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Abstract
Transmission electron microscopes (TEMs) enable atomic-scale imaging and characterisation,
driving advances across fields from materials science to biology. Quantum correlations, specifically
entanglement, may provide a basis for novel hybrid sensing techniques to make TEMs compatible
with sensitive samples prone to radiation damage. We present a protocol to certify entanglement
between electrons and photons naturally arising from certain coherent cathodoluminescence
processes. Using mutually unbiased bases in position and momentum, our method allows robust,
state-agnostic entanglement verification and provides a lower bound on the entanglement of
formation, enabling quantitative comparisons across platforms. Simulations under
experiment-inspired conditions and preliminary experimental data highlight the feasibility of
implementing this approach in modern TEM systems with optical specimen access. Our work
integrates photonic quantum information techniques with electron microscopy. It establishes a
foundation for entanglement-based imaging at the atomic scale, offering a potential pathway to
reduce radiation exposure.

1. Introduction

The concept of entanglement is at the very heart of foundational questions in quantum mechanics [1–3]. It
plays a central role in many modern quantum technologies, from quantum communication [4], through
quantum computing [5], to quantum metrology [6]. Setups for generating entangled photon pairs have
become extremely compact and robust [7], and the certification of their entanglement a routine problem [8].
At the same time, entangled photons have long been explored as a resource for enhanced imaging
techniques [9, 10], an area in which significant progress has been made recently [11–13]. Here, we focus on
entanglement in a very different type of imaging device: the transmission electron microscope
(TEM) [14, 15].

Despite their remarkable ability to produce atomic-resolution images, TEMs face limitations due to the
radiation damage they inflict on samples [16, 17]. This issue is particularly acute in the study of fragile
radiation-sensitive biological specimens, which are quickly damaged by high-energy electrons. One way to
address this issue is to reduce the electron dose. However, at low electron doses, shot noise becomes a
significant limiting factor [18, 19]. In photon-based systems, quantum correlations have been successfully
used to mitigate shot noise effects [20–22] and improve phase-contrast imaging [23]. In TEMs, quantum
correlation studies have been proposed [24, 25], including quantum eraser experiments with
electron–photon pairs [26] and the transfer of optical coherence to emitted photons using ultrashort
electron-pulse trains via photon-induced near-fields [27]. Within the last few months the first experimental
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Figure 1. Schematic overview of the measurement apparatus required for the proposed certification technique: a collimated
electron beam shown in green hits a sample before progressing to a camera. The inlay illustrates a generic coherent CL process,
where electrons travelling through the sample produce photons, such that energy and momentum are conserved. The emitted
photons and transmitted electrons form electron–photon pairs. The photons, shown in orange, are collected using a mirror and
directed through a lens towards a photon detector. Optional lens transformations convert between position and momentum
measurements. Using periodic binning, the particle pairs can then be measured in mutually unbiased bases. Both electrons and
photons are measured using a pixelated camera, where spatially periodic binning is applied in post processing. Electron detections
are then post-selected according to their temporal correlation with the photons. Finally, the coincidences between electrons and
photons are counted within the different bases and used to bound the entanglement of the pairs.

evidence for electron–photon entanglement has been presented given certain assumptions on the state
structure [28, 29]. Here, we provide a state-agnostic protocol bounding the amount of entanglement and
closing assumption-associated loopholes. The ongoing advancements demonstrate the growing interest in
quantum correlations in electron–photon pairs. Fundamentally, entanglement grants access to
higher-resolution measurements in multiple parameters and to post-processing strategies that reveal
structures beyond classically available information [30]. All together these properties could provide a
significant breakthrough in high-resolution imaging of sensitive samples.

A promising approach to generate the pairs is provided by cathodoluminescence (CL), a process during
which electrons traversing a material sample lead to the emission of photons. Such processes are typically
classified by the coherence of their optical fields with the field of the exciting electron [31]. Incoherent CL
processes, such as inter- and intra-band transitions, colour centre de-excitations, exciton decay, etc typically
arise via intermediary excitations, such as bulk plasmons [32, 33]. In contrast, in coherent CL processes
energy and momentum are conserved within the electron–photon pair, thus offering a compelling avenue for
exploring quantum correlations.

Motivated by the recent technological advances of TEMs in terms of time-correlated detection of
electron-CL-photon pairs [34–36], we propose a certification protocol for the entanglement of these pairs,
drawing from techniques in quantum optics and quantum information [37–39]. As an example, we present a
detailed model of Cherenkov radiation, focusing on the interaction between an incident electron and a
dielectric material. By taking into account energy and momentum conservation, we simulate the resulting
electron–photon state and its entanglement. State-of-the-art TEM devices can image electrons and
CL-photons in parallel when modified accordingly. Hence, the verification of electron–photon entanglement
becomes a matter of performing suitable measurements.

To provide an overview, we review a range of entanglement-detection methods [38, 40–42] that rely on
correlation measurements for pairs of complementary local observables corresponding to positions and
momenta of electrons and photons. Taking into account subtleties with the selection of coarse-grained
detection regions, we identify suitable bases. To illustrate such a measurement protocol, we sketch an
idealised, hypothetical experimental implementation (see figure 1). We introduce prerequisites in terms of
position and momentum resolution that any successful implementation of this entanglement witness
requires and show that they are readily attainable when comparing to different experiments in previous
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literature. We include preliminary data from an experimental implementation in order to show that the
required conditions are also attainable in a single experiment specific to this purpose.

The strategy outlined in this proposal is aimed to be as general as possible—producing results that are
independent of the exact form of the produced states, even in the data analysis—while providing quantitative
information on the entanglement, rather than ‘just’ confirming its presence. We distinguish between the
tasks of entanglement detection, certification, and quantification, with detection referring purely to a
dichotomic statement about the presence or absence of entanglement, and quantification referring to precise
statements about the amount of entanglement as captured by a suitable entanglement measure carrying
operational meaning. When only lower bounds on such measures can be provided, we speak of
entanglement certification [8]. In addition, these three tasks may depend on assumptions about the
underlying states and measurements. If no assumptions on either are necessary, one typically speaks of a
device-independent setting. Some entanglement-detection strategies rely on the assumption that the state is
pure (see, e.g. [26, 43] in the context of electron–photon entanglement) to identify entanglement, but
extending such conclusions to arbitrary states is challenging [26, 44, 45]. Here, we focus on entanglement
certification without any underlying assumptions about the measured state, extending our methods to
bound the amount of entanglement in the system. This allows us to benchmark the system. The applied
discretisation introduces a dimensionality which ensures a meaningful comparison with platforms of both
continuous and discrete degrees of freedom. Our model provides concrete numbers that reproduce the
effects and noise that influence the state during the measurement process.

2. What is entanglement?

Entanglement is a form of correlation between two or more quantum systems that—in contrast to classical
correlations—manifests in correlated measurement outcomes for, in principle, arbitrarily many different
local measurements.

Bell State

A paradigmatic example of an entangled state is the Bell state

|Φ+⟩= |0⟩⊗ |0⟩+ |1⟩⊗ |1⟩√
2

= 1√
2

(
1
0
0
1

)
of two parties. The parties are two-level quantum systems—qubits—describing, e.g. spin- 12 particles
or photon polarisation, with orthogonal basis states |0⟩ and |1⟩. Note that the ‘⊗’ is often omitted. The
Bell state is a pure state and its full density matrix is given by

ρ̂= |Φ+⟩⟨Φ+|= 1
2

(
1 0 0 1
0 0 0 0
0 0 0 0
1 0 0 1

)
.

Since |Φ+⟩ has the symmetry Û⊗ Û∗|Φ+⟩= |Φ+⟩ for all (local) unitaries Û, it is perfectly correlated
in infinitely many pairs of bases.

The effect of decoherence due to an external environment can be described via mixing, i.e. the state
becomes a statistical mixture of pure states. Any (pure or mixed) quantum state is described by a density
operator ρ̂. For pure states, the density operator is a (rank-one) projector, ρ̂2 = ρ̂= |ρ⟩⟨ρ|. In general, the
diagonal entries of the density matrix with respect to any basis form a probability distribution. In particular,
the eigenvalues of ρ̂ are required to be non-negative (ρ̂ is positive semi-definite) and sum to one (ρ̂ has unit
trace).

A bipartite system is described as a state in a Hilbert spaceHA ⊗HB, where A and Bmay represent a
photon and an electron. A state ρ̂ is called separable with respect to the bipartition A|B if it is a mixture of
product states, i.e. if there are density operators ρAi and ρBi , and probabilities pi such that ρ̂=

∑
i pi ρ

A
i ⊗ ρBi .

States that are not separable are called entangled [46] and play a crucial role in enabling quantum
information-processing protocols such as teleportation [47, 48] or entanglement-based imaging
techniques [11–13].

Despite the seemingly simple definition, conclusively determining whether or not a given mixed state ρ̂ is
separable is in general a difficult task, both mathematically and in practice (see, e.g. [3, 8, 49, 50] for
reviews). If the full description of the system is known, one can apply several criteria to check for
entanglement, such as the so-called positive partial-transpose (PPT) criterion [51, 52]. It states that, if the
partial transpose on one of the subsystems leads to negative eigenvalues of the resulting matrix, the system is
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entangled. However, often we do not have the full state description at our disposal, as the number of
measurements required for a complete state tomography—a full reconstruction of the state—of a
multi-particle system scales exponentially with the number of particles. This exponential increase makes the
procedure unfeasible even for systems of modest size.

In particular, the experimental verification of entanglement is often limited by the type and number of
measurements that can be performed. A common restriction is that only local measurements with respect to
a small set of bases of the individual Hilbert spaces can be carried out. Formally, this means that one has

access to matrix elements of the form ρ
(i)
mn := ⟨m(i)n(i)|ρ̂|m(i)n(i)⟩ where i = 1,2, . . . ,M labels theM different

available local bases, whilem,n= 0,1, . . . ,d− 1 label the elements of each basis in the d-dimensional Hilbert
spacesHA andHB. Perfect correlation with respect to any pair of bases labelled by imeans that, for some

labelling of the respective vectors |m(i)⟩A and |n(i)⟩B, we have
∑

n ρ
(i)
nn = 1, and these correlations are

considered to be strongest if ρ (i)
nn = 1

d for all n, that is, when all dmeasurement outcomes for either party are
equally likely, yet perfectly correlated. If correlations in two or more different basis pairs are sufficiently
strong, they can imply entanglement [53].

MUBs—For entangled states, these (perfect) correlations can persist for many bases, even when the
respective pairs of bases labelled by i and j ̸= i aremutually unbiased bases (MUBs), i.e. when

|⟨m(i)|n( j) ⟩|2 = 1
d for allm and n. (1)

For separable states, in contrast, correlations cannot be arbitrarily perfect in such complementary bases.
ForM pairs of MUBs, separable states satisfy [41]

M∑
i=1

d−1∑
n=0

ρ (i)
nn ⩽ 1 + M−1

d . (2)

The violation of this bound represents an entanglement-certification criterion which is independent of
the purity of the state. It can also be extended to certify high-dimensional entanglement via the so-called
Schmidt number [39]. Crucially, this method works even with measurements in only two product bases
{|m(i)⟩⊗ |n(i)⟩}m,n and the knowledge that they are locally mutually unbiased, i.e. that equation (1) holds. In
some cases this may be guaranteed without having further information on, or control over the phases
of ⟨m(i)|n( j) ⟩. Moreover, this technique can also be extended to measurements in arbitrary local bases [53].

Correlations

Consider the following local bases for subsystems A and B:

|0(1)⟩A = |0(1)⟩B = |0⟩,

|1(1)⟩A = |1(1)⟩B = |1⟩,

|0(2)⟩A = |0(2)⟩B = |+⟩= 1√
2
(|0⟩+ |1⟩),

|1(2)⟩A = |1(2)⟩B = |−⟩= 1√
2
(|0⟩− |1⟩).

The Bell state |Φ+⟩ is perfectly correlated in both bases, as all elements ρ (i)
nn = ⟨00|ρ̂|00⟩= ⟨11|ρ̂|11⟩=

⟨++|ρ̂|++⟩= ⟨−−|ρ̂|−−⟩= 1
2 are the same and equal to 1

d , where d= 2. Note that in principle, the
basis states of A and B carrying the same label (e.g. |0(1)⟩A and |0(1)⟩B) do not have to have any rela-
tion [54]. Indeed, A and B could be completely different physical systems with different degrees of
freedom. As the bases above are mutually unbiased, i.e. |⟨m(1)|n(2)⟩|2 = 1

2 , the correlations in these

bases imply entanglement, because
∑

n ρ
(i)
nn = 2, in violation of the condition

∑
n ρ

(i)
nn ⩽ 3

2 satisfied by
all separable states.

Fidelity criterion—When one has sufficient control and knowledge of the measurements to pick specific
MUBs, the corresponding measurement outcomes forM such basis pairs can be used to evaluate a tighter
entanglement-detection bound based on a lower bound F̃ , where F̃(ρ̂,Φ+)⩽ F(ρ̂,Φ+) for the fidelity
F(ρ̂,Φ+) := ⟨Φ+|ρ̂|Φ+⟩ with the maximally entangled state |Φ+⟩= 1√

d

∑
n|n,n⟩. For all separable states ρ̂,

this fidelity satisfies F(ρ̂,Φ+)⩽ 1
d , such that finding a value F̃(ρ̂,Φ+)> 1

d , certifies entanglement [38, 42].

For general local dimensions d the lower bound F̃(ρ̂,Φ+) has an unwieldy expression (see, e.g. [54,
pp 580–592]), and requires the construction of MUBs with phases according to the prescription in [55].
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For two qubits (d= 2) and only two pairs of local bases, where we write |n(1)⟩ ≡ |n⟩ for n= 0,1 and
|n(2)⟩= 1√

2

(
|0⟩+(−1)neiφ|1⟩

)
, the relative phase φ can be absorbed into the definition of |1⟩ and can thus

be set to zero, φ= 0, without loss of generality. The bound then takes the simple form

F̃(ρ̂,Φ+) := 1
2

[
⟨00|ρ̂|00⟩+ ⟨11|ρ̂|11⟩− 1

]
+
∑
n=0,1

⟨n(2)n(2)|ρ̂|n(2)n(2)⟩−
√

⟨01|ρ̂|01⟩⟨10|ρ̂|10⟩ , (3)

with values of the right-hand side F̃(ρ̂,Φ+) larger than 1
2 detecting entanglement.

Moreover, using this bound one is not only able to certify but also to quantify entanglement
[38]—providing a comparative benchmark across implementations and platforms: a value F̃(ρ̂,Φ+)> k

d
implies that ρ̂ has a Schmidt number of (at least) k+ 1, while the entanglement of formation EF(ρ̂) can be
bounded by EF(ρ̂) ⩾ − log

(
1 − I2(ρ̂)

)
, where (for two qubits, d= 2), the quantity I(ρ̂) is given by

I(ρ̂)⩾ 1√
2

(
2F̃(ρ̂,Φ+)−⟨00|ρ̂|00⟩− ⟨11|ρ̂|11⟩− 2

√
⟨01|ρ̂|01⟩⟨10|ρ̂|10⟩

)
. (4)

However, not all setups allow for the measurements to be designed to be mutually unbiased, or for the
specific phase relations to be controlled sufficiently well. But even in such a case, entanglement detection is
possible in principle. For instance, knowing just the largest value maxm,n |⟨m(i)|n( j) ⟩| provides a way to
construct an (albeit less sensitive) entanglement test based on entropic uncertainty relations [40, 56], which
provides a lower bound on an entanglement measure called the distillable entanglement [57]. Alternatively, a
generalisation of the bounds in equation (2) and [39] to arbitrary bases has recently been derived [53].

In the following we will focus on the (generally optimal) scenario where measurements can be performed
in MUBs. In particular, we will describe how the two-qubit entanglement criterion in equation (2) can be
evaluated for continuous-variable (CV) systems, which we discuss in the next section.

3. Infinite-dimensional systems

So far, our description has primarily focused on correlations in finite-dimensional systems, i.e. systems with
discrete spectra capturing degrees of freedom like, e.g. polarisation. However, the quantities to be measured
in this proposal, namely position x and momentum p, represent infinite-dimensional degrees of freedom
with continuous spectra. Traditionally, there are a number of approaches to characterise entanglement in CV
systems. Some of these make use of the fact that a two-party quantum state is entangled if its partial
transpose is negative, or variations of this condition [51, 52, 58, 59]. Another common approach is to employ
uncertainty relations to detect CV entanglement [28, 60–62], which tend to rely on an underlying Gaussian
model to analyse the data [63, 64]. The resulting entanglement bounds are difficult to compare to their
discrete counterparts.

One can also exploit the fact that the operators whose spectra are continuous come in complementary
pairs like x̂ and p̂ with commutation relations of the form [x̂, p̂] = ih̄, which allows us to formulate a set of CV
MUBs [65] to certify the entanglement of electron–photon pairs in the TEM. In principle, these conjugate
variables can be used to design entanglement-witnessing conditions in the form of equation (2). Considering
that measurement devices register outcomes with finite precision and within a limited range of values,
experimental assessments of CV observables may diverge from theoretical predictions. To accurately describe
the system’s correlations, proper coarse-graining of these measurements is necessary, effectively discretising
the CVs. Although challenging, this can be achieved through the careful design of measurement bases [42,
66], in particular MUBs. Once we have properly discretised the measured CV basis, we can proceed beyond
entanglement detection and move towards certification of high-dimensional entanglement. Here, one
requires more robust protocols, like those developed using single-outcome measurements [38] for discrete
scenarios.

