipped with the constant curvature metric,
one finds that the metric on M is the same (up to an overall constant factor) as the
metrics discussed in section 2.4.3. Again we have that the three-cycles of the two
solutions agree and therefore the dual baryonic operators in 2d and 4d are identified.
Clearly by the same arguments as presented in section 4.2.2 the R-charges of the

baryonic operators in 2d and 4d coincide.

Baryonic Charges

As above the metrics agree up to a numerical factor. The topological nature of this

computation implies that the baryonic charges of the 2d theory and the 4d theory

agree.
’ Holographic charge ‘ Result ‘
Cougra Byl g
(e )sugra — (CR)sugra | 16(g — 1)(c™ — a™)
R-charges R®I[Bs, ] = RUD By, ]
Baryonic Charges | B??[By,] = BU49 By |

Table 4.2: Holographic charges for the universal twist with elliptic threefold 7.
Here a?? is the central charge of the dual to the solutions in section 2.4.3.

4.2.4 Baryonic Twist Solution: 2)*% Case

In this final section we shall consider the baryonic twist solutions using 2)"9 as the
example. We expect the computations to extend to other solutions with baryonic
twists in a similar manner.

Central Charges

From (4.63) we compute

_ 6NMp*(q®> — p?)

Csugra =— q 2

. (4.104)

Notice that despite the differences of our solution with respect to the constant 7
version discussed in [56], the value of the holographic central charge (4.104) agrees
eractly with the value obtained in eq. (4.18) of [56]. We anticipate that this is a
general property of the baryonic twist solutions, that does not depend on the details

of the M geometry. More precisely, for any solution of the type AdSz x T? x MZ
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and constant axio-dilaton, we can construct a solution of the type AdSz x P! x MZ
with axio-dilaton varying holomorphically on P!, such that the F-theory lift has an
elliptic K3 factor. These two solutions will have equal holographic central charges,
at leading order in V.

The subleading contribution may also be simply computed from the geometry.
Moreover it can be seen that the result is independent of the choice of M], one
obtains the universal contribution of % for a single 7-brane. For a K3 surface the
number of 7-branes for a consistent geometry is 24 and therefore the subleading
contribution is

(CL)sugra_(CR>sugra = 24 = 12N . (4105)

N
2
Notice that although at leading order the central charges of the solution with con-
stant and varying 7 agree, the subleading contribution (4.105) is clearly zero in the
model with constant 7, as there are no seven-branes. In the next section we will
argue that in the dual field theory side this result is exactly reproduced combin-
ing contributions that come both from the bulk modes (3-3 strings) as well as 3-7
strings. Note that there are O(N) terms in the bulk for the theory with varying
coupling, that are due to the duality twisting.

R-charges

The three-cycles in the geometry that are calibrations are the four three-cycles
located at the four degeneration surfaces of the metric. Recall that at each degen-
eration surface a Killing vector has zero norm, which determines a codimension two
locus (namely a three-manifold) in the geometry. By explicit computation one can
see that the volume form on the three-manifolds will be equal to the pullback of this

closed four-form and hence these cycles are calibrated. We find

q> —p?
R[Bs,]=R[Bs ] =N T
p2
R[BZO] - R[Bzﬂ] - N? . (4106)

Observe that the sum of the normalised volumes of submanifolds satisfies exactly

the same relation to their Sasaki—Einstein counterparts, namely
R[Bs,|+ R[Bs_| + R[Bs,| + R[Bs,] = 2N . (4.107)

It would be nice to obtain a general proof of this formula, analogous to that in [30].
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Baryonic Charges

As discussed in the introduction of this section we are free to multiply the metric by
an arbitrary warp factor so long as the warp factor is bounded and non-vanishing.
We shall make use of this freedom to find such a harmonic form. As dim[H3(9"9)] =
1 there is a unique closed three-form representative which may be extracted from

(4.52) and is given by

wy =k (Da A D¢ A dz + dvol(S?) A <xDa _Ul) Dgzﬁ)) . (4.108)

w(z)

Observe that for the warped metric on P9
ds? = e *ds?*(PPT) (4.109)

this three-form is both closed and co-closed and therefore harmonic. The constant
k, fixed by requiring that the results are integer, is k = —%. Integrating this

over the three-cycles we find

/ WBZ/W:S:pa / WSZCI_pa / w3:_<q+p) (4110)
Yr >0 >_ E+

which gives the baryonic charges of the fields and agrees with the result in (C.41)
for the would-be GLSM charges.

Holographic charge Result
P =)
(CL)sugra - (CR>Sugra 12N
hech RP[Bs] = ROI[By ] = N
-charges
RO[By| = REV[By,] = N
BCY(By,] = BBy, ] =p
Baryonic charges BCI[Bg ] =q—p
BCY[By,] = —(q+p)

Table 4.3: Holographic charges of the Baryonic twist for )¥9.

4.3 Dual Field Theories with Varying Coupling

Field theories with spacetime varying coupling are not a new concept in itself. How-
ever, the inclusion of S-duality monodromies specifically in 4d A =4 SYM and, as
we will see, generalizations to N' = 1, have only received attention recently in [16,18].

We saw previously that the field theory central charge in the (0,4) case was deter-
mined by the UV spectrum. For (0,2) SCFTs in 2d the U(1)g R-symmetry mixes
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with global symmetries along the RG flow and one must invoke c-extremization to
compute the central charges [22] (see also [107]) in the IR.

In the remainder of this section we shall discuss in general field theories with
varying couplings and c-extremization before using these techniques to match the

holographic charges obtained previously.

4.3.1 Duality Twist for 4d N =4 SYM

For 4d N' = 4 the question arose in the context of D3-branes in F-theory, which
naturally implements the varying complexified coupling 7 in terms of a complex
structure of an elliptic curve. Field theoretically the 7 variation along a curved
manifold, e.g. a complex curve or surface, together with retaining some supersym-
metry, implies that a particular new topological twist needs to be applied to the
field theory. This topological duality twist was first introduced for abelian theories
in [15], and a proposal for the non-abelian generalization was put forward based on
a realization in terms of M5-branes in [16]. For D3-branes wrapped on curves along
which the coupling varies, the duality twist was implemented in [18,19].

The key point about the topological duality twist is that fields and supercharges
transform as sections of a duality bundle £p with connection given in terms of
T =71 +i1 by Q in (1.8). The transformation of the supercharges is such that they
have charge £1/2 under this U(1)p:

Qo — 0Q,
Qs — eQ, (4.111)

where ) = (cr+d)/|cr +d| for v = (* ") € SL(2,Z). The remaining fields of the
N =4 SYM theory are charged go = 0 (scalars), ¢gp, = F1 (where Fy = \/7(F +
xF)/2) and g\ = —1, g5 = & (fermions). To offset this transformation the duality
twist redefines the U(1)p with an R-symmetry transformation. More generally for
spacetimes of the form My = RY! x C the twist can involve U(1)¢, U(1)p and an
R-symmetry U(1)g, as discussed in [18].

One of the classes of solutions that we will encounter is the compactification of
a 4d N = 1 theory on a curve C' = P!, which is the base of an elliptic K3. This
has many similarities to the elliptic K3 compactifications of F-theory as discussed

in appendix D of [18]. Briefly, in this case the twist only requires one to combine

1
Ui T =5 (T —=Tp) (1112)

without an R-symmetry twist. The resulting theory has 2d (0,8) supersymmetry.
The fields are counted by cohomologies h*/(C), depending on the twist charges
Giwist = —1, 0,41 corresponding to (7, 7) = (1,0), (0,0), (0, 1).
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The analysis for strings arising from wrapped branes was largely performed for
abelian theories. The generalisation to non-abelian is somewhat more subtle, and
needs to be performed using the approach in [16], mapping the issue to M5-branes
on an elliptic surface 6, which geometrizes the axio-dilaton variation in terms of
the elliptic fiber.These theories have been further studied in [108] using anomaly
arguments.

For N' = 1 theories in 4d, similar compactifications with spacetime dependent
couplings can be defined. Although not every such theory has a duality group,
whenever there is a holographic dual setup, and an embedding into Type IIB (or
F-theory), the theory should have an induced U(1)p symmetry. One way to argue
for this is presented in [34] by Intriligator, where the so-called bonus-U(1), which
for the abelian theories was identified with U(1)p in [16]. Again there is a question
of how to generalise this to non-abelian theories, where there is no manifest way to
define this duality symmetry. We should remark that this symmetry for the abelian
theory is a symmetry only of the equations of motion, not of the action. From
considerations in [34], the bonus symmetry is an approximate symmetry only for
certain observables in a particular limit, namely when both stringy and D-stringy
corrections are suppressed, but then should also be a feature of 4d N' = 1 theories.

Here we will consider well-known quiver gauge theories with Type IIB Sasaki—
Einstein duals, for which we will discuss generalisations of the “universal twist”
and “baryonic twist” [58]. The first class of theories is characterised by having
rational R-charges in four dimensions, and otherwise unspecified global symmetries;
examples include A" = 4 SYM and the Klebanov-Witten model, but more generally
the theories discussed in section 2.4.3, which are the most general F-theory solutions
with AdSs factors dual to 4d N' = 1 theories. The second class of theories is
characterised by having a global baryonic global symmetry, and may have rational
or irrational R-charges in four dimensions; our main example will be the Y79 quivers
[29]. In all cases, the R-charges of the 2d SCFTs will be rational.

In the gauge theories each node of the quiver has a complex coupling constant 7;

and the diagonal combination

T=Y 7 (4.113)

is identified in the dual supergravity solution with the axio-dilaton of Type IIB.
Unlike the case of N' = 4 there is no direct way to identify the charges, but we will
argue that the fermions are all charged in the same way, exactly as in N' =4 SYM.
The argument to support this uses the duality with AdSs: although the bonus U(1)
is not an actual symmetry of the theory, it is a symmetry for large N and for short
operators. In the holographic dual these correspond to Kaluza-Klein modes on the
compact part of the supergravity solution. As the latter have definite charges under

U(1)p, the expectation is that the dual states will also have a well-defined charge.
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The state of the art of the KK-spectrum on Sasaki-Einstein manifolds was obtained
in [109).

We begin with 4d &' = 1 with supercharges Q@ = (2,1) and Q = (1,2) under
SO(1,3),, and reduce them along the curve C'

50(1,3)[, — SO(I, 1)L X U(l)c
(2,1) — 1l..01 _
(1,2) — 1. @®1_.. (4.114)

The duality charges are conjecturally go = —1 and g5 = +1. Then performing the
topological twist as in (4.112) results in two scalar supercharges of negative chirality
(i.e. 1__ and 1_, in the above equation). For abelian N' = 1 theories the multiplets
are such that the scalars are uncharged under the U(1)p and the fermions carry all
the same charge, which agrees with that of the supercharges. This is much alike
the charges in the NV = 4 SYM case. For the non-abelian theory, we proposed to
study the theory in a mesonic or Coulomb branch, where using anomalies we can

determine the central charges, this has been verified in [108].

4.3.2 Twisted N =1 Field Theories

Before addressing the dual field theory interpretation of the solutions we discussed in
section 4.1 we review some aspects of the dualities proposed in [58] for the solutions
with constant 7 [31,100]. We will follow the notation of these references, except,
when we discuss the baryonic twist of the Y74 theories where we will be careful in
distinguishing the parameters p, ¢ in the field theories from the parameters p, q in the
gravity solution [31,100]. As we have already mentioned, although these parameters
can be formally identified, they turn out to be defined in disjoint domains.

A 4d N =1 field theory can be compactified on a Riemann surface C, of genus
g by performing a topological twist that preserves N' = (0,2) supersymmetry in
two dimensions. Although the details of these two-dimensional theories may be
complicated to work out, if these flow to (0,2) SCFTs then many of their properties
can be inferred by employing the method of c-extremization [17]. In particular, this
method allows one to determine the 2d central charge cg of these theories, starting
from the 't Hooft anomalies of their “parent” four-dimensional theories. The most
reliable method to implement this is to consider the anomaly polynomial I4 of the
N =1 4d theory, that can be usually computed exactly starting from the fermionic
field content of the 4d theory. This is given by

1 1
Is = gijKa(fz) Aer(Fp) AN e(Fr) — ﬂklcl(f[) Api(Ty) (4.115)

where the index [ runs over all the U(1) global symmetries of the theory. Here
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c1(Fy) are the first Chern classes of the different U(1); bundles and p;(T}) is the
first Pontryagin class of the manifold the theory is placed upon. The constants kjjx
and k; are the cubic and linear ‘t Hooft anomalies which can be determined from

the charges of the fermions in the theory, namely
kryx = Te[U(1);U(1),U(1) k] = ZQET}Q% ; kr="Tr[U(1),] = ZQ} (4.116)

where ¢} denotes the charge of the i-th fermion under U(1);. This can be reduced
to the anomaly polynomial I, of the 2d theory by integrating it over C,, which in a

similar notation, reads

1 k
1, = §k1J01(.F]> A\ Cl(]:J) - ﬂpl(T2) . (4117)

In the (0,2) SCFT we can then read off the central charges cg and the gravitational

anomaly as
CR:?)]{?RR, CR—CL:]{?. (4118)

In general, to compute the k;; and k one requires information on the spectrum of
fermions of the 2d theory, but for theories coming from a parent 4d theory with

known 't Hooft anomalies, these can be extracted simply from

]4:/ Is . (4.119)
C,

g

The 2d superconformal U(1)r symmetry is determined by extremizing the trial krg.
The topological twist can be performed by switching on background gauge fields
for the various global symmetries of the 4d theory, with quantised fluxes through

C,. Consider a quiver gauge theory'? for which the global symmetries are
(UMW) p)™ x (U(1)p)"s x U5, (4.120)

where F' stands for flavour and B stands for baryonic symmetries, respectively. The
superscript on the R-symmetry-factor emphasises that this is the exact supercon-
formal R-symmetry of the interacting 4d SCF'T, determined by a-maximization.

In the notation of [58], the topological twist can be generically performed along!?
ng ng o
T‘twist - Z bITI + Z BITB] + §Téd s (4121)
I I

where Ty, Tpg,, Ta? are the generators of the respective global symmetries and x =

12Twisted compatifications of various four-dimensional quiver gauge theories were studied in [110]
and further examples of dual supergravity solutions will be discussed in [111].

3T wist Tefers to the combination of symmetry generators that are used to twist the local Lorentz
symmetry along the curve.
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1,0, —1for genus g = 0,1, or ¢ > 1, respectively'*. Here b7, B; are suitably quantised
parameters, and the factor § is determined by requiring that the Killing spinors on
Cy become constants, as usual. Notice that as the Killing spinors are not charged
under the other global symmetries, this particular way of preserving supersymmetry
does not fix the parameters by, B;.

Note that when x # 0 the twisting (4.121) makes sense only when U(1)% is a
compact symmetry. In particular, for the Y74 theories this is true iff z = \/m
is an integer and the 4d R-charges are rational numbers. This implies that generically
the 2d R-charges will be rational numbers. When x = 0 (namely for Cy—; = T?)
there is no twist by the 4d R-symmetry and therefore one can start from 4d field
theories with irrational R-charges. In the next section we will explain a variant
of this twisting, in which we can again start from a 4d field theory with irrational
R-charges, and nevertheless compactify this on a Cy—y = P*.

The R-symmetry U(1)% of the (0,2) theory can in general mix with all the global

symmetries of the 4d theory!®, namely in terms of generators we have

ng np

T, = Y aTi+ ) e Tp + T (4.122)

I I

where €7, €, are a priori real numbers that will be determined my extremizing the
trial 2d central charge as a function of these parameters. This calculation was per-
formed in [58] for various examples, using the index theorem to count the fermionic
zero modes in 2d [112]. As discussed above, however, the computation using the
reduction of the anomaly polynomial of the 4d theory is more robust, as there is no
need to assume that the theory is weakly coupled (which is not a correct assumption

for most A = 1 theories with Sasaki-Einstein duals).

Universal Twist

This twist can be applied to any theory provided the 4d R-charges are rational, and

consists in taking

Tiwist = g W (4.123)
where Kk = —1. Assuming a general parameterization as in (4.122) the outcome of the

extremization procedure is that e; = ep, = 0, so that the 2d and 4d R-symmetries

are identified!'®, namely R?* = R4,

1Tn this equation it is assumed that C, has constant curvature.

15 A priori, there can be global symmetries that emerge in the 2d theory. In this case c-
extremization (like a-maximization) cannot be used effectively to determine the R symmetry in
the IR.

