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Abstract. We consider the dual picture of the Yang—Mills theory at large
distances. The dual Higgs model is reformulated in terms of two-point Wightman
functions with the equations of motion involving higher derivatives.

1. Introduction

The nature of confining forces in gauge theories has attracted a lot of attention in recent years.
We consider a model (in four-dimensional space-time (4d)) based on the dual description of a
long-distance Yang—Mills (LDY-M) theory which can provide quark confinement in a system of
static test charges. This article pursues the idea that the vacuum of quantum Yang—Mills (Y-M)
theory is realized by a condensate of monopole—antimonopole pairs [1]-[4]. Since there are no
monopoles as classical solutions with finite energy in a pure Y-M theory, it has been suggested
by ’t Hooft [5] that one might go to the Abelian projection where the gauge group SU(2) is
broken by a suitable gauge condition to its Abelian subgroup U(1). Now there is the well-known
assertion that the interplay between a quark and an antiquark is analogous to the interaction
between a monopole and an antimonopole in a superconductor.

It is known that the topology of the Y-M SU (/N') manifold and that of its Abelian subgroup
[U(1)]¥~1 are different, and new topological objects can appear if the local gauge transformation
of some gauge function is introduced in our model, e.g., the field strength tensor for the gauge
field A, (x) in quantum chromodynamics (QCD) with D,,(z) = 9, + ieA,(z):

1
Flu(z) = —([Du(2), Do(2)] = [0, 00]),
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which transforms with the gauge function () as

Fu () = Fj (2) = Q) Fu(2)Q7 (2)

= 0,4%(x) — 8,A%(z) + ie[A%(x), A%(x)] — %Q(m)[@u, 2,10 (x). ()

The last term in (1) reflects the singular character of the above-mentioned gauge transformation.
One can identify the Abelian projection by making the replacement

Fo () — Fp(2) = 0,47 (x) — 9, A (x) — %Q(w)[@u 0,07 (),

where Af} — Af}, while the label a reflects the Abelian world. This leads to the Dirac string and
magnetic current

1
J2 () = = 5 a0 22)[0,, 0,12 ()
in the Abelian gauge sector.

Formally, a gauge group element which transforms a generic SU(3) connection onto the
gauge-fixing surface in the space of connections is not regular everywhere in space-time. The
projected (or transformed) connections contain topological singularities (or defects). Such a
singularity may form the worldline(s) of magnetic monopoles. Hence, this singularity leads to
the monopole current J*". This is a natural way of performing the transformation from the
Y-M theory to a model dealing with Abelian fields.

Analytical models of the dual QCD with monopoles have been intensively investigated [6]—
[8]. The monopole confinement mechanism is confirmed by many lattice calculations (see
reviews [9] and references therein). We study the Lagrangian model where the fundamental
variables are an octet of dual potentials coupled minimally to three octets of monopole (Higgs)
fields. The dual gauge model is studied at the lowest order of the perturbative series using
canonical quantization. The basic manifestation of the model is that it generates the equations of
motion, where one of them for the scalar (Higgs) field is the equation involving higher derivatives.
Our aim is to apply the previous results [10]-[16] on Wightman functions in 4d models, with
equations of motion (for the scalar fields) involving the dipole-type structure at least, to the model
with monopoles. The monopole fields obeying such equations are classified by their two-point
Wightman functions (TPWF). In the scheme presented in this paper, the flux distribution in the
tubes formed between two heavy colour charges is understood via the following statement: the
Abelian monopoles are excluded from the string region while the Abelian electric flux is squeezed
into the string region. In our model, we use the dual gauge field C/‘j(x) and the monopole field
Bi(z)(i=1,...,Ny(N.,—1)/2and a = 1,...,8 is a colour index), which are relevant modes
for infrared behaviour. The local coupling of the Bg-ﬁeld to the C’z—ﬁeld provides the mass of
the dual field and, hence, a dual Meissner effect. The commutation relations, TPWF and Green
functions, as well-defined distributions in the space S(R?) of complex Schwartz test functions
on RY, will be defined in the following text.