In the following analysis, we consider a coarse-graining model that involves periodic binning [66]. If the
projections have a finite width, information is preserved in the conjugate counterpart, making arbitrary
binning approaches biased and, hence, inadequate for our purposes. This is exemplified on the left-hand side
of figure 2. However, by using periodic binning with a carefully chosen relationship between the position and
momentum periodicities, one can construct an unbiased set of bases. The piecewise subsetsRn which
describe each of the d basis elements, are defined over the whole set of real numbers R. For position
measurements, they are defined asRn := {x ∈ R |xcen + n∆x ⩽ x(modTx)< xcen +(n+ 1)∆x}, with
n= 0, · · · ,d− 1 and xcen representing the center of the periodic pattern. The parameter∆x acts as a bin
width and the index n is adapted in the following for d= 2 and to carry an identifier for the variable under
consideration. As such, n= {0(x),1(x)} labels the detection outcomes, akin to the typical method used for
discrete-variable quantum systems. The parameter Tx represents the periodicity of the discretisation as
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Figure 2. Illustration of the unbiasedness of periodic basis elements in contrast to slits, considering position and momentum of
an electron. Note that the elements effectively project the wave function onto the transparent areas. The top row shows the
intensity of an exemplary wave function in position plotted over the basis element corresponding to a slit basis (left) and periodic
basis (right). Subsequently, the wave function is projected onto that element. The bottom row shows the intensity of the
momentum representation of the post-projection wave function plotted over a given momentum-basis element. The periodic
basis can be seen as giving the wave function a ‘kick’ in momentum space, which is exactly∆p of the complementary basis,
thereby just large enough to switch it from one basis element to the other. An unbiased set leads to an equal distribution between
all elements in momentum. However, the slit-basis example clearly shows that certain elements have a higher probability to be hit
than others, which corresponds to entanglement-independent correlations between the different bases. The periodic basis, on the
other hand, produces unbiased elements.

illustrated in figure 2, and d= Tx/∆x = 2 is the number of detection outcomes. A notable advantage of this
method is that the number of detection outcomes can be fully adjusted by selecting appropriate parameters
Tx and∆x, independent of the detection range, i.e. the area which is accessible for the detector. This method
relies on the projections to form a complete set, so that every considered state has a non-zero overlap with at
least one projector and is hence detectable. The projection operators for the discretised position are then
written as

Π̂(x)
n =

ˆ
Rn

|x⟩⟨x|dx=
∑
u∈Z

ˆ xcen+(n+1)∆x+uTx

xcen+n∆x+uTx

|x⟩⟨x|dx. (5)

Analogously, the operators over the conjugate variable p are given by

Π̂(p)
m =

ˆ
Rm

|p⟩⟨p|dp=
∑
u∈Z

ˆ pcen+(m+1)∆p+uTp

pcen+m∆p+uTp

|p⟩⟨p|dp, (6)

where the bin width and periodicity of p are∆p and Tp, respectively, and the basis-element index is given by
m= {0(p),1(p)}.

The requirement for mutual unbiasedness is that the outcome probabilities for one basis are uniformly
distributed when the quantum state is localised with respect to the other basis (and vice versa). In our case,

we have sets of projectors {Π̂(x)
n } and {Π̂(p)

m } that define coarse-graining measurements in the
complementary variables x and p of a CV quantum system described by ρ̂. The measurement designs yield d

outcomes in each domain, with probabilities given by P(x)n (ρ̂) = Tr(ρ̂Π̂(x)
n ) and P(p)m (ρ̂) = Tr(ρ̂Π̂(p)

m ). Finally,
the unbiasedness condition reads [66]:

if P(x)n (ρ̂) = δn0n ⇒ P(p)m (ρ̂) = d−1, (7)

if P(p)m (ρ̂) = δm0m ⇒ P(x)n (ρ̂) = d−1. (8)
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Figure 3. Simplified experimental implementation of the proposed entanglement witness. Using a mirror and a lens, CL photons
are collected. An optical filter restricts the accepted photon energy. The desired measurement basis is selected by placing the
pixelated detector, either at the image plane (position) or the Fourier plane (momentum) of the lens. The appropriate periodic
coarse-graining is applied via binning on the recorded data.

We impose the following relation between the periodicities Tx and Tp:
TxTp

2π h̄ = d
u , where u ∈ N such that

∀ v ∈ {1, · · · ,d− 1} uv
d /∈ N. Please note that this condition is independent of xcen and pcen, making it

insensitive to transversal alignment errors. The simplest and most significant case is the condition with u= 1,
as it is valid for all d. This condition offers the optimal balance between experimentally accessible
periodicities, that is,

TxTp = d · 2π h̄. (9)

Using these relationships, we can now define MUBs for position and momentum that are measurable via
masks [66]. Coincidence measurements between the electron and photon provide access to the joint
probabilities in position, P(ne,nγ), and momentum, P(me,mγ), where e and γ stand for the electron and
the photon system (explicit expressions in sections 4 and 5). Their joint measurements allow the certification
of entanglement between the electron and photon.

However, until recently, entanglement between such pairs, or between a free electron and sample
excitations was considered to be an inaccessible resource due to the fast decoherence in electron
microscopy [15]. Consequently, making use of the pair’s quantum features seemed to be beyond current
technology. Recent proposals have opened up new ways to explore the quantumness of free electrons:
entangling individual electrons through sequential interactions with guided Cherenkov photons [67],
creating free-electron qubits [68], and verifying electron–photon entanglement via cavity excitations [24].
Recently, both an imaging-based scheme [28] and a protocol based on the quantum eraser [29] have been
implemented, showing the feasibility of the described approach. While each previous study illuminates a
different angle of electron–photon quantum correlations, they make assumptions on the underlying
quantum systems. Next, we will describe how state-agnostic entanglement certification can be implemented
in a way that does not rely on specific properties of the involved wave functions.

4. Experimental setup for MUBmeasurements on electron–photon pairs

In this section, we will first illustrate the proposed technique by discussing a basic implementation in a
standard TEM adapted to allow optical access to the specimen and equipped with a time-resolved electron
detector. The experimental viability of any such implementation is mostly determined by the position and
momentum accuracy for measurements of the two particles. Drawing from experimental data, we will
provide realistic resolution limits. In section 6 we determine whether these values are sufficient for
entanglement certification for the exemplary case of electron-Cherenkov-photon pairs.

We consider the setup depicted in figure 3: the sample is illuminated with a collimated beam over a wide
area in order to closely approximate an incident plane wave. Upon interaction with the sample, an electron
may produce a CL photon which is captured by the photon-collection system. In the basic setup, this system
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comprises a mirror, a single lens, an optical bandpass filter and a time-resolved, single-photon camera.
Equivalently, the camera and binning could be replaced with a tailored photon mask, along with a
single-photon bucket detector.

We are interested in the electron–photon wave function at the sample plane, which is projected to the
image plane of the lens. Spatially resolving the photon in this plane corresponds to a measurement of its
initial state in position space. Photons are measured in momentum space by sending them through a
narrow-bandpass wavelength filter and detecting them in the Fourier plane.

The same two options are available for the transmitted electron: In imaging mode the magnetic lenses
inside the TEM are set to produce an image of the transmitted wave function at the detector plane, resulting
in a position measurement of the electron. When recording a diffraction pattern, the back focal plane of the
objective lens is projected onto the detector, thus implementing a momentum measurement of the electron.
The recoil due to the emission of a single photon is on the micro- to nanoradian scale [36], requiring very
high momentum resolution compared to typical electron-diffraction applications. The resulting distribution
is closely correlated to the angular distribution of the photon.

Practical experimental implementations will typically measure deflection angles that need to be
interpreted in momentum space. In appendix D, the relation between these angles and momentum
conservation is clarified. One consequence is the need to consider as narrow an energy window as possible to
establish a one-to-one mapping between deflection angle and momentum, thereby maintaining closer
adherence to a perfect momentum measurement. The energy range of the coincident electrons is determined
by the wavelength filtering of the photons due to energy conservation in the coherent CL processes. By
detecting both electrons and photons in a time-resolved manner, we can identify electron–photon pairs [32,
35, 36] and test their entanglement.

As described in section 3, any measurement of continuous variables, such as position and momentum,
requires coarse-graining in a practical setup. In one spatial dimension (here the x-direction), this is achieved
by assigning one of two measurement outcomes depending on where the particle hits the detector. In the
following, we will consider a coarse-grained measurement in the position–position basis as an example. To
start, one can equivalently consider either the photon or the electron. The entire position range is divided
into two complementary regionsRnζ , where nζ ∈ {0(x),1(x)} and ζ ∈ {e,γ} indicates the subsystem. Taking

the magnification factor A(x)
ζ into account, the one-to-one mapping of an idealised lens between the original

sample position x, y and the image position x ′, y ′ on the detector is given by x= x ′/A(x)
ζ , and equivalently

y= y ′/A(x)
ζ .

Translating the regions which define the basis elements into areas on the detector, we thus get a
position-dependent measurement outcome nζ(x ′):

nζ(x
′) =

{
0 x ′/A(x)

ζ ∈R0 ,

1 x ′/A(x)
ζ ∈R1 .

(10)

On a pixelated detector, this coarse-graining can be represented as a binning which assigns one of the basis
elements to each pixel. Compatible coarse-grainings indexed by nγ ∈ {0(x),1(x)} and ne ∈ {0(x),1(x)} are
defined for both the electron and the photon. By measuring the coincidence count rates Cnenγ for equal and
opposite indices, one can now calculate the joint probabilities P(ne,nγ) for the experimental wave function
and projectors,

P(ne,nγ) =
Cnenγ∑

ne,nγ
Cnenγ

. (11)

Entangled CL pairs ideally produce correlated outcomes with P(0(x),0(x)) and P(1(x),1(x)) close to 0.5.
More details on the expected outcomes and how they might be affected by detector resolutions will be given
in the following sections.

In momentum space, the appropriate coarse-graining has to be mutually unbiased with respect to the
position basis. This condition is met by enforcing the relationship from equation (9). We refer to the
resulting complementary regions in momentum space asRmζ

wheremζ ∈ {0(p),1(p)} and ζ ∈ {e,γ} again
identifies the subsystem. Placing the detector in the Fourier plane maps the momentum of either particle,
p= px, for a given photon energy onto the position on the detector, x ′, y ′, such that

p(x ′,y ′) = |⃗p|
x ′/A(p)

ζ√
(x ′/A(p)

ζ )2 +(y ′/A(p)
ζ )2 + 1

, (12)
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Table 1. Full width at half maximum (FWHM) of the point spread function for position and momentum measurements. We assume
these realistically achievable values to evaluate the feasibility of the proposed technique for entanglement certification.

Measurement Symbol
Experimental
value

Literature
value Reference

e position δ
(x)
e <0.1µm <0.1µm [69]

e momentum δ
(p)
e <0.2 h̄

µm

γ position δ
(x)
γ <1.2µm <1µm [70]

γ momentum δ
(p)
γ <0.2 h̄

µm <0.1 h̄
µm [71]

where A(p)
ζ is the momentum-magnification factor. Similar to its position equivalent, it represents the

effective distance from the sample to the plane of the observed diffraction pattern (known as the camera
length in electron microscopy). This relationship can be used to assign the appropriate measurement
outcome to each pixel, similar to equation (10). Joint measurements in position and momentum provide
coincidence count rates, and therefore joint probabilities, for all 16 combinations of settings P(i(κe), j(κγ)).
This allows us to both evaluate the entanglement measures described in section 2 and verify that the
measured probabilities are compatible with the mutual unbiasedness of the measurement basis.

Once a sufficient electron–photon coincidence count rate has been achieved, the biggest challenge to
successfully implement the presented protocol is the limited resolution of the measurement for each particle
in each basis. The effect of finite resolution on the measurements can be modelled by convolving a point
spread function (PSF) with the probability density. Each measurement’s PSF can be modelled as a Gaussian

distribution PSF(κζ ;δ
(κ)
ζ ) over κζ characterised by its full width at half maximum (FWHM), δ(κ)ζ , and mean

value at zero. As before, κ ∈ {x,p} and ζ ∈ {e,γ}. The PSF allows us to jointly represent signal reduction due
to low resolution (mislabelling of measurement results) as well as decoherence (broadening of the
correlations). However, we do not include material-specific decoherence effects in our analysis. Further
details can be found in appendix B.1.

Table 1 summarises FWHM values from the literature, which have previously been achieved in TEMs or
CL measurement systems installed in TEMs. Additionally, it gives preliminary values from an experimental
setup currently being developed by some of the authors at USTEM, TUWien (see appendix E for more
details). This apparatus has recently been used to show electron–photon entanglement using a different
criterion [28] based on uncertainty relations. Those measurements already fulfil most of the experimental
requirements needed for the presented protocol. The setup implements free-space, coincidence-matched
measurements of electron–photon pairs for each of the required joint bases, with a coincidence count rate of
approximately 10 counts per second. In order to go beyond the results of [28] and realise this fully
state-agnostic approach, the remaining challenge consists of implementing the binning for the MUBs and
further optimising the resolutions.

5. Detecting entanglement in CL electron–photon pairs withMUBs

Einstein–Podolsky–Rosen (EPR) type entanglement is one of the first quantum correlations described in the
literature [1]. The corresponding states exhibit correlations in one CV and anticorrelations in its conjugate.
In the context of electron–photon pairs, such entanglement manifests naturally in position and momentum.

A prominent physical setting for this phenomenon is coherent CL, where a photon is emitted as an
electron traverses or passes near a dielectric material. The electron’s velocity v⃗ defines the longitudinal
direction (typically aligned with the z-axis), while the interaction with the electromagnetic field often
exhibits translational invariance in the transverse (x, y) plane. This symmetry imposes conservation of
transverse momentum, leading to strong correlations and, thus, entanglement between the electron and
photon in these degrees of freedom.

In momentum space, the electron state is represented as |⃗p, s⟩e, where p⃗= (px,py,pz) denotes the

momentum and s the spin. Similarly, the photon state is given by |⃗k, ϵ⟩γ , with k⃗= (kx,ky,kz) the wave vector
and ϵ the polarisation. The entangled electron–photon pair state—under transversal momentum
conservation—is given by the expression

|ψe−γ⟩=
∑
ϵ,s

ˆ
d2k⊥

ˆ
dkz dpzΨ(⃗k⊥,kz,pz, ϵ, s) · |−h̄kx,−h̄ky,pz, s⟩e ⊗ |kx,ky,kz, ϵ⟩γ , (13)

where h̄⃗k⊥ = h̄(kx,ky) =−(px,py), andΨ(⃗k⊥,kz,pz, ϵ, s) are the respective probability amplitudes.
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When coherence is preserved during the emission process, initially defined classically via a stable phase
relationship between the electron and the emitted photon [31], quantum coherence can also emerge. In this
regime, pure states of the electron and the electromagnetic field evolve into a pure entangled state without
involving the sample or environment. Conservation of energy and momentum then provides a sufficient
condition for generating entanglement detectable in the position and momentum representations.

As exemplified later by the discussion of the Cherenkov effect in section 6, energy and partialmomentum
conservation is also sufficient under the right experimental conditions. Suitable CL phenomena for certifying
CV entanglement in position and momentum include transition radiation [72], the Smith–Purcell
effect [73], radiative plasmon decay [74], and Cherenkov radiation [75]. Contributions from incoherent CL
can be minimised by choosing a sample which naturally has low incoherent emission rates. As incoherent
emission often results from the excitation of more energetic intermediary particles (e.g. bulk plasmons [32,
33]), electron-energy filtering allows us to remove many of the unwanted incoherent contributions.
Additionally, incoherent processes with long lifetimes can be temporally excluded by coincidence
matching [76].

While this work focuses on low-energy photon emission in dielectric media, high-energy scattering
processes are also expected to produce electron–photon entanglement, as shown by recent theoretical
investigations of photoelectrons and x-ray photons [77–79]. These developments highlight the broader
applicability of our certification approach across energy regimes.

In the following, we discuss entanglement certification using the MUB approach outlined in section 3 for
the EPR-type electron–photon pair state in equation (13). Our considerations are restricted to entanglement
in position and momentum along an arbitrary transverse direction denoted as x. To construct the reduced
state ρ̂e−γ,x depending only on x, we trace ρ̂e−γ = |ψe−γ⟩⟨ψe−γ | over the variables that are not measured,
namely the y- and z-momenta of both particles, the electron spin and photon polarisation. The resultant
reduced state is then given by

ρ̂e−γ,x =

ˆ
dk1,x dk2,x

h̄

L⊥
f̃(k1,x,k2,x)|−h̄k1,x⟩e|k1,x⟩γ⟨−h̄k2,x|e⟨k2,x|γ , (14)

where f̃(k1,x,k2,x) are the matrix elements associated with plane-wave functions confined within a transverse
length L⊥ (see appendix A for details). These elements depend only on the photon wave numbers in the
x-direction (kj,x), as the transverse electron momentum is fixed by momentum conservation. Here, j= 1
refers to the ket states, while j= 2 refers to the corresponding bra states.

As discussed in section 3, entanglement certification based on CV MUBs requires coarse-grained
correlation measurements. Hence, the available position and momentum ranges are split into two regions,

i.e. basis elements, each. They are defined by local projection operators Π̂(κ)

i(κ) , where i ∈ {0,1} represents the
element index and κ,κ ′ ∈ {x,p} position or momentum for a given subsystem. In the following paragraph
we use superscripts on the indices, otherwise denoted as nζ andmζ , to clearly distinguish between the bases.
Please note that p= px and pγ = h̄kγ . Therefore, the joint probability P(i(κe), j(κγ)) for the electron to be

detected in element i(κe) ∈ {n(xe)e ,m(pe)
e } and for the photon to be detected in element j(κγ) ∈ {n(xγ)γ ,m

(pγ)
γ }

is given by

P(i(κe), j(κ
′
γ)) =Tr

(
ρ̂e−γ,x · Π̂(κe)

i(κe)
⊗ Π̂

(κ ′
γ)

j(κ
′
γ )

)
=

ˆ
R

i(κe)

ˆ
R

j
(κ ′

γ )

Π̃
(
κe,κ

′
γ

)
dκedκ

′
γ , (15)

where Π̃
(
κe,κ

′
γ

)
are the probability densities corresponding to the projective measurements, as illustrated in

figure 4. Here, the projections associate every part of the probability density with a joint basis element,
resulting in a joint probability. The correlated measurement outcomes correspond to the green
(i(κe) = j(κγ) = 0(κ)) and yellow (i(κe) = j(κγ) = 1(κ)) areas in figure 4, while the anti-correlated outcomes
are indicated in beige (i(κe) = 0(κ), j(κγ) = 1(κ)) and white (i(κe) = 1(κ), j(κγ) = 0(κ)).