16This holds if the 4d 't Hooft anomaly coefficients obey krrr = kr = 0 and krrp = kg = 0,
which is true for all quiver gauge theories with toric Sasaki-Einstein duals [113].
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At leading order in N, this yields the universal relation
cr=cp = —(g— 1a* . (4.124)

Recalling that (at leading order in V) in 4d theories

a*t = 3% (R —1)* (4.125)

one sees that (4.124) is indeed equivalent to B¢ = R* and

cr=-3-2(g—1)> (-3) (R = 1)(R*" - 1)*, (4.126)

i

where —3(R* — 1) is the net number of 2d fermion zero modes associated to each
4d fermion.

The results of section 4.2.2 may be used to compare with the constant 7 version
presented here by setting deg(Lp) = 0. We see that, as noted in [58], the central
charges match exactly. Moreover we see that the holographic computations for
constant 7 implies that ¢, —cg = O(1) as follows from the field theory computation.
Finally the results for the R-charges as presented in section 4.2.2 are in agreement

with the results from the field theory computation.

Baryonic Twist

Let us now consider theories that possess at least one baryonic symmetry with
generator Tz, so that we can twist as

K

ﬂwist - BTB+ 9

Ta (4.127)

and in particular the theories can now be compactified on a torus, C; = T2, with
k = 0. This twist is purely baryonic and for concreteness we focus on the Y4
theories, which have ng = 1 and ng = 2. One finds that extremizing krpr gives

9
6 =0, =212 ep=L_2% (4.128)

and

6Bp*(p* — ¢°)

7 N?% . (4.129)

Cr =¢C, = —
Note that B < 0. As remarked in [58], from (4.128) we see that the 2d superconfor-
mal R-symmetry involves mixing the 4d one with the baryonic symmetry. Moreover,
notice that despite the mixing coefficients €5, eg and the 't Hooft anomalies being

irrational numbers, this irrationality drops out of the final expression for cg.
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This result matches that of the holographic computation [56] (c.f. (4.104)) upon
making the following identifications [58]:

p=p, d=¢, M=BN. (4.130)

Some comments are now in order. First of all, we note that since p < q and p > ¢,
strictly speaking this identification is contradictory. This issue was overlooked in
the literature and certainly deserves further scrutiny in the future. Here we will
not attempt to resolve it, but we will make a number of checks that confirms the
plausibility of these identifications.

So far the only assumptions we made on the 2d field theories are that they are
(0,2) SCFTs and that their global symmetries are the same as those of the 4d parent
theories. Assuming in addition that in the 2d SCFTs there exist 2d descendants of
the 4d baryonic operators, we can perform some further checks. The 2d R-charges
of the (naive) 2d reduction of the fields Y, Z, U,, V,, can be computed from (4.122),

namely using
R*[X24] = €2Qp,[Xud] + €5Qp[Xud) + R*[Xud] . (4.131)

Plugging in (4.128) and the values of the 4d charges gathered from Table 1.2 we

obtain

R*[Yay] = R*[Z0g) = L2

q2

2
R¥[Us,] :% . RM[Vp =1, (4.132)

in agreement with the results (4.106) for the normalised volumes of calibrated sub-
manifolds. However, in the field theory the R-charges associated to the fields Y
and Z are negative, indicating that a better understanding of the duality proposed
in [58] would be desirable.

4.3.3 Duality Twisted N/ =1 Field Theories

In this subsection we shall extend the above computations to compactifications of the
four-dimensional theories on a Riemann surface C,, with 7 varying (holomorphically)
over this. In particular, we shall promote the U(1)p symmetry obtained for varying
7 to be a line bundle over the Riemann surface C,, with curvature two-form d@),
implying that we must introduce additional terms to the 4d anomaly polynomial for
this bundle.

This might seem counter-intuitive at first, since the U(1)p is not a classical sym-
metry of the field theory [34]. On the other hand, more abstractly one can think

of anomalies as arising from non-invariance of the generating functional of current
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correlators, which transforms as the section of a bundle. We can then define the
anomaly (polynomial) associated to the line bundle £p even if U(1)p is not a classi-
cal symmetry. This is furthermore supported by the presence of the U(1) p symmetry
in two separate regimes — most clearly shown for 4d N' = 4 SYM: the large N limit,
where the holographic dual has a U(1)p induced from the Type IIB axio-dilaton,
and in the abelian theory with N = 1 where the equations of motion are also in-
variant as shown in [15,16]. Clearly, further clarification of this point would be very
desirable.

By introducing the additional curvature terms of the £, bundle, the 4d anomaly

polynomial I is modified as

1
Ig =I5+ Ekpjjcl(fp) N Cl(FI) A Cl(.FJ) + kDD[Cl(.FD) A C]_(.FD) AN Cl(./_‘})

1
+ kpppcl(fp) A\ Cl(]:D) A Cl(]:D) — ﬂkpcl(fp) /\pl(T4) s (4133)

where I € {R, By, F;} as before. The anomaly polynomial for the 2d theory, I] is
again computed by integrating I§ over Cj.

To get started we should now determine the additional ‘t Hooft cubic and linear
anomalies involving U(1)p. We shall argue that the cubic and linear anomalies
involving the duality bundle will scale as N and by making a plausible assumption
we will be able to compute subleading contributions to the 2d anomalies, obtaining
perfect agreement with the holographic computations.

Let us consider for example the linear trace
kp = T[UW)p] =D dp, (4.134)

where the sum is over all the fermions (of the 4d theory) and ¢4 are their charges
under U(1)p. However, exactly as for A/ =4 SYM, in the non-abelian theories the
bonus U(1)p is not a symmetry [34] and therefore these charges are not meaningful.

To circumvent this problem, it is expedient to Higgs the A" = 1 quiver theories
with gauge group G = SU(N)X to an abelian theory, at a generic point of the
(mesonic) vacuum moduli space. In the low energy limit this theory has gauge

group U(1)N-1

and contains N — 1 vector multiplets and 3N chiral multiplets,
parameterising the flat directions of the mesonic moduli space, that is the symmetric
product of N copies of the related Calabi-Yau three-fold conical singularity X =
C(Y), Sym™¥X. See [114] for some discussion in the case of the Klebanov-Witten
model with G = SU(N)?, and [115] for an explicit analysis in the Y7 theories.
This is an abelian theory for which U(1)p is now a symmetry of the equations of
motion, and we can infer the charges of the fields under U(1)p from the supergravity
analysis.

As we recalled in the introduction, in our conventions the supergravity Killing

118



spinors have charge qp = —1/2. In the boundary (abelian) field theory this trans-
lates to the fact that the scalar field ¢ and the fermion field ¢ in a chiral multiplet
have U(1)p charges satisfying qp[¢] —qp[t)] = —1/2. The U(1)p charge of the scalar
bifundamental fields can be fixed by an extension of the arguments in [34], by not-
ing that mesonic gauge-invariants operators (closed loops in the quiver) correspond
to scalar harmonics on the Sasaki-Einstein manifold Y that are in 1-1 correspon-
dence with holomorphic functions on the cone [116]. In particular, these modes
are fluctuations of a mixture of the metric and the RR four-form potential [117].
Since these are both inert under SL(2,R) transformations, it follows that an in-
finite tower of dual scalar operators is uncharged under U(1)p. In N' = 4 SYM
these operators are TrX X% ... X% [24] and correspond to a KK tower on S?,
uncharged under U(1)p [118]. This clearly implies that the scalar bifundamental
fields themselves must be uncharged and therefore the fermions in the chiral mutli-
plets have gp[i] = 1/2. The U(1)p charge of the gauginos is fixed by the (abelian)
supersymmetry transformations to be gp[A] = 1/2. Putting all together, we obtain
kp = %3]\[ + %(N —1) = 2N — % (at a generic point on the Higgs branch),
(4.135)
It remains to justify the assumption that, differently from other symmetries, for
U(1)p there are no other contributions on the Higgs branch, arising from integrating
out the massive off-diagonal modes [119,120]. This is plausible, as at the origin of
the Higgs branch U(1)p ceases to be a symmetry. Moreover, this scaling with N is
fully consistent with the results for the (0,4) theories that we discussed in [59].
Using this prescription it is straightforward to compute the mixed cubic anomaly
coefficients involving one D index, kpy;. However, the result of this computation
will provide for us the subleading term!” of cg, which we have not attempted to
compute holographically, and therefore we do not present the results here. It would
be interesting to compute this performing a KK analysis of the U(1)g isometry
in the geometry, along the lines of [74]. Below we will discuss the matching with
the holographic computations of cg,c; at leading order in N, and of cg — ¢y at

subleading order.

Universal Duality Twist: Elliptic Surface S] Case

Let us now consider the field theory dual to the solutions discussed in section 4.1.1
and compare with the results of section 4.2.2. Like the universal twist solutions
revised above we shall compensate for the curvature of the base by coupling the 4d
R-symmetry to a background field. This is however not sufficient to cancel off all
of the curvature of C; and we must also twist with U(1)p. As before we allow the

2d R-symmetry to mix with the flavour and baryonic flavour symmetries, but we do

"There is no contribution to cg from the 37 sector, therefore this is the full contribution.
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not allow it to mix with U(1)p, as implied by the analysis in the gravity side. The
topological twist ensures that the Killing spinor equation on ¥ admits a constant
spinor solution. To achieve this, couple to two background fields A; (unlike the
constant T cases) as

and tune these fields to cancel off the spin-connection on . On X there is a single

non-trivial component of the spin connection which satisfies
dw? =R =-3J-dQ . (4.137)

Requiring that 7 is holomorphic on ¥ implies that the spinor on X satisfies the pro-
jection condition v'2¢ = —ie and therefore requiring that a constant spinor satisfies

(4.136) implies the topological twist
dA4, = —-d@, dA, =3J, (4.138)

which is precisely like the topological duality twists in [18,59] and results in the
twisted U(1)

1
Towiss =Tp = 5 ) (4.139)

whilst the trial R-charge is given by
ng ng
T =T + Z erlr + Z €s, 1B, , (4.140)
I I

note that U(1)p does not mix in the trial R-symmetry.
Concretely the twisting induces the following identifications of the curvatures of

the various bundles
Fa o FE b

4d 2d 2d
‘FF] _>‘FF[+€I“FR’

4d 2d 2d
‘FBI —>‘FB[+€BI‘FR7

./_"éd — 27T61(£D) ,

(4.141)

where F' are the flavour symmetries and B the baryonic symmetries. Upon extract-

ing the krp coefficient and extremizing with respect to the €’s one finds
EIZOZGBI, (4142)

and therefore there is no mixing in 2d of the exact R-symmetry and the flavour
and baryonic symmetries. This is true at leading order but may be corrected at
subleading order due to cubic ‘t Hooft anomalies involving U(1)p. The central

charge is given by cg = 3kgrgr and is obtained from reducing the Iz on the base of
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the elliptic surface, ¥, as

en =D (2(g = 1) + dea(£0)a" (4,143

which is in perfect agreement with (4.80). An important point to note here is that
the central charge has at leading order already a 7-dependence through Lp.
By extracting k from the I] anomaly polynomial we find the subleading contri-

bution to be

(CL - CR)bulk = —k‘D /E Cl(ﬁp) = —k:Ddeg([,D) . (4.144)

The subscript indicates that this contribution arises from the dimensional reduc-
tion of the 4d theory, ignoring the defect modes from the 7-branes. Furthermore,
assuming that the contributions of the 7-branes to the spectrum are again Fermi
multiplets as in [18], we can conjecture that the 3-7 defect modes gives an additional
contribution

(cr = CR)defect = 8Ndeg(Lp) . (4.145)

From the discussion at the begining of this section we have kp = 2N — 1/2 so that

at subleading order we obtain the total contribution
¢, —cr = 8Ndeg(Lp) —2Ndeg(Lp) = 6Ndeg(Lp) , (4.146)

which agrees with the result given in (4.82).

One may also compute the R-charges of the fields from the anomaly polynomial.
As the extremization forces all the €; to vanish one finds that the R-charges of
the 2d fields are the same as the R-charges of the 4d fields, in agreement with the

conclusion reached in section 4.2.2.

Universal Twist: Elliptic Three-fold 7, Case

The field theory duals to the universal twists with an elliptic three-fold factor are
obtained by a twisted reduction of the 4d N/ = 1 SCFTs in section 2.4.3, whose
duals are F-theoretic AdS5 solutions. The field theory is reduced along a curve with
constant 7, so that the standard universal twist of [58] can be implemented as in
(4.123), with the trial R-symmetry given as usual. In the following we shall assume
that the 4d ’t Hooft coefficients still obey krrr = kr = 0 and kgrrp = kg = 0 as
in the toric Sasaki-Einstein case, we make no restriction on krrp and kp. This
starting point implies that the 2d R-symmetry to leading order is given exactly by

the 4d one, and we have €; = €, = 0. In particular the central charge is

32(gs — 1)a(4d)
3 T

Cr =

(4.147)
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which agrees with the holographic result. Moreover the subleading contribution is
given by
cp —cr=(9—1)kg . (4.148)

Since this corresponds to the twisted reduction on H?/T" above which the theory has
no varying coupling this is the exact result to this order. In the constant 7 field
theory one has to subleading order kr = 0 and therefore c;, = cg at subleading order.
As discussed in section 4.2.3, k}, is non-zero at subleading order in the varying 7
field theory, and therefore non-trivial 7 not only modifies the leading order central
charge of the theory it also implies that the left and right moving central charges
differ at subleading order.

As a final check of our results in section 4.2.3 the identification of the 2d R-
symmetry with the 4d one implies that the R-charges of the fields in 2d and 4d are

identical, which agrees with the results presented in the holographic setup.

Baryonic Duality Twist

We now discuss theories with varying coupling, which have a baryonic symmetry. We
can compactify on a complex curve C, of genus g # 1 and preserve supersymmetry
by twisting with U(1)p, as explained in section 4.3.1. As the supercharges are
uncharged under the baryonic (and flavour) symmetries we are free to twist with
these as well. In particular, we take Cy = P!, with curvature given by —d@Q, which is
also the connection of the duality line bundle £p. Concretely, the topological twist
we take is

Tiwiss = BT +Tp . (4.149)

We again assume that the R-symmetry does not mix with U(1)p and therefore we
take as trial R-charge
Tviat = €T + €T + Tt . (4.150)

Under the twisting the curvatures of the various bundles become!®

Tl 7
Fr = Fr

Tt = Fi + eFf, (4.151)
Fit — Fi 4 epFil — Bt, ,

Fi = 2me (P .

The last line is fixed as the compactification geometry is an elliptic K3 surface. The

anomaly polynomial for the 2d theory, I] is computed by integrating IJ in (4.133)

18Note that there is a minus sign difference in the Fp term with that in equation (2.47) of [58].
We fixed this by first recovering the results for constant 7 on a T2 via the anomaly polynomial.
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over the base P! of the elliptic K371

/1 I§ =17 D —(B(krip + k12e2 + kippen) + 2(krip + ki2p€2 + kippen) )i (Fi) A ci(Fr)
P

(B(kpap + koapea + kappep) + 2(krap + kaapea + kappep))ci(Fa) A c1(Fr)
(B(krpp + koppea + kpppep) + 2(krpp + kaeppea + kpppep))ci(Fi) A c1(Fr)
1

[B{krrp + €5(2krp + kBBtB) + €2(2kRRE + ko2p€2 + 2kappep)}

2

+2{krrp + €5(2krpp + kpppen) + €2(2krap + kaapea + 2koppep)}] e1(Fr)?
1

+ 57 (Bks + 2kp)pi (T2) (4.152)

Comparing this with the general structure of the I, polynomial (4.117) and (4.118)
yields

cr = 3krr = —3[B{krrp + €8(2krps + kpppen) + €2(2krrp + kaopes + 2kappep) }
+2{krrp + €5(2krpp + kBBDEB) + €2(2kR2D + k22p€2 + 2kapper)}] |

Cr, — CR — —BICB — 2/{[) .
(4.153)

The exact central charge is obtained by extremizing cr with respect to eg, é€s,
the expression one obtains is prohibitively large and so we do not present it here.
The key is to note how the various 't Hooft anomalies scale with N [108].Those not
involving the duality symmetry, U(1)p will be unaffected by its inclusion and scale
as N2, on the other hand any term involving U(1)p will scale as N and therefore it
will be subleading. Observe that in the universal twist solutions presented previously
a non-trivial variation induces a shift in the central charge at leading order, not just
at subleading order as is the present case.

Note that so far we have not specified a theory, and therefore the conclusion that
the leading order central charge is unchanged with respect to the value of the same
theory, compactified on Cy—y = T' 2 and twisted by Tiwist = BT is quite general.