2. The Lagrangian density

Let us consider the Lagrangian density (LD) L of the U(1) x U(1) dual Higgs model
corresponding to the LDY-M theory [8]:

L=2Te[-1F"™F,, + Y(D,B)Y — W(B)), ()
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where

F = 0,0, —9,C, —ig[C,. C,),

Duéi = auéz - ig[ém Bl]a

CA*M and B; are the SU(3) matrices, g is the gauge coupling constant; CA*M = XC, (\" is the
generator of SU(3)). F),, becomes the Abelian tensor with C', being the dual to an ordinary vector
potential. The Higgs fields develop their vacuum expectatlon values (v.e.v.) BO and the Higgs

potential W(B ) has a minimum at BO The v.e.v. BO produce a colour monopole-generating
current confining the electric colour flux. The interaction between a quark ) and antiquark Q

1s provided by C’ via a Dirac string tensor [17] GW having the same colour structure as Cn

namely GW = \8 GW A bound state of @ and @ occurs with the replacement F w NG >

where G, = 0,C, — 0,C,, + GW Following [8], we choose the colour structure for B;-
fields

By =MDBy —XB1,  Ba=-\sBy+MBs,  Bs=X\B3;— \Bs.
The effective potential looks as follows (see also [8]):
W(B, B, Bs) = 2M{11[2(B* + B*> — B})* + (B} — B})?] + 7[2(B* + B*) + B; — 3B3]*},
where ) is dimensionless. The LD (2) becomes

L(Gy) = =3G3, + 4|0, — 19C) 9" + 2(0u65)* — W (0, ¢9), 3)

where ¢ = ¢, = ¢» = B — iB,¢3 = Bs; the generating current of (3) is nothing but
the monopole current confining the electric colour flux J*" = (2/3)0"G (). The formal
consequence of the J,T""-conservation, o+ Jl’f"” = 0, means that monopole currents form closed
loops.

Since ¢ and ¢, couple to C,, in the same way [8], we choose B(x) = b(z) + By, B(z) =
b(z), Bs(x) = bs(z) + By with (B(z)), # 0, (B(x)), # 0, (Bs(x)), # 0. In terms of the new
fields b, b, b3, the LD (3) is divided into two parts: L = Ly + Ly where L; is of lowest order in
g and A, and with the minimal weak interaction looks as follows:

Ly = —3G3, +4[(0.0)* + (0ub)? + 5(8ubs)*] +m?C% — 3% (506% + 18b3) 4 8md,bC,y.
Here, m = gBjy and p = \/ﬁBo. The equations of motion for the fields b, b, by and C, are
(A% + p)b(x) = 0;
A?b(z) +m(0 - C) = 0;
(A% + p13)bs(x) = 0;
(A2 +m)Cy(x) — 0,(0 - O) + 12m,b(x) — 8" G (z) = 0, )

where 12 = (50/3)u?, i3 = 12p%, m? = 3m?2. The formal solution of equation (4) looks as
follows:

0u<r>:aa”é o(x) = BOb(),

with a = (3m?)~1, 3 = 4/m. We obtain that the dual gauge field is defined via the divergence of
the Dirac string tensor G, () shifted by the divergence of the scalar field b(x). For large enough
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&, the monopole field is going toits v.e.v. while C\,(Z — 00) — Oand J"”"(Z — co0) — 8m>C,..
This implies that in the d = 2h dimensions the b(z) field obeys the equation

A*'b(x) ~ 0, h=23,..., (5)

but A%(z) # 0. Here, the solutions of equation (5) obey locality, Poincaré covariance and
spectral conditions, and look like the dipole ‘ghosts’ at h = 2.