The projective measurements corresponding to the experimental settings we consider result in
probability densities

Π̃(pe, h̄kγ) =
1

Np−p
f̃(kγ ,kγ)δ(h̄kγ + pe), (16a)

Π̃(xe, h̄kγ) =
1

2xmaxh̄Np−p
f̃(kγ ,kγ), (16b)
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Figure 4. Illustrating correlation measurements shown in figures 6 and 7. The certification of entanglement relies on the joint
probability density (in greyscale, bottom of stack plot) of two observables (position or momentum) of the electron and the
photon. Measurements are carried out with respect to one basis element each. The elements are interposed forming a
chequerboard pattern (top of the stack plot) to illustrate the regions corresponding to each joint probability. The combinations of
elements are represented by coloured areas: green (0, 0), white (1, 0), beige (0, 1), and orange (1, 1). The measurements effectively
sort every part of the probability density into a joint basis element. Finally, the probabilities of finding both particles in a joint
basis element are added, as described in equation (15), with the results shown in the inset pie chart. These joint probabilities sum
up the electron–photon correlation corresponding to each combination of basis elements.

Π̃(pe, xγ ) =
1

2xmaxh̄Np−p
f̃(pe/h̄,pe/h̄), (16c)

Π̃(xe, xγ )∝
kx,maxˆ

−kx,max

dk ′x

kx,maxˆ

−kx,max

dkx f̃(kx,k
′
x)e

i(kx−k ′
x )(xe−xγ) , (16d)

where pe and h̄kγ (xe and xγ) represent the momentum (position) along the x axis for the electron and the
photon, respectively.

The derivation of this result is detailed in appendix A.1, where both positions and momenta are bounded
within xe,xγ ∈ [−xmax,xmax] pe, h̄kγ ∈ [−kx,max,kx,max] defining sufficiently large position ranges to have a
convergence in the joint probabilities, resulting in the normalisation constant Np−p given explicitly in
equation (A.6).

The presented projectors are infinitely wide, that is, the complete sets of projectors |x⟩⟨x| and |p⟩⟨p| are
obtained for all x,p ∈ R. However, in the experiment the area of detection is finite. The application of the
projectors in this area is valid when the considered wave functions are constrained to that same area. A
typical electron wave function produced in a TEM, for example, is localised in position and high-momentum
components produced during the CL process are filtered by internal reflection, leaving us with wave
functions that are strongly localised in both position and momentum. This way the bases do not need to
cover the entire Hilbert space, but rather the occupiable part.

Finally, we consider the detection efficiency to be independent of the position on the detector to form the
discussed bases. An example where this might not be the case is a camera with blind spots in between pixels
or non-uniform pixel response functions. An alternative setting with a potentially higher detection efficiency
could include filters in the shape of the basis elements and bucket detectors, similar to [66].

As noise from different parts of the setup blurs out the correlations, entanglement becomes more difficult
to detect. However, experimental measurement imperfections can be taken into account in post processing or
via adjusted entanglement-detection bounds [53, 80] dependent on their characterisation (see appendix F).

In the following, we consider a potential physical realisation to further exemplify some practicalities of
this proposal.
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Figure 5. (a) Photon emission due to the Cherenkov effect: the incident electron beam (green) interacts with a dielectric material
(grey rectangle), producing a photon (yellow). This interaction deflects the incident electron. Initially, the electron is described by
a longitudinal Gaussian wave packet with momentum p⃗i = pi,z⃗ez, where e⃗z is the unit vector along z. During the interaction, the

Cherenkov effect deflects the momentum to p⃗, generating a photon with corresponding wave vector k⃗. (b) Representation of the
photon wave vector space outside the dielectric slab: the emitted photons are filtered by energy, defining the minimum and
maximum wave vectors, as indicated by the dark orange concentric spherical sections with radii ωmin/c and ωmax/c, respectively.
Additionally, only photons with incident angles that are not subject to total internal reflection inside the sample (θγ ⩽ θcrit) are
considered. The range of momenta in the x–y plane is further restricted under typical experimental detection conditions, as
illustrated by the blue rectangle in the figure. Specific cut-off values, kx,max and ky,min(max), are applied, with ky,min = 0 in the
diagram. As a result, the momentum eigenvalues under consideration are confined to the blue-highlighted region K.

6. Example: electron-Cherenkov-photon pairs

In this section, we discuss entangled pairs generated via Cherenkov radiation in a thin dielectric membrane.
We illustrate how this specific mechanism can give rise to the desired quantum correlations and provide an
estimate of the entanglement that could be observed under experimental conditions. The Cherenkov effect is
a specific instance of a coherent CL process that results in electron–photon pairs. The process comprises the
emission of a photon when a charged particle moves into or past a dielectric material at a velocity v exceeding
the speed of light c within the material, that is, the velocity ratio β = v/c> 1/ñ [31, 81], where ñ is the
refractive index of the material. As a result of the photon emission, the electron is scattered, experiencing
recoil, as shown in figure 5(a). The Cherenkov condition is easily fulfilled for typical samples in a TEM,
where electrons are accelerated to energies on the order of 30–300 keV. For sufficiently thick dielectrics with
respect to the photon wavelengths, momentum conservation is approximately fulfilled. The resulting
momentum change can be assumed to be equivalent in absolute value but opposite to the momentum of the
emitted photon. As a result, the electron and the photon are entangled, effectively representing an EPR pair.

Inside the sample—Based on the framework of quantum electrodynamics (QED), one can describe the
Cherenkov process and analyse the state of electron-Cherenkov-photon pairs (referred to as ‘Cherenkov
pairs’ for brevity) in detail. This has been demonstrated by numerous studies [45, 82–84] exploring, for
example, the feasibility of producing light with various polarisations and electrons with distinct spin states.
In the following, we will present an idealised model that captures the essential features of the Cherenkov
process in a sample represented by a dielectric slab of finite thickness, leading to a finite photon-emission
probability (appendix C.1). To obtain an expression for the pair state, we use previously derived transition
amplitudes [45, 82]. At the end of this section, the resulting state is used to assess the feasibility of certifying
entanglement between the electron and the photon produced.

The electron initially propagates along the z-axis. In this direction, it is described by a narrow Gaussian
wave packet ψG(pi,z) with a momentum distribution centred on the average initial momentum p̄i,z,

corresponding to energy E0 =
√
m2

ec
4 + p̄2i,zc

2, and standard deviation∆pz = 10−6 p̄i,z. Its momentum in the

transverse directions is close to zero. Such a wave function would be expected from the parallel illumination
used in TEMs, where the electron beam is collimated to minimise transverse spread. We consider the
dielectric to be infinitely wide in the transverse direction, L⊥ →∞, and of finite longitudinal width, Lz,
which corresponds to the sample thickness. It should be noted that the finite width of the dielectric along z
breaks translation invariance, leading to imperfect longitudinal momentum conservation, a factor that is
considered in the analysis of the resulting Cherenkov pairs.
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The state of the produced Cherenkov pair is a linear combination of states | p⃗h̄ , s⟩e ⊗ |⃗k, ϵ⟩γ with
amplitudes described in [82] (see appendix C for details). We specifically focus on Cherenkov photons with
much lower energy than that of the incident electron, i.e. in the optical and near-UV spectrum, where
quantum emission rates tend toward classical rates [82, 84]. In the low-energy photon regime, the
Cherenkov-pair state is independent of electron spin and photon polarisation because the dominant
contribution to the transition amplitude does not correspond to a spin flip and always results in radially
polarised light (cf appendix C). In this regime, the Cherenkov-pair state follows the same mathematical form
presented in equation (13) and it is given by the expression

|ψe−γ⟩ ∝
ˆ
d3kdpi,z A(⃗k)ψG(pi,z) ·

∣∣− h̄kx,−h̄ky,p
con
z

〉
e
⊗
∣∣kx,ky,kz〉γ , (17)

where pconz ≈ pi,z − h̄kEi
ñcpi,z

from the energy-conservation condition, with energy Ei =
√
m2

ec
4 + p2i,zc

2, and the

Cherenkov amplitudes

A(⃗k)≈
√

α

2π2ñ

k⊥
k3/2

Lz sinc

(
Lz
2

(
kz −

k

βñ

))
, (18)

with fine-structure constant α, k⊥ =
√
k2x + k2y and k=

√
k2⊥ + k2z . The sinc term results from the finite

integration length Lz during the scattering process. For an infinite integration length, the sinc term
approaches a Dirac delta function, ensuring perfect momentum conservation along z. We can identify the
state in equation (17) as a superposition of EPR pairs in the transverse momenta.

Outside the sample—So far, we have described the state inside the sample. However, measurements on
electrons and photons are typically performed outside of the sample. Due to the dielectric’s thickness,
multi-scattering processes are negligible. The lower-layer interface is assumed to have no effect on the
electron, thus leaving its wave function unchanged.

Still, the refraction of the photons at the sample boundary must be taken into account. This
transformation is represented by a map ρ̂e−γ → ρ̂e−γ,out = B[ρ̂e−γ ] applied to the density matrix
ρ̂e−γ = |ψe−γ⟩⟨ψe−γ |. The explicit form of this map depends on the specific experimental setup and requires
detailed modeling.

In our idealised model, we assume that the boundary is a planar surface orthogonal to the z-direction,
separating the dielectric sample from the vacuum. This assumption is supported by the fact that certain
samples generally appear optically flat to the emitted light [85], as atomic-scale imperfections are negligible
at the relevant photon wavelengths. At this boundary, photon refraction and total internal reflection are
treated as the dominant effects, resulting in a state |ψe−γ,out⟩= M̂|ψe−γ⟩, where M̂ is defined as

M̂=

ˆ
θγ⩽θcrit

d3kτ∥(θγ)|kx,ky,k ′z⟩⟨⃗k|. (19)

Here, τ∥(θγ) represents the Fresnel transmission amplitude for p-polarised light [86], as Cherenkov
radiation is classically emitted with this polarisation [87] (see appendix C.2). As a result, only wave vectors
satisfying θγ = arccos(kz/k)⩽ θcrit = arcsin(1/ñ) are transmitted through the boundary. According to the
law of refraction, the photon’s momentum components in the x- and y-directions remain constant across the
boundary, while the z-component decreases, resulting in the modified wave number outside the dielectric,

i.e. k ′z =
1
ñ

√
(1− ñ2)(k2x + k2y)+ k2z .

Certifying entanglement—We now apply the entanglement certification strategy described in section 5 to the
case of Cherenkov pairs. The reduced state ρ̂e−γ,x is constructed analogously to equation (14) by tracing over
the unmeasured degrees of freedom. However, in the Cherenkov case, this trace is applied to ρ̂e−γ,out and
includes an additional restriction: the photon momentum is limited to a finite region K, defined by the
cutoffs [−kx,max,kx,max]× [ky,min,ky,max] and a detectable photon energy range Eγ ∈ [h̄ωmin, h̄ωmax] (see
figure 5(b) and equation (C.52)). These constraints reflect practical detection limitations and the effects of
total internal reflection. The reduced density operator retains the same structural form as in equation (14),
but the azimuthal symmetry of its probability amplitudes allows it to be written as

ρ̂e−γ,x =

ˆ kx,max

0
dk1,x

ˆ kx,max

0
dk2,x

h̄

L⊥
f̃(k1,x,k2,x) · (|−h̄k1,x⟩e|k1,x⟩γ + |h̄k1,x⟩e|−k1,x⟩γ)

× (⟨−h̄k2,x|e⟨k2,x|γ + ⟨h̄k2,x|e⟨−k2,x|γ) , (20)
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Figure 6. Correlation measurements assuming perfect detectors. Measurements are taken in the combined position and
momentum bases for each particle, with the measured variables being: (a) pe, h̄kγ , (b) xe, h̄kγ , (c) pe,xγ , and (d) xe,xγ . The
probability density is represented by the dark shading intensity (a.u.) following equation (16). Each colour indicates one
combination of basis elements with periods Tp = 1.26 h̄

µm
and Tx = 10µm. The composition of the plots, insets, and colouring

is explained in figure 4. Here, we show a smaller, representative range in position than that used to calculate the joint probabilities.
The underlying model is based on the following parameters: sample thickness Lz = 200 nm and refractive index ñ= 1.6; incident
electron with kinetic energy Ekin = E0 −mec2 = 200keV (β= 0.7); and photon energy range [3.5, 4.0]eV. These parameters and
their experimental feasibility are discussed at the end of this section.

where its matrix elements f̃(k1,x,k2,x) are now given by

f̃(k1,x,k2,x)≈
1

Ñ

ˆ
Ky−z

dky dk
′
zA(⃗k1)A(⃗k2) · τ∥(θγ,1)τ∥(θγ,2)G (⃗k1, k⃗2), (21)

where k⃗j = (kj,x,ky,kj,z) and cosθγ,j =
kj,z

|⃗kj|
with kj,z =

√
(ñ2 − 1)(k2j,x + k2y)+ ñ2k′2

z (see the derivation in

appendix C.2). The matrix elements and the normalisation constant Ñ, defined in equation (C.51), are
obtained through numerical integration, which depends on the integration limits within the region Ky−z, an

area defined by fixed values of k1,x and k2,x. The Gaussian function G (⃗k1, k⃗2) in the second line results from
the initial Gaussian electron wave packet and is explicitly given in equation (C.49).

The dominant terms of the density operator in equation (20) are centred on the diagonal
(|−h̄kx⟩e|kx⟩γ⟨−h̄kx|e⟨kx|γ) and anti-diagonal (|−h̄kx⟩e|kx⟩γ⟨h̄kx|e⟨−kx|γ) elements, similar to the Bell state
discussed in section 2. An explicit example and visualisation are provided in appendix C.2. Generally, the
finite width of the incident momentum wave packet and finite sample width lead to increased momentum
uncertainty, introducing additional contributions to the density operator. In the limiting case where
∆pz → 0 and Lz →∞, the density operator closely approximates a statistical mixture of maximally entangled
states within disjoint subspaces, such that their respective partial transposes do not overlap.

Modelling measurements—As the model provides a complete state description via the reduced density
operator (cf equation (20)), we can evaluate entanglement using formal separability criteria such as the PPT
criterion [88]. Taking the partial transpose of the reduced density matrix (see appendix C.4) reveals negative
eigenvalues, thereby confirming the presence of entanglement. Beyond this formal certification, we now
assess whether entanglement can be verified using only accessible measurements in position and momentum
space.

To this end, figure 6 illustrates the probability densities obtained from the modelled state according to
equation (16) and the matrix elements in equation (21), along with the periodic basis elements that define
the MUB measurements. The momentum–momentum distribution (equation (16a), figure 6(a)) is sharply
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Figure 7. Correlation measurements for realistic detector resolutions (using the experimental values in table 1) with optimised
periodicities. The finite resolution is considered by convolving the probability densities from equation (15) with distributions
corresponding to table 1. As specified in figure 4, probability densities are represented by the shaded intensity of the overlaid
distribution, while the joint periodic basis elements are indicated by the coloured background. The insets give the joint
probabilities. As in figure 6, the range of position values used for the numerical evaluation is larger than the ones shown in the
plots. The applied optimal basis periods are Tp = 2.31 h̄

µm
and Tx = 5.44µm.

peaked around zero total momentum, corresponding to a Dirac delta function and indicating perfect
anti-correlation, consistent with an incident electron wave packet closely approximating a plane wave. In
contrast, the position-momentum distributions (equations (16b) and (16c), figures 6(b) and (c)) exhibit no
visible correlations, as they depend solely on the momentum component. Finally, the position–position
distribution (equation (16d), figure 6(d)) shows a pronounced peak at |xe − xγ |= 0, indicating strong spatial
correlations. These contrasting features reflect the structure of the underlying entangled state and form the
basis for entanglement certification using MUB-based observables.

Hence, an idealised Cherenkov-pair state exhibits perfect anti-correlation in momenta and almost perfect
correlation in positions. The corresponding joint probabilities for momentum–momentum measurements
are P(0(p),0(p)) = P(1(p),1(p)) = 1/2. Similarly, for position–position measurements, we have
P(0(x),0(x)) = P(1(x),1(x))≈ 1/2. The position-correlation does not reach that ideal value as our model is
fundamentally constrained by the sample’s thickness, which defocuses emission points along the z-axis,
effectively blurring the transverse position projection. Similarly, entanglement in larger Hilbert spaces would
lead to an effective mixing and consequent blurring of the joint probability distribution. To increase the
measured position-correlation, Tx could be increased (decreasing Tp), but we opted for realistic values. For
mixed measurements, the joint probabilities are P(0(x),0(p)) = P(1(x),1(p)) = P(0(x),1(p)) =
P(1(x),0(p)) = 1/4, and vice versa, due to the mutual unbiasedness of the bases. Generally, these values
would change because of experimental factors such as noise. Limited detector accuracy, for example, leads to
blurring of the distributions.

Measuring electron-Cherenkov-photon pairs—The effect of the limited resolution can be understood as
convolving the PSF characterising the measurement apparatus with the probability density of the measured
state. For the example of electron-Cherenkov-photon pairs, we use the model state shown in figure 6. Hence,
the probability densities accounting for detector resolution are

Πexp(κe,κ
′
γ) = Π̃(κe,κ

′
γ) ∗PSF(κe;δκe )PSF(κ ′

γ ;δ
κ ′

γ ), (22)

resulting in the joint probabilities presented in figure 7.
In contrast to figure 6, the probability densities in figure 7 are more blurred. This is especially clear in

figure 7(a), where the initial Dirac delta changed into a distribution with finite width, and consequently
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worse joint probabilities. However, the blurring is strongest in photon position (figures 7(c) and (d)). To
keep the effect on the joint probability to a minimum, the position periodicity of the basis, Tx, must be high
enough to cover a large area of the distribution. Keeping in mind that Tx is directly related to the momentum
periodicity, Tp, via equation (9), we optimise the two of them together to maximise the joint probabilities in
momentum–momentum and position–position spaces without compromising the unbiasedness.

The blurring leads to reduced joint probabilities of momentum–momentum (0.421< 0.5) and
position–position (0.389< 0.5) measurements partially mitigated by optimising the basis.

Meanwhile, the equal joint probabilities in position-momentum measurements indicate no change in
unbiasedness. While unbiasedness is a property of the basis and valid for all states, the constancy implies
that, as expected, the blurring only reduces the correlation but does not introduce new ones. Using the
presented probabilities, the criterion from equation (2) is violated forM= d= 2, namely

P(0(x),0(x)) + P(1(x),1(x)) + P(0(p),0(p)) + P(1(p),1(p))

= 2 · 0.421+ 2 · 0.389 = 1.620> 1.5 , (23)

successfully certifying the state’s entanglement. Similarly, the fidelity-based criterion from equation (3)
would give F̃ = 0.620> 0.5 also confirming the pair’s entanglement. As a result, the entanglement of
formation can be estimated to be EF ⩾ 0.03.