Specialising to the Y77 quivers, we of course recover the result (4.129)

6Bp? (p* — ¢*)
_ :

N? +O(N). (4.154)

CR =

This is in agreement with our observations from gravity that the corrections due to

7 are subleading in N. Using kg = 0 we also obtain
(cL — cr)buk = —4N + 1, (4.155)

where again the subscript indicates that this contribution arises from the dimensional

19 As the expression one finds for I, is unwieldy we present only the salient terms.
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reduction of the 4d theory, ignoring the defect modes from the 7-branes. For an

elliptic K3 the 3-7 defect modes gives an additional contribution
(CL - CR)defect = 16N, (4156)

so that the total contribution at order O(N) is precisely 12V as in (4.105).

4.4 Concluding remarks

For duals to 2d (0,2) SCFTs we discussed two classes of solutions, which are all
based on the general form of the F-theory solution (i.e. including the axio-dilaton

into the geometric description in terms of the elliptic fibrations) given by
AdSs x (ST — %) (4.157)

Here )¢ is elliptically fibered. The base of this elliptic fibration .//\-/lvﬁ is a Kahler
three-fold. The first class of solutions are of the type .//{/lvﬁ = X X My, ie. a
product of a curve and a surface. This gives rise to the universal twist solutions,
where the elliptic fibration is non-trivial only over one of the two factors. The
key characteristic of these universal twist solutions in F-theory is that they do not
have any Calabi-Yau factors, i.e. the elliptic fibration restricted to > and My,
respectively, cannot be Ricci flat! The second class of solutions is obtained by
imposing that there is explicitly a Ricci-flat factor in the direct product Vi =
My x K3". The resulting solutions are of the type AdS; x K3™ x QP9 or as Type
IIB solution AdSs x P! x P9, where Q)P are circle-fibrations over Fy. These are
the baryonic twist solutions. In each case we determined the holographic central
charges and matched them to dual field theory, where the central charge is obtained
using c-extremization applied in the context of 4d N/ = 1 field theories with varying
coupling. Key to our analysis are various topological twists of the 4d theories that
involve the U(1)p “bonus” symmetry inherited from Type IIB supergravity. In
particular, we have demonstrated in several examples how this twisting affects the
F-theory geometry as well as the dual field theories, through an analysis based on
an U(1)p-augmented anomaly polynomial of these theories.

For the baryonic twist solutions, based on the )% geometries, we have uncovered
some puzzling aspects (see Section (4.3.2)) of the proposed duality with the Y4
quiver gauge theories [58], already present in the solutions with constant 7. It is
clearly an interesting question to resolve these puzzles, and we hope to return to
this in the near future.

Finally, in this section we have shown that a simple extension of the anomaly
polynomial to the “bonus” U(1)p symmetry provides a powerful tool for studying

field theories with varying couplings. Work following this observation was under-
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taken in [108] to make the arguments that we employed in Section 4.3 more rigorous
and to deduce the contribution of the seven-brane modes to the central charges of

the two-dimensional theories.
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Chapter 5

AdS:

During our investigation of AdSs solutions with varying axio-dilaton we stumbled
upon AdS; solutions with varying axio-dilaton, (section 2.4.3) that had not been
appreciated previously. In [7] Type IIB solutions with AdSs factors and an identity
structure were classified with general fluxes. These may be viewed as F-theoretic as
7 is allowed to vary in their equations. The case of vanishing five-form flux was not
considered however, and was implicitly assumed to be non-vanishing throughout.
Attempts to set F5 = 0 later leads to inconsistencies due to division by zero. In
[1] two new supersymmetric solutions were found with F5 = 0 and were the first
of their type. To obtain these solutions the authors began with two well known
AdS; Sasaki-Einstein solutions and perform a Non-Abelian T-duality (NATD) on
an SU(2) isometry to ITA followed by a T-duality along a remaining U(1) to return
to IIB. The supersymmetric solutions that are obtained have seed solutions AdSs x
TWY and AdS; x YP49. Unfortunately these new solutions are singular and it was
hoped that by completing this classification we would be able to find new non-
singular solutions of this form. One can also perform two T-dualities in the spirit
of the above NATD procedure. The resulting solutions have F5 = 0 and can be
viewed as an infinite § limit of a beta deformation [121]. Again these solutions
have singularities which are located at the vertices of the associated toric polytope,
we give an example of these solutions in section 5.4. Finding non-singular AdS;
solutions with vanishing F5 remains an open problem.

We shall again keep 7 arbitrary. Unlike in the AdS3 case presented above we will
not be able to give an F-theoretic interpretation in terms of an auxillary elliptic fi-
bration. Instead the one-form P introduced in section 1.1.1 will appear non-trivially
in various bilinear equations.

We shall use the method of G-structure techniques as before. We find that the in-
ternal manifold admits an identity structure which allows us to determine the metric
and three-form flux completely. The geometry includes a hypersurface-orthogonal
Killing vector which is a symmetry of the full solution and corresponds to the U(1)g

R-symmetry in the putative dual SCFT. Supersymmetry implies all the Bianchi
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identities and equation’s of motion, including all components of the Einstein equa-
tion, similar results are true in [7], though the techniques to show this there do not
work in the F5 = 0 case. We shall present a new singular solution and show how one
of the solutions in [1] fits into the classification. Some technical material is relegated
to appendix D

The content of this section is taken from [122] and from unpublished notes with

N. Macpherson and D. Martelli.

5.1 The conditions for supersymmetry in d =5

We shall follow the conventions and notation of [7] for the Type IIB supergravity
field content, equations of motion, and supersymmetry variations, see section 1.1.1
for further details.

We wish to characterise the most general class of bosonic supersymmetric solutions
of Type IIB supergravity with SO(4,2) symmetry and wvanishing five-form flux.
Namely we require that

Fy=0, (5.1)

which means that the solutions we study correspond to configurations without D3
branes. This is a slight difference to the analysis performed in [7], where it was
(implicitly) assumed throughout that F5 # 0. As pointed out in the introduction it is
not possible to simply set F5 = 0 in the final equations presented in [7]. Nevertheless
much of the initial analysis conducted in their paper can be utilised and we shall
indicate when this is possible and when it is not.

The d = 10 metric, in Einstein frame, takes the form of a warped product
dsfy = e** (ds®(AdSs) + ds*(Ms)) (5.2)

where ds?(AdS;) is the metric on AdSs with Ricci tensor given by R, = —4m?*(gads, ) uw
and ds?(Ms) is the metric on a five-dimensional Riemannian internal space M. In
order to preserve the SO(4,2) symmetry of the metric we require the fields to take
values in; A € Q°(M;5,R), P € QY(M;,C),Q € QY(M;5,R) and G € Q3(Ms;,C).
Notice that with this ansatz the Bianchi identity for Fj is trivially satisfied and it
is therefore consistent to set F5 = 0 without imposing any further conditions.

We will use the most general ansatz for the Killing spinor consistent with pre-

serving minimal supersymmetry in AdSs. This takes the form
e=eM?(PRERIF YV RER) (5.3)

where we have rescaled the spinor by the factor e®/? for later convenience. Here

¥ is a Killing spinor on AdS5 and &; are two independent Spin(5) spinors on Ms.
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Further discussion about the spinor ansatz and conventions can be found in appendix

A of [7]. Requiring supersymmetry to be preserved yields the following conditions

Dyt + 502 ™ G — s = 0. (5.4
Do + %e2A7m1m2anm1m2§1 — %m’mez = 0, (5.5)
YO AL + im&y — %e_ZAGml”m:ﬁml“m%Q = 0, (5.6)
YO0 A&y + iméy — %e_mem“mSvml“mel = 0, (5.7)
Par ™o e M Gy = 0, (5.8)

Ponf™6i e G, 6 = 0. (59)

These can be obtained straightforwardly from the equations (3.3) - (3.8) in [7], by
setting f = 0%

Special cases

The possible stabilizer groups of the Spin(5) spinors ; are the identity group or
SU(2). Consequently M5 may admit either an identity structure or an SU(2) struc-
ture.

Let us first consider the case of an SU(2) structure. This corresponds to setting
one of the spinors to zero, without loss of generality, let us assume & = 0. Then
equation (5.6) reads

YO0 A& = —iméy . (5.10)

Following the use of Clifford algebra identities one can show easily that 0,A = 0,
and inserting this back into (5.10) we reach the contradiction m&; = 0. Whilst
the F5 # 0 case allowed for an SU(2) structure on Mj, comprising the well known
Sasaki-Finstein solutions, we conclude that there are no supersymmetric AdSs x
M5 solutions with F5 = 0 in Type IIB supergravity with M5 admitting an SU(2)
structure?.

Another interesting case to consider is G = 0. Such putative solutions would arise
purely from D7 branes, and would be motivated by F-theory constructions. Setting
G = 0 in equation (5.6) and (5.7) once again gives (5.10) and an analogous equation
for & which implies & = 0 = & and hence no supersymmetry is preserved. We
therefore conclude that supersymmetric AdS; solutions of Type IIB supergravity
with vanishing five-form and three-form fluxes do not exist.

In the remainder of the section we will assume that G is non-vanishing, and that

both spinors &; are not identically zero, thus giving a (local) identity structure on

! f is the constant defined in [7] as F5 = f(dvol(AdSs) + dvol(Ms5)).
2In [123] it has also been shown that in type ITA supergravity there are no solutions of the form
AdSs x M5 with Mj having an SU(2) structure either.

128



M.

5.2 Bilinear equations

The identity structure is characterised by a set of one-forms, constructed as spinor
bilinears, that can be used to define a canonical orthonormal frame on Mj. In the
analysis of the algebraic and differential conditions equivalent to the supersymmetry
equations it is useful to consider also a number of scalar and two-form bilinears. We
define these following the notation in [7] and we list them in appendix D.1. From the
algebraic condition (3.25) in [7] we see that F5 = 0 implies that sin{ = 0?; we can
therefore import the bilinear equations from [7] where we set sin¢ = 0 and f = 0.

The resulting differential conditions are*

e 12d(e??S) = 3imK (5.11)
e AD(SAK) = PAKS —4imW —e 22+ G, (5.12)
e (e Ky) = —2mV (5.13)
e B2d(PAKE) = —6mU (5.14)
while the algebraic conditions are
Z=0 = sin(, A=1, (5.15)
2ig,dA = g P, (5.16)
1k, dA =0 = g, P, (5.17)

(1—|5He ™ +G = 2P AK} — (4dA + 4imKy) A K

Note that in [7] the differential condition on K, was implied by the remaining
ones, because this one-form could be expressed as a linear combination of the other
bilinears, as can be seen from (D.4), however this is no longer the case. Indeed, more
generally, the orthonormal frame that we will use here, differs from the analogous
one introduced in [7]. Using this orthonormal frame, presented in appendix D.1, we
find that the metric takes the form

K? K? Ks® K: |5

2 5 4 3 3 -1 2

d = + + + Jm Kl|)~. 1
s (M) IS]2 1—1S)]2 1—|5? 1—‘S|2( |5 ) (5.19)

3Following the argument in appendix C of [7], and imposing sin¢( = 0, we find that it is not
possible to have the spinors &; non-vanishing and linearly dependent. We therefore restrict to the
case of them being independent and admitting an identity structure.

“Here and in the rest of the section * denotes the Hodge star operator with respect to the
five-dimensional metric ds?(Ms).
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This should be contrasted with the metric written in equation (3.53) of [7].

It is immediate from the analysis of [7] that K5 defines a Killing vector. Moreover,
here we will find that additionally K is in fact a hypersurface-orthogonal Killing
vector. This is most easily seen after we introduce local coordinates in the following
section.

Analogously to [7], one can show Kj is in fact a symmetry of the full solution,

namely

LA = Lrg®=LrCY=0,
LG = 0. (5.20)

In a putative dual d = 4 superconformal field theory this corresponds to having
U(1) R-symmetry and hence N’ = 1 supersymmetry.

Let us now show that supersymmetry implies that all the equations of motion and
Bianchi identities are satisfied. Most of the arguments presented in [7] to show that
all the equations of motion and the P Bianchi identity are implied by supersymmetry
can be used in our case, however, as alluded to in the introduction the argument
showing that the Bianchi identity for G is satisfied is not valid if F5 = 0. Below we

present an argument that applies to both cases. Using the supersymmetry equations,

we find
D(eS2X) = 2Bim*x X —e *2SG+PAY), (5.21)
e AD(EAY) = BimxY +e 2SG*+P*AX (5.22)
e DA+ X) = —e P PGAK+PAxY . (5.23)

These equations are true even including a non-zero Fj, as this drops out of the
expressions. To recover the Bianchi identity for G one should take D of (5.21) and
use (5.11), (5.22) and (5.23). As in [7], we conclude:

For the class of solutions with metric of the form (5.2), vanishing five-
form fluz and fluzes respecting SO(4,2) symmetry, all the equations of

motion and Bianchi identities are implied by supersymmetry.

5.3 Introducing local coordinates

In this section we shall introduce local coordinates in which the set of BPS equations
become more explicit. We begin by reducing on the Killing direction defined by K,
resulting in a 4-1 splitting of the metric. The transverse four-dimensional metric to
the Killing direction admits an integrable almost product structure giving a further
3-1 splitting. The resulting BPS equations take a similar form to those presented
in [7] in the F5 # 0 case, but they are different. We shall conclude this section
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by introducing explicit coordinates on the remaining three-dimensional part of the
metric, and obtaining expressions for the NS-NS and R-R two-form potentials.
We begin by choosing a local coordinate adapted to the Killing direction defined

by Ks. As a vector we have

0
K# = Bm% : (5.24)
and as a one-form ]S|2
Ky=—(d .25

where p is a one-form with no diy term. The factor of 3m is chosen for later conve-

nience. The Lie derivative of S with respect to K7 is
EK;#S = —3imS (5.26)

from which we find
S=—|Sle™™ . (5.27)

It is convenient to make the redefinitions

p=ct  n=e9|. (5.28)
Then from (5.11) we have
K—#eiw( dey) + idn) (5.29)
= i :
3m Ca

and using the expression for K in appendix D.1 we deduce that

2 92
nu

K: = d 5.30

7 3m v ( )

and is therefore a hypersurface-orthogonal Killing vector. Notice that the Killing
vector is not fibered, p = 0, and this differs from [7]. Making the additional redefi-

nitions 3/2
M Y
K. =" K, =1 5.31
3 3m g, 4 3mﬁ ) ( )
the metric becomes
1
Im2ds*(M;) = = (1Po @ o* + pi*B° + pPdn?) + P pPdy® . (5.32)

Here [ is a real one-form and o is a complex one-form, and both have no leg
along the Killing direction. We should now re-express the differential and algebraic

conditions in terms of these redefined quantities. We find that (5.14) is automatically
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satisfied, whilst equation (5.13) becomes

2
dg = m [ic* Ao —2ndn A ] . (5.33)

Equation (5.12) becomes

1 42
Do = ——5—— (1+n*u*>)PAo* + Mndn/\a—i—dln,u/\a
s —1
2
+3 x 2PANo"ANdYy +dlnpAoAdy)| (5.34)
m

where we have used the expression for xG given in (5.12). The remaining algebraic

equations read

2ip« P = —i,dInp , (5.35)
Lop=LoP=LoC"=0. (5.36)
Y I Y

These constitute the set of necessary and sufficient conditions that one needs to
satisfy for supersymmetry.

To make these equations completely explicit, we can introduce the four remaining
coordinates. It is a standard calculation (for example starting with (5.29)) to check
that the four-dimensional metric transverse to the Killing direction has an integrable
almost product structure. This allows one to introduce “splitting coordinates”, and
gives a 3-1 splitting of the metric. In these coordinates the metric still takes the form
presented in (5.32) however now the one-forms  and ¢ have no dn term, though
they are still in general functions of 7. We may then split the five-dimensional

exterior derivative as

9
o0

where dj is the exterior derivative on the three-dimensional metric defined by the

B
d = dg o+ dy o+ dy (5.37)

integrable almost product structure. Equation (5.33) now reads

ip?

dgﬁ = WO’*/\O’, (538)
2 2
Wb = ——3(1_77772#2)5, (5.39)
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whilst (5.34) reads®

1
dsoc —iQ3 No = Tl{(l + PPy Aot +dslnp Ao
neps =
—3mn\/1 —n?u? x5 (2P,0" + 0, In ;w)] : (5.40)
1 41
0,0 —iQu0 = m {(1 +n*p?)Pyo* + /P +0,Inpo

12

_Sm\/l — n?u?

where we have used (5.36).

k3 (2P AN o" +dslnp A O’)] ,  (5.41)

Thus for the most general, minimally supersymmetric AdS; solutions with van-
ishing five-form flux we need to solve the four differential equations (5.38) - (5.41)
subject to the algebraic equation (5.35). We note that the integrability equation for
(5.38) and (5.39) is automatically satisfied upon using (5.35), (5.40) and (5.41).