We define TPWF W), (z) in d = 2h dimensions, Wj(z) = (b(z)b(0)),, as the distribution
in the Schwartz space S’(R?") of moderate distributions on R?" which obeys the equation

AP () = 0. ©6)

The general solution of (6) should be Lorentz invariant and is given in the following form [10]
ath = 2:
l2 a9

+
2 1 jeq0 2
T, + lex xy,

Way(x) = ayIn

—4a, @)
— iex
where a; (i = 1,2, 3) are the coefficients, [ is an arbitrary length scale. The coefficients a; and
as in (7) can be fixed using the canonical commutation relations (CCR) [C),(z), 7¢, (0)]]z0—0 =
19,,0%(Z) and [b(z), 75(0)] |00 = 163(Z), respectively, with 7¢, (z) = —3Go,(x) and 75(x) =
8[0°b(x) + mC°(z)]. The standard commutator for the scalar field b is

[b(x),b(0)] = (27)?i[4ay Fs(x) + ayDo(7)],

where Ey(z) = (87) ' sgn(2")6(x?) and Dy(z) = (2m) ' sgn(z”)d(2?) are taken into account.
The direct calculation leads to a; = (m?/487%) and ay = —(1/247?).
The propagator of the b-field in S’ (Ry) is

1 1 K2 1 1
% (p) = weak li { 2[ in?In —0 ]———}. 8
7o(p) = wea lim 32 m =21 ic? +im nﬂQ 4(p) 207 — K2 + i &)

Here,  is a parameter of the representation and not an analogue of the infrared mass; 7% = k2 /p?.
To define the commutation relation [C),(z), C, ()], let us consider the canonically conjugate
[%Ou(x)7 81,00(0) - 8001/(0) - gOV(a : O(O)) + AOI/(O)] |x0:0 = ig,ul/53<f)7 (9)

where A, (z) = ¢,,(0 - C(z)) — G (z) tends to zero as + — 0 and the Dirac string tensor
G, (z) obeys the equation [A? + (3m)?]G,,(x) = 0. Obviously, the following form of the
free-C',-field commutator:

[Cul@), CL(0)] = igyu [§mIEs(w) + cDa(2))], (10)
ensures the CCR (9) at large xi with both ¢ and ¢ (in (10)) being real arbitrary numbers but
&= % — 4e.

The free dual gauge field propagator in S’(IR4) in any local covariant gauge is given by

T (p) = /d% exp(ipx) 7, (x) = i[gm, — <1 _ %)pf“f”lj [Em3t,(p) + cta(p)], (11)

where

19,0 . :
Tuw(x) = (47’;)2 [fm% ln(—u%i + ie) +

<,
xu+1e
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. 1
t = k li
1(p) = wea Rl (p? — K2 + ie)

. 1 1
t = k lim ——————.
2(p) = wea Rl 2 (p? — K2 + i)

s+ it n( )5,

The gauge parameter ¢ in (11) is a real number. The following requirement: (A?)*7,,(z) =

i64(z) on the Green function 7,,(z) leads to the constant ¢ having to be equal to zero and
%;w(x) = Tul/<x)/(5m%)

3. An approximate solution

To obtain an approximate topological solution for this dual model, we fix the equations
of motion:

8VG/W = 6ig[¢*(8u - igCM)Cb - gb(au + igCM)qb*], (12)
(O = 19C,)"0 = 3M(32B] — 25|6[" — 765)0, (13)
where ¢(z) is decomposed as ¢(x) = (1/v/2)exp(if(z))[x(x) + By] using the new scalar

variables x(x) and f(z). The equation of motion (12) transforms into the following
one:

@VGW, = 6g(X + BO)2(gOu - auf)

which means that the b(z) field is nothing but a mathematical realization of the

‘massive’ phase Byf(z) at large enough #, ie., b(x) =~ (By/2)S(x)f(x) and
S(x) = (1 + x(z)/Bo)*>. Integrating out G,, over the 2D surface element o*”
in the flux II =[G (x)do*, we conclude that the phase f(z) is varied by
2mn for any integer number n associated with the topological charge [18] inside the
flux tube.  Using the cylindrical symmetry we arrive at the field equation (é —
(C(r)/r)ep):

d2C(r)  1dC(r)

ar2 r dr
with asymptotic transverse behaviour of its solution:

~ 4dn TINT 3 .