Model-complementary experimental parameter ranges

So far, we have considered an idealised system; this box provides some practical considerations. In order
to design an experiment that uses Cherenkov radiation as a source of entangled electron–photon pairs,
we need to consider a wide range of parameters, most notably: the sample’s thickness and refractive
index connected with the required energy range and electron acceleration voltage. While many other
parameters can be chosen independently, these four need to be balanced in order for the experiment to
be viable.

Sample thickness&acceleration voltage—Photon production increases linearly with sample thickness,
Lz, but a thicker sample increases the likelihood of an electron to experience an undesirable secondary
inelastic interaction. This effect can be mitigated by increasing the acceleration voltage, which reduces
the inelastic mean free path. An electron accelerated with 200 keV, for example, has an inelastic mean
free path of approximately 150 nm in Si and 180 nm in SiO2 [89]. Typically, TEM samples stay under
300 nm, depending on the acceleration voltage.

Refractive index & energy range—The Cherenkov angle, given by cos(θCR) = (βñ)−1, depends on
the sample’s refractive index ñ and the electron’s velocity ratio β. The ratio between sample thickness
and photon wavelength determines the dominant emission angle. The higher this ratio is, the closer
the angle becomes to the Cherenkov angle θCR [87] exhibiting a narrower angular distribution (see
appendix C.1). For a photon to be detected, its emission angle should be below the critical angle for total
internal reflection. Hence, the optimal refractive index range is bounded by β−1 ⩽ ñ⩽

√
1+ 1/β2.

For 200 keV electrons (β= 0.7), this range is approximately 1.43⩽ ñ⩽ 1.74. In the optical regime,
the sample thickness and wavelength inside the material are of comparable size. While this leads to an
undesirably broad distribution of the emission angle, the optical wavelength range aligns with read-
ily available optics and detectors, facilitating efficient photon detection. At optical wavelengths many
materials, such as quartz, calcite, and various glasses, also fall within the desired range of refractive
index and have low dispersion. Estimates based on photon-emission probability and error propaga-
tion for 350 nm suggest that acquisition times on the order of hours should be sufficient to collect the
necessary amount of signal.

Model vs. Experiment—Any practical implementation of the discussed entanglement-certification scheme
will be subject to experimental conditions beyond the presented idealised model (see appendix B.1). As
mentioned earlier, one such factor is the refraction at the sample boundaries, which induces interference
effects that alter the mode structure of the electromagnetic field. A corresponding QED model of the
Cherenkov process is provided in [84]. Additional factors that may change the presented distributions are:
the characteristics of the incident electron wave function such as beam diameter and energy spread differing
from a plane wave (the electron’s refraction is expected to be negligible), sample defects or geometric
imperfections, charging effects, multi-scattering events including multi-photon emission, elastic scattering
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within the sample, and other excitation processes. This may include both coherent mechanisms (e.g.
transition radiation, plasmons) and incoherent mechanisms (e.g. electron–hole pair generation) [31].

Cherenkov pairs serve as a representative example of the general considerations discussed at the end of
section 5, where measuring transverse momentum corresponds to detecting deflection angles in the far field.
In typical Cherenkov scenarios, the relationship between deflection angle and transverse momentum transfer
is straightforward when photons are emitted near the Cherenkov angle, corresponding to the direction of
peak intensity in an infinite dielectric slab. However, when the photon wavelength becomes comparable to or
larger than the sample thickness, emission occurs over a broader angular range (see appendix C.1), which
effectively broadens the distribution of longitudinal momentum components (pz). Therefore, the necessity of
narrow energy filtering or joint angle-energy detection still holds for the momentum-space MUB projectors
over Cherenkov pairs (see appendix D).

As we concluded in section 5, the set of projectors must cover the occupiable part of the electron–photon
pair wave function. In the presented model, only the momentum contribution is strongly localised for both
particles. Still, reasonable estimates can be made, because the position–position probability density is
uniform in xe + xγ , that is, the correlations only depend on |xe − xγ |. This allows us to obtain approximate
results for the joint probabilities for position–position measurements while restricting both xe and xγ to
[−xmax,xmax] as shown in detail in appendix C.5.

7. Conclusion

Hybrid systems, such as entangled electron–photon pairs, provide a promising direction for advancing
quantum technologies by combining complementary features of distinct particles. In particular, the
electron’s picometre-scale de Broglie wavelength allows one to achieve atomic resolution, while photons can
be easily guided and detected in a phase-sensitive manner. However, to exploit the hybrid system’s quantum
features the subsystems need to be verifiably entangled. In this work, we have described a protocol for
bounding electron–photon entanglement, specifically the entanglement of formation, in a state-of-the-art
TEM adapted to provide optical access to the sample. Previous theoretical protocols for similar systems
detect entanglement [24–26] relying on certain underlying features of the system, rather than describing
state-agnostic measurements. Similarly, recent experimental studies have made assumptions on the state to
infer entanglement [28, 29, 43]. Here we review different ways to verify entanglement and show how it can be
certified without assumptions on the state.

While we have used the Cherenkov effect as a example, any coherent and energy-conserving CL process
can, in principle, produce entangled electron–photon pairs. Indeed, the central concepts and techniques
presented in this work are similarly applicable to correlated electron–electron pairs, such as the ones
investigated in [90]. By using the appropriate periodic coarse-graining and a time-resolved direct-detection
camera to identify coincident electron–electron pairs, their entanglement—if present—could be certified
and benchmarked. In relativistic regimes or when spin-orbit interactions become significant, one could also
explore Bohm-type spin-momentum entanglement [79], potentially extending the MUB-based certification
approach. It remains to be seen which processes will be the most easily exploitable to produce useful
entangled pairs.

Our model takes into account a number of experimental constraints, including noise and blurring
effects, and proposes a way to optimise MUBs for the detection and certification of entanglement. To
increase the entanglement bounds described in this manuscript, it is crucial to improve the resolutions as
much as possible. Indeed, resolution is the most important factor to consider when testing equivalent or
alternative setups. Furthermore, rather than taking into account the full Hilbert space, i.e. any possible
wavefunction, bases could be designed for unbiasedness within the occupiable spatial and momentum
subspace to reduce the measurement complexity.

Generally, the created states could provide the basis for various entanglement-based protocols which have
so far only been accessible to purely photonic setups. One such application is entanglement-based sensing
which could reduce sample damage by adapting quantum imaging techniques from photonics [10, 21, 22] to
conventional TEM imaging, diffraction, or spectroscopy techniques. Especially in bio-technology [91] such
techniques already enable beyond-classical resolution and non-invasive sensing. Furthermore, the
correlations could be used to shape the electron wave function [28, 30] or to further characterise the CL
produced by a given sample. The high resolving power and flexibility of electron microscopy may be
complemented by quantum imaging, offering new directions for quantum technology at the atomic level.
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Appendix A. Correlated measurements over EPR-type entangled electron–photon pair
state

In this appendix, we implement the MUB certification protocol for a general EPR-type electron–photon pair
state, subject to transverse momentum conservation. Specifically, we describe the probability densities in
both position and momentum representations, which are essential for evaluating CV entanglement within
the protocol.

We begin with the general EPR-type electron–photon pair state given in equation (13). As discussed in
section 5, the protocol is constrained to assess entanglement in the position and momentum degrees of
freedom along a single spatial axis. In this case, we focus on the transverse x-axis, where momentum
correlations naturally arise due to conservation laws. Therefore, the reduced density matrix over which the
measurements are applied is obtained by tracing over the y and z momenta of both particles and the electron
spin and photon polarisation. Then, we obtain the following density matrix:

ρ̂e−γ =Trpy,pz,s,ky,kz,ϵ (|ψe−γ⟩⟨ψe−γ |)

=
∑
ϵ ′,s ′

ˆ
dk ′ydk

′
z

ˆ
dp ′

ydp
′
z⟨p ′

y,p
′
z , s

′|e ⊗⟨k ′y,k ′z , ϵ ′|γ |ψe−γ⟩⟨ψe−γ ||p ′
y,p

′
z , s

′⟩e ⊗ |k ′y,k ′z , ϵ ′⟩γ ,
(A.1)

where the new amplitudes depend on the overlap

⟨k ′y,k ′z , ϵ ′|γ |ψe−γ⟩=
∑
ϵ,s

ˆ
d2k⊥

ˆ
dkz dpzΨ(⃗k⊥,kz,pz, ϵ, s)δ(p

′
y + h̄ky)δ(p

′
z − pz)δs,s ′δ(k

′
y − ky)δ(k

′
z − kz)δϵ,ϵ ′

=

ˆ
dkxΨ(kx,k

′
y,k

′
z ,p

′
z , ϵ

′, s ′)δ(p ′
y + h̄k ′y)|−h̄kx⟩e|kx⟩γ .

(A.2)

Inserting both overlaps into the reduced density matrix we end up with the reduced density matrix in
equation (14):

ρ̂e−γ,x =

ˆ
dk1,x dk2,x

h̄

L⊥
f̃(k1,x,k2,x)|−h̄k1,x⟩e|k1,x⟩γ⟨−h̄k2,x|e⟨k2,x|γ ,

where j= 1 and j= 2 labels the ket and bra states respectively. Additionally, we use the fact that:

lim
L⊥→∞

L⊥
h̄
δL⊥/h̄(p

′
y + h̄k ′y) = lim

L⊥→∞
δ2L⊥/h̄(p

′
y + h̄k ′y) = δ2(p ′

y + h̄k ′y) . (A.3)

The matrix elements depend on the EPR pair amplitudes as follows

f̃(k1,x,k2,x) =
L2⊥
h̄2

∑
ϵ ′,s ′

ˆ
dk ′ydk

′
zdp

′
zΨ(k1,x,k

′
y,k

′
z ,p

′
z , ϵ

′, s ′)Ψ∗(k2,x,k
′
y,k

′
z ,p

′
z , ϵ

′, s ′). (A.4)

Due to these amplitudes, the dependence on the transversal length is canceled out, as this length appears in
the normalisation of the confined plane-wave functions.
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A.1. Position andmomentummeasurements in EPR-type electron–photon pairs
Now if we use equation (14) for the reduced density matrix, we find that the simultaneous measurement of
momentum variables, restricting the detected xmomenta of both particles to an interval
Kx = [−kx,max,kx,max], leads to the probability density

Π̃(pe,kγ) =
1

Np−p
⟨pe,kγ |

ˆ
Kx×Kx

dk1,xdk2,x
h̄

L⊥
f̃(k1,x,k2,x)|−h̄k1,x,k1,x⟩⟨−h̄k2,x,k2,x|pe,kγ⟩

=
1

Np−p

ˆ
Kx×Kx

dk1,xdk2,x
h̄

L⊥
f̃(k1,x,k2,x)δ(pe + h̄k1,x)δ(kγ − k1,x)δ(pe + h̄k2,x)δ(kγ − k2,x)

=
1

Np−p
lim

L⊥→∞

h̄

L⊥
f̃(kγ ,kγ)δ

2(h̄kγ + pe),

=
1

Np−p
f̃(kγ ,kγ)δ(h̄kγ + pe).

(A.5)

whose normalisation constant is given by

Np−p =

ˆ
Kx

dkγ f̃(kγ ,kγ). (A.6)

The expected momentum correlation is demonstrated in this expression, which arises from momentum
conservation and corresponds to the wave number distribution represented by f̃(kγ ,kγ).

Regarding the simultaneous measurement of both particles’ positions, we obtain the matrix elements of
our reduced density operator in equation (14) in the position representation as follows:

ρe−γ,x(xe,1,xγ,1;xe,2,xγ,2) =⟨xe,1,xγ,1|ρ̂e−γ,x|xe,2,xγ,2⟩

∝
ˆ
Kx×Kx

dk1,xdk2,x f̃(k1,x,k2,x)⟨xe,1,xγ,1| − h̄k1,x,k1,x⟩⟨−h̄k2,x,k2,x|xe,2,xγ,2⟩

∝
ˆ
Kx×Kx

dk1,xdk2,x f̃(k1,x,k2,x)e
−i(x1,e−x1,γ)k1,xei(x2,e−x2,γ)k2,x . (A.7)

These elements depend on the relative position coordinates xj,e − xj,γ for j = {1,2}. Therefore, the density
matrix is uniform with respect to the midpoint coordinates 1

2 (xj,e + xj,γ), meaning that the quantum state is
characterised by the same distribution throughout. We set xe,xγ ∈ [−xmax,xmax] allowing for multiple
periods of the periodic basis, ensuring that the joint probabilities converge with respect to xmax. This
procedure provides a reliable estimation of position correlations while effectively capturing the essential
features of an infinite spatial distribution in both position variables.

Considering only the diagonal elements of the density matrix in the position representation in
equation (A.7), we obtain the normalised probability density over the possible position values:

Π̃(xe,xγ) =
1

Nx−x
⟨xe,xγ |

ˆ
Kx×Kx

dk1,xdk2,x f̃(k1,x,k2,x)|−h̄k1,x,k1,x⟩⟨−h̄k2,x,k2,x|xe,xγ⟩

=
1

Nx−x

ˆ
Kx×Kx

dk1,xdk2,x
1

(2π)2h̄
f̃(k1,x,k2,x)e

i(k1,x−k2,x)(xe−xγ) ,

(A.8)

where the normalisation constant is given by

Nx−x =

ˆ xmax

−xmax

dxe

ˆ xmax

−xmax

dxγ

ˆ
Kx×Kx

dk1,xdk2,x
1

(2π)2h̄
f̃(k1,x,k2,x)e

i(k1,x−k2,x)(xe−xγ). (A.9)

In fact, the probability density in equation (A.8) explicitly depends on the distance between the two particles.
Unlike the strong one-to-one anti-correlations observed in the momentum, the position correlations are
generally weaker and do not map a specific position of the electron directly onto a corresponding photon
position. Indeed, they are affected by the mixing with the traced degrees of freedom, represented by the
dependence of the EPR amplitudes on the other momentum components, electron spin, and polarisation.
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The probability density for the combined measurement of the electron position with the photon
momentum is given by:

Π(xe,kγ) =⟨xe,kγ |
ˆ
Kx×Kx

dk1,xdk2,x
h̄

L⊥
f̃(k1,x,k2,x)|−h̄k1,x,k1,x⟩⟨−h̄k2,x,k2,x|xe,kγ⟩

=

ˆ
Kx×Kx

dk1,xdk2,x
h̄

L⊥
f̃(k1,x,k2,x)

1

2π h̄
e−i(k1,x−k2,x)xeδ(kγ − k1,x)δ(k2,x − kγ)

=
1

2πL⊥
f̃(kγ ,kγ).

(A.10)

This probability density is normalised taking into account the positions xe,xγ ∈ [−xmax,xmax]. Therefore,

Π̃(xe,kγ) =
1

Nx−p

1

2πL⊥
f̃(kγ ,kγ) =

1

2xmaxNp−p
f̃(kγ ,kγ), where

Nx−p =

ˆ
Kx

dkγ

ˆ xmax

−xmax

dxe
1

2πL⊥
f̃(kγ ,kγ)

=
xmax

πL⊥
Np−p.

(A.11)

Similarly the probability density for the simultaneous measurement of electron momentum with the photon
position corresponds to

Π(pe,xγ) =
1

2πL⊥h̄
f̃(pe/h̄,pe/h̄), (A.12)

and the normalised probability density considering the detection ranges of xγ is

Π̃(pe,xγ) =
1

2xmaxh̄Np−p
f̃(pe/h̄,pe/h̄). (A.13)

These probability densities for measurements of position and momentum for each particle exhibit a
dependence on the momentum of the respective particle, but not on the position of the other. Consequently,
determining one variable for one particle results in complete uncertainty for the conjugate variable in the
other particle, which is necessary for constructing a MUBs. Furthermore, the probability densities obtained
from these combined measurements require an additional normalisation based on the range of position
values considered by the detector.

Appendix B. Cherenkov electron–photon pair state

In this appendix, we aim to explain an idealised model of the quantum state of the electron-Cherenkov-
photon pair based on [45, 82]. This model uses the framework of QED to describe how the Dirac electron
interacts with the quantised electromagnetic field within the dielectric material. Specifically, one starts from
the minimal coupling term in the Dirac Hamiltonian, expressed as−ψ̂†γ0γµqÂµψ̂, which describes the
interaction between the electron and the photon. In this expression, ψ̂ and ψ̂† represent the electron field
operators, respectively, while γ0 and γµ are the Dirac gamma matrices, q is the charge of the particle and Âµ

corresponds to the operator for the electromagnetic field.
The evolution resulting from this interaction is described through the scattering operator, which acts

directly on an incident electron with momentum p⃗i = pi,z⃗ez, energy Ei =
√

(cpi,z)2 +(mec2)2 and spin
si = {↑,↓}, along with an initial vacuum photon state. The leading contribution to single-photon production
arises from the first-order term in the electron–photon interaction within the scattering matrix, whereas a
second-order contribution does not result in the production of a single photon in the final state. Therefore,
elements of the scattering matrix up to first-order give us information about the probability amplitudes for
having a scattered electron with momentum p⃗, energy Ef =

√
c2 |⃗p|2 +(mec2)2, and spin sf = {↑,↓}, along

with a photon having a wave vector k⃗, frequency ωk, and polarisation label ϵ= {azi, rad} (denoting azimuthal
and radial polarisation), from the interaction of the incident electron with the electromagnetic field of the
dielectric medium. In fact the resultant (unnormalised) electron–photon pair state corresponds to:

|ψe−γ⟩=
∑
sf,ϵ

ˆ
d3p

ˆ
d3k S̄ϵ,si,sff i (⃗pi, p⃗, k⃗)|⃗p, sf, k⃗, ϵ⟩ . (B.1)
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where S̄ϵ,si,sff i (⃗pi, p⃗, k⃗) refers to the scattering matrix elements. These are calculated considering a finite
quantisation volume V and a finite time evolution T in an intermediate step to simplify calculations. V and
T are eventually sent to infinity. As a consequence, the matrix elements are given by [82]:

S̄ϵ,si,sff i (⃗pi, p⃗, k⃗) = lim
V,T→∞

i

h̄

ˆ
V
d3x

ˆ
T
dt⟨⃗p, sf, k⃗, ϵ|ψ̂†γ0γµqÂµψ̂|⃗pi, si⟩e ⊗ |vac⟩

= lim
V,T→∞

iN̄(⃗pi, p⃗, k⃗)Spϵ,si,sf (⃗pi, p⃗, k⃗)

ˆ
V
d3x

ˆ
T
dte

i
(

Ei
h̄ −

Ef
h̄ −ω

)
t
e
i
(

p⃗i
h̄ −

p⃗f
h̄ −⃗k

)
·⃗r

= lim
V,T→∞

iN̄(⃗pi, p⃗, k⃗)Spϵ,si,sf (⃗pi, p⃗, k⃗)∆̄(⃗pi, p⃗, k⃗),

(B.2)

where the normalisation factor

N̄(⃗pi, p⃗, k⃗) =
c
3
2

√
h̄ωñ

√
α

2π2h̄2V

1√
4EiEf

, (B.3)

where α is the fine-structure constant, and the amplitudes

Spϵ,si,sf (⃗pi, p⃗, k⃗) = u†sf (⃗p)γ
0γµ(ε⃗k)µusi(p⃗i) (B.4)

are further developed in [82]. Additionally, usi (⃗pi), usf (⃗p) represents the Dirac bispinor of an electron with a
certain spin si, sf and momentum p⃗, p⃗f respectively and ε⃗k is the polarisation vector of a photon with
polarisation label ϵ, and wave vector k⃗.