We may now introduce the three remaining coordinates along 5 and o, which we
will denote as x and y;, with ¢ = 1,2. In particular, we write the three independent

real one-forms as

5 = del‘ + e dyl + Vy2 dy? )
Relo] = pdz + py,dys + py,dys | (5.42)
]

Im o] = kpdx + Ky, dys + Ky, dys -

Notice that generically we cannot simplify further these expressions, and the equa-

tions (5.38) - (5.41) take the form of a very complicated set of coupled PDE’s. An

explicit example of a rather generic solution will be presented later in section 5.5.
To obtain the explicit form of the NS-NS two-form B and the R-R two-form C'®)

we can combine equations (5.21) and (5.22), to obtain
D (Y* — X)) = —3ime®® # (Y* + X) +e*2(S + S*)G + 2P A (X* — Y)(5.43)

It is then simple, but tedious, to extract the two two-forms B and C® from the
real and imaginary parts of this equation, by using (5.11) - (5.14) and the results of
appendix D.1. We find
e®/2y,
B—wp = Relo| Ady | (5.44)

9m?2

@) _ _ (0 2y
C we = CY'——Relo] Ady) +
9m?

e=2/2y,
m2

Im[o] Ade) (5.45)

where wp and we are undetermined closed two-forms. Analogous expressions rele-

5Here #3 is the hodge star on the three-dimensional metric defined by the integrable almost
product structure.
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vant for the Fj # 0 case were given in [124].

5.4 A new solution

In this section we perform two T-dualities on the base of the conifold, referred
thereafter as Romans’ solution [125], consistent with preserving supersymmetry.
The dual field theory to the AdSs supergravity solution with internal manifold the

base of the conifold was give in [126]. Romans’ solution is given by

1
ds? = ds?(AdSs) + 3 (A7(d67 + sin® 61 dep] + db3 + sin® od3)
+2*(dep + cos b1dgr + cos badips)?)
F5 = 4m(1 + %)vol(AdSs) , (5.46)

with all other fluxes vanishing and with constant dilaton. We are using the metric on
AdS; which has Ricci-tensor given by R, = 4m?g,,. The two constants have values
A=3zand A\ = \/ié. The internal space is the coset space SU(2) x SU(2)/U(1),
in particular both ¢, and ¢y define Killing directions and we may T-dualize along

them without breaking supersymmetry.

5.4.1 T-dual on the ¢, direction

We preform a T-duality along the Killing direction defined by ¢;. For simplicity
define the function
W = AIsin®6; + A2 cos? 0, . (5.47)

After performing the T-dual the solution is:

1
ds? = ds*(AdSs) + — ( A2 (02 + d3 + sin? O,dp3)
A2 \%sin? 0 1
1T1(dw + cos Oydipy)* + dep%) ,
A2 cos 6
B = W L(dy) + cos Bydgs) A dey | (5.48)
4 4 . .
Fy = N Sl;fl 502 10, A dfy A digy A i)

e 2 = W

5.4.2 T-dual of the Type IIA solution along the ¢, direction

Next perform a further T-duality along the Killing direction 0,,. After defining the
function
U = sin® 0, W + A2 sin” 0, cos? 6, | (5.49)
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the double T-dual solution becomes

1 A2 A2 sin? 6, sin® @
2 1.2 P 1 2 2 1 2 1 19
ds (I]B) =ds (AdS5) + de01 + W (d@l + d92 + U dQ/J )
w A2 cos 6y cos 6 2
T m2N2U (d‘PZ - —W; 2d901> ; (5.50)
1
ANN] .
F3 = — 2 sSin 61 Sin 92(191 VAN d92 VAN dlp > (551)
A2sin? 6, cos 6, A2 sin? 0, cos 6,
B = SRR R A dgy + S22y A dgy (5.52)
e 2uE = \1U (5.53)

Notice that the symmetry of exchanging ¢; and 5 is preserved after the two T-duals
as it should be. Furthermore the string coupling-constant from the original solution
gets mapped to g — gem?(s> under the two T-dualities.

The metric has curvature singularities at four points, {#; = 0, = 0; 6, = 6, =
m; 01 =0,05 =m; 01 = 7,60, =0}. These are precisely the points of the poles of the
two S?’s in the original T! solution which are the vertices of the convex polytope
over which the T° is fibered and gives T

The Ricci-scalar exhibits this singularity (in fact the other scalar invariants diverge

in a similar manner) and is given by

B 12m?

R (sin* 6, (8 cos? 0y — 27 cos? By sin? By — 27 sin* 0,)

+ cos? 0 sin” 1 (36 cos? 0y + 28 cos® By sin? B, — 27 sin 6s)
+ 4 cos* 01(9 cos® Oy sin? O, + 2sin* 0,)) .

5.4.3 Supersymmetry

To put the following solution into the above notation it is simplest to compute the
Killing spinors in order to evaluate the spinor bilinears. Rather than computing the
Killing spinors of the more difficult double T-dualized solution, the easier procedure
is to compute the Killing spinors for 7% and then map them under the two T-
dualities. In the frame used to perform the first T-duality the Killing spinor is given
by,
0
v

€= y1 + iye = e ructn(y/Fano) |/ Vocosor+3isins | (5.54)
0

1

As the solution is Sasaki-Einstein the second Killing spinor & = x; —ix2 = 0 and

fixes this x; = ixe.
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Under a T-duality the Killing spinors transforms as
€1 — €1, €y — QU(l)EQ (555)

with
1

Quay = ™

where the index 9 is curved and is the direction along which the T-duality is per-

'y (5.56)

formed. Into the notation of the 5d Killing spinors these transformations become

1
X1 X1, X2 = YoX2 (5.57)
V G99

with 9 the d=5 gamma matrix with curved index along the Killing direction.
The explicit Killing spinor is not very enlightening and therefore we do not present
it here explicitly but just the results. We are now able to put the solution into the

notation of the classification. We find for the scalars

1
A=1 & qg=—,
V2
sin( = 0,
Z =0
- i
s = - (5.58)

VU

From these we may extract out that the following dictionary

¢c:_¢

no= e®irs —

1
MVU

n = SA)\? sin 64 sin 6,

(5.59)

where 1. is the Killing direction of the classification. Computing the one forms we
find

B = cosfydp; — cosbidp,

\3/2
Relo] = —ﬁ(cos 01 sin® fydg; + cos Oy sin® 1ds) (5.60)
Im[o] = A?/2U1/4(cos 01 sin Odfy — cos Oy sin H1d6,) .

Notice that with these identifications the fluxes are given exactly by the form pre-
sented in [122].
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5.4.4 Central charge computation

As the solutions are T-dual the field central charges of both solutions should be
identical. This is slightly complicated by the fact that the T-dualized solutions
are singular. However the relevant formulae for computing the central chargeis not
singular and the naive computation is correct. For the five-dimensional Newton’s
constant we shall use the formula given in appendix E of [7] for a warped AdS;

metric in Einstein frame of the form
ds? = e*(ds*(AdSs) + ds*(Ms)) . (5.61)

The relevant formula reads

11
167Gs  2k3,

/ e dvol(Ms) . (5.62)

For our solution we identify the warp-factor to be e* = e~® which arises from
transforming from string-frame to Einstein-frame. Computing the integrand for the

double T-dual solution we have

1
167Gs  2k3,

/ dvol(T*1) | (5.63)

where dvol(T"!) is the volume form on T, As the periods of the two ¢ coordinates
remain the same under the T-dualities, it is obvious that the central charges of the
two solutions will be the same®.

We must check that the fluxes are properly quantised. We shall first perform the
quantisation of the original solution and see how this maps into the double T-dual
solution.

To quantise the five-form flux we impose that through all cycles C, € H5(Ms5,7Z)

1
N = —/ dcW ¢ 7 . (5.64)
(27T€S)4gs Ms
It is clear that there is only one five-cycle to integrate over, the compact internal

manifold itself, and the condition becomes

1 4
N=——— —dvol(T"! :
(27T€S)4gs L1,1 m? Vo ( ) (5 65)

6Note that we have used the Klebanov Witten solution with constant overall warp-factor being
1. One may add an arbitrary constant however this may be absorbed into the definition of the
inverse radius of AdSs5, m and therefore without loss of generality we do not add such a term.
Furthermore we have taken the ® = 0, again one may put this to be an arbitrary constant,
however as before this may be absorbed by a redefinition.
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which defines the integer

4vol(TH)
N — m . (5-66)

Now we turn to the quantisation of the flux in the double T-dual solution consist-
ing of the RR three-form flux and the field strength of the NS-NS two-form through
all three-cylces CSY € H3(Ms5,Z). For the RR three-form flux the quantisation
condition is

1
N(C®) A /cff) dC"” € Z . (5.67)

For our purposes there is only one relevant three-cycle which is the one at fixed ;.

We obtain
~ 4V01(T1’1)

N = .
(2mlsm)? gs(27)?

In fact this is precisely the same N as appeared in the original solution. To see

(5.68)

this we recall that the string coupling constant after the two T-dualities becomes
Gs = m?lgs. Using this identity we find N = N. This was to be expected on
physical grounds, as the D5’s are the result of the two T-dualities performed along
the coordinates transverse to the N D3-branes.

Of course the choice of toric Sasaki-Einstein manifold was immaterial, any toric
Sasaki-Finstein manifold would work just as well. In hindsight it is obvious that
the above procedure may be interpreted as the infinite limit of a beta deformation
a’la [121], where in this limit the D3-branes have now disappeared. Though the
solutions are singular note that we have been able to obtain a well-defined central
charge. This is to be expected as under a T-duality the Einstein frame volume
measure is invariant and also agrees with our expectation following from the marginal
deformation that is a beta deformation. It would be interesting to see if one can
identify the singularities as the result of a D5-brane web as one would expect such
a singularity for such a source. If such a setup exists, in principle one should be
able to understand the dual field theories and to compute the central charge directly

from the field theory to match with the above like in the usual Sasaki-Einstein case.

5.5 The solution of [1]

Part of the motivation for completing this work was to clarify the geometry under-
lying the two supersymmetric solutions in [1] which circumvented the classification
of [7]. In this final section we show that the supersymmetric NATD-T dual of the
AdSsx T®Y solution in [1] satisfies our classification. We were unable to directly
solve the equations of the classification to recover the solution (due to the complex-
ity of the equations), as was done in [7] for the Pilch-Warner solution. We instead
bypassed this problem by finding the Killing spinors from which we constructed the

geometry by way of the spinor bilinears. We first begin this section by writing down
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the solution found in [1].

We use the coordinates x; = psiny ,zo = pcosy and for simplicity set o/ = 1.

The d=10 metric in string frame’ is

ds? = ds*(AdSs) + L2A\2d6? + (L*N2X2 + 22)day + 2y29dy)

12PQ
L2A2
Iz Lda? 5+ LZWQ(ngle N9 cos 01dzy — N(LAAT 4 22) cos 6,das)?
L2)\2)\4 2 o3 20
+ I;CVI T aer (5.69)
where

Q = LN\ + \i2% + \%25 . W = A1Qsin®0; + N2 A\fwfcos® 6, , P = LN\ +

The constants A\ and \; take the values 1/3 and 1/ V6 respectively and L is the
radius of AdSs. The dilaton is

20— LYW (5.70)

whilst the NS-NS two-form is given by®

2
B= — >\‘1/[:/El (/\211/’1 COS 91d¢1 + )\21‘2 SiH2 Hldl’l — 131()\2 COS2 91 + /\% SiIl2 01)dxg) N df .
(5.71)
The non-zero RR-fluxes® are
Fy = 4L*)\{sin6,dé, , (5.72)
4 4 6 :
R o= L M%;lsmeldemdf/\

[)\21‘2 sin® 01dx; — 21(\? cos? ) + A3 sin? 0, )dxy + A2 cos 61d¢1] (5.73)

and of course their hodge duals. In the notation of this classification the correspond-

"Recall that the classification is in Einstein frame.
8We correct a minor typographical error here by adding the cos6; term in front of de¢;.
9These are the ones that appear in the equations of motion, F,, = dC,,_; — C,,_3 A dB.
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ing elements are

1
L b
n = LQ)\%xl sinf ,

(5.74)
(5.75)
= ! e? (5.76)
(5.77)
(5.78)

ILL— L2 /—W: )

dy = —-d¢, 5.77
6 = (—Il COS 91dx1 — T9 COS Qldl’g + L4/\£1l sin ‘91d81 + Jfgd(bl) 5 5.78
L)\?
o = W—l/lzl[l'll'g sin? 0,dx; + (L*A] + 23) sin® 0, dzy + 7 cos 6dgy
HL2*VW (cos 0y day + o sin 6,d6; — dgy)] . (5.79)

Further details on the derivation of this dictionary is presented in appendix D.2.
One may check that (5.69) takes the form of (5.19) with these identifications. For

the explicit form of the NS-NS two form we find
/2y,
9m?

B =

Re[o] A dy — dzg Ady (5.80)

whilst C® is not given in [1] for us to compare with, however it is trivial to show

that Fj3 agrees with that derived from the general expressions (5.44) and (5.45).
We have checked that this solution satisfies all the conditions of the classification,

as an illustrative example we present the solution of (5.33). First define the function

E = (L*\} + 22)sin® 0, + 22 cos? 6. A short calculation gives

ic* Ao —2ndn A B = 2L \{E[dxs A déy + 21 5in0,d0; A dzy + 29 5in6,d6; A day] |
(5.81)

whilst

3(1 — n*p?)

5 dﬁ = L16)\)\%E[dl’2 N d¢1 + 2 sin 01d61 A dl’l + X9 sin 91d91 N dl’g] .
I

(5.82)

Upon substituting the values of the constants, A and A\; we find that they are equal.
The equation for o follows similarly but is vastly more complicated than the one
illustrated above and for this reason we do not present it.

In section 5.3 we saw that the integrable almost product structure implied that
the one-forms  and ¢ had no d7 term, we would like to verify this. To do so we

must write the one-forms in the form (5.42). To this end, we make the change of
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coordinates

o= ¢, (5.83)
1
yo= 5(3;% +22) + L*A} In(cos 6,) (5.84)
X2
_ .85
Yo n<COSQI) ) (58 )
n = LZ)\%ﬁCl sin 91 . (586)

In these coordinates the coefficients for the one-forms, in the notation of (5.42), are

Ve = g, Yy = —cos by, Yo =0, (5.87)
LA cos 0, L2, sin* 0, LP XS, sin? 0,

Pz = W o Py = W » Pya = W ) (588)

ke = —LPN2WYA . Kk, =0, Foyy = LPN2y cos 6, W4 (5.89)

It is clear that this satisfies the integrable almost product structure. We have
again checked that with these new coordinates the equations of the classification
are satisfied and once again the equations to solve are very complicated. We had
hoped this solution would have motivated further ansatz, unfortunately this was not
the case. Interestingly this solution has an additional Killing vector, 9., to what
the classification implies. Imposing this extra Killing direction does not give much
in the way of simplification of the equations and so this ansatz was swiftly dropped
in favour of the ones we have presented.

We note that this solution, like our one, is singular [1]. The Ricci tensor blows
up as #; — 0 or m whilst z; — 0. Furthermore the dilaton also blows up at these
RM-#4 we also find that these

are singular at these points but only these points. This solution therefore exhibits

points. Computing the invariants R, R* and R, ,,
two singular points.

Though the solution is singular it would still be interesting to interpret this so-
lution’s field theory dual and also its brane realisation. A method was proposed
in [127] where they considered the type ITA non-Abelian T dual of AdS5 x S° and
propose a a D4/NS5 brane set-up and a linear quiver to describe its dual SCFT.