Clr) =2 = T <1+8kmr>’ k=L
The field equation (13) is given by

2y 9 _ 2

Ty L) (29O B ams — 2] i) 0,
where x(r) = x(r) + By. The profile of the colour electric field in the flux tube at large r looks

as follows:
™m 1
Ez — _( o _) 7kmr'
(r) \ 2kr ki 2r)°
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4. The confinement potential in analytic form

Now, our aim is to obtain the confinement potential in an analytic form for the system of
interacting static test charges of a quark and an antiquark. According to the distribution (8),
the static potential in R is a rising function with r = |Z| [14, 15]:
1 1
Pstat(r) ~ 22;17_(_3/2 (h o 1)

D(3/2 = h)r#"=2,

and the Fourier transformation of the analytic function r? at o # —d, —d — 2, ...1is [15]

T i i S A L
p? [(-0/2)

We define the static potential as Py (r) = limp_oo[T~! - A(r)] and the action A(r) is given
by the colour source current part of the LD L(p) = —fg(—p)%w(p)j'g (p) with the quark current
Ji(x) = Qugt[05(T — &) — 05(F — T»)]. Here, Q, = ef, is the Abelian colour electric
charge of a quark while g, is the weight vector of the SU(3) algebra: p; = (1/2,/3/6),
p2 = (—1/2,4/3/6), p3s = (0, —1/+/3) [18]; Z, and ¥ are the position vectors of a quark and
an antiquark, respectively.

As a consequence of the dual field propagator (11), and using the following representation
in the sense of generalized functions [11]:

: 1 o K2
weak ’%1211211 7= 72 T i) +ir“In ﬁfh(]?)]
192 e 11 p? i
:——a 1 - ln pN 16:— - (5_31nu)’
40p* —p* —ie i? 2 (p? +ie)? fi?
we get
62 2 - &
Paar(r) = ——2—|em?r(—12.4 + 61n jir) + o(-)]. (14)
167 r

Hence, the string tension a in Py (1) ~ ar emerges as
3m 5 3 9

~ ng = 0™,
where the logarithmic correction in (14) has been ignored at large distances r ~ [~ L.
We obtain @ ~ 0.18 GeV? for the mass of the dual Cy-field m = 0.8 GeV, and o, =
7/g? = e*/(4w) = 0.37, fixed from fitting the heavy quark—antiquark spectrum [19]. The
string tension afizeq = 1.0 GeV fm~! extracted from the Regge slope of the hadrons [20]
then determines the fixed value of the mass my¢ie.q = 0.85 GeV. Performing a formal
comparison, let us recall that the string tensions in papers [21] and [22] are equal to a =
(430 MeV)? and (440 MeV)?, respectively. We found that for a sufficiently long string the
~71 behaviour of the static potential is dominant; for a short string the singular interaction
provided by the second term in (14) becomes important if the average size of the monopole is
even smaller.

a

New Journal of Physics 4 (2002) 16.1-16.8 (http://www.njp.org/)


http://www.njp.org/

16.7

Institute of Physics () DEUTSCHE PHYSIKALISCHE GESELLSCHAFT

5. Conclusions

Finally, some conclusions can be stated:

(a)

(b)

(©)

(d)
(e)

We have actually derived the analytic expressions for the propagators of both the b-field (8)
and the dual gauge boson field (11) in S’(R4). Our result should be regarded as the
distributions (8) and (11) in a weak sense.

The dual gauge bosons become massive due to their interaction with scalar field(s).
But not every scalar species becomes massive, since the symmetry-breaking pattern is
SU(3) — U(1) x U(1) and one scalar field remains massless. We see that the fields b(x)
and b () receive their masses, and the b(z) field—in combination with 8" G, (x)—forms
the vector field C),(x) obeying the equation of motion for the massive vector field with the
mass m = gBy. The solution for the b(x) field can be identified as a ‘ghost’-like particle in
a similar manner.

The form of the potential (14) grows linearly with the distance r apart from a logarithmic
correction.

The string tension a obtained is quite close to a phenomenological value.

Since no real physics can depend on the choice of the gauge group (where the Abelian group
appears as a subgroup), there seems to be a new mechanism of confinement [23].
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