Since the position and time dependencies are exclusively introduced through the plane waves used in the
expansion of the electromagnetic and electron fields,

∆̄(⃗pi, p⃗, k⃗) = (2π)4δT

(
ω− 1

h̄
(Ei − Ef)

)
δL

(px
h̄
+ kx

)
δL

(py
h̄
+ ky

)
δL

(
1

h̄
(pi,z − pz)− kz

)
, (B.5)

which explicitly defines the energy and momentum conservation relations for a finite volume V= L3 and a
finite time T with

δT

(
ω− 1

h̄
(Ei − Ef)

)
=

T

2π
sinc

((
ω− 1

h̄
(Ei − Ef)

)
T

2

)
T→∞
= δ

(
ω− 1

h̄
(Ei − Ef)

)
,

(B.6a)

δL

(px
h̄
+ kx

)
=

L

2π
sinc

((px
h̄
+ kx

) L
2

)
L→∞
= δ

(px
h̄
+ kx

)
and analogously for y,

(B.6b)

δL

(
1

h̄
(pi,z − pz)− kz

)
=

L

2π
sinc

((
1

h̄
(pi,z − pz)− kz

)
L

2

)
L→∞
= δ

(
1

h̄
(pi,z − pz)− kz

)
.

(B.6c)

In the following, we adjust the above model to our purposes by considering a finite interaction region of
size Lz in the z-direction which defines the boundary condition on the slab for the finite sample size. This
leads to imperfect momentum conservation along the z-direction which implies that the dielectric slab itself
becomes a source of momentum. We study the case where the slab is also infinite in the propagation direction
as a limiting case to understand the consequences of having perfect energy and momentum conservation.

B.1. Assumptions and implications for a realistic model
Our model for the electron–photon pair final state corresponds exclusively to the production of
electron–photon pairs via the Cherenkov phenomenon. Therefore, certain assumptions about a realistic
scenario were made, and their implications are briefly discussed in this section. Firstly, the slab was
considered as a poor resonator, allowing a wide spectrum of modes to cover many (thousands) of free
spectral ranges of the slab. In principle, the slab acts as a Fabry–Pérot cavity, modulating the Cherenkov
spectrum to select certain resonant modes [92]. This situation potentially affects the phase matching
conditions between the scattered electron and the emitted photon, as certain frequencies are enhanced due to
reflectivity inside the slab [93]. On the other hand, multiple scattering of the electron is possible due to the
thickness of the samples, which can contain thousands of atomic layers. Inelastic scattering of the electron
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beam in the material may also lead to charge build-up through, for example, secondary electron emission,
affecting the electron exit trajectory and effectively blurring the resolution. Charging effects can be mitigated
via an appropriate choice of material or by coating an insulating sample with a conductive layer. These
processes inside the dielectric are not considered here, but we highlight that they can cause incoherences
between the particle pairs. However, these incoherences can be largely filtered out by choosing the detection
scheme appropriately.

Additionally, the production of electron–photon pairs at the boundary due to transition radiation, the
Smith–Purcell effect, and surface plasmon polaritons is not included in this model [31]. As a result, a
matching relation determined by a post-selection process based on the energy and arrival time of the
particles and the forward production of radiation should be used to approximately obtain the particle pairs
described here by the Cherenkov phenomenon. Furthermore, the effects of refraction and diffraction at the
boundary should be considered when relating the photon produced in the slab to the photon outside the
dielectric material, depending on the specific experimental conditions. In our model, we account for
refraction at the boundary by applying a mapping to the photon states based on the law of refraction.
However, for the electron, we assume the interface to be transparent, as additional scattering processes at the
boundary are not included in our treatment. Ultimately, the present model is idealised, providing a proof of
principle for witnessing the entanglement between the deflected electron and the emitted photon, as will be
clarified in the following sections.

Appendix C. Reduced density operator in momentum representation

The final state presented in equation (B.1) should describe the physical situation under the assumptions
previously stated, while ensuring normalisability. This condition is often not fulfilled because we initially
consider a non-normalisable plane wave as the incident electron beam wave function. Divergences in the
probability occur when electron–photon pair production is unbounded, as is the case when a continuous
plane wave enters the dielectric slab.

To model the finite duration of the Cherenkov process, we describe the initial electron state as a Gaussian
wave packet in the z-dimension which we identify with the propagation direction. The main part of this wave
packet (aside from the exponential tails) remains in the interaction region (the dielectric) for only a limited
time, resulting in a finite emission probability. Normalisable states can also be obtained by considering
Gaussian wave packets in the other spatial dimensions, but since this is not required for the present
calculations, we omit it for simplicity. The incident electron state is then given by a Gaussian wavepacket
with mean momentum p̄i,z and standard deviation∆pz/p̄i,z = 10−6 (using the convention of small angles),
producing a narrow Gaussian wavepacket in momentum or a quasi-plane wave profile in position.
Consequently, the unnormalised final state conditioned on the production of an electron photon pair
(post-selection through coincidence measurements) is:

|ψe−γ⟩=
∑
sf,ϵ

ˆ
d3p

ˆ
d3k

ˆ
dpi,zψG(pi,z)S

ϵ,si,sf
f i (⃗pi, p⃗, k⃗)|⃗p, sf, k⃗, ϵ⟩ ,

ψG(pi,z) =
1

(2π∆p2z)
1/4

exp

{
− (pi,z − p̄i,z)2

4∆pz

}
,

(C.1)

where the new amplitudes are

Sϵ,si,sff i (⃗pi, p⃗, k⃗) = lim
L⊥,T→∞

iN(⃗pi, p⃗, k⃗)Spϵ,si,sf (⃗pi, p⃗, k⃗)∆(⃗pi, p⃗, k⃗). (C.2)

The new normalisation constant is

N(⃗pi, p⃗, k⃗) =
c
3
2

√
h̄ωñ

√
α

2π2h̄3L2⊥

1√
4EiEf

, (C.3)

and

∆(⃗pi, p⃗, k⃗) = (2π)4δT

(
ω− 1

h̄
(Ei − Ef)

)
δL⊥

(px
h̄
+ kx

)
δL⊥

(py
h̄
+ ky

)
δLz

(
1

h̄
(pi,z − pz)− kz

)
. (C.4)

In the following, we will refrain from writing the limit of L⊥ and T to infinity explicitly in the equations and
just note that this limit is taken in the end.

The model for certifying entanglement which we describe in this article requires measuring a certain
momentum variable and its conjugate position in both particles (the Cherenkov photon and the scattered
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electron). Therefore, it becomes necessary to trace the final density matrix over the remaining degrees of
freedom. Considering an initial plane wave incident electron, we deal with a statistical mixture of spin ‘up’
and ‘down’, which includes the initial spin in the traced degrees of freedom. Upon tracing over the spin and
polarisation degrees of freedom and utilising the orthogonality relations of the bispinors and polarisation
vectors, the resulting reduced unnormalised density operator in terms of the momentum variables has the
form

ρ̂red =

ˆ
d3p1d

3p2

ˆ
d3k1d

3k2

ˆ
dpi,zdp

′
i,zψG(pi,z)ψ

∗
G(p

′
i,z)

×
∑
si,sf,ϵ

(
Sϵ,si,sff i (⃗pi, p⃗1, k⃗1)

)(
Sϵ,si,sff i (⃗p ′

i , p⃗2, k⃗2)
)∗

|⃗p1, k⃗1⟩⟨⃗p2, k⃗2|

=

ˆ
d3p1d

3p2

ˆ
d3k1d

3k2

ˆ
dpi,zdp

′
i,zN(⃗pi, p⃗1, k⃗1)N(⃗p

′
i , p⃗2, k⃗2)ψG(pi,z)ψ

∗
G(p

′
i,z)

×∆(⃗pi, p⃗1, k⃗1)∆(⃗p ′
i , p⃗2, k⃗2)

1

2

∑
si,sf,ϵ

(
Spϵ,si,sf (⃗pi, p⃗1, k⃗1)

)(
Spϵ,si,sf (⃗p

′
i , p⃗2, k⃗2)

)∗
|⃗p1, k⃗1⟩⟨⃗p2, k⃗2| .

(C.5)

Experimentally, the photons emitted due to the Cherenkov effect have energies four orders of magnitude
lower than the incident electron. This condition defines the classical limit of this process and establishes the
following relations in the momentum variables: px,py, h̄kx, h̄ky, h̄kz ≪ pi,z,pz. Those inequalities allow us to
define a factor of smallness ϵ̃∼ px/pi,z ∼ py/pi,z ∼ h̄kx/pi,z ∼ h̄ky/pi,z ∼ h̄kz/pi,z ∼ (pz − pi,z)/pi,z. As
predicted in experimental realisations and indicated in [82], the spin-polarisation amplitude that is
significant in this limit is the one which corresponds to having no spin flip and radial polarisation of the
created photon. This becomes clear by establishing the following approximations and scale relations:

Ef =
√
E2i +(p2z − p2i,z + p2x + p2y)c

2 ≈ Ei

[
1+

Ei +mc2

2Ei
χ

]
, (C.6a)

(Ef +mc2)ℓ ≈(Ei +mc2)ℓ
[
1+

ℓ

2
χ

]
, (C.6b)

(Ei + Ef + 2mc2)≈2(Ei +mc2)

[
1+

1

4
χ

]
, (C.6c)

where ℓ ∈ R, and we define the function with small values

χ :=
(p2z − p2i,z + p2x + p2y)c

2

Ei(Ei +mc2)
∼ ϵ̃ . (C.7)

Then, applying the above approximations to equations (S6) and (S7) in the supplementary material of [82],
which summarise the amplitudes Spϵ,si,sf , results in the following scaling relations:

ℜ(Spazi,↑,↑)≈
2c(pykx − pxky)√

k2x + k2y

(
1+O(χ2)

)
∼ ϵ̃Ei , (C.8a)

ℑ(Spazi,↑,↑)≈ − ch̄
√
k2x + k2y

(
1+

χ

4
+O(χ2)

)
−

c(pxkx + pyky)√
k2x + k2y

(χ
2
+O(χ2)

)
∼ ϵ̃Ei , (C.8b)

ℜ(Spazi,↑,↓)≈
cky√
k2x + k2y

[
(pz − pi,z)−

χ

4
(pz + pi,z)

]
∼ ϵ̃Ei , (C.8c)

ℑ(Spazi,↑,↓)≈ − ckx√
k2x + k2y

[
(pz − pi,z)−

χ

4
(pz + pi,z)

]
∼ ϵ̃Ei , (C.8d)

ℜ(Sprad,↑,↑)≈ − ckz
k

(1+O(χ2)
) 2(pxkx + pyky)√

k2x + k2y
+
(
1+

χ

4
+O(χ2)

)
h̄
√
k2x + k2y


+

c
√
k2x + k2y

k

[
(pz + pi,z)−

χ

4
(pz − pi,z)

]
∼ cpz ,

(C.8e)

ℑ(Sprad,↑,↑)≈
ckz
k

(pxky − pykx)√
k2x + k2y

(χ
2
+O(χ2)

)
∼ ϵ̃2Ei , (C.8f )
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ℜ(Sprad,↑,↓)≈
c
√
k2x + k2y

k

[
−h̄kx −

χ

4
(2px + h̄kx)

]
+

ckz
k

kx√
k2x + k2y

[
(pz − pi,z)−

χ

4
(pz + pi,z)

]
∼ ϵ̃Ei ,

(C.8g)

ℑ(Sprad,↑,↓)≈
c
√
k2x + k2y

k

[
−h̄ky −

χ

4
(2py + h̄ky)

]
+

ckz
k

ky√
k2x + k2y

[
(pz − pi,z)−

χ

4
(pz + pi,z)

]
∼ ϵ̃Ei .

(C.8h)

We find that only the real part of Sprad,↑,↑ (equation (C.8e)), which corresponds to the amplitude for
generating a radially polarised photon without flipping the electron spin, scales with the electron
momentum in the z direction, while the other terms scale with the small constant ϵ̃.

In fact, a zeroth order approximation of the trace over spin and polarisation degrees of freedom leads to

S (⃗pi, p⃗, k⃗) =
1

2

∑
si,sf,ϵ

(
Spϵ,si,sf (⃗pi, p⃗1, k⃗1)

)(
Spϵ,si,sf (⃗pi, p⃗2, k⃗2)

)∗
≈ℜ(Sprad,↑,↑(⃗pi, p⃗1, k⃗1))ℜ(Sprad,↑,↑(⃗pi, p⃗2, k⃗2))

≈4c2p2i,z
k1,⊥k2,⊥
k1k2

,

(C.9)

where kj,⊥ =
√
k2j,x + k2j,y and kj =

√
k2j,⊥ + k2j,z with j = 1,2. This term is sufficient to recover the classical

emission rate, because if we use equation (S24) from the supplementary material of [82], we find that the
emission rate is given by

Γω ≈ α

πβi

ˆ
sin(θγ)dθγ

4E2i

4c2p2i,z sin
2(θγ)√

(sin(θi) sin(θCR))2 − (cos(θγ)− cos(θi)cos(θCR))2

≈αβi
[
1− cos2 θi cos

2 θCR −
1

2
sin2 θi sin

2 θCR

]
,

(C.10)

where we introduce cosθi = pi,z/|⃗pi|, and βi = cpi,z/Ei = v/c (electron’s velocity divided by the speed of

light), cosθγ = kz/|⃗kj| and the conventional Cherenkov emission angle cosθCR = (βiñ)−1; we also used the
relations (S25) in [82]. When the incident beam is only along the z axis, i.e. θi = 0, the emission rate is given
by

Γω ≈αβi sin2(θCR) , (C.11)

which is exactly the classical result.
Since this test of the approximations to leading order satisfactorily recovers the classical limit, we can

apply them, and notice that our reduced density matrix corresponds to that of a pure state. The final state
after the Cherenkov process under the limit of infinite transversal length and interaction time is given by:

|ψe−γ⟩=
ˆ

d3kdpzdpi,zψG(pi,z)

√
αc3

2π2L2⊥ñ
2

2cpi,z√
4ωEi(Ei − h̄ω)

k⊥
k
δ

(
ω− 1

h̄
(Ei − Ef)

)
× Lzsinc

((
1

h̄
(pi,z − pz)− kz

)
Lz
2

)
|(−h̄kx,−h̄ky,pz), k⃗⟩.

(C.12)

Then, employing the energy conservation condition, it is possible to solve for pz, as

0= ω− Ei
h̄
+

1

h̄

√
c2h̄2k2x + c2h̄2k2y + c2p2z +m2

ec
4 ,

pconz =
1

c

√
c2p2i,z − 2h̄ωEi +(h̄ω)2 − c2h̄2k2x − c2h̄2k2y

≈pi,z −
h̄ωEi
c2pi,z

= pi,z −
h̄kEi
cpi,zñ

,

(C.13)

leading to

δ

(
ω− 1

h̄
(Ei − Ef)

)
=

h̄Ef
c2pconz

δ(pz − pconz ). (C.14)
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This expression allows us to rewrite the final state as:

|ψe−γ⟩=
ˆ

d3kdpi,z
1

L⊥
C (⃗k,pi,z)|(−h̄kx,−h̄ky,p

con
z ), k⃗⟩, (C.15)

where

C (⃗k,pi,z) =ψG(pi,z)

√
αc3

2π2ñ2
2cpi,z√

4ωEi(Ei − h̄ω)

k⊥
k
Lzsinc

((
1

h̄
(pi,z − pconz )− kz

)
Lz
2

)
h̄(Ei − h̄ω)

c2pconz

≈ψG(pi,z)

√
αh̄2

2π2ñ

k⊥
k3/2

Lzsinc

((
1

h̄
(pi,z − pconz )− kz

)
Lz
2

)
,

(C.16)

where we use in the second line a leading order approximation such that

pi,z
pconz

Ei − h̄ω√
ωEi(Ei − h̄ω)

≈ 1√
ω

=

√
ñ

ck
. (C.17)

In the following section, the normalisability of this state is studied when the emission rate is calculated.