In [1] they also present another supersymmetric Type IIB solution with Fj5 = 0,
namely the NATD-T dual of the AdS5 x Y74 solution. This solution will also satisfy

the classification presented here however we do not present the details.
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5.6 Complex M, and P =0

Motivated by finding explicit solutions we set P = 0 in this section'’. Notice that
setting P = 0 implies that p is a function of n only!'!. Setting P = 0 and pu = pu(n)

reduces the necessary and sufficient differential equations to

202
d3ﬁ = mlm [O’] A Re [O'] y (592)
i
dsRe[o] = m&? Inpg BAIm[o], (5.93)
dslm o] = —772;;—77_18,7 Inp BAReo] (5.94)
and
20
1 4p*n
o,Relo] = PRI ( 3 + 0, ln,u) Re o], (5.96)
1 4p*n
Oylm o] = PR ( 3 + 0, ln,u) Im[o] . (5.97)

We see immediately that we may solve (5.95) - (5.97) as

[ 2p°n) 5
_ S 5.98
B = exp _/3(77%2_1) n}ﬁ, (5.98)
[ 1 4121 .
Refo] = exp / o ( 10, mM) dn} R (5.99)
[ 1 4pn .
Im[o] = exp / pEpE— ( 3 + 0, ln,u) dn} I, (5.100)

10This condition imposes that the distinguished transverse four-dimensional foliation defined by
the Killing vector 0y, which we call My, has an integrable almost complex structure. Consider a
holomorphic two-form constructed from the orthonormal frame of appendix D.1 as

Q = (2 +ie) A (e —ie?)
1 i .
= —— (X e VY £ 2I) . 5.90
2(np — 1)( ) (550

This then defines an almost complex structure on My. In the second line we have expressed €2 in
terms of the two-form bilinears. Imposing that this is integrable implies

P = g(e* +ie) + f(e? +ie®) + h(e* —ie?) (5.91)

where f, g, h are arbitrary complex functions (subject to satisfying the P equation of motion and
Bianchi identity). Setting P = 0 solves this constraint therefore My is complex in this case. It
would have been more interesting to impose this more general form of P, however it is still a fairly
complicated system of equations to solve and we were unable to do so.

HTo see this use (5.35) to note that dlnu = fx, K4 + f,,dn for some real functions fx, and f,.
Requiring that this is closed then implies that fx, = 0.
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where the hatted objects are 7 independent one-forms. We note that the above
integrations may include arbitrary integration constants which we absorb into the n
independent one-forms. Upon substituting these expressions into (5.92) - (5.94) one
sees that the n dependence in (5.92) cancels automatically as it should. However
the n dependence in (5.93) and (5.94) does not, we should have been suspicious if
it cancelled as it would imply that p could be any function of 7, requiring that this

expression is 17 independent gives us the defining differential equation for

111 244°n)
—0,1 ——— =0. 101
o, (772“2 — 1@77 1 [ exXp {/ S0P — 1)dn}> 0 (5.101)

We find a solution to the system of differential equations if we satisfy the second

order non-linear differential equation

3+ 7 p®)fo + 6n°puie® + 3n(1 — n*p?)ji =0, (5.102)

and the three differential equations

A A A

dsR = ¢fAT, (5.104)
ds] = —cBAR. (5.105)

Where ¢ is a constant satisfying
fi1 2p4°n)
c=————0,Inpe ——dn| . 5.106
iz — 10 P U 3(Pp* = 1) n] (5:106)
Notice that ¢ is non-zero if p is non-constant and we shall distinguish between these
two cases. For the ¢ = 0 case we can write the solution in closed form and we will

discuss it in the remainder of this section. However we are unable to write the ¢ # 0

case in closed form.

A singular solution

We look at the ¢ = 0 solution of (5.102) which is equivalent to constant p. For
simplicity we set 4 = 1. We are now able to integrate (5.98)- (5.100); we find

B = (-, 8,8=0, (5.107)
Re[o] = (1-)**R, 9,R=0, (5.108)
Imfo] = (1-n?)*°I, 0,0 =0 . (5.109)
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We then need to solve

= ds] , (5.110)
INR. (5.111)

>
wlnn O

As R and I are closed we may define coordinates y; and s such that

R=dy,, I=4dy . (5.112)
A solution to (5.111) is
A 2
B = g(dx + y1dyp) (5.113)

The metric is

Im?ds* (M) = nPdi? + (1 —n?)3(dy? + dy3)
4

2 2
+W(dx+y1dy2) +1_n2dn ;o (5.114)
and we have
1 —n2 2/3
B = UTIT 9722) dys Ady (5.115)
1 — n2)2/3
cw = LI 9722) dyi Ady . (5.116)

Note that the range of n should be either n € [0,1] or n € [—1,0]. We find that the
Ricci Scalar is given by R = 28m?, whilst R, R* = 336m* however we find that
Ry, ., RP#4 exhibits a singularity as 7 — £1 and therefore the solution is singular.
We note that for F5 # 0 an analogous solution of the equations of [7] exists, which

9 and the warp factor to be constants. This

was missed previously, by setting ¢, C(
solution is once again singular and the singularity appears first in the Ricci scalar,
it has non-zero G and hence is also not Sasaki-Einstein. These solutions are unusual
in the sense that the only other known solutions with constant warp factor are the

Sasaki-Einstein solutions.

5.7 Concluding remarks

This work has plugged the remaining gap in the classification of all AdS; super-
symmetric solutions of Type IIB supergravity. Together with [7,31,123] our work
concludes the classification of all supersymmetric AdSs solutions of d = 10 and
d = 11 supergravity. We find that the geometry of Mj is different to that of the
F5 # 0 case. It should be possible to interpret these results in terms of the “Excep-
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tional Sasaki-Einstein (ESE) geometry” of [128]. It would be interesting to see how
the ESE structure is interpreted in terms of the bilinears. A similar analysis was
carried out in [128] for the case of Fj # 0.
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Chapter 6
Conclusions and future directions

In this thesis we have argued for the marriage of F-theory and holography. We have
shown that we are able to make non-trivial predictions that are otherwise difficult
to prove without appealing to this marriage. One may extend this to different di-
mensions in particular understanding the 4d theories dual to the solutions discussed
in section 2.4.3. Extensions to the holographic dictionary in F-theory to higher di-
mensions could build also on the work in [42-44], for AdSg F-theoretic solutions,
which could be put into a more F-theoretic friendly setting.

Work is being undertaken to extend the above classification of AdS; solutions to
include general fluxes and thus extend the work of [56] in including three-form fluxes.
It is easy to see that the current literature is incomplete. For example the classic
D1-D5 brane intersection with metric AdS; x 83 x S x S! does not fall into any
existing classification despite the rich literature in identifying the field theory dual.
Understanding the underlying geometry of such solutions not only allows for a more
systematic search for such solutions but may also allow for a better understanding
of the dual field theories.

During the course of this thesis we have noted some problems with the matching
of c-extremisation and gravity in [58] in the constant axio-dilaton case. This is
a surprising result and deserves further investigation. Preliminary results indicate
that this mismatch of the various ranges of the defining integers, p,q here, also
lifts to more general field theories compactified on 72 with Baryonic twist. The field
theories dual to the Y?¢ Sasaki-Einstein solutions, can be obtained by blowing down
the X7 quiver theories [129] which in turn may be seen as the blow down of the
ZP4 quiver field theories [130]. It is curious that the same result extends, though
not unexpected given the relation between the various field theories, to these other
field theories. It seems to indicate that such a 2d IR fixed point does not exist
however this raises two issues; what is the fate of the field theory on 7% and what
is the supergravity solution dual to? Work is being undertaken in this direction by
the author and collaborators.

The geometries in section 5 also deserve further exploration. There are very
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few known solutions and all have metric singularities. It is an open problem as
to whether all these solutions are necessarily singular, of course, as we have tried
to explain during this thesis, singular metrics are not necessarily bad when the
singularities have a physical interpretation. It would be natural to interpret these
singularities as arising from 5-branes, and this is something that needs verification
in the future. One could also extend the work following that of [124] by giving
a general formula for computing the central charge and R-charges from general
geometric data. The geometries also have the novel feature that the R-symmetry
vector is unfibered, there are few examples of this phenomenon occurring and the
fact that all geometries of this type are of this form leads this to be an interesting

testing ground.
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Appendix A

G-structure analysis for AdS;

duals

A.1 Conventions for Gamma Matrices and Spinors

We shall use the letters M, N, .. for the 10d indices, a, b, .. takes values 0, 1,2 and are
used for the AdS3 indices and p,v,.. € {1,..,7} for the indices for M. Following

[131] we decompose the 10d Gamma matrices as

' = p®1®o0,, (A1)
' = 197" ®oq, (A.2)

where p® generate Cliff(1,2) and v* generate Cliff(7). Explicitly we shall take
pOIiUIJ p1:0'27 /)2:(737 (A3>

with pg12 = —1. For the Cliff(7) gamma matrices we shall take

7= —o®1el, (A4)
Y = 03R001, (A.5)
P = —0®1®1, (A.6)
W= o ®1, (A.7)
75 = 03®03®071, (AS)
P = —03®03Q0,, (A.9)
7 = —03Q03Q03, (A.10)
and we have ;7 = —i1.With these conventions we have
F11:1®]1®0'3. (A].].)
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We follow the definitions in [132] for the various intertwiners. For the A intertwiner

we have

Al ALy
Ay, AT
A1,2,0a141_é
Ao

Aq

Al

Il

o

—ph

A1 ® A7 ® 01,
L,

o1 .

For the charge conjugation intertwiner C' we take

Cro TaCho
C;I’Vuc7
Cf,zlpacm
Cho

Cr

Ciz

We have
ClT(] = _0107

Finally the D intertwiner satisfies

D1y Ta Dy
D;17MD7
DZ%PCLDLQ
Do

D+

Dy s

They satisfy

* —1 * —1
DlO_D107 D7_D7 )

—T,

—

~Pa »
Ci2®C7r® oy,
02801 & 02,

g9 .

T T
- 07, 0172 == —0172 .

T

—Vu >

Pa >
D>® D7 ® o3,
02 Q01 & 02,

—i 03

*x —1
D1,2_D1,2'

(A.31)

We now wish to decompose a 10d Majorana-Weyl spinor consistent with these con-

ventions. We shall decompose the spinor, € as € = 1 ® ¥ ® 6 where v is a two-

component spinor, y an eight-component spinor and # a two-component spinor.

The chirality condition in 10d is

Fllﬁ = —¢€
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which is solved by

For the Majorana condition we impose that both y and ¢ are Majorana and also
that € is purely imaginary. Type IIB supersymmetry is parametrised by two 10d

Majorana-Weyl spinors. We may complexify the two Majorana-Weyl spinors into
= RE D0 (A.34)

where £ = y;1 +1ix2 is a Dirac spinor. This will generically preserve (0,2) supersym-
metry however we are also interested in finding the equations for preserving (0,4)

explicitly and so the ansatz we use to accommodate both cases is
=P @G @0+, 0ePH 0. (A.35)

The (0, 2) case is obtained by setting one of the £’s to zero. The warp factor appears
here for later convenience. Here the 1; are Killing spinors on AdS3 and satisfy the

most general Killing spinor equations for two Killing spinors on AdSs
m
Vi = 5} Z Wijpatb; - (A.36)
j=1

It is easily shown that W is a scalar and furthermore may be diagonalized with

eigenvalues +1, we shall therefore omit this term in the following.

A.1.1 Bilinear definitions

We begin by defining the bilinears that we shall employ in this thesis, further details
may be found in [59]. We write the bilinears for a general number of independent

spinors specifying to 1 or 2 in the main text.

e Scalar Bilinears

Sij = &5 (A.37)
Ay =685 - (A.38)
e One-form Bilinears
Kf; =&, (A.39)
Bl = &1 (A.40)
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e Two-form Bilinears

UL = gnytrg; (A.41)
Ve = gyping (A.42)
e Three-form Bilinears
Xi/;luzusgj = §i7“1“2“3§j , (A.43)
}/51#2#3@, = &7M1u2lt3§j ] (A.44)

Higher order bilinears are related to the above ones by Hodge duality.

A.1.2 Torsion conditions

This appendix summarises the torsion conditions relevant for section 2.2. They are

the same as computed in [59,60], and we refer the reader there for further details.

e Scalar differential equations

m

dSij = 7(0@ — Oéj)Kij s <A45)
e DM A = —iﬁ(a — a;)Bi; (A.46)
i 2 i 7 g - .
e One-form differential equations
e_4Hd (€4HKZ']‘) = —1m(ozz + aj)Uij - Sij€_4HF(2) (A47)
D(e*"'B;;) =0 (A.48)
o Two-form differential equations
e_4Hd(e4HUij) = —%(Og — Oéj)Xij s <A49)
—6H 6H 3im —4H 1(2)
(§] D (e ‘/;]) = —T(CYZ — CY]‘)Y;]' +e F A Bij <A50)
o Three-form differential equations
e_BHd (eSHXZ-j) = Qm(al + Oéj) * Xij — e_4HF(2) VAN Uij s (A51)
e D (1Y) = m(a; + o) * Yy (A.52)
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e Four-form differential equations

3im

eing (e8H * X’Lj) = —T(Oél - Oéj) * Uij <A53>
—10H 10H oim . —4H 1(2)

e D (" 1Y) = —T(ai—aj)*l/;j — e Y AY (A.54)
e D (M 1Y) = —%(ai — ;) x Vi —e M A« FO? (A.55)

o [iwve-form differential equations

e M d (M « Uy) = im(as + o) * Ky (A.56)
eilOHD (elOH * ‘/U) = 1m(0z2 + Oéj) * Bij <A57>
o Siz-form differential equations
e Hd (e x Kj;) = im(a; — ;) S;;Vol(My) | (A.58)
3
e_mHD (elOH * Bzg) = —le(Oél — Oéj)AijVOl(M’?) . (A59)
Symmetrizing the covariant derivative of the vectors Kj;;, we find
ii im
V(i KMJQ) = 7(%’ — ) a2 i (A.60)

which implies a Killing vector when the right-hand side vanishes.
There are also various algebraic conditions following from the supersymmetry

conditions. First note, by using (2.8) one can derive
(Oéi + Oéj)Aij =0. (AG]_)

Notice this condition implies that the scalars A;; and Asy must vanish irrespective

of the value of ;. Using (2.8) one can also derive

Finally, we have two conditions involving the one-form P, which follow from (2.7)
P,ugi'yufj = 0; <A63)

P& = 0. (A.64)

A.1.3 Derivation of the “Master Equation”

In this appendix we provide an extensive discussion on the derivation of the “master

equation” (2.36). Supersymmetry implies that a solution satisfies the Einstein equa-
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tion and the Bianchi identity for £ but not the equation of motion for F®. In
this appendix we show that the equation of motion for F'® is equivalent to (2.36).
In [55] the F® equation of motion is shown to be equivalent to the differential
equation

O¢R — %R2 + R, R*™ =0 (A.65)

on the Kahler base. We shall find that a similar equation governs the existence of a
solution when 7 becomes non-trivial.

In the main text it was shown that the internal space is a U(1)-fibration over a
warped six-dimensional Kahler base. In the following it will be necessary to reduce
along the Killing direction and to express everything in terms of the Kahler metric
rather than the warped one, as such it is necessary to first clarify the notation we
shall be using. We denote by *; the Hodge dual operator on the internal space,
¢ is the Hodge dual operator on the base of the U(1) fibration and % the Hodge
dual operator on the Kahler metric. The Ricci tensor, Ricci scalar and Ricci-form
appearing are that of the Kahler metric and the Kahler two form is denoted by J.

Supersymmetry implies that the flux satisfies

1
mx; F? = % (—2J —Ame*dH AN K — §e4Hdp)

—4H

1. . g 1
= mQK/\J/\J—$*6de _2m2

*6(M +dQ) A K . (A.66)

Making use of the identities (which are easily proven)

R = %J/\J—EH/\J, (A.67)

.P2
$P A\ P* = —1|2| JAJ—PAP AJ (A.68)

we have
1 1
2) A 2 . *
m s F® = —%*6d(R—2|P| )+w(%AJ—1P/\P ANJ)ANK  (A.69)
Imposing (2.4) is then equivalent to
0 = digd(R—2|P*) +2RARAJ +4HRAPAP NJ . (A.70)
Taking the Hodge dual of the above and using the identities
A 1 2 1 v

1
FRAPAP AT = —i <§R|P|2 — RW,P“P*”) (A.72)
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one obtains
. 1
Os(R — 2|PJ?) = §R2 — R, R"™ —2|P|*?R + 4R, P"P* (A.73)

where

[ = #gdied . (A.74)

Equation (2.36) determines the Kéhler metric from which the remaining geometry
may be recovered. Notice that for constant axio-dilaton one recovers the equation

of [55] as expected.

A.2 AdS; to AdS;

In this appendix we provide some of the computational derivations for section 2.4.3.
We look at the AdS3 solutions with N = (2,2) and varying 7 by relaxing the
compactness condition of the internal space. We find the only solutions of this
problem decompactify to an AdSs solution. In fact the resulting AdS; varying
7 solutions of IIB supergravity are the most general of this kind. In [133] AdSs
solutions with five-form flux and varying axio-dilaton were considered. We recover

the analysis presented there and give an F-theoretic interpretation in terms of an
elliptically fibered Calabi—Yau four-fold.

A.2.1 AdS; Solutions with (2,2) and Varying 7
Torsion Conditions

The starting point for this analysis is (2.118) where for P to be non-zero and thus
T varying, we need Ao = 0. It is easy to see that by setting Si» to be constant it
must in fact vanish. Moreover it is trivial to see that it is impossible to satisfy the
torsion conditions if both of these scalars simultaneously vanish. We shall therefore
restrict to the case when S;s is non-constant in the remainder of this subsection. As
before we find that both S;; and Sy; are constant and therefore we may normalise
the spinors such that they are both unity.

Recall that M7 admits an SU(2) structure which implies there is a 3+4 splitting,
such that the '3’ part, ]\/—2/3 has a vielbein given by the three vectors of the SU(2)

structure. One may take as a basis for the three independent vectors

{Ku, Ko, Im[S7,K 0]} (A.75)
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in terms of which we may write the metric on Mj as

]' *
@%A@):4whpu_w&ﬂa(Ki+J@f+%1—ﬂ&ﬂ%KH®A@+4hnwdeﬂ.
(A.76)

The canonical SU(2) structure two-forms are written in terms of the bilinears as

1
2|S122(1 — [S12]?)

1
w=——"—=V. (A.78)
(1 —1[S12%)>

j = iUH — (K22 —+ (1 - 2|512‘2K11) A Im [SEKH] s (A??)

We may construct a basis of independent bilinears consisting of the scalar Sis, the
three one-forms in (A.75) and the two canonical SU(2) two-forms in (A.77) and
(A.78). All other bilinears may be obtained from wedge products of these bilinears.
The torsion conditions of the non-basis elements should then be either automatically
satisfied by imposing the equations for the basis forms or impose additional algebraic
constraints.

Integrability of the torsion conditions (2.119) imply the warp factor satisfies
1 2
H = —§log[1 — [S12]7] (A.79)
We may use it as a coordinate for Im [S7,K12]. Moreover integrability of the torsion

conditions implies that the flux F'® is fixed to be

1

F@ — _
|S12[?

dH A (Ky1 + Ka) (A.80)

which is easily shown to be both closed and co-closed and therefore F(? satisfies
both its Bianchi identity and its equation of motion. The torsion conditions for K7,
and K5y imply for the Kahler form on My that

efQH

—d (€2H(K11 — KQQ)) N <A81)

]:_4m

which is conformally closed. In light of this we define the rescaled real and complex

two forms
J=m? i, Q=m?2e3V, (A.82)

for the resulting four-fold as M4, which satisfy

dJ = O, @Q = —SleGQH(Kll — KQQ) A <A83)

From (2.7) we see that P is a (1,0) form with respect to the induced complex
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structure defined by J. The metric after this redefinition takes the form

2H —2H —2H

2 e 2, © 2
01— oy Pt gy A s

(A.84)

where ds2(ﬂ4) is Kéhler. As Ki; and Ky are Killing vectors so are the linear

dSz(Mﬁ = eT(Kll—K22)2+

combinations
K = Kll - K22 5 L == Kll + K22 5 <A85)

and they satisfy the algebraic conditions

IKIE =42 | |ILIE=4(1—e2) | K,f=0  (AS6)
and the differential equations
d(e* K) = 4y d(—2 r)=o (A.87)
m 1 —e2H ‘ '

Decompactification to AdS;

We may introduce local coordinates adapted to these two Killing directions as

0 0
K" =m— L* =m—

90 a5 (A.88)

with dual one-forms

_ 4 op 1 _ 4 —2H
K = —e <dw + 2p> , L= m(l e ") (dp+o0) . (A.89)
The one-forms p and o are both independent of ¢ and ¢. From (A.87) we see that
o is closed and therefore locally exact and may be set to zero by a local change of

coordinates. The metric takes the form

—2H 1 \? —
m?ds*(My) = 16—2HdH2+4(1—e_2H)dg02—|—e_2H <4 (d¢ + Ep) + dsg(/\/l4)> :
— ei
(A.90)
These explicit coordinates induce a splitting of the exterior derivative as
0 0 0
d—=dp—+dH——=+dY—+dy . (A.91)

9o oH o0
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With this splitting equation (A.83) decomposes as

9,0 = 940 =0, (A.92)
0, = —6i) | (A.93)
DL = —%p AL (A.94)

Equation (A.93) may be solved by extracting a phase from . Equation (A.94)
implies that the Ricci form on Mv4 is

R =6J—dQ . (A.95)

Combining these terms, the full 10d metric is

ds? =e2  ds*(AdS;) + e e + A=)
? m?(1 —e2H) m2

=52(AdSs) + — [ (20 + ) + ds?(M))

dﬁ) + % [ (2dy) + p)° + dsQ(/%)]

(A.96)

The first term in the brackets with the warp factor included is in fact the metric on
AdS; with Ricci-tensor satisfying R, = —4m?g,,.
Of course the five-form flux needs to be quantized through the unique five-cycle

in the ten-dimensional geometry i.e. we must impose

1
(2705) g, / . FeL, (5.97)

which with the above form for the flux results in

4vol(M(T)
—d I(M)= ——2>=N. A.98
27r€ / r vol(M5) (2mmls)4gs ( )
The integer N is interpreted as the number of D3-branes as usual. From this it
follows straightforwardly that the leading order holographic central charge of the
dual 4d SCFT is given by
4d T 3A T N>7?

= —— dvol(M?) = —————, A.99

exactly as in the constant 7, Sasaki-Einstein case.

Due to the relation (2.126), the volume now receives corrections with respect to
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the constant 7 case. In particular, using 6.J;, = d@ + R4 , we have

, J4 AN J4 7T3€ ) 2
VOI(M5) = (d¢+0)/\ 9 = ? Cl(./\/l4) —201(M4)/\01(£D)+01(£D) s
MZ My
i (A.100)
where the first term is the result of the volume for quasi-regular Sasaki-Einstein
manifolds. Here Lp is the duality bundle defined with the connection (1.8), which

encodes the varying axio-dilaton.
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Appendix B

Central charges and properties of
Calabi—Yau’s

B.1 Supergravity Central Charges

In this appendix we give details on the formulae used to compute the holographic

central charges.

B.1.1 Holographic Central Charges at Leading Order

The leading order term in the central charge is given by the Brown-Henneaux formula

[72]
3

2 B.1
szﬁ) (B-1)

Csugra =

where GE\?) is the three dimensional Newton constant obtained by the reduction of
the Type IIB/11d supergravity action on the internal manifold. The relevant part

of the action in dimension d is
__1 (@
/ FaR (B.2)
We are interested in dimension D = 10/11 warped backgrounds of the form
ds*(Mp) = e*ds?*(AdSs) + ds*(Mp_3), (B.3)

where H a function of the internal manifold only. In this background the action in

(B.2) can be expressed as

1
S:—/ eH*_l/ «s(R® + ). B.4
7 160G S ey AdSs g ) B
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This leading order piece is exactly the action (B.2) in three dimensions. From this

we identify the d = 3 Newton constant to be

1 1 / o
—_— = — e’ dvol(Mp_3), (B.5)
G(]{fi) GSVD) Mp_3
and hence 3
Csugra = ——— e dvol(Mp_3) . (B.6)
s 2mG§\?) /MD3

In 10d the Newton’s constant is G\¢") = 2376¢8, whilst in 11d it is given by GV =

9
24770,°.

B.1.2 Holographic Central Charges at Sub-leading Order

We may compute the sub-leading order terms in 11d supergravity by making use of

the X5 anomaly inflow polynomial [84] and the relation

Cr, —Crp = 9671'5,

SCS = B wcg(r) C Sgd, (B?)
AdSs

as found in [82]. We reduce the 11d Chern-Simons term

(47’(/‘{11)2/3

Scs = —
2
2K1;

/ Cs A X (B.8)
My

on the internal space, with Xg given by

1 1
Xy = —— [ Tr[RY] — = (Tx[R?])? B.
= g (TRY - (R | (B.9)
and
a 1 a 17 v
R b == iR bw/dl‘ /\ dx 5
2k7, = (2m)%¢,°. (B.10)

Integrating (B.8) by parts we have

4 2/3
&BZU@Q—/ Gy A Xo, (B.11)
2K14 My,
where Xg = dX5. In our solution the internal eight-dimensional space is S? x Y3, and
given the form of the G4 flux (3.74), we have that X; = chs(rmsg) ATr[RE,]
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so that we determine

eZ,LH

3(2ml,,)3m(2m)427

8= / Jyy ANTR[RZ]. (B.12)
Y3

B.2 Properties of Kahler and Calabi—Yau Vari-

eties

In this appendix we collect some essential theorems related to the elliptically fibered

Calabi—Yau threefolds that we consider as our compactification spaces.

B.2.1 Elliptic Fibrations

In the following it will be useful to have some geometric basics about elliptic fibra-
tions in place for studying F-theory solutions. Here our main interest is in elliptic
threefolds, but much can be generalised to other dimensions. We consider Calabi—
Yau threefolds Y3, which are elliptically fibered over a base B, which is a complex
surface. Denote the projection map 7 : Y3 — B. Furthermore we assume there is a
section, which as explained earlier implies the existence of a Weierstrass model.

It will be very important in the following to determine the possible divisors (4d
submanifolds) in such a geometry, which is the content of the Shioda-Tate-Wazir
theorem [134], which implies that the divisors of an elliptic Calabi—Yau threefold Y3

with a section, fall into the following three classes:

1. Section: This is the divisor obtained by the image of the base B in Y;. We
denote it simply by B. The dual (1, 1)-form will be denoted by wy. !

2. Pull-back of curves in the base B: For every effective curve C, € Hy(B) we

have a divisor in Y3 given by 7*(C,). We will refer to these as éa = 71(C,),
and denote the dual (1, 1)-forms by wj.

3. Resolution/Cartan divisors: These divisors occur whenever there is a singular-

ity in the Weierstrass model of the elliptic fibration, and they are given in terms
of rational curves, that are obtained from the resolution of the singularities,
fibered over a curve in the base (which are components of the discriminant).
In the literature these are often referred to as Cartan divisors, as they are (in
many cases) labeled by the simple roots of the Lie algebra associated to the
Kodaira singular fiber. The Cartan divisors will be denoted by D;, and the
dual (1, 1)-forms by w;.

I An elliptic fibration can have more rational sections, in which case there are additional divisors
and (1,1) forms, which generate the Mordell-Weil group of the fibration. As this will not play any
role here, we refrain from discussing these further.
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For the most part of this thesis we will consider smooth Weierstrass fibrations,
i.e. there are no Cartan divisors. However this can be easily generalised. Divisors
are dual to (1,1)-forms, and the Shioda-Tate-Wazir theorem thus implies that the

Kahler form of the Calabi—Yau can be expanded as
JYg = k()w() + Z kawa + Z kiwi . (B]_?))
We will require that the Kahler class of the base

Jp =) kawa, (B.14)

is dual inside B to a curve C, implying that k, € Z*. This means that Jp is in
fact the Kéhler class associated to the Hodge metric on B [69]. However, we do not
require any such integrality for k.

The non-trivial triple intersections of the basis w; = {wy, wa,w;} in the Calabi-

Yau

Crjxk = D; vy Dy vy DK:/ wr \N\wj N\wg , <B15)
Y3

can be evaluated in terms of data of the base B as follows?

C()[)() = / 01<B)2 =10 — hl’l(B)
B
Cooa = —Cl(B) - Cq

COaB = Qaﬁ
Caij = _Cian,BC/Ba (B16)

where Qo is the intersection form on B and C;; the Cartan matrix of the gauge
algebra g associated to the singularity. The triple intersection Cj;, were determined
in [135-137] and depend on codimension two singularities, which are labeled by
representations of g.
In deriving these intersection numbers we have made use of the intersection rela-
tion in Y33
0y, (0+c(B))=0. (B.17)

We will also need to compute intersections with ¢5(Y3). The total Chern class for

the Calabi—Yau can be written as

(B)
I+

2Whenever we write - without any subscript in the following, this will denotethe intersection in
B, unless otherwise stated.

3This follows from the fact that w, z,y cannot vanish at the same time, and thus [w]- [x]-[y] = 0
as intersections in X4, or noting that the class of the hypersurface (1.15) is [y?], this becomes
o (o +er(B)) - [y?] = 0.

c(Ys) = (1 + [w]) (1 + [2])(1 + [y]) (B.18)
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where ¢(B) is the total Chern class of the base and the denominator corresponds
to the class of the hypersurface equation (1.15). Expanding this to second order we
obtain*

ca(Y3) = ca(B) + 11¢1(B)? + 12wy A ¢1(B), (B.19)

which allows the computation of integrals over co(Y3) using the intersection numbers
in (B.16).

Throughout our considerations we will assume the base B to be smooth as a
variety, albeit the induced metric on B will have singularities that we will discuss

in some detail later on.

B.2.2 Useful Relations

First let Y be a Kéhler manifold with a given Kahler metric, g,». Then the Kahler

form associated to this metric is
J =igpdz" Adz”, (B.20)

which is a closed (1, 1)-form that is a representative of the cohomology class known as
the Kahler class; where it would be otherwise unambiguous we shall abuse notation
and use J to refer to both the explicit representative and the class. As J is formed

from the Kahler metric then it is real and positive. This means that

/J>O, /JAJ>O, cee (B.21)
C S

where C' is any curve in Y, S any surface, and so on. One can find a summary
of this standard information in, for example, [138]. Further, it is known that a
compact complex manifold admits an holomorphic embedding into projective space
if and only if it admits a Kahler metric whose associated Kahler form is an integral
class [139]. As a corollary to Yau'’s theorem, any compact strict Calabi—Yau, Y,,, of
dimension n > 3 can be embedded as a complex submanifold of a complex projective
space, and thus we can conclude that any Calabi—Yau threefold permits an integral
Kahler class.

After these introductory remarks we now collect several useful formulas. For this
we will specialise to the case of elliptically fibered Calabi—Yau threefolds as in section
1.1.2, with base B, which is a Kéhler surface. Various properties of the base B will

feature in the main text, in particular relations for topological invariants such as

30(B) + 2x(B) = /B (B2, (B.22)

where o(B) is the signature of the manifold and x(B) is the Euler number. In terms

“Here we used the relation (B.17), which holds on Y3.
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of the Hodge numbers of B these can be written as

x(B) =2 — 4h%*(B) + 2n*(B) + h*'(B)

(B.23)
o(B) = (2h**(B) +1) — (h"}(B) = 1) = b — b ,

where bF are the number of self-dual and anti-self-dual two-forms of B. So far we
have only assumed that B is a compact Kahler surface.

Now let us further suppose that B is the base of an elliptic fibration 7 : Y3 — B
with section. As explained in the main text this does restrict the type of Kéhler
surfaces that can function as B. In particular, the existence of the section implies
that

m(B)=0 = h"(B)=0. (B.24)

Furthermore the elliptic fibration must be Calabi-Yau which means that
h?(B) =0, (B.25)

as otherwise any (0, 2) forms on B would give rise to (0, 3) forms on the Calabi-Yau.

Summarising, if B is the base of an elliptically fibered Calabi-Yau threefold then
/ c1(B)? = 30(B) +2x(B) = 10 — h"(B). (B.26)
B

This agrees with the results given in [86], and is a general result for any base B
which may support a non-trivial Calabi—Yau elliptic fibration over it.

We will require in the main text to determine the second Chern class of the
Calabi-Yau threefold when integrated over an arbitrary divisor P of Y3. We have
that

/Pcz(yg) = /P(CQ(P) —c1(P)?) = 2(h"1(P) — 4h°*(P) +2h°1(P) — 4), (B.27)

where the first equality follows via adjunction. As we can see the integral over the

second Chern class over any divisor is always an even integer.

B.2.3 Ample Divisors in Elliptically Fibered Calabi—Yau
Threefolds

We shall now collect results about the ampleness properties of divisors in an ellip-
tically fibered Calabi—Yau threefold. An M5-brane wrapping a divisor D will only
have an AdS dual when D is ample, as the divisor must be dual to a (1, 1)-form in
the Kéhler cone of the Calabi-Yau, following from the 11d supergravity solution in
section 3.3.