C.1. Emission angle profile and normalisability of the electron–photon pair state
Based on our model for the Cherenkov pair wave function, we analyze the emission angle profile by realising
that the total probability is proportional to the integral over the absolute square of the scattering matrix

P=
∑
sf,ϵ

ˆ
d3p

ˆ
d3kSϵ,si,sff i (⃗pi, p⃗, k⃗)S

ϵ,si,sf
f i (⃗pi, p⃗, k⃗)

∗∝⟨ψe−γ |ψe−γ⟩

≈
ˆ

d3k1dpi,z

ˆ
d3k2dp

′
i,z

1

L2⊥
C(⃗k1,pi,z)C(⃗k2,p ′

i,z)
∗⟨(−h̄k2,x,−h̄k2,y,p

con
2,z ), k⃗2|(−h̄k1,x,−h̄k1,y,p

con
1,z ), k⃗1⟩

≈
ˆ

d3k1dpi,z

ˆ
d3k2dp

′
i,zC(⃗k1,pi,z)C(⃗k2,p ′

i,z)
∗ 1

h̄2
δ(⃗k1 − k⃗2)δ(p

con
1,z − pcon2,z ), (C.18)

where we use a similar identity as in equation (A.3) for the double delta functions in x and y momenta.
Notice that the last delta function in equation (C.18) under the condition k⃗1 = k⃗2 and approximated to
leading order in its expansion over h̄ω/Ei is given by

δ(pcon1,z − pcon2,z )≈δ

(
pi,z −

h̄ωEi
c2pi,z

− p ′
i,z +

h̄ωE ′
i

c2p ′
i,z

)

≈
(
1+

h̄ω

Eiγ2i β
2
i

)−1

δ(pi,z − p ′
i,z)≈ δ(pi,z − p ′

i,z),

(C.19)

where γi = (1−β2
i )

−1/2. Therefore, we obtain

P≈
ˆ

d3kdpi,z
1

h̄2
C (⃗k,pi,z)C (⃗k,pi,z)∗

≈
ˆ

d3k
α

2π2ñ

k2⊥
k3

[ˆ
dpi,z|ψG(pi,z)|2L2z sinc2

((
kEi
cpi,zñ

− kz

)
Lz
2

)]
.

(C.20)

If we apply an additional approximation regarding the narrow distribution in momentum of the incident
electron beam, we find

Ei
cpi,z

≈ β−1 − pi,z − p̄i,z
βγ2L p̄i,z

, (C.21)

in which the following variables are given by the mean momentum in z (p̄i,z), such that the mean energy

E0 =
√
c2p̄2i,z +m2

ec
4, β =

cp̄i,z
E0

and the Lorentz factor γL =
E0
mec2

. In addition,

sinc

((
kEi
cpi,zñ

− kz

)
Lz
2

)
≈ sinc

((
k

βñ
− kz

)
Lz
2

)
+O

(
kLz(pi,z − p̄i,z)

βñγ2L p̄i,z

)
, (C.22)

but with the integral over pi,z, only the second order terms remain which can be considered to be small, as for

plane waves and the parameters we have set, the width of the Gaussian typically satisfies∆p/p̄i,z ≪ βñγ2
L

kLz
.
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Consequently, the resulting correction is significantly smaller than the previously neglected terms. Given the
chosen parameters, these correction terms are squared, leading to an expected order of magnitude of
approximately 10−10. In contrast, the previously neglected terms scale as the transverse photon momentum
relative to p̄i,z, which is on the order of 10−6. It is important to note that the argument of the sinc function
vanishes when θγ = arcsin(k⊥/k) = θCR, which precisely corresponds to the non-vanishing condition in the
limit Lz →∞. This Cherenkov angle arises naturally from the constraints of energy and momentum
conservation.

As a consequence the emission probability corresponds to

P≈ α

2π2ñ

ˆ
d3k

k2⊥
k3

L2z sinc
2

((
k

βñ
− kz

)
Lz
2

)
≈ α

π ñ

ˆ
k sinθγdkdθγ sin

2 θγL
2
z sinc

2

((
k

βñ
− kcosθγ

)
Lz
2

)
.

(C.23)

In our study, we consider a photon energy filter that limits the wave vector magnitude of the photon by
defining a kmin =

ñ
cωmin and kmax =

ñ
cωmax as the photon energy is limited to Eγ ∈ [h̄ωmin, h̄ωmax]. In that

case, the integral over k is given by:

ˆ kmax

kmin

kdk sinc2(ky) =
1

2y2

(
log

(
kmax

kmin

)
−Ci(2kmaxy)+Ci(2kminy)

)
, (C.24)

where Ci is the cosine-integral function and y= Lz
2

(
cosθγ − 1

βñ

)
. Hence, the probability is given by:

P≈ 2α

π ñ

ˆ
d(cos(θγ)) sin

2 θγ
log
(
kmax
kmin

)
−Ci

(
kmaxLz

(
cosθγ − 1

βñ

))
+Ci

(
kminLz

(
cosθγ − 1

βñ

))
(
cosθγ − 1

βñ

)2 , (C.25)

and angular emission profile

dP
dΩ

≈ α

π2ñ
sin2 θγ

log
(
kmax
kmin

)
−Ci

(
kmaxLz

(
cosθγ − 1

βñ

))
+Ci

(
kminLz

(
cosθγ − 1

βñ

))
(
cosθγ − 1

βñ

)2 , (C.26)

where Ω is the solid angle. This angular emission profile can be also calculated outside the sample under the
assumption that the transmission at the lower boundary is independent of the Cherenkov emission
processes, such that:

dPout

dΩ
=

dP
dΩ

T∥(θγ) , (C.27)

where the transmission probability of p-polarised light is

T∥(θγ) =
4ñcosθγ cosθt

(cosθγ + ñcosθt)2
, (C.28)

with the transmitted angle θt given by sinθt = ñ sinθγ (see chapter 4.6 in [86]). Since the radiation emitted in
the Cherenkov effect is radially polarised in the low-energy photon regime, as previously shown, it
corresponds to p-polarised light when viewed from the perspective of incidence on the dielectric
material [87].

Considering the angular probability density profile of the radiation transmitted outside the sample,
represented by the yellow regions in figure C.1, we observe that the critical angle for total internal reflection
restricts the amount of Cherenkov radiation that can escape. However, within the range θCR ⩽ θγ ⩽ θcrit, the
angular probability density profile of the transmitted radiation closely matches that of the Cherenkov
radiation emission inside the dielectric. This is reflected in the full overlap of the orange and yellow regions,
indicating that the probability is not significantly reduced in this angular range due to transmission across
the interface. This constraint reduces the amount of detectable radiation. Furthermore, a distribution peaked
at the Cherenkov angle transmits the majority of the radiation, as shown in figure C.1(c), while also
restricting the range of possible wave numbers along z. This implies that increasing the energy range or
sample thickness could enhance the detected photon counts from Cherenkov processes. Indeed, without an
energy filter, allowing a broad energy range results in a pronounced peak at the Cherenkov angle, as inferred
from the trend in figure C.1.
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Figure C.1. Angular probability density profile of Cherenkov radiation emission as function of θγ inside the dielectric material
(in orange) according to equation (C.26) and the angular profile of the portion of radiation that is transmitted outside the sample
(in yellow) according to equation (C.27). Both are in units of α

π2 ñ
with a sample thickness Lz = 200 nm for a different energy

windows set by (a) kminLz = 0 and kmaxLz = 1 (for h̄ω = 0.28 eV), (b) kminLz = 0 and kmaxLz = 10 (for h̄ω = 2.8 eV), (c)
kminLz = 0 and kmaxLz = 100 (for h̄ω = 28 eV), and (d) kminLz = 6.2 (correspondent to h̄ω = 3.5 eV) and kmaxLz = 7.1 (for
h̄ω = 4.0 eV). The emission probabilities have a different radial scale, as a larger energy window results in increased radiation
emission, which tends to be more concentrated near the Cherenkov angle θCR, which is represented by the red lines. In graph (c),
the emission profile inside the dielectric material overlaps with the transmitted emission. This indicates that a significant portion
of the generated light is successfully transmitted into the vacuum. We set the values β= 0.7, and ñ= 1.6, resulting in
θCR = 26.77◦ and critical angle θcrit = 38.7◦ > θCR.

Cherenkov radiation is frequently detected at optical or near-UV energies, and TEM sample thicknesses
are typically up to hundreds of nanometres, consistent with the inelastic mean free path of electrons
travelling through the samples [87]. To explore a more realistic scenario, we consider photon energies
ranging from 3.5 eV to 4.0 eV. For these energies, we find kminLz = 6.2 and kmaxLz = 7.1, using a dielectric
slab with a thickness of Lz = 200 nm. The resulting angular profile, shown in figure C.1(d), is as narrow as
the profile in figure C.1(b) and follows the trend of a distribution tilted toward θγ = θCR, albeit with a
reduced magnitude due to the narrower energy range considered.

Although a significant portion of the radiation produced is transmitted, this does not guarantee an
identical kz value for all emitted radiation. This condition is necessary to relate deflection angles to
momentum, as will be discussed in appendix D.

Note that the probabilities are related to the normalisation constant of our electron–photon state. For the
entire angular range, the experimental parameters and energy filter values considered in figure C.1(d)
(identical to those used in the main text) yield a finite normalisation constant outside the dielectric of
Pout = 5.65× 10−5. This result demonstrates that a finite slab thickness and a Gaussian wave packet in the
z-direction are sufficient to ensure a normalisable state suitable for further analysis.

C.2. Reduced density operator in x-momentum
Based on our results above, we work with a relatively narrow energy window so that the emitted radiation is
closer to the Cherenkov angle and is transmitted outside the dielectric in a significant proportion. Therefore,
our model for the unnormalised final state of the Cherenkov pair, including an energy filter in the range of
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h̄ωmin to h̄ωmax and the approximation of the final electron z-momentum in equation (C.13), is given by

ˆ̃ρe−γ = |ψ̃e−γ⟩⟨ψ̃e−γ |,

|ψ̃e−γ⟩=
ˆ

d3kdpi,z
1

L⊥
C(⃗k,pi,z)η(k)|(−h̄kx,−h̄ky,pi,z −

h̄kEi
cpi,zñ

), k⃗⟩,
(C.29)

in which the energy filter function

η(k) =

{
1, ωmin ⩽ c

ñk⩽ ωmax

0, otherwise
. (C.30)

However, the state in equation (C.29) describes the Cherenkov pair inside the dielectric slab. Due to the slab’s
thickness, we assume that, for the electron, multiple scattering processes are negligible, the lower-layer
interface is transparent, and momentum is conserved. For the photon, we can define a map to model the
refraction of light as it exits the dielectric material. This transformation is based on the law of refraction and
the Fresnel coefficients, assuming a planar lower interface, which results in a probability that depends on the

incidence angle θγ for θγ = arccos
(
k⃗·⃗n
|⃗k|

)
⩽ θcrit (where θcrit is the critical angle for total internal reflection

and n⃗ is the surface normal vector), and zero otherwise. Mathematically, this unitary map in the subset of
transmitted radiation is expressed as:

M̂=

ˆ
θγ⩽θcrit

d3kτ∥(θγ)|kx,ky,k ′z⟩⟨⃗k|, (C.31)

where the transformed longitudinal wave vector is given by k ′z =
1
ñ

√
(1− ñ2)(k2x + k2y)+ k2z , since the

longitudinal component is reduced when the light enters the vacuum while the transverse components are
conserved. Additionally, the transmission Fresnel coefficient

τ∥(θγ) =
2ñcosθγ(

cosθγ + ñ
√
1− ñ2 sin2 θγ

) (C.32)

defines the probability for detecting light with a given momentum outside the dielectric slab (see chapter 4.6
in [86]). This coefficient corresponds to p-polarised light (parallel to the plane of incidence) since Cherenkov
radiation, to leading order in scattering theory, is emitted with radial polarisation, as explicitly shown
in [87]. The radial polarisation vector lies in the plane formed by the normal vector of the surface and the
wave vector k⃗.

The resulting state outside the dielectric slab is:

|ψ̃e−γ,out⟩= M̂|ψ̃e−γ⟩

=

ˆ
θθ⩽θcrit

d3kdpi,z
1

L⊥
C (⃗k,pi,z)η(k)τ∥(θγ)

∣∣∣∣−h̄kx,−h̄ky,pi,z −
h̄kEi
cpi,zñ

〉
⊗ |kx,ky,k ′z⟩,

(C.33)

where the transmission outside the dielectric includes a dependence on the incidence angle θγ and projects
the momentum state onto the subspace of incident angles that are not totally internally reflected. Hence,
after applying this energy filtering in momentum representation, the density matrix corresponds to

ˆ̃ρe−γ,out ≈
ˆ

d3k1d
3k2dpi,1,zdpi,2,zg(⃗k1,pi,z; k⃗2,p

′
i,z)

∣∣∣∣−h̄k1,x,−h̄k1,y,pi,1,z −
h̄k1Ei,1
cpi,1,zñ

〉
⊗ |k1,x,k1,y,k ′1,z⟩

〈
−h̄k2,x,−h̄k2,y,pi,2,z −

h̄k2Ei,2
cpi,2,zñ

∣∣∣∣⊗⟨k2,x,k2,y,k ′2,z|,
(C.34)

where

k ′j,z =
1

ñ

√
(1− ñ2)(k2j,x + k2j,y)+ k2j,z and (C.35)

Ei,j =
√
m2

e c
4 + p2i,j,zc

2 (C.36)

with j = {1,2}. In addition, the amplitudes correspond to

g(⃗k1,pi,1,z; k⃗2,p
′
i,2,z) =

1

L2⊥
C(⃗k1,pi,1,z)η(k1)τ∥(θ1,γ)C (⃗k2,pi,2,z)η(k2)τ∥(θ2,γ)

= g̃(⃗k1; k⃗2)ψG(pi,1,z)ψG(pi,2,z),

(C.37)
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where cos(θj,γ) =
kj,z
kj
. In the second line, we make explicit the presence of the Gaussian wavepackets as

contributors to the incident momentum by defining

g̃(⃗k1; k⃗2) :=
h̄2

L2⊥
A(⃗k1)A(⃗k2)τ∥(θ1,γ)τ∥(θ2,γ)η(k1)η(k2), (C.38)

with the Cherenkov amplitudes

A(⃗k) =

√
α

2π2ñ

k⊥
k3/2

Lzsinc

(
Lz
2

(
kz −

k

βñ

))
, (C.39)

in which k=
√
k2x + ky + k2z , and k⊥ =

√
k2x + k2y . The sinc function argument is approximated using

equation (C.22).
Given that the entanglement certification procedure is applied solely to the arbitrarily chosen variable x

(transverse to the propagation of the electron beam) and its conjugate momentum, we trace the y and z
momenta of both particles. This trace yields the following unnormalised reduced density matrix

ˆ̃ρe−γ,x ≈Trpy,ky,pz,kz

(
ˆ̃ρe−γ,out

)
=

ˆ
dk1,x

ˆ
dk2,x

h̄

L⊥
f(k1,x,k2,x)|−h̄k1,x,k1,x⟩⟨−h̄k2,x,k2,x| , (C.40)

where the amplitudes are

f(k1,x,k2,x) =

ˆ
dk1,ydk

′
1,z

ˆ
dk2,ydk

′
2,z

∣∣∣∣∣ ñ2k ′1,zk1,z

∣∣∣∣∣
∣∣∣∣∣ ñ2k ′2,zk2,z

∣∣∣∣∣ L⊥h̄ R0((k1,x,k1,y,k1,z); (k2,x,k2,y,k2,z))

×RG((k1,x,k1,y,k1,z); (k2,x,k2,y,k2,z) ,

(C.41)

in which d3k ′j = dkj,xdkj,ydk ′j,z and the prefactors arise from the Jacobian of the transformation of wavevector

variables from inside to outside the dielectric slab, where kj,z =
√
(ñ2 − 1)(k2j,x + k2j,y)+ ñ2k

′2
j,z is a function of

kj,x, kj,y and k ′j,z. In addition, the trace over y and z momentum of both particles lead to the following
functions

R0(⃗k1; k⃗2) =

ˆ
dpydkydkzg̃(⃗k1; k⃗2)⟨py,ky| − h̄k1,y,k1,y⟩⟨−h̄k2,y,k2,y|py,ky⟩⟨kz|k ′1,z⟩⟨k ′2,z|,kz⟩

=
L⊥
h̄
g̃(⃗k1; k⃗2)δ(k1,y − k2,y)δ(k

′
1,z − k ′2,z) ,

(C.42a)

RG(⃗k1; k⃗2) =

ˆ
dpi,1,zdpi,2,zdpzψG(pi,1,z)ψG(pi,2,z)

〈
pz

∣∣∣∣pi,1,z − h̄k1Ei,1
cpi,1,zñ

〉〈
pi,2,z −

h̄k2Ei,2
cp ′

i,zñ

∣∣∣∣∣pz
〉

=

ˆ
dpi,1,zdpi,2,zψG(pi,1,z)ψG(pi,2,z)δ

(
pi,1,z −

h̄k1Ei,1
cpi,1,zñ

− pi,2,z +
h̄k2Ei,2
cpi,2,zñ

)
.

(C.42b)

Note that we have reduced the square of a delta function in equation (C.42a) to a single delta function
through the analogue of the identity in equation (A.3) for the y-momentum. The overlap of the z wave vector
states in equation (C.42a) imposes a condition of equality for the wave vectors along the z direction outside
the dielectric material.

The argument of the delta function in equation (C.42b) can be rewritten using the fact that pi,j,z is
distributed according to a narrow Gaussian wavepacket which implies that qi,j = pi,j,z − p̄i,z is much smaller
than p̄i,z since∆pz ≪ p̄i,z. As a consequence,

δ

(
pi,1,z −

h̄k1Ei,1
cpi,1,zñ

− pi,2,z +
h̄k2Ei,2
cpi,2,zñ

)
≈δ
(
qi,1 − qi,2 +

h̄

γ2Lβp̄i,zñ
(k1qi,1 − k2qi,2)−

h̄(k1 − k2)

βñ

)
≈
∣∣∣∣1+ h̄k2

γ2Lβp̄i,zñ

∣∣∣∣−1

δ
(
qi,2 − qconi,2

)
≈ δ

(
qi,2 − qconi,2

)
,

(C.43)

where

qconi,2 ≈ qi,1

(
1+

h̄(k1 − k2)

γ2Lβp̄i,zñ

)
− h̄(k1 − k2)

βñ
. (C.44)
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Applying equation (C.43) to equation (C.42b), the Gaussian integrals from the incident electron wave
function take the form:

RG(⃗k1; k⃗2)≈
ˆ

dpi,1,zψG(pi,1,z)ψG(p̄i,z + qconi,2 )

≈
ˆ

dqi
exp
{
− q2i

4∆p2z

}
√
2π∆p2z

exp

{
− 1

4∆p2z

(
qi

(
1+

h̄(k1 − k2)

γ2Lβp̄i,zñ

)
− h̄(k1 − k2)

βñ

)2
}

=

√
2

σ(k1,k2)
exp

{
− h̄2(k1 − k2)2

4β2ñ2∆p2zσ(k1,k2)

}
≈ exp

{
− h̄2(k1 − k2)2

8β2ñ2∆p2z

}
,

(C.45)

where the modified variance σ(k1,k2) = 1+
(
1+ h̄(k1−k2)

γ2
Lβp̄i,zñ

)2
is approximated to leading order in the last step.