First we shall be general and consider Y any smooth algebraic variety, with D a
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divisor on Y. The Nakai-Moishezon [140,141] criterion for ampleness (see e.g. [142]

for an in depth discussion) is that
DI X >0, (B.28)

for every closed subvariety X in Y. We remark that since the Nakai-Moishezon

criterion is just the intersection theory dual of the statement that

/ wdmX) > 0 (B.29)
X

where w is the dual (1, 1)-form to the divisor D; in this way we can see that every
ample divisor is dual to a (1,1)-form inside of the Kahler cone of V.5

With this in hand we shall now specifically consider a smooth elliptically fibered
Calabi—Yau threefold, m : Y3 — B, and the ampleness of the divisors thereon. It
was described in section B.2.1 that an elliptic fibration, with trivial Mordell-Weil
group, has three distinct classes of divisors which span the Néron—Severi lattice of
divisors of Y3. These are the zero-section, which provides a copy of B in the fiber, the
pullbacks of the curves in the base, @ = 1*(C,), and the Cartan divisors associated
to the resolution of singularities, D;. We will be interested in the triple intersection
numbers of these divisors. The triple intersection numbers that are of interest to us
were determined in [86], and were recapped in (B.16).

Let us first consider a smooth Weierstrass model Y3, where we recall that there

are no resolution divisors, we consider a divisor in the linear system
D€ |MB+ NC)|. (B.30)

We are interested in knowing for what values of M, N > 0 is this divisor not ample.

We know from the Nakai—Moishezon criterion for ampleness that
D-¥>0, (B.31)

for every curve ¥ in Y3, which includes the curve C' in B which C is the pullback
of, i.e. C is the elliptic surface obtained by restricting the fibration to C. We can

then compute
D-C=MB-C+NC-C=MB-B-C+NB-C-C, (B.32)
where in the final equality we have used that

C=B-C. (B.33)

5A subset of the ample divisors consists of the very ample divisors, which are those divisors
which are linearly equivalent to the hyperplane class of a projective embedding of Y [143].
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Using the triple intersection numbers listed in (B.16), along with adjunction,
a(B)-C=C-C+2-2g, (B.34)
we can see that there is the constraint
D-C=(N-M)C-C+M(2g—2)>0. (B.35)

For N > M, this is equivalent to the statement that D is not ample in Y3 if C is
not ample in B. It is also clear from this formula that, for example, when M = N

we need we consider an elliptic surface C , where the base curve C' is such that
92>2, (B.36)

and ampleness clearly implies a non-trivial interdependence between M, N, and g.
Further one would like to determine whether there are constraints on ampleness
when M = 0. While the constraint (B.35) only requires that C' must have a strictly
positive self-intersection in the base we further note that the Nakai—-Moishezon cri-
terion for ampleness requires also that the triple-intersection of the divisor in Y3 be

strictly positive. For an elliptic surface we observe that
C.-C.-C=0, (B.37)

as was evidenced directly from the Hodge numbers in (3.154), and thus we determine
that when M = 0 the divisor cannot be ample.
For the case that is not a smooth Weierstrass model we can consider a divisor in

the linear system
De|MB+NC+ MD;|, (B.38)

and consider again D - C'; however we should not include in this sum the Cartan di-
visor associated to the affine node of the Dynkin diagram as it is not an independent
divisor inside the Neron—Severi lattice, and so the M, will not be a free parameter.

We can see again from the triple intersection numbers (B.16) that
D;-B-C, (B.39)

is only non-zero when D; is precisely the divisor associated to the affine node, and
so the same conclusion on the constraints on M, N will hold as in the smooth
Weierstrass case.

Finally one can study the case where C'is a smooth rational curve of self-intersection
C-C=-—-nforn=3,---,12, excepting n = 9,10, 11. These setups involve C' not
being ample in B, and correspond to the non-Higgsable clusters [73]. The self-

intersection of the curve in the base is severe enough that it mandates a total space
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singularity above that curve in the Weierstrass model, with a specific kind of singu-
lar fiber located above the curve C depending on n. In such a setup one can again

compute
D-C=(n-2)M-nN>0, (B.40)

which, given that n is a positive integer generally requires that M > N if the divisor

D is to be ample.
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Appendix C

(0,2) solutions appendix

C.1 Details for the Baryonic Twist Solution

In this appendix we provide some more details on the baryonic twist solution of
section 4.1.2. The solution to (4.4) that we shall use was found in [57] for general
values of s, here we are interested in the s = 2 case'. This was later discussed in [56],
where it was interpreted as a Type IIB solution of the form AdSz x T? x MZ, with
the regularity analysis performed therein. As we show here, the same solution to
(4.4) yields an F-theory geometry of the form AdS; x K3 x MZ, with the same
manifold (in particular the same metric) MZ. After reviewing the derivation of the
local form of the solution, for completeness, we shall perform a similar analysis of
the regularity and global properties, with some minor changes from [56].

The starting point is a cohomegenity one ansatz for the Kéhler metric on My,

2

dr? r
4

e (d6? +sin®0dx?) ,  (C.1)

2
ds*(My) = +U(r)r? <d<p + % cos de) +

for which, after changing variable to z = 1/r2, one can find the explicit solution to
(2.36) as

Ul) = 1—alx—1)? (C.2)

depending on one integration constant a.

Tn the notation of [57] s = n+ 1. The authors of [57] were mainly interested in the cases s = 3
and s = 4.
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C.1.1 The local F-theory geometry

The 7d part of the metric takes the form

" (My) = (40— 2a(x — 1) Do)

dax?

Toa 422U

+ UDy* + }1 (d6? + sin® dx?)) + zds*(Bs)| ,(C.3)

where Dy = dy + % cos fdy. Using (2.54) we can read off the expression for the flux

1
2ax?

mF® = ———di) A dz — 2dvol(By) — %dvol(éa) : (C.4)
The regularity analysis performed in the next subsection shows that the base of this
local U(1) fibration is itself not a manifold?, instead a change of coordinates is useful
to describe the global geometry and results in the solution in the form presented in
(5.32) and (4.45). The profile of the axio-dilaton is determined (implicitly) by the
condition that the metric on ), is a Ricci-flat metric, and thus Y, is an elliptically
fibered K3, with base By = P!. Note that we will not determine explicitly the metric
on P! and in particular this cannot be the Einstein metric, but the stringy-cosmic
string metric of [12], induced by the elliptic fibration. In particular, the metric will
have singularities at the discriminant loci. We thus continue to distinguish the two
two-spheres in the geometry by referring to them as S? and P!, respectively.

At this stage the background depends on two arbitrary constants m, a and we

now determine which values of these allow for a globally defined solution.

C.1.2 Regularity

We first consider regularity of the metric and later address the quantisation of the

flux (similar discussions have appeared in [32,56]). The metric on M7 is

ds*(My) :i (dz/z —2a(1 — ) (dgo + %cos de)>2 (C.5)

dz? 1 S
+a (ﬁ +U <dg0 + 5 cos de) + (A0 + sin” 6dy?) + xds2(Bg)> .
We require that the warp factor does not vanish and therefore the range of the
coordinate x cannot include x = 0. This implies that the 7d geometry is topologically
ME x P! with M the five-dimensional space defined by = = constant, and therefore

we need only analyse the regularity of M7, subject to x avoiding z = 0. The range

2A similar situation occurs with the Sasaki-Einstein Y?¢ manifolds. The Kahler base of Y4
in the canonical Sasaki—Einstein coordinates is not in general a manifold.
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of z is fixed to lie between the two roots of U(x)

1
=1+ —. C.6
Tt \/a ( )
Clearly to avoid x = 0 it is necessary to have x_ > 0, so that a > 1, and it follows

that U(x) is positive between the two roots for all values a > 1.

The Base Z,

Let us first consider the four-dimensional part of the metric, namely the Kahler base
M,. The round S? appearing in My has coordinates # and y with the canonical
coordinate periodicities 6 € [0, 7] and x € [0, 27]. Near to the zeroes of U at © = x4,

the degenerating part of the metric is

1

i (07 + a2 ) 7

where p = 2,/7 — x4, respectively. For this to be locally R? at both end-points it
is necessary that x U’(z1) has the same value at both roots; a trivial calculation
shows this is not the case and therefore there is no choice of periodicity of ¢ that
gives a smooth metric.

Asin [32], the way to proceed is to show that one can still view the five-dimensional
space as a circle fibration over a base Z4, albeit one with metric different from the
local Kéhler metric on M,. Changing coordinates from (1, ¢) to (o, ) by a = 9,
¢ = 2¢ + 1, the 5d metric takes the form

ds? (M) :wEf’) (da + g(x)(d¢ + cos fdx))?
aldz? U 9 2 .9 2
+ 1 |20 + E(d(b + cosfdx)” 4+ d6* + sin” Odx“ | . (C.8)

With this change of coordinates we may avoid potential conical singularities at the

endpoints of x if ¢ has period 27 due to the remarkable fact that

(U'(2s)r4)?

w(ry)

—1. (C.9)

As in [32] we may introduce a new angular coordinate defined by

1+ a(x—1) .C_@
e sin¢ = ok

with ¢ € [0, 7]. Performing this change of coordinates is not particularly useful and

cos( = — (C.10)

so we shall keep the x coordinates in the following.

At fixed = between the two roots the base Z, with metric given in the second
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line of (C.8), is a circle bundle over the round two-sphere, where the U(1) fiber
coordinate is ¢. The Chern number of this bundle is obtained by computing the

integral of the curvature two-form of the connection on the U(1) and gives

1

o e d(—cosfdy) =2 . (C.11)

This identifies the three-dimensional space at fixed = to be S®/Z,. Furthermore it
follows that the four-dimensional base Z4 has topology S? x S2. For the following
it is useful to have an explicit basis for the homology group Hs(Z4;Z) = Z & Z.
The two natural two-cycles are the two S?’s, whose cycles we denote by C;,Cs in
keeping with the notation in [32]. Since the metric on Z, is not a product metric
the location of the two S%’s is not clear, but we may take C} to be the fiber S? at
fixed 0, x on the round two-sphere. There are two two-cycles which are visible in
the geometry; namely the two S?’s at the south and north poles of the fiber S? (at
¢ = 0,7 respectively or equivalently z = z_,x), let us call them S; and S;. Then

the two-cycles C; are
201 =51 -5, 20,=5+295,, (C.12)
with dual cohomology elements

1
w = (sin ¢d¢ A (d¢ + cosOdy) — cos(sin6dd A dy)
T

I
wp = 7 —sin 6do A dy (C.13)

satisfying

/ W; = 5ij . (014)
C;

As we wish to be precise in comparing the geometry here with that of the YP?
manifolds, we will perform some additional checks on the base Z4.
The Euler characteristic of a four-manifold M, may be computed by using the

Chern-Gauss-Bonnet theorem

2

+ 1R2> : (C.15)

1 , R
X(M4) - 3972 /,/\/l4 \/g (’W| -2 ’R‘IC - Zg 6

where norms are computed using the metric, W denotes the Weyl tensor and Ric

the Ricci tensor. Computing this for our metric we find?

X(Z) =4 . (C.16)

3In general, for the product of two Riemann surfaces ¥; x o of genus g;, go, respectively, we
have x (21 x 32) = 4(1 — g1)(1 — go).
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We may compute the signature using the Hirzebruch signature theorem

oM = o5 [ VAW W) (©17)

and indeed we find*

Let us also check that Z; is a complex manifold. To do so we compute the exterior
derivative of the associated (0, 2) two-form. As is well-known the exterior derivative

of the holomorphic n-form on a complex manifold of complex dimension n satisfies
A0 =iPAQ | (C.19)

where P is a one form potential for the Ricci-form $R, that is, dP = R. For the
metric on Z; we have
VU

0= % (m\l/ﬁdx + i\/w(dqb + cos «9dx)> A (df + isin fdy) (C.20)

and upon taking the exterior derivative one finds that the manifold is complex, with

the one-form Ricci potential given by

P= (1 j Lha@ro1) - CZE?/Q_ SURSIL 3)))> (d¢ + cosfdy) . (C.21)

The corresponding Ricci-form R = dP is proportional to the first Chern class of
the tangent bundle of the manifold, and may be integrated over the two two-cycles
discussed above. We find

1 1
o Js R=0, or Js, R , (C.22)
which implies
01(01) == CQ(CQ) =2. (C23)

This discussion establishes that in fact Z; is complex-diffeomorphic to the Hirze-
bruch surface Fy = S? x S2, exactly as for the 4d base that appeared in the Y74

construction in [32]°.

4The signature of the product of two Riemann surfaces ¥; x X5 vanishes by Rohlin’s theorem,
as this is the boundary of its handlebody.
®Recall that for a Hirzebruch surface F,,, in a basis of Ha(F,;Z) with intersection matrix

()

we have the following invariants x(F,) = 4,0(F,) = 0,¢1(C1) = —n + 2,¢1(C2) = 2. We have
checked that these invariants identify the base manifold By in [32] as By ~ Fy. We have also

172



The Circle Fibration

We now turn to the circle fibration. The norm of the Killing vector 0/0a is w(x)/4
and this is nowhere vanishing in the range between the zeroes of U(z). In order to
get a compact five-dimensional manifold we need the coordinate o to describe an
St bundle over Z,. We then take it to have period

0<a<2nl, (C.24)

where ¢ parametrises the arbitrariness of the period of . We may then rescale «
by ¢~! which implies that

(7PA = 07"g(de + cos Ody) (C.25)

should be a connection on a U(1) bundle over Z; ~ S? x S2. In general such U(1)
bundles are completely specified topologically by the gluing on the equators of the
two S? cycles C; and Cy. These are measured by the corresponding Chern numbers
in Hy(S?;Z) = Z which we label p and q. These are given by the integrals of the
U(1)-curvature two-form dA/2m over the two two-cycles which form the basis of
Hy(24;7Z) = Z ® Z. We may choose ¢ such that p and q are coprime, (p,q) = 1.
We first check that dA is a globally defined two-form. At fixed x between the two
roots z_,x, we see that dA is proportional to the “global angular form” on the
U(1) bundle with fibre ¢ and is a globally well-defined one-form, therefore so is dA
on a fixed x slice of Z,. We must also check how the curvature two-form behaves
near to the zeroes of U. We find that the only piece that may be troublesome is the
term proportional to dz A da near the poles, however the true radial coordinate is

1/2 and so this term is proportional to the volume form near the fibre

r=(r—ux)
poles and thus is well-defined. Consequently dA is a globally well-defined smooth
two-form on Z, .

Let us now calculate the periods

1
P=— | dA. (C.26)
27 c;
The corresponding integrals of £~'dA /27 give the Chern numbers p, q, so that we
have P, = lp and P, = {q. These are most easily found by first computing the

integrals of dA over the two cycles S;, namely

1
— [ dA =2¢g(x;) , (C.27)
2 S;

checked that computing explicitly these for the metric on Fy found in [33], gives correctly x(F;) =
4,0‘(F1) = 0,01(01) = 1,01(02) = 2, where Cl =H— E7CQ =F.
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from which we find

2\/5 2a Pl 1 p
P - P — _— = —— = - '2
Tl—a ? l1—a - P, a (C.28)
which implies that
2
q 2q p
GZE, gzm, l‘izlia (029)

Recall that the regularity of the metric required that a > 1, which implies that the
integers p, q obey
O<p<gq, (C.30)

for which there is clearly an infinite number of solutions. We have deliberately
used a notation as close as possible to [32], and found that topologically the base
Z, and the circle fibration are formally identical. More precisely, Z, here and the
base By in [32] are diffeomorphic as complex manifolds, and the two corresponding
circle bundles are characterised by a pair of coprime integers. The regularity of
the metric here, implies that the Chern numbers p, ¢ characterising the fibration
obey an inequality that is opposite to those obeyed by the integers p, ¢ in the Y4
Sasaki-Einstein manifolds, which was p > ¢ > 0! We denote the corresponding
five-dimensional manifolds as My = )1,

To summarise, the geometry of the full Type IIB solution is
AdS; x P! x QP9 DI LTI (C.31)

where )" is a circle fibration over Fy = S? x S2. Of course the Kihler metric on
this Fy is not the Einstein, direct-product metric on S? x S2.

As already mentioned, the same My = )9 geometry enters in the solutions
with constant 7 presented in [56]. Indeed, one can show that the global analysis

conducted in [56] matches that presented above®.

C.1.3 Toric Geometry of )1

The fact that the manifolds 9)"% are not Sasaki-Einstein” leads to the cones con-
structed over these, C'(2P), not being Calabi-Yau. In fact, the cone over these MZ
geometries admit an integrable complex structure, but not a symplectic structure.
In particular they are not Kahler [103]. However, both the five-dimensional mani-
folds P9 and their cones C'("9) admit an isometric (and holomorhic) T? ~ U(1)3

action. Therefore, on the one hand, the methods from toric symplectic geometry

SDenoting the integers p, ¢ in [56] as ppax, ¢pai, one has the following identifications p = ¢pax

and 4 =ppek + qpGK -
"In fact, they are neither Einstein nor Sasakian. They are not even contact manifolds [111].
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employed in [33] cannot be applied here. In particular, we do not have moment
maps whose images would determine the convex polyhedral cones underlying sev-
eral properties of the toric Sasaki-Einstein geometries [30,33]. On the other hand,
we still have a T? action and one may attempt to understand these geometries from
a complex toric geometry viewpoint [111]. Below we will use the example of the )"
solution to illustrate some features of these geometries, that we expect to persist
more generally.