This factor refers to the overlap between two Gaussian distributions from the initial state and its dual with a
certain deviation of each momentum value due to the energy transferred to the photon.

With the above approximations, we can re-write the matrix elements f(k1,x,k2,x) as

f(k1,x,k2,x) =

ˆ
dkydk

′
z

∣∣∣∣ ñ2k ′zk1,z

∣∣∣∣ ∣∣∣∣ ñ2k ′zk2,z

∣∣∣∣ L2⊥h̄2 g̃((k1,x,ky,k1,z); (k2,x,ky,k2,z))RG((k1,x,ky,k1,z); (k2,x,ky,k2,z)) ,

(C.46)

where kj,z =
√

(ñ2 − 1)(k2j,x + k2y)+ ñ2k′2
z is now a function of kj,x, ky and k ′z . As discussed before, totally

reflected photons are not considered and do not appear in the final state outside the medium. Therefore, the
k ′z-integral is performed over the positive part of the real axis. Furthermore, detected photon momenta are
limited by an energy filter and the transverse momentum range [−kx,max,kx,max]× [ky,min,ky,max] that is
covered by the detector. In the experiment, the wave function is not expected to extend beyond these limits.
These conditions define boundaries for the integrals in the density matrix and f(k1,x,k2,x) that we discuss
further below. We write

ˆ̃ρe−γ,x ≈
ˆ kx,max

0
dk1,x

ˆ kx,max

0
dk2,x

h̄
L⊥

f(k1,x,k2,x)(|−h̄k1,x,k1,x⟩+ |h̄k1,x,−k1,x⟩)(⟨−h̄k2,x,k2,x|+ ⟨h̄k2,x,−k2,x|) ,

(C.47)

where we use the fact that the matrix elements f(k1,x,k2,x) are symmetric under both, k1,x →−k1,x and
k2,x →−k2,x separately. Furthermore,

f(k1,x,k2,x) =

ˆ
Ky−z

dkydk
′
zA((k1,x,ky,k1,z))A((k2,x,ky,k2,z))G((k1,x,ky,k1,z); (k2,x,ky,k2,z))τ∥(θγ,1)τ∥(θγ,2),

(C.48)

where cosθγ,j =
kj,z
kj
, kj = ñ

√
k2j,x + ky + k′2

z , and Ky−z = [ky,min,ky,max]× [0,∞]. Meanwhile, the Jacobian

from the change of variables outside the dielectric slab, the energy filter functions and the condition of a
longitudinal Gaussian wavepacket leads to the contribution

G (⃗k1, k⃗2) = η(k1)η(k2)
ñ4k

′2
z

k1,zk2,z
exp

{
− h̄2(k1 − k2)2

8β2ñ2∆p2z

}
. (C.49)

G (⃗k1, k⃗2) is a function centred at k1 = k2, and in the limit of a narrow Gaussian wavepacket (∆pz → 0) is
nonzero when |k1,x|= |k2,x|.

We find the correspondent normalised reduced density operator

ρ̂e−γ,x =
1

Ñ
ˆ̃ρe−γ,x

≈
ˆ kx,max

0
dk1,x

ˆ kx,max

0
dk2,x

h̄
L⊥

f̃(k1,x,k2,x)(|−h̄k1,x,k1,x⟩+ |h̄k1,x,−k1,x⟩)(⟨−h̄k2,x,k2,x|+ ⟨h̄k2,x,−k2,x|) ,

(C.50)
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in which f̃(k1,x,k2,x) =
1
Ñ
f(k1,x,k2,x) with a normalisation constant Ñ. The normalisation constant

corresponds to:

Ñ=Trpx,kx

(
ˆ̃ρe−γ,x

)
≈
ˆ

dkxdpx

ˆ kx,max

−kx,max

dk1,x

ˆ kx,max

−kx,max

dk2,x
h̄

L⊥
f(k1,x,k2,x)⟨px,kx| − h̄k1,x,k1,x⟩⟨−h̄k2,x,k2,x|px,kx⟩

=

ˆ kx,max

−kx,max

dkxf(kx,kx)

=

ˆ
K
d3k ′

αL2z
2π2

k2⊥
k3

ñ3k
′2
z

k2z
sinc2

(
Lz
2

(
kz −

k

βn

))
τ 2∥(θγ)η

2(k),

(C.51)

in which clearly kz =
√

(ñ2 − 1)(k2x + k2y)+ ñ2k′2
z and cosθγ = kz

k .

C.3. Numerical evaluation of matrix elements
The density matrix elements in equation (C.48) are calculated numerically and depicted in figure C.2 for
different energy filters. To this end, we take into account the momentum filter imposed by the measurement
limits. Further limits in kx come from the fact that with a minimum momentum in ky, kx is limited by the
maximum energy possible. ky is constrained by the maximum possible k-vector amplitude in vacuum once
we choose a certain kx and by the limits ky,min(max) set by the data analysis constraints. kz is also bounded in
its upper and lower limit by the maximum and minimum k, given the energy filtering and the previous
selection of kx and ky. Consequently, the limits are defined as follows:

|k1,x|⩽min

(√(ωmax

c

)2
− k2y,min,kx,max

)
and |k2,x|⩽min

(√(ωmax

c

)2
− k2y,min,kx,max

)
,

ky,min ⩽ ky ⩽min

(√(ωmax

c

)2
−max(|k1,x|, |k2,x|)2,ky,max

)
,√

max

((ωmin

c

)2
−min(|k1,x|, |k2,x|)2 − k2y ,0

)
⩽ k ′z ⩽

√(ωmax

c

)2
−max(|k1,x|, |k2,x|)2 − k2y ,

(C.52)

where ky = k1,y = k2,y and k ′z = k ′1,z = k ′2,z due to the delta functions in equation (C.42a). Additionally, the
use of the max and min functions applied to k1,x and k2,x ensures that valid wavenumbers for ky and k ′z exist
within the specified energy range and imposed bounds. The combination of these limits configures the
region K shown in figure 5 of the allowed momenta for ky,min ⩾ 0. For simplicity, we consider ∀k1,x,k2,x,

kx,max <
√(

ωmax
c

)2 − k2y,min, ky,min = 0, and
√(

ωmax
c

)2 −max(|k1,x|, |k2,x|)2 < ky,max. Taking into account

those limits over ky and kz in equation (C.52) for a given k1x and k2x, we define an integration region Ky−z.
Notably, the elements of the density matrix ρ̂e−γ,x are primarily distributed along the diagonal

|k1,x|= |k2,x|. The specific pattern of this distribution depends on the energy and momentum constraints, as
well as the set of allowed values, which are graphically represented in figure 5. A narrow energy filter, as
illustrated in figure C.2(e), results in a more uniform probability distribution extending to higher values of
momentum in the x-direction. In contrast, a broader energy range leads to a concentration of probabilities
around values close to zero. This behaviour can be attributed to the emission angle distribution depicted in
figure C.1, where angles between the Cherenkov angle and the critical angle are preferred. Additionally, the
broader energy window allows for a larger range of permissible k⃗ values, which collectively increase the
probability for kx values near zero compared to higher kx.

Due to the necessity of a narrow energy filter, which we will discuss in detail in appendix D, we focus on
the case chosen for the main text, with density matrix elements shown in figure C.3. The finite sample
thickness, the Gaussian wave packet of the incident electron in the longitudinal direction, and refraction at
the boundary all contribute to the presence of nonzero elements beyond the diagonal and anti-diagonal, as
seen in figure C.3. Specifically, in equation (C.48), the finite length in the z direction is reflected by the sinc
functions, while the incident Gaussian wave function introduces a Gaussian factor. The anti-diagonal
elements specifically represent the coherences expected for an entangled state. Moreover, this structure
resembles the maximally entangled state described in section 2, where the only nonzero entries are located
along the diagonal and anti-diagonal. In the limits∆pz → 0 and Lz →∞, these functions approach delta
functions, ensuring perfect conservation of energy and momentum. Under such ideal conditions, the matrix
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Figure C.2. Reduced density matrix elements f̃(k1,x,k2,x) in xmomenta representation for different energy ranges (a)
Eγ ∈ [1.5,4.0] eV, (b) Eγ ∈ [2.0,4.0] eV, (c) Eγ ∈ [2.5,4.0] eV, (d) Eγ ∈ [3.0,4.0] eV, (e) Eγ ∈ [3.5,4.0] eV.

Figure C.3.Matrix elements f̃(k1,x,k2,x) for the reduced electron–photon pair density matrix in the xmomenta of both particles
for a photon energy window Eγ = [3.5,4.0] eV, and the momentum limits described in equation (C.52). The Gaussian
wavepacket width of the incident electron is∆pz/p̄i,z = 10−6.

elements are confined to the diagonal and anti-diagonal, with f(kx,kx) = f(kx,−kx). This results in a density
operator that represents a statistical mixture of maximally entangled momentum states within disjoint
subspaces spanned by |kx⟩ and |−kx⟩. However, this idealised state would not be normalisable. The inclusion
of a finite sample thickness and a Gaussian wave packet resolves this issue, as demonstrated in appendix C.1.

C.4. Peres–Horodecki Criterion over the electron–photon pair
In the context of bipartite systems, a sufficient condition for entanglement is the Peres–Horodecki
Criterion [88]. It signals entanglement when the state’s partial transpose leads to negative eigenvalues. In this
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case we take the partial transpose ⊺γ over the photon momentum space in equation (C.50) as follows:

ρ̂
⊺γ

e−γ,x =

ˆ
Kx

dk1,xdk2,x
1

L⊥
f̃(k1,x,k2,x)|−k1,x⟩e ⊗ |k2,x⟩γ⟨−k2,x|e ⊗⟨k1,x|γ , (C.53)

where kx,k ′x ∈ Kx = [−kx,max,kx,max], and we add the sub labels e and γ to specify the subspace of each state.
The density matrix can be decomposed into orthogonal subspaces due to the orthogonality of the
momentum eigenbasis. Specifically,

ρ̂
⊺γ

e−γ,x =2kx,max

ˆ
Kx

dkx
1

L⊥
f̃(kx,kx)|−kx⟩e ⊗ |kx⟩γ⟨−kx|e ⊗⟨kx|γ

+

ˆ
k1,x,k2,x∈Kx&k1,x ̸=k2,x

dk1,xdk2,x
1

L⊥
f̃(k1,x,k2,x)|−k1,x⟩e ⊗ |k2,x⟩γ⟨−k2,x|e ⊗⟨k1,x|γ

=2kx,max

ˆ
Kx

dkx
1

L⊥
f̃(kx,kx)|−kx⟩e ⊗ |kx⟩γ⟨−kx|e ⊗⟨kx|γ

+

ˆ
k1,x,k2,x∈Kx&k1,x<k2,x

dk1,xdk2,x
1

L⊥
f̃(k1,x,k2,x)(|−k1,x⟩e ⊗ |k2,x⟩γ⟨−k2,x|e ⊗⟨k1,x|γ

+|−k2,x⟩e ⊗ |k1,x⟩γ⟨−k1,x|e ⊗⟨k2,x|γ) ,

=2kx,max

ˆ
Kx

dkx
1

L⊥
f̃(kx,kx)|−kx⟩e ⊗ |kx⟩γ⟨−kx|e ⊗⟨kx|γ

+

ˆ
k1,x,k2,x∈Kx&k1,x<k2,x

dk1,xdk2,x
1

L⊥
f̃(k1,x,k2,x)(|ψ+(k1,x,k2,x)⟩⟨ψ+(k1,x,k2,x)|

−|ψ−(k1,x,k2,x)⟩⟨ψ−(k1,x,k2,x)|) , (C.54)

where in the diagonalisation, we define the unnormalisable eigenstates

|ψ±(k1,x,k2,x)⟩ :=
1√
2
(|−k1,x⟩e|k2,x⟩γ ± |−k2,x⟩e|k1,x⟩γ) (C.55)

for a given k1,x,k2,x, revealing a structure similar to a pair of Bell states. The first integral in equation (C.54)
sums over the projector of |−kx⟩e ⊗ |kx⟩γ indexed by kx, when k1,x = k2,x. In contrast, the second term
represents the 2× 2 matrices when k1,x ̸= k2,x in the basis |−k1,x⟩e ⊗ |k2,x⟩γ , |−k2,x⟩e ⊗ |k1,x⟩γ . Additionally,
f̃(k1,x,k2,x) = f̃(k2,x,k1,x).

These block matrices are orthogonal to each other. Consequently, the eigenvalues from the first type of
matrix are f̃(kx,kx), which are positive since they arise from the diagonal terms of the reduced density matrix
ρe−γ,x. However, diagonalisation of the 2× 2 matrices yields the eigenvalues 1

L⊥
|f̃(k1,x,k2,x)| and

− 1
L⊥

|f̃(k1,x,k2,x)|, where the latter contributes to the negativity of the Cherenkov pair density operator. In
effect, the negativity is given by:

N (ρ̂
⊺γ

e−γ,x)∼
ˆ
k1,x,k2,x∈Kx&k1,x<k2,x

dk1,xdk2,x
1

L⊥
|f̃(k1,x,k2,x)|, (C.56)

which is not an exact expression because it depends on the normalisation of plane waves. Up to a positive
prefactor arising from the eigenstates normalisation, the states shown in figure C.2 satisfyN (ρ̂

⊺γ

e−γ,x)> 0,
verifying the presence of entanglement. Additionally, increasing the energy range results in a more mixed
reduced density matrix. This occurs because a broader energy range expands the set of unmeasured degrees
of freedom, increasing the overall mixture in the system.

C.5. Position andmomentummeasurement over the Cherenkov pair
For the Cherenkov pair described in appendix C.2, the joint probability densities derived in appendix A.1
reveal clear signatures of momentum and position correlations for this type of CL. Using the concrete
analytical expression (C.48) for the reduced density matrix elements, we find that the simultaneous
measurement of momentum variables given by equation (A.5) leads to the probability density:

Π̃(pe,kγ) = f̃(kγ ,kγ)δ(h̄kγ + pe), (C.57)

where Np−p = 1 since the state normalisation already accounts for the momentum detection range K. As
discussed in appendix A.1, the momentum anti-correlation is represented by the delta function dependence
from momentum conservation and along the nonzero values the distribution is given by f̃(kγ ,kγ). In

33



Quantum Sci. Technol. 10 (2025) 045003 P Rembold et al

Figure C.4. Electron momentum and photon momentum joint distribution, which has non-zero values when h̄kγ =−pe, as a
function of the photon wave number kγ . This distribution also corresponds to the diagonal terms of the reduced density matrix
in equation (C.50).

Figure C.5. Electron position and photon position joint distribution as a function of the distance between each other for the
electron–photon pair state in x position after considering a energy window Eγ ∈ [3.5,4.0] eV.

figure C.4, this distribution is shown for different energy windows, where the momentum constraints modify
its shape along the momentum conservation condition h̄kγ + pe = 0. As mentioned above, kx defines the
allowed momentum values within the momentum boundaries, where each wave vector has a probability that
scales with its magnitude and how closely θγ approaches the Cherenkov angle θCR and its probability to be
transmitted outside the dielectric sample.

Considering the matrix elements in equation (C.48) into equation (A.8), we find the probability density
in that depends on the distance between the two particles, as shown also in figure C.5. Numerical integration
reveals a peaked distribution at zero distance (|xe − xγ |= 0) along the x-axis, indicating the expected
position correlation. The probability density decays monotonically for larger distances with minor
oscillations. Notably, these oscillations occur systematically at certain larger periodic distances depending on
the precision of the coarse-graining in reciprocal space. This numerical artefact can be overcome by
considering either a shorter spatial range or finer divisions in momentum. Similarly, small-length-scale
oscillations in position arise from the maximum momentum h̄kx,max, thereby depending on the momentum
filtering applied to our state.
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Probability densities involving the position of one particle and the momentum of the other, as given in
equations (A.10) and (A.11), depend solely on the momentum variable. The resulting uniformity in position
reflects complete uncertainty in the conjugate observable, consistent with the properties of MUBs.

Together, these results demonstrate that the Cherenkov emission process generates electron–photon pairs
exhibiting quantum correlations in both momentum and position, with the structure of these correlations
determined by the emission angle, spectral window, and the kinematic constraints of the process.

Appendix D. Discussion of deflection angles and transverse momentum

Practical momentum measurements are performed via measurements of the deflection angle relative to the
incident beam. This angle depends not only on the transverse components of the wave vector, but also on its
longitudinal component, pz. Consequently, a one-to-one correspondence between angles and transverse
momenta can only be established when the photon’s energy or its longitudinal momentum pz is fixed.

As demonstrated in appendix C.1, the radiation transmitted outside the dielectric does not have a unique
momentum along z. Thus, achieving this uniqueness requires the use of a narrow energy filter. The
relationships between deflection angles and momentum variables are expressed as

tanφe,x :=
px
pz
, tanφγ,x :=

kx
kz

(D.1)

and in a similar way for the y-direction. Then, using momentum conservation (which is implied when
assuming a large thickness dielectric slab in comparison to the photon wavelengths for the sake of simplicity)
and energy conservation, we have:

px =(pi,z − h̄kcosθγ) tanφe,x

=
1

βc
(β2Ei − Eγ) tanφe,x,

kx =kz tanφγ,x

=
Eγ
ch̄β

tanφγ,x,

(D.2)

where Eγ = h̄ω is the photon energy.
Based on equations (D.1) and (D.2) and taking into account that momentum conservation implies

kx =−px/h̄, we can relate the deflection angle corresponding to the electron’s xmomentum and the
respective angle for the photon as

φe,x = arctan

(
βch̄kx

β2Ei − Eγ

)
= arctan

(
Eγ tanφγ,x

β2Ei − Eγ

)
.