A key property of toric Calabi-Yau singularities is that the image of the moment
map associated to the T? action is a convex polyhedral cone. The primitive normals
to the facets of this cone can be projected to a plane, where they provide the toric
diagram of the singularity. Equivalently, these normals correspond to the vanishing
of different (Killing) vectors in T3, and thus define co-dimension two loci that are
toric divisors in the Calabi-Yau cone, or equivalently calibrated three-manifolds in
the Sasaki—Finstein base. These vectors may be extracted from an analysis of the
explicit metric, and written in a basis for T? they yield the toric diagram [144,145].
Following these references, below we will employ this method for obtaining a toric
diagram assocated to the )9 geometries, albeit one that will not be convex. As we
will explain, this diagram is formally in 1-1 correspondence with that of the Y74
geometries.

The analysis below will follow closely the discussion in [144,145] for the regularity
of the five-dimensional L%*€ toric Sasaki-Einstein metrics. This gives an alternative
method to performing the regularity analysis of the metric, and in particular to
determine the constraint p < g. The starting point is the local five-dimensional
metric (C.3) depending on the parameter a. There are four codimension two fixed
point sets, where the metric degenerates; these are at x = 27,2 = 27,0 = 0
and # = m. At each of these points a Killing vector has vanishing norm. We
may introduce a 27 periodic coordinate for each of these angular directions at the
degeneration loci by normalising the associated Killing vector such that its surface

gravity, defined as
_ OuVPPo VP

W (C.32)

is unity on the degeneration surface. With this choice of periodicity the Killing
vector degenerates smoothly onto the degeneration surface.

The most general Killing vector one can construct is
V =80, +T0;+ W0, (C.33)

where S, T, W are three constants. This has norm

V|? = #(S + g(2)(T + cos OW))? + Z (%(T 4 cos OW)? + sin? 0W2) )
(C.34)
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The norm is a sum of three positive terms and therefore for it to vanish each of
these terms must independently be zero. We find that the Killing vectors after

being suitably normalised are

1 _ 1 _
kT = $—+ (8a + ZE+8¢) , k™ = .CET (804 +x 8¢) ,
=040, , k™ =0y + 0, , (C.35)

where the superscript denotes the associated degeneration point. Clearly these four
Killing vectors are not linearly independent as they span a three-dimensional space

and therefore they must satisfy
HkT +Jk~ + KE° + LE" =0, (C.36)

for some constant coefficients. As explained in [144] the constant coefficients must
be integers. This follows because each of the Killing vectors generate 2w periodic
translations, and therefore the coefficients must be rational. Then by taking integer
combinations of translations around these circles one generates a translation which
would identify arbitrarily close points. To prevent this from occurring one must take
the coefficients to be integers which may be assumed to be coprime. One finds that

the integers satisfy
H+J+K+L=0, K=1L, (C.37)

and

H J H—-J

:1:++x* \/E H+J

(C.38)

Taking into account the constraints above, we may redefine the integers H and J as

H-J=2q, H+J=2p (C.39)

for consistency with the previous section’s notation, i.e. (C.29). Then from the
constraint that a > 1 it follows again that p < q. Moreover, rewriting the linear

relation between the vectors in terms of these two integers we find
(p+aq)kt+(p—q)k™ —pk® —pk™ =0 (C.40)

From this we can read off what in the GLSM language is called the “charge matrix”

(up to an overall sign) to be

(p>pa_p+qa_p_q) : (041)
Notice that this is formally identical to the charge matrix of Y7 singularities, in
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particular the sum of all these charges vanishes. However, due to the different sign
of p—q, here there are three positive charges and one negative for 29, in contrast to
the two positive and two negative for Y79, In the Calabi—Yau context, these charges
can be used to reconstruct the singularity (and all its resolutions) from the Kéhler
quotient C*/U(1). Then two charges of the same sign give rise to toric non-orbifold
singularities, whereas three charges with the same sign produce a C3/Z, orbifold.
However, the cone over )% is not an orbifold singularity, as it follows from the
preceding analysis, this is not in contradiction because the cone is not Kahler.

To extract a toric diagram from the previous analysis® we need to write the four
vectors above in an effectively acting basis of T3. Locally the T? action is generated
by the vector fields 0,, d4 and 0,, but they do not give an effectively acting basis.
Let an effectively acting basis of these Killing vectors be the set {ey, es, e3}, which are
linear combinations of 0,, 04, 0, and are taken to be suitably normalised such that
all have period 27. Any SL(3,Z) transformation of this basis will also generate the
effective T? action. Writing the degenerating Killing vectors as a linear combination
of the e; and applying SL(3,7Z) transformations to bring the first row and column

to a canonical form, this becomes

kT 1 0 O
€1
k~ 1 A B
= e | (C.42)
k° 1 ¢ D
€3
k™ 1 £E F

Consider the degeneration surface defined by x = z* with degenerating Killing
vector k™ = e;. The T? fibration reduces smoothly to a T? fibration over this
surface which is spanned by {es, e3}. At the intersection of this degeneration surface
with the degeneration surfaces located at ¢ = 0 and § = © we have an additional
degenerating Killing vector. Recall from previous arguments that this vector must
be 27 periodic for the degeneration to be smooth. At # = 0 we have the Killing
vector Ces + Des degenerating on the surface. For this to be 27 periodic it is
necessary that C' and D are relatively prime, ged(C, D) = 1. A similar argument
follows for the degeneration surface at # = 7 and so we also have ged(E, F)) = 1.
Notice that there is no condition on A, B as the degeneration surface at = x~ does
not intersect with the one at © = z*. As ged(C, D) = 1 there exist integer solutions
to RC + SD =1 and therefore by an SL(2,Z) C SL(3,Z) transformation we may

8For a similar analysis in L%*¢ and conventions see [29, 146].
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set C'=1,D =0. We find

kT 1 0 O
€1
k~ 1 A B
= €9 . (C43)
KO 1 1 0
€3
k™ 1 F F

Next, using the linear relation between the four Killing vectors we find
(p-—a)B-pF=0, (p-qA-p-—pE=0. (C.44)

These can be solved by

B=yp, G=p—q, A=0, E=-1, (C.45)
and we obtain
kT 1 0 0
€1
k~ 1 0 p
= €9 . (046)
E° 1 1 0
€3
k™ 1 -1 p—q

We may now introduce three 27 periodic coordinates v; for each of the three e;, the

change of coordinates from the original set is

a:%(%—wg)—i—(ug;y—xi_)%, p=11, x=—tt+ups, (CA47)

where the integers p and v satisfy u(p — q) — pr = 1 and are guaranteed to exist by
the fact ged(p,p — q) = 1. With these coordinates the T? action acts effectively.
Finally, we may read off the toric data from the matrix A: the four vertices are

given by the rows of A, namely

1 1 1 1
O ) 0 9 1 9 _]_ . (C48)
0 p 0 p—q

1 1 1 1
0l , p |, 1], p—q—11, (C.49)
0 p 0 p—q
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(p-q -1,p-q)

Figure C.1: Toric diagram for 2)*9. Notice that this is not convex. The figure
represents the choice p = 3, q = 4.

Figure C.2: Toric diagram for Y79, The figure depicts the case p =4 and ¢ = 3.
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which agree formally with the ones for the Y77 Calabi-Yau singularity [28]. Notice
however that because q > p, this no longer defines a convex polytope. For compar-

ison, we contrast two examples of toric diagrams in the two cases in the figures C.1
and C.2.
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Appendix D

AdS;, F5; =0 appendix

D.1 Bilinear definitions and the orthonormal frame

In the appendix we define all the bilinears appearing in section 5. The scalar bilinears

are

A= JEE+EL),

) 1, - =
Asin¢ = 5(5151 — &&) ,
S = 5551,
The vector bilinears are
K™ = ",
Kgn = 5277”61 )
1 _ _
K" = §(§17m§1 — &™)
1 _ _
Kyt = 5(51’7”%1 + &Y"E) (D.2)
The two-form bilinears are
Wmn = _EQangla
i _
an = —i(men& - fz’anfz) )
i _
Umn = _é(gl’ymngl + 527mn§2) ) (D3)
an = gf’ymngla
Ymn = ggﬂymnééa
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One finds that they satisfy the following algebraic relations

Ks = sin¢ K, + Re[Z*Ks] — Re[S"K] , (D.4)
0 = sinCV—U—%K*/\K—i—Re[iZ*W] : (D.5)
SX = (1+sinO)W — (K4 + Ks) A Ky | (D.6)
SY = (1—sinQ)W* — (K4 — K5) A K . (D.7)

These relations may be computed by making use of Fierz identities, however we
find it simpler to compute these by using an orthonormal frame which we shall

construct below. Following [7] we take the basis of gamma matrices of Cliff(5) to be

. 1 0
7= ® I
0 —1
) 0 1
7= @1
10
0 —1
v = ® T (D.8)
1 0
where 7 = —io® and ¢® are the Pauli matrices. In this basis the charge conjugation

intertwiner is given by C' = I ® 72. we label the corresponding basis by e!. We
decompose the spinors &; as s; ® 0; where s; are spinors of Cliff(3) and 6; spinors of
Cliff(2). At the moment the basis is completely arbitrary which allows us to impose
that the two vectors K, and Kj lie in the (e! — ¢?) plane and in particular K to be
parallel with e'. We find

cos 0 cos sin 6 cos
S1 = \/§ ¢ s So9 = \/§ ¢ (Dg)

—sinfsin ¢ cos fsin ¢

where we have set 0;6; = 1 and added suitable normalization to enforce A = 1.
We can now write the scalar and vector bilinears as functions of 6, ¢, 6;. Requiring
sin ( = 0 implies that cos20 = 0 otherwise cos2¢ = 0 which then implies K5 = 0.

Choosing K3 to lie in the (e3-e*) plane one can choose:

0, = 0y = (D.10)

182



from which we obtain the final form of the vector bilinears

Ks = cos2¢e’ | K, = —sin2¢e? , Kz =sin2¢(e* —ie?®) ,
K = el —isin2¢e®®e” | (D.11)

and the one non-trivial scalar bilinear
S = —e?cos2¢ . (D.12)
The two-forms in terms of this orthonormal basis are

U= —sin2¢e'®, V=e*—cos2¢e®, W = (icos2pe’ —e*) A (e* —ie?),
X = e%%(sin 2¢e’ 4 cos 2¢e* —ie®) A (e* —ie?) |
Y = eB%(—sin 2¢e’ + cos 2¢e* +ie”) A (et +ie?) . (D.13)

D.2 More details on the solution of [1]

In this appendix we present details about the derivation of (5.74)-(5.79). We make
no claims that all the work in this appendix is original, only the final expressions
(5.74)-(5.79). As pointed out in the text we were unable to solve the equations
of the classification in order to recover this solution, in hindsight this was to be
expected as it solves very non-trivial equations compared to the ansatz we have
considered. Instead we found the Killing spinor of the NATD-T solution and from it
constructed the spinor bilinears which allowed us to recover the solution. One may
solve the Killing spinor equations directly for the NATD-T solution however this is
very difficult and may be avoided. Instead one can use the Killing spinors of 71,
which are relatively simple to find, and transform them under the corresponding
NATD and T dualities. It is this method that we present below.

The Buscher rules [147] give the transformation of the NS-NS sector under T-
duality whilst [148] first gave the transformation of the RR-fluxes. The transforma-
tion of the Killing spinors was found in [149]. It is also well known how the geometry
changes under NATD, see [150] for the transformation of the NS-NS sector, though
we shall follow the conventions in [151]. The transformation of the RR-fluxes was
found in [152] whilst in [153] it was found how a Killing spinor transforms under
NATD. We shall briefly present the transformation of the Killing spinors under both
NATD and T-duality for the ease of the reader.

Under a NATD or T-duality there is some ambiguity with the transformation of
the vielbeins. Left and right movers of the world-sheet have different transformation
properties and therefore define two different frame fields. These two frames must

be equivalent as they define the same geometry and so are related by a Lorentz
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transformation of the form:
é, =ANe_ . (D.14)

This Lorentz transformation induces an action on spinors by the matrix €2 which

satisfies
Q0 = A4 (D.15)

Type IIB supersymmetry is parametrised by two d = 10 Majorana-Weyl spinors
of the same chirality whilst type ITA is paramtrised by two d = 10 Majorana-Weyl
spinors of opposite chirality. We shall denote these two spinors generically as y; and
X2, their chiralities are unimportant for the calculation and so we do not distinguish
their chiralities. Under a NATD or T-duality

X1 — X1 X2 — Q_1X2 . (D16)

where for a T-duality along a Killing vector, 0,, ) takes the form

_ 1
QU%l) - —FFHFI 5 (Dl?)
where z is a curved index on I',. Under a NATD, with respect to an SU(2) isometry
along the flat directions 1,2 and 3, €2 takes the form
(11)

r
Qt (T3 4 ¢, ) | (D.18)

sU@) T T m
where for our purposes

o cos &
L2

_rpsing

L2\

LN

¢! ¢? ¢? (D.19)

Note that both 2’s defined above are unitary in our basis.
To begin we solve the Killing spinor equations of the Klebanov-Witten solution,

TD | in the canonical vielbein basis for performing the NATD

e = L \db, , e” = L) sinbdo; ,
el? = LA\iTi2, e® = L\(73 + cos 01d¢,) | (D.20)

where 7; are the left invaraint SU(2) one-forms. With this basis, the Killing spinors
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are

1 1
110 11 0
X1= 3 ) X2 = = 5 (D21)
20 211
0 0

where the choice of normalization is for later convenience. From these two spinors

we may construct & and & as used in the classification

S =x1tix2, S=x1—ix2, (D.22)

note that it is the x’s that transform as (D.16) and not the ¢’s. Under the NATD

the Killing spinors become

X1 X1, Xe— Qg X2 (D.23)

whilst the vielbeins that change are!

A
el = ng [(L*AIN? + 27) cos € + L2\ ay sin &) day

+z1 (23 cos — L2A] sin &) (day + L2N*(dE + cos b1d¢n))]
e? = 2\1Q [((L*N°AT + 27) sin — L* Nz cos €)day

+21(L*A cos € + zasin &) (day + LPN*(dE + cos 61d¢n))]

, A
e = -7 Q[x1x2d$1+(L4)\4+9c2)d:c2 L2N323(d€ + cos 01dgy)]. (D.24)

One now has all the information to perform the T-duality. After both dualities the

T spinors become

1
Xt Xt 2 X Xe o QX — Y Qspexe - (D.25)

One may now compute all the spinor bilinears. One finds for the scalar bilinears

A =1 ( )
sin( = 0, ( )
Z = 0, (D.28)
_ M1y sin el ( )

VAT

Notice that we have rotated é' and é? with respect to those presented in appendix 6 of [1].
We have also added some extra factors of A and A\; which we found to be missing.

S:
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From S one finds

A2z, sin 0

Moreover one sees that the warp factor arises from putting the d = 10 metric into
—1/2 _ o—®/2

(D.30)

Einstein frame and therefore we have the identification e** = p . From

this we find
n = L*\z,sinf; . (D.31)

One is able to find the one-form bilinears K5 and K from this information by using
(5.29) and (5.30) and we may use this as a check for the result defined directly from
the Killing spinors. Computing the one-form bilinears form the Killing spinors one
finds

LA :
K = NG (i(sin @dx; + 1 cos 0df) — x1 sin OdE) (D.32)
LIN2? sin? 0
Ky = —%dg , (D.33)
K — A=z cos Oydxy — x5 cos 0dag + LN sin 0,d6; + xod ) (D.34)
! LVW P
AN . 9 444 2\ o2 2
Ky = m[xlmg sin® 01dx; + (LA} + 25) sin” O1dzy + x] cos 01do,
HLA*VW (cos 61dag + 29 sin 0,d0; — doy)]. (D.35)

Finally, using the redefinitions used in the classification (5.30) and (5.31), one re-
covers (5.75)-(5.79). The change of coordinates (5.83)-(5.86) follows from noticing
that ¢ can be identified with = and then observing that certain combinations of dz;
and df; appear only. From these combinations by adding suitable functions and

requiring that they are closed one recovers the change of coordinates presented.
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