(D.3)

Note that the deflection angles can be related one-to-one if we have complete certainty about the incident
electron energy and produced photon energy. In fact, we can define the following probability relation:

P(φe,x,φγ,x|Eγ)∝ δ

(
φe,x + arctan

(
Eγ tanφγ,x

β2Ei − Eγ

))
. (D.4)

A probabilistic analysis of the joint probability between angular variables reveals how the probability
P(φe,x,φγ,x) depends on energy filtering. Therefore,

P(φe,x,φγ,x) =

ˆ
dEγP(φe,x,φγ,x|Eγ)P(Eγ)

∝
ˆ

dEγ δ

(
φe,x + arctan

(
Eγ tanφγ,x

β2Ei − Eγ

))
1

∆E
Θ(Eγ − Eγ,min)Θ(∆E+ Eγ,min − Eγ)

=

ˆ Eγ,min+∆E

Eγ,min

dEγ
∆E

δ

(
φe,x + arctan

(
Eγ tanφγ,x

β2Ei − Eγ

))
.

(D.5)

The probability density for a Cherenkov photon with energy Eγ is given by P(Eγ)∝ Γγ . In the low-energy
photon regime, the emission rate is independent of the photon frequency, as recovered in equation (C.11).
When this probability is normalised over the observed energy range, we obtain

P(Eγ) =
1

∆E
Θ(Eγ − Eγ,min)Θ(∆E+ Eγ,min − Eγ), (D.6)
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Figure D.1. P(φe,x|φγ,x), in logarithmic scale, is plotted according to equation (D.9) for different energy windows: (a)
Eγ ∈ [2.0,4.0] eV, (b) Eγ ∈ [2.5,4.0] eV, (c) Eγ ∈ [3.0,4.0] eV, and (d) Eγ ∈ [3.5,4.0] eV. The narrow distribution given by
equation (D.7) is represented by the blue curve at the median energy of each respective range. The mean value of φe,x under the
distribution in equation (D.9) is shown as a dashed red curve, demonstrating good agreement between the two.

where∆E is the width of the energy range andΘ(x) is the Heaviside function. In the limit where∆E→ 0 or
if we work with a narrow energy filter at Eγ , we conclude that:

P(φe,x,φγ,x)∝ δ

(
φe,x + arctan

(
Eγ tanφγ,x

β2Ei − Eγ

))
, (D.7)

in which the perfect correlation in momentum is transferred to the deflection angles. Otherwise, the
condition imposed by the delta function can be solved for Eγ giving

Econγ = β2Ei
tanφe,x

tanφe,x − tanφγ,x
, (D.8)

which is achievable under the conditions tanφe,x tanφγ,x < 0 and Econγ ∈ [Eγ,min,Eγ,min +∆E]. Then

P(φe,x,φγ,x)∝

{∣∣∣β4E2i −2β2EiE
con
γ +sec2φγ,xE

con2
γ

tanφγ,xβ2Ei∆E

∣∣∣ , tanφe,x tanφγ,x < 0 and Econγ ∈ [Eγ,min,Eγ,min +∆E]

0, otherwise

(D.9)

which leads to the plots in figure D.1 for different energy windows.
As a result, an exact correlation between the deflection angles due to momentum conservation requires a

narrow energy window. The narrower the range of allowed photon energies, the more peaked the
distribution becomes, leading to a closer correspondence between the deflection angles. This reinforces the
necessity of using a narrow energy window in the results. Therefore, we use the energy range shown in
figures C.1(d) and D.1(e), specifically Eγ ∈ [3.5,4.0] eV, but this value, in experimental realisations, can be
narrower with a resolution of 0.1 eV. Additionally, due to the bi-valued correspondence between momentum
and deflection angles, it is necessary to restrict the analysis to |φγ,x|⩽ π

2 . Alternatively, working with the
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average value of φe,x for a given energy window could provide a good fit with the narrow distribution case at
the middle of the energy range.

As discussed above, momentum measurements pose challenges in establishing a reliable connection
between deflection angle counts and transverse momentum counts. This effect is even more pronounced for
photons than for electrons, as small deflections in the electron trajectory can result in large photon deflection
angles due to momentum and energy conservation constraints, which are influenced by energy uncertainty.
However, a perfectly narrow energy filter that fixes the photon energy Eγ allows for a direct correspondence
between deflection angles and transverse momentum. In particular, deflection counts (for photons, but
equivalently for electrons) can be translated into transverse momentum counts using the following
relationships:

kx = kγ sinφγ,x

√
cos2φγ,y

1− sin2φγ,x sin
2φγ,y

, (D.10a)

ky = kγ sinφγ,y

√
cos2φγ,x

1− sin2φγ,x sin
2φγ,y

, (D.10b)

where kγ = Eγ/h̄c. These relations allow for two approaches: either designing a tailored mask in terms of
deflection angles based on the desired coarse-graining for momentum projective maps, or performing
post-processing on deflection data to reconstruct the expected results in transverse momentum.

Appendix E. Experimental values for the FWHM

As explained in the main text, we model the limited precision of the position and momentum measurements

via a Gaussian PSF. It is characterised by the FWHM, δ(κ)ζ , where, as before, κ ∈ {x,p} and ζ ∈ {e,γ}. In
order to gauge the experimental feasibility of this entanglement witness we estimate what values for δ(κ)ζ are
realistically attainable.

We have extracted estimates from literature on comparable experiments [69–71], which investigate
position- and momentum-resolved CL or conduct TEM imaging. While this provides an overview of the
state of the art, the measurements originate from distinct experiments which were not designed for studying
electron–photon entanglement.

The first steps in building a similar experiment to the one depicted in figure 3 have recently been

published [28]. In the following, we will provide estimates of δ(κ)ζ for this setup. We omit a separate

discussion of δ(x)e as the required position resolution is easily attainable in any TEM [14].

E.1. Electronmomentum—δ(p)e

Measurements were taken on a Tecnai G2 F20 TEM at a primary beam energy of Ekin = 200 keV± 0.45 eV
(HWHM). We illuminated a 30 nm thick, mono-crystalline Si membrane with a collimated electron beam.
We operated the microscope in low angle diffraction mode and used a Timepix3-based detector (Advascope
ePix) that is retrofitted to the TV-port of a Gatan GIF 2001 post-column imaging filter.

The momentum space images are calibrated by extrapolating the calibration curve from lower nominal
camera lengths to the extremely high camera lengths needed for characterising such low angle scattering. To
calibrate the lower camera lengths, we use the diffraction pattern from a diffraction grating replica (Agar
Scientific, S106, 2160 lines mm−1). Figure E.1 shows the null beam in diffraction mode. By taking a line

profile and fitting a Gaussian to the intensity distribution we obtain a value of δ(p)e = 0.18 h̄
µm for the

best-case resolution.

E.2. Photon position—δ(x)γ

We measured the spatial resolution of our experimental optical setup by collecting the CL emission
generated by an electron beam. Using the same TEM in scanning mode, we illuminated a 100 nm thick
monocrystalline silicon membrane to produce CL. Then, we collected the CL emission using a custom-made
parabolic mirror, which directed it through an optical window out of the TEM column into the optical
system. Subsequently, a series of lenses focused the CL beam onto a CMOS camera. Despite the scanning
electron beam having a diameter of approximately 5 nm, the spatial resolution of the emitted CL beam is
limited by the diffraction limit of the photons. Additionally, imperfections of optical components such as the
parabolic mirror and lenses may further reduce the quality of the recorded image.

After acquiring a picture of the beam on the CMOS, we shifted the electron beam by 1–10µm in the
transverse direction of the parabolic mirror and recorded a second image of the CL on the CMOS.
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Figure E.1.Measuring the attainable momentum resolution for the electron: (a) shows a low angle diffraction image of the
undeflected electron beam after passing through a crystalline sample. Figure (b) shows a line profile of the measurement in (a),
fitted with a Gaussian distribution in order to gauge the momentum resolution.

Figure E.2. Imaging the CL beam in position space: (a) two overlaid CL images with 10µm shift of the electron beam. The sketch
of the parabolic mirror shows the direction of electron beam shifts (not to scale). (b) Line profile of overlaid CL images with
electron beam shifts by 3, 2 and 5µm. (c) Line profile of the CL beam from one of the acquisition frames shown in (a).

We use these images to calibrate the magnification of our CL imaging system. To quantify its spatial
resolution, we fit the shape of the CL signal with a Gaussian distribution. The experimental results are shown
in figure E.2.

In figure E.2(a), one can see the original and shifted beam in position space separated by a distance of
10µm. The observed aberrations in the CL beam, mainly resulting from the roughness of the parabolic
mirror surface, degrade the spatial resolution of the imaging system. Figure E.2(b) depicts the sum of
multiple line profiles, showing the CL beam in different positions. The electron beam is shifted by 3, 2 and
5µm. Two CL peaks separated by a distance of 2µm are clearly spatially resolved according to the Rayleigh
criterion [94, 95]. Figure E.2(c) shows a line profile from the CL beam in a single acquisition frame. The fit
reveals a spatial resolution of∼1.19µm.

E.3. Photonmomentum—δ(p)γ

We measured the momentum resolution of the experimental optical setup and the custom-made parabolic
mirror by creating interference patterns on an optical bench outside of the TEM. A green point light source
was used to illuminate different grating lines. The light was reflected by the parabolic mirror before it
propagated through the optical setup. The grating lines were approximately parallel to the optical axis of the
parabolic mirror. Thus, we determine the momentum resolution of our optical system only in the transverse
direction of parabolic mirror. We focussed the interference pattern onto the CMOS camera and captured a
single frame. Due to the dynamic range of the CMOS, one can capture only the 0th and 1st interference
maxima in a single image. Since the period of the grating is known, we can determine the momentum
transfer associated with the first maximum and thus calibrate the momentum scale. The obtained
experimental interference patterns are shown in figure E.3.

Figure E.3(a) shows the spatially resolved 0th and 1st interference orders of a grating with a periodicity of
20µm. To find the momentum resolution we fit the data with a triple Gaussian function with identical
FWHMs for each Gaussian. In contrast, figure E.3(b) shows the line profile of an interference pattern
resulting from a 40µm grating. As a result, we obtain a momentum resolution of the optical system of
∼0.14 h̄

µm .
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Figure E.3. Interference patterns from different gratings: (a) line profile of the interference pattern of a grating with a periodicity
of 20µm. (b) Line profile of the interference pattern of a grating with a periodicity of 40µm.

Appendix F. Robustness

Measurement errors can either be considered during the data analysis or by adapting the provided
entanglement bounds [53, 80]. As such, any experimental implementation of the presented protocol would
ideally be accompanied by an in-depth characterisation of the underlying errors and noise. In this appendix,
we discuss two types of expected deviations from the ideal measurements. Firstly, statistical errors will mostly
result in a coarser and worse resolution as described in section 6. Below, we estimate how far this blurring
can go before our witness stops detecting entanglement. Secondly, misalignment errors which affect the
unbiasedness of the projectors, like periodicity errors, can be characterised in order to adapt the bounds
according to the closeness of the experimental and theoretical measurements. Here, we discuss the protocol’s
robustness to them.

F.1. Minimal variances for detection
To provide a rough estimate of the resolution limits compatible with entanglement certification in CV, one
may consider a simplified distribution. We model the normalised joint probability distributions as infinitely
wide in position and momentum with Gaussian correlation/anti-correlation profiles, characterised by the
standard deviations Σx and Σp:

Π̃(pe, h̄kγ)∝ exp

{
−1

2

(h̄kγ + pe)2

Σ2
p

}
, (F.1a)

Π̃(xe,xγ)∝ exp

{
−1

2

(xγ − xe)2

Σ2
x

}
. (F.1b)

These distributions are not physical, as they have infinite energy, but incorporate generic blurring effects
without attributing them to specific mechanisms such as detector response or decoherence.

To relate the distribution widths to measurable correlations, we consider periodic coarse-graining with
spatial- and momentum-bin sizes Tx and Tp.

P(0(p),0(p)) = P(1(p),1(p)) =N
ˆ Tp/2

−Tp/2
dpe

ˆ Tp/2

−Tp/2
d(h̄kγ) Π̃(pe, h̄kγ)

=
1√
2π

Σp

Tp

(
exp

{
−

T2
p

2Σ2
p

}
− 1

)
+

1

2
Erf

[
Tp√
2Σp

]
,

(F.2)

with the normalisation constantN . Analogously, in position space:

P(0(x),0(x)) = P(1(x),1(x)) =
1√
2π

Σx

Tx

(
exp

{
− T2

x

2Σ2
x

}
− 1

)
+

1

2
Erf

[
Tx√
2Σx

]
. (F.3)

The total correlation measure,M, which defines the witness is given by:

M= P(0(x),0(x))+P(1(x),1(x))+P(0(p),0(p))+P(1(p),1(p))

=
2√
2π

Σp

Tp

(
exp

{
−

T2
p

2Σ2
p

}
− 1

)
+ Erf

[
Tp√
2Σp

]
+

2√
2π

Σx

Tx

(
exp

{
− T2

x

2Σ2
x

}
− 1

)
+ Erf

[
Tx√
2Σx

]
.

(F.4)
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Figure F.1. Entanglement boundM as a function of the standard deviation of the position–position and momentum–
momentum probability distribution. The dashed white curve defines the values of this standard deviation where the bound is
exactly 1.5, and the red curve defines a linear bound below which it is always possible to have a correlation measure larger than 1.5
and certify entanglement.

As illustrated in figure F.1, large blurring (i.e. large Σx or Σp compared to Tx or Tp) reduces the observed
correlationM below the threshold of 1.5, preventing entanglement certification.

Imposing TxTp = 4πh̄ as in the proposal, we can define a tight linear lower bound for observing
entanglement.

Σp

4π h̄/Tx
+

Σx

Tx
⩽
√

a

π
, (F.5)

where a= 1.235. Rewriting the equality as a quadratic and solving for Tx shows that it must lie within the

interval Tx ∈
[
T(−)
x ,T(+)

x

]
, where

T(±)
x =

2h̄
√
π a

Σp

(
1±

√
1−

ΣxΣp

ah̄

)
. (F.6)

If the discriminant becomes negative, i.e. ΣxΣp > ah̄, then Tx does not have real solutions. However, if

ΣxΣp ≲ ah̄, for Tx ∈
[
T(−)
x ,T(+)

x

]
, it is guaranteed thatM⩾ 1.5. In this regime, periodic binning can certify

entanglement, providing a rough upper bound on the tolerable level of blurring in the joint distribution.

F.2. Periodicity
Generally, the mutual unbiasedness of two bases made up of rank-one projectors can be verified by sequential
measurements in different elements of each basis. The absence of correlations proves their unbiasedness.

For CV projectors, a similar argument as above has been used to experimentally validate the required
conditions on the product of the periodicities [66]. Here, the initial state passes two filters corresponding to
projections onto periodic basis elements. The unbiased bases then produce uniform outcome statistics. For
higher-rank projectors this condition is necessary but not sufficient to prove unbiasedness because they have
multiple, even infinitely many, eigenstates. A sequential measurement, however, only shows the absence of
correlations for one of these eigenstates. To give further evidence for unbiasedness, one can add a third
measurement in the initial basis, which determines whether the encoded information was retained. This can
be tested using numerical models, e.g. considering Gaussian initial wave functions, one can show that the
uniformity of the outcome statistics is particularly robust for two-dimensional measurements, which can be
explained by the symmetry of the bases. Here, as a worst case, we have considered an initial Gaussian
distribution in position with a resolution width of 0.1µm and an optimal periodicity of 10µm. As a result,
differences of 20% in the periodicity only lead to a reduction in the distribution entropy of 0.8% (see [37] for

40



Quantum Sci. Technol. 10 (2025) 045003 P Rembold et al

comparison), meaning that for small variations in periodicity, the information cannot be retained and the
bound holds. Finally, considering any experimental misalignments as combinations of phase errors, which
do not affect the unbiasedness, and periodicity errors, the bounds are robust to such experimental factors.

If the correlations are not compatible with mutual unbiasedness but the measurement bases are
nevertheless known, the criterion given in equation (4) can be modified as shown in [53]. Deviations from
mutual unbiasedness generally lead to increased thresholds for entanglement detection, which can be
problematic even for small deviations when aiming to quantify high-dimensional entanglement [53], but
small deviations are typically not prohibitive for detecting bipartite entanglement.

When the imperfections are not known exactly, but can be bounded, methods from [80] can be used to
determine increased entanglement-detection thresholds for typical witnesses (including those we describe
here). As in the previous case, the penalties can be significant for detecting high-dimensional entanglement
and can prevent the detection of weakly entangled states even in the bipartite case (specifically, the
separability thresholds can increase by adding terms proportional to

√
ϵ for small measurement inaccuracies

ϵ), but they do not prevent the detection of entanglement for moderately entangled states.
The strategies described above still fall into the category of device-dependent scenarios, which means that

some trust in or knowledge of the correct functioning of the measurement devices is assumed. In cases where
these assumptions are not reasonable, one may switch entirely into the device-independent setting, where
one considers the violation of Bell-type inequalities for entanglement detection (see, e.g. [96] for a review).
In such scenarios, the thresholds for entanglement detection (violation of a Bell inequality) are generally
higher (although not prohibitively so), but have the advantage that they can be used to detect entanglement
irrespective of any detector imperfections.
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[75] Čerenkov P A 1937 Visible radiation produced by electrons moving in a medium with velocities exceeding that of light Phys. Rev.

52 378
[76] Scheucher M, Schachinger T, Spielauer T, Stöger-Pollach M and Haslinger P 2022 Discrimination of coherent and incoherent

cathodoluminescence using temporal photon correlations Ultramicroscopy 241 113594
[77] Ahrens S and Sun C-P 2017 Spin in Compton scattering with pronounced polarization dynamics Phys. Rev. A 96 063407
[78] Tanaka R B and Uozumi T 2024 Theory of simultaneous observation of photoelectron and emitted x-ray photon in x-ray emission

spectroscopy and their entanglement J. Phys. Soc. Japan 93 044401
[79] Nag Chowdhury B and Chattopadhyay S 2021 Entangled electron–photon pair production by channel-exchange in high-energy

Compton scattering Quantum Inf. Process. 20 179
[80] Morelli S, Yamasaki H, Huber M and Tavakoli A 2022 Entanglement detection with imprecise measurements Phys. Rev. Lett.

128 250501
[81] Afanasiev G N 2004 Vavilov-Cherenkov and Synchrotron Radiation (Springer) (https://doi.org/10.1007/1-4020-2411-8)
[82] Kaminer I, Mutzafi M, Levy A, Harari G, Herzig Sheinfux H, Skirlo S, Nemirovsky J, Joannopoulos J D, Segev M and Soljačíc M